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Samenvatting. 

Twee zuiver elastische, volkomen gladde omwentelingslichamen 

worden op ellcaar gedrukt, zodat een eindig contactgebied ontstaat. 

Vervolgens worden zij om hun assen gewenteld zodat zij over elkaar 

rollen. Indien men een koppel aanbrengt op het ene lichaam en af­

neemt van het andere, dan blijken de omtreksnelheden van de lichamen 

niet gelijk te zijn, zelfs indien de overgebrachte kracht kleiner is 

dan het produkt van wrijvingscoëfficiënt en normaalkracht. Dit ver­

schijnsel wordt de "gemiddelde slip" (Engels: creepage) van de 

lichamen genoemd. Is er loodrecht op het contactvlak een component 

van rotatie van de lichamen ten opzichte van elkaar, dan spreekt men 

van "spin". In deze dissertatie worden de verschijnselen in het con­

tactvlak bestudeerd; in het bijzonder wprdt deJsetrekking gezocht 

die het verband aangeeft tussen de gemiddelde slip en spin enerzijds 

en de totale tangentiële kracht, die de lichamen op elkaar uitoefenen, 

anderzijds. 

Na een historische inleiding in Hoofdstiik 1, worden in Hoofdstuk 

2 en Hoofdstijk 3 een aantal wiskundige hulpmiddelen besproken, die 

voor de hier gegeven behandeling van het probleem noodzakelijk zijn. 

Wat betreft het elastische gedrag worden de omwentelingslichamen door 

elastische halfruimten benaderd en wij zullen dus de elastische ver­

plaatsingen onderzoeken, die worden teweeggebracht door verdeelde 

belastingen van verschillende aard, die aangrijpen in een elliptisch 

gebied gelegen in het overigens spanningsvrije oppervlak van een 

elastische halfruimte. Dit onderzoek leidt tot het opstellen van een 

stelsel lineaire vergelijkingen waarmee de verplaatsingen in de be­

lasting kunnen worden uitgedrulrt. Dit stelsel is geschikt om de 

randvoorwaardeproblemen uit de elasticiteitstheorie op te lossen, 

waartoe sommige contactproblemen aanleiding geven. 

In Hoofdstuk k keren wij terug tot het oorspronkelijke probleem. 

De randvoorwaarden worden opgesteld, en het aantal parameters dat het 

probleem bepaalt, wordt tot vijf teruggebracht. Tevens worden een aan­

tal symmetrie eigenschappen besproken. Hoofdstuk h is verder gewijd 

aan de theorie van twee grensgevallen, t.w, het gr-val van zeer kleine 

(infinitesimale) gemiddelde slip en spin, en het geval van zeer grote 
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gemiddelde slip en spin (volledig doorglijden). De behandelings­

methode van het eerste geval is afkomstig van DE PATER [l], en werd 

door KALECER [l] toegepast op cirkelvormige contactgebieden. De 

methode wordt hier toegepast op elliptische contactgebieden, waarbij 

de theorie van Hoofdstulc 2 wordt gebruikt. Het geval van volledig 

doorglijden werd reeds behandeld door LUTZ [l,2,3] en WERIIITZ [l ,2] . 

Zij losten het probleem op voor het geval dat de gemiddelde slip de 

richting van een der hoofdassen van de contactellips heeft. De 

theorie van Hoofdstuk h is niet aan deze beperking onderhevig. 

In Hoofdstuk 5 wordt een numerieke methode beschreven voor het 

algemene geval van eindige gemiddelde slip en spin, waarbij al dan 

niet volledig doorglijden optreedt. Het probleem wordt eerst terugge­

bracht tot de minimalisatie van een oppervlakte-integraal. Daarna 

wordt een numerieke methode besproken waarmee de integraal kan worden 

geminimaliseerd. Er wordt vervolgens uitvoerig ingegaan op het reken­

machineprogramma dat de numerieke methode verwezenlijkt en tenslotte 

worden de resultaten toegelicht. Er bestaat een redelijke overeen­

stemming met het experiment. 

In Hoofdstuk 6 worden een aantal conclusies getrokken en enige 

projecten voor nader onderzoek aangediiid. 
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Summary. 

Two purely elastic, perfectly smooth bodies of revolution are 

pressed together, so that a finite contact area forms. Then they are 

rotated about their axes, so that they roll over each other. If a 

couple is applied to one body and taken from the other, the 

circumferential velocities of the bodies appear to be no longer 

equal, even in case the force transmitted is smaller than the product 

of the coefficient of friction and the normal force. This phenomenon 

was called "creepage" by CARTER [l]. If there is, perpendicular to 

the contact area, a component of rotation of the bodies with respect 

to each other, "spin" is said to be present. In this thesis, the 

phenomena in the contact area are studied and in particular the 

relationship is souglit which connects the creepage and the spin on 

the one hand, and the total tangential force which the bodies exert 

upon each other on the other hand. 

After a historical introduction in chapter 1, we discuss in 

chapter 2 and chapter 3 a number of mathematical tools which are 

needed for our treatment of the problem. As far as the elastic 

behaviour is concerned, the bodies are approximated by elastic half-

spaces. So we investigate the elastic displacements which are due to 

distributed loads of different types acting in an elliptical area of 

the surface of an elastic half-space, while outside the elliptical 

area the surface is free of traction. This investigation leads to the 

construction of a system of linear equations by means of which the 

displacements can be expressed in terms of the surface tractions. 

This system enables us to solve the boundary value problems of the 

theory of elasticity which correspond to several contact problems. 

Chapter 3 finishes with an application of this method to a number of 

well-known contact problems. 

In chapter h we return to the original problem. The boundaiy 

conditions are set up, and the number of parameters defining the 

problem is reduced to five. Also, a number of symmetry properties is 

disc\issed. The remainder of chapter h contains the theory of two 

limiting cases, viz. the case of very small (infinitesimal) creepage 

and spin, and the case of very large creepage and s^n (bodily 
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sliding). The method of treatment of the former case is due to DE 

PATER [l], and it was applied by KALKER [l] to circular contact 

areas. Here, the method is applied to elliptical contact areas, using 

the theory of chapter 2, The case of bodily sliding has been treated 

by LUTZ [1,2,3] and WERNITZ [l,2j. They solved the problem for the 

case that the creepage has the direction of one of the principal 

axes of the contact ellipse. In chapter h, this restriction is 

removed. 

In chapter 5 a numerical method is given for the general case of 

finite creepage and spin, with or without bodily sliding. The problem 

is first reduced to the miniraalisation of a. surface integral. Next, 

a numerical method is discussed by means of which the integral can be 

minimized. Then we consider the computer programme which realises the 

numerical method, and finally we discuss the results. These appear to 

agree reasonably well with the experimenteil evidence. 

In chapter 6 certain conclusions are drawn, and some projects 

for further research are indicated. 
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1. Introduction. 

Consider two piirely elastic, perfectly smooth bodies of 

revolution, see Fig. 1. They are pressed together with a force N, 

Fig. 1, Two bodies rolling over each other, 

as a consequence of which a contact area comes into being along 

which the bodies touch. According to the theory of HERTZ (see 

LOVE [l], pg. 193 sqq,), this contact area is an ellipse when 

the bodies are counterformal. Subsequently, the bodies are 

rotated about their axes, so that they roll over each other. As 

a consequence of dry friction, the bodies can exert tangential 

forces upon each other at the contact area. If a couple is 

exerted on one body, and taken off from the other, it is found 

that the circumferential velocities of the bodies are no longer 

the same, without the occurrence of gross sliding. This 

difference in the circumferential velocities of the bodies, 

divided by the rolling velocity, is called the creepage of the 

bodies. If also the rotations of the bodies about an axis 

perpendicular to the contact area are different, we speak of 



spin. The problem is, to investigate what takes place in the 

contact area, and in particular to find the connection between 

the two components of creepage (one in the direction of rolling: 

longitudinal creepage, and one in a direction perpendicular to 

the rolling direction: lateral creepage) and the spin on the 

one hand, and the two components of the total tangential force 

and the moment about an axis perpendicular to the contact area 

on the other hand. 

It ,is assumed in this work that the law of dry friction 

(COULOMB'S law) with constant coefficient of friction connects 

the tangential traction at a point of the contact area, and the 

local velocity of the bodies with respect to each other (the 

slip), and that a steady state is reached. 

1.1. Historical outline. 

The problem which we just stated was treated first by 

CARTER [l] in 1926, He considered the case of two cylinders with 

parallel axes, in which creepage only occurs in the direction of 

rolling, and he gave a complete solution of the problem. The 

tangential stress distribution is fo\md as the difference of two 

stress distributions which are semicircular when the scale is 

properly chosen, see fig. 2. One of the stress distributions is 

acting over the whole contact width, and the other over a part 

of the contact width, viz. over the region where the local slip 

is zero: the area of adhesion, or locked area E^, The area of 

adhesion is determined by the creepage, here defined as 

o = ^ " : ^ ' , ( 1 . 1 ) 
"^ -Hv+V-) 

where V and V~ are the circumferential velocities of the 

rolling cylinders. The velocity -5(V +V~) which occurs in the 

dencminator of (1.1), is the rolling velocity. The semicircvilar 

traction distribution over the whole contact area equals wZ, 

where Z is the normal pressure distribution and u is the 

coefficient of friction. It is a consequence of the semicircular 

2. 



rolling dirtction 

Fig. 2. The t angen t i a l s t r e s s d i s t r i bu t i on according t o CARTER. 

t r a c t i o n d i s t r i bu t i on over the area of adhesion, tha t the s l i p 

vanishes in the area of adhesion, while the t o t a l t angen t i a l 

t r a c t i o n f a l l s below the bound \xZ given by the law of f r i c t i o n . 

I t i s seen from Fig, 2 t ha t the adhesion area borders on the 

leading edge x = a of the contact area . No explanation of t h i s 

phenomenon was given by CARTER, but i t was supplied in 1950 by 

CAIN [l] in a discussion of a paper by PORITSKY. If the area 

of adhesion does not border on the leading edge, t he re would be 

an area of s l i p t h e r e ; but CAIN showed tha t in tha t area of s l i p , 

the s l i p does not match the t a n g e n t i a l t r a c t i o n as far as the 

d i rec t ion i s concerned, so tha t i t cannot occur. In the area of 

s l i p behind the adhesion area , s l i p and t r a c t i o n do match in 

t h a t r espec t . 

The coordinate b of the t r a i l i n g edge of the contact area 

i s given by 

b / a 

p 

1 

l " x ' P 
2via 

+ 
R 

1, a: half width of the contact area, 

— j , R , R : radii of cylinders, 
i J positive when they are convex. 

,(1.2) 
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It is seen fron (1.2) that when the creepage vanishes, then 

b/a = -1, so that the area of adhesion covers the whole contact 

area, and the tangential traction vanishes. This is called free 

rolling, in which there is no dissipation by surface friction, 

There can be dissipation by elastic hysteresis, but such effects 

are not considered in this work. When the creepage increases, 

b/a increases, so that the area of adhesion diminishes. When 

|u |p/ua = U, b reaches the leading edge of the contact area, 

and when the creepage increases further, b passes the leading 

edge. This should be interpreted as follows: no area of adhesion 

forms at all. The tangential traction equals uZ everywhere, and 

the slip matches it. This is called gross sliding. 

We will give some impression of the magnitude of the 

creepage in the range we are interested in. When the cylinders 

have the same radius, then the characteristic length p is the 

diameter of the cylinders. In that case, a representative value 

of p/a is 200, the contact width being dependent on the normal 

load. A representative value of the coefficient of friction is 

0.3, 3o, when ii. this example |u | = 0,003, the adhesion area 

covers half of the contact area, and gross sliding sets in when 

lu I = 0.006, ' x' 

In the region between free rolling and the first onset of 

gross sliding, the total force F exerted on the lower body is 

given by a parabola which is tangent to the line F = yN, see 

Fig, 3. In the region of gross sliding, F has the maximum value 

uN. 

X lb •" \ via I \ \s.a. J * pa ^ =T5^nT^ l ö - - ^ ' , i f - ^ . u 
(1.3) 
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Fig. 3. The total force F /uN vs. the creepage according to 

CARTER. 

Progress was made by JOHNSON in a number of papers. JOHNSON 

performed a number of experiments in order to determine the 

connection between the total tangential force and the torsional 

moment on the one hand, and creepage and spin on the other hand. 

In [lj and [5] he also gives a theory of creepage without 

spin, which is a direct generalisation of CARTER'S theory. In 

this theory, JOHNSON approximates the area of adhesion by an 

elliptical area which is similar to the contact area, and is 

similarly oriented. It touches the boundary of the contact area 

at its foremost point, see Fig, h. Here also the traction 

distribution is found in the form of a difference between a 

semi-ellipsoidal traction distribution acting over the entire 

contact area, and another, which acts over the adhesion area 

alone. However, there is a serious flaw in this theory: in the 

region shown shaded in Fig. 't, the slip and the tangential 

traction do not match. In fact, if we define the slip as the 

local velocity of the upper body with respect to the lower, 

and consider the traction exerted on the lower body, the slip 

and traction are almost opposite in the shaded area, violating 

the friction law. In the slip region outside the shaded area, 

the traction and the slip are almost in the same sense; in fact, 

they make a small angle, and this is another, smaller, objection 
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Fig. 1*. Areas of adhesion and s l i p according t o JOHNSON. 

against the theory. The conclusion we draw from the shaded area 

of e r ro r i s , t ha t the area of adhesion i s given incor rec t ly in 

JOHNSON'S theory. I f JOHNSON'S t h e o r e t i c a l r e s u l t s are compared 

with the experiment, i t appears t h a t t he t h e o r e t i c a l value of the 

creepage at a ce r ta in value of the t o t a l force parameter 

(F , F )/uN i s lower than the experimental value. This difference 

i s at most 2^%, so t ha t JOHNSON'S theory can be used very well as 

an approximative theory , espec ia l ly since the values of the 

coeff icient of f r i c t i o n \i d i f fe r considerably from one case t o 

another, 

imother theory i s given by HAINES and OLLERTON [ l ] . Only 

creepage in the r o l l i n g d i rec t ion i s taken in to considerat ion, 

and i t i s assumed tha t in narrow s t r i p s p a r a l l e l t o the r o l l i n g 

d i r ec t i on , CARTER'S t r a c t i o n d i s t r i b u t i o n i s va l id . I t then 

appears t ha t the area of adhesion i s given by a lemon shaped 

area the leading edge of which coincides with the leading edge 

of the contact a rea , see Fig. 5» The t r a i l i n g edge of the 

adhesion i s an arc which, measured along the r o l l i n g d i r ec t ion , 

has a constant dis tance t o the t r a i l i n g edge of the contact 

a rea , in other terms, i t i s the t r a i l i n g edge of the contact 
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Fig. 5» Areas of adhesion and slip according to HAINES and 

OLLERTON. 

area shifted parallel to itself in the rolling direction. This 

theory can in principle be used only for contact areas which are 

slender, with the minor axis in the rolling direction. However, 

HAINES and OLLERTON have also done photoelastic work from which 

it appeared that the theoretical form of the area of adhesion 

was in good agreement with practice, also when the contact area 

was not slender. 

Recently, the theory of HAINES and OLLERTON was generalized 

by KALKER [2] so, that lateral creepage and, to a limited extent, 

also spin can be accounted for. In this theory, the elasticity 

equations are integrated approximately. This approximation is 

best when the contact ellipse is slender, with the minor 

semi-axis in the direction of rolling. With this approximate 

solution of the elasticity equations it is accomplished that 

1 . there is no slip in the adhesion area; 2 . that the 

tangential traction in the slip area has the value uZ; but 3 , 

there generally remains an angle between traction and slip in 

the slip area. This angle is small almost everywhere in case of 

pure creepage and when the spin is small, but deteriorates when 
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the spin increases. When for a slender contact ellipse the total 

force is compared with the results of ch. 5 of this dissertation, 

it is found that there is excellent agreement in the case of pure 

creepage, but in pure spin there are relative errors of up to 20^. 

For spin there is a smaller amount of theory than for pure 

creepage. We just mentioned the theory of KALKER [2]. Aside from 

that, there are only theories on the two asymptotic cases, viz. 

very large creepage and spin, and infinitesimal creepage and 

spin. Experimental work on spin has been done by JOHNSON [2, 3] 

both on pure spin and on spin in combination with lateral 

creepage, by LEE and OLLERTON [1], and by POOH [1]. 

The case of very large creepage and spin was treated by LUTZ 

[1, 2, 3J and WERNITZ [1, 2]. In their theory, they assume that 

the creepage and spin are so large, that the influence of the 

elastic deformation on the local slip can be neglected. As a 

consequence, there is no area of adhesion, and the local slip is 

completely specified by creepage and spin alone: there is no 

effect of the tangential traction on the slip. So, the direction 

of the local slip is known, and hence the direction of the local 

traction, its magnitude being given by yZ, The total tangential 

force and the torsional moment follow from integration, LUTZ |_2J 

treated the case of a circular contact area, and WERNITZ [1] the 

case of an elliptical area. The latter case was treated, however, 

with a restriction on the components (u , u ) of the creepage: 
X y 

e i t he r u = 0 . or u = 0 . This i s the case in f r i c t i o n drives 
X y 

which LUTZ and WERNITZ considered.. We w i l l t r e a t the case of 

very large creepage and spin without t h i s r e s t r i c t i o n in sec . 

It, It of t h i s d i s s e r t a t i o n , 

Q3ie opposite case i s t he case of in f in i t e s ima l creepage and 

spin. Here i t i s assumed tha t the adhesion area covers the 

en t i r e contact area. For a c i r cu l a r contact area , t h i s case was 

t r e a t e d by DE PATER [1J for POISSON's r a t i o a = 0, and by KALKER 

[1] without t h i s r e s t r i c t i o n on a. In sec . lt,3 sqq, of t h i s 

d i s s e r t a t i o n , t h i s theory i s generalized t o e l l i p t i c a l contact 

a reas . E a r l i e r , JOHNSON [2] t r e a t e d the case of in f in i t e s ima l 
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spin for a c i r cu l a r contact area and a r b i t r a r y POISSON's r a t i o , 

In KALECER [ l ] , a comparison i s made between the theor ies of 

KAIKER [ l ] , JOHNSON [2] , and JOHNSON'S experiments [2] , There 

appears t o be a f a i r l y large discrepancy between the t h e o r i e s , 

and KAUCER's theory was found t o be most in agreement with the 

experimental r e s u l t s . 

In chapter 5 of t h i s d i s s e r t a t i o n , a numerical theory i s 

developed which can be used for a r b i t r a r y creepage and sp in . 

This theory i s mainly of academic i n t e r e s t in the case of pure 

creepage, owing t o the fact t ha t the approximative theor ies are 

of good qua l i ty . In the case of non-vanishing sp in , the theory 

of chapter 5 provides the comparison needed for the safe use of 

the s t r i p theory; such a comparison i s made in KALKER [2 j . For 

values of the spin not covered by the s t r i p theory , the numerical 

theory of chapter 5 i s the only one ava i l ab l e . I t can a lso be 

used t o judge, when creepage and spin are large enough so t ha t 

the theory of LUTZ [1 , 2,3] and WERNITZ [1 , 2] can be used, 

1,2, Two simplifying assumptions. Outline of the t h e s i s , 

As far as the theory e l a s t i c i t y i s concerned, the lower and 

the upper body are approximated by ha l f - spaces . In the Cartesian 

coordinate system (O, x , y , z) which we w i l l adopt, the lower 

body occupies the half-space z > 0, and the upper occupies z < 0. 

Quanti t ies per ta in ing t o the lower body are dis t inguished by a 

superscr ip t added t o the symbol from the analogous quant i ty of 

the upper body which ca r r i e s a superscr ip t . The normal 

pressure i s denoted by Z, while we define the t angen t i a l 

t r a c t i o n s (X, Y) as the loca l t angen t i a l ( f r i c t i ona l ) force per 

uni t area exerted on the lower body by the upper body. 

The contact area E and the d i s t r i b u t i o n of normal pressure 

Z are determined by the boundary conditions of the HERTZ theory; 

see LOVE [1] pg. 193 sqq, : 

w(x,y) E w'*'(x,y,0)-w~(x,y,0)= -Ax^-By^+a, Z > 0 ins ide E, (l.Ua) 

w(x,y) = -w (x ,y ,0)-w~(x,y,0)> -Ax^-By^+a, Z=0 on z=0, 

outside E, (l . l tb) 
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where w is the displacement component in the z -d i rec t i on, while 

w(x,y) i s cal led the displacement difference in the z -d i rec t ion , 

A and B are determined by the r a d i i of curvature of the bodies , 

see (3 ,38) , and a i s the penetra t ion of the bodies, 

In the f i r s t p l ace , we w i l l assume t h a t the t angen t i a l 

t r a c t i o n d i s t r ibu t ion (X,Y) act ing between the bodies does not 

d is turb the displacement difference w(x,y) . Such an sissumption 

was already made by MINDLIN [1] in 19lt9. I t was shown by DE PATER 

[1] Pg« 33, tha t the assumption i s completely correct in the case 

t ha t both bodies have the same e l a s t i c constants , A discussion of 

the e r ror of the approximation when the e l a s t i c constants are 

different w i l l be given in sec, 2 , 1 , The assumption implies t h a t 

ne i ther the contact area E nor the normal pressure Z are disturbed 

by the t angen t i a l t r a c t i o n s . Consequently, E and Z are given by 

the HERTZ theory of f r i c t i o n l e s s contact . According t o tha t 

theory , which i s t r e a t e d in some d e t a i l in sec , 3,221, the 

contact area E i s e l l i p t i c a l in shape, so t h a t we can choose our 

or ig in and x and y sixes so t ha t 

E = { x ,y , z : z = 0, (x /a)^ + (y/b)2 < 1 } , ( l ,5a ) 

while the normal pressure Z is given by 

OM / 2 2 

Z = 2 ^ /l-(x/a) - (y/b) inside E, 

= 0 on z = 0, outside E, (l,5b) 

N: total normal load, 

The local slip at a point is defined as the local velocity 

of the upper body with respect to the lower body. We ordinarily 

use the relative slip (s ,s ), which is equal to the local slip 

divided by the rolling velocity. We will show in sec, U,1 of this 

dissertation that when steady rolling takes place in the x-

direction, the relative slip is given by (lt,15): 

with 
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(u , u ): the creepage, <^: the spin, 
X y 

u = {u (x,y,0)-u~(x,y,0)}, v = {v (x,y,0)-v~(x,y,0)} 

u*, V*: (x,y) displacement components in lower/upper body. 

•(1.6b) 

We w i l l a lso assume t h a t the normal pressure d i s t r i b u t i o n Z 

does not d is turb the displacement differences ( u , v ) . Such an 

assumption was made by MINDLIN [l] in 19lt9. I t was shown by DE 

PATER [ l ] , pg. 33 t ha t t h i s second assumption i s completely 

correct in the case tha t the bodies have the same e l a s t i c 

cons tants . A discussion of the e r ro r of the approximation when 

the e l a s t i c constants are d i f ferent w i l l be given in sec . 2 . 1 . 

As a consequence of the assumed independence of w on (X,Y), 

the problem f a l l s apart i n to a normal problem which completely 

determines the normal pressure and the contact area , and a 

t angen t i a l problem which uses the r e s u l t s of the normal problem 

as data . The reason for the assumed independence of (u,v) on Z 

l i e s in the fact tha t the case of equal e l a s t i c constants i s 

t echn ica l ly the most important, while the theory becomes somewhat 

simpler, and the coeff icient of f r i c t i on does not f igure as an 

independent parameter in the ca lcu la t ion . 

A method t o obtain a b e t t e r approximation was ind ica ted by 

JQEINSON [It], pg. 18 sqq. JOHNSON proposes t o r e t a i n the 

assumption t h a t w i s independent of (X,Y), but t o take the 

dependence of (u,v) on Z i n to account. The value of t h i s method 

consis ts of the fact tha t the dependence of (u,v) on Z i s much 

more important than the dependence of w on (X,Y), e spec ia l ly when 

the coeff ic ient of f r i c t i on y i s smal l , see sec . 2 . 1 . The 

advantage over the rigorous theory i s , tha t the normal problem 

remains the same, and t h a t the t angen t i a l problem chsinges only 

in t ha t a term i s added t o the formula for the r e l a t i v e s l i p , 

the term being e x p l i c i t l y known, and being independent of t he 

creepage and the sp in . This method i s not inves t iga ted fur ther 

in t h i s t h e s i s , where we w i l l r e t a i n the two assumptions of 

MTNDLIN, 
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The tangential problem is determined by the following conditions 

(X,Y) and (u,v) are connected by the elasticity equations 

for the half-space, in which stresses and displacements ^ (1,7) 

vanish at infinity, while X = Y = O o n z = 0 , outside E; 

(X,Y) = yZfw ,w 1, w = s /s, w = s /s, s = /s^ + s^ 
» ' ^ ^ x ' y ' ' x x ' y y X y 

in the area of s l i p E ; J ( l .8a ) 

s = s = 0 , |(X,Y)|< yZ in t he area of adhesion E^, ( l ,8b) 

We see from (1,7) and (1.8) t ha t the t angen t i a l problem na tu ra l ly 

f a l l s i n to two p a r t s . In the f i r s t p a r t , we must study the effect 

of the t r a c t i o n distr ibvtt ion (X,Y) on the displacement differences 

( u , v ) , in order t o get the connection between the t r a c t i o n and the 

s l i p . We solve t h i s problem by giving t h i s connection for ce r ta in 

standard t r a c t i o n d i s t r i bu t i ons which form a complete system. In 

the second part we superimpose t he standard t r a c t i o n s so as t o f i t 

(approximately) the boundary conditions (1 ,8 ) , I t should be noted 

t ha t the divis ion of the contact area i n to areas of s l i p and 

adhesion i s not known beforehand, but must r e su l t from the 

ca lcu la t ions , 

In chapters 2 and 3 of t h e t h e s i s , we at tack the f i r s t sub-

problem, v iz , finding a complete set of t r a c t i o n s with t h e i r 

corresponding displacements d i f ferences . Apart from the 

t a n g e n t i a l problem in which (X,Y) are given and Z i s unimportant 

as we have here , we a lso t r e a t the normal problem where (X,Y) are 

unimportant, Z i s a r b i t r a r i l y prescr ibed. This i s done because i t 

widens the scope of chapters 2 and 3 , while i t i s done without 

much t r o u b l e , since a normal problem i s equivalent t o a 

t angen t i a l problem in which POISSON's r a t i o a vanishes, 

In chapter 2 , we give t h e theory of t r a c t i o n s of the form 

1 M 

(X.Y.Z) = {1-(x/a)2-(y/b)2}-^ I (d .e^ .f^ ) x V . (1-9) 
p+q=0 ^^ ^ ^^ 

It is shown in 2,2 that to the tractions (1.9) surface displace­

ment differences belong 
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1 

M 
(u,v,w) = y (a ,b ,c )x^y^ i f (x,y) in E, (I . IO) 

m+n=0 

The remainder of chapter 2 i s devoted t o t he connection between 

the (a ,b ,c ) and the (d ,e , f ) . This connection i s given 
mn* mn' mn pq ' pq* pq ° 

in t he form of a square se t of l i n e a r equat ions , which we c a l l 

the load-displacement equations. They express (a ,b ,c ) 
mn mn mn 

e x p l i c i t l y in (d ,e , f ) . 
pq ' PI* PCL 

In chapter 3 , we t r e a t spec ia l cases of the load d i sp lace ­
ment equat ions. In 3 , 1 , we consider the spec ia l case t ha t (X,Y,Z) 
vanish at the edge of the contact a rea , and have the form 

4.1 M-2 
(X.Y,Z)={1-(x/a)2-(y/b)2}'-* I U . e , t ) ^ y ' ^ (1.11) 

p;q=0 PI P4 PI 

Again, (u,v,w) are given by (1.10). The coefficients of the load-

displacement equations appear to undergo only minor changes. In 

3.2, we treat a number of examples, viz. a rigid, flat die of 

elliptic circumference pressed into a half-space (3.211), the 

problem óf CATTANEO and MINDLIN without slip (3.212), the problem 

of HERTZ, fairly detailed because it is used later on (3.221), 

and finally the problem of CATTANEO and MINDLIN with slip, 

without twist (3.222), 

In chapters It and 5, we attack the second subproblem, viz, 

the fitting of the botindary conditions (1.8), by means of the 

theory of chapters 2 and 3. In It. 1, the boundary conditions are 

derived; this is followed by considerations of symmetry in lt.2, 

The remainder of chapter It is devoted to the two limiting cases, 

viz, infinitesimal creepage and spin (sec. It.3), and very large 

creepage and spin (sec. It,It), The case of infinitesimal creepage 

and spin, which was treated before by DE PATER [l] and KALKER [l] 

is extended to the case of an elliptical contact area. Tractions 

of the form (1.9) are used. The case of very large creepage and 

spin, which was treated by WERNITZ for elliptical areas only 

when u =0 or u =0, is here extended to the case of arbitrary 
X y ' 

creepage. The method of LUTZ and WERNITZ is retained, and the 

theory of chapters 2 and 3 is not used. 
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In chapter 5 we t r e a t the case of a r b i t r a r y creepage and 

spin . The procedure i s , t o wr i te the boundary conditions (1.8) 

in the form 

l i / J {1-(x/a)2-(y/b)2}{X'-w )2+(Y'-w )2}{s 2+s 2}dxdy=0] 
E X y X y I (^^^ga) 

| ( X ' . Y ' ) | < 1 , J 

with (X,Y) = y Z ( X ' , Y ' ) = | H | ^ {l-(x/a)2-(y/b)2}- '2 ( X ' , Y ' ) , 

M j. (1.12b) 
(X',Y') = I (d e ) x V , M - = . 

p+q=0 ^^ ^^ 

I t should be observed tha t (1.12a) can only be s a t i s f i e d i f at 

every point of the contact area at l e a s t one of the factors of 

the integrand vanishes. The f i r s t factor does not vanish except 

on the edge of the contact area; i f the second factor vanishes , 

( l .8a ) i s s a t i s f i e d , and the point belongs to the area of s l i p ; i f 

the second factor vanishes , then ( l .8b) i s s a t i s f i e d , and the 

point belongs t o the area of adhesion. The inequal i ty | ( X ' , Y ' ) | < 1 

ensures tha t the maximum yZ of the t a n g e n t i a l t r a c t i o n i s not 

exceeded. We see from (1.12b) tha t the t r a c t i o n s (1.11) of sec . 

3,1 are used. This i s done with the purpose t o enter a rudiment 

of the inequal i ty i n to the i n t e g r a l . In p r a c t i c e , we take M = 3 

in (1 .12b) , and minimize I with respect t o (d ,e ) , since the 
* pq' pq ' 

positive definite integral I vanishes only for infinite M. The 

inequality of (1.12a) will be verified afterwards. It is seen 

that in this method the difference between the locked areas E, 

h 
and the s l i p areas E disappears fron the problem. The domain 
of s l i p can, however, be iden t i f i ed with the area in which 
{(X'-w )2+(Y'-w ) 2 } « ( s 2+s 2) and the domain of adhesion E, 

X y X y ' ri 
i s t h a t in which {(X'-w ) 2 + ( Y ' - W ) 2 } » ( S 2+S 2)^ r^^^ d i s t i nc t i on 

X ' y ' X y ' 

is especially sharp in the case of pure creepage. The calculations 

were perfonned for a large number of parameter combinations u , 

u , (j), and a/b (= ratio of the axes of the contact ellipse). In 

5,1 sqq, the theory is discussed; in 5.2 sqq, we present seme 

considerations on the computer programme with special emphasis on 

the optimalisation of the programme and the verification of the 
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i nequa l i t y , and in 5-3 sqq, we devote our a t t en t ion t o the 

numerical r e s u l t s , 

The d i s s e r t a t i on f in ishes with a conclusion in which the 

r e s u l t s achieved are summarized, and in which we make seme 

remarks regarding fur ther research . 
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2 . Two e l a s t i c h a l f - s p a c e s under normal and s h e a r i n g l o a d s a c t i n g 

i n an e l l i p t i c a l c o n t a c t a r e a . 

I n t h e p r e s e n t c h a p t e r , we w i l l c o n s i d e r t h e s t r e s s e s and 

d i sp lacemen t d i f f e r e n c e s t h a t a r i s e when two h a l f - s p a c e s a r e i n 

c o n t a c t . Throughout t h e c h a p t e r we assume t h a t c o n t a c t t a k e s 

p l a c e a long an e l l i p t i c a l c o n t a c t a r e a E, 

We i n t r o d u c e a c a r t e s i a n c o o r d i n a t e system ( 0 , x , y , z ) , t h e 

o r i g i n of which l i e s i n t h e c e n t r e of t h e c o n t a c t e l l i p s e . The 

d i r e c t i o n s of x and y a r e t h e axes of t h e e l l i p s e , and t h e a x i s 

of z i s d i r e c t e d a long t h e i n n e r normal of t h e lower h a l f - s p a c e , 

We deno te t h e s u r f a c e t r a c t i o n s by (X ,Y,Z) , t h e e l a s t i c d i s p l a c e ­

ment i n t h e lower h a l f - s p a c e z > 0 by (u , v ,w ) , and t h e e l a s t i c 

d i sp lacement i n t h e upper h a l f - s p a c e z < 0 by (u~,v ,w~) , 

We saw i n t h e p r e v i o u s c h a p t e r t h a t as a consequence of our 

assumpt ions we could decompose t h e problem i n t o two p a r t i a l 

p r o b l e m s , v i z , t h e normal and t h e t a n g e n t i a l problem, 

The normal problem has t o be s o l v e d f i r s t , and i t i s 

e q u i v a l e n t t o a c o n t a c t problem w i t h o u t f r i c t i o n . I t s boimdary 

c o n d i t i o n s a r e f o rmu la t ed i n t e rms of Z and t h e d i sp lacement 

d i f f e r e n c e w(x,y)=w ( x , y , 0 ) - w ( x , y , 0 ) , and t h e most impor t an t 

c o n d i t i o n i s t h a t w(x ,y ) t a k e s on a p r e s c r i b e d v a l u e i n E, We 

can schemat i ze t h e e l a s t i c i t y p a r t of t h e problem by s o l v i n g t h e 

f o l l o w i n g 

Normal problem: The s h e a r t r a c t i o n s (X,Y) v a n i s h i d e n t i c a l l y 

on t h e whole of t h e bo\mdary z = 0 , and t h e normal t r a c t i o n 

Z v a n i s h e s o u t s i d e t h e e l l i p t i c a l a r e a E, The s u r f a c e d i s ­

placement d i f f e r e n c e w(x ,y ) i s g iven a t E as a po lynomia l of 

degree M i n x and y : 

M M-m 
w(x ,y) = ^ J^ c X y i n s i d e E. ( 2 , 1 ) 

m=0 n=0 

Find t h e normal t r a c t i o n Z a c t i n g a t t h e a r e a E. 

This problem seems t o be a r t i f i c i a l . The reason why we 

r e s t r i c t o u r s e l v e s t o po lynomia l d i sp lacement d i f f e r e n c e s i s , 

t h a t f o r such a d i sp l acemen t we can f i n d t h e normal t r a c t i o n Z 

by s o l v i n g a f i n i t e s e t of l i n e a r e q u a t i o n s . Moreover, we obse rve 
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that the polynomials are complete in the sense that they can 

approximate any continuous function as well as one likes. 

Finally, in several problems, e.g. the problem of HERTZ (sec. 

3,221), and the problem of a flat rigid die of elliptical 

circumference that is pressed into a half-space (sec. 3.211), 

the displacement difference w is actually a polynomial. 

Making use of the results of the normal problem, we proceed 

to solve the tangential problem. From a point of view of elastic­

ity alone, this problem is equivalent to a problem in which there 

is no normal load at the boiindary, as a consequence of the second 

assumption of MINDLIN, see sec. 1.2. The most important boundary 

condition in the area of adhesion is the (almost complete) pre­

scription of (u(x,y), v(x,y)) = (u (x,y,0)-u~(x,y,0), v (x,y,0)+ 

-V (x,y,0)) in it. Hence it is desirable to solve the following 

Tangential Problem: The normal traction Z vanishes 

identically on the entire boundary z = 0, and the 

tangential surface traction (X,Y) vanishes outside 

the elliptical area E. The displacement differences 

(u(x,y), v(x,y)) are given in E as polyncmials of 

degree M in x and y: 

M M-m 
(u(x,y), v(x,y)) = I I ( a ^ , b ^ ) x V inside E. (2.2) 

m=0 n=0 

Find the t a n g e n t i a l t r a c t i o n (X,Y) act ing at E. 

This problem, t o o , can be solved e x p l i c i t y , in the same way 

as the normal problem, .As in the normal problem, there i s an 

example in which (u,v) are ac tua l ly polynomials: i t i s the 

problem of CATTANEO [l] and MINDLIN [ l ] , in which two bodies are 

pressed together and then are sh i f ted or twis ted , while s l i p i s 

assumed t o be absent. This problem i s t r e a t e d in sec , 3.212. 

We f ina l ly observe t ha t both problems reduce t o problems of 

the s ingle ha l f - space , when one of the two e l a s t i c half-spaces i s 

assumed t o be per fec t ly r i g i d . 

2 . 1 . Formulation of the problems as i n t e g r a l equations. 

The connection of the surface t r a c t i o n s and the displacement 
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of a h a l f - s p a c e can be g iven by an i n t e g r a l r e p r e s e n t a t i o n . In o r d e r 

t o f i n d i t , we obse rve t h a t t h e d i sp l acemen t i n t h e lower h a l f - s p a c e 

due t o a c o n c e n t r a t e d l o a d of magni tude Z a c t i n g a t t h e o r i g i n i n t h e 

d i r e c t i o n of t h e p o s i t i v e z - a x i s i s g iven by LOVE [ l ] , p a r . 135, Pg« 

191 , as f o l l o w s : 

Z xz Z X 

ItTTy r^ ltiT(X+y) r ( z + r ) 

Z £Z _ Z y 

Uiry r^ l+ir(X+y) r ( z + r ) 

+ 
w = 1 1 + Z(X+2y) — , r = / x +y2+z2 

(2.3) 

Itiry r^ ltiTy(X+y) r 

where X and y a r e LAME's c o n s t a n t s , which a r e connec ted w i th t h e 

modulus of r i g i d i t y G and POISSON's r a t i o a by t h e r e l a t i o n s 

-_ U = G, X 

So , ( 2 , 3 ) becomes 

2aG 
1-2a 

, X+y 
1-20 

, X+2y 2G(1-a) 
1-2a 

(2,I t) 

+ 
V = 

+ 
w = 

ItïïG 

_Z 

ItirG 

Z 

_ r 2 ^ ( l - 20 )x , 

r^ r ( z + r ) 

_ \ 11. ( i -2°"^)y I 
+ ^ ^ ~ , X •• * \ r^ r ( z + r ) 

_ { £ i , 2 ( l : - ^ j . 

( 2 . 5 ) 

UTTG r- ' r 

The d i sp lacemen t i n t h e lower body due t o a d i s t r i b u t e d p r e s s u r e 

Z (x ,y ) i n t h e z - d i r e c t i o n i s t h e n g iven by s u p e r p o s i t i o n : 

*i \ 1 n r^r , ,\l ( x - x ' ) z (1-2a ) ( x - x ' ) 1 ., , , , u ( x , y , z ) = ]j Z ( x ' , y ' ) { -̂  '• — \ d x ' d y ' 
UïïG E r^ r ( z + r ) 

v ^ x , y . z ) = - i - p ƒƒ Z ( x ' , y ' ) { -^^^^^^^ - i^-^'^^) iv-j') } ^ x ' d y ' 
r^ r ( z + r ) ItirG' E 

1 

ItïïG 
w-^(x,y.z)= ^ ƒƒ Z ( x ' , y ' ) { ^ + ^ " ^ ^ ^ } l ^ ' d y ' , 

( 2 . 6 ) 

r = / ( x - x ' ) 2 + ( y - y ' ) 2 + z 2 ^ z > 0 , 

We must also have the displacement in the upper body. It is due to 

the reaction of Z(x,y), and consequently it is given by the same 

equations, but in a coordinate system (x,y,z'), where z' = -z. To 

find it in our coordinate system (x,y,z), we must change z to |z|, 
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and w t o -w~ eve rywhere . This g ive s f o r t h e d i sp l acemen t i n bo th 

h a l f - s p a c e s : 
- 1 1 + + / X 1 re „ / , ,^! ( x - x ' ) z ( l - 2a ) ( x - x ' ) 1 , , , , 

u ( x , y , z ) = JJ Z ( x ' , y ' ) { ^—^ - | d x ' d y ' , 
,+ E r^ r ( | z | + r ) 

IITTG 

v^x,y.z)= -L- jj Z(x ' ,y ' ) { ^^^'^^1 . (^-^'^"ny-yn j ^.^^.^ 

ItirG + E r ( z + r ) 

w ^ x . y . z ) = ^ ƒƒ z ( x ' , y ' ) { - ^ + ^ ^ ^ ^ } d x ' d y ' , 

ItTTG + E 

, i f X = Y = 0 

r = /(x-x')2+(y-y')2+z2^ upper and lower sign as z < 0, z > 0. 

( 2 . 7 ) 

From t h i s we see t h a t i n case G and a a r e t h e same in bo th bod ies 

( e l a s t i c symmetrjr), 

u ( x , y , z ) = u ~ ( x , y , - z ) , 

V ( x , y , z ) = v " ( x , y , - z ) , 

w ( x , y , z ) = - w ~ ( x , y , - z ) , 

a result due to DE PATER [l], pg. 33, 

The displacement differences, which are prescribed in the normal 

and tangential problems, are: 

u(x,y) = {u (x,y,0)-u~(x,y,0)} = 

(2,8) 

1 r 1-2a 1-2a 

• ^ ^ G^ " G-
} ƒƒ Z(x',y') ^^=^ dx'dy', 

•v(x,y) = {v (x,y,0)-v~(x,y,0)} 

1 r 1-2a 1:22: } ƒƒ z(^,^y.)i!^ax'dy', 
G E 

w(x,y) = {w (x,y,0)-w"(x,y,0)} = 

X = Y = 0, R = /(x-x')2+(y-y')2. 

+ - + - . 
3ine a , a and G , G in the fol] 

1 1 r 1 .̂  1 -1 a 1 r «Ĵ  J. tj" 1 ^ n ( 1-2g' 

(2,9) 

+ - + - . 
We combine a , a and G , G in the following manner: 

1-2a 
3 - ) . (2,10) 
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G = G = G ~ , o = a = a", K = 0. 

It is easy to see that G lies between G and G~, and that a lies 

between a and a ; in the case of elastic symmetry, 

(2.10a) 

The c o n s t a n t K v a n i s h e s i n case of e l a s t i c symmetry, and a l s o when 

bo th b o d i e s a r e i n c o m p r e s s i b l e . I t s maximum i s 0 , 5 , b u t i n p r a c t i c e 

i t i s m os t l y s m a l l , e , g , 0 , 0 3 f o r s t e e l on b r a s s , and 0 ,09 f o r s t e e l 

on aluminium. In te rms of t h e c o n s t a n t s of ( 2 . 1 0 ) , t h e d i sp lacement 

d i f f e r e n c e s become 

u ( x , y ) = - ^ ƒƒ Z ( x ' , y ' ) ^ ^ = ^ d x ' d y ' , 
""̂  E R2 

v ( x , y ) 

w(x ,y ) 

TTG 
ƒƒ Z ( x ' , y ' ) ^=^ d x ' d y ' , 

E R2 

l - g 
ïïG 

(a) 

(b) 

(c ) 

(2.11) 

/ / Z ( x ' , y ' ) ^ ^ . 

I f w i s p r e s c r i b e d i n t h e c o n t a c t a r e a E, (2 .11c ) i s an i n t e g r a l 

e q u a t i o n f o r t h e unknown normal p r e s s u r e Z ( x , y ) . 

The p rocedure f o r t h e t a n g e n t i a l problem i s ve ry n e a r l y t h e 

same. We s t a r t w i t h t h e d i sp l acemen t i n t h e lower body due t o a 

c o n c e n t r a t e d l o a d of magni tude X a c t i n g a t t h e o r i g i n i n t h e 

d i r e c t i o n of t h e p o s i t i v e x - a x i s , s e e LOVE [ l ] , p a r . 166, pg . 2l t3 , 

+ _ X r X+3y 1 I x2 >. X I X r 1 x2 -, ' 
^ ~ TTp'- X+y r j,3 -'" 2Tr(X+y) r UTr(X+y) •• z+r ~ r ( z + r ) 2 "'* 

JUL 

+ 
w = 

EL 
try r^ 

X x z 

ltTr(X+y) 

X 

r ( z + r ) 

X 

2 » ,(2.12) 

Ij-ïïy r^ ltïï(X+y) r ( z + r ) 

r = /x2+y2+z2. 

The e f f e c t of a d i s t r i b u t e d s h e a r s t r e s s X(x,y) i n t h e x - d i r e c t i o n i s 

found by s u p e r p o s i t i o n . The d i s p l a c e m e n t due t o a l o a d Y i n t h e y -

d i r e c t i o n i s found from (2 .12 ) by c y c l i c i n t e r c h a n g e of x and y , u 

and V, X and Y. The d i sp l acemen t i n t h e upper h a l f - s p a c e i s g iven by 

(2 .12 ) i n a c o o r d i n a t e sys tem ( x , y , z ' ) , w i th z ' = - z . However, we 

must t a k e i n t o account t h a t t h e s h e a r i n g t r a c t i o n on t h e uppe r body 

has t h e o p p o s i t e s i g n . So we f i n d t h e d i sp l acemen t i n t h e c o o r d i n a t e 

system ( x , y , z ) by r e p l a c i n g X by -X, Y by -Y, z by | z | , w by -w~, 

and i t i s f o r b o t h h a l f - s p a c e s 
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" .71^ II [.<...,.„ I . - i . i - H . "-f°!l';-r'' , . 
ItTVG ,+ E 

| z |+ r r( z + r ) ' 

+ Y ( x ' . y ' ) { ( x - x ' ) ( y - y ' ) . ( 1 - 2 0 - ) ( x - x ' ) ( y - y ' ) ^^ ^ 
' r^ r ( | z | + r ) 2 ' •• ^ 

V ( x , y , z ) = 

= + _ L _ / / [ X ( x ' , y ' ) { ( x - x ' ) ( y - y ' ) _ ( l - 2 a ^ ) ( x - x ' ) ( y - y ' ) ^ ^ 

ItïïG ,+ E r ( | z | + r ) 2 

+ , U . , , . ) { I + i z g ^ + ( Z z Z l ) i _ ( i - 2 a - ) ( y - y ' ) 2 ^ ^ ^ , ^ ^ , ^ 
r | z |+ r r^ r ( | z | + r ) 2 

w'^(x,y,z) = 

= - J _ J / [X(x',y'){ ("-"'H^l + (l-2"^)(x-x') ^̂  

ItTTG + E r( z + r ) 

+ , ( , . .y . ) | izriLllM + (i-2f)(y-y') }] ax'dy', 
r^ r ( | z | + r ) 

r = / (x-x ' )2+(y-y ' )2+z2^ Z = O, 

Upper sign: upper half-space, lower sign: lower half-space. 

(2,13) 

From t h i s we see t ha t in case G and a are the same in both bodies 

(els is t ic symmetry), 

u (x ,y ,z ) = - u ~ ( x , y , - z ) , 

v'* '(x,y,z) = - v ~ ( x , y , - z ) , ^ i f Z = 0 , (2,14) 

w (x ,y ,z) = +w~(x,y,-z),^ 

a r e su l t due t o DE PATER [ l ] , pg. 33. 

The displacement differences u ( x , y ) , v(x.,y), w(x ,y) , which are 

prescribed in the normal and t angen t i a l problems, become with the 

def in i t ion (2,10) of G, a, and K, 

u(x,y) = 

= i / / [ X ( x ' , y ' ) { i f + l ( x = | : Ü } + Y ( x ' , y ' ) ^ ( ^ - x ' ) (y -y ' ) J ^ . ^ . ^ 
"" E P P R̂  

--Jo ƒƒ [XU'..')!^ " 0 j l - « YU....) ^ ] ax.*.. 

(2.15a) 
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v(x,y) = 

= i _ / / [ x ( x ' , y ' ) ^ ( x - x ' ) ( y - y ) , y ( , . , y , ) { J z £ + £ f a M l } j ^ . ^ . 

= i /ƒ [- a X(x ' , y ' ) ^ + Y(x ' . y ' ) { ^ - ^ ^ } ]dx 'dy ' , 

(2.l'5b) 

w(x,y) = ^ ƒƒ [X(x ' ,y ' ) ^ ^ + Y(x ' , y ' ) ^ ^ j d x ' d y ' , (2,15c) 
^^ -g R R 

Z = o, R = / ( x - x ' ) 2 + ( y - y ' ) 2 . (2 , l6) 

I f Z = O, and u and v are prescribed in the contact a rea , (2.15a) and 

(2.15b) are two . imultaneous i n t e g r a l equations for the unknown 

t angen t i a l t r a c t i o n s (X,Y). 

According t o (2.11) and (2 .15) , we see t ha t a rough est imate of 

(u,v,w) in the COL act area i s 

u = 0(F /Gs) + 0(aF /Gs) + 0(icN/Gs), 

V = 0(aF /Gs) + 0(F /Gs) + 0(<N/Gs), 

w = 0(KF /Gs) + 0(icF /Gs) + 0( ( l -a)N/Gs) , ^ (2.17) 

X y 
F , F , N: total force in the x,y,z-directions, 

s: half diameter of the contact area. 

Throughout the present work we will neglect the influence of the 

small constant K. This leads to exact results in the technically 

important case of elastic symmetry, and also when both bodies are 

incompressible. 

It would seem that our approximation leads to a high precision 

in the case of w, since F and F are the most of the order yN 
' X y 

(y: coefficient of friction), so that the influence of X and Y on w 

is of 0(yKN/Gs), which seems to be negligible with respect to the 

influence of Z, which is of 0 ((1-a)N/Gs). But neglecting the 

influence of Z on (u,v) can lead to serious errors: this influence 

can be of 0(KN/GS), while the influence of the tangential traction 

is of 0(yN/Gs). Hence we would obtain a good second approximation by 

taking the influence of Z on (u,v) into account, and neglecting the 

influence of (X,Y) on w. The division of the problems into a normal 

and a tangential problem is then retained. This second approximation 
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was worked out by JOHNSON [h] for CARTER'S problem, and he compared 

h i s r e s u l t s with the exact theory (see JOHNSON [U], f i g , 7 ) , from 

which i t appeared tha t the e r ro r of the second approximation i s small . 

We f ina l ly observe tha t the problem i s governed by th ree e l a s t i c 

cons tan ts , v i z . G, a, and K. That i s one less than one would expect, 

since in pr inc ip le the four constants G , G , ö , a can be 

a r b i t r a r i l y chosen. We also see t ha t G can be eliminated by 

introducing dimensionless t r a c t i o n s . So the e l a s t i c proper t ies are 

taken in to account by the two dimensionless parameters K and 0 , caie 

of which we set equal t o zero. 

2 .2 . The fundamental lemma. 

As we saw in the previous sec t ion , the normal and t angen t i a l 

problems can be formulated as the i n t e g r a l equations (2.11c) and 

(2 .15a ,b) . They are 

u(x,y) = 

= 7 5 / / [ x ( x ' . y ' ) { ^ + ^ ^ ^ ^ } + Y(x ' . y ' ) ' ^ ^ ^ - - ' ) ; y - y ' ) ] d x ' ' i y ' . 

'̂̂  E R R̂  R3 

v(x,y) = 

= hU [x(x',y') '^(^-x')(y-y') + Y(,.,y.)|.lr£ + £(zzz:)i}]ax'dy', 

( x . y ) = ^ / / ^ ( x ' . y ) ^ 4 ^ . 
irG 

E 

with 

R = / ( x - x ' ) 2 + ( y - y ' ) 2 , E = {x,y: x2/a2 + y2/b2 < l } . 

We w i l l now prove the following 

Fundamental Lemma: 

(2.18) 

(2.19) 

(2.10) 

Let 

H(x,y) = X y /R , k and J, positive integers, 2J, > k; 

J(x,y) = {l-(x/a)2 - (y/b)2}-^; R2 = x2+y2; 

M M-p 
K(x,y) = 1 1 d^^ x^y 9 cL̂ „ arbitrary constants; 

p=0 q=0 pq pq 

(2.21a) 
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K x . y ) = ƒƒ J ( x ' , y ' ) K ( x ' , y ' ) H ( x - x ' , y - y ' ) d x ' d y ' , 
E 

then , i f (x,y) l i e s in E = {x,y: x2/a2+y2/b2 < l} , 

I (x ,y ) 

M M—m 
Z 2 a X y , 

m=0 n=0 •"" 

(2,21b) 

that is, l(x,y) is a polynomial in x,y of the same degree 

as K(x,y), 

The lemma was established by GALIN [l], ch. 2, sec. 8, in the 

special case that k=Jl=0, by means of LAt-lE's functions. Its 

significance for the solution of the integral equations (2,18) and 

(2,19) is the following. We see that all functions of (x-x') and 

(y-y') that occur in the integrands of (2,l8) and (2,19) are of the 

fomi H(X-X',y-y'), If we suppose that the tractions X,Y,Z are of the 

form j(x,y)K(x,y), then it follows that the displacement differences 

u,v,w inside the elliptical area are polynomials in x and y of the 

same degree as that of K(x,y), But that means that there are as many 

parameters in the displacement differences as there are in the 
x) 

tractions. There is a strong presumption , borne out by our 

numerical work, that the displacement fields are independent of each 

other. It follows that we may invert the argument, and say that when 

u, V and w are given as polynomials inside E, the tractions X,Y,Z 

must be of the form J(x,y)K(x,y), Clearly, the connection between 
the constants d and a is linear, owing to the linearity of the 

pq mn 
equations. Summarizing, we see that the lemma presumably implies 

that 

M M-m 
(u,v,w) = Z E (a , b 

m=0 n=0 mn' 

\ m n . . - _ 
, c ) x y inside E 

mn' mn '' 

M M-p 
4̂ (X,Y,Z)=j(x,y)G I Z (d ,e f )xV. 

p=0 q=0 ^^ ^^ ^^ 

• (2.22) 

where the constants (a ,b ,c ) are connected with (d ,e ,f ) 
mn' mn' mn P<3 pq Pq 

x) KIRCHHOFF's uniqueness theorem does not hold when the stresses 

go to infinity, as they do here. 
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by linear equations. 

We now turn to the 

Proof of the Lemma. 

Consider a typical term of the polynonial K(x,y), viz. x^y^. 

Then the lemma is proved, if we can show that 

ƒƒ J(x',y')x'Py''l H(x-x',y-y')dx'dy' = P (x,y), (2.23) 
E ^ ^ 

where P ( x , y ) deno te s an a r b i t r a r y po lynomia l i n x , y of degree m. We 

i n t r o d u c e p o l a r c o o r d i n a t e s R, if» about t h e p o i n t ( x , y ) : 

x ' - x = Rcosijj, y ' - y = Rsinip, d x ' d y ' = RdRdij;, (2 ,2l t ) 

and we i n t r o d u c e a new n o t a t i o n : F (ijj) i s an u n s p e c i f i e d f u n c t i o n of 

i|/, i ndependen t of R, x , and y , fo r which 

FU+y,) = ( - I ) ' " F „ ( ^ ) . ( 2 . 25 ) 

For example , sinij; = F,( i i j ) , cosij^ = F. ( i | j ) , M u l t i p l i c a t i o n of f u n c t i o n s 

F (ijj) i s governed by t h e law t h a t F iii)? iii) = F ^ (4)). Now, 
m ^ ° •' m ^ n m+n ^ ' 

H ( x - x ' , y - y ' ) = {x-x')^{y-y'f^~^/Fl^^^\ s o , 

H ( x - x ' , y - y ' ) = j Fji>). (2 .26 ) 

We must w r i t e t h e f a c t o r 1 - ( x ' / a ) 2 _ ( y ' / b ) 2 i n p o l a r c o o r d i n a t e s : 

1 _ ( x ' / a ) 2 - ( y V b ) 2 = 1 _ (Rcos^+x)2 _ (Rsin^+y)2 ^ 

= f i_ iE_ _ Z_ "1 op j xcosij; ^ ysintp -i ^2 f £ ^ l i + sinfjj/ ^ 
^ a2 b2 ^" ^ a2 b2 '~ ^ a2 b2 ^ 

= - A {R2+2DR-C} = - A { ( R + D ) 2 - C - D 2 } = A { B 2 _ ( R + D ) 2 } , 

w i t h 

cos2u) s in2ii „ / , % 
A = - ^ + -^ = F^(^) > 0 , 

C = - i { 1 - x 2 / a 2 - y 2 / b 2 } , 

T) = 1 ( xcosij; ysinijj -v 
A ^ a2 b2 ^ ' 

B = B(^) = v^2 = /I (1 _ x i _ z L ) + 1 (X£0| i ^ Zsini^: 
."• a^ b^ A'̂  a.^ h'^ 

= B(Tr+i | . ) , 

1 - ( x ' / a ) 2 - ( y ' / b ) 2 = A { B 2 - ( R + D ) 2 } . 

(2.27) 
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As to the limits of integration, ij; goes from 0 to 2ir, since 

(x,y) lies inside the area of integration, and R goes from 0 to the 

positive zero of 1-(x'/a)2-(y'/b)2, that is, to -D^B. So we get from 

(2.2lt), (2.26), and (2.27) that (2.23) becomes 

ƒƒ j(x',y')x'Py'%(x-x',y-y')dx'dy' = 
E 

2ir B-D 
= ƒ \ (̂ )d̂  ƒ " (x+Rcos^.)P(y+Rsij^ ̂ j^ ̂  (^^ 

0 ° 0 ^2_(R+D)2 P-̂ 1 

L (2.28) 

where t h e f a c t o r 1 / / A and R H ( x - x ' , y - y ' ) have been t a k e n t o g e t h e r 

i n t o t h e s i n g l e t e rm F (i(/). 

We can expand t h e te rm (x+Rcos t|/)P(y+Rsin)|;) t o a f i n i t e double 

sum by means of t h e b i n o m i a l t heo rem, tw ice a p p l i e d . A t y p i c a l t e rm 

i s A. .R^'^''x^^y'^~''sin^il/cos'^i|), which can be w r i t t e n as R^'*""'F.^ . (i|)) x 

X X y « I n s e r t i n g t h i s i n t o t h e i n t e g r a l ( 2 . 2 8 ) , we see t h a t i t 

i s s u f f i c i e n t t o prove t h a t 

• 271 B-D „ i + j ,„ 
^P- I yq-J ƒ F . . ( * ) d ^ / - S _ _ ^ = P ( x , y ) . (2 .29) 

0 ^""^ 0 / R 2 - ( R + D ) 2 P - 1 

S e t t i n g i+j=m, we see t h a t (2 .29 ) i s s a t i s f i e d when 
,2if ,B-D „m ,„ 
ƒ \W^^ J — ^ = ^ = P ^ ( x . y ) . 
0 0 / B 2 - ( R + D ) 2 '^ 

Now we i n t r o d u c e t h e v a r i a b l e t=R+D i n s t e a d of R. Then, dR=dt, and 

t h e l i m i t s a r e from D t o B: 

2if B , „^m 
ƒ F^(*)d* ƒ i i ^ ^ ^ = P ^ ( x , y ) . (2 .30 ) 

0 "̂  D . S 2 : t 2 "> 

We evaluate the tenn (t-D) again with the binomial theorem. A 

typical term is A t D ~ . If into this we introduce the value of D 

from (2.27), we obtain 

A t V - i = F (4.)ti r i ^ + i ^ f'"^. 
q o' '^' "̂  a,2 b2 -' 

Here again we evaluate the r ight-hand side with the binomial 

theorem; a t y p i c a l term i s 

F (*)A t V y ' ^ - l - P c o s P ^ s i n ' ^ - P - V F , (*)tVy^^-P""!. 
o p -m+q 
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Inserting this in (2.30), we get for a typical term: 

2-n B .q,, 

^Pym-p-q J (^)^^ J _ ^ ^ ^ ,^^^ 
0 ^ D .̂ 521^2 m 

and t h i s i s s a t i s f i e d i f 
,2ir ,B ^ q^ .̂ 
ƒ F (^)d,p ƒ - ^ : ^ = P ( x , y ) . ( 2 . 31 ) 
0 1 D v € 2 l ^ "1 

Now t h e r e a r e two p o s s i b i l i t i e s : e i t h e r q i s odd, or q i s even . 

q=2m+1 i s odd. (2 .31 ) becomes t h e n 

2Tr B 2m+1 , 

ƒ F(4-)d^/ i-= 
0 D / B 2 

dt 

2 - t 2 

- J F (^)d^ ƒ ^ = = 
0 ' Ti2 /B2- t D': 

B^ .m,. B^ .m,, 
t dt f t dt = ƒ F^(*)d, {/^ T r = - ^ 2 T 

0 D2 ^^-t D2 / B 

s i n c e by ( 2 . 2 7 ) , 

1 = 0, 

D2(ijH-ir) = D 2 ( \ | ) ) , B2(ij;+Tr) = B^{^). So , t h e odd v a l u e s of q do not 

c o n t r i b u t e a t a l l t o t h e i n t e g r a l . 

q=2m i s even. ( 2 .31 ) becomes t h e n 

2TT B .^2m^^ 2Tr 1 .^2m.^2m,. 

ƒ F^( , )d*/ ^ ^ = 1 F,(^)d^/^ ^ ^ = ^ = 
0 D v^2_^2 0 D / B / 1 - t 2 

2if o_, 1 4-2m,^ TT „ D/B -D/B ^2m,^ 
= ƒ F (*)B2-d^ ƒ i - ^ - ƒ F (*)B2^d* { ƒ + ƒ } ^ , 

0 0 / l - t 2 0 ° 0 0 / w t 2 

and the l a t t e r two te rms v a n i s h , because t / / l - t 2 i s an even 

f u n c t i o n of t . As t o t h e f i r s t t e r m , 

1 ^2m 
ƒ - F = d t 
0 / 1 - t ^ 

i s a c o n s t a n t , s o t h a t we must c o n s i d e r 

2Tf om 
ƒ F (,(,)B2^d4/; 
0 

but B2 is a second degree polynomial in x and y, with coefficients 

depending upon ^. So B is a (2m)-degree polynomial in x and y, 
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and (2,31) becomes 

2Tr ,2m 
ƒ F^(^)B- d'J, = P^ ( x , y ) , 
0 "2m 2m' 

which es tab l i shes the lemma. 

2 . 3 . DOVNOROVICH's method. 

In the previous sect ion we showed tha t i f 

M M-p 
(X,Y,Z) = GJ(x,y) y y (d ,e ,f )xPy'̂ , 

p=0 q=0 ^'^ P'̂  P*̂  

-•• 

with J(x,y) = /l-(x/a)2-(y/b)2 ^ then and (presumably) 

only then (2.32) 

M M-n 
(u,v,w) = y y (a ,b ,c )x y inside E, 
' ' S^ ^ nin' mn' mn •' ' 

m=0 n=0 

with E = {x,y: (x/a)2+(y/bl2 < 1}^ 

where the coefficients (d,e,f) on the one hand, and (a,b,c) on the 

other hand are connected with each other by the integral represent­

ations (2.15a,b) and (2.11c). In order to find the equations 

connecting (a,b,c) and (d,e,f) explicitly, it is, of course, 

possible to follow exactly the road indicated by the proof of the 

fundamental lemma. However, we prefer the road followed by 

DOVI\rOROVICH [1] in his treatment of the normal problem, DOVNOROVICH 

uses the lemma only in the form proved, by GALIN, that is for 

H(x,y) = 1/R, He calculates c by differentiating the integral 

representation (2,11c) m times with respect to x and n times with 

respect to y, and then he sets x = y = 0: 

„m+n M M-j 

-m+n 

1 I c.,x-5y^ 
L3x'^3y" j=0 k=0 J'^ . 

^ / / Z ( x ' , y ' ) ^ ^ l l ^ 
Sx^Sy'^ TTG ' Ê R 

^ra+n 

X = y = 0 

1 M M-p ^ .^ ,• 
— I I f ƒƒ J(x',y')x'Py''l^^^^^ 

Jx'^ay'^ ÏÏ p=0 q=0 P*̂  E P J x = y = 0 

Since the values of p and q for which p+q < m+n give r i s e t o 
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polynomials of a degree lower than m+n, these values do not give any 

contribution to c , hence mn' 

m;n;c 

1-0 
•n 

.m+n M 
I 

,3x°̂ 3y" p+q>m+n,p>0,q>0 ^^ E 
f^„ ƒƒ j ( x ' , y ' ) x ' P y ' ' i ^ ^ 

x=y=C 

As we w i l l p rove l a t e r i n t h i s s e c t i o n , we may i n t e r c h a n g e d i f f e r e n t ­

i a t i o n and i n t e g r a t i o n i n t h i s e x p r e s s i o n , so t h a t 

mn 
M l -g r 

•" pq „ 
p+q>m+n, ^^ E 

f ƒƒ J ( x , y ) x ' P y ' ' l 
a^-"'^ R-''' 

p>0,q>0 
_3x' '^3y ' " jx '=y '=0 

dxdy 

1 M 
1-0 Y 

IT ^ p+q>m+n, ^^ E 

'm+n -1 
3 r 
~ m„ n 
3x 3y 

dxdy, 

p>0,q>0 

r = /x2+y2, 

I n e x a c t l y t h e same way, we f i n d from ( 2 . 1 5 a , b ) , and (2 .32 ) t h a t 

'(2.33) 

mn 

= 1 f (_i)m+n_fjj(^^y)^Pyq ^ 

p+q>m+n, 
p>0,q>0 

pq 

m+n -1 .m+n+2 
f 3 r _3 r_ -i 

av'̂ av'̂  ~ ̂  2 'n+2. n -' 
dx ay 9x 3y 

-m+n+2 
3 r 

'PI sx^'^^ay^*; 
dxdy, 

m,'n!b 
mn 

M 
= i 1 (-1)"̂ "° ƒƒ J(x,y)xV 

p+q>m+n, E 
p>0,q>0 

gm+n+2 

" " %q '^^rW^ "" 

-m+n -1 .m+n+2 (• 3 r 3 + e o — 1 +9 J ^ m. n+2 
3x 3y 

r = /x2+y2, E = {x,y: x2/a2+y2/b2 < 1}, 

The integrals 
, / 1 \m+n ~m+n 2h-1 

dxdy, 

(2,3lt) 

(2,35) 
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are f a i r l y easy t o ca l cu l a t e ; we w i l l do that in the next sec t ion , 

The remainder of t h i s sect ion i s devoted t o the proof of the 

v a l i d i t y of the equation 

.m+n 
— ^ - -jj f (x ,y)H(x-x ' ,y-y ' )dxdy 
3x' '^3y'" E x'=y'=0 

^m+n,, 
(2 .36 ) 

(2.37) 

/ ,^m+n rr „/ ^ 3 H(x ,y) , , 
= (-1) jj fU,y) f dxdy, 

E 3x 3y 

f(x,y) = J(x,y)xPy'l , H(x,y) = (x2+y2)h-2^ 

when 

2h+p+q-m-n > - 1 . 

Proof. We divide the domain of in tegra t ion in to a small square 

D = {x.y: |x | < 6, |y | < 6} (2.38) 

about the origin, and the rest E-D of E. When the point (x',y') is 

close enough to the origin, say 

|x'| < 6/2, |y'I < 6/2, (2.39) 

it lies in the square D, and then all derivatives of H(x-x',y-y') 

with respect to x' and y' exist and are continuous in E-D. Hence we 

may interchange differentiation and integration in E-D, so that 

.m+n 

L3x''"3y''' E-D 
jj f(x,y)H(x-x',y-y')dxdy 

x'=y'=0 

M-D'^^M/ nx,y) '^ ";^Y^ dxdy. 
" " 3x 3y E-D 

(2.1t0) 

We w i l l now show that the contr ibut ion of the square D t o both the 

r i gh t hand side and the l e f t hand side of (2.36) vanishes as 6 ->• 0, 

tha t i s 

6 5 
A = ƒ ƒ f(x,y) 

- Ö - 6 

3'"^"H(x.y) 
. m» n 
3x 3y 

dxdy -»• 0 as 6 -»- 0 , (2 .1t l ) 

.m+n 6 6 
B = 

ix'^^y'^ -6 -6 
ƒ J f (x ,y)H(x-x ' ,y-y ' )dxdy -̂  0 as 6 * 0 (2.1t2) 

Evidently this will establish (2.36). 
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gm+n̂ 2h-1 
As to (2.1tl), we observe that = c(] 

3x"'3y° 

2h-1-m-n 
^ . ; more­

over, f(x,y)=J(x,y)xPy'^ = 0(rP ^ ) , so that the integrand of A is 
- , 2h-1+p+q-m-n» , 
0(r ^ ^ ) , and 

2Tr 26 „^^ ^ 
A = 0 ( ƒ d^ ƒ r^^+P+l-"!-^ d r ] - 0 as 6 - 0 , 

0 0 
when 2h+p+q-m-n>-1. (2.1*3) 

As t o (2 .1 t2) , l e t us c o n s i d e r t h e case t h a t m=1, n=0. E v i d e n t l y , 

•377 ƒ dy ƒ f ( x , y ) H ( x - x ' , y - y ' ) d x = 

6 6 
= Lim ƒ dy ƒ f ( x , y ) { H ( x - x ' - k , y - y ' ) - H ( x - x ' , y - y ' ) } | ^ = 

k-H) -6 -6 ^ 

/• f ( x + k . y ) - f ( x . y ) „ , , , > , 
j in— ï*^ H(x-x',y-y')dx 

L-6 '• 

Lim { ƒ dy 
k-K) -6 

1 -"^ 
+ j^ ƒ f(x+k,y)H(x-x',y-y')dx + 

-6-k 
6 , 6 1 

- j ^ ƒ f(x+k,y)H(x-x',y-y')dx } = 
6-k J 

/ / 3frv v) ^ [ lx=6 
= ƒ dy ƒ ^ly^' H(x-x',y-y')dx - ƒ dy f (x,y)H(x-x',y-y') 

-6 -6 ""^ -6 L Jx=-6 
or, summarizing, 

"air ƒ dy ƒ f(x,y)H(x-x',y-y')dx 
3x 

•' 6 - ^ 6 
= ƒ dy ƒ ^^(^»y^ H(x-x',y-y') dx 

6 -6 "^^ 

- ƒ 
-6 

f(x,y)H(x-x',y-y') 
x=6 

dy. 
. x=-6 

(2.It It) 

We observe in passing that the right hand side of (2.1*1*) is formally 

equal to -ff(x,y) -r— dxdy, integrated partially. This integral, 
dx 

however, is not absolutely convergent when h=0, unless x'=y'=0, 
The first integral on the right hand side of (2.1*1*) is analogotis 

to the original integral jj f(x,y)H(x-x',y-y')dxdy; when we 
D 

differentiate i t further, we obtain forms analogous to (2.1*1*). The 

second integral may be differentiated under the integral sign, since 

H(*6-x',y-y') has continuous derivatives of any order with respect 
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t o x ' a n d y ' , when x ' a n d y ' s a t i s f y ( 2 , 3 9 ) . So we f i n d , b y d i f f e r ­

e n t i a t i n g f i r s t m t i m e s w i t h r e s p e c t t o x ' , a n d t h e n n t i m e s w i t h 

r e s p e c t t o y ' , t h a t 

„m+n 6 6 
„ „ ƒ ƒ f ( x , y ) H ( x - x ' , y - y ' ) d x d y 

S x - ' ^ a y ' " - 6 - 6 
6 6 . m + n „ , » 

3 f ( x . y ) ƒ ƒ 
- 6 - 6 

~ m. n 
3x 3y 

H dxdy + 

m-1 6 r i - > m + n - i - 1 u 
y r 3 f ( x . y ) 3_ H 

i=0 6 L 3x^ S x ' ' ^ - ^ - ^ 3 y ' " 

x=6 
dy + 

x = - 6 

n - 1 6 

- I ƒ 
i = 0 - 6 

^m+ij./ \ . n - i - 1 ,, 3 f ( x . y ) _3 H 

3 x ^ y ^ 3y 
, n - 1 - 1 

y=6 
d x , 

Jy=-6 

(2.1*5) 

j u s t a s i f we h a d i n t e g r a t e d ( - 1 ) jj . f ( x , y ) 
-m+; "H 

r, 'I n i l 1 
D 3x dy 

d x d y p a r t i a l l y 

w i t h r e s p e c t t o x a n d y . I t f o l l o w s f rom t h e d e f i n i t i o n ( 2 , 3 6 ) o f 

f ( x , y ) a n d H ( x - x ' , y - y ' ) t h a t 

„ n i + i j 

^ l i = 0 f 6 P * 1 - ^ l . -
3 ' - f ( x . y ) 

3x^ 

g m + n - i - 1 JJ 

f ( x , y ) = 0 f6P+<i-" ' - i l 
•Ï ^ -̂  * 

3x 
, n i - i - 1 g y , n 

x=±6 

3x 3y 

Q^g2h+i -m-n- )^ •" 3 ^ - i - l H 

3y 
n - i - 1 

y=±6 
0 ( 6 

2 h + i - n 
) . 

s o t h a t t h e l i n e i n t e g r a l s o f (2,1*5) a r e a l l 

0 ƒ fiSh+p+q-m-n ^y ^ Q^^2h+1+p+q-m-n.)^ 

- 6 

The s u r f a c e i n t e g r a l o f (2,1*5) b e h a v e s a s 

ƒ ƒ 6 2 h - 1 + p + q - m - n ^ ^ ^ ^ ^ ^^2h+1+p+q-m-n-) ^ 

- 6 - 6 

H e n c e a l l t e r m s o f (2.1*5) a r e o ( ö ^ ^ ) , w h i c h v a n i s h e s a s 

6 ^ , when 2 h + p + q - m - n > - 1 . 

2 . 1 * . The l o a d - d i s p l a c e m e n t e q u a t i o n s . 

We saw i n t h e p r e v i o u s s e c t i o n t h a t when 
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M M-m 
(u ,v ,w) = y y ( a ,b , c )x y and 

' ' r, S , nin' mn' mn ' 
m=0 n=0 

M M-p 
(X,Y,Z) = GJ(x,y) l l (d e f J x V . 

p=0 q=0 ^ ^ ^ ^ ^ ^ 

t h e n i s , a c c o r d i n g t o (2 ,3 l* ) , ( 2 , 3 3 ) , and ( 2 , 3 5 ) , 

(2,1*6) 

mn m;n,' 
— y 

p+q>m+n, 
p>q7q>0 

M 

[d (E°' 
L pq^ 

, i ; p q T,.i;pq ^ ^ - ^ E ' ' P ^ , l - 0 e E ^ , ^, 
mn m+2,n-' pq m+1,n+1 

mn 
2 r 

^ mïnT J ^ ^ [" p+q>m+n, •-p+q>m+r 
p>0 ,q>0 . 

i E ' ' ' P 1 , ,+e ( E ° ' P 1 - 0 E ^ Ï I " 1 J 
pq m+1,n+1 pq*- mn m,n+2'' 

_ 2(1-0) M 

mn 
f E°'P"^ 

m.'nJ i ^ _̂  pq mn 
p+q>m+n, ^^ 
p>07q>0 

, (2.1*7a) 

(2.U7b) 

(2.1t7c) 

w i t h , as we r e c a l l , 

m+n 

ƒ 
E 

,m+n 2h-1 
E ;li;P1 = i z l l _ ƒƒ j ( x , y ) x P y ' l -̂  ^ dxdy, 

mn 2-n j j^ ^ •J' ' •' „ m. n • " 
3x 3y 

when 2h+p+q-m-n>0, 

e l s e . 

(2.1*8) 

r = A 2 + y 2 , J ( x , y ) = { l - ( x / a ) 2 _ ( y / b ) 2 } - 5 . 

We c a l l t h e e q u a t i o n s (2 , l t7) t h e l o a d - d i s p l a c e m e n t e q u a t i o n s . 

We can c l a r i f y t h e s t r u c t u r e and t h e connec t i on between (u ,v ,w) 

and (X,Y,Z) by .using i ndex n o t a t i o n . We s e t 

i ~ ^ 0 0 ' ^ 1 0 ' ^ o r 2 0 ' ^ 1 1 ' 

h^^,h..,TD.., 

X. 
1 

00' 10' 01 ' 

^OO'^ IC '^OI ' 

^OO'So'^^OI' 

^ i ^ 0 0 ' ^ 1 0 ' ^ o r 

^ i " ^OO'^IO'^OI ' 

x^ = 1 , x , y , x2 ,xy , y2 , 

• ' °-0M' 

• ' ^ O M ' 

• ' ' ^OM' 

' • ^ O M ' 

' O M ' 

^OM* 
M 

i=1 t o g(M+l)(M+2), 

•(2.1t9) 
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The square matrix —;—T- E '^^ adapted t o t h i s order, we c a l l A. . , ^ mini mn' ^ * i j ' 

the m a t r i x - 4 - r E^'^lo i s B. . , - | - p E^'P^, ^, i s H . . , a n d mini m+2,n i j ' mjnl m+1,n+1 i j ' 

—;—r E '-^ ._ i s D. . , F inal ly we use the summation convention: when mini m,n+2 i j 
two indices in an expression are the same, summation from 1 t o 

5(M+1)(M+2) i s understood. Then we have: 

X = GJ(x,y)X.x. , Y = GJ(x,y)Y.x., Z = GJ(x,y)Z.x. , 
(2,50) 

U = U . X . , V = V . X . , W = W . X . , 
1 l ' 1 l ' 1 l ' 

and the load-displacement equations are 

u. = [A. —OB. .Ix.-oH. .Y., 

V. = -aH. .X. + fA. .-oD'. O Y - . !• (2,51) 

w. = ( l - o ) A . . Z . , 

so tha t 

u = X. {TA. .-aB. ."IX—0H. . Y .} , 

V = x.{-aH. .X. + (A. .-aV. .)Y.},\' (2.52) 

w = X. ( l -a )A. . Z. . 

We note tha t only x. i s pos i t ion dependent. For i l l u s t r a t i o n , we 

wr i te out the quan t i t i e s connected with Z for M=1: 

( x . ) = ( 1 , x , y ) ; ( Z J = ( fQQ, f^Q, fp^) ; w. = ( c ^ ^ . c ^ ^ , 0 ^ ^ ) , 

Z = GJ( l ,x ,y) poo] 
nA 
['o^\ 

, w = ( l , x , y ) 

ÏÏTriTT " = ^^'""'^^ E 

E 

E 

0;00 
00 

0;00 
10 

0;00 
01 

'00 

'10 

'01 

^0;10 0;01 
^ 00 ^ 00 

„0;10 0;01 
^ 10 = 10 

gO;10 j^0;01 
01 01 

^00 

^10 

/ o i . 
We consider again the constants E '^ which we defined as ^^ mn 

in t eg ra l s in (2.1t8). Since the integrand i s an odd function of x 

when (p+m) i s odd, and since the domain of in tegra t ion 

E = {x,y: (x/a)2+(y/b)2<1} i s symmetric about the x - a x i s , 
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E '-^^ = O when (p+m) i s odd, In t h e same way, we f i n d t h a t 
mn ^ ' ' 

g h ; p q ^ Q ^^^^ ^ J ^g ^^^^ g^ 
mn VI ' » 

/ .\m+n .m+n 2h-1 
Eh;pq ^ i : d l _ jj j ( x , y ) x P y 1 i — ^ ^ 

2n E 3x°'3y'^ mn 
dxdy, 

when (p+m) and (q+n) a r e even , and 2h+p+q-m-n>0, 

= 0 i n a l l o t h e r c a s e s , 

( 2 , 5 3 ) 

The f a c t t h a t E ^^^ = 0 u n l e s s (p+m) and (q+r.) a r e e v e n , has an 

i m p o r t a n t p r a c t i c a l consequence f o r n u m e r i c a l c a l c u l a t i o n s . This 

consequence i s , t h a t t h e l o a d - d i s p l a c e m e n t e q u a t i o n s fo r u and v , and 

a l s o t h o s e f o r w, can be decomposed i n t o It i ndependen t s y s t e m s , 

In order to show this, we bring out the parity of p,q,m and n 

by w r i t i n g f o r p : 2p+e , o r 2p+e ' as t h e case may b e , f o r q: 2q+ui o r 

2q+a) ' , f o r m: 2m+e, o r 2m+e ' , and f o r n : 2n+u or 2n+ü)', H e r e , e and ID 

t a k e on t h e v a l u e s 0 o r 1 o n l y , w h i l e e ' and uj' co r r e spond t o E and m 

by t h e e q u a t i o n s e + e ' = 1 , u + u ' = 1 , so t h a t when e = 1 , then e ' = 0 , and 

when u = 1 , (i)'=0, and v i c e v e r s a . F u r t h e r we w i l l c o n s i d e r t h e case 

t h a t t h e degree M of t h e po lynomia l s i s g iven by 2K+v, ( v = 0 , 1 ; 

v + v ' = l ) : 

Nt=2K+v, E = 0 , 1 ; oj=0,1; v = 0 , 1 ; E+e'=ü)+u)'=\)+v' = 1, (2,51*) 

I t fo l lows from a c o n s i d e r a t i o n of t h e 8 ca se s v = 0 , 1 ; e = 0 , 1 ; (i)=0,1, 

t h a t t h e r a n g e s of t h e s\umnation can be r e p r e s e n t e d i n t h e formulae 

2iiH-2n+E+(i) < 2p+2q+e+cü < 2K+v 

-»• m+n < p+q < K-V£üï+v ' (e 'ü) ' -1) , 

2m+2n+E+u < 2p+2q+e '+u ' < 2K+v 
•*• m+n+l -E ' -u ' < p+q < K-ve 'w '+v ' (Eü ) -1 ) , 

w h i l e 
2m+1+E=2(m+E)+e', 2n+1+KF2(n+u))+(jii'. 

So we f i n d from (2.1*7): 

r ( 2 , 5 5 a ) 

(2 .55b) 

J(2m+E):(2n+a>)'. a^^^^^n+u, 

K-vew+v ' (E ' a ) ' - l ) 

= I 
p+q=nH-n, 
p>0,q>0 

K-VE'w'+v ' (ea) - l ) 
a I e 

f 0;2p+E,2q+(o „^1;2p+e,2q+a) 
2p+c,2q+ü)*- 2m+E,2n+a) ''^''2(m+i)+Er2q+J* 

1;2p+E' ,2q+u' 
p tq=m+n+1-a . ' -E ' . 2p+E'.2q+a, ' 2(m+e)+E' ,2(n+a, )+a." 

p>0,q>0 
( 2 . 5 6 a ) 
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H 2 m + E ' ) : ( 2 n + . ' ) : ^^^,,^2^^^, = 

K-vecü+v'(e 'uj ' -1) , o ... o ... 
- rr V H 1;2p+e,2q+u 
" " ° ^ ^ , 2p+E,2q+u 2(m+£')+E,2(n+a)')+u)'^ 

p+q=ra+n+1-E-ii), i » -i 

p>0,q>0 
K-ve'u'+v'(Eu)-l) 

- I 
p+q=m+n 
p>0,q>0 

0;2p+E',2q+u'_^^1;2p+£',2q+u' 
2p+E ' ,2q+w' *•" 2m+E ' ,2n+u' 

CpU;,ipTE-,^qTW I ;^p-rf ,<:qTtü- \ 
2m+E' ,2(n+l)+(jj 

(2.56b)' 

i(2m+E)'(2n+a)): c^^^^^gn+c. 

K-VEw+v'(e'u'-l) 
= (1-a) I 

p+q=m+n, 
p>0,q>0 

0;2p+E,2q+tü 
2p+e,2q+a> 2m+e,2n+a) 

(2.56c) 

We see immediately from these equations that the systems (2.56a) and 

(2.56b) taken together form a closed system of equations for each of 

the four possible choices for (E,U), viz. (E,W)=(0,0), ( 0 , 1 ) , (1,0), 

(1,1). The same can be said of the system (2.56c). Moreover, when 

0=0, there is no longer any interaction between Y and u, and between 

X and V, so that the equations (2.56a) can be solved independently 

of (2.56b); in fact, (2.56a) and (2,56b) get the same form as 

(2,56c) with 0=0. 

Af te r t h e s e g e n e r a l c o n s i d e r a t i o n s , we w i l l de t e rmine 

E ' ^ , *„ , i n t h e nex t s u b s e c t i o n s . 
2m+£,2n+(i) 

2.1*1. A d i f f e r e n t i a t i o n fo rmula . 

In t h e p r e s e n t s u b s e c t i o n , we d e r i v e t h e f o l l o w i n g d i f f e r e n t ­

i a t i o n formula : 

.m+n/ 2 . 2\0' 3 (x^+y^) _ 
. m. n 
3x 3y 

(-l)^^-'^ (-°)k+)l ' " •"• 
24.„2l«-k-^r ^2k-m,^ >2ll-n 

(2 .57 ) 

i n which we use t h e n o t a t i o n ( z ) . : 

{z). = ^ ^ ^ ', ( z ) o = ' ' ; ( z ) j = z ( z + l ) . . . ( z + J - l ) , j = 1 , 2 , 3 . (2 .58 ) 
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Proof, We expand {(x+u)2+(y+v)2} about (x +y ) . According t o 

TAYLOR'S theorem, we have t ha t 
" " m n .m+n,0 9\a 

H E {(x+u)2+(y+v)2p= [ I : i J ^ l _ ( j ! l Z i L . (2.59) 

m=0 n=0 minj 3x 3y 

This expansion has a radius of convergence which d i f fers from zero, 

when (x2+y2) ?< 0. 

On the other hand, we can expand H by means of the binomial 

theorem: 

H E {(x+u)2+(y+v)2}°' = {(x2+y2)+(2xu+u2+2yv+v2)}" = 

" ( -1) ' ' ( -«) . (2xu+u2+2yv+v2 )1̂  
= (x2+y2)° I 

k=0 k i (x2+y2)'^ 

= I I - T S I I F I ^ (x2+y2]«-'^ (2xu+u2]^-^ (2yv+v2]\ 
k=0 1=0 ^^ ^''^' 

In t h i s double sum, we interchange the summation. The summation 

ranges are then 0<J!,<°>, il<k«». Then, we replace k by k+Z, which gives 

us an expression for H which i s symmetric in k and i.: 

H = I I "̂'̂  ..Ir^'^"^ (x2+y2)«-l^-^ (2xu+u2)^(2yv+v2)^ = 
1=0 k=0 ^''^' 

, n ( ^\^*^l 1 k+m i+n " " k *!• ( -1 ) ( - a ) , .-U V , „ , _ r V V T k+g, c 2^ 2ia-k-S,/-„ -ik-m/^ •> 5,-n 
- L I I I (k-m) ' ( t , -n) 'n 'm'— b ' +y J 2xJ [2yJ 

ü,=0 k=0 m=0 n=0 U-m;. U - n ; ,n,m, 

In order to get u v in t h i s sum, we replace m by m-k, and n by n-l: 

2k 2S, (-1) (-"'k+)l '^ '̂  
" ^ i o i o m l n l (2k -m) : (m-k) t (2 . -n ) : (n - . ) . ^ 

( 7. pia-k-J. <•_ i2k-m r^ •v2Jl-n X (x'̂ +y'̂ J (2xJ (2yJ 
We bring the summation over m and n in f ront . The range of summation 
of k and m was: 0<k<<=°, k<m<2k; this becomes 0<m<<», 5m<k<m. So, 

/ i»k+Jl, V , 2 , 2\"-k-'-" » m n (-1) (-a)j^^j^(x^+y^) 

" ~~ l o }=0 k l / 2 J n / 2 ( - k ) . . ( n - . ) U 2 k - m ) : ( 2 . - n ) : ^ 

m n /„ »2k-m ,„ x2il-n ,„ ^„. 
X u V (2x) (2y) . (2.60) 

Comparing this with (2.59), we see, that indeed 

» 
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.m+n/ 2J_ 2\0' 3 (x'̂ +y'̂ ) _ 
5 m. n 
3x 3y 

n* n (-1) (-«)i ĵ oOiInl , „ ~ 
= I I ^ (x2+y2]«-^-^(2x]^-'^(2y)2^-, 
k>m/2 Ji>n/2 (m-k).'(n-Z)! (2k-m)J (2J!,-n) J 

as we set out to prove. 

2.1*2. The coefficients of the load-displacement equations as finite 

sums of complete elliptic integrals. 

-We use the differentiation formula (2,57) to calculate the 

integrals 

h;2p+E,2q+u _ 
2m+E,2n+üo 

1=2)^ f! J( , 2P+E 2q+a. a2m+2n+E+a,^2h-1 
= — J / J ( x , y ) x ^ y ^ ^ _ _ _ _ d x d y , (2 ,6 l ) 

2-n E 3x 3y 

where 

E = 0 , 1 ; (0=0,1; h+p+q-m-n>-2 (2,62) 

see (2,53), in which the coefficients of the load-displacement 

equations (2,56) are expressed, 

We call |e | the excentricity of the contact ellipse 

(x/a)2+(y/b)2 = I, 0<|el<1;g = A - ? is the ratio of the axes. When 

a is the minor semi-axis, we take e>0. We will denote the minor semi-

axis by s: 
_ l ^ 

e>0: s=a=gb<b=s/g, J={l-(x/s)2-(gy/s)2} % 
e<0: s=b=ga<a=s/g, J={1-(gx/s)2-(y/s)2}-2, k (2.63) 

g = /Ü?, |e| = /Ü?. J 
We interchange in (2.6l) x and y, p and q, m and n, E and u. Taking 

(2.63) into account, we see that 

h;2p+E,2q+w , . h;2q+u),2p+E , . , . . . 

^ 2m+E,2n+a) ^^' ^ 2n+u),2m+E ^^'' ^^•^^> 

So, without loss of generality, we consider the case of e>0 only. 

We substitute the differentiation formula (2.57) into (2.6l). 

This gives: 
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gh;2p+E,2q+u) ^ 
2m+E,2n+u 

, 2m+£ 2n+u) (-1 )^*'^''^' '"( J -h)^^„ (2m+£) J (2n+to) i 
= — I l ^^ X 

^'^ k=m+E Jl=n+u (2m+e-k) : (2n+ü)-£) : (2k-2m-E): (2J l -2n-a)) : 

„2k+2Jl-2m-2n-E-a) re ^, •, 2k+2p-2m 2J!,+2q-2n/ o^ 2\h-5-k-J!. , , 
X 2 JJ j ( x , y ) x ^ y (x^+y^) dxdy, 

E 

w i t h J ( x , y ) = { l - ( x / s ) 2 - ( g y / s ) 2 } - ^ 

(2 .65 ) 

In t h e double i n t e g r a l ( 2 .65 ) we i n t r o d u c e p o l a r c o o r d i n a t e s : 

x = srcosijj , y = s rs in i j j , dxdy = s 2 r d r d ^ . 

The form J ( x , y ) becomes 

J ( x , y ) = {l-r2cos24,-r2g2sin24)}~^ = { l - D 2 r 2 } ~ ^ , D = /üë^^sïn^. (2 .66) 

The i n t e g r a t i o n i s t a k e n over a l l p o i n t s x and y , f o r which J ( x , y ) i s 

r e a l . That i s , t h e l i m i t s a re i n p o l a r c o o r d i n a t e s : 0<(t><2TT, 0<r<1/D. 

I f we s e t 2k+2p-2m=2i, 2X,+2q-2n=2j i n ( 2 . 6 5 ) , we s e e t h a t a t y p i c a l 

i n t e g r a l of ( 2 . 6 5 ) becomes 

„ , ^ , 2ir 1/D 2 i , . 2 j , 2 d , 
2d+1 /• A\ t cos ijjsin ijir dr 

0 0 / l - D 2 r 2 

i = k+p-m, j = Jl+q-n, d = h+p+q-m-n. 

dt 

2D/t 

(2 .67 ) 

Changing t h e v a r i a b l e t o t = D2r2, w i t h dr = , we o b t a i n 

^ , ^ , 2ir 2 i , . 2 j , , , 1 
I = s ƒ cos ^ s i n - ' t d t J t ^ - ^ ( ^ _ t ) - ^ d t . (2 .68) 

0 21^^^-^^ 0 

The integral over t in (2.68) is a complete Beta function, 
1 . . 

B(x,y) = ƒ t""-̂  (1-t)y-^ dt = r(x)r(y)/r(x+y). (2.69) 
0 

As t o t|), we may r e s t r i c t o u r s e l v e s t o t h e i n t e r v a l 0<i|j<Tr/2, owing t o 

t h e symmetry of t h e i n t e g r a n d . So we g e t from ( 2 , 6 6 ) , ( 2 , 6 8 ) , and 

( 2 , 6 9 ) , t h a t 

I = ƒƒ J(x.y) "'' "^^iTt^ = 
E (x2+y2)i+0-d+2 

^ 2s^^"'V(d+i)r(^) //2 cos^^^sin^J^dij, ̂  (2,70) 

r(d+l) 0 (l-e2sin2,|,)'̂ '̂ 2 * 

This is a complete elliptic integral of a general type, which can, 
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in principle, be reduced to a combination of elliptic integrals of 

the first and second kind. We substitute (2.70) into (2.65), setting 

i=k+p-m, j=il+q-n. Then, 

h;2p+e,2q+u) (•, ,•. _ Ji;2q+co,2p+e f i n . 
^ 2m+E,2n+a. ^ ^ I J - E" 2n+a),2m+e ^-\^\^ " 

, 2m+e 2n+<o (-1 )^^^^" ' ' " ( J - h ) ^ , , ( 2 m + E ) : (2n+(o) l l*^- '^" ' -^2-^-" 
_ J r r k+ü. 

^^ k=m+e Jl=n+a) (2m+e-k) : (2n+(ü-Jl). '(2k-2m-e) J (2Z-2n-a))! 

^ 2s^ '^-^^r(d+i) r (^) y^ /2 (cos2^,)^^P-°^(sin2^,)^^^-"d.t> ^ 

d l 0 ( l -e2sin2,) , )^ '"^ 

d = h+p+q-m-n>0. 

( 2 ,71 ) 

We r e p l a c e k by k+m+£, ü by Jl+n+u, The l i m i t s of summation t h e n 

become 0<k<m, 0<Jl<n. Making iise of t h e formulae of t h e Gamma f u n c t i o n 

r ( J + z ) r ( i - z ) = i r / cos ( i r z ) , T{1) = ^ , (z)_. = ^^^^f^ , ( 2 . 7 2 ) 

it is easy to see that (i-h) r(d+5)r(2) in (2.7l) becomes 

,1 , , T̂ /.•̂ T̂•M̂  _ r(^-h+m+n+k+A+E+h))r(s)Tr _ 
^̂ -̂ k̂+Jl-Hii+n+e+/('̂ "'̂ ^̂ (̂ ^ r(é-h)r(^d)cos7rd 

_ r(s-d+p+q+k+Z+Ë+üi) cosTTh r(i+h) 
r(5-d) cosird vli) ^ 

S o , ( 2 . 7 1 ) b e c o m e s 

J i ; 2 p + E , 2 q + i ü , . ^ 
^ 2m+E,2n+u) ^ ' 

^ m n i.k+Jl/o-.... ^ lCo J. M 2d+1 
_f^^ , „vE+u) r r 1* (2m+E) I (2n+u)) I s , , . _ ^ .___ ^ , 
= ( 5 ) ^ ( - 2 ; I I ^ I (d ,k+p+£ ,Z+q+ü),e), 

k=0 1=0 (m-k ) : (n - ) l ) ! (2k+E) I (2J l+u) ' 
( 2 . 73 ) 

w i t h 

, . . 1 IX , . . , M 1 ,-, X / ' ' ^ (-cos2,j,)^(-sin2,j,)Jd)() 
l ( d , i , j . | e | ) = l ( d . j , i , - | e | ) = - i T ( i -d ) .^ . ƒ —r-

- r r = 0 when d = - 1 , - 2 , - 3 , • « , 

(2,7i t) 

which i s v a l i d when d = h+p+q-m-n>-5. When h i s an i n t e g e r , as i t i s 

i n t h e l o a d d i sp l acemen t e q u a t i o n s , d i s a l s o an i n t e g e r , and t h e n 

(2 ,73 ) i s a f i n i t e sum of complete e l l i p t i c i n t e g r a l s of a g e n e r a l 

t y p e which can be r educed t o complete e l l i p t i c i n t e g r a l s of t h e f i r s t 

ItO, 



and second kind, 

It is useful for the purpose of numerical calculations, to know 

beforehand what elliptic integrals (2.71+) actually occur in the load-

displacement equations (2.56). Let the degree of the polynomials 

(2.1t6) be 2k+v, with v = 0 or 1, Then it can be shown that 

M=2k+v, v=0,1 -• 0 < d < k, d < i+j < 2k+v-d, i > 0, j > 0,1 
- - - - - ~ f (2 75) 

for w (eq, 2,56c) and for u,v when 0 = 0 (eq. 2,56a,b), j ̂  "•^' 

and 

M=2k+v, v=0,1 -»• 0 < d < k, d < i+j < 2k+1+v-d, i > 0, j > 0, 

for u,v (eq, 2,56a,b), 0 9̂  0, 

2.1t3. Transformation to another metric. 

(2.76) 

We will consider the case that we transform the coordinate 

system (x,y,z) to another coordinate system (x,y,z) with the same 

origin and axes, but with another metric: 

X = Xx, y = Xy, z = Xz, 's = Xs, (X constant). (2,77) 

We distinguish quantities taken with respect to (x,y,z) from the 

corresponding quantities in (x,y,z) by a bar over the letter. Clearly, 

we have 

(ü±,v±,w±)= X(u±,v±,w±), 

(S,v,w) =X(u,v,w), [ (2,78) 

(X,Y,Z)/G = (X,Y,Z)/G, G = G/x2. 

Also, 

(x,y) = /l-(5/a)2-(y/b)2 = /l-(x/a)2-(y/b)2 = J(x,y), 

g = g. e e, 
(2,79) 

It is easy to see that 

M M-m 
(ü,v,w) = y y (a ,b ,c )x y = 
• * ^^ ^r. nm' mn* mn ' 

m=0 n=0 M M-m 
I Ï 

m=0 n=0 

V V I m+n /- T- - \ m n = > ) X (a ,b ,c ;x y 

M M-m 
= X(u,v,w) = y y X(a ,b ,c )x y , ' ' ^ /, mn' mn* mn "' ' 

m=0 n=0 

from which it follows that 

J-m-n T- , 1-m-n , - , 
a = A a , D = X D , C - A 
mn mn mn mn' mn 

1-m-n (2,80) 

I t l , 



and i t follows in the same way from 

M I-I-p 
(X,Y,Z)/G = J (x ,y) I I (d , i , f J j P y l ^ 

p=0 q=0 ^^ ^^ ^^ 
M M-p 

= (X,Y,Z)/G = J (x ,y) I I (d ,e^ .f ) x V , 
p=0 q=0 ^^ ^^ ^^ 

t h a t 

d = X-P-1 d , e = X-P-1 e , f = X-P-"! f . (2 .81) 
pq pq pq pq pq pq 

From (2 .73 ) and (2.7l t) we see w i t h t h e a i d of (2 .77) and (2 .79 ) t h a t 

j , h ;pq ^ ^2d+1 ^ h ; p q ^^ = 2h+p+q-m-n. (2 .82 ) 
mn mn* 

I f ( a ,b , c ) and (d , e , f ) a re such t h a t t h e (vinbarred) 
mn' mn' mn p q ' p q ' pq 

l o a d - d i s p l a c e m e n t e q u a t i o n s a r e s a t i s f i e d , we see immedia te ly from 

(2.1*7) t h a t t h e b a r r e d l o a d - d i s p l a c e m e n t e q u a t i o n s a r e s a t i s f i e d by 
( a ,b , c ) = X ~ ~ (a ,b , c ) , 

mn' mn' mn mn mn' mn ' 
(d ,S , f ) = X'P"*^ (d , e , f ) , 

pq pq pq pq pq pq 

t h a t i s , by t h e same p a r a m e t e r s as i n (2 .80) and ( 2 . 8 l ) . So , s o l v i n g 

t h e l o a d - d i s p l a c e m e n t e q u a t i o n s f o r one va lue of X, means s o l v i n g them 

f o r a l l X. 
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3, Special cases of t he load-displacement equations, 

In sect ion 3.1 of the present chapter , we develop the theory of 

the load-displacement equations fur ther . In f a c t , we w i l l study the 

spec ia l case t h a t the t r a c t i o n behaves as / l - ( x / a ) 2 - ( y / b ) 2 as one 

approaches the edge of the contact area , r a ther than as 

/ l - ( x / a ) 2 - ( y / b ) 2 ~ , as we had in chapter 2 , see eq. (2 .32) . This i s 

of importance in some appl ica t ions of which we w i l l name the normal 

problem of HERTZ, which i s t r e a t e d in 3.221, and the t a n g e n t i a l 

problem of CATTANEO [ l ] , and MINDLIN [ l ] , which i s t r e a t e d in section 

3.222. Since for a general polynomial displacement the t r a c t i o n goes 

t o i n f i n i t y at the edge, the demand tha t the t r a c t i o n must vanish 

cons t i tu tes a r e s t r a i n t on the displacement, in other terms, the 

displacement must have a spec ia l form in order t o meet i t . In the 

HERTZ case t h i s spec ia l form r e s u l t s from the adaptat ion of form and 

s ize of the contact e l l i p s e ; s im i l a r l y , in the MINDLIN-CATTANEO 

problem of sect ion 3.222, and in CARTER'S [l] problem, the area of 

adhesion i s so adapted. 

One can perhaps say t h a t in t angen t i a l problems in which s l i p i s 

ac tual ly p resen t , but i s neglected in the ca l cu la t ion , the load-

displacement equations of sect ion 2.1* must be used: the i n f i n i t y of 

the t r a c t i o n at the edge of the contact area ind ica tes an area of 

s l i p . This i s the case , at any r a t e , in the MINDLIN-CATTANEO problem 

without s l i p (sec . 3,212), in DE PATER's [l] treatment of the problem 

of the r o l l i n g contact between two cylinders with p a r a l l e l axes with 

in f in i t e s ima l longi tud ina l creepage, and in the treatment of the 

problem of r o l l i n g contact with in f in i t es imal creepage and spin of 

sec t ion U.3, In tha t sec t ion , the i n t e r p r e t a t i o n of the t r a c t i o n 

s ingu la r i ty i s t r e a t e d more fu l ly . In normal problems, the pressure 

s ingu la r i t y can ind ica te a sharp edge, as i s the case in the problem 

of an e l l i p t i c a l die pressed in to a ha l f - space , see sect ion 3.211. 

I f in the t a n g e n t i a l problems s l i p i s not neglected, as we have 

in sec . 3.222, the MINDLIN-CATTANEO problem with s l i p , without t w i s t , 

and in the theory of r o l l i n g with a r b i t r a r y creepage and sp in , 

chapter 5, the t angen t i a l t r a c t i o n general ly vanishes at the edge of 

the contact area . For the normal pressure d i s t r i b u t i o n w i l l mostly 

be Hertzian, and the f r i c t i o n law demands t ha t |(X,Y)| < yZ. So X and 
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Y must a l s o v a n i s h a t t h e edge of t h e c o n t a c t a r e a , and a t l e a s t as 

f a s t as t h e normal l oad Z. 

3 . 1 . The l o a d - d i s p l a c e m e n t e q u a t i o n s , when t h e . su r face t r a c t i o n s 

v a n i s h a t t h e edge of t h e c o n t a c t a r e a . 

As we p o i n t e d out i n s e c t i o n 3 , t h e demand of v a n i s h i n g 

t r a c t i o n a t t h e edge of t h e c o n t a c t a r e a E c o n s t i t u t e s a r e s t r a i n t 

on t h e s u r f a c e d i sp lacement d i f f e r e n c e s ( u , v , w ) . 

We had found i n s e c . 2 . 2 ( s e e 2 .32 ) t h a t when 

1 M+2 M+2-P 
(X,Y,Z) = G { l - x 2 / a 2 - y 2 / b 2 } - ^ I I [i' e' f']x^y\ ( 3 . 1 ) 

p=0 q=0 -^^ ^^ ^^ 
t h e n 

M+2 M+2-m 
(u ,v ,w) = y y ( a , b , c ) x V - ( 3 . 2 ) 

' * r. r, nm inn inn 

m=0 n=0 

Now, t h e t r a c t i o n s must v a n i s h a t t h e edge of t h e c o n t a c t a r e a . This 

means t h a t t h e c o n s t a n t s fd' , e ' , f ' 1 must be s o , t h a t 
*• pq pq pq-* 

M+2 M+2-P 
I I [d' , e ' ,f' )xPy<l 

pSo q=0 rq ' pq' pq̂  
i s d i v i s i b l e by { l - ( x / a ) 2 - ( y / b ) 2 } . That means t h a t 

M+2 M+2-P 
(X,Y,Z) = GJ(x .y ) I I (d- , e ' , f ' )xPy^ 

p=0 q=0 ^^ ^ ^ ^ ^ 

M M-p 
= GJ(x,y) I I (d e f J{ l - (x /a )2_(y /b)2}xV 

p=0 q=0 ^ ^ ^^ ^^ 

M M-p 
= G/l-(x/a)2-(y/b)2 l^ l^ (d^^,e^^,f^JxPy^ 

M M-p 

p=0 q=0 " 

J ( x , y ) = { l - ( x / a ) 2 - ( y / b ) 2 } - ^ , 

( 3 . 3 ) 

Comparing ( 3 , 2 ) and ( 3 . 3 ) , we s e e t h a t t h e r e a r e more c o n s t a n t s 

( a ,b , c ) i n ( 3 . 2 ) t h a n t h e r e a re c o n s t a n t s (d , e , f ) i r 
mn mn' mn p q ' p q ' pq 

( 3 , 3 ) , So , t h e m a t r i x of t h e l o a d - d i s p l a c e m e n t e q u a t i o n s i s no 
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longer square. 

We seek the connection between fa ,b ,c ] on the one hand, 
'̂  mn' mn' mn' 

and fd ,e ,f ] on the other hand. For that purpose we define 
^ pq* pq pq-* 

pli;pq = E^^JPI _ J _ g h ; p + 2 , q _ _1_ j J i ;p ,q+2 / ^ . l i ) 
mn mn a2 inn b2 mn * 

We n o t e t h a t by ( 2 . 5 3 ) E^'^*^ = 0 when 2h+p+q-m-n<0, ( h - 0 , l ) , b u t t h a t 

f o r 2h+p+q-m-n = - 2 , E^^'^^ '*^ and E^'^»''-*^ do no t v a n i s h f o r a l l •̂  ^ mn mn 

v a l u e s of p , q , m , n . Keeping t h i s i n mind, we see from ( 3 , 3 ) , ( 3 . 2 ) , 

(3.1+), and (2,1*7) t h a t 
M 

a = - 2 - ^ ^ {d ( F ° ' P < 1 - 0 F " " ' ? ^ ^ ) - 0 e F ' ' P ^ , A , 

mn mini ^ ^ ^ pq ™i m+2,n'' pq m+1,n+1' 
p+q>m+n-2, ^^ » i-i » 
p>0,q>0 

M 

b = 4 - ^ J {e (F° 'P^-0 F' ' 'P^^J-0d F^'P^, . J . 
mn mjnj ^ ^ ,-, pq^ mn m,n+2-' pq m + 1 , n + 1 ' ' 

p+q>m+n-2, ^^ » i-i f 
p>0,q>0 

c = i i ^ I f FO;P<I . 
mn mini '• ̂_^ „ pq mn 

p+q>m+n-2, ^^ 
p>0,q>0 

(3.5) 

We will now calculate F^'^^, We see fron (3,1*) and (2.53) that 
mn 

F " ' P 4 = 0 when 2h+p+q-m-n = - 3 , -1*, - 5 , . . . . (3.6a) 

and we note t ha t (p+2) and (q+2) have the same pa r i t y as p and q, 

r e spec t ive ly , so t ha t i t follows from (3.1*) and (2,53) t ha t 

F^'P^ = 0 unless both (p+m) and (q+n) are even, (3.6b) 

Hence, the load-displacement equations can again be decomposed i n t o 

1* s e t s . Further , by (2.61*) we have f rem (3,1*) tha t 

^^L'ne|]=E^^L'ne|)-(l/3^)E^^£;^''^(le|)-{g2/s2)E^^P^'1^2^|e|),(3.7a) 

^'SS(-i^i)=^'^(-i-i)-o/B^)E"'r''n-i)-(B^/^')^''S;'''(-iei)' 
(3 .7b ) 

where s denotes t h e minor s e m i - a x i s , and g i s t h e r a t i o of t h e axes 
aiin ( a / b , b / a ) . S ince E ^ ' ^ ' ^ ( e ) = E ^ ' ^ ( - e ) a c c o r d i n g t o (2,61*), d t 

mn nm 
fo l lows from ( 3 . 7 ) t h a t 
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ï ^ ; P 1 ( e ) = P * ' 1 P ( - e ) . ( 3 .8 ) 

mn nm 

S o , by ( 3 . 6 ) and ( 3 . 0 ) , we only have t o c a l c u l a t e F ' ^ ' 2 ^ ^ ^ * 2 ' ^ ^ ' " ( |e | ] . 

We c o n s i d e r a change of m e t r i c as d e s c r i b e d i n s e c . 2.1*3, I t i s easy 

t o see from ( 3 . 2 ) , ( 3 . 3 ) , ( 3 . 5 ) , and (3.1*), and from (2 .32 ) and 

(2.1*7) t h a t t h e a n a l y s i s of 2.1*3 remains v a l i d i n t h e p r e s e n t case of 

z e ro s t r e s s a t t h e edge of t h e c o n t a c t a r e a , so t h a t t h e e f f e c t of a 

change of m e t r i c h e r e i s a l s o d e s c r i b e d by ( 2 . 8 0 ) , ( 2 . 8 l ) , and ( 2 . 8 2 ) , 

i f we r e a d F fo r E. So , we have t o s e t up t h e l o a d - d i s p l a c e m e n t 

e q u a t i o n s fo r one m e t r i c o n l y . 

We see from (3.1*) t h a t t h e E ' ^ ^ occ\u:r ing i n t h e e x p r e s s i o n fo r 
F ' a l l have t h e same h , m, and n . So i n s u b s t i t u t i n g t h e E ' 

mn mn 
from ( 2 . 7 3 ) , we can b r i n g t h e double summation o u t s i d e t h e b r a c k e t s . 

Then we have fo r e>0: 

j^h;2p+£,2q+u ^ 
2m+£,2n+cü 

_ „h;2p+e,2q+w ,- , 2- iph;2(p+l)+£,2q+u f 2/„2lTrh;2p+£,2(q+1 )+u_ 
~ ^ 2m+£,2n+a) " ^ ' -" 2m+e,2n+u ~ *-̂  ' •" 2m+E,2n+a) 

^ m n ,k+5,,„ ^ \,fn j . \> 2d+1 
/ l ^ / „NE+OJ V V *+ (2m+£) J (2n+u) I s r.^,, , j_ ^ o . j_ N. 

^ ^ ^ k=o i o ("*-k) i (n-) i ) ; (2k+£);(2i i+. . ) ; i^( '^ '^-^P^^ '^-^ '^^" '^)-^ 

- I ( d + 1 ,k+p+l+E,Jl+q+ü),e)-g2l(d+1 ,k+p+£,Jl+q+1+u,e) } , 

e>0 , d=h+p+q-m-n. 
( 3 .9 f 

We de f ine 

J [ d , i , j , | e l ) = l ( d , i , j , | e | ) - l [ d + 1 , i + 1 , j , | e l ) - g 2 l (d+1 , i , j + l , |e | ) , | 

J [ d , j , i , - | e | ) = l [ d , j , i , - l e | ) - l ( d + l . j , i + 1 , - | e | ] - g 2 l [ d + 1 , j + 1 , i , - l e l ) , | 

(3,10) 

so t h a t 

J ( d , i , j , e ) = j ( d , j , i , - e ) , (3 .11 ) 

and from ( 3 . 8 ) , ( 3 . 9 ) , ( 3 . 1 0 ) and (3 .11 ) i t fo l lows t h a t 

Ja ;2p+£,2q+u , s ^ h;2q+a),2p+E , s ^ 
2m+E,2n+u) ^ ' 2n+u,2m+£ ^ ' 

, m n ,k+J!.,„ ^ \, /^ ^ \ , 2d+1 
n\ I /^\£+u \ \ k (2m+£) I (2n+u) I s ^1 , , ^ _̂  „j. _̂  \ 

^^'\^-^^ J o i o (m-k) ; (n- ) l ) : (2k+£) ; (2 i t+co) ; J(d.k-^P^e,&+q+ai,e). 

pn ,pq _ 0 -unless (p+ra), (q+n) a r e bo th even and d=h+p+q-m-n>-1. 

(3.12 

1*6, 



Comparing this with (2,73), we see that F^'^^ and E ' ^ have exactly 

the same form, the only difference is that F has J-functions where E 

has I-functions. 

We calculate J ( d , i , j , | e | ) from (3.10) and (2,7l*). 

j [d , i , j , | e l )= l ( d , i , j , | e | ) - I(d+1,i+1,j,|e0-g2l(d+1,i,j+1,le|) = 

-L-dfi) / ^ ^ (-cos2,|,)^(-sin2ii,)J dî  __\ fi . 11 

• ^' ^" '^i^J i (l-e2sin2,)^^^ • (d+1). ^^-'-^^i-ó-1 

X 
(• (-COs2iji) ( - s i n 2 i | ; ) ' ' dlj; (• 2 , 2 • 2 A 
i n 2 • 2,,a^3/2 ^ (-cos2*-g2sin2^}. 
0 (1-e^sin^i(/) 

, _ 1 _ p , . r (-cos2^,)^(-sin2^)'' 

^ Td̂TTTT (^-^^i+j n l . „2„ .d+I '̂ *' 

Since 1/dI must be interpreted as zero when d = - 1 , we can write 

1/dJ = j . ^, ; further, cos2ijH-g2sin2ij) = 1-e2sin2i|;, and finally 

(s-d-D^^j^^ = (J-d-l)(M)^^.j , so that 

0 (l-e^sin-'ij;) "̂  

r'"^^ (-cos2i|,)^(-sin2,|,)J 

0 (l-e2sin2,|;)'^-'^ 

j ( d , i , j , | e | ) = J ( d , j , i , - | e | ) , 1/(d+l)' = 0 when d = -2,-3 , . . 

(3,13) 

Comparing this with (2,71*), we see that 

I (d , i , j , e ) = 2(d+l)J(d,i,j ,e), (3.1I*) 

so that we find from (3,12) and (2,73), that 

Eli;pq = 2(d+l) l^ '^ , 2d = 2h+p+q-m-n, (3.15) 

which means that the coefficients of the load-displacement equations 

for an infinite traction at the edge of the contact area can be found 

by multiplying the corresponding coefficient of the load-dxsplacement 

equation with zero traction at the edge with 2(d+1). 

I t is useful for the purpose of numerical calculations to know 

beforehand which el l ipt ical integrals (3.13) occur. When the degree 

of the traction polynomial is M = 2K+v, v = 0 or 1, i t can be shown 

that 

N 2̂K+v: w, and (u,v) when o=0: -1<d<K, ma!c(0,d)<i+j<2K+v-d (3.l6a) 

.̂ t=2K+v: (u,v) when a#0: -1<d<K, max(0,d)<i+j<2K+1+v-d. (3.l6b) 
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3 , 2 . Examples- of t h e u s e of t h e l o a d - d i s p l a c e m e n t e q u a t i o n s . 

A l i s t of t h e f u n c t i o n s J ( d , i , j , e ) and E ^ ' ^ -

I n t h e p r e s e n t s e c t i o n we g ive a few examples of t h e u s e of 

t h e l o a d - d i s p l a c e m e n t e q u a t i o n s . F i r s t we w i l l g ive a l i s t of t h e 

e l l i p t i c i n t e g r a l s out of which t h e F^'^'^ a r e formed, and a l i s t of 

t h e s e c o e f f i c i e n t s t h e m s e l v e s . We de f ine w i t h JAHNKE & EMDE [ 2 ] : 

K = ƒ 
TT/2 

dji 
•n/2 

, E = ƒ / l -e2s in2\ | ) di|) , 
6 / l -e2s in2i | ) 0 

- _ / ^ ^ sin24icos2i|;dij; _ / ' ^ s in2 4id<|; 
— ~ J / ;; ^—3 ' — J 

0 / l - e2s in2 i l /ü^ 

(3 .17a ) 

Tf/2 2 , ^ , 
B = ! cos-^i})di|; ^ 

e^sin'^^i) /i-e2 

K = 2D-e2_C ; E = (2-e2)D-e2_C ; B = D-e2_C. 

sin^\|) 

(3 .17b) 

( 3 , 1 7 c ) 

The f u n c t i o n s K and Ê  a r e t h e complete e l l i p t i c i n t e g r a l s of t h e 

f i r s t and second k i n d , r e s p e c t i v e l y . The f u n c t i o n s B, _C, _D do no t 

have a s p e c i a l name. The f i v e f u n c t i o n s a re t a b u l a t e d by JAHNKE & 

EMDE [ 1 ] , pg . 7 8 , 8 0 , 8 3 , and 82 . In Table 1, we g ive a s m a l l t a b l e 

of t h e v a l u e s of _C and D, t a k e n from JAHNKE & EMDE [ 1 ] . 

g 

c 
D 

g 

_c 

D 

Table 1. 

+0 

- 2 + l o g l*/g 

- 1 + l o g l*/g 

0 . 6 

0.3929 

I.I23I* 

_C and £ 

0 .1 

1.7351 

2.7067 

0 .7 

0 .3235 

1.0138 

as f u n c t i o n s of 

0 . 2 

1.1239 

2.01*75 

0 .8 

0.27060 

0.921*1 

0 . 3 

0.8107 

1.6827 

0 .9 

0 .22925 

0.81*91 

g = /ï^ 

0.1* 

0.6171 

1.1*388 

^2. 

0 .5 

0.1*863 

1.2606 

1.0 

0.19635 = ^ 

0.7851* = | -

I t i s wel l-known t h a t t h e complete e l l i p t i c i n t e g r a l s of t h e 

t y p e we e n c o u n t e r e d can be e x p r e s s e d i n two independent e l l i p t i c 

i n t e g r a l s . We w i l l l i s t t h e r e d u c t i o n t o K and ^ , because t h e s e 

f u n c t i o n s ai-e w i d e l y t a b u l a t e d . We a l s o g ive t h e r e d u c t i o n t o _C and 

D, which a r e t a b u l a t e d i n JAHNKE & EMDE [ 1 ] , because i n our s h o r t 

l i s t of e l l i p t i c i n t e g r a l s t h e c o e f f i c i e n t s of _D and _C do no t 

c o n t a i n t h e e x c e n t r i c i t y | e | i n t h e denomina to r , w h i l e g2 = 1-e2 

1*8. 



occurs in the denominator only twice, 

The reduction is accomplished by regarding IC, Ê , _C, and _D, and 

J(d,i,j,|e|) as hypergeometric functions F(a,b;c;e2) in the 

following manner. According to ERDELYI et al. [l], Vol. 1, pg. 115, 

eq. 2.12 (7) 

„^, V ir/2 , ,\2c-2' 
„/ , \ 2r(c) r (cosî ) 
F(a,b;c;z)= r(^)r(,.^) J ^ ^ 

^2c-2b-1 , . n2b-1-,, 
(sini|)) dij; 

(a)^(b)^ n 
z sin2i|)) (3.18a) 

n=0 • •n 

We se t z=e2, a=d+5, b=j+i, c=i+j+1 in (3 ,18a) , and from t h i s and 

(3.13) i t follows t h a t 

.Tf/2 / 2 . , .^i /„ ,•_2. , .^j , TTH n n l.-n- (-1)^""'' r(i-d+i+j) / / ^ i c o £ j i O i ( s i n ^ i m 

^(^.^.^.l^l)-2(d+i): vU-a)' / o . L i , 2 , ) l ^ 

(-1) 1+J 

.(3,18b) 

) -̂  r (M+i+j ) r(j+i)r(i+^) ^ , , . i . . i . . ^ . ^ , 2̂  
- i*(d+i): r(I-d) r(i+j+i) ^^^^'' ^^''' ^^^^^'^ « )• 

Further we have from (3.17) and (3.l8a) that 

K = I F(i,hne2); E = I F(-J,i;1;e2); B = ^ F(i,i;2;e2); 

C = ̂  F(3/2,3/2;3;e2); D = ̂  F(J,3/2;2;e2). 

(3.19) 

The reduction i t s e l f i s accomplished by repeatedly applying the 15 

r e l a t i o n s of GAUSS which connect F (a ,b ; c ; z ) with any two of the 6 

functions F(a±1 ,b ;c ;z ) , F (a ,b*1 ;c ; z ) , F (a ,b ; c*1 ;z ) . These r e l a t i o n s 

can be found, for ins t ance , in ERDELYI et a l . [ l ] , Vol. 1, par . 2 . 8 , 

pg. 103-IOlt, eq. (31 ) / ( l t5) . We s h a l l give the r e s u l t of t h i s 

reduction without proof. Since according t o (3.11) and (3 . lit) 

I ( d , i , j , e ) = 2 ( d + l ) j ( d , i , j , e ) = 2 ( d + 1 ) j ( d , j , i , - e ) , 

we give only J ( d , i , j , | e | ) . 

(3,20) 
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J ( - 1 , 0 , 0 , 

J ( - 1 , 0 , 1 , 

J ( - 1 , 1 , 0 . 

j ( - 1 , 0 , 2 , 

j ( - 1 , 1 , 1 , 

J ( - 1 , 2 , 0 , 

J [ 0 , 0 , 0 , 

J ( 0 , 0 , 1 , 

J [ 0 , 1 , 0 , 

J ( 0 , 0 , 2 , 

J [ 0 , 1 , 1 , 

J [ 0 , 2 , 0 , 

J ( l , 0 , 0 , 

J ( l , 0 , 1 , 

J ( l , 1 , 0 , 

1-e^ 

= l(2-e2)D - ie2c = i E, 

= -i (3-2e2) D + Je2c_ 

= -i[3-e2)D+ l e \ 

= -J(l1-8e2)D + -J(l-lte2)c_= 

= i [2-e2)D-^[ l+e2)c = 

= •J(l1-3e2)D + ^(l-9e2)c.= 

1-e^ K + I=2ei , ^ 
lte2 - lte2 

K -
1+e^ 

Ue2 - lte2 

1+e2-2e'* ,, 

E, 

2+3e2-8e 2_ft^'+ 

Ite"* 8e 't — E, 

2 _ 3 e ^ e ^ ^ ^ 1-e2+e'* ^ 
. 1 * — 

l*e^ 

1-lte2+3e'* ^ 2 -7e2-3e ' * ^ 

he'* - Se"* 

D - 5e2c_ 

- i D 

- J D + Je2c_ 

5 D + -Jc. 

= i K, 

Ite'^ — l+e'̂  

1-e2 1 

lte2 - lte2 
E, 

2+e^ 1+e^ 

= i D + j ( l -3e2)^ = 2-?e2+3e-^ ^ 

8e'* - Ite'^ -

1-e2 2-e2 
- - ! - ^ K + - ^ - 2 - E, 

Ite"* - 8e'* -
l - 2 e ^ 

8e'< 

{ ( 2 - e 2 ) D - e2c } / l t g2 = E / l t g2 , 

e^C 
K + 

8 ( 1 - e 2 ) 8 ( 1 - e 2 ) 8e2 ~ 8 e 2 ( l - e 2 ) 
E, 

= ïï^ 
E. 

( 3 . 2 i : 

We can form the following sets of load-displacement equations 

from the elliptic integrals (3.21): 

X=Y=Z -̂ »> on edge; w, and (u,v) for a = 0: the 2nd degree (M=2), 

(u,v) for 0 ^ 0 : the 1st degree (M=l), 

X=Y=Z = 0 on edge; w, and (u,v) for 0 = 0 : the 1st degree (M=1), 

(u,v) for 0 ?4 0 : the 0th degree (M=0). 

The E's and F's which are needed for those equations are: 
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3.21, The case of infinite surface traction at the edge of the 

contact area. 

In 3.211 we shall treat a normal problem, and in 3.212 a 

tangential problem in which the traction becomes infinite at the edge 

of the contact area. So the building blocks of the coefficients of 

the load-displacement equations are the E '•̂ ,̂ see (2.73), (3.13) and 

(3.11*): " " 

_.h;2p+E,2q+u , , _ 
2m+E,2n+u ^ ' 

^ m n ),k+)!.,„ _̂  M / O ... >i 2d+1 -/T\ I o^e+w \ \ h (2m+E)l(2n+u)):s ^.z, ,^^ „^ ^ \ • 
^ ^ k=0 i o (m-k)i(n-0l(2k+£)l(2)l+a.)i Kd.k+P+^.^+q+uj.e), 

d = h+p+q-m-n; l ( d , i , j , e ) = 2 ( d + 1 ) j ( d , i , j , e ) . 
(3.23) 

The equations themselves are given i n (2 .56) . 

3.211. A normal problem: a r i g i d , f l a t e l l i p t i c a l die pressed in to a 

ha l f - space . 

A r i g i d , f l a t die of e l l i p t i c a l circumference with semi-axes a 

and b , s = a < b , i s pressed in to the e l a s t i c half-space z > 0 with 

a normal force N, with the action l i n e along XPXQ, Y^Yn' ^ s force i s 

applied s o , t h a t contact takes place over the whole of the base of 

the d i e . F r ic t ion i s assumed to be absent . This problem was t r ea t ed 

by DOVNOROVICH [l] with the aid of the load-displacement equations, 

After deformation, the equation of the base of the die i s 

w = z = CQO + c.,oX + Co.,y; (3.2lt) 

the v e r t i c a l displacement difference w i s c lea r ly equal t o w (x,y,0) 

since the die i s pe r fec t ly r i g i d , and t h a t in turn i s c l ea r ly given 

by (3.2lt) . The constants c _» c.-» and c^. follow from the demand 

tha t the t o t a l force and moment exerted by the half-space on the die 

i s in equilibriimi with the applied load. We have for the normal 

pressiire d i s t r i b u t i o n on the ha l f -space: 

-1 
Z = G/l-(x/a)2-(y/b)2 (foo+fio^ + ^01^^' 

G = 2G*, 0 = 0"*" 
(3.25) 

it follows from considerations of equilibriim of the die that 
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o r , 

N = ƒƒ Z dxdy = 2iTabG t^^, x^N = ƒƒ x Z dxdy = | - ira^bG f̂ ^ 
E E 

ygN = ƒƒ y Z dxdy = I Trab̂ G f̂ ,̂ 

^ 1 fgo = N/2TrabG, f̂ ^ = f NXo/ira^bG, fg., = | ItyQ/irab^G. (3 .26 ) 

The c o n d i t i o n t h a t c o n t a c t must t a k e p l a c e over t h e whole of t h e base 

of t h e d i e i s e q u i v a l e n t t o t h e c o n d i t i o n t h a t t h e normal p r e s s u r e i s 

everywhere p o s i t i v e , t h a t i s , a c c o r d i n g t o ( 3 . 2 5 ) and ( 3 . 2 6 ) , t h a t 

N 
^00 ^ ^10^ * ^ 0 1 ^ 

3xx 3yyo 

2 . a b G ( ^ ^ - i ; 2 - ^ ^ r - ) >o . (3 .27a ) 

which a f t e r some c a l c u l a t i o n l e a d s t o t h e c o n d i t i o n 

(4a)2 [UV 
^ 1 , (3 .27b) 

from which we s e e t h a t ( x - , y^) m\ist l i e i n s i d e t h e e l l i p s e which i s 

c o n c e n t r i c , s i m i l a r , and s i m i l a r l y o r i e n t e d w i t h E, b u t t h e axes of 

which a re -r- t i m e s t h e axes of E. 

The l o a d - d i s p l a c e m e n t e q u a t i o n s a r e , a c c o r d i n g t o (2 .56c ) and 

( 3 . 2 2 ) : 

_ , . 0 ;00 _ ( l - o ) H ,^^ ,„v _ ( l - P ) N ^ 
°00 ~ 2 U - 0 ; E „^ f„„ - —ir^— l2&-e C) - .„ f̂; i^, 

e ^ ^ = 2 ( l - 0 ) E ° ^ ; ° f ^ O 

00 00 irbG 

3(1-0)Nx 
0 

Tra2bG ~ 
(D-e2c) = 

TTbG 

3( l -o)Nx, 
0 

1. 
ira2bG 

0-01 3 ( l - 0 ) N y 
=01 = 2 ( l - a ) E % ° ; f o , = '- D, 

G = 2G , O = 0 , 

which i s a l s o t h e s o l u t i o n of t h e problem. 

(3.28) 

3.212. A tangential problem: the problem of CATOANEO and MINDLIN 

without slip. 

Two elastic bodies are pressed together by a normal force N, so 

that a contact area forms between them. According to the HERTZ 

theory, which we assume to be valid, the contact area E is elliptical 

with semi-axes a, b (s=a<b): 
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E = {x,y: (x/a)2+(y/b)2 < 1}, s = a < b. (3.29) 

After this, a tangential force (F ,F ) and a torsional couple M are 

applied. Assuming that the HERTZ distribution does not influence the 

tangential displacement difference and vice versa, it is required to 

find the tangential displacement (ó ,6 ] and the torsion angle g of 

the upper body with respect to the lower. Slip in the contact area 

is assumed to be absent. This problem was treated by CATTANEO [l] and 

MINDLIN [l]. 

Since we must choose the unstressed state so that the displace­

ment vanishes at infinity, we have in the contact area 

u(x,y)=u (x,y,0)-u"(x,y,0)=6^-By=aoo+aoi y, 

v(x,y)=v*(x,y,0)-v"(x,y,0)=6y+Bx=boo+b^O^' ' 

Therefore, the tangential traction distribution over the contact area 

has the following form: 

(3.30) 

_ - 1 
X = G / l - ( x / a ) 2 _ ( y / b ) " 2 (doo+do^y) , 

Y = G / l - ( x / a ) 2 - ( y / b ) 2 (eoo+e^Qx) 
(3 .31a ) 

so t h a t 

F^=2TrabGdoo, F^=2T^BbGeQQ, M^= jj (xY-yX)dxdy= | TrabG(a2e^g-b2do^) 

(3 .31b) 

The l o a d - d i s p l a c e m e n t e q u a t i o n s a r e : 

"00 
= 6 = 2 r E " ' 

0;00 
00 0E 

1;00 
20-' "00 ) '^nn' 

. „/-„0;00 ™1;00i 
^ n = «V = 2(E 'oo - CJE ' o J e o o . 

"01 

y V- 00 
,0;01 

01 

02-' 00* 

- g = 2 (E ' " oE 
1;01 '"Md -

21'''^01 • 20E 
1;10 

12 ® 1 0 ' 

Now, e>0, so that according to (3.22), 

(3.32) 

E 

0;00 _ 
00 " 

1;01 

, i ; 00 ^ 
20 " ^ ' 

J i l O 
02 " ^ ' 

,0;10 _ 

^°J°^ = aD 
01 - ' 

^\ = aC, E ' ' ^ = ag2c , E ' ^ Q = ^ • 
(3.33) 

From ( 3 . 1 7 c ) , ( 3 . 3 1 b ) , ( 3 . 3 2 ) , and (3 .33 ) we can s o l v e 5 ^ , 6 and g: 
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(K-0D)F ( K - 0 B ) F 3M (B D-0E C) 
6 = ^ , 6 = y , g = ^ " . (3,3l t ) 

^ irbG y TTbG Trb3G(E-ltog2£) 

3,22. The case of zero surface traction at the edge of the contact 

area. 

In 3.221 we shall t reat the HERTZ problem, and in 3.222 the 

problem of CATTANEO and MINDLIN with s l ip , but without twist. The 

HERTZ problem is treated in some detail , since i t s results are 

frequently used in the present work. We also give a numerical table. 

The building blocks of the coefficients of the load-displacement 

equations are the F^'^'^ of (3,12): 
mn 

Ji;2p+E,2q+a) (s_r) ( 9̂ +̂'̂  T T ^^"^^2m+E) 1 (2n+(o)Iŝ "̂ "̂ ^ 
" 2m+e,2n+i^ ^^'~^'''h^~'^' k=o £=0 d^-k)! (n-ll)l (2k+E)! (2Jl+(.) I 

X j(d,k+p+E,S,+q+üj,e), d = h+p+q-m-n>-1. 

(3.35) 

The equations themselves are given by (3.5), 

3,221, A normal problem: the problem of HERTZ. 

Two elastic bodies are pressed together by a normal force N, so 

that a contact area forms between them. Assuming that friction is 

absent, and that for the boundary conditions the bodies may be 

approximated by elliptic paraboloids, find the contact area, the 

pressure distribution over the contact area, and the depth of 

penetration of the bodies. 

The most important case in which we shall use the HERTZ problem 

is that of two bodies of revolution which are steadily rolling over 

each other. In that case the parallel circles of both bodies are 

approximately parallel. We shall confine ourselves to that case. The 

axes of the paraboloids then coincide. The elasticity problem 

remains the same when the axes of the paraboloids are not parallel, 

but the boundary conditions require a little more algebra, which is 

given, for instance in LOVE [l] pg, 193-19lt, We shall give the 

results of this analysis only. 

We must choose the unstressed state so, that the displacement 

and the stresses vanish at infinity; in such an unstressed state, the 
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bodies intersect. Let the principal radii of curvature of the bodies 

be given by R , R , where a + refers to the lower body, and a - to 
X y 

the upper body. We count them positive if the centre of curvature in 

question lies inside the half-space under consideration. The equation 

of the STorface of the bodies near the contact area is 

+ 
, upper s i g n : upper h a l f - s p a c e , | 

( 3 . 36 ) 

+ _ x2 - y2 
z = + —=• + *—=• + a 

2R'^ 2R'^ 
X y 

upper s i g n : upper h a l f - s p a c e , 

lower s i g n : lower h a l f - s p a c e . 

In t h e c o n t a c t a r e a , we have w ( x , y , 0 ) + z - w - ( x , y , 0 ) - z = 0 , t h a t i s , 

w(x,y) = z~(x,y)-z'^(x,y)= - Ax2-By2+a, (3.37) 

with 
+ 

a = a - a , 

_ \ 
- 2 R R 

X X 
i f t h e axes of t h e p a r a b o l o i d s 

a r e ( n e a r l y ) p a r a l l e l , 

l=i(A+B) = l (1_ + J_ + 1. + 1 - ] , 
RH R.| Rp Ro 

p: characteristic length of the bodies; 

M,2-
principal radii of curvature of lower (+) and 

upper (-) body, taken positive when the 

corresponding centre of curvature lies inside 

t h e h a l f - s p a c e under c o n s i d e r a t i o n ; 
2 , 1 1 , 2 

h ^2 \ . i \ - . 

- 2 ( l p - l - ) [ l ^ - - L ) C O S 2 . , 
R. R. R 

u: angle between the plane of R- and the plane of R-, 

in case the axes of the paraboloids are not parallel. 

This means that 

(3.38) 

a, =20 ~ ~^' ^02 -B. (3.39) -00 »̂ 

We propose the hypothesis that the contact area is elliptic with 

semi-axes a and b, 

E = {x,y: (x/a)2+(y/b)2< 1}. (3.1t0) 

We take the normal stress in the fomi 

56. 



Z = G foo / l - ( x / a ) 2 - ( y / b ) 2 , (3.1tl) 

where G i s the combined modulus of r i g i d i t y . We w i l l a lso need the 

combined POISSON's r a t i o 0. They are given by (2 .10) , which we repeat 

here : 

i=Hh:-^],^=H^-^]- (3.U2) 
G G G G 

The t o t a l normal force can be found from (3.1+1) by in t eg ra t ion : 

N jj Z dxdy = rr ^abGf , f 3N 

E 
00* 00 2irabG (3.1t3) 

The load-displacement equations are 

a = Coo = 2 ( l - a ) F ° ' ° ° foo . 

_ A = c 2 o = ( l - a ) E ° ' ° ° foo ' 

- B = C o 2 = (l-a)F°^0° foo ; 

(3.1tlt) 

according to (3 .22) , 

nO;00 
^ 00 

20' 

( | e | ) - ^ 00 [- = i s K, 

e | ) = F ° ' ° 2 ( - | e | ) = - ( D - e 2 c ) / s = - B / s , 

E ° ' ° ° ( | e | ) = F ° ' ° ° ( - | e | ) = - ( l -e2)D/s = -g2D/s. 

s: minor semi-axis of contact e l l i p s e . 

So we obtain from (3.1t3), (3.1*lt), and (3.1*5): 

3N(1-o)sK 3N(l-0)(D-e2c) 3 N ( 1 - 0 ) B 
- - ^ ; ; 5 b r ' * ^ n e i ) = B ( - | e | ) = 1 1 - ^ = r 

(3.1t5) 

B(le|J=B(-|e|} = 

2TTabsG 2TrabsG ' 

3 N ( 1 - o ) ( l - e 2 ) D 3N(l-o)g2D 

2TrabsG 2TrabsG 

(3,lt6) 

Since D̂  > £ , see sec , 3 .2 , Table 1, i t follows tha t A ( | e | ) = B ( - | e | ] > 

B ( | e | ) = A ( - | e | ) , so t h a t we have: 

A = i ( l p + J - ] > B = i ( - ^ + ^ ] = ^ e > 0, a < b , 
R" R 

y y 

i ( l - + l _ } < B = i ( l - + l - ) ^ e < 0, b < a. 
R R " R R " 

(3,lt7) 

X y y 

In order to find the excentricity of the contact ellipse, we set with 
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HERTZ 

COST 
|A-B| 
A+B 

2 p A-B| 
| l / R * + 1/R - 1/R"^ - 1/R~| 
' X ' X y y ' 

I /R"^ + 1 / R " + I /R"^ + 1/R~ 
X X y ' y 

and it follows from this and (3,lt6) and (3,17c) that 

•(1>C) 

COST 

(3.1t8a) 

(3.1t8b) 

Ê , |e| and g are tabulated as functions of T in Table 2, This table 

is taken from LOVE [l] , p. 197, and from JAIDIKE & EIIDE [l] , p. 78 and 

Table 2. |el, g, E_, K as functions of T. 

T 

g=s/J!, 

| e | 

K 

E 

90° 

1.00 

0.00 

1.57 

1.57 

80° 

0.79 

0 .6 l 

1.76 

l . l t l 

70° 

0 .62 

0 .73 

1.97 

1.29 

60° 

0.1*7 

0 .33 

2.21 

1.19 

50° 

0 .36 

0 .93 

2.1t6 

1.13 

ltO° 

0 .26 

0.96 

2 .75 

1.03 

30° 

0 .18 

0 .98 

3.11* 

l.Olt 

20° 

0.10 

0 .99 

3.71 

1.02 

10° 

0 ,05 

0,999 

1+,1*0 

1.01 

0° 

0.00 

1.00 

00 

1.00 

30. We see from (3.1*8) that the shape of the contact ellipse depends 

only on A and B, and not on the applied load N or the elastic 

properties of the bodies. The size of the contact area does depend on 

the load, as follows: 

3N(l -o)E 3N(1-0)E 

o r 

A+B = — = ^——^~- = ^——— 
p 2TrabsG 2iTGc3/g 

3N(1-o)pE = IHTĈ G v^, c = / a h . 

= I ' a b , (3.1*9) 

(3 .50 ) 

A f r e q u e n t l y - u s e d q u a n t i t y i s f . I t i s 

f = 3N _ 2cv^ _ 2 s_ 

00 2TTabG ~ (I-0TEP ~ (1-0)E p ' 

Finally we determine the penetration a of the bodies according to 

(3.1*1*), (3.I16), (3.51) 
2 s2 K 

(3,51) 

a = (l-o)K f s = 
- 00 pE 

(3.52) 

3.222, A tangential problem; The problem of CATTANEO and MINDLIN with 

slip, without twist, 

Two elastic bodies are pressed together by a normal force N, so 
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that a contact area forms between them. According to the HERTZ theory, 

which we assume to be applicable, the contact area E is elliptical 

with semi-axes a and b, a < b: 

E = {x,y: (x/a)2+(y/b)2}, a < b. (3.53) 

After this, a tangential force (F ,F ) is applied. Assuming that the 
X y 

HERTZ d i s t r i b u t i o n does not influence the t angen t i a l displacement 

di f ference, and vice versa , i t i s required to find the t angen t i a l 

displacement (5 ,6 ) of the upper body with respect t o the lower. 

This jiroblem was t r e a t e d by MINDLIN [l] end CATTANEO [ l ] . 

. I f the t angen t i a l force i s below i t s maximal value as predicted 

by COULOMB'S law, 

I (F , F )|<yN, \i: coeff ic ient of f r i c t i on (3.5l*) 

the contact area i s s p l i t up in to a region of adhesion E^ in which 

there i s no r e l a t i v e movement of the p a r t i c l e s in contact as a 

consequence of the t angen t i a l fo rce , and a region of s l i p E where 
g 

the t angen t i a l t r a c t i o n has reached the COULOMB value | ( X , Y ) | = U Z . The 

boundary conditions in E^ are the same as those of 3.312, with g=0: 

u(x,y) = u (x ,y ,0)-u~(x,y ,0) = 6^ 

. v(x,y) = V (x ,y ,0)-v~(x,y ,0) = 6 

\ . (3.55) 

The boundary conditions in E are, that the tangential traction is 
g 

equal to the COULOMB value, and that the local slip takes place in 

the direction of the local tangential traction: 

|(X,Y)|=uZ = Gy foo /l-(x/a)2-(y/b)2, f^^ = ^ ^ ,1 in E^ (3.56a) 

slip in direction of tangential traction. j (3.56b) 

In the analysis of CATTANEO and MINDLIN, which we will give here with 

the aid of the load-displacement equations,boundary conditions (3.55) 

and (3.56a) are met completely; (3.56b) is satisfied only approxim­

ately, for it is assumed that (X,Y) is in the same sense as (F ,F ), 
X y 

rather than in the same sense as the slip. The solution is found by 

a device which was already used by CARTER [1] in his treatment of 

the problem of the rolling contact with creepage of parallel 

cylinders. This device consist-s of assuming that the stress distribu­

tion is that which obtains when complete sliding takes place, 
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( X ' , Y ' ) , from which i s s u b s t r a c t e d a s t r e s s d i s t r i b u t i o n (X",Y") over 

t h e adhes ion a r e a a l o n e , and which i s s i m i l a r t o t h e s t r e s s d i s t r i b u ­

t i o n of complete s l i d i n g . As a consequence (3 .56a ) i s met a u t o m a t i c ­

a l l y and, ( t h i s h y p o t h e s i s was advanced by CATTANEO and MIIIDLIN), t h e 

a r e a of adhes ion w i l l be bounded by an e l l i p s e . We w i l l show t h a t t h e 

e l l i p s e i s s i m i l a r t o t h e c o n t a c t e l l i p s e , c o n c e n t r i c w i t h i t , and 

s i m i l a r l y o r i e n t e d . We denote t h e semi -axes of t h e a r e a of adhes ion 

by a " , b " , and we w i l l p rove t h e s t a t e m e n t j u s t made by showing t h a t 

t h e boundary c o n d i t i o n s ( 3 . 5 5 ) can be me t . 

Denot ing by ( u ' , v ' ) t h e d i sp l acemen t d i f f e r e n c e s due t o t h e 

s t r e s s d i s t r i b u t i o n ( X ' , Y ' ) of complete s l i d i n g , and by ( u " , v " ) t h o s e 

due t o t h e s t r e s s d i s t r i b u t i o n (X",Y") over t h e adhes ion a r e a a l o n e , 

we have 

[F F J uGf, 
( X ' , Y ' ) = yZ \ y = 00 ( F , F J / l - ( x / a ) 2 - ( y / b ) 2 i n E, 

= 0 

(X",Y")= yGfjJo 

= 0 

iK'K) 
^ / l - ( x / a " ) 2 - ( y / b " ) 2 

o u t s i d e E, 

i n E ^ . 

o u t s i d e E^, 

. (3 .57 ) 

(X,Y) = ( X ' , Y ' ) - ( X " , Y " ) ; F = l ( F ^ . F y ) | , 

and 

( u ' , v ' ) = [ a o o , b o o ) + ( a 2 o . t 2 0 ^ x 2 +(a., ^ , b^^ ]xy +{^^^,TD^^]y2 i n E, (3 .58a ) 

( u " , v " ) = ( a ' ' o , b ' ' o ) + [a^O*^2o)^ ' +(a';^ ,b ' ' ^ ]xy H^o2'-b'i2^^' i n E ^ . ( 3 . 5 8 b ) 

( u , v ) = ( u ' - u " , v ' - v " ) = (6^,6y) i n E ^ , ( 3 , 5 8 c ) 

whe re , a cco rd ing t o t h e l o a d - d i s p l a c e m e n t e q u a t i o n s ( 3 . 6 ) , 

00 

^20= 

'11= 

^02= 

=2fF°'°° 
'- 00 

,0;00 

-20F 

(E' 

20 
1;00 

22 

- oF 

- oF 

noo-, 
20-' 

1;00^ 
i*oJ 

1 E 
J U f . - ^ 

0;00 „ „ 1 ; 0 0 . 
02 " "^ 22-1 

00 F 

a" =2fF°'°° 
^00 ( 00 

a" = fF°'°° 
^20 '• 20 

1̂1 ;00 
° ^ 20 ') 

0F ̂ ' ' » 

02 
(E' 
;;0;00_ ^^1;0O 

02 22-' 

uf" — 
^^00 F ' 

(3.59a) 
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_pfpO;00 „p1;00^ 
^00"^ l-^ 00 ' ° ^ 02-' 
b = fF°500 _ „ F 1 ; O O . 

20 F 

> ^̂ ^00 / • 

„ _pr ;o ;oo " 1 ; 0 0 N 1 
^00-21.^ 00 °^ 02J 

b" = rF°iO°-0p'O°i 
20 >• 20 22-' 
a" = -2 F^i°° 
^11 '̂  -̂  22 
„ _ .;jO;00 "1;00^ 

•Pf 

F 
II _ I 
00 F 

(3.59b) 

phipq Here the coefficients F"'^^ are taken with the minor semi-axis a of 
™^ "h • 

the contact area, while the F̂ '-̂ ^ are taken with the minor semi-axis 
* ran 

a" of the adhesion area . 
II 

Now, we see from (3.35) t ha t the coef f ic ien ts F and F of the 
second degree terms are equal t o each o ther but for a fac tor s =a 
and (s") =(a") , since d= -1. So, 

II 

F = F a/a" in 2nd degree terms. (3.60) 

If the second degree terms in (u,v) are to vanish in E, , as is 

demanded by (3.58c), we must choose 

f" = + ^L- -p 
00 a 00' 

(3.61) 

If we do so all second degree terms vanish simultaneously. 

We are now in a position to express the semi-axes a" in a, with 

the aid of the prescribed forces F and F : 

X y 

F = ƒƒ X'dxdy - jj X"dxdy = jj X'dxdy - jj 
^ E E^ E E 

= { l - (a" /a )3} y F^ N/F, 

F = { l - ( a " / a )3} y F N/F, 

a"b" a" 
ab a 

X'dxdy = 

so t h a t 

b " £ _ = a ^ = (l_F/jilj)^/2, F = / F 2 + F2 
b a ' X y 

(3.62) 

As to the zero degree terms, i t follows from the fact t ha t d=0, 

t h a t F = F a" /a , so tha t 

-'00 = V ? ^ f = aoo(l-F/yN)2/3. b^o=^o(^-^/^^)'^'-

According to (3 .22) , 

;00 
00 '-"' - 20 F°'2?=iKa. F^'°°= iDa, F^'°°= 1 

02 •"-
Ba, 

(3.63) 

(3.6lt) 

6 1 . 



(3.65) 

and we finally find that 

01-^ 3yNF^ 
6^= {l_(l-F/yN)^/3}(^_^^)_^ 

_,_ 3yNF 
5^={l_(l.F/,H)2/3}(K_aB)^;;^. 

I f we l e t F/yN approach zero , we get again the r e s u l t (3.3lt) . 

I t should be observed tha t for non-vanishing POISSON's r a t i o 0 

the boundary condition (3.56b) i s met only approximately. In order to 

see t h a t , we consider the case tha t F =0, and tha t F grows to F =yN. 
* y X ° X 

The t r a c t i o n at every i n s t an t i s then p a r a l l e l t o the x -ax i s , 

and the same should hold for the s l i p . The s l i p i s given by 

3 [u-ö ] 3 [v-fi ] 
[—rr 9 —^. '^ J ; i t s y-component should vanish, t ha t i s , 

^(^"V 3v —-. "' = 0. Since 6 =0 when F =0, :rr should vanish at every instant. 
dt y y ot 

Accordingly, v should vanish in the final state of complete slip; in 

that case, v"=0, and v=v'=b..xy according to (3.59a), where b 5*0 

when o?*0. So the slip is not always parallel to the traction. In the 

case of a circular contact area, the maximum angle between (u,v) and 

(X,Y) is 9.6 when 0=2, and U.1 when o=J. We conjecture from this 

that the angle between (u,v) and (X,Y) is always small. 
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It. steady Rolling with creepage and spin: asymptotic theories. 

In this chapter and the next we will treat the problem of the 

transmission of tangential forces during rolling. 

Consider two bodies of revolution which are pressed together by 

a normal force N, and which roll steadily over each other, see Fig. 6. 

Fig. 6. Two bodies rolling over each other. 

Owing t o the normal force , a contact area i s formed along which the 

bodies touch. I f the conformity of the bodies i s not too s t rong , and 

the changes of c\irvature are small , the contact area and the normal 

pressure t ransmi t ted across i t are given by the HERTZ theory which 

we t r e a t e d i n d e t a i l i n 3.221. According t o t h i s theory , the contact 

area i s an e l l i p s e with semi-axes a and b , 

E = {x ,y ,z : (x/a)2-(y/b)2 < i , z=o} , (It . l) 

while the d i s t r i b u t i o n of normal s t r e s s i s given by 

Z = g g b ^1- (x /a )2- (y /b)2 . (U.2) 

The formulae by means of which the semi-axes a and b can be computed 
+ + - -from N and from the r a d i i of curvatiire R , R , R , R are given in 
X* y' X* y ^ 

3.221. When the bodies are rolling steadily, their parallel circles 

are almost parallel, so that according to 3.221 the axes of the 
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contact e l l i p s e are very near ly or iented along the r o l l i n g d i rec t ion 

and perpendicular t o i t . So, i f we take the ax ia l d i rec t ion of the 

e l l i p s e as x and y axes, as we did throiighout t h i s work, the r o l l i n g 

d i rec t ion very nearly coincides with one of t h e s e , so t ha t we can 

assume without loss of genera l i ty tha t i t i s the pos i t ive x - ax i s . 

In addit ion to the normal load, a t angen t i a l force can be 

t ransmi t ted from one body to the o ther , owing to f r i c t i o n . When the 

t angen t i a l load i s below i t s maximfl.1 COULOMB value , tha t i s , 

I (F , F )|<yN, y: coeff. of f r i c t i o n , s l i p occurs in par t of the 

contact area ca l led the area of s l i p E , while in the remainder of 
g 

the contact area , the locked area or area of adhesion II , the re i s 

no r e l a t i v e ve loc i ty of one' body with respect t o the o ther . This i s a 

consequence of the fact t h a t t he e l a s t i c deformation of the bodies 

modifies the ve loc i ty pa t t e rn near the contact a rea . In the area of 

s l i p E , work i s done by f r i c t i o n ; macroscopically, t h i s r e s u l t s in 
g 

a difference of the overa l l c i rcumferent ial ve loc i ty of the bodies . 
This difference i s determined by means of the quan t i t i e s ca l led 

creepage and sp in , which are defined in (It. l i t ) . 

In the present chapter , we f i r s t se t up the boundary conditions 

both for steady and unsteady r o l l i n g (sec . U . l ) . In sec . l t .2, we 

consider the various symmetries present in the problem, and we 

introduce a number of dimensionless parameters. In sec . It.3 we 

general ize the theory of DE PATER [l] and KALKER [l] on DE PATER's 

asymptotic case of in f in i t e s ima l creepage and sp in , t o e l l i p t i c 

contact a r eas . This i s an appl ica t ion of the load-displacement 

equations of ch. 2 . In k.h we present the theory of LUTZ [ l ,2 ,3 ] and 

WERNITZ [1,2] on LUTZ's asymptotic case of i n f i n i t e creepage and 

sp in , in a s l ig l i t ly general ized form. 

It. 1. Boundary condi t ions. 

For the problem of e l a s t i c i t y and the so lu t ion of the boundary 

value problem, the bodies •will be approximated by ha l f - spaces . The 

boundary conditions are set up for the f i n i t e bodies , but we w i l l 

already u t i l i z e the coordinate system of the ha l f - spaces . 

A car tes ian coordinate system (O; x ,y ,z ) i s introduced in the 

following manner. The plane z=0 i s the boundary of the ha l f - spaces , 

61t. 



z>0 is the lower half-space. The Tjodies touch each other along an 

elliptical contact area E, see 3.221. We take the centre of the 

ellipse as origin, and the axes of the ellipse as the coordinate axes 

X and y, 

E = {x,y,z: (x/a)2+(y/b)2 < 1, z=0}. (It.3) 

The positive x-axis coincides approxijnately with the rolling 

direction, which is always the case when two bodies of revolution 

roll steadily over each other, as we pointed out in sec. 1*. 

The material of the bodies flows through this coordinate system. 

We take the undeformed state so, that at infinity the deformed and 

the Tindeformed state coincide, in other terms, the elastic displace-
* / * * *\ • . . . 

ment u = (u ,v ,w ) vanishes at infinity. In this undeformed state, 

the bodies intersect. This intersection is countered by the elastic 

deformation, as a consequence of which the contact area forms. 

According to 3.221, only the difference w = w -w of the z-component 

of the displacement is involved in the formation of the contact area. 

As we have seen in (2.15c) and (2.10a), this difference is unaffected 

by the tangential tractions acting in the contact area, when the 

elastic constants of the bodies are the same. That means that contact 

area and normal pressure can be calculated as if the tangential 

tractions were absent. In the case that the elastic constants are not 

the same, we assume that the contact area E and the normal pressure Z 

are not significantly altered by the tangential tractions (X,Y), see 

sec. 2.1. 

Regarding the tangential tractions, we only take the effect of 

dry friction into account. This means that the contact area is 

divided into a region of slip E where the tangential traction 
g 

I(X,Y)|=UZ, and is directed along the local slip, and a locked region 

E, where the slip vanishes, and |(X,Y)|<yZ. VJe assume that the 

coefficient of friction is independent of the slip, in particular, 

that the coefficient of friction which prevails in the locked region 

is the same as that in the slip region. 

We observe that the slip is of central importance in the 

boundary conditions, and we proceed to find an expression for it. 

Consider a particle of the bodies which lies at a certain time t in 
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the point x = (x ,y ,z) in the undeformed s t a t e . The pos i t ion in the 

deformed s t a t e i s x + u = (x+u*, y+v*, z+w ) . The ve loc i ty of the 

p a r t i c l e i s found by d i f f e r en t i a t i on with respect t o t ime. In the 

undeformed s t a t e the ve loc i ty i s 

V = ^ = f ^ ^ ^ 1 (Ult) 

-u dt >• dt * dt * dt -'* ^^'^^ 

and in the deformed s t a t e , 

dx du 3u 
ï d = d ^ ^ d ^ = ï u " ^ ^ (V,.grad)u. (lt.5) 

let the superscript "*" refer to the lower body, and the superscript ~ 

to the upper body. We define the slip as the velocity of the upper 
body with respect to the lower body in the deformed state. It is: 

V(x,y,0)= v; - v; = (/'- V+) + 
3 (u'-u"") 

3t 

+ 2({V^ + V^}.grad)(u" - u)+ i({V^ - V*}.grad) ( A u ' ) . 
{h.6) 

Since |grad(u +u ) |<< 1, we may neglect the l a s t term of the r i gh t 

hand side of (lt.6) with respect t o the f i r s t term. This gives 

3u 
Y(x,y,0)= (v^-v ; ) - -^^- i[{v;+VJ.grad]u, 

+ 
u = u 

(1̂ .7) 

The z-component of V(x,y,0) vanishes in the half-space approximation; 

the (x,y) components of V(x,y,0) depend only on the differences 

u=u -u , v=v -V of the (x,y) components of the elastic displacement 

at z=0. We saw in (2.11a,b), and (2.10a) that this difference is 

unaffected by the normal pressure Z, when the elastic displacements 

of both bodies are the same. We can then calculate the tangential 

tractions and the difference of the (x,y) components of the elastic 

displacement at the contact area, as if the normal pressure were 

absent. We will do this throughout this work. If we use the results 

so obtained also in the case of different elastic constants by using 

the combined modulus of rigidity G and POISSON's ratio o of eq. 

(2.10), it should be kept in mind that we make an error. This error 

is not necessarily small, see sec. 2.1. 

We can regard the velocity of the undeformed bodies in the half-
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space approximation as a velocity at the origin and a rotation about 
the z-axis: 

dx 
d t 

dx" 
d t 

dx 
d t 

dx' 
d t 

I . n\ ÈL. = ^ 
I o z^' dt dt 

IO V * dt dt 

+ a'x, 

+ Q X. 'o z 

(lt.8) 

We define the rolling velocity V , with magnitude V as the opposite 

of the mean velocity at the origin, 

-urdx̂  + ̂ 1 rd£l+a£;-|. , , 
'̂ '•Ldt dt -Io* Ldt dt -JoJ* ̂  l-r'* 

V 
-r (lt.9) 

In the steady rolling of two bodies of revolution over each other, 

the rolling velocity makes a small angle 6 with the positive x-axis. 

We confine ourselves to this case of small 6, Then, we have: 

Y^» - (V,ÓV). (U.10) 

The creepage u = (u ,u ) is defined as follows: 
X' y ' 

V ^ d t fl+. . ' I n ' ir- V >. H+ fl+ J dt V '• dt d t 

We write for the rotations il and n" 
z z 

fit = i($-,t.)V, fi~ = i($+,).)V. 

{h.^^^. 

(It.12) 

(j) is called the spin, and the constant $ has no special name. Note 

that ((i and * are not dimensionless, but have the dimension of 

(length)" . The velocity (lt.8) of the undeformed bodies becomes: 

| | _ = _ V - iVu^-n$-')>)yV, ^ = -öV - iVUy+i($-<^)xV; 

^ = _ V + iVu^-i($+(i>)yV, ^ = -6V + ^VOy+i($+<l>)xV, 

and 

- +\ - +\ 
V- _ V* = [ •^(^"-^) . ^(y":y ^ )= v(u -<j,y, u +*x), 
- u - u *• dt ' dt -* *• X '̂' * y ^ ^ * 
V" + V* = -V(2+$y, 26-$x). 

(lt.13) 

(It.llta) 

(It.lltb) 
-u -u 

[y~ + V ) is multiplied in (lt.7) by a term of order grad u. So we 

may neglect 6 with respect to 1 when we insert (It.lUb) in (lt.7). We 

also assume that the angle between the rolling axes of the upper and 

the lower body and the z-axis is not small, that is, the rolling 
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axes are not almost ver t ice i l . In t h a t case , the hor izonta l component 

of r o t a t i o n fi i s l a rge r or has the same order of magnitude as fi , or 
X z 

$V. But V = 0(pn ) , where p i s t h e c h a r a c t e r i s t i c length of the 

bodies , see (3 .38) . Therefore, $x and $y are a t most of the order of 

magnitude x /p , y / p . In the contact area we have t h a t x/p and y/p are 

0(ü./p), with i the major semi-axis of the contact e l l i p s e , which i s 

small with respect t o uni ty when the bodies are counterformal. Hence 

we may a lso neglect the terms $y and $x when we i n s e r t (It.lltb) i n to 

(1^.7): 

[ v"*" + V" J = (-2V,0) when i n se r t ed in ( l t .7) . (U.lltc) 

So, (lt.7) becomes 

V(x,y,0) = V 3(x,y ,0) = v(s , s , 0 j , s : r e l a t i v e s l i p (U.15a) 

1 Su ̂  3u s^=o^-<fy--^ + — , 

1 3v 3v s = u +éx- T; -rr + -r— i X y ^ V 3t 3x 

unsteady rolling 

s = u -óy* -r— , s = 0 +<i)x+ -r— : steady rolling. X X ̂ "̂  3x y y 3x " ° 

The boundary conditions can now be formulated. 

Stresses and displacements vanish at infinity; 

Z = 0 on z = 0, outside E; 

-in 
mside E; Z = G f^^/ÜM^^¥JW7foo= iSbG 

X = Y = O o n z = 0 , outside E; 

(U.15b) 

(lt.15c) 

(l t . l6a) 

(lt.l6b) 

(It.léc) 

(X,Y)= yG f -^ / l - (x /a )2- (y /b )2[w ,w J in region of s l i p E , 
00 X- y ' 

with y: coeff. of f r i c t i o n , w =s / s , w =s / s , s=/s2+s2 , I (U.l6d) 
' x x ' y y ' x y ' ' 

s given in (It. 15). 

s = s = 0 , |(X,Y)|< yZ in region of adhesion E^. (It .l6e) 

l t .2. Considerations of symmetry. New dimensionless parameters. 

Let us define 

Y, _ 2TrabG ^ , ^ 2TrabG 
3yK 

(U.17a) 

68. 



t u ' , u ' , 4 , ' J = ^ | 2 ^ [u , u ,<^J. 
*• x ' y ' -* 3yN ^ x ' y'^-* 

(U.ITb) 

ïhen i t f o l l ows from HOOICE's law and from t h e f a c t t h a t we n e g l e c t 

t h e i n f l t i e n c e of t h e normal p r e s s u r e Z on t h e d i sp l acemen t d i f f e r ­

ences u and V, t h a t t h e d i sp l acemen t d i f f e r e n c e s due t o ( X ' , Y ' ) a r e 

1-na.hG 
( u ' , v ' ) = 

3yN 
( u , v ) , (l*.17c) 

where ( u , v ) aire t h e d i sp l acemen t d i f f e r e n c e s due t o (X,Y). Hence, 

2irabG I f XI 1 3u ' ^ 3u ' 
' ; = " i - * y - V — ^ 3 ^ 

I I.U..I 1 3v' ^ 3v' 
i • = u ' +1^' X- rr -rr~ + "5— 
y y ^ V 3t 3x 

3yN x ' 

2TrabG 
3yN V 

C l e a r l y , 

w" = w , 
X x ' w' = w . 

y y 
I f 

( X ' , Y ' ) = G / l - ( x / a ) 2 - ( y / b ) 2 (w' w ' ) 
X y 

s ' = s ' = 0 , | ( X ' , Y ' ) | < G / l - ( x / a ) 2 - ( y / b ) 2 

i n Eg, 

i n E ^ . 

(l*.17d) 

( I t . lTe) 

(1^.18) 

X y 

t h e n i t i s c l e a r t h a t (1*. l 6 a , c , d , e ) a r e s a t i s f i e d by (X,Y). So we 

have o n l y t o s o l v e ( l t . l 8 ) t o o b t a i n t h e s o l u t i o n fo r any c o e f f i c i e n t 

of f r i c t i o n and normal l o a d . A l s o , we have on ly t o c o n s i d e r a s i n g l e 

v a l u e of G, f u r t h e r we can choose t h e u n i t of l e n g t h a r b i t r a r i l y , so 

t h a t we have t o c o n s i d e r on ly one c o n t a c t a r e a w i t h t h e p r e s c r i b e d 

r a t i o of t h e a x e s . I n accordance w i t h t h i s , we i n t r o d u c e new 

d i m e n s i o n l e s s p a r a m e t e r s . We c o n s i d e r f = F /yN, f = F /yN, 
X X y y 

m = M /yNc, c = ^ b , (see 3.50). Let F', F', and M' be the total 
z z X y z 
force and torsional couple connected with (X',Y'); then 

3F ' 
X f = F /yN = - M _ x ^ = , 

X x"-^ 2TrabG yN 2irc2G 
F ' 3F ' 

f = F /yN = ^^^ X ^ = 2 - • 
V V'' 2TTabG yN 2irc2G ' 

M' 3I.I 
„ , ,̂ 3yN z ^^z 

m = M /yNc = ^ ' t , x —— = — , 
z z 2TrabG yNc 2irc^G 

(It.19) 

We also introduce new dimensionless parameters for creepage and spin: 
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7= H-T^-^-'-T-'-^)' ̂ ^̂  (3-38); 

u p 
X 
yo 

R R 
X y y 
^ p 

"-it' x = f 
/ab. 

(lt.20) 

We express C, n and x in u', u', and «fi' of (lt.17b). We make use of 
X y 

(3 .51) : 

C = 
u p 

X 
yc 

2 ^ 3Hy p , 
2TrabG yc "x ( I - O J E "̂ X * 

2^g , 

T O T " ; * 
4ip _ 2c >̂, 

(1-a)E 
2 S 

(1-0)E (j>', s : minor semi-axis of E. 
(lt.2l) 

We observe tnat ccj)' and s(t>' are dim.ensionless. 

In the following, we suppose that (X',Y') and (u',v') satisfy 

the boundary conditions (It.lO). Let 

X^^^= -X', Y^^^= -Y', 
(2) , (2) 

u' '= -u', u = -u', 
X x' y y' 

(2). 

Frcm (lt.22a) i t follows t h a t the corresponding displacement 
(2) (2) 

differences u and v s a t i s f y 
u ( 2 ) = _ u ' , ,(2). 

(It.22a) 

(It.22b)' 

(It.22c) 

so tha t i t follows from (l*.22b) and (It.22c) tha t 

. (2 ) . (2) 
- S , S = - S : 

X* y y 
,(2). (lt.22d) - w ' , w^^^= - w ' ; 

X* y y ' 
(2) (2) (2) (2) hence the boundary condit ions are s a t i s f i e d by (X ,Y ,u ,v ) 

with the creepage and spin of (lt ,22b). The areas of s l i p and 

adhesion are the same as in the so lu t ion ( X ' , Y ' , u ' , v ' ) , and we have 

tha t 

Let 

f̂  = f j , ( -5,-n,-x)= - f ^ ( 5 . n , x ) , 

fy = fy( -S , -n , -x)= - f y ( 5 , n , x ) , 

m = ra (-C,-n,-x)= -m„(C,n,x). 

X^^^(x,y)= - X ' ( x , - y ) , Y^^^(x,y)= Y ' ( x , - y ) , 

Then, according t o (2 ,15a ,b) , 

u^^^(x,y)= - u ' ( x , - y ) , v^^\x,y)= v ' ( x , - y ) , 

(lt.22e) 

(It.23a) 

(lt.23b) 
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VJhen 

u^3^= - u ' , u^3^= u ' , <^^2^= * ' , ( l t .23c) 
X X* y y 

i t is easy to see that 

so that 

sp^(x,y)= - s ' ( x , - y ) , s p ^ x , y ) = s ' (x , -y ) , (lt.23d) 

wp^ (x,y)= -w^(x,-y), J^^ (x,y)= w'(x,-y) . (lt.23e) 
X X y ^ 

We conclude tha t (X -̂̂  ,Y^^ ,u^^ .v^-^^) s a t i s fy the boundary 

condit ions (U.lS) , with areas of adhesion and s l i p which are the 

mirror images with respect t o the x-axis of the E, and E correspond-
o 

ing to ( X ' , Y ' ) . Itoreover, i t i s ea s i l y ve r i f i ed from 

[F ,F J = jj (X,Y)dxdy, M = jj (xY-yX)dxdy (lt.2lt) 
^ y E ^ E 

tha t 

f^(5,n,x)= - f (-5,Ti,x), f^(?,n,x)= f^(-?,n,x). m (c,n,x)=m (-5,n,x). 
X X y y Zi z. 

(lt,23f) 

Let 

X^'*^x,-y)= X ' (x ,y ) , Y^^^(x,-y)= - Y ' ( x , y ) , (lt,25a) 

uC*) = u ' , u(^) = - u ' , / ^ ^ = - * ' , (l*,25b) 
X x ' y y* ^ ^ 

I t follows from (2.15a,b) t ha t the corresponding surface displacement 
differences 

u^ '^^x.y) = u ' ( x , - y ) , v^' '^(x,y) = - v ' ( x , - y ) , (It.25c) 

so t h a t 

s^^^(x,y) = s;^(x,-y), s '̂*^ (x,y) = - s ^ ( x , - y ) , (lt.25d) 

=^ v ^ ^ ^ x , y ) = w^(x , -y ) , w^^^x ,y) = -w^(x , -y ) , (lt,25e) 

, (k) (It) (It) (lt)^ 

So the system (X ,Y ,u ,v ) s a t i s f i e s the boundary condit ions 

(1*. 18) for the creepage and spin as given in (lt .25b), and with 

locked area and s l i p area which are the mirror image with respect t o 

the X-axis of the K and E corresponding to ( X ' , Y ' , u ' , v ' ) . Again i t 

i s r ead i ly ve r i f i ed from (It.25a) and (lt.2lt) t h a t 
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fx(C,n,x) = f^(?,-n,-x), 

fy(C,n,x) = -fy(?,-n,-x), \> 

m^(C,n,x) = -m^(?.-n,-x). 

As a corrollary of (lt.23) we have 

.(3) 

(lt.25f) 

• X'(x,y) = X̂ -=''(x,y) = -X'(x,-y), 

Y'(x,y) = Y^3)(x^y) ̂  y.(x,-y), 

s^(x,y) = s^^hx.y) = -s^(x,-y), 

s^(x,y) = s''^\x,y) = s^(x,-y), ()t.26) 

^^(o.n.x) = O, 

E, and E symmetrie with respect 

to the x-axis. 

We see from (It.26) that when 5 = 0, traction and slip are mirror 

antisymmetric about the x-axis. 

^ As a corrollary of (It.25) we have 

n = X = 0=4x'(x,y) = X^^^x,y) = X'(x,-y), 

Y'(x,y) = Y^^^x,y) = -Y'(x,-y), 

si(x,y) = s^^^x,y) = s^^^x,-y), 

s^(x,y) = s^^^(x,y) =-s^^^x,-y), 

f (5,0,0) = m^(5,0,0) = 0, 
y z 

EL and E symmetric with respect 

to the X-axis. 

(1*.27) 

We see from (lt.27) that when n = x = 0, traction and slip are mirror 

symmetric about the x-axis. 

We summarize (lt.22e), (lt.23f), and (lt.25f): 

fjl,r\,x)= -fx(-C,n,x)= ij^,-r),-x)= -f̂ (-C,-n,-X), 

fy(5,n,x)= fy(-C,n,x)= -fy(5,-n,-x)= -fy(-?.-n,-x). 

m^(C.n,x)= '̂ r.(-?»i»x)= -iii,(C.-n,-x)= -m (-5,-n,-x). 

(lt.28) 

Fina l ly , i t should be observed t h a t the method used here for 

symmetries about the x-axis cannot be used for symmetries about the 
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y-axis. To see this, one might propose the following relationship: 

X^5)(x,y) = -X'(-x,y), Y^'^hx.y) = Y^^h-x,y). 

Then indeed 

u^^^x,y) = -u'(-x,y), v^^^(x,y) = v'(-x,y), 

but 

3u^^^x.y) _ , 3u'(-x.y) 3v^^^x,y) _ 3v'(-x.y) 
3x 3x * 3x ~ 3x * 

so that the signs of (s^^ , s^^') do not match those of (X^^ , Y ^ ^ ^ ) . 

1*.3. The limiting case of infinitesimal, creepage and spin. 

When creepage and spin are absent, it follows from (lt.15) that 

the relative slip (s ,s ) is given by 

1 3u ĵ  3u 1 3v ĵ  3v /i, __•> 

so tha t we can s a t i s f y the adhesion condition s = s = 0 (lt . l6e) 
'' X y 

throughout the contact area by setting u = v = 0, from which it 

follows that X = Y = 0 ( ell in case of elastic symmetry). Therefore, 

the adhesion area covers the whole contact area and there is no slip. 

As a consequence it is to be expected that when creepage and 

spin do not vanish but are very small, the adhesion area covers 

nearly the entire contact area. Accordingly it was proposed by 

DE PATER in 1957 to treat the case that creepage and spin are so 

small that the adhesion area can be approximated by the entire 

contact area. So, the boundary conditions (l*.l6) become 

Stresses and displacements vanish at infinity; (It.30a) 

Z = 0 on z = 0 , outside E, 

Z = G f̂ ^ / l - ( x / a ) 2 - ( y / b ) 2 , f = - M ^ ins ide E; (It.30b) 

00 00 2TrabG 
X = Y = 0 on z = 0, outside E; (It.30c) 

(It.SOd) 

1 3u . 3u _ „ 
X X ^'' V 3t 3x ' 

1 3v _̂  3v . 
s = V +éx- -TT-rr + -r— = 0 
y y ^ V 3t 3x 

Condition (lt.30a) i s s a t i s f i e d i f we use the i n t e g r a l representa t ions 

(2.7) and (2.13) of BOUSSINESQ-CERRUTTI for the connection between 
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surface tractions and displacements. Conditions (It.30b) define the 

HERTZ problem which we treated in 3.221. We will consider only the 

case of steady rolling, so that -rr- = -rr- = 0, and (lt.30d) becomes 
dt ot 

^x " "x"*^ •*• "Sx "" °' V " "y"^*^ "̂  Ix "" ° inside E. (lt.30e) 

We integrate (lt.30e) with respect to x, to find u and v: 

u = -xu +<(>xy+f(y), v = -\) x-^x^+siy) in E, (lt.3l) 

X y 

where f(y) and g(y) are a r b i t r a r y , d i f fe ren t i ab le functions of y . In 

order t o apply the theory of the load-displacement equat ions, which 

i s based on the i n t eg ra l representa t ion of BOUSSINESQ-CERRUTTI, so 

t h a t (It.30a) i s s a t i s f i e d , and in which the surface outside the 

e l l i p s e E i s free of t r a c t i o n (cond. ( l t .30c)) , we approximate f(y) 

and g(y) by polynomials: 
M 

n 
a y , 

, on *̂  ' 
in E (1*.32) 

u 

V 

-

= 

- U X 
X 

- u X 
y 

+ 

-

(t>xy + 

2(|)x2+ 

I 
n=0 

M 
I 

n=0 

a 
on 

b 
on 

y " 

n 
y 

By increasing M, we can approximate f and g as closely as we like. 

The coefficients a and b are (2M+2) parameters which are still on on V ' i-
free. To (u,v) correspond the tangential tractions (X,Y) of the form 

T M M-p 
(X,Y) = {l-(x/a)2-(y/b)2}-2 I I [d e^ J x PyS (lt.33) 

p=0 q=0 ï"! ï"l 

where the (d ,e 1 are uniquely detenained by u , u , ó and the 
pq pq -i ^ ' x' y' ̂  

(2M+2) parameters a and b . This means that we can assume (2M+2) 
•̂  on on 

relations between the (d ,e 1. 
*• pq pq-* 

In order to find these relations, we first attempt to bring X 

and Y in a form in which there is no singularity at the edge of the 

contact area: 
1 M-2 M-p-2 

(X.Y) = {l-(x/a)2-(y/b)2}+^ I I (d' ,e' JxPyl, {k.3k) 
p=o q=0 ^^ ^^ 

and compare the number of coefficients in (lt.33) and (lt.3lt). In 

(lt.33), there are (M+1)(M+2) coefficients, while (U.Slt) contains 

(M-1)M coefficients. In order that (lt.33) can be brought into the 

form (l*.3lt), there must exist (M+1) (M+2)-(M-1 )M=ltM+2 relations 
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between the coefficients of (lt.33), which is about double the number 

of parameters (a ,b ]. So it would seem to be impossible to bring 

(lt.33) in the form (lt.3lt). 

Anc»ther argiment which points in the same direction is the 

following. Let us suppose that POISSON's ratio o = 0. Then, according 

to (2,15a,b), 

u(x,y)= 1^ jj^ X(x' ,y') ̂ ^ , v(x.y)= ^ jj Y(x' ,y') ̂ ^ , 

R = /(x-x')2+(y-y')2. 

It is easy to see that when X is even in x, u will be even in x. For, 

b a/M7VÏÏ)^ ̂ (^ ) ^ 
u(-x,y)= — J dy' J ^ i^ ' ^ 

^^ _b -a/l-(y'/b)2 /(x+x')2+(y-y')2 

= J_ r̂  dyi fa/l-(y'/b)2 x(-x',y')dx'dy' 

"G _i -i/l-(y'/b)2 /(x-x')2+(y-y')2 

E 

The converse, viz, that to an u which is even in x corresponds an X 

which is also even in x, follows from the (assumed) uniqueness. In 

the same way it can be shown that to an u which is odd in x corres­

ponds an X which is odd in x. Now, u = -u x is odd in x, and it is a 

polynomial, so it gives rise to an X which is odd in x and which has 

a singularity on the edge of the contact area, the strength of which 

is an odd function of x. u = f(y) gives rise to an X with a 

singularity (if any) which is even in x. So these singularities can 

never cancel each other. The same holds for v = -u x and for u = itxy, 
y ^^ 

Finally, the singiilarities due to u = -u x and to u = (j)xy cannot 

cancel each other, since the former is even in y and the latter is 

odd in y. The conclusion is that there will be a singularity in 

(X,Y) at the edge of the contact area when 0 = 0 , and hence there is 

a strong presumption that the same happens when a ^ 0. 

The two argvmients above point to two things: firstly, that it 

IS impossible to have no area of slip whenever there is creepage 

and/or spin, and secondly, that if we assume as an approximation 

that there is no area of slip, we must accept a solution with an 

infinite traction at the edge of the contact area. 
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The f i r s t conclusion has a simple physical explanat ion. I t i s 

t ha t there i s a r a t e of d i s s ipa t ion connected •with creepage and sp in , 

of magnitude fp u + F u + M ifclv, where [F , F ] i s the r e su l t an t 
^ ^ *• X X y y z^-* ' >• x ' y-* 

t angen t i a l force and M i s the r e s u l t i n g t o r s i o n a l couple abo\it the 

z - ax i s , t ransmi t ted at the contact area . Since the e l a s t i c f i e l d i s 

conservat ive, and the absence of an area of s l i p means t h a t the re i s 

no d i s s ipa t ion by f r i c t i o n , the hypothesis t ha t there i s no area of 

s l i p leads to a cont rad ic t ion . 

As to the second conclusion we observe t ha t there i s a lso a r a t e 

of d i s s ipa t ion connected with the solut ion in which there i s a s t r e s s 

s i ngu l a r i t y at the edge, and no s l i p in the contact a rea . This 

cons t i tu tes a paradox. I t was pointed out by JOHNSON [ s ] , pg. 797. 

t ha t a comparable paradox occurs in aerofo i l theory. 

So we have found tha t the surface t r a c t i o n goes t o i n f i n i t y at 

the edge of the contact a rea . On the other hand, we s t i l l have the 

(2M+2) parameters a and b , and the only boundary condition which 

we did not use i s COULCJ-IB's f r i c t i o n law. The conclusion i s tha t the 

parameters a and b must be determined by an appl icat ion of the 

f r i c t i on law, in te rpre ted t o f i t our problem. 

The f r i c t i on law s t a t e s in the f i r s t place t ha t the t angen t i a l 

t r a c t i o n |(X,YJ| may not exceed a f i n i t e mult iple of the normal 

pressure Z: |(X,Y)|< y Z. This par t of the f r i c t i on law i s v io la ted 

near the edge of the contact a rea , i f the t r a c t i o n goes t o i n f i n i t y 

t h e r e . So i t i s p laus ib le t o suppose t ha t an i n f i n i t e t r a c t i o n at a 

point should be in te rp re ted as an indica t ion tha t i t belongs to the 

area of s l i p . We w i l l show in lt.31 t ha t the s l i p area does not 

border on the leading edge of the contact area in our approximation. 

Hence we must have tha t the s t rength of the s ingu la r i t y (X ,Y ) 

vanishes at the leading edge: 

(X®,Y®) = 0 on leading edge of E, 

(X%Y^) = Lim (X,Y)/ l - (x /a)2-(y/b)2 
(x,y)-»- edge from ins ide 

(H.35) 

The question a r i ses whether t h i s l a s t condition indeed suff ices 

t o remove the undeterminateness of the boundary conditions (It.30). 

In the case of a c i r cu l a r contact area and vanishing POISSON's r a t i o 
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we succeeded in determining the solution in terms of an infinite 

series of spheroidal harmonics, the coefficients of which were stated 

explicitly (see KAIKER [l], p. 171, eq. (3.10)). It was found that 

the problem is indeed completely determined by the conditions (It.30) 

and (It.35). Although this does not constitute a proof, there is a 

strong presxmiption that the conditions (It.30) and (It.35) indeed 

completely define the more general problem (a 5̂  0, elliptical contact 

area) we have here. 

In the case of a finite number of the parameters a , b , it is 
•̂  o n ' o n ' 

i m p o s s i b l e t o s a t i s f y ( I t . 3 5 ) . We t h e n approximate (1*.35) by t h e 
demand t h a t fa ,b ] a r e chosen so as t o minimize t h e i n t e g r a l 

*• on* on-* '^ 

Tr/2 ^ ^ 
ƒ {(X )2 + (Y )2} dip = m i n i m a l , x = acosi|), y = bsinij^; 

-•ir/2 

(X®,Y®) given by (lt.35). 

(lt.36) 

Since (X^,Y ) depend linearly on the parameters (a ,b ) , condition 

(lt.36) furnishes us -with the following (21-1+2) linear equations in the 

(2I>l+2) unknowns fa ,b J: 
*• on' on-* 

,'^/2, „ 3„e e Tr/2 ^ e 

//P {̂ ' If- ̂  l|-Ĵ =̂ /,, {̂ ' 1 ^ ̂  ̂ ^ frl^^O, n=0 M, 

-ir/2 on on -ir/2 on on 

X^,Y : linearly dependent on (a ,b ] , 

3X® 
•5— , ........... independent of fa ,b ]. 
oa ' ' -̂  >• o n ' on-* 

n 

( l t .37) 

l t . 3 1 . Proof t h a t no s l i p t a k e s p l a c e a t t h e l e a d i n g edge , when 

c r eepage and s p i n a r e i n f i n i t e s i m a l . 

As we p o i n t e d out i n I t . 3 , an i n f i n i t e t r a c t i o n a t a p o i n t o f 

t h e edge on t h e c o n t a c t a r e a means t h a t t h i s p o i n t be longs t o t h e 

s l i p a r e a E . COULCMB's law a l s o s t a t e s t h a t t h e s l i p i s i n t h e same 
S 

direction as the tangential traction. To obtain an insight into the 
slip at the traction singularity, we determine the limiting 

behaviour of s and s as we approach the edge of the contact area 
X y 

from the outside since s = s = 0 inside the contact area. 
X y 
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We can express the slip in the traction by means of (2.l6): 

s^(x',y') = ô -<t.y' + 

Sy(x',y') = Uy+*x'+ 

^ TG 37r ƒƒ [̂ (-*̂ ){ ^ ^ ̂ ^ ^ } - X(-*^) °^---;^-y'^]dxdy 

R = /(x-x')2+(y-y')2^ E; contact area. 

(lt.38) 

Since (x',y') lies outside the contact area, we may interchange 

differentiation with respect to x' and integration: 

s^(x',y') = û -(j)y' + 

+ 1^ jj [x(x.y){ (^-^^nx-x') , 3 0 ( 2 ^ } + 

+ 0Y(x,y){- ^ + 3(x-x')2(y-y') ^^^^^ 

s (x' ,y') = u +(}ix' + 
y y 

+ 1 , /ƒ [y(,.y){ ll-ll-ill + 30(x-x')(y-y')2 ^ 

^X(x.y) {- ̂  + 3(x-x')2(y-y.) j ^ ^ ^ 
R-̂  R-' 

r; 

+ 0} 

(H.39) 

\Je assume that the tangential traction has an inverse square root 

behaviour at the edge of the contact area, 

X(x,y) = X'(x,y){l-(x/a)2-(y/b)2}-% 

Y(x,y) = Y'(x,y){l-(x/a)2-(y/b)2}-% 
(It.ltO) 

where X'(x,y) and Y'(x,y) are continuously differentiable functions. 

ITow it will be shown later in this section that when the distance u' 

of (x',y') to E approaches zero, see fig. 7, then the relative slip 

is given by 
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, ^ (x ; / ) \ 

/ 
V 

. . • ^ ^ 

•" (̂̂ .7) j 

[y- ^ ' \ 
\ ^ 

" - < ' 

F ig . 7 . The contact area -with the u ,v-axes . 

s ( x ' , y ' ) = cosi|/{ ^^' (^«y^ (l-ocos2i|;)- ^ ° ^ ' ^ ^ ' ^ ^ cosi|;sini(;}+0( 1) 
^ GB/Ï? GB/Ü' 

s ( x ' , y ' ) = cos,(-{ ^^' (^»y^ (l-0sin2,|;)- ^'^^' ('^'^^ cos.|;sin.!;}+0( 1) 
•̂  03/0* GB/Ü" 

u ' ; d is tance of ( x ' , y ' ) t o E, B = v^ / ( x ' / a 2 ) +(y ' /b2) , 

^ : angle between pos. x-axis and inner normal on edge of E 

which passes through ( x ' , y ' ) ; 

(x ,y ) : i n t e r s e c t i o n of t h i s normal -with the e l l i p s e ; 

0 ( l ) : any boimded function. , 

(1*.U1) 

(l*.!t2) 

T'Jhen POISSON's r a t i o o=0, s and s become 
X y 

3^(x ' , y ' )= "^ ' ^̂ *y"? COBil + 0 (1 ) , 
" GB/ir' 

s , , (x ' ,y ' )= 2Y'(x,y) ^^^^ ^ 0^^^^ 

from which we see t h a t the vector (s ,s ) i s p a r a l l e l t o the 

t angen t i a l t r a c t i o n (X,Y) as u'-tO, when, at any r a t e , (X' ,Y')^(0,0) 

o r , in other t e n n s , when the t r a c t i o n goes t o i n f i n i t y at the edge. 

The vector has the same sense as (X' ,Y') when cosijj>0, and the 

opposite sense when cosi|)<0. I t i s easy t o see from f i g . 7 tha t 

costj)>0 •when ( x ' , y ' ) approaches the t r a i l i n g edge x<0, and tha t 
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co3i|;<0 -when ( x ' , y ' ) approaches the leading edge x>0. I t i s thus 

p l aus ib l e t o suppose tha t at the leading edge the s l i p would be 

opposite to the t angen t i a l t r a c t i o n , i f the t r a c t i o n goes t o i n f i n i t y 

t h e r e ; according to the f r i c t i o n law, t h i s should not happen, and 

the re fo re the t r a c t i o n s i n g u l a r i t y should be removed from the 

leading edge. 

>/hen POISSON's r a t i o 0?̂ O, t he s l i p and the t angen t i a l t r a c t i o n 

are not p rec i se ly p a r a l l e l , but we can show tha t at the leading edge 

they are almost opposi te , and at t he t r a i l i n g edge almost in the 

same sense. In order to show t h i s , •we ca lcu la te the angle 9 between 

s l i p and t r a c t i o n from {k.k^). AjE^er seme calcula t ion we obta in: 

Xs^ + Ys {x2+Y2-a(Xcosi!H-Ysini|j)2}3ign(cosi|/) 
cose = |7y „ M l / ^-yr = - = = — _ (lt.lt3) 

H X , Y ; I lls^.s^^^j I /X2+Y2 /!c2+Y2_a(2-0)(Xcos,{H-Ysin.|;)2 

where we dropped the prime of X' and Y' . We denote by D the r a t i o 

D = (Xcosip + Ysini;;)2/(x2+Y2). (It.ltlta) 

Since (Xcosi}/ + Ysin^i) i s the component of (X,Y) in t he d i r ec t ion 

(cosip, sinij;), 

0 < D < 1. (It.ltUb) 

In t h i s no ta t ion , cos6 becomes 

cose =-Ü: :2£Mff i i225i I . (i,.i,5) 
/ l -a(2-o)D 

It can be shown without difficulty that the absolute value ]cose| 

reaches a maximum of 1 when D=0 or 1^1, and a minimum of —x when 
1 . . . ^-'^ 

D = —— . When o=0, the minimum equals \mity as we knew already. VJhen 

o=J, the minimum is O.987, corresponding to an angle of 9 ; when 

o=g, the minimum is 0.9ltl, corresponding to an angle of 20 . As a 

consequence of this and of the presence of sign(cosijj) in the 

expression for cose, we have that on the leading edge the angle 6 is 

nearly 130 , and on the trailing edge it is nearly zero, numerically 

we have: 

at the lead.ing edge: 180°- 6 < 6 < l80°+e , m 
at the trailing edge: - 6 < 0 < 6 , 

e = 0 for 0 = 0; e = 9° for 0 = «; e = 20° for a = g. 
m ' n ' m 

(it.it6) 

The conclusion is again that the traction singularity should be 
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removed from the leading edge of t he contact area . 

In t he remainder of t h i s sec t ion we •will e s t ab l i sh (It.Ul). We 

see from (It.39) and (It.Itl) t ha t t h i s t a s k cons is t s in ca lcu la t ing the 

par t t h a t behaves as 1/i^' (see f i g . 7 and (It.ltl)) as the dis tance u ' 

from ( x ' , y ' ) t o E goes down t o ze ro , of i n t eg ra l s of t he following 

type : 

I ( x ' , y ' ) = ƒƒ ^ l g | H ^ ^ ; £ i ^ l £ , dxdy. R: see ( 2 . 9 ) , (lt.lt7) 
E R-^-*Vl - (x /a )2 - (y /b )2 E : s e e ( l . 5 a ) , 

where f(x,y) is a continuously differentiable function, and (x',y') 

is a point outside the elliptic area E. We shall show that 

|l(x',y') |->- » as (x',y') approaches the elliptic area E, and we shall 

calculate the singular part of I. 

In our coordinate system, we take the minor semi-axis of E as 

the unit of length. From (x',y') we drop a normal on the ellipse, 

see fig. 7; the point of intersection is (x,y). It is clear that the 

contribution to the integral of the domain of integration outside a 

neighbourhood of (x',y') with radius 6 is boimded. We denote by D 

this neighbourhood in so far it intersects with the elliptic area E, 

D is shô wn shaded in fig. 7. We also denote a bounded function by 

0(1), So we obtain 

I(x',y') = // fU.y)(x-x')^y-xL)L^av+Ofl). (It.ltS) 
D B^'-°-'2/i-(x/a)2-(y/b)2 

We introduce the ca r tes ian coordinate system (u,v) in to t h i s 

i n t e g r a l , which has (x,y) as o r i g i n , and the pos i t ive u-axis of 

which coincides •with the inner normal t o the e l l i p s e at ( x , y ) , see 

f i g . 7 . Let i> be the angle between the pos i t ive x-axis and the 

pos i t ive u - a x i s . Then: 

x-x = ucosiji-'vsinilJ, y-y = usini|)+vcos<|;; 

the point ( x ' , y ' ) has in t he (u,v) coordinate system 

the coordinates ( - u ' , 0 ) ; 

u ' i s the dis tance from ( x ' , y ' ) t o E, u '>0 ; [ (l*,l+9) 

x-x ' = (u+u')cost(/-vsini{i, y -y ' = (u+u')sint(H-vcosi|j; 

n2 = (u+u')2+v2; dxdy = dudv; 

f (x ,y) = f (x ,y) + 0[/u2+v2J = f (x ,y) + 0 (/[u+u']2+v2}. 

8 1 . 



Also, since (x,y) lies on the ellipse, 

1 _ ( x / a ) 2 - ( y / b ) 2 = F - x 2 , y2-y2 ^ - ( ^ -x ){2S- (S -x )} , ( y - y ) { 2 ^ - ( y - y ) } . 
a2 b2 a2 b2 

= - [ 2 x c o s i ^ 2 ^ i n i - j ^_ ^_ 2 ^ i n 1 ; , 2 ^ c o s i j ^ ^ , ^^^^^ ^ 

where h ' ( u , v ) i s a homogeneous q u a d r a t i c form i n ( u , v ) . S o , 

h ' ( u , v ) = 0(u2+v2) = 0 ( ( u + u ' ) 2 + v 2 ) = 0 ( R 2 ) i n D, 

(1+.50) 

(1+.51) 

where we made use of t h e f a c t t h a t u ' > 0 , and t h a t u>0 i n D. Also we 

have t h a t t h e c o e f f i c i e n t of v v a n i s h e s i n (1*.50), s i n c e t h e e l l i p s e 

i s t a n g e n t t o t h e v - a x i s . That means a c c o r d i n g t o (1*.50), t h a t 

O I2 s 
^ = acosip, ^ = asini | j , a = * 2 \ / — + 'L. = ± 3^ ( 1 + 0 ( R ) ) , 

u/ ; ; V a b ^ (1^,52) 

so t h a t ( ' * . 5 0 ) becomes 

1 - ( x / a ) 2 - ( y / b ) 2 = B2{u+h(u ,v )} (1+0(R) ) , 1 ^ 

w i t h h ' ( u , v ) = B 2 ( l + 0 ( R ) ) h ( u , v ) = 0 ( R 2 ) . J 

In (1*.53) we chose the uejative sign for a, since a point (x,y) •with 

v=0, 0<u<<1 lies inside the ellipse, so that 1-(x/a)2-(y/b)2>0. 

The integral (U.U3) becomes with (l*.lt9) and (lt.53): 

I ( x ' , y ' ) = 

( l t .53) 

= ƒƒ 
D 

{f (x ,y)+0(R) }{(u+u' )cosi|j-^vsini|;} {(u+u' )sim|)+vco3i[i}' , a-v+of-i^ 

(lt.5U) 

B ( l + 0 ( R ) ) / u + h ( u , v ) R"' ' ' ' '"^^ 

Again we introduce a new coordinate system into this integral: 

w = u+h(u,v), V = v; (It.55) 

we denote 

r2=(w+u')2+v2; then, h(u,v)=0(r2), R2=r2(1+o(r)); 

dudv = {1+0(r)}dwdv; 

(u+u')cos(jj-vsinij;={(w+u')cosi})-vsini|j}(1+0(r)), f (It.56) 

(u+u' )sini|H-vcoŝ |j={(w+u' )sini|j+vcos\|)}(1+0(r)), 

all in D, 
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The integral becomes 

-rf^, ^ , ) - rr (f(x.y)+0(r)}{(^w+u')cosi|;-vsini|)}°' ̂  
f̂  ^r m+n+2 

D B/w r 

X {(w+u')sin\jH-ycos;j;}'^{1+0(r)}dvdw+0(l), 

= I'(x',y')+0(1), 

Tic^i , r t 1 - tr f (x,y) {(w+u')cosip-vsini^)}^{ (w+u')sinfHvcosi|;}'^ 
1 u ,y ; - JJ 2 ^^^^» 

D B/w r 
(H.57) 

rr m+n+1 , m+n+2 , , . / . N since JJ r / r dvdw = 0 (1 ) . 
D 

We observe tha t the domain of i n t eg ra t i on D l i e s in the half-

plane w > 0. For u ' > 0, the domain outs ide D, in so far as i t l i e s 

in the hal f -p lane w > 0, gives a f i n i t e contr ibut ion t o the 

i n t e g r a l . So we can extend the in t eg ra t ion t o the whole hal f -plane 

w > 0: 
I ( x ' , y ' ) = 
_ I f (x,y) j- {(-w+u' )cosi|)-vsini|;} {(-w+u* )sini|H-vcosit/} , o f i) 

o T, / - m+n+2 
0 B/w -«> r 

(H.58) 
We evaluate {(w+u')cosi|)-vsini|)} {(•w+u')sini|H-vcosijj} by means of the 

binomial theorem. A t y p i c a l i n t eg ra l i s then 

I(x',y'.k.0=^:%^ f f r ^"":'tk/2+I/2+1 ' (̂ -59) 
2 0 ^ - c » {(w+u')2+v2}^/^*'^/^*^ 

By symmetry, this integral vanishes when i is odd. VJhen i is even, 

we use the substitution 

V = (w+u')tane, dv = ^^— d6. (lt.60) 
cos 2 9 

This gives 

I(x' .y' .k,A)= ̂ 1 * ^ r —^^ j ' " ^ sin^cos^e do =̂  
^ 0 (w+u')vV _.^/2 

•k+1-,„rJ!'+1-i 
when Z is even, 

= 0 when I = odd. 

\ (lt.6l) 
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So as a final result from (It.58), (It.59) and (l*.6l) we obtain: 

K^' .y' )= jj-^!^^^^^Ê^^^^^^ dxdy = 

^jiisMiii I [(-i)i+(-i)j]g)(p ^ j ^ ; ^ 
2 B / ; I ' i=0 j=0 ^ '' ,,rm+n+^> r^i2l2) 

X cos'^'-J-Vin'"''^""^*} + 0(1), 

B = V^ / ( x ' / a 2 ) ^ + ( y ' / b 2 ) ^ 
(1*.62) 

X, y , u ' and ip, s ee f i g . 7 . 

The expression (l*.l*l) follows from (1*.39) and from (U.62) after 

a straightforward, but somewhat laborious calculation, which we omit 

here. 

1*.32. S o l u t i o n of t h e p rob lem. 

V/hen we use t h e t h e o r y o f t h e l o a d - d i s p l a c e m e n t e q u a t i o n s , t h e 

boundary c o n d i t i o n s ( l* .30a,c) a r e a u t o m a t i c a l l y s a t i s f i e d , and t h e 

on ly boundary c o n d i t i o n s l e f t a r e ( l t .32) and ( l t . 3 6 ) . 

We d e f i n e 
M M-p 

(X',Y') = ^. I. (d ,e ) x^y\ (lt.63) 
p=0 q=0 *• pq pq-" '' > -̂ z 

where t h e c o e f f i c i e n t s d , e depend \ m i q u e l y on u ,u , * , a ,b 
pq pq x ' y ' ^ ' o n ' on 

t h r o u g h t h e l o a d - d i s p l a c e m e n t e q u a t i o n s ( 2 . 5 6 ) , where we h a v e , 
a c c o r d i n g t o ( l t .32) i n t e rms of t h e c o n s t a n t s fa ,b ] of ( 2 . 3 2 ) : 

"• mn mn-* 

^10 = - V ^11 , a = 0 otherwise, unless m = 0; 
' mn ' ' 

10 -"y* ^20 = -^f* V 0 o t h e r w i s e , u n l e s s m = 0 . 
(lt.6lt) 

X and Y a r e g iven by 

• -1 
(X,Y) = G / l - ( x / a ) 2 - ( y / b ) 2 ( X ' , Y ' ) , 

so that according to the definition (lt.35) 

(X®,Y®) = G lim (X',Y'). 
x,y->edge 

According t o t h e remarks made a f t e r ( 2 . 5 6 ) , (ap^, p + , 

^o_j . » o J. I ] oil "the one hand , and fd„_^ o j_ » e^ _L 1 « . ) on 2m+e',2n+a)' ' ' ' *• 2ip+e,2q+ü) 2p+e' ,2q+a) '- ' 

(1 .̂65) 

(lt.66) 
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the other hand belong to a closed system of equations for each of the 

four possible choices.of (e,ü)). If we set M=2K+1, for instance, and 

x 3 = (I,x2,y2.x\x2y2.y'* y^^] 

x\ = x(l,x2,y2,x'*,x2y2,y'* y ) 

X? = y[l,x2,y2,x'*,x2y2,y'+ y ) 

Xj = 3!y(l,x2,y2,x'*,x2y2,y'*, .... y ~^) , 

^j = Ko*'̂ 20*%2*'̂ ltO*'̂ 22*%lt %,2K^ 

ĵ " ^'^10*So*'^12*%»S2* •••* S,2K^ } 

^j " ^1**^21*^03*^^1 •^23* •••* ^0,2K+1^* 

^j = Kl*^31''^13'Sl* • • • ' '^1,2K-l)* 

Y. as XT, w i t h e i n s t e a d of d , 
J J pq pq 

u . as XT, w i t h a i n s t e a d of d , 
J J mn p q ' 

V. as XT, w i t h b in s t ead , of d , 
J O mn pq* 

t h e n , i f we sum over r e p e a t e d i n d i c e s , 

v i v i i Tri ^ri i i i i i 
X' = X T x . , Y' = Y . X . , u = U . X . , V = V . X . . 

J J J J J J J J 
We can w r i t e t h e l o a d - d i s p l a c e m e n t e q u a t i o n s (2 .56 ) as 

i 
I . 
J 
.3-i 
j 

• (4.) •4" 
K'\ 

(lt.67) 

(lt.68) 

, no sum over i ; i = 0 , 1 , 2 , 3 . (It .69) 

The m a t r i c e s A. a r e s q u a r e and have a n o n - v a n i s h i n g d e t e r m i n a n t , so 

t h a t we can i n v e r t them: 

X^ 
J 

, , 3 - i 
= c ^ S . ' 

-1 r 

. 3 - i 

( l i .70) 

According to (U.6U), a great number of the u. and v. are zero, so 

that ve can drop a nuuiber of col-umns of (A. J , and ve can write 
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i-O = TjO 
^j ^ j ,2n ^0,2n* (i=0 i . e . e=(i)=0), 

^j = '^l,2n+1 ^0,2n+1^°j V ( i = ^ * ^•'- '='' ^^^' 

i,2n+1 ^0,2n+l'-^j "y*^^^^, i . e . e=0, co=l), X4 = B' 

r3 = nO X? = C j , 2 n 0,2n J 
+F^ 4,, ( i=3 , i . e . e=co=l). 

3̂ = nO 
^j ,2n ^0,2n* 

Ci Y? «,. „ . „ . „ 
j j ,2n+1 0,2n+1 j x 

(i=0 i . e . e=u=0), 

+DÏ u , ( i = 1 , i . e . e=1, Ü)=0), 

Yi B a„ j ,2n+1 0,2n+1 j y 
C9 „ b„ „ + F? é, a,2n 0,2n o ^* 

+E1 O , ( i=2 , i . e . e=0, u = l ) , 

( i = 3 , i . e . e=(j)=l). 

(lt.71) 

. . . . . "3 

The quan t i t i e s with the superscr ip t "^ vanish when 0=0, except F^, 
J 

This gives for (X ' ,Y ' ) : 

^'= 1 2 j ,2n - 0 , 2 n S t 1 , 2 n + 1 ^0,2n+1-^°j \^ ^ 

" 1^"L2n+1 -0,2n+1^^j ^y^ ^ - j t ^ j , 2 n ^0,2n-^1 '^^ 

Y'= X? B? _ a- _ +x2{c2 „ .̂ , b- „ _^.+D\ U } + 
J j,2n 0,2n j' J,2n+1 0,2n+1 j x̂  

+E1 u } + x?{c° o ^o o +F?d>} , •̂  ' ' j^^j,2n+1 ^ 0 , 2 n + r " j "y j ^ j , 2 n 0,2n j 

(1^.72) 

We can s p l i t X' and Y' in a pa r t X ,Y , even in y and a pa r t X ,Y_, 

odd in y . 

01=0: X = xP B° „ a- „ +xUc2 „ ^ , b . „ _^.+Ii\ o } , + J j , 2 n 0,2n j ' 0,2n+1 0,2n+1 j x' 

1 ^,2n - 0 , 2 n ^ i t 1 , 2 n + 1 ^0,2n+1-^°l \^ * 
(lt.73a) 

(l+.73b) 
"=^= ^-= 1^"j .2n+1 -0,2n+1^^j ^ ^ ^ i i 1 , 2 n ^ 0 , 2 n ^ 1 *J' 

V -3iB?,2n+1 ^0,2n+1^^j "y^ ^ ^ J ^ 1 , 2 n ^0,2n^^] *1 J 

X'= X_+X ,̂ Y'= Y_+Y .̂ X^(-y)= X^(y), X_(-y)= -X_(y), (It,73c) 

We enter (It,73c) in to the compensation condition (It,36): 

f { K + X j ' + (Y^+ Y j ' } ^ ^ ^ d ^ = 

-•ir/2 

= _/^2 ^""^ " ""-^'edge ^^ "• _ i / 2 ^^- ^ ^+^'edge ^* = "^^^"^^ 

(lt.7U) 
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VJe see from (It.73a) that {X2+Y2} depends only on u , a „ and 

^0 2n+r ^^ ^^^"^ î 5'*'̂ +l depends only on u , <)>, ao Q^^.^, and bg o^. 

So the system of compensation equations falls apart into two systems, 

one involving the quantities with a)= 0, and one involving those with 

u) = 1. Now, the total force is given by 

F =G jj /l-(x/a)2-(y/b)2" X'dxdy=G jj /l-(x/a)2-(y/b)2" x. dxdy, 
E E 

(It.75a) 

so that, after removal of the singularity from the leading edge, F 

depends only on u , Further we have that 

F = G ƒƒ /l-(x/a)2-(y/b)2 Y dxdy, 
y 1? 

.-1 
M, = G ƒƒ /l-(x/a)2-(y/b)2 (xY -yX ) dxdy, 

^ F * ~ 

(l^.75b) 

(i*.75c) 

so that F and M depend only on o and (|). This is completely in 

accordance with the findings of lt,2, since F , F and U are here 
° ' x ' y z 

l i n e a r i n u , u , (|), owing t o t h e l i n e a r c h a r a c t e r o f t h e compensat ion 
X y 

c o n d i t i o n , see (1+.37). 

Let us c a l l 

e 
X = xf 

J 

x l 

, xO = 
0,2n 

'0 ,2n+1 

0,2n+1 

^ , 2 n 

(1*,76) 

and let us indicate a transpose by a ' over the letters. Then we have 

X = [x9 xl] B^ j,2n 

Y.= (x2 X?) 

B^. 
j,2n 

0 

C2 
J ,2n+1 

C2 
j , 2 n + 1 

0 

0~ | 

Dl 

0 

ro,2n 

r 0 , 2 n + 1 

L X 

^0 ,2n 

^0 ,2n+1 

L ^ 

= ; ^ B ^ u ^ 

= ; ° B V ; 

(It.77a) 

(l+.77b) 
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X = x? xl) B2 
J,2n+1 

0 

0 

J,2n 

j 

0 

= fx? xi i) 

So , 

' j ,2n+1 

c" 
J , 2 n 

j i 3 

•r.3 

0,2n+1 

' 0 , 2 n 

'0^0 o 
X C u ; 

Ei O 

0,2n+1 

^0,2n 

' e „ e o 
X C u 

(lt.77c) 

( l t .77d) 

X^ + Y ' ^ = u B x x B u + u B x x B u = 

= A^fÊViV + B°x°i°B°)û  , 

X2 + Y2 = A ° ( c V x ° C ° + c V x ^ C ^ ) u ° . 

(lt.78a) 

(lt.7Sb) 

We integrate (It.78a) and (lt.78b) over the leading edge of the contact 

e>e a r e a x=acos\Jj, y=bsinii), -•n/2 < tj) < i r / 2 . Only t h e m a t r i c e s x x and 
o' 0 

X X are position dependent. There are two types of integral; 

Tf/2 - . •ir/2 p Tr/2 
ƒ x^ X dij; = ƒ X -^y ^ dijj = ƒ a -HD "^COS -^il/sin '̂ ijjdi// 

- i r /2 ^ "̂  - ï ï / 2 -Tr/2 

2ph2q r ( p + D r ( q + i ) 
^ (p+q)I 

' ^ ' 2 . ^20^1 „ „ ^ ,^/2 ^ 2 ^ ^ ^̂ 2q 

i/2 ^ ^̂  
Tr/2 

-Tr/2 

C a l l 

(It .79a) 

r ' 2p+1,2q 2p+1 , . 2 q , , , 2p+1,2q r ( q + 2 ) p ; ,,, -rn-u^ 
= j a ^ b ^cos ^ i()sin î()dij; = a ^ b ^ Yiv^Q+3/2) ' ^^'^^^' 

Tr/2 Tr/2 
f e i e , , „e r o ' o , , „o 
J x x d i | ; = F , J x x d > | ) = F , 

-Tr/2 -Tr/2 
(lt.80) 
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t h e n 

Tr/2 
< e / ' e _ e _ e , 'O_OT-0'> e / {X2 + Y2}dii; = A^(B^F^B^ + B°F°B°)u'^ = min ima l , 

-•ir/2 
( l t .31) 

j ' ' ^ {X2 + Y2}d^ = A ° ( C V C ^ + C°F°C°)u° = min ima l , 
-Tr/2 

and a t y p i c a l compensat ion e q u a t i o n i s found by d i f f e r e n t i a t i n g 

(It.81) w i th r e s p e c t t o a , b 
•̂  on' on 

2(0,0,1,0 ,,, 0)(B"F'=B^ + B"F"B")U'= = 0, (lt,82) 

or, in other terms 

the first (2K+1) rows of (B^F^B® + B°F°B°)u^ must vanish, (It,83a) 

the first (2K+1) rows of (C^F^C^ + C°F°C°)u° must vanish, (It,83b) 

These equations are solved numerically, where we set u =1 in (lt,83a), 

and by multiplying the resulting fao p » ̂ 0 2 +1^ ^Y ^ 5 we set 

u =1, ((>=0 in (It.83b) and multiply the resulting (a. p +1» ̂ Q o ) ^y 

u , and finally we set u =0, (j>=1 in (lt,03b) and multiply the 

resulting (ao^gn+l* ̂ 0,2J ^^ ** 

I n o r d e r t o f i n d t h e t o t a l f o r c e F , F and t h e t o r s i o n a l 
x' y 

couple M , we first observe that 

F =G jj /l-(x/a)2-(y/b)2~ X'dxdy=G jj /l-(x/a)2-(y/b)2~ X°x?dxdy, 
X E E -̂  '̂  

F =G jj /l-(x/a)2-(y/b)2" Y?x? dxdy, 

/ •> 

M =G jj /l-(x/a)2-(y/b)2 [XY\X] - yX2x2) dxdy, 
^ E J «3 J J 

By means of (It,71), we can determine X., Y., X?, Yi from the 
. J J J J 
[a ,b J which we find from the solution of the compensation 

equations (lt,83a,b), A typical integral of (lt,81t) is 

jj x ^ V ^ /l-(x/a)2-(y/b)2"^ dxdy = 

2p+1 2q+1 2 - 2 p , . 2 q „ , f' r f f l f ^ , 
= a -̂  b ^ J cos •^i^ism \̂|)dr(i J —•—^^^— dr = 

0 0 / l - r 2 
^ ^2p+i^2q+i r ( p + i ) r ( q + i ) r ( i ) 

r (p+q+3/2) 

(lt,81t) 

(lt.85) 
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v/e obtain 

^x=^'='Sl"x' V^''^^22"y "• ̂ 23=*^' V ^ = ^ ^ S 2 " y "̂  S3°*^ '̂"'̂ ^̂  

where the creepage and spin coefficients C.. are calculated with 

c = /ïb as imit of length, VJith (lt,19), (lt.20) and (3,50) we obtain 

for the dimensionless parameters of sec, lt,2: 

F F il 

K*^y'^J = ̂lïïT* i' ^^= ^ H f ^ '̂11̂ ' '22̂  " '23'̂ ' '32̂  " ̂ 3^^^ 
(lt.37) 

lt,33. Numerical results, 

The creepage coeff ic ients C.. were ca lcula ted for a few values 

of a/b with 2IC+v=3,5,7, I t was found tha t the solut ion with 2K+v=5 

had a r e l a t i v e e r ro r of l e s s than IJJ from the solut ion with 2K+v=7, 

Therefore, we calcula ted the creepage coeff ic ients C.. for more 

values of a/b with 2K+v=5, The r e s u l t s are shown in f ig , 3a and Ob, 

and in Table 3 , 

For the case of a c i r cu l a r contact area (a/b = I ) , the values 

found coincide with those given in KALKER [1] , In tha t paper, the 

values of C.. were compared with JOHNSON'S experimental r e s u l t s on 

the r o l l i n g of s t e e l b a l l s [ l , 3 ] , JOHNSON found tha t C l i e s 

between 3,3 and lt.lt; we find for 0 = 0.28 the value 1*.22. Also, 

according t o Johnson, C = 3.1t7 and Cp., = 1.53; we find 3.71 and 

1,lt9 r e spec t ive ly . Since according to JOHNSON the moment H due to 

e l a s t i c hys te res i s i s of a higher order of magnitude than the moment 

due to creepage and sp in , when the l a t t e r are very small , we cannot 

compare C p̂ and C _̂ with the experiment; indeed, we conclude tha t 

the values of C _ and C are of l i t t l e p r a c t i c a l s ign i f icance , 

According to the t h e o r e t i c a l r e s u l t s of JOHNSON and VER1»IEULEN 

[5], 

C22(e) = 0^2(0) * ^ ( 0 ) / i | - ^ ( e ) , 

(|; (e ) = B - og2_C when a < b (e > O) , 

= rr»- (It-a)TT when a = b (e = O) , 

= ^ - og_C when a > b (e < O); 

(It ,83a) 
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Table 3 . The creepage and spin coeff ic ients C . . . 

s 
0 ,0 

0,1 
0,2 
0,3 
O.lt 
0.5 
0.6 
0.7 
0.8 
0.9 

1.0 
0.9 
0,8 
0.7 
0.6 
0.5 
0.1* 
0.3 
0.2 
0.1 

^11 

0=0 1/1* 1/2 

Tr2/lt(l-a) 

2.51 
2.59 
2.68 
2.78 
2,88 
2.98 
3.09 
3,19 
3,29 

3,ltO 
3,51 
3.65 
3.82 
It,06 
1+.37 
1*.81* 
5.57 
6.96 

10.7 

3.31 
3 .37 
3.1*1* 
3 . 5 3 
3.62 
3 .72 
3.81 
3.91 
U.01 

1*.12 
1*.22 
lt .36 
l*.5lt 
It.78 
5.10 
5.57 
6.34 
7 .78 

11.7 

l t .85 
l*.8l 
lt.80 
U.82 
U.83 
U.91 
U.97 
5.05 
5.12 

5.20 
5.30 
5.U2 
5 .58 
5.80 
6.11 
6 .57 
7.3U 
8.32 

12.9 

S.2 

0=0 1/U 1/2 

TT2/U 

2 .51 
2 .59 
2 . 6 8 
2 . 7 8 
2 . 8 8 
2 .98 
3 .09 
3 .19 
3 .29 

3.U0 
3.51 
3 .65 
3 .82 
U.o6 
U.37 
U.8U 
5.57 
6.96 

10.7 

2 .52 
2 . 6 3 
2 . 7 5 
2 . 3 8 
3.01 
3.1U 
3 .28 
3.U1 
3.5U 

3 .67 
3.81 
3 .99 
U.21 
U.50 
U.90 
5.U8 
6,U0 
8.1U 

12 ,8 

2 , 5 3 
2 ,66 
2 ,81 
2 , 9 8 
3.1U 
3.31 
3.U3 
3.65 
3.82 

3 .98 
U. l6 
U.39 
U.67 
5.0U 
5.56 
6,31 
7 .51 
9 .79 

16.0 

Cp3 = -C32 

0=0 

Tr/i/3 

O.33U 
O.U83 
0,607 
0.720 
0.827 
0.930 
1.03 
1.13 
1.23 

1.33 
1.UU 
1.58 
1.76 
2 .01 
2 ,35 
2 . 8 8 
3 .79 
5.72 

12.2 

1/U 

-

0.U73 
0 .603 
0.715 
0 .823 
0.929 
1.03 
I.1U 
1.25 
1.36 

I.U7 
1.59 
1.75 
1.95 
2 . 2 3 
2 .62 
3.2U 
U.32 
6 ,63 

1U,6 

1/2 

-

0,731 
0,309 
0,889 
0.977 
1.07 
1.18 
1.29 
I.UO 
1.51 

1.63 
1.77 
I.9U 
2 . 1 3 
2 .50 
2 .96 
3.70 
5.01 
7 .39 

18.0 

S3 

0=0 1/U 1/2 

Tr2 / l6 ( l -o )g 

6.U2 
3.U6 
2.U9 
2 . 0 2 
I.7U 
1.56 
I .U3 
I.3U 
1.27 

1.21 
1.16 
1.10 
1.05 
1.01 
0 .958 
0 .912 
0 .868 
0 .828 
0 .795 

8.28 
U.27 
2 .96 
2 .32 
1.93 
1.68 
1.50 
1.37 
1.27 

1.19 
1.11 
I.0U 
0 .965 
0.892 
0.319 
O.7U7 
O.67U 
0.601 
0 .526 

11.7 
5.66 
3 .72 ! 
2 .77 
2 .22 
1.86 
1.60 
I.U2 
1.27 

1.16 
1.06 
O.95U 
0.852 
0.751 
0.650 
O.5U9 
0.UU6 
0.3U1 
0.228 
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Fig. 3a. Tlie creepage coeff ic ients C and C . 
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C.,^(e) = C^^(O) $ ( 0 ) / $ ( e ) , 

<I>(e) = B - 0 ( D - £ ) when a < b (e > 0 ) , 

1 
1^ (U-3o)ir 

= g (1 -0 )D + 0gC 

when a = b (e = 0 ) , 

when a > b (e < 0 ) . 

(U.38b) 

The expe r imen t s of JOHl̂ SON and VERIffiULEN on t h e dependence of F on 

vJ for d i f f e r e n t v a l u e s of t h e a x i a l r a t i o a / b , ( s ee [ 5 ] , f i g . 3 ) 

show t h a t t h e r e l a t i o n s h i p 

F TrGabo 
r - ^ 1 = f f 
L uN -lu,=(j)=0 >• 3vM. 

], o = 0.23 
'X ' ' --"-M 

i s v e r y n e a r l y s a t i s f i e d . Vfe compared t h e f u n c t i o n s 

(U.89) 

0^2(0) = 022(0) 4'i(0)/t|'̂ (e) 

c:;̂ (e) = C.,̂ (0) 0(0)/$(e) 

with the values of Cpp(e) and C-.,(e) as we calculated them, for 

0=0.25. In the range 0.2 < a/b < 1, 0.2 < b/a < 1 we fo\and a 

discrepancy of at most T% both in Cpp and in C,., the largest 

discrepancy occurring at the end of the ranges a/b = 0.2 or 

b/a = 0.2. In fact, 

(U.90) 

a/b = 0.2: 

b/a = 0.2: 

022(0) i|ĵ (0)/i|;̂ (e) = 1.07 C22(e), 

C^^(O) $(0)/$(e) = 1.05 C^^(e), 

022(0) i>^{0)/i,^{e) = O.9U C22(e) 

C,^(0) *(0)/$(e) = 0.93 C^^(e). 

(U.91) 

So here also the experimental results of JOHNSON are fairly close to 

our theoretical results on C p. 

V/e observe that in the calculations of C.., the smallest value 

of a/b and b/a •with which we computed was a/b = 0.1, b/a =0.1, The 

values of Ĉ. . for a/b = 0.1 came close to those of the strip theory 

of KALKER [2], with the exception of C_p = -Op,, for o 5̂  0. So we 

ventured to put in the values of C . obtained by the strip theory at 

a/b = 0, and led the graphs through to a/b = 0. 

Finally we note that the feature that C = 

noted in KAIKER [1], also persists in the case of elliptical contact 

-C _ which was 
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areas. No explanation has been given for this curious feature. 

U.U. The limiting case of large creepage and spin. Numerical results. 

Vfhen the creepage and the spin become very large, we may neglect 

the elastic deformation in the expression (U,15) for the relative 

slip : 

3u 1 3u 
^x = v * y ^ - 3 ^ - v - 3 t « v * y ' 

3v 1 3v 
y y ^ 3x V at y ̂  

(U.92) 

V/e can then regard the slip, with LUTZ [l,2,3] and VfER̂ ÎITZ [l,2] as 

a pure rigid body rotation with angular velocity ijiV about a point in 

the plane z = 0 which is called the spin pole by LUTZ and VTERNITZ: 

spin pole =(x',y'), x'= -u /^ -cn/X. y'= û /(t)= cC/x. (U.93) 

see fig. 9. No adhesion area is assumed to form., not even when the 

Fig. 9. Contact area with spin pole and traction vector. 

spin pole lies inside the contact area. Note that the rolling 

direction is no longer a preferred direction. The surface traction 

transmitted by the upper body to the lower body has the magnitude 

|(X,Y)| = yZ =|H|^ /l-(x/a)2-(y/b)2, (U.9U) 

and the d i rec t ion i s perpendicular t o the l i ne between ( x ' , y ' ) and 
( x , y ) , with a pos i t ive moment with respect t o ( x ' , y ' ) when ifi i s 
p o s i t i v e , and with a negative moment when <!> i s negat ive. I t i s eeisy 
t o see from f ig . 9 t h a t 
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df = d(F/pN)= M ^ /i.(^/a)2_(y/^,)2 ( y ' - y ) ^ ^ . 
2^^^ /(x-x')2+(y-y.)2 

df = d(F /yN)= - 3^^§^(X) /i_(,/a)2_(y/t)2 (x'-x)dxdy 

y y 2̂ b̂ /(x-x')2+(y-y.)2 

dm'= d(M'/yNc)= ^^ï^i^^ /l-(x/a)2-(y/b)2 /(x-x')2+(y-y')2 dxdy. 

(U.95) 

Here M' is the moment about the spin pole. For the moment about the 

origin, we have the relation 

M = M' + x'F - y'F . (U.96) 
z z y •" X 

VJe find the total force and moment by integrating (U.95), 

f = M s n M JJ A.{x/a)^-iyM^ , (y'-y)dxdy 
^ T̂iab Ĵ  /(x-x')2+(y-y')2 

f = _ 3sisn(x) JJ /i_(,/^)2_(y/^)2 (x'-x)dxdy 
'̂ 2mb ^^ /(x-x')2+(y-y')2 

V ^ifabc^ // /ÜÜT^TMTTb)^ /(x-x')2+(y-y')2 dxdy - ̂  f^-i f̂ , 

(U,97) 

In the special case that the contact area is circular, these 

integrals were evaluated by LUTZ in [2], and in the special case 

that the contact area is an ellipse, and that the spin pole lies on 

one of the axes of the ellipse, they were evaluated by WERNITZ [1], 

p, 63-72, Since any line through the origin is an axis of the circle, 

LUTZ's results are a special case of WERNITZ's results. If, say, 

x' = 0, LUTZ and WERNITZ integrate with respect to x, and obtain as 

a result a form involving complete elliptic integrals of the first 

and second kind, which then has to be integrated with respect to y. 

This latter integration is done numerically. This process brealcs 

down, however, when the spin pole does not lie on one of the axes, 

i.e. when x' î  0, y' ̂  0. The first integration with respect to x 

is still possible, but the resulting form contains also elliptic 

integrals of the third kind, Vfe accordingly abandoned the attempt 

of analjrbically performing the first integration, and we treated 

the integrals as follows, V7e had: 
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f = M i ^ JJ /i_(x/a)2-(y/b)2 ^ ( y ' - y ) ^ ^ 
2Trab / (x-x ' )2+(y-y ' )2 

= _ 3gig^(x) Jf /(x-x ')2+(y-yM£ T^ 
2̂ ^̂ '̂  E / l - ( x / a ) 2 - ( y / b ) 2 b2 

by p a r t i a l in tegra t ion with respect t o y . Then, we se t 

X = arcosi|), y = brsinif), 

Tliis gives 

f = -3^^g^(x) J r ^ d ^ J / (arco3^x ' )2+(br3in . i ; -y ' )2 sini|id4. 
0 / l - r 2 0 

(U.98) 

(U.99) 

2Trb 

Tr/2 2Tr 
__ j s i ^ u ; J sin2ed6 ƒ •^(asinScosiJj-x' )2+(bsin9sinriJ-y' )2sini|;di|;. 

2Trb 

In the same way we find 

(U.IOOa) 

TT/2 2TT 
f = - j s ignu ; J sin2 9ie J /(asinecosij^x' )2+(bsinesini|)-y' )2cosi()di|), 

(U.IOOb) 

^ _ 3sign(x) / / 2 
2Tr 

siaecos2ed9 ƒ /(asinecosi|;-x' )2+(bsin9siniJ;-y' )2di|) + 
0 0 

(U.IOOc) - ^ f - u f , 
X X X y 

By means of the subs t i t u t i on a = Tr-ip i n (U,100) i t i s easy t o see 

from (U,93) t ha t 

f^(e/X, (-n)/X) = f^(5/X, n/X), 

fy(5/x, (-Ti)/x) = - fy (5 /x , n/X), ^ (U.IOIa) 

m^(5/X, (-n) /x) = in^(C/X, ri/x), 

By means of the subs t i t u t i on a = -i|) i n (U,100), i t i s easy t o see 

from (U,93) t h a t 

f x ( ( - ? ) / X , r i /x) = - f ^ ( C / X , n /X) , 

fy((-C)/x, n/x) = f^(c/x, n/X), 

m 

X 

^y^ 
^z< 

(U,101b) 

2((-5)/X, n/X) = m^(e/x. n/X), 

By means of the subs t i t u t i on a = Tr/2-t|j in (U,100), i t i s easy t o see 

t h a t 

f^(a,b, 5/x, n/X) = - f (b,a, n/x, ?/X), 
m„(a,b, c/x, n/x) = ra^(b,a, n/x, ?/x), z z 

(U,101c) 
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o a2 0.4 06 0.8 1 

Fig, 10. The total force for large creepage and spin. 

(a): g=0,5; (b): g=0,2, 
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Fig . 11. The t o t a l force for la rge creepage and spin. g=1. 

So we can confine ourselves for the purpose of ca lcula t ions t o the 

cases with 

e > 0 (a < b ) , - x ' = cn/X > 0 , y ' = c^/x > 0. (U.102) 

Under the conditions (U.102) we can el iminate a and b fron (U.lOO). 

This gives 
TT/2 , ._ _ 3 ^ sisn(x) j ^ ' \ . ^ , 

X 2Tr i 
ede X 

2Tr I 

X ƒ J{rg sinecos^+n/x]^+(-^i^2£i£i _ ^ix] sin^d4-, 
/g 

Tr/2 
, = 3 s W x ) j " - % . , 2 

y iiTT/g Q 
6de X 

/ ~ V ( ^ sin6cos,|,+ n / x ) ^ ( ^ Ï E ^ Ï B i _ g/x)^ c o s ^ ^ 
^ 

_ 3 3iga(x) t""'"^ . „ 2 = - ° ^ — / smecos'^ 
PTT ' 2Tr 

2Tr 

e d e X 

î TT / ; 

ƒ / ( / i sin6cos,), + n / x ) ^ + ( ^ i S § ^ _ ^/xj^ d* + 

- (n/x)f - (c/x)f 

X ?i 0; i f X = 0 then f = C/u, f = n/u, u = V^^¥r^. 
X y 

(U.103) 
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The repeated integrals of (U.103) are easy to integrate numerically. 

The total force has been calculated for g = 0.5 and g = 0.2, see fig. 

10, and for g = 1, see fig. 11. In the figures, we use the symbols u 

and a: 

C,X = ucosa, n/x = usina. (U.IOU) 

As to fig. 11, we observe that the force is always in the direction 

of the creepage. So fig, 11 could have a simpler form than fig, 10, 

We finally observe that the three integrals of (U.97) can be 

written as a sum of integrals of the form 

I = P2(x',y') jj Pî (x,y)J(x,y) ̂  , (U.105) 

E 

where P and P. are polynomials and J (x ,y ) and R have t h e i r usual 

meaning. Hence GALIN's theorem of s ec . 2.2 can be appl ied, and the I 

can be evaluated by means of DOVNOROVICH's method. This gives a f t e r 

some ca lcu la t ion : 
^ 3ysign(x) r 1;00 1 . , 1;00 1 , 1;001 

X ^ L̂  02^ Z^ ^ OU "̂  2 "̂  ^ 22J • 

3xsign(x) fp1;00 ^ 1 2 pUOO ^ ± o phOO] 
ab L 20 ÏÏ ^ ^ UO 2 ^ ' 22J * 

3si«n(x) r i;oo ^_L 2 F1;OO 1 2 F1;OO ^ 
abc L 00 2 ^ ^ 20 2 y ^ 02 

+ 1 vt ?•• i °° + J. x2v2 F^ ;oo ^ ^ u „ ^ ;00] 
^IK"" ^ U o ^ T ' ^ y ^ 22 '^2 i ry ^ ouj* 

+ - f - ^ f 

c y e x 

(x,y): spin pole, x = -cn/X, y = c5/x. 
F^5??: see (3.22). 

Ĵ (U.IO6) 

It should be kept in miad that (U.IO6) is valid only when the spin 

pole lies inside the contact area, so that (U,106) has only limited 

applicability. 

f = 
y 
m = 
z 
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5. Steady rolling wi.th arbitrary creepage and spin; a n^umerical 

theory, 

In the present chapter we apply the theory of the load-

displacement equations to the problem of rolling with arbitrary 

creepage and spin. In section 5.1 and its subsections we present the 

numerical process. In section 5.2 and its subsections we disciass a 

compû ter programme based on the method of section 5.1, Finally we 

present the numerical results in section 5.3 and its subsections. In 

5.31 they are compared with the experiments of JOHNSON and HAINES and 

OLLERTON, In the two remaining subsections of 5.3, we discTiss the 

solutions obtained. 

5.1. The numerical method. 

In 5.11» we reformulate the boundary conditions so , t h a t the 

so lu t ion becomes equivalent t o minimizing a ce r t a in i n t e g r a l . The 

numerical analysis of the mnimal iza t ion i s presented in 5.12, and 

some d e t a i l s concerning the minimalization and the formulation of 

the problem are discussed in 5.13 and 5.lU. 

5 .11 . Formulation as a v a r i a t i o n a l problem. 

Since the t a n g e n t i a l t r a c t i o n i s at most equal t o a f i n i t e 

mul t ip le of the normal Hertzian t r a c t i o n , the l a t t e r vanishing at 

•the edge of the contact a rea , we w i l l use t he theory of sec t ion 3 . 1 . 

We can rewri te the r e s u l t s of t h a t sect ion as follows: 

Let Z = G fpg / l - (x / a )2_(y /b )2 ins ide E, 

= 0 on z=0, outs ide E; 

I f (X,Y)= GufQo/l-(x/a)2-(y/b)2 I [x^TJ^.y^J ins ide E, 
k=1 

= (0,0) on z=0, outs ide E, 

• / M \ / 9 9 M \ 

with (x^) = ( 1 , x , y , x ^ , x y , y ^ , . . . , y , 0,0,0 0 ) , 

(yjj.) = ( 0 , 0 , 0 , . . . , 0 , 1 , x , y , x 2 , x y , y 2 , , . . , y ) , 

( \ ^ = (•'^oo''^io'^oi''^20 ^on'%o'^^Q'%^>^20^'•''%l^* 

p = (M+1)(M+2), 

( 5 . 1 ) 

1 0 1 , 



then [u(x,y), v(x,y)]= f̂ ^ J J [z.u.^z^^z.v.^-,^], 
is.—I J—1 

with u. ,v., : coefficients of the load-displacement 
H'^ Jk. ^ ^ 

equations (3.5), f (5.1) 
( • - , , . 2 2 M+1 M+2^ 
(.z^J = ( 1 , x , y , x ^ , x y , y ^ , . . . , x y , y ) , 

4 = i(M+3)(M+U). 

The derivatives of u and v •with respect to x, which we need to 

calculate the s l ip , are readily fô und. They are: 

P q. 
f3u 3VN ^7' -3 )̂= v^oo Ï .Z l2'.u.i,-fk'='-\ik'^k). •00 

3z . 

L L l - ' W k ^ k ' ^ i ^ j k ' 

M f l 
(5.2) 

with [zl)=[-^)= (0,1,0,2x,y,0,3x2,.. . , y ' ' ' ' ' , 0), 

The relative sl ip due to the traction distribution of (5.1) in 

steady rolling is then according to (U.15c), 

r •> f 3u 3v^ 
Is , s J = lu - é y + -r—, u +(t)X + -r—I , 
^ x ' y* *• X ^^ 3 x ' y ^ Sx-*' 

U (fiy P a 

X UO PtpQ UfgQ j ^ ^ . ^^.J J J k ^ 

(t>X p q. 

v = ^Wliften?;;;"! A ̂ ^W-00 00 k=1 j = 1 

According to (3.51), 

„f - 3yN _ 2yc/g 
00 ~ 2TabG (l-a)pE ' 

and according to (U,20), 

up u p . 

jic ' yc y 

so that the relati-\re sl ip due to the tractions of (5.1) becomes 

P 4 
= yf-, [AS-AX ^ + y y z'.u., T, ] , 

^ 00 *• ̂  c ĵ .̂j >.| J jk k'" 
p a 

= yf,^ [An+AX-+ I I 2 l v . , T j , 

A = 

00 

(1-0)E 

~27g~" 

k=1 j=i J J^ ^ 
Tr/2 

, E = ƒ /l-e2sin2ede. 

(5.3) 
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When we use the X and Y of (5.l)f and we calculate the surface 

displacement differences also in the manner of (5.1)» we accomplish 

that the surface of the half-space outside the contact area is free 

of traction, and that the displacement and stress vanish at infinity. 

In terms of the boundary conditions (U,l6), this means that (U,l6c) 

and (U,l6a) are satisfied. Also, the normal pressure of (5.1) is the 

same as the one in (U,l6b), So, only condition (U.l6d) remains for 

the slip region E and condition (U.l6e) for the .locked region E^. 

We repeat these boundary conditions here: 

3u 3v 

W =S /s, W =S /s, S=/s2+s2; 

x x ' y y ' X y' 

(X,Y)=yGfQQ/l-(x/a)2-(y/b)^ {w^,w^] 
s^=s =0, |(X,Y)|<yZ=yGfQQ/l-(x/a)2-(y/b)2 in locked area Ê .̂ 

in slip area E , 
S 

We set 

(X',Y')=(X,Y)/yZ=(X,Y)/{yfQQG/l-(x/a)2-(y/b)2}. 

Then we can reformulate the boundary conditions: 

(5.U) 

(5.5) 

T=(X'-w^)2+(Y'-w )2, S= 
X 

T=0 in E 

ŷ f, 00 

- [s2+s2j, 
2 *• X y" 

S=0,|(X',Y')|< 1 in F^, 

(5.6) 

where E and E, are unkno^wn, and follow from the solution of the 

problem. We defined S so that it is independent of the factor yfĵ ,̂ 

which represents the normal load and the coefficient of friction. VTe 

eliminate E and E, from the equations by demanding that the 

product TS vanishes everywhere in E. Moreover, |(w ,w )|=1, so that 

the inequality |(X',Y')|< 1 must hold throughout E, So we obtain 

for (5.6): 

TS = 0, |(X',Y')|< 1 in E. (5.7) 

If (5.7) is satisfied, we have found the solution of the problem. 

Since TS > 0 for any choice of (X',Y'), we can integrate (5.7) to 

obtain 
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I = // WTS dxdy = O, |(X',Y')|< 1 in E, 
E 

Vf = weightfunction > 0 in E . 
(5.8) 

Here we have put in a positive weightfunction Vf. Again, since 

V/TS > 0, the integral I > 0 for any Choice of (X',Y'), SQ that the 

value zero of the integral is actually a minimum. So we can 

re formulate (5.8): 

I = ƒƒ WTS dxdy = minimal, |(X',Y')| <1 in E. 
E 

(5.9) 

The two conditions of (5.9) are completely equivalent to the 

boundary conditions (5.U), but (5.9) can be used to obtain an 

approximate solution, namely by introducing the tractions of (5.1) 

into it, with the corresponding relative slip (5.3), and minimizing 

the integral with respect to the x . The inequality |(X',Y')|< 1 is 

verified afterwards. 

5.12. Numerical analysis, 

Me summarize the nevf formulation of the problem: 

I = ƒƒ WTS dxdy is minimal, |(X',Y')|< 1 in E; 
E 

T = (X'-w )2+(Y'-W )2, y2f 2g = g2+s2 
X X ' 00 X y' 

w = s / s , w = s / s , s = | f s , s ] | , 
X x ' y y ''•x'y''' 

^ = ^^oo^^^-A'^c^?, . ? / j "jk'k^' 
k=l j=1 

s = yf„„(An+AX — + y y z'. v., T, ], 
y OO*- ' c ^t,-^ >., 0 ok k-" 

A = (l-0)E/2/i , 

(5,10) is an approximation in the sense that we take along only 

p=(M+l) (ï*t-2) parameters T, , so that X' and Y' are arbitrary M-th 

degree polynomials in x end y, the coefficients of which are 

determi.ned from condition (5.9). 

(5.10) 

In order to determine the T, from the condition I = minimal, we 
k ' 
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seek the stationary value of I with respect to the T by iteration. 

We are not certain that the stationary value we find in actually the 

absolute minimum or ê ven a relative minimum. In practice, however, 

we determined I after each iteration step and we foimd in 

practically all cases that at the stationary value, I was indeed the 

smallest as compared with the series of values of I obtained during 

the iteration. In the cases where this was not so, the solution was 

grossly at fault. So there is a strong presumption to believe that 

we indeed find a minimum. 

At the stationary value, 

|i. = _1-JJ WTS dxdy = ƒƒ W 4 r ^ dxdy = 0. (5.11) 

k k E E k 

This is a difficult equation, as a consequence, principally, of the 

complicated dependence of [w ,w ) on T, . We find the solution by 

NEVWON's method: we start with an arbitrary T , and proceed by 

iteration, as follows: 

(TJ^) = arbitrary; (5.12a) 

(•|T-).=X%AT //W(|^)^.,ndxdy + 
\ k̂ V^\ E "k \ \ 

P 2 
+ ƒƒ W I i - ^ ^ ) , =^^ T =^^ AT dxdy = 0, 

k = 1,2,3,..., p = (M+1)(MF2); 

T , =T,+AT, ; if max |AT, |<6 max|T , | then solution is found; 
k k 

6: a small positive number which can be chosen arbitrarily. 

(5.12b) 

•(5.12c) 

Qlie equations of (5.12b) are p linear equations in the p unknowns 

The integrals are evaluated nimierically, by replacing them by un­

weighted sums over a fairly large number of points. This was done 

for two reasons. The most important reason is that the integrals 

ha've no physical meaning, so that we are not interested in their 

precise value. In fact, one could directly have used finite sums 

instead of integrals in the original equations. Secondly, the 

function T, containing as it does the discontinuous functions w and 
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w , is a function with locally large gradients. This does not render 

it •very suitable for numerical integration methods invol-ving higher 

order differences. 

The process (5.12) of successive approximations converges fairly 

rapidly: it depends on the beha-viour of the resulting function WTS, 

and to some extent also on the starting value T°. V/hen in the calcul-
k 

ation of several cases we work in a chainlike fashion, by slowly in­

creasing the creepage and the spin, and using the previous result as 

a starting value, the number of iterations for 6=0.001 (see 5.12c) 

is about 5» sometimes increasing to 7 or 3 when the adhesion area is 

large, or dropping down to 3 when the adhesion area is small. The 

number of iterations increases slowly with the degree M of the 

polynomials X' and Y'. In the calculation performed on a series of 

33 different values of creepage and spin, we needed an average of 

3.9 iterations per case for M=2 (12 T ' S ) , U.U iterations per case 

for M=3 (20 T ' S ) , and U.7 iterations per case for M=U (30 T'S ) . The 

number 6 of (5.12c) was taken equal to 0.001. 

In the contact area we took 80 points to approximate the 

integral when M=2 or M=3, and about 100 points when M=U. The calcul­

ations proved to be exceedingly lengthy. On the fast Telefunken TRU 

computer of Delft Technological University, each iteration step 

(5.12b), which consists of the evaluation of the coefficients of the 

linear equations and their subsequent solution, took the following 

amount of machine time: 

1^2, 12 equations, 80 points in the contact area ...18 sec. 

M=3, 20 equations, 80 points in the contact area ...35 sec.f(5.13) 

M=U, 30 equations, 100 points in the contact area ...87 sec. 

Most of the time was used in setting up the equations. These long 

calculating times are due to the complicated character of 

32(TS)/3T, 3T. (see sec. 5.23), and to the fact that these calcul-

ations have to be performed for every point, that is, they must be 

repeated about a hundred times for each iteration step. 

In the calculation outlined above, the inequality |(X',Y')|< 1 

is ignored. After the T have been determined, we inspect the 

solution to see whether |(X',Y')1< 1 in each point (x,y) of the 
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contact area. The output of the computer programme has been especially 

designed to facilitate this verification, see sec. 5.2U. We found 

that generally |(X',Y')|> 1 at some points. In judging this 

aberration, we distinguish three cases, •viz. T<S, T>S, and (x,y) 

near the edge of the contact area. 

In the case T<S, the reduced tangential tractions (X',Y') are 

closer to the Coulomb value than the slip is to zero. That means that 

the solution at a point where T<S approximates slip area conditions, 

in which ](X',Y')| should be equal to unity. That means that the 

traction |(X',Y')| we actually find should be regarded as a more or 

less succesful approximation of unity. The situation |(X',Y')|> 1, 

T<S indeed occurred very frequently in our numerical work, but for 

the reason just mentioned should not be used to throw doubt on the 

validity of the solution. 

Points with |(X',Y')|> 1, T>S do throw doubt on the validity of 

the solution. A point of this type we call an aberration of the 

solution. Aberrations also occurred in om: numerical work, but much 

less frequently, and mostly concentrated in a small portion of the 

contact area. Solutions with aberrations occ\ir mostly at values of 

the spin close to the peaks of fig. 23, sec. 5.33. The argument of 

the case T<S does not apply, since the solution at a point with T>S 

approximates adhesion area conditions, where |(X',Y')| should be 

smaller than unity. One might be tempted to think that where 

I(X',Y')I passes the value 1, a slip area with small T should be 

found. This is, however, not always the case, since a small value of 

T implies not only that |(X',Y')|«1, but also that the angle between 

slip and traction must be small. Mostly this angle is not small in 

an aberration. 

As to the case that (x,y) is near the edge of the contact area 

while |(X',Y')|> 1, we observe that for reasons discussed in sec. 

5.13, we used the weight function 

W = W^ S 1-x2/a2-y2/b2. (5.lU) 

As a consequence, little weight is attached during the minimalisation 

process to the behaviour of the solution near the edge of the contact 

area where W. is small, and hence in judging the solution in the 
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light of the requirement that |(X',Y')|< 1, little importance 

shoiild be attached to the behaviour near the edge. 

5.13. The choice of the weight function. 

The weight function of (5.lU) was chosen, because then V7T is 

proportional to the square of the absolute value of the difference 

between the actual tractions (X,Y) and the COULOMB traction 

yZ(w ,w ) , with the proportionality constant y2f 2Q2_ ^ ĝ  

consequence, y'*fQ„'*G2v2(v; TS) is the square of the rate of work per 

\mit area done by the difference of the actual tractions (X,Y) and 

the COULOMB traction yZfw ,w ] on the slip vfs ,s ], if the latter 
*• x' y* ^ '̂ x' y*' 

were in the same direction as the traction difference 

[X-yZw^, Y-yZw^. 

We also tried W=1, and compared the total force obtained with 

W=W. •with the total force obtained with W=1 for the degree M of the 

traction polynomials (X',Y') equal to 2 (12 T ' S ) , to 3 (20 T ' S ) , and 

to U (30 T ' S ) . We did not use higher degrees M, because of the large 

amount of machine time, see (5.13). We calculated the force f =r /yN 

for a circular contact area, POISSON's ratio a=0.28, and for pure 

lateral creepage (u =ij)=0, u -f̂o) , and also for pure spin (u =o =0, 

(t>̂ OJ. The results of the comparison are given in Tables U and 5. In 

reading the tables it should be remembered that the maximum value of 
Table U. A comparison of f with W=1 and with V/=W , for M=U. 

l^y,W=1 ~ ̂ y,V/=wJ 

u = 
X 

Max 

0.016 

(t>=0 

Mean 

0.009 

u =u 
X 

Max 

0.0U6 

=0 
y 
Mean 

0.016 

Table 5. A comparison of f with W=1, W=W , with the conjectured 

value of f . 

' ̂ ^y,W=1 ,M=U'^2^y,W=W^ ,M=U"^y,M=3 ' 

W 

1 

^1 

X ^ 

Max 

0.022 

0.033 

=0 

Mean 

0.009 

0.011 

w 

1 

^1 

u =u 
X J 

Max 

O.oUU 

0,029 

=0 
r 
Mean 

0.023 

0,018 
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f is 1. 
y 

v/e see from Table U that there is a distinct difference 
between f „ „ and f ., , for M=U. This indicates that we sho\ild 

y,W=W^ y,W=1 

have used a higher value of M in our calculation. The large amount 

of machine time precluded that, however. 

In table 5 we assume that fgf „ , ,, i+gf „ „ ,, , 1 is the 

y,W=1,M=U y,W=W. ,M=U'' 

correct value of f with which we want to compare the performance of 

polynomials with degree M=3. We see from Table 5 that the polynomials 

with M=3 gî ve passable results. The weightfunction W=1 performed 

better than W=W. in the case of pure lateral creepage, and W=W. 

performed better than ^•}=^ in the case of pure spin. In view of the 

fact that the largest errors occur in the case of pure spin, and in 

view of the amount of machine time available, we decided to adopt 

M=3, W=W , in all our further calculations. 

5.lU. Final remarks on the method. 

It should be observed that the formulation of the boundary 

value problem as a minimalization problem is by no means unique. In 

fact, one could also minimize the integral jj V7T^ dxdy, but we 
E 

preferred the integral (5.9), since the integrand is the square of a 

rate of work per unit area. A possibility to be considered is m=n=2: 

the integrand is then a rate of work per unit area. We tried it for a 

single case in which the integrand W.TS gave good results, but it 

turned out that the iteration did not converge. We suspect that this 

is because / K has too large gradients near 1^0 and S=0 to be 

workable. 

A possibility which has been investigated more fully is the 

minimalization of 

jj Wp T dxdy + ƒ ƒ W S dxdy = minimal, 

(5.15) 

|(X',Y')|< 1 in Ej^. 

This form has the drawback t h a t the adhesion area and the s l i p area 

e x p l i c i t l y enter i n to the minimalization problem. I t has the 

advantage tha t for fixed E and E^, for fixed w and w and i f \} 
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and W_ are functions of (x,y) only, it is a least squares problem, 

since S and T are then quadratic in T S O it has a single stationary 

value which is actually the absolute minimum. A situation which 

approaches fixed (w ,w ] is that of pure creepage with vanishing 

POISSON's ratio o. The variation of E and E, in all cases turns out 

to be simple: if at a certain point of the boundary WpT>W S, then E 

should be increased, if W T<W S, E should be increased. In the final 
^ J g 

solution W Ttw S on the boundary. So, assuming that the solution 

continuously changes with the creepage, we see that in the case of 

pure creepage with 0=0 we find the best solution in the sense of 

least squares, and assuming that this feature of (5.15) does not 

change when o/O and <(>5̂0, we see that there is a strong presumption, 

that we will find the solution from the stationary value of (5,15). 

Now, by a special choice of Wp and W we can obtain (5.9) ba^k. 

One must then take W =>/S, and W =WT. Note that now W and Vf depend 

also on T and S, which is different from what we assumed before. 

Seen in this light one can say that in (5.9) WT serves as a weight 

function on S in the adhesion area, so that the larger is the 

difference of the approximation of the traction and the COULOMB 

traction at a certain point, the more importance is attached to a 

small value of S at that point, while in the slip area S serves as a 

weight function on WT,so that the larger the slip at a certain point, 

the more importance is attached to a small difference between the 

approximation of the traction and the COULCMB traction at that 

point. 

It was found that the results of (5.12) compared better with the 

experiment than those of (5.15). In view of the fact that by making 

(5.15) stationary one probably finds the absolute minim\]m, we 

conclude that the process (5.12) of making (5.9) stationary probably 

leads to the absolute minimum of (5.9), 

Let us finally return for a moment to the fact that we have 

used the tractions of ch, 3, which are so that they vanish at the 

edge of the contact area. One might argue that this choice is not a 

necessary one, and that one could use any set of tractions which form 

a complete set of functions. So one could also use the tractions of 

ch. 2, which are infinite at the edge of the contact area. In that 
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case the displacement differences can be chosen arbitrarily, for 

instance 

u = -u X + éxy, V = -u X - i(|)x2. 
X ^ ̂ ' y 

We see t h a t u and v are second degree polynomials, and hence the 

corresponding t r a c t i o n in the contact area has the form 

X= G{l-(x/a)2-(y/b)2}-2 (dQQ+d^QX+dQ^y+d2Qx2+d.,^xy+dQ2y^), 

Y= G{l-(x/a)2-(y/b)2}-2 (epQ+e.,QX+eQ^y+e2ox2+e^^xy+eQ2y2]. 

Moreo-ver, we see from (U.15c) t h a t the r e l a t i v e s l i p (s , s ) = (0,0) 

throughout the contact a rea , so tha t the i n t e g r a l I of (5.9) ac tua l ly 

vanishes. However, | (X,Y) |»yZ near the edge, from which i t appears 

t ha t we must r e j ec t t h i s so lu t ion . So we see tha t the inequa l i ty 

|(X,Y)|<yZ i s indeed e s s e n t i a l for the solu t ion of the problem, and 

we see t h a t we cannot use the t r a c t i o n s of ch, 2 in a ca lcula t ion in 

which the inequa l i ty i s ve r i f i ed afterwards. Ins tead , we use the 

t r a c t i o n s of ch. 3 , which, as we r e c a l l , have the form 

(X,Y) = G{l-(x/a)2-(y/b)2}- '^ I {%^,^^^]^y^' 

These tractions already reflect something of the inequality 

|(X,Y)|<yZ, namely, they behave correctly at the edge of the contact 

area, and the inequality reduces to 

This relationship is much easier to satisfy that the inequality 

I (I V P y ^ I ep/y^) I < 2 ^ {l-(x/a)^-(y/b)2| 

which obtains in the case that we use the tractions of ch. 2, Indeed, 

the tractions of ch, 3 lead to an acceptable approximative solution 

in a great many cases, while, as we saw, the tractions of ch, 2 do 

not. 

5.2. The computer programme. 

In the subsections of the present sec t ion , we discuss several 

features of the AIiGOL-60 computer programme which was wr i t t en to 

perform the i t e r a t i o n described by (5 .12) . The input i s described in 
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5.21, in order to gî ve seme impression of the degree of generality 

of the programme. The possibility to use several forms of the 

integrand is described in 5.22, the optimalization of the programme 

is discussed in 5.23, and in 5.2U the output is described with the 

aid of an example (fig. 12). 

5.21. The input. 

To be specif ied at input a r e : 

a) The degree M of the t r a c t i o n polynomials; 

b) The r a t i o of the axes a/b of the contact e l l i p s e ; 

c) POISSON's r a t i o o; 

d) The points for the calcvilation of the i n t e g r a l ; 

e) The number 6 of (5 .12c) ; 

f) The maximum number of iterations; 

g). Creepage and spin; 

h) If necessary, the starting values T, ; 
k 

i ) Several featiu-es of the output . 

a) The importance of the genera l i ty of M hardly needs ads t ruc t ion . 

Owing t o the la rge amoimt of machine time involved, (see (5 .13 ) ) , 

only smsill •values of M (say, up t o 6) are of i n t e r e s t . So the 

load-displacement equations can be kept in core s to rage , which i s 

important •with a •view t o ca lcu la t ing speed. 

a ,b ,c ) The most d i f f i c u l t t o adapt t o the demand of var iable M, a /b , 

and 0 was the construct ion of the load-displacement equat ions . 

They are constructed by the machine in such a way tha t use i s made 

of the fact tha t they f a l l apart i n to four independent systems of 

equat ions . This was done t o avoid the occurrence of unnecessary 

zeros in the equations. The load-displacement equations are 

computed only once for a whole s e r i e s of calciiLations. After they 

hâ ve been computed, the lengthy procedure needed for t h e i r 

calc^ulation i s placed on tape and the memory space occupied by i t 

i s again free for use, 

d) The points needed for the ca lcu la t ion of the i n t e g r a l are taJcen so 

t h a t they form a rectangular network, the meshlength of which in 

the X and y d i rec t ions can be speci f ied separa te ly , 
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e) Ordinarily, we took 6=0.001. It should be noted that maxJAT, | in 

(5.12c) is an approximation of the error present in T, . Since in 

(5.12b) terms of order AT, AT. are neglected, the T, which we 

obtain at the end of the iteration contains errors of order 

max AT,, 

max T, 
, that is, of order ö'̂  = 10 ,-6 

f) Ordinarily, we set the maximum number of iterations equal to 12, 

If after these 12 iterations the inequality (5.12c) is not 

satisfied, the machine concludes that the calculation diverges, 

and proceeds to ancrther case. 

g) Creepage and spin are put in in terms of the significant data of 

the following triple loop: 

for x:= X step AX until X do 

for a:= a step Aa until a do — — o ' —— e —— 

for Jl:= 1 step 1 until I do \ (5.l6) 

begin C:= u[jl] cos a; n:= u[jlj sin a; 

perform the calculation; 

end; 

Here, u[l: Jl ] is an array the dimension l elements of which 

are gi-ven in the input, a is the angle between the vector (5,n) 

and the x-axis; it is given in degrees. 

h) The programme works in a chainlike fashion, taking the resulting 

T, as the starting value T for the next case. In the first case k k 
to be treated, T, is set equal to zero, unless it is specified 

k' 
otherwise. The presence of a set of starting values {T. } in the 

input is indicated by a control word in the input. 

i) The features of the output which are imder control of the input 

are discussed in sec. 5.2U. 

5.22. The form of the integrand. 

It was the object dxiring the writing of the programme to put as 
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few restrictions on the form of the integrand of I as was possible 

in view of the fact that hardly any loss of machine time may be 

suffered. So we chose as a general form of the integrand the 

function f(x,y,a,b,T,S). f is calculated by a procedure which gi'ves 

the values of 

*. f, f , f , f , f , f , 

: differentiation with respect to S, \ (5.17) 

* 
: differentiation •with respect to T, 

which are all that is needed from f in the course of the calculation, 

as we will see in sec. 5.23. Another function f can easily be tried 

by a modification of the body of the f-procedure alone. In order to 

facilitate this, the f-procedure is kept separate from the rest of 

the programme. More specifically, it is a pretranslated procedure in 

the Delft TRU, 

Up to now, we have extensively tried f=TS and f=V̂ '-TS, We also 

tried f=/W TS, It should be noted in this connection that the form 

(5,15) is not caught in this way: a separate programme was •written 

for it, which actually preceeded the present programme in time. 

5.23. Optimalisation of the programme, 

With a view to the formidable amount of machine time, the pro­

gramme , had to be optimalized as much as possible. Consequently, the 

first demand is that the load-displacement equations, which are 

constantly referred to in the course of the calculation, should be 

immediately available at all times. Hence they were placed in core 

storage. The procedure which computes them is \ised only once for a 

whole series of cases, so it was placed on magnetic tape in order to 

save space, 

Since every point of the network cô vering the contact area 

gives its contribution to every one of the (M+1)2(M+2)2 coefficients 

of the linear equations (5.12b), the generation of these equations 

takes up most of the machine time. Consequently, these equations are 

placed in core storage, and special case is taken to perform the 

calculation as efficiently as possible. This optimalisation took the 
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form of reducing the number of operations in the innennost loop of 

the programme as much as possible. We will give here the analysis 

involved, 

We introduce the following notations: 

P = V ^ ^ O O ' Q=Sy/yfQo=^S = p2+Q2; 

,k: differentiation with respect to T, ; 
* 
: differentiation with respect to T; 

: differentiation with respect to S, 

Hence, by (5.10), 

q. 
w = P/ï^, w = Q//g, P , = y z'. u., , 
X y .k >., J Jk' 

I , = I z'. v., , X', = X, , Y'. = y, . 
»k .£ J Jk' ,k Hi* ,k •'k 

J*~' 

Also, we set 

(5,18) 

(5,19) 

U = X'-w , V = Y'-w — ^ T=u2+v2. 
x' y 

We differentiate f(x,y,a,b,T,S) with respect to T, . That gives 

• , k 
f T , + f S , . 

, k ,k 

(5 .20 ) 

g ive s 

(5.21) 

We d i f f e r en t i a t e (5.21) with respect t o T . , 

^k) l = ^ \Ki * ^ S^ki ^ 

' ' * \ ^ \ i ' • ' " ^ \ ^ ^ r ^ i ^ ^ > ' " ^ ^ ^ l ' 

(5.22) 

We observe that in f , and f , occur only the quantities (5.17) 

which are produced by the f-procedure. 

In order to be able to evaluate (5.21) and (5.22), we must have 

the derivatives T , S , T , , S -

^ k = 2PP^k -̂  2QQ^k' 

,]s.l 2P,k^. -̂  ^\^^,l' 

(5,23) 

the latter, since according to (5,19) P ,, and Q , are independent of 
»k. ,ic 

T , Also, 
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(5.2U) 

^ k = 2UU^j, ^ 2W^^ , 

u,k = ^U - (̂ •̂ '̂ k̂ = ^U -̂  ^ (pQ .̂k-^'^k)= 
= X', + - ^ fw w Q , -w2p ) , 

, k y§ *• X y ^ , k y ,k'' 

V = Y' - (Q/ /§ ) = Y' + - I r (PQP , - p 2 Q ) = 

= Y', + J;=- (w W P , - W 2 Q , } , 

, k v^ >• X y ,k x^,k-' 

We d i f f e r e n t i a t e T , w i t h r e s p e c t t o T , That g i v e s a f t e r scjme 
yj£ Af 

c a l c u l a t i o n , i f we r e c a l l t h a t X* =Y' =0: 
^,kJl = 2U^j^U^^ + 2V^^V^^ + 2UU^^^ + 2W^^^ , 

\^i = ÏÏ ̂ . K-J^k^^Wx^^k]^ 
+ 4-Q 0 Ffw -3w w2')p +(w -3w W 2 ] Q , 1 ; ( 5 . 25 ) 

S ,1 L ^ y y x - ' ,k ' • X X y* , k j ' 

\Kl=i\i [(Wx^P,k^(V3-x^y)V]* 
*i\l [M^x^y)V3WyW2Qj, 

We i n t r o d u c e ( 5 . 2 3 ) , ( 5 . 2 U ) , and (5 .25 ) i n t o ( 5 . 2 2 ) . C l e a r l y , f . i s 

a b i l i n e a r form i n (x'^^, Y'^^, P^^^, Q ^ J and [T^, V^, T^^, Q J . 

w r i t e i t i n m a t r i x form, as f o l l o w s : 

We 

, X J c > , A ' ,Jc> , X f , X f 

A A A A , 

n i ^12 ^13 1U 

•'^1 ^ 2 ^23 ^2U 

•Si S2 Ss Su 

^M \ 2 \ 3 \ U 
.V 

w i t h 

^ij=^ji' ^U-it' ^U=y.' ^ ; r l̂ ĵ - j . ' \i=l^l ^ . 

(5 .26a ) 

(5 .26b) 

and 

A^^ = 2f* + U f - V , A = Uf**UV, 

A , , = - - ^ r w 2 + Uf*'uP - Uf'*Uw fUw -Vw 1 / . ^ , 
13 ^^ y y^ y x-"' ' 

A,,, = - ^ f*w w + Uf "UQ + Uf**Uw fUw -Vw l / > ^ , 
1U /g X y ^ x*- y x-* ' 

22 
2 f * + Uf**v2, 

(5 .26c ) 
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^23 = 
•^ f*w w + Uf**PV - Uf**Vw fUw -Vw 1/)^, 
•S X y y*̂  y x-* ' 

2̂U = - 7^ ̂*4 " ̂ *̂'̂ ^ "• ^^**^^J^y-'^^J/^* 
A33 = I f*WJ+3Uw^w2+v(w^-3w^w2)} + 2f'+ 

+ -i- f w2ruw -Vw •)2_3f \ „ rû ^ _vw 1+Uf'*p2, 

Su 

\h 

X y' 
f {-w w +ufw -3w w2')+vrw -3w w2') } + 

xy '•y yx-' "•x xy-*' 

" S ̂  V y (%-̂ Ĵ ̂  ̂ '̂ ^ ' (̂x-̂'ŷ  (%-Vŵ ] +^^' 'PQ. 

f f*(w2+3Vw w2+ufw -3w w2]} + 2f• + 
S ' X y X *• y y X-" 

• (5.26c) 

+ -^ f**w2(uw -Vw 12+8f*'w w (Uw -Vw ]+Uf"Q2. 
S x ' - y x - ' x y ^ y x - * 

It should be noted that all three factors of (5.26a) are position 

dependent. It should also be observed that if f=W.TS or f=TS, only 

A =A vanishes identically. So, very little is gained by •writing 

a special programme dealing with these cases only. The greater 

generality of f in the present programme is thus obtained at hardly 

any cost. 

A programme which computes the coefficients ƒf , = ff of the 

equations (5.12b) in a way which is based on the form (5.26a) of 

f , is easily given. Its innermost loop might look as follows: 

Generate the U arrays X',, Y',, P ,, Q ,; 

comment here and only here the load-displacement 

equations are used; 

Generate the A..; 
ij 

comment no array to save time; 

p:= (M+1)(M+2); 

for k:= 1 s tep 1 u n t i l p do 

begin C ; 
^ 1 ^ : k ^ ^ 2 ^ ; k • ^ ^ 3 ^ k • ^ ^ u v 

. n • — 
, , , , 1.^1 . - . . . , O p : — . . . ; ^ o 

comment the C. form no array to save time; 

for Jl:= k step 1 until p do 

end; 
/^kr= /̂ kii -̂  S^U -̂  ̂ ^2^;. •*• S^z •" %^,i' 

(5 .27) 

By making use of the fact that half of the numbers X' and Y' 
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vanish, (see (5.26b) and (5.1)), more calculation time can be saved. 

We avoid the use of subscripted variables as much as possible, since 

the call of a subscripted variable takes more time than the call of 

an ordinary variable. 

5.2U. The output. 

In the course of time, the output underwent a number of changes. 

We will disciass here only the final version, which was introduced 

when 75^ of the calculations described in sec. 5.33 were finished. A 

page of this output is reproduced in fig. 12. V/e will discuss this 

figure in some detail, in order to give an impression of the 

verification of the inequality in (5.9). 

The format of the nimibers in fig. 12 has three forms: 

^•xxx^jj±xx: a floating number with exponent at the right (fl); 

ixxx.xx : a fixed point number (fi); f'(5.28) 

±xxx : an integer (in). 

It should be remembered that throughout the programme the major 

semi-axis !L is unit of length. 

SPIN, MICROSUP, HOEK: a^(fi) a2(fi) a,(fi) 

with a^=X, a2=u, a =ci, see (5.I6) . 

Specification of creepage and spin. 

UPSX, UPSY, PHI: a.,(fi) a2(fi) a2(fi) 

with a.,=û /yfoo, ^^^^^^hf^Q, ^f^^h^oo' 

TOEG GEV a.|(fl) a2(fl) GEMAFW a (fl) 

with a = 6 max |T" I, a = max |AT, |, see (5.12c), 
^ IS. d ^ m 

m 
1 

a_ 
m , . 

1 t n I 
— J f (x,y,a,b,T,S), m: number of points in 
m .J 

contact area. 

We can see from the series of lines TOEG GEV etc. how fast the 

iteration process converges. It should be noted that ap gives 

an approximation of the error in the previous iteration. In 

combination with the fast convergence when ap gets small (here even 

faster than quadratic, when ap << I) this justifies us to give 6 the 
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S P I N . H I C R O S L I P ' H O E K : 

UPSX.UPSY,PHI 

p 
<5 

o 

c+ 

(S 

I 

II o 

Q 
II 
O 
. 
ru 
c» 

TOEG GCV..318282512545.• 
TOEG GEV..325191548846.-
TOEG GEV..3256688S6279.. 
TOEG GEV..325667730896.• 
CONVER 
FX FT HZ: 8.6249 '8.1228 
TAU 
.,986286119491.. O 
..196138755753.* 1 
..281355484687.. O 
..15387«845884». 8 
UVX 
..488Ï29468241.. 8 
..182384189883.. 1 
-.117220801728.. 1 
-.278*34689248.. 1 
-.162184888915.. O 
AFWIJKINGEN 

2.0808 1.7888 - 38.88 
8.9877 - 8.5241 1.7439 

2 ..825463583298.. O 6EMAFHI., 
2 ..196467231468.. O GCMAFNI*. 
2 ..243489761775.- 1 G E M A F M I * . 

2 ..223328902102.• 3 SCMAFM:*. 

0.3437 

-.349367884271.» 
-.166438669774.. 
-.166314884292.* 
-.432568316460.* 

-.131612477230.. 
..381801540534,* 
..806106721342.* 
-.111786684778.* 
*.213857179248.* 

-.598682684580.* 
*.339905894663.* 
*.591234429808.* 

-.920601446923.» 
*.156971680339.* 
-.621773461409.-
-.203120876839.* 
*.587589341798.* 

124967846745.- 1 
855982139915.- 2 
«36476356704.- 2 
836289979821.- 2 

O -.713134273210.* O -.412528882910.* 
O -.764905620931.* O *.363984163655.-
0 -.376036296511.* 8 -.186833563398.* 

8 *.978207865077.* 8 *.891314058189.* 
1 *.354127728882.-
1 ..186643896240.-
0 ..307240536349.* 
1 -.110478684091.* 

1 •,316159336350. 
1 *.460620005888. 
1 -.129517249693. 
O *.119064418005. 

T.S.y.X.F.S 
G.H.A.OPP: 
CONTACTVLAK 
- 4 
- 3 
- 2 
- 1 
e 
1 
2 
3 
4 
5 

T.S.INT.X.F 
YI-0.5808 
*.166133321545.• 
*.151439686385.-
*.588945898238.-
..266Z15543676.-
*.172421823307.-
*.514759714861.-
*.136197718111.-
*.^94^73858531.-
YI 8.6808 
*.124776151868.-
*.16eï>4e6l82l8.. 
*.417^16183353.* 
..122841013498.. 
•.111114408529.* 
•.11862'486022.* 
*.117/56519389.* 
*.182047302975.* 

HOEKI*.996538670152.- 1 *.782010710173.- 1 
1 1 1 22 

1.280» 0.2796 7,3 

. . H 
H H H 

H H H H H H 
H H M H H 
H H H H H 
, . A 

FM.ANF.MS.ARSI 

*.961605765187.» 
..736778676230.» 
*.538701820158.* 
*.382747524121.* 
*.267635781729.* 
•.184769929270.* 
».122651534»59.. 
..736370221387.. 

..191754441562.* 
*.429966799773.* 
..389696882t>34.-
..239830621106.-
..170290990747.-
..174456342756»-
..144254949480.-
*.111194903863.-

0 -,123869208908.* t 
1 *,12223482«3t«.* 1 
1 •.325667730909.* 1 

0 *.107945629140.. O 
1 *,795968278409.. 1 
0 «.204963694260.* O 
1 ..803980199801.* O 
1 .,622248889372.- 1 

• 
. 
. 
. 
* 
* 
• 

• 

• 

• 

. 
» 
* 
• 

• 

• 

8 -1 -1 •: 
-1 -1 -1 -] 
-1 -1 -1 -j 
•1 -1 -1 -j 
•1 -1 -1 -] 
-1 -1 -1 -j 
• 1 - 1 1 j 
•1 1 1 j 
- 1 - 1 1 1 
0 -1 -1 -J 

.415362375452. 

.557887698033. 

.178107908342.• 

.737016727598. 

.341735644771. 

.627739966291. 

.848690836696. 

.563484169512. 

.622885918368. 

.362351549698. 

.187386486478. 
216811678564. 
.148821192869. 
,127259204268. 
,849348037218. 
,295024579860. 

• 
-
-
-; 
-
-

• 2 
• 3 
• 2 
• 3 
• 3 

3 
. 3 
• 3 

• 2 
• 1 
• 1 

2 
• 1 
• 1 
• 2 
• 2 

-1 -: 
-1 -: 
-l -: 
-1 *: 

-1 

L 0 0 0 

-0.3500 
-0.2500 
-0.1500 
-0.0500 
0.0500 
0.1500 
0.2580 
8.3580 

-8.3500 
-0.2500 
•0.1500 
-0.0500 
0.0500 
0.1500 
0.2500 
0.3500 

0.9599 
1.0888 
1.0224 
1.0131 
0.9948 
8.9773 
0.9735 
0.9907 

0.8932 
8.9996 
8.3714 
0.2321 
0.2038 
0.2213 
0.2089 
0.1278 

Ó.4555 -
8.4241 -
8.3818 -
8.1996 -

27.3 
21.6 
16,3 
18,9 

77,9 
66,3 
47,8 
14.2 
26,9 
96,6 
71.1 
78,9 

3,1810 
2,7144 
2,3210 
1.9964 
1.6366 
1.3593 
1.1864 
8.6581 

1,3848 
8.6557 
8.1974 
8.8498 
8.1385 
8.1321 
8.1281 
8.1854 

- 27.6 
-22. 1 
- 16.3 
- 10.4 
- 4.9 
- 0.2 

3.1 
9.3 

- 79.9 
- 73.1 
- 61.8 

97.9 
128.7 
193.9 
188.1 
169,4 



modest value of 0.001. It should also be noted that a gives the 

mean value of f for T, = T, rather than T, , which is the one 
k iC K 

generated by the iteration. I'/hen the last value of a_ is smaller 

than all the pre^vious ones, we conjectiu-e that the stationary value 

is a minimum. It is seen that in the present case this condition is 

satisfied. 

CONVER 

After the machine concludes that the iteration is finished according 

to the criterium (5.12c), the word "conver" is printed. If the 

iteration is not finished after the number of iterations specified at 

input, the word "cycle" is printed and a new case is taken up. 

FXFYMZ: a.,(fi) a2(fi) a3(fi) 

•with a,=f =F /yN, a =f =F /yN, a_=m =M /yNc. 1 x x 2 y y ' 3 z z 
The total force and the torsional couple exerted on the lower body by 

the upper body. 

TAU 

(a number of lines of floating nvimbers) 

The T of the solution. Taking the inner product •with x^ and y, (see 

(5.1)) gives the traction polynomials X'=X/yZ, and Y'=Y/yZ 

respectively. It should be recalled in computing X' and Y' that the 

major semi-axis of the ellipse is the unit of length. 

UVX 

(a number of lines of floating numbers) 
M+1 M+1 

The slip polyncamials. Taking the inner product with 2x and 2y 

(see (5.1)) gives P and Q. The contributions of the creepage and the 

spin, which are first degree polynomials, are accounted for in UVX. 

AFWIJKINGEN: 

T,S,Y,X,F,S,HOEK: a., (fl)a2(fl)a2(in)aj^(in)a^(fi)ag(fi)a.^(fi) 

•with a =T, a =S, (a. ,a_) = coordinates in the network of the point 

under consideration, a =/X'2+Y'2, ar-=v̂ , a^= angle between traction 

and slip in degrees. 

This is a list of all the aberrations, i.e. the points of the network 

with T>S, |(X',Y')|>1, that is, the points in which the inequality of 

(5.9) is not satisfied in the critical case that T>S. In the present 
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case, we have that the aberration occurs at the edge of the contact 

area, while T is only a little larger than S. So the solution is 

acceptable. 

G,H,A,OPP: a.|(in) a2(in) a_(in) aĵ (in) 

with a =number of separate areas of slip; ap=number of separate areas 

of adhesion; a_=number of aberrations; ai=number of points in EL . 

This line gives some statistics regarding the solution. It should be 

observed that the solution itself does not specify the division of 

the contact area in areas of slip and locked areas. One can only say 

that a point with T<<S belongs to the area of slip, while a point 

with T>>S belongs to the area of adhesion. Quite arbitrarily, we set 

the boundary between an area of slip and an area of adhesion at the 

line T=S. It will be seen later on that in the case represented by 

fig. 12 the region where TR^S is narrow, so that there is in fact a 

sharp distribution between the locked region K and the slip region 

E . 
g 

CONTACTVLAK: 

-U . . . 0 0 0 -1 - 1 - 1 - 1 0 0 0 

e t c , e t c , 

This i s a crude p ic tu re of the di^vision of the contact area in areas 

of s l i p and adhesion. The numbers at the r i gh t were only \ised t o 

generate the p ic ture on the l e f t , and to compute the s t a t i s t i c s of 

G,H, e t c . In the p ic tu re on the l e f t , the colvmin of in tegers 

ind ica tes the l i n e number (y-coordinate) , A point ind ica tes tha t the 

point belongs to the area of s l i p , an H indica tes tha t i t belongs t o 

the loclied a rea , and an A indica tes an aber ra t ion . Complete data 

regarding the solut ion at an aberrat ion are found in the AFWIJKINGEN 

l i s t . I t i s seen from the p ic tu re in f ig . 12 tha t we took a 

rectangular mesh of points which has at most 10 points in the x-

d i rec t ion and 10 points in the y -d i rec t ion gi-ving a t o t a l of 80 

points in the contact area . 

T,S,INT,X,F,FW,ANF,WS,AES: 

Y: a^(f i ) 

a.,(fl) a2( f l ) B.^(tl) a^( f i ) a^(f i ) ag(f i ) a.j,(fi) ag(f i ) a^(f i ) 

e t c . 

121. 

file:///ised


with a = y-coordinate of the points listed below; a.=T, a„=S, a.,=f. 
° ^ 1 2 3 ' 

a, = x-coordinate of the point, a^ = /X'2+y'2j g, = /x2+Y2/yfQQG, 

a„ = angle between traction and x-axis in degrees, an = /S, 

a_ = angle between slip and x-axis in degrees. The angles a„ and 
a^ are between 0° and 90°, when X'>0, Y'>0; S >0, S >0. 
9 ' x ' y 

This is a specification of the solution at the point (a. ,a ) , where 

it should be recalled that the major semi-axis is unit of length. The 

values of (a. ,a ) are specified in the input. From this list we can 

judge the quality of the solution. In the case represented by fig.12 

one can see from the T and S of the points (-0,35, 0.5)» 

(-0,25, 0,5), and (-0.15, 0.5) that the distinction between locked 

area and slip area is sharply defined. It is also seen that the 

solution at y = -0.5 is of good quality. The angle between slip and 

traction is satisfactorily small (up to 3 ), and the traction is 

quite close to the COULOMB value (error up to k%). The values of f 

are all below average, see GEMAFW, The values of f at y = + 0.5 are 

above average, and it is seen that the quality of the solution is 

much worse than at y = - 0.5. It is worst at the separatrix T = S. 

5.3. Numerical results. 

The present section is divided into three parts. In 5.31, we 

calculate several cases with the object of comparing them with the 

experiments of JOHNSON [l,3], and of HAINES and OLLERTON [l] , In 5.31 

we treat only cases with circular contact area, since most of the 

experimental evidence is so confined, 

In 5.32, we try to give a qualitative survey of the behaviovir 

of the surface stresses occurring under conditions of rolling with 

creepage and spin, 

Finally, we direct our attention in 5.33 to the total force 

exerted by the upper body on the lower body, 

5,31. Comparison with the experiment, 

We calculated the cases of pure creepage in the x and y 

directions respectively, of pure spin and of combined lateral 

creepage and spin all for a circular contact area, •with the object 

of comparing them with the experiments. The results are shô wn in 
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figs, 13 to 17. 

In fig, 13, the dimensionless forces f = F /yN and f = F /yN 
x x y y 

are plotted against the creepage parameters S = u p/yc, and 

ri = u p/yc, respectively. Also plotted in fig, 13 are JOHNSON'S 

experimental values taken from [1], As the theoretical curves for 

the degrees M=2,3,U nearly coincide, we show only one -viz, M=2 for 

the g-f diagram, and M=U for the n-f diagram. The weight function 

W=1, The agreement is quite satisfactory. 
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Fig, 13, The t o t a l force due t o longitudinal and 

la tera l creepage, a/b=1, a=0,28, x=0, 

123. 



In fig, lU, f is plotted as a function of the spin parameter 

X=<t>p/y, for zero creepage. The weight function W=W., Curves for 

M=2,3,U are shô wn; where not drawn, the curve for M=2 follows the 

curve for M=3, Also given are experimental results taken trow K.L, 

JOHNSON [3, fig, 8], The coefficient of friction was not known; it 

was adjusted to fit the curve M=U best (y=0,09U), It is seen that 

the curve of M=3 lies markedly higher in the region X=0,7 to x=2, 

In this region, a change in the coefficient of friction has little 

effect upon the fit of theory and experiment. The curve of M=U in 

that region lies somewhat lower than the curve of 1^3, but still 

above the experimental values, 
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Fig. lU. The total force due to pure spin for various 

degrees M in comparison with experiments by 

JOHNSON, a/b=1, a=0,28, y=0,09U (estimated), 

I2U, 
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Fig, 15, The total force due to combined lateral creepage 

and spin in comparison with experiments by 

JOHNSON, a/b=1, a=0,23, 

1: x=0; 2: X=-0.56l; 3: X=-2,25; U: X=-U,78; 5: X=-9.58. 

1,2,3: y=0.08U5; U,5: y=0,10UU, 

In fig. 15, the results of the numerical theory are compared with 

the experimental evidence of JOHNSON [3] on combined lateral 

creepage and spin, i.e, u =0, (u ,ij>)?̂ (0,0). The numerical results 

were obtained with the weight function W=W and the degree M=3, Here 

also, the coefficient of friction y was not known; however, the 

differences between theory and experiment are rather insensitive to 
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changes in y for the curves 1 and 2 of fig, 15 which represent small 

values of the spin, so that they give a clear impression of the 

deviation of theory and experiment for small spin. The curves 1,2,3 

were measured with the same apparatus, so that it seemed natural to 

suppose that the coefficient of friction was the same in all three 

cases. It was adjusted so as to minimize the difference between 

theory and experiment for the curve 3(y=0,085). As a consequence of 

the way in which y was estimated, the correlation between experiment 

and theory for curve 3 is not necessarily as good as the one shown 

in fig, 15. JOHNSON perfonned the experiments for the ctirves U and 5 

(large spin) by means of a different apparatus, so that it seems 

justified in assuming for curves U and 5 a coefficient of friction 

which differs from the one taken in curves 1,2,3, The y for U and 5 

was chosen so as to minimize the differences between theoiy and 

experiment in those curves (y=0,10U), The differences appeared to be 

very sensitive to changes in y. Consequently the correlation between 

experiment and theoiy is not necessarily as good for the curves U and 

5 as the one shown in fig, 15, 

The moment M agreed badly with the experiments. However, it was 

pointed out by JOHNSON [3] that a moment due to elastic hysteresis is 

present in the experiments, which is of the same, or even larger 

order of magnitude than the moment due to surface friction. So there 

is little practical significance attached to the moment M as we 

calculate it, and consequently we omit it from our further 

considerations, 

In fig. 16, the results for pure longitudinal creepage, 

calculated with W=W and M=3, are compared with the photoelastic 

work of HAINES and OLLERTON [1], In the upper left part of fig, I6, 

the circular contact area is divided into an area of adhesion and an 

area of slip, the separatrix being assumed to be the line T=S, The 

distinction between E and K is quite sharp. Also sho'wn is the 

separatrix according to HAINES and OLLERTON, It is seen that the 

lines are quite close. Also sho'wn in fig, 16 is a comparison 

between HAINES and OLLERTON's surface stress and oxir results. The 

agreement is best for y=0, and worst for y=0.80. The value of P (see 

(5.18)) is shown for y=0. It is seen that it rises sharply in the slip 
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Fig, l6, A comparison with the photoelastic 

results of HAINES and OLLERTON. 

a/b=1, 0=0,5, n=X=0, 5=0,90, 

zone, and •winds itself about zero in the a.dhesion zone, 

In fig. 17» we show the di •vision of the contact area in areas 

of slip and adhesion according to the numerical theory, the strip 

theory (KAIKER [2]), and the experimental evidence of JOHNSON [U], 

which consists of a photograph of the track of a rubber ball rolling 

over a sooted transparent plate (JOHNSON [U] , fig.8b), The value of 

the spin parameter X=1.20, and POISSON's ratio a=0,50 (for, taking 

the rubber ball as the upper body, we have that G >>G , 0 =0,50; 

hence, according to (2,10), G=2G , a=0,50, K=0). The longitudinal 

creepage u =0, so that F =0, and u is chosen so that F also 

vanishes: that is, we are in fig. 15 at the intersection of the line 
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Fig. 17. The separatrix for combined lateral creepage and spin. 

a=0.5, f =0, X=1.20, n= -0,57. 

1: strip theory. 2: numerical theory. 

Broken line: a photograph by JOHITSOII, 

X=1,20 (not shown) with the n-axis. The theoretical separatrix is 

the line T=S, the degree M=3, the weight function W=W . It is seen 

that JOHNSON'S contour is asymmetric with respect to the x-axis, 

while our contour is symmetric, as it should be with u =0, see 

(U,26). This is attributed by JOHNSON to the fact that the soot is 

swept into the adhesion area in the lower part of the figure, while 

it is swept away from the adhesion area in the upper part, 

5,32, Qualitative beha"viour of the solution, 

In the present section and its subsections, we will make some 

observations on the qualitative beha'viour of the solution in the 

case of pure creepage (((1=0, sec, 5.321), pure spin (u =u =0, sec. 

5.322), and arbitrary creepage and spin (sec, 5.323). 
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5.321. Pure creepage. 

In the case of pure creepage, the area of adhesion borders on 

the leading edge of the contact area, and it is, according to the 

numerical theory, approximately symmetric about the x-axis. In the 

cases of purely longitudinal or purely lateral creepage, the form of 

the area of adhesion is well predicted by the strip theory of ICALKER 

[2], which is a generalization of the strip theory due to HAINES and 

OLLERTON [1]. According to KAIKER [2], the separatrix is found by 

shifting the trailing edge of the contact area parallel to itself 

along the x-axis, see fig. I8, where the case of a circular contact 

Fig. 18. Separatrix according to KAIKER [2] for pure creepage. 

area is shown. So, in the theory of KAIKER [2], the area of adhesion 

is symmetric about the x-axis when there is combined longitudinal and 

lateral creepage, but no spin. When the total creepage increases, the 

separatrix comes to lie further and further from the trailing edge, 

until there is no area of adhesion left and gross sliding commences. 

Adhesion areas of this type have been observed by HAINES-OLLERTON [1] 

for pure longitudinal creepage, and by HAINES [2] for pvire lateral 

creepEige. 

The beha^vio^ur of the absolute value of the traction can be seen 

from fig. 16. Going in the rolling direction along a line parallel to 
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the X-axis, the tangential traction first increases according to 

|(X,y)|=yZ in the slip area, then falls below yZ near the separatrix, 

and stays below yZ in the locked area. According to the strip theory 

of HAINES and OLLERTON [l] and of KAIKER [2], the curve representing 

the traction would have a vertical tai-ïgent at the separatrix. 

The traction vectors are in general not parallel to each other. 

In the case of pure longitudinal creepage, the traction direction 

behaves qualitatively as sketched in fig. 19a. The di •vision of the 

contact area in areas of adhesion and slip is not shown, our 

considerations are valid both for the area of slip and for the area 

of adhesion, y is the angle between the traction and the x-axis. It 

is seen that the angle y vanishes on the x-axis, since the traction 

is mirror-symmetric about the x-axis, see (U,27). V/hen the 

longitudinal creepage changes sign, the direction of the traction is 

reversed, that is, the arrows in fig. 19a are reversed. To give an 

idea of the magnitude of y, we giro some values for 5=0,8, n=ij^O, 

a/b=1, a=0,28. Then YO = -Yi = 8 , and YK = -Y2 ~ 3 , For increasing 

|y|, the absolute value of Y increases. For increasing longitudinal 

creepage |5|, |Y| decreases. For increasing values of POISSON's 

ratio 0, |Y| increases up to values of about 20 for a=0,5. For 

values near unity of the excentricity |e| of the contact ellipse, 

creepage 

Fig, 19. An impression of the direction of the traction for 

a) longitudinal, b) lateral creepage, without spin. 

130. 



IYI decreases . I t should be remarked tha t the foremost points of f i g . 

19a l i e in the area of adhesion or close to i t , when |5 |=0 .8 , Deeper 

in the adhesion area , and for smaller values of | 5 | , the t r a c t i o n 

becomes much smaller than the COULQtffi value, and i t s d i rec t ion 

according t o the numerical method tends to be e r r a t i c . One should not 

place undue re l i ance on the fact t ha t the d i rec t ion of (X',Y') i s 

e r r a t i c when | (X ' ,Y ' ) |<<1 , since the e r ro r in the numerical method 

may drown the information. We also meet t h i s phenomenon l a t e r on, 

In the case of pure l a t e r a l creepage [u =(ji=o) , the t r a c t i o n 

d i rec t ion behaves q u a l i t a t i v e l y as sketched in f ig , 19b, I t i s seen 

from f ig , 19b tha t on the x-axis the angle 6=0, since according to 

(U,26), the t r a c t i o n and s l i p are mirror anti-symmetric about the 

X-axis, whenever u =0, Also, when under the conditions of f i g , 19b 

the l a t e r a l creepage changes s ign , t r a c t i o n and s l i p are reversed, 

I f n=0.8, 5=*=0, a /b=l , a=0,28, then 6.|= -$3=7°, and ^^ -01^=3°. | 6 | 

increases for increasing | y | ; | B | decreases for | e | + 1 , and for 

increasing | r i | . The foremost points of f i g , 19b l i e in the area of 

adhesion or close t o i t when | n |=0 ,8 . Deeper in the adhesion area , 

and for smaller values of | n | , the t r a c t i o n becomes much smaller than 

the COULOMB value, and i t s d i rec t ion according to the numerical 

theory tends to be e r r a t i c . 

We f ina l ly observe tha t the maximimi values of |Y1 and | B | found 

here are of the same order of magnitude as the angle 8 of (U.U6), 

which i s the maximum angle between s l i p and t r a c t i o n in the problem 

of in f in i t e s ima l creepage and sp in . The same values also occur in the 

s t r i p theory of KAIKER [2] , f i g . U, 

We leave the discussion of the t o t a l force exerted on the lower 

body t o sect ion 5.33. 

5.322, Pure spin , 

In the case of pure spin, the area of adhesion is symmetric 

about the x-axis, in accordance with the symmetry relations (U,26), 

In fig. 20, we sketched the di-vision of the contact area into areas 

of slip and adhesion for different values of the spin parameter X. 

The separatrix is assumed to be the line T=S, All three figures 

correspond to a/b=1, a=0.28, u =u =0. The adhesion areas are shown 
X Y 
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a) X=0.53 b) X=1.24 

c) X=1.95 d) X=2.65 

Q Y 

e) X=336 f) Yond Q for y=0, X=2.65 

Fig, 20, a / e : Areas of adhesion (shown shaded) and s l i p for pure sp in , 

a/b=1, 0=0.28, f: Traction Y and s l i p Q on the x-axis for x=2.65. 

132, 



shaded. The t r i v i a l case i(;=0 has not been sketched; the adliesion 

area •then covers the -vftiole of the contact area (free r o l l i n g ) , In 

f i g . 20a, "the case X=0.53 has been sketched. I t i s seen tha t s l i p 

commences a t the t r a i l i n g edge of the contact a rea , but tha t the 

X-axis l i e s e n t i r e l y in the adhesion zone. For increasing values of 

the sp in , the areas of s l i p grow, while the x-axis remains in the 

adhesion zone; the adhesion area becomes narrow in the y -d i rec t ion 

(see f i g , 20b, X=1,2U), and f i n a l l y s p l i t s in to -two par t s ( f ig ,20c 

X=1,95) . The i s land on the l e f t i s the adhesion area about the point 

with X=Y=s =s =0, The t r a c t i o n vectors from a ro t a "ting f i e ld about 
X y 

t h i s adhesion a rea , see f i g . 2 1 . Both s l i p and t r a c t i o n have a l a rge 

gradient there in the numerical so lu t i on , see f i g . 20f. With fur ther 

increas ing sp in , the adhesion area on the r i g h t of f i g , 20c decreases 

in s i z e ; then i t breaks up in to small pa r t s ( f i g , 20d, X=2,65), and 

f i na l l y vanishes ( f i g . 20e, X > 3 ) . The i s land on the l e f t remains, 

r e t a in s the character out l ined above, but moves inward toward the 

centre of the contact a rea , where the spin pole of LUTZ [^1,2,3] and 

WERNITZ [1,2] i s s i tua ted (see (U,93)), The behaviour of the so lu t ion 

on the X-axis , upon which the is land l i e s , can be gathered from f i g . 

20f, in which i s sketched the r e l a t i v e s l i p Q (see (5 . l8 ) ) and the 

d i s t r i b u t i o n of the t r a c t i o n Y, both on the x -ax i s . The c i r c l e 

represents the COULOMB value of the t r a c t i o n . I t i s seen tha t s l i p 

and t r a c t i o n vanish at about the same point in t h e adhesion i s land 

on the l e f t . I t i s a lso seen tha t going in the r o l l i n g d i rec t ion the 

r e l a t i v e s l i p Q increases sharply with increasing x, a t t a i n s a 

maximum, and decreases again with a much sma.ller gradient . This 

c l ea r ly shows the influence of the two small adhesion areas on the 

r igh t of f i g . 20d, I t should be observed, f i n a l l y , tha t i t i s doubt­

ful whether the two small adhesion areas on the r igh t of f ig , 20c 

ac tua l ly e x i s t . Indeed T > S, but the difference i s small , and, 

moreover, the l a rges t contr ibut ion t o T stems from the fact t ha t the 

angle between s l i p and t r a c t i o n i s r a t he r large (up t o lU ) , In f a c t , 

for s l i g h t l y di f ferent values of ij;, n , and 5, aberrat ions occur in 

t ha t region, in the sense tha t |(X,Y)|>yZ, and T > S, The occurrence 

of the i s l and on the l e f t i s a lso scaaewhat doubtf\il. I t i s e n t i r e l y 

possible t ha t the t r a c t i o n s have a d i scont inui ty t h e r e , and tha t t he 
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slip has there a simple zero, 

In fig, 21, the traction distribution in the contact area is 

shown for various values of the spin. Only half of the contact area 

has been drawn. The traction distribution is given in the form of 

curves of constant ratio between the resultant surface stress |(X,Y)] 

and the COULOMB traction yZ in percents. These lines are symmetric 

about the x-axis. The arrows represent the direction of the traction 

exerted on the lower body; according to (U,26), the tangential 

traction is mirror anti-symmetric about the x-axis, see fig. 19b. 

It is seen from fig, 21 that the tractions form a rotating field 

with somewhat varying centre of rotation. The spin pole of LUTZ and 

'I'JERNITZ lies in the centre of the contact area, but it is seen that 

there is no point X=Y=0 inside the contact area when X=0,53 

(fig, 21a), such a point enters the contact area, (fig, 21b, x=l,2U), 

and slowly moves towards the centre of the contact area with 

increasing spin (fig. 21c, x=2.65). 

5.323. Arbitrary creepage and spin. 

The case of arbitrary creepage and spin lies between the cases 

of the spin pole at infinity (pure creepage) and of the spin pole at 

the center of the contact area (pure spin). An example is sketched 

in fig, 22, in the manner of fig, 21, The determining parameters of 

fig, 22 are: X=0.70, 5=-n=0,50, a/b=1, 0=0,28, M=3, W=W., The spin 

pole of LUTZ and V/ERNITZ lies on the circle, and has the coordinates 

(0,71a, 0,71a), where a is the radius of the contact circle. The 

point X=Y=0 lies approximately at (0,25a, 0,50a), Since the traction 

is small near this point, it is not clearly defined. Also, when the 

parameters 5,n,'|' get larger in absolute value in such a way that the 

spin pole retains its position, the absolute value |(X,Y)| of the 

traction has a minimum inside the contact area, but no zero. However, 

the accuracy of the numerical method is not so that one can come to 

a decision on the point whether there is a zero or not. It is seen 

from fig. 22 that the traction again forms a rotating field with the 

centre somewhere in the first quadrant x>0, y>0. In this quadrant, 

the values of the traction are small, and, especially near the point 

X=Y=0, the direction is erratic; this is possibly a case of the error 
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a) x>053 

b) x=124 

Fig, 21. Traction distribution for various values of the spin. 

a/b=l, 0=0.28, 5=n=0, 
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Fig, 22. Traction distribution for a case of combined creepage and 

spin. 

a/b=1, 0=0,28, X=u=0,7, a = -U5°, 

in the calculation drowning the information, 

5,33. The total force transmitted to the lower body, 

For fixed ratio of the axes a/b and fixed POISSON's ratio o, one 

\ can imagine surfaces of constant creepage u=/52+n2 in the three-

dimensional (f ,f ,x)-space. The surfaces of constant creepage all 

lie inside the cylinder f2 + f2 = i, or, equivalently, F2 + F2=y2ii2. 

This cylinder represents the limiting case that 52+^2^. „^ see fig, 

2Ua,b,c, It was found that the surfaces u=constant form tubes in the 

X-direction which lie inside each other, and which have a roughly 

circular intersection with the planes X=constant, the radius of the 

tube increasing as u increases. The radius decreases when the spin 

136, 



becomes larger, i.e. as !x| increases, see fig. 2Ua,b,c, In the limit 

X -̂  =» , the force is determined solely by the parameters c5/x, and 

-cn/x, which are the coordinates of the spin pole, see (U.93). So 

the "radius" of the tube is roughly detemiined by the quantity u/|x|, 

as X ̂  °° , 

I t follows from the considerat ions of symmetry of sec . U.2 t h a t 

the (x,f )-plane i s a plane of symmetry of the tubes , for when the 

point (f ,f ,x] corresponds t o ( 5 , n ) , then (-f , f ,x) corresponds t o 
X y X y 

( - 5 , n ) , see (U.23f). I t follows from (U.22e) t ha t the tubes are 

symmetric about the o r i g i n , for i f the point (f , f ,x) corresponds t o 

(5»n), then (-f , - f ,-x) corresponds t o ( -C, -n) . Hence we need for 

the construct ion of the tubes only the per t inent information in the 

quarter space f > 0, X > 0. l-Then 5=n=0, the tube degenerates in to a 

l i n e in the (f ,x ) -p lane . This i s the case of pure sp in , which i s 

given in f i g . 23 for four values of the parameter a /b , with POISSON's 

r a t i o 0=0,28, 

The t o t a l force t ransmit ted to the lower body was calculated in 

a great number of cases , with the degree M=3, the weight function 

W=W , and a=0,28. F i r s t , we ca lcula ted the case of pure spin 5=n=0 

for a/b=2, 1, 0 . 5 , 0.2. The r e s u l t s are shown in f i g . 23. Then we 
calcula ted f and f as functions of £ and n, for fixed values of 

X y 

sp in , POISSON's r a t i o , and r a t i o of the axes a /b . The values of X 

were chosen so t h a t we obtain the plane of pure creepage (x=0)> then 

two values of X before the peak in f i g , 23, one at the peak, and two 

a f t e r . In f ac t , we calcula ted 

0=0,28, a/b=2; X=0,2 ,1 ,2 ,3 i ,7 ; var iable 5 and n, 

0=0,28, a/b=1; X=0,5,1,2,5,10; var iab le ? and n, 

0=0,28, a/b=0,5; X=0,1,2,3,5,10; var iab le 5 and n, 

0=0,28, a/b=0,2; X=0,5,1,2,5,10; var iab le ? and n, 

The case X = "> has been t r e a t e d in sec , U,U, f i g . 10 and 11. 

The r e s u l t s of these ca lcula t ions w i l l be l a i d down in a report of 

the Laboratorium voor Technische Mechanica of the Delft Technological 

Univers i ty . Some r e s u l t s of the ca lcula t ions with X = constant are 

given in f i g . 2U, a l l for a/b=1, o=0.23. 

We a lso attempted to ca lcu la te the case a/b=5, but here the 

(5.29) 
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Fig. 23. f -X diagram for various values of a/b. 

0=0.28, 5=n=0. 

numerical method failed to give results in a large portion of the 

curve of pure spin, situated around the peak. Either the iteration 

process (5.12) failed to converge, or it gave incorrect results, with 

aberrations covering nearly the entire contact area, and with f2+ f2 

exceeding unity. By taking special care in the choice of the initial 

value T° , the trouble could be concentrated in a smaller position 

of the curve of pure spin, but even so the solutions obtained showed 

many aberrations. We decided to drop the case altogether in view of 

the formidable amount of machine time needed to obtain any results 

at all, which would be of poor quality as well. Also, the case would 
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Fig. 2Ua. Lines of constant u and ci as functions of f and f , 

a /b=l , 0=0.28, X=0. 

seem t o have l i t t l e p r ac t i c a l i n t e r e s t : i t i s the case of a contact 

area which i s narrow in the l a t e r a l d i r ec t i on , an extreme case of 

which i s a c i r cu l a r knife r o l l i n g over a plane. The t rouble in the 

case a/b=5 was already foreshadowed in the calcula t ions of the case 

a/b=2, where near the peak many aberrat ions T > S, |(X,Y)|>yZ 

occurred. In pure spin a l s o , the r e s u l t i n g values near the peak of 

f for a/b=2 were somewhat e r r a t i c , which i s the reason why tha t 

port ion of the curve of f for a/b=2 i s given in f ig , 23 with a 

broken l i n e . 

In f i g . 23 we show the case of pure sp in , for d i f ferent values 

of a/b. The curve for a/b=0.5 i s shown only p a r t i a l l y ; i t goes 

through the or ig in in the same way as the other curves, and on the 

r igh t the curve a/b= 0.5 i s very close t o the curve a/b=2. In f a c t , 
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the values of f lie slightly higher in the case a/b=0,5, but not 

significantly so. It is seen that the curves of f as functions of X 

increase from zero to a maximum, then decrease again, appr̂ .̂ .oning 

zero asymptotically. Two competing mechanisms are at work. For small 

values of |x|, the effective spin pole lies far from the origin, see 

fig. 21. However, the area of adhesion is large, which keeps the mean 

absolute value of the traction down as a consequence of elastic 

deformation. As |x| increases, the area of adhesion becomes smaller, 

and the mean absolute value of the tractions grows. At the same time, 

however, the effective spin pole moves towards the origin. 

Consequently, the direction of the traction becomes diversified, 

which tends to diminish the total force. Especially for small values 

of a/b, the effects appear to keep each other in check for a large 

range of values of X around the maximum, for the maximum is very 

flat. 

It is seen from fig. 23, that the value of the maximum decreases 

when a/b decreases, that is, when the ellipse becomes narrower in the 

rolling direction. If we assume tentatively that the effective spin 

pole lies in the point (-aa,o), where a is some function of X 

independent of the ratio a/b, it is clear that with decreasing a/b 

the area occupied by points with a large x-component of the traction 

increases, while in the determination of the total force the x-

components cancel each other, owing to the mirror antisymmetry of the 

traction. 

It is also seen from fig. 23 that the value of x at which the 

maximum is reached, first increases with decreasing a/b, reaches a 

maximum at a/ba0.5, when a=0.28, and then decreases again. This is 

partially because for the same value of the spin parameter (jic, a 

slender ellipse has a larger area of slip than a non-slender ellipse, 

so that the effect of the elastic deformation described above, dies 

out for a smaller value of ()>c. 

We now tvtrn our attention to the figures 2U. They represent the 

case 0=0.28, a/b=1. In the three-dimensional [f ,f ,x]-space 
X y 

introduced above, they are planes of constant X. In fig. 2Ua, X = 0 

(pure creepage). Fig, 2Ub represents a value of X near the peak of 

fig, 23 (x = 2), Fig, 2Uc represents a value of X beyond the peak, 
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for which f fu =0, u =o l»g max f : X = 5. In the f igu res , the 
y*- X • y •' X ^ 

t angen t i a l s are l i ne s of constant creepage u = V^'^+T\^ = constant , 

The r ad i a l s are l i ne s of constant a, where 

5 = ucosa, n = us ina , u = v^^^, a in degrees, (5.30) 

in accordance with ( 5 . l 6 ) . 

In f i g , 2Ua, only the f i r s t quadrant i s shown because when x = 0 , 

the re i s symmetry about both the f and f axes. I t i s seen tha t the 

l i n e s a = 30 and o = 60 are nearly s t r a i g h t , except at the end 

u ->• " , where they make a sharp t u r n . This means tha t the r a t i o f / f 

depends p r inc ipa l ly on the r a t i o E,/r\ for values of u up t o 1,7» In 

f ac t , 

25° < tan~^(f / f ) < 27,6° when a = 30°, 0 < u < 1,7;1 a/b=l 
1 ^ "̂  o n (5.31a) 

53 < t an" (f / f ] < 56.7 when a = 60 , 0 < u < 1.7. o=0.28 

According t o the theory of JOHITSON and VERMEITLFN [5] , these angles 

are constant , and 

tan" , [f It ) = 25.8° when a = 30°, u > 0; 

r^ ff /f 1 = " '•° 
*• y x> 

a/b=1, 0=0.28. 

t an" (f It ) = 55,U° when a = 60° , u > 0; V (5.31b) 
y X 

In f i g s . 2Ub and 2Uc, only the f i r s t and fourth quadrants are 

shown, s ince the f - ax i s i s a l i ne of symmetry. The curves u=constant 

are egg-shaped, with the f l a t end up. In f i g . 2Ub (X = 2 . 0 ) , the 

curves for a = -30 and a = -60 show some wa-viness. i t i s not at a l l 

ce r ta in whether t h i s wa^viness ac tua l ly occurs in p r ac t i ce : i t i s 

quite possible tha t i t i s due t o e r ro r s in the nimierical ca lcu la t ion , 

I t i s seen from f ig , 2Uc tha t the wa-viness i s completely gone for 

X = 5, In f ig , 2Uc, the effect of the diminishing radius of the tube 

u=constant with increasing X i s c l ea r ly shown, 
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6, Conclusion, 

In this final chapter we will re-view in 6,1 the results which 

have been achieved in this thesis, and in 6,2 we will make some 

observations on further research, 

6.1. Results achieved. 

In this thesis, we confine ourselves to contact problems 

between purely elastic bodies which can be approximated by half-

spaces, while the contact area is elliptic in form. The method for 

the solution of contact problems with friction which is discussed in 

this thesis is, strictly speaking, only valid when the elastic 

constants of the bodies are the same, or when both bodies are incom­

pressible. The method gives an approximation in case that these 

conditions are not satisfied. A crude estimate of the error of this 

approximation is given in sec. 2.1, 

In chapters 2 and 3, we discuss the general theory. It was shô wn 

in 2,2 that a generalized version of GALIN's theorem (GALIN [l], ch. 

2, sec. 8) can be established without recourse to LAME's ellipsoidal 

harmonics. As a consequence of this, DOVNOROVICH's method [l] for the 

calculation of contact problems without friction on the basis of 

GALIN's theorem could be adapted in 2.3 to contact problems in which 

there are also frictional forces. DOVNOROVICH's method was generalized 

in 2.U sqq. in the sense that the connection between tractions and 

displacement differences was given explicitly for any degree M of the 

determining polynomials. In 3.1, the theory is worked out for the 

case without traction singularity at the edge of the contact area. 

DOVNOROVICH also considered this problem, but he did not arrive at the 

simple relationship (3.15), The examples treated in 3,2 sqq, are all 

well-known. 

In chapters U and 5» we discuss the problem of contact in steady 

rolling. The boundary conditions are well established, see e.g. DE 

PATER [l] and KALECER [l]; they are set up in section U.I. In U,2,, we 

derive a number of symmetry relations between the surface tractions 

and the slip on the one hand, and creepage and spin on the other 

hand. These relations lead to a number of symmetry properties of the 
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t o t a l force and the t o t a l t o r s i o n a l moment as functions of creepage 

and sp in . I t i s a l so found t h a t the determining parameters of t he 

problem are a /b , 5, n, X, and o. We have not found the symmetry 

r e l a t i o n s in t h i s form in the l i t e r a t u r e , 

The l imi t ing case of i n f in i t e s ima l creepage and spin (sec , U,3 

sqq.) was t r e a t e d before in the l i t e r a t u r e , but we generalized i t t o 

e l l i p t i c contact a reas , KAIKER's proof (see [̂ l] , p , 168-I69) t h a t no 

s l i p takes place at the leading edge of the contact area when creepage 

and spin are i n f i n i t e s ima l , and which i s va l id for c i r cu l a r contact 

areas and vanishing POISSON's r a t i o , was extended in sec , U,31 t o 

e l l i p t i c contact areas and a r b i t r a r y POISSON's r a t i o . The creepage 

and spin coeff ic ients C.. (p.91 t o 93) coincided with those obtained 

in KALKER [1 ] , pg. I7U, when the contact area i s c i r c u l a r . I t was 

fo^und in KAIKER [1] tha t the creepage and spin coeff ic ients agree 

with JOHNSON'S experiments [ l , 2 , 3 ] , when the contact area i s a 

c i r c l e . In a comparison with the experiments of JOHNSON and 

VERMEULEN [5] , i t was found t h a t C agrees well with the experiment 

when the contact area i s an e l l i p s e . The curious and unexplained 

phenomenon tha t C__ = -C_p, which was noted in KALKER [1] , occurred 

a lso with e l l i p t i c contact a reas . 

The theory of LUTZ [ l , 2 ,3 ] and WERNITZ f l ,2] for very la rge 

creepage and sp in , which i s confined t o the case tha t u =0 or u =0 

when the contact area i s an e l l i p s e , was general ized in s e c . U.U t o 

the case that o # 0, u 5̂  0, 
X y 

The nimierical theory of ch. 5 for steady rolling with arbitrary 

creepage and spin, which consists of the minimalization of a certain 

integral, appeared to work reasonably well for the degree M=3, and 

the weight function W=W.. The error in the total force is at most 

about 10^, see fig. 15. The error in the traction distribution is 

larger, see fig. I6, A qualitative description of the tractions in 

steady rolling is given in sec, 5,32 sqq. The calculations were 

carried out for a large number of the defining parameters a/b, 

5, n, X (see (5,29)); POISSON's ratio was kept at o=0.28 throughout, 

The calculations prô ved to be exceedingly lengthy, so that in o\ir 

opinion the main significance of the theory of ch, 5 lies in the 

possibility that existing approximate theories (JOHNSON [l,2,3,U,5], 
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LUTZ [1,2,3] - WERNITZ [ l , 2 ] , DE PATER [1] - ICALKER (sec . U.3 s q q . ) , 

HAINES - OLLERTON [ l ] , KALKER [2]) or theor ies t ha t w i l l be developed 

yet can be t e s t e d with the numerical theory. 

6 .2 . Further research, 

I t would be of i n t e r e s t t o have a deeper ins ight in the i n t e r ­

act ion between the normal and the t angen t i a l problem, when K ^ 0, 

Such an i n t e r e s t i s mainly academic in the case of the influence 

of the t angen t i a l t r a c t i o n on the normal problem. An i n t e r e s t i n g 

aspect of such a theory i s the change of the contact area as a 

consequence of t angen t i a l t r a c t i o n s . A simple, n o n - t r i v i a l problem of 

t h i s sor t i s the problem of gross s l id ing in Hertzian contact . In 

t ha t case , the boundary conditions are 

w = ,2_r ,„2 •Ax^-By'^ + a , 1 

X = y Z , Y = 0 J ^ " ^ ' ^^-^^ 

w > -Ax2-By2 + a , [ 
X = Y = Z = 0 | o n z = 0 , outside E, (6.2) 

Displacements and s t resses vanish at i n f i n i t y . (6.3) 

In the ro t a t i ona l l y symmetric case of pure spin about the z - a x i s , 

X = ' , Y = + ——z:^ , the normal problem i s unaffected by the 

'X+y / x + y 

t angen t i a l t r a c t i o n s , see SNEDDON [1 ] , ch. V, sec . 31 . 

The case of the normal problem influencing the t angen t i a l 

problem i s of grea ter p r a c t i c a l i n t e r e s t , espec ia l ly in the case of 

8 small coeff ic ient of f r i c t i on y. This would be an inves t iga t ion 

i n t o the second approximation of sec , 2 , 1 , This has already been 

ca r r i ed out for the two-dimensional case of two cylinders r o l l i n g 

f ree ly over each o ther , see JOHNSON [U], In the general t h r e e -

dimensional case of r o l l i n g contac t , the treatment would d i f f e r only 

s l i g h t l y from the one given in chapter 5. The only new th ing needed 

i s 
i u _ _ [iul 3v^ _ r3v-| , . ) , 
3x - L3xJx=Y=0* " 3 ^ " L^Jx=Y=0 ^^'^^ 

which can be given as a surface integral derived from (2.11a,b), -snth 

the Hertzian normal pressure 

IU6. 



Z(x',y') = G fgp /l-(x'/a)2-(y'/b)2. (6.5) 

By means of the substitutions of the fundamental lemma of sec. 2.2, 

the double integral derived from (2.11) can be reduced to a single 

integral with periodic continuous integrand which is integrated over 

the period. So the quantities (6.U) are brought in a numerically 

accessible form. The relative slip is then given by (U.I5c): 

{6.6) 
\ - V*y i^]- V*y ' [l7]x=Y=o ' [•̂ ]z=o • 

3 = o +*x +[|ll= u +*x + 1̂ 1 + m ; 
y y" L9xJ y "̂  L^̂ Jx=Y=0 r^Jz=0 

the only difference with the theory of ch. 5 i s , t ha t a kno'wn 
function i s added, t o s and s at each po in t . 

X y 

An ana ly t i ca l inves t iga t ion in to JOHNSON'S problem of free 

r o l l i n g i s also feas ible in the case of a circiolar contact area. The 

problem i s : 

Determine u 
u and d) so , t ha t 
y 

u _^y H- r|ül + [ | il = 0 in E, 
X [8xJx=Y=0 L3^Jz=0 

+ [il l S = U +(jiX + -r^l + 

y y ^ L9xJx=Y=o 
111 0 in E; (6.7) 

No s ingu l a r i t y at the edge of the contact area; 

Z = f̂ Q G / l -x2 /a2-y2/a2 . 

This inves t iga t ion could be based on p o t e n t i a l theory , using the 

methods developed in KALKER [ l ] . 

As a f ina l project we mention the case of ins t a t iona ry r o l l i n g : 

i t i s perhaps possible t ha t the theory of ch. 5 can be adapted t o 

some problems of unsteady r o l l i n g , 
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1 
Notations, 

Underlined symbols designate vectors, A superscript indicates that 

the quantity belongs to the lower body, A superscript" indicates 

that the quantity belongs to the upper body. We list only symbols 

the meaning of which extends beyond the section where they are 

defined. 

Symbol 

a 

a 
mn 

B 

b 

b 
mn 

C. . 

C 

c 

c 
mn 

D 

d 

d 
P4 

E 

E 
S 

\ 

Meaning 

In s e c . 1 . 1 : h a l f w id th of c o n t a c t 

a r e a 

E l sewhere : s e m i - a x i s of c o n t a c t 

e l l i p s e i n x - d i r e c t i o n 

C o e f f i c i e n t of u -po lynomia l 

(No v e c t o r ) A complete e l l i p t i c 

i n t e g r a l 

In s e c . 1 . 1 : c o o r d i n a t e of t r a i l i n g 

edge of l o c k e d a r e a 

E l sewhere : s e m i - a x i s of c o n t a c t 

e l . l i p s e i n y - d i r e c t i o n 

C o e f f i c i e n t of v -po lynomia l 

In s e c . U.32: c reepage c o e f f i c i e n t 

(No v e c t o r ) A comple te e l l i p t i c 

i n t e g r a l 

= / a b , geomet r i c mean of semi -axes 

of c o n t a c t e l l i p s e 

C o e f f i c i e n t of w-polynomia l 

(No v e c t o r ) A complete e l . l i p t i c 

i n t e g r a l 

I n t e g e r w i t h s p e c i a l meaning 

C o e f f i c i e n t of X ' - p o l y n o m i a l 

( E l l i p t i c ) c o n t a c t a r e a 

snip area 

Area of a d h e s i o n , a l s o caU.ed 

l o c k e d a r e a 

D e f i n i t 

F i g . 2 

( 1 , 5 a ) 

(1 ,10 ) 

(3 .17 ) 

F i g . 2 

( 1 . 5 a ) 

(1 .10 ) 

( U . 8 6 ) , 

( 3 . 1 7 ) , 

( 3 .50 ) 

( 1 . 1 0 ) 

( 3 , 1 7 ) , 

( 2 , 6 7 ) 

( 1 . 9 ) , 

( 1 , 5 a ) 

i o n , e t c , 

F i g , 8 
Tab le 3 
Table 1 

Table 1 

(U,63) 
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Symbol 

Eh;pq ] 
mn 1 

j^h;2p+e,2q+(ü | 
2m+e,2n+w 

) 

E 

e 

e 
P I 

( F , F ] 
(. X» y> 

ph;p<i 1 
mn 1 

J i ; 2 p + e , 2 q + u ? 
2m+e,2n+a) 

-' 

f 

^ x ' y' 

G, G"^, G" 

g 

I 

I ( d , i , j , e ) 

J ( x , y ) 

J ( d , i , j , e ) 

K 

K 

% 

Meaning 

A c e r t a i n i n t e g r a l 

Expressed i n comple te e l l i p t i c 

i n t e g r a l s 

(No v e c t o r ) Complete e l l i p t i c 

i n t e g r a l of t h e 2nd k i n d 

Signed e x c e n t r i c i t y of c o n t a c t 

e l l i p s e 

C o e f f i c i e n t of Y ' - p o l y n o m i a l 

( x , y ) components of t o t a l 

t a n g e n t i a l fo rce on lower body. 

See a l s o (f , f 1 
*• x ' y* 

C o e f f i c i e n t s d e r i v e d from E ' '^"^ 
mn 

Expressed i n complete e l l i p t i c 

i n t e g r a l s 

I n 5 . 2 2 , 5 , 2 3 : i n t e g r a n d of I 

Components of d i m e n s i o n l e s s 

t o t a l f o r ce e x e r t e d on lower 

body 

Modulus of r i g i d i t y : combined, 

upper body , lower body 

= m i n ( a / b , b / a ) . R a t i o of axes of 

c o n t a c t e l l i p s e 

I n ch , 5: an i n t e g r a l t o be 

min imized 

A complete e l l i p t i c i n t e g r a l 

"Square r o o t s i n g u l a r i t y " 

A comple te e l l i p t i c i n t e g r a l 

I n t e g e r connec ted w i t h t h e 

d e g r e e : M=2K+v 

(lie v e c t o r ) Complete e l l i p t i c 

i n t e g r a l of t h e 1 s t k i n d 

I n t e g e r ; a l s o : major s e m i - a x i s 

of c o n t a c t e l l i p s e max(a ,b ) 

D e f i n i t i o n , e t c , 

( 2 , 3 5 ) , ( 2 , U 8 ) , ( 2 , 5 3 ) 

( 2 , 7 3 ) , ( 2 , 7 U ) , ( 3 , 2 2 ) 

( 3 , 1 7 ) , Table 2 

( 2 , 6 3 ) , Table 2 

( 1 . 9 ) , ( U , 6 3 ) , ( 5 , 1 ) 

(U,2U) 

( 3 . U ) , ( 3 . 1 5 ) 

( 3 . 1 2 ) , ( 3 . 1 3 ) , ( 3 . 2 2 ) 

s e c . 5.22 

( U . 1 9 ) , F i g s . 3 , 8 , 

10, 1 1 , 13 , 1U, 15 , 

2 3 , 2U 

( 2 . U ) , ( 2 . 1 0 ) 

( 2 . 6 3 ) , Tab le 2 

( 5 . 9 ) 

( 2 . 7 U ) , ( 3 . 1 U ) , ( 3 . 2 1 ) 

(2 .21a ) 

( 3 . 1 3 ) , ( 3 . l U ) , ( 3 . 2 1 ) 

(2,5U) 

( 3 . 1 7 ) , Table 2 
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Sjmibol Meaning D e f i n i t i o n , e t c . 

M 

^z 

m 
z 

N 

0 

P 

p 

Q 

1 

R 

R ,R ,R ,R X» y ' x ' y 

r 

S 

3 

sfs ,s ] 
—'• x ' y* 

T 

t 

Degree of t r a c t i o n po lynomia l 

T o t a l moment about t h e z - a x i s 

on lower body 

Dimens ionless t o t a l moment 

about z - a x i s 

T o t a l normal fo rce 

Or ig in of c a r t e s i a n c o o r d i n a t e 

sys t em, c e n t r e of c o n t a c t a r e a . 

A l so : o r d e r of magni tude symbol 

P r o p o r t i o n a l t o x-component of 

r e l a t i v e s l i p 

I n ch . 5 on ly : number of 

deg rees of freedom 

P r o p o r t i o n a l t o y-component 

of r e l a t i v e s l i p 

In ch . 5 on ly : summation l i m i t 

D i s t a n c e between two p o i n t s on 

t h e s u r f a c e 

Rad i i of c u r v a t u r e of b o d i e s i n 

x z , ya p l a n e 

D i s t a n c e from o r i g i n t o a p o i n t 

of t h e p l a n e z=0 ( excep t i n 

s e c . 2 .1 ) 

P o s i t i v e d e f i n i t e f u n c t i o n of 

r e l a t i v e s l i p 

Minor s e m i - a x i s of c o n t a c t 

e l l i p s e m i n ( a , b ) 

R e l a t i v e s l i p ( v e c t o r end 

components) of upper body 

over lower 

P o s i t i v e d e f i n i t e f u n c t i o n of 

t r e . c t i o n d i f f e r e n c e 

Time 

( 1 . 9 ) 

(U.2U) 

(U,19) 

(3 ,50 ) 

(5 .13) 

( 5 . 1 ) 

( 5 . I S ) 

( 5 . 1 ) 

( 2 . 9 ) 

s e c . 3.221 

(2 .33) 

( 5 . 6 ) 

(2 .63 ) 

(U.15) 

( 5 . 6 ) 
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Symbol 

(u,v,w) 

± ± ± ± 
u (u ,v ,w ) 

V 

W 

^1 

K'̂ ŷ  

(X,Y,Z) 

(X.Y) 

(X' ,Y') 

(x ,y ,z) 

x-d i rec t ion 

y -d i rec t ion 

z -d i rec t ion 

rr 

z. 
J 

z'. 
J 

a 

5 

e , e ' 

n 
K 

d 

Meaning 

Displacement d i f fe rences , 

except in 2.Ui and U.31 

E la s t i c displacement of lower/ 

upper body 

Magnitude of r o l l i n g ve loc i ty , 

except in sec . 5.23 

Weight function 

A spec ia l weight fijnction 

Components of uni t vector in 

the d i rec t ion of the s l i p 

(x ,y ,z) components of surface 

t r ac t i ons on lower body 

Tangential t r a c t i o n components 

Traction polynomials 

Cartesian coordinate system 

(Nearly the) r o l l i n g d i rec t ion 

Lateral d i rec t ion 

Inner normal on lower body at 

centre of contact area 

Normal pressure d i s t r i b u t i o n , 

mostly Hertzian 

Standard polynomial 

x-der ivat ive of z. 

Angle between creepage and 

X-axis in degrees 

A small pos i t ive number with 

several meanings 

Pa r i ty numbers (O or 1) ; 

£ + £ ' = ! 

Latera l creepage parameter 

An e l a s t i c constant 

(neglected in the present work) 

Coefficient of f r i c t i o n , assimied 

Defini t ion, e t c . 

( l , U ) , ( l , 6 b ) 

(U.9),(U,10) 

(5.3) 

(5.1U) 

(1,8a) 

(U,U0),(U.63).(5.5) 

sec . 2 

(U.IO) 

(1.5b) 

(5.1) 

(5.2) 

(U.10U),(5.30) 

(2.38);(U.10);(5.12c) 

(2.5U) 

(U.20) 

(2.10) 
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Symbol 

v ,v ' 

5 

P 

a,a , 0 

\ 

u 

ufu ,u 1 
—1. x ' yJ 

* 

X 

(0,0)' 

Meaning 

t o be constant 

Par i ty numbers (O or l ) ; v+v'=1 

Longitudinal creepage parameter 

Charac te r i s t i c length of the 

bodies 

Poisson's r a t i o : combined, upper 

body, lower body 

Coefficients of t r a c t i o n 

polynomials 

Creepage. In ch. 5: 

Creepage vec tor , longi tudina l 

and l a t e r a l creepage 

Spin 

Spin peirameter 

Par i ty numbers (O or l ) ; (ii)+ü)' = 1 

Def in i t ion , e t c . 

(2.5U) 

(U.20) 

(3.38) 

(2.U),(2.10) 

(5.1) 

(5 .16) , (5 ,30) 

(U.1l),(U,lUa) 

(U.12),(U.lUa) 

(U.20) 

(2.5U) 
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STELLINGEN 

Het door KIRCHOFF gegeven bewijs van de ondubbelzinnigheid van 

het verplaatsings- en spanningsveld in elastische lichamen is niet 

geldig voor contactproblemen. De ondubbelzinnigheidsstelling kan 

worden uitgebreid tot het geval van wrij-vingsloos contact, en het 

blijkt dat het elastische veld onafhankelijk is van de voorgeschiede­

nis van de uiteindelijke belasting en de configuratie, In het geval 

van contactproblemen met droge wrij-ving met constante wrijvingscoëf­

ficiënt, waarbij de elastische lichamen gedurende de gehele belas­

tingstijd zowel meetkundig als elastisch eikaars spiegelbeeld zijn 

ten opzichte van een plat vlak door de contactgebieden, is de on­

dubbelzinnigheid van het elastische veld eveneens gewaarborgd, echter 

in afhankelijkheid van de geschiedenis van de uitwendige belasting 

en de configuratie. 

A.E.H, LOVE, A treatise on the mathematical theory of elasticity, 

Cambridge 1927, par. 118. 

II 

Voor het oplossen van halfruimtecontactproblemen met cirkelvor­

mig contactvlak kan men de elastische veldgrootheden uitdrukken in 

drie potentiaalfuncties. Deze potentiaalfuncties kunnen worden be­

paald met behixlp van de methode van splitsing der variabelen in een 

afgeplat spheroïdaal coördinatenstelsel 

x+iy = a /(l-u2) (l+n2)e'''*, z = awn, 

- ^ < t ü < ^ , Q < r \ < ' » , 0 < \ ^ < 2 - n . 

In de halfruimte lo > O hebben de basispotentialen, waarvan de ge-

-vraagde potentialen lineaire combinaties zijn, de vorm 

K̂ (ii))Q (ir))e *, m,n: positief geheel, 

Hierin is Q^(t) de geassocieerde legendrefunctie van de tweede soort, 

K^(w) is de geassocieerde legendrefunctie van de eerste soort, waar­

bij men kan kiezen tussen F̂ (td) (positieve orde) en P (u) (negatie-
n n 

ve orde), 

1. 



Het is voordelig de functies met negatieve orde te gebruiken, 

J,J, KALKER, The transmission of force and couple between two 

elastically similar rolling spheres, I, II, Proc.Kon,Ned.Akad,Wet, 

Ser. B, I96U, p, I35-I6U. 

Ill 

Men laat twee elastische lichamen snel over elkaar glijden. Zij 

zijn zodanig gevormd dat bij afwezigheid van wrij-ving het contact-

vlak cirkelvormig zou zijn, Wrij-ving is echter aanwezig, met coëffi­

ciënt y, zodat de tangentiële spanning wordt gegeven door Y=0, X=yZ, 

De elastische constanten van de lichamen zijn ongelijk, hetgeen tot 

\aitdrukking wordt gebracht door een van nul verschillende gecombi­

neerde elasticiteitsconstante K; zie vgl, (2.10) van dit proef­

schrift, Het blijkt dat het probleem wordt beheerst door een con­

stante q=Ky/(1-o), waarin o het gecombineerde poissongetal is. Men 

kan de oplossing ontwikkelen naar machten van q. De term evenredig 

met q levert de hertzverdeling. De term evenredig met q̂  leidt tot 

een verschui-ving van het contactvlak evenwijdig aan de glijdrichting. 

De term evenredig met q2 leidt tot verandering van de indringdiepte 

en maakt dat het contactvlak elliptisch wordt, terwijl termen even­

redig met hogere machten van q resulteren in niet-elliptische con-

tactvlakken. 

IV 

Uit een onderzoek naar het gedrag van spanning en slip in het 

contactvlak van twee niet-stationair rollende elastisch symmetrische 

cylinders met evenwijdige assen is het volgende gebleken: 

1. De grens tussen hecht- en glijdgebied kan discontinu verspringen; 

2. Het hechtgebied kan zich splitsen in twee of meer delen; 

3. De overgangsverschijnselen zijn -vrijwel uitgestorven als de bij 

constante totale kracht afgelegde rolweg 1 a 2 contactbreedten 

bedraagt, 

V 

In een ongesmeerd, langzaam draaiend hoekcontactlager zonder 

kooi, waarbij voor elk van de kogels het contactvlak met de buiten­

ring congruent is met het contactvlak met de binnenring, rollen de 

kogels met zuivere spin, 

2. 
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VI 

Door HUANG wordt met behulp van een perturbatiemethode de perio­

dieke beweging van twee massa's behandeld, waarvan de eerste ener­

zijds aan een vaste wand is gekoppeld door middel van een lineaire 

veer, en anderzijds met de tweede massa is verbonden door middel van 

een niet-lineaire veer met een karakteristiek met een kleine derde-

graadsterm. Een parallel met de niet-lineaire veer geschakelde kleine 

•viskeuze demping is al of niet aemwezig. De tweede massa wordt geëx-

citeerd door een kleine periodieke kracht waarvan de frequentie in 

de buurt van een eigenfrequentie van het gelineariseerde twee-

massasysteem ligt. Zowel de oplossing van de nulde-orde vergelijking 

als de behandeling van de seculiere termen worden door HUANG onjuist 

gegeven. Dit blijkt te leiden tot onjuiste resultaten, 

T.C, HUANG, Harmonie oscillations of non-linear two-degree-of-

freedom systems, J.Appl.Mech. 22 (1955) p. 107-110, 

VII 

Door Me-vr, CM, KAIKER-KAIKMAN is het probleem behandeld van 

een cylinder waarin warmte wordt ontwikkeld en waarvan het oppervlak 

wordt gekoeld met uitzondering van een klein cirkelvormig gebiedje, 

De oplossing wordt gevonden door op de temperatuur die uit de koeling 

van het gehele opi)ervlak resulteert, een stoortemperatuur te super-

poneren, waarmee de onderbreking van de koeling in rekening wordt 

gebracht. De stoortemperatuur werd berekend door de cylinder te ver­

vangen door een half ruimte. Deze benadering nu is slechts bruikbaar 

indien de koelingscoëfficiënt groot is, 

CM, KALKER, The influence of loceil absence of cooling on the 

cladding temperature of a fuel rod, Nucleeir Eng, Des. 3(1966) 

p, 1-10, 

VIII 

In een kernreactor waar de koeling op zodanige wijze plaats 

-vindt dat 

1 een volmaakt warmtecontact heerst tussen splijtstof en koelmid­

del; 

2 de temperatuur in een doorsnede loodrecht op de bewegingsrichting 
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van het koelmiddel constant kan worden genomen; 

3 de warmtegeleiding in de bewegingsrichting kan worden verwaar­

loosd, 

is het temperatuursverloop bij een tijdsafhankelijke koelmiddelsnel-

heid gelijk aan het temperatuursverloop bij een constante koelmiddel-

snelheid, doch met een andere, tijdsafhankelijke, warmteproduktie in 

de splijtstaaf, 

C F , BONILLA et al.. Formal heat transfer solutions, Nucl, Sci, 

Eng, 9(1961)3, p, 323-331, 

IX 

Het verdient aanbeveling de toelichting op de wet tot regeling 

van het voortgezet onderwijs zodanig te wijzigen, dat de mogelijkheid 

om eindexamen te doen in een andere moderne taal dan een der drie 

talen Frans, Duits of Engels - op zichzelf een wenselijkheid - on­

dubbelzinnig blijkt, 

V7et op het voortgezet onderwijs, Tjeenk Willink I962, art. 29 

en 12.2°. 

Ontwerp van wet tot regeling van het voortgezet onderwijs, deel 

5, overgangswet W.V.O., Staatsuitgeverij I966, p. 78. 
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