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ABSTRACT

The progress made by microfabrication technologies has escalated the interest in particle manipu-
lation on micron scale. Particles are not only limited to solid particles but also include cells, droplets
and bubbles. Activities involved in manipulation are trapping, sorting, separation and so on. The
devices designed to execute such activities are aimed for a particular application. However, there
lies a gap in literature to design a all-in-one device. Microfluidics research carried out at the Labo-
ratory for Aero and Hydrodynamics is currently working on designing such devices which can carry
out different manipulation tasks.

This thesis is aimed at designing and fabricating such a device where two particles can be manip-
ulated simultaneously. The application of designing such a device would be to study cell-cell in-
teraction, droplet coalescence and so on. To achieve this, a microfluidic device is designed as a
Hele-Shaw flow cell. Since the height-averaged velocity in a Hele-Shaw flow cell is irrotational, ana-
lytical solution is possible for such a design. Although a Hele-Shaw flow is viscous flow between two
closely spaced plates, it produces same streamline patterns as a 2D ideal flow. This enables the use
of basic building blocks of an ideal flow field such as sources, sinks, uniform flow and so on. In this
case, sources and sinks are superimposed to get the flow field inside the microfluidic device. The
microfluidic device is fabricated using Polydimethylsiloxane (PDMS), a commonly used polymer
to fabricate microfluidic devices. The design of the device is validated by comparing experimental
flow fields, streamlines and stagnation points to the corresponding analytical solution. Single par-
ticle manipulation activities are carried out in the device. This is executed by manually controlling
the flow rates or the strength of sources and sinks. Firstly, the particle is trapped at the stagnation
point for a certain timespan. Finally, some manipulation activities are carried out using a single
particle with the aid of streamlines produced by the sources and sinks.

v





CONTENTS

Acknowledgement iii

Abstract v

List of Figures 1

1 Introduction 3
1.1 Outline of the Report. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2 State-of the art Particle Manipulation techniques 5
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2.1.1 History. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.2 Hydrodynamic Trap . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.3 Stokes Trap . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.4 Approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

3 Device Design and Experimental setup 11
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
3.2 Analytical Design of flow device. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

3.2.1 Ideal flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
3.2.2 Hele-Shaw flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

3.3 Fabrication of device . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
3.3.1 Hydraulic Resistance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
3.3.2 Fabrication of microfluidic device. . . . . . . . . . . . . . . . . . . . . . . . . . 16

3.4 Experimental Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

4 Study of steady fields 21
4.1 Design Validation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

4.1.1 Effect of varying the flow rates . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

5 Particle Manipulation using Unsteady Fields 27
5.1 Quasi Steady motion of stagnation points . . . . . . . . . . . . . . . . . . . . . . . . . 27

5.1.1 Random motion of stagnation points . . . . . . . . . . . . . . . . . . . . . . . . 27
5.1.2 Circular motion of stagnaton points . . . . . . . . . . . . . . . . . . . . . . . . 29

5.2 Single Particle Manipulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
5.2.1 Particle trapping . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
5.2.2 Manipulating single particle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

6 Conclusions and Recommendations 41
6.1 Recommendations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

Bibliography 43

A Appendix A 47

B Appendix B 51

C Appendix C 53

vii





LIST OF FIGURES

2.1 Four roll mill apparatus[1] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.2 Schematic of a four roll mill(top view)[2] . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.3 Flow in the cross slot device [3] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.4 Schematic of device design used in [4] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

3.1 Velocity vectors u and u+du separated by a small distance dx . . . . . . . . . . . . . . . 12
3.2 Schematic of a Hele-Shaw flow cell . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
3.3 Schematic design of the microfluidic device . . . . . . . . . . . . . . . . . . . . . . . . . 14
3.4 Velocity field and streamlines for given flow rate from equations 3.16, 3.17 . . . . . . . 15
3.5 Wire with resistance and the corresponding Hydraulic resistance . . . . . . . . . . . . . 16
3.6 Final design for the microfluidic device along with the hydraulic resistance circuit . . 16
3.7 3D printed mould . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
3.8 PDMS puncher . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
3.9 Device after bonding to the glass slide . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
3.10 Experimental Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
3.11 Pressure Pump . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
3.12 Principle behind working of flow sensor([5]) . . . . . . . . . . . . . . . . . . . . . . . . . 19

4.1 Figures (a),(c),(e) shows analytical streamlines and stagnation points and (b), (d) and
(f) shows the experimental counterpart . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

4.2 Comparison for (a) Analytical and (b) Experimental velocity fields . . . . . . . . . . . . 23
4.3 (a)Experimental streamlines and (b) flow rate trend from pump as a function of time

for Q=12 µL/min . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
4.4 (a)Experimental streamlines and (b) flow rate trend from pump as a function of time

for Q=8 µL/min . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
4.5 (a)Experimental streamlines and (b) flow rate trend from pump as a function of time

for Q=6 µL/min . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
4.6 (a) Experimental streamlines and (b) flow rate trend from pump as a function of time

for Q=4 µL/min . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
4.7 Flow rate v/s time data from pressure pump for DEMI water with no tracer particles for

equal magnitude of flow rates (a) 4µL/min (b) 3µL/min (c) 2µL/min and (d) 1µL/min 26

5.1 Magnitude of flow rates Q2 and Q5 varied from (a) 10µL/min to (h)24µL/min with
increments of 2µL/min . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

5.2 Building blocks for movement of stagnation point in a circle . . . . . . . . . . . . . . . 30
5.3 Stagnation point path followed (a) Analytically and (b) Experimentally. . . . . . . . . . 31
5.4 Flow rate v/s time plot from data extracted from the pressure pump for (a)figure 5.2d

and (b) figure 5.2h . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
5.5 Comparison for (a),(c) analytical and experimental (b),(d) streamlines and stagnation

point for from flow rates values in figures 5.4a and 5.4b . . . . . . . . . . . . . . . . . . 32
5.6 Particle entered, stopped at position in (a) and followed the path as shown in (b), (c)

and (d) respectively . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
5.7 Flow port configuration with particle at the centre . . . . . . . . . . . . . . . . . . . . . 34

1



2 LIST OF FIGURES

5.8 Single particle manipulation to form a letter N . . . . . . . . . . . . . . . . . . . . . . . . 35
5.9 Particle used to form multiple alphabets(T,J,I) in one go . . . . . . . . . . . . . . . . . . 37
5.10 Device rotated by an angle of 90 degree counter-clockwise to observe the letters better 37
5.11 Forming the English letter A . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
5.12 Device rotated by 90 degree clockwise for letter A . . . . . . . . . . . . . . . . . . . . . . 39

B.1 Pathlines for particles tracing letters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
B.2 Particle pathline for letter K . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
B.3 Particle pathline for letter N . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
B.4 Particle pathline for letter A . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52



1
INTRODUCTION

The development of microfluidic devices has been on the rise lately due to their applications in
medical and chemical industries. The major applications are related to manipulation and trapping
of particles, cells, droplets and many more. The evolution of micro-fabrication technologies has
further increased the pace of research in microfluidics. The small scale of the microfluidic devices
requires lower sample volumes and allows cost-effective chemical and biological analysis.

Droplet coalescence studies in microfluidic devices such as selective droplet coalescence[6], geo-
metrically controlled multi droplet coalescence[7] and electrically charged droplet coalescence [8]
have been established. Research has been carried out to measure asphaltene content in oil to char-
acterise the quality of oil [9] and also to measure equilibrium gas-oil ratio in live crude oil[10] using
microfluidics. In medical field, tumor cells have been detected[11], isolated[12] and captured[13]
using particle manipulation techniques. Separation of single cell from a cell suspension[14] and
screening of single cells using droplet microfluidics[15] have also been undertaken. Particle assem-
bly of micron sized non-spherical particles[16] and self assembly of particles[17][18] was carried out
in microfluidic devices. All of the above mentioned studies use particle separation, trapping, sort-
ing, filtering and so on to achieve various goals.

The above mentioned studies manipulates particles in two distinct ways: the active method, where
external fields are used to control the motion of the particles and the passive method, which uses
channel geometry and the flow field to manipulate particles. However, the active method relies on
the physical properties of the particle to be manipulated whereas in passive method, the design of
the channels varies depending on the application.

This thesis aims to manipulate particles using only flow fields without the use of real channels.
First, design of the device is validated and then particle manipulation activities are carried out. The
outline of the thesis is mentioned below.

1.1. OUTLINE OF THE REPORT
After a concise introduction to the topic, chapter 2 includes explanation of already existing manipu-
lation techniques. The method used to design and fabricate the device along with the experimental
setup is elucidated in Chapter 3. Validation of the design is shown in Chapter 4. Stagnation point
manipulation and particle manipulation using unsteady fields are illustrated in Chapter 5.
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2
STATE-OF THE ART PARTICLE

MANIPULATION TECHNIQUES

2.1. INTRODUCTION
Particle manipulation techniques are broadly divided into two categories, namely active and pas-
sive.Active manipulation is carried out on the basis of forces exerted by some external interface. This
is achieved by using different force fields such as magnetic, optical and electrical. Magnetic forces
were used in [11] to capture tumor cells. Electrical technique was used in sorting cells by marking
them with polymeric bead[19]. Cell and molecule manipulation have been done by the use of opti-
cal tweezers [20].

Passive manipulation techniques use the drag force generated by different geometries in the mi-
crochannels. To cite a few, cancer cells have been isolated by steering them into different stream-
lines with the use of obstacles [21]. Continuous particle separation has been achieved using con-
traction or expansion in the microchannels [22].

In this project, particle manipulation will be done using only hydrodynamic forces. First, some
history is briefly discussed relating to particle trapping. Furthermore, work already done on such
flows will be discussed in detail.

2.1.1. HISTORY

Particle trapping was carried out on a macroscopic scale when G.I Taylor trapped a drop at the cen-
tre of the four-roll mill. The diameter of the cylindrical rollers were 3.81 cms and the height was
2.39 cms. The axles of these cylinders were fixed in the box of sides 7.6×7.6×3.9 cm. This apparatus
was invented by G.I. Taylor to investigate deformation and subsequently bursting of a drop of one
fluid in another. Before conducting the experiments, Taylor roughly estimated maximum size of the
droplet that the surface tension might hold against the drag force. These estimates would just give
an information about the deviation from the spherical shape of the droplet. Thus, experiments were
undertaken to give an insight into the deformation of bubbles.

As can be seen from the figure 2.1, due to the extensional flow axis in the horizontal direction the
drop was unstable and would move either in the left or right direction. This was controlled by con-
trolling the speed of the right or left set of rollers. If the drop would move to the right, then the right
set of rollers were retarded. However this was a complex task to control the rollers each time the
drop would move away from the centre. Nearly five decades after the four-roll mill was introduced,

5



6 2. STATE-OF THE ART PARTICLE MANIPULATION TECHNIQUES

Bentley and Leal[2] controlled the rollers using a computer.

Figure 2.1: Four roll mill apparatus[1] Figure 2.2: Schematic of a four roll mill(top
view)[2]

The goal of this control was to keep the drop at the centre of the mill, where there is a stagnation
point. Due to the addition of computer control to Taylor’s four roll mill it became easier to control
the rollers and study the droplet deformation.

The mention of history was done to show that stagnation point flow was used at a macroscopic level
to study droplet deformation. Similar use of stagnation point flow was used in microfluidic devices
to confine particles. There are several studies carried out in microfluidic devices using stagnation
point flows. The concept used in such case is of a hydrodynamic trap explained in the next section.

2.2. HYDRODYNAMIC TRAP
As the name suggests the hydrodynamic trap uses hydrodynamic forces to confine particles and this
approach can be divided into two categories: contact-based and non-contact methods[3]. Contact-
based mechanism is based on placing obstacles of micron length scale, which efficiently traps a
large number of particles[23]. An example of contact based method is the U-shaped hydrodynamic
trap used for trapping single cells[24]. On the other hand, non-contact methods use stagnation
point around the flows to confine particles without the use of obstacles.

Tanyeri et al[3] successfully confined one particle using a non-contact stagnation point flow. In this
device, the horizontal axis is the compressional axis whereas the vertical axis is extensional. This
can clearly be seen in figure 2.3. If the particle is to be confined along the compressional axis, it
will experience a net attractive force towards the centre. Thus, being trapped at a stable equilibrium
point. However, the stagnation point is an unstable equilibrium point along the extensional axis.
Similar to the four-roll mill explained before, there lies a stagnation point at the centre of the device.
The particle experiences no force at the center of the device as shown by particle 3 in figure 2.3(a).
Also, it can be noted that the stagnation point can be moved along the extensional axis by adjusting
the outflow conditions. This is displayed in figure 2.3 (b) and (c).

Shenoy et al [25] evaluated the trap performance with the aid of different control schemes and also
conducted experiments, though only for single particle. They concluded that the integral control
did not improve the performance of the trap whereas proportional control contributed to the im-
provement of trap performance and a particle could be confined for a longer time duration.
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Figure 2.3: Flow in the cross slot device [3]

Until now, trapping of a single particle was studied. Schneider et al [26] laid the numerical frame-
work for multi-particle manipulation using Hele-Shaw flow as a specific example. In their ap-
proach, they used the fact that the time dependent velocity field must satisfy the mass conserva-
tion(equation 2.1) and the Stokes equation(equation 2.2). Using the linearity of Stokes equation, it
can be said that the velocity of the particles in the flow domain varies linearly with the boundary
forcing (equation 2.3) [27]

∇.v = 0 (2.1)

−∇P +µ∇2v +ρb = 0 (2.2)

R(x)ẋ = M(x). f +F (2.3)

where:
x = [~x1,~x2,~x3, ...~xN ] is the the position of N particles
f - flow rates of M inlets
F is the non-hydrodynamic interacting between particles
M

j k
= K j (~x1,~x2,~x3, ...~xN ;ξk ),

R and K j depend on the geometry of the flow cell[28].

To get the flow rates for a given particle trajectory, the matrix M must be invertible. For that to
happen, a necessary condition mentioned in [26] is that the number of independently controlled
parameters must be greater than number of degrees of freedom. For a 2D domain, this implies
that atleast 2N+1 inlets are required for N particles. But, the flow rates turn out to be too high for
practical considerations. It was found that only 6 particles could be simultaneously controlled. To
overcome this problem, sequential assembly of particles was carried out. As soon as two or more
particles are attached to one another, they were treated as a rigid body and attempts were made to
keep the center of mass of the aggregate at the center of the device.

2.3. STOKES TRAP
Shenoy et al [4] introduced a new method of trapping particles using fluid flow solely known as the
Stokes trap. In this work, two particles were manipulated simultaneously using model predictive
control. At low Reynolds number, Navier Stokes equation reduces to Stokes equation(equation 2.2):
If H is the height of the device and if Hele-Shaw approximation is used, then the channel width
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W >> H . The height averaged velocity inside the device can be written as-

v(x) = 1

πH

N∑
i=1

(x −Ri )

||x −Ri ||2
.qi (2.4)

N∑
i=1

qi = 0 (2.5)

Equation 2.4 represents velocity field due to N point sources in a 2D domain, where Ri represents

the position of the i th point source . It is possible to get the flow rates by inverting equations 2.4 and
2.5. But as mentioned in [26] that would give very high flow rates when two particles come close to
each other. To avoid this control theory is used to get the flow rates.

As mentioned in [26], to control 2 particles in a 2D domain, atleast 6 point sources are required.
Using this, Shenoy et al [4] fabricated a device with 6 channels with dimensions as shown in figure
using soft-lithography technique and used MPC algorithm to successfully manipulate 2 particles
simultaneously.

Figure 2.4: Schematic of device design used in [4]
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2.4. APPROACH
In this thesis, particle manipulation is carried out with the use of sources and sinks. To achieve this,
a device is designed based on the design used in [37]. The design of the device used stems from
the fact that analytical solution can be used to solve for the velocity fields. Furthermore, the device
design is validated by comparing experimental and analytical velocity fields. This project has the
following research objectives:

• Design and fabricate a microfluidic device with sources and sinks to manipulate particles.

• Validating the device design by comparing experimental and analytical results.

• Moving the stagnation point quasi-steadily by changing the flow configuration.

• Introducing a particle inside the device and manipulating by using only sources and sinks.





3
DEVICE DESIGN AND EXPERIMENTAL SETUP

3.1. INTRODUCTION
Fabrication and validation of a suitable device is required to manipulate particles. A microfluidic
design in a Hele-Shaw cell geometry is considered here. In this chapter, brief background theory
related to Hele-Shaw flow, general information relating to the design of the device, the fabrication
process and experimental setup is explained.

3.2. ANALYTICAL DESIGN OF FLOW DEVICE
Since Hele-Shaw flow cell is used, a description is given for the same before moving on to general
design considerations. The streamline pattern generated by the Hele-Shaw flow is similar to 2D
ideal flow. Therefore, a short description of ideal flow is also given in this section before describing
Hele-Shaw flow.

3.2.1. IDEAL FLOW

Consider the figure 3.1, where velocities of two neighbouring points are represented. Using Taylor
expansion of u around x gives [36]

dui =
(
∂ui

∂x j

)
d xi (3.1)

∂ui

∂x j
is the velocity gradient tensor and can be split as follows (equation 3.2)

∂ui

∂x j
= Si j + 1

2
Ri j (3.2)

where Si j is the strain rate tensor and Ri j is the rotation tensor.The strain rate tensor represents the
deformation of a fluid element as it translates whereas the rotation tensor represents the rotation of
the fluid element as it translates. The individual elements of the rotation tensor can be represented
by vorticity vector[36]. The rotation tensor then can be written as

Ri j =
 0 −ω3 ω2

ω3 0 ω1

−ω2 −ω1 0

 (3.3)

where,ω is the vorticity vector and can be represented as in equation 3.4

ω=∇×u (3.4)

11



12 3. DEVICE DESIGN AND EXPERIMENTAL SETUP

Figure 3.1: Velocity vectors u and u+du separated by a small distance dx

The absence of rotation in the fluid can characterise the flow and is called irrotational flow. The
condition of irrotationality can be written as(equation 3.5):

ω= 0

∇×u = 0
(3.5)

Since curl of a gradient is zero, velocity field can be defined as a curl of a scalar to satisfy equation
3.5

u = ∂φ

∂x
(3.6)

An incompressible, inviscid and irrotational flow is called an ideal flow. Buidling blocks of ideal flow
such as sources, sinks, uniform flow can be superimposed to form myriads of flow patterns.

3.2.2. HELE-SHAW FLOW

Viscous flow between two parallel plates such that the length scales in the streamwise direction
are large compared to the length scales in the wall normal direction is called a Hele-Shaw flow.
Consider a Hele-Shaw flow in Cartesian coordinates as shown in figure 3.2. Furthermore, non-
dimensionalising Navier-Stokes equation results in Stokes equation given the following conditions
are met [36]:

ε= h

L
<< 1 (3.7)

ε2ReL << 1 (3.8)

where, L is the streamwise length scale and h is wall normal length scale.



3.2. ANALYTICAL DESIGN OF FLOW DEVICE 13

Figure 3.2: Schematic of a Hele-Shaw flow cell

The derivation for the velocity vectors are shown in appendix(put appendix name). The final result
looks like

u =− 1

2µ

∂p

∂x
z(h − z) (3.9)

v =− 1

2µ

∂p

∂y
z(h − z) (3.10)

Integrating equations 3.9 and 3.10 over the height of the cell will give the height-averaged velocity.

u =− h2

12µ

∂p

∂x
(3.11)

v =− h2

12µ

∂p

∂y
(3.12)

The height-averaged velocity in both equations 3.11 and 3.12 is of the form u = c∇φ. This is similar
to equation 3.6. This result is quite unexpected that viscous flow between two parallel plates pro-
duces same potential-lines as 2D ideal flow.. The height averaged Hele Shaw flow is irrotational and
the proof can be found under the Lubrication theory section in book of Kundu[36]. In this case, the
device is designed such that it is a Hele Shaw flow cell.

The device is designed similar to the design used in [37] shown in figure 3.3. Considering that the
device is not only a Hele-Shaw flow cell but also circular in shape, condition for irrotationality (equa-
tion 3.13) in polar coordinates can be used.

∂2ψ

∂r 2 + 1

r

∂ψ

∂r
+ 1

r 2

∂2ψ

∂θ2 = 0 (3.13)

The equation 3.13 represents that there is no vorticity component in the flow field. This equation
is derived by considering the incompressibility condition followed by equating the vorticity to zero.
The details of the derivation are mentioned in the book by Kundu [36].
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Figure 3.3: Schematic design of the microfluidic device

The design shown in 3.3 is chosen since the equation 3.13 can be used to solve for the flow field.
Furthermore, there are advantages related to the device being symmetric. In figure 3.3 the arrows
pointing inward towards the device is a source and the arrow pointing outward is a sink. Basic build-
ing blocks of potential flow (sources and sinks in this case) can be used since the height averaged
flow is irrotational. In the figure3.3 Q represents the flow rate or the strength of sources and sinks.
The reason for using 6 inlets/outlets is consistent with the condition mentioned in [26] for simulta-
neously manipulating 2 particles.

The boundary of the circular device is the streamline of the consecutive source sink pair and the
boundary condition can be written as (equation 3.14)

ψ|r=r0 =
6∑

i=1
Qi H

(
θ− (i −1)π

3

)
(3.14)

where, θ is the angle made by the radial vector with the x axis in the counterclockwise direction, Q
is the flow rate and H(x) is the Heaviside function,

H(x) =


1 if x > 1
0.5 if x = 0
0 if x < 0

Equation 3.13 can be solved subject to the boundary condition 3.14 to get the streamfunction. The
steps involved are described in Appendix A. The final result for the streamfunction and velocity
components are:

ψ= A0 +
∞∑

n=1
r n[An cos(nθ)+Bn sin(nθ)] (3.15)

A0 = 1

6

5∑
i=1

Qi (6− i )

An = 2

r n
0 nπ

5∑
i=1

Qi sin(
n(6− i )π

6
)cos(

n(4+ i )π

6
)

Bn = 2

r n
0 nπ

5∑
i=1

Qi sin(
n(6− i )π

6
)sin(

n(4+ i )π

6
)

vr = 1

r

∂ψ

∂θ
=

∞∑
n=1

nr n−1
[
− An sin(nθ)+Bn cos(nθ)

]
(3.16)
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vθ =−∂ψ
∂r

=−
∞∑

n=1
nr n−1

[
An cos(nθ)+Bn sin(nθ)

]
(3.17)

Equations 3.16 and 3.17 can be used to get the flow field inside the device. Qualitative results such
as streamline plots can also be generated and compared to experimental results. However, it is nec-
essary to design a practical device for experimental purposes.

Figure 3.4: Velocity field and streamlines for given flow rate from equations 3.16, 3.17

Figure 3.4 shows the analytical plot for the velocity vectors and streamlines for the flow configura-
tion mentioned in the figure. The equations used in this case were 3.15, 3.16 and 3.17

3.3. FABRICATION OF DEVICE

In microfluidics, the first step in fabricating the device is to design a mould which will be used to
fabricate the device. In this case, the idea is to design the sources and sinks as channels. There-
fore, the concept of hydraulic resistance plays an important role to decide the dimensions. A brief
introduction to the concept of hydraulic resistance is given before moving on to the fabrication of
device.
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3.3.1. HYDRAULIC RESISTANCE

Figure 3.5: Wire with resistance and the corresponding Hydraulic resistance

For a steady Newtonian fluid flow through a tube, hydraulic resistance can be defined analogous to
electrical resistance. Consider figure 3.5 which shows analogy between electrical and fluid system.

Similar to Ohm’s law where R = ∆V

I
, hydraulic resistance is defined as Rh = ∆P

Q
. For a Poiseulle flow,

hydraulic resistance is defined as [38]

Rh = 8µL

Ar 2
h

(3.18)

where, L is the length of the tube, A is the cross section area of the tube and rh is the hydraulic radius

of the tube. rh = 2A

P
, where A is the cross section area of the channel and P is the perimeter of the

channel. The details for equation 3.18 can be found in the book by Kirby [38].

3.3.2. FABRICATION OF MICROFLUIDIC DEVICE

The sources and sinks shown in figure 3.3 are designed as channels. Based on the concept of hy-
draulic resistance, the dimensions of the channel are limited by the flow rate and pressure provided
by the pump which is explained in detail in 3.4. The equivalent hydraulic resistance diagram is
shown in figure 3.6b. The schematic design of the practical device is shown in figure 3.6a.

(a) Schematic design of the microfluidic device (b) Equivalent hydraulic resistance diagram

Figure 3.6: Final design for the microfluidic device along with the hydraulic resistance circuit
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In figure 3.6a, the sources and sinks shown in figure 3.3 are designed as channels. As can be seen in
figure 3.6a the end of the channel opening in the circular chamber will act as the source or sink. The
width ’w’ should be kept as small as possible to ensure that the channels act as point sources/sinks.
However, the smallest value that ’w’ can go up to is determined by the size of particle (180µm) to be
manipulated. The height of the channel is decided based on the dimension of the particle (180 µm)
to be manipulated. After finalising the height and width of the device the length of the channel can
be varied and is chosen using the concept of hydraulic resistance. The hydraulic resistance value
should be such that the pressure values to achieve the prescribed flow rates should not exceed the
capacity of the pressure pump being used. The limitations of the pressure pump and the flow rate
sensor will be explained in detail in section 3.4

After finalising the design of the device, SOLI DW ORK ST M is used to design the mould. The mould
is then 3D printed as shown in figure 3.7 . Since, Polydimethylsiloxane (PDMS) is used to fabricate
the microfluidic device, the 3D printed mould needs to be hydrophobized using ’TRICHLORO(1H,1H,2H,2H-
PERFLUOROOCTYL)-SI’ under 100 mbar pressure. This is done to ensure the ease while peeling the
PDMS off the mould.

After hydrophobizing the device, PDMS samples are prepared using 1 gram of curing agent for every
7 grams of base. The prepared sample is then mixed using a spatula until the mixture turns opaque
due to air bubbles. This mixture is centrifuged at 7400 rpm for 15 minutes to get rid of the dust
particles and poured on the 3D printed mould placed in a glass petri dish. The petri dish is placed
in a vacuum chamber and is desiccated to remove the air bubbles. The petri dish is then placed in
the oven and heated overnight at 65oC . On the next day, take the petri dish out of the oven, use a
scalpel to cut the device off the mould. To make holes for the inlets/outlet use the surgical puncher
as shown in figure 3.8. Once the device is ready sonicate it in the ultrasonic bath with ethanol for
10-15 minutes. This will remove any dust particles present in the device.

The next step is to bond this PDMS device to the glass slide. The first step is to make a PDMS sample
with 10 grams of base for every 1 gram of curing agent. Mix the sample well with a spatula until the
sample appears opaque due to air bubbles. To get rid of the bubbles and the dust centrifuge the
sample at 7400 RPM for 15 minutes. Before pouring the PDMS on the glass slide, clean the glass
slide with ethanol/methanol. Using a syringe, take 5ml of the PDMS sample and inject it on the
glass slide ensuring there are no bubbles on the surface. A spincoater with in-house settings is used
to uniformly spread the PDMS on the glass slide. The glass slides are then placed on an aluminium
foil in a petri dish followed by placing the petri dish in the oven at 65oC . The glass slides are checked
periodically to ensure if the PDMS has semi-cured. The cut PDMS devices are then bonded to the
glass slide ensuring that it sticks well from all sides. These bonded PDMS devices are then placed
overnight in the oven at 65oC . The final device looks like the one shown in figure 3.9.

Figure 3.7: 3D printed mould Figure 3.8: PDMS puncher
Figure 3.9: Device after bonding

to the glass slide
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3.4. EXPERIMENTAL SETUP
The overview of experimental setup is shown in the figure 3.10. The components of the setup will
be explained in detail in this section. The experimental setup consists of the following

Figure 3.10: Experimental Setup

• Pressure Pump: The pressure pump (MFCS EZ) provided by FLUIGENT consists of 8 pressure
ports and is driven by a nitrogen cylinder. The digital reading highlighted in green in figure
3.11 shows the pressure delivered from the nitrogen cylinder to the pressure pump in mbar.
The ports highlighted in red can go upto a maximum pressure of 69 mbar and the ports in
blue can go upto a pressure of 345 mbar. The pressure in each ports can be controlled with
the aid of FLUIGENT A-i-O (All-in-One) software. In this project 6 out of the 8 pressure ports
are used.

Figure 3.11: Pressure Pump

• Flow rate sensor: Flow rate platform supplied by FLUIGENT measures the flow rate through
each port. The sensor has a capillary inside through which the fluid flows. This capillary is
heated by a microheater by a temperature of around 1oC. The two temperature sensors are
placed at the inlet and outlet of the capillary and the flow rate is calculated by the distribution
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of heat. A detailed explanation is provided in [5]. The flow rates can be manipulated using
A-i-O software. 5 out of the 8 flow ports are used in this project. Please note that although
6 pressure ports are used, 1 of the tubings is not connected to the flow port and is directly
connected to either of the sinks in figure 3.6a.

Figure 3.12: Principle behind working of flow sensor([5])

• Microscope: The Nikon Ti microscope is equipped with lenses of varying magnifications and
numerical apertures. 1x magnification is used in this project.

• Light source: Mercury lamp is used as a white light source to illuminate the measurement
volume for conducting volume illuminated Particle Image Velocimetry (PIV) studies. A purple
filter is places such that the light that reaches the volume of interest is purple in colour.

• Camera: A sCMOS camera is attached to the left of the microscope as can be seen in figure
3.10. The microscope can be set so that 100% of the light scattered from particles in the vol-
ume illuminated zone is captured by the camera. A red filter is placed in front of the camera
such that only red light reaches the camera. The maximum acquisition of the camera is 50 Hz.

• Reservoirs: A reservoir is used to store the fluid which will be pumped in the microfluidic
device. The capacity of the reservoir is 2ml.

• Tubings: Three types of tubings are used

– PEEK tubing inside the reservoir with inner diameter 0.5mm and outer diameter of 1.6
mm

– PEEK tubing of inner diameter 0.5mm and outer diameter 0.8mm starting from the reser-
voir and passing through the flow rate sensor

– PTFE tubing of outer diameter 1.6mm and inner diameter 0.8mm connects the end of
PEEK tubing from the flow rate sensor to the device.

The nitrogen cylinder drives the pressure pump,which creates pressure in the fluid reservoir. The
fluid rises through the tubes and goes through the flow sensor, which shows the flow rate reading
in µ L/min. The tubings coming out from the flow sensor are connected to the device. Fluorescent
orange particles of diameter 20-27 µm and density of 1.002 g/cc are used for seeding the flow. The
light scattered by these particles is captured by the camera.

The fluorescent orange tracer particles used for doing Particle Image Velocimetry (PIV) studies are
surface treated with Tween 20 solution so that they do not stick to each other. First a container
is filled with distilled water and is boiled. Furthermore, 0.1g of Tween 20 per 100 ml of water is
weighed and slowly added to the boiled water while mixing. A desired amount of particles is placed
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in a container and the prepared tween solution is dispensed over the particles. This solution is
centrifuged for 5-10 minutes until all the particles are not floating on the surface. These surface
treated particles are then added to a fixed volume of DEMI water such that the solution appears
concentrated with particles.



4
STUDY OF STEADY FIELDS

The first step after designing and fabricating the device is to validate the design. Experiments are
conducted on the fabricated device and the results are compared qualitatively to its analytical coun-
terpart. Later the ratio of the flow rates is reduced and the streamline patterns are observed again.

4.1. DESIGN VALIDATION
As can be seen from figures 3.3 and 3.6a the microfluidic device is symmetric. The sources and sinks
are placed in an alternating way. This gives rise to an interesting case of equal magnitude of flow
rates in all the channels. Figure 4.1a shows analytical result and figure 4.1b represents experimental
results for the flow rate values mentioned in 4.1b. The arrow pointing towards and inside the device
is the source and other is the sink, with flow rate values mentioned with the units. The sources
and sinks are colour coded in both the figures. The point marked with magenta inside the device
is the stagnation point. The curves represented by black in figure 4.1a are the streamlines and are
represented by white in figure 4.1b. The same explanation holds for figures 4.1e, 4.1f, 4.1c and 4.1d.
The streamline pattern and the stagnation point from both analytical and experimental results seem
to match well.

21
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(a) (b)

(c) (d)

(e) (f)

Figure 4.1: Figures (a),(c),(e) shows analytical streamlines and stagnation points and (b), (d) and (f)
shows the experimental counterpart
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(a) (b)

Figure 4.2: Comparison for (a) Analytical and (b) Experimental velocity fields

After comparing the streamline patterns, it was also necessary to look into the velocity fields and
quantitatively compare the velocities from analytical and experimental results. These experimental
velocity fields were evaluated using Particle Image Velocimetry (PIV). Velocity fields for flow config-
uration mentioned in figure 4.1b are shown in figure 4.2. The maximum velocity from experiments
is approximately 71µm/s and from the analytical solution is around 80µm/s, which shows a good
match. In figure, 4.2b there are a few velocity vectors around the centre of the device where there is
a stagnation point. The reason for this can be attributed to fluctuations in flow rates which is expli-
cated in more detail in the next section.

Since the device is symmetrical, increasing or decreasing the flow rates should also produce same
stagnation point and streamline patterns. The next set of experiments were carried out varying the
flow rates keeping the ratio same as mentioned in figure 4.1b.
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4.1.1. EFFECT OF VARYING THE FLOW RATES

In this case, the ratio of the flow rates was kept constant and the values were varied. Since, the case
chosen is 4.1b, the ratio of the flow rates is 1 and the flow rate values were varied as shown in figures
4.3a, 4.4a, 4.5a and 4.6a. These experiments were done to check the lowest value of flow rates the
setup can go upto.

(a) (b)

Figure 4.3: (a)Experimental streamlines and (b) flow rate trend from pump as a function of time for
Q=12 µL/min

(a) (b)

Figure 4.4: (a)Experimental streamlines and (b) flow rate trend from pump as a function of time for
Q=8 µL/min
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(a) (b)

Figure 4.5: (a)Experimental streamlines and (b) flow rate trend from pump as a function of time for
Q=6 µL/min

(a) (b)

Figure 4.6: (a) Experimental streamlines and (b) flow rate trend from pump as a function of time for
Q=4 µL/min

The minimum flow rate achieved was 4 µL/min as can be seen in figure 4.6a. The lower values
of flow rates were attempted and the streamline patterns did not appear clearly due to high fluc-
tuations in flow rates. The reason for fluctuations in flow rates can be attributed either to tracer
particles sticking to the tubes in the experimental setup and the microfluidic device or can also be
a shortcoming of the pump. To resolve this, experiments were carried out with distilled water to
check if the reason for the fluctuations was due to the pressure pump.

The figure 4.7 shows plots of flow rate against time from the pressure pump for the case when DEMI
water was used without any tracer particles. The fluctuations in the flow rates even for values as
low as 1µL/min are not significantly high. This shows that the fluctuations in flow rates mentioned
before are due to tracer particles sticking to the tubings of the experimental setup and is not the
problem of the pump.
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(a) Q=4 µL/min (b) Q=3µL/min

(c) Q=2µL/min (d) Q=1µL/min

Figure 4.7: Flow rate v/s time data from pressure pump for DEMI water with no tracer particles for
equal magnitude of flow rates (a) 4µL/min (b) 3µL/min (c) 2µL/min and (d) 1µL/min



5
PARTICLE MANIPULATION USING

UNSTEADY FIELDS

Before moving on to manipulating a particle, to check if the flow rates values could be changed with
time, movement of stagnation points was checked. The first section described the quasi steady mo-
tion of stagnation points and the second section will describe the complex manipulation activities.

5.1. QUASI STEADY MOTION OF STAGNATION POINTS

5.1.1. RANDOM MOTION OF STAGNATION POINTS

The flow rates in two flow ports denoted by Q3 and Q6 in figure 3.3 were varied and the movement
of stagnation point was checked. This was carried out to check the time the flow rates would take to
change once a new value was prescribed.

(a) (b)

27



28 5. PARTICLE MANIPULATION USING UNSTEADY FIELDS

(c) (d)

(e) (f)

(g) (h)

Figure 5.1: Magnitude of flow rates Q2 and Q5 varied from (a) 10µL/min to (h)24µL/min with
increments of 2µL/min
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As can be seen from figures 5.1a to 5.1h the streamline patterns appear clear and the stagnation
point split from center in figure 5.1a to two in figure 5.1b. From figures, 5.1bto 5.1h the stagnation
point moves randomly. The motion is not shown in the figures since the aim of these experiments
was to check if changing the flow rates quasi-steadily gave a clear streamline pattern and movement
of the stagnation points.

Since, random motion of stagnation points was achieved movement of stagnation points in a par-
ticular shape can also be executed. The next subsection describes the experiments that were con-
ducted to achieve the motion of stagnation points in a circle.

5.1.2. CIRCULAR MOTION OF STAGNATON POINTS

The starting point of this experiment was chosen to be where the stagnation point lied at the cen-
ter. The flow rates were chosen analytically so that changing them (quasi-steadily) would move the
stagnation point in a circle. The analytical results are presented in figures 5.2a, 5.2c, 5.2e, 5.2g and
5.2i the corresponding experimental results and flow configurations are shown in figures 5.2b, 5.2d,
5.2f, 5.2h and 5.2j.

(a) (b)

(c) (d)
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(e) (f)

(g) (h)

(i) (j)

Figure 5.2: Building blocks for movement of stagnation point in a circle
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(a) (b)

Figure 5.3: Stagnation point path followed (a) Analytically and (b) Experimentally.

The final results for the movement of stagnation points are shown in figure 5.3a and 5.3b. The ex-
perimental manipulation in 5.3b appears to be rotated as compared 5.3a. The reason for this can be
found in figures 5.2d and 5.2h when compared to their analytical counterpart. The difference arises
since the prescribed flow rate values could not be reached. This is clarified by plotting the flow rate
against time to observe the flow ports which could not reach the flow rate values. In figures 5.4a and
5.4b it can be clearly seen that the flow port 2 marked with red could not reach the prescribed value
of -12 µL/min and -10 µL/min for the case in figures 5.2d and 5.2h. The negative sign is indicative
that it is a sink.

(a) (b)

Figure 5.4: Flow rate v/s time plot from data extracted from the pressure pump for (a)figure 5.2d
and (b) figure 5.2h

To check whether the experimental results in figures 5.2d and 5.2h match with analytical counter-
part, the flow rates achieved by the pump in figures 5.4a and 5.4b can be used an input for the
analytical solution. The figure 5.4 along with figure 5.5 give a complete closure to the deviation of
circular motion of stagnation point in figure 5.3b from figure 5.3a.
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(a) (b)

(c) (d)

Figure 5.5: Comparison for (a),(c) analytical and experimental (b),(d) streamlines and stagnation
point for from flow rates values in figures 5.4a and 5.4b

As it can be observed from figures 5.4a and 5.4b, the flow port 2 which is a sink could not reach the
prescribed flow rate. However, if a certain back pressure value is given in flow port 6 then flow rates
can be reached in all the sources and sinks.
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5.2. SINGLE PARTICLE MANIPULATION
A single particle of diameter 150-180 µm with density 1.001 g/cc was introduced in the device. The
particle was surface treated in the same way as the tracer particles were surface treated as men-
tioned in chapter 4. After the particle entered the device, various manipulation activities were car-
ried out. Firstly the particle was trapped at the center of the device for sometime. Also, various
manipulation activities were carried out using the streamlines of various flow configurations

5.2.1. PARTICLE TRAPPING

Before moving to the particle manipulation, the flow ports are colour coded similar to the ones used
in the section 5.1. As the particle was introduced in the device, it was captured at a position high-
lighted in figure 5.6a at time t=0. The idea was to the bring the particle to the center of the device.
The flow configuration of the ports was adjusted so that the particle followed the path through fig-
ures 5.6b, 5.6c to 5.6d and the time mentioned is the time at which it reached the respective position.

(a) t=0 (b) time=62 seconds

(c) time = 140 seconds (d) time = 208 seconds

Figure 5.6: Particle entered, stopped at position in (a) and followed the path as shown in (b), (c) and
(d) respectively

Since the position of the particle is at the center of the device, the flow ports were configured to
the flow rates shown in figure 5.7. According to the figure 4.1b, the stagnation point for the flow
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configuration in figure 5.7 lies at the center of the device. Therefore, the particle is trapped at the
center. However, the particle was trapped at the center for a time of approximately 131 seconds (≈
2 minutes).

Figure 5.7: Flow port configuration with particle at the centre
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5.2.2. MANIPULATING SINGLE PARTICLE

Single particle manipulation activities consisting of tracing English alphabets were carried out. A
few of these manipulations are explained here. Multiple letters could be traced using a single parti-
cle using the flow rates from the sources and sinks. In a few cases, the particle did not move along
the desired pathline so the particles could not be traced perfectly.

To begin with, the particle entered through flow port 2 (refer figure 3.3). Since the manipulation
is done manually the position where the particle would stop cannot be controlled. This is the rea-
son why a few alphabets might appear rotated but for clarity the device is adjusted so that the final
form of the letters appear clearly. The first English alphabet that was traced was the letter N and is
clearly shown in figure 5.8. The particle was first trapped at the location shown in figure 5.8a and
this time was t=0. The first stem of N, was made as shown in figure 5.8b and the time mentioned
in the sub-caption represents the time at which the particle reached the highlighted location with
arrow pointing towards the position. The flow ports were configured such that the alphabet could
be traced as shown in figure 5.8.

(a) t=0 (b) t=128 seconds

(c) t=300 seconds (d) t= 487seconds

Figure 5.8: Single particle manipulation to form a letter N

In figure 5.8 only one letter could be traced using a single particle, However, there are multiple al-
phabets which can be traced by a single particle in continuous manner. One such case is mentioned
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in figure 5.9 where the letter T,J and I are formed in succession using the same single particle. This
could be carried out because of the similar structure of the mentioned alphabets. The particle was
first trapped at the location shown in figure 5.9a. Furthermore, the flow ports were controlled such
that the pathline followed by the particle traced the letters as shown in figures 5.9e, 5.9f and 5.9g.

(a) t=0 (b) t=295 seconds

(c) t=420 seconds (d) t=532 seconds

(e) t=640 seconds (f) t = 765 seconds
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(g) t=880 seconds

Figure 5.9: Particle used to form multiple alphabets(T,J,I) in one go

(a) Letter T (b) Letter J (c) Letter I

Figure 5.10: Device rotated by an angle of 90 degree counter-clockwise to observe the letters better

For clarity, the device is rotated by an angle of 90 degree counter-clockwise for better readabil-
ity of the alphabets as shown in figure 5.10. The first English alphabet ’A’ was also traced using
a single particle as shown in figure 5.11. The particle followed the pathline as shown in figures
5.11a,5.11b,5.11c,5.11d and 5.11e to make the alphabet A. Again, to clearly see the letter the device
is rotated as shown in figure 5.12.
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(a) t=0 (b) t=116 seconds

(c) t=376 seconds (d) t=613 seconds
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(e) t=830 seconds

Figure 5.11: Forming the English letter A

Figure 5.12: Device rotated by 90 degree clockwise for letter A

The manipulation activities for tracing alphabets are not limited to the ones mentioned here. There
were more alphabets that were traced successfully and are mentioned in the appendix B.





6
CONCLUSIONS AND RECOMMENDATIONS

The focus of the thesis was to design and fabricate a microfluidic device to manipulate two particles
simultaneously. The first step would be to design the device and validate it before manipulating
particles.

The device was designed such that it was a Hele-Shaw flow cell. The potential flow in the circular
chamber was solved analytically. The device was fabricated after 3D printing the mould using PDMS
as the polymer. Experiments were conducted using volume illuminated PIV for different flow con-
figurations. The device was then validated by comparing experimental streamlines and stagnation
points to analytical solution for different flow configuration.

Particle manipulation requires the flow rates to be changed with time to generate unsteady flow
field. To achieve that flow rates were first varied quasi steadily to check the movement of stagnation
points. Stagnation points were moved in a circular fashion. However, the experimental results de-
viated from the analytical results. The reason for that was the tracer particles sticking in the tubings
of the experimental setup and the PDMS device, resulting in fluctuations in the flow rates.

Finally, a particle was introduced in the device and manipulation activities were carried out. Firstly,
the particle was trapped at the centre for a limited time. Additionally, complex manipulation activi-
ties were carried out using a single particle. This manipulation activity was carried out by manually
controlling the flow rates and moving the particle along a streamline.

Control algorithms have been established in literature to manipulate two particles using two stag-
nation points. Since, two stagnation points can be generated in the current device two particles can
also be manipulated. Until now, manipulation activities were executed using single particle. The
novelty of this approach is that the streamlines were used to manipulate a single particle. Based on
this, it should be possible to manipulate two particles along streamlines.

41
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6.1. RECOMMENDATIONS

Firstly manipulation of a single particle should be carried with tracer particles to generate vector
plots and streamlines. It would then be possible to represent particle moving along a streamline.
Furthermore, single particle manipulation should be carried out using a control loop including the
pump and camera to gain better control over the particle. This will ensure the pathline that the par-
ticle will follow, thereby giving perfect English alphabets.

Furthermore, manipulating two particles by making a optimization algorithm as mentioned in ap-
pendix C should also be carried out. The first step in this algorithm should be to get the location
of the particles as they enter the device. This location will be the input to the pump such that the
trajectory of the particles can be decided based on the final locations of the particle.

Literature has stated that only two particles can be manipulated using the kind of device used in
thesis. However, in literature stagnation points have been used to manipulate the particles. The
novelty of this technique lies in the use of streamlines to manipulate particles, so it might also be
possible to manipulate two or more particles using the same device design.
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A
APPENDIX A

As can be seen from the figure(put the flow device design here), we have one equation for mass
conservation:

6∑
i=1

Qi = 0 (A.1)

Using the fact that the height averaged velocity in a Hele-Shaw flow is irrotational as proven earlier,
equation A.2 is the condition of irrotationality in polar coordinates.

∂2ψ

∂r 2 + 1

r

∂ψ

∂r
+ 1

r

∂2ψ

∂θ
= 0 (A.2)

Equation A.3 is the boundary condition for a device with radius r0.

ψ|r=r0 =
6∑

i=1
Qi H(θ− (i −1)∗π

3
) (A.3)

where, H represents Heaviside function

H(x) =


1 if x > 1
0.5 if x = 0
0 if x < 0

(A.4)

A general solution can be written for equation A.2 can be written as:

ψ= A0 +
∞∑

n=1
r n[An cos(nθ)+Bn sin(nθ)] (A.5)

where, n are the number of eigenmodes required to converge to the exact solution.

ψ|r=r0 = A0 +
∞∑

n=1
r n

0 [An cos(nθ)+Bn sin(nθ)] =
6∑

m=1
Qi H(θ− (i −1)∗π

3
)

A0 +
∞∑

n=1
r n

0 [An cos(nθ)+Bn sin(nθ)] =
6∑

m=1
Qi H(θ− (i −1)∗π

3
) (A.6)

The coefficients A0, An and Bn can be calculated by using the orthogonality condition along with
the boundary condition.
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Integrating with respect to θ with limits from 0 to 2π, we get A0

A0 = 1

2π

∫ 2π

0

6∑
i=1

Qi H [θ− (i −1)π

3
]dθ (A.7)

= 1

2π

6∑
i=1

Qm

∫ 2π

0
H [θ− (i −1)π

3
]dθ

= 1

2π

6∑
i=1

Qm(2π− (i −1)π

3
)

= 1

2

6∑
i=1

Qi (7− i )

= 1

6
[

5∑
i=1

Qi (7− i )+Q6 (separating Q6 from the summation)

= 1

6
[

5∑
i=1

Qi (7− i )−
5∑

i=1
Qm] (Using equation A.1)

= 1

6

5∑
i=1

Qi (6− i )

A0 = 1

6

5∑
i=1

Qi (6− i ) (A.8)

Multiply the equation by A.6 by cos(nθ), integrate with respect to θ from 0 to 2π and using the
orthogonality condition we get the value for An

An

∫ 2π

0
r n

0 cos2(nθ)dθ =
∫ 2π

0

6∑
i=1

Qi H
[
θ− (i −1)π

3

]
cos(nθ)dθ

An(r n
0 π) = 1

n

6∑
i=1

Qi

∫ 2π

0
H

[
θ− (i −1)π

3

]
cos(nθ)dθ

An = −1

r n
0 nπ

6∑
i=1

Qi si n(i −1)
nπ

3

= −1

r n
0 nπ

[ 5∑
i=1

Qi sin(i −1)
nπ

3
+Q6

]
= −1

r n
0 nπ

[ 5∑
i=1

Qi sin(i −1)
nπ

3
−

5∑
i=1

Qi sin
5nπ

3

]
= −1

r n
0 nπ

[ 5∑
i=1

Qi

[
sin(i −1)

nπ

3
− sin

5nπ

3

]]
= 2

r n
0 nπ

5∑
i=1

Qi sin
(6− i )nπ

6
cos

(4+ i )nπ

6

An = 2

r n
0 nπ

5∑
i=1

Qi sin(
n(6− i )π

6
)cos(

n(4+ i )π

6
) (A.9)

Similar to the derivation for An , Bn can also be derived

Bn = 2

r n
0 nπ

5∑
i=1

Qi sin(
n(6− i )π

6
)sin(

n(4+ i )π

6
) (A.10)
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The solution for streamfunction in equation A.5 is now known since all the coefficients are known.
The final solution looks like:

ψ= A0 +
∞∑

n=1
r n[An cos(nθ)+Bn sin(nθ)]

A0 = 1

6

5∑
i=1

Qi (6− i )

An = 2

r n
0 nπ

5∑
i=1

Qi sin(
n(6− i )π

6
)cos(

n(4+ i )π

6
)

Bn = 2

r n
0 nπ

5∑
i=1

Qi sin(
n(6− i )π

6
)sin(

n(4+ i )π

6
)

From this, velocity field can be derived as:

vr = 1

r

∂ψ

∂θ
=

∞∑
n=1

nr n−1
[
− An sin(nθ)+Bn cos(nθ)

]
(A.11)

vθ =−∂ψ
∂r

=−
∞∑

n=1
nr n−1

[
An cos(nθ)+Bn sin(nθ)

]
(A.12)
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APPENDIX B

In this appendix, the pathlines traced by a single particle to form alphabets are shown. The sources
and sinks follow the same colour code as in the chapters before.

(a) Letter T (b) Letter J

Figure B.1: Pathlines for particles tracing letters

Figure B.2: Particle pathline for letter K
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Figure B.3: Particle pathline for letter N

Figure B.4: Particle pathline for letter A



C
APPENDIX C

While writing an algorithm for manipulating particles, it becomes imperative to keep the flow rates
within the range of the pump. Moreover, it is also necessary to keep the change in flow rates should
as small as possible.

In this case, flow rates were prescribed as a function of time as shown in equation C.1. The initial
and final position for the particle was set to values mentioned in equations C.2 and C.3.

Qi (t ) =∑
q (n)

i Ln(t ) (C.1)

where,Ln represents the Legendre polynomials of degree n, q (n)
i is the coefficient for the i th flow

port and nth degree Legendre polynomial.

X (t = 0) = X 0 (C.2)

X (t = τ) = X 1 (C.3)

where, τ represents the time that the particle should take to reach the final position.
First an unconstrained optimization is carried out using the fminunc function of MATLAB. The func-
tion to be minimized in this case is shown in equation C.4. This will ensure that the particle will
reach the final position, but there are no constraints on the flow rates.

J = |X (t = τ)|−X 1| (C.4)

After the unconstrained optimization, the function to be minimized is changed to C.5 and is subject
to the condition C.6

J =α
∫ τ

0
(

dQ

d t
)2d t +β

∫ τ

0
(
∑

Q2
i )d t (C.5)

s.t .|X (t = τ)|−X 1| = 0 (C.6)
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