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summary

This work presents a comparative analysis of multi-target tracking algorithms for estimating the
kinematic state and physical extent of maritime vessels from 4D millimetre-wave radar point
clouds. The research addresses a gap in understanding the trade-offs between algorithmic
complexity and motion model fidelity for inland maritime navigation.

The study evaluates three tracking paradigms, Tracking-by-Detection (TBD), the Probability
Hypothesis Density (PHD) filter, and the Poisson Multi-Bernoulli Mixture (PMBM) filter, each
tested with linear (Constant Velocity, Constant Acceleration) and non-linear (Constant Turn Rate)
motion models. To represent vessel shape, three extended object models were implemented:
the Random Matrix, Star-Convex Gaussian Process, and Principal Axis models. Performance was
evaluated using a mix of simulated datasets with perfect ground truth and collected real-world
datasets. A hyperparameter optimisation process was conducted for every algorithm combination
using the Optuna framework, with the objective of minimising the Generalised Optimal Sub-Pattern
Assignment metric using a specified cost function.

The results yielded several key, and at times counterintuitive, findings. Firstly, increased algo-
rithmic complexity did not yield superior performance. The simpler TBD and PHD frameworks
consistently outperformed the theoretically optimal but computationally intensive PMBM filter,
which was prone to generating unstable tracks and excessive false positives. Secondly, non-
linear motion models offered no significant advantage over the simpler linear models. This could
be attributed to the slow dynamics of maritime vessels, the high sensor update rate, which makes
linear extrapolation sufficient, and the fact that measurement noise often dominates any subtle
gains from a more precise motion model. Thirdly, for extent estimation, the Random Matrix model
demonstrated the best balance of accuracy, stability, and computational efficiency. The more
complex Gaussian Process and Principal Axis models struggled with stability and practicality.

The study concludes that the optimal balance is achieved by pairing simple linear motion models
with the Random Matrix extent model, yielding accurate cardinality estimation, reliable state
tracking, and efficient computation. The findings underscore that robustness and interpretability
outweigh algorithmic sophistication when designing maritime tracking systems based on 4D
radar. Ultimately, the thesis establishes a principled performance baseline and highlights the
diminishing returns of complexity in this domain.
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Introduction

The vision of fully autonomous ships navigating the world's waterways steadily progresses from
concept to reality. The successful automation of commercial vessels, such as cargo ships and
passenger ferries, promises to have a profound economic and safety impact on the maritime
industry. However, significant technological hurdles must be overcome before the widespread
adoption of such vessels becomes viable. Perception is a crucial step on this path; for any
algorithm to make safe and reliable navigational decisions, it must have a complete and accurate
model of the operational environment. Indeed, long before full automation is achieved, such an
environmental model can be an invaluable decision-support tool to improve a captain’s situational
awareness.

A maritime perception system must operate reliably in a wide range of hostile conditions. It needs
to be reliable whether it's dealing with intense sun glare on the water, thick fog, heavy rain, or the
pitch-black of a rough sea at night. The system must perform with high fidelity across all these
scenarios, providing both long-range foresight and high-resolution, close-quarters awareness.

Since no single sensor can reliably map the maritime environment on its own, a robust perception
system has to blend the strengths of different sensors to make up for their individual weak-
nesses[1]. Conventional S-band and X-band marine radars, mandated for commercial vessels,
offer excellent long-range detection capabilities largely unaffected by darkness or precipitation.
However, their high mounting position creates a significant coverage gap in the near-field, and
their relatively low resolution is insufficient for distinguishing between closely spaced objects,
a critical requirement for safe manoeuvring in congested waters. Visual cameras provide rich,
high-resolution data ideal for object classification, but are ineffective in darkness and severely
hampered by fog, rain, and sun glare reflecting off the water's surface. Infrared cameras over-
come the challenges of darkness by detecting thermal signatures, but struggle to differentiate
between objects of similar temperature, and their performance is also degraded by humidity
and precipitation. LiDAR, adapted from the automotive industry, generates high-resolution 3D
point clouds ideal for precise object mapping. However, its reliance on laser light makes it highly
vulnerable to signal attenuation and scattering from fog, rain, and sea spray, severely reducing
its effective range and reliability in adverse weather, and it is prohibitively expensive when longer
ranges are required.

In contrast, millimetre wave (MMW) radar offers a compelling alternative for near-field sensing.
While its range is shorter than that of traditional marine radar, it provides a high-resolution point
cloud. It remains robust across most weather and all lighting conditions, making it a prime
candidate to fill the critical all-weather, close-quarters perception gap.

This thesis investigates the capabilities that one of these sensors, the 4D MMW radar, can
contribute to a comprehensive maritime perception solution. The "4D" designation refers to the
sensor’s capacity to measure four specific parameters for every point in its generated cloud:
range, azimuth, elevation, and Doppler velocity. It is therefore also referred to as a "3+1D"
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sensor, denoting three spatial dimensions and one velocity dimension. This sensor modality has
undergone extensive development in recent years for the automotive industry, and its transfer
to the maritime sector could provide a significant benefit, particularly in addressing the critical
all-weather, near-field perception gap.

1.1. Tracking Challenges and Research Gap

Robust estimation techniques are essential for interpreting the rich, dense point clouds generated
by 4D imaging radars. The core task is Multiple Object Tracking (MOT), which aims to estimate
the number of objects in a scene and their individual states from a sequence of sensor mea-
surements[2]. Essentially, MOT is an association problem: its goal is to match detections from
different points in time to the same physical object, thereby maintaining a continuous and coherent
trajectory. The benefit of this process is twofold. Firstly, it allows for the filtering of noisy sensor
data to derive more accurate state estimates, such as an object's precise location. Secondly,
it enables the inference of latent states, such as velocity and acceleration, which may not be
directly observable from a single measurement but are critical for predicting future behaviour.
Historically, when radar produced sparse and noisy detections, tracking algorithms were primarily
used for this filtering and state estimation role, improving positional accuracy and predicting
future trajectories from cluttered data. However, the rich, dense point clouds generated by
modern 4D imaging radars, which can produce multiple detection points from an object'’s surface,
have shifted the objective of tracking. Instead of tracking a single detection point per object,
algorithms can now process multiple data points simultaneously. This evolution has given rise to
the field of Extended Object Tracking (EOT), where the goal is not only to estimate an object’s
kinematic state but also its physical extent, such as its size and shape[3]. This is particularly
crucial in maritime tracking, where resolving multiple reflections from large vessels into a single,
coherent track with an accurate shape is essential for safe navigation and collision avoidance. To
achieve this, an EOT algorithm must incorporate a shape model, with approaches ranging from
simple parametric shapes like ellipses and rectangles to more complex, probabilistic methods
such as Random Matrix models or non-parametric approaches like Gaussian Processes[4].

The problem of MOT is not unique to the maritime sector; it is a central challenge in aerospace,
defence, and particularly in the automotive industry. Each domain presents distinct challenges:
aerospace contends with high-speed targets, while automotive applications demand low-latency
processing for dynamic traffic in cluttered urban environments. The extensive research in
the automotive sector, driven by the development of self-driving cars, provides a valuable
foundation. However, it has also led to a divergence in methodologies. The availability of
vast, well-annotated public datasets has spurred the development of powerful, learning-based
detectors. Consequently, the dominant paradigm in this field has become Tracking-by-Detection
(TBD), which often pairs these advanced detectors with simpler, computationally efficient filters,
such as the Kalman Filter (KF) with a linear motion model, to achieve real-time performancel5].

In contrast, other domains have continued to pursue more algorithmically advanced probabilistic
filters to achieve the highest possible accuracy, especially when sensor data is less frequent
or object dynamics are more complex. This includes sophisticated methods based on Random
Finite Sets (RFS), such as the Probability Hypothesis Density (PHD) filter and, more recently,
the Poisson Multi-Bernoulli Mixture (PMBM) filter. These methods provide a rigorous, unified
Bayesian framework for handling detection uncertainty, clutter, and track management, but are
often more computationally intensive[6].

This methodological difference presents a challenge when applying 4D radar technology to the
maritime domain, where unique operational characteristics limit the direct transfer of existing
solutions. The data-driven TBD paradigm, so successful in the automotive sector, is currently
unfeasible due to the lack of large-scale, public maritime datasets containing the long, con-
tiguous 4D radar sequences necessary for training robust detectors and evaluating trackers[7].
Simultaneously, the performance of advanced probabilistic filters is fundamentally constrained
by the unique dynamics of marine vessels. Ships exhibit significant inertia and are subject to
complex hydrodynamic forces, rendering their manoeuvres, such as turning, slow and inherently
non-linear. The assumption that a simple linear motion model, for instance Constant Velocity
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(CV), can accurately represent a vessel during a prolonged turn is therefore questionable. Such a
model mismatch can lead to significant prediction errors, causing track divergence and incorrect
identity assignments. Despite the theoretical robustness of advanced filters like the PMBM,
their effectiveness is intrinsically linked to the fidelity of the underlying motion model. A distinct
research gap therefore exists in the systematic investigation of the trade-offs between filter
complexity and motion model fidelity within the specific context of maritime navigation using 4D
radar data.

1.2. Thesis Aim and Research Questions

This thesis addresses the identified research gap by investigating the balance between algorithmic
complexity and motion model fidelity for multi-object tracking in the inland maritime domain. The
central aim is to determine the capabilities of state-of-the-art, purely algorithmic tracking methods
when applied to the unique challenges presented by 4D MMW radar data in this environment. By
shifting the focus away from data-driven paradigms prevalent in automotive research, this work
concentrates exclusively on the capabilities and limitations of advanced probabilistic frameworks.

The core of this research is a comparative study evaluating the performance of advanced RFS-
based tracking frameworks—specifically the Probability Hypothesis Density (PHD) filter and the
Poisson Multi-Bernoulli Mixture (PMBM) filter—against a more traditional baseline tracker. These
frameworks will be implemented with a range of motion models, including both linear (Constant
Velocity, Constant Acceleration) and non-linear (Constant Turn Rate and Velocity/Acceleration)
models, which are theoretically better suited to describing vessel manoeuvres. As a key compo-
nent of EQOT, the study will also explore the impact of different shape estimation models, such
as the random matrix model or Gaussian Processes, on the ability to accurately represent the
physical size and shape of diverse maritime objects. Ultimately, this work aims to provide clear
insights into effective tracking architectures for marine automation when relying on principled,
model-based estimation.

To provide a clear structure for this investigation and to ensure a focused analysis, the research
is guided by the following primary questions and sub-questions:

1. How do different motion models and state estimation filters influence the performance of
multi-object tracking algorithms for inland maritime vessels using 4D radar point clouds?

o To what extent do non-linear motion models (e.g., CTRV, CTRA) improve tracking
accuracy over simpler linear models (e.g., CV, CA) for representing vessel dynamics?

* What is the performance trade-off between computationally efficient filters (like KF)
and more complex or non-linear filters in the maritime context?

» How does the inclusion of 4D data (elevation and Doppler velocity) and different
measurement models (Cartesian vs. Polar) affect the stability and accuracy of these
filter-model combinations?

2. What is the optimal balance between algorithmic complexity and motion model fidelity
for robustly tracking and estimating the physical extent of diverse objects in the inland
maritime environment with 4D radar data?

o How do advanced probabilistic tracking frameworks (like PHD and PMBM) compare
against each other and a more traditional tracking algorithm?

« What is the impact of different extended object models (e.g., random matrix, multiple
random matrices) on the ability to accurately estimate the size and shape of vessels
with varying dimensions?

1.3. Scope of the Thesis

This thesis undertakes a systematic, comparative analysis of advanced probabilistic algorithms
for multi-object tracking, specifically focused on the inland maritime domain. The research
focuses on the performance trade-offs between algorithmic structures and their internal models
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when applied to data from 4D millimetre-wave radar. The goal is to provide a clear, evidence-
based performance baseline for these tracking frameworks in a context that has not yet been
extensively studied.

The core of the investigation is a comparison between three distinct filtering paradigms, chosen
to represent a clear progression in tracking philosophy:

» Tracking-by-Detection (TBD): Serves as a practical baseline, reflecting the dominant
paradigm in established fields like automotive research, where simpler filters are often
paired with powerful detectors.

« Probability Hypothesis Density (PHD) filter: Investigated as a foundational Random Finite
Set (RFS) approach. The PHD filter is a computationally efficient method that propagates the
first-order moment of the multi-target distribution, making it a robust and well-established
entry point into RFS tracking.

« Poisson Multi-Bernoulli Mixture (PMBM) filter: Represents the current state-of-the-art in
RFS theory. While more computationally complex, the PMBM framework provides a more
principled approach by maintaining distinct track hypotheses and probabilities of existence,
allowing for higher-fidelity state estimation.

To thoroughly evaluate these frameworks, the study will methodically vary the underlying models
for physical extent and kinematics. The evaluation will include:

o Three extended object (shape) models:

- The Random Matrix model, which probabilistically describes an object’s extent and is
relatively simple to integrate into Bayesian frameworks.

- The Gaussian Process model, chosen for its flexibility in representing more arbitrary,
non-parametric shapes.

- The Elliptical principal axis model, a parametric approach that directly estimates an
object's orientation and axes lengths.

« Four kinematic (motion) models: Constant Velocity (CV), Constant Acceleration (CA),
Constant Turn Rate and Velocity (CTRV), and Constant Turn Rate and Acceleration (CTRA)
are chosen to assess the trade-off between simple linear models and more complex non-
linear models that can better represent vessel manoeuvres.

This research is strictly confined to the maritime domain, with evaluation performed on a limited
set of collected experimental scenes. These scenes are captured from a static sensor platform
to isolate the performance of the tracking algorithms from the complexities of ego-motion
compensation. The scenarios are designed to reflect key challenges in inland waterways and
include a variety of situations, such as the tracking of single and multiple vessels of varying sizes.

The performance of each algorithm configuration will be evaluated based on three primary
criteria:

o Cardinality Accuracy: The ability to correctly estimate the number of objects present in the
scene.

» State Estimation Accuracy: The precision of the estimated kinematic states (position,
velocity, orientation).

» Shape Estimation Accuracy: The fidelity of the estimated physical extent, measured against
the ground truth bounding box.

To quantify these aspects, this research will primarily utilise the Optimal Sub-Pattern Assignment
(OSPA) metric and its generalised variants (GOSPA). This family of metrics is specifically cho-
sen for its ability to provide a single, rigorous cost that jointly penalises errors in target count,
localisation, and state, making it exceptionally well-suited to the stated research focus.

Finally, it is important to reiterate that this work is exclusively focused on algorithmic, model-
based approaches and does not involve machine learning. The primary goal is a high-level
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comparative analysis of the chosen filters and models, rather than exhaustive fine-tuning of any
single algorithm.

1.4. Thesis Structure

The remainder of this thesis is structured to guide the reader logically through the research, from
foundational concepts to conclusions.

Chapter 2 establishes the theoretical foundation for this work. It details the operating principles
of 4D MMW radar, the mathematics of Bayesian state estimation, and the specifics of the chosen
motion and extent models. This chapter also provides a thorough explanation of the theoretical
underpinnings of the various tracking frameworks that form the core of the investigation.

Following this, Chapter 3 outlines the methodology, detailing the practical implementation of
the tracking algorithms. It describes the design of the simulation environment, the process for
generating data for the defined maritime scenarios, and the specific evaluation metrics chosen
for the comparative study.

Chapter 4 presents the quantitative results from the simulation experiments, directly comparing
the performance of each tracker configuration across the defined scenarios and metrics. These
results are then analysed and interpreted in Chapter 5, which provides an in-depth discussion of
their implications and explicitly answers the research questions posed in this introduction.

Finally, Chapter 6 concludes the thesis by summarising the key findings and contributions,
acknowledging the limitations of the research, and providing concrete recommendations for
future work in this area.



Background and Theory

This chapter lays the theoretical groundwork for the multi-object tracking methods studied in
this thesis. We begin with the operating principles of the 4D millimeter-wave radar that provides
the measurements. We then review Bayesian state estimation, the mathematical basis of the
tracking algorithms. Next, we present the models used to describe target kinematics and physical
extent. Finally, we introduce the three tracking paradigms compared in this work: classical
tracking-by-detection, the Random Finite Set-based Probability Hypothesis Density filter, and the
Poisson multi-Bernoulli mixture filter.

2.1. Principles of 4D Millimetre-Wave (MMW) Radar

This section breaks down the fundamentals of 4D millimetre-wave (mmWave) imaging radar, a
key technology for understanding the environment around a system. The radar’s hardware and
how it processes signals directly shape the data it produces. This, in turn, influences the design
of the tracking algorithms we'll discuss later.

2.1.1. Operating Principles

Millimetre-wave radar is a reliable sensor for demanding environments. These systems typically
operate in the W-band (76-81GHz)[8]. Compared with optical sensors (cameras, LiDAR), mmWave
frequencies are much less affected by fog, rain, snow or poor lighting, so the radar continues
to deliver range, angle and velocity measurements when visibility is degraded. This resilience
makes mmWave radar well suited to safety-critical tasks such as maritime automation.

2.1.2. The Four Dimensions
The name "4D" (or occasionally "3+1D") radar is derived from its capability to measure four
distinct properties for each detected point.

The primary and most fundamental dimension measured is range, which quantifies the distance
from the sensor to a target. This measurement is precisely calculated based on the time-of-flight
of the transmitted electromagnetic wave. The accuracy and resolution of this measurement
are directly proportional to the system’s operational bandwidth and a trade-off between range
and Doppler resolution. For the sensor under study the range resolution is around 0.65m and a
maximum operational range of approximately 250 m.[8]

The angular position of a target within the sensor’s field of view is described by its azimuth
(horizontal angle) and elevation (vertical angle). Both angular dimensions are determined through
the processing of signals received by the radar’s antenna array. Modern systems often employ
architectures like multiple transmit and receive antennas to synthesise a larger virtual aperture.
This configuration yields an approximate azimuth resolution of 15°. The elevation resolution
however is much worse being 60°.
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The final dimension is the Doppler velocity, which quantifies the radial speed of a target, indi-
cating its movement directly towards or away from the sensor. This is calculated by detecting
the frequency shift in the returning electromagnetic wave, known as the Doppler effect. The
system is engineered to resolve velocity differences as minute as 0.5 m/s, providing indispensable
information for the robust tracking and prediction of dynamic objects’ trajectories.

To illustrate how these limits impact the structure of the final point cloud, consider a vessel 100 m
away which can produce detection uniformly across its surface. This is illustrated in Figure 2.1.
The azimuth resolution of 15° at 100 m translates to a lateral resolution of approximately 26 m,
meaning that features on the vessel closer than this distance side-to-side may not be separately
resolved or jump around shown in the second graph of Figure 2.1. The range resolution of 0.65m
means that any two points on the vessel closer than this distance along the line of sight will
be indistinguishable in range. With a similar binning effect also happening to the angles in this
specific sensor. Leading to the final graph in Figure 2.1. Finally, the velocity resolution of 0.5 m/s
allows for distinguishing between objects moving at slightly different speeds, which is crucial for
tracking multiple targets in motion.
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Figure 2.1: Example illustration of range/angle bins and the associated measurement uncertainty for the 4D mmWave
radar.

2.1.3. Point Cloud Characteristics and Limitations

The final output from the radar is a point cloud, which is a collection of individual detection points
in 3D space, each with its own velocity reading. A key thing to understand about radar point
clouds is that they are naturally sparse and unstructured, as can be seen from the Single frame
graph in Figure 2.2. This is quite different from the dense and orderly point clouds you'd get
from a LiDAR sensor. Because of this sparsity, objects are often represented by just a few points,
making it difficult to work out their exact shape or size from a single snapshot.

On top of that, the data is often noisy. It can be affected by clutter, which are unwanted echoes
from things in the environment like sea spray or rain, or simply random noise present in the signal.
This effect is visible when accumulating across multiple frames, for example in the 10 Frames
graph of Figure 2.2. The sparse points farther away are clutter and don't correspond to any real
object. Another major issue is multipath reflections, where the radar signal bounces off multiple
surfaces like the water and then a ship’s hull before returning. These reflections can create
'ghost’ targets that aren't really there or make real objects appear in the wrong place. Such a
ghost target is for example visible in Figure 3.3d, the ofshoot from the real target not being there
in reality.
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Together, these issues of sparsity, noise, clutter, and multipath reflections make it a real challenge
to design algorithms that can reliably detect and track objects. The coarse angular resolution
also makes it hard to distinguish between objects that are close together. As a result, we need
clever data processing and filtering techniques to pull reliable information from the radar’s point
cloud and build an accurate picture of the world.
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Figure 2.2: Schematic of the 4D mmWave radar point cloud structure. Each detection provides a 3D position (x,y,z) and
an associated radial velocity; measurement uncertainties from range, azimuth and elevation produce binned, sparse
detections and angular/range uncertainty cones.

2.2. Fundamentals of Bayesian State Estimation

Fundamentally, target tracking is an estimation problem: we must infer the true, unobserved
state of a dynamic object—such as its position, velocity, and orientation—from a sequence of
indirect measurements. With multi target tracking only adding more complications to the estimate.
Such as estimating a varying number of objects, that maybe obstructing each other and may
not be governed by the same models (differing size, speed or just static objects). This section
outlines the core probabilistic framework for solving this problem, known as recursive Bayesian
estimation, and introduces its most common implementations: the Kalman Filter and its non-linear
extensions.

2.2.1. The State Estimation Problem

A dynamic system, such as a single moving target, can be characterised at any discrete time step,
k, by a state vector, denoted x,. This vector contains all the necessary information to describe
the object's physical properties of interest. For example, in a two-dimensional plane, the state
might be represented as x; = [p.,py, vz, v,] ', Capturing the position and velocity components
along the x and y axes.

In almost any practical scenario, this state vector cannot be observed directly. Instead, we obtain
a sequence of measurements, z;, from sensors. These measurements are typically a function
of the true state but are always distorted by sensor noise. The central challenge, therefore, is
to filter out this noise and derive the most accurate possible estimate of the state x; using the
sequence of all available measurements up to that time, Z;, = {24, ..., 2z }-

This process is inherently probabilistic. We do not seek a single point estimate but rather aim to
determine the complete posterior probability density function (PDF), p(zx| Z}), which encapsulates
all statistical information about the current state, given all the evidence received so far. In the
context of this work this PDF is chosen as a Gaussian for the kinematic state, and varying for the
extent state.
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2.2.2. The Recursive Bayesian Filter (Bayes Filter)

The Bayes filter offers a recursive, probabilistic approach to this estimation problem, cycling
between two key steps: prediction and update. Assuming the posterior PDF at time k& — 1,
p(xr—1|Zk—1), is known, the filter computes the posterior PDF at time k, p(zx|Z), when a new
measurement, z,, arrives. A simple diagram of this cycle is shown in Figure 2.3.

Measurement

Predict
e

Figure 2.3: The Bayesian filter predict-update cycle. The posterior at time k& — 1 is predicted forward using the process
model to form the prior at time k, which is then updated with the measurement at time & to produce the posterior at time k.

This recursive process is built upon two key models:

1. A process model (or motion model), described by the transitional density p(zx|xi_1), Which
defines how the state evolves from one time step to the next.

2. A measurement model, described by the likelihood function p(zx|xx), which relates the
noisy measurement to the true state at the current time step.

Prediction Step
The prediction step, also known as the time update, uses the process model to predict the state
PDF at time &, given all measurements up to time k& — 1. This predicted PDF, p(x|Z_1), is known
as the prior for time step k. It is computed by marginalising over all possible states at the previous
time step, x5 _1:

p@p|Zr_y) = / p@plei (@] Z_1)dzr: (2.)

This integral propagates the state distribution forward in time, incorporating the uncertainty
associated with the system’s dynamics.

Update Step

The update step, or measurement update, refines the predicted (prior) state distribution using the
latest measurement, z;. This is achieved using Bayes' theorem to compute the posterior state
distribution, p(xy|Zy):

p(zrlzr)p(xk| Z11) (2.2)

p(xk|Zk) = p(zk|Zk—1)

Here:

» p(z|xy) is the likelihood of the measurement given the state, provided by the measurement
model.

» p(xi|Zk—1) is the prior distribution, calculated in the prediction step.

» p(zk|Zi—1) is the marginal likelihood or evidence of the new measurement. It acts as a
normalisation constant and is calculated as: p(z|Z;—1) = fp(zk|mk)p(mk|Zk_1)dwk.

The resulting posterior, p(xx| Z1), represents our updated belief about the state and becomes the
basis for the next prediction step.
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2.2.3. Implementations of the Bayes Filter

While the Bayes filter offers a complete conceptual framework, the integrals involved in its
prediction and update steps are often intractable for general non-linear or non-Gaussian models.
Practical implementations, therefore, rely on specific assumptions that permit an analytical or
approximate solution.

The Kalman Filter

The Kalman filter, first developed for discrete-time processes by Rudolf E. Kalman in 1960, is the
optimal recursive Bayesian filter for a specific, and rather restrictive, set of circumstances. It
provides a closed-form solution when:

1. Linearity: Both the process model and the measurement model are linear functions of the
state.

2. Gaussianity: The initial state and the noise associated with both the process and the
measurements are assumed to be Gaussian.

The general linear Gaussian state-space model can be expressed as:
e Process Model: z = Frxy_1 + €y, With {1 ~ N(0, Z;_1)
* Measurement Model: z; = Hyxy, + €, With €, ~ N(0,3y)

Under these conditions, the posterior distribution p(x;|Z)) remains Gaussian at every time step.
The Kalman filter, therefore, does not need to compute the entire PDF but simply propagates
its first two moments—the mean vector and the covariance matrix—through the prediction and
update equations. For linear systems with Gaussian noise, the Kalman filter is the optimal estimator
in the minimum mean-squared error sense. Its primary limitation, however, is its strict requirement
for linearity, which is seldom met in real-world applications.

The Extended Kalman Filter

To address the Kalman Filter's strict linearity requirement, the Extended Kalman Filter (EKF)
approximates non-linear models. It handles non-linearity by linearising the process and measure-
ment models at each time step, using a first-order Taylor series expansion around the current
state estimate. A non-linear system can be written generally as:

» Process Model: x;, = g(xr_1) + ¢4
o Measurement Model: z, = f(xy) + €

The EKF approximates these functions with their Jacobians (matrices of first-order partial deriva-
tives), effectively turning the non-linear problem into a time-varying linear one. The standard
Kalman filter equations are then applied to this linearised approximation.

While the EKF has seen widespread use, its performance depends heavily on how well the
linearisation reflects the true model. For highly non-linear systems, this first-order approximation
can be poor, leading to significant errors and, in some cases, causing the filter to diverge entirely.

The Unscented Kalman Filter

The Unscented Kalman Filter (UKF) offers a more straightforward alternative for handling non-
linear systems[9]. Rather than approximating the non-linear functions, as the EKF does, the UKF
uses a deterministic sampling approach to approximate the probability distribution itself.

This technique, known as the unscented transform, represents the state distribution using a
minimal set of carefully chosen sample points, called sigma points. These points are selected
to precisely capture the mean and covariance of the distribution. Each sigma point is then
propagated directly through the true non-linear functions, and a new mean and covariance are
calculated from the resulting transformed points.

The UKF's real advantage over the EKF is its ability to bypass the often tricky and error-prone
calculation of Jacobian matrices. By working with the true non-linear models, it generally provides
a more accurate approximation of the posterior distribution (accurate to at least the second order
for any non-linearity) and is less susceptible to the divergence issues that can plague the EKF in
highly non-linear scenarios.
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2.3. System Models for Maritime Tracking

As mentioned previously the multi-target tracking problem can be viewed as a state estimation
problem. This state contains both the kinematic state (i.e. position, velocity, etc.) and the
extent state (i.e. size, shape, orientation, etc.) of each object. To estimate these states a
model is required to describe how these states evolve over time (motion model) and how the
sensor measurements relate to these states (measurement model or extent model). This section
describes the specific models used in this work for maritime vessel tracking using 4D radar point
clouds.

2.3.1. Kinematic Motion Models

Kinematic motion models are a fundamental component of state estimation for tracking, providing
a mathematical description of how an object's state is predicted to evolve over time. These
models describe the motion of an object based on its position, velocity, and acceleration, without
considering the underlying forces that cause the motion. They are integral to the prediction step
within recursive filtering frameworks, such as the Kalman filter and its non-linear variants, where
they are used to project the state estimate forward from one time step to the next. The choice
of model represents a trade-off between fidelity to the true object dynamics and computational
tractability. Deviations from the model's assumptions are typically accounted for by introducing
process noise, which provides the filter with the flexibility to track behaviours that are not perfectly
captured by the model dynamics.

Linear Models

Linear models are characterised by linear state transition equations, making them directly com-
patible with the standard Kalman filter. Their computational efficiency makes them a common
choice, particularly for non-manoeuvring targets.

Constant Velocity (

The CV model is one of the simplest and most widely used kinematic models. It assumes that the
object moves with a constant velocity vector between discrete time steps. While this assumption
is rarely perfectly true, the model is effective for tracking objects moving in a relatively straight
line or when the observation interval is short. It often serves as a baseline model in tracking
systems due to its simplicity and low computational cost.

Constant Acceleration

The Constant Acceleration (CA) model extends the CV model by assuming the object moves
with a constant acceleration vector. This allows the model to better represent objects that are
systematically changing their velocity, such as vehicles accelerating or decelerating in a straight
line. Although more descriptive than the CV model for such scenarios, it remains unable to
effectively model turning manoeuvres and requires a higher-dimensional state vector [10].

Non-Linear Models

To address the limitations of linear models in tracking manoeuvring targets, non-linear models
are employed. These models explicitly account for the rotational dynamics of an object and,
due to their non-linear state transition functions, require the use of filters such as the Extended
Kalman Filter or Unscented Kalman Filter.

Constant Turn Rate and Velocity

The Constant Turn Rate and Velocity (CTRV) model assumes the object moves with a constant
speed and a constant rate of turn. This allows it to describe an object moving along a circular path,
providing a significant improvement over linear models for tracking turning targets. However,
its primary limitation is the assumption of constant speed, which is often unrealistic as vehicles
typically decelerate before a turn and accelerate afterwards [10].

Constant Turn Rate and Acceleration
The Constant Turn Rate and Acceleration (CTRA) model enhances the CTRV model by incor-
porating a constant longitudinal acceleration term. This allows the object's speed to change
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linearly over the time interval whilst it is turning. By modelling simultaneous changes in speed and
heading, the CTRA model offers a more comprehensive and realistic representation of vehicle
manoeuvres, making it highly suitable for applications such as automotive and vessel tracking
(M].

Relevance to Maritime Dynamics

The dynamics of marine vessels present unique challenges for tracking. Due to their enormous
mass and the hydrodynamic forces they are subject to, vessels possess significant inertia. This
results in slow, prolonged manoeuvres rather than the abrupt changes in direction often seen in
automotive applications. Consequently, non-linear models that can describe these sustained
changes are theoretically better suited for vessel tracking.

The assumptions of the CTRA model, which account for both a constant turn rate and a constant
acceleration, align well with the typical behaviour of a vessel altering its course. During such a
manoeuvre, a ship will have a non-zero rate of turn whilst potentially adjusting its engine power,
resulting in a change in speed. This makes the CTRA model a more physically representative
choice compared to simpler linear models or the constant-speed CTRV model for capturing the
dynamics of a turning ship [11].

2.3.2. Measurement Models

Any specific sensor introduces noise into the data. Measurement models relate the true state of
the system to the observed measurements, often incorporating noise characteristics. These can
be linear or non-linear depending on the sensor. Linear models are often used for simplicity, but
non-linear models can provide better accuracy in complex scenarios. The noise of this type of
radar sensor is nhon-linear.

2.3.3. Extended Object Models

In the tracking of extended objects, a central element is the mathematical representation of
the object’'s physical size and shape, referred to as its extent. The choice of model dictates
how an object’s extent is characterised and how new measurements are incorporated into the
state estimation process. The extent model can also be viewed as a measurement model, as it
defines how sensor measurements relate to the object's state. These models can be broadly
categorised into parametric and probabilistic approaches. While there are more approaches only
the background of the models used in this work are discussed here.

Probabilistic Models
Probabilistic models characterise the object’'s extent using a statistical distribution, which can
capture not only the shape but also the inherent uncertainty in that shape.

Random Matrix Model

A prominent probabilistic approach is the Random Matrix Model, also commonly referred to as
Gaussian Inverse Wishart (GIW), which characterises an object’s extent as a symmetric positive
definite random matrix[12], making the assumption that the measurements of an object are
Gaussian distributed around its centroid. The state of the extent is therefore modelled using an
inverse Wishart distribution as PDF instead of a Gaussian as for the kinematic state, which is the
conjugate prior for the Gaussian-distributed sensor detections[13]. This formulation provides a
mathematically elegant way to handle uncertainty in an elliptical shape within a Bayesian filtering
framework. For non-ellipsoidal shapes, this model can be adapted by representing the object as
a composite of multiple ellipsoidal sub-objects, each represented by its own random matrix[14].

For what this would look like in practice see Figure 2.4, which shows the estimated elliptical
extent of a simple rectangle using the GIW random-matrix model, along with the detections used
for the update.

Star Convex Gaussian Process (GP) Model
For objects with more complex or arbitrary shapes that cannot be well-approximated by an
ellipse, a Star Convex Gaussian Process model offers a flexible, non-parametric alternative[15].
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Figure 2.4: Random Matrix (IW) extent estimation: estimated elliptical extent and accumulated detections used for the
update.

A Gaussian Process can be considered a distribution over functions. In this context, it is used
to model the boundary of an unknown object, typically by learning a radial function that maps
an angle to a radius from the object’s centre[4]. This approach allows for the online learning of
arbitrary star-convex shapes and naturally provides an analytical representation of the shape with
well-defined confidence intervals, which is advantageous for gating and data association[15].

Figure 2.5 illustrates the SCGP extent estimator.
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Figure 2.5: Star-Convex Gaussian Process shape estimation over time

Parametric Models
Parametric models describe an object’'s shape using a finite and fixed number of parameters.
These models are often favoured for their computational efficiency and simplicity.

Elliptical Principal Axis Model:

A more specific parametric approach is the principal-axes-based model, which directly estimates
the ellipse’s orientation and the lengths of its axes[16], [17]. This explicit parameterisation allows
for individual uncertainty values to be assigned to each extent parameter, offering a flexible
representation. This stands in contrast to some other methods where the uncertainty is limited to
a single scalar value.
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Figure 2.6: Principal Axis shape estimation
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2.4. Multi-Target Tracking Frameworks

2.4.1. The Tracking-by-Detection Paradigm

The Tracking-by-Detection (TBD) paradigm is a dominant and conceptually straightforward
approach to solving the Multiple Target Tracking problem. It is currently the most prevalent
method employed by leading tracking algorithms, particularly within the automotive domain
[2]. Effectively by separating the algorithm into separate steps it can otherwise be viewed as a
sequential single target tracking problem [2].

Core Concept

The fundamental principle of TBD is the decoupling of the multi-object tracking challenge into
two distinct, sequential steps: detection and data association [2]. In this framework, object
detection is performed on a frame-by-frame basis, independent of the state estimation process.
The subsequent association step then links these individual detections across time to form
trajectories. This separation allows for the independent development and optimisation of both the
detector and the tracker. Consequently, the complex multi-target problem is effectively reduced
to a series of more manageable single-target tracking and assignment problems, where the
primary goal is to match a new set of detections to existing tracks at each time step [4].

Architecture

A typical TBD architecture is modular, comprising several key components that work in sequence
to process sensor data and output stable tracks. This structure, while allowing for significant
variation in the complexity of each module, generally adheres to a consistent workflow [5].

Detection

The initial stage of the TBD pipeline is object detection. This component is responsible for
processing the raw sensor input (e.g., a 4D radar point cloud) for each individual frame or scan
and generating a set of object detections. These detections typically take the form of 3D bounding
boxes with attributes such as position, dimensions, orientation, and classification [5]. But can
also be create by a clustering algorithm clustering related points. The performance of the entire
tracking system is highly dependent on the quality of these initial detections.

Association

Once detections are generated for a given frame, the association module attempts to match them
with the existing tracks from previous frames. This is fundamentally an assignment problem. To
achieve this, a similarity or cost metric is first computed between each new detection and each
existing track. A widely used metric for this purpose is the Intersection over Union between the
detection’s bounding box and the predicted bounding box of the track [18]. Other metrics, such
as Mahalanobis distance or appearance-based feature similarity, can also be used [19]. Based on
the resulting cost matrix, an assignment algorithm is employed to find the optimal set of matches.
The Hungarian Algorithm is a common choice for this task as it finds the optimal solution that
minimises the total cost [20].

State Estimation

For each successfully matched track-detection pair, the track’s state is updated. For unmatched
tracks, a prediction is made. This is typically handled by a recursive Bayesian filter. The Kalman
Filter, along with its variants like the Extended Kalman Filter or Unscented Kalman Filter, is the
most common choice for this component [18]. The filter uses a motion model to predict the track’s
state (e.qg., position, velocity) at the current time step. When a new detection is associated with
the track, the filter uses this measurement to correct the prediction and update the state estimate,
thereby filtering out noise and providing a smoothed trajectory. Simple kinematic models, such
as the Constant Velocity or Constant Acceleration models, are frequently employed due to their
computational efficiency and sufficiency for short-term prediction in many scenarios [5].

Track Management
The final component is responsible for the lifecycle of the tracks. This involves a set of logical
rules for initiating, maintaining, and terminating tracks. A new track is typically initiated for
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any detection that cannot be associated with an existing track. To prevent false positives from
immediately creating persistent tracks, a probation period may be used, where a new track is
only confirmed after it has been successfully associated with detections for a certain number
of consecutive frames [5]. Conversely, a track that is not associated with any detection for a
specified number of frames is deemed to have left the scene (or to be occluded) and is terminated
[18]. This management logic is crucial for maintaining a clean and accurate set of current object
tracks.

2.4.2. Random Finite Set Theory

Core Concept

The core concept of Random Finite Sets (RFS) theory, particularly in the context of multi-target
tracking, is to model the entire collection of targets as a single random entity rather than treating
each target individually [21]. This entity is a finite set whose elements—the individual target
states—and whose number of elements (known as cardinality) are both random [21].

Essentially, RFS theory generalises the statistics of random vectors to the statistics of random
sets [21]. In traditional multi-target tracking, the state of each target is typically modelled as
a random vector, which complicates the handling of a fluctuating number of targets and the
association of measurements to tracks [21]. In contrast, the RFS approach models the complete
multi-target state as a single RFS and, likewise, models the set of measurements received from
sensors as another RFS [21].

This provides a unified, top-down Bayesian framework that inherently accounts for the key
uncertainties in multi-target tracking [21]:

« Atime-varying number of targets (object birth and death) [21].
» Missed detections and false alarms (clutter) [21].
o The ambiguity of measurement origin [21].

By treating the collection of targets as a single entity, the RFS framework allows for the simultane-
ous estimation of both the number of targets and their respective states, naturally incorporating
mechanisms for track initiation and termination without requiring separate data association steps
[21].

2.4.3. The Probability Hypothesis Density Filter

The Probability Hypothesis Density (PHD) filter, first formalized by Mahler[22], [23], represents
a significant advancement in multi-target tracking by providing a computationally tractable
approximation to the optimal multi-target Bayesian filter [23]. The core innovation of the PHD
filter is its departure from propagating the full multi-target posterior density, a process whose
complexity grows exponentially with the number of targets and measurements. Instead, it
propagates a lower-order statistical moment of this density, offering a practical solution to an
otherwise intractable problem.

Core Concept

The PHD filter for extended targets operates within the mathematical framework of Random Finite
Sets (RFS). This approach is essential for multi-target tracking as it circumvents the combinatorial
complexity of traditional data association methods [21]. The core challenge in tracking is that
the set of measurements received by a sensor has an uncertain origin, arising from an unknown
number of targets and spurious clutter. By modelling the entire collection of target states as a
single random finite set, the filter can handle a time-varying number of targets, missed detections,
and false alarms in a unified and systematic way. This random finite set is a set of elements, for
example Gaussian components representing a motion state, where the number of elements is
itself a random variable.

For extended targets, objects that can generate multiple measurements per time step due to their
significant physical size, this framework requires a more sophisticated state representation. The
single-target state vector, x, must be augmented to include not only its kinematic properties (e.g.,
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position, velocity) but also a description of its physical extent. This is commonly achieved by
modelling the extent using simple geometric shapes (like an ellipse, defined by its semi-axes and
orientation) or more advanced, flexible representations like Random Hypersurface Models [23],
[24].

The central innovation of the PHD filter is that instead of propagating the full, computationally
intractable multi-target posterior density, it propagates only its first-order statistical moment. This
is the probability hypothesis density, or intensity function, D(z), which exists over the augmented
single-target state space (including extent). The integral of the PHD over any region of this
state space yields the expected number of targets in that region, while the peaks of the intensity
function correspond to the likely kinematic states and extents of the targets [24].

The filter operates through a recursive three-step process: prediction, update and prune/merge.
This is summarised in Figure 2.7.

Measurements

Predict Prune/Merge

Figure 2.7: Schematic of the PHD filter recursion for extended targets: prediction (survival + birth), measurement
partitioning, update of component weights via partition likelihoods and detection probability, and prune/merge.

Prediction Step

The prediction step evolves the intensity from the previous time step, k& — 1, to the current time
step, k. This involves accounting for targets that survive from the previous state, as well as new
targets that are born into the surveillance area. The predicted PHD, Dy, (z), is the sum of the
intensity of surviving targets and the intensity of new born targets, . (x):

Dyjp—1 () = /pS,k(f)fk\szl(37|£)Dk:71|k71(g)df + () (2.3)

Here, the integral term represents the contribution from surviving targets:

* Dj_1x—1(§) is the posterior intensity from the previous time step.
* psk(§) is the probability that a target with state ¢ at time £ — 1 will survive to time k.

* frr—1(z[€) is the single-target state transition density, which models the motion of a target
from state £ to state z.

The second term, v, (z), represents the birth model, a crucial component that introduces new
tracks for targets appearing for the first time. The birth intensity is often modelled as a Pois-
son RFS or, more commonly in practical implementations, as a Gaussian mixture where each
component represents a potential birth location, state, and covariance [24]. The design of the
birth model is critical; a poorly structured model can lead to a high incidence of false tracks
and a long confirmation time for true ones. To mitigate this, adaptive and measurement-driven
birth models have been developed. These models dynamically create new birth components
from measurements that are not associated with existing tracks, thereby improving the filter’s
responsiveness to the appearance of new targets in unexpected locations [21].

Update Step

The update step is where the extended target model most significantly departs from the point
target filter. It corrects the predicted intensity using the current set of measurements, Z,. Since
a single extended target can generate a set of measurements, the update must evaluate the
likelihood of the entire measurement set, not just individual measurements.

A foundational assumption is that the number of measurements generated by a target with state
x follows a Poisson distribution with an average rate, A(z). The update equation must therefore
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consider all possible ways to partition the measurement set Z,, into subsets, where each subset
could have originated from a specific target or from clutter. This makes the update computationally
demanding. For a set of measurements Z, the updated PHD is given by:

| n
Dy () o eiA(I)pD,k(x)Dk\k—l(x) Z H W (2.4)
PE{Wi,...,Wp }=Z j=1 J

This is a conceptual representation; the exact form varies by implementation [24].
The update can be understood as follows:

» The likelihood of a target being detected, pp i (z), and generating zero measurements is
accounted for, which contributes to the missed detection term (not explicitly shown in the
simplified form above but inherent in the full derivation).

» The core of the update is a sum over all possible partitions, P, of the measurement set Z;..

 For each partition, each subset of measurements W, is evaluated. The term g, (WV;|z) is the
likelihood that the subset WW; was generated by the target z. This is weighed against the
likelihood that the subset is purely clutter, k(W;).

« This process reinforces the intensity Dy ,_,(x) in regions of the state space where the
predicted extent aligns well with received measurement subsets.

Due to the combinatorial nature of measurement partitioning, exact solutions are intractable.
Practical implementations, such as the Gaussian Mixture-PHD filter, use approximations. A
common strategy is to partition the predicted Gaussian components representing a target’s extent
and then assign measurements to these components, simplifying the likelihood calculation and
making the filter feasible, albeit at the cost of increased computational load that necessitates
aggressive pruning and merging strategies [24].

Prune and Merge Step

To manage the computational complexity and prevent an unbounded growth in the number of
Gaussian components, the PHD filter incorporates a prune and merge step after the update.
This step involves removing components with weights below a certain threshold and merging
components that are close in the state space. This helps maintain a manageable number of
components while preserving the essential structure of the intensity function.

Fundamental Limitations

The main limitation of the PHD filter arises from its core approximation: it propagates only the
first-order moment (the intensity function) of the multi-target density. While this intensity, D(z),
provides the expected number of targets and their likely states, it does not retain information about
the variance or higher-order statistics of the target count (i.e., the cardinality distribution) [23],
[24].

This leads to two significant consequences:

» Cardinality Estimation: The PHD filter's estimate of the number of targets, obtained by
integrating the intensity over the state space, N, = [ Dy i, (x)dz, typically exhibits higher vari-
ance compared to more advanced methods. It is sensitive to clutter and missed detections,
resulting in less stable estimates of the target count across time steps.

« Track Continuity and Identity Management: Since the PHD filter propagates an undifferen-
tiated density of expected targets, it does not maintain distinct track identities over time.
State estimates are extracted from the peaks of the intensity at each step, but there is no
explicit mechanism to associate a state estimate at time &k with a specific estimate from
time k — 1. As a result, the filter is "anonymous"” and can suffer from track fragmentation
or coalescence, particularly when targets are closely spaced or their trajectories intersect.
Track stitching and identity management must be handled by post-processing heuristics,
which are not part of the filter's core recursion [23], [24].
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2.4.4. The Poisson Multi-Bernoulli Mixture Filter

A more recent and advanced approach within the RFS framework is the Poisson Multi-Bernoulli
Mixture (PMBM) filter [6], [25], [26]. The PMBM filter provides an elegant and effective method
for tracking a time-varying and unknown number of targets by separating the set of all targets
into two distinct categories: those that have not yet been detected and those that have been
detected at least once [25].

Core Concept

The fundamental idea of the PMBM filter is to model the multi-target state density as a convolution
of two independent RFSs: a Poisson Point Process (PPP) and a Multi Bernoulli Mixture (MBM) [6],
[25], [26].

Measurements

Predict Prune/Merge Hypothesis Managment

Figure 2.8: Schematic of the PMBM update step: measurements Z are associated to the undetected PPP and the
detected MBM, yielding updated PPP intensity and updated MBM hypotheses. Note: this is a simplified illustration and
does not capture all complexities of the PMBM update process.

« Undetected Targets (PPP): The set of targets that exist but have not yet been detected by
the sensor is modelled as a PPP. The PPP is characterised by an intensity function, A, (-),
which describes the expected number and spatial distribution of these potential targets.
This component also naturally handles the birth of new targets, which are initially considered
undetected and are modelled by a PPP with a birth intensity Az (-) [25], [27].

« Detected Targets (MBM): The set of targets that have been detected at least once is modelled
as an MBM. An MBM is a weighted sum of multi-Bernoulli (MB) densities, where each MB
density is a union of independent Bernoulli RFSs [28]. Each Bernoulli component represents
a single potentially detected target and is defined by its existence probability, r, and its state
probability density function, p(z). Each component in the mixture corresponds to a unique
global data association hypothesis, with an associated weight representing its likelihood
[25].

The overall PMBM density for a set of targets X is thus a convolution of the densities for the
undetected set X, and the detected set X,:

FX) = > fp(Xu) fabm(Xa) (2.5)

X WX =X

where © denotes the disjoint union[27].

PMBM Filter Recursion

The PMBM filter propagates the multi-target density, which is fully defined by its parameters,
through a recursive prediction and update cycle. The core strength of this filter is that both the
predicted and updated densities retain the PMBM form, a property known as conjugacy [6], [25].

Prediction Step

Given the posterior PMBM density from the previous time step, the prediction step computes
the prior density for the current time step. This involves predicting the evolution of both the
undetected and detected target sets according to the standard multi-target dynamic model, which
includes target survival, motion, and birth [6], [28].

Undetected Targets (PPP): The predicted intensity of the PPP, X7 (-), is the sum of two components:
the intensity of surviving undetected targets from the previous step and the intensity of new
targets born at the current time step, A\,(-) [25], [28]. The prediction for the surviving targets is
governed by the survival probability ps(-) and the single-target transition density fi,_1(-[-). The
expression is:
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Ad (@) = Np(x) + /Ps(l‘/)fk|k—1(wliﬂ/)ku(l")dw' (2.6)

where the integral denotes the expected contribution from surviving undetected targets [25].

Detected Targets (MBM): Each existing Bernoulli component within the MBM is predicted forward
in time. The prediction step does not change the number of global hypotheses or the number of
Bernoulli components within each hypothesis [25]. For each Bernoulli component (r;;, f;;) in a
global hypothesis j, the predicted existence probability r]ﬂ and state density in(-) are calculated
based on the probability of survival and the motion model [25], [28]. The hypothesis weights W;
remain unchanged during this step [25].

Update Step

Given the predicted (prior) PMBM density and a new set of measurements Z, the update step
computes the posterior PMBM density using Bayes' rule. This step involves considering all
possible associations between measurements and targets, which leads to a significant increase
in the number of hypotheses [25].

e Undetected Targets (PPP): The intensity of the PPP for undetected targets is updated to
account for the possibility of missed detections. Essentially, the predicted intensity is scaled
by the probability of missed detection, ¢p(z), which is the probability of a target generating
an empty measurement set [25]. The updated intensity is:

Au(2) = gp (@) A (2) (2.7)

« Detected Targets (MBM): The update for the MBM component is more complex as it must
account for all data associations. For each predicted global hypothesis j, a new set of
updated global hypotheses is created, one for each valid association A of measurements in
Z to the targets in that hypothesis [25].

e - New Bernoulli Components: Each non-empty subset of measurements can be hy-
pothesized to have originated from a previously undetected target. This creates new
Bernoulli components, initiated from the predicted PPP [6].

- Existing Bernoulli Components: Each existing Bernoulli component from the prediction
is updated in one of two ways:

% Missed Detection: The target was not detected. The Bernoulli parameters are
updated accordingly, typically resulting in a lower existence probability [6].

 Detection: The target is associated with a specific measurement (or a subset of
measurements for extended targets). The Bernoulli component is updated using
this measurement, typically resulting in an existence probability of 1and a refined
state density [6].

- Hypothesis Weights: The weight 174, for each new global hypothesis is calculated
based on the likelihood of that specific data association. This likelihood is a product of
the likelihoods L¢ for each cell C in the measurement partition, which can correspond
to a new target detection, an existing target detection, or a missed detection [25].
The final weights are normalized across all new global hypotheses from all predicted
hypotheses.

Advantages of the PMBM Filter

The PMBM framework offers several significant advantages over other multi-target tracking
filters, such as the PHD or JPDA filters. A key theoretical advantage is that the PMBM density
functions as a conjugate prior for the standard multi-target dynamic and measurement models, a
property which holds for both point and extended targets [25], [27]. This conjugacy is crucial
because it means that if the prior density is a PMBM, the posterior density resulting from the
prediction and update steps also remains a PMBM. This stability allows for the derivation of
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closed-form recursive expressions, thereby providing an explicit representation of the posterior
density without requiring approximations of its functional form [6].

Furthermore, the structure of the filter facilitates more efficient hypothesis management by
separating targets into detected and undetected sets. The use of a Poisson Point Process for
the undetected targets provides an effective mechanism to handle potential new targets without
creating an excessive number of hypotheses [6]. This PMBM structure has also been shown to
be more efficient than that of the §-GLMB filter, as the PMBM often requires fewer hypotheses to
represent the same density [25].

Finally, regarding practical application, simulation studies have consistently shown that the PMBM
filter performs well in comparison to other state-of-the-art filters. It frequently outperforms
PHD, JPDA, and GNN filters, yielding smaller estimation errors. This superior performance is
particularly notable in challenging scenarios characterised by heavy clutter and frequent target
birth and death events [28].

Limitations and Practical Considerations

Despite its theoretical elegance and strong performance, the PMBM filter faces practical chal-
lenges, primarily related to computational complexity. The number of global hypotheses (i.e.,
components in the MBM) can grow exponentially with the number of measurements and detected
targets. This is because each new set of measurements creates a multitude of new data associ-
ation possibilities, leading to a rapid increase in the number of terms in the MBM density [25].
Specifically, the number of unique Bernoullis required in the exact PMBM filter equates to the
number of possible subsets of all measurements gathered up to the current time step [25].

This inherent combinatorial expansion means that computational tractability is not guaranteed.
Therefore, any practical implementation of the PMBM filter must necessarily use approximation
techniques to manage this complexity. Common strategies often begin with gating, which discards
unlikely measurement-to-target pairings based on their spatial distance or association probability,
thereby reducing the number of associations to consider [29]. Following this, hypothesis pruning
is frequently applied, which involves removing entire global hypotheses if their corresponding
weights fall below a predetermined threshold, effectively discarding the least likely interpretations
of the data [30].

To avoid enumerating all association possibilities in the first place, efficient ranking and selection
algorithms, such as the well-known Murty's algorithm, are utilized to find the k-best association
hypotheses directly [6], [26]. Furthermore, complexity is managed through merging techniques.
This involves combining Bernoulli components, or specific components like GGIW components
within the mixture, that are deemed sufficiently similar. This similarity is often quantified by
minimising the Kullback-Leibler divergence (KLD) between them, which serves to reduce the
total component count [25], [28]. Finally, a strategy known as recycling is often used to manage
components representing targets with very low certainty; this involves approximating Bernoulli
components that possess very low existence probabilities as a Poisson Point Process and adding
them back into the intensity function of the undetected targets [25].

By applying these methods, the PMBM filter can achieve a better balance between tracking
accuracy and computational cost, making it a state-of-the-art solution for multiple extended
object tracking problems [29].



Methodology

In this chapter we describe the implementations, models, scenarios, hyperparameter optimisation,
and evaluation protocol. The limits imposed on the methods and how to ensure a fair comparison
are also discussed.

3.1. Core Tracking Frameworks

To address the research questions comprehensively, three distinct multi-object tracking paradigms
were implemented. These were chosen to span a representative spectrum of approaches, from
classical, explicit data association methods to modern, implicit techniques based on Random
Finite Sets theory. This selection facilitates a thorough comparison of fundamentally different
tracking philosophies. All three frameworks were re-implemented in python within a common
simulation and data-processing environment to ensure consistency and fairness in evaluation.

3.1.1. The Baseline Tracking-by-Detection Approach

The first framework serves as a baseline and is implemented as a traditional Tracking-by-Detection
(TBD) pipeline. This paradigm explicitly separates the tasks of detection, data association, and
state estimation. In each frame, a standard DBSCAN algorithm is utilised to cluster the raw 4D
radar point cloud into a set of discrete object detections. Subsequently, the measurement-to-track
association problem is resolved using the Hungarian Algorithm, a robust and classical solution for
assignment problems in cluttered environments. The cost function for this assignment is based
on the Euclidean distance between predicted and measured states. Finally, the state of each
individual track is maintained and propagated over time using either a standard Kalman Filter for
linear models or an Unscented Kalman Filter for non-linear models, ensuring appropriate state
estimation for the chosen motion and extent models.

3.1.2. The Probability Hypothesis Density Filter

The second framework is the Probability Hypothesis Density (PHD) filter, a RFS-based method
that bypasses explicit data association. Instead of managing individual tracks, the PHD filter
propagates the first-order statistical moment, known as the intensity function, of the multi-target
posterior distribution. This function represents the density of expected objects across the state
space. By modelling both true targets and clutter within a unified probabilistic framework, the PHD
filter offers an elegant and computationally efficient alternative to traditional TBD. The specific
implementation used in this work is a Gaussian Mixture PHD (GM-PHD) filter, where the intensity
function is approximated by a mixture of Gaussian components. This approach is based on
the formulation presented by Granstrom et al. [13], with the full algorithmic details provided in
Appendix A.

The performance of the GM-PHD filter is dependent on some implementation choices, particularly
the target birth model and the measurement clustering method. The birth model is responsible

21
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for introducing new Gaussian components into the state during the prediction step, representing
potential new targets. The design of this model involves a trade-off: an overly dense birth model
can create excessive components and increase computational load, while a sparse model may fail
to initiate tracks for newly appearing targets correctly, thereby degrading performance. A simple
model placing birth components only at the edges of the sensor’s field of view is suboptimal in
this case, as targets can already be present within the field of view before they are first detected.
Therefore, this work employs an angular-sector grid model, which partitions the entire field of
view into 16 sectors, as illustrated in Figure 3.1. Each sector defines a birth component with
specific spatial uncertainty, ensuring that new tracks can be initiated anywhere in the sensor’s
range.

Angular Sector Grid Birth Model
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Figure 3.1: Angular-sector birth model used for the GM-PHD filter. The field of view is partitioned into 16 angular sectors;
each sector defines a birth component with associated spatial priors. Elipses are drawn at one standard deviation.

The second choice is the measurement clustering technique. To reduce the combinatorial
complexity of associating every measurement with every Gaussian component, measurements
are first grouped into clusters, where each cluster likely originates from a single source. This
work adopts a multi-scale DBSCAN approach, a method also utilised in [13] and [27]. By running
the DBSCAN algorithm multiple times with different distance parameters, several alternative
partitions of the measurement set are generated. This provides a robust way to handle variations
in measurement density and object extent. While other clustering techniques exist, this method
was selected for its proven effectiveness and its applicability across different RFS filters, including
the PMBM filter discussed later. This consistency in pre-processing ensures a more direct and
fair comparison of the core filtering algorithms.

3.1.3. The Poisson Multi-Bernoulli Mixture Filter

The third and most sophisticated framework implemented is the Poisson Multi-Bernoulli Mixture
(PMBM) filter, a state-of-the-art RFS-based tracker. The PMBM filter provides a more refined
approach than the PHD filter by partitioning the set of objects into two distinct populations.
Previously undetected objects, for which there is no prior information, are modelled as a Poisson
Point Process. Conversely, objects that have been detected at least once are modelled as a set
of individual Bernoulli RFS, each with its own probability of existence and state distribution. This
partitioned structure allows for more explicit track management and data association hypotheses
within the RFS framework, providing a richer representation of the multi-object state. The
implementation for this work follows the work of Xia et al. [31], Granstrom et al. [25], and
Garcia-Fernandez et al. [6], with a detailed description available in Appendix B.

For the implementation of the PMBM filter the same clustering technique and birth model are
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used as described in subsection 3.1.2. This ensures that the pre-processing steps are consistent
across both RFS-based methods, allowing for a more direct comparison of their core filtering
algorithms.

3.2. State and Extent Representation Models

In this thesis we test how state and extent model choice affects tracking accuracy in maritime
data. To investigate this, each of the three core tracking frameworks was paired with a variety
of motion and extent models, ranging from simple to complex. This combinatorial approach
allows for a systematic analysis of how model choice interacts with the tracking algorithm's
performance. The full derivations of all motion models and their corresponding process noise
models are presented in Appendix F.

3.2.1. Extended Object Models
Three distinct models were implemented to represent the physical extent of maritime vessels.

« Random Matrix or Inverse Wishart (GIW) Model: A random matrix-based using an Inverse
Wishart Distribution to probabilistically represents an object’s elliptical shape. Its key
advantage is that it forms a conjugate prior within the Bayesian framework, allowing for
efficient and closed-form linear updates. The implementation details are given in Appendix C.

« Gaussian Process (SCGP) Model: A flexible, non-parametric model used to learn and
represent arbitrary, non-elliptical object shapes directly from the sensor’s point cloud mea-
surements. This model is capable of capturing more complex vessel geometries. The
specific implementation is detailed in Appendix D. Used in this work is the EKF implementa-
tion of the extent model. The UKF version was implemented and tested but wasn't feasible
to use in practice due to computational constraints. For a similar reason a symmetric basis
function is used.

« Principal Axis (PA) Model: A simple parametric model that approximates an object’s extent
as an ellipse, estimating its centre, semi-axis lengths, and orientation. This serves as a
baseline for extent estimation.

3.2.2. Motion Models
Four different motion models were employed to capture the kinematic behaviour of vessels.
These models are categorised by their assumption of linearity.

» Linear Models: These models are suitable for objects with simple dynamics.

- Constant Velocity (CV): Assumes an object moves in a straight line at a constant speed.
It is the simplest model and serves as a fundamental baseline.

- Constant Acceleration (CA): Extends the CV model to account for linear acceleration,
making it suitable for objects that are speeding up or slowing down.

» Non-Linear Models: These are required to accurately model more complex vessel manoeu-
vres.

- Constant Turn Rate and Velocity (CTRV): Models objects moving along a circular path
with a constant turn rate and speed, which is characteristic of coordinated turns.

- Constant Turn Rate and Acceleration (CTRA): The most complex model evaluated,
allowing for simultaneous changes in both speed and turn rate. This model is designed
to capture highly dynamic and non-linear manoeuvres.

3.3. Experimental Design and Data

The evaluation was conducted in two distinct phases to ensure both a controlled, systematic
comparison and a robust validation against real-world complexities. The first phase utilised
simulated data for rigorous quantitative analysis, while the second phase used real-world data to
verify the applicability of the findings.
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3.3.1. Simulated Data

A custom simulator was developed to generate realistic 4D millimeter wave radar point clouds,
though not physically correct, for a series of predefined maritime scenarios. This simulation envi-
ronment provides perfect ground truth for all object states, including their kinematics and extent,
as well as the associated point cloud measurements. This enables precise and unambiguous
error calculation. The simulator accounts for key radar characteristics, including discrete range
and velocity bins, signal fall-off with distance, clutter noise, and angular noise, though it does not
model angular binning.

The simulated scenarios were designed to encompass a range of critical and challenging maritime
situations, such as head-on approaches, overtaking manoeuvres, crossing paths, and interactions
near static infrastructure like buoys and docks. These scenarios, exemplified in Figure 3.2, were
crafted to stress-test the tracking frameworks under varied conditions of target count, motion
complexity, and object extent.
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Figure 3.2: Example simulated tracking scenes used in the evaluation. Each panel shows ground truth for the indicated
scenario. These figures illustrate varied target counts, motion complexity, and object extents used to stress-test the
tracking frameworks.
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3.3.2. Real-World Data

For the second phase of the evaluation, a dataset was collected using a 4D millimeter wave
radar mounted on a vessel operating in an inland waterway. This phase serves as a crucial
validation step, intended to confirm that the conclusions drawn from the simulated experiments
are robust and applicable under real-world conditions. This dataset features genuine sensor noise,
environmental clutter, and the unpredictable behaviour of other vessels, providing a final test of
the algorithms' practical viability. Example scenes from this dataset are shown in Figure 3.3.
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Figure 3.3: Selected experimental tracking scenes from the real-world dataset. Each panel shows ground truth and
estimated tracks for the indicated encounter (2D views and 3D visualisations where available).

3.4. Hyperparameter Optimisation for Fair Comparison

A critical component of this methodology is ensuring that every algorithm is evaluated at its
optimal performance. A naive comparison using default or arbitrarily chosen parameters would
be scientifically unsound and could lead to misleading conclusions. To address this, a rigorous
hyperparameter optimisation process was conducted for every unique combination of tracking
framework, motion model, and extent model.

This process was automated using the Optuna framework[32]. For each specific combination,
a separate optimisation study was performed on the simulated dataset. Optuna systematically
explores the high-dimensional parameter space of the algorithm—including parameters such as
process noise, detection thresholds, and gating parameters—with the objective of finding the
hyperparameter set that minimises the GOSPA tracking error, as defined in section 3.5.
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Furthermore, to gain insight into the tuning process, parameter importance was analysed using
PED-ANOVA (Pearson Divergence ANOVA). This technique identifies which hyperparameters are
most critical for achieving top-tier performance by comparing the distributions of parameters from
high-performing trials against the distributions from all trials. This allows for the identification of
parameters that require precise tuning. This meticulous process yields two key outputs: first, the
best possible hyperparameter configuration for each algorithm combination, ensuring a fair and
robust comparison; and second, a valuable analysis of parameter importance, revealing which
tuning parameters most significantly influence tracking performance.

3.5. Evaluation Protocol

To ensure consistency and objectivity across all experiments, the performance of each tracker
configuration was quantified using a single, comprehensive metric.

3.5.1. Core Metric: GOSPA

The chosen metric is the Generalized Optimal Sub-Pattern Assignment (GOSPA)[33]. The rationale
for this choice is that GOSPA provides a mathematically principled and unified framework for
measuring the distance between the set of ground truth objects and the set of estimated tracks.
It elegantly decomposes the total tracking error into three intuitive and interpretable components:
a localisation error for correctly detected and assigned tracks, a penalty for missed objects, and
a penalty for false tracks. This decomposition allows for a nuanced analysis of tracker behaviour
beyond a single error value.

Once the GOSPA metric has established the optimal assignment between estimates and ground
truth targets, the errors in position, velocity, orientation, and shape are quantified for the matched
pairs. A crucial aspect of this evaluation protocol is that the assignment produced by the GOSPA
calculation is used as the single source of truth for matching across all subsequent analyses.
This ensures that when comparing different algorithms, the association between estimates and
ground truth is determined by the exact same logic, thereby eliminating the assignment process
itself as a confounding variable and guaranteeing a fair comparison.

Component-wise cost used for GOSPA assignment

Let a kinematic-extent state be s = [z, vy, v, vy, I, w, ¥]T, with position p = (z,y) ", velocity
v = (vz,vy)", shape e = (I,w)", and orientation ¢ € [-m, 7). Given two states x and y, the
component-wise discrepancies are

dpos(X,¥) = [|Pz — Pyll2,

dvel(x,y) = [[Ve = vyll2,
dshape(XaY) = lles — ey”%

dori(%,y) = ’Wfap(¢m - ¢y)}7

where the shortest signed angular difference is computed by
wrap(Ay) = atan2 (sin A, cos Aw) € [-m, ).
Each component is normalized by fixed error margins

6
Mpos = DM, Myel = 0.5m/S, Mshape =2 M, Mg =6° = é rad.
Let d, = dr/my for k € {pos,vel, shape,ori}. The aggregated cost used within the GOSPA
assignment is the quadratic sum

c(x,y) = dp205 + dvzel + ds2hape + dozri'

An error equal to its margin contributes unity to the sum, yielding balanced weighting across
components.



Results

This chapter presents the quantitative and qualitative results of the experiments described in
Chapter 3. Its purpose is to evaluate and compare the performance of three multiple-target
tracking frameworks, Tracking-by-Detection, Probability Hypothesis Density and Poisson Multi-
Bernoulli Mixture, when paired with a variety of motion and extent models and exposed to differing
sensor and clutter conditions.

For reproducibility and fairness, all methods were implemented within a common simulation
and data-processing framework. Hyperparameters for each approach were selected using the
optimisation study reported at the start of this chapter so that comparisons reflect representative
and well-tuned configurations rather than arbitrary parameter choices.

The principal quantitative metric used is the Generalized Optimal Sub-Pattern Assignment error.
GOSPA provides a single, interpretable score by penalising localisation errors, missed targets
and false tracks, and thus facilitates a detailed decomposition of tracking performance.

The chapter is organised as follows. It begins with the hyperparameter optimisation study that
establishes a fair basis for comparison. This is followed by the core quantitative results from the
simulated scenarios and a qualitative analysis of typical tracker behaviour and failure modes.
Finally, the chapter concludes with an evaluation of the algorithms on the real-world dataset.

4.1. Parameter Study

To enable a controlled comparison, each configuration was tuned before evaluation. A direct
comparison using arbitrary or default parameters would be scientifically unsound. To address
this, a rigorous, automated hyperparameter optimisation process was conducted for every unique
combination of tracking framework, motion model, and extent model. This study was performed
exclusively on the simulated dataset, using the Optuna framework[32] to systematically search
for the parameter set that minimised the mean GOSPA error accrross several scenes.

To gain deeper insight into the tuning process, the relative importance of each hyperparameter
was quantified using Pearson Divergence ANOVA (PED-ANOVA). This analysis identifies which
parameters are most critical for achieving high performance. The following sections present the
key findings from this parameter importance study for each of the three core tracking frameworks.

For brevity and clarity the relevant graphs can be found in the appendix Appendix G. A sample
graph is shown in Figure 4.1 to illustrate the format and type of information presented. Each bar
represents a hyperparameter, with its width indicating the relative importance of that parameter
in influencing the tracker’s performance as calculated by the ANOVA. The parameters are sorted
in descending order of importance, allowing for quick identification of the most critical factors
affecting the tracker's accuracy and robustness.

27
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Figure 4.1: Random Matrix (GIW) extent model

4.1.1. Tracking-by-Detection

The performance of the TBD framework is highly dependent on the quality of its sequential
processing stages: detection, association, and filtering. As shown in Figure G.1, the parameter
importance analysis reflects the critical nature of these distinct steps.

For the TBD tracker paired with the RM extent model (Figure G.1a), the most influential parameters
were Tau, IW Nu, and IW Covariance. These results indicate sensitivity to the initial extent and
measurement-rate assumptions of the Random Matrix extent model. What is remarkable is
the rather low importance of the undetected threshold for this filter as compared to the other
methods. For the SCGP model (Figure G.1b), DBSCAN Min Samples and the Undetected Threshold
dominated, indicating that tracker performance depends primarily on the quality of the initial
DBSCAN point-cloud clustering.

4.1.2. Probability Hypothesis Density

For the PHD filter, which integrates detection and tracking, the parameter study revealed a high
sensitivity to the models governing target birth and sensor measurements. As seen in Figure
4.2a for the RM PHD filter, the most critical parameters were Beta Fa, Eta, and Rho. These
hyperparameters control the intensity of new "birth” components and the expected measurement
rate from targets. This indicates that the PHD filter's performance is critically dependent on how it
is configured to handle the appearance of new objects and how it models the radar’'s measurement
generation process. A similar trend was observed for the SCGP PHD filter (Figure G.2b), where
the birth parameter Beta Fa and the GP's own noise parameter Sigma R were dominant.

4.1.3. Poisson Multi-Bernoulli Mixture

Only the Random Matrix (GIW) was optimized for the PMBM use case. The other methods could
not be effectively tuned due to long runtimes requiring a severely reduced range to even run.
The PMBM filter represents the most complex framework, and its parameter study was confined
to the RM extent model due to the prohibitive computational cost of the other configurations. The
results, summarised in Figure G.3, show that the probability of detection (Pd) was overwhelmingly
the most influential parameter. This suggests that the PMBM filter's performance is most sensitive
to its internal model of the sensor’s reliability. The parameters of the Inverse-Wishart distribution
(Iw Nu, lw Covariance), were also highly significant.

When applied to the real dataset, the optimiser consistently converged on parameter sets that
resulted in zero detections. In the presence of significant real-world clutter, the GOSPA penalty
for generating numerous false tracks was often higher than the penalty for simply missing all
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ground truth targets. Consequently, the optimiser found a local minimum by becoming highly
conservative. This practical challenge is explored further in Section 5.4.1.

4.2. Combined Error Results

The tracking performance across various simulated and real-world scenarios is presented using
the GOSPA metric. The results are grouped by scenario type.
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Figure 4.2: GOSPA combined results for the four-target simulated scenarios.

4.2.1. Simulated Data Observations

The results from the simulated scenarios are shown in Figure 4.2 and Figure 4.3. A consistent
observation across these tests is the superior performance of the Random Matrix Model (GIW)
compared to the Gaussian Process (GP) and Principal Axis (PA) models. This is evidenced by lower
GOSPA scores and more stable cardinality estimates. The Tracking-by-Detection frameworks
also appear to be generally well-suited for these problems.

In the four-target scenarios shown in Figure 4.2, the PMBM filter exhibits highly variable GOSPA
values. However, its cardinality estimate periodically stabilises on the correct number of targets,
at which points it demonstrates high accuracy. Comparing the simple and complex motion
scenarios (Figure 4.2b and 4.2a respectively) reveals that the SCGP TBD filter performs better
with simpler dynamics, whereas the GIW TBD filter's performance appears to degrade.

For the three-target scenarios in Figure 4.3, it is notable that the introduction of varying target
sizes (Figure 4.3b) significantly worsens the performance of the TBD filters compared to the
complex motion scenario with uniformly sized targets (Figure 4.3a). This suggests a challenge in
tracking objects of different extents simultaneously. In the complex motion test, the PMBM filter,
despite its noise, achieves moments of very low GOSPA error, indicating high potential accuracy.
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Figure 4.3: GOSPA combined results for the three-target simulated scenarios.
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4.2.2. Real Experimental Data Observations

The results from the real-world vessel tracking experiments are shown in Figure 4.4. A key
difference from the simulated data is the absence of a sharp initial drop in the GOSPA score.
In simulation, this drop signifies the filter converging as targets appear. Its absence here may
indicate that targets are present from the beginning of the sequence. The persistently high
GOSPA values could also be linked to a general overestimation of the target count across most
filters.

A particularly noteworthy trend is the behaviour of the PA PHD filter. Across all real data scenarios,
it consistently estimates a very low, often zero, number of targets. This suggests that its parameter
optimisation may have converged to a local minimum that favours non-detection to minimise
error.

Finally, a direct comparison between 2D and 3D data for the 'Waterbus 2' scenario (Figures 4.5a
and 4.5b) shows that the GOSPA values are generally lower for the 3D data. This performance
improvement is likely due to the additional information in the 3D point clouds, which helps to
reduce measurement noise and subsequently leads to fewer false tracks being initiated by the
filters.

4.3. Motion Model Performance

To evaluate the impact of the underlying motion model on tracking accuracy, a comparative
analysis was conducted. This section details the performance of four distinct motion models:
two linear models, Constant Velocity and Constant Acceleration, and two non-linear models,
Constant Turn Rate and Velocity and Constant Turn Rate and Acceleration. The non-linear models
were implemented using both an Extended Kalman Filter and an Unscented Kalman Filter. The
performance was assessed against two distinct trajectories: a simulated, predictable circular
path with a switch to constant velocity and a more complex, unpredictable trajectory from a
vessel recorded with a high quality on-board GPS.
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Figure 4.7: The trajectories to be tracked with varying motion models.

4.3.1. Simulated Trajectory Analysis

The tracking errors for the simulated scenario, depicted in Figure 4.7b, are presented in Figure 4.8.
The results yield a noteworthy and somewhat counter-intuitive outcome. Despite the simulation
featuring a constant-rate turn followed by a straight, constant-velocity segment—dynamics for
which the CTRV model is theoretically ideal—it is the linear Constant Acceleration (CA) model
that demonstrates consistently superior performance.
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Tracking Error Analysis on Simulation
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This outperformance is not limited to a single metric. The CA model achieves not only higher
positional accuracy but also more precise estimates for both heading and velocity when compared
to all other models, including the non-linear variants. This is a significant finding, as it highlights
the robustness of a relatively simple linear model even in a scenario with curvilinear motion.

When comparing the two linear models, the CA model also slightly outperforms the Constant
Velocity (CV) model, particularly in positional accuracy during the later stages of the track.

However, the non-linear models exhibit a distinct initialisation problem. As seen in Figure 4.8,
both models display significant initial errors in heading and velocity at the moment a track is
initiated and for quite a few seconds afterwards. This behaviour can be partly attributed to the
initialisation of higher-order kinematic states (i.e., acceleration) at zero, which requires the filter
several time steps to converge to an accurate estimate. Nevertheless, once this convergence is
achieved and the track becomes more stable, though not as stable as the linear models.

4.3.2. Real-World Trajectory Analysis

Tracking Error Analysis on Real Data
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Figure 4.9: Tracking error comparison on the real-world trajectory. The subplots show positional, heading, velocity and
bounding-box error over time for the indicated motion model.

The analysis of the real-world vessel trajectory, captured in Figure 4.7a, presents a significantly
more challenging tracking problem than the simulated case. The corresponding error metrics are
detailed in Figure 4.9. An immediate observation is the substantial increase in measurement noise
across all metrics, with the heading error appearing particularly erratic. This is to be expected, as
the vessel's true motion does not adhere to any single, simplified model; it is subject to complex
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dynamics, including side-slip, as it executes a very tight turn relative to its length.

A key consequence of this complexity is that track continuity is intermittent. The plots show
frequent gaps, indicating that the target is either lost and later reacquired, or that the filter's state
estimate diverges too far from the ground truth to be correctly associated. The degree of this
intermittency varies between models. As highlighted in the focused comparison in Figure 4.10,
the CA model provides a more consistent track than the CV model, maintaining the track for a
longer duration, as indicated by the more extensive plot line.

Once again, the CA model outperforms the non-linear models, particularly in the estimation of
velocity. This result is interesting, as one might expect the turn-based models to excel in this
scenario. A potential explanation for their failure lies in the severity and speed of the manoeuvre.
The vessel shifts from turning in one direction to the other very rapidly, which would require a
sudden and large change in the filter's turn-rate state. The process noise associated with the turn
rate may not be tuned to accommodate such rapid changes, preventing the filter's covariance
from expanding quickly enough for it to adapt with sufficient agility. The CA model, lacking this
specific turn-rate state, may be able to represent the manoeuvre more effectively through its
linear acceleration components.

4.3.3. EKF vs UKF for Non-Linear Models

A direct comparison was made between the Extended Kalman Filter and the Unscented Kalman
Filter for implementing the non-linear CTRV and CTRA motion models. The UKF was implemented
according to the standard formulation. For all filter variants, the key parameters, namely the initial
state covariances and the process noise terms, were optimised over at least 300 trials to ensure
a fair comparison based on their best achievable performance.

The results for the simulated circular trajectory are presented in Figure 4.11. A distinct difference
in initialisation performance is immediately apparent. The EKF exhibits significant initial instability,
with large swings in error across all metrics, suggesting a prolonged convergence period. In
contrast, the UKF achieves a stable and accurate estimate much more rapidly. However, it
is important to note that once the EKF's initialisation phase is complete and its estimate has
stabilised, its performance becomes remarkably similar to that of the UKF. Ultimately, both filter
implementations for a given model converge to a highly accurate state estimate, for both position
and shape. A persistent characteristic of both non-linear filters, however, is a slightly noisy and
oscillatory heading estimate, a behaviour that is less pronounced in the linear CV and CA models.

When applied to the more demanding real-world data, shown in Figure 4.12, the performance
dynamic between the two filters shifts. Interestingly, the EKF appears to handle certain aspects of
this complex trajectory better than the UKF. Specifically, for the CTRA model, the EKF maintains a
more consistent track during the initial section of the manoeuvre compared to its UKF counterpart.
The precise reason for this reversal in performance is not immediately clear from the results, but
it remains a noteworthy observation, highlighting that the theoretically more robust UKF is not
universally superior in all practical scenarios.

4 4. Extent Model Performance Analysis

This section presents an analysis of the various extent models, focusing on their performance
with real-world data. To illustrate their behaviour, zoomed-in sections from different time steps
of the tracking algorithm are used, as depicted in Figure 4.13 and Figure 4.14. These figures
showcase how the estimates evolve over time and are affected by incoming sensor data.

4.4.1. Random Matrix Model

The Random Matrix models, both the Tracking-by-Detection and Probability Hypothesis Density
filter variants, demonstrate rapid convergence to a stable and accurate bounding box of the
target. As seen in Figure 4.13a and Figure 4.13b, the elliptical estimates conform well to the
target's shape. A notable advantage is the model’s ability to skew the ellipse to cover the target
effectively, even when the initial velocity estimate is offset. This characteristic is particularly
beneficial for accommodating phenomena such as vessel side-slip.
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Tracking Error Analysis on Simulation
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Figure 4.11: Tracking error comparison on the simulated circular trajectory for non-linear motion models implemented
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and filter variant.



4.4. Extent Model Performance Analysis 38

Tracking Error Analysis on Real Data
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Figure 4.14: Comparison of extent models zoomed-in view at comparable time steps for target 1. Note that the time steps
are not exactly the same between models due to differing quality of the tracks.
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Across the dataset, minimal performance difference is observed between the TBD and PHD filter
implementations. Both methods converge swiftly from an initial estimate to a stable one after
only a few measurement updates. However, it is noted that there can be a slight delay before an
initial track is formed.

When a target begins to leave the sensor’s field of view, the model's estimate is observed to
shrink and re-centre around the few remaining measurement points, as shown in the rightmost
plots of Figure 4.14. This behaviour is expected, as the implemented filter lacks specific logic to
account for objects exiting the scene. Nevertheless, compared to other models, the RM approach
maintains its shape integrity more effectively during this phase.

4.4.2. Star-Convex Gaussian Process Model

The Star Convex Gaussian Process model exhibits distinct characteristics. Its extent function
can expand asymmetrically, allowing it to extend further in one direction than another. This can
lead to an initial estimate that trails behind the target while simultaneously elongating forwards
to encompass all measurement points, as illustrated in Figure 4.13c. Over time, the estimate
typically contracts and re-centres, but this initial elongation effect is a common feature.

A consistent observation is that the SCGP model often overestimates the target’'s size and
struggles to accurately represent long, thin objects. In certain specific cases, it can provide a
more stable or correct shape estimate than other models, but this comes at a significantly higher
computational cost.

The combination of the SCGP extent model with the PHD filter (Figure 4.13d) appears to be
suboptimal in this implementation. This pairing tends to produce oversized and irregularly
shaped estimates rather than converging towards a well-defined rectangular shape. This may
be attributable to modelling choices, such as the birth model, which might be less suitable
for this particular filter configuration. Furthermore, there appears to be a tendency within the
filter to expand the perimeter function rather than adjusting the kinematic state to better fit the
measurements, although the estimate does generally improve over time.

4.4.3. Principal Axis Model

The Principal Axis model, which explicitly estimates the ellipse parameters rather than using
a random matrix, frequently underestimates the size of the target (see Figure 4.13e). It also
demonstrates a high sensitivity to new data, readily adjusting its estimate rather than maintaining
a more stable, time-averaged shape. While this reactivity can be tuned, the parameters used
here were selected following a parameter study that identified them as optimal for this dataset.

In this work, the PA model failed to produce any valid estimates when combined with the PHD
filter for the targets present in the data.

Similar to the other models, the PA estimate shrinks considerably as the target leaves the field
of view, adjusting to fit the few detections originating from the corner of the object (visible in
Figure 4.14e). This behaviour again highlights the model's high responsiveness to the immediate
measurement set.



Discussion

This chapter interprets the results from Chapter 4, focusing on the trade-offs between algorithmic
complexity and tracking performance in the maritime domain. It synthesises the key findings to
discuss the comparative performance of the different filters, shape models, and motion models
tested. The discussion also covers practical challenges, such as hyperparameter optimisation
and sensor limitations.

5.1. Filter Frameworks: A Comparison of TBD, PHD, and PMBM Ap-

proaches

A key finding from this work is that increased filter complexity did not necessarily yield superior
tracking performance. In fact, the most effective and reliable results were achieved with the
comparatively simpler frameworks: a baseline Tracking-by-Detection implementation and the
Probability Hypothesis Density filter. Both of these methods performed exceptionally well when
paired with the Random Matrix (GIW) extent model. On simulated data, this effectiveness was
particularly evident, with the state estimates of both filters converging to low error values and
maintaining a stable number of target tracks with very few false positives, aligning with the
expectations set during the parameter study.

In contrast, the more sophisticated Poisson Multi-Bernoulli Mixture filter, even when combined
with the same Random Matrix extent model, struggled to produce comparable results. While it
was capable of forming tracks on the targets, its output was plagued by a significantly higher
number of false positives. Furthermore, the tracks it generated were often unstable, appearing
and disappearing intermittently. This unreliable performance is particularly noteworthy given
that the PMBM filter is far more computationally intensive, requiring techniques such as gating
merely to be a tractable solution. The results suggest a clear mismatch between its theoretical
sophistication and its practical utility in this specific application.

The PHD filter occupies a middle ground in terms of complexity and performance. It performed on
par with the simple TBD baseline, providing stable and accurate tracks. The primary theoretical
advantage of the PHD filter is its inherent ability to estimate the number of targets (the cardinality)
directly from the integral of the density function over the entire state space. This is a more
principled approach than simply counting the number of confirmed tracks after state extraction.
However, despite this conceptual elegance, the PHD filter did not deliver a markedly better
performance than the baseline single-target tracker with a simple assignment logic, as can be
seen in Figure 5.1. The additional implementation and computational overhead did not translate
into a tangible improvement in the final tracking output for this scenario.

To put this in additional context Figure 5.2 shows the average computation time per frame for
each filter configuration. The PMBM filter is orders of magnitude slower than both the PHD
and TBD approaches, which are comparable in speed. While this does come with the side
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note of none of these algorithms being optimized for speed and efficiency in this work beyond
what was required to make them computationaly viable (i.e. gating, pruning, etc.). This stark
difference in computational demand further emphasises the impracticality of the PMBM filter
for real-time applications in this context, especially when its performance does not justify the
additional complexity. What is additionally noteworthy is that the choice of extent model and it's
implementatation can greatly effect the computation time, with the non-linear models (SCGP and
PA) being significantly slower compared to the linear Random Matrix(GIW) model across all filter
types. Even worse then one would expect when considering the modest increase of the Random
Matrix model from TBD to PHD.
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Figure 5.2: Stacked visualisation of computation-time results: (a) per-frame time distributions and (b) mean time per
frame per filter configuration. Note that these figures only serve as an indication of relative computational cost, as the
implementations were not optimised for speed beyond basic techniques to ensure tractability.

5.2. The Diminishing Returns of Complex Motion Models

Complex motion models offered surprisingly little benefit in this application. The experimental
results consistently showed that the non-linear Constant Turn Rate and Velocity and Constant
Turn Rate and Acceleration models offered no significant performance advantage over the much
simpler linear Constant Velocity and Constant Acceleration models. This observation can be
explained by three main factors.

Low Vehicle Dynamics: Vessels in inland waterways, due to their large mass and operational
constraints, exhibit low dynamics. They accelerate, decelerate, and turn slowly and predictably,
so the abrupt, highly non-linear manoeuvres that would necessitate a model like CTRA are simply
not prevalent.
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High Sensor Update Rate: The 4D radar sensor provides measurements at a high frequency. The
short time interval between updates means that a simple linear extrapolation of the state is often
a sufficiently accurate prediction, as the vessel's displacement and change in heading between
frames are small, reducing the need for a more sophisticated curvilinear model.

Dominance of Sensor Noise: At longer ranges, the inherent measurement noise and sparsity of
the radar point cloud are significant, as can be clearly seen in Figure H.10d. Any subtle accuracy
gains afforded by a more precise motion model are likely swamped by the uncertainty in the
measurement data itself, so the filter's primary challenge becomes noise rejection rather than
precise motion prediction. This finding is context-dependent; the models’ utility was limited by
the low dynamics of the vessels and the high sensor update rate. Their additional complexity
and computational overhead are therefore not justified in this context, though they may prove
more valuable for faster targets or different sensor configurations.

5.2.1. Interaction with Extent Modelling

One might argue that a key advantage of a non-linear model is its ability to decouple an object's
heading from its velocity vector. This is particularly relevant for vessels performing slow manoeu-
vres, such as docking, where they can exhibit significant side-slip (i.e., moving sideways whilst
pointing forwards). While a non-linear motion model could explicitly estimate this, the use of an
extent model in this framework provides an alternative and effective solution.

The extent model, by its nature, estimates the shape and orientation of the vessel separately from
its kKinematic state. It can therefore represent a side-slipping vessel accurately without requiring
a complex motion model to capture the non-linear dynamics. In effect, the task of representing
the vessel's orientation is offloaded to the extent model. While this approach means that the
dynamic interplay between heading and velocity (e.g., skidding during a turn) is not explicitly
estimated, the primary goal of determining the space occupied by the vessel—its 'risk shape'—is
still achieved.

Ultimately, the combination of a simple linear motion model, such as Constant Acceleration, with
a flexible extent model, like the Random Matrix model, provides the best of both worlds for this
application. Given the high sensor update rate, this pairing yields a stable and accurate track
that can estimate the hazardous area around other vessels, fulfilling the main objective of the
tracking system without incurring the unnecessary complexity and computational overhead of
non-linear motion models.

5.3. On Extent Modelling Approaches

The performance of the various extent models demonstrates a clear advantage for linear models
within the implemented tracking frameworks. Of the three models investigated, the Random
Matrix, the Star-Convex Gaussian Process, and the Principal Axis model, only the Random Matrix
approach constitutes a fully linear system. Both the SCGP and Principal Axis models are inherently
non-linear, necessitating the use of an Extended Kalman Filter for state estimation; a process
that requires the derivation and computation of Jacobian matrices for linearisation.

5.3.1. The Impracticality of Complex Shape Models

Although sophisticated models such as the SCGP exhibit theoretical promise, their practical
benefits were not realised within the scope of this application. Given a sufficient density of
high-quality measurements, it is conceivable that a Gaussian Process could estimate a more
precise and complex object shape. However, for the primary objective of determining a robust
and simple extent for applications such as collision avoidance, the additional complexity offers
no tangible advantage. A simpler model that estimates an elliptical extent, such as the Principal
Axis or Random Matrix model, provides sufficient information for this purpose. Consequently,
the computational overhead and tuning effort required for the non-linear SCGP model are not
justified by its performance in this context.
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5.3.2. The Impact of Non-Linearity in Elliptical Estimation

A particularly insightful finding is the performance discrepancy between the Random Matrix
and Principal Axis models. Although both models estimate an ellipse that encompasses the
target's measurements, the Random Matrix model performed significantly better. This disparity is
attributable to the non-linearity inherent in the Principal Axis formulation. The explicit estimation
of orientation is a non-linear problem, which introduces complexities and potential instabilities
into the filter that are absent in the purely linear Random Matrix system.

This suggests that the tracking frameworks, from the baseline tracker to the more advanced
Random Finite Sets filters, function most effectively when their constituent components are linear.
These systems are built upon a foundation of probability theory that is most robust and tractable
for linear-Gaussian systems. Although the Principal Axis model appears simpler superficially,
estimating only a few intuitive parameters, it proves more challenging to handle in practice, as
the non-linear mapping from measurements to the state is less direct and stable.

In contrast, the Random Matrix model benefits from its strong probabilistic grounding. It provides
a natural and mathematically sound method for associating measurements with a state estimate
via the Mahalanobis distance. Furthermore, it possesses well-defined and analytically tractable
methods for operations such as merging, which are crucial within multi-target filtering. These
properties, namely its linearity and rigorous probabilistic formulation, are the likely reason for its
prevalence and efficacy as a model in the mathematical literature on extended object tracking.

5.4. Practical Challenges and System-Level Limitations

Beyond the core algorithmic comparison, the study highlighted several practical challenges
inherent to the application. These challenges span from computational constraints and data
quality issues to simplifying assumptions made about the operating environment. The following
sections detail these limitations, providing context for the interpretation of the results and outlining
avenues for future research.

5.4.1. Hyperparameter Optimisation on Real-World Data

A significant challenge was the failure of the automated hyperparameter optimisation process
on the real-world dataset. As noted in the results, the optimiser tended towards solutions that
produced zero detections. This counter-intuitive result likely stems from the interaction between
the GOSPA metric and the nature of real-world radar data, which contains significantly more
clutter and potential for false positives than the simulation. The GOSPA metric penalises both
missed targets and false tracks. In a cluttered environment, a poorly tuned filter can generate
a large number of false tracks, leading to a very high GOSPA score. The optimiser may then
discover that the easiest way to reduce this high penalty is to become extremely conservative,
raising detection thresholds to the point where it reports no targets at all. In this state, the penalty
is simply the cost of the missed ground truth targets, which can be lower than the cost of tracking
the ground truth targets plus many false positives. This suggests that the cost function landscape
is non-trivial and that for real-world data, a more sophisticated optimisation strategy or a different
evaluation metric might be required to avoid such local minima.

5.4.2. Constrained Scope of Algorithmic Permutations

A primary limitation of this research was the inability to test every possible permutation of the
tracking filters, motion models, and extent models. The combinatorial explosion of potential
configurations, coupled with significant time and computational constraints, necessitated a
focused approach. The core of the comparative analysis was therefore structured to evaluate the
different filter and extent model combinations against a common baseline: the linear Constant
Velocity (CV) motion model.

This decision meant that the potential benefits of pairing certain filters with more complex, non-
linear motion models were not explored. For instance, the Gaussian Process (GP) motion model,
which can infer and utilise target heading information from the point cloud, might have yielded
superior performance in combination with the PHD or PMBM filters, particularly during target
manoeuvres. However, these combinations were not tested. Furthermore, the PMBM filter, owing
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to its substantially higher computational demand, was only evaluated with the CV motion model
and the Random Matrix extent model. An exhaustive optimisation and comparison of the PMBM
filter with other non-linear or extent models was computationally intractable within the project’s
timeframe. Consequently, while the study offers a clear comparison of the algorithms under
linear assumptions, it cannot make definitive conclusions about their relative performance in
highly non-linear scenarios where alternative motion models might have a distinct advantage.

5.4.3. Ground Truth Generation and Data Fidelity

The generation of accurate ground truth for real-world, uncontrolled maritime environments
presented a persistent challenge that directly impacts the certainty of the performance evaluation.
The fidelity of the ground truth varied significantly across the datasets due to several factors:

Unaccounted-for Objects and Clutter

The real-world scenes contained numerous radar returns that did not correspond to any ground
truth target. These included reflections from static objects like channel markers and buoys, as
well as detections from other small vessels not included in the ground truth. This unlabelled
clutter complicates evaluation, as a filter might generate a valid track for a real object that is
simply absent from the ground truth data, unfairly penalising the algorithm’s performance score.

Inconsistent Data Sources

The ground truth was compiled from multiple sources of varying quality. For some vessels,
ground truth was derived from sparse AIS data, which often provided position updates only once
every several seconds. This necessitated interpolation between a limited number of data points
to form a continuous trajectory. For two small pleasure craft, trajectories and extents had to
be manually annotated by inspecting the point cloud data frame-by-frame—a subjective and
labour-intensive process.

High-Fidelity but Context-Limited Data

The highest quality ground truth was a GPS track used for the motion model analysis. While
this provided a highly accurate trajectory for a single target, the surrounding scene was densely
populated with other untracked objects. This made the dataset unsuitable for a fair multi-target
tracking evaluation, restricting its use to an isolated analysis of motion model performance.

These limitations are representative of the difficulties encountered in real-world system deploy-
ment and introduce a degree of uncertainty into the quantitative results.

5.4.4. System-Level Simplifications and Implementation Nuances

To maintain a tractable research scope, several simplifying assumptions were made regarding
the system and its operational environment. While necessary, these simplifications limit the direct
applicability of the findings to a real-world, dynamic deployment.

Stationary-sensor assumption

A core simplification was the stationary sensor assumption. All data was collected and processed
from a fixed-position radar, which eliminates the need for ego-motion compensation. In a practical
application, such as on a moving vessel, the sensor’'s own motion would add significant complexity
to the state estimation problem. The performance of the motion models, in particular, may have
been artificially improved by this static context.

Edge effects and track initiation/termination

Furthermore, the study neglected edge effects, where targets are only partially within the sensor’s
field of view. No specific logic was implemented to handle the initiation or termination of tracks
for objects entering or leaving the scene. A robust, deployed system would require dedicated
logic for this, or potentially a network of multiple sensors to provide a complete and gapless
surveillance area.
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Measurement model simplification

The measurement model was also simplified. The focus was on comparing different extent models,
but the underlying sensor noise was modelled as simple Cartesian noise. A more sophisticated
non-linear measurement model that accounts for sensor characteristics—such as the increase in
angular uncertainty with distance—was not included. While this could be addressed in future
work by incorporating a non-linear noise covariance matrix, it remains a limitation of the current
study.

Implementation anomaly: PHD filter with GP motion model

Finally, an implementation anomaly was observed in the combination of the PHD filter and the
GP motion model. While both components were verified to function correctly in isolation, their
combined performance was significantly lower than anticipated. This suggests an unexpected
negative synergy, possibly arising from the calculation of the log-likelihoods within the filter
update step. Although the implementation was functional, its sub-optimal performance highlights
the subtle but significant challenges of integrating complex probabilistic models.



Conclusions and Recommendations

6.1. Summary of Findings

This thesis set out to investigate the problem of multiple Extended Target Tracking for maritime
vessels using 4D millimetre-wave radar point clouds. The central aim was to examine the balance
between algorithmic sophistication and model fidelity in the context of multi-object tracking, with
a specific focus on the comparative performance of three core tracking paradigms: a baseline
Tracking-by-Detection (TBD) approach, the Probability Hypothesis Density (PHD) filter, and the
Poisson Multi-Bernoulli Mixture (PMBM) filter. In doing so, the work addressed the research
questions posed in Chapter 1, namely how different combinations of filter frameworks, motion
models, and extent models influence tracking performance, and what level of model complexity
is warranted for robust maritime state estimation.

The results presented in Chapter 4 and discussed in Chapter 5 reveal several key insights.
Simpler paradigms generally outperformed their more sophisticated counterparts in terms of
stability and robustness. Both the TBD and PHD approaches delivered consistent performance,
whereas the PMBM filter, despite its theoretical optimality within Random Finite Set theory, proved
computationally burdensome and prone to unstable track management. Complex non-linear
motion models (CTRV, CTRA) yielded negligible improvements over simpler linear models (CV,
CA) given the low dynamics of maritime vessels and the high update rate of the radar sensor.
Regarding extent models, the Random Matrix (GIW) model consistently achieved the best balance
between accuracy, stability, and computational efficiency; more elaborate models (SCGP, PA)
often struggled with stability, over-fitting, or excessive computational requirements.

6.2. Revisiting the Research Questions

While the complete answers to the research questions are elaborated in Chapter 5, the key
conclusions can be summarised as follows:

6.2.1. How dodifferent motion models and state estimation filters influence track-
ing performance?

Simple linear motion models (CV, CA) are generally sufficient for accurate tracking of maritime

vessels; complex non-linear models (CTRV, CTRA) provide little measurable benefit. While PMBM

is theoretically rigorous, in practice TBD and PHD achieved comparable or superior results at

a fraction of the computational cost. Thus, maritime tracking performance depends less on

algorithmic complexity and more on robust, well-tuned simpler models.
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6.2.2. What is the optimal balance between algorithmic complexity and motion
model fidelity?

The optimal balance is achieved by pairing simple linear motion models with the Random Matrix

extent model. This configuration provided accurate cardinality estimation, stable state tracking,

and reliable extent estimation, outperforming more complex alternatives in both simulated and real-

world trials. Parsimonious models that prioritise interpretability, robustness, and computational

efficiency are recommended.

6.3. Practical Challenges and Limitations

The work identified several system-level limitations. Hyperparameter optimisation, while ef-
fective in simulation, was less reliable in real-world experiments and sometimes converged to
trivial or overly conservative configurations. The experiments used static sensors, excluding
complications introduced by sensor ego-motion. Although approximation techniques mitigated
some computational issues of the PMBM filter, the framework remains impractical for real-time
deployment on typical maritime hardware.

6.4. Directions for Future Research

The research presented in this thesis establishes a foundation for 4D radar-based extended
object tracking in maritime environments. However, the study's deliberate constraints highlight
several promising avenues for future investigation that would enhance the system’s capabilities,
robustness, and practical applicability. These directions span platform dynamics, sensor fusion,
algorithmic sophistication, and implementation challenges.

6.4.1. Dynamic Platforms and Field of View Limitations

A primary extension is the transition from a stationary to a dynamic sensor platform. The current
work was confined to a static sensor, which simplifies motion modelling. Future research should
address the significant challenges introduced by platform ego-motion. This will necessitate the
integration of robust ego-motion compensation techniques to distinguish between the sensor's
movement and the true motion of observed targets. Investigating the performance of the non-
linear models presented herein under these conditions will be critical, as the additional non-
linearities introduced by platform motion may exceed their effective operational envelope.

Closely related is the need to address the limitations imposed by the sensor’s narrow field of
view. This study revealed that estimation accuracy degrades when vessels are only partially
observed at the periphery of the sensor’s view. A key area for future work is the development of
strategies to handle these partial detections. This could be achieved by creating a composite,
wider field of view through the fusion of data from multiple, strategically placed radar sensors.
Alternatively, fusing the 4D radar with complementary sensors, such as LiDAR or cameras, could
provide the additional information required to maintain accurate state and extent estimates for
partially observed targets.

6.4.2. Advanced Detection and State Estimation

Further advancements could be realised by moving beyond the baseline detection algorithm
employed in this work. The simple DBSCAN algorithm served its purpose but is agnostic to the
sensor's polar coordinate system and the specific morphology of maritime targets. Future work
should explore more sophisticated detection methods. For instance, a grid-based clustering
algorithm operating on a polar grid could yield more consistent detections. An even more
transformative approach would be to employ 3D object detectors capable of generating bounding
box estimates directly from the radar point cloud. This would fundamentally reframe the problem
from extended object tracking to the tracking of bounding boxes, potentially simplifying the state
estimation process and improving robustness, especially given the observed performance gap
between theoretical and real-world data in this study.

Furthermore, this research did not fully exploit the richness of the available Doppler measurements.
A significant opportunity exists to better integrate this velocity information into the tracking
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framework. Future research could investigate using Doppler data within the filter's update step
to directly refine the target's velocity estimate. More advanced techniques could even leverage
Doppler measurements from multiple points across an extended target to estimate an intra-object
velocity gradient, providing insights into its rotational motion (yaw rate), which is invaluable for
predicting manoeuvres.

6.4.3. System Robustness and Practical Implementation

Finally, for any tracking system to be operationally viable, it must be robust and efficient. The
current work highlighted a discrepancy between performance on idealised data and complex,
real-world scenarios. Future research should therefore focus on developing adaptive hyper-
parameter optimisation strategies. Machine learning techniques could be leveraged to allow
the tracking system to dynamically tune its parameters—such as process and measurement
noise—in response to changing environmental conditions or target behaviours, thereby improving
its real-world robustness.

Lastly, the real-time feasibility of these algorithms must be assessed. Future work should
involve optimising the implementations for deployment on embedded maritime systems, where
computational resources are often constrained. This involves a critical analysis of the trade-
offs between estimation accuracy and computational load, ensuring the chosen algorithms can
operate effectively within the demanding cycle times of a real-world navigation and surveillance
system.

6.5. Final Reflection

In conclusion, robust maritime tracking with 4D radar does not require maximal algorithmic
complexity. The most effective solutions arise from principled yet efficient models that balance
accuracy, efficiency, and interpretability. This insight supports the development of reliable
perception systems for autonomous and semi-autonomous maritime navigation, where practical
deployment considerations are as critical as theoretical elegance.
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PHD Filter Algorithm

[4] [13]

The PHD filter is a recursive Bayesian filter that propagates the first-order statistical moment (the
PHD, or intensity) of the multi-target state, rather than the full multi-target probability density.
This significantly reduces computational complexity. The integral of the PHD over a region gives
the expected number of targets in that region.

Al

Definitions
State Space: X

Measurement Space: Z

Time Step: k

State Vector: x e X

Measurement Vector: z € Z

Measurement Set at time k: Z, = {z1,...,2m, }
Posterior Intensity at time k£ — 1: Dy_1(x)
Predicted Intensity at time &: Dy, (x)
Posterior Intensity at time k: Dy (x)

Single-target transition density: fi,—1(x|¢) (probability density of state x at time & given
state ¢ at k — 1)

Probability of target survival: pg 1 (¢)

Intensity of spawned targets: ;" (x|¢) (intensity of targets spawned from a target at state ¢)
Intensity of new born targets: v (x)

Single-target measurement likelihood: g, (z|x)

Probability of target detection: pp 1 (x)

Clutter intensity (false alarms): x(z)

A.2. Algorithm: PHD Filter Recursion
INPUT:

Posterior intensity from previous time step, Dy_1(x).
Measurement set at current time step, Zy.

OUTPUT:
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 Posterior intensity for current time step, Dy (x).
o Estimated target state set, X.

STEP 1. PREDICTION
The predicted intensity Dy, (x) is the sum of the intensity from surviving targets and the intensity
from spontaneously born targets.

Intensity of Surviving Targets: This component accounts for targets that existed at time k£ — 1
and survived to time k. This includes both simple survival and spawning new targets.

Dg pjp—1(x) = / [Pk () frpp—1(X[¢) + 72" (%[€)] Di—1(€)dg (A1)

Intensity of New Born Targets: This component accounts for new targets that appear at time &
independently of previous targets.

Dp kjp—1(x) = k(%) (A.2)

Total Predicted Intensity: Combine the survival and birth intensities.

Dyj—1(x) = Dg pjk—1(%X) + Dp pjp—1(%) (A.3)

STEP 2: UPDATE
The predicted intensity is updated using the measurement set Z,.. The posterior intensity consists
of a term for missed detections and a sum of terms for each measurement in Z,..

Missed Detection Term: This term represents the intensity of targets that were predicted to be
present but were not detected.

Dwp,k(x) = [1 — pp r(x)] Dy |1 (%) (A.4)

Measurement Update Term: For each measurement z € 7, update the intensity. This term
represents the possibility that the measurement z originated from a target.

P,k (%) gk (2]X) Dy —1(x)

) = T P (C)g (2l€) D1 (€)dC

(A.5)

Total Posterior Intensity: The posterior intensity is the sum of the missed detection intensity and
the updates from all measurements.

Dy(x) = Dupi(x) + > Ui(x;2) (A.6)

z€Zy,

STEP 3: PRUNING & MERGING (For Gaussian Mixture Implementations)

When the PHD is implemented as a Gaussian Mixture (GM-PHD), the number of Gaussian compo-
nents grows exponentially. To maintain computational tractability, this step is crucial.

» Pruning: Discard Gaussian components with weights below a predefined threshold T,.

» Merging: Merge Gaussian components that are close to each other (e.g., their Mahalanobis
distance is below a threshold U,,) into a single new Gaussian component.

e Capping: Limit the total number of Gaussian components to a maximum value Jpax.
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STEP 4. STATE EXTRACTION
The final step is to extract a discrete set of target state estimates from the posterior intensity
Dk(X)

Estimate Number of Targets: The expected number of targets N, is the integral of the posterior
intensity.

Ny = / Dy(x)dx (A7)

For a GM-PHD, this is the sum of the weights of all Gaussian components.

Extract State Estimates: Find the peaks (local maxima) of the posterior intensity function Dy (x).
The locations of the peaks with significant mass are taken as the state estimates.

For a GM-PHD, this typically involves selecting the means of the Gaussian components whose
weights are above a certain threshold (e.g., w > 0.5).

X = {x; | x; is the mean of a component with significant weight} (A.8)



B.1

Poisson Multi Bernoulli Mixture

Poisson Multi-Bernoulli Mixture (PMBM) Filter

The PMBM filter is a sophisticated recursive Bayesian filter for multi-target tracking. It models
the multi-target state as the union of two disjoint random finite sets: a Poisson Point Process
(PPP) for targets that have not yet been detected, and a Multi-Bernoulli Mixture (MBM) for targets
that have been detected at least once. This hybrid approach provides a more precise posterior
density compared to the PHD filter by maintaining individual track hypotheses and their data
association uncertainties.

B.1.1. Definitions

State Space, Measurement Space, Time Step, etc.: Same as PHD Filter.

Undetected Target Intensity (PPP): The intensity of the Poisson Point Process, D¥ | (x),
represents the expected density of targets that have not yet been detected.

Detected Target Set (MBM): The set of detected targets is represented by a Multi-Bernoulli
Mixture. An MBM is a weighted sum of multi-Bernoulli (MB) components.

Global Hypothesis, h: A specific data association history, which maps measurements to
tracks over time. The full posterior is a mixture of these global hypotheses.

Global Hypothesis Weight, «("): The probability of a specific global hypothesis h.

Track Hypothesis (Bernoulli Component): For each detected target track i within a global
hypothesis h, its state is modeled as a Bernoulli RFS with:

- Existence Probability: (%), the probability that track i exists.
- State PDF: p(") (x), the probability density function of the state of track i.
Single-target transition density, survival probability, etc.: Same as PHD Filter.

B.1.2. Algorithm: PMBM Filter Recursion
INPUT:

A fweiah | Ih h f h i i (h) (h,i)  (hyi) N Hy
set of weighted global hypotheses from the previous time step, {w;’,, {r,_{,pp_1{ (xX) 1,21 i1t
The intensity of the undetected targets PPP, D}'_, (x).

Measurement set at current time step, Z;.

OUTPUT:

. . (h)
Updated set of weighted global hypotheses, {w,(ch), {r,ih’l),p;(ch’l)(x)}fi“l S
Updated intensity of the undetected targets PPP, D} (x).

Estimated target state set, Xp.
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STEP 1. PREDICTION
The prediction step is performed independently for the undetected and detected target compo-
nents.

Predict Undetected Targets (PPP): The PPP intensity is predicted forward in time, accounting for
surviving undetected targets and newly born targets.

By (%) = (x) + / Ps £(C) futios (XIO)DE_ 1 ()G (B2)

Predict Detected Targets (MBM): For each global hypothesis h and each track ¢ within it, predict
the state PDF and update the existence probability.

0 =) [ psaenDenc 5.2)

_ S psi(O) fir-a (KIOp" (e
I ps(Qpy3 ()

(B.3)

h,i
Py (%)

STEP 2: UPDATE
The update step is more complex, involving the creation of new hypotheses based on measure-
ment associations.

Update Undetected Targets (PPP): The intensity of undetected targets is updated to account for
the possibility that they were not detected at time .

Di(x) = [1 = ppx(¥)] Dy -1 (%) (B.4)

Create Single-Target Hypotheses: For each measurement z € Z;, create a set of new track
hypotheses. Each new hypothesis corresponds to the possibility that measurement z was
generated by:

o A previously detected target : from a prior global hypothesis h.
« A previously undetected target (a "new"” target from the PPP).
o Clutter.

Construct New Global Hypotheses: Create a new set of global hypotheses by considering all pos-
sible valid combinations of single-target hypotheses (i.e., all valid partitions of the measurement
set Z;). Each new global hypothesis A’ corresponds to a unique assignment of measurements to
tracks (new or existing) or clutter.

Update Detected Tracks and Compute Hypothesis Weights: For each new global hypothesis h':

» For detected tracks associated with measurement z: Update the Bernoulli parameters (r, p)
using the standard Kalman-like update for the state PDF p(x) and a likelihood-based update
for the existence probability r.

» For new tracks created from measurement z: Initialize a new Bernoulli component. The
existence probability is calculated based on the ratio of the new target likelihood to the
clutter likelihood. The state PDF is initialized based on the measurement z.

» For tracks (new or old) that were not detected (missed detection): Update their existence
probability by multiplying with (1 —pp).

o Compute the weight wgl/) for the new global hypothesis. This weight is proportional to the

prior weight and the likelihood of the specific data association defined by #’.
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STEP 3: HYPOTHESIS MANAGEMENT
The number of global hypotheses grows exponentially. Pruning and merging are essential to
keep the filter tractable.

» Pruning: Discard global hypotheses whose weights w;(ch/) fall below a threshold.

» Merging: Merge global hypotheses that are similar (e.g., have similar track sets and data
associations) into a single representative hypothesis.

« Capping: Limit the total number of global hypotheses to a maximum value Hpax.

» Recycling: Components of pruned hypotheses corresponding to high-probability tracks
can be "recycled"” back into the PPP of undetected targets to prevent track loss.

STEP 4: STATE EXTRACTION
Extract a discrete set of target states from the updated PMBM density.

« Select Best Hypothesis: Find the global hypothesis i with the maximum weight, w,(f).

o Extract State Estimates: Within the best hypothesis h, extract the state estimates for all
tracks whose existence probability r,(ch"") is above a certain threshold (e.g., » > 0.5). The
state estimate is typically the mean of the corresponding state PDF péh’i) (x).

Xi = (% | % = E[p{") (x)] and r? > 0.5} (B.5)



Gamma Gaussian Inverse Wishart
Component

Gamma Gaussian inverse Wishart (GGIW) components are used to model the distribution of the
state of a target in a Bayesian filtering context, particularly in the context of tracking extended
targets. The GGIW component is a conjugate prior for the parameters of a Gaussian distribution,
which allows for efficient updates and predictions. It consists of three main elements:

» An Gamma distribution for the target's expected number of measurements.
» A Gaussian distribution for the target’'s kinematic state.
» An Inverse Wishart distribution as a prior for the target’s size or extent.
The target extent is as a random matrix that describes the shape and size of the target.
The implementation presented in this thesis is derived form Granstroms implementation in [13].

the extended target state is given by

& = (ve, 21, Xi)

The extended target state &, at time k consists of the following components:

* 7> A random variable representing the measurement rate (v, > 0).

» 5. The kinematic state vector, defined as z; = [px, vi,wr]? € R®, where:
- pr € R?: The target’'s position.
- v, € R%: The target’s velocity.
- wi, € R The target’s turn rate.

e X A random matrix representing the extension state, X, € Si+ (a symmetric positive
definite d x d matrix).

e d. The dimension of the matrix X}, (here d = 2).

P(&|Z%) = p(v| Z¥)p (k] Z%)p(X1 1 Z¥) = G(v: s Bijie )N (s mepies Prjie) X IWa(Xis vkjier Viejre)

o p(&x|Z%): Posterior probability density of the target state &, given measurement history Z*.

* G(; akjk, Bre): Gamma distribution for the measurement rate v, with shape ay;, and inverse
scale Byy.

o N(xy;my, Pyr): Gaussian distribution for the kinematic state z;, with mean m,,;, and co-
variance Py
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o IWa(Xk; vkk, Vie): Inverse Wishart distribution for the extension state X, with degrees of
freedom vy, and parameter matrix Vi, (d = 2).

C.1. prediction

Gamma distribution prediction:

(9) )
G _ Prik G) _ aklk
=— ak+1kY = —— (Ca)
ﬁkﬂlk Tk | Tk
- n,: forgetting factor to increase variance of v estimate
Kinematic state prediction:
G _ ()
mkj+1\k = f(mkj|k)
@) _ ) pl) T
Pki-1|k - Fk\JkPk\Jk(Fk\Jk) +@Q

Flglﬂ]z Jacobian of f(z) w.r.t. z evaluated at mfj‘i

Inverse Wishart distribution prediction:

v,(cjlllk =2d+2+ e_T'“/T(v,(:“)€ —2d—-2)

_ (@) ) —17,(5)
= (vkﬁrl‘k —2d — 2)(vk]|k —2d—-2) Vkljk

7: temporal decay constant for degrees of freedom v

C.2. Measurement Update

C.2.1. missed detection

C.2.2. detection
W: set of measurements associated with target j at time k.

I W ., W .

kinematic Update:

@Gw) _ _(J) GW) _(G,W)
My = M1+ K 1€ k—1

GW) _ pG) (4,W) )
Pk|Jk - Pk|7k—1 - Kkj|k—1HkPk\Jk—1
Inverse Wishart Update:

Gw) _ ()
Uk = Ve TV

GwW) _ ) (3, W) 5 (3, W)
kak = Vk|Jk—1 + Nk|7k—1 + ij|1¢—1

Update factors and cross covariance calulation:

( () —2d—2)_1

X0 =V Y,

klk—1 klk—1
measurement covariance, due to the target extent and measurement noise covariance.

W) w(5) (4)
Rk]|k71 = pXkJ|k:71 + R(Hkmkj\kq)
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Measurement residual

GW) _ =w (4)
ek]\k—l =7 7Hkmkj|k—1

GW) _ _GW)  GWINT
Nk{k—l = ek]\k—l(ekj\k—1>

(W)

(W) _ (4) T k|k—1
Skj|k—1 - Hkpkljk—lHk + W

GW) _ pli) T (i, W)y—1
Kk]|k71 = Pk\jquk (Skj|k71)

20 _ (%)

W) S s
i = k|k—1>1/2(R(] )) 1/2Z]ZV(R(] )) T/Z(X(J) )T/2

klk—1 klk—1 Elk—1
(W) _ () 1/2( g@W)IN=1/2 A7 W) ( UW)\N=-T/2/ %) \T/2
Nk?kfl = (Xk]|k71) / (Skj|k71) / Nkfkq(skjmfl) / (ij\kq) /

And finally the likelyhood of the measurement set Z;, given the target state &, is given by:

€)

v) —d—1 (3, W) .

_ n A i klk—1 v W ; @
iy _ GOV RRG WV Ta(2 ) e ) (Bi)
koo G,W) AGW) IR 5 j W) a0
ISl PIRGP pw Se el Dlag ) ()

- n,: dimension of the measurement vector z,ij) (here n, = 2) - d: dimension of the extension
matrix X, (here d = 2) - Note: The exponents in the paper image for det(V') terms are (v —d —1)/2.

Other literature sometimes uses v/2.

C.3. Mixture Reduction

Mixture reduction
[34]



Star-Convex Gaussian Process Filter

This chapter details the implementation of a filter for an extended target whose shape is modelled
as a star-convex object using a Gaussian Process (GP). The core of this method is the formulation
of the GP regression as a recursive state-space model, which is then augmented with the target's
kinematic state. This allows for joint estimation of both shape and kinematics within a Bayesian
filtering framework. We describe the background, the state-space model, and the specific time
and measurement update steps for both the Extended Kalman Filter (EKF) and Unscented Kalman
Filter (UKF) implementations.

This work is fully based on [15], which provides a comprehensive framework for tracking extended
targets using Gaussian Processes. The implementation presented here is adapted to the specific
requirements of star-convex shape modelling and recursive estimation. The unscented Kalman
filter formulation is derived from Ko et al. [35] and Wan and Van Der Merwe [9].

D.1. Background and Definitions

Star-Convex Shape Model

A target's shape is described as a star-convex set, where the boundary can be represented in
a local polar coordinate system by a radial function » = f(8). This function maps an angle 4 to
a radial distance from the target's centre. Measurements are assumed to originate from this
boundary or the surface it encloses.

Gaussian Process for the Radial Function

The unknown radial function f(6) is modelled using a Gaussian Process (GP), which provides
a flexible, non-parametric prior over functions. A GP is fully specified by a mean function ()
and a covariance function k(6, ¢"). For a target contour, the radial function must be periodic with
a period of 2r. This is encoded into the covariance function. A commonly used choice is the
periodic squared exponential kernel, which also includes a term for the mean radius variance:

2sin? (%)
kot (0,0') = g? exp B R + Uf (D7)

where UJ% is the signal variance, [ is the length scale, and o2 is the prior variance of the mean
radius.

Recursive GP State-Space Formulation

Standard GP regression is a batch process, making it unsuitable for online tracking. To enable
recursive estimation, the GP is approximated using a finite set of M basis points (test inputs
u’). The corresponding function values f at these points are treated as the state of the GP. This
transforms the GP regression problem into a linear state-space estimation problem that can be
solved with a Kalman filter.
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The likelihood of a measurement z; at input u, given the state f is:

p(zilf) = N (2n; HE (ug)f, R (u)) (D.2)

where
Hf (ug) = K (ug, u")[K (uf, uf)]~? (D.3)
R (uy) = k(ug,ur) + R — H (ugp) K (uf, uy) (D.4)

Augmented State Vector
The complete system state x;, is an augmentation of the target’'s kinematic state x;,; , and its
extent state x. ; (the GP state f).

Xp = [X’“’vk} (D.5)

Xe,k

Augmented State Covariance Matrix
The covariance matrix P, for the augmented state x; is block-diagonal, reflecting the indepen-
dence between the kinematic and extent states:

_|Prix O
Py, = [ 0 Pe,k’jl (D.6)

where:
» Py, is the covariance matrix for the kinematic state xy; .
» P, is the covariance matrix for the extent state x. j, derived from the GP model.

The kinematic state xy; 5 typically includes position, orientation, and their velocities, i.e., xy; ; =
[(Xc,k)Tv Lo ks (X*,k)T]T-

D.2. Time Update (Prediction)

The time update, or prediction step, propagates the state mean and covariance forward in time
using a linear dynamic model. This step is identical for both EKF and UKF implementations.

Dynamic Model
The state evolves according to the linear stochastic equation:

Xpt1 = Fpxp +wy,  wi ~N(0,Qg) (D.7)

The state transition matrix F;, and process noise covariance Qy are block-diagonal, decoupling
the kinematic and extent dynamics.

_ |Frixe O _|Qrix O
Fk - l: 0 Fe,k:| ’ Qk N l: 0 Qe,k:| (D8)

The kinematic components (Fy; x, Qi) are derived from a standard motion model, such as
Constant Velocity or Constant Turn. The extent dynamics incorporate a forgetting factor o to
allow the shape to adapt over time:
Fe,k = eiaTII\/[ (D9)
Qex = (1—e>*T)k(0,0) (D.10)
Prediction Equations

Given the posterior estimate {X;_1jx—1, Px—1x—1} from the previous step, the predicted state
mean and covariance are computed as:

Xijh—1 = Fro1Xp_1)k—1 (D)
Prp_1= Fk—lPk—1|k—1F£_1 + Qi1 (D.12)
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D.3. Measurement Update (Correction)

The measurement update incorporates a new measurement y;. to correct the predicted state.
This step is nonlinear and is where the EKF and UKF implementations differ.

Measurement Model
A single measurement y,(f) is related to the state by the nonlinear function h(-):

v = h(xp.e}) = xep + sy i H{') xc 1 + Noise terms (D13)

where x.; and x. ; are sub-states of x,. The total measurement noise covariance Ri?k is the
sum of the sensor noise R, and the GP regression uncertainty Rgi,k.

R\, =R, + Ry (D14)

where R, = (oo’ 20 (5o} )"
D.3.1. EKF Measurement Update

The EKF linearizes the measurement function i(x;) by computing its Jacobian matrix H;, at the
predicted state x,;,_;. The update then proceeds with the standard linear Kalman filter equations.

Sk = HyPy— 1 HY + Rev (Da5)
K =Py H{ S, (D.16)
Xik = Xije—1 + Ki(ye — b(Xgjp-1)) (D7)
Prjp = (I - K Hy)Ppjp—y (D18)

The expressions for the Jacobian H; are complex and require differentiating through the GP
model and coordinate transformations.

D.3.2. UKF Measurement Update
The UKF avoids computing Jacobians by propagating a set of deterministically chosen sigma
points through the non-linear measurement function.

1. Generate Sigma Points: Calculate 2L + 1 sigma points x;,,_; from the predicted mean
Xjr—1 and covariance Py ,_,, where L is the dimension of the state x;.

Xklk—1 = [imkq Xpjp—1 T /(L + A)Pk|k71} (D.19)

2. Propagate Sigma Points: Pass each sigma point x; through the non-linear measurement
function h(-) to generate a set of transformed points Y ,.

Vjslk—1 = "X kjk—1) (D.20)

3. Calculate Predicted Measurement Statistics: Compute the weighted mean and covariances
of the transformed points.

Vi =3 WY, ke (D.21)
7=0
2L

P, = Z Wj(c)(yj,mkq — V) Vjkk-1 —95)" + R (D.22)
=0

2L
Poy=) WJ'(C)(XJ,Mk—l — Rppo—1) Va1 — 1) " (D.23)
j=0
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4. Update State Estimate: Compute the Kalman gain and update the state mean and covari-

ance.
K =P,,P,} (D.24)
Xk = Xijh—1 + Ke(yr = 31) (D.25)
Py =Pyt — Ki Py K{ (D.26)

This procedure provides a more accurate approximation of the posterior mean and covariance
than the EKF, especially for highly nonlinear systems, without requiring analytical differentiation.



o —

Elliptical Principal Axes Model

This chapter details the implementation of a filter for an extended target whose shape is modelled
as an ellipse. The core of this method, termed the Principal Axes Kalman Filter (PAKF), is the
direct estimation of the ellipse’s extent parameters (semi-axes lengths and orientation) from a set
of sensor measurements. This is achieved by computing the principal axes of the measurement
point cloud'’s dispersion matrix via eigen-decomposition. The target’s kinematic and extent states
are decoupled and estimated separately within a standard Bayesian filtering framework.

This work is fully based on [16], which provides a computationally efficient framework for tracking
elliptical extended targets, particularly when a high number of measurements is available.

E.1. Background and Definitions

Elliptical Shape Model

Atarget's shape is approximated by a two-dimensional ellipse. The extentis explicitly parametrised
by the length of the major semi-axis a, the length of the minor semi-axis b, and the orientation
angle 6. Measurements are assumed to originate from the area enclosed by this ellipse.

Decoupled State Vector

The complete system state is separated into a kinematic state x; and an extent (or parameter)
state p,. This decoupling allows for independent prediction and update steps for motion and
shape.

+ The kinematic state x; contains the target's Cartesian centre position and corresponding
velocity vector:

« The extent state p, explicitly contains the orientation and the lengths of the semi-axes:

O
Pr = |:ak] .
b
Principal Axes from Eigen-decomposition
The parameters for the extent measurement vector are derived from the dispersion (scatter)
matrix Xp of the measurement point cloud Y, = {yi}I'*,. The dispersion matrix captures the
spatial spread of the measurements around their mean g;:

Nk

U = 1 - @ — 1 ) ~ i _ N\ T
yk—a;ykv ED—nk_liz:;(yk_yk)(yk—yk) ,
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where the factor 1/(n;, — 1) gives the unbiased sample covariance (use 1/n; for the ML estimator
if preferred).

To account for sensor noise, the dispersion matrix is corrected by subtracting the measurement
noise covariance C3:

Sp=3p-—CE

An eigen-decomposition of the corrected matrix, iD = VAV, yields eigenvalues \;, \, and
corresponding eigenvectors. Let A\; > A\ and let v; = (vl,m,vl,y)T be the eigenvector associated
with A;. The ellipse parameters are then extracted as:

a, = 2¢/A1, (E)
by = 2¢/Aa, (E.2)

0, = atanZ(vLy, vlw), (E.

and the extent measurement vector is z} = [0y, ax, b "

E.2. Time Update (Prediction)

The time update propagates the kinematic and extent state estimates forward in time using a
linear dynamic model.

Dynamic Model
The state evolves according to a linear stochastic model. For the kinematic state:

_ x T T
Xk|k—1 = Am Xk—1lk—1 + Wy, , Wy, NN(O, Cw)

For the extent state:
Prjk—1 = Ap Pr—1jk—1 + Wy, wh ~ N (0, CB).

Typically, a nearly constant velocity model is used for the kinematics and a random walk model
for the extent (e.g. A, = I3). The process noise covariances C? and C? are set according to
expected target dynamics.

Prediction Equations
Given the posterior estimates from the previous step, the predicted state means and covariances
are:

Xplh—1 = Aw Xp—1]k—1 (E.4)
Cr—1 = A2 Cf 1151 AL +CE, (E.5)
Prjk—1 = Ap Pr—1k—1 (E.6)
Clzc)lk—l =4 C£—1|k—1 A; + G5 (E.7)

E.3. Measurement Update (Correction)

The measurement update incorporates new measurements to correct the predicted state. The
raw point cloud is first processed to form two distinct measurement vectors.

Measurement Model
From the set of n; raw measurements {y; }, two processed measurements are formed:

» The kinematic measurement z}, is the sample mean of the points:
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« The extent measurement z! is derived from the eigen-decomposition of the (corrected)
dispersion matrix:

Both resulting measurement models are written as linear Gaussian models:
zy = H, xj + vf, v ~ N (0, C3),

z} = H, pj + v}, vzw./\/((), C’f,’),
where H, = [I5 02x2] and H, = I3.

Kalman Filter Update Equations

Since the measurement models are linear, the standard Kalman filter update equations are applied
independently to the kinematic and extent states. For a generic state s (where s can be x or p)
with measurement matrix H and measurement noise covariance Cy:

Sy =H Cyp—1 H" + Cy, (E.8)
Ky = Cyp—1 H' S, (E.9)
Skik = Skjk—1 + K (2 — H Sgjp_1), (E.10)
Crje = (I — KpH) Crjp—1. (EM)

This two-step update process—first for kinematics, then for extent—completes the estimation
cycle.



Motion Models

F.1. Constant Velocity
y A

[X, ¥, VX, VY]

Figure F.1: Constant Velocity Motion Model

Xk = Fop_1 + wy (F1)

F1.1. Transition Model
The transition model for the constant velocity motion model is given by:

|:pk+1] _ {pk + vk 'TS} (F.2)

Vk+1 Vi
where:

pr. IS the position at time &,
vy, is the velocity at time k,
T, is the sampling time.
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(F.3)

co o~
cor o
o~ oS
—o~No

F1.2. Noise Model
the noise is modelled as zero mean gaussian noise with covariance o, on the acceleration:

wi ~ N(0,Q) (F.4)
50,
G = Aot ? (F.5)
0 At
¥ 0
0-catero |0 SF 0 A (F.6)
R e (AN S
0 22 0 A

F2. Constant Acceleration

y A

[X, ¥, VX, vy, ax, ay]

—_—
—=
X

Figure F.2: Constant Acceleration Motion Model

Xk = Fop_1 + wy (F.7)

F.2.1. Transition Model
The transition model for the constant acceleration motion model is given by:

Pk+1 pi+ vk Ts + sag - T2
Vg1 | = v +ag - T (F.8)

Q41 Qg
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where:

py, is the position at time &,

vy IS the velocity at time k,

ay, is the acceleration at time &,
T is the sampling time.

10 At 0 &2 ¢
01 0 At 0 Af
F_l00 1 0 At 0 (F.9)
00 0 1 0 At
00 0 O 1 0
00 0 O 0 1
F.2.2. Noise Model
The noise is modelled as zero-mean Gaussian noise with covariance o; on the jerk:
wy ~ N(0,Q) (F.10)
A -
S0
0 At
At? 0
G=|% O (F11)
0 At
2
At 0
| 0 At]
rA 6 A 5 A 4 -
S 0 9y 0 S0
0 At? 0 At 0 AT
i 36 B 12 5 6
At® 0 At 0 At 0 )
Q=GG"s2= |12 . t . 2 .ol (F12)
A(L 12 ﬁa e 02 5
T 04 T 03 At O
Lo &5 0 AL 0 AP

F.3. Constant Turn Rate and Velocity

F.3.1. Transition Model
The continuous-time transition model for the constant turn rate and velocity motion model is
given by:
v cos ()
vsin (¢)
fetrv = 0 (F13)
0
0

The discrete-time transition functions are given by:

—apv sin (1) + (Atqj;+w)v cos (Atqj;+w) -

x + 72
n v cos (1) — (At/z/')-&-'l/;)u sin (At't/}—i-w)
. Y? (F14)
Aty +

v

I ¥ ]
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yA
(X, Y, @, v, 1]
X
Figure F.3: Constant Turn Rate and Velocity Motion Model
F.3.2. Noise Model
Derived using a similar method to section F.4.
T ’ ~ ’ T
QkCTRV = / efCTRVTQCTRvefCTRV Tdr (F15)
0
—Atg At?o2v? sin® () + o3 cos® () At? (=3At2 02 v2 420073 ) sin (29)) _ At'o2usin (v)  At?0? cos () _ At302 vsin (1) ]
20 3 120 8 2 6
At3 (—3At203v2+2003) sin (2¢) A3 At?02 v? cos® (1) o2 sin® () At4aiv cos (1) At?o2 sin () At3o2 v cos (1)
120 20 + 3 8 2 6
At*o2 vsin (v) At*o? v cos () At3o? At?o2
a2 8 NN 3 0 2
At 0'1.,22cos () At 0‘025111 (1) 0 AtO’g 0
3 B 3 2 2 _2
| At thésm () At Uw%COS () At2a'w 0 AtO’Z |
(F.16)
F4. Constant Turn Rate and Acceleration
The derivation of this model is based on [11].
the state vector for the constant turn rate and acceleration motion model is given by:
X = (F17)

SISO A S
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X

Figure F.4: Constant Turn Rate and Acceleration Motion Model

F4.1. Transition Model
the continuous-time transition model for the constant turn rate and acceleration motion model is
given by:

v cos (1)

vsin (¢)

fcTrRa = Z) (F.a8)
0
0

The discrete-time transition functions are given by:

i n —tvsin (¢)—acos (¢)+a cos (Atv,/}ﬁ-w)—&- (At¢a+1/1v) sin (Amﬁ-ﬂb) T
1[,2
n v cos (1) —asin (¢)+asin (Atu}-i-w) + (—Atd}a—d}v) cos (At&—&—w)
Ati) f¢ (F19)
Ata'—i— v
(0

a

F4.2. Noise Model

The derivation of the discrete-time process noise covariance matrix, Q{7#4, begins with the
general formula for converting a continuous-time noise process to a discrete-time one:

T
/ ~ / T
QkCTRA:/ efCTRATQCTRAefCTRA Tdr (F.20)
0

where f/. 4 is the gradient of the motion model prediction function, and Qcrra =TQcrralT.
The continuous-time noise spectral density matrix Qcrra and the mapping matrix I" are given as:
0

o<
Qcrra = ( v,
g

]
o
N——
=
I
orococo
— o oo
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The gradient of the continuous-time prediction function, firpa = Jacforra, is:

0 0 —wsin(y) cos(vp) 0 0O

0 0 wcos(y) sin(y) 0 0

., oo 0 0 10
Jerra = 0 0 0 0 0 1
0 0 0 0 0 0

0 0 0 0 0 0

Since firr4 is @ nilpotent matrix, its exponential can be computed from a finite series expansion:

2
’ r T
eforraT = I 47 fCrpa + ?(f/CTRA)Q

The square of the gradient matrix is:
The product inside the integral of Eq. F.20 is then computed:

féTRAT 9 féTRATT =
e QcTrac =

Integrating this matrix from O to At yields the final discrete-time process noise covariance matrix

(74 (030%sin? (W) todcos® () 7i(-odvitod)sin(20)  _oirfusin() olricos(y) _ odrfvsin(¥)  or’cos()]
oot ot sin @) ri(eivco (D+odsin? ()  olr'veos(s)  oirlen(y)  oirlveos(w)  odr’sn(w)
0273% sin (¢) o2 73 cos (1) 22 2 > 3
R i P b .
i’ a 0 oiT 0 aT
o2 72vsin (1) o2 72 cos (1) 2 2
_0?72 cgs () o272 gin (1) 7T (2) % 02
I B B 0 04T 0 o

CTRA.
i :
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5(_ 2 220 5 50 2.2 299 22 40 8 . 4 28, 3 2 6 3 26,-
At° (=02 v’ +03 ) sin (29) At® (03 v? cos? (1)+07 sin® (¥)) At o vcos (1) At o7 sin () At° o v cos () At o sin (v)
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Parameter Study Results

G.1. Track-by-Detection
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Figure G.1: ANOVA feature importance for the TBD parameter study across three methods. Each panel's height is
constrained so the full figure fits within a page.
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G.1.1. Probablity Hypothesis Density
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Figure G.2: ANOVA feature importance for the PHD parameter study (SCGP, GGIW, PAKF). Each panel’s height is
constrained so the full figure fits within a page.
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G.2. Poisson Multi-Bernoulli Mixture
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Figure G.3: ANOVA feature importance for the GGIW PMBM parameter study.



Resulting Estimate Plots

H.1. Track by Detection

H.11. Gaussian inverse Wishart
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Figure H.1: GIW estimated tracks — track-by-detection results (1/3). Each subfigure shows estimates for the named

experiment or simulation.
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Figure H.2: GIW estimated tracks — track-by-detection results (2/3). Each subfigure shows estimates for the named

experiment or simulation.
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Figure H.3: GIW estimated tracks — track-by-detection results (3/3). Each subfigure shows estimates for the named
experiment or simulation.
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H.1.2. Star Convex Gaussian Process
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Figure H.4: SCGP estimated tracks — track-by-detection results (1/3). Each subfigure shows estimates for the named
experiment or simulation.
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Figure H.5: SCGP estimated tracks — track-by-detection results (2/3). Each subfigure shows estimates for the named

experiment or simulation.
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Figure H.6: SCGP estimated tracks — track-by-detection results (3/3). Each subfigure shows estimates for the named

experiment or simulation.
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Figure H.7: PAKF estimated tracks — track-by-detection results (1/3). Each subfigure shows estimates for the named

experiment or simulation.
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Figure H.8: PAKF estimated tracks — track-by-detection results (2/3). Each subfigure shows estimates for the named

experiment or simulation.
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Figure H.9: PAKF estimated tracks — track-by-detection results (3/3). Each subfigure shows estimates for the named

experiment or simulation.
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H.2. Probability Hypothesis Density Filter
H.2.1. Gaussian Inverse Wishart
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Figure H.10: PHD (GIW) estimated tracks — track-by-detection results (1/3). Each subfigure shows estimates for the
named experiment or simulation.
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Figure H.11: PHD (GIW) estimated tracks — track-by-detection results (2/3). Each subfigure shows estimates for the
named experiment or simulation.
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Figure H.12: PHD (GIW) estimated tracks — track-by-detection results (3/3). Remaining subfigures for the named

simulations.
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H.2.2. Star Convex Gaussian Process
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Figure H.13: PHD (SCGP) estimated tracks — track-by-detection results (1/3). Each subfigure shows estimates for the
named experiment or simulation.
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Figure H.14: PHD (SCGP) estimated tracks — track-by-detection results (2/3). Each subfigure shows estimates for the
named experiment or simulation.
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Figure H.15: PHD (SCGP) estimated tracks — track-by-detection results (3/3). Remaining subfigures for the named
simulations.
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H.2.3. Principle Axis Kalman Filter
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Figure H.16: PHD (PAKF) estimated tracks — track-by-detection results (1/3). Each subfigure shows estimates for the
named experiment or simulation.
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Figure H.17: PHD (PAKF) estimated tracks — track-by-detection results (2/3). Each subfigure shows estimates for the
named experiment or simulation.
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Figure H.18: PHD (PAKF) estimated tracks — track-by-detection results (3/3). Remaining subfigures for the named
simulations.
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H.3. Poisson Multi-Bernoulli Mixture Filter
Only run for Gaussian Inverse Wishart
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Figure H.19: PMBM estimated tracks — track-by-detection results (1/3). Each subfigure shows estimates for the named

experiment or simulation.
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Figure H.20: PMBM estimated tracks — track-by-detection results (2/3). Each subfigure shows estimates for the named
experiment or simulation.
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Figure H.21: PMBM estimated tracks — track-by-detection results (3/3). Remaining subfigures for the named simulations.
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