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Abstract

Rail transport is one of the most used forms of public transport, and apart from
the timetable, effective shunting operations are an important part of operational
efficiency and robustness. Trains not used in the timetable are parked at shunting
yards, where shunting operations take place, which take 10-50% of trains’ total
transit time. Efficient planning of these operations is challenging due to relatively
small yards that cannot be expanded easily, since they are located in urban areas.
The management of trains outside of the timetable is an NP-hard problem known
as the Train Unit Shunting Problem (TUSP). The TUSP concerns the matching,
routing, and parking of arriving and departing trains. The current state-of-the-art
Local Search (LS) approach is non-deterministic and struggles with the routing as-
pect of the TUSP. In this thesis, the TUSP is approached from a routing perspective
with a deterministic algorithm. We apply Lagrangian Relaxation (LR) methods to
the TUSP such that the problem can be split into per-train shortest path problems.
Standard LR struggles with solving the TUSP due to symmetry in the trains and in
the shunting yards. To address the symmetry, the approach is extended with Aug-
mented Lagrangian Relaxation (ALR) and solved with the Alternating Direction
Method of Multipliers (ADMM). Experimental results show that ADMM can be
used to solve a somewhat simplified version of the TUSP and outperforms the LS
approach on scenarios in which the arrival and departure of trains are more time
restricted, i.e., smaller time windows. On larger time windows and for more trains,
the LS outperforms the ADMM approach.
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Chapter 1

Introduction

One of the most used forms of public transport is rail transport, as in the Nether-
lands, where 10.1% of the distance traveled was rail transport in 2023 [[CBS|]. The
Dutch Railways (NS), the main train operator in the Netherlands, had over one mil-
lion train journeys daily in 2024 [NS]). To facilitate these journeys, a large number
of trains are needed. The efficient management of these trains is important for both
reducing delays and reducing operational costs. A major part in this is the manage-
ment of trains outside of rush hours and at night, when a large part of the trains are
not used. These trains not participating in the timetable are moved to a shunting
yard, where they can be parked and serviced, which includes tasks like cleaning or
small maintenance. The movement and servicing may take 10-50% of trains’ total
transit time [Bontekoning and Priemus| [2004] and thus have a significant impact
on the operational costs of trains.

Planning these operations in an efficient and feasible manner is thus important.
In the Netherlands, shunting yards are relatively small compared to the number of
trains that need to be managed and cannot be expanded easily since they are located
in urban areas. Furthermore, over the years, the number of trains of the NS has in-
creased significantly due to increased demand. The management of trains outside
of the timetable has thus become increasingly difficult, and the efficient use of the
available space more important.

At a shunting yard, the management of trains entails the matching, routing, and
parking of arriving and departing trains. Arriving trains are a set of trains that
have different types and are composed of different units. Departing trains consist
of destination, train composition, and departure time. The matching problem con-
cerns assigning arriving train units to positions in departing trains such that the
composition of each departing train matches its required type and length. For ex-
ample, an arriving train that consists of two units might have to be split if there
are two departing trains that require those units. The routing and parking concern
the moving of arriving trains to a parking track and of moving departing trains to



their destination. The problem of matching, routing, and parking of train units at a
shunting yard is known as the Train Unit Shunting Problem (TUSP) [Freling et al.,
2005]). The objective is to find a feasible plan such that all departures are executed
as planned and no collisions occur. The soft objectives are to minimize train move-
ment and group the movements of a train as much as possible to avoid excessive
driver waiting time.

The NS currently uses a Local Search (LS) algorithm to find feasible solutions
for the TUSP [van den Broek et al., |2022]. This is the first approach capable of
solving the TUSP for real-world instances within a realistic time. In this thesis, we
consider five minutes as a realistic time for use in practical planning operations, as
this allows for a quick response in case of a change or disruption in the planning.
However, the LS method is non-deterministic and struggles with the routing as-
pect of the TUSP. In this thesis, we propose to apply Lagrangian Relaxation (LR)
methods [Fisher, [1981]] such that the TUSP can be split into per-train shortest path
problems. By modeling the TUSP as shortest path problems, this approach directly
targets the routing component of the problem. These shortest path problems can
then be solved efficiently with shortest path algorithms, as shunting yards are re-
latively small. Furthermore, LR methods are deterministic, in contrast to the LS
approach, and can thus provide repeatable and consistent performance. A determ-
inistic approach also adds stability in the planning process.

The LS approach solves an extension of the TUSP in which service task schedul-
ing is included. Servicing tasks are tasks such as cleaning and maintenance. These
tasks can only be performed at specific locations in a shunting yard. The extension
of the TUSP with service tasks is known as the Train Unit Shunting Problem with
Service Scheduling(TUSPwSS)[van den Broek et al., [2022]. For simplicity and
since the main complexity of the problem comes from the interaction between the
matching, routing, and parking [van den Broek et al., 2022| |[Kamenga, 2020[], we
do not consider servicing tasks as part of the problem in this research and focus
on the TUSP. As a result, the LS approach addresses a more general and complex
problem than the one considered in this thesis

In this thesis, we study a simplified version of the TUSP; the exact relaxations
are discussed in Chapter §] We model the TUSP as a Mixed Integer Linear Pro-
gram (MILP) and apply standard LR. To address symmetry issues that arise when
applying standard LR, we extend our approach with Augmented Lagrangian Re-
laxation (ALR), which we solve with the Alternating Direction Method of Multi-
pliers (ADMM) [Boyd et al., [2011]]. In this thesis, we aim to answer the following
research question:

* RQ: How well can LR methods be applied to a simplified version of the
TUSP?

To answer this question, we formulate the following sub-questions:



SQ1 How can the routing, parking, and matching components of the TUSP be
modeled for LR methods?

SQ2 Can LR methods find feasible solutions for TUSP scenarios?
SQ3 What are the main limitations of LR methods for the TUSP?

SQ4 How does the performance of ADMM compare to the LS algorithm, in terms
of the number of feasible solutions found and computation time?

SQS What is the impact of the time window on the performance of ADMM com-
pared to the LS algorithm?

In this thesis, we show how shunting yards can be modeled as a time-extended
graph and show a model that allows the TUSP to be split into per-train shortest
path problems with LR methods. As the standard LR method struggles with sym-
metry, we extend it with ALR, which we solve with ADMM. Our experimental
evaluation shows that ADMM can be used to solve the TUSP and performs better
than the LS algorithm on scenarios with a smaller time window, while it struggles
with scenarios that have a larger time window and more trains.

The main contribution of this thesis is a deterministic ADMM approach that can
solve a simplified version of the TUSP. This approach has similar performance to
the state-of-the-art non-deterministic LS algorithm.






Chapter 2

Background

In this chapter, we aim to give the reader sufficient background information to un-
derstand the methods we apply in this thesis to the Train Unit Shunting Problem
(TUSP). We start by explaining Mixed Integer Linear Programming (MILP) and
how Lagrangian Relaxation (LR) can be applied to MILP problems. After which,
we explain Augmented Lagrangian Relaxation (ALR) and the Alternating Direc-
tion Method of Multipliers (ADMM). We then describe the current state-of-the-art
Local Search (LS) algorithm for the TUSP, which serves as the baseline for the
experiments.

2.1 Mixed Integer Linear Programming & Lagrangian Re-
laxation

MILP is a form of mathematical programming; an MILP model consists of a lin-
ear objective, a set of linear constraints, and a set of decision variables, of which at
least one has to be integer [Nemhauser and Wolsey, |1988]]. If a linear mathematical
programming model has no integer decision variables, it is a Linear Programming
(LP) model. LP problems are polynomially solvable [Khachiyanl [1979]], whereas
MILP problems are generally NP-hard. In practice, MILP models with fewer in-
teger variables are generally easier to solve. The goal in MILP is often to minimize
(or maximize) the objective function; in some cases, the objective is omitted, and
the goal is to determine whether a feasible solution exists. As an example, we
define an MILP:

Z=min{2z+y:zx+y>3,z,y € {0,1,2}} (2.1
x?y

Here, the goal is to find an  and y value such that the objective 2z + y is minim-
ized without violating the constraint x 4+ y > 3. An MILP problem is often solved
using the model-and-solve paradigm, where the problem is formulated as a math-
ematical model and then solved by a general-purpose solver. The advantage of this
paradigm is that it splits the modeling and solving, meaning that a new algorithmic



approach does not need to be developed for every problem. This is why substan-
tial research effort has been invested in the development of MILP solvers [Bixbyl,
2012]. These solvers apply techniques like Branch-and-Cut and decomposition
methods [Wolseyl, [1998]]. The solvers often apply LP relaxations to provide lower
bounds for Branch-and-Cut algorithms. Even though MILP solvers are highly op-
timized, they, in general, do not scale well and struggle to solve specific problems.
An alternative to solvers is using techniques, such as heuristics, or LR [Fisher,
1981]).

2.2 Lagrangian Relaxation (LR)

In LR, certain hard constraints of a problem are relaxed into the objective func-
tion by introducing Lagrangian multipliers. Often, the constraints are relaxed that
couple variables, such that the relaxed problem can be split into independent sub-
problems. These constraints are then no longer hard, and violations of these con-
straints are penalized through the objective function instead. If such a constraint is
satisfied, it is rewarded through the objective function. The goal in LR is to find
Lagrangian multiplier values that lead to good solutions. For the example in Equa-
tion [2.1] the relaxation of the constraint results in the following relaxed problem
with multiplier A:

Ly=min{2x+y+ B8 -z —y):x,y €{0,1,2}}. (2.2)
Y

LR is often applied to problems in which relaxation of a constraint allows the
problem to be separated into subproblems [[Fisher, [1981]]. This is also the case for
our example, where Equation [2.2] can be rewritten into:

Ly=min{(2—Nz+ (1—-Ny+3\:z,y € {0,1,2}}. (2.3)
Y

Which can then be split into two separate subproblems, where we leave out the
constant 3\:

Ly= mmin{(Q —Nz:ze{0,1,2}}, Ly=min{(1-Ny:ye{0,1,2}}.

! 2.4)
These two subproblems are coupled through the Lagrangian multiplier A. In LR,
the subproblems are solved separately, after which the problems are solved again
with an updated Lagrangian multiplier. There are several ways to update the Lag-
rangian multiplier; the most common is the subgradient method, which is the
method we use in this thesis. For our example, the subgradient method is Equa-
tion where k is the iteration. When using the subgradient method, the penalty
increases if a constraint is violated, and decreases if a constraint is satisfied.

1
A1 = max (0, Ay, + %(3 —(z+y))) (2.5)



The computation in LR is generally stopped when the Lagrangian multiplier or the
Lagrangian value L stabilizes. By splitting a problem into multiple subproblems,
LR allows for parallel computation of the subproblems, which can lead to a sig-
nificant reduction in computation time. In Table [2.T we show how LR solves our
example problem. Here, k is the iteration, A is the Lagrangian multiplier value,
x and y are the values of x and y that are the optimal solutions to the separate
subproblems in Equation and L is the Lagrangian objective value as in Equa-
tion

k ATy L
0 000 0 0 0.00
1 300 2 2 3.00
2 250 2 2 350
3 217 2 2 383
4 192 0 2 392
5 212 2 2 388
6 195 0 2 395
7 209 2 2 391

Table 2.1: Iterations of the Lagrangian Relaxation, showing the solutions of the
subproblems and the corresponding Lagrangian value.

In Table [2.1] we see L converge to 4, which is the optimal solution value of Z. A
converges to 2 which leads to the values of = and y oscillating between (0, 2) and
(2, 2) in future iterations. For our example, LR finds one feasible solution, namely
x = 2 and y = 2; this is not the optimal solution, whichis x = 1 and y = 2.

It is often the case that LR is not able to find the optimal or even a feasible solu-
tion. In these cases, the Lagrangian value found by LR, which is guaranteed to be
a lower bound of the original problem, is often used as such in other algorithms.
In some cases, if no feasible solution is found, the solution found by LR is made
feasible by repairing conflicts.

Formally, LR solves the Lagrangian dual problem, in which the goal is to maximize
the Lagrangian value over all non-negative multiplier values. For a fixed multiplier
A, the Lagrangian relaxation provides a lower bound on the optimal value of the
original problem. The objective is therefore to find multiplier values that maximize
this bound [Hooker, 2024].



2.3 Augmented Lagrangian Relaxation (ALR) & The Al-
ternating Direction Method of Multipliers (ADMM)

While LR can be used to separate the subproblems and can sometimes find solu-
tions, it has slow convergence and oscillatory behavior. ALR can improve the
convergence of LR [Boyd et al., [2011]. It adds a quadratic penalty term of the
relaxed constraints to the objective, which penalizes constraint violations further,
leading to better convergence. ALR, however, destroys the separability of LR since
the variables are now coupled through the quadratic term. For our example, ALR
leads to the objective in Equation [2.6] where p is the penalty parameter.

Ly, = min{2z+y+\(3—z—y)+max(0, g(3—q;—y)2) cx,y € {0,1,2}} (2.6)
T,y

ADMM [Boyd et al., 2011]] is often used to recover separability in ALR by altern-
ating the optimization of the different variables. In ADMM, the problem is split
into a sequence of interdependent subproblems by block coordinate descent and
linearization techniques [Song and Cheng, 2022]]. The solution for one variable is
solved with the values of the other variables fixed:

2F 1 = qrgmin 2z + )\k(?) —r— yk) + max(0, g(?’ —T—= yk)2) 2.7
X

Y"1 = argminy 4+ A\¥(3 — 28T — ¢) 4 max(0, 5(3 —zF —)?). @2.8)
v

ADMM thus takes the values of the other variables into account when solving for
one variable, whereas in LR, the variables are only coupled through the Lagrangian
multiplier. Although ADMM allows for separability, one of its downsides is that it
may fail to converge and can have cyclic behavior, which is generally not the case
when solving ALR without ADMM. In Table[2.2] we show how ALR with ADMM
solves our example problem, with p = 1. We see that ADMM finds the optimal
solution and converges faster than LR. The main drawback of ALR and ADMM is
that the subproblems can no longer be solved in parallel.

k AT oy L
0 000 1 1 350
1 1.00 1 2 350
2 1.00 1 2 4.00
3 1.00 1 2 4.00

Table 2.2: Iterations of ADMM, showing the alternating solutions (z, y), and the
corresponding augmented Lagrangian value L.



2.4 Local Search (LS) for the TUSPwSS

The current state-of-the-art algorithm for the TUSP extended with service task
(TUSPwSS) is an LS approach developed by [van den Broek et al. 2022]. In
this section, we first give a short description of the TUSPwSS and then explain
what LS is and how the TUSPwSS was transformed into an optimization problem.
After this, we explain how an initial solution is created and describe the four search
neighborhoods used to modify it.

The TUSPwSS concerns the matching, routing, parking, and servicing of train
units at a shunting yard. A shunting yard consists of a set of tracks where trains
can be parked, which are connected by switches. In a TUSPwSS instance, an ar-
riving and departing schedule of trains is given, in which the arrival and departing
times, locations, and compositions of trains are given. Each train consists of train
units that have varying lengths and types. For each train unit, it is also defined
what servicing tasks have to be performed. Certain servicing tasks can only be
performed at certain tracks. The goal is to assign each train unit to a position in a
departing train with matching type, scheduling its required servicing, and determ-
ining feasible routes through the yard while avoiding collisions. Ideally, the total
movements are minimized.

LS is a heuristic method for solving optimization problems. It starts with an ini-
tial solution to a problem, and then iteratively improves the solution by selecting a
neighboring solution. [van den Broek et al.|[2022]] used simulated annealing [Kirk-
patrick et al., 1983, (Cerny, [1985] to select a neighboring solution for the next it-
eration. In simulated annealing, a candidate solution is generated by applying a
randomized neighborhood move to the current solution. This solution is accepted
as the solution for the next iteration if it is an improvement over the current solu-
tion. If it is not an improvement, it is accepted with a probability based on the
difference in objective value between the candidate and the current solution, and
based on the state of the search process. Worse solutions are accepted with a prob-
ability to avoid getting stuck in local optima.

[van den Broek et al.,[2022] transformed the TUSPwSS into an optimization prob-
lem by relaxing the temporal and parking constraints and penalizing violations of
these constraints in the objective function. This allows them to start with a solu-
tion to this relaxed problem, which can then be improved with LS until a feasible
solution is found to the original problem. The temporal constraints ensure that train
units enter the yard upon arrival and depart on time. The parking constraints ensure
that train units are parked without exceeding the track capacity or blocking train
unit movements. Both LS and LR relax constraints. In LS, this is done to allow the
algorithm to explore the solution space more freely, while in LR, constraints are
relaxed to simplify the problem and allow decomposition.



An initial solution for the relaxed problem is constructed with a sequential al-
gorithm. First, a matching between the incoming and outgoing train units, which
form a bipartite graph, is constructed by using the Hopcroft-Karp algorithm [Hop-
croft and Karpl [1973]]. Based on this matching, the number of required splits
needed to transform the incoming train units into the desired departure composi-
tions is computed. A short, simple simulated annealing algorithm is used to reduce
the number of splits. Next, the service schedule is constructed by a list-scheduling
strategy. Tasks are added to the schedule of a corresponding resource in order of
increasing due date and based on resource workload. The movements to and from
the service locations are computed next. Finally, the parking locations of the train
units are assigned randomly without taking the track occupation into account. The
initial solutions created with this algorithm have many violations for problems of
significant size.

2.4.1 Search Neighborhoods

The neighboring solutions of the initial solution are solutions where certain aspects
of the planning are altered. In [van den Broek et al., 2022], four search neighbor-
hoods are defined such that the different aspects of the TUSPwSS are considered.

The first neighborhood is a change in parking location, which can solve conflicts
in track capacity and collisions. This neighborhood contains all shunting plans that
can be constructed by changing the parking location of a train. The parking loc-
ation of a train unit can be changed by selecting two consecutive movements, 1
and mg, and assigning the destination of m; and the origin of ms to a different
track.

The second neighborhood is a change in the routing. This neighborhood consists
of three sub-neighborhoods. First, the shift movement neighborhood, in which
a movement is scheduled to be earlier or later in the movement order. Second,
the insert movement neighborhood, where two extra movements are inserted to
move a train to a different track temporarily. Both these neighborhoods can re-
solve collisions: the shift movement neighborhood by moving a train unit earlier,
out of the way of another train unit, or by letting a train arrive later, and the insert
movement neighborhood by moving a train out of the way temporarily. The third
sub-neighborhood is the remove movement neighborhood, in which a redundant
train movement is removed, leading to fewer movements. A train movement is
redundant if it can be removed without creating new conflicts.

The third neighborhood is a change in the servicing schedule. This neighborhood
contains all valid solutions, in which the order of two consecutive service tasks is
swapped, that use the same resource, or involve the same train. It also contains the
solutions obtained by assigning a service task to a different resource.

10



The final neighborhood is the matching neighborhood, in which the assigned de-
parture of the two trains is swapped. Neighboring solutions are selected randomly.
If a solution is changed in one dimension, then the plan is also changed accordingly
in the other dimensions, such that the solution remains valid.

In LS, the initial solution is changed by repeatedly selecting better or worse neigh-
boring solutions. The chance that a worse solution is selected is reduced over time,
and the LS runs until a feasible solution is found or until no more improved solu-
tions can be found and worse solutions are no longer accepted.

The LS approach is a solid approach for solving the TUSP, as it is the first al-
gorithm that is capable of solving the complete problem for real-world instances
in a realistic time for use in practical planning operations. The main drawbacks of
the LS approach are that it is non-deterministic, and thus does not consistently find
solutions, and it can get stuck in local optima. Furthermore, the author mentions
that the routing appears to be a bottleneck in many instances.

11
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Chapter 3

Related Work

In this chapter, we give an overview of previous research on the Train Unit Shunt-
ing Problem (TUSP) and discuss relevant techniques from the literature that could
be used to solve the TUSP. To provide an overview of previous approaches that
were applied to the TUSP, we start by discussing the most relevant works done
on the TUSP and the techniques used. We then describe work done on the TUSP
without matching and (de)coupling at Chinese railways, where Lagrangian Relax-
ation (LR) methods were used. Afterwards, we discuss relevant research on Multi-
agent Path Finding (MAPF) and LR. We conclude by outlining why LR methods
could be well-suited for the TUSP.

3.1 Train Unit Shunting Problem

Freling et al.|[2005] first introduced the TUSP, which they proved is NP-hard. They
considered the matching and parking subproblems, which they solved sequentially.
First, they used CPLEX to solve the mathematical models of the matching subprob-
lem, and second, a column generation heuristic was used to assign the matched
train units to tracks. The main drawbacks of this approach are that it is possible
that the solution for the matching leads to an infeasible problem for the parking,
and that the routing subproblem is not considered.

Lentink et al.|[2003] extended the TUSP by including the routing subproblem.
They used the algorithm proposed by [Freling et al.|[2005]] (published later) to solve
the matching subproblem and also solved the subproblems sequentially. The rout-
ing is solved last, and it is possible that no feasible routing solution exists, given the
solution for the matching and parking. In this case, the solutions for the matching
and parking have to be recomputed with an extra constraint.

Instead of solving the matching and parking sequentially, Kroon et al.| [2008]]

solved them simultaneously, instead using CPLEX. Their Mixed Integer Linear
Programming (MILP) approach leads to a large model that takes several hours to

13



find a feasible solution, and the routing is not even considered yet.

In a more recent study by Haahr et al.| [2017]], three novel approaches, a Con-
straint Programming formulation, a Column Generation approach, and a Greedy
Construction Heuristic were compared to two existing methods, an MILP [Kroon
et al., |2008|] and a Two-stage Heuristic [Freling et al., 2005]]. Their main conclu-
sion was that the different approaches all have different strengths and weaknesses
depending on instance characteristics. This research, however, did not consider the
routing.

Kamengal [2020] proposed four algorithms, each solving the different subproblems
in a different order, partially sequential and partially integrated. They concluded
that the performance of these algorithms does not differ much, but that different
instance characteristics may imply different relative performance. Furthermore,
they concluded that the parking subproblem is the subproblem that complicates the
TUSP the most, and that the servicing subproblem only has a minor impact on the
difficulty of the problem. In all four algorithms, the routing is solved last. Their
algorithm required twenty minutes to find a solution in the worst case. They re-
mark that the number of paths per train strongly affects the size of the parking and
routing subproblem.

Most of the above approaches used MILP to solve the TUSP. MILP is a corner-
stone in operations research and can be used for a variety of problems [Clautiaux
and Ljubic| 2025[]. The advantage of using MILP to solve a problem is that many
available solvers can solve many problems in a reasonable time. Furthermore,
the solutions provided by MILP are provably optimal. However, solving NP-hard
problems exactly leads to exponential growth of solution time for larger problem
instances. As shown by the discussed research, MILP is not able to solve instances
of realistic sizes for the TUSP in a realistic time for use in practical planning oper-
ations.

The current state-of-the-art solution is the first algorithm capable of solving the
complete problem for real-world instances in a realistic time. [van den Broek et al.
[2022] developed a Local Search (LS) algorithm to solve the TUSP, extended to
include service task (TUSPwSS). The LS approach solves the TUSP as an integ-
rated optimization problem rather than solving the subproblems sequentially. This
algorithm can solve instances for different shunting yards within a few minutes.
It can solve harder instances than a decision support tool developed by NS, and
outperforms current algorithms for the TUSP without service tasks. They also
demonstrated that the flexibility to move a train to a different track during parking
(reallocation) is essential to finding feasible plans. The main drawbacks of the LS
approach are that it is non-deterministic, and thus does not consistently find solu-
tions, and it can get stuck in local optima. Furthermore, the author mentions that
the routing appears to be a bottleneck in many instances.
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Another approach to solve the TUSP was by|Athmer|[2021]], since the LS approach
is quite dependent on the initial solution, they used an evolutionary algorithm to
solve the TUSP, which is less dependent on the initial solution. Their approach was
able to outperform the LS approach at one location but not at another.

3.1.1 TUSP without Matching and (De)coupling

At Chinese railways, a problem slightly simpler than the TUSP occurs. The differ-
ence with the TUSP is that they do not have to consider the (de)coupling of trains
and the matching subproblem, and they only have two train types: long trains of
sixteen train units and short trains of eight train units.

In recent studies, [Wang et al.| [2022] used Integer Linear Programming to model
the problem and solved it using Gurobi; they were able to find solutions in 30
minutes. In another study by Xu and Dessouky| [2022]], the problem is modeled
as a minimum-cost multi-commodity network flow problem and solved using Lag-
rangian relaxation. Their approach required more than one hour to find a solution
for about 20 trains. An extension of this work was done by |Shi et al.|[2023]], where
they used Augmented Lagrangian Relaxation (ALR) and the Alternating Direc-
tion Method of Multipliers (ADMM) to solve symmetry problems in LR. In this
approach, they also considered the reallocation of trains during parking. Their ap-
proach was able to get very close to a feasible solution within one hour; they only
tested their approach on one instance.

To our knowledge, these papers are the only research that applied Lagrangian re-
laxation to the TUSP. Their model, a two-layer space-time network, differs signi-
ficantly from how we model the TUSP in this research, and we also include the
matching subproblem, making our research stand apart. This research does show
that ALR can be applied to a problem similar to the TUSP version considered in
this thesis.

3.2 Multi-Agent Path Finding (MAPF)

In a MAPF problem, a set of agents is given that have a start and goal location in
a graph or grid. The goal in MAPF is to find a path for each agent from its start to
goal location while avoiding collisions between agents, ideally minimizing either
the sum of costs of all paths or the total time needed. The MAPF problem is sim-
ilar to the routing subproblem in the TUSP. In the context of MAPF for the TUSP,
trains can be seen as agents, the shunting yard as a graph, train collisions as col-
lision constraints, and the arrival and departure tracks as start and goal locations,
respectively. Using MAPF algorithms to solve the routing for the TUSP is thus a
logical choice.
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The current state-of-the-art algorithm for MAPF is conflict-based search (CBS)
[Sharon et al., 2015]. CBS is a search-tree algorithm that finds the optimal paths
for all agents. [van Cuilenborg| [2020]] applied CBS to the TUSP. In this research,
they altered Conflict-Based Search (CBS) such that it can be applied to the TUSP,
and applied different variations of CBS to the TUSP. Although they were able to
apply CBS to the TUSP, their approach was slower than the LS approach and found
fewer feasible solutions.

3.3 Lagrangian Relaxation

As discussed in Section 3.1} using MILP to solve NP-hard problems often leads to
unrealistic solution times for problem instances of realistic size. LR [Fisher,|[1981]]
is a method that can reduce the complexity of MILP problems by decomposing
them into smaller subproblems [Bragin, [2023]. LR decomposes a problem into
smaller subproblems by relaxing some hard constraints into the objective and in-
troducing Lagrangian multipliers (penalty terms); these subproblems can often be
solved in parallel. The relaxation loses guaranteed feasibility and optimality for the
original problem since the solutions for the subproblems can be conflicting in the
original problem. LR is often used as a heuristic, where relaxed solutions are used
to guide primal recovery. Primal recovery is the process of converting solutions to
the relaxed problem into feasible solutions for the original problem. There are a lot
of different methods that can be used in LR, such as the subgradient method, aug-
mented methods, column generation, and dual ascent methods [Guignard, [2003]],
making LR applicable to a large variety of problems.

Over the years, LR has been successfully applied to various problems such as
the traveling salesman problem [Held and Karp, [1970], vehicle routing problems
[Fisher and Jaikumar, 1981, Kohl and Madsen, [1997], and railway routing and
scheduling [Zhou and Teng| 2016| [Brinnlund et al., [1998| [Keatonl |1989|]. These
problems have routing and scheduling components similar to the TUSP, indicating
that LR could be a useful tool for solving the TUSP. However, the TUSP has ad-
ditional components that distinguish it from these problems. In particular, it com-
bines routing with matching decisions and occurs at shunting yards with parallel
tracks where trains can block each other, and often involves limited space and time
constraints. Furthermore, there are often a few or even only one arrival and depar-
ture track. These components introduce additional conflicts and dependencies not
present in standard routing or scheduling problems. Even with these components,
the TUSP can be modeled as an MILP and is decomposable into multiple shortest
path subproblems. This decomposition aligns well with the strengths of LR, and
LR could thus be a powerful tool for solving the TUSP from a routing/MAPF per-
spective.
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3.4 Conclusion

The research discussed on the TUSP has shown that exact methods are not able
to solve the TUSP in a realistic time. Heuristic methods, LS, and evolutionary
algorithms provide better performance. Although modeling the TUSP as a MAPF
problem is a logical choice, previous research showed it was not able to perform
better than the LS approach. LR is a decomposition approach that has been used
on numerous NP-hard problems. Aside from a similar problem on the Chinese
railways, LR methods have not been applied to the TUSP. Furthermore, in the
discussed research on the TUSP, the routing was either not considered, solved last,
or, in the case of [van den Broek et al.| [2022], a bottleneck in many instances. In
this research, we aim to use LR methods to decompose the TUSP into multiple
shortest path subproblems, focusing on the routing subproblem. The flexibility of
reallocation, which is essential to finding feasible solutions, is also present in our
model.
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Chapter 4

Problem Statement

The train unit shunting problem (TUSP) concerns the matching, routing, and park-
ing of train units at a shunting yard. The input of an instance of a TUSP is two-fold:
a location and a scenario. The location describes the characteristics of the yard, and
the scenario gives the arriving and departing trains and the total time window over
which they arrive and depart. A valid solution to a TUSP instance is a solution
without collisions and where each departure is reached, preferably on time.

The TUSP is a hard problem to solve, with many details that complicate the prob-
lem. Solving the routing, matching, and parking individually can already be diffi-
cult for a large number of trains, but solving these problems together is even more
complex. A change in the matching can, for example, have an impact on how trains
have to be routed and parked. The TUSP was shown by [Freling et al.| [2005]] to be
NP-hard.

In this chapter, we give a formal description of the TUSP based on the descriptions
in [Lentink] [2006] and [van den Broek| [2016]. This problem has several important
subproblems, namely the matching, routing, and parking. We first describe the in-
put of the problem, the specifics of a yard, and a scenario of arriving and departing
trains. We then discuss the details of these subproblems, starting with the matching
of the arriving trains to the departing trains, followed by the routing and parking of
the trains. The routing and parking are connected and thus described together. To
illustrate the problem, this chapter ends with an example of both a shunting yard
and a TUSP instance.

In practice, trains consist of multiple units that can be coupled and decoupled. In
this thesis, each train consists of one unit, and we thus do not consider (de)coupling
of train units. Including this was outside of the scope of this thesis and is a major
simplification of the TUSP. Furthermore, we leave out servicing tasks and have
some additional minor relaxations and simplifications. These additional simplific-
ations do not affect the main complexity of the problem, which comes from the
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interaction between the subproblems.

4.1 Location

This section describes the characteristics of a shunting yard, explains the different
types of switches, and explains the saw movement. Each shunting yard has two
sides, commonly referred to as the A-side and the B-side. A shunting yard consists
of a set of tracks TR and every track ¢r has a length £(¢r), an A-side as(tr), and
a B-side bs(tr). The as(tr) and bs(tr) of a track are the sides that are the closest
to the A-side and B-side of the yard, respectively. The as(tr) and bs(tr) of a track
are connected to either a bumper or a switch. A bumper is the end of a track, and
a switch is a connection to another track. It is also possible to have a series of
switches after one another that can be used to reach more tracks than with a single
switch. Tracks with a switch on both sides are called free tracks, and tracks with a
bumper on one side are called LIFO tracks. For every track, it is defined whether
parking and/or reversals (saw movements) are allowed.

There are three types of switches: a regular switch, a crossover, and an English
switch. The regular switch has two tracks connected on one side and one track on
the other side. A crossover connects two parallel tracks, allowing trains to switch
to the other track. An English switch is a crossing of two tracks on which trains
can switch to the other track. An English switch is similar to the crossover, but
two trains cannot traverse the switch at the same time, even when they remain on
their own track. An example of these switches can be seen in Figure d.1] Parking
and saw movements are not allowed on switches. In this research, we assume that
switches can be controlled remotely.

Figure 4.1: Regular switch (left), crossover (middle), and English switch (right).
The solid lines represent tracks, and the dotted lines represent switches.

Each switch sw has an A-side as(sw), and a B-side bs(sw). We define as(sw)
and bs(sw) to be an ordered list of tracks that the switch is connected to on the
respective sides. Each track in as(sw) is connected to each track in bs(sw). The
lists are ordered such that for a crossover, it is defined that a train can move from
the first track in as(sw) to the first track in bs(sw) at the same time as another
train moves from the second track in as(sw) to the second track in bs(sw). For
the crossover in the figure, as(sw) = [1, 2] and bs(sw) = [3, 4]. At this crossover,
a train can move between tracks 1 and 3 at the same time as another train moves
between tracks 2 and 4.
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A saw movement is the operation of reversing the direction of a train unit. To
perform a saw movement, the control of the train must be transferred to the tail
of the train, and the driver must walk to the other end of the train to resume the
movement. In general, saw moves are time-consuming operations.

A shunting yard is connected to the railway network by one or more gateway tracks.
Trains can only arrive and depart from gateway tracks. For most locations, parking
and reversal are not allowed on gateway tracks. In this research, we assume that
the shunting yard is empty at the start and end of a scenario.

4.2 Scenario

In this section, we describe the characteristics of scenarios. A scenario consists
of an arrival schedule, a departure schedule, and a time window (0, ..., Tiax)
[Lonyuk, [2024]]. From the arrival schedule, we get a set of trains (agents) A; every
train a has an arrival time at(a), an arrival track ag(a), and a type 6(a). The de-
parture schedule is a set of departures D, and each departure d has a departure
time dt(d), a departure track dg(d), and a type 6(d). The departure time of some
departures can be before the arrival time of arriving trains. Trains require a driver,
but not a locomotive, to move and can move bi-directionally.

4.3 Matching

In this section, we define the matching subproblem. The matching problem con-
cerns the matching of arriving trains to departing trains. There are many possible
ways to match trains, because trains of the same type can be used interchangeably.
The objective is to match each train a € A to a departure d € D. A train can be
matched to a departure if it arrives before the departure time at(a) < dt(d), and if
the train types match 6(a) = 6(d).

4.4 Routing & Parking

This section describes how we model the shunting yard and how we use this model
to formally define the routing and parking subproblems. The routing and parking
concern the moving and waiting (parking) of trains at the shunting yard. Since
trains cannot move past each other on a track, the order in which they are parked is
important, especially when trains can only leave a track on one side.

To formally define the routing and parking, we model the shunting yard as a time-

extended graph; this graph is based on the description by Mulderij et al.| [2020].
This model is abstract and does not capture all practical details of the TUSP; it
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is thus not a fully realistic model of the TUSP. In this definition, we assume all
trains are 100 meters long and divide a track into multiple nodes by dividing its
length by 100. A track of 420 meters is thus divided into four nodes with edges
between them; each node can fit one train. Let G = (TR, E) be a connected,
undirected graph that consists of a set of tracks (nodes) T'R and a set of edges
E C TR x TR. The edges originate from the switches. For each switch sw, an
edge is added between each track in as(sw) and each track in bs(sw). We define
C as the collection of conflicting edge sets, where each ¢ € C' consists of edges
that cannot be used simultaneously. All edges that originate from the same regular
switch or English switch are conflicting and belong to the same set c. For the cros-
sover, only the edges that cross each other are conflicting. Two conflicting edge
sets originate from a crossover. Edges originating from a series of switches are
also conflicting, since parking in between switches is not allowed. The edge set
also contains self-edges for tracks on which parking is allowed. Let V =TR x T
be the time-extended node set, where each node v € V' is a combination of a track
and a time, v = (¢r, t). We define the time-extended directed edge set £ C V x V/,
where an edge e = (v, v2) = ((tr1, t1), (tra, t2)) € Eif and only if ty = ¢ + 1
and (tr1, tre) € E. The reverse edge ¢’ of e is ¢/ = ((tre, t1), (tr1, t2)). A
reverse edge ¢’ belongs to the same conflicting edge sets as its corresponding edge
e. The directed graph G = (V, E ) is then the space-time graph corresponding to G.

In the routing and parking subproblem, we assume that each train has been as-
signed to a departure through the matching and thus has a departure track dg(a)
and time dt(a). The goal of the routing and parking problem is then to find a path
for each train to its departure track such that there are no collisions. In terms of the
time-extended graph, this means a path has to be found for each train a € A,
from v = (ag(a), at(a)) to v = (dg(a), dt(a)). A path for an agent is a
vector of tracks (trg,try,...,trp—1), where tro = ag(a) and try = dg(a), and
((trg, t), (treg1, t+1)) € Eforallt € 0,1, ..., k. For t > k, the train is no longer
present at the yard. A path has to be found for each train a € A such that no two
trains use the same node at the same time and no two conflicting edges are used at
the same time. A train is parked if ¢tr; = tr; 41 and is moving otherwise.

Ideally, the total movement costs are minimized, and departures are reached on
time. The cost ¢(p) of a path p is the sum of the traversed edges’ cost. Further-
more, the aim is also to ensure that the movements of a train are grouped as much
as possible to avoid excessive operator waiting time.

In practice, every train’s movement time and cost depend on type, length, and
switch specifics. In|van den Broek! [2016], a train movement is estimated to take
one minute and to operate a switch 30 seconds. A reversal is estimated to take
two to four minutes. In this research, we assume that traversing an edge takes
one minute and reversals are instant. Since an edge can cross multiple switches, a
movement in our model takes significantly less time than in practice. Furthermore,
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we set the cost of each non-self edge to one.
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Figure 4.2: The Kleine Binckhorst shunting yard in Den Haag, gateway track at
the bottom left.

4.5 Shunting Yard & TUSP Scenario Example

In this section, we begin by presenting an example of a shunting yard and how it is
transformed into the graph described in Section We then give an example of a
scenario at this yard. Using this scenario, we illustrate that the matching, routing,
and parking subproblems are interdependent.

The shunting yard on which we test our implementation in this thesis is the Kleine
Binckhorst in Den Haag, depicted in Figure d.2] The Kleine Binckhorst has only
one gateway track (at the bottom left) and has both free tracks and LIFO tracks. In
practice, shunting yards differ in layout and size. The distribution of free and LIFO
tracks also varies, meaning yards contain significantly more or fewer cycles than
others. For this example, we created a simple shunting yard based on the Kleine
Binckhorst; this yard can be seen in Figure It has one gateway track, track 0,
and two LIFO tracks, tracks 1 and 2. All tracks are 200 meters long, and there is
one switch connecting the tracks.

The simple yard is transformed into our graph structure, which can be seen in
Figure Track O is turned into node 0; it is not split into two nodes because
parking is not allowed at the gateway track. Since we assume all trains are 100
meters long, tracks 1 and 2 are both split into two nodes, and an edge is added
between these nodes. Switch 20 is turned into four edges: an edge from node 0 to
nodes 1 and 2, and the reverse of these edges. For each node, aside from node 0, a
self-edge is added to model parking. The edges (0, 1), (1,0), (0,2) and (2,0) are
conflicting and thus part of the same conflicting edge set.
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Figure 4.3: Simple yard example (a) and its graph representation (b).

The scenario we consider in this example has four arriving and departing trains;
the exact schedule can be seen in Table In this scenario, all trains arrive before
a train departs. There is space for four trains in the yard, and it will thus be full
after all trains arrive. Since each edge takes one timestep to traverse, and since
there are only two timesteps between arrivals and departures, trains do not have
time or space to reallocate between arrival and departure. Each train in this scen-
ario can be matched to two departures.

Arrivals (id, 6(a), ag(a), at(a)) Departures (0(d), dg(a), dt(a))

(1, SLT, 0, 0) (SLT, 0, 9)

(2,SNG, 0, 2) (SLT, 0, 11)
(3,SLT, 0,4) (SNG, 0, 14)
(4, SNG, 0, 6) (SNG, 0, 16)

Table 4.1: Arriving and departing schedule for the example scenario.

To illustrate that the matching, routing, and parking are interdependent, we start
by constructing a feasible matching. There are four feasible matchings for this
schedule when only considering the matching subproblem. We consider two in
this example and only focus on the matching of the SLT trains. In the first match-
ing, we match the first arriving SLT train to the first departing SLT train and the
second arriving SLT train to the second departing SLT train. For this matching,
there is no feasible routing solution. The first SLT train has to be parked in the
back since it arrives first and cannot be reallocated. It also has to depart first,
which is impossible since its path to node 0 will be blocked by the other trains. For
the second matching, we swap the matching of the SLT trains. This matching does
have feasible routing solutions; the steps of one of these are listed in Table [4.2]
When looking at the matching of the SNG trains and at the other feasible matching
solutions, one will find that only one of the four feasible matching solutions has
feasible routing solutions.

This example shows that the solutions to the matching, routing, and parking sub-
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problems are interdependent. The impact of the time component of the TUSP is
partially illustrated in this example. In a larger yard, the time required to traverse it
can significantly affect whether matching, routing, and parking solutions are feas-
ible within the available time.

Train ID  Start time Endtime Movement Event
1 0 2 0—-3 Arrival
2 2 4 014 Arrival
3 4 5 0—1 Arrival
4 6 7 0—>2 Arrival
3 8 9 1—=0 Departure
1 10 11 3—=0 Departure
4 12 14 2—=0 Departure
2 14 16 4—0 Departure

Table 4.2: Routing steps for each train.
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Chapter 5

Methods

As discussed in Chapter [3| past research on the Train Unit Shunting Problem
(TUSP) has shown that exact methods are not able to solve the TUSP in a reason-
able time and that the current state-of-the-art solution is non-deterministic, where
the planning of movements is a bottleneck. Lagrangian Relaxation (LR) is a heur-
istic method that is, in theory, deterministic. It allows the TUSP to be split into
multiple shortest path sub-problems and thus approaches the TUSP from a rout-
ing/MAPF perspective.

In this chapter, we discuss the approach taken in this thesis to solving the TUSP
version described in Chapter d] We start by describing the Mixed Integer Linear
Programming (MILP) model and how we apply LR to it. We then illustrate why a
straightforward use of LR struggles with solving TUSP instances in which trains
have to take detours, and the proposed solution to this problem. After this, we
illustrate why the LR struggles with symmetry and a solution for these problems,
which is extending the LR with Augmented Lagrangian Relaxation (ALR) and the
Alternating Direction Method of Multipliers (ADMM). We then describe how the
resulting per-train sub-problems can be solved with shortest path algorithms and
end the chapter by giving pseudo-code of the ADMM approach. This chapter an-
swers sub-question [SQI|by showing how the routing, matching, and parking com-
ponents of the TUSP can be modeled for LR methods and answers sub-question
by discussing the symmetry problems of LR. An overview of the notations
used in this chapter can be found in Table

5.1 Mixed Integer Linear Programming Model

In this section, we describe a MILP model for the TUSP that we can apply LR
to. This MILP model is based on the description of the TUSP in Chapter i} We
model the shunting yard as the time-extended graph described in Section4.4] since
a graph can model the layout of a yard. We use discrete time steps, where each
minute is one timestep, and each edge takes one minute to traverse. A traversal
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time of one minute for each edge is not fully realistic, as in practice, certain edges
represent longer routes. Furthermore, edges between nodes originating from the
same track also take one minute, whereas in practice, these movements take less
time.

Notation Description

TR Set of tracks (nodes).

ECTR TR Set of directed edges; includes a self-edge for every node if park-
ing is allowed.

cCFE Set of conflicting edges.

C:={c1,co,...,cm} Set of conflicting edge sets.

Tinax End of the time window; time is modeled in discrete steps.

A Set of trains.

O Set of train types.

0(a) € © Type of train a.

ag(a) € TR Start location of train a.

at(a) € T Arrival time of train a.

DCTRxOxT Set of departures defined by departure track, train type, and time.

D(#) := (i,6,t) € D, V8 € © Set of departures for trains of type 6.

Tq,ijt € {0,1} 1 if train @ moves from node 7 at time ¢ to node 7, arriving at ¢ + 1.

Pajit € {0,1} 1 if train a is located at node ¢ at time .

Yar € {0,1} 1 if train @ is present in the yard at time ¢.

Table 5.1: Notations used in this chapter.

Previous research has already shown that finding a feasible solution to the TUSP is
difficult, which is why the main goal is to find feasible instead of optimal solutions.
A feasible solution is a solution without collisions and where each departure is
reached on time. Although late arrivals at the destination are allowed in reality, our
model does not allow for delays, since this was outside of the scope of this thesis.
In practice, a feasible solution is determined by the scheduling of the train drivers.
Whether or not a feasible schedule exists for the train drivers depends partially on
the number of train movements in a solution to the TUSP. The objective in the
model is thus to minimize the total train movements:

Tmax_ 1

minobj(z) = > Y D> (Taiji+ Tajit)- (5.1)

=0 (i,j)eEacA
1<j

Here, 2, is the binary decision variable that describes if edge (¢, j) is used by
train a at time ¢. Parked trains do not consume any resources; therefore, self-edges
are not included in the objective. The other binary decision variables in the model
are pq ; ¢, which describes if train a is at node ¢ at time ¢, and ¥, ¢+, which describes
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if train a is at the yard at time ¢.

Pa,ag(a),at(a) = 1 Vae A (5.2)
3" Pait = var Va€ AVte {at(a),..., Tuax — 1} (5.3)
i€TR
D Paig <1 Vie TRVt €{0,..., Toax — 1} (5.4)
acA
SN (@aiga) <1 Vee C,VEE{0,. .., Tmax — 1} (5.5)
i,jECaEA
Pa,it — (yat Ya, t+1 Z Tayjt
J:(i,j)eE (5.6)

Va € A, Vi e TR, Vt € {at(a),...,Tmax — 1}

Pajiti = Y. Taijr Va €A VjeTR, Vte{at(a),. .. T — 1}

i:(i,7)EE
5.7
> Pait=1 VacA (5.8)
(i,t)€D(0(a),at(a)<t)
Yartr1 <1 —pair Yae ANV(i,t) € D(0(a)) (5.9)
Yai+1 < Yar Va € AVt € {at(a),...,Tmax — 2} (5.10)

To further define the model, we define constraints based on the TUSP inputs and
requirements. A train a arrives at its arrival time at(a) and track ag(a), which we
model through Constraint[5.2] While a train is at the yard, it has to be at a node,
modeled through Constraint To avoid collisions, we define Constraints
and[5.5] which ensure a node has at most one train parked on it at any time and that
no two trains use conflicting edges at the same time, respectively. Conflicting edges
are edges that cannot be used at the same time, as described in Section 4.4} The
movement of the trains is modeled through Constraints [5.6|and[5.7} Constraint 5.6
concerns a train a leaving node ¢ at time ¢ through edge (7, j) and Constraint
concerns train @ arriving at node j at time ¢ + 1. In Constraint[5.6] the left-hand
side becomes 0 if a train departs at time ¢ due to the — (Yt — Yq,t+1) term. The
inclusion of this term in the constraint avoids the need for a train to select an edge
when it departs. The matching in the model is performed via Constraint[5.8] which
ensures that each train is matched to exactly one departure with a matching type
and a departure time later than the train’s arrival time. Due to Constraint[5.4] only
one train can be matched to each departure because otherwise two trains would be
at the same node at the same time. Modeling the matching through this constraint
implicitly solves the matching as part of the routing decisions. Constraint [5.9]en-
sures that when a train reaches a departure at time ¢, it is no longer present at
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time ¢ + 1, and Constraint ensures that a train cannot return to the yard after
departure.

5.2 Lagrangian Relaxation

In this section, we explain how we apply standard LR to the MILP model. The main
idea behind applying LR to the TUSP is that LR allows us to split the TUSP into
multiple per-train sub-problems. To achieve this, we have to relax Constraints
and (5.3), which are the only coupling constraints that connect the different trains.
These constraints are relaxed by incorporating them into the objective function. A
term is added for both constraints and two Lagrangian multipliers are introduced,
Ai ¢ for Constraint and p.; for Constraint (5.5)), respectively. We thus have
a different A value for each node ¢ at each time step ¢ and a different p value for
each conflict set c at each time step. The Lagrangian objective function is then

Equation (5.T1).
Tmax—1
obj(z) + > > Ay (Z Pasit — 1)

t=0 i€TR acA
T‘max_1

+ Z Z,U«c,t Z(Z Tayijt — 1)

t=0 ccC ij€c acA

L(A, u) = min (5.11)

Next to minimizing the total movement, the objective is now also to minimize the
penalties that are applied through A; ; and ; j;. The second term adds a penalty
if more than one train is at the same node at the same time, and the third adds a
penalty if two or more trains use edges part of the same conflicting edge set.

We can now decompose the problem into a series of independent subproblems,
multipliers (A\; s - —1, p; j+ - —1) are constants and can thus be left out, resulting in
the objective function for train a in Equation (5.12)).

Tmax—1 Tmax—1
Yo Y @aiget Tagid) T D Y Nitbai
t=0 (i,j)eE t=0 i€TR
La(A, ) = min g
Tmaxil

+ Z Zuc,t Z (l‘a,i,j,t)

t=0 ceC i,J€EC
(5.12)

To simplify future equations, we define the first term in Equation (5.12) as obj, (),
the second term as Ppen,, (p), and the third term as Xpen,(z). The decomposition
turns the problem into a shortest path problem for each train individually. In the LR
approach, we solve the sub-problem (5.12)), subject to Constraints [5.2][5.3][5.615.10]
for each train individually and then update the Lagrangian multipliers through the
subgradient method, which is explained in Section [2.2] The subgradient method
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for the two penalty terms can be seen in Equations (5.13) and (5.14), where & is
the iteration, starting at 1.

)\f’fl—maXO)\”—F Zpazt 1 VZGTR Vte{O max_l}
acA
(5.13)
pEH = max(0, uf, + szawt 1) VeeC,Vte{0,..., Tnax — 1}
1,jEcacA
(5.14)

The Lagrangian penalties increase when multiple trains occupy the same node or
use edges from the same conflicting edge set at the same time. They remain un-
changed when exactly one train occupies a node or uses such an edge, and decrease
when no train uses the node or edge. After updating the Lagrangian multipliers,
we solve the subproblems again; this process is repeated until a feasible solution
is found. If no feasible solution is found, the algorithm can be stopped when a
time limit has been reached, when only a set number of conflicts remain, or when
both conditions are satisfied. Stopping the algorithm when only a set number of
conflicts remain can be useful when using the unfeasible solution found by LR as
input for another algorithm. For example, as an initial solution for the Local Search
(LS), this is not researched in this thesis.

5.3 Limitations of Lagrangian Relaxation: Detours and
Symmetry

In this section, we answer sub-question [SQ3] for the standard LR approach by de-
scribing its main limitations. During initial testing on self-made instances, the LR
approach was unable to solve two types of instances. First, we discuss instances
in which the solutions require at least one train to diverge from its shortest path,
We call this the detour problem. Second, we discuss instances that have many
symmetric solutions due to symmetry in the shunting yards and trains.

5.3.1 Detour Problem

To illustrate the detour problem, we created a simple shunting yard, which we
transformed into the graph structure, see Figure A scenario for which the LR
approach cannot find a feasible solution is described in Table[5.2] In this scenario,
two trains have to switch positions, which is only possible if one train takes a
detour. The SNG train departs one minute later, making the instance asymmetric;
otherwise, it would belong to both problematic instance types. The cost of the
shortest path for both trains is 2, whereas the cost of the alternative detour path is
3. There are multiple shortest paths for both trains due to the different time steps.
They can move to node 3 at time O or time 1, and when moving to node 3 at time
0, they can wait one timestep at node 3. For the LR approach to find a feasible
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solution, the detour path must become cheaper than all these shortest paths for one

train.
, @' === @ Train  Arrival (i, t) Departure (i, t)
’
.’ A SLT (1,0) (5.3)
®‘~~~~ ,,"@ SNG 5,0) (1,4)
: Figure 5.2: Train arrival and departure

Figure 5.1: Simple shunting yard as track (i) and time (t) for the example
graph. scenario.

In the LR approach, we solve the shortest path problem for both trains separately.
Suppose both trains select the shortest path in which they move to node 3 at time
1. A conflict then occurs at node 3 at time 1 since both trains arrive at node 3 at
time 1. The penalty A3 1 is then set to 1 through the subgradient method (Equation
(5.13)). Since the LR has not found a feasible solution, the shortest path problems
are solved again.

For both trains, another shortest path, for example, moving to node 3 at time 1,
is still cheaper than taking a detour. This leads to a conflict at node 3 at time 2. At
this point, the penalty values are updated again. The penalty A3 ; is reduced to 0.5
and the penalty A3 2 is set to 0.5. The key point is that penalties do not accumulate
on a single path. Since trains alternate between multiple shortest paths, a different
conflict is penalized each iteration. As a result, all shortest paths for a train never
become more expensive than the detour path since the maximum penalty applied
to any conflict is 1.0 in the first iteration and decreases with each iteration.

The proposed solution to the detour problem is setting the cost of each movement
to 0.01 instead of 1. This way, the penalties applied through LR, which typically
start with 1.0, are actually high enough to push the trains to select different paths.
By setting the cost to 0.01, we still aim to reduce the total movements but not at
the cost of conflicts. Decreasing the cost is equivalent to increasing the step size of
the subgradient method.

5.3.2 Symmetry

To illustrate why the LR approach struggles with symmetry, we created another
simple shunting yard and transformed it into the graph structure, see Figure [5.3]
In this yard, the gateway track is node 1. This yard is inspired by the Kleine
Binckhorst shunting yard depicted in Figure [4.2] The gateway track in the Kleine
Binckhorst is connected to nine tracks, which we reduced to three tracks in this
example. Since the cost of each edge to these tracks is equal, an arriving train has
three symmetric paths to choose from.
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Consider a scenario in which three trains have to be parked at the shunting yard
in Figure Due to the symmetry, the trains may pick the same path, for ex-
ample, the path to node 2. This leads to conflicts on the path to node 2, which will
become more expensive in the next iteration through the penalty terms. In this iter-
ation, each train will select a different path, either to node 3 or to node 4. Assume
they all select node 3, which increases the penalty for node 3 in the next iteration.
This leads to all trains picking the path to node 4 in the next iteration. For this
example, the trains continue to select identical paths since the paths and trains are
symmetric. This prevents the LR approach from converging to a feasible solution,
even for a low number of trains.

Figure 5.3: Simple shunting yard as graph.

For the simple shunting yard, adding some randomness in the cost of each path for
each train can break this symmetry. However, for the Kleine Binckhorst, where
we have nine symmetric paths and trains, this randomness is not enough to break
the symmetry consistently, which means the LR never finds feasible solutions for
larger symmetric instances.

Another form of symmetry comes from the matching; if two or more trains have the
same type, they can pick the same departing train to match, which will cause sim-
ilar behavior as for the paths described above. Even for the example given for the
detour problem above, these symmetry problems occur when setting the departure
time equal for the two trains. The proposed solution to these symmetry problems
is to use Augmented Lagrangian Relaxation and the Alternating Direction Method
of Multipliers, which will be described in the next section.

5.4 Augmented Lagrangian Relaxation & the Alternating
Direction Method of Multipliers

To solve the symmetry problems that occur for the LR approach, we extend it with
Augmented Lagrangian Relaxation (ALR), which introduces a quadratic penalty
term for each relaxed constraint in the objective. These quadratic penalty terms
couple the trains, which solves the symmetry because a path selected by one train
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becomes more expensive for another train. However, these quadratic terms destroy
the decomposability of the LR. The Alternating Direction Method of Multipliers
(ADMM) is used to regain the separability in the resulting problem.

For the ALR, we introduce a quadratic term for the relaxed Constraints[5.4]and [5.5]
in addition to the Lagrangian penalty terms. The objective function for ALR is then
Equation (5.15)), with penalty parameter p. The last two terms in Equation (5.15])
have been added compared to the LR objective function in Equation (5.TT).

Tmax 1
Ob.] Z Z )\zt (Z Payit — >
t=0 i€TR acA
Tmax—1
D Dt 3 (D Taigi— 1)
t=0 ceC i,jECc a€EA
L(\, i, p) = min T 2
ST 1)
= zeTR acA
2
Tmax—1
+ Z meax 0, ZZ%%
t=0 ceC i,jEcaEA

(5.15)
To split the objective function into a sequence of interdependent subproblems, we
use ADMM. This is done by regrouping the ALR terms in Equation into
terms of the current train a and the terms of other trains, and by rewriting the LR
terms as before. This results in the objective function in Equation for train
a.

obj, (%) + Ppen, (p) + Xpen, (z)

2
mdx_1
+ Z Z max | 0,paie+ ) Parie— 1
Ly(M, 1, p) = min zeTR a’eA\{a}
TII]'IX
+ > Z max (0, ) | Zaijet D Tarige| —1
t=0 CEC 1,j€c a’€A\{a}

(5.16)
To simplify this equation, let n%; ; be the number of trains in A \ {a} that use node
i at time ¢ and ¢, be the number of trains in A \ {a} that use an edge in conflict
set c at time t:

> Pwis VieTR (5.17)
a’€eA\{a}

Yo = Z (Tarije) Vi, j €c (5.18)
a’eA\{a}
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Substituting these into the objective function in Equation (5.16) results in the ob-
jective function in Equation (5.19) for train a.

obj,(x) + Ppen, (p) + Xpen,,(z)

Tmax—1
Y X Gmax (0puie i~ 1)
Lo(A, i1y p) = min t=0 icTR

2

Trnax—1 p

+ Z Z B max | 0, Z (xaﬂ'%t + (pg,j,t — 1)
t=0 ceC i,J€EC

(5.19)

In the ADMM approach, we solve the MILP problem with Objective sub-
ject to Constraint WWW W for each train sequentially. The n7, and ¢, ,
values for train a are computed before a sub-problem is solved. The Lagrangian
multipliers are updated after all sub-problems have been solved. This process is
repeated until a feasible solution is found. As with LR, if no feasible solution is
found, the algorithm can be stopped when a time limit has been reached, when only
a set number of conflicts remain, or when both conditions are satisfied. In the next
section, we describe how these sub-problems can be formulated as shortest path
problems.

5.5 Shortest Path Formulation

The sub-problems can be solved using shortest path algorithms [Dijkstra, [1959].
The time-extended graph formulation described in Section 4.4| already contains
most elements required to solve the sub-problems with shortest path algorithms.
However, in the current formulation, each train has a single goal node, while when
considering the matching, a train can match to multiple departures, resulting in
multiple feasible goals. This formulation thus has to be extended such that the
matching is properly modeled. Furthermore, the LR and ALR penalty terms need
to be incorporated into the path costs.

The gateway track cannot be used as a unique goal node, since trains are only
allowed to depart at specific times and can match to multiple departures. There-
fore, we add a sink node to the graph, which becomes the goal node. We then create
a different graph for each train a, in which for each departure with matching train
type and a departure time after the train’s arrival time ((¢,t) € D(6(a),at(a) <
t)), we add the edge (7, sink, t). These edges have no traversal time. For example,
if there are two departures with type x at time ¢ = 4 and at t = 9, then each train
with type x has an edge from the gateway track to the sink node at ¢ = 4 and at
t=09.
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To include the LR and ALR penalties in the shortest path formulation, we add them
to the edge costs. The edge cost for an edge (i, j, t) is given by Equation

0.01 + Aj t41Pait + gmax(oapa,i,t + M1 — 1)°

edge_cost

1,5,t) + Z (/Jc,tl"a,i,j,t + gmax((), Tayijt + (pg,j,t — 1)2)
ceC | (i,j)€c

(5.20)
This equation can be simplified by considering the cases where the decision vari-
ables are 0 or 1. When they are 0, the edge is not used by train a, and there is
thus no additional cost for the path. When they are 1, substituting them into Equa-
tion [5.20] yields Equation [5.21] This equation can be simplified to Equation [5.22]
as the 1 and —1 cancel out and the max can be left out since 7, ; and ¢ ; , are
always larger than or equal to 0. The cost of an edge thus includes the base cost
(0.01), the LR and ALR penalties for being at node (j,¢+ 1), and the LR and ALR

penalties for using edge (4, j,t).

0.01 + >\j,t+1 + gmax(O, 1+ 77;‘l,t—i-1 - 1)2

- (5.21)
Y (Hert Emax(0,1+ 085, —1)?)
ceC'| (i,4)€c

edge_cost; ;

p p
edge_cost; ; y = 0.01+>\j7t+1+§(n§;t+1)2+ Z (,ltc,t—kg(goﬁj,t)z) (5.22)
ceC'| (i,j)€c

The cost of self-edges is defined by Equation[5.23] which only includes the LR and
ALR node penalties.

edge cost; ; , = i y41 + g(nﬁtH)Q (5.23)
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5.6 Psuedocode ADMM

The pseudocode for the ADMM approach can be found in Algorithm [T} In lines
1 through 4, the yard and scenario data are stored, and a graph is created for each
train based on which departures it can match to, as explained in Section @ The
main loop of the algorithm starts at line 6 and ends when either a feasible solution
is found or when the time out is reached. In lines 7 through 10, for each train, the
shortest path problem is solved with the A* algorithm after computing the ALR
penalties based on the solutions of the other trains and setting the edge cost in the
graph. The ALR penalties are computed following Equations and and
the edge costs are set following Equations [5.20]and [5.23] After a path is found for
each train, the combined paths are checked for conflicts in line 11. Finally, in lines
12 through 16, the Lagrangian penalties are set following Equations[5.13]and [5.14]
based on the conflicts and iteration k.

Algorithm 1 Pseudocode ADMM

1: nodes, edges, conflict_groups = load_location(”’yard”)
2: arrival_trains, departures, time_window = load_scenario(”’scenario’)
3: for a in arrival_trains do
4: graphs[a] = create_graph_agent(a, departures, nodes, edges)
5: k=1
6: while not solution_found and not time_out do
7: for a in arrival_trains do
8: ALR penalties = update_ALR _penalties(paths)
9: graphs[a] = set_cost(graphs[a], LR _penalties, ALR_penalties)
10: paths[a] = astar_shortest_path(graphs[a])
11: conflicts, solution_found = compute_conflicts(paths)
12: for t in time_window do
13: for i in nodes do
14: update_LLR _penalties_node(k, t, i, conflicts(t, 1))
15: for g in conflict_groups do
16: update LR _penalties_conflict_group(k, t, g, conflicts(t, g))
17: k+=1
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Chapter 6

Experimental Evaluation

The main goals of this thesis are to determine whether Lagrangian Relaxation (LR)
methods can be applied to the Train Unit Shunting Problem (TUSP) and how their
performance compares to that of the state-of-the-art Local Search (LS) approach.
In this chapter, we aim to answer these questions with an experimental evaluation
of the methods described in Chapter [5

In Section [6.1] we describe the experimental setup in which we list the compu-
tational details, and discuss the characteristics of the shunting yard and of the
scenarios used to evaluate the methods. We then discuss the performance of the
Mixed Integer Linear Programming (MILP) approach in Section to show that
the model cannot be solved with exact methods within a realistic time for use in
practical planning operations. This is followed by a discussion of the perform-
ance of the standard Lagrangian Relaxation (LR) approach in Section[6.3] In Sec-
tion we discuss hyperparameter tuning for the Alternating Direction Method
of Multipliers (ADMM) approach. We then discuss experiments that compare LS
to the ADMM approach for different number of train types and for different time
windows in Section The performance is measured in terms of the number of
feasible solutions found and the computation time. In these experiments, we test
two versions of LS, one with continuous tracks and the other with discrete tracks.
These versions are described in Section[6.1.3]

6.1 Experimental Setup

In this section, we describe the setup for the experiments. We begin with an over-
view of the computational details for the different methods and the experiments.
Next, we describe how the shunting yard on which we test the different approaches
is turned into the graph structure described in Section [#.4] We then discuss the
difference between the continuous and discrete LS. Finally, we describe the char-
acteristics of the TUSP scenarios on which we evaluate the different approaches.
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6.1.1 Computational details

All experiments in this chapter were run on the DelftBlue supercomputer [Delft
High Performance Computing Centre | DHPC]. Each experiment was run with an
Intel(R) Xeon(R) Gold 6226R CPU on one core with 3968 MB. The MILP and
LR approaches were programmed in Python 3.10 [Python Software Foundation,
2021]] using Pyomo [Hart et al., 2017]] and solved with Gurobi [[Gurobi Optim-
1zation, LLC| [2024]. ADMM was also programmed in Python 3.10 and solved
with the A* algorithm using rustworkx [IBM Quantum Developers, 2023|]. In this
implementation, no parallelization was used. To solve the Detour problem de-
scribed in Section [5.3.1] the cost of a movement is set to 0.01 for LR and ADMM.
The implementations of the different approaches can be found on the Robust-Rail
mathematical models GitHub [Robust-Rail-NL| [2026a]].

The LS algorithm was programmed in C# and can be found on GitHub [Robust-
Rail-NL| [2026¢]]. This implementation is based on [van den Broek]| [2016]. It has
two stages: Tabu Search and Simulated Annealing. Tabu Search was run for 200
iterations, after which Simulated Annealing was run until a feasible solution was
found or the timeout was reached. Each algorithm uses 1 as the random seed.

6.1.2 Shunting Yard

The shunting yard on which we test our implementation is the Kleine Binckhorst
in Den Haag, depicted in Figure The Kleine Binckhorst was selected as the
shunting yard, as TUSP scenarios there appear to be on the border of the computa-
tional limits of the LS algorithm. Experimenting on different yards would provide
more insights, but this is outside of the scope of this thesis. For the MILP, LR,
and ADMM approaches, the Kleine Binckhorst is turned into the graph structure
described in Section The resulting graph can be seen in Figure The Kleine
Binckhorst has one gateway track, which is represented by node 0. The gateway
track is connected to nine tracks through a series of switches. These switches are
represented by nine edges from node 0 to nodes 1—9. All tracks on which parking
is allowed are split into multiple nodes based on their length, and an edge is added
between them. To keep the figure clear, 7’1 and T2 were added. Each edge enter-
ing one of these nodes represents multiple edges that connect to the endpoints of
the edges leaving the node on the other side. In the actual graph, these nodes are
absent, and the incoming and outgoing edges represent direct connections between
their endpoints. Parking is not allowed on red nodes; reversals are allowed on all
nodes.
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Figure 6.1: Graph representation of the Kleine Binckhorst shunting yard in Den
Haag.
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In the model described in Section [5.1] multiple trains are allowed to move at the
same time as long as they do not use edges that are part of the same conflicting
edge set. In practice, it can be that only one train is allowed to move at the same
time or that only one driver is available. Furthermore, it is also not possible in the
LS algorithm to allow trains to move at the same time. To ensure a fair comparison
between ADMM and LS, and to ensure that the problem is realistic, we thus only
allow one movement at the same time. We model this for the MILP, LR, and
ADMM approaches by having one conflicting edge set at each time step, namely
the set of all non-self-edges. Constraint [5.5]is then practically the same as the
following constraint:

> (@aige) <1 V€0, Toax — 1}, (6.1)

(i,j)€E a€A
i#]

For an overview of the conflicting edge sets in case multiple movements at the
same time would be allowed, see Appendix [§]

6.1.3 Continuous & Discrete Local Search

In this chapter, ADMM is compared to two versions of the LS: continuous and dis-
crete. In the continuous version, tracks have continuous length, and a move from
the A-side to the B-side of a track takes no time. A track can thus fit multiple
trains. In the discrete version, tracks are split into multiple tracks of 100 meters
with switches in between them. These switches only connect two tracks, and tra-
versing them takes one minute. The continuous version thus uses Figure {.2] as
yard layout, whereas the discrete version uses Figure [6.1]

The reason for comparing ADMM to these two versions is the fact that in the
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MILP model, the decision was made to split tracks into multiple nodes. This de-
cision adds extra traversal time to the TUSP that is not present in practice. In the
time aspect of the TUPS, ADMM thus solves a different version than in practice.
By comparing the continuous LS version to both ADMM and the discrete version,
we can analyze the effect that splitting tracks into multiple nodes has on the solv-
ability of the TUSP. The discrete LS version allows us to compare ADMM and LS
on the same version of the TUSP problem. This comparison will show the differ-
ence in solving capability of ADMM and LS, independent of modeling choices and
problem definition.

6.1.4 Scenarios

The scenarios on which the different algorithms are tested were generated using
the Robust-Rail Generator [Robust-Rail-NL, 2026b]]. The scenarios generated by
the Generator are not guaranteed to be feasible. Since incorporating the length of
trains is outside of the scope of this thesis, each train has a length of 100 meters,
which is the average length of NS train units [OV in Nederland Wiki, NVBSJ|. The
number of train types in a scenario can have a significant impact on the number
of feasible solutions of a scenario. When all trains have the same type, each train
can be matched to each departure, whereas if all trains have a different type, their
departure is fixed. In the scenarios, it is not the case that the number of trains of
different types is equal in a given scenario. There may be only one train of a type,
whereas there could be multiple trains of another type.

The goal of the experiments is to compare how the different algorithms perform
for scenarios in which a large part of the yard is occupied. In practice, about 80%
of a yard is occupied, which means 27/28 trains at the Kleine Binckhorst when all
trains are 100 meters long. There is space for 34 trains on the Kleine Binckhorst.
In the full TUSP problem, certain tracks at a yard are used for servicing. The in-
clusion of service tasks means fewer tracks are always available for parking. Since
servicing is not considered in this thesis, we test scenarios up to 33 trains, as there
is more space available for parking without servicing. To ensure that 33 trains are
actually present at the yard at the same time, all trains arrive before a train departs.

The time window of the scenarios has a significant impact on the feasibility of
scenarios and the number of feasible solutions of a scenario. A larger time win-
dow allows for more time to reallocate trains and increases the solution space. In
practice, a scenario can take around 4 hours for shunting during the day, 7 or more
hours during the night, or in some cases 24 hours. In these scenarios, trains also
have to undergo service tasks, be (de)coupled, and reverse their direction. These
components of the TUSP are not considered in this thesis, but they use a signific-
ant part of the time window. Furthermore, the decision to split tracks into multiple
nodes also affects the time needed to perform train movements at the yard. It is
therefore difficult to determine a realistic time window from practice for the TUSP
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problem solved in this thesis. In Section[6.5.2] we therefore illustrate the effect the
time window has on the performance of LS and ADMM. In the other experiments,
a fixed time window will be used; the exact time window will be specified and
motivated for each experiment.

6.2 Mixed Integer Linear Programming Approach

Can the MILP model solve the simplified version of the TUSP in a reasonable
time?

The expectation is that the MILP model cannot be solved with exact methods in a
reasonable time, as supported by previous research. We therefore analyze its per-
formance on instances with up to 20 trains at most, 5 types, and a time window of
80 minutes. In these scenarios, the relatively low number of trains and types, and a
small time window, all contribute to a relatively lower complexity of the problem.
The instances in this experiment are thus relatively simple. We use a timeout of 20
minutes and test a total of 80 instances, 20 for each number of trains.

Feasible Solutions Found (MILP)

-®&- MILP

10.0 4

Feasible Solutions Found

N
n

o
o
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0.0 1 . . »
5 10 15 20

Number of Trains

Figure 6.2: MILP

The results of this experiment can be seen in Figure As can be seen in the fig-
ure, MILP cannot solve scenarios with 20 trains. We also tested the MILP model
with more cores, and even with 48 cores, it still required 20 minutes to solve scen-
arios with 20 trains. This result shows that even on a simplified version of the
TUSP, the exact method is unable to solve the TUSP within a realistic time, and
that the simplified version is still difficult to solve. This was an important motiva-
tion to study LR, of which the evaluation is discussed in the next section.

6.3 Lagrangian Relaxation Approach

Can standard LR find feasible solutions for the simplified version of the TUSP?
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As discussed in Section LR struggles with solving symmetric instances.
The graph representation of the Kleine Binckhorst has significant symmetry in it.
Nodes 1—9, for example, are all symmetric, and each train thus has at least nine
symmetric shortest paths. The LR algorithm was unable to solve scenarios with 10
trains, so we did not run any experiments. To answer sub-questions [SQ2|and [SQ3}
standard LR cannot find feasible solutions for TUSP instances of significant size
due to symmetry.

In the next section, the hyperparameter tuning for ADMM is discussed, which
is the method used in this thesis to solve these symmetry issues. The main ques-
tions regarding ADMM are: What are the best hyperparameters for ADMM, does
ADMM solve the symmetry issues that occur with standard LR, and how does its
performance compare to the LS approaches?

6.4 ADMM Hyperparameter Tuning

In this section, we discuss the experiments that were used to determine the best p
and the subgradient starting stepsize value for ADMM. In the subgradient method,
the NV in N/k can be changed, where N = 1 is the standard value. Here N is
the starting stepsize. In these experiments, we compare the number of feasible
solutions found by ADMM across different values of p and N. We start with ex-
periments to find the optimal p value with the starting stepsize fixed at the standard
value of 1, followed by experiments to identify the best starting stepsize value cor-
responding to this p value. In these experiments, we take the average over 100
scenarios and use a timeout of 30 minutes. These scenarios all have 30 trains, 5
different train types, and a 7 hour time window. These parameters were chosen
as preliminary experiments showed that ADMM was unable to find solutions for
about 30% of scenarios at these values. Although the performance of the p values
might vary at different values for these parameters, we expect that these effects are
minimal. Researching this further is also outside of the scope of this thesis and of
minimal relevance.

The hypothesis is that the performance of ADMM depends on the p value, the
starting stepsize value, and the movement cost. These values determine the inter-
action between the cost of conflicts, the influence of the Lagrangian penalties, and
whether taking a detour is preferred over conflicts. As the main goal is to find
feasible solutions, we set the movement cost to 0.01 such that taking a detour is
preferred over conflicts. To determine the best p and starting stepsize value, we
experiment with different values.

The expectation is that at a lower p value, the search process will be dominated

by the Lagrangian penalties, leading to a lower number of feasible solutions as
the symmetry issues will be more prevalent. Increasing the p value is expected to
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increase the impact of the augmented terms, while decreasing the impact of the
Lagrangian penalties. The best performance is expected at values where these two
factors are properly balanced.

What is the best performing rho value for ADMM?

We tested the following p values: 0.1,0.5,1,1.5,2,3. These values were selec-
ted based on preliminary experiments. The number of feasible solutions found
by ADMM for these values can be seen in Figure [6.3] In this figure, we see that
p = 0.5 was the best performing value. As expected, a low value (0.1) leads
to fewer feasible solutions, and the number of feasible solutions found decreases
after the optimal value p = 0.5. As p = 0.5 finds only one solution more than
p = 1.0, we did not further research the number of feasible solutions found by p
values between 0.1 and 1.

Solved Instances vs Rho
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Figure 6.3: Number of feasible solutions found for different p values.

What is the best performing starting stepsize value for ADMM?

To determine what starting stepsize value provides the best performance, we ex-
perimented with the following values for N: 0.1,0.5,1,1.5,2, 3. The number of
feasible solutions found by ADMM for these values can be seen in Figure[6.4] In
the figure, we see that the difference in the number of feasible solutions found is
not significant. We therefore decided to do all future experiments with the standard
value of 1. p = 0.5 and N = 1 will thus be used in all future experiments.
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Figure 6.4: Number of feasible solutions found for different starting stepsize val-
ues.

Although we expect that the p and starting stepsize value have the most impact on
the performance, we suspect that other characteristics of the subgradient method
can also influence the performance. Namely, the decrease rate of the Lagrangian
penalties over the iterations and the speed with which the penalties are decreased
when a node or edge is not used.

The decrease rate of the Lagrangian penalties currently follows the series 1, %, %, cees
It impacts the influence of the Lagrangian penalties in later iterations. As the size
of the Lagrangian penalties decreases each iteration, so does their impact compared
to the quadratic ADMM penalties, which are fixed.

The speed with which the penalties are decreased when a node or edge is not used
is currently _71 This value can influence the impact of the Lagrangian penalties
on the solving process. When a node or edge is not used at a point in time, its
corresponding Lagrangian penalty is decreased. When a train has many equal cost
paths that are all conflicting, we observe that the train cycles between these paths
instead of finding another solution. The penalties on these paths might decrease
too quickly, causing any of these paths to always be cheaper than a path that might
lead to a feasible solution. This is similar behavior to that in the symmetry problem
described in Section[5.3.2] Investigating these points is outside of the scope of this
thesis, but could be interesting for future work.

6.5 Alternating Direction Method of Multipliers vs Local
Search

In this section, we compare the performance of ADMM, continuous LS, and dis-

crete LS. We answer sub-questions [SQ2-5] Performance is evaluated on the num-

ber of feasible solutions found and the average computation time. We do two
experiments. In the first experiment, we compare their performance for a fixed
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time window of 7 hours and different numbers of train types. In the second experi-
ment, we compare their performance for different time windows for 20 trains. The
goal of the first experiment is to compare the performance for different numbers of
trains and to see the effect of the number of types at a fixed time window. The goal
of the second experiment is to research the impact of the time window on the per-
formance, as instances with a smaller time window in general have fewer feasible
solutions.

6.5.1 Fixed Time Window & Train Types

In this experiment, we compare the performance of the different approaches for
different numbers of train types. Experimenting with different numbers of train
types will illustrate the effect that the number of possible matchings has on the per-
formance of the different approaches. We experiment with these numbers of train
types: 1, 5, n/3, and n, where n is the number of trains. For 1 train type, each train
can be matched to each departure, and for n train types, every train’s departure is
predetermined. 5 train types is the typical value that occurs at NS, and n /3 was ad-
ded to further illustrate the effect of the number of types on the performance. The
number of possible matchings and the number of feasible solutions thus decrease
as the number of types increases.

The scenarios have a time window of 7 hours such that they have many feasible
solutions. The number of feasible solutions decreases as the number of trains in-
creases, as on average, each train can move less. We test 30 scenarios per com-
bination of type and train numbers. In total, 1500 scenarios were run for each
algorithm, with a timeout of 30 minutes.

Does ADMM outperform discrete/continuous LS in terms of feasible solutions
found?

In Figures [6.5a and [6.5b] the number of feasible solutions found for ADMM, dis-
crete LS, and continuous LS for 1 and n train types can be seen. We only show
these results as they are the outer train type values; the results for the other number
of train types can be found in Appendix [9] The trend in the number of train types
is that, for more train types, fewer feasible solutions are found by both ADMM
and discrete LS. In the figures, we see that continuous LS finds solutions for all
scenarios, whereas discrete LS finds solutions for all scenarios up to 30 trains. For
ADMM, we observe that it finds significantly fewer solutions than either of the LS
versions. Out of the 1500 scenarios, discrete LS and ADMM were unable to find a
solution for 27 and 175 scenarios, respectively.
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Figure 6.5: Number of feasible solutions found for 1 and n types, for ADMM,
discrete LS, and continuous LS.

From these results, we conclude that the modeling choice to split tracks into mul-
tiple nodes has a significant impact on the complexity of the TUSP since the con-
tinuous LS outperforms both the discrete LS and the ADMM algorithm in terms of
feasible solutions found. The reason for this is that moving a train from the A-side
to the B-side of a track takes no time for the continuous LS, whereas it takes one
minute per 100 meter for the discrete LS and ADMM approaches. Continuous LS,
thus, has significantly more time to reallocate trains and therefore solves a simpler
but more realistic version of the TUSP. The argument that TUSP scenarios at the
Kleine Binckhorst appear to be on the border of what the LS approach can solve
does not hold for the continuous LS, as the time window in these scenarios is too
large to be realistic. In the further discussions and experiments, the continuous LS
will not be included as its results can all be explained with the above reasoning.

Furthermore, we conclude that ADMM solves the symmetry issues that occur for
standard LR and can solve scenarios up to 25 trains consistently, but performs sig-
nificantly worse than the discrete LS version for scenarios with more trains. We
observe that, when ADMM does not find a feasible solution, it gets either stuck in
a cycle or its solution no longer changes. As discussed in Section [6.4] we believe
this happens because the Lagrangian penalties are not high enough in later itera-
tions and do not accumulate enough to explore different solutions. In literature,
these issues are often resolved by using a different penalty update method, such as
the Polyak step size method [Polyak,|1969] or Surrogate LR [Bragin et al., [2015]].
Another option for addressing these cycles could be to add Tabu Search to ADMM.

Solving problems with LR often provides lower bounds, but the solutions obtained
are not always feasible. Often, primal recovery techniques [Sherali and Choi, [ 1996|
are used to construct feasible solutions from the relaxed solutions. There are, on
average, only 2 conflicts left when ADMM does not find a feasible solution, using
primal recovery could thus be a logical choice in future work.
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In the results, we also observe that having more train types leads to fewer feasible
solutions found for both discrete LS and ADMM. This is expected since having
more train types reduces the number of feasible matchings and thus the number of
feasible solutions.

Does ADMM outperform discrete LS in terms of computation time?

In Figures and [6.6b] the average computation time for ADMM and discrete
LS for 1 and n types can be found. To remove bias, these figures include only
scenarios for which all approaches found a feasible solution. These figures use a
logarithmic scale. The results for the other number of train types are similar and
can be found in Appendix [9] In these figures, we see that the average computation
time of ADMM and discrete LS is similar. From these results, we can conclude
that in terms of computation time, ADMM performs on par with the discrete LS.

1 Types: Average Time (Common Solved Instances) n Types: Average Time (Common Solved Instances)

20 —#— ADMM 2 —=— ADMM
Continuous LS Continuous LS
10 —e— Discrete LS 10 —e— Discrete LS
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Number of Trains Number of Trains
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Figure 6.6: Average computation time of commonly solved instances on a logar-
ithmic scale for 1 and n train types for ADMM, discrete LS, and continuous LS.

6.5.2 Time Window

In this experiment, we investigate the influence of the time window on the per-
formance. We test the different approaches on scenarios with 20 trains, 5 train
types, and a variable time window. Testing for different numbers of trains is out-
side the scope of this thesis. The scenarios have 20 trains, since preliminary results
indicated that discrete LS struggles to find feasible solutions for 20 trains when
the time window is small. Furthermore, 20 trains occupy only 60% of the yard,
meaning these instances were initially expected to be relatively easy. The effect of
the number of train types was already illustrated in the previous experiment, and
we thus use 5 train types, which is the typical value that occurs at NS. For each
time window, 30 scenarios were run, with a timeout of 30 minutes. We increase
the time window starting from 4800 seconds, which is the lowest time window for
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which ADMM was able to find solutions, up to 6000 seconds. These scenarios
have significantly fewer feasible solutions than those in the previous experiment,
where a time window of 7 hours (25200 seconds) was used. This experiment was
not done for the continuous LS, as the lowest time window is still rather large for
the continuous LS, and it would thus be able to solve all instances.

Does the time window impact the number of feasible solutions found by ADMM
and discrete LS?

In Figure the number of feasible solutions found for different time windows,
for ADMM and discrete LS can be seen. These scenarios had 20 trains. In this
figure, we see that ADMM finds significantly more feasible solutions than discrete
LS as the time window decreases. In total, discrete LS was unable to find a feasible
solution to 47 scenarios, whereas for ADMM, this was just the case for 4 instances.

Feasible Solutions vs Time Window
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Figure 6.7: Number of feasible solutions found for ADMM and discrete LS, for
different time windows.

From this result, we conclude that ADMM finds more feasible solutions for scen-
arios that are more time restricted than the discrete LS. We hypothesize that the LS
algorithm struggles with scenarios that have a smaller time window, because they,
in general, have fewer feasible solutions. As the problem space contains fewer
feasible solutions, the LS is less likely to find one and is affected more by its initial
solution. ADMM, on the other hand, is not affected by the smaller time window.
We hypothesize that, when there is a large solution space, each train has more paths
of equal cost. In that case, the LR penalties are not able to compound on certain
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paths, making the algorithm get stuck in cycles more often.

Does the time window impact the computation time of ADMM and discrete
LS?

In Figure[6.8] the average computation time for different time windows, for ADMM
and discrete LS can be seen. To remove bias, this figure includes only scenarios
for which both ADMM and discrete LS found a feasible solution. In this figure, we
see that ADMM is significantly faster than discrete LS for all time windows. The
spikes observed for ADMM in the figure are due to two instances where a feasible
solution was found, but ADMM required substantially more time to converge.
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Figure 6.8: Average computation time of commonly solved instances on a logar-
ithmic scale for ADMM and discrete LS, for different time windows.

These results show that for more time restricted instances, the ADMM approach
is significantly faster than the discrete LS. The discrete LS is slower than for lar-
ger time windows. As there are fewer feasible solutions, it requires more time to
explore the solution space before finding a solution.

6.6 Continuous ADMM Extension

In Section[6.5.1] we have seen that the modeling choice to split tracks into multiple
nodes has a significant impact on the complexity of the TUSP. We therefore extend
the ADMM approach such that it is continuous, which entails that traversal of the
edges between nodes originating from the same track is instant. This version of the
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TUSP is more realistic. In this section, we first explain how we extend the ADMM
approach and then discuss the experimental evaluation of this extension. The time
window experiment in Section is not performed for continuous ADMM, as
this was outside of the scope of this thesis.

6.6.1 Shortest Path Formulation Extension

To allow continuous movement on the same track, we add additional edges to the
time-extended graph. For each track that is split into multiple nodes, we add two
types of edges, internal and external. For each pair of nodes originating from the
same track, we add an internal edge between them if no edges between these nodes
exist yet. Traversing internal edges represents moving to a different part of the
same track. For each edge connecting two nodes originating from different tracks,
we add external edges between each pair of nodes that originate from different
tracks, if no edges between these nodes exist yet. In Figure [6.9] an example of
what edges are added to the graph for continuous ADMM on a part of the Kleine
Binckhorst graph can be seen.
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Figure 6.9: Internal (green) and external (red) edges that are added to the nodes
originating from track 54 in Figure4.2|for continuous ADMM. We add these edges
because, in practice, it takes no extra time to park a train at the end of the track
rather than at the start.

The cost of these edges is given by Equation plus the LR and ALR penalties
for each node that is skipped by this edge. So for the edge (0, 43, t), the cost also
includes the penalties for being at node 4; and 45 at time ¢ + 1.

6.6.2 Experimental Evaluation

In this section, we discuss the results of the experiment done in Section for
continuous ADMM. We compare the performance of continuous ADMM with the
performance of continuous LS and the ADMM approach without the extension.
The performance is evaluated on the number of feasible solutions found and the
average computation time.
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Does continuous ADMM outperform ADMM/continuous LS in terms of feas-
ible solutions found?

In Figures [6.10a] and [6.10b] the number of feasible solutions found for ADMM,
continuous ADMM, discrete LS, and continuous LS for 1 and n train types can be
seen. We again only show these results as they are the outer train type values; the
results for the other number of train types can be found in Appendix[9] The trend
in the number of train types is again that, for more train types, fewer feasible solu-
tions are found by continuous ADMM. For continuous ADMM, we observe that
it finds significantly more solutions than ADMM, but still finds significantly fewer
solutions than both LS versions. Out of the 1500 scenarios, continuous ADMM
and ADMM were unable to find a solution for 86 and 175 scenarios, respectively.
Discrete LS was unable to find a solution for 27 scenarios, whereas continuous LS
found a feasible solution for all scenarios. From these results, we conclude that
continuous ADMM has better performance than ADMM but is still significantly
outperformed by both LS versions.
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Figure 6.10: Number of feasible solutions found for 1 and n types, for ADMM,
continuous ADMM, discrete LS, and continuous LS.

Does continuous ADMM outperform continuous LS in terms of computa-
tion time?

In Figures [6.1Ta] and [6.1Tb] the average computation time for ADMM, continu-
ous ADMM, discrete LS, and continuous LS for 1 and n types can be found. To
remove bias, these figures include only scenarios for which all approaches found a
feasible solution. These figures use a logarithmic scale. The results for the other
number of train types are again similar and can be found in Appendix [0 In this
section, we focus on the comparison between continuous ADMM and continuous
LS, as ADMM and discrete LS solve a different problem, and since the imple-
mentation of continuous ADMM has been improved in terms of computation time
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compared to ADMM. This improvement was made since continuous ADMM has
significantly more edges whose costs have to be set and computed. Setting and
computing these costs require the most computation time. ADMM could be im-
proved similarly, reducing its computation time; implementing this was outside of
the scope of this thesis.
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Figure 6.11: Average computation time of commonly solved instances on a logar-
ithmic scale for 1 and n train types for ADMM, continuous ADMM, discrete LS,
and continuous LS.

In these figures, we see that the average computation time of continuous ADMM
is significantly higher than that of continuous LS. From these results, we conclude
that in terms of computation time, continuous ADMM performs worse than con-
tinuous LS. A computation time of at most four minutes is still a realistic time for
practical use, though.
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Chapter 7

Conclusions and Future Work

In this thesis, we aim to answer the following research question: How well can
Lagrangian Relaxation (LR) methods be applied to a simplified version of the
Train Unit Shunting Problem (TUSP)?

In the somewhat simplified version, different train lengths, the actual traversal
times, and the (de)coupling of train units are left out. We contribute an Augmen-
ted Lagrangian Relaxation (ALR) approach solved with the Alternating Direction
Method of Multipliers (ADMM) that has similar performance as the current state-
of-the-art Local Search (LS) approach (SQ2|[SQ4). The ADMM approach is signi-
ficantly faster and finds significantly more feasible solutions than the LS approach
on scenarios with smaller time windows and fewer feasible solutions (SQ4] [SQ3).
While for scenarios with a larger time window and with more trains, the LS ap-
proach is faster and finds significantly more feasible solutions than ADMM. On
the scenarios for which ADMM does not find a feasible solution, it gets stuck in a
cycle since the Lagrangian penalties are not high enough in later iterations and do
not accumulate enough to explore different solutions (SQ3). One advantage of the
ADMM approach is that it can allow for multiple trains to move at the same time,
which is not possible in the LS approach.

We observe that the standard LR cannot find feasible solutions (SQ2) due to sym-
metry issues (SQ3). These issues are caused by symmetry in the trains and tracks.
The MILP model shows that the routing, parking, and matching components of
the TUSP can be modeled for LR with a time-extended graph in which tracks and
switches are represented by nodes and edges, respectively (SQI). The matching of
trains is modeled through routing decisions, as only one train can depart at the same
time, and thus match to the same train. The experimental evaluation demonstrates
that the modeling decision to split tracks into multiple nodes has a significant ef-
fect on the complexity of the TUSP (SQI). The continuous ADMM approach
addresses this modeling choice by adding additional edges such that traversal of
the edges between nodes originating from the same track is instant. The continu-
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ous ADMM approach solves a more realistic version of the TUSP and finds more
feasible solutions.

While the TUSP version solved in this thesis is simplified compared to the prob-
lem in practice, we believe that the ADMM approach is a solid alternative to the
LS approach, as it performs significantly better for certain scenarios and addresses
the main disadvantages of the LS approach. Namely, the LS approach is non-
deterministic, and the planning of movements is a bottleneck, whereas the ADMM
approach is deterministic and routing-focused. Furthermore, the ADMM’s average
computation time when finding a feasible solution is less than four minutes. This
is a realistic time for use in practical planning operations, as it can quickly give a
new solution when a change or disruption happens in the planning.

7.1 Future Work

The most important future work left after this thesis is extending the model with
the parts of the TUSP that were left out. These parts are the actual length of trains,
realistic traversal times, reversals, and (de)coupling. In future work, the actual
length of trains could be modeled by adding capacity to tracks, and realistic tra-
versal times could be included by giving edges different durations. The inclusion of
reversals and (de)coupling into the model is less straightforward and would likely
have to be solved with a pre- and/or post-processing step.

Aside from these parts, scheduling servicing tasks and planning personnel are also
an integral part of the shunting problem in practice. These could be either included
in the model or solved separately with other approaches. In practice, delays are
allowed; modeling the possibility for delays could also be a useful extension.

As ADMM finds fewer feasible solutions than LS for scenarios with a larger time
window and more trains, improving its performance for these scenarios is essen-
tial. When ADMM does not find a feasible solution, it often gets stuck in a cycle.
Adding Tabu Search to ADMM or using different penalty update methods can help
with escaping from these cycles. The two aspects of the subgradient method dis-
cussed in Section [6.4] also influence the performance of ADMM and could thus be
improved in future work. Furthermore, primal recovery techniques could be used
to construct feasible solutions from the relaxed solutions, as there are, on average,
only 2 conflicts left when ADMM does not find a feasible solution. Another option
could be to use the relaxed solution found by ADMM as the initial solution for the
LS algorithm.

The experimental evaluation in this thesis is limited. ADMM and LS are evalu-

ated for only a single shunting yard. Evaluating their performance across multiple
yards is an important aspect for comparison and thus essential to research in future
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work. Furthermore, the effect of the time window on the performance of ADMM
and LS was only tested for 20 trains. Although it is expected that ADMM will also
perform better for smaller time windows with more trains, we suggest that in future
work, this is researched more thoroughly.

The number of movements is an essential factor for the feasibility of TUSP solu-
tions that should be minimized. The current ADMM algorithm does not optimize
for the number of movements. In the solutions found by ADMM, it often happens
that trains have redundant movements and park unnecessarily in between move-
ments. For future work, we propose to use an algorithm that reduces the number of
movements after a feasible solution is found by ADMM instead of incorporating
this into the model. As movement costs are already low, we expect that including
this in the model will not have much effect.

Although the computation time of ADMM is realistic for use in practice, we be-
lieve that it could be sped up by only solving the set of trains that had conflicts
every n iterations. A small experiment run showed that this could potentially in-
crease the number of feasible solutions found and decrease computation time. As
this was outside of the scope of this thesis, it was not researched thoroughly enough
to include.

One downside of the LS approach that has not yet been mentioned is that it does
not indicate whether a feasible solution actually exists. LR methods naturally lend
themselves to generating lower bounds, which could potentially be used to determ-
ine if a scenario is feasible.

Overall, this thesis contributes an ADMM approach that can still be improved in

numerous ways and is capable of solving a simplified version of the TUSP with
similar performance to the current state-of-the-art LS approach.
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Chapter 8

Appendix Conflicting Edge Sets

In Table [8.1] the conflicting edge sets for the Klein Binckhorst graph if multiple
movements are allowed at the same time. The reverse edges are not included in
this table, but each set also contains the reverse of each edge in that set. Further-
more, this table does not include edge sets for edges that only conflict with their
reverse. For each of these edges, there is also a conflicting edge set, for example:

(11,12)(12,1y).

Set# Conflicting Edges

1
2

(07 11) (0 21) (0 31)7 (074 )7 (0751)7 (07 61)7 (07 71)7 (0781)7 (0791)

1
(24,141), (24, 111), (34, 141), (34, 111), (43, 141), (43, 114),
(53,141), (53, 114), (62, 141), (72, 141) (82, 141), (92, 141)
(24,114), (34,111), (43,111), (53, 111), (62, 141), (62, 114),
(72,141), (72, 1141), (82,141), (82,111), (92, 141), (92, 111)
(62,121), (62,131), (72,121), (72,131), (82,111), (82,121),
(82,131), (82,141),(92,111), (92,121), (92, 131), (92, 141)
(62,144), (62,111), (62,121), (62, 131), (72,141), (72, 114),
(72,121), (72,131)
(82,10), (82,111), (82,121), (82,131), (82, 141)
(119,15),(129,15), (132, 15)

Table 8.1: Overview of conflicting edge sets for the Kleine Binckhorst graph.
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Chapter 9

Appendix Results
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304 30

254 25
o @
$ 20 g 20
c c
£ )
2 2
o 151 5 15
| o
2 =
S °
) a

104 10

+- Continuous ADMM - £+ Continuous ADMM
5] —= ADMM 5| = ADMM
Continuous LS Continuous LS
—&— Discrete LS —&— Discrete LS
0 T T
15 20 25 30

5 10 15 20 25 30 5 10

Number of Trains Number of Trains

(a) b)
Figure 9.1: Number of feasible solutions found for 5 and n ; 3 types for ADMM,
continuous ADMM, discrete LS, and continuous LS.
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Figure 9.2: Average computation time of commonly solved gnstances on a logar-

ithmic scale for 5 and n/3 train types for ADMM, continuous ADMM, discrete
LS, and continuous LS.
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Chapter 10

Appendix Generative Al Tools
Usage

In this thesis, the following generative Al tools were used: ChatGPT, Grammarly,
and GitHub Copilot. ChatGPT was used for the following tasks:

Literature search.

Creating citations.

Creating LaTeX tables and LaTeX formatting.
Assisting with mathematical notation.

Code assistance: explaining code libraries (Pyomo), speeding up code, and
answering syntax questions. Specifically, it was also used to assist in con-
structing the conflicting edges and to construct the additional edges for con-
tinuous ADMM.

Data processing: creating code for running experiments, processing results
data, and creating figures.

Presentation support: tips for improving the layout of a few slides and creat-
ing one image.

Grammarly (basic version) was used for punctuation, word choice suggestions,
and minor sentence adjustments, such as adding or removing words for clarity and
grammar. GitHub Copilot was used for inline code and comments suggestions.
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