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Abstract In this paper, we study transverse and lon-
gitudinal oscillations and resonances in a hoisting sys-
tem induced by boundary disturbances. The dynamics
can be described by an initial-boundary value prob-
lem for a coupled system of nonlinear wave equations
on a slowly time-varying spatial domain. It will be
shown how the boundary excitations and the nonlinear
terms influence transverse and longitudinal vibrations
of the system. Firstly, due to the slow variation of the
cable length, a singular perturbation problem arises.
By using an interior layer analysis, many resonance
manifolds are detected. Secondly, it will be shown that
resonances in the system are caused not only by bound-
ary disturbances but also by nonlinear interactions.
Based on these observations, a three-timescales pertur-
bation method is used to approximate the solution of
the initial-boundary value problem analytically. It turns
out that for special frequencies in the boundary excita-
tions and for certain parameter values of the longitudi-
nal stiffness and the conveyance mass, many oscillation
modes jump up from small to large amplitudes in the
transverse and longitudinal directions. Finally, numer-
ical simulations are presented to verify the obtained
analytical results.
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1 Introduction

Within the last decades, hoisting systems are widely
used for transportation of objects to a large height or
depth. Such systems consist of a drum, a head sheave,
a driving motor, a flexible hoisting cable with time-
varying length, and a hoisting conveyance moving
along two guiding ropes. When the flexible hoisting
cable’s bending stiffness is not considered, the math-
ematical model for this system can be described as
an axially moving string with a time variable length
[1]. Compared with rigid structures, the flexible cable
has many advantages, such as low costs, high speeds,
and high load carrying capacities, which are applied
in various engineering fields, for instance, elevators
[2], marine risers [3,4], suspension bridges [5,6], med-
ical rescue systems [7], etc. In hoisting processes [8,9],
vibration-induced structural failure for hoisting cables
may occur due to external disturbances such as airflows
or earthquakes, or due to other internal or external exci-
tations. These failures are usually related to internal
or external resonances. Resonance refers to the phe-
nomenon that a small periodic excitation can produce
large vibrations when the frequency of the external or
internal excitation is close to one of the natural frequen-
cies of the system. In most cases resonance is harmful,
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it will not only lead to significant deformations and
dynamic stress, but also leads to accidents. Therefore,
itis important to develop advanced analytical models to
figure out the nature of these large vibrations in moving
media.

There is an abundance of papers on the analysis
of moving flexible string models. Some researchers
focus on traveling strings defined on a fixed domain,
and other researchers focus on traveling strings subject
to moving boundaries. For the analysis on the fixed
domain: Zhu et al. in [10] considered a constrained
translating cable with a spring-mass-dashpot located at
any position along the cable. They determined asymp-
totic approximations of the eigenvalues of the system.
Nguyen and Hong in [11] investigated an active control
scheme for an axially moving cable system by employ-
ing the Lyapunov method. The controller suppresses
the vibrations and regulates the transport velocity of
the cable to track a desired moving velocity profile.
Gaiko and van Horssen in [12] considered transverse
vibrations of a traveling string with a spring-mass-
dashpot boundary. They constructed approximations of
the solutions and eigenvalues on a long timescale. For
the analysis on the moving boundaries: Zhu in [13]
considered the transverse vibration stability of a class
of translating media with an arbitrarily varying length
from energy standpoint. Sandilo and van Horssen in
[14] studied the vertically translating string with a time
varying length and a space—time-varying tension by
an interior layer analysis. Gaiko and van Horssen in
[15] discussed resonances and vibrations in an elevator
cable system due to boundary sway by using a multi-
ple timescales perturbation method. Wang et al. in [16]
studied resonances of transversally vibrating cables for
a fixed domain, in which resonances are induced by an
external force and a time-dependent coefficient in a
Robin boundary condition. This problem may serve as
a simplified model describing longitudinal vibrations
(see also [17]) as well as resonances in axially moving
strings for which the length changes in time.

In recent years, researchers found that, due to exter-
nal excitation and loading conditions, the nonlinear
interactions between transverse and longitudinal string
motions may influence the vibration behaviour in two
directions when the hoisting conveyance is moving up
or down. Some research has been conducted on similar
types of problems by using numerical simulations. Cre-
spo et al. in [18] introduced a stationary high-rise ele-
vator cable system model and presented its numerical
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simulations. Wang et al. in [19] investigated a coupled
dynamic model for a flexible guiding hoisting system
and presented the response of the system by numerical
simulations. In this paper, we will construct analytical
approximate solutions for the nonlinear coupled trans-
verse and longitudinal vibration string problem with
time-varying length.

The hoisting system considered in this paper is
described by a vertically translating string with a time-
varying length and a mass attached at one of the ends
of the string. The time-varying length of the string is
given by [(t) = Iy + vt, where [j is the cable initial
length, and v is the longitudinal velocity of the hoist-
ing cable, and where /o, v are constants. It is assumed
that the axial velocity of the string is small compared
to nominal wave velocity, and that the string mass is
small compared to cage mass. The system is excited at
the upper end by small displacements in the horizon-
tal and vertical directions from its equilibrium position
caused by, for instance, wind forces (see Fig.1). By
Hamilton’s principle, the model can be written as a cou-
pled system of nonlinear wave equations (in transverse
and longitudinal directions) on a slowly time-varying
spatial domain. The string is excited at a boundary by
two harmonic functions in the horizontal and in the
vertical directions. The main objective of this paper is
to study how the boundary excitations and nonlinear
interactions between the two motion directions influ-
ence the vibration behaviour in the transverse and in the
longitudinal directions for the moving string. In con-
trast to previous research, where only the transverse or
the longitudinal vibration behaviour was studied, the
coupled model is more accurate. However, the appear-
ance of nonlinear and coupled terms increases the com-
plexity of the system analysis. For the problem with
nonlinearly coupled terms, and with moving boundary
conditions, the traditional (analytical) methods, such
as the method of separation of variables (SOV), and
the (equivalent) Laplace transform method, can usu-
ally not be applied. In order to deal with these difficul-
ties, perturbation methods and an internal layer anal-
ysis are used in this paper to approximate the vibra-
tions and the resonances, including determining the
resonance amplitudes and the size of the resonance
zones. Based on this analysis, solutions of the coupled
initial-boundary value problem for the transverse and
the longitudinal motions can be predicted analytically.
To the best of our knowledge, the results about ana-
lytical approximations of the solutions have not been
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Head sheave Nomenclature
r’ew #) z=e,(t)
Drum e, (1) w(x,t) the transverse displacement
u(x,t) the longitudinal displacement
(1) the length of the hoisting cable
v=1I() the longitudinal velocity of the hoisting
cable
w(z,t) a= Z.(t) the longitudinal acceleration of the
hoisting cable
v=1 (t ) o the linear density of the hoisting cable
u(z,1) m the mass of the hoisting conveyance
EA the longitudinal stiffness,
¢1, Cs E Young’s elasticity modulus, A the
cross-sectional area
T(x,t) the spatiotemporally varying tension in
hoisting cable
c1, C) transverse and longitudinal viscous
— damping coefficients
E m a x l(t) z in hoisting cable
Cu g the standard gravity
Egs initial gravitational potential energy
Fig. 1 Coupled transverse-longitudinal vibrating cable with Cy longitudinal viscous damping coefficient

time-varying cable length

proposed for the coupled transverse and longitudinal
vibrations of the moving cable system until now.

The remaining part of this paper is organized as fol-
lows. In Sect. 2, the problem is formulated. In Sect. 3,
the problem is reformulated from a partial differential
equations formulation to an ordinary differential equa-
tions formulation by using the method of separation
of variables. Many resonance manifolds for the trans-
verse and longitudinal motions are detected by an inner
layer analysis. In Sect. 4, approximate solutions are
constructed analytically for the transverse and longitu-
dinal motions by using a three-timescales perturbation
method. In Sect. 5, some numerical approximations are
presented by using a central finite difference scheme to
validate the theoretical results from Sect. 4. Finally, in
the last section we draw some conclusions.

2 Formulation of the physical system
2.1 Modelling of the problem

In this section, the mathematical model of the hoisting
system is described and the equations for the transverse
and the longitudinal motions of the system are derived
and explained. By using Hamilton’s principle [20], the
mathematical problem for the vibrating cable (Fig. 1)
can be written as an initial boundary value problem for
the transverse vibration (see also Appendix A):

in hoisting conveyance
the transverse and longitudinal
fundamental excitations
at the top of the hoisting cable
ey (t) = Bicos(wit + ),
e, (t) = Bacos(wyt)

ey (1), ey (1)

Bi, B2 the amplitudes of the transverse and
longitudinal
fundamental excitations
o primary phase of the transverse

fundamental excitation

p (Wi + 20wy + v Wiy + dwy) — (Twy)x
+er(wr + vwy) — EA(zwy)x =0,
B cos(wat) < x <I(t), t >0,

w(l(),t) =0, w(Bcos(wrt),t) (D)
= Bicos(wit +a), t=>0,

w(x,0) = wo(x), w(x,0) =wi(x),

Br < x <y,

and as an initial boundary value problem for the longi-
tudinal vibration:

0 (s + 20Uy + Vg, + Guy +a) + ca(uy + vuy)
—FEAz, =0,
B cos(wat) < x < (1), t >0,

[m s + 20ty + V7 ity + uy + @) 2)
+eu(up + vuy) + EAZ]|v=i(r) =0,

u(Ba cos(wat), 1) = Brcos(wat), t >0,

u(x,0) =up(x), u/(x,0)=ui(x), P <x<lo,

@ Springer
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where z = uy + %wf and

T(x,t)=[m+pl) —x)lg,
Bacos(wat) < x <1(2). 3)

In this paper, we use the following assumptions for
the parameters and functions:

e The longitudinal velocity v is small compared to the
wave velocities ,/% and %, that is, v = gvg;

EA

o The nominal wave velocities , /== and % are of

the same order of magnitude, that is, i—? = 0(1),

EA- 1, and £4 45 not near 1,i.e. \/ﬂ— 1 >>

mg mg mg
0(e);

e The cable mass pL is small compared to the car
mass m (L is the maximum length of the cable),
that is, u = % = &lL0;

e The viscous damping parameters c1, ¢, and ¢, are
small, that is, ¢c; = ec1,0, €2 = €€2,0, Cu = €Cu.0;

e The fundamental excitations at the top of the hoist-
ing rope are small, and the longitudinal excitation
is smaller than the transverse excitation, that is,
B = P10, B2 = €2 B2.0;

e The initial conditions wg(x) = 0O(g), wi(x) =
O(e), uo(x) = O(e*) and u; (x) = O(e%);

e Forconvenience, we only consider a non-accelerating

cable, that is, the cable length /() = [y + vt and
a = 0, where [y is the initial string length.

In the above assumptions, vo, (o, €1,0, €2,0, Cu,0> B1.,0s
B20, ¢ m, p, w1, wz, L, and [y are positive constants
and are of order 1, and ¢ is a small parameter with
0<e<<l.

To put Eq. (1) and (2) into non-dimensional forms,
the following dimensionless variables and parameters
are used:

u)*:E u*zz _X,'*:f

L’ L’ L’
L L S

LY p’ mg’

Bi B2
ﬁik 7 :3;:_7

L L
CT:CI L s C*ZCu£ L

NZT7 2 mY\ mg

P T - [P

w; =Lw |—, uy=—, uy = |—uy,
1 1 mg 0 I 1 mg 1

[ L L
l*z—’ I’L:p_7 C§:CZ )

L m mgp
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w
wy = Lan L w(’§=—0, wy = [ L.
mg L mg

The initial boundary value problem for the transverse
motion in non-dimensional form becomes:
Wi 4 20wy + V2 Wex — wey — L) — X) Wiy
+uwy + cr(w; + vwy)
— L8 (zwy)y =0, B cos(war)
<x<lI(@®),t >0,
w(l(1),t) =0, w(Bcos(wart), )
= Bicos(wit +a), t=0,

w(x, 0) = wo(x),

“

wy(x, 0) = wi(x),

,32<x<lo,

and the initial boundary value problem for the longitu-
dinal motion in non-dimensional form becomes:

EA,

2
Uy + zvuxt + VUV Uyxx + Cz(u[ + vux) - mg XX

— e Gux =0,
Bacos(wat) < x <I(t), t >0,
[t + 20Uy + Uzuxx + ¢y (uy + vuy)

5
‘I'%Z]lx:l(l) =0, ®
u(Ba cos(wnt), t) = Brcos(wat), t >0,
u(x,0) =up(x), u;(x,0)=ui(x),

B < x <y,

where the asterisks (indicating the dimensionless vari-
ables and parameters) are omitted in the problems (4)
and (5) for convenience.

2.2 Transformations of the problem

In order to convert the time-varying spatial domain
[B2cos(wat), I(t)] for x to a fixed domain [0,1] for &, a
new independent spatial coordinate £ = %,
where h(t) = [(t) — Bacos(wat), is introduced. After
this spatial transformation, new dependent variables
w(é,t) =wx,t),u(, t) =u(x,t), and all the partial
derivatives have to be rewritten as follows:

v€ w2 (1 — &)sin(wat)
& = 0 + B2 0 ,
v? w3 (1 — &)cos(wat)
Slt = hz_(f) + ,3 |: 2 h(z)
van (1l — ZS)sin(wzt):|
h2(1)
L @3(1 — &)sin’(wat)
B
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Wy = lZ)g%‘z + W, wy = wéé(ét)z — L[ <l(t)> , l(t) — i(s) — loeevos’
+2u_)£t§t + U_)SSU + U_)m €vo lo
1 1 ( ) lo(eavos _ 1)
w , Wiy = —— Weg, X$)=—
TR T e R |
- - - - _ - _ - v
up =g + iy, Uy = Mgs(ft)z wy = ?ws’ Wgr = ?wés, Wy = i—zwss lA—zws,
F2ue,& + ueby + iy, _ 1. _ 1. _ 1 v
1 1 Uy = JUg, Ugt = JUgg, Uy = gy — wolls.
Uy = —ilg, = s i i 2 2
T T 2

Then, the equation for the transverse motion becomes:

1 - -
o GOk %,)_(1_— §)igg
+ng o — s (g wg)g
= 0(2w),

wyr + %ﬂ)gt -

03)s — 2V
mgh4(z)( B8~ hoy Wt
O0<é&<1,t>0,
w(l, 1) =0, w(,1) = pBjcos(wit +a), t=>0,

w(E,0) =wo§), w0 =wi), 0<§&<l,

(6)

where wo(§) = wo(§lo + B2(1 —§)) and wy(§) =
wi(&ly 4+ B2(1 — &)). It should be observed that the
order of the term —#ﬁ‘m(ﬁg We )¢ in (6) is unknown
a priori due to possibly occurring resonances. So, we
keep this term explicitly in the equation, and analyse
it later. The equation for the longitudinal motion then
becomes:

where uo(§) = wuo(§lo + p2(1 — §)) and u1(§) =
uy(Ely + B2(1 — &)). The orders of the term
—W%wgwgg and the term 5 hz({) (1 t) in (7)
are unknown a priori due to possrble resonances So,
we keep these terms in the equation, and analyse them
later.

In order to eliminate the time-variable coefficients
h21( wge and in iﬁm ligg in the initial boundary
problems (6) and (7) the Liouville-Green transforma-
tion (see also the WKBJ method [25] [26]) is introduced
with %+ dY =15 (r) In accordance with a new time variable
s, all the partial derivatives have to be rewritten as fol-
lows:

in

iyt + ebyitg: + coiy — mg'fl?(t)ﬁss - mg'fl?(,) Wg Weg
,%ff)agt 0(e2 ﬁ) 0<§<1 t>0,
[irr + culty + mgh(,) g + nghz(,) g]lg 1 )
= 0(s%0),
(0, 1) = By cos(wat), >0,
u,0)=upé), u; (6,00 =u1(§), 0<§ <1,

Substituting these derivatives into the problem (6),
the initial boundary value problem for the transverse
motion becomes:

Wys — Wge = vy — 20igy — eyl — plivg
+ul (1 —

EA (1
+mgﬁ(2

W) + 20 g + O(eD),
O0<é&<1, s>0, (8)
w(l,s) =0, s>0,

w(0,5) = Brcos(wix(s) + ), s=0,
w(§, 0) =wo), ws&,0) =Ilow(),
0<é&<.

The initial boundary value problem for the longitudinal
motion becomes:

Ugs — Lugg = vy — 2villgg — czlus ?iﬁ)gl]}gg
+2v€iigs + 0(8 i),
0<é&<1, s>0,
igs(1,5) = [_MEAlué + vilg — Cul’/ls ©
—ng] |§ 1 +0(8 M)
u(0,s) = pocos(wax(s)), s=0,
(€, 0) =ug(&), us(§,0) =IlpuiE), 0<é&<1.

The initial boundary value problem (9) can further be
rewritten as

Ugs — EA ugg = vily — 2ilgg — erliig + —wgwgs

+2v€iigs + 0 (e2i),
0<é&<1, s>0,
igg (1,5) = [—pliig + g5 (2 — cwliig — 57 (10)
—%ﬁ)glf)gg] le=1 +0(%i),

u(0, ) = Pacos(wzx(s)), s=0,
i, 0)=1ug&), us,0)=Ilu),
0<é&<.

In order to eliminate the non-homogenous terms in
the boundary conditions in (8) and in (10), the following
transformations are used:

@ Springer
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D(E.5) = pi(1 — &) cos(@ix(5) + @)+ dE ). (1)
2
i) = )+ o [~uli

mg W
+ﬂ(02 —cwlits — Ewg] le=1

11
o | TP | le=

PO
+7M[W§s + Wegee] le=1

£ mg De Tors 4 Do B
—Za(é’z — Cu)[WSAvwéé + wswéés] |5=1
2
+§ 12“31 cos(wy x (s) + a)ig (1, 5)
2
+E2§1 cos(w) x (5) + a)ibgg (1, 5)
52
_Zﬂ(cz _Cu)ﬂl

[a)llsm(wl)( (s) + )eg (1, 5)
—cos(wy X (s) + @) egy (1, 5)]
_E2up
4
+B2 cos(wz x (), (12)

cos(wy x (s) + a)wege (1, 5)

Then, the initial boundary value problem in the trans-
verse direction becomes:

~

Ws — Weg = Vs — 20Weg — el — /Lizi)g
+ul(1 = £)dge + fl—g(ﬁsﬁ)g)s
E—?z(%li)g)g + 2vE s
+B1(1 = E)wtl? cos(@a (s) + @)
mgpwg(l s)Wee (1, 5)
x[Wg + Ewgel + hoot.,
0<&<1, s>0,
w(l,s) =0, w(0,s)=0, s>0,
w(,0) =w(,0) — pi(1 —§&)cos(a),
Wy (§,0) = ws (&, 0) + Bronlo(1 — &) sin(e),
0<& <,

13)

where according to the initial condition assumptions,
the terms in “h.o.t.”, consisting of O(eir), O(>),
0 (s0?), O(saw) and O(sw?), cannot influence the
lowest order of the solution of problem (13) on
timescales of O(é).

The initial boundary value problem in the longitudinal
direction then becomes:

@ Springer

gy — u,gg = vily — 2uilgs — eoliis + 2vEilgg
+(cz — cu)lus(l s)
LA ulig (1,9) + ulg? Lhiges (1, 5)
(cz — cu)lusgg(l, s) + 0(2h)
—ﬁ[udggga $)ivee (1, 5)
Fibegees (1, 5)]
——wgv(l S)Wees (1, 8) + fw;wgg

mg[wg(l, s)Wee (1, 5) + O(sz)

m g

7%’4,31 cos(wy x (s) +a)ﬁ)g§
+ /31 cos(wi x (s) + a)es (1, 5)

il f,;‘ﬁl cos@ix(s) +edeese (1) |
—&2B1w1 sin(wi x (5) + ) ges (1, 5)
+0(2H) + Prw3l? cos(wry ()
+0(@), 0<&<1, 5s>0,
ige(1,5) = 0(2h), #(0,s)=0, s>0,
a,0)=a(, 0)—* —puliig(1,0)
+55 (e — e)liis (1,0)
—7w&.(1 0) — fw,g(l 0)wee (1, 0)]
+0(%),
iis (8,0) = iy (£, 0) — & [—uliig (1, 0)
+ 58 (cr — cw)liige (1, 0)
— i (1, 0)ig (1, 0) — $ibgs (1, 0)ige (1, 0)
— 30 (1, 0)ibge (1, O] + O(e?), 0<§ <1,

where according to the initial condition assumptions,
the terms in O (sw?), O (¢2i1), O (¢2W), and O (&3) can-
not influence the lowest order of the solution u (&, s) in
problem (14) on timescales of O(%), so they can be
neglected in the further analysis. In the following sec-
tions, the solutions of w(&, s), #(&, s) in problem (13)
and (14) will be approximated by using an interior layer
analysis and a three-timescales perturbation method.

3 Inner layer analysis

It will be shown that an interior layer analysis (includ-
ing a rescaling and balancing procedure) leads to a
description of an (un-)expected resonance manifold
and leads to timescales which describe the solutions
of the partial differential equations (13) and (14) suffi-
ciently accurately. To derive the solutions w(€, s) and
(&, s) in problem (13) and (14), firstly the method of
separation of variables is employed. In accordance with
the method of separation of variables, the general solu-
tion of the transverse problem (13) can be expanded in
the following form:
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o
B, s) =Y T(s)sin(nmé), (15)
n=1
and the general solution of the longitudinal problem
(14) can be expanded in the following form:

0
(&, 5) =Y Yy(s)sin(nré). (16)
n=1
Substituting (15) into the initial boundary value prob-
lem (13), and substituting (16) into problem (14),
further by multiplying the obtained equations with
sin(kmw§), and by integrating with respect to £ from
& = 0to & = 1, and by using the orthogonality prop-
erties of the sin-functions on 0 < & < 1, we obtain
the following ordinary differential equations for T (s)
(with k =1, 2, 3, ...) in the transverse direction:

Tiss + K22 Tk = R(s), (17)

where

[ee]
2(s) = evoTis —eciolTis — Y ecp ol (nm)*T,

n=1

o0
+ Z Crzl,k(—zvonﬂTn,s — wolnmTy)

n=1

o0
+e Z cg’k2vonn Th.s

n=I1

EAn3 ad
1| > kplk—p)Y,Tps
2mgl | 57,

k—1
- Z kp(k — P)Yka—p

p=1
EAn? &
————= " kplk+ p)YpTisp
2mgl !
3EA MR
P Z "P7T3(k —n—- p)TnTanerfk
8mgl® T

3EA n—p=k—1
+3 iZ{ > nprite—n+ P LTy Tinyp
mg

n—p=—00

o0
+ Y npmitk+n+ p)T,,Tka+,l+p:|
n,p=1

—n=k—1
3EA |75 ;
Z npr”(k+n— p)T, TkaJrnfp

8mgl2 oo
p—n=00
- Z npn3(p —k—m)T,TyTp—k—n
p—n=k+1

=k—1
3EA "R
+—=l Z npr3(k —n — )T TpTien—p
8mgl n+p=2
n—p=00
+ Z npn3(k —n+p) T TpTh—p—i]
n—p=k+1

+sﬁ2,odkw%l~2 cos(wax(s) +a) + h.o.t.,
Jo io®) sintkrérds

[y sin(kn&) sin(k €)dg
Jo @1(€) sin(kmé)ds

[y sin(km§) sin(km§)dé

Tk (0) =

Tis (0) = (18)

where F;, = O(g) and G = O (¢). crll’k, Cﬁ,k’ Ci,k and
dy are given by:

¢l = fol(l — &) sin(nm§) sin(kmw§)dé

) Ji sin®(kr)ds

_ y cos(nm§) sin(k £)ds

Ty sinlkm)ds
3 _ fol & cos(nm&) sin(km§)dé

T s o g

J (= g)sintkr)ds

o fysinGkag)ds

Further, the differential Eq. (17) can be written as:
Tiss + K2m? Ty

2
n

C,k

dk 19)

o0
= 8[voTk,s —c10lTi s — Z C,ll,kuoi(nﬂﬁTn

n=1

o0
+ Y i (“2vonw Ty — poln Ty)

n=1

o0
+>° c 2vona Ty

n=1
EAT? &

- > kpk— p)YpTpi
2emgl 57

k—1
EAn?
- < kp(k—P)Yka—p
2emgl ;

3 0

EAr
- 2 kpk + p)Y, Tk
2emgl I; pritr

+,31,0dka)%f2 cos(wy x (s) + oz)] + h.o.t., (20)

where 7} (0) and 7 (0) are given by (18), c}l’k, C%,/w
cz’k and di are given by (19). Note that the term
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“h.o.t.”(including T, T), T in (17)) cannot influence the
lowest order of the solution of the differential Eq. (20)
on timescales of O(é). This can be seen as follows.
When the addition or subtraction of the three subscripts
in T,T,T; equals to k or —k, then for the given ini-
tial conditions of O(e), T,,T,T; leads to 0(&2) con-
tributions in the solution of the differential Eq. (20)
on timescales of O(é); otherwise, T, T, T will lead to
contributions of O (¢3) in the solution of the differential
Eq. (20) on timescales of 0(%).

Similarly, we obtain the following differential equa-
tions for Y ( with k = 1, 2, 3, ...) in the longitudinal
direction:

EA
Yk,ss + _k2ﬂ2Yk
mg

00
=e(vg — Cz’oi)Yk,S + Z 28U0n7‘[dé’kYn,x

n=1

N EA .~ .

—Z —ulnmdy Yy
n=1 me

k—1 00

4 4
D i T i+ Y diy  TiT;
j=1 j=k+1

00
= i TiT)

j=1
+,Blc?,f’k Ty cos(wy x (s) + )
+ﬂ2w§fzd1,k cos(wax (s)) + h.o.t.,

vy — o io®sintkre)ds
Jo sin(km&)sin(kr€)dg ’
1 A .
0y — o 1) sintire)ds on

[ sin(kr&)sin(kmg)dg -

where fi = O(¢?) and gy = O(¢?). d, ;. dy . dy

n,j’

dik, c?,?’k are given by:

[y & = 1) cos(nré) sin(kn£)dE

1
Ik = S sin? (ko g)de
o 4 9200 cos(nrr) sin(kr £)d&
mk S sin? (kg de
&= EAnjzAn3’ i /(1} s.in(kng)dé |
2mgl Jo sin®(km&)dg
di = 52 272, (22)

@ Springer

Before approximately solving the ordinary differen-
tial Egs. (20) and (21), according to an inner layer anal-
ysis process (see also [16]), we can make the follow-
ing remarks beforehand. For the given initial conditions
for Y; (which are of O (¢2)), the terms in the ri ght-hand
side of Eq. (21) can lead to different contributions in the
solution Y on timescales of O (%). The first three terms
in the right-hand side of Eq. (21) only lead to contribu-
tions of O(e?). The coupled, nonlinear terms includ-
ing T,T; can lead to contributions up to 0(%Tp 1)),
and the term with frequency w; lead to contributions
up to O(4/eTy). The term with frequency w; can lead
to contributions up to O (g4/€). Since Ty may increase
from the initial state order of O (&) to lower orders, the
orders of the terms including T}, T; determine that of the
solution Y. Therefore, the solution of Eq. (21) can be
approximated as Y = 0(% T,T;).Similarly, we obtain
that for the given initial conditions for 7} ( which are
of O(g)), terms in the right-hand side of Eq. (20) can
also have different contributions to the solution T} on
timescales of O(é). The first five terms in the right-
hand side of Eq. (20) only can lead to contributions of
O(e). Based on the fact that Y; = O(éTp T;), terms
including Y, T; can lead to contributions up to O(g),
and the last term with frequency w; can lead to contri-
butions up to O (4/¢). This implies that in Eq. (20) only
the external forcing with frequency w; produces reso-
nance, and leads to a jump in the solution 7} from O (¢)
to O (4/€). Further, it follows from Eq. (21) that the cou-
pled terms including 7,7 produce maximum ampli-
tude responses, and the amplitude responses depend on
the solution 7 of Eq. 20).

After the above made observations, to obtain the
(un-)expected resonance manifolds which describe the
solutions of ordinary differential Egs. (20) and (21) suf-
ficiently accurately, the following standard transforma-
tions are introduced:

Ti(s) = Ay (s)sin(kms) + By k(s) cos(kms),
Tk s(s) = km Ay k(s) cos(kms) — km By i (s) sin(kms),
Yi(s) = Cri(s) sin(Ags) + Dy i (s) cos(Ags),
Yis(s) = AcCri(s) cos(rgs) — Ax D1 i (s) sin(Ags),

where Ay = ./ fn—?kn. The transverse problem (20) can

now be rewritten in the following form (where the dot
- represents differentiation with respect to s):

Al,k = 8(1)0 — Cl,Oi)Al,k COSZ(kJTS)

—&(vo — c1.00) By  sin(kms) cos(krs)
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00 2 5 n2n' ) )
+e Z [(_Crlz,kl‘017> Al - <26n,kl}07> Bl’,,:| sin(nms) sin(kms)
=1
4 n’n > | n’m
" (263 k”0*> B o2 | (el 5 ) B
’ n=1
2 N/} 2
- (Cn,kﬂol;) Al + (20,214’,(1)02) Al
23 n’m B . % 2 N
_ c"*kvoT L.n | sin(nms) cos(kms) — (Cn kﬂUl;) B,
) 2 n’n .
+e Z [(—Ci_kﬂol%> Bi., + <2c3’kv07> Bl’n:| cos(nms) sin(kms)
n=1
2 (o]
nlr EAnm
202 vt ) A - = pk—p)
+< €,k V0 X ) L.n 2mgl p:Xk;rl
_ (C,zl,kﬂoi%) Bin [C1,pAt,p—k sin(Aps) sin((p — k)7s)
i +C1,pB1,p—k sin(Aps) cos((p — k)ms)
+ <2c,31,kv07) AL,,:| cos(nms) cos(kms) +D1, p Ay p—k cos(rps)sin((p — k)ms)
EAn? & +D1,pB1, p—k c0s(Aps) cos((p — k)ms)] sin(kms)
+——— Y pk—p) EAx? ‘2
2mgl Pkt el Z pk = p)
[C1.pA1p—i SIN(Aps) sin((p — k)7rs) ML p=1
+C1pB1pi Sin(Aps) cos((p — k)ms) [C1.pALk—p sin(hps) sin((k = p)ms)
+Dl,pAl,p—k COS()\,pS) sm((p _ k)JTS) +C1¢pBl,k—p sm(APS) COS((k — p)ns)
4Dy By p c08(Aps) cos((p — k)rs)] cos(krs) +D1pArk—p cos(hps) sin((k — p)ms)
EAx? k—1 +Dy,pB1 j—p cos(Aps) cos((k — p)ms)]sin(kms)
———— > plk—p) EAn? &
2mgl = ol Z pk+ p)
m
[C1 p A1 kp sinG.ps) sin((k — p)s) 8=t
+C1pBiip Sin0hps) cos(k — p)rs) [C1,pAL pyk sin(dps) cos((p + k)mrs)
+Dy p Ay k—pcos(rps) sin((k — p)ms) +C1pB1prk sin(dps) cos((p + k)ms)
+Dy p By k—p cos(Aps) cos((k — p)ms)] cos(kms) +D1p A1 prk cos(hps) sin((p + k)7s)
EAn? & +Dy,pB1, prk cos(Aps) cos((p + k)ms)] sin(kms)
———= > pk+p Ao}l
2mgl P —B1 [sin(kms + w1 x(s) + @)
[Ci,pAL ptk sin(Aps) sin((p + k)7s) +sin(kmws — w1 x(s) — )]
+C1,p B, pi sin(rps) cos((p + k)ms) +h.o.t. 24)

+D1,p A1, pik cos(Aps) sin((p + k)ms)
+D1,pB1, prk c0s(Aps) cos((p + k)ms)] cos(kms)

dkw]2lA2
+B1 2

+cos(kms — w1 x(s) — )]

Yhodt, (23)
Bl‘k = —¢e(vy — cl,olA)Alﬁk cos(kms) sin(kms)

+e(vy — clyolA)BLk sinz(kns)

ad n2w
| N
—¢ nX_‘I [(_Cn.kM017> Al

2
n-mw
+ (26‘5’](1)07) By,

- (Cﬁ,kﬂoi%) A

[cos(kms + w1 x(s) + @)

Large transverse amplitude responses in (23) and (24),
due to the external forcing with frequency wi, can be
expected when km — w1 x (s) ~ 0,0rkm +w; x (s) =~ 0.
But since k> Oand w; x (s) > 0, resonance only will
occur when

w1lpe® ~ k. (25)
So, transverse resonances are expected for times s

around s® with

1 k
sO = 1 <_”> . k> awily, k=1,2,(26)
EVo a)llo

To study the situation in the transverse resonance
zone, we introduce time-like variables
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T=c¢s, ¢r(s) =kms,
@(s) = w1 x(s) + ,
Yi(s) = ¢r(s) — @(s),

and rescale T — t® = §(¢)7 with T = O(1) and

70 = gg® = L ln(w.lo) Then
A e
‘L"—E, =35
or =k,
¢ = wlpe VO 27)

Ui = kit — wylpeto O+

(*) A
= §(e)wilovge™’ T,

and Al ©(s), Bl x(s) are given by (23). It now follows
that a balance in system (27) occurs when 3 (5) =4(e),
and this implies that in the transverse resonance zone
that §(g) = 4/¢, i.e. the size of transverse resonance
zone is O (\/Lg) for times s. So, together with 7 — t® =

5(e)7, it follows from (27) that

t = Je(s —s%). (28)
Further, from (27), we obtain ¥i(s) = ¥r(s®) +
%a)l ly voe”‘)f(k) e(s—s®)2. Hence, in the transverse res-
onance zone, we can write

1
sin(yr (s)) = sin (Ewllovoe”m(k)e(s — 502
1))
1 vor® (k)\2
cos(Px(s)) = cos za)ﬂovoe 0T (s —sY)

+ 1)) (29)

where ¥ (s®) = krs® — kns wily _ g

So far it can be concluded that the resonance
responses for Y in (21) depend on the terms includ-
ing T, T}, and the resonance responses for 7j in (20)
depend on the terms with frequency w;. So, based on
the inner layer analysis, the size of the resonance zones
has been obtained, and this size will also be used as
a new asymptotic scale to be introduced in the three-
timescale perturbation method in the next section of this
paper to study problems (20) and (21) in detail, and to
construct asymptotic approximations of the solutions
of the initial-boundary value problems (13) and (14).

4 Three-timescales perturbation method

In the previous section, it was shown that (under certain
condition on the external frequency ) resonances in

@ Springer

the transverse direction can occur around time s =
o vo (wl [0) and that resonances in the longitudinal
direction depend on the solutions 7} of Eq. (20) For this
reason, we rescale s by defining s = § + —— (60110)

EV,
Thus, problem (20) can be rewritten in § as %ollows

Tis5 + K2n? T

o0
= 8|:U0Tk'§ —c1,0lTy ;5 — Z c,ll’k,uol(nn)zTn

n=1

o0
+) e (“2vona T, 5 — polnw Ty)

n=1

o0
3
+ Z ¢, x2vonmt Ty

n=1

EAn? &

Y kpk - pY,Ty
2emgl Pkt

3 k—1

Z kp(k — p)YpTi—p

EAm
2£mgl

EAn3
Zemg

Z kp(k+ p)YpTesp

+,31,0dk0)1l Ccos (a)l)( (5

1 km
+—1In <—>> + oc) i| + h.o.t.,
) w1l
1 km
Tt {—In{ — = F,
EVo wllO
1 k
Tis (—— In (—”)) — Gy, (30)
’ £V wily

and problem (21) can be rewritten in § as follows:

Yiss + Ak
o0

=¢e(vp — c2, ol)Yk s+ Z 28von7rd Y, s

n=1

oo
EA .
—Z —ulnnds’kYn
n=1 me
k—1

+Zd1< i Te=i Ty + Z d] —k,j Tj—«T;j
Jj=1 Jj=k+1

o0

4 o

=2 i Tk
=

~4 - 1 ki
+B1d; ;Trcos|wix | S+ —In| — ) )+«
’ EVo a)1[0
ki
—|—ﬂ2a)2 dikcos|wax | §+ —l +a
gV wll()
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+h.o.t.,

Yy (—*1 In (Ln )) = fk.
EVo w110
1 k
Ykg<——ln (i» = g. 31)
’ £V wily

Next, we study problems (30) and (31) in detail under
the assumption that w; is such that a resonance zone
exits for the k' oscillation mode. The application of
the straightforward expansion method to solve (30) and
(31) will result in the occurrence of so-called secular
terms which cause the approximations of the solutions
to become unbounded on long timescales. For this rea-
son, to remove secular terms, and to obtain approxi-
mations which are valid on long timescales, we intro-
duce three timescales so = §, 51 = /€5, 5o = 5. The
timescale s; = /&5 is introduced because of the size of
the resonance zone which has been found in the previ-
ous section, and the other two timescales are the natural
scalings for nonlinear equations such as (30) and (31).
By using the three-timescales perturbation method, the
functions T (5; «/€) and Y (5; \/¢) are supposed to be
functions of sg, 51 and s,

Ti(5; /%) = Ti(s0, 51, 92),
Yi(S; V&) = Yi(so, s1, 82).

By substituting ?k (so, s1, $2) and )N’k (so, s1, $2) into the
differential Eq. (20), we obtain the following equations
up to O(e./¢):

3Ty 3Ty

— KT+ 2

aso

92T, 827,
+s<2 L ") 2 e

950052 9s2

ds00s1

8s1832
STk = | a o
- g[(vo - cl,OZ)a—SO - Z en xkol (n)* Ty,

n=1
o -
oT, a o~
2
+ z_: Cok (—Zvonna—sg — MolnrrTn)
aT,
+ 2v0nrr—i|
Z »x2vonT o

a7,
+5\/_|:(UO —cy ol)—ic

T, 3T,
+ Z (= 2v0n7r— + Z c, k2v0nna—l:|

n=1

]

EAw3

Y kpk—p)Y,Tyi
2mgl p=k+1
EAw3 gl
- kptk — p)YpTi—
2mgl Z b
EAn?

— kp(k + p)Y, T
2mgl Z P
+,31dkwll cos(wy x(so —a) + a),
Tk(a b,c;\e) = k—SFk,

ATy

—(abe/_)Jr\/_—(abe/—)

+€_k(a7 ba c; \/E)
057
=Gy = 8Gk, (32)

where Fk~: O(1) and gk = O(1). Similarly, by sub-
stituting Tk (o, S1, 52), Yx (S0, 51, s2) into the differen-
tial Eq. (21), we obtain the following equations up to

O (e /e):

9*Y; Yy
_+)\. Y, +2
8s0 KTk \/—3 0051

92y, 92y,
+a<2—k+ ;) zf

0850052 le

3S13S2

Yk
= —c20l)— E 2 d —
8[(1)0 C20) 3% + vonmd, 5

n=1
EA ~ 3 ~
- Z —polnmd, Yy,
n=1 ms ’

+B1.0dg  Tr cos(wy x (so — a) + Ol)]

I D 7 oYy
8\/E|:(U() — c;d)m + Z 2v0nnd,1’kﬁ]
+Z dt_; T T + Z

Jj=k+1
Z J+k,j J+kT

Yk(abC«/_) k—b"fk,

%(a b, c; «/5)+x/58—(a,b, NG|
51

kj]kT-

+s—k(a, b, c; e)
082
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=g =%, (33)
EA
where A, = mgkn, fk o), gr = O(1), and
1 ( km )
a=——In|{—),
£V wily
k
po Ve <_ﬂ>
£V wily
1 k
c=——1In (—”) : (34)
Vo a)ll()

Since the functions Tk and Yk can increase in s
from the initial state orders to O(,/¢) as has been
shown in the previous section, a three-timescales per-
turbation method will be used, and T (s, 51, 52) and
171C (s0, s1, s2) will be approximated by the following
formal asymptotic expansions:

VeTk (50, 51, 52) + €Tk 1(50, 51, 52)
+e/eTia(s0. 51, 52) + O(e?), (39)
VY 0(s0, 51, 82) + €Y 1(50, 51, 52)
+e/eVia(s0, 51,52) + 0%, (36)
where Tk,o, f‘k,l, Tk,z, ?k,o, I?k,l, I?k,z are all functions
of O(1). In the transverse direction, by substituting

(35) and (36) into problem (32), and after equating
the coefficients of like powers in /e, we obtain: the

O ({/¢)-problem:

Tk (s0, 51, 82) =

Yi(so, s1, 82) =

92T,
k.0 +k27l’2Tk() =0,
Bso
. a7,
Tio(a.b,c) =0, “Labey=0, (37
950
the O (¢)-problem:
aszl 2 2 32Tk0
— + kT +2 :
8s8 k1 050051
EAn3 &
= = Y kplk—p)YpoTp-io
2mgl Pkt
EAn3 =22

Z kptk — p)Yp.0Ti—p.o
ngl

EAn3
2mgl

Z kptk + )Y 0Tt p.o

+,81,0dk0)1i2 cos(w1 x(so — a) + a),

. . oT,
Tea(a, b, c) = Fr. “la,b, o)
950
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a7, -
“2(a, b, ¢) = Gr, (38)
851
and the O (¢4/¢)-problem:
92T, - 02T, 92T, 92T,
l;’z + kznsz,z +2 k1 k,0 ,;O
s 050051 050052 057
~ 3Tk.0

cp ol ()T, 0

n=1

- 2 8]‘:n 0
+Z Cok —2vonmw 3%

n=1

= (v — ¢y, ol)— -
050

- /LOin”Tn,O)

—|—Z ¢, x2vonm 3%

n=1
Tio(a,b,c) =0,

3k2

(ab c)+

aT,
“la,b. e
8S1

a N
+ k0 b o) = 0. (39)
8S2

The solution of the O(./¢)-problem (37) can be
written as:

T.0(50, 51, 52) = Ax(s1, 82) cos(kmsp)
+ By (s1, $2) sin(kmsg), (40)

where Ap(b,c) = 0, By(b,c) = 0, and where
Ak (s1, 52), Bi(s1,s2) can be obtained explicitly by
solving the O(g)-problem (38) and the O(ey/¢)-
problem (39). We will study these problems later in
this section.

In the longitudinal direction, by substituting (35) and
(36) into problem (33), and after equating the coef-
ficients of like powers in &, we obtain: the O(/¢)-
problem:

32y
k 0 + AzYk 0=0,
So
. Y,
Yeo(a. b.c) =0, Y0, b,c) =0, (41)
aso
the O (&)-problem:
9%y, 8%y,
k,1 n /\2Y 42 k.0
SO 05008
k—1
Y dij Ti-joTio
j=1
o0
+ . di i Tj-koTio
j=k+1
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o0
4
— Y diy ;TivkoTio | »
Jj=1

Ay 1

Yii(a,b,c) =0, (a.b.c)
50
Y,
+ 50w, b, e) =0, 42)
ds1
and the O (¢4/¢)-problem:
32 Yk2 o 3%V 1 3?Yeo  0°Yio
+ A Y2 +2 . .
2 “2 T G500t 9sods: | ds?

Y 1 ? ,0
= (vo — c2, ol)— + Z 2vonsd, 8”0

o~ EA .~ o
— Z m—[tolnﬂdmk Yn’()
n=1 8

+ﬁ1,067;ik1~"k,0 cos(wi x (so —a) + a),

. Y,
Yiala.b,o) =0, X2, b, ¢)
aso

Y,
+2 @ b o)+
3S1

Y,
0@, bey=0,  43)
3SZ

where Ay = %kn.

The solution of the O(./¢)-problem (41) can be
written as:

Cr(s1, 52) cos(Agso)
+ Dy (s1, 52) sin(AgSo), (44)

where Ci(s1,s2), and Dy (sy, sp) are still unknown
functions in the slow variables s; and 57, and these func-
tions can be determined by avoiding secular terms in
the O (¢)— problem (42) and in the O (¢4/€)— problem
(43). By using the initial conditions in (41), it follows
that Cy (b, ¢) = Dy (b, ¢) = 0. Now, we shall solve the
O (&)— problem (42) By using (40) for Tk 0, and by
using d,l,k = an, which is given in (22), problem
(42) can be written as:

8%y, 1
okl +kkYk,1

Yi,0(50, 51, 82) =

5o
aC oD
= 2kk—k sin(Agsg) — 2)Lk_k cos(Akso)
051 as1
1 k—1
+§ Z d]‘ctj,j[(Ak—jAj — Br—;Bj) cos(kmsp)
j=1
+(Ax—jBj + By_jAj)sin(kmso)
+(Ak—jAj + By_jBj) cos((k — 2j)mso)

+(A—Bj — BijAj) sin((k — 2j)ms0)]

1 &
+§ Z djfkyj[(Aj_kAj-FBj_kBj)

j=k+1
x cos(kmso) + (Aj_kBj — Bj_A;) sin(kmsp)
+(Aj_xAj — Bj_Bj)cos((2j — k)mso)

+(Aj_kBj + Bj_xAj)sin((2j — k)mso)]

o0
! 4 T B
-3 Z diy; i[(AxrjAj + Biy;Bj) cos(kmso)
j=1
+(AjBjik — BjAjyi) sin(kmso)

+(AkrjAj — BiyjBj) cos((k +2j)mso)
(A Bji + BjA ) sin((k +2))ms0)],
~ Y,
¥6100,0,00 =0, =& 2(0 0,0)
Y,
TR —0. @45

It is obvious that the right-hand side of (45) con-
tains resonant terms, such as sin(A;sg) and cos(Agsg).
But the term in the right-hand side of (45) involving
sin((2j — k)mwsg), cos((2j —k)msg), sin((k +2j)msg)
or cos((k + 2j)mso) is also a resonant term when

there exist k, ji, j2, s.t., 2” = fn—g +14 0() or
% = ,/==—14 0(e). Actually, for any fixed param-

eter value of

g A with assumptions /E—A = 0O(1)

and % — 1 > O(e), there always exist k s.t.

= JEAL 1+ 0@ or 22 = [EA 14 0
L (I g . (g~
with jj = —5—— and j, = . Therefore,

to avoid secular terms in (45) the functions Cy(s1, 52)
and Dy (s, s2) have to satisfy the following:

e When k does not satisfy the conditions that there

always exist jj, jp s.t. 2“ = % +14 0(e) or

zkﬁ = m—g — 14 O(e), then:

oC, oD,

o, oo, (46)
851 351

and Cy(s1, s2) and D (s1, s2) are given by:

Ci(s1,82) = Cr(s2), Di(s1, s2) = Di(s2). 47)
e When £k satisfies the conditions that there always

exist ji, jo st 2 = [EA 414 0(e) or 22 =
EA
Ve ~ 1+ O(¢), then:
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4
0C _ dji i
T luk “(Aj—kBj, + Bj,—kAj)
&,
+J2,
+— 22 (A, Bjyik + Bjp A jy i)
4hi

= Py(s1, 52),

4

Dy dj g

B W(Ajlfkf‘jl — Bj,—«Bj,)
B

_M(Akﬂé Ajz - Bk+j2 sz)

iyys

= 0251, $2), (48)

and Cy (s, s2) and Dy(s1, s2) can be obtained as:

S1 - .
Ci(s1,52) =/b Py (7, 52)dT + Ci(52),

S1 - .
Dy (s1,82) = /b 02(7, 52)dT + Dy (s2), (49)

where the functions P, and Q, are given by (48),
and where Cy(s2) and Dy(s2) in (47) and (49) are
still unknown functions in the slow variable s;. By
Cr(b,c) = 0 and Di(b,c) = 0, we obtain that
Ci(c) = 0 and Di(c) = 0. The undetermined
behaviour with respect to s> can be used to avoid sec-
ular terms in the solution of the O(e./¢)— problem
(43).

According to (45), taking into account the secularity
conditions, the general solution of the O (¢)— problem
(42) is given by

Yk 1050, 51, 52; V/€) = Ex (50, 51, 52) c0s(AS0)
+Hi (s0, 51, $2) sin(Agso), (50)

where
aY,
Ex(a,b,c) =0, Hia,b,) = ==2(a,b,0).
S1
(51)
Then, the O(e+/e)— problem (43) can be written as:
92Y; o -
5 + ;Y2
o
_[ Bk OHy . 9Dk 9%y
o 050051 k 951 k KY) 3s12
+(vg — Cz,olA))uka + 2v0k71d1g’k)\ka
EA .
——Molkn’ds kai| cos(Arso)
mg ’
[ p Mg Ok, 8Ck 9D
050051 k 351 k a7 3s12

@ Springer

—(vg — ngoi)kkck — 2v0”77d1z,k)‘kck
EA ~ 3 .
———wolkmd} ; Dy | sin(Agso),
mg ’

+ﬁ1,0&,f)k[Ak cos(kmsg)
~+ By sin(kmwsg)] cos(wy x (so — a) + )
Yio(a, b, c) =0,

Y, Y,
“2a,b, ) = -5
ds1

(a,b,c)

—(a, b, c). (52)
ds2

Note that in the analysis of Sect. 3, the last term includ-
ing cos(wi x (so — a) + «) in (52) can not affect the
function Yk,0~ So, to avoid secular terms in the solution
171(’2 in Eq. (52), the following different cases have to
be considered:

e When k does not satisfy the conditions that there

always exist ji, j s.t. 2,% = fTQ + 1+ O(e) or
2}% = % — 14+ O(e), then:
9%Ey 9 H
) — A —
050051 051

Dy N
= 2Ak—— — (vo — 2,00) Ak D
RY)

— EA . _
—2voknd} M Dy + —— puolkrdi  Cr,
: mg :

9% Hy, dEyx
+ 20—
05008 a5

-2

9C, .

= —2)»k—k + (vo — 2,00 Ak Cy
057

..~ EA .
+2vokmd} M Cr + —— polkmd}  Dy. (53)
: g :

e When k satisfies the conditions that there always

exist ji, jos.t. 3 = JEA 4+ 14 0(e) or 22 =
EA i
JEE — 14 0(e), then:
9’E 9H
-2 ko Zkk—k
050058 951
3 [y 02(F,5)dT 3P
—2XMk -
082 051

A St
+(vo —Cz,ol)?»k/() 0>(7, $2)dT

ST
+2vokrdy A / 02(7, s2)d7
0
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) N
——wolkmd; Py(T,s0)dT
mg "~ Jo
9Dy .
= 20— — (vo — c2,0D)Ax Dk
057
R N
, mg .
32Hk
0500s1
3 Jo' BT, s2dT  90s
RY) ds1

oE
20— 4 2
3S1
A~ Sl ~
—(vo — 02,01))%/ P (T, s2)dt
0
s
—2vokmd} / Py (T, $2)dT
0
EA N 3 S1 - _ B
———polkmd; 02(7, s2)dT
mg 0
aC, A
= 20— 4 (v — c2,0D)A C
3S2
_— EA . T
+2vokmdy M Crk + —polkmd; ; Dy. (54)
. mg .
Solving (53) and (54) for Ex and Hj, we observe that
the solution will be unbounded in so and sq, due to
terms which are only depending on s». Therefore, to

have secular-free solutions for Ej and Hy, the following
conditions have to be imposed independently:

db.
2xkd—" — (vo — ¢2,00) 1 Dy — 2vokmd] 2i Dy
52
EA A~ 3 =
+—nuolknd; ,Cr =0,
mg ’
iCy I oo
—2)\kﬁ + (vo — c2,00)AkCr + 2v0kndk’kkkck
2
EA ~ 3 ==
mg :

— ﬁ, we then obtain from (55):

2—C)>

_ EApolkmd?
—Di(c)sin (u(sz _ c)ﬂ ,

2mg i
_ C))

2
Due to dk’k =

Cy (s2) = e—%Cz.olA(Sz—C)

_ EA/,L()lAkJTdS
|:Ck(c) cos (—k’k(s
2mg i

Dyi(s2) = e~ 2€20l(2=¢)

_ EA,uolAkrr d?
|:Ck(c) sin (—"”‘(s2
2mgig

_ EAuolknd?
+ Dy (c) cos (—k’k(sz — c)):| .
2mgiy

Since Cy(c) = 0 and Dy (c) = 0, this implies that

Ci(s2) =0, Dy(s2) =0. (56)

Now, all unknown functions in (44) can be determined,
and the solution of the O(4/¢)-problem (41) can be
written as:

Y0050, 51, 52) = Ci(s1, $2) co8(Aks0)

+ Dy (s1, 52) sin(Axso), (57)
where Ci (s1, s2) and Dy (s1, s2) are given by (47), (49)
and (56).

Now, substituting (40) and (57) into the O(¢)-
problem (38) for fk,l , together with Cll,k = %, c,%’k =0
and c,%) K== ﬁ in (19), problem (38) becomes a non-
linear ordinary differential equation without coupling
term:

92 Tk 1

+ K2 sz .
8s0

0A 0B,
= 2km 27k cos(kmsg) — 2km il cos(kmsp)
0s] 081

+EA71A3 i kp(k — p)
2mgl 27
. |:Ap,kDp —2|— B, Cp sin((Ap + (p — k)1)s0)
Ap-kCp - EotDr o5y + (0 — Bm)50)
L ApkDp ; Bp—iCp sin((A, — (p — k)7)s0)
L AriCy er BoPr cos(hp — (p — k)”)XO)]

_EAn 3k
Z kp(k — p)

) [AkﬂJDp + Bi—pCp

sin((A, + (k — p)m)so)

2

Ay_,C, — Bi_,D

+ k=p p2 k=p pCOS(()\.p‘F(k—p)T[)SO)
Ai—_p,D, — Bi_,C

+ kppz KPP Gin((hy — (k — p)m)so)
Ap_,C Bi_,D

+ kpp;’kp Pmaup—@—pmnw}
EAn

kp(k + p)

ng Z

A D B C

{ “””; CELZE in((Gp + (k + p)m)so)
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AkypCp — Bryp D)
2
ArypDp — By pC)
2
Ay pCp + Bryp Dy
+ 2

cos((Ap + (k + p)m)so)

sin((Ap — (k + p)m)so)

cos((A, — (k+ p)ﬂ)SO)]

i
+B1.0dk P cos (w1 x (so — a) + @), (58)

11
where C, and D, are given by (47) and (49). The

right-hand side of Eq. (58) contains resonant terms: for
instance, at least one of the I terms is a resonant term

when there exist k, p1, p2 s.t. % = fn—? + 14 0O(e)

or % = \/%— 1 4+ O(e). The II term with w; can be
resonant when kr — w1 x (s) = 0 or kmw + w1 x (s) = 0.
Obviously, the terms in (58) involving sin(kwsg) or
cos(kmsg) are resonant.

Outside the resonance zone (or equivalently the res-
onance manifold), the corresponding timescales are
so = § and sp = &§ (without s1 = 4/&5). So to avoid
secular terms in (58), Ay and By have to satisfy the fol-

lowing equations depending on the parameter values:
0A 9B

—L=0, =0, (59)
ds1 051

which implies that:
Ar(s1,52) = A(s2).  Bi(si,52) = Bi(s2),  (60)

where Ay (s2) and By (s2) are still unknown functions
in the slow variable s;. Since Ai(b,c) = 0 and
By (b, ¢) = 0, weobtainthat Ay (¢) = 0and By (c) = 0.
The undetermined behaviour with respect to s> can be
used to avoid secular terms in the O(g4/¢)— problem
(39). According to (58), taking into account the sec-
ularity conditions, the general solution of the O(g)—
problem (38) can be written as

Tic,1 (50, 81, 52; V&) = Li(s0, 51, 52) cos(kmso)
+My (50, 51, 52) sin(kmso),
(61)

where
Li(a,b,c) = F,, My(a,b,c)

0Tk.0

0s1
Then, together with ¢} , = 1, ¢Z, = O0and ¢}, =

— ﬁ in (19), the O (e+/e)— problem (39) can be writ-
ten as

(a, b, c) + Gg. (62)
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2
552 + (k)" Ti 2
2L M
= [ B g OME
0500581 a8
9B, 9%A
—an—k — 2k
057 831
. [(k)?
—crofkn By — MAk} cos(k7so)
92 M, dLy
-2 2k —=
+|: 050051 + 2k 051
9Ar  9%B
2k SE R
052 851
. [(km)?
+c1o0D)km A — M&(} sin(k7 sg),

Y%

as
To avoid secular terms in fkgz in Eq. (63), the following
conditions have to be imposed

3°L oM
ko an—k
8S03S1 8s1

3Bk (s2)

¥2(0,0,0) =0, 20,0,00=0.  (63)

-2

= 2kn + c1.0lkm By (s2)

Ttkm)?—
+%Ak<sz),

32M, dL
k + 2krr—k
3508S1 351
dAk(s2)
52

[(km)? —
+@Bk<sz>. (64)

-2

= —2km — c1.0lkm Ay (s2)

By solving (64) for L and M}, we observe that the solu-
tion will be unbounded in s¢ and 51, due to terms which
are only depending on s;. Therefore, to have secular-
free solutions for L and M}, the following conditions
have to be imposed independently

2k difs(;z) + c1,00A Bi (52)
+Mzk(52) =0,
—2km deS(;Z) — c1,00 0 Ax(52)
+M0i(§n)2§k(s2) —o, (65)
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we then obtain ﬁﬁl,odszp _
_ Bi(s1, 52) = ————=—— cos(W(s“)Cr(s1)
A (52) Va
~ 272
~Serols-0) | 7 krt ol V2Brodioil? ®)3
_ o lenoitno [ () cos ( ol C)) PR im0
. +By(s2), (69)
- [ kol
—Bj(c) sin (s2—0)] |, )
4 where @ = wilpvpe'®” ', and
By (s2) _
1 7 ki i ~ \/gs 2
= ¢~ 29201270 | 4, (¢) sin Mo (52— ©) Crr(s) = / _ cos(x“)dx, and
4 \/gb
- km i _ \/%s
+By(c) cos 1o (s2—0o)]|. (66) Spr(s) = / - sin(x?)dx, (70)
4 \/g b

Since Ax(c) = 0 and By(c) = 0, together with (66),
this implies that

Ai(s2) =0, Bi(s2) =0. (67)

Now, outside the resonance zone, all these unknown
functions in (40) have been determined in (60). So the
solution of the O (+/€)-problem (37) is Tk,o(so, S1,82)
=0.

Inside the resonance zone around s = s® (or equiv-
alently, in the resonance manifold), according to the
inner analysis as presented in Sect. 3, and to avoid sec-
ular terms in (58), Ag, By have to satisfy the following
equations:

e When k does not satisfy the conditions that there

always exist p1, pa s.t. % = fn—’; + 14 O(¢) or

2% _ [EA _ .
2 =\ g 1 + O(e), then:

0A; _ Prodia?l?
a8 B 2

. 1 vor® 2 (k)

sin Ewllovoe s+ Yr(s) ),
0By _ ﬂl‘odkw%iz
ds; 2

1 vor(k) 2 (k)
cos Ea)]lovoe ST+ (Y)Y ), (68)

which implies that

281 odp?12 _
Ar(s1, $2) = fﬂ“%“" sin(yr (s®))Crp (1)
o
281 ody w312 )
+M%°olcos(m<s“)»sn(sl)
o
+Ai(52),

which are the well-known Fresnel integrals. The pres-
ence of Fresnel functions Cg,(s1) and Sg,(s1) causes
resonance jumps in the system. In (69), Ay (s2) and
By (s2) are still unknown functions in the slow variable
s7. Since Ay (b, c) = 0 and By (b, c) = 0, we obtain
that Ax(c) = 0 and Bx(c) = 0. The undetermined
behaviour with respect to s> can be used to avoid sec-
ular terms in the solutions of the O(g/¢)— problem
(39). Following the derivation of (61)—(67) together
with (69), we obtain

Ax(s2) =0, By(s2) =0. (71)

e When £k satisfies the conditions that there always

exist p1, p2 s.t.?)—'f = 2—2‘+1+0(5) or% =
\/% — 1 4+ O(e), then there exist j; = k, jo» =
%zeks.t.%z %+1+0(s)or2pif=
\/ﬁ:? — 1 4+ O(¢); and there exist j; = ]% =
19k,j2=ks.t.2pl2‘: ﬁ—?—i—l—i—O(a)or%:

/ fﬂ—? — 1+ O(e). Then, the functions of Ay (s, s2)
and By (s1, s2) have to satisfy:

dA EAm? Ao Dy iy — BokC
ko_ (1 - 0)0k3 0k Dp, k) 0kCp) (k)
0s1 4mgl 2
3
LEAT 5 hok? Aok Dps k) = BokCpy k)
4mgl 2
dp w212 1
+'Bl’0% sin (ECz)1l()1)of:”°T(k)s12 + wk(s(k))) ,
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9B _ _EAT (1 — 0)0K3 Aok Cpi ) + Bok(T) D, k)
as 4mgi 2
_EAr’ & — 1ypid 2ACrw + BokDpyy
4mgi 2
dy w2 1
_,31,0+0)1 cos (Ewllovoe”"’(k)slz + wk(s(k))> ,
(72)
where
1
Cpivy = _(déek - dgk 9]
" 4rp, '
81
(Api (T) Br(T) + Bor(T) Ak (T))dT,
Dpyiy = L(dléek — dgy 1)
pi1k) = , ,
4Xp1
1
(Agr (T) Ak (T) — Bor(T) Bk (T))dT,
Crah) = L(dé‘k ¢ =i o)
p2 - s s
4Ap,
S1
(Ax (@) Byk(T) + Br(T) Ay (T))dT,
Dp, ) = L(dgk kK d/? 9k)
pak) = , ,
2 4hp,
81
(A (D) Apr(T) — Be(T) Byi (T))dT,
(73)
2% 2% e~
and pi(k) = , pa(k) = ,0 =Y
p1(k) e p2(k) G e
EA 1y
_ Vomg
U= T

mg

By noting that Ay = 0 and By; = O inside the
resonance zone around s ®, it follows that system (72)
can be written as

0AL _ EAx3 (- 9)9/(3 AGkDm(k) — ngCm(k)

Bs1 dmgl 2
,Bl,OdkCUZi2 . [ wilpvgeloT
S sin (= st vG0) )
3B _ _EAT | o3 A0kCob + Bok Dyt
ds1 4mgl 2
Brodrw}l? wilovpe™™
— = eos (st w0 )
(74)

where Cp,x)(s1,52) and D, ) (s1, s2) are given by
(73). For any mode k satisfying the conditions that there

@ Springer

; 2k _ [EA 2k _ [EA _
ex1stp1,pzs.t.p]_ mg+lorp2_ g 1, we

can always find k| (k; is an integer), s.t. ok = ky,
and 0"k is not an integer, n = 1, 2, ... From that, we
get a mode sequence (ki, ki, 192k1, ook 0k ).
We firstly solve the ordinary differential equations (74)
for mode k;, which can be rewritten as (68) (here the
mode k; is denoted by k), and it can be solved as in
(69). For the mode k» in (74), k = kp, Agx = Ag, and
Bgr = By, , thereby inside the resonance zone around
s®2) | we can obtain the solutions Ay, and By, from
(74). Next, by using an iterative method we can predict
and obtain the functions A and By. Note that (74) is a
nonlinear perturbation problem. It is hard to obtain the
analytical, explicit solution, but we can find properties
of Ay and By by the above analysis, which can be used
to describe the behaviour of the solution Tk‘o(so, S1,52)
of the O ({/¢)-problem (37). Moreover, the solution of
(74) can be obtained by numerical calculations. Now,
inside the resonance zone around s %) in (26), the solu-
tion of the O (+/¢)-problem (37) is given by (69) and
(74).

To summarize, the solution w (&, s) of Eq. (13) read-
ily follows:

o0

BE.s) = D [An(Wels —s™), e(s —s™))

n=1

cos(nm(s —s™))

+Bu(Ve(s = s, e(s —5™)

sin(n (s — s"™))Isin(nwé)

+0(e), (75)
where s is given by (26), and A, and B, are given
by (60), (67), (69), and (74).

In the longitudigal direction, according to the anal-

ysis of (44)—(57), Yk,0 in Eq. (44) can be approximated
as:

Y0050, 51, 52) = C(s1, 52) cos(Ak50)

+ Dy (s1, 52) sin(Ags0). (76)

e When k does not satisfy the conditions that there

always exist ji, j2 s.t. Zki = % + 14 O(e) or
22 - £2 — 14 0(e), then:

Ci(s1,82) = Di(s1,52) =0, (77

which follows from (47) and (56).
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Fig. 2 a Transverse displacements w(0.25, ). b Longitudinal displacements u(0.25, )

e When £k satisfies the conditions that there always
. 2 2
exist ji, p st = JEA 4+ 1+ 0(e) or 32 =

m
/EA .
m_g —1 + 0(8), then.

S1 d4 )
_k,
Ci(s1, 82) = / ——’; L (Aj—kBj, + BjkAj)
b Ak
4

diy;
+#(An Bjy+k + BjyAjp+k)dT,

1 d‘.1 .
7k,
Dk(smz):/ —’ll L (Aj—kAj, — Bj—«Bj)
b Ak

et in.
Tkt (Ak+j2Aj2 _

T Byt j, Bj,)d€I8)

which follows from (49) and (56). And inside the res-
onance zone around s*), A; and By are given by (69)
and (74); outside the resonance zone, A; and By are

given by (60) and (67).
The solution (&, s) of Eq. (14) readily follows:
i, 5) =Y [Ca(vels —s™),e(s —s™)
n=1
cos(nm(s —s™))
+D,(Ve(s —s™), e(s —s™))
sin(n (s — s"™))Isin(nwé)
+0(e), (79)

where s is given by (26), C, and D, are given by
(77) and (78).

By the three-timescales perturbation method, we
obtained that for special frequencies in the boundary
excitations and for certain parameter values of the lon-
gitudinal stiffness and the conveyance mass, the trans-
verse solution w(£, s) of Eq. (13) jumps up from O(¢)
to O(4/¢), and the longitudinal solution #(&,s) of
Eq. (14) jumps up from 0(£?) to 0O (/¢). We can-
not (always) construct formal approximations of the
solutions, but we can get properties and predictions of
solution behaviours analytically on timescales of O (%).
Based on the properties and equations in the analysis,
the approximated solutions for transverse and longitu-
dinal motions will be computed by using an iterative
method as well as by using a numerical method in the
next section. Also the approximations will be computed
by using a central finite difference scheme in the next
section to verify the analytical results in this section.

5 Numerical results

Since the initial boundary value problem (1) for the
transverse vibration and the initial boundary value
problem (2) for the longitudinal vibration are com-
plicated with nonlinear and coupled terms and a lot
of parameters, we cannot construct formal explicit
approximations of the solutions. To make the problems
easier to analyse and simulate, we transform the prob-
lems (1)—(2) to the problems (13)—(14) by putting the
problems dimensionless, by converting the problems to
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w(0.25,t) w(0.25,1)
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Fig. 3 a The first mode displacement, b the second mode displacement, and ¢ the third mode displacement as functions of time for

£=025

a fixed spatial domain, and by Liouville-Green trans-
formation. So, on the one hand, we can compute the
transverse and the longitudinal motions of the cable for
(13) and (14) by computing numerically the solutions of
the ordinary differential Eq. (75) and (79). On the other
hand, we can compute numerically the solutions of the
problem (13) and the problem (14) straight-forwardly
by applying a finite difference method. By comparing
the results (the displacements and the energy) in the
above two different methods, the obtained analytical
results in the last section can be verified.

@ Springer

5.1 Analytical approximations

The numerical results simulating the transverse and the
longitudinal vibration responses are computed based
on the analytical expression (75) for w(&, s) and the
expression (79) for u(&, s). The computations are per-
formed by using the following parameters:

EA
e =001, == =9, uo=1,
mg

cuo=1, cro=1, ca0=1,

Bio=1, pro=1,
w1 =057, wp) =0.6m, [p=1,v9 =1, (80)
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0.25

i {
iy iy i

-0.15

cn

=]

o

202 " " . L L
0 100 200 300 400 500 600

(a)

E@®)

0.025

0.02 [

0.015 [

0.01
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Fig. 4 a Transverse displacements w(0.25, ), ¢ = 0.01. b Transverse vibratory energy

4(0.25,t)
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Fig. 5 a Longitudinal displacements #(0.25, ¢), ¢ = 0.01. b Longitudinal vibratory energy

and the initial conditions are taken to be:

w(&,0) = 0.01sin(1.58), w(&,0) =0,

u(g,0) = 0.0001 sin(1.5&),

is(£,0)=0,0<& < 1. 81)

By using the Liouville-Green transformation with

ds _ 1 _ 1
@ =Tn _—lo+vt,wehave
lpe — 1
t:%. (82)

It follows from (82) and the resonance times given by
(26) that the resonance zones (in the transverse direc-
tion) are located around the times

km ly

Iy =————, (83)
wiv v

where the resonance time depends on the mode number
k. For the first three oscillation modes of transverse
motions, resonance emerges at times #; ~ 100, 7, ~
300, 73 & 500. The displacements of the first and third
mode are given by (69) and (75), the displacements of
the second mode are given by (74) and (75). Around
the first resonance time ¢, the displacement amplitudes
jump up from initial states O (¢) to O (4/€). Around the
second resonance time 7, and the third resonance time
13, the amplitudes jump up again from the O(¢) level
to the O (y/¢) level. They are all illustrated in Fig.2a.

The displacements of the longitudinal motion are
given by (79), which are illustrated in Fig. 2b.
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Fig. 6 a The total mechanical energy based on analytical results. b Analytical approximations The total mechanical energy based on

numerical results
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Fig. 7 a Transverse displacements w(0.25, 1), ¢ = 0.02, w; = 0.5. b Transverse vibratory energy
Also, to observe the displacement amplitudes of with space grid size d6 = 5 x 1072, and time step

transverse motion clearly, Fig.3 shows the close-up
of the fragments of Fig.2a. Figure3a, b, and ¢ shows
the first mode displacement, the second mode displace-
ment, and the third mode displacement of the transverse
motions, respectively.

5.2 Numerical approximations
In this subsection, the finite difference method is

applied in both the time and the space domain for
both PDEs and boundary conditions in (6) and (7)

@ Springer

dt =5 x 1073, We rewrite the so-obtained discretized
Eq. (6) and (7) in matrix forms and use as numerical
time integration method, the Crank—Nicolson method
(see Appendix B). Note that the same parameter values
as for the analytic approximations in Sect. 5.1 are used
here for the computations.

InFig. 4, the transverse displacements and the vibra-
tory energy of the cable on timescales up to t = 600 are
presented. In Fig. 4, one can see that the transverse res-
onances emerge around times f; = 100, ©, = 300 and
t3 = 500. In the resonance zones, the displacements
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Fig. 8 a Transverse displacements w(0.25, t), ¢ = 0.01, w; = 0.757. b Transverse vibratory energy

and the energy increase, and in between these zones,
stay constant (approximately). Around the first reso-
nance time 71, the displacement amplitudes jump up
from O(g) to O(y/¢). Around the second resonance
time #, and the third resonance time 3, the amplitudes
change again at the O(/¢) level, where ¢ is a small
parameter with ¢ = 0.01.

In Fig.5, the longitudinal displacements and the
vibratory energy of the cable on timescales up to t =
600 are given. In Fig. 5, one can see that the longitu-
dinal displacements increase from 0(£?) to 0(e),
and that the vibratory energy increases from O (g*) to
O (¢). In Fig. 6, the total mechanical energy (see also
Appendix C for definitions) based on the analytical
results and the total energy based on the numerical
results can be compared. Based on the Figs.2, 4, 5,
and 6, we can draw the conclusion that the general
dynamic behaviour of the solution as approximated by
direct numerical integration of the problem is in agree-
ment with the analytic approximations as obtained by
applying perturbation methods.

Moreover, in Fig.7, we make different choices for
¢ in the numerical approximations to see the influ-
ence of the values of ¢ on the system dynamics. For
e = 0.02, the first three resonance times become
t1 = 50, 1, = 150, and 3 = 250, and the displacement
amplitudes also change. In Fig.8, we make different
choices for the frequencies of boundary excitations in
the numerical approximations. For w; = 0.757, the
first three resonance times become ¢t} = 33, 1, = 167,

and 13 = 300, and the displacement amplitudes also
change.

6 Conclusion

In this paper, we studied the coupled transverse and lon-
gitudinal vibrations and associated resonances induced
by boundary excitations in a hoisting system. The prob-
lem is described by nonlinear coupled partial differen-
tial equations on a time-varying spatial interval with
small harmonic disturbances at one end and a mov-
ing nonclassical boundary condition at the other end.
Assuming that the transverse harmonic boundary dis-
turbances and the corresponding initial values are of
order ¢, and the longitudinal harmonic boundary dis-
turbances and the corresponding initial values are of
order €2, it is shown in this paper that for special
frequenmes in the boundary excitations and that for
certain parameter values of the longitudinal stiffness
and the conveyance mass, many large oscillations arise
in transverse and longitudinal directions. The oscilla-
tion modes for transverse motion jump up from O (¢)
to O(4/¢), and the oscillation modes for longitudi-
nal motion jump up from 0(?) to 0O (4/¢). To obtain
these results, the method of separation of variables
is presented, and perturbation methods (such as aver-
aging methods, and singular perturbation techniques)
are used. Furthermore, since the initial-boundary value
problems for the transverse motion and the longi-
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tudinal motion are nonlinearly coupled, we cannot
(always) construct formal approximations of the solu-
tions but we can get properties and predictions of solu-
tion behaviour analytically on timescales of order & .
Furthermore, approximations of the solutions are com-
puted by using an iterative method as well as by using
a numerical method. Also approximations of the solu-
tions of the initial-boundary value problems are com-
puted by using a central finite difference scheme. The
numerical approximations are in agreement with the
analytically obtained approximations. The analytical
scheme in this problem can be extended to study other,
and more complicated types of moving cable systems
and also to other types of gyroscopic systems, where
transverse and longitudinal motions are both involved
and are governed by coupled differential equations with
in time slowly varying coefficients.
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Appendix A: The derivation of Eqs. (1) and (2)
According to Fig. 1, the partial differential equation
(PDE) can be derived by the extended Hamilton’s prin-

ciple:

t
/ 2(SEk(t) —S8E,(t) + W (1)dt = 0. (AlD)
1

@ Springer

The kinetic energy Ej () can be represented as

Ex(r) = - /m e Y
= — — 4 X
¢ 2'0 ey (1) Dt
1D 7 Dw\?
+/ <—) dx
ey () Dt

+ ! Du + ’ |
- PR— v _
2"\ Dr *=l®

" Dw\? | (A2)

Dt x=I(t) | »
where the operator 1[))_:; is defined as IL))—‘; = %—'I‘ + vg—z =
u; + vuy, and the operator % is defined as % =

%—’f + v%—’f = w; + vw,. The potential energy E,(t)
can be expressed as

1 1(t) 1(t)
E,(t)=~EA f dx + f Tzdx
2 ey (t) ey (t)

1)
B~ [ pgudx ~mgu iy, (A3
ey (1)

where z = u, + %wf, and

SE(t) —0E,(1)
(& Du Du
= ,0/ (— + v> §—dx
eu(t) Dt Dt
n Du n SDM |
_ v _ _
"\ Dr pr =IO
10 pw\ D
+p f (—w) 52 dx
eu(?) Dt Dt
n Dw SDw |
ml — 86— |,=
Dt D =IO

1(t) 1(t)
—|:EA/ Z5de+/ Tézdx
ey (t) ey ()

1(t)
—/ pgéudx —mgdu |y—) :| (A4)
ey (1)

The virtual work § W, done by the distributed and the
lumped damping force is given as

1() D
SWe(t) = —/ co—dSudx
‘ ey Dt

/’0) Dw Du

— c1———8wdx — ¢, —8u |x=i() -

ey (t) ! Dt ) )
(AS)
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By substituting equation (A2)-(AS) into (Al), we

obtain
+ 52U dvar
—_ v —daX
Dt

1)
[ L
Du
+ m —+
1(t) D
L5 B
+ / § Dw s 2V i
m — |i=
1 Dt Dt x=1()
I(t) n 1(#)
—EA/ / Z(Szdxdt—/ / Tézdxdt
eu(?) o Jey(r)
1(t)
+/ / pgdudxdt
1 ey (t)
n
+/ mg8u |x =I(1) dt
1(t)
/ / 2—8udxdt
eu(t)
—/ 31/! |x =I(t) dt

1(t)
/ f 1—8wdxdt =0. (A6)
ey (t)

By integrating by parts, it follows from (A6) that

z(z)
[ L

+EAzx + Ty + pg — c2(us + vuy)]dudxdt

10
+/ / [—p (W + 20wy + vV wyr + Gwy)
1 ey (t)
FEAQGwy)y + (Twy)x —
n
[—m (s + 20Uy + v2uxx + auy + a)

u
— =) dt
Dt lx=t()

—0 s + 20ty + Vg + auy + Q)

c1(wy + vwy)]dwdxdt

1
—EAz =T +mg — ¢, (us + vuy)0u |y=i() dt
%)

+ | [=m(wy + 20wy + v wey + dwy)
1

—EAzwy, — Twy]dw |y=() dt
4]

[—pv(uy + vuy +v) + EAz

n

+T1ou |x=eu(t) dt

4]
+/ en(t)p(uy + vuy + v)du |x:e,,(t) dt
1

n
—i—/ [—pv(w; + vwy) + EAzZw,
1

FTwx 0w |x=e, ) dt
n

+/ e () p(w; + vwy)dw |y=, ) dt = 0.
4

So, the governing equations of motion are given by

Py + 20ug, + VVitgy + auy + @)
—EAzy — T — pg + c2(uy +vuy) =0,
e,(t) <x <), t >0. (A7)
0wy + 2vwy, + Vi wyy + dwy)
—EAQzwy)y — (Twy)x + c1(w; +vwy) =0,
e,(t) <x <), t >0. (A8)
The corresponding boundary conditions on the upper
end at x = ¢, (¢) are given by:
[—pv(u; + vuy +v) + EAz
+T + ey () p(ur + vty + V)] lx=e, )= 0,
[—pv(w; +vwy) + EAzZw,
+Twy + €u(t) p(wr + vwy)] |x=e, )= 0.
t >0, (A9)

and the boundary conditions at x = [(¢) are given by:

[m (g + 20y + V2ugy + duy +a
+EAz +T —mg + ¢, (ur + vuy)] |x=1n= 0,
[m (W + 20wy + 2wy + dwy)

+EAzwy + Twy] [ymin=0, 1>0. (Al0)

Note that (A9) and (A 10) are the natural boundary con-
ditions. But (A9) is not appropriate for our problem,
since the string is excited at the top boundary with the
fundamental excitations e, (f) and ey, (¢). Thus, the cor-
rect boundary condition at the upper end are:

u(e (1), 1) = e, (t), wle,(t),1) =eyu), t>0,

(Al1)

where ¢, () and ey, (t) are given in Nomenclature in
section 2.1, and at the bottom boundary, the string is
assumed to be fixed in horizontal direction. Thus, the
corresponding transverse boundary condition at x =
[(1) is:

w(l(),r) =0, t=>0. (A12)
Considering
T(x,1) =[m+pdE) —x)lg,

eu(t) = x =1(), (A13)

together with the governing equations givenin (A7) and
in (A8), the boundary excitations conditions given in
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(A10), (A11), and (A12), we obtain the initial bound-
ary value problem (1) for the transverse vibration and
(2) for the longitudinal vibration. The reader is also
referred to the papers [21-24] for detailed derivations
of the dynamic models for strings, beams, plates, and
membranes.

Appendix B: Discretization and time integration

To solve (13) numerically, it is convenient to rewrite the
second order partial differential equation as a system of
two coupled, first-order partial differential equations:
W =,
| 5
&= 1—2[1 + ul(1 —&)Jwee
2v v v M
+T(§ — D& —a1f — Twé
+(1 — &)w?Ba cos(wnt + ).
Next, let us use the mesh grids §; = (j — 1)A§ for
j=1,2,1ldots,n,n + 1 with nA§ = 1. By introduc-
11)j+1—211)j+1i)j,1 +
A (a&)?
O((AE)Y), Le(Ej. 1) = L5 + 0((A8)?), it fol-
lows how system (B14) can be discretized, yielding:
W0 =1,
GEj 1) = rj(hjar — 2 + ;1)
+qj (1 = j—1) — 1
—p(j1 = bj-1) + (1 = E)w3p
x cos(wot + ),

(B14)

ing the differences, wee(§j,1) =

_1+ud(1-§5) _vEi=D o
where r; = ~aer 0497 = TiaE 0 P = 7iaE for
j=1,2,...n. Further,

—2ri rp—p O 0
n+p —2rp rp—p 0
R = . e R"™ " and
0 e g1+ p =2y g1 = p
0 0 m4+p =2
—1 g1 0 - - 0
—qy —c1 qp - - 0
P = : Lo . t. X e R"X"
0 oo v —gp—1 —C1 gn—1
0 e 0 —qn —C]

The four matrices @, I, R, and P compose the system
matrix M:

_ @1 2nx2n
M_<RP>GIR ,

@ Springer

where { is the zero matrix, and I is the identity matrix.
In addition, let us introduce the following

vectors: w = (w11, 1), w26, 1), ..., wy(&,, 1),
QG &L, e ) s = (0,0,...,0,

————

n times
51,52, ..., 57, where §; = (1 — &)aw3 2 cos(wat +
n times

). So, system (B14) can be written in the follow-
ing matrix form: ‘2—';) = Mw + s. In order to per-

form a time integration, we apply the Crank—Nicolson
method. Introducing the mesh grid in time, # = kAt
for k=1,2,...,n, we obtain

wk+1 — Dwk

At At -1
2 2
where w* = (w11, 1), w22, 1), -, wp(En, 1),
S, 1), §2(82, 1), s
&), s% = (0,0,...,0,5),5,....5)7 with
—— ——

n times n times
Elk = (1- Si)wgﬂz cos(waty + ), I is the identity
matrixand I € R¥"*2" and D = (I—%Mk+l)_l(1+
% M*). Similarly, we can also directly integrate prob-
lem (7) with the above numerical scheme.

Appendix C: Energy

The mechanical energy of the initial-boundary value
problem (2) related to the transverse motion is given
by

1 1(t)
Ev(t) = 5/0 [p(wi + vwy)? + Twldx,

where T is given by (3). Using the dimensionless quan-
tities, we rewrite the energy in a dimensionless form:

1 1(t) 5

Ei(t) = E/ [(w; + vwy)
0

+(1 4 pu(l(t) — x)w?ldx.

In order to define the energy on the interval (0,1), we
change the variables by using the following transfor-
mation § = lf—[):

1 1 . 5
o /0 [y + (1 — E)vi)

+(+1(p(l — §)iZldE. (C16)

The mechanical energy of the initial-boundary value
problem (1) related to the longitudinal motion is given

Ei(t) =
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by
I(t)
Ex(t) = 5/ [p(u; + vuy)? + EAu?)dx
0

+§[u,(l(t), 1) + vu (1), )]

Using the dimensionless quantities, we rewrite the
energy in a dimensionless form:

1 1(t)
Ey(t) = EEAL,[) [(uy + vu,c)2 + ui]dx

m 2
+ [, (L), 1) + vu, (L(2), 1)]".

In order to define the energy on the interval (0,1), we
change the variables by using the following transfor-
mation & = lg‘—t):

E>(t) = 21( )

/[(z<r>u,+<1—§>vu5) + 221
E l 1
sl

+(1 — &)viig (1, 1%

The total mechanical energy is now given by

(C17)

E(t) = Zl( ) f [d@®yw, + (1 — S)vwg)

+A+ 1Ol - §)iGldé
EAL

1
T(z) [t + (1 — E)vitg) + iF)dE

+5 12 0 )[l(nut(l D

+(1 —é‘)vug(l,t)]z. (C18)
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