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Communication
Spectral Domain Analysis of Lossy and Nonzero Thickness Dipoles of Finite

Length Radiating in Layered Media
Riccardo Ozzola , Cesare Tadolini , and Andrea Neto

Abstract— A spectral domain analysis aimed at studying dipoles radi-
ating in layered media is presented. The model allows for the modeling
of the nonzero metal thickness and the reactance associated with a 1-gap
excitation. The solution can be efficiently calculated with a semianalytical
procedure, and it is linked to an equivalent circuit representation. The
results show an accuracy up to par with commercial solvers regarding
the input impedance and the radiated far-field patterns.

Index Terms— Dipole antenna, integral equation, layered media, spec-
tral domain representation.

I. INTRODUCTION

The study of the radiation from electrical dipoles has laid the
foundations of computational electromagnetics [1], [2], but still
remains a problem of interest [3], [4], [5], [6], [7], [8]. The issue
has been investigated both in the spatial [1], [2], [3], [6], [7] and
spectral domain [9], [10], [11], [12], often recurring to the thin dipole
approximation or neglecting the impact of the metal thickness. With
the introduction of the transmission line Green’s function (TL-GF)
[13], [14], [15], such analysis can be performed semianalytically
in the spectral domain with a reduced set of unknowns as in [12]
and [16]. However, these do not account for the metal thickness,
which in the sub-millimeter wave regime can be comparable with the
other design parameters. In [17] and [18], for the dual problem of the
slots, the impact of the thickness of the metal screen is investigated,
and showing an impact even for metallizations in the order of 1/30th
of the wavelength. Recently, in [19], the TL-GF, including for the
metal thickness, was derived for an infinitely long dipole. This work
aims to extend [19] with techniques similar to [12] and [16] to analyze
finite dipoles with nonzero metal thickness and to study their input
impedance and radiation patterns.

II. FORMULATION

A. Integral Equation and the Current Spectrum

Let us consider a dipole oriented along the x-axis, embedded in
arbitrary stratified media, and constituted by a material of conductiv-
ity σ (or equivalently resistivity ρ = 1/σ ), as shown in Fig. 1. It is fed
with a voltage V0 by a 1-gap generator 1 long located at its center.
The dipole has a cross section A, and it is wy wide and wz thick
and located between x = −ℓ/2 and x = ℓ/2. Due to its elongated
geometry and the rectangular cross section, only the x-component of
the electric field is considered, and this can be written as the product
of a longitudinal and a transverse function. The x-component of the
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Fig. 1. Sketch of a dipole of length ℓ, width wy , and thickness wz , and the
representation of the longitudinal distributions on the gap and after the end
points.

incident field ei
x can be written as follows:

ei
x (x, y, z) = V0 f 1(x)et (y, z) (1)

where f 1 and et are the excitation’s longitudinal and transverse
distributions. The x-component of the total electric field ex can be
expressed, for every x and (y, z) ∈ A, by resorting to the local form
of Ohm’s law as follows:

ex (x, y, z) = ρi(x) jt (y, z)χdip(x) + Vend f end(x)et (y, z) (2)

where i is the longitudinal current distribution along the dipole,
jt is the transverse current distribution, and χdip is the characteristic
function of the dipole (i.e., χdip = 1 for x located in the dipole, and
χdip = 0 elsewhere). While the first term in (2) models the field in
the dipole by means of the local form of Ohm’s law, the second one
models the field beyond the endpoints. As sketched in Fig. 1, this
latter uses the decaying function f end, as in [12] and [16], having
amplitude Vend at x = ±ℓ/2 due to the symmetrical excitation.
The x-component of the scattered field es

x can be expressed by the
following convolution:

es
x (x, y, z) = gE J

xx
(
x, y, z, z′

)
∗
[
i(x)χdip(x) jt (y, z)

]
(3)

where gE J
xx is the xx-component of Green’s function providing

the electric field from the electric sources located at z′ and
∗ denotes the convolutional operator in x and y. Finally, by enforc-
ing ex = ei

x + es
x , one can set the following integral equation for

every x :

V0 f 1(x)et (y, z) − Vend f end(x)et (y, z)

=

(
ρ δ(x, y, z) − gE J

xx
(
x, y, z, z′

))
∗
[
i(x)χdip(x) jt (y, z)

]
(4)

where δ is the Dirac delta. The inner product on the cross section
can be defined as follows:

⟨ f, g⟩A =

∫ ∫
A

( f ) (y, z) g∗ (y, z) dydz (5)

which is applied to (4) and j̃t (y, z) to obtain the following expression:

V0 f 1(x)
〈
et , j̃t

〉
A

− Vend f end(x)
〈
et , j̃t

〉
A

=

〈(
ρ δ − gE J

xx

)
∗
[
i(x)χdip(x) jt (y, z)

]
, j̃t
〉

A
(6)
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where et can be assumed to be normalized such that ⟨et , j̃t ⟩A = 1.
The right-hand side of (6) can be written as follows:∫ ∫

A

(
ρ δ(x, y, z) − gE J

xx
(
x, y, z, z′

))
∗
[
i(x)χdip(x) jt (y, z)

]
× j̃∗t (y, z)dydz. (7)

By explicating the convolutional integrals of (7), (8), as shown at the
bottom of the next page, is obtained, where in the square brackets
the single integral from −∞ to +∞ is performed over dx ′, and the
integrals on the cross section A are performed over dy′ and dz′.
By interchanging the integration order of dx ′ and dydz, and by
calculating the integrals for the Dirac delta, (9), as shown at the
bottom of the next page, is found. The terms in curly brackets in (9)
allow us to define the transverse Green’s function of the dipole d(x)

reported in (10) at the bottom of the next page, With the introduction
of the transverse Green’s function, (6) is written as follows:

V0 f 1(x) − Vend f end(x) =

∫
+∞

−∞

d
(
x − x ′

)
i
(
x ′
)
χdip

(
x ′
)

dx ′.

(11)

By calculating the Fourier transform of (11) with respect to x , one
can write the following expression in the kx -plane

V0 F1(kx ) − Vend Fend(kx ) = D(kx )Xdip(kx ) ∗ I (kx ) (12)

where F1, I , Xdip, Fend, and D are the Fourier transforms
of f 1, i , χdip, f end, and d , respectively. The spectrum of the current
can be finally written as follows:

Xdip(kx ) ∗ I (kx ) =
V0 F1(kx ) − Vend Fend(kx )

D(kx )
. (13)

B. Field Representation

The modeling of the incident field and of the transverse current
distribution are congruent with those of [19, eqs. (2), (3), (15), (16),
and (27)], allowing to calculate the transverse Green’s function with
the procedures of [19, eq. (14)]. These use the spectral domain
Green’s function, which allows the efficient handling of dipoles in
layered media.

For the sake of simplicity, field distribution f 1 outside the dipole
is assumed to have the following exponential behavior:

f end(x) =
1
2c

(
e−

x−ℓ/2
c u (x − ℓ/2) + e

x+ℓ/2
c u (−x − ℓ/2)

)
(14)

with u being the unitary step function and c being the decay rate,
whose value has been determined empirically from CST simulations.
For dipoles in free space or located between free space and a
low permittivity dielectric, c = λ0/40 (where λ0 is the free-space
wavelength at each operating frequency) provides accurate results
regardless of the specific geometry. In the case of an high permittivity
dielectric, f end requires a faster decay rate than λ0/40, due to the
smaller confinement of the field. The use of CST has been limited
to find empirically the best value of c. Once the value has been
determined, it is used in the spectral domain model, independently of
CST. The sensitivity of the results with respect to c, and the geometry
is discussed in Section III-A.

By calculating the Fourier transform of (14), one obtains the
following spectrum:

Fend(kx ) =
1
2

(
e− jkx ℓ/2

1 + jkx c
+

e jkx ℓ/2

1 − jkx c

)
(15)

which is used to calculate the current spectrum with (13).

C. Method of Moments Solution

The spectrum (13) has only been formally defined, as the
weight Vend, given the excitation V0, has still to be determined to
calculate the current spectrum of each specific problem. The current
distribution i can be obtained from (13) with the following inverse
Fourier transform:

i(x)χdip(x) =
1

2π

∫
+∞

−∞

[
Xdip(kx ) ∗ I (kx )

]
e− jkx x dkx

=
1

2π

∫
+∞

−∞

V0 F1(kx ) − Vend Fend(kx )

D(kx )
e− jkx x dkx .

(16)

By calculating the inner product between (16) and a test function
t (x), the following expression is derived:∫

+∞

−∞

1
2π

∫
+∞

−∞

[
Xdip(kx ) ∗ I (kx )

]
e− jkx x dkx t∗(x)dx

=

∫
+∞

−∞

1
2π

∫
+∞

−∞

V0 F1(kx ) − Vend Fend(kx )

D(kx )
e− jkx x dkx t∗(x)dx .

(17)

By interchanging the integration order in (17), the Fourier transform
of t∗ can be calculated as follows:

1
2π

∫
+∞

−∞

[
Xdip(kx ) ∗ I (kx )

]
T (−kx ) dkx

= V0

[
1

2π

∫
+∞

−∞

F1(kx )T (−kx )

D(kx )
dkx

]

− Vend

[
1

2π

∫
+∞

−∞

Fend(kx )T (−kx )

D(kx )
dkx

]
(18)

where T is the Fourier transform of t . By considering t either f 1

or f end, the following two-unknown linear system can be obtained:{
V0Y1,1 − VendY1,end = I0
V0Y1,end − VendYend,end = Iend

(19)

where I0 and Iend are the average currents on the gap and beyond
the dipole terminations, respectively. The admittances are defined as
follows:

Ym,n =
1

2π

∫
+∞

−∞

Fm(kx )Fn (−kx )

D(kx )
dkx (20)

with m and n being either “1” or “end.”
After having imposed an open-circuit condition outside the dipole,

i.e., Iend = 0, I0, and Vend can be calculated analytically as follows:

Vend = V0
Y1end

Yend,end
(21)

I0 = V0

(
Y11 −

Y 2
1,end

Yend,end

)
. (22)

The expression of Vend can be used to calculate the current spec-
trum (13), and I0 can be used to calculate the input impedance from
its definition as follows:

Zin =
V0
I0

=
Yend,end

Y11Yend,end − Y 2
1,end

. (23)

III. VALIDATION AND RESULTS

A. Input Impedance

The input impedance is calculated using (23), and an example
is shown in Fig. 2(a) and (b), where a good agreement with CST
is obtained. However, when the capacitance of the gap becomes
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Fig. 2. Input impedance of a dipole having length ℓ = 500 µm, constituted
by a metal having conductivity σ = 107 S/m and printed between free space
and a semi-infinite dielectric with relative permittivity εr = 4 calculated for
(a) wy = wz = 1 = 12.5 µm, (b) wy = wz = 3 µm and 1 = 1 µm, and
(c) wy = wz = 12.5 µm and 1 = 2 µm. The decay rate c = λ0/40 has
been used.

significant, i.e., the cross section is much larger than the feeding
gap, the method becomes inaccurate at high frequencies. In fact, the
capacitance of the gap is underestimated in Y1,1 as the transverse

Fig. 3. Sketch of the magnitude of the electric field distribution along the
dipole and in the feeding gap.

current distribution jt (y, z), instead of being uniform, is significant
only on the top and bottom part of the two faces of the feeding gap,
as shown in Fig. 3. Therefore, an additional parallel capacitance is
used to compensate for this effect. This can be approximated with
C = ε0εeffwywz/1. This compensation is significant in Fig. 2(c),
where it improves the comparison with CST.

The low frequency reactance depends on the endpoints located at
x = ±ℓ/2, and it is associated with the electric field going from one
arm of the dipole to the other. This behavior is known to be asymp-
totic to the open circuit approximation − j Z0 cot(kxpℓ/2), where
Z0 and kxp are the characteristic impedance and the propagation
constant, respectively, of the line [19]. As it can be seen from Fig. 2,
for either the complete solution and the open circuit approximation,
the slope of the imaginary part depends on the size of the cross
section, as the characteristic impedance Z0 increases for decreasing
values of the cross section [19].

In Fig. 4, the relative error of the input impedance has been
calculated with respect to CST, for different geometries and for
different values of the decay rate c. The decay rate is shown to be
poorly sensitive with respect to the geometry of the dipole, as shown
in Fig. 4(a) and (b), while its optimal value decreases with respect
to the use of denser dielectrics, as shown in Fig. 4(c) and (d).

Thanks to [19], the proposed spectral domain technique allows for
time-efficient dipole simulations accounting for lossy and nonzero
thickness metal. Due to the layered media formulation and the
semianalytical Green’s function, the number of unknowns of (19)
does not scale with the ratio between the largest and the smallest
dimension of the problem. In Table I, the solution times for the
cases of Fig. 2 are reported. The spectral domain approach exhibits
improvements in the solution time of at least a factor ten with
respect to CST. In addition, the layered media Green’s function [20]
can also include frequency selective surfaces [21], [22], [23] or
artificially engineered materials [24] without increasing the number
of unknowns.

B. Current Distribution

The spectrum (16) corrected with the parallel capacitor becomes
as follows:

Xdip(kx ) ∗ I (kx ) =
V0 F1(kx ) − Vend Fend(kx )

D(kx )
+ j

ωCV0 F1(kx )

1

(24)

where jωCV0/1 models the current flowing in the capacitor given
the excitation V0. The function F1 models the confinement of the

∫ ∫
A

[∫
+∞

−∞

∫ ∫
A

(
ρ δ

(
x − x ′, y − y′, z − z′

)
− gE J

xx
(
x − x ′, y − y′, z, z′

))
i
(
x ′
)
χdip

(
x ′
)

jt
(
y′, z′

)
dx ′dy′dz′

]
j̃∗t (y, z)dydz (8)∫

+∞

−∞

{
ρ δ

(
x − x ′

) 〈
jt , j̃t

〉
A

−

∫ ∫
A

[∫ ∫
A

gE J
xx

(
x − x ′, y − y′, z, z′

)
jt
(
y′, z′

)
dy′dz′

]
j̃t (y, z)dydz

}
i
(
x ′
)
χdip

(
x ′
)

dx ′ (9)

d (x) = ρδ (x)
〈

jt , j̃t
〉

A
−

∫ ∫
A

[∫ ∫
A

gE J
xx

(
x, y − y′, z, z′

)
jt
(
y′, z′

)
dy′dz′

]
j̃t (y, z)dydz (10)

Authorized licensed use limited to: TU Delft Library. Downloaded on November 19,2024 at 08:12:06 UTC from IEEE Xplore.  Restrictions apply. 



IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. 72, NO. 11, NOVEMBER 2024 8891

Fig. 4. Relative error of the input impedance calculated with respect to CST
for different values of the decay rate c for a dipole ℓ = 500 µm long, having a
feeding gap 1 long, wy wide, and wz thick, and printed between free space
and dielectric half space with permittivity εr . (a) wy = wz = 12.5 µm,
1 = 5 µm, and εr = 4. (b) wy = wz = 3 µm, 1 = 1 µm, and εr = 4.
(c) wy = wz = 12.5 µm, 1 = 2 µm, and εr = 8. (d) wy = wz = 12.5 µm,
1 = 1 µm, and εr = 12. The red dashed lines highlight the frequencies for
which the imaginary part of the input impedance is null.

TABLE I
SOLUTION TIME FOR THE INPUT IMPEDANCE OF FIG. 2
CALCULATED OVER 16 FREQUENCY POINTS. @INTEL1

XEON1 W-2265 CPU @3.5 GHz,
12 CORES, RAM 256 GB

displacement currents within the source region, assuming them to
be uniformly distributed. An example of the spectrum is given in
Fig. 5(a), where the spectra (13) and (24) are compared with 180 GHz
for dipoles ℓ = 500 µm, having cross section wy = wz = 12.5 µm,
printed between free-space and a dielectric half space with relative
permittivity εr = 4, and excited with V0 = 1 V. The effect of
the capacitance C of (24) is to place a high-frequency component,
depending on 1, while leaving untouched the spectrum around k0.
The space current distribution is calculated by performing the inverse
Fourier transform of (24), and an example related to the previous
study case is shown in Fig. 5(b). While the real part is unaffected
by different sizes of the feeding gap, the imaginary part peaks in
correspondence with the source region when reducing 1.

The knowledge of the current spectrum allows for the evaluation
of the antenna patterns at r⃗ = (robs, θobs, φobs) with the following
asymptotic evaluation:

e⃗ far (r⃗) ≈ jkzobs Ĩ (kxobs) Jt,y
(
kyobs

)
×

∫ wz

0
jt,z

(
z′
)

¯̄GEJ (kxobs, kyobs, zobs, z′
)
· x̂ dz′ e− jkrobs

2πrobs
(25)

1Registered trademark.

Fig. 5. (a) Spectrum of and (b) spatial distribution of the current at
180 GHz of a dipole having length ℓ = 500 µm, width and thickness
wy = wz = 12.5 µm, printed between free-space and a semi-infinite dielec-
tric with relative permittivity εr = 4, and excited with V0 = 1 V by a 1-gap
generator.

Fig. 6. Far-field patterns at 180 GHz of a dipole having length ℓ = 500 µm,
width and thickness wy = wz = 12.5 µm, printed between free-space and a
semi-infinite dielectric with relative permittivity εr = 4, and excited with
V0 = 1 V by a 1-gap generator.

where kxobs = k sin θobs cos φobs, kyobs = k sin θobs sin φobs, and
kzobs = k cos θobs, Jt,y is the spectrum of the current distribution
along y, jt,z is the current profile along z′, and ¯̄GEJ is the spectral
domain Green’s function. kx -current spectrum Ĩ is the current
spectrum windowed on the dipole, as done in [25, eq. (21)], and
calculated as follows:

Ĩ (kx ) = F
{
F−1

{I (kx )} χdip(x)
}

(26)

where F and F−1 denote the Fourier and the inverse Fourier
transform operator, respectively. The radiation patterns of Fig. 6
refer to cases of Fig. 2(a) and (c) at 180 GHz. These show the
leaky radiation peaks as in [26, Fig. 5] and exhibit an excellent
agreement with CST. The two dipoles have the same far-field patterns,
despite different sizes of the feeding gap, which impacts the current
distribution and the input impedance, different capacitive loading.
In fact, Green’s function, for observation points sufficiently far away
from the sources, filters out the components of the current spectrum
above the wavenumber. As shown in Fig. 5(a), the size of the gap
and its capacitive loading affect the high part of the spectrum only,
and therefore, the far fields are superimposed.

C. Equivalent Circuit

The finite dipole solution allows for the equivalent circuit repre-
sentation of Fig. 7, which is an extension of [19, Fig. 13]. The dipole
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Fig. 7. Transmission line equivalent circuit of a finite dipole, where the
contributions of the feeding gap, the dipole, and the end points are highlighted.

can be represented by two transmission line sections of length ℓ/2,
characteristic impedance Z0, and propagation constant kxp , where
Z0 and kxp have been calculated as in [19]. On either sides, these
are loaded with the resistance Rend and the capacitance Cend, which
represent the endpoint radiation and the low frequency capacitance,
respectively, and are defined analogously as in [16, eq. (19)].
The gap is modeled by a transformer with turn ratio n and the
gap capacitance C . The expression of the former is defined in
[19, eq. (37)] and is n = sin(kxp1/2), while the latter can be
modeled as a parallel plate capacitor as in Section III-A.

IV. CONCLUSION

A spectral domain-based representation of finite dipoles account-
ing for the nonzero metal thickness was developed. Based on the
TLGF [19], the method allows for an efficient semianalytical analysis
of the input impedance and the radiation patterns, whose accuracy
is up to par with commercial solvers. The developed semianalytical
method can provide physical insights into the dipole’s current distri-
bution, which is linked to the input impedance and far-field radiation.
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