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SUMMARY

Incorporating geometric nonlinearity into topology optimization arises two main chal-
lenges: (1) high computational costs of solving the nonlinear governing equations, and
(2) convergence difficulties in the analysis due to “low-density areas" compressed by
neighboring stiffer regions. These challenges are addressed in this thesis, which then,
focuses on applying topology optimization of geometrically nonlinear structures to de-
sign compliant mechanisms tracing user-defined motion paths.

First of all, Chapter 2 addresses the challenge of high computational cost by intro-
ducing reduced-order models (ROMs). The proposed method targets ROM bases con-
sisting of a small set of base vectors, while maintaining accuracy. To this end, several
fully automated techniques are developed and integrated for updating and maintain-
ing the ROM basis, with path derivatives incorporated to better capture the behavior of
highly flexible structures. In parallel, approximate sensitivity analysis methods are intro-
duced to simplify computations and improve the efficiency of the optimization process.
The effectiveness of the ROMs is demonstrated by numerical examples, which show sub-
stantial reductions in computational effort.

However, the efficiency of the proposed ROMs can deteriorate when faced with the
second challenge, i.e., convergence difficulties arise from the compression of low-density
regions. Such compression typically leads to “inside-out" elements in 2D structures or
spurious local buckling in shells and plates. The former, i.e., “inside-out" elements, often
causes computational divergence, while the latter, i.e., spurious local buckling, though
not always divergent, can significantly increase the number of iterations required for
convergence. These spurious instability modes are inevitably incorporated into the pro-
posed ROM basis, which can render ROM analyses even less efficient than full-order
ones. To mitigate this problem, two strategies are investigated in Chapter 3: (1) removing
spurious instability modes from the ROM basis, and (2) eliminating them directly from
the underlying physics. The latter approach is also applicable to standard FOM analy-
ses. Their effectiveness is demonstrated through shell model examples, which provide
detailed insights into the benefits and limitations of each approach.

To move beyond algorithmic developments, Chapters 4 and 5 apply geometrically
nonlinear topology optimization to the practical design of path-generation compliant
mechanisms. A main challenge in this context is ensuring material connectivity among
the input, output, and support fixtures within the design domain. This challenge is ad-
dressed in Chapter 4 using a simple yet effective formulation that combines compliance
and volume constraints. Here, compliance upper bounds are specified according to
engineering requirements, while volume constraints are enforced through a proposed
three-phase scheme. Building on this foundation, Chapter 5 applies the formulation to
design path-generation mechanisms capable of tracing long-distance motion paths. In
particular, shells and plates are explored because their compactness and flexible nature
make them especially effective for achieving such motions. Finally, experiments on 3D-

Xi



xii SUMMARY

printed prototypes validate the effectiveness of the proposed formulations in producing
functional designs.



SAMENVATTING

Het opnemen van geometrische non-lineariteit in topologie-optimalisatie brengt twee
belangrijke uitdagingen met zich mee: (1) hoge rekenkosten voor het oplossen van de
niet-lineaire vergelijkingen, en (2) convergentieproblemen in de analyse die worden ver-
oorzaakt door “lage-dichtheidsgebieden” die worden samengedrukt door omliggende
stijvere regio’s. Deze uitdagingen worden in dit proefschrift behandeld, dat bovendien de
nadruk legt op de toepassing van topologie-optimalisatie van geometrisch niet-lineaire
structuren voor het ontwerpen van compliant mechanisms die vooraf gedefinieerde pa-
den kunnen volgen.

Allereerst behandelt Hoofdstuk 2 de uitdaging van hoge rekenkosten door de intro-
ductie van gereduceerde ordemodellen (ROMs). De voorgestelde methode richt zich
op ROM-bases die bestaan uit een kleine set basisvectoren, met behoud van nauwkeu-
righeid. Daartoe zijn verschillende volledig geautomatiseerde technieken ontwikkeld
en geintegreerd voor het bijwerken en onderhouden van de ROM-basis, waarbij pad-
afgeleiden zijn opgenomen om het gedrag van zeer flexibele structuren beter vast te
leggen. Parallel hieraan worden benaderende gevoeligheidsanalysemethoden geintro-
duceerd om de berekeningen te vereenvoudigen en de efficiéntie van het optimalisatie-
proces te verbeteren. De effectiviteit van de ROMs wordt aangetoond met numerieke
voorbeelden, die aanzienlijke reducties in rekeninspanning laten zien.

De efficiéntie van de voorgestelde ROMs kan echter verslechteren bij de tweede uit-
daging, namelijk de convergentieproblemen die ontstaan door de compressie van lage-
dichtheidsgebieden. Dit manifesteert zich doorgaans als “binnenstebuitenélementen
in 2D structuren of als kunstmatige lokale knik in schalen en platen binnen de onder-
liggende fysica. De eerste situatie veroorzaakt vaak numerieke divergentie, terwijl de
tweede, hoewel niet altijd divergent, het aantal iteraties dat nodig is voor convergen-
tie aanzienlijk kan verhogen. Deze kunstmatige instabiliteitsmodi worden onvermijde-
lijk opgenomen in de voorgestelde ROM-basis, wat ertoe kan leiden dat ROM-analyses
zelfs minder efficiént zijn dan volledige-ordemodellen (FOMs). Om dit probleem te ver-
helpen, worden in Hoofdstuk 3 twee strategieén onderzocht: (1) het verwijderen van
kunstmatige instabiliteitsmodi uit de ROM-basis, en (2) het rechtstreeks elimineren er-
van uit de onderliggende fysica. Deze laatste aanpak is ook toepasbaar op standaard
FOM-analyses. De effectiviteit van beide methoden wordt aangetoond met schaalmo-
delvoorbeelden, die gedetailleerde inzichten geven in de voordelen en beperkingen van
elke aanpak.

Om verder te gaan dan louter algoritmische ontwikkelingen, passen Hoofdstukken
4 en 5 geometrisch niet-lineaire topologie-optimalisatie toe op het praktische ontwerp
van conforme padgenererende mechanismen. Een belangrijke uitdaging in deze context
is het waarborgen van materiaalsamenhang tussen de invoer-, uitvoer- en ondersteu-
ningsbevestigingen binnen het ontwerpdomein. Deze uitdaging wordt in Hoofdstuk 4
aangepakt met een eenvoudige maar effectieve formulering die nalevings- en volume-
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beperkingen combineert. Hierbij worden bovengrenzen voor de naleving vastgelegd op
basis van technische vereisten, terwijl volumebeperkingen worden afgedwongen via een
voorgesteld driefasenschema. Voortbouwend op deze basis past Hoofdstuk 5 de for-
mulering toe voor het ontwerpen van padgenererende mechanismen die in staat zijn
lange-afstandsbewegingspaden te volgen. In het bijzonder worden schalen en platen
onderzocht, omdat hun compacte vorm en flexibele aard hen bijzonder geschikt ma-
ken voor het realiseren van dergelijke bewegingen. Tot slot valideren experimenten met
3D-geprinte prototypes de effectiviteit van de voorgestelde formuleringen bij het produ-
ceren van functionele ontwerpen.
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2 1. INTRODUCTION

In the early 20th century, due to the lack of efficient computing tools and complete
theories, structural design and optimization depended on the experience of engineers.
Consequently, the work was paced, in a sense, by trial and error. As reported by Vander-
plaats [1], the first computer-based structural optimization appeared in 1960 [2], which
ushered in a new era of structural design. Since then, with the evolution of electronic
computing techniques, the development of finite element analysis (FEA) [3], and the
maturity of mathematical programming theories [4], people have been gaining more
powerful structural analysis tools, and gradually building up systematic structural de-
sign and optimization methods. Nowadays, optimization strategies are prospering in
various engineering fields.

Structural optimization [5] is adjusting design variables, e.g., thickness, to achieve
an objective, e.g. minimizing compliance. According to design variables, the main three
categories of structural optimization are size, shape, and topology optimization (TO). As
is shown in Fig. 1.1(a), a size optimization starts from a prescribed structure, and the ge-
ometry parameters, for example, cross-sectional areas of trusses, are modified to satisfy
user-defined requirements. As for shape optimization shown in Fig. 1.1(b), the outline of
the structure can be modified, but the layout inside cannot be changed. Concerning TO
(see Fig. 1.1(c)), it can remove material inside the design domain and could also change
the outline. Given that TO has the most design freedom, in this work, we focus on TO and
target a simple shaped design domain, for example, a rectangle, but achieve a complex
and innovative topology exhibiting geometrical nonlinearity.

IX»

(a) Size optimization

(b) Shape optimization

(c) Topology optimization

Figure 1.1: Three categories of optimization, which minimizes compliance with volume constraints.
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1.1. TOPOLOGY OPTIMIZATION

Topology optimization [6] achieves optimized structural performance by designing ma-
terial distribution in a prescribed design domain. This method has gained widespread
use since it was introduced in the article by Bendsge and Kikuchi in 1988 [7]. Now, the
method is developing in a variety of directions such as solid isotropic material with pe-
nalization method (SIMP) [8], level set-based TO [9], moving morphable component-
based TO (MMC) [10], moving morphable void approach (MMV) [11], evolutionary struc-
tural optimization (ESO) and bi-direction evolutionary structural optimization (BESO)
[12]. Among these methods, the most common and classical one is SIMP, the basic idea
of which is to scale element stiffness using a penalized pseudo-density. This method is
used throughout this thesis.

Early applications of TO were on minimizing compliance and lightening weight [13].
With design requirements becoming more and more ambitious, TO is gradually adopted
in various structural design problems, including designing compliant mechanisms [14],
considering additive manufacturing (AM) constraints [15], optimizing AM process [16],
involving fracture toughness [17], etc. The majority of these studies assume linear elastic
material behavior and geometric linearity. Indeed, these simplifications are suitable for
a large class of problems. However, when structures perform beyond the linear scope,
for example, designing snap-through [18, 19] and path-generation mechanisms [20, 21],
accounting for geometric nonlinearity is necessary.

As reported in [22], geometric nonlinearity can largely influence final designs. One
of the examples, minimizing structural compliance, is shown in Fig. 1.2. The left one
is the TO result for a small displacement FEA-modelling, whereas the right one is for a
large displacement FEA-modelling. It can be seen that the final topology in the nonlin-
ear setting is drastically different from the linear one. As is illustrated in [22], if the de-
sign obtained in the linear setting undergoes large deflections, its performance is much
poorer compared to the design created in the nonlinear setting. Thus, it is essential to
take geometric nonlinearity into consideration when deflections and rotations get finite.

=0 [

(a) Linear design (b) Nonlinear design

Figure 1.2: Topology optimization results for a cantilever beam that minimize compliance with volume con-
straints. The structure is fully clamped on the left side and a force f acts at the right tip. f = 12 for the linear
design and f = 240 for the nonlinear design. The pictures are taken from [22]. Used with permission of Springer
Nature, from Structural and Multidisciplinary Optimization, Stiffness design of geometrically nonlinear struc-
tures using topology optimization, T. Buhl, C.B. Pedersen, and O. Sigmund, Feb 1, 2014.

1.2. GEOMETRIC NONLINEARITY
Geometrical nonlinearity (GNL) in this work is restricted to large deflection and finite
rotations but small strain. Under this situation, the relationship between load and dis-




4 1. INTRODUCTION

placement is nonlinear. More specifically, the stiffness of the structure is a function of
displacements. One important characteristic of nonlinearity is that the load in one direc-
tion can influence the stiffness in another direction. To illustrate this coupling, consider
the slender beam shown in Fig. 1.3. If the beam is subjected to stretching in the hori-
zontal direction, the beam can support a vertical load with a relatively small deflection.
However, if the beam is subjected to compression, although no vertical load is applied,
the structure can suffer large vertical deflections resulting from buckling behavior. Con-
sequently, overlooking the GNL would result in an incorrect evaluation of the structural
stiffness. When introducing GNL to FEA, due to complicated couplings in geometrically
nonlinear settings, intensive use has to be made of incremental-iterative finite element
simulations, which typically results in high computational costs.

Figure 1.3: A slender beam model, which can support a vertical load when stretched and suffers from buckling
when compressed.

1.2.1. COMPUTATIONAL EFFICIENCY

In TO, structural responses, e.g. displacements, required in optimization are typically
obtained by finite element analysis (FEA). For nonlinear structural responses, the solu-
tions are obtained in an iterative way, where the incremental-iterative method is usually
adopted [23]. The latter, for a one-degree-of-freedom structure, is illustrated in Fig. 1.4,
where an external load on the structure is incremented step by step. Within every load
step, classical Newton iterations are conducted for obtaining the solution. In each New-
ton iteration, the most time-consuming step is the factorization of the tangent stiffness
matrix, which has dimensions corresponding to the number of nodal degrees of free-
dom (DOFs). When the number of DOFs gets large, the computational efficiency is over-
whelmingly decreased. One possibility to circumvent this, is introducing reduced-order
modellings (ROMs) [24] to reduce the dimension of tangent stiffness matrices.

In ROMs, a basis R is utilized to reduce the structural stiffness matrix K to a smaller
matrix K. The dimension of the latter depends on the number of base vectors in R. Since
the dimension of K is usually much smaller than K, factorization of K can be very effi-
cient. ROMs have already been explored in TO for linear structures [25-28]. Given the
promising results in these publications, in the present work, we extend ROMs for the
nonlinear setting, which target a relatively small set of base vectors while accuracy is still
guaranteed.
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ext
)

ext
p+1

fﬁxt
Rl’

>

Up Up+1 u

Figure 1.4: Incremental load control combined with Newton iterations. f;,’Xt represents the external load at the
pth incremental step, R;, the residual between internal and external load at the ith Newton iteration within in

the pth incremental step, and u, the displacement corresponding to f;"t.

1.2.2. SPURIOUS MODES

In the geometrically nonlinear setting, stiffness reduction, i.e., instabilities could occur
when the structure is subjected to compression. This is typically encountered in low-
density areas in TO. Since TO tends to generate areas with large density differences. Rel-
atively low-density areas, i.e., very compliant regions, are usually surrounded by solid
areas, i.e., very stiff regions. The former can be compressed by the latter and encounter
spurious instabilities, consequently resulting in indefinite and/or ill-conditioned tan-
gent stiffness matrices. Such behavior is fatal in 2D structures since elements could eas-
ily reverse, i.e., become “inside-out", resulting in complete failure of the analysis (see
the example shown in Fig. 1.5(a)). Concerning shells, as shown in Fig. 1.5(b), spurious
instability often appears as local buckling. Although it may not always cause divergence,
it can greatly increase the number of analysis iterations needed for convergence.

In ROMs, previously defined nonlinear solutions are typically used as basis vectors,
inherently incorporating local buckling into the ROM basis and thereby spoiling the con-
vergence and efficiency of ROMs. To effectively utilize ROMs, the analysis convergence
difficulties caused by low-density areas must be addressed. Various methods have al-
ready been explored in full-order modellings (FOMs) and tested on 2D structures [29—
33]; however, not all of them can be tailored for ROMs, and conveniently extended to
shells. Given this, in the present work, we investigate several techniques, which can be
easily adapted to the proposed ROMs and applied to shell structures.
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(@) (b)

Figure 1.5: Low-density elements causing “inside-out" elements in 2D structures shown in (a) and local buck-
ling in shells shown in (b).

1.3. DESIGN OF PATH-GENERATION COMPLIANT MECHANISMS

Nowadays, topology optimization for geometrically nonlinear structures, has been ap-
plied in various creative design tasks, for example, development of compliant metama-
terials [34, 35] and mechanisms (CMs) [36-39]. In particular, compliant mechanisms can
be designed such that their output ports follow a user-defined trajectory in response to
applied displacements or forces at input ports. Such mechanisms are known as path-
generation compliant mechanisms (PGCMs), which are the focus of this work.

PGCMs are widely used in high-precision systems, such as micro-scale manipulators
[40, 41] and positioning stages for scanning probe microscopy [42]. The latter serves as a
representative example to illustrate the role of PGCMs in precision systems. A simplified
depiction of the microscope and a potential stage design is shown in Fig. 1.6(a). Since
the scanning range of the microscope is small, a positioning stage is required to acquire
surface information from larger specimens. This stage must follow a prescribed path,
e.g., a horizontal line, when a specific actuation is applied, as shown in Fig. 1.6(b).

Because the mechanism must fit within a limited workspace while delivering a rela-
tively large output displacement, compliant mechanisms with a high displacement-to-
size ratio are preferred. Traditionally, such mechanisms are designed through experi-
ence, analytical modeling, and assembly of existing components. However, due to the
complexity of the models and limited design intuition, developing large-stroke PGCMs
often involves extensive trial and error. To facilitate this process, topology optimization
methods could be used [43-45].

As mentioned earlier, TO offers the most design freedom among the three optimiza-
tion methods, making it highly promising for generating complex and innovative PGCM
designs. A key challenge in applying TO to PGCMs lies in establishing material connec-
tivity within the design domain. Various sophisticated techniques have been proposed
to address this issue [46-50], but most are limited to specific optimization algorithms
or structure types. For example, as shown in Fig. 1.7, connectivity can be enforced by
mapping a set of Bézier curves onto a fixed finite element mesh [46]. While effective,
such methods are difficult to extend to other element types, such as shell and plate el-
ements, which are particularly suitable for achieving large displacement-to-size ratios
due to their flexible and compact nature. Given these limitations, it is worthwhile to de-
velop a simple and general formulation, with a particular focus on exploring shell and
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plate mechanisms.

Piezo actuation for
i moving probe vertically

Interferometer position

Vibrating cantilever
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(a) A model of a scanning probe microscopy and its positioning stage.

(b) Positioning stage deformations of siﬁgle axis actua-
tion (left) and dual axis actuation (right).

Figure 1.6: A scanning probe microscopy and the design of its positioning stages where the positioning stage is
necessary to acquire surface information of a large specimen, and desired motions are illustrated in Fig. 1.6(b)
[42]. This is an open access article distributed under the terms of the Creative Commons CC-BY license.

L

X

X,
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W

Figure 1.7: Material connectivity in PGCM design described by mapping a set of Bezier curve onto a fixed
finite element mesh. The Bezier curve is on the left and the mapped topology is on the right [46]. Used with
permission of American Society of Mechanical Engineers (ASME), from Design Synthesis of Path Generating
Compliant Mechanisms by Evolutionary Optimization of Topology and Shape, Tai Kang, Cui Guang Yu, Ray
Tapabrata, 124, 3, 2002-01-01.
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1.4. THE AIM OF THIS RESEARCH

As mentioned in the preceding sections, although topology optimization has been in-
troduced in various applications, the majority of work is restricted to a linear setting.
This is mainly due to high computational costs and spurious modes. Thus, exploring
techniques to enhance efficiency and alleviate spurious instabilities is one of the aims
of this work. Furthermore, TO for geometrically nonlinear structures is also desired to
assist real-life design practice. One typical application that requires geometrical nonlin-
ear is path-generation mechanisms (PGCM). However, available formulations are quite
complicated, and most of them are restricted to specific optimization algorithms and
structure types. Consequently, TO-based PGCMs are usually restricted in 2D designs. In
this work, we aim to propose a simple and general formulation for path-generation
mechanism design, and explore mechanisms based on plates and shells, which are
very suitable to exhibit large deflections and rotations.

1.5. OUTLINE

In this thesis, the research problems mentioned above are addressed in the following
chapters. Most chapters in this thesis are based on publications. Thus, while there is
some inevitable redundancy, the benefit is that each chapter is self-contained.

First of all, to enhance the computational efficiency of TO for structures with GNL,
ROMs are explored in Chapter 2. The proposed ROMs target a small number of base
vectors while accuracy is still guaranteed. For this, several fully automated update and
maintenance techniques for the ROM basis are investigated and combined. Next, in
Chapter 3, several techniques are explored to alleviate spurious instabilities, with a par-
ticular focus on those that can be easily adapted to ROMs. Proposed techniques can be
divided into two types. One focuses on refining the ROM bases and the other targets the
physics represented by full-order models.

Next, from an application perspective, Chapter 4 proposes a simple and general for-
mulation for path-generation mechanism design, which can be easily implemented and
applied to any type of structure. The formulation is extended to several large-stroke
PGCM designs in Chapter 5, and validations on the basis of 3D printed specimens are
also conducted.
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TOPOLOGY OPTIMIZATION OF
GEOMETRICALLY NONLINEAR

STRUCTURES USING
REDUCED-ORDER MODELING

High computational costs are encountered in topology optimization problems of geomet-

rically nonlinear structures since intensive use has to be made of incremental-iterative fi-

nite element simulations. To alleviate this computational intensity, reduced-order models
(ROMs) are explored in this chapter. The proposed method targets ROM bases consisting of
arelatively small set of base vectors while accuracy is still guaranteed. For this, several fully
automated update and maintenance techniques for the ROM basis are investigated and
combined. In order to remain effective for flexible structures, path derivatives are added
to the ROM basis. The corresponding sensitivity analysis (SA) strategies are presented and
the accuracy and efficiency are examined. Various geometrically nonlinear examples in-

volving both solid and shell elements are studied to test the proposed ROM techniques.

Test cases demonstrate that the set of degrees of freedom appearing in the nonlinear equi-

librium equation typically reduces to several tens. Test cases show a reduction of up to 6
times fewer full system updates.

This chapter has been published in Computer Methods in Applied Mechanics and Engineering 416, 116371
(2023)
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2.1. INTRODUCTION

Topology optimization methods are highly-efficient structural design techniques which
can assist in the development of new design principles in innovative sectors of industry.
Mainstream topology optimization methods include SIMP [1], level set-based methods
[2], ESO methods [3], BESO methods [4], and MMC [5]. In the present work, we mainly
focus on topology optimization using the SIMP method.

The majority of studies on topology optimization of mechanical structures assumes
linear elastic material behavior and geometric linearity. Indeed, these simplifications are
suitable for a large class of problems. However, for specific classes, it is necessary to ac-
count for geometric nonlinearity in the analysis. Typical examples are thin-walled struc-
tures [6, 7], compliant mechanisms [8, 9], and multi-stable structures with snap-through
behavior [10]. Consequently, seeking efficient and effective methods to carry out topol-
ogy optimization for structures exhibiting geometric nonlinearity is of great practical
relevance.

Several aspects cause topology optimization of geometrically nonlinear structures
to be challenging. Compared with their linear counterparts, nonlinear structural opti-
mization problems are computationally expensive since intensive use has to be made of
incremental-iterative finite element simulations [11]. Besides, when deflections and ro-
tations become finite, although deformations may still be small, void elements in the de-
sign space may get severely distorted and even “inverted”, causing the tangent stiffness
matrices to be indefinite and/or ill-conditioned, which may easily spoil the convergence
of the nonlinear finite element analysis. This leads to catastrophic failure of the overar-
ching optimization process [12-14]. Furthermore, like topology optimization of eigen-
frequencies or buckling loads, spurious modes will occur in low-density areas. Low-
density areas are very flexible as compared to areas with full densities, and may therefore
control the lowest eigenmodes of the whole structure [15, 16]. In the present work, we
primarily focus on the reduction of the computational burden associated with topology
optimization when geometrical nonlinearity is considered. Potentially, reduced-order
models (ROMs) are powerful strategies to deal with such problems.

ROMs attempt to use a small number of generalized variables to approximate the
behavior governed by a large number of degrees of freedom (DOFs) associated with the
full-order model (FOM). Each generalized variable corresponds to a base vector which
can be a natural frequency mode, buckling mode, a static displacement field, among oth-
ers [17-19]. The computational costs of a ROM depend heavily on the number of base
vectors and effort to create the basis. ROMs are potentially valuable for the incremental-
iterative solution of large-scale problems, as encountered in structural nonlinear anal-
ysis. Chan and Hsiao [19] used the solution vectors and correction vectors generated
during a modified Newton process as base vectors for nonlinear static analysis. Safjan
[20] not only used correction vectors but also the lowest eigenvectors of updated tan-
gent stiffness matrices. Kim et al. [21] constructed ROMs for nonlinear structural dy-
namic analysis of isotropic and functionally graded plates. They combined linear FOM
solutions with additional nonlinear FOM static solutions, so-called “dual modes”, which
were generated by applying a series of representative static loads on the structure.

In topology optimization, various applications of ROMs have been reported for linear
settings. Amir et al. [22] applied a ROM for approximate reanalysis in topology optimiza-
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tion of linear structures. They demonstrated that relatively rough approximations were
acceptable in analysis since a consistent ROM-based sensitivity evaluation was applied,
in which the errors caused by the ROM are taken into account. Gogu [23] applied ROMs
for topology optimization of linear structures and enriched the ROM basis with previ-
ously calculated solutions. Hooijkamp and van Keulen [24] focused on topology opti-
mization for linear transient thermomechanical problems. A reduced thermal modal
basis augmented with static correction was used to replace the tedious backward tran-
sient integration by analytical convolutions in the adjoint sensitivity analysis. Wang et al.
[25] investigated large-scale three-dimensional linear topology optimization problems.
They used the Krylov subspace method combined with preconditioning techniques to
solve the optimization problems and reduce the computing burden by recycling selected
search spaces from previously analyzed linear systems.

For ROM-based topology optimization in nonlinear settings, a few publications re-
lated to material nonlinearity can be found. For instance, Xia and Breitkopf [26] pre-
sented a reduced multiscale model for macroscopic structural design considering ma-
terial nonlinear microstructures. The ROM model uses Proper Orthogonal Decomposi-
tion (POD) and diffuse approximation to replace the detailed microscopic finite element
analysis. However, for geometric nonlinearity, publications can only be found in size
and shape optimization problems, but not for topology optimization. For example, for
size optimization, Orozco and Ghattas [27] used ROMs to reduce the SQP-based simul-
taneous analysis and design (SAND) problem taking into account geometric nonlinear-
ity. The resulting reduced problem has the same size as the nested analysis and design
(NAND) problem but achieves higher efficiency. Given the promising results obtained in
previous work, it is concluded that ROMs have great potential in topology optimization
for geometrically nonlinear structures. Nevertheless, ROMs have never been introduced
in this field.

In this chapter, ROMs are applied to topology optimization problems for geometri-
cally nonlinear structures aiming at enhancing the computational efficiency of the as-
sociated incremental-iterative finite element simulations and the corresponding sensi-
tivity analysis. The proposed ROMs target a relatively small set of base vectors while the
accuracy can still be guaranteed. For this, several fully automated update and main-
tenance strategies for the ROM basis are investigated and combined. Besides, approx-
imated ROM-based sensitivity analysis strategy (ARSA) is presented and the accuracy
of the SA strategies are examined and compared to consistent FOM-based sensitivity
analysis (CFSA). In addition, a formulation of consistent ROM-based sensitivity analysis
(CRSA) is presented in the chapter. However, no numerical tests are conducted for CRSA,
since this sensitivity is rather unpractical for the updating techniques presented in this
work. Finally, various geometrically nonlinear examples involving solid or shell elements
are studied to test the proposed ROM-based topology optimization techniques.

2.2. GEOMETRICALLY NONLINEAR TOPOLOGY OPTIMIZATION

Topology optimization formulations associated with an objective function J, inequal-
ity constraints h, design variables (pseudo densities) p and their corresponding lower
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bounds p,,;, can be expressed by
mgn][d[p] P,

s.t.:h[d[p],p] =0, 2.1)
0<ppn=p=L

Here “[*]" denotes the function of “ « ", d represents mechanical responses, i.e., nodal
degrees of freedom. Lower bounds p,,;, are typically set to avoid singularity caused by
removing material.

In many cases, simplifying topology optimization to a linear setting is sufficient to
achieve a good and reasonable design. However, the linearity assumption is too restric-
tive for designs involving flexible structures exposed to finite rotations and/or for which
geometric stiffness plays a crucial role. These structures often exhibit finite deflections
and rotations, although the deformations remain small. Thus, it is paramount to con-
sider geometric nonlinearity to ensure the final design functions correctly.

The geometrically nonlinear equilibrium equations are formulated using the virtual
work principle

Swint = gwext, 2.2)

Here, § W is the external virtual work and § W™ represents the internal virtual work.
In a discrete setting, the external virtual work can be expressed by

SWt =54, 2.3)

where frepresents the external nodal loads. In order to avoid all finite element details, we
shall introduce generalized deformations and stresses. Their precise definition depends
on the finite elements at hand and their implementation. The internal virtual work in a
discrete form can be expressed by

swint=gTse, (2.4)

where o represents the generalized stresses and € the generalized deformations, with
€[d]. Given the geometrically nonlinear setting, e[d] is nonlinear in d. For the variations
of e it follows

de=D[d]dd, (2.5)

where the components of D are determined by

66‘1'

Dij:ade'

(2.6)

A generalized constitutive relation can be used to express the generalized stresses in
terms of the generalized deformations. Since a linear elastic material model is assumed,
this general expression can be formulated as

o =Se, 2.7)

where S is the generalized constitutive matrix. At element level, the matrices corre-
sponding to D and S are denoted by D, and S,.
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In the SIMP method [1], the constitutive matrix is scaled at element level with ele-
ment density pe:
Se — plSe. (2.8)

Here parameter p is used to penalize intermediate densities. A low value of p results
in more intermediate density elements, while a high value of p results in a less convex
optimization problem but more crisp designs. Usually, p = 3 is adopted [1].

Starting from Eq. (2.2), the equilibrium equation can be expressed as

D'[djo-f=q[d]-f=0, (2.9)

where q = D' ¢ represents the so-called “internal" load.

To solve the governing equations, an incremental-iterative method is applied in the
present work. For this, a load factor A is introduced. Thus, the external load f is written
as a function of A. Then, the equilibrium equation reads

q[d]—-f[A] =0. (2.10)

Next, the corresponding rate equations follow as
Krd] —-—=0, (2.11)

with the [ x [ tangent stiffness matrix Kt being defined as

oqld
Kt = %, (2.12)

where [ is the number of structural DOFs. Then, the incremental technique starting from
load step i to i + 1 can be formulated as

it =+ (ke [d]) (e[

—q[d"]). 2.13)

After the load increment has been applied, classical Newton iterations are carried out
to obtain the corresponding nonlinear solution. For a specific load level A'*! = A¢, the
Newton iterations follow as

djer = d;+ (Ke [4)]) 7 (£[2°] - q[a). .19

Here superscripts are used to identify the different load levels, whereas subscripts are
used to indicate Newton iterations at a constant load level. The Newton iterations are
continued until the convergence criterion is satisfied. The latter is defined by the norm
of the residual:
oo WA -adi]l
! e

Here ey denotes the imbalance error, € ra user-defined tolerance, and | *| represents a

(2.15)

norm. The latter for a vectorx = [x1, X, ..., X;], in this work, is denoted by [x]| = /X% + x5 +.... + xlz.

Here [ stands for the dimension, which is the number of structural nodal DOFs in Eq. (2.15).
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If the convergence criterion Eq. (2.15) is satisfied, the Newton iterations are con-
verged. After convergence for a particular load level, we move to the next load step and
the corresponding nonlinear solution is obtained again iteratively. As observed, since
intensive use has to be made of incremental-iterative finite element simulations, the
solution may be very expensive, particularly when the number of DOFs gets large. Es-
pecially in optimization, this become problematic because a large number of nonlinear
problems has to be solved during the design process. In order to enhance efficiency,
reduced-order modeling is introduced in the next section.

2.3. ROM-BASED FINITE ELEMENT ANALYSIS
Ritz’ method is used to reduce the kinematic DOFs. For this, the nodal degrees of free-
dom are approximated by _

d =Ry, (2.16)

where d denotes the approximate nodal degrees of freedom for the full-order model and
y are generalized coordinates. The matrix R represents the ROM basis

R= [q)ly ¢)2)---y¢)m], (217)

where m is the number of base vectors and ¢; denotes an individual base vector. In or-
der to obtain an efficient ROM, it is essential that the number of base vectors (m) is sig-
nificantly smaller than the number of nodal degrees of freedom (/). Using Ritz’ method,
the ROM-based governing equation can be expressed as

Here,
a[d) =" [d] o [d] = D" [Ry) (se [Ry]). .19)
The corresponding rate equations follow as
— -1dy R'f
(Kt [v]) A ar - 0, (2.20)

with Ky representing the m x m reduced tangent stiffness matrix, which is expressed by
full tangent stiffness matrix Kt [E] ,i.e., Kr [Ry], and ROM basis R:

Kr [y] =R"Kr [Ry]R. 2.21)
Here, the right-hand term can be assembled element-by-element:
R'Kr [Ry]R= A R{KS [Ry] Re. (2.22)
e
Here, R, and K7, are corresponding matrices at element level.
As in the FOM setting, an incremental-iterative method can be applied to solve the

nonlinear reduced governing equations. For a specific load step A/*! = A¢, the ROM-
based Newton iterations can be expressed as

Vi+1=Yj AV, (2.23)
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with .

Ayj = (Re [y;])” RY (£[2°] - a[Ry;]). (2.24)
As canbe seen from Eq. (2.23) and Eq. (2.24) , Newton iterations are based on the reduced
tangent stiffness matrix. This contributes to the computational efficiency since the di-
mensions of the latter depends on the number of base vectors, which is much smaller
than the number of structural DOFs. The ROM-based Newton iterations for a specific
load step are continued until a ROM-based convergence criterion is met. The latter is
defined by using the norm of the reduced residual:

)i

IR" (£12 - q |Ry;.,
e,y =
' IRTE[AC]
Here, e, denotes the imbalance error and €, a user-defined tolerance. The dimensions
of RT (f[/lc] -q [Ryj+1 ]) and RTf[A°] equal the number of base vectors.
After the ROM-based Newton iterations have converged, we get y° corresponding

<e,. (2.25)

to A°. Next, we project y° to get the ROM-based solution d’ for the nodal degrees of
freedom by Eq. (2.16) , and then assess its accuracy. If the solution H° is accurate, then
it should also satisfy the full system equilibrium equation. This implies that the norm of

the full-system based residual, |f[1¢] —q [(_ic] I, should be sufficiently small. Hence, an
error measure based on the full-system residual is proposed as

IfAc1—q|d"]i

2.26
I£[A]] (2:20)

’r’ =
Here, the dimensions of f[A1¢] — q [(_ic] and f[A°] equal the number of structural nodal
DOFs.

If n is smaller than a user defined tolerance 5, then the ROM-based solution is con-
sidered accurate. Otherwise, the ROM-based solution, though well converged, is consid-
ered inaccurate and needs to be improved. For this, correction strategies and techniques
to construct, update, and maintain the ROM basis are introduced in the next section.

2.4. ROM BASIS

One of the most critical ingredients of the ROM is the choice of an appropriate set of base
vectors. Effectively, the required set may depend on both the current load level (1°), as
well as on the structure, i.e., the design at hand. An ideal set of base vectors should be lin-
early independent, requiring low computational cost for its generation, and sufficiently
complete to capture the nonlinear response of the structure. In addition, the number of
base vectors should be limited to ensure a small ROM basis. To meet the aforementioned
requirements, firstly, orthogonalization is applied to ensure linear independence (details
are provided in Appendix A.1). Secondly, the ROM basis is initiated using FOM-based so-
lutions. Thirdly, to ensure accuracy, a FOM-based correction technique is adopted. The
initialization and the correction are provided in Section 2.4.1. Next, the ROM basis is
augmented on the basis of FOM-based solutions evaluated for previous designs. The
details of this augmentation are described in Section 2.4.2. In order to ensure the ROM
basis remains compact, maintenance strategies are presented in Section 2.4.3.
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2.4.1. INITIALIZATION AND ERROR CONTROL

At the very beginning of the optimization, i.e., at the first load step of the first opti-
mization step, the ROM basis is empty. Hence, the optimization is initiated using the
full-order model. As reported in [19], including the converged nonlinear solution and
correction solutions obtained during Newton iterations constitute good ingredients for
a ROM-based nonlinear static analysis. In our experience, correction solutions of iter-
ations do not effectively contribute to the accuracy of ROMs, but increase the number
of base vectors. Hence, in the proposed scheme, we exclusively add the first converged
nonlinear FOM solution, but also consider the first predictor solution, i.e., the FOM so-
lution to the linearized governing equation in the undeformed configuration. Following
that, a ROM basis with these two vectors can be used to generate a ROM-based solution
for the next load step.

After convergence of a ROM-based analysis, the accuracy of the solution is evaluated
using Eq. (2.26), which is the full-order residual, but evaluated for the ROM-based solu-
tion. If the solution is accurate enough, i.e., 7 < ds, then no correction is required and
the current ROM solution will be accepted. If the error is too large, i.e., n > §;, a cor-
rection is applied to eliminate the error. For this, starting from the present ROM-based
solution, FOM-based Newton iterations are conducted. Subsequently, the resulting con-
verged FOM-based solution is regarded as the final result for the current load step. It is
obvious that the correction based on the full system is relatively time-consuming. Thus,
improving the accuracy of ROMs to reduce computing time for FOM-based corrections is
essential for efficiency. Consequently, before proceeding to the next load step, the result-
ing FOM-based nonlinear solution is added to the ROM basis. Hence, the next load step
will be based on the updated ROM basis. The extension of the ROM basis is restricted by
a maximum number of base vectors. If the ROM basis has reached the maximum num-
ber of base vectors, then specific base vectors will be removed from the basis. The details
are provided in Section 2.4.3.

PATH DERIVATIVES FOR FLEXIBLE STRUCTURES

A ROM basis, as described in the previous subsection, is accurate for most cases except
for very flexible structures like structures exhibiting nearly inextensional bending. In
these cases, the flexible bending mode is typically badly represented by the existing ba-
sis, leading to ROM-based responses which are far too stiff. To grasp this concept more
easily, consider a cantilever beam subjected to pure bending. When the deformation is
correctly captured in a nonlinear manner, we observe that the beam can bend into a cir-
cle. This circular shape indicates that the beam’s tip experiences both out-of-plane and
in-plane deflections. In contrast, a poorly represented flexible bending mode would ex-
hibit insufficient in-plane deflection, i.e., excessive in-plane stiffness. One extreme case
of the latter is a linear mode where no in-plane deflection appears. One solution for the
issue is to introduce curvature information on the load-deflection path, i.e., 2nd-order
path derivatives. Such derivatives add information on the flexible bending modes. More
explanations can be found in Appendix A.2. In this section, the method of adding curva-
ture information is presented.
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The 2nd-order path derivatives can be approximated by forward finite-differences:

d’d _d"-2d,.+d;,,.
—_— = . 2.27
da? (AA*)2 ( )

Here, d* denotes a FOM-based solution corresponding to the current load level 1*, AL*
a small perturbation of the load factor A*, d},. and d;, ,. are FOM-based perturbation
solutions corresponding to perturbed load levels (1*+AA*) and (1* +2A1*), respectively.
Given the introduced orthonormalization (see Appendix A.1), a practical approach to in-
clude the information on the 2nd-order path derivative is by simply addingd*, dj ,., and
d; Aj+ ASnew base vectors. Note, the FOM-based solution d* has already been added to
the basis. Starting from A*, the load factor is perturbed twice to getd},. and d},,.. It
is deserved to mention that including only d} . is equivalent to adding current tangent
information of the path. This can also contribute the accuracy to some extend. But for
very flexible structures, the curvature information is highly desired to ensure the accu-
racy, which can be roughly achieved by adding d;, , .. Here, we use the perturbation step
AL* = AL x 1073, i.e., AL is selected as a small fraction of the applied load step AA,
which, based on our test cases, is effective. Since AA1* is very small, modified Newton
iterations can be employed to keep the updating computationally efficient, where the
tangent stiffness matrix corresponding to 1* is used for both steps. By adding d} ,. and
d;‘ Aper WE efficiently add information on the curvature of the loading path, thus improv-
ing the accuracy of the corresponding ROM-based solutions. For one optimization step,
the strategy is schematically illustrated in the Fig. 2.1, where R; represents the ROM basis

ofloadstepi.

2.4.2. AUGMENTATION TECHNIQUE
In the previous sections, we described the ROM updating strategy for the first step in the
optimization. Such a method, in which we construct the ROM basis from scratch, can
also be applied to subsequent optimization steps. However, this would disregard the po-
tential benefits of FOM-based solutions evaluated for previous designs. The FOM-based
solutions can be stored and could provide an accurate prediction of a slightly adapted
design. To maximize the use of previous FOM-based solutions, i.e., previous ROM bases,
we propose an augmentation technique in this section.

As an illustration, Fig. 2.2 depicts the first and second step of an optimization. Here
RZ.“ denotes the ROM basis of load step i at optimization iteration k. When k = 1, the
strategy as described in Section 2.4.1 applies. For k > 1 and i = 1, instead of using FOMs
for initialization, we directly take R{“’l as the current ROM basis to enhance the effi-
ciency. After convergence, error control, as described in Section 2.4.1, is applied and the
ROM basis is updated if too large an error is encountered. When k> 1 and i > 1, we
check the base vectors of load level i and i + 1 from the previous optimization iteration
k—1. We add these base vectors if they are not included in the current ROM basis. Then,
the augmented ROM basis is applied to generate the ROM-based solution for the next
load level. Similarly, after convergence, the error control is applied and the ROM basis is
updated if necessary.
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Figure 2.1: Initialization and accuracy control for ROMs. The red line represents schematically the FOM-based
solutions, the blue line the ROM-based solution, R; denotes the ROM basis corresponding to load level /1i,
¢, are base vectors, and §; is a user-defined error tolerance. Initialization is applied at the first load level (Al)
where ¢ denotes the linear FOM solution, ¢, the FOM-based nonlinear solution, ¢3 and ¢, perturbation
solutions. Error checking is performed for each ROM-based solution. In the above illustration, for load level
(/12), the error is acceptable and, thus, no FOM-based correction is applied. Consequently, R? is used for load
level (/13). However, for load level (/13), too large an error is detected and a FOM-based correction is conducted
and the ROM basis is extended by ¢ 5, the FOM-based nonlinear solution, as well as by ¢g and ¢ . The latter
follows from the corresponding perturbations. Subsequently, the same logic as for (/12] is applied for (14)
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Figure 2.2: Augmentation of ROM basis where the red lines represent the FOM-based solutions, the blue lines
the ROM-based solutions, R;‘ denotes the ROM basis corresponding to load level A* in optimization step k, ¢,
are base vectors, and § is a user-defined error tolerance. When k = 1, the same logic as described in Section
2.4.1 applies. For (k = 2,i = 1), instead of initializing the ROM basis with FOMs, we take R% as the current ROM
basis. Then, similar to the first optimization iteration, error checking is applied to the ROM-based solution.
Since the error in this example is acceptable, no FOM-based correction is applied. Hence, at (k = 2,/11), we
have R% = R%. Next, before R% is used for the second load level, it is augmented by previous design’s ROM
bases Rﬁ and Ré. After convergence, the error checking is performed. Since no error correction is applied,
at (k =2, /12), we have R% = Ré. Subsequently, the same strategy is applied to the subsequent load levels and
optimization steps.
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2.4.3. MAINTENANCE STRATEGIES

As shown, it is advantageous to include new base vectors throughout the optimization.
The ROM basis is updated on the one hand to maintain accuracy for different load levels.
On the other hand, the ROM basis is adapted to new designs when topology designs
change. Given this, it is necessary to limit the maximum number of base vectors in order
to maintain compactness of the ROM basis. If the number of base vectors reaches the
maximum, old base vectors must be removed from the ROM basis to make room for new
vectors. The corresponding strategy is described in this section.

For a ROM basis R= [}, Dy, -+, P,,], base vectors from ¢, to ¢, are sequentially
added to R following the strategy described in previous subsections. After adding each
new vector, we apply the orthogonalization (see Appendix A.1) to all vectors in the basis.
This implies that the base vector added at last, i.e., ¢, could make very large contribu-
tions to the ROM-based solution, whereas, the vector added at first, i.e., ¢, could make
very small contributions. Consequently, when the basis is full and a new vector need to
be added, we simply remove the first base vector, i.e., ¢, from the ROM basis.

Furthermore, if the ROM basis is not full yet, it is possible to reduce the size even
further without sacrificing accuracy. This can be done by removing the base vector with
the smallest contribution. The contribution c; of base vector ¢; can be expressed by

¢ = ‘L , 2.28)

Ymax

where y; denotes generalized coordinates, “| * | " means an absolute value, and

J/max:maX(YI,_)/zr--;Ym)- (229)

If cmin = min{c;} < Orej, we then remove the base vector corresponding to cmin. Here
Orej denotes a user-defined small value and we use 1 x 1078 in this work. This method
is known as “rejection”, which will be applied to all ROM-based load levels where the
ROM-based solution is deemed accurate. So far, we have explained all related strategies
for initializing, updating, and maintaining the ROM basis. In order to use ROMs for op-
timization, we still need to deduce the ROM-based sensitivities. More details are given
in the next section.

2.5. DESIGN SENSITIVITY ANALYSIS

For topology optimization, sensitivity analysis (SA) is essential. The adjoint method is
frequently used since the number of design variables is typically much larger than the
number of constraints. The adjoint formulation for FOMs is already well-known in the
field. Hence, we just summarize it in Section 2.5.1 and refer to it as consistent FOM
sensitivity analysis (CFSA). CFSA will be used when a FOM-based solution is available,
e.g., after initialization and error correction. In fact, one could use CFSA for a ROM-
based solution, but this would be expensive and, effectively, the resulting sensitivities are
not consistent. Consequently, we derive the consistent ROM-based sensitivity analysis
(CRSA) in Section 2.5.2, which requires derivatives of all base vectors. However, owing
to our augmentation technique, which involves previous FOM solutions, such deriva-
tives are rather impractical to be considered. Therefore, an approximation is created for
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the CRSA, and the modified formulation is referred to as the approximate ROM-based
sensitivity analysis (ARSA).

2.5.1. CONSISTENT FOM SENSITIVITY ANALYSIS (CFSA)

To deduce the adjoint formulations for the consistent FOM sensitivity, we introduce the
equilibrium equation Eq. (2.10) to the response function J by adjoint variables 6, where
the augmented response function J is

Jidipl,pl=J[dlpl,pl+0" (f-qldlpl,pl). (2.30)

To improve readability, d [p] is shortly represented by d.
The derivative of J with respect to p is

djd,p] _ dd ¢ dd
dp —]rd [d; P] dp e q)d [dy p] dp +Qrp [dr p] +])p [d) p]) (231)

Here the comma represents partial derivatives. From Eq. (2.31), the computation of the
expensive derivatives % can be avoided if the adjoint variables © are selected as the

solution of
Kr(d,p] ©=/,4(d, p]. (2.32)

Here, one linear solution step need to be conducted. When Kr is large, its decomposition
could be expensive if it is not available. After obtaining 0, the design sensitivity can be
calculated by
dJld,p] _dJld,p] _
dp dp

~07q,p[d, pl +J,p[d, p]. (2.33)

Given that q,, is easy to evaluate, the only time-consuming term could be the solution
of Eq. (2.32). In fact, one could use CFSA for a ROM-based solution, but this would be ex-
pensive and, effectively, the resulting sensitivities are still not consistent. Consequently,
we derive (approximate) ROM-based sensitivity analysis in the next section.

2.5.2. CONSISTENT ROM-BASED SENSITIVITY ANALYSIS (CRSA) AND ITS
APPROXIMATION (ARSA)

At first, the consistent reduced-order sensitivity analysis (CRSA) is derived. We introduce

the ROM-based equilibrium function related to d (see Eq. (2.18)) to the response func-

tion J by adjoint variables p. Meanwhile, we also introduce the FOM-based equilibrium

function related to base vectors ¢ ; (see Eq. (2.9)) to J by adjoint variables 0 ;. Then, the

augmented objective function can be defined as

‘ﬂamhp]=]Fﬁm,44ﬂﬂRT@—qFﬁm,p)+é§9§@¢—Q¢[¢ijpD, (2.34)

where m is the number of base vectors. Next, to improve readability, d[p] is compactly
denoted by d and d)j [p] by cbj.
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Taking derivatives of Eq. (2.34) to design variables p, we get

o] o] s

—u'R"

9 [H,p] 39 [H,p]) (2.35)
—]ZZG§ (qcb’a[d’j’P] % tq¢p [d)j,p]),

where
m .
ph—=Y pj(—H" (2.36)

and

— = —y+R-7Z, 2.37
dp de+ dp (2.37)
drR mod;
—y=) yi—-. (2.38)
dp ]; T dp

Then, the derivatives Eq. (2.35) can be expressed as

dja, . )
Lp P] =/ [d,p] -u'R'q,p [d,p] —jzie]qu),p [(bj,p]

m

£ ol sy o] s r-afa ] ST o.0]} 2
rafao]mwwag i) 2.

dy

The derivatives ap are avoided if the adjoint variables u satisfy

RTKy [E, p] Ru=Kr [&, p] u=R"7I [&, p] . (2.40)

Here Ky [&, p] denotes the reduced tangent stiffness matrix. Since K [6, p] is only as-
sociated with a few reduced DOFs, the solution of Eq. (2.40) is conveniently obtained
and will be evaluated in the final configuration. The tedious part is to eliminate the

derivatives of the base vectors di;)’. For this, the corresponding adjoint variables © ;, for
j=1,2,...,m, have to satisfy

il 010, =K [0:0]0, = 1 o] Rk i) 1 r-afo])
(2.41)
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Note, the tangent stiffness matrix Kt [d) It p] is related to FOMs. More specifically, it will
be related to FOMs for previous designs and/or different load levels due to the proposed
updating scheme. Hence, this adjoint formulation would call for availability of tangent
stiffness matrices corresponding to other load levels and/or different designs. Thus, it
is not efficient to calculate these terms in the ROM-based sensitivities. Therefore, an
approximated method is proposed, which ignores the derivatives of ¢ ;. This means that
itis assumed that the dependency of ¢ ; on p has a relative minor effect on the resulting
sensitivities. Following this strategy, the approximated formulation is expressed as

%c:)’p] ~-u"R’q,, [H, p] +p [H, p] . (2.42)

In Eq. (2.42), the adjoint variable p is computed using Eq. (2.40). This implies that we
do not need previous tangent operators. Compared to CFSA, this strategy only needs a
reduced-order linear analysis, which leads to computational efficiency.

2.6. NUMERICAL EXAMPLES

Several numerical examples involving shell elements and solid elements are studied in
this section to evaluate the proposed ROM-based techniques. The shell elements ap-
plied in this paper are 6-node, 12-DOF triangle elements, which can describe finite ro-
tations by a co-rotation formulation. More detail are provided in the work of Van Keulen
and Booij [28]. The solid elements are standard 6-node, 12-DOF tetrahedral elements
with one integration point.

For the efficiency illustration, note that in each Newton iteration the main cost could
come from two operations: (1) multiplying the ROM basis with the tangent stiffness ma-
trix, and (2) the decomposition of the tangent stiffness matrix.1) For ROMs, from the Eq.
(2.21), the operation count for the multiplication is (2/ — 1) x 2ml = 4mli? —2ml, where [
is the number of DOFs and m is the number of ROM basis. Since matrix decomposition
scales cubically with matrix dimension, the decomposition cost is O(m?3). Given m << 1,
the overall cost of one ROM Newton iteration is O(I?). For FOMs, the decomposition of
an [ x [ tangent stiffness matrix scales as O(I°). Approximately, one FOM-based iteration
is roughly as expensive as / ROM-based iterations. Therefore, comparing the number of
FOM and ROM Newton iterations provides a fair means of evaluating efficiency.

In the numerical tests, the efficiency of ROMs is measured by counting the number
of ROM-based Newton iterations (ROM-based updates) and FOM-based correction it-
erations (FOM-based correction updates) for each topology optimization step. These
numbers are compared with the number of FOM-based Newton iterations (FOM-based
updates) of an exclusively FOM-based strategy. To keep illustrations compact, several
terms are defined in the Tab. 2.1. Here, the exclusively FOM-based strategy does not
reuse solutions from previous FOM analyses, even though such reuse could be proposed
as a potential way to improve FOM efficiency. However, in nonlinear FEA, reusing pre-
vious FOM solutions can in fact be less efficient than the standard FOM approach (i.e.,
without reuse). This is because, for each load step, the deformation fields from previous
designs would need to be stored and then reloaded for the current design. Both storing
and retrieving these large datasets are time-consuming and memory-intensive, making
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the procedure comparable in cost to simply restarting the incremental-iterative analysis
from scratch.

Table 2.1: Definition of terms used in the numerical examples

Name Meaning

ONLY FOM Exclusively FOM-based method

ROM* ROMs without path derivatives and augmentation

(ROM*)¢ The number of FOM-based correction updates in ROM* for each optimization step
(ROM*); The number of ROM-based updates in ROM* for each optimization step

ROM+A ROMs with augmentation without path derivatives

(ROM + A)¢ The number of FOM-based correction updates in ROM+A for each optimization step
(ROM + A)r The number of ROM-based updates in ROM+A for each optimization step
ROM+A+P ROMs with augmentation and path derivatives

(ROM +A+P)¢ | The number of FOM-based correction updates in ROM+A+P for each optimization step
(ROM+A+P); | The number of ROM-based updates in ROM+A+P for each optimization step

2.6.1. CYLINDRICAL SHELL

We embark on testing with a mildly nonlinear case to assess the effectiveness of the pro-
posed ROMs. A cylindrical shell is shown in Fig. 2.3, where all details of the problem
have been provided and the quantities involved have consistent units. We consider four
different strategies for topology optimization, including ROM+A+P, ROM+A, ROM*, and
"ONLY FOM".

A comparison of their efficiency is provided in Fig. 2.4. As observed in Fig. 2.4(a),
"ONLY FOM" requires around 40 FOM-based updates every optimization step, whereas,
per optimization step, ROM* only requires 20 FOM-based updates and 60 ROM-based
updates. Here, 60 ROM-based updates have negligible effect on efficiency since each
ROM-based update only requires factorization of a small matrix of 10 x 10 size. For fur-
ther efficiency improvement, augmentation is included (see the result for ROM+A shown
in Fig. 2.4(a)). Here, we can typically reduce the number of FOM-based updates to less
than 20 per optimization step and logically, the number of ROM-based updates increases
a bit to 60. Next, the impact of path derivatives is studied in Fig. 2.4(b). From the result,
no obvious difference is obtained. It makes sense since path derivatives are mainly for
inextensional bending structures, but it is not the case in this example.

Corresponding convergence curves of the four strategies are compared in Fig. 2.5.
Evidently, all strategies underwent nearly the same optimization progress and converge
to the same final result. This implies that the approximation we made in ROM-based
sensitivity analysis, i.e., ARSA, has negligible impacts on the optimization progress and
final result for this case. For details, we zoom in at an intermediate design of ROM+A+P,
shown in Fig. 2.5, and look at its sensitivity of the constraint u/ — 2.5 le0. The sensitivity
value was obtained automatically by ARSA since the analysis ended with a ROM-based
solution. As a comparison, we used FOMs to rerun the analysis for the same interme-
diate design and extracted CFSA values as shown in Fig. 2.5. According to the results,
ARSA and CFSA provide a consistent sign but differing magnitudes. These differences
did not obviously lead ROM-based optimization progress diverge from the FOM-based
one. It indicates that there are possibilities for optimization to ignore the errors existing
in sensitivity values.
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Figure 2.3: Cylindrical shell. All quantities have consistent units. Here, F denotes nodal forces applied at points
A and B, t thickness, E Young’s modulus, A load factor, AA increment of A, € the convergence tolerance for
FOMs (see Eq. (2.15)), € the convergence tolerance for ROMs (see Eq. (2.25)), 6 rej the rejection tolerance (see
Section 2.4.3), § the error tolerance for ROM-based results (see Section 2.4.1), V volume, #} displacement of
point A in x direction, and u displacement of point B in x direction.
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Figure 2.4: Efficiency test for the cylindrical model. The efficiency of ROMs is measured by counting the num-
ber of ROM-based updates and FOM-based correction updates for each topology optimization step. In the left
picture, blue shapes denote ROMs without path derivatives and augmentation, where the up-pointing trian-
gles are the number of ROM-based updates and the down-pointing triangles are corresponding FOM-based
correction updates. The red shapes denote ROMs with augmentation without path derivatives, where the cir-
cles are ROM-based updates and the squares are FOM-based. In the right picture, the blue shapes represent
ROMs with augmentation and path derivatives, where the stars are the number of ROM-based updates and
the crosses are the corresponding FOM-based updates. The red shapes here are the same as the left picture.
These numbers are compared with the number of FOM-based updates of exclusively FOM strategy, which are
shown by the green points in both the left and right pictures. From the distribution of the points, we can see
that ROMs with augmentation have better performance than ROMs without augmentation. The differences
between ROMs with and without path derivatives are not distinct for this example.
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Figure 2.5: Histories of objective values for the cylindrical model. For sensitivity evaluations, an intermediate
design is selected from the optimization progress involving ROM+A+P method shown by the middle black-
white figure. Focusing on this intermediate design, both ARSA and CFSA are used to calculate the sensitivity
values of u? with regard to all element pseudo densities. Different colors in ARSA and CFSA results represent
sensitivity values. As observed, ARSA and CFSA provide consistent signs but differing magnitudes at some
parts. These differences did not cause a big influence on the optimization progress and topology results. Both
convergence and final design are similar. The final topology results for FOMs and ROMs are identically shown
in the black-white figure on the right.

2.6.2. CANTILEVER SOLID BEAM
A cantilever beam is depicted in Fig. 2.6. In this figure, all details of the problem have
been provided and quantities involved have consistent units. Given that the structure
exhibits nearly inextensional bending behavior, it can highlight the importance of intro-
ducing path derivatives.

We consider four strategies including ROM*, ROM+A, ROM+A+P, and "ONLY FOM"
for topology optimization. A comparison of their efficiency is shown in Fig. 2.7. First of
all, we investigate the influences of augmentation; the results can be found in Fig. 2.7(a).
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As observed, the "ONLY FOM" method requires around 40 FOM-based updates, whereas
ROM* only needs 10 FOM-based correction updates per optimization step. When aug-
mentation is included, analyses are purely done by ROMs for 33 optimization steps and
for the remaining 17 steps, no more than 10 correction updates are needed. Logically,
decreasing the number of FOM-based correction updates results in a slight increase in
ROM-based updates for ROM+A method. The increase hardly influences efficiency since
in each ROM-based update, only a small matrix of size 10 x 10 is factorized. After the in-
troduction of path derivatives, as shown in Fig. 2.7(b), analyses are purely done by ROMs
for 45 optimization steps and only 5 FOM-based correction updates are required in the
remaining 5 optimization steps.

E=100 x 108 er=10x1077
v=0.3 €r=10x1076
F=60 x 108 Brej=10x1079
A=1 55=0.5
A1=0.1

Objective : Min V
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Number of base vectors : 10
Number of solid elements : 5976

Figure 2.6: Cantilever solid beam. All quantities have consistent units. Here, F denotes a concentrate force
applied to Point A, E Young's modulus, A load factor, AA load increment, € f the convergence tolerance for
FOMs (see Eq. (2.15)), €, the convergence tolerance for ROMs (see Eq. (2.25)), Oyej the rejection tolerance (see

Section 2.4.3), § s the error tolerance for ROM-based results (see Section 2.4.1), V Volume, u’z\ displacement of
Point A in z direction, and u’} displacement of Point A in x direction.

Corresponding convergence curves of the four strategies are compared in Fig. 2.8. In
the figure, we zoom in at an intermediate design of ROM+A+P and look at its sensitivities
for the constraint —u% — 1.4 < 0. Here the sensitivity was automatically obtained by ARSA
since the analysis ended with a ROM-based solution. As a comparison, we then used
FOMs to rerun the analysis for the same intermediate design and extracted CFSA values.
According to the results, nearly identical SA values are obtained by ARSA and CFSA, and
obviously lead to nearly the same optimization progress and topology result of the four
strategies. The corresponding topology results can be found in Fig. 2.8.
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Figure 2.7: Efficiency test for the cantilever beam model. The efficiency of ROMs is measured by counting the
number of ROM-based updates and FOM-based correction updates for each topology optimization step. In the
left picture, blue shapes denote ROMs without path derivatives and augmentation, where the up-pointing tri-
angles are the number of ROM-based updates and the down-pointing triangles are corresponding FOM-based
correction updates. The red shapes denote ROMs with augmentation without path derivatives, where the cir-
cles are ROM-based updates and the squares are FOM-based. In the right picture, the blue shapes represent
ROMs with augmentation and path derivatives, where the starts are the number of ROM-based updates and
the crosses are the corresponding FOM-based updates. The red shapes here are the same as the left picture.
These numbers are compared with the number of FOM-based updates of exclusively FOM strategy, which are
shown by the green points in both the left and right pictures. From the comparison, ROM+A performs better
than ROM*, and ROM+A+P further improves the efficiency compared to ROM+A.
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Figure 2.8: Histories of objective values for the cantilever beam model. For sensitivity evaluations, an inter-
mediate design is selected from the optimization progress involving ROM+A+P method shown by the middle
black-white figure. Focusing on this intermediate design, both ARSA and CFSA are used to calculate the sen-
sitivity values of —ujz\ with regard to all element pseudo densities. Different colors in ARSA and CFSA results
represent sensitivity values, where ARSA and CFSA provide nearly identical results and lead to the same result
shown in the black-white figure on the right.

2.6.3. THIN PLATE MODEL

A thin plate model is described in Fig. 2.9. In this figure, all details of the problem have
been provided and quantities have consistent units. In this example, we expect a very
slender topology result where displacements can increase largely between two neighbor-
ingload steps. In this way, the advantage of augmentation technique can be clearly illus-
trated. We use four strategies including ROM*, ROM+A, ROM+A+P, and "ONLY FOM" for
topology optimization. The efficiency is compared in Fig. 2.10. First of all, we investigate
the influences of augmentation and the results can be found in Fig. 2.10(a). As observed,
the "ONLY FOM" method requires roughly 40 updates until the 20th optimization step.
Thereafter, it increases to approximately 70 when the structure has become more slen-
der. Similarly, after the 20th optimization step, ROM* intensively involves FOM-based
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correction updates.

This inaccuracy is mainly due to large displacement changes between neighboring
load steps. The situation can be improved by application of the augmentation tech-
nique. With augmentation from higher load levels of previous designs, ROM+A needs
fewer than 20 correction updates for the whole optimization progress. After involving
path derivative, as shown in Fig. 2.10(b), although slightly, the efficiency can be further
improved compared with ROM+A.

Corresponding convergence curves are compared in Fig. 2.11. In the figure, we zoom
in at an intermediate design of ROM+A+P and look at its sensitivity of the constraint
u2—0.15 < 0. Here the sensitivity was automatically obtained by ARSA since the analysis
ended with a ROM-based solution. As a comparison, we used FOMs to rerun the analysis
for the same intermediate design and got CFSA values. According to the results, identical
SA values are obtained by ARSA and CFSA, and obviously lead to the same optimization
progress and topology result of the four strategies. The corresponding final topology is
also shown in Fig. 2.11.

In alignment with the nonlinear case, for the linear case, we minimize the volume
while considering displacement constraints, but here the upper limit is established to
be 100 times smaller than the nonlinear case. As illustrated in Fig. 2.12, with large dis-
placement requirements, the solution found in nonlinear scope distributes the material
uniformly along the symmetrical boundary, attempting to move away from the simply
supported boundary to form a flexible strip, which can exhibit large deflections and rota-
tions. With small displacement requirements, the material is concentrated more towards
the applied force, resulting in a design that is closely linked to the simply supported
boundary. The results demonstrated that topologies in nonlinear and linear scope can
be distinct, consequently, linear design is not a fair replacement of the nonlinear one.

o

RIS =

E=300 x 10° 1=0.01

V=03 er=10x1072
F=30x 10° €p=10x 1076
1=0.15 arej =10x1079
A1=0.015 6;=05

Objective : Min V

s.t.: ujz\ <0.15

Number of base vectors : 10
Number of elements : 1496

Figure 2.9: Square thin plate. All quantities have consistent units. Here, F denotes a concentrated force applied
to Point A, t thickness, E Young’s modulus, A load factor, AA increment of A, € ¢ the convergence tolerance for
FOMs (see Eq. (2.15)), € the convergence tolerance for ROMs (see Eq. (2.25)), 5re]~ the rejection tolerance (see
Section 2.4.3), § s the error tolerance for ROM-based results (see Section 2.4.1), V volume, and 2 displacement
of Point A in z-direction. Due to symmetry, a quarter of the plate is selected for optimization.
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Figure 2.10: Efficiency test for the thin plate. The efficiency of ROMs is measured by counting the number
of ROM-based updates and FOM-based correction updates for each topology optimization step. In the left
picture, blue shapes denote ROMs without path derivatives and augmentation, where the up-pointing trian-
gles are the number of ROM-based updates and the down-pointing triangles are corresponding FOM-based
correction updates. The red shapes denote ROMs with augmentation without path derivatives, where the cir-
cles are ROM-based updates and the squares are FOM-based. In the right picture, the blue shapes represent
ROMs with augmentation and path derivatives, where the starts are the number of ROM-based updates and
the crosses are the corresponding FOM-based updates. The red shapes here are the same as the left picture.
These numbers are compared with the number of FOM-based updates of exclusively FOM strategy, which are
shown by the green points in both the left and right pictures. From the comparison, ROM+A is obviously supe-
rior to ROM*. ROM+A+P performs slightly better than ROM+A.

As is commonly understood, when a design exhibits mild nonlinearity, the differ-
ences between linear and nonlinear topologies may not be distinct. Thus, neglecting
nonlinearity in the analysis may only lead to displacement errors but not an ineffective
design. For relative high nonlinear cases, the differences between linear and nonlinear
topologies could be obvious. Normally, a design optimized in the linear regime cannot
generally satisfy the requirements of the nonlinear problem. For this thin plate case, we
can observe a noticeable difference between the topologies under small and large dis-
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Figure 2.11: Histories of objective values for the square thin plate model. For sensitivity evaluations, an inter-
mediate design is selected from the optimization progress involving ROM+A+P method shown by the middle
black-white figure. Focusing on this intermediate design, both ARSA and CFSA are used to calculate the sen-
sitivity values of u’; with regard to all element pseudo densities. Different colors in ARSA and CFSA results
represent sensitivity values, where ARSA and CFSA provide nearly identical results and lead to the same result
shown in the black-white figure on the right.

placement requirements shown in Fig. 2.12.

(a) Nonlinear result (b) Linear result

Figure 2.12: Comparison between linear and nonlinear topology results for the thin plate model. For both
cases, we minimize volume with displacement constraints. For the linear case, the upper limit of displacement
constraint is 0.0015 but for the nonlinear case, it is 0.15. At convergence, both displacement constraints are
active.
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2.6.4. SPHERICAL STRUCTURE

A spherical structure is illustrated in Fig. 2.13. In this figure, all details of the problem
have been provided and all quantities have consistent units. The structure is separately
discretized with shell elements and solid elements. We conducted topology optimiza-
tion for both cases using the four strategies, and their efficiency and convergence results
will be compared in the following subsections. Given that the structure exhibits nearly
inextensional bending behavior, it can demonstrate the necessity of introducing path
derivatives.

SPHERICAL THIN SHELL

For the structure meshed with shell elements shown in Fig. 2.13(c), we compare the ef-
ficiency of the four strategies in Fig. 2.14. First, we look into the effects of augmenta-
tion excluding path derivatives. The results can be found in Fig. 2.14(a). The "ONLY
FOM" method performs stably, which requires roughly 70 updates per optimization step.
For ROMs without augmentation, i.e., ROM*, it needs around 40 FOM-based and 80
ROM-based updates until the 20th optimization iteration. Thereafter, the number of
both FOM-based and ROM-based updates becomes unstable. Especially, more than 80
FOM-based correction updates are required in the majority of optimization steps. After
introducing the augmentation (see results of ROM+A), the number of ROM-based up-
dates becomes much smaller compared to ROM*, but is still around and even exceeds
80. The efficiency can be improved further by introducing path derivatives. As shown in
Fig. 2.14(b), ROMs with path derivatives and augmentation, i.e., ROM+A+P, can reduce
the number of FOM-based correction updates to fewer than 40 for most optimization
steps. However, the number of FOM-based corrections and ROM-based updates is still
unstable. Particularly, at the 28th optimization step, we observe more than 100 FOM-
based updates.

In order to understand the reasons behind the large number of FOM-based updates,
we zoom in on the intermediate design at the 28th optimization step. Then, the ROM-
based and the corrected FOM-based deformations at the last load incremental step are
shown in Fig. 2.14(b). As observed, a local buckling mode is clearly visible in the mid-
dle low-density area of the ROM-based deformation figure. When looking at the cor-
responding FOM-based deformations, we observe a completely different local buckling
mode. Given the differences, FOMs are intensively used to transfer the ROM-based one
to the FOM-based one. To address this, in future work, techniques for refining ROMs
need to be explored.

Corresponding convergence curves for the four strategies are shown in Fig. 2.15. As
observed, ROM+A+P and ROM+A converge to the same objective value, which is slightly
larger than the "ONLY FOM" result. The differences related to final topologies can be
found in Fig. 2.15, which could result from the differences between ROM-based and
FOM-based solutions, as well as the approximation introduced by the ROM-based sensi-
tivity analysis method ARSA. The ARSA value of the constraint — 2 —4 < 0 for an interme-
diate design can be observed in Fig. 2.15. As a comparison, we reran the analysis using
FOMs for the same intermediate design and got CFSA. Here CFSA and ARSA have the
same sign but different magnitudes. These errors could lead to different results when
structures become flexible. As for ROM*, it converges to nearly the same result as the
"ONLY FOM" method. This would not be surprising after looking at the efficiency test
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(see Fig. 2.14(a)). Since the inaccuracy of ROM*, nearly all of the load incremental steps
ended with FOM-based solutions, and consequently, the optimization is led by CFSA
instead of ARSA.

SPHERICAL SOLID SHELL

For the structure meshed with solid elements in Fig. 2.13(b), we compare the efficiency
of the four strategies shown in Fig. 2.16. We start by examining the effects of augmenta-
tion and the results are shown in Fig. 2.16(a). Here, the "ONLY FOM" method requires
roughly 50 updates for most optimization steps, however, increasing to more than 100
between the 20th and the 40th optimization step. We then zoom in on one of the inter-
mediate designs and look at the deformation, see Fig. 2.16(a). As observed, the elements
on the left bottom corner of the design are inside-out due to compression, which leads
to convergence difficulties in the FOM-based analysis. The convergence difficulties in
FOMs also have big influence on ROM?*, since it intensively uses FOMs for both error
correction and initialization at every optimization step. For ROM+A, the influence be-
comes less severe since the augmentation technique reduces the times of switching back
to FOMs and avoids FOM-based initialization at every optimization step. Here only for
three of the optimization steps, ROM+A requires more than 20 correction updates and
the maximum number is about 40. If path derivatives are used (see Fig. 2.16(b)), a better
result is obtained, though not distinctly. Here, the largest number of FOM-based correc-
tion updates is roughly 30.

The corresponding convergence curves are compared in Fig. 2.17. Although the four
strategies went through different optimization processes, they ultimately achieve simi-
lar objective values. ROM+A and ROM+A+P converge to nearly the same objective value,
which is a bit larger than the one of "ONLY FOM". The differences in topology can
be seen on the right of Fig. 2.17, where more material appears in the middle of the
ROM+A+P and ROM+A results. These variations could result from the differences be-
tween ROM-based and FOM-based solutions (6 = 0.5), as well as ARSA. The ARSA value
of the constraint —u4 — 4 < 0 for an intermediate design from ROM+A+P can be seen in
Fig. 2.17. As a comparison, we then used FOMs to rerun the analysis for the same inter-
mediate design and got CFSA values. According to the results, ARSA and CFSA provide
a consistent sign but differing magnitudes. These errors could lead to differences in re-
sults when the structure is flexible. As for ROM*, since CFSA is frequently used due to
its inaccurate ROM-based solutions, it converges to nearly the same result as the "ONLY
FOM" method.
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Figure 2.13: Spherical structure and its meshes. (a) is the geometry. All quantities have consistent units. Co-

ordinates of Point A is (1,6, ¢) = (10, 27”,0), Point B (r,6,¢) = (10, ZT”, %), Point C (1,6,¢) = (10, 5,0), and Point
D (r,0,¢) = (10, ’2’ , %). Here, F denotes nodal forces applied to Point A and B, ¢ thickness, E Young’s modulus,

1 2
A load factor, AA increment of A,e ¢ the convergence tolerance for FOMs (see Eq. (2.15)), €, the convergence
tolerance for ROMs (see Eq. (2.25)), Opej the rejection tolerance (see Section 2.4.3), §¢ the error tolerance for
ROM-based results (see Section 2.4.1), V Volume, u/z\ displacement of Point A in z direction, u’; displacement
of Point A in x direction, uzB displacement of Point B in z direction, and uE displacement of Point B in x di-
rection. The model meshed with solid elements is shown in (b). The number of solid elements is 34740. The

model meshed with shell elements is shown in (c). The number of shell elements is 2316
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Figure 2.14: Efficiency test for the spherical thin shell. The efficiency of ROMs is measured by counting the
number of ROM-based updates and FOM-based correction updates for each topology optimization step. In
(a), blue shapes denote ROMs without path derivatives and augmentation, where the up-pointing triangles are
the number of ROM-based updates and the down-pointing triangles are corresponding FOM-based correction
updates. The red shapes denote ROMs with augmentation without path derivatives, where the circles are ROM-
based updates and the squares are FOM-based. In (b), the blue shapes represent ROMs with augmentation and
path derivatives, where the starts are the number of ROM-based updates and the crosses are the corresponding
FOM-based updates. The red shapes here are the same as the left picture. These numbers are compared with
the number of FOM-based updates of exclusively FOM strategy, which are shown by the green points in both (a)
and (b). From the results, ROM+A performs better than ROM*, though both of them show extremely unstable
update numbers. ROM+A+P has the best performance among the three ROM strategies. However, a large
number of correction iterations are still observed. To understand this, an intermediate design is selected and
ROM-based analysis is performed. Concerning the final load incremental step, corresponding ROM-based and
the corrected FOM-based deformations are shown on the right. As observed, the ROM-based and FOM-based
results show different local buckling modes. Thus, FOMs are intensively involved to transfer the ROM-based
one to the FOM-based one.
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Figure 2.15: Histories of objective values for the spherical thin shell model. An intermediate design is selected
from the optimization progress involving ROM+A+P method shown by the middle black-white figure. Focusing
on this intermediate design, both ARSA and CFSA are used to calculate the sensitivity values of — u‘z\ with regard
to all element pseudo densities. Different colors in ARSA and CFSA represent sensitivity values. Here ARSA and
CFSA provide a consistent sign with differing magnitudes. These errors lead to slightly different results when
the structure is flexible, which are illustrated by the black-white topology results shown on the right. Here,
designs, at the 70th optimization steps, of ROM+A+P and ROM+A have a bit more material than the design of
"ONLY FOM". For ROM*, since its inaccuracy, nearly all of the load incremental steps ended with FOM-based
solutions, and consequently, the optimization is led by CFSA instead of ARSA. Then, it converges to the same
result as the "ONLY FOM" method.
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Figure 2.16: Efficiency test for the spherical solid shell. The efficiency of ROMs is measured by counting the
number of ROM-based updates and FOM-based correction updates for each topology optimization step. In
(a), blue shapes denote ROMs without path derivatives and augmentation, where the up-pointing triangles are
the number of ROM-based updates and the down-pointing triangles are corresponding FOM-based correc-
tion updates. The red shapes denote ROMs with augmentation without path derivatives, where the circles are
ROM-based updates and the squares are FOM-based. In (b), the blue shapes represent ROMs with augmen-
tation and path derivatives, where the starts are the number of ROM-based updates and the crosses are the
corresponding FOM-based updates. The red shapes here are the same as the left picture. These numbers are
compared with the number of FOM-based updates of exclusively FOM strategy, which are shown by the green
points in both (a) and (b). From the results, the ONLY FOM method encounters divergence difficulties between
the 20th and the 40th optimization steps. The reason is the instability of low-density elements as shown in the
deformation figure. The convergence difficulties in FOMs have big influence on ROM* since it intensively uses
FOMs for both error correction and initialization at every optimization step. For ROM+A, the influence be-
comes less severe since the augmentation technique improves accuracy and avoids FOM-based initialization
at every optimization step. Then, if path derivatives are used, a better result than ROM+A is obtained, though
the differences are not distinct.
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Figure 2.17: Histories of objective values for the spherical solid shell. An intermediate design is selected from
the optimization progress involving ROM+A+P method shown by the middle black-white figure. Focusing on
this intermediate design, both ARSA and CFSA are used to calculate the sensitivity values of — ufz\ with regard to
all element pseudo densities. Different colors in ARSA and CFSA represent sensitivity values, where ARSA and
CFSA provide a consistent sign with differing magnitudes. These errors lead to slightly different results when
the structure is flexible, which are illustrated by the black-white topology results shown on the right. Here,
designs, at the 50th optimization step, of ROM+A+P and ROM+A have a bit more material than the design
of "ONLY FOM". As for ROM*, since CFSA is frequently used due to its inaccurate ROM-based solutions, it
converges to nearly the same result as the "ONLY FOM" methods.

2.7. SUMMARY AND CONCLUSIONS

This study introduces ROMs to improve the computing efficiency of incremental-iterative,
geometrically nonlinear finite element simulations and the corresponding sensitivity
analysis for topology optimization problems. We have explained the initialization, up-
date, error control, and augmentation techniques for the proposed ROMs. Besides, we
have proposed approximated ROM-based sensitivity analysis strategies (ARSA) for prac-
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tical and efficient use. Finally, the performance of the mentioned techniques has been
examined by various geometrically nonlinear examples involving both solid as well as
shell elements, and the results have been benchmarked against normal FOM-based ones.

Based on the findings, the proposed ROMs can effectively improve computing effi-
ciency with a base vector number of no more than 20. Especially, with the augmentation
from previous designs, the ROMs’ efficiency can be greatly improved. Importantly, path
derivatives are necessary for flexible structures; otherwise, ROM-based analysis lacks an
effective description of flexible modes.

It is noticed that the ROM base also includes information from the void areas. As
we use a Newton process, the displacements and rotations may be less accurate in void
areas than in the solid domain. Given the fact that we need a basis which includes all
nodal degrees of freedom, only selectively including nodal degrees of freedom is not an
option. Moreover, it would increase complexity of the method significantly. Finally, the
examples demonstrate that including all nodal degrees of freedom in the basis does not
lead to complications. One issue caused by void areas could be spurious local buckling
behavior shown in the spherical shell example. To address the issue, additional method-
ologies need to be employed, which is beyond the scope of the current study.

With regard to sensitivities, we proposed an approximate ROM-based sensitivity anal-
ysis method (ARSA). Here, we ignore the gradients of base vectors from previous designs
with regard to design variables and consequently, exclude previous tangent operators.
In this way, we improve the efficiency of ROM-based sensitivity analysis. The suggested
ARSA can successfully guide most cases to the same solution as obtained using a FOM-
based formulation. However, for flexible structures, we observe slight differences be-
tween ROM-based and FOM-based topology results. The differences could result from
the errors introduced by ROM-based solutions as well as the approximation brought in
by ARSA.
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ELIMINATION OF SPURIOUS MODES
IN ROM-BASED TOPOLOGY
OPTIMIZATION OF GEOMETRICALLY
NONLINEAR STRUCTURES

In geometrically nonlinear topology optimization, “low-density areas", subjected to com-
pression from neighboring stiffer regions, can lead to complications, such as “inside-out"
elements in 2D structures or spurious local buckling in shells and plates. The former typ-
ically causes computational divergence, while the latter, though not always divergent,
could significantly increase the analysis iterations required for convergence, resulting in
significant higher computational costs. To enhance efficiency, reduced-order modeling
(ROM) could be used, as it employs a small number of generalized variables to approxi-
mate the behavior governed by the numerous degrees of freedom (DOFs) in the full-order
model (FOM). However, the presence of spurious buckling can severely compromise ROM
efficiency, even requiring more analysis iterations compared to methods relying on full-
order models.

To address the analysis convergence difficulties caused by spurious buckling in ROMs, two
approaches are investigated. The first and simplest approach involves removing spurious
modes from the ROM basis. The second approach focuses on eliminating spurious modes
directly from the underlying physics, which can be extended to standard FOM-based anal-
yses. The above strategies are primarily evaluated using shell models, providing a detailed
analysis of their effectiveness.

This chapter will be submitted to a journal
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3.1. INTRODUCTION

Topology optimization (TO) [1] is a highly efficient tool which can assist in creating de-
signs in innovative and competitive sectors of industry. The basic idea is to achieve de-
signs satisfying specific engineering requirements by optimizing material distribution
in a prescribed design domain. The method is broadly used in various fields [2-5]. Most
of the applications are restricted to linear settings. However, if structures must perform
at or beyond the limits of conventional design envelopes, considering only linearity in
structural design can limit their reliability and performance. For example, accounting for
geometrically nonlinearity is essential when designing thin-walled structures exhibiting
finite deflections and rotations [6-8], flexures delivering high-precision motions [9, 10],
and snap-through mechanisms [11-13]. Thus, exploring methods for TO involving geo-
metrically nonlinearity is critical. However, considering geometrically nonlinear struc-
tures in TO is particularly challenging because (i) the computational burden associated
with resolving the nonlinear governing equations [14, 15] and (ii) analysis convergence
difficulties caused by low-density areas [16].

The first challenge, the computational burden, is due to intensive use of incremental-
iterative finite element simulations. Reduced-order models (ROMs) are potentially pow-
erful strategies to deal with such problems. ROMs use a small number of generalized
variables to approximate the behavior governed by a large number of degrees of free-
dom (DOFs) associated with the full-order model (FOM). Each generalized variable cor-
responds to a base vector, which can be a buckling mode, a static displacement field, a
natural frequency mode, among others [17-19]. In topology optimization, ROMs have
been widely applied in linear settings [20-23], with a few studies addressing material
nonlinearity [24, 25]. Building on their promising results, we extended the use of ROMs
to geometrically nonlinear topology optimization as formulated in our previous work
[15]. The proposed ROMs are based on Ritz’ method. They target a relatively small set of
carefully adapted base vectors, while at the same time, the accuracy of the ROM-based
solutions can be guaranteed. The ROM basis is constructed adaptively and may include
FOM-based linear solutions, nonlinear solutions, and approximate path derivatives. To
adapt to the optimization process, the ROM basis may be augmented using base vectors
generated from previous design iterations. Numerical tests confirmed the efficiency of
ROM-based topology optimization (TO) [15]. However, when there are analysis conver-
gence difficulties caused by low-density areas, ROMs are unable to effectively reduce the
computational burden.

The analysis convergence difficulties arise from low-density areas being compressed
by neighboring stiffer regions. This leads to ill-conditioned tangent stiffness matrices,
typically causing “inside-out" elements in 2D structures and local buckling in shells
and plates. The former often results in computational divergence, while the latter, al-
though not always divergent, could significantly increase the number of analysis itera-
tions needed for convergence. In ROMs, nonlinear solutions are typically used as basis
vectors, inherently incorporating local buckling into the ROM basis and thereby spoiling
the convergence of ROMs. To effectively utilize ROMs, the analysis convergence difficul-
ties caused by low-density areas must be addressed.

Several studies have proposed methods to address instabilities in FOM settings. One
of them is the element removal and reintroduction method proposed by Bruns and Tor-
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torelli [16]. This method systematically removes low-density elements from the finite
element mesh during the incremental-iterative solution process and reintroduces them
for sensitivity evaluations. However, careful handling of boundary conditions is cru-
cial after element removal to avoid encountering singular structures. Additionally, in-
termediate density elements may still remain in the design domain, potentially leading
to instabilities despite the application of this method. More importantly, this method
is not easily compatible with the proposed ROMs since element removal will lead to in-
consistencies between different base vectors which are generated from different inter-
mediate designs. For another method, Lahuerta et al. [26] suggest using hyperelastic
neo-hooken material models instead of linear Saint Venant material models for geomet-
rically nonlinear TO. Hyperelastic materials are designed to exhibit hardening behav-
ior under compression, which can help mitigate computational divergence caused by
low-density areas. However, for shells, owing to their 3D nature, spurious buckling can
still occur when the load exceeds a certain threshold, even if the elements are incom-
pressible. A related approach that also uses hyperelastic neo-Hookean materials is the
third medium contact (TMC) method [27-30], which inserts a layer of neo-Hookean ele-
ments between two potential contact bodies; these elements stiffen under compression,
preventing penetration when contact occurs. However, TMC elements can undergo se-
vere distortion under large compression, causing divergence in nonlinear finite element
analysis. To reduce such distortions, Bluhm et al. [29] proposed the “HuHu" method,
which augments the strain energy density with an additional term based on Hessian dis-
placement field to penalize higher-order deformations and thereby regularizes the ele-
ment shape during deformation. Nonetheless, the “HuHu" method undesirably penal-
izes bending and quadratic compression more than necessary. As proposed in [30], this
excessive penalization can be reduced by subtracting a “LulLu" term constructed from
the Laplacian of the displacement field, and consequently facilitating a greater degree
of bending while maintaining stability. In general, TMC elements combined with reg-
ularization techniques focusing primarily on controlling large element deformations.As
discussed earlier when introducing the work of [26], shell elements can behave almost
rigidly during local buckling, with their shape remaining nearly unchanged. Therefore,
the TMC method may not be a suitable option for resolving spurious local buckling in
shells. Similarly, restricting deformations while allowing large rigid body motions, two
typical methods have been proposed. The first is Element Connectivity Parameteriza-
tion (ECP) method presented by Yoon and Kim [31], where modified finite elements are
used. Each of them consists of a regular finite element and corresponding elastic truss
connections, with the pseudo densities of the trusses, rather than the elements, used as
design variables [32]. Instabilities in ECP formulations, as reported in [33], occur when
truss densities become low. In such cases, even though the element strains remain small,
the corresponding patch may reverse due to rigid body motions of the element. The sec-
ond method is Element Deformation Scaling (EDS), proposed by van Dijk et al. [34].
This method separates the element displacement field into rigid body motions and pure
deformations, scaling the pure deformation component. However, similar to the ECP
method, instabilities can arise in EDS due to rigid body motions, even when the element
itself undergoes only linear deformation. As constraining deformations alone is not suf-
ficiently effective, Wang et al. [35] proposed a strain energy interpolation method that
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also limits rigid-body motions for low-density elements. This method introduces a scal-
ing parameter between 0 and 1 into the displacement field. The strain energy is inter-
polated between a linear and a nonlinear model. For low-density elements, this scaling
reduces the geometric stiffness matrices, allowing the elements to behave linearly and
avoid instabilities. This approach is simple to integrate with the proposed ROMs and will
be one of the strategies explored in this work.

Since ROMs were recently introduced to topology optimization (TO) for geometri-
cally nonlinear structures in our previous work [15], methods to address convergence
difficulties have not yet been extended to ROMs. Additionally, the existing approaches
primarily focus on 2D structures, while their behavior for shells remains unexplored.
Therefore, this chapter focuses on flexible shells modeled using a co-rotation formula-
tion [32] and develops tailored methods to address convergence issues caused by low-
density elements in ROMs. The first and simplest approach involves removing spurious
modes from the ROM basis: One strategy eliminates specific directions from the ROM
basis, guided by the eigenvalues and eigenvectors of reduced matrices; another strategy
directly removes spurious contributions associated with low-density areas from the ba-
sis. The second approach focuses on eliminating spurious modes directly from the un-
derlying physics. Inspired by [35], we apply strain interpolation to low-density elements.
The interpolation, for shells, is applied only to the membrane strains, since they are the
main causes of spurious instabilities. Then, to explore more innovative and robust solu-
tions for shells and ROMs, the chapter also introduces a new approach involving normal
and complementary structures. The complementary structure acts as a flexible support,
stabilizing distortions in low-density areas. These second type of methods can be ex-
tended to standard FOM-based analyses. The chapter aims to thoroughly investigate
the performance of the above strategies and provide deeper insights into the underlying
challenges.

This chapter is structured as follows: Section 2 introduces geometrically nonlinear
topology optimization and the previously proposed Reduced-Order Models (ROMs) [15].
Section 3 demonstrates the convergence difficulties in ROMs caused by spurious buck-
ling, using shell models. Section 4 presents two strategies for removing spurious modes
from the ROM basis, with their effectiveness evaluated using the shell models from Sec-
tion 3. Section 5 presents two methods to remove spurious modes from FOM-based
solutions. Their effectiveness is first tested on a 2D C-shaped structure and on the shell
models from Section 3. Finally, Section 6 gives the conclusions.

3.2. ROM-BASED GEOMETRICALLY NONLINEAR TOPOLOGY OP-

TIMIZATION
Topology optimization formulations with an objective function J, inequality constraints
h, design variables (pseudo densities) p and their corresponding lower bounds p,,;, can
be expressed by

mgn][d[p],p],

s.t.:h[d[p],p] =0, (3.1)
0<pPpn=p=Ll
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Here, lower bounds p,,,;, are typically set to avoid singularities caused by removing ma-
terial. Mechanical responses d, i.e. nodal degrees of freedom are usually obtained by
solving equilibrium governing equations, which for geometrically nonlinear cases, can
be expressed by

D'[djo—-f=q[d]-f=0, 3.2)

where f represents the external nodal load, o generalized stresses, and q = D' ¢ the so-
called “internal” load, with
06,‘

Dl‘jZade.

(3.3)
Here, ¢; represents generalized deformations. Given that we mainly focus on shells prone
to large deflections and rotations but with small deformations, linear material model is
used, shown by

o =Se, (3.4)

where S is the generalized constitutive matrix. At element level, the matrices corre-
sponding to D and S are denoted by D, and S,.
In the SIMP method [1], the constitutive matrix is scaled at element level with ele-
ment density p,:
Se — pb'Se, (3.5)

where parameter p is used to penalize intermediate densities and usually, p = 3 is adopted
[1].

To solve the governing equations, incremental-iterative methods are typically used.
Here, a load factor A is introduced, and consequently, the external load f is written as a
function of A. Then, the equilibrium equation reads

qld] -f[A] =0, (3.6)
with “[---]" denoting a function of “---". Next, the corresponding rate equations follow
as

Kr [d] dd _ df =0 (3.7
aa '

with the [ x [ tangent stiffness matrix Kt being defined as

oq|d]

Kr = 3 (3.8)
where [ is the number of structural DOFs. In these simulations, the external load f is
divided into several load steps. Each load level involves an initial linear prediction, fol-
lowed by several Newton iterations. During these iterations, the tangent stiffness matrix
Kt must be updated and a set of linear equations need to be solved. Then, the solution
may be very expensive, particularly when the number of nodal degrees of freedom gets
large.

The computational burden can increase further due to the scaling in Eq. (3.5), where
a low pseudo-density makes elements highly compliant. These compliant elements are
easily deformed by neighboring stiffer elements undergoing large displacements. This
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leads to ill-conditioned tangent stiffness matrices, typically causing “inside-out" ele-
ments in 2D structures and local buckling in shells and plates. The former often results
in computational divergence, while the latter, although not always divergent, could sig-
nificantly increase the number of analysis iterations and may call for smaller load steps
to ensure convergence.

To improve efficiency, reduced-order modeling (ROMs) was introduced in [15]. A
brief explanation of the proposed ROMs is outlined here, with more detailed information
available in [15]. In the proposed ROMs, the nodal degrees of freedom are approximated
by:

d =Ry, (3.9)

where d denotes the approximate nodal degrees of freedom for the full-order model and
y are generalized coordinates. The matrix R represents the ROM basis

R: [q)ly ¢)2)---y¢)m], (310)

where ¢,,, denotes an individual base vector, m represents the number of base vectors
and for efficiency, one targets a relatively small number of base vectors, i.e.,, m < [. In
the proposed ROMs, base vectors could be FOM-based linear solutions, nonlinear so-
lutions, and (approximate) path derivatives. To ensure the formation of a well-defined
orthonormal basis, these vectors are orthonormalized using the Gram-Schmidt process,
starting from ¢ ,,, and progressing to ¢. Details on the orthonormalization process are
provided in Appendix A.1.
Using Ritz’ method, the ROM-based governing equation can be expressed as

R'(q [H] “f=0. 3.11)

Here,
1 [H] =D’ [H] o [H] =D"[Ry|Se[Ry]. (3.12)

The corresponding rate equations follow as

®elyl) g -g7 =% (3.13)

with Kt representing the m x m reduced tangent stiffness matrix shown as
Kr [y] =R"Kr [Ry]R. (3.14)
Here, the right-hand term can be assembled element-by-element:
R'Kr [Ry]R= A RK [Ry] R, (3.15)
e
where R, and Kf} are corresponding matrices at element level.
As in the FOM setting, an incremental-iterative method can be applied to solve the

nonlinear reduced governing equations. Here, Newton iterations are based on the re-
duced tangent stiffness matrix Eq. (3.15). This significantly improves the computational
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efficiency since the dimensions of the latter depend on the number of base vectors used,
which is much smaller than the number of structural DOFs.

For a load level A°, after the ROM-based Newton iterations have converged, we have
obtained the corresponding generalized coordinates y°. Next, the ROM-based solution
d’ follows using Eq. (3.9), and its accuracy is assessed. If the solution dis accurate, then
it should also satisfy the full system equilibrium equation. This implies that the norm
of the full-system based residual, i.e. |[f[1°] —q [&C] | should be sufficiently small. Here,
I---Il denotes the I, norm. Throughout the chapter, the norm is based on the standard
inner-product. Hence, an error measure based on the full-system residual is proposed
as

1A - q [ ]

= 3.16
=) (3.16)

Here, the dimensions of f[A¢] — q [HC] and f[A€] equal the number of structural nodal
DOFs.

If i is smaller than a user-defined tolerance J, then the ROM-based solution is con-
sidered accurate. Otherwise, a correction needs to be applied to further reduce the er-
ror. For correcting the error, starting from the present ROM-based solution, FOM-based
Newton iterations are conducted. Then, the resulting converged FOM-based solution is
regarded as the final result for the current load level. This FOM-based solution, along
with its corresponding (approximate) path derivatives (see Chapter 2.4.1), is incorpo-
rated into the ROM basis for completeness. The updated ROM basis is then used for
the next load level. For more details see Chapter 2. In practice, the presence of spuri-
ous buckling causes 7, as defined in Eq. (3.16), to increase significantly, leading to many
FOM-based correction iterations. The effect of spurious modes on ROM-based solutions
are detailed in the next section using a shell example.

3.3. THE EFFECT OF SPURIOUS MODES ON ROM-BASED SOLU-

TIONS
A typical optimization example illustrating the influence of spurious modes on ROMs is
shown in Fig. 3.1. The optimization problem involves minimizing the volume V, subject
to displacement constraints, as expressed by

min V,
st.dd>-4,d8 = -4, (3.17)
A B
dy =-l,d, <-1,

where dZ and df represent the displacement components of Point A and B in x and y
directions separately, and d2 and d? in z-direction . The displacements are determined
by solving the nonlinear equilibrium equations using the incremental-iterative method,
where load control is applied. The final load level is A = 0.15, with an incremental step
size of AA = 0.015, resulting in a total of 10 incremental steps. The maximum number
of Newton iterations per incremental load step is set to 50, which serves as an indicator
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of divergence in the numerical results: If an incremental step reaches 50 iterations, it

indicates that convergence was not achieved at that step.

The outcome of the optimization process is shown in Fig. 3.2(a), while the efficiency
evaluation is presented in Fig. 3.2(b). The efficiency of ROMs is assessed by counting the
number of ROM-based Newton iterations and FOM-based error correction iterations.
These counts are compared to the number of Newton iterations required by the standard
FOM method (ONLY_FOM).

Observations reveal that after 20 optimization steps, FOM-based error corrections
become more frequent, with their numbers in most steps being comparable to those
in the ONLY_FOM method. Notably, at the 28th optimization step, the total number
of FOM-based corrections across all incremental load steps exceeds 100, significantly

surpassing the count in the ONLY_FOM method, which is 64.
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Figure 3.1: Spherical structure and its finite element mesh. (a) is geometry. All quantities have consistent units.
Coordinates of Point A are (r,0,¢) = (10, ZT”’O)’ Point B (r,0,¢) = (10, %”, %), Point C (r,0,¢) = (10, %,0), and
Point D (r,0,¢) = (10, %, %). Here, F = 6 x 103 denotes nodal forces applied to Point A and B. Thickness is 0.1.
Young’s modulus E = 100 x 106, and Poisson’s ratio v = 0.3. In the incremental-iterative method, the maximum
load level A is 0.15, with an incremental step size of A1 = 0.015, resulting in a total of 10 incremental steps.The
maximum number of Newton iterations per incremental step is set to 50. (b) shows the finite element mesh,

where 6-node 12-DOF shell elements are utilized as documented in [32].

To understand why FOM-based corrections are heavily involved, we analyze an in-
termediate design shown in Fig. 3.3 by conducting both ROM-based and FOM-based
analyses and summarizing the number of Newton iterations in Tab. 3.1. As observed, at
the 7th and 10th incremental steps, nearly 30 correction iterations are required in the

ROM-based analysis.
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Figure 3.2: Final topology and efficiency test: (a) The final topology, with an objective value of 2.06. (b) Effi-
ciency test results. The efficiency of the ROMs is evaluated by comparing the number of ROM-based updates
(represented by blue triangles) with the number of FOM-based correction iterations (represented by blue cir-
cular markers) for each optimization step. These results are compared to the number of FOM-based updates
in the purely FOM strategy, indicated by the black markers.

Figure 3.3: An intermediate topology optimization design
obtained using ONLY_FOM method. Here, red represents
a pseudo-density of p, = 1, while pink corresponds to
Pe=1x 10_3, i.e., the lower bound for p.. The other colors
indicate intermediate values between these two limits.

To investigate further, we focus on these two incremental load steps and illustrate
the final ROM-based and FOM-based deformed configurations in Fig. 3.4 and Fig. 3.5,
respectively. As seen, while FOM-based deformations exhibit slight spurious buckling
in the middle of the low-density area, ROM-based deformations show severe spurious
buckling in the same region. This significant difference leads to the intensive use of
FOM-based correction iterations. The severe buckling in ROM-based deformations can
be explained by analyzing the corresponding ROM basis. For this, the ROM basis at the
7th load step is shown in Fig. 3.6. Here, the entire basis consist of orthonormalized FOM-
based solutions. Since FOM-based solutions contain spurious buckling modes, these
modes are simultaneously orthonormalized and incorporated into the basis. As a result,
when these vectors are combined to construct the ROM-based solutions, the orthonor-
malized spurious modes are also combined, creating a spurious buckling mode in the
middle low-density area that differs from the FOM-based one. Due to these differences,
many correction iterations are required, reducing the efficiency of ROMs. To address
this, one potential solution is to remove the spurious modes from the ROM basis, which
is further investigated in the next section.
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1.0e+00 1.0e+00
El.Oe—OS 0.0e+00
(a) FOM-based deformation. (b) FOM-based displacement distribution.

1.0e+00

El.Oe-O?) 0.0e+00
(c) ROM-based deformation. (d) ROM-based displacement distribution.

Figure 3.4: The deformed configuration of the design shown in Fig. 3.3 at the 7th load step. On the left, the
topology and the deformations are illustrated, while on the right, displacement distributions for further illus-
trating the deformations.

6.0e-02

0.00e+00 =
The reference design from Fig. 3.3

Figure 3.6: Base vectors at the 7th load step for the design shown in Fig. 3.3. The latter is copied and pasted
as the last small figure for clarification. The current ROM basis contains 10 orthonormalized base vectors.
orthogonalization follows Gram-Schmidt in Appendix A.1 proceeding from vector 10 to vector 1. Specifically,
vector 10 shown here represents the FOM-based solution at the current incremental load step, while vector 1 is
obtained by taking the FOM-based solution from a previous incremental load step, subtracting its projections
onto vectors 10 through 2.
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1.0e+00 2.0e+00

El.Oe-OB E0.06+00

(a) FOM-based deformation. (b) FOM-based displacement distribution

1.0e+00 2.0e+00

Ewe-os ) E0.0e+oo

(c) ROM-based deformation. (d) ROM-based displacement distribution

Figure 3.5: The deformed configuration of the design shown in Fig. 3.3 at the 10th load step. On the left, the
topology and the deformations are illustrated, while on the right, displacement distributions are depicted for
further illustrating deformations

3.4. SPURIOUS MODE ELIMINATION FROM ROM BASIS

As shown in the previous section, spurious modes are inseparable from each base vec-
tor. As a result, combining base vectors also combines spurious modes, leading to sig-
nificant errors in the ROM-based solution. A potential solution is to reduce or eliminate
spurious modes in low density areas from the ROM basis without affecting the modes
in non-low-density areas. This section explores two techniques. One involves the elim-
ination of specific directions from the ROM basis, where eigenvalues and eigenvectors
of reduced matrices, i.e. Ky in Eq. (3.14), guide the elimination process. The other tar-
gets adaptation of the ROM basis, which attempts to directly removes all spurious mode
contributions from the base vectors.

3.4.1. EIGENVALUE-BASED REMOVAL METHOD

The first technique removes specific directions from a ROM basis by using eigenvalues
and eigenvectors from reduced system matrices, i.e., the reduced tangent stiffness. Here,
the selected eigenvectors to be removed should predominantly contain spurious modes,
identified by their relatively small eigenvalues compared to other eigenvalues. Contin-
uing the investigation of the ROM basis shown in Fig. 3.6, we calculate the eigenvalues

of the associated reduced matrix and display them in Fig. 3.7. Here, we define eigen-
eigenvalue

Taximum eigenvalue and a higher ratio indicates a relatively smaller

value ratios as —log,
eigenvalue.

As observed from Fig. 3.7, ratios 6 and 9 are significantly higher compared to the oth-
ers, and their corresponding eigenvectors, which consist solely of spurious modes, are
shown in Fig. 3.8. These eigenvectors can be eliminated from the ROM basis (see Fig. 3.6)
by orthogonalizing all base vectors with respect to them, using the orthonormalization
process described in Appendix A.1. Applying this approach, the resulting ROM basis is
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Table 3.1: Iteration history of the FOM-based and ROM-based analysis. A is the load level, ns the number of
FOM updates in ONLY_FOM method, n;y the number of ROM-based iterations, and n,¢ the number of related
FOM-based correction iterations. Comments refer to the ROM-based analysis. The number of incremen-
tal steps is 10 and for each incremental step, the maximum number of Newton iterations is 50. As seen, the
ONLY_FOM method converges in 70 iterations, while ROM-based method encounters convergence difficulties
at the 7th and the 10th incremental load steps, leading to a total of 74 FOM-based corrections.

i A ng Ny Nyer Comments
1 0.015 7 7 0 only FOM
2 0.03 15 7 8 no FOM
3 0.045 19 11 15 4 FOM

4 0.06 25 11 23 no FOM
5 0.075 37 22 31 11 FOM
6 0.09 45 22 42 no FOM
7 0.105 51 49 49 27 FOM

8 0.12 57 49 56 no FOM
9 0.135 63 49 63 no FOM
10 0.15 70 74 71 25 FOM

shown in Fig. 3.9. As observed, the spurious modes in vector 10 vanishes completely. Al-
though some spurious modes remain in other base vectors, they are significantly weak-

ened.

Figure 3.7: The eigenvalue ratios are calculated using the
eigenvalue
maximum eigenvalue |’
eigenvalues refer to those of the reduced tangent stiffness
matrix associated with the base vectors shown in Fig. 3.6. A

larger ratio corresponds to a relatively smaller eigenvalue.

formula -log;, In this context, the

1.0e-01
E0.0e+OO

(a) No.6 eigenmode

Eigenvalue ratio

1 2 3 4 5 6 7 8 9 10
Eigenvalue Index

(b) No.9 eigenmode

Figure 3.8: Eigenvectors of the reduced stiffness matrix corresponding to eigenvalues 6 and 9, where white
means displacements exceed 0.1, red large displacements, and pink small displacements. As observed, dis-
placements exclusively concentrate to the middle low-density area.
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0.00e+00 :
The reference desgin from Fig. 3.3

Figure 3.9: The base vectors shown here correspond to those depicted in Fig. 3.6, but with eigenvalue-based
removal applied. The colors of base vectors show the displacement field.

To investigate the feasibility of the method, we incorporate it into the ROM-based
analysis for the intermediate design shown in Fig. 3.3: (1) At any load level, as long as the
ROM basis is updated, eigenvalue analysis is performed on the reduced tangent stiffness
matrix; (2) if eigenvalue ratios for any eigenvalues are obviously significant (with a ra-
tio above 8 as a test threshold), the corresponding eigenvectors are subtracted from the
basis; (3) the refined ROM basis will be used in the next load level.

For the above introduced method, the number of Newton iterations for each load
level is documented in Tab. 3.2. Here, the total number of FOM-based correction iter-
ations is reduced as compared to Tab. 3.1, where no eigenvector elimination is applied.
However, the 7th and 9th load steps still require many FOM-based corrections. To in-
vestigate the reasons, the corresponding final deformed configurations are illustrated
in Fig. 3.10 and Fig. 3.11. According to Fig. 3.10, error corrections are required at the 7th
load step because the ROM-based deformation in the low-density areas (Fig. 3.10(a)) no-
ticeably differs from the FOM-based result (Fig. 3.4(a)). Although the distortions are less
severe than in the case without eigenvector removal shown in Fig. 3.4(c), the remaining
differences are still large enough to require a significant number of corrections. Given
this phenomenon, the issue may lie in the incomplete removal of spurious modes from
the ROM basis. However, even with complete removal, a large number of FOM-based
corrections may still be required. The latter can be deducted by looking at the 9th incre-
mental load step.
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At the 9th incremental step, the ROM-based deformations in Fig. 3.11(c) and (d) ex-
hibit far less spurious buckling in the central low-density area than the FOM-based re-
sult in Fig. 3.11(a). Because this spurious buckling should be present in the FOM-based
solution but is nearly absent in the ROM-based one, the error measurement detects a
discrepancy. As a result, additional FOM-based corrections are required to reproduce
the missing buckling, shifting the ROM-based deformation from the state in Fig. 3.11(c)
toward that in Fig. 3.11(a).

These observations indicate that complete removal of spurious buckling modes from
the ROM basis does not effectively improve the efficiency of ROMs. Since spurious buck-
ling is inherent in FOMs, the ROM basis should be able to accurately capture it to reduce
FOM-based error corrections. However, eigenvalue-based removal may leave either too
many or too few spurious modes in low-density areas, making the ROM unable to repro-
duce the spurious buckling observed in the FOM solution. To address this limitation, the
next section presents a more direct and effective approach.

Table 3.2: Tteration history with eigenvalue-based removal method. A represents load levels, 7, y is the number
of FOM-based correction iterations, n,, is the number of ROM-based iterations. The number of incremental
steps is 10 and for each incremental step, the maximum number of Newton iterations is 50. As observed, fewer
FOM-based corrections are needed to be compared to Tab. 3.1, although the improvement is only slight.

i A nrg Nrr Comments
1 0.015 7 0 only FOM
2 0.03 7 8 no FOM
3 0.045 11 15 4 FOM

4 0.06 11 23 no FOM
5 0.075 22 30 11 FOM

6 0.09 22 41 no FOM

7 0.105 40 48 18 FOM

8 0.12 40 55 no FOM
9 0.135 57 61 17 FOM
10 0.15 57 70 no FOM

1.0e+00 1.0e+00
El.Oe-OS E0.0G+00

(a) ROM-based deformation. (b) ROM-based displacement distribution.

Figure 3.10: With the eigenvalue-based removal method, ROM-based deformation at the 7th load step related
to the design shown in Fig. 3.3. The left shows the topology and the deformations and the right describes
displacement field. Compared to Fig. 3.4(c) and Fig. 3.4(d), distortions in the middle low-density area are less
severe.
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1.0e+00 1.0e+00
EI.Oe—OS E0.06+00
(a) FOM-based deformation. (b) FOM-based displacement distribution

1.0e+00 1.0e+00
E1.06—03 E0.0e+00
(c) ROM-based deformation. (d) ROM-based displacement distribution

Figure 3.11: Deformations and displacement distributions of the design shown in Fig. 3.3 at the 9th load step.
The ROM-based result exhibits much smaller distortions in the middle low-density area than the FOM-based
one. Because this spurious buckling should be present in the FOM-based solution but is nearly absent in the
ROM-based one, the error measurement detects a discrepancy. As a result, additional FOM-based corrections
are required to reproduce the missing buckling, shifting the ROM-based deformation from the state in (c)
toward that in (a).

3.4.2. ROM BASIS ADAPTATION TECHNIQUE

This section explores a simple and direct adaptation method to effectively reduce the
number of FOM-based corrections. The method attempts to eliminate spurious modes
from all base vectors except the newly added one, meaning that spurious buckling in the
FOM solution is represented solely by the newest base vector, rather than as a combina-
tion of orthogonal components from multiple vectors. The above is achieved by directly
setting the nodal displacements (both deflections and rotations) in low-density areas to
zero. To determine whether a node belongs to a low-density area, we first calculate an
average pseudo-density ﬁk for each node k using

1 m
— Z (3.18)
m ;=1
Here, m denotes the number of elements connected to the node k, and pX represents
the pseudo density of element 7 linked to node k. If p* is below a threshold (0.01 is used
in this test), then it is considered to belong to a low-density area and all displacements
including deflections and rotations at this node are set to zero. Applying the above to the
ROM basis shown in Fig. 3.6, we obtain Fig. 3.12. As seen, only the last vector contains
spurious buckling modes in the middle low-density area.

Next, we incorporate the above adaptation method to ROM-based analysis for the
intermediate design given in Fig. 3.3: At any load level, as long as the ROM basis is up-
dated, the adaptation is applied. Following this scheme, the iteration history is shown in
Tab. 3.3. It is observed that the total number of FOM-based correction iterations is signif-
icantly reduced. Given these promising results, the method is then applied to a complete
optimization problem. We use the optimization formulation described in Eq. (3.17), and
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show the final results in Fig. 3.13.

6.0e-02

0.00e+00

The reference design from Fig. 3.3

Figure 3.12: The base vectors shown here correspond to those depicted in Fig. 3.6, but with ROM basis adap-
tation method applied. As shown, the spurious buckling in FOMs will be captured exclusively by the newest

base vector, i.e., vector 10.

Table 3.3: Iteration history using ROMs with ROM basis adaptation method. A represents load levels, n. the
number of FOM-based correction iterations in ROM method, n;; is the number of ROM-based iterations. The
number of incremental steps is 10 and for each incremental step, the maximum number of Newton iterations
per load step is 50. The number of FOM-based correction is largely reduced due to ROM basis adaptation.

i A Nef Nrr Comments
1 0.015 7 0 only FOM
2 0.03 7 8 no FOM
3 0.045 11 15 4 FOM

4 0.06 11 23 no FOM

5 0.075 22 30 11 FOM

6 0.09 22 38 no FOM
7 0.105 22 45 no FOM

8 0.12 34 45 12 FOM

9 0.135 34 60 no FOM
10 0.15 34 66 no FOM
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As shown, compared to the results without ROM adaptation in Fig. 3.2, a smaller ob-
jective value is achieved, and the efficiency is improved. Notably, as depicted in Fig. 3.13(b),
ROMs with the adaptation consistently require fewer FOM-based iterations than the
ONLY_FOM method throughout the optimization process. However, the number of FOM-
based correction iterations temporarily increases around the 21st and 53rd optimization
steps. To investigate this, the final deformed configurations at the 20th, 21st, and 53rd
steps are shown in Fig. 3.14, Fig. 3.15, and Fig. 3.16, respectively.

As shown in Fig. 3.14, no spurious buckling appears in FOM-based solutions up to
the 20th optimization step. Since the ROM basis is constructed from these FOM-based
solutions, it also does not yet contain any spurious modes. At the 21st step, as shown
in Fig. 3.15, spurious buckling appears in the FOM-based solution. However, since the
current ROM basis still originates from the 20th step, when no spurious modes were
present, it is unable to capture this newly introduced buckling, requiring several FOM-
based correction iterations to produce the spurious buckling in the ROM-based solution.
Similarly, at the 53rd step shown in Fig. 3.16, a new type of spurious buckling appears in
the FOM-based solution. This spurious buckling may not be accurately captured by the
spurious mode in the newest ROM base vector, resulting in many FOM-based correc-
tions.

In summary, the ROM adaptation approach captures spurious buckling in the FOM
solution by the spurious mode in the newest base vector, rather than a combination of
orthonormalized spurious modes. This helps avoid excessive distortion in the ROM-
based solution. However, since spurious buckling in the FOM can continue to evolve
throughout the optimization process, the newest base vector may sometimes not rep-
resent the spurious buckling accurately, leading to a temporary increase of FOM-based
correction iterations.
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Figure 3.13: Final topology and efficiency test with ROM basis adaptation method. (a) Final topology, with
objective value 2.055. (b) Efficiency test result. The efficiency of ROMs is assessed by measuring the number
of ROM-based updates, shown by triangle blue points, and FOM-based correction iterations, shown by round
blue points, at each optimization step. These numbers are compared with the number of FOM-based updates
of exclusively FOM strategy, which are the black points. The number of incremental load steps is 10, and the
maximum number of Newton iterations per analysis incremental load step 50, i.e., per optimization step 500.

To better capture spurious buckling, an additional ROM basis could be introduced
specifically to represent the spurious buckling in the FOM solution. However, this would
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increase the complexity of the ROM-based method and is not the focus of this chap-
ter. To further improve the efficiency of ROMs, an alternative approach is to eliminate
spurious buckling directly from the FOM solutions. Two related methods, which can be
integrated with ROMs, are explored in the following sections.

1.0e+00

51.08—03

Figure 3.14: Final (FOM-based) deformations and displacement field at the 20th optimization step. Here, spu-
rious local buckling has not yet appeared in the middle low-density areas.

2.0e+00
E0.0«HOO

(a) Deformation (b) Displacement distribution

1.0e+00

El.Oe—OS

Figure 3.15: Final (FOM-based) deformations and displacement field at the 21st optimization step. Here, spu-
rious buckling start appearing in the middle low-density area.

2.0e+00
E0.0B+OO

(a) Deformation. (b) Displacement distribution

1.0e+00

ﬁl.Oe-O?)

Figure 3.16: Final (FOM-based) deformations and displacement field at the 53rd optimization step Here, a new
spurious buckling appears in the middle low-density area, distinct from the one shown in Fig. 3.15.

2.0e+00
E0.0B+OO

(a) Deformation (b) Displacement distribution

3.5. PHYSICS-BASED REMOVAL

To further improve efficiency, this section explores methods to eliminate spurious buck-
ling using physics-based approaches. Two approaches are investigated: the first is a
strain interpolation technique, and the second uses a complementary structure.
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3.5.1. STRAIN INTERPOLATION

The strain interpolation method presented in this section is inspired by the strain energy
interpolation approach proposed by Wang et al. [35]. In their formulation, the strain en-
ergy of an element, ¢, is interpolated between the nonlinear strain energy, ¢ni., and the
linear strain energy, ¢.. The nonlinear component, ¢ni,, accounts for geometric and po-
tentially material nonlinearity, while the linear component, ¢, assumes both geometric
and material linearity. The interpolated strain energy, ¢e, is then expressed as:

Pe(de) = [(PNL(Yede) —¢L(yede) + (PL(de)] E., (3.19)

where d. is nodal degrees of freedom, E, Young’s modulus, and vy, an element displace-
ment scaling factor between 0 and 1 defined by the heaviside function

_ tanh(fn) + tanh(B(p? — 1)

e tanh(Bn) + tanh(8(1 —n)) : (3.20)

Here, pe represents an element pseudo density, p the penalization parameter in the
SIMP method, 7 a threshold, and g the changing speed of y. near the threshold 7. If
pl < n, then y, would approach 0, and ¢e(de) = ¢1.(de) Ee, meaning void elements ex-
hibit linear behavior. If p? > 7, then y, would approach 1, and ¢e(de) = ¢ (de) Ee, in-
dicating that solid elements exhibit nonlinear behavior. When p?. is close to 7, then v,
takes a value between 0 and 1, causing intermediate-density elements to partially lose
their nonlinearity.

For shell structures, we introduce a simplified version of the above approach by in-
terpolating the strains instead of the strain energies. Given that membrane strain is the
primary contributor to local buckling behavior in shells, the interpolation is applied di-
rectly to the membrane strains only. This is expressed as:

€elyede] = €N yede] — €"[yede] + €"[de], (3.21)

where €l is element linear strain, and eN* element nonlinear strain. Since eN- and e*
can be expressed by

1
ey = 5 @iy +djyi+dii di ) (3.22)

and )
eij =5 (dinj+dji), (3.23)

where Einstein convention is applied, the membrane strain interpolation can be ex-
pressed by

1 1
€ij = E(di'j +dj,i) + Eyiza(dk;idk;j)» (3.24)

where the nonlinear term on the right would be scaled down when an element’s pseudo
density is close or smaller than the threshold 1 prescribed in Eq. (3.20).

To validate the strain interpolation method, we use a 2D C-shaped example shown
in Fig. 3.17. First, the structure is directly meshed with solid elements, and standard
FOMs are used to calculate the number of Newton iterations and the displacements u,
of (x,y) = (1,1). Next, low-density elements are added to the middle of the C-shaped
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structure, and the analysis is repeated using ROMs, as well as standard FOMs with and
without strain interpolation. For the parameters in the heaviside function, n = 0.01 and
B =500 are selected according to the recommendation in [35].

The deformed configurations from the aforementioned analysis are shown in Fig. 3.18,
while the number of Newton iterations and displacement results are compared in Tab. 3.4.
As illustrated, without strain interpolation, the low-density elements in the middle ex-
hibit severe instabilities, leading to divergence in the FOM-based analysis. In contrast,
when strain interpolation is applied, the FOM-based analysis converges smoothly within
48 iterations. The interpolation technique is also effective for ROMs, allowing the ROM-
based analysis to converge smoothly with only 15 FOM-based correction iterations. Im-
portantly, all the analyses produce nearly identical displacement results. In summary,
for 2D structures, the strain interpolation method successfully stabilizes low-density ar-
eas while maintaining displacement accuracy.

F y
K
Figure 3.17: A 2D C-shape structure fixed on the right side. All F
quantities have consistent units. Here [ =1, ¢ = 0.2, Young’s =
modulus is E = 3 x 1011, Poisson’s ratio v = 0.3, and F = 1 x 10°. ‘ 1

L1.4 .4 .4

(a (b) (© (d)

Figure 3.18: Final deformed configuration of the c-shape structure. The red means pe = 0.999 and the pink
means pe = 1 x 1073, (a) FOM-based deformations with exclusively solid elements. (b) FOM-based deforma-
tions including void elements in the middle. (c) With strain interpolation, FOM-based deformations including
void elements in the middle. (d) With strain interpolation, ROM-based deformations including void elements
in the middle.
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Table 3.4: Analysis results of the C-shape structure using exclusively FOMs without strain interpolation (Nor-
mal FOM), FOMs with interpolation (scaled FOM), and ROMs with interpolation (scaled ROM method). Here,
ng and ny represent the number of FOM-based and ROM-based iterations separately, and uy the displacement

in y-direction of the point located at (x, y) = (1, 1) in Fig. 3.17. Besides, n"f and ug,ef represent those of the ref-

erence structure shown in Fig. 3.18(a). The number of incremental steps is 10 and for each incremental step,
the maximum number of Newton iterations is 50.

methods ng(n'f = 48) nyt . uy (et = 0.69574)
Normal FOM 202 0.69574
Scaled FOM 48 0.69574
Scaled ROM 15 47 0.69570

STRAIN INTERPOLATION FOR SHELLS

Given the promising 2D results, the strain interpolation method is tested on the flexible
shell shown in Fig. 3.19, which is an intermediate design from the optimization pro-
cess in Fig. 3.13(b). With standard FOM-based analysis and strain interpolation where
1 =0.01, the final deformed configuration is illustrated in Fig. 3.20. As can be observed,
strain interpolation effectively eliminates spurious modes in the middle low-density ar-
eas.

Displacement results at the final incremental step with and without strain interpola-
tion are compared for different 7 values in Tab. 3.5. As can be observed, when 7 is rela-
tively large, strain interpolation significantly reduces the displacement. As 77 decreases,
the reduction gradually alleviated.

This displacement reduction happens because the scaling parameter y affects the
nonlinear strain term, especially when rigid body rotations dominate the configuration
change. To illustrate this, a simple example of pure rigid body rotation is shown in
Fig. 3.21, where a rigid bar rotates by 90 degrees. When using a nonlinear strain model,
strain in x-direction, i.e., €, can be expressed by

€xx = Uy +0.5(u% + V%) = —1+0.5((-1)* +1%) =0, (3.25)

where u represents the displacement in x-direction and v in y-direction. Here, the strain
is exactly zero as expected. However, if ignoring the nonlinear term of the strain, i.e.
using a linear model, we obtain

€xx = Ux=-1, (3.26)

which shows that scaling down and even eliminating the nonlinear strain term intro-
duces artificial in-plane stiffness, preventing the structure from properly exhibiting rigid
body rotations. As a result, for nearly inextensional shell structures, where rigid body
rotation is relatively dominant, scaling down the nonlinear term adds extra stiffness,
leading to displacement reduction. This behavior is further analyzed through a pure-
bending shell example with displacement scaling, as detailed in Appendix A.3.

Here, we have discussed only the interpolation between linear and nonlinear strains
by introducing the scaling parameter y into the displacement field. However, the same
issue can also arise when interpolating between linear and nonlinear strain energies, as
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well as between the linear stiffness matrix and the nonlinear tangent stiffness matrix. For
strain-energy interpolation (Eq. (3.19)), consider the rigid-body rotation example shown
in Fig. 3.21, the interpolation between the linear and nonlinear strain energies can be
expressed as ¢y = 0.5 (yiux + 0.5y (1 +v2))* —0.5y2u +0.5u2.. Similar to strain in-
terpolation, y — 0 will result in ¢ = 0.5, i.e., artificial stretching energy. For stiffness
matrix interpolation, nonlinear tangent stiffness matrix can be expressed by G[d] + K[d],
where d represents displacement field, K[d] elastic stiffness matrix, and G geometric
stiffness matrix. The former can be expressed by K[d] = D[d]'SD[d]. The latter can be
expressed by Se[d] %. Here € represents strain. The definition of D and S can be found
in section 3.2. As seen, if a scaling parameter y is introduced to d, the G matrix will be
largely impacted by scaling the nonlinear term in the strain, which dominantly describ-
ing rigid body rotations.

Therefore, scaling the nonlinearity may not be the best approach for flexible shells. In
the next section, we explore an alternative methodology that avoids nonlinearity scaling.

Figure 3.19: An intermediate topology optimization design ob-
tained using ONLY_FOM method. Here, red means pseudo 1.0e+00
density pe = 1, pink pe =1 x 10_3, i.e., the lower bound of pe,
and other colors values in-between. 1.0e-03

1.0e+00 2.0e+00
E1.06—03 E0.0e+OO
(a) FOM-based deformations with strain in- (b) Displacement distributions of (a).
terpolation.

Figure 3.20: FOM-based final deformed configuration and displacement distributions with the strain interpo-
lation. On the left, red means solid (pe = 1) and pink void (pe =1 x 1073). On the right, white means displace-
ments exceed 2.0, red large displacements, and pink small displacements. Here, no local buckling appear in
the middle low-density area. The threshold of the heaviside function is 7 = 0.01.

Table 3.5: Displacement comparison with and without the strain interpolation method. Here, n represents the
threshold of the Heaviside function, ny denotes the number of FOM-based iterations, and u; is the displace-
ment in z-direction of Point A, as indicated in Fig. 3.1(a). Additionally, n™f and u"®f correspond to the reference
values obtained using FOMs without strain interpolation. The analysis consists of 10 incremental steps, with a
maximum of 50 Newton iterations per step.

log;07 ng (n*ef = 70) uz (ukef = —3.9997)
-2 55 -3.1989
-3 56 -3.4321
-5 58 -3.8040

-9 59 -3.8043
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x
Figure 3.21: A rigid bar rotates by 90 degrees. O >

3.5.2. COMPLEMENTARY STRUCTURE

To explore a novel way for addressing spurious instabilities and resolving the problem
of artificial stiffness, in this section, we study a strategy involving complementary struc-
tures. The latter refers to structures with element pseudo density p$ = 1 — pe where pe
is the pseudo density of the original structures. The complementary structure can serve
as a flexible support for the low-density areas in the original structure to ensure pos-
itive definite stiffness matrices. To explain the approach in a straightforward manner,
Fig. 3.22 depicts a 1D truss and its complementary structure, where the original struc-
ture is shown on the left and the complementary one on the right.

The original structure consists of Elements 1 and 2 with stiffness values k; and k, re-
spectively. The complementary structure contains Elements 3 and 4 with stiffness values
ks =1-k; and ky = 1— k. The degrees of freedom between the two structures are in-
terconnected via spring elements, indicated by the yellow lines, which have a stiffness of
c. The structures are illustrated separately for clarity, but in actual analysis, they overlap.
Boundary conditions are applied solely to the original structure.

Figure 3.22: An one-dimension truss and its complementary structure. The truss with two elements, three
nodes, and two horizontal DOFs is shown on the left, while its complementary is shown on the right. Here,
we assume the stiffness of Element 1 is k1 and of Element 2 is k» , k1, k2 € [0,1]. Then, in the complementary
structure, the stiffness of Element 3 is 1 — k7 and of Element 4 is 1 — k2. The DOFs between the two structures
are coupled by spring elements with stiffness ¢ shown by the yellow lines. The two structures are drawn from a
distance to convey the concept effectively. In real analysis, they overlap with each other. Boundary conditions
are only applied to the original structure.




3. ELIMINATION OF SPURIOUS MODES IN ROM-BASED TOPOLOGY OPTIMIZATION OF
70 GEOMETRICALLY NONLINEAR STRUCTURES

We assume kj > 0, then the stiffness matrix K of the original structure is

(3.27)

Involving the complementary structure, the stiffness matrix of the whole system can be
expressed by

C C
1+k_1 k—]. % 0 0

2 C C

-1 1+k_1+k_1 | kO —lk—]k 0

ki| —% 0 klitck% . _1'“11: 0 (3.28)

C - - —K2 [

0 “h kR TR w )

0 0 0 -1 T2 £

To demonstrate how the complementary structure stabilizes the original one, we set
ko =0 and k; =1, which leads to a singular matrix of the original structure shown by

1 -1

N (3.29)

However, concerning the matrix involving the complementary structure, when k; = 0
and k; = 1, the stiffness matrix

l+¢c -1 -—c 0 0

-1 1+c¢c O -c 0

-c 0 c 0 o |, (3.30)
0 —C 0 1+c¢c -1

0 0 0 -1 1+c

can still be positive definite if a proper spring stiffness c is chosen.

An appropriate spring stiffness ¢ can prevent low-density regions from turning “inside-
out" or exhibiting spurious local buckling, without restricting displacements in solid ar-
eas. One possible choice for c is based on the maximum diagonal term of the element’s
linear stiffness matrices. While it is possible to define a unique spring stiffness for each
element and update it during optimization, this would complicate the method. To sim-
plify, the same c is used for all elements and is fixed throughout the optimization process.
This value is determined based on the maximum diagonal term among all elements ob-
tained from the initial solid design, represented by kp,.

In practice, the spring stiffness ¢ can be defined as follows: if the membrane stiff-
ness ky, is on the order of 10¢, then ¢ can be selected within the range of 1 x 10678 to
1 x 10°~7. For practical cases involving multiple degrees of freedom, each DOF of the
original structure is coupled to the corresponding DOF of the complementary structure
via a linear spring element with the same stiffness. Further details and examples illus-
trating this approach are provided in the following sections.

C-SHAPE STRUCTURE
In this section, the C-shape example shown in Fig. 3.17 is investigated. With a comple-
mentary structure on top, the updated C-shape model is shown in Fig. 3.23(a). Each
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DOF of the original structure is coupled to the corresponding DOF of the complemen-
tary structure via a linear spring element shown by red lines. While the two structures
should ideally overlap, they are drawn with a separation for clarity. The boundary con-
ditions for the analysis remain identical to those in Fig. 3.17, but they are applied only to
the original structure at the bottom.

Firstly, we apply FOMs to the entire system to evaluate the ability of the complemen-
tary structure to stabilize low-density areas and examine the effect of different spring
stiffness values. In Tab. 3.6, the displacements in y-direction of the point located at
(x,y) = (1,1) in Fig. 3.17 and the number of FOM updates are compared for different
spring stiffness values.

Here, the maximum diagonal term among all elements, ky,, is obtained by perform-
ing an additional linear analysis on the fully solid structure. With ky, having a magnitude
of 108, the most accurate results are expected when the spring stiffness falls within the
range ¢ = [1,10].

As anticipated, the results show that with the complementary structure, when ¢ = 1
or ¢ = 10, the displacement at the point (x,y) = (1,1) in Fig. 3.17 closely matches the
reference value from the fully solid C-shape model shown in Fig. 3.18(a). Additionally,
there are no convergence issues during the analysis process, as indicated by the number
of Newton iterations.

From the deformed configuration shown in Fig. 3.23(b), the middle void area of the
original structure is effectively stabilized by the solid region in the complementary struc-
ture. Although significant deformations are observed at the interface between the solid
and void areas, the convergence of the analysis remains unaffected.

Secondly, the method is applied to the ROM setting, with ¢ = 10 selected as the spring
stiffness. The number of Newton iterations and the corresponding displacement results
are presented in Tab. 3.6. It is observed that only 15 correction iterations are required,
and the displacements obtained from ROM-based and FOM-based analyses are identi-

V‘“

Figure 3.23: A c-shape model and its deformed configurations with complementary structures. The bottom
structures are original structures, and the top structures are complementary structures. Here, red elements are
with pe = 0.999 and pink pe = 1 x 1073, (a)Undeformed system; (b) FOM-based final deformed configuration;
and (c) ROM-based final deformed deformed configuration.

The ROM-based deformation, shown in Fig. 3.23(c), is indistinguishable from the
FOM-based deformation. The significant deformations at the interface between solid
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and void have no impact on the accuracy or efficiency of the ROMs. These results con-
firm that the complementary structure can effectively integrate with ROMs to eliminate
spurious modes.

Table 3.6: Analysis result of the c-shape complementary system with different spring stiffness c¢. Here, km
is the maximum diagonal term of linear element stiffness matrices, ns is the number of FOM-based Newton

iterations, nyy number of ROM iterations, 7, number of correction iterations in ROMs, uy, the displacement

in y-direction of the point located at (x, ) = (1,1) in Fig. 3.17, n"f and u'*f are those of the reference structure

depicted in Fig. 3.18(a). The number of incremental steps is 10 and for each incremental step, the maximum
number of Newton iterations is 50.

km(p=1) method ¢ ng(n'®f = 47) me o ug(ulf=0.69574)
1 60 0.69574
10 57 0.69573
2.8142¢8 FOM 100 52 0.69567
1000 48 0.69507
ROM 10 15 47 0.69572
SPHERICAL SHELL

Given the promising results from the 2D case, the complementary structure is applied
to the flexible spherical shell structure shown in Fig. 3.19. Since membrane strain is the
primary cause of spurious modes, only the translational DOFs are coupled using springs
between the original and complementary structures. Boundary conditions are applied
exclusively to the original structure.

Firstly, we apply FOMs to the entire system to evaluate the ability of the complemen-
tary structure to stabilize low-density areas and examine the effect of different spring
stiffness values. In Tab. 3.7, the displacements in z-direction at the top corner of the
structure and the number of FOM updates are compared for different spring stiffness
values.

Here, ky, is determined through a separate linear analysis of a fully solid design, with
a magnitude of 1 x 107. Based on this, ¢ can be chosen between 0.1 and 1. As observed,
when ¢ =0.1 or ¢ = 1, the FOM-based displacements with the complementary structures
are comparable to those without them.

The deformed configuration is shown in Fig. 3.24(b). As observed, no spurious modes
are present in the low-density areas. Although significant stretching deformations occur
at the interface between solid and void areas, they do not affect convergence.

Secondly, the method is applied to the ROM setting, with ¢ = 0.1 chosen as the spring
stiffness. The number of Newton iterations and the corresponding displacement results
are shown in Tab. 3.7. As observed, only 22 correction iterations are required, and the
displacement matches exactly with the FOM-based result. The ROM-based deformation
is illustrated in Fig. 3.24(c), where it is evident that, with the assistance of the comple-
mentary structures, no spurious modes appear in the ROM basis.
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(b) (©)

Figure 3.24: A spherical shell intermediate design and its deformed configurations with complementary struc-
tures. Here, red means pe = 1 and pink pe = 1 x 1073, (a) undeformed system; (b) Fom-based deformation;
and (c) ROM-based deformation. The connection springs in between are ignored for printing purpose.

Table 3.7: Analysis result of the shell complementary system with different spring stiffness c. Here, kmy, is
the maximum diagonal term of linear element stiffness matrices, n; is the number of FOM-based Newton
iterations, uy and u; are the displacements in x-direction at coordinate (r,6,¢) = (10, %n,O), n'ef and u'ef are
those of the reference, i.e., FOM-based results of the original structure. The number of incremental steps is 10
and for each incremental step, the maximum number of Newton iterations is 50.

km(p=1 method ¢ ng(n*ef = 70) Nyt nrr u (uref = —3.9997)
0.1 71 -3.9963
FOM 1 63 -3.9735
1.1046e7 10 61 -3.8339
ROM 0.1 22 68 -3.9963

Given the promising results from the intermediate design analysis, complementary
structures are now applied to a complete topology optimization process. Throughout
the optimization, 1) spring stiffness ¢ = 0.1 is used, and 2) the pseudo-densities of the
original structure, pe, are used as the design variables. Then, the pseudo-densities of the
complementary structure, p¢, are calculated using the formula p$ =1-p. when 1 —pe =
po; otherwise, p = po. Here, pg = 1 x 1073 is chosen to prevent singularities.

With the introduction of the complementary structure, the response values J, such
as objectives and constraints, depend on both pe, the pseudo-densities of the original
structure, and 1 — pe, the pseudo-densities of the complementary structure. As a result,
the sensitivity evaluation can be expressed as

dj _adJ o]

- = (3.31)
dpe 0pe 0(1-—pe)

which means the sensitivity values of the original structure are adjusted by subtracting
the sensitivity values of the complementary structure. With the above settings, we con-
duct ROM-based topology optimization for the spherical shell model shown in Fig. 3.1,
with the optimization formulations depicted in Eq. (3.17).
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The final topology is shown in Fig. 3.25(a). Compared to the one shown in Fig. 3.2(a),
where no complementary structure is used, the incorporation of the complementary
structure results in a design with less material.

The efficiency test results are shown in Fig. 3.25(b). As seen, the use of the comple-
mentary structure ensures that both the number of ROM-based iterations and FOM-
based correction iterations remain stable throughout the optimization process. The
number of correction iterations stays below 20 and even approaches zero after 50 op-
timization steps.

As seen, with a fixed spring stiffness, the complementary structure can effectively
stabilize the low-density areas throughout the optimization and prevents the introduc-
tion of spurious modes into the ROM basis. Although introducing the complementary
structure doubles the degrees of freedom, the method can be combined with the pro-
posed ROMs to achieve relatively high efficiency.
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Figure 3.25: Topology optimization results for spherical shell using ROMs with complementary structures. The
connection springs in between are ignored for printing purpose. (a) Topology result where the objective value
is 2.042. (b) Efficiency test in topology optimization with complementary structures. The efficiency of ROMs
is assessed by measuring the number of ROM-based updates, shown by triangle blue points, and FOM-based
correction iterations, shown by round blue points, at each optimization step. These numbers are compared
with the number of FOM-based updates of exclusively FOM strategy, which are the black points. The number
of incremental steps 10, maximum number of Newton iterations within one incremental step 50.

3.6. SUMMARY AND CONCLUSIONS
This chapter primarily focuses on flexible shells, investigating convergence difficulties in
the ROM-based topology optimization method caused by low-density areas. Here, con-
vergence difficulties refer to the need for numerous FOM-based correction iterations
to reduce significant differences between FOM-based and ROM-based deformations in
low-density areas. These differences arise because orthonormalized FOM-based solu-
tions, which contain local buckling in low-density areas, i.e., spurious modes are used
as ROM base vectors. The combination of these orthonormalized spurious modes ulti-
mately produces a buckling mode in the ROM-based solutions that differ from those in
the FOM-based solutions.

Based on findings, the solution to alleviate ROM convergence difficulties is to narrow
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the gap between ROM- and FOM-based deformations in low-density areas or to elimi-
nate spurious modes from the underlying physics. To narrow the differences, modifying
the ROM basis can be an option. These methods are straightforward to implement and
specifically tailored for ROMs. However, since spurious modes can develop and evolve
during optimization, ROMs may fail to capture newly developed spurious modes at cer-
tain optimization steps, temporarily increasing the need for FOM-based corrections. Ad-
ditionally, these methods are effective only when FOMs can converge; otherwise, remov-
ing spurious modes from the physics are necessary.

To eliminate spurious modes from the physics, a straightforward approach is to re-
duce the nonlinearity of low-density elements, as typically done in the strain interpola-
tion method. However, by scaling the displacement field, rigid-body rotations in low-
density elements are reduced, which introduces artificial in-plane stiffness in flexible
shells structures. Similar issue can also arise when interpolating tangent stiffness matri-
ces or structural energy, as long as these methods tend to scale the displacement field.

To avoid this artificial stiffness, we explored a method involving complementary struc-
ture connected to the original structure via spring elements. This complementary struc-
ture acts as a flexible support, stabilizing low-density regions and preventing spurious
local buckling. Although large deformations are observed in the transition areas between
solid and void elements, these do not appear to affect convergence. While introducing
the complementary structure doubles the degrees of freedom, the method can be com-
bined with the proposed ROMs to achieve relatively high efficiency. The current work
considers coupling only translational DOFs. Extending the coupling to include all DOFs
could be beneficial for achieving exact void regions in the optimized design.
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CONNECTIVITY-DRIVEN TOPOLOGY
OPTIMIZATION FOR
PATH-FOLLOWING COMPLIANT
MECHANISM

We propose a topology optimization (TO) formulation and related optimization scheme
for designing compliant mechanisms following a user-defined trajectory. To ensure the
broad applicability and achieve precisely control of the outputs, geometric nonlinearity
with incremental solutions are considered. A challenge in the design optimization of these
structures is the development of formulations with satisfactory balance between (i) pre-
cise trajectory control, and (ii) proper connectivity between the input/output ports and the
support. Previously proposed density-based topology optimization formulations typically
lack the promotion of the desired load-transferring connections, or usually complicate the
design using mixed shape, size, and topology variables to enforce a minimum connectivity.
To simplify design process using exclusive topology variables, i.e. purely density-based TO
methods, we propose a relatively straightforward formulation involving commonly-used
response functions, such as compliance and volume as constraints. For the constraints, the
chapter provides a scheme for defining corresponding upper limits. Numerical examples
of challenging shell and plate design optimization problems demonstrate the effectiveness
of the proposed formulation and scheme in the generation of load-transferring connec-
tions while limiting the impact on the performance of the path-generation functionality.

This chapter has been published in Structural and Multidisciplinary Optimization, 68(2), Article 36. (2025)
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4.1. INTRODUCTION

Density-based topology optimization (TO) was initially mostly applied in linear stiffness
design [1, 2]. Since then, the method is widely used for many other design purposes [3—
6]. One of the prevalent applications is compliant mechanisms [7-9], for which, Density-
based TO allows creating highly complex and sophisticated structures that would be
challenging to design based on intuition. A class of typically complicated-to-design
compliant mechanisms is known as path-generation compliant mechanisms (PGCMs).
A PGCM'’s out ports can move following a user-defined trajectory, when, for example,
displacements or forces are applied to the input ports. To achieve precise control of the
output ports along the defined trajectory, nonlinear analysis with incremental solutions
are prevalent adopted in topology optimization for PGCMs. Furthermore, even though
practical applications may require linear relationships between inputs and outputs, the
mechanism itself may exhibit finite deflections and rotations. Consequently, it is neces-
sary to consider geometric nonlinearity in potential designs for ensuring broad applica-
bility, for example decoupled X-Y stages [10-12] and linear guide actuators [13-15].

To design PGCMs using Density-based TO, it could be challenging to automatically
promote connectivity between input, output ports, and supporting boundaries. A typ-
ical result exhibiting lack of connectivity is shown in Fig. 4.1, where the objective is to
minimize the squared in-plane displacements of the center point at multiple pseudo-
time points given a prescribed out-of-plane displacement. The optimizer opts here to
converge to the obvious trivial solution of disconnecting the center point. Although this
design can achieve the specified goal, it lacks physical meaning in the real world.

solid connection
weak connéction disconnection

Figure 4.1: A topology optimization result without connectivity. The objective is to minimize the squared in-
plane displacements uy of the center point at multiple pseudo-time points given a prescribed out-of-plane
displacement u;. Here, black represents solid material (pseudo density p.=1), white void (p.=0), and gray
those in between (0 < pe < 1). The middle black block represents a non-design area. The design shows both
disconnections with void elements and weak connections with gray elements.

For the issue illustrated in Fig. 4.1, the reason, as stated in [7], is the lack of force
transfer requirements among the input, output, and the support in purely density-based
TO methods. To ensure connectivity, preferably with solid connections shown in Fig. 4.1,
two methodologies are generally employed: one involves incorporating force transfer
requirements into the density-based TO, while the other abandon purely density-based
TO, proposing a different parameterization method, such as incorporating size and shape
design variables. The latter approach has been extensively explored in previous works.
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First, shape variables can ensure the connectivity. Tai et al. [16, 17] expressed struc-
tural topology by mapping a set of Bezier curves onto a fixed finite element mesh, which
connected input to output ports. Along the Bezier curves, materials were allowed to
grow on the finite element mesh to form a new structural topology. Due to the inherent
continuity of Bezier curves, any topology mapped from these curves always maintains
connectivity. Lu and Kota [18], as well as Zhou and Ting [19] segment the load path into
multiple sections, where the length and position of each section were then designed.
This, in turn, guarantees the structural connectivity among the input and output ports.
For the above method, it is necessary to determine an initial shape guess, which often
requires some level of domain knowledge, engineering intuition, or prior experience.
Furthermore, given that shape design variables are involved in the methods mentioned
above, related sensitivity calculations become relatively difficult. Thus, zero-gradient
methods, e.g. genetic algorithms (GA) are prevalent choices adopted in the mentioned
works instead of more efficient gradient-based methods. Second, connectivity can be
ensured by size variables corresponding to ground structures’ elements. Saxena [20], Rai
etal. [21-25], Nagendra et al. [26], and Naik ez al. [27], focusing on frame-element-based
ground structures, designed PGCM by adjusting, for example, the length and height of
frame elements. Given that an intermediate value of such design variable is manufac-
turable, no connectivity issues as in purely density-based TO are encountered. However,
the size control method may be restricted to ground-structure-based designs and may
not be easily applied to other types of elements, such as plates and shells, which can be
manufactured more readily using laser cutting.

Another approach to enhance connectivity in path-generation mechanisms is through
the use of hexagonal tessellated finite elements and negative masks [28-30]. Briefly,
they discretize the design domain by Hexagonal elements, then, utilizing movable masks
to define the topology, where material inside the mask is removed. By utilizing edge-
connected Hexagonal elements and the proposed boundary smoothing techniques[31],
they can form hinge-free designs. Besides, as is verified in their previous work, using
masks with hexagonal elements helps ensure the minimum and maximum length scales
in the topology, consequently obtaining readily manufacturable designs [32]. However,
ensuring length scales or changing the design parameterization may not address all kinds
of connection issues, such as the case study for which the result is shown in Fig. 1. Here
the weak connections could be resolved, but the disconnections may not. Consequently,
the hexagonal tessellation combined with negative mask method may also not solve the
disconnections shown in Fig. 1. In previous work related to designs of contact-aided
compliant mechanisms [33-36], indeed, no disconnection issue like the one shown in
Fig.1 is encountered. This could be that the connectivity between their outputs/inputs
and boundaries are implicitly indicated in complex path-generation requirements. In
our cases, we explore relatively simple paths focusing on specific timing positions. In
this context, disconnections like those depicted in Fig. 1 may be more easily encoun-
tered. Furthermore, the hexagonal tessellation combined with negative mask method
may not be readily applied to shells and plates, which are light-weighted, easily manu-
factured, and potentially exhibiting large deflections compared to their footprint.

To explore methods that are easily implemented and versatile for various elements
and structures—especially shells and plates, which are easily manufactured using tech-
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niques like laser cutting—we will focus on density-based topology optimization (TO)
methods. These methods are readily available, easy to apply to any type of element, and
do not require domain knowledge for initial designs. When applying density-based TO,
load transfer requirement is a possibility for promoting the connectivity. For considering
load transfer requirement for PGCM designs, several related work can be found. Saxena
and Anathasuresh [37] introduced springs to output ports during the optimization pro-
cedure. The springs can avoid forming disconnections, but the required stiffness of the
spring is difficult to decide. Pedersen et al. [7] considered three load cases in the nonlin-
ear analysis to ensure connectivity, which are: 1) without any force at the output port, 2)
with a force at the output port aligned with the trajectory, and 3) with a force at the out-
put port perpendicular to the trajectory. The design was mandated to follow the desired
trajectory in all three load cases, which promotes the connectivity of a path-generation
design. Although the formulation is general and effective, the solution process faces
overwhelming computing efforts due to nonlinear matrix updating and refactorization.
Furthermore, gray elements would still appear in the results. For the latter, Reinisch et al.
[38] introduced stress constraints to the method in [7]. However, stress constraints could
further increase computational time. Moreover, optimization formulations that involve
stress constraints may encounter issues with singular optima, necessitating additional
treatments [39]. Recognizing the intricacies of past methods, there is a compelling need
to explore a streamlined, versatile, and effective approach. This aims to guarantee seam-
less connectivity and suppress undesired gray areas, paving the way for a more efficient
and universally applicable design methodology.

To tackle the challenges mentioned above corresponding to density-based TO, we
follow Koppen et al. [40], and introduce a straightforward optimization formulation
aimed at promoting connectivity, whose parameter selection scheme is illustrated to
suppress the gray elements. The proposed formulation, which is introduced in Section
4.2, involves commonly used compliance and volume functions as constraints and, con-
sequently, is easily extended to any structure and optimization algorithm. The upper
limits of mentioned constraints are defined by the proposed embedded parameter se-
lection strategy, which is explored extensively in Section 4.3. Next, several numerical ex-
amples in Section 4.4 verify the effectiveness of the proposed formulation and solution
scheme. We use shells and plates in our numerical examples because of their slender na-
ture and coupling between stretching and bending, which make them ideal for designing
relatively large-displacement compliant mechanisms and promising for achieving com-
plex path-generation requirements. Moreover, many practical compliant mechanisms
can be and are being manufactured from plates and thin-walled tubes, utilizing tech-
niques such as laser cutting.

4.2. FORMULATIONS

To achieve connectivity and potentially further suppress gray elements in the design of
PGCMs, one typical option is to include appropriate constraints in the optimization for-
mulations. In this section, our primary focus is on identifying suitable and easily im-
plemented constraints through mathematical analysis of the corresponding optimiza-
tion formulations. Prior to delving into the optimization formulation for PGCMs, we
introduce fundamental concepts of a general density-based topology optimization for-
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mulation in Section 4.2.1. Here, the knowledge related to Lagrange multipliers and the
reason of forming gray elements provide the basis for the proposed formulations in Sec-
tion 4.2.2 and the optimization scheme in Section 4.3. Consequently, relatively elaborate
introductions are given in this section.

4.2.1. DENSITY-BASED TOPOLOGY OPTIMIZATION FORMULATION
A density-based topology optimization problem can be generally expressed by

mgn fo(p), 4.1
st. g1(p) <0, Vi={l..q} 4.2)
O0<pp=p=1, (4.3)

Here, fy is an objective function, g; the [ constraint, g the number of constraints, p
pseudo-densities, p, the lower limit of p, and 1 the upper limit of p with all components
equal to 1. Typically, to solve an optimization problem with inequality constraints, a
Lagrange function involving f; and g; is defined as

q
Lo,y = fo(@ + Y. y181(0), (4.4)
=1

where y; = 0 represents a Lagrange multiplier expressed by

oL

=< (45)
0gi

yi

which reflects the relationship between the Lagrange function and the constraint during

the optimization process. From Eq. (4.4), it follows that the constraints contribute to the

Lagrange function only when y; > 0. This knowledge is used in the following sections to
select the upper limits of the constraints.

Moreover, if we express a constraint g; by a variable term w; combined with a con-

stant term (the upper limit) wy, i.e. g;(p) = w;(p) —wy, the Lagrange multiplier y; is then

aL(p’ J’l»wl)
= 4.6
Yi a1, (4.6)
Given the above, when optimization comes to a stationary point (p*, y;*), according to
the envelope theory, Eq. (4.6) is transformed to

«_ O0fop*,wy)
v = R 4.7)
which defines the relationship between the objective value f, and the upper limit w;.
From Eq. (4.7), by analyzing the Lagrange multiplier at the converged point, we can pre-
dict how changes in the upper limit will impact the objective value. This understanding
is central to our optimization scheme outlined in Section 4.3, where users can adjust
the constraint upper limits to suppress gray elements further, according to the desired
objective error tolerance.




4, CONNECTIVITY-DRIVEN TOPOLOGY OPTIMIZATION FOR PATH-FOLLOWING COMPLIANT
84 MECHANISM

After introducing the Lagrange multipliers, the original optimization problem can be
transformed to

min maxL(p yo. (4.8)
po=p=1y;=0
By exploring the minimizing problem related to p shown in Eq. (4.8), we can understand
why there are gray elements, based on the partial derivative of L with respect to pg:

oL 0 9 9
Bt fO Z y =2t gl 4.9)
apr  Opr =7 opx’

faL

Here, > 0, reducing element k’s density would reduce L. Consequently, in the next

faL

iteratlon, the design variable value of element k will lower. Conversely, <0, in

the next iteration, the element k’s density will increase. When =0, there is no need
for the optimizer to increase or reduce py, potentially resultlng 1n an intermediate den-
sity value between the upper and lower limits, i.e., a gray element. The latter is usually
alleviated by introducing black-white projection schemes, such as Heaviside filter. How-
ever, only by pushing elements to become black-white possibly results in topologies con-
sisting of disjoint solid areas. One possibility to effectively enhance the connectivity in
density-based TO is to carefully selected constraints for PGCM designs. Details about
how the constraints are selected from a mathematical aspect are illustrated in the next
section.

4.2.2, FORMULATIONS FOR PATH-GENERATION COMPLIANT MECHANISMS
In this section, we present a simple optimization formulation for establishing connectiv-
ity in path-generation designs using density-based topology optimization (TO) methods.
We first describe the objective function. Then, we propose two essential constraints, and
explain their importance for establishing the connectivity from a mathematical aspect.

To meet a path-generation requirement when both shape and timing are important,
usually, several precision points are used to represent a user-defined path followed by
the mechanism. Each precision point is denoted by a pair of input and output values,
ie., (u}f‘j, u?‘}t) where j and i represents the indexes of precision points and degrees of
freedom, respectively. The inputs here are closely tied to the incremental steps in the
nonlinear analysis. For the outputs, in the desired (user-defined) path, they are prede-
termined. While in the realized path, it is calculated through nonlinear analysis. During
the optimization process, efforts are made to minimize the disparity between the desired
path and the realized path. Consequently, the objective function is expressed by

fO — i" g“ ( out _ *'])2. (4.10)

Here, u ‘?‘]‘t and u; denote the outputs on the realized and desired paths, receptively. Be-
sides, m represents the number of precision points, n the number of degrees of freedom
(DOFs), and a; ; represents a weight factor. The latter is set to 1 in the work but can be
adjusted if different precision points have different levels of importance.
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If we take the above objective function and conduct an unconstrained optimization,
the Lagrange function is the objective function itself. Then the gradient of the Lagrange
function, i.e. the objective function fy, with respect to py can be expressed by

——ifza--(u"”‘— o pauty 4.11)

opr im0 py ‘
When the unconstrained optimization problem reaches the optimum, it satisfies the
condition g—f‘;c = 0. As defined in Section 4.2.1, % = 0 would lead to gray elements.
Hence, it is highly probable that the connectivity is not established.

In order to establish connectivity, we consider constraints that can contribute non-
zero sensitivities. Usually, a mechanism following user-defined paths is desired to main-
tain sufficient stiffness to support a load in its undeformed configuration, i.e. within the
linear scope. For the latter, information can usually be found in stiffness specifications
of a design. It defines the load a mechanism must carry in its undeformed configuration,
and the allowed displacement given the load. By utilizing the information, we can set a
linear compliance constraint expressed by

g.=Cs—Cs Vs={l..q}, (4.12)

Here, C; is the compliance calculated in a separate linear load case with a load (Fp);
applied in s-direction, g the number of directions where compliance constraints are re-
quired, and C; the corresponding upper limit defined by the user, which can be deter-
mined as (Fpur). Here, (ur); is the allowable displacement given this load.

Next, for simplification, we assume that only one compliance constraint is involved.
Then, the Lagrange function can be expressed by

L=fy+y.(C-0) (4.13)

where y. denotes the multiplier for the compliance constraint. The gradient of L with
regard to py is
oL _ dfo

— +y (4.14)
dpr  Opr 6Pk

If 3=~ af 0 approaches 0, 5= 6L depends on ye gy~ C . In this situation, regarding y. > 0, if yc =<0

and not close to 0, then a < 0 and the pseudo density of element k will increase. If

Yes— a p is close to 0, then gpc is close to 0, which means the element k currently has al-

most no influence on both the objective and the compliance constraint. In other words,
element k contributes to nothing but increase the volume. In this case, the element
could be gray and floating in the design domain, which is defined as a useless element.
To remove such an element, a volume constraint g, = V -V can be introduced to the op-
timization formulation, where V presents the design’s volume and V the corresponding
upper limit. With the volume constraint, the Lagrange formulation can be expressed by

L=fo+y(C=C)+p(V-V) (4.15)
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where y, denotes the multiplier for the volume constraint. The gradient of L with regard
to an element pseudo density py, is

oL _dfo N ov 4.16)
opr opr opx ap AT '
Here, we only discuss the situation when y, > 0 and y. > 0. If both % and 0—C are near

to zero, (,%L is completely dependent on the value of y, 5~ o OV " Since the sensmVlty of the

volume constralnt p is always positive, we have aaL >0 mdlcatlng that the element will

be removed, and the issue related to useless elements (materials) is resolved The only
chance for Eq. (4.16) to render an intermediate element density is when y. 4 = a Pk =-W g ’;/k

but this rarely happens in practice. If it happens, we can still disrupt the balance by ad-
justing the upper limits. Since stiffness is often specified as a design requirement, in this
study we choose to adjust the upper limit of the volume constraint. By introducing the
compliance and volume constraints, the proposed formulations can be finally summa-

rized as

min fo(p) = Z Z @i, j (S () - u; )%,

i=1j=1
s.t. Cs(p) < Cs, Vs=1...q (4.17)
V<V,
0<pg=p=1l

Overall, the resulting optimization formulation can be viewed as a simplified version
of the three-load—case methodology proposed in [7]. Instead of introducing additional
nonlinear load cases as [7], the proposed approach in this work relies on enforcing stiff-
ness only in the undeformed configuration to achieve the required connectivity. In cer-
tain situations, considering stiffness solely in the undeformed configuration may indeed
be adequate: when the stiffness to be constrained is expected to increase as deformation
processes, in which case constraining the undeformed stiffness provides a conservative
choice; and when the purpose of enforcing compliance is simply to ensure load transfer
for establishing connectivity between the input/output and the support.

According to all the discussions in this section, we still have several questions to an-
swer: 1) How we can ensure both y, > 0 and y. > 0; 2) How we can define the initial
upper limits of volume constraints; and 3) When and how we can adjust the volume up-
per limits. These questions are important for promoting connectivity and suppressing
gray elements. So in the next section, we will answer these questions by proposing a
parameter selection scheme which is embedded in the optimization process.

4.3. OPTIMIZATION SCHEME

In this section, we propose an optimization scheme, involving the prediction and ad-
justment of V to obtain connectivity and suppressing gray elements for PGCM designs.
A general scheme is shown in Fig. 4.2 and explanations are followed.
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Predictive process Main optimizati Adjustment

Input: Ei ’ Input: 1) Ei

—

Alternative

Output: ’

Figure 4.2: A general three-process optimization scheme to ensure a clear topology. Firstly, a known upper
limit of compliance C; is used to predict the upper limit of volume V. With the predicted V, the optimization
starts with both volume and compliance constraints, and we call this process Main optimization. From the
Main optimization, a topology with promoted connectivity will be obtained. Then, alternatively, we can fur-
ther suppress the gray element by conducting an adjustment process, where the converged topology from the
Main optimization will be taken as the start point, and volume will be adjusted according to objective error
allowance. The adjustment process is alternative, the user can also consider using suitable post-processing
method to deal with remained gray elements. But please notice that post-processing method could influence
the performance of manufacturing prototypes.

» Predictive process. Initially, the upper limit of the volume constraint can be roughly
estimated by aggregating the volume of beneficial elements at several optimiza-
tion steps, where these elements exhibit negative objective sensitivities with re-
spect to their pseudo densities, as described in Section 4.2.1. The prediction be-
comes more accurate when considering optimization steps with a positive compli-
ance constraint Lagrange multiplier y. > 0, as only then does the compliance con-
straint contribute to the objective and connectivity (see Section 4.2.2). Based on
these considerations, we perform predictive optimization for 20 iterations, which
is typically sufficient for a relatively accurate estimation. During the optimization,
with compliance constraints (but not the volume constraint yet), we aggregate the
volume of beneficial elements at each step where y. > 0, and the average of these
values across all steps is taken as the upper limit of the volume constraint V. If
¥ remains zero throughout the prediction, the smallest recorded value is used. A
pseudo-algorithm for this prediction process is shown in Algorithm 1.

° Main optimization. After the predictive process, we obtain the volume upper limit.
Then with both the volume and compliance constraints, we can conduct the main
optimization process. Here, we suggest starting the main optimization from scratch
instead of from the end of the predictive process. Since in the topology of the latter,
clusters of solid elements surrounded by void elements, referred to as “islands,”
can appear. The “islands” can eventually be removed with a latter applied volume
constraint, but may require more optimization iterations than expected and could
result in a sub-optimal local minimum. After convergence of the main optimiza-
tion, the connectivity between input/output points and supporting boundaries
can be promoted. Alternatively, we can proceed with the adjustment process to
further suppress gray elements.

* Adjustment process. In the adjustment process, we start from the converged topol-
ogy in the main optimization process and continue with a reduced V. A decrease
of V is usually followed by an increase of the objective value, that is, the squared
error of paths. Thus, the decrease of V should be determined based on the error
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tolerance specified in the design requirements. The error tolerance is related to
how much performance the designer is willing to lose to make the product man-
ufacturable. Allowing more error increases the chances of suppressing gray ele-
ments. Then, according to the error tolerance, we can define the change of V using
Eq. (4.7). However, if the reduction in Vis relatively substantial, the prediction by
Eq. (4.7) may not be accurate since Eq. (4.7) is verified for a small region around
the optimal point. To address this issue, we can readjust V after the optimization
achieves a new equilibrium, and continue the optimization with the new V. The
adjustment strategy is outlined in Algorithm 2, which takes the converged topol-
ogy from Main optimization as the start point. After each volume adjustment, the
optimization just continues instead of restarting from the beginning. The adjust-
ment process is optional. Users can also use post-processing methods to handle
gray elements. However, post-processing methods might affect the performance
of manufacturing prototypes, and the extent of this influence is unpredictable.

Algorithm 1 Prediction process for defining the upper limit of the volume constraint V'
with a known compliance value C. Here, i represents the optimization step, k element
indexes, and % the sensitivity of the objective function w.r.t the pseudo density of ele-
ment k. According to our experience, By = 20 iterations are enough for an initial guess of
the volume upper limit.

: Bo—20 > *Number of iterations in the prediction process
ty<—0 > *Number of optimization steps where y. >0
: Viotal — 0 > *Sum of volume

Vinin < 10° > *Minimum of volume

: fori={1,.., o} do

Conduct optimization step i with C, then
for k = {1,...,number of elements} do
if % <0 then
Vi =Vi+ Vg
end if
end for
if yc > 0 then
Viotal — Viotal + Vi
y—yr+1
end if
if Vinin > V; then
Vmin — Vi
end if

: end for
: if y >0 then

= W
V — total
Y

: else

V — Vmin

: end if
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Algorithm 2 Adjustment process. The process is optional and conducted after the con-
vergence of the main optimization process, only if gray elements appear in the conver-
gence topology. Here fj represents the convergence objective value at the end of the
main optimization process, yy the corresponding Lagrange multiplier at the end of the
main optimization process, f;'" the objective value at the new stationary point after an
adjustment of V, and y?®" the corresponding Lagrange multiplier at the new station-
ary point. We set a threshold 0.1, if the difference between the expected and achieved

objective is smaller than 0.1, we stop the process.

Require: A fy > *Allowable increase of objective if V is decreased
1: pexpected _ o A g > *Expected objective after volume adjustment
2: AV — Afylyy
3 V—V-AV
4: Next, continue optimization with C and V, starting from the converged topology of Main optimization to a

new convergence, then

5 =W
6: Afy — fexpected — fmew
. whi Afo
7: while Abs(fexpw) >0.1do
8 AV —Afolyy
9: V—V-AV . B
10:  Next, continue optimization with C and V to a new convergence, then
1 =Y

12: Afy— fexpected _fnew
13: end while

4.4. NUMERICAL EXAMPLES

Four examples are given in this section to illustrate the effectiveness of the proposed
formulation and solution scheme with the first two concerning plates and the last two
shells. In the first example, we test the ability of the volume constraint to remove useless
elements. For the second plate example, we explore how the objective value changes
when the volume upper limits change. Then, in the third example, we demonstrate the
ability of the formulation to design a mechanism exhibiting a complex path. Finally, we
design a structure that has input and output ports in different locations. In the following
examples, SIMP method [1] is used to generate the topology, which is typically solved by
MMA method. Displacements required in SIMP are calculated by incremental-iterative
methods [41], where only geometric nonlinearity is taken into account. 6-nodes-12-DOF
shell elements are employed [42]. The method we proposed can be combined with any
type of elements. We utilize irregular mesh due to it is readily available in our code. Fur-
thermore, using irregular meshes could be benefit irregular design domain and bound-
ary conditions in future work. The termination criteria in the following is: (1) the relative
change of the objective value smaller than 0.01 for continuous 50 optimization steps (2)
reach the maximum number of optimization iterations, which is 1000.

4.4.1. A PLATE-BASED COMPLIANT MECHANISM TRACING A SLANT LINE

The first illustration shows how a plate mechanism is developed. The cantilever plate in
Fig. 4.3 serves as the design domain. The right sides’ center node is intended to follow
the user-defined path indicated by the blue line. Displacements in the x and y directions
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are outputs involved in the objective function, whereas displacements in the z direction
are prescribed as inputs. The related optimization parameters are listed in Tab. 4.1.

Figure 4.3: A cantilever plate model. The
length is 3 cm, width 2 cm, and thickness
0.1 cm. The blue line, which has four pre-
cision points, represents the required dis-
placement path. A part of the path is in-
dicated by a dashed line since we are not
concerned with moving from the begin-
ning position to the first precision point.

The red arrows represent the local coordi- “lzn j 0.8,1.2,1.6,2cm
nate system in which the locations of pre- ( P )

u. . u . 0.2,0),(0.4,0),(0.6,0), (0.8,0) cm
cision points are defined. Poisson’s ratio XJ W ( ) ) ( ) ( )
is0.3 E 300 GPa

The optimization results are displayed in Tab. 4.2. Here (a) shows the result ignoring
the compliance constraint where the connectivity to the supporting boundary is not pro-
moted. Whereas, a clear topology is obtained in (b) by incorporating both compliance
and volume restrictions. Here, since no disconnected structures and gray areas appear,
the adjustment step is not required. In (c), we only include the compliance constraint
but exclude the volume. Here, the result contains more solid material than the one in
(b), but the extra material is meaningless since it hardly affect the objective value. Fur-
thermore, the extra material is eliminated from (c) by including the volume constraint.
Starting optimization with (c) and include the volume constraint, we can get the result
(d), which is nearly the same as (b). The transition from (c) to (d) also illustrates the
volume constraint’s ability to eliminate unnecessary material.

The deformed configurations and deflection curves for the results displayed in (b) of
Tab. 4.2 are presented in Fig. 4.4. It is shown that the design is able to trace the user-
defined path with relatively small errors. The optimization iteration history is shown in
Fig.4.5. Oscillations are typically observed in the early stages, and peaks often appear
when the compliance restriction is close to be activated, where an increase in objective
is accompanied by a decrease in compliance. In other words, here optimization strikes
a balance between two different intermediate designs, one that reduces objective and
the other that reduce the compliance, i.e., increasing stiffness. After 150 optimization
iterations, oscillations vanish, and after 200 iterations, the optimization reaches a con-
vergence.
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Table 4.1: The specification of constraints’ upper bounds for the slant-line-tracing plate mechanism design.
The upper limit for compliance constraint C is set by specific stiffness requirements, specifically by the pre-
scribed load F% and allowable maximum displacement u% The upper limit for volume constraint V is defined
by the prediction process shown in Algorithm 1 with 20 optimization iterations. For each iteration, in the figure
of the 5th row, we record the Lagrange multiplier for the compliance constraint y. and the volume percentage
ry. The latter represents the volume of the beneficial elements w.r.t that of the design domain V;. The average
value of r, is given in the row. Finally, V is calculated in the last row.

Symbols | Values Comments
F% 0.01N Prescribed
ulz“ 0.25x 1073 cm Prescribed
C 25x10"°Nem | FLx ul

R o o o e S S 3

2 -

g

Ty 0.57

1 |

U=

1
Optimization iteration

v 0.57V; o x Vi

Table 4.2: Topology results of the plate mechanism tracing a slant line.(a) acts as a comparison, illustrating
the connectivity issue in the density-based TO if the proposed method is not applied. (b) is the output of
main optimization starting from the scratch. (c) shows the results without volume constraints starting from
the scratch. (d) shows the ability of volume constrains to remove extra elements starting from (c). Here fp
represents the real objective value, C and V upper limits for compliance and volume constraints respectively

whose definition is shown in Table 1. The relative objective error is then defined as ,uggjor = ‘l:[/nj?x | where
Umax = 2cm presents the maximum displacement.
Index Topology C (Ncm) v folcm x cm) ”g}')r]or
(@) None 0.57V; 1.02x1072 0.16%
(b) 25x107% | 057V, | 9.90x1073 | 4.97%
© 25x107% | None | 9.82x107% | 4.95%
(d) 25x107% | 0.57V; | 9.91x1073 | 4.97%
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Figure 4.4: Deflection curves and deformed configurations for the topology shown in (a) of Tab. 4.2, the latter

which are coupled to four precision points. The percentage values denotes the relative displacement error
|u0ut_ u*
—_bj b
Merror = ~Tumaxl

— £
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Figure 4.5: Optimization convergence of the slant-
line-tracing plate mechanism. The objective shown
here, is the value relative to that of the initial solid
design. For the compliance constraint, which is rela-
tive to the upper limit, i.e., g = <. For the volume
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4.4.2, A PLATE-BASED COMPLIANT MECHANISM TRACING A NORMAL LINE

This example produces a trajectory mechanism from the cantilever plate seen in Fig.4.6.
The middle black block indicates a non-design domain. The structural central node is
meant to follow the displacement path indicated by the blue line. As input, the displace-
ment in the z-direction is specified. The displacement along the y-axis is considered as



4.4. NUMERICAL EXAMPLES 93

the output.

ped yusuraoe[dsip paiisag

o\aﬁ“’ed
Q\)\\‘] uizn
X

Figure 4.6: A plate model tracing a nor- wour_
mal line. The length is 3 cm, width 2 cm, V=0 4
and thickness 0.08 cm. The desired dis-
placement path is shown by the blue line,
which is approximated by three precision
points. A one-dimension local coordi- uin, 1152 cm
nate system shown by the red arrows is ZJ M
used to describe the points. Poisson’s ra- Uy i 0,0,0cm
tiois 0.3 E 300 GPa

To define the upper limit C, we load the structure by F at the structural central node
in a separate linear load case. Assuming the allowable maximum displacement u. is pre-
scribed, we can obtain C. Next, with C, we define V. All the aforementioned parameters
are listed in Tab. 4.3.

Topology results are depicted in Tab. 4.4. As illustrated in row (a), if the compliance
constraint is ignored, we fail to generate the connection to the supporting boundary. If
both compliance and volume constraints are applied, the connectivity is developed and
shown in the (b). However, the design might be enhanced since gray areas are visible
along the supported side. Therefore, the adjustment step is required for suppressing the

gray elements. We allow a relative objective function error (p;’f’r’m = “:/E ;) up to 6.5%.
The upper limit of the volume constraint is then modified according to Ilnxalxgorithm 2, and
a better topology is ultimately produced shown in (c). The corresponding deformed con-
figurations and deflection paths are illustrated in Fig. 4.7. It is observable that the struc-
tural central point can trace the normal line with displacement errors ,ugrror of less than
6%.

The convergence history in Fig. 4.8 provides information on how the volume upper
limit V varies during the whole optimization. As seen in Fig.4.8(a), V remains constant
in the main optimization process, and equal to the value specified in Tab. 4.3. The op-
timization converge around 200 iterations. Then, the adjustment process is shown in
Fig.8(b), where the new V =0.34V, is set by Eq. (4.7), which involves the objective error
6.5% and the volume constraint’s current Lagrange multiplier y,. Starting with the new
volume upper limit after another 100 iterations, the objective converges to a value larger
than the predicted one shown by the dashed line. This is because Eq. (4.7) only works
in a small region near the convergence point. With AV getting larger, the objective val-
ues at new convergence points gradually deviate from the predicted value calculated by
Eq. (4.7) (See Fig. 4.9). To attain the predicted objective, we can adjust V again. Accord-
ing to the new converged y, and the difference between current f; and the target fp, the
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volume upper limit is then adjusted to 0.37V;. The above adjustment is consistent with
the Algorithm 2. As seen in Fig. 4.8(b), V is modified at 150 iteration and the objective
converges to the predicted value after another 100 iterations.

Table 4.3: The specification of constraints’ upper bounds for the plate mechanism tracing a normal line. Here,
C is set by specific stiffness requirements. The upper limit for volume constraint V is defined by the prediction
process shown in Algorithm 1 with 20 optimization iterations. For each iteration, in the figure of the 5th row,
we record the Lagrange multiplier for the compliance constraint y. and the volume percentage r,. The latter
represents the volume of the beneficial elements w.r.t that of the design domain V4. The average value of ry, is
given in the row. Finally, V is calculated in the last row.

Symbols Values Comments
F} 0.01N prescribed
uIZ‘ 0.4x10"3cm | prescribed
E:FZLquZ“ 4x1075 Ncm
15— 15
——Ty
—H—Yc
1 | -
>
J— & =58
I 0.45 o5
0.5
Qisi= = = s
Optimization iteration
v 0.45V; o x Vi
1 \
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Figure 4.7: Deflection curves and deformed configurations for the topology shown in (c) of Tab. 4.4. The per-

centage values denote the relative displacement error /,tgrmr =

out *
u, " —u; .
s —u; |

[Umax|
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Table 4.4: Topology results of the plate mechanism tracing a normal line. (a) acts as a comparison, illustrating
the connectivity issue in the density-based TO if the proposed method is not applied. The result is not an
output from our proposed scheme. (b) is the output of main optimization starting from the scratch. (c) is the
output of adjustment process starting from (b). Here, C and V are upper limits for compliance and volume
constraints. For V, specifically, 0.45V; is from the predictive process (Algorithm 1), and 0.37V; is the upper

limit at the end of the adjustment process (Algorithm 2). fj is the real objective value. yﬁﬁ’or = W\/]EI denotes
the relative objective error where umax presents the maximum displacement.

obj

Index Topology C (Ncm) v folemxcm) | 400
(a) None 0.45V; 3.11x1076 0.09%
b) 4x107% | 045V, | 5.88x1073 | 3.83%
(© 4x107% | 037V, | 1.71x1072 | 6.54%

102 —1
100 1 :
— 5!
R qrel
Jv H
. 101 s s otz
2 g 2 1 0.3d¢Vi, g0 = 0.21 =
£ E oS M o B
2 2 g 0.37Vi, yv = 0.688 %
el [ 2 =2 =]
o -2 s O 3
107 ¢ O T &)
| 100 |
1073 | | | | | | I | | _1 | | | | | | | | _1
0 50 100 150 200 250 0 50 100 150 200 250
Optimization iteration Optimization iteration
(a) Main optimization process (b) Adjustement process

Figure 4.8: Convergence curve for the plate-based compliant mechanism tracing a normal line. (a) Main op-
timization process. Optimization starting from the initial solid design with C and V defined in Tab. 4.3. The
objective value is relative to the initial solid design (b) Adjustment optimization process starting from the con-
verged design in (a). The objective value is relative to the converged design in (a). The dashed line shows the
predicted objective. From 0 to 150 iterations, V = 0.34V; where V4 is the volume of the design domain. From
150 to 250 iterations, V = 0.37V;. Here V; is the volume of the fully solid design. For the calculation of the
volume upper limit, details can be seen in Algorithm 2
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60 T T T T

Figure 4.9: Predicted (orange) and actual (blue) rel-

ative objective change A—](:O as a function of 2V!,

The start point of this step is the design shown in IS S Y S RS

b) of Tab. 4.4 where fy = 5.88 x 1073, V = 0.45V;, 0.1 0.15 0.2 0.25 0.3 0.35
and yy = 0.21. Predicted values are derived using —

Eq. (4.7), and actual values are obtained from opti- |A_j|

mization. |4

4.4.3. A CYLINDER MOVING BACK AND FORTH

This example presents a shell mechanism, with its design domain 70% of a cylinder sur-
face shown in Fig. 5.9. The structure bottom is fully clamped. The center node of the
top side is designed to move along the displacement path shown by the blue line. The
displacement in z direction is prescribed as the input. The displacement along the x di-
rection is regarded as the output. In this case, we constrain both the stiffness along x and
y directions. So two separate linear load cases are applied. In one load case, the struc-
ture is loaded by FL and in the other, is loaded by FL at the top center node. According
to allowable u and uL, upper limits of compliance constraints are calculated. Next Vis
defined by the predictive optimization process. The mentioned parameters are shown
in Tab. 4.5

Topology results are detailed in Tab. 4.6. Involving both compliance and volume con-
straints, the topology result is shown in (a). Although the connectivity is established, the
design is preferable to be improved since gray areas are visible. We assume that relative
objective error yermr can be increased by 5%, i.e. from current 6.4% to around 11.4%.
Then, a clear final topology is shown in row (b) with yerror = 11.7%. The relevant de-
formation configurations and curves can be found in Fig. 4.11. It is seen that the final
design can achieve the desired behavior, i.e., moving back and forth (see Fig. 4.11).

The convergence history in Fig. 4.12 provides information on how the volume upper
limit V varies during the whole optimization process. Fig. 4.12(a) shows the process from
scratch to the converged design shown in (a) of Tab. 4.6. Here, V maintains the value de-
fined in Tab. 4.5 as a constant. Although oscillations are encountered due to constraint
violation, the objective and constraint values become relatively stable after 250 itera-
tion steps and converge at 300 iteration. Then, starting from the converged design, V is
reduced based on the allowable objective error and current Lagrange multiplier. After
another 100 iterations, optimization converges to a value larger than the prediction in-
dicated by the dashed line. Then, V is adjusted based on the new y,, and after another
50 iterations, the objective value finally converges to the predicted value. The aforemen-
tioned adjustment is consistent with Algorithm 2.
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Figure 4.10: A cylinder shell fully clamped at the bottom.
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Radius is 5cm, height 20 cm, and thickness 0.3 cm. The
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Table 4.5: The specification of constraints’ upper bounds for the shell mechanism moving back and forth.
Here, C is set by specific stiffness requirements. V is defined by the prediction process shown in Algorithm 1
with 20 optimization iterations shown in the figure. Here, only ry is depicted since yc = 0. Thus, the minimum
1y is used for calculating V.

Symbols | Values Comments

Fx IN Prescribed

uk 0.5 cm Prescribed

Cy 0.5 Ncm FJI; x u&

Fr 1N Prescribed
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C 0.15Ncm | FLxul
0.7 I
0.6

. < 0.5

ryun 0.3
0.4
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20
Optimization iteration

<
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Table 4.6: Topology results of the shell mechanism moving back and forth. (a) is the output of main optimiza-
tion starting from the scratch. (b) is the output of adjustment process starting from (a). Here, C and V are
upper limits for compliance and volume constraints. For V, specifically, 0.3V is from the predictive process
(Algorithm 1), and 0.236V; is the upper limit at the end of the adjustment process (Algorithm 2). fy is the real

objective. ,uggjor = Iﬂx ‘ denotes the relative objective error where umax presents the maximum displace-
ment.
Index Topology C (Ncm) v fo (cmxcm) /Jg})rjor
(@) Cx=05Cy=0.15 | 03V; 0.0645 6.4%
b) Cx=05Cy=0.15 | 0.236V; 0.2201 11.7%
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Figure 4.11: Deflection
curves and configura- a -3
tions for the topology &
shown in the first row O
of Tab. 4.6. Here, the
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are coupled to three
precision points. The
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Figure 4.12: Optimization process for the shell mechanism moving back and forth. ggl presents compliance

constraint relative to C, and géil that to Cy. (a) Optimization starting from the fully solid design with C and
V defined in 4.5. The objective value is relative to the initial solid design. (b) Adjustment optimization begins

from the final design in (a), with the objective value relative to that of the final design. The dashed line indicgtes

the predicted objective value. In (b), from 0 to 100 iteration, V = 0.228V;. From 100 to 150 iteration, V =
0.236V;. Here V; is the volume of the fully solid design. For calculation of the upper limits, details can be seen
in Algorithm 2.

4.4.4. A GRIPPER STRUCTURE

This example depicts a gripper shell mechanism with independent input and output
point locations. The design is derived from a half-cylinder surface shown in Fig.4.13,
which is fully clamped on the right side. The input point is the center node of the struc-
ture, and the output points are the structural upper and lower left corners. The output
points are designed to move through the blue line. Due to symmetry, the top half cylin-
der is taken as the design domain. To involve the compliance constraint, we load the top
left corner by FL in a separate linear load case. Then, the upper limit C is calculated as-
suming that the allowable maximum displacement u%: is prescribed. Then V is defined
by the predictive process. The parameters mentioned above are shown in Tab. 4.7. Then,
the optimization restarts with defined V and C, finally a connected topology obtained in
Fig.4.14 and no adjustment process is needed.

The corresponding deformed configurations and the deflection curves are presented
in Fig.4.15. It is seen that the mechanism follows the prescribed path well with rela-
tive displacement errors pgmr < 3%. The history of optimization iterations is shown in
Fig.4.16. It is seen that oscillation occurs for balancing between reducing compliance
and minimizing the objective. Then after 300 iterations, the curves become stable and
gradually converge.



4, CONNECTIVITY-DRIVEN TOPOLOGY OPTIMIZATION FOR PATH-FOLLOWING COMPLIANT
100 MECHANISM

=
a3
o
E -
<
©
>

Figure 4.13: A cylinder shell fully
clamped on the right side. The Ra-
dius is 5 cm, height is 20 cm, and
the thickness 0.3 cm. The desired
displacement of the output point

is shown by the blue line. The J/HF%

path is approximated by three pre-

cision points. The positions of these uin 1,1.6,2 cm
: . . Vi ,1.6,
points are described in the local co- .
ordinate system defined by the red Uy’ uy,j) (0.5,-0.15),(-0.8,-0.1),(~1,0.001) cm
arrows. Poisson’s ratio is 0.3 E 1000 MPa

Table 4.7: The specification of constraints’ upper bounds for the gripper-like shell mechanism. Here, Cis set
by specific stiffness requirements. V is defined by the prediction process (Algorithm 1) with 20 optimization
iterations shown in the figure, where y. and the ratio r; is depicted. The average value of r;, for y. > 0 is used

to define V

Symbols | Values Comments
F)]g 1N Prescribed
uk 0.05 cm Prescribed
Cyx 0.05Ncm | FLxul
1 10
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Figure 4.14: Topology optimization result of the
gripper mechanism. Objective value fp = 9.38 x /k
1073 and relative objective error p2§0r=4.8% * Y
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those depicted in Tab. 4.7. Optimization iteration

4.5. SUMMARY AND CONCLUSIONS

A formulation involving commonly used volume and compliance constraints is pro-
posed to establish the connectivity among input, output, and if necessary fixture sup-
porting the mechanism. An optimization scheme including 1) predictive step for defin-
ing the upper limits of volume, 2) main optimization step, and 3) adjustment step for
further suppressing gray elements is proposed.

Numerical examples show that with the volume upper limit defined in the predictive
step, a connectivity is typically promoted in the topology after the main optimization
step. If gray elements appear, we can further suppress them by reducing the volume’s
upper limit. The influence of reducing volume upper limits on objective errors can be
predicted by the value of Lagrange multipliers. The prediction is only effective within
a small range around the optimum points. If the change is beyond the scope, one can
adjust the upper limits again after optimization reaching a new stationary point.

Given the fact that stiffness of the structure is usually prescribed, the proposed method
only considers adjusting volume upper limits to improve the obtained topology. If stiff-
ness is also allowed to change, then adjusting upper limits of compliance or even both
constraints can also take effect.
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LARGE-STROKE HIGH-PRECISION
POSITIONING DESIGN VIA
TOPOLOGY OPTIMIZATION
STRATEGIES

In high-precision positioning systems, accurately tracing user-defined motion paths is es-
sential, but large strokes often require a large footprint, which is undesirable in space-
limited environments. Therefore, compact designs are preferred, measured by the displacement-
to-size ratio (DSR), with higher values indicating more compact designs. However, sur-
passing a ratio of 10% typically leads to finite deflections and rotations, which poses chal-
lenges for experience-based analytical methods. To simplify the design process and achieve
accurate path tracing, this study adopts topology optimization (TO) with geometrically
nonlinear finite element analysis to directly design monolithic compliant mechanisms ex-
hibiting large DSRs.

Previous studies on TO for designing compliant mechanisms tracing user-defined mo-
tion paths, typically utilize 2D in-plane stress/strain elements. These elements may be-
come "inside-out" under compression when large input displacements are applied, caus-
ing nonlinear analysis to fail even at the first optimization step. This makes achieving a
high DSR, particularly above 50% challenging, as it may demand large input displace-
ments. To avoid the analysis failure, an input continuation approach is proposed, where
input displacements are increased step-by-step during the optimization process to allow
the design to gradually gain nonlinearity. Alternatively, to avoid "inside-out" elements
and achieve even larger DSRs, shell- or plate-based design domains are explored. These
use the bending behavior of thin structures, with out-of-plane deflections as output dis-
placements. The resulting designs are 3D printed and validated through experiments.

This chapter will be submitted as a journal paper.
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5.1. INTRODUCTION

Compliant mechanisms are increasingly drawing increasing attention in high-precision
positioning systems, mainly due to their almost deterministic performance achieved by
the absence of backlash and friction. Given that positioning systems, such as electro-
static actuators [1] and micro-manipulators [2], favor a broad working range with a re-
stricted placement area. A desirable compliant mechanism should exactly follow a user-
defined path with high compactness. This compactness is measured by the ratio of the
user-defined motion path length relative to a characterized structural dimension, i.e.,
displacement-to-size ratio (DSR). Typically, producing accurate large output displace-
ments requires a large footprint [3]; consequently, the DSR, in real practice, is usually
around 0.1 [4-9], and achieving a larger ratio, without compromising the accuracy is a
challenging.

Such challenge is especially difficult when utilize traditional analytical modeling and
component assembly techniques: First, based on traditional methods, designs are real-
ized on integrating readily accessible flexible components. For instance, Awtar and Par-
mar [3] combined leaf flexures and developed a decoupled x-y stage, achieving a DSR
of up to 4%, with a position deviation at the end of the path of 0.6% compared to the
path length. Xu [10] adopted two stacked actuated stages for a nanopositioning system
exhibiting one-axis relatively large strokes. He attained a ratio of up to 10% almost with-
out position deviations. Olfatnia ef al. [1] combined clamped double parallelograms to
create a one-axis large-stroke actuator, achieving a DSR of up to 12%, with a position
deviation at the end of the path of less than 1% compared to the path length. Given that
the available components usually come with fixed DSRs, the combination is unlikely to
significantly exceed these ratios. Second, various assumptions need to be made to sim-
plify complex analytical models. These assumptions may include neglecting the com-
pliance of certain components [10] and ignoring interactions between different compo-
nents [11]. However, when the path length is relatively large, these assumptions could
be invalidated, or the analytical modeling becomes much more complex, hindering ob-
taining large DSRs.

One strategy to facilitate nonlinear analysis and potentially enhance mechanism per-
formance is by means of numerical methods, such as finite element analysis, combined
with optimization techniques. Rommers et al. [12] developed a linear guide by integrat-
ing two zig-zag-shaped springs. The mechanism’s performance was further improved by
adjusting the shape parameters of the springs using optimization algorithms, resulting
in a DSR of up to 100%, while maintaining sufficient stiffness in the direction perpendic-
ular to the moving direction. In the design process outlined by Rommers et al. [12], an
initial design serves as an input to the optimization process. Typically, creating this ini-
tial design can be challenging, and the resulting mechanism performance may heavily
rely on it. To simplify the design process and potentially achieve superior performance,
topology optimization (TO) can be utilized.

TO [13-15], a computational design method widely used in engineering, seeks to op-
timize material distribution within a specified design space, to achieve optimized per-
formance within given constraints. This technique has been used extensively in vari-
ous structural designs [16-20], and more recently, on compliant mechanisms for tracing
user-defined motion paths. For the latter, a user-defined motion path is specified via sev-
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eral precision points, corresponding to incremental steps in the nonlinear finite element
analysis (FEA). Then, by minimizing the distance between the desired precision points
and those obtained via FEA, TO can achieve relatively large displacement-to-size-ratio
designs with high accuracy. Examples include the 2D linear guide devised by Pedersen
et al. with a DSR of 12% [21], Saxena’s linear guide achieving a ratio of up to 33% [22],
Sharma et al’s 2D mechanism tracing a slightly curved path with a ratio of up to 17%
[23], Wang and Tai’s 2D grip-and-move manipulator reaching a ratio of up to 25% [24],
Tai et al’s mechanism tracing curved paths with a ratio of around 40% [25],Rai et al’s de-
sign tracing a quarter circle based on an initial curved frame with a ratio of 42% [26], and
Kumar et al’s contact-aided shape morphing compliant mechanism traveling a straight
line with a ratio of up to 25% [27]. These designs meet accuracy requirements, exhibiting
average position deviations among all precision points of not more than 10% compared
to the motion path length. The adoption of TO has therefore led to a substantial increase
in DSRs.

The above studies are based on 2D in-plane stress/strain elements. These elements
may become “inside-out" due to compression if large input displacements are required,
leading to failure of the nonlinear finite element analysis even at the first optimization
step. As a result, achieving a high DSR, particularly above 50%, becomes challenging,
as it may demand large input displacements. To alleviate the aforementioned failure in
nonlinear analysis and potentially obtain designs with large DSRs using these 2D ele-
ments, we propose a displacement continuation approach, where input displacements
are increased step-by-step during optimization process to allow the design to gradually
gain nonlinearity.

Alternatively, to avoid “inside-out" elements and achieve even larger DSRs, we ex-
plore ortho-planar mechanisms. These utilize the bending behavior of shells and plates,
considering the out-plane deflections as output displacements.There is little to no re-
search regarding design of ortho-planar compliant mechanisms [28, 29]. Parise et al.
Parise et al. used a traditional analytical method, introducing formulation simplifica-
tions due to the complexity of stretching-bending coupling [29]. Romero applies TO but
focuses on relatively small deflections. [28]. Given the thin-wall nature of shells and
plates, which exhibit flexible bending behaviors and can be easily manufactured (e.g.,
using laser cutting), we explore TO for the design of shell- and plate-based mechanisms,
with DSR exceeding 100%. Finally, all of our designs are manufactured and validated
through experiments.

5.2. TOPOLOGY OPTIMIZATION FORMULATIONS
In this section, from the aspects of design variables, objective function, and constraints,
we provide details for designing compliant mechanisms with large DSRs.

Design variables. The material distribution is presented by scaling the element stiff-
ness matrices using pseudo densities pe, i.e., design variables for each element where
0 < pg < pe < 1. Here, pe = 1 means a solid element and p. = po > 0 void. The lower
bound py is a small positive value to avoid singularity in the finite element stiffness ma-
trices.

Objectives. The design objective is to create a mechanism capable of accurately travers-
ing a relatively lengthy user-defined path (desired path), when the input displacement
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or load is applied step-by-step. Typically, such paths, as shown in Fig. 5.1, can be repre-
sented by multiple precision points. The latter refers to desired displacements u; g when
input step A; is applied to the structure. Here, i represents the direction, j the index
of the precision point, and A incremental factor used in the incremental-iterative finite
element simulations. During the optimization process, efforts are made to minimize the
disparity between the desired displacements u} i and the realized displacements uo‘]lt

Then, the object function can be expressed by

:ii (out uy])zy (5.1)

where 8; ; represents a weight factor, m the number of precision points, and » the num-
ber of directions considered in the precision point.

* *
(Uy o Uy)
Desired path

Figure 5.1: Path-generation compliant mechanism. The Point O represents the output point and Point A the
input point. When the input is applied incrementally to Point A, Point O can go through the precision points
(shown in blue along the black line that represents the desired path). The four precision points indicated by
u;* i correspond to the four input steps A ; (shown in red). Here, j represents the index of the precision point,

and A incremental factor used in the incremental-iterative finite element simulations.

Constraints. For constraints, in practical applications, mechanisms are required to
demonstrate substantial deflections and rotations to fulfill trajectory requirements. Si-
multaneously, they must possess sufficient stiffness to withstand loads. Consequently,
the first constraint considered is stiffness or compliance.

As it is well known, in the nonlinear setting, stiffness can either increase or decrease
during the loading process. For example, a stretched beam may gain stiffness perpendic-
ular to the stretching direction while losing stiffness under compression. Therefore, it is
necessary to account for changes in stiffness during loading. However, in certain situa-
tions, it may be sufficient to consider only the stiffness in the undeformed configuration:
1) If the stiffness to be constrained is expected to increase during deformation process,
considering the stiffness in the undeformed configuration might be a prudent choice; 2)
If the purpose of introducing compliance is to meet load transfer requirements for estab-
lishing connectivity between the input/output and the support (as discussed in Chapter
4), knowing only the stiffness in the undeformed configuration is sufficient for ensuring
connectivity. Given that the designs presented in this chapter fall within these cases, we
choose to exclusively consider the stiffness constraint in the undeformed configuration.
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This is just a choice, definitely users can choose other options. The stiffness constraint
in the undeformed configuration can be expressed by

g8c=Cs—Cs<0 Vs={l..q}, (5.2)

where C; is the linear compliance held by the design at the degree of freedom (DOF) s, g
the number of compliance constraints, and C; the corresponding upper limit defined by
the user. Cs can be defined in accordance with precise engineering specifications. For
example, a compliant mechanism functioning as a support may be subject to a design
requirement that specifies the maximum allowable displacement (ur); when a device
with a weight load (Fp); is placed on top of it. Subsequently, C, can be set to (ﬁEFL) s. For
obtaining Cs, a separate linear load case is solved for each design at every optimization
iteration, wherein the load (Fy); is applied. Then, C; is calculated by

Cs=(uFr), = (u Kpur) (5.3)

where K, is the linear structural stiffness matrix and (uy) represents displacements ob-
tained by the linear analysis for the separate load case (Fy);. Besides, a volume constraint
can be considered to reduce weight and save material, which can be expressed by

V<V, (5.4)

where V represents the volume of the design and V the upper bound of volume.
Consequently, the complete optimization formulation can be written as

n m
mpin folp) = Z Z Gi,j(uﬁ‘}t(p) - u;'k,j)z’

i=1j=1
s.t. Cs(p) = Cs, Vs=1...q (5.5)
V<V,
O<pp=p=1

Next, the implementation details are presented.

5.3. IMPLEMENTATION

In this work, we focus on designs exhibiting geometric nonlinearity but with small strains.
One 2D in-plane strain/stress design and two shell/plate-based designs are presented.
For the shell- and plate-based designs, six-node, 12-DOF shell elements from [30] are
used. The nonlinear finite element equations are solved by the incremental-iterative
method [31]. TO method employed is SIMP [13], which can be implemented straight-
forwardly. Despite the simplicity of SIMP implementation, there are specific issues that
need to be addressed: 1) Applying filters for achieving black-white designs; 2) Elimina-
tion of hinges in the topology, i.e., small structures consisting of two solid elements con-
nected by a single node; 3) Avoiding failure in nonlinear analysis of 2D plane strain/stress
structures caused by large input displacements. In this section the three aspects will be
discussed.
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5.3.1. FILTER FOR BLACK-WHITE DESIGNS

In TO, afilter is a mathematical operation applied to the density or material distribution
field during the optimization process. One purpose of filtering is to control the spatial
distribution of material within the design domain, e.g., to prompt smoother and more
gradual changes in material density. The filter used in this work is density-based [32, 33],
the main idea of which is to define the physical element density to be a weighted average
of the neighboring design variables. The filter is popular due to its mesh-independent
characteristic. However, it has disadvantage of creating gray transition zones between
solid and void areas, which do not represent solid material nor void and which are there-
fore not preferable in manufacturing. One solution to suppress gray transition zones and
get a black-and-white design is the use of the Heaviside projection to the density-filtered
pseudo densities [34-36]. An element pseudo density can therefore be expressed by

tanh (fa) + tanh 8 (pe — a)
tanh (Ba)+tanhf(1-a) ’

Pe = (5.6)
where p¢ is density-filtered element pseudo density, and @ and 8 are user-defined pa-
rameters of the Heaviside function. Here a works as a threshold, i.e., when p¢ > «a, the
projected pseudo density p. approach the upper bound 1, and when p¢ < @, pe would
approach the lower bound py. S represents the slope of the function determining the
speed of p. approaching 1 or pg. By pushing the pseudo densities to the upper and
lower limits, the topology becomes more “black-and-white".

5.3.2. HINGE-FREE DESIGNS BY USING ROBUST FORMULATION

Although the Heaviside function discussed in the previous section yields more “black-
and-white” designs, hinges, defined as two elements connected by a single node, which
may lead to undesired behavior in the manufactured prototype, cannot be simply re-
moved using this filter. To obtain hinge-free designs, robust formulations [37] are pro-
posed based on the Heaviside projection technique.

The robustness can be ensured by considering intermediate, eroded, and dilated de-
signs in the formulation. The three designs are typically achieved by applying Heav-
iside projection with different values of a. The intermediate design refers to @ = 0.5,
the eroded one to @ > 0.5, and the dilated one to a < 0.5. By pushing all three designs
to satisfy the same optimization objective and constraints, the topology length scale in
both solid and void areas can be ensured, i.e., no hinges [37]. Next, formulations incor-
porating robustness to objective Eq. (5.1), compliance constraint Eq. (5.2), and volume
constraint Eq. (5.4) are presented.

Objective. In the robust formulation, the resulting objective function can be ex-
pressed by

fO = max (fe'finter,fd)' (5.7)

Here f¢, finter, £d are objective values derived from eroded, intermediate and dilated de-
signs, respectively. By minimizing fp, all the three designs will finally converge to similar
solutions.
Compliance constraint. The compliance constraint at DOF s in the robust formula-
tion can be expressed by
c¢<C,, (5.8)
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where C¢ represents linear compliance obtained from the eroded design, which means
constraints are imposed on the design that holds the maximum compliance values to
ensure that all three designs satisfy the constraints. For the upper limit E* the actual en-
gineer requirements, i.e., Cs, could be excessively strict for the eroded design in the early
optimization stages. Therefore, we recommend starting the optlmlzatlon with C =Cj
for a few iterations; if the optimization is progressing too slowly, [ s can then be ad-
justed following the recommendations proposed by [37]. The process is as follows: 1)
Use E: = C, for the first 10 iterations; 2) At the 10th iteration, calculate the compliance
of the intermediate design CI™®T and that of the eroded design C¢; 3) Replace E* by set-
ting E:
1.

—=_C,; and 4) Every 10 iterations, repeat steps 2) and 3) until = approaches

Cmter Cmter

Volume constraint. In the robust formulations, the volume constraints can be ex-
pressed by
Vi<V, (5.9)

where V4 represents the volume constraint determmed by the dilated design. For the
upper limit V", the same strategy employed for C is apphed to gradually reach the
engineer-specified value V. The process is as follows: 1) Use V" =V for the first 10 itera-
tions; 2) At the 10th iteration, calculate the volume of the intermediate design V™" and

the dilated design V9; 3) Replace v by setting V' =Y_V;and4) Every 10 iterations,

Vln[EI’

repeat steps 2) and 3) until —— approaches 1.

ther

5.3.3. INPUT DISPLACEMENT CONTINUATION METHOD

When using TO to design mechanisms based on 2D plane stress/strain domains, apply-
ing a relatively large input displacement to the simply-shaped initial solid design could
cause divergence of the nonlinear analysis even at the start of TO due to abnormal defor-
mations. To avoid this divergence, we propose a displacement continuation approach,
whereby the input displacements are increased step-by-step during the optimization
process to progressively introduce nonlinearity into structures.

In the continuation, we avoid loading the structure with the entire input at the be-
ginning of the optimization. Instead, only a portion of the input displacement is ap-
plied. Then, typically after 20 optimization iterations, a design prototype that can ap-
proximately meet the design requirements can be created. Next, every 20 optimization
iterations, the input displacement is increased by another portion until the entire input
is reached. During the process, the structure will gain more and more geometric non-
linearity and finally meet the optimal requirement. Details can be found in Section 5.4.1
where a 2D expansion structure is designed.

5.4. TO-BASED DESIGNS

In this section, TO is used to produce three designs, including one planar and two ortho-
planar path-generation mechanisms. The initial example involves a 2D expansion struc-
ture, demonstrating the failure of analysis under a relatively large input displacement,
along with the effectiveness of the proposed continuation method in resolving the issue.
The second example shows a shell-based linear guide, which demonstrates the com-
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pactness of shell mechanisms. Additionally, the example emphasizes the hinge issue
shown in the topology and compares the differences between the numerical design and
the experimental prototype. The third case demonstrates a shell-based mechanism that
follows a relatively complex user-defined path. Robust formulations are applied, and the
impact of robustness on the final numerical and experimental designs is investigated.

5.4.1. A 2D EXPANSION STRUCTURE

The first design is a 2D expansion mechanism. The design is prompted by a concept to
develop an adjustable spinal implant structure, whose design domain can be simplified
to a rectangle structure as shown in Fig. 5.2. The desired design needs to satisfy three
requirements: First, it can expand to double its thickness when the left and right edges
are compressed; second, throughout the deforming process, the top and bottom layers
should remain flat; third, the structure should have sufficient stiffness in y-direction to
bear small loads.

According to the design requirements, four input Points B, Q, R, and S are selected
from the left and right edges. Output Points a, b, ¢, d, e, and f at the top and bottom sides
are considered. Due to symmetry, only a quarter of the structure is taken as the design
domain. The objective function is

fo= W33 =) + (W) - 2, (5.10)
where u;‘;téb and u;),ut '© represent displacements of Points b and c in y-direction at the
last incremental step (in total 20 incremental steps are applied).

Then, two constraints are imposed to ensure the flatness of the top layer during the

loading process. One constraint ensures displacements in y-direction at Points b and ¢
are the same. The constraint involves all 20 incremental steps and is formulated as

Z(uoutb out c) <0.01, (5.11)

where u;‘;t b and um;t ° represent displacements of Points b and c in y-direction at incre-

mental Step j. For the other constraint, the displacement of output Point c in x-direction
is restricted by

§u°uLe)
0.1

(5.12)

H[\/]w

Here uoujt '’ is the displacement of Point c in x-direction at incremental Step j, where

incremental factors, A; = {0.2,0.5,1.0}.
Furthermore, to satisfy the stiffness requirement, we constrain the compliance in y-
direction in undeformed configuration. The corresponding constraint is

gc=Cy—C, =<0, (5.13)

where Cy is the compliance calculated in a separate linear load case, where two concen-
trated forces fyL'b =10N and fJ,L'C = 10N are applied at Points b and c of the quarter of the
structure. The compliance upper limit C is calculated by multiplying the forces with the
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latter, where the allowable displacements are uﬁ'b =0.01mm and ub’c =0.01 mm. Then,
C = 0.2Nmm, The volume is limited to 40% of the design domain.

8 mm

2mm| 4mm |2 mm

'y

20 mm

Figure 5.2: Geometry of the design domain for the 2D expansion structure. Young’s modulus E = 300 GPa and
Poisson’s ratio 0.3. Input displacements are applied at Points P, Q, R, S shown by red arrows. Output points are
a, b, ¢, d shown by blue arrows. Due to symmetry, only a quarter of the structure is taken as the design domain.

We start the optimization from a fully solid design, as shown in Fig. 5.3(a), with the

. . . in _
input displacement at the last incremental step equal to ] ; =3mm. The correspond-

ing deformed configuration is shown in Fig. 5.3(b).

(@

(b)

Figure 5.3: Starting from the initial fully solid design shown in (a), with input displacement u™ = 3mm at
the final incremental step, the corresponding deformed configuration is shown in (b). As noticed, abnormal
deformation resulting from large stresses lead to complete failure of the analysis.

As noticed, the solid elements become “inside-out" leading to complete divergence
of the analysis. To mitigate this issue, we use the proposed input displacement continu-
ation, where instead of gpplying u,; = 3mm at the early stage of optimization, we apply

in* _ in* . - . . . . . o] .
end = 0-5mm. Next, ug} , is increased every 20 optimization iterations until it reaches

ug:l 4 = 3mm. The corresponding ug: 4 and obtained topology are shown in Tab. 5.1.

Observing the results in Tab. 5.1, the utilization of a small ug;:d facilitates the creation

u
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of a topology with balanced stiffness and flexibility. Building upon this, increasing the
input displacements gradually introduces more flexibility to the design. Ultimately, the
objective value is reduced to 1.23 x 10~3 when ugfd = ugrll 4 = 3mm, and the correspond-
ing topology is shown in (5) of Tab. 5.1. However, in the topology, a few gray elements
are still noticeable. To achieve a black-and-white design suitable for manufacturing, the
optimization process was continued with more aggressive Heaviside parameters, where
a = 0.6 and g doubled every 20 iterations until § = 128. The final result in the complete
design domain presents a black-and-white design in (6) of Tab. 5.1. Judging from the ob-
jective and error values shown in the table, the design satisfactorily meets the specified
requirements.

To validate the optimized design, the topology result is extruded in the third dimen-
sion and manufactured using 3D printing. The obtained prototype is placed between
two rigid smooth panels, as seen in Fig. 5.4. The prototype is compressed when the top
panel is moved down. The loading process is recorded by photographs. The experiment
and simulation results are compared in Fig. 5.5, where both input and output displace-
ments are relative to the input displacement at the last incremental step. The simulation
results indicate that when the top and bottom edges of the mechanism are compressed,
the structure expands to nearly double its width, while the left and right layers remain
almost flat during the deformation process. Experimental results exhibit similar behav-
ior as seen in the deformation pictures. Additionally, the deflection curves show that the
3D-printed prototype undergoes a deformation process nearly identical to that of the
simulation. In conclusion, using TO, a design that demonstrates the desired expansion
behavior while meeting the flatness requirement was successfully generated. The close
alignment between the deformation of the 3D-printed prototype and the simulation re-
sults confirms the reliability of the TO-based design.

a) (b)

Figure 5.4: (a) Final topology without void elements. (b) 3D-printed prototype and experimental set-up. Here,
the mechanism is positioned between two smooth panels. When the top panel moves downward, the mecha-
nism is compressed. The top and bottom of the mechanism are permitted to slide along the panels, while the
left and right boundaries are allowed to expand in opposite directions. The left and right edges in (a) or (b)
correspond to the top and bottom edges of the topology shown in (6) of Tab. 5.1.
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Table 5.1: Topology optimization results for the expansion structure with input displacement continuation.
in*
Here @ and S are the threshold and slope of the Heaviside projection. u::l q Tepresents the input displace-
ment at the last incremental step of each continuation step. ugl: q is set to 0.5 mm during the first continu-
ation step, covering the initial 20 iterations, with the resulting topology shown in (1). Next, ugrl:d increases
to lmm. After another 20 iterations, the resulting topology shown in (2). Following the same rule, uh::d
finally increases to 3mm, and the resulting topology is shown in (5). Then, to achieve a black-and-white
design suitable for manufacturing, the optimization process continued with more aggressive Heaviside pa-
rameters, where a = 0.6 and f starts from 8, and it is doubled every 20 iterations until § = 128. The fi-
nal topology is shown in (6). Designs shown in (1)-(5) depict a quarter of the overall design, while (6) il-
lustrates the complete structure. fp is objective value shown in Eq. (5.10). The error related to constraint

Eq. (5.11) is €pey = Z?gl ,/(u;lj.t’b - u?l}t’c)Z/ (20djen). The error related to constraint Eq. (5.12) is ecx =

21}:1 1/ (ugfljt’c —0)2/(3djep ). The error related to fy is defined by ey = \/(u?,m’b —4)2 4 \/(u?,m’c - 42/ (2dyep)-
The path length is djg, =4mm

in* Lin*
Topol d | —end
opology (I%rlln) an a&p fo comments
Start
from
16.7% 0.5&4 19.5 a fully
solid
design.
33.3% | 05&4 | 9.26 | St
from (1)
Start
50% 0.5&8 3.73 from (2)
Start
83.3% 0.5&8 0.407 from (3)
1.23x| Start
100% 0.5&8 1073 | from @
Start
from (5)
43x | Sboy =
6) 3 100% 0.6&128 10-3 0.08%.
€cx =
1.8%.
ey =1%.
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Figure 5.5: Deflection path comparison between simulation and experiments. Both the input and output are
relative to the final input displacements ug;l 4 = 3mm. In this context, the simulation results are generated
using finite element analysis. For the experiments, input displacements are determined by measuring the
position changes of the top panel in the photos, while output displacements are measured by tracking the
position changes of the left and right edges of the mechanism in the photos.

5.4.2. A PLATE-BASED LINEAR GUIDE

In this section, we design a linear guide based on plate elements. The design domain is
a cantilever plate as shown in Fig. 5.6. The black area in the middle represents a non-
design area. The central node is designed to move along z-direction with no motion
in y-direction. To satisfy this requirement, displacement in z-direction is specified as
input, while displacement in y-direction is included in the objective function:

fo=@W9iH? + W98)H? + (u9sH?. (5.14)
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To ensure the stiffness in z-direction, we constrain the z-direction compliance in the
undeformed configuration. The corresponding constraint is

g.=C,—C,<0, (5.15)

where C, represents the compliance calculated for a separate linear load case where
fL = 0.01N is applied at the top center in z-direction. C, represents the upper limit
can be calculated by multlplymg the forces with the allowable displacements, where the
allowable displacement is uL = 0.3 x 10~ cm. Then, C, =3x10"% Ncm. The volume
is limited to 60% of the des1gn domain. TO results are shown in Tab. 5.2. The first row

g
Figure 5.6: A cantilever plate %_
model. The length is 3cm, the §
width 2cm, and the thickness rEp
in
0.08cm. Here, u?n d denotes o \\ =1
the final input displacement Q\)\\\! 4in %
-t
5

whose direction is presented

by the red arrow. The dis- *
placement path is shown by y
the blue line, where 3 preci-

sion points, i.e., incremental

steps are selected. The corre-

sponding incremental param-

eter A and the desired output

dlsplacements u . are shown m
he table. Y dul Zend 2om
in the table. OLlIlgS modulus ﬂ, ] 0.5, 0‘75, 1
is E = 300GPa and Poisson’s J
ration is 0.3. uy 0,0,0cm

shows the result without the Heaviside projection, where transition areas between the
solid and void areas can be observed, consisting of elements with intermediate pseudo-
density values. To avoid the unmanufacturable transition areas, the Heaviside projection
is applied. With the Heaviside projection, the final topology is shown in the second row
of Tab. 5.2. As observed, most of the gray transition areas are eliminated; however, those
along the fixed boundary are replaced with single-element hinges. Given that the num-
ber of hinges is quite limited, we decide to remove these hinges in the post-processing
for 3D printing and investigate the impact posed by neglecting the hinges in the experi-
ments.

The 3D prototype is shown in Fig. 5.7(b). Then, with the prototype, an experiment is
conducted using a tensile machine. As seen in Fig. 5.7(b), the left edge of the prototype
is fully clamped. Regarding the input, a rope with a blocker on one end passes through
a small hole near the center point of the structure. The other end of the rope is attached
to the movable top of the tensile machine. When the machine pulling the rope up, the
structure gains inputs. The experiment is recorded by photographs. The experiment and
simulation results are compared in Fig. 5.8.
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As shown by the simulation results, the inner and outer strips of the design rotate in
opposite directions, which counteracts the in-plane movement of the center point. Due
to symmetry, the center can both move up and down, consequently, tracing a relatively
long distance. The deformations observed in the experiments matches the simulations.
However, when we look at the deflections curves closely, there are some differences.
When the input is less than half of the final input displacement, the experimental results
closely match the simulation. As the input increases beyond this point, the experimental
results gradually deviate, leading to increased error. This error is mostly attributable to
the removal of the two hinges connected to the boundary. In conclusion, the simulation
and manufactured designs generally exhibit the same behavior, while the performance
of the manufactured design is influenced by the removal of boundary-connected hinges,
when the input displacements are relatively large.

Table 5.2: Topology optimization results for the plate-based linear guide. Here ui‘rl1 represents the in-
put displacement at the last incremental step. a and f are the threshold and slope of the Heavi-
side projection. fy is objective value calculated in Eq. (5.14). The errors €y below is measured by

[\/(u;ﬁt)z + \/(u;};)z + \/(u%t)zl / (3djen)-The path length is dje;, = 2cm.

n

Ueng a&p fo comments

Topology P

Without Heaviside projection.

3 -3
2 5.91 x 10 ey = 2%

With Heaviside projection. f is
2 0.4&64| 7.91x1073 | initially set to 2, doubled every 20
iterations, and finally 64. €y=2%

\/,

e

(@ (b)

Figure 5.7: (a) Final design. (b) 3D-printed prototype and experimental set up. Here, the left is fully clamped,
while a rope passes through a hole at the center and is connected to the movable top of the tensile machine.
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Figure 5.8: Deflection path comparison between simulation and experiment. Here the simulation results are
generated using finite element analysis and the experimental results are obtained by measuring the position
change of the input point. Both the input and output are relative to the final input displacement of 2cm.
When the input is less than half of the final input displacement, the experimental results closely match the
simulation. As the input increases beyond this point, the experimental results gradually deviate, leading to
increased error, which we attribute to the removal of the two hinges connected to the boundary.

5.4.3. A CYLINDER MOVING BACK AND FORTH

Given that shell mechanisms may exhibit complex trajectory behaviors owing to the
nature of their motion coupling, a design that can move back and forth is generated
based on shells. A cylinder design domain is shown in Fig. 5.9, where the bottom is fully
clamped. The top center is designed to first move in the negative x-direction and then
in the positive x-direction, following the displacement path indicated by the blue line as
shown in Fig. 5.9.

Here, u, is regarded as the input and u, is considered in the objective function:

fo= W +2)% + (g +4)% + (WY +2)°. (5.16)

To ensure stiffness in z-direction, we constrain the compliance in z-direction in the un-
deformed configuration. The corresponding constraint is

g=C,—C, <0, (5.17)

where C; represents the compliance calculated for a separate linear load case, where
fL = 1N is applied at the top center in z-direction. C, represents the upper limit cal-
culated by multiplying the forces with the allowable displacements. Here, the allowable
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ped yuaurade[dsiq

Figure 5.9: A fully clamped cylinder structures. The
Radius is 5cm, height 20 cm, and thickness 0.3 cm.
Here, ug‘l d denotes the final input displacement
whose direction is presented by the red arrow. The
displacement path is shown by the blue line, where
3 prediction points, i.e., incremental steps are se-
lected. The corresponding incremental parameter

Aj and the output displacements u; . areseenin the “i;]d 4cm
table. Young’s modulus E = 100 MPa and Poisson’s A i 0.25,0.5,1
ration is 0.3. Uy -2,-4,-2cm

displacement is ulz“ =0.15cm then, C = 0.15Ncm. The volume is limited to 45% of the
design domain.

Topology results are shown in Tab. 5.3. Firstly, a coarse mesh is used for efficiency,
whose final design is shown in the first row of Tab. 5.3. Regarding the objective, the de-
sign meets the requirement, but it cannot be manufactured due to the presence of many
hinges. To eliminate those hinges, a finer mesh and robust formulations are applied.
Due to symmetry, only half of the domain is modeled. Finally, a hinge-free design is ob-
tained shown in the second row of Tab. 5.3. In comparison to the topology without the
robust formulation, this design comes at the expense of a six-fold increase in the objec-
tive function value fy. According to the deflection curves shown in Fig. 5.10, the largest
difference between the results with and without the robust formulation appears at the
stationary point, i.e., 1; = 0.5. The robust design produces a smaller deflection than
the non-robust one. Despite this reduction in the output displacement, the result still
effectively demonstrates the intended back-and-forth movement.

The robust design is then manufactured via 3D printing shown in Fig. 5.11. with the
prototype, an experiment is conducted using the tensile machine. In Fig. 5.11(b), the
bottom of the prototype is fixed. Regarding the input, a rope with a blocker at one end
goes through a small hole just below the top center. The other end is attached to the
movable top of the tensile machine. By pulling up the rope, the input is applied to the
structure. To eliminate the influence induced by rope’s rotation, The length of the rope is
10 times that of the height of the prototype. The deformation process is photographed.
To avoid splitting caused by stress concentration around the hole, loading is terminated
before the input displacement reaches its prescribed maximum.
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Table 5.3: Topology optimization results for the cylinder mechanism. Here the final input displacement is de-
noted by ugrll a @ and p are the threshold and slope of the Heaviside projection. fj is objective value calculated

in Eq. (5.16). The path length is approximately equal to djep, = 2 * V22 +1+ V22 +22=7.3cm. The errors ¢,
below are measured by (\/(u;}llt +2)2+ \/(uggt +4)2 + \/(uggt + 2)2) ! (3cien)-

m

Topology Uy

(cm) a&p fo comments

Without robust for-

4 ) 0.091 mulations. €; =2.1%

With robust formula-
tions. €; =5.6%. B is
4 0.5&64 0.58 initially set to 2, dou-
bled every 20 itera-
tions, and finally 64.

The experiment and simulation curves are compared in Fig. 5.12(a). Both simulation
and experimental results show the back-forth movement: When the input is small, the
top of the structure is allowed to move back, whereas the bottom of the structure acts as
a support; when the input becomes larger than half of the final input displacement, the
bottom part of the structure is pushed forward, resulting in the whole structure moving
forward. However, it can be observed that the experimental deflection curve deviates
from the simulation result at the early stage, and that the displacement at the stationary
point is largely reduced. There are two reasons behind this inconsistency. Firstly, the
thickness of the prototype is slightly larger than that specified in the simulation due to
the limitations of the 3D-printing technique employed. Secondly, the input point is not
precisely positioned at the top. We can validate the two reasons using simulations. First,
we increase the thickness of the shell in the simulation model from 0.3 cm to 0.45 cm,
to yield the corresponding deflection curve in Fig. 5.12(b). As observed, the deflection
at the stationary point generally aligns with the simulation results, though differences
persist during the early stages of deflection. Next, with the adjusted thickness 0.45 cm,
the input point position in the simulation is aligned with that of the experiment, i.e.,
0.07 cm away from the top center. As shown in Fig. 5.12(c), the deflection at the early
stages also matches. As observed, the thickness has a significant impact on the results,
indicating that shell-based mechanisms are highly sensitive to variations in thickness.
Therefore, precise manufacturing techniques are crucial for achieving accurate perfor-
mance in shell mechanisms. In conclusion, the simulation and manufactured designs
generally exhibit the same behavior, while the performance of the manufactured design
is influenced by the thickness and the position of the input point.
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Figure 5.10: Deflection path comparison between with and without robust formulations. Both the input and
output displacements are relative to the final input displacement of 4 cm. Introducing of robust formulation
reduces the maximum output at the stationary point.
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Figure 5.11: (a) Final design obtained by TO; and (b) 3D-printed prototype and experimental set up. The
bottom is fully clamped, while a rope passes through a hole just below the top center and is connected to the
movable top of a tensile machine.
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Figure 5.12: Deflection path comparison between simulation and experiments. Both the input and output
displacements are relative to the final input displacement of 4 cm. In (a), the simulation results are based on
settings with a thickness of 0.3 cm and an input applied at the top center. In (b), the simulation used a thickness
of 0.45 cm and the input is placed at the top center. In (c), the simulation is based on settings with a thickness
of 0.45 cm and the input is placed 0.07cm away from the top center. Simulation results are generated using
finite element analysis and the experiment results are obtained by measuring position changes of the input
point, i.e., the rope attachment in the photos.
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5.5. SUMMARY AND CONCLUSIONS

This work focuses on the design of path-generation mechanisms capable of delivering
relatively large strokes. Topology optimization was employed with a least-squared-error
objective, linear compliance constraints, and a volume constraint. Three representative
designs were presented: one planar mechanism and two ortho-planar mechanisms, all
validated through experiments.

Based on the 2D expansion mechanism example, the proposed input continuation
method is verified to be effective to prevent solid 2D plane stress/strain elements from
inverting ("inside-out") at the early stage of the optimization. This ensures stable analy-
sis resulting in a design that achieves a displacement of up to 100% of its structural size
along the motion direction.

The use of plate and shell design domains demonstrates the potential of ortho-planar
mechanisms in achieving even larger DSRs. For instance, the plate-based linear guide
can reach a displacement of up to 130% of its size if considering its symmetric config-
uration. Additionally, these design domains enable the generation of mechanisms with
more complex motion paths, as shown by the cylindrical design capable of moving back
and forth.

Experimental results show that the optimized designs perform as intended, and that
extending 2D designs into the third dimension does not affect their mechanical behav-
ior. However, performance can be strongly affected by manufacturing details, such as
material thickness and the removal of hinges.
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CONCLUSIONS AND
RECOMMENDATIONS

6.1. SUMMARY AND CONCLUSIONS

This dissertation focuses on topology optimization for geometrically nonlinear struc-
tures and explores strategies to address the challenges of computational burden and
convergence difficulties caused by spurious buckling modes. Furthermore, to facilitate
the practical application of topology optimization in industrial design, a simple formula-
tion for path-generation mechanism design is proposed, with the resulting designs vali-
dated through experiments.

To improve computational efficiency, Chapter 2 introduces reduced-order models
(ROMs) based on the Ritz method, aiming to reduce the scale of nonlinear finite ele-
ment analysis and sensitivity evaluation. The results show that augmenting the ROM ba-
sis with full-order model (FOM) solutions from previous designs significantly improves
ROM accuracy. For problems involving nearly inextensional bending, incorporating path-
derivative information into the ROM basis is essential. With respect to sensitivity anal-
ysis, although the use of approximate sensitivities may lead to slightly different final
topologies for highly flexible structures, the achieved objective values remain close to
those obtained using FOM-based analyses.

However, ROMs are less efficient when convergence issues arise from low-density
regions compressed by stiffer neighboring regions. This setting leads to “inside-out" el-
ements in 2D or spurious local buckling in shells. Such instabilities are often embedded
in the ROM basis, reducing its convergence performance. Chapter 3 addresses this chal-
lenge by investigating four strategies from two perspectives: The first focuses on refining
the ROM basis; and the second targets the physical cause of spurious buckling. For the
former, they may fail to capture newly emerging spurious modes during optimization,
temporarily increasing the need for FOM-based corrections. For the latter, based on
findings, although introducing scaling factors to displacement field is effective in elimi-
nating spurious buckling, it introduces artificial stiffness in flexible shells, leading to in-
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correct representation of displacements. To avoid artificial stiffness, flexible support can
be introduced for low-density elements. In particular, a complementary structure con-
nected through spring elements can effectively stabilize these regions. Although large
deformations may occur in the transition zones between solid and void elements, they
do not appear to adversely affect convergence. Despite doubling the number of degrees
of freedom, this approach can remain computationally efficient when combined with
reduced-order modeling techniques.

To go beyond algorithmic improvements, Chapter 4 applies geometrically nonlin-
ear topology optimization to design of path-generation compliant mechanisms. A key
challenge, i.e. ensuring connectivity among input, output, and supporting fixtures, is
addressed through a formulation that incorporates compliance and volume constraints.
Analytical and numerical studies confirm that these constraints are effective when their
upper limits are properly defined: the compliance limit is set according to design re-
quirements, while the volume limit is determined and refined through a three-step op-
timization scheme. With a fixed compliance limit, adjusting the volume limit helps
suppress non-functional low-density elements. In addition, instead of applying the ad-
justment step proposed in the optimization scheme, robust formulations can be com-
bined with our proposed formulations in the main optimization process to ensure a low-
density-element-free design. Given low-density elements may not appear at the conver-
gence of the main optimization step, neither the robust formulation nor the adjustment
step may be necessary.

Next, the formulation proposed in Chapter 4 is applied in Chapter 5 to design path-
generation large-stroke compliant mechanisms, with experimental validation conducted
on one mechanism based on 2D in-plane elements and two based on shell and plate
elements. In 2D domains, large input displacements can cause solid elements to flip
("inside-out"), leading to failure of the finite element analysis at the initial optimiza-
tion step. For this, the proposed input continuation method proves to be effective in
ensuring stability by gradually increasing the input displacement during the optimiza-
tion process. Alternatively, to avoid “inside-out" elements, shell or plate-based design
domains may be used. Based on the latter, obtained designs highlight the advantages
of flexible shells and plates, which due to their thin and compliant nature, can achieve
larger displacement-to-size ratios. Experiments confirm the effectiveness of the topol-
ogy design, but reveal that manufacturing details, particularly thickness and the removal
of hinges in shell and plate structures, can significantly affect performance.

6.2. RECOMMENDATIONS

Here, we provide some possible directions and the corresponding recommendations to
extend the work in this thesis.

* Currently, the proposed ROMs are limited to static displacement analysis. It is rec-
ommended to extend them to more computationally demanding problems, such
as buckling and dynamic analysis. This would require incorporating and updat-
ing vibration or buckling modes during the optimization process to maintain the
accuracy and efficiency of the ROM basis under such conditions.

* Inertial effects could be critical in the design of mechanisms for high-precision
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positioning systems, when high-speed operation is required. The current study
focuses on the static performance of path-generation mechanisms. It is recom-
mended to incorporate dynamic constraints into the proposed formulation for
designing path-generation mechanisms, so that the resulting designs can satisfy
both static and dynamic performance requirements.

» Path-generation compliant mechanisms in this work are single-input and single-
output. Many practical applications would be multi-input and multi-output. We
would recommend extending the proposed formulation to multi-input and multi-
output cases by combining multiple independent load cases for broader applica-
bility in complex design scenarios.

* Complementary structures are introduced to stabilize low-density regions. Cur-
rently, only translational displacements are coupled between the original and com-
plementary structures, while ignoring rotations. We would recommend coupling
all, to allow pseudo densities to reach zero without introducing singularity issues.

* Due to limitations of the 3D printing method we used, thickness could not be pre-
cisely controlled. Since thickness is critical in the performance of shell and plate
mechanisms, manufacturing methods, e.g., laser cutting, could be explored and
validated in future work to ensure better accuracy. Besides, manufacturing un-
certainties of thickness would be considered in the optimization process to help
further mitigate this issue.
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APPENDIX

A.1. ORTHONORMALIZATION

Gram-Schmidt orthogonalization is applied to obtain a well-conditioned ROM basis once
anew base vector is introduced to the ROM basis. To illustrate the normalization progress,
we start from an empty ROM basis R = []. First, the bootstrapping process generates the
FOM-based linear solution ¢,. Then we introduce it to R. Since ¢, is the only one in
the basis, orthogonalization is not required. Then, ¢; = ¢; and R = [¢p,] . Here we use
¢ to represent the base vector after orthogonalization.

Second, after thﬁ convergence of the FOM-based analysis, we introduce the FOM-
based solution, i.e. ¢, to the basis. Here we consider the ROMs without path derivatives
for simple illustration. Now, the basis is not empty, we need to apply the orthogonaliza-
tion. Since ¢, is the latest vector, the corresponding deformation mode is closest to the
current and the next load step. Given this, the vector is regarded as the start point of
normalization, and the mode is completely maintained. Next, we remove ¢, from ¢,
which means only the components orthogonal to ¢, in ¢, are attained. The orthogo-
nalization can be explained by formulations

d)z =$2»

<Py > A.1)

¢1=¢1—<¢2,¢2>

Py,

where < a,b > denotes the inner product of vectors a and b. Then R = [}, {,]. Next,
the R can be used for the ROM-based analysis. If FOM-based error correction is required,
then we need to add a new FOM-based solution to the basis, i.e. base vector ¢ . Follow-
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ing the same rules, we can get

$s = bs,

ey <$ rd) >
¢2:¢2_<¢2’¢2>¢3’ (A.2)
¢1:$1_<$1,¢2>¢2 <Gy 3> Py,

<by by > <®3,¢d3>

Then R = [, d,, P3l. For each new base vector, we apply the same rule. Generally, if
we assume at a specific load step, the corresponding ROM basis R before normalization
with base vectors [®;...d,,], where ¢1 is the first vector added to Rand ¢ m is the vector
just added to R. The Gram-Schmidt orthogonalization starts from d)m and ends at ¢1
The orthogonalized progress is shown by

(bm=$m’
q)mfl:Emfl_%q)m
e A3)
e <$1’¢m> _ <$1!¢m—1> _..._<$1’¢2>
(bl—d)l <¢m'¢m>¢m <¢m—1’¢’m—1>¢)m_1 <¢2’¢2>¢2'

In this way, a well-defined base vector is obtained and R= [, ], ..., b, ]-

A.2. ROMS FOR INEXTENSIONAL-BENDING STRUCTURES

In order to accurately simulate structures subjected to nearly inextensional bending,
path derivatives are taken into consideration for the ROM basis. In this section, the ne-
cessity of considering path derivatives for inextensional-bending structures is illustrated
analytically. Next, the validity of path derivatives is highlighted by a numerical model.

A.2.1. A PURE BENDING CANTILEVER STRIPE MODEL

In this section, we describe a cantilever plate, which is bent to a cylinder shell by the
moment at the tip. The model is shown in Fig. A.1, where 100 load steps are involved in
the analysis. At first, the normal FOM-based method is applied to the analysis and the
deformed configuration at the last load step (1=1) is shown in Fig. A.2(a). The number of
FOM iterations is 199. Then, ROMs without path derivatives are applied to the analysis.
We observe that after the ROM-based analysis converges, FOM-based error correction is
involved and convergence difficulties appear during progress. The reason for the latter
is that the corresponding ROM-based result provides a bad start for FOM-based correc-
tion updates, and causes instabilities, shown in Fig. A.2(b), in the FOM-based correction
progress. The bad start provided by ROMs is mainly because of artificial in-plane stift-
ness introduced by ROMs. In the next section, an analytical example is studied to better
understand the problem.
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Figure A.1: The pure-bending cantilever stripe. Here, E is Young’s modulus, M a moment, ¢ thickness, A load
factor, AA increment of A, €, the convergence tolerance of FOMs, €, the convergence tolerance of ROMs, 6, i
the rejection tolerance, and 6 the error tolerance of ROM-based results.

PO

(a) FOM based result (b) ROM-based result

Figure A.2: Final FOM-based and ROM-based deformed configurations of the cantilever stripe

A.2.2. ERRORS OF ROMS IN INEXTENSIONAL-BENDING STRUCTURES

In order to understand artificial in-plane stiffness introduced by ROMs, a simple pure-
bending problem for a cantilever beam is illustrated in Fig. A.3. For pure-bending con-
dition, the curvature is a constant along the length :

1 M
= =T (A4)
R EI

where % is curvature, M is the moment, and EI is the bending stiffness. Thus, the shape
of the deformed configuration is a part of a circle with a radius of R. The displacement u
along the x-axis and the displacement v along the y-axis at arbitrary points of the beam
can be defined by Eq. (A.5).

u R-sinf —x
v _[ R—-R-cosf (A.5)
with
x
9:—_ A.6
7 (A.6)
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.Z A \ x

Figure A.3: A pure-bending cantilever beam subjected to the moment M. The Point A moves to Point A’ after
bending. Here, R is the radius of curvature.

If we introduce non-dimension variablesn = 7 and a = %, the Eq. (A.5) can be expressed
by:

Then, taking the solution Eq. (A.7) as the only base vector, we can construct a ROM basis

|

(- smn[Za] )

. A7
11 -cos[nal) (A7)

[l STl

SISl ]

] . Then a ROM-based solution based on the basis R can be described as

|

where C represents the generalized DOE Next, we use the ratio between stretching en-
ergy and bending energy as the error measurement, since analytically, the stretching en-
ergy should be exactly zero for pure bending, and numerically, the stretching energy
should be very small compared to the bending energy. If the ratio is relatively large, then
errors should exist in our solutions. Thus, the error measurement can be defined by

sin[na]
i [ e )
ROM +(1—cos [na))

) (A.8)

Sl STl

W, hi
error = M. (A.9)
bending
Here, Witretching represents stretching energy and Wyending bending energy.
In the pure bending problem, Whending can be obtained directly by
1 1_EIa?
Wbending = EMa =(=) (A.10)

2" L

The stretching energy can be evaluated using the integration related to the bending

stress 017 and strain e€1:
n=1 AE 7=l
onendn=(—) endn.
n=0 2 Jn=0
(A.11)

1 1 [*t A
Wstretching=(§) V011€11dV=(E) . 011611Adx=(§)
x=



A.2. ROMS FOR INEXTENSIONAL-BENDING STRUCTURES 141

Thus, the error can be illustrated by

W, i n=1
error = —etehing _ (12—)( )f en2dn. (A.12)
Wbending
Since
€ —a_u.,_l(a_u)z.,.(a_y)z (A.13)
U7 %x "2 ox ox "’ ’

the integration in the Eq. (A.11) can be described by:

n=1 n= 2
f en’dn = f (cos(an) —1)?(C - C?)? dn—(—31n(2a)—asma+ )(c Cc%)2.
=0 =

(A.14)
Stretching energy should be zero for pure bending. However, according to Eq. (A.14), the
stretching energy is a function of the generalized coordinate C when the ROM is applied.
The relationship between C, a, and strain energy error is illustrated in Fig. A.4 where
L/h =100. Here, C = 1 means we use the base vector Eq. (A.7) to represent itself, and
consequently, there are no errors. When C # 1, we intend to use the base vector Eq. (A.7)
to represent nearby solutions, which is exactly the usual case in the ROM-based analysis.
From the result, a subtle perturbation of C will substantially increase error, i.e. stretching
energy. With a fixed C # 1, the error will reach the peak when the structure is bent to a
half-circle, where a is between 3 and 4. The reason for the large stretching energy is that
inextensional mode cannot be described by the base vector Eq. (A.7). The problem can
be solved by introducing the 2nd order of path derivative in the ROM basis, which can
give ROMs more information associated with the in-plane deformation.

Figure A.4: Strain energy error encountered by ROMs. C is generalized coordinates and «a is curvature
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A.2.3. FEA OF THE PURE BENDING PLATE WITH PATH DERIVATIVES

The pure bending plate is tested again using ROMs with path derivatives. The maximum
number of base vectors is 20. The analysis result is shown in Fig. A.5. The ROM-based
analysis can converge with path derivatives, and the deformed configuration is the same
as the FOM-based one. In the ROM-based method, the number of FOM solves is only
93, and the number of ROM solves is 299. Compared to the FOM-based method, where
the number of FOM solves is 199, ROMs’ efficiency is dramatically enhanced.

(a) FOM-based deformed configu- (b) ROM-based deformed config-
ration uration with path derivatives

Figure A.5: Final FOM-based and ROM-based deformed configurations of the pure bending stripe

Concerning this model, we will discuss the feasibility of replacing the full Newton
method with the modified Newton for path derivatives. At first, we analyze the plate
model using ROMs involving the full Newton method. The corresponding number of
ROM-based and FOM-based correction updates are illustrated in Tab. A.1. Here, we
try different perturbation steps A1* = AA x € by changing the perturbation parameter
€, where A is the load incremental step. We also consider different convergence toler-
ances €, in the perturbed displacement generation progress for path derivatives. The
purpose is to define suitable € and ¢, for the calculation. It can be seen in Tab. A.1, when
€=1x10"3or 1 x 107%, we can obtain relative good results. Besides, similar to the finite
difference method, too small a perturbation parameter € cannot lead to better results.
Moreover, we can see that a smaller €, can contribute to a better result.

Table A.1: The number of Newton iterations involving ROMs, where path derivatives are calculated by full
Newton method. In the table, € is the perturbation, and €, is the convergence tolerance in the path-derivative

calculation loop. The tolerance € in the error correction loop is 1 * 107°

€ €p FOM ROM

le-3  1le-5 105 322
le-3  1le-8 98 310
le-4 le-5 103 311
le-4 1le-8 94 302
le-6  le-5 148 303
le-6  1le-8 113 564

Then, the same test is conducted with the modified Newton method and the results
are shown in Tab. A.2. It can be seen that similar to full Newton, good results can be ob-
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tained by modified Newton when € = 1 x 1073 or 1 x 107*. Considering the latter, when
€, = 1x1078, the number of FOM-based correction updates involving the modified New-
ton is nearly the same as the full Newton. Thus, modified Newton is feasible to replace
the full Newton method when a small tolerance €, is used for calculating perturbed dis-
placements.

Table A.2: The number of Newton iterations involving ROMs, where path derivatives are calculated by modified
Newton method. In the table, € is the perturbation, and ¢, is the convergence tolerance in the path-derivative
calculation loop. The tolerance ¢ ¢ in the error correction loop is 1 * 107°

€ €p FOM ROM

le-3 le-5 136 253
le-3 1le-8 97 268
le-4 le-5 131 262
le-4 1le-8 93 299
le-6 1le-5 157 396
le-6  1le-8 106 565

A.3. EXPLANATION OF THE ARTIFICIAL STIFFNESS

To understand the extra stiffness introduced to the inextensional bending shell by the
strain interpolation method, in this section, we analytically investigate the pure bend-
ing of a cantilever beam, which is shown in Fig. A.6(a). The corresponding nonlinear
membrane strain in x-direction €, and the nonlinear curvature « can be expressed by:

€xx = Uy +0.5(2,x +0%,5) =0 (A.15)
and
K= Uyxx 1+ Uyx) = Uy Uyxx :%. (A.16)
1+ 265y EI

Here u denotes the displacement in x-direction, v in y-direction, M the bending mo-
ment, EI bending stiffness, and (, x) and (, xx) denote the first-order and second-order
derivatives related to x. By solving the equations above and introducing non-dimensional
variables w = % and a = %, where L is the length of the beam, analytical solutions can be
expressed as

u sinfwal

—=— -, (A.17)
L o

v 1 1
—=———cos[wa]. (A.18)
L a «a

The above are solutions without interpolation. Next, to obtain solutions with interpola-
tion, we introduce the scaling parameter y to the membrane strain and obtain

€xx = Uy +0.5Y° (U5 + V%) = 0. (A.19)

By reducing y to 0 and combining with Eq. (A.16), analytical solutions with interpo-
lation can be easily obtained:

“_o (A.20)
L ’
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v 2
I =05wa. (A.21)

It is observed that after scaling, the displacement in x-direction completely vanishes, in-
dicating that artificial in-plane stiffness has been introduced to the structure. Due to this
extra stiffness, the beam is unable to bend into a circular shape as it does without scal-
ing, as illustrated by the vertical displacement comparison in Fig. A.6(b). Notably, when
the rotation angle «a is relatively small, the vertical displacements with and without scal-
ing remain nearly identical. However, as the rotation increases, significant differences
emerge.

To validate the analytical solutions, nonlinear finite element analyses with and with-
out strain interpolation are conducted on a cantilever shell structure, as shown in Fig. A.7.
The threshold in the Heaviside function is set to n = 0.01.

First, we examine a relatively small element pseudo-density of p. = 1 x 1073, Since
Pe < 1, the elements completely lose their nonlinearity. The deformed configurations
with and without interpolation are compared in Fig. A.8, and the corresponding dis-
placements are presented in Tab. A.3. As observed, the numerical results fully align with
the analytical solutions. With strain interpolation, artificial in-plane stiffness is intro-
duced, preventing the cantilever shell from bending into a circular shape as it does with-
out scaling.

Secondly, we consider a relatively large pseudo-density of pe. = 0.2. Since pe > 1,
the elements partially retain their nonlinearity. The deformation results are shown in
Fig. A.9, and the displacement comparisons are provided in Tab. A.3. Although more
nonlinearity is preserved compared to p. = 1 x 103, in-plane deformations are still min-
imal. This indicates that when the nonlinear term of strains, consequently the rigid body
motions, are scaled down, even if not completely eliminated, in-plane hardening behav-
ior can still be observed.

.Z AN\ x 60 2 4 6

(@ (b)

Figure A.6: Pure bending cantilever beam and analytical analysis results with membrane strain interpolation.
(a) The cantilever beam model. M denotes the bending moment at the tip, r bending radius, and 6 rotations.
(b) Comparison of vertical displacements between with and without membrane strain interpolation. The blue
line shows the result with interpolation and the red without. Here a is non-dimensional curvature, % non-
dimensional displacement in y-direction.
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ulp, c 1‘71111)
eq

=

Figure A.7: A cantilever shell, subjected to pure bending M, with length 2, width 0.5, thickness 0.01, E = 3x 1011,
All quantities have consistent dimensions

(@ (b)

Figure A.8: FOM-based final deformed configurations of the pure-bending shell shown in Fig. A.7 with M =
5x 10’7, Pe=1x 10’3, and n = 0.01. (a) without strain interpolation and (b) with strain interpolation.

(@ (b)

Figure A.9: FOM-based final deformed configurations of the pure-bending shell shown in Fig. A.7 with M =
3x 102, pe =0.2, and n = 0.01. (a) without strain interpolation and (b) with strain interpolation.
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Table A.3: FOM-based results of the pure-bending cantilever shell. Here, n¢ is the number of FOM updates,
uy and uz the displacements in x-direction and y-direction at (x,y,z) = (2,0.25,0). n = 0.01. Here method
"Normal FOM" means FOM without interpolation and "Scaled FOM" means with interpolation. The number
of incremental steps is 10 and for each incremental step, the maximum number of Newton iterations is 50.

Pe method ng Uy U,

1x10-3 Normal FOM 71 -2.289 -0.9967
Scaled FOM 49 -4.111x1072  -2.5443

0.2 Normal FOM 94 -1.747 -1.393

Scaled FOM 44 -4.762x1072  -3.040
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