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ABSTRACT

Functional Principal Component Analysis (FPCA) is a powerful method for identifying
the dominant modes of variation within a large collection of curves, thereby revealing
their underlying low-dimensional structure. However, the existing FPCA framework as-
sumes that the functional data are directly observed. This thesis develops a new theoret-
ical framework for applying FPCA when the functional objects are estimated rather than
observed, focusing specifically on estimated conditional Kendall’s tau (CKT) curves. The
analysis is supported by additional theoretical work on conditional U -statistics, which
form the basis for establishing the asymptotic properties of the proposed method. In the
theoretical setting where the CKT curves are estimated over the entire domain, we prove
the consistency of the associated Hilbert-Schmidt integral operator and under suitable
regularity and asymptotic conditions, we show that the spectral decomposition of the
estimated operator converges to the true one with an error rate of O

(
h2 + (nhd )−1/2

)
.

We then extend the analysis to the practically relevant setting in which the curves are
observed on a finite grid of N points and establish convergence of the spectral proper-
ties with a rate of O

(
N−1/d +h2 + (nhd )−1/2

)
. This illustrates the bias-variance trade-off

with respect to the choice of the bandwidth h, as well as the numerical bias introduced
by the discretization step, N−1/d . We support our theoretical results with an empiri-
cal study of global financial assets, applying ARMA-GARCH filtering and conditioning
on different markets to recover the most dominant modes of variation within a large
dataset of CKT curves. We find that all CKT curves can be approximately summarized
by only two degrees of freedom: a constant baseline level, representing the average con-
ditional Kendall’s tau, and a parabolic component that contrasts extreme market condi-
tions with more typical periods, capturing the contagion effects. Ultimately, this frame-
work provides a foundation for future applications, including evaluating the simplifying
assumption.
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1
INTRODUCTION

In an increasingly integrated global economy, understanding the dependencies among
financial assets remains a vital challenge in financial economics. Copula models pro-
vide a general framework for capturing dependencies between variables and have been
widely adopted across various disciplines including empirical finance [1]. Originally for-
malized by Sklar [2], this approach has gained widespread traction due to its ability to
decouple the modelling of univariate marginal distributions from the joint dependence
structure. Copulas therefore provide a flexible framework for capturing complex, non-
linear relationships in the global market. In the field of dependence modelling, it is com-
mon to quantify these associations using rank correlation coefficients, such as Kendall’s
tau [3]. However, the joint dependence structure among markets may vary condition-
ally on other variables such as the market volatility or the performance of other assets.
An effective non-parametric tool to trace this conditional dependence is the conditional
Kendall’s tau (CKT). The CKT maps the evolution of the rank-based association between
asset pairs as a continuous function of a chosen covariate.

The practical utility of conditional copulas becomes particularly important through vine
copula models. These models break the high-dimensional dependence structures into
a sequence of bivariate conditional copulas [4]. To maintain statistical and computa-
tional tractability, the vast majority of vine copula literature relies on the simplifying as-
sumption, which asserts that the conditional copula itself remains invariant to changes
in the conditioning variable. Under this assumption, the corresponding CKT curves are
perfectly flat. While the simplifying assumption is a powerful tool for achieving compu-
tational efficiency, it is often restrictive and potentially polarizing in empirical applica-
tions [5]. Consequently, a lot of research has emerged to test the validity of this assump-
tion [6, 7, 8], alongside recent frameworks designed to formally quantify the degree of
non-simplifyingness within conditional structures [9]. Within the context of this thesis,
analysing the structure of a vast collection of CKT curves becomes essential to determin-
ing whether a simplified structure is valid.
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2 1. INTRODUCTION

To systematically evaluate a large collection of curves, we require a framework capable
of extracting the main structural modes present among these functional data. Func-
tional Principal Component Analysis (FPCA) serves as a powerful tool to analyse and
isolate the most important modes of variation within a large set of curves [10]. The ex-
isting mathematical framework of FPCA is built on the fundamental assumption that
the functional objects are directly observed [11, 12]. However, in financial econometrics
and other dynamic fields, the conditional dependence curves are intrinsically latent and
are never directly observed. Instead, we estimate them and obtain estimated depen-
dence paths. Consequently, shifting the FPCA framework to accommodate estimated
conditional Kendall’s tau curves introduces an additional layer of statistical variation.
The total error no longer originates solely from drawing a finite sample of curves, in-
stead, it also consists of the pointwise estimation error inherent to the estimators. This
additional layer of variation distorts the standard asymptotic properties, meaning the
standard consistency proofs can no longer be assumed to hold.

In this thesis, we establish a new mathematical framework for conducting FPCA on esti-
mated functional objects, focussing specifically on the conditional Kendall’s tau. We for-
malize an estimator for the functional covariance operator based on the pre-estimated
CKT curves and derive explicit asymptotic convergence rates for its spectral properties.
We extend these proofs from an idealized setting, in which the estimated curves are fully
known, to the realistic scenario where the trajectories are observed only across a finite
grid of N points. Through this framework, we characterize the asymptotic interplay be-
tween the grid resolution N , the smoothing bandwidth h, and the sample size n. Ul-
timately, this method provides a systematic foundation for evaluating the simplifying
assumption within the FPCA framework.

The remainder of this thesis is organized as follows. In Chapter 2 we provide the nec-
essary background for this thesis. Chapter 3 lays the foundation of our statistical model
by formally introducing the required functional operators and outlining the Functional
Principal Component Analysis (FPCA) framework. Building upon this baseline, Chap-
ter 4 establishes the methodology in an idealized theoretical setting where the condi-
tional Kendall’s tau curves are assumed to be known continuously over their entire do-
main. We define the empirical covariance operators, analyse their spectral properties
and compute their asymptotic convergence rates. Chapter 5 subsequently extends this
framework to the practically realistic scenario where the CKT curves are observed only
across a finite grid of discretization points. We again provide proofs for the asymp-
totic consistency and convergence behaviour of both the operators and their spectral
decompositions under grid constraints. In order to compute the convergence rates in
both Chapters 4 and 5, Chapter 6 develops additional theory for conditional U -statistics
needed in these convergence proofs. This rather technical material is made into a sepa-
rate chapter for the convenience of the reader. Finally, the thesis concludes with an em-
pirical implementation in Chapter 7, which applies the developed framework to global
financial market data by estimating the principal components of the CKT curves of all
combinations of asset triplets. This allows us to find the most important structural modes
with this collection of curves.



2
PRELIMINARIES

In this chapter, we provide the necessary mathematical background for this thesis. We
start with discussing the concept of (conditional) copulas, which are the core of multi-
variate dependence modelling. We next introduce the concept of rank correlation co-
efficients which are measures to quantify the dependence between random variables.
Specifically we introduce the (conditional) Kendall’s tau measure and discuss its proper-
ties. After briefly touching upon the simplifying assumption, we discuss our estimation
methods and introduce the concepts of Kernel Density Estimation and Kernel Regres-
sion and introduce our CKT estimator. Next, we consider some linear algebra prelimi-
naries which serve as the foundation for much of the subsequent proofs. We also briefly
discuss the notion of (conditional) U -statistics which will become important for proving
the convergence rate of our operators. Furthermore, we consider (Functional) Principal
Component Analysis and discuss its working and its properties. We will end the chapter
with considering ARMA-GARCH filtering.

2.1. COPULAS

Suppose we are given two random variables, X1 and X2, with marginal distribution func-
tions F1 and F2, respectively, and we wish to analyze their mutual dependence. To isolate
the dependency structure from the effects of the individual marginal distributions, it is
helpful to standardize the random variables using the probability integral transform:

Lemma 2.1.1 (Probability Integral Transform (PIT)). If X ∼ F is a continuous random
variable, then F (X ) ∼U (0,1).

Consequently, any continuous random variable can be transformed into a standard uni-
form random variable, removing the influence of its original marginal distribution. The
converse property also holds true:

Lemma 2.1.2 (Quantile Transformation). Let U ∼ U (0,1) and let F be any distribution
function. Then F←(U ) ∼ F , where F← is the quantile function of F defined by

F←(y) := inf
{

x ∈R : F (x) ≥ y
}

.

3
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Using these transformations, we can now define the joint distribution function of
(F1(X1),F2(X2)) as the copula of (X1, X2).

Definition 2.1.3 (Copula). A function C : [0,1]p → [0,1] for p ≥ 2 is called a copula if it
satisfies the following conditions:

1. C (u1,u2, . . . ,up ) = 0 if u j = 0 for any j ∈ {1, . . . , p}.

2. C (1, . . . ,1,u j ,1, . . . ,1) = u j for all u j ∈ [0,1] and all j ∈ {1, . . . , p}.

3. C is p-increasing, that is, for any hypercube A =∏p
i=1[ai ,bi ] ⊆ [0,1]p , the C -volume

of A is non-negative: ∫
A

dC (u) ≥ 0.

In probabilistic terms, a copula is a multivariate distribution function defined on the
unit cube with standard uniform margins. While this formal definition may not immedi-
ately reveal the connection between copulas and dependence modeling, the key insight
comes from Sklar’s Theorem. This fundamental result in copula theory shows how copu-
las can be used to link the joint cumulative distribution function (CDF) of any multivari-
ate random variable to its univariate marginal distributions. The proof can be found in
[13]. As we continue, given a univariate distribution function F , ran (F ) := {

F (x) : x ∈ R}
denotes the range of F .

Theorem 2.1.4 (Sklar’s Theorem, Theorem 2.3.3 [14]).

1. For any p-dimensional distribution function H with univariate margins F1, ...,Fp

there exists a p-dimensional copula C such that

H(x) =C (F1(x1), ...,Fp (xp )), x ∈Rp . (2.1)

If F1, · · · ,Fp are continuous, then C is unique. Otherwise C is uniquely defined
on

∏p
i=1 ran Fi . The copula is given by

C (u) = H(F←
1 (u1), ...,F←

p (up )), u ∈
p∏

i=1
ran (Fi ). (2.2)

2. Conversely, given a copula C and the univariate margins F1, ...,Fp then H is defined
as in Equation (2.1).

Theorem 2.1.4 can be expanded if the margins F1, . . . ,Fd have densities.

Corollary 2.1.5 (Remark 2.3.2 [15]). The distribution function H from Equation (2.1) is
absolutely continuous if and only if C and F1, . . . ,Fp are absolutely continuous. In that
case we can write the density h of H as

h(x) = c(F1(x1), · · · ,Fp (xp ))
p∏

i=1
fi (xi ), x ∈

p∏
i=1

ran (Xi )
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where, for any j ∈ {1, · · · , p}, ran Xi := {x ∈ R : fi (x) > 0}, fi denotes the density of Fi and c
denotes the density of C . It follows that

c(u) = ∂pC (u)

∂u1 · · ·∂up
=

h
(
F←

1 (u1), . . . ,F←
p (up )

)
f1(F←

1 (u1)) · · · fp (F←
p (up ))

, u ∈ (0,1)p

An important property of copulas is the invariance principle, which plays a crucial role
when defining distribution-free measures of association.

Lemma 2.1.6 (Invariance Principle, Theorem 2.4.7 [15]). Let X ∼ H be a random vec-
tor with continuous univariate marginal distributions F1, . . . ,Fd and copula C . If T j is a
strictly increasing transformation on ran(X j ) for each j ∈ {1, . . . , p}, then the transformed
random vector (

T1(X1), . . . ,Tp (Xp )
)

also possesses the identical copula C .

We now extend this framework to the conditional setting by introducing a condition-
ing random variable Z. By adapting the previous unconditional concepts, we state the
formal definition of a conditional copula as follows.

Definition 2.1.7 (Conditional Copula). Consider a conditional random variable Z taking
values in Z ⊂ Rd . A measurable function C : [0,1]p ×Z → [0,1] for p ≥ 2 is called a
conditional copula if PZ-almost surely for every z ∈Z :

1. C (u1,u2, ...,up |Z = z) = 0 if u j = 0 for some j = 1, ..., p

2. For any j = 1, ..., p, C (1, ..,1,u j ,1, ..,1|Z = z) = u j for all u j ∈ [0,1]

3. C is p-increasing, i.e., if for any hypercube A =∏p
i=1[ai ,bi ] ⊆ [0,1]p :∫

A
dC (u|Z = z) ≥ 0.

Sklar’s Theorem can also be adjusted accordingly. The proof can be found in [16].

Theorem 2.1.8 (Conditional Sklar’s Theorem, Theorem 3 [16]).

1. Consider a conditional random variable Z taking values in Z . For any p-dimensional
conditional distribution function Hz with univariate margins F1|z, ...,Fp|z there ex-
ists a p-dimensional copula Cz such that

Hz(x) =Cz(F1|z(x1), ...,Fp|z(xp )), x ∈Rp and z ∈Z . (2.3)

If F1|z, · · · ,Fp|z are continuous, then Cz is unique. Otherwise Cz is uniquely defined
on

∏p
i=1 ran (Fi |z). The copula is given by

Cz(u) = Hz(F←
1|z(u1), ...,F←

p|z(up )), u ∈
p∏

i=1
ran (Fi |z) and z ∈Z . (2.4)
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2. Conversely, given a copula Cz and the univariate margins F1|z, ...,Fp|z then Hz is
defined as in Equation (2.3).

Again, the concept of conditional copula densities follows naturally.

Corollary 2.1.9. The distribution function Hz from Equation (2.3) is absolutely continu-
ous if and only if Cz and F1|z, . . . ,Fp|z are absolutely continuous. In that case we can write
PZ-almost surely for every z ∈Z the density hz of Hz as

hz(x) = cz(F1|z(x1), · · · ,Fp|z(xp ))
p∏

i=1
fi |z(xi ), x ∈

p∏
i=1

ran (Xi )

where, for any j ∈ {1, · · · , p}, ran(Xi ) = {x ∈ R : fi |z(x) > 0}, fi |z denotes the density of Fi |z
and cz denotes the density of Cz. It follows that

c(u|Z = z) = ∂pC (u|Z = z)

∂u1 · · ·∂ud
=

hz

(
F←

1|z(u1), · · · ,F←
p|z(up )

)
f1|z(F←

1|z(u1)) · · · fp|z(F←
p|z(up ))

, u ∈ (0,1)p

2.2. MEASURES OF ASSOCIATION

As established in previous sections, our primary objective is to model the dependence
structure between random variables. A classical and widely used approach to quantify-
ing dependence is the Pearson correlation coefficient.

Definition 2.2.1 (Pearson Correlation Coefficient). Let X1 and X2 two real-valued ran-
dom variables with finite second moments. The Pearson correlation coefficient is defined
by

ρ := Cov(X1, X2)p
Var(X1)

p
Var(X2)

.

Though widely used, the Pearson correlation coefficient possesses notable limitations.
Most importantly, it only measures the linear dependency between variables, ignoring
any other type of dependency. In addition, it is also not invariant under monotone in-
creasing transformations. To overcome these deficiencies, we consider rank correlation
coefficients, which measure the similarity between the orderings of data when ranked by
their respective marginal distributions. The building block for these invariant measures
is the geometric concept of concordance and discordance between pairs of points.

Definition 2.2.2. A pair of observations (X1, X2) and (X ′
1, X ′

2) is called an concordance
pair if

sign(X1 −X ′
1) = sign(X2 −X ′

2)

else it is called an discordance pair. Here, sign(·) denotes the standard signum function:

sign(t ) =


−1 if t < 0,

0 if t = 0,

+1 if t > 0.
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By evaluating the difference between the probability of concordance and the probabil-
ity of discordance of two independent pairs drawn from the same joint distribution, we
arrive at Kendall’s tau.

Definition 2.2.3 (Kendall’s tau). Let (X1, X2) be a bivariate random vector and let (X ′
1, X ′

2)
be an independent copy of (X1, X2). Then Kendall’s tau is defined as

τX1,X2 = τ(X1, X2) = E[
sign(X1 −X ′

1)sign(X2 −X ′
2)

]
(2.5)

=P(
(X1 −X ′

1)(X2 −X ′
2) > 0

)−P(
(X1 −X ′

1)(X2 −X ′
2) < 0

)
. (2.6)

By construction, τX1,X2 ∈ [−1,1], where the boundaries represent perfect negative and
positive rank dependence, respectively. If X1 and X2 are independent, τX1,X2 = 0, how-
ever, the converse does not hold in general. When the marginal distributions of X1 and
X2 are continuous, ties occur with probability zero, meaningP((X1−X ′

1)(X2−X ′
2) = 0) = 0.

Under this continuous regime, Sklar’s Theorem allows us to decouple the marginal be-
haviour from the underlying copula, revealing that Kendall’s tau is completely distribution-
free.

Corollary 2.2.4. Let (X1, X2) be a bivariate random vector with continuous marginal dis-
tributions and underlying copula C . Then

τX1,X2 = 4
∫

[0,1]2
C (u)dC (u)−1. (2.7)

Proof.

τX1,X2 =P
(
(X1 −X ′

1)(X2 −X ′
2) > 0

)−P(
(X1 −X ′

1)(X2 −X ′
2) < 0

)
= 2P

(
(X1 −X ′

1)(X2 −X ′
2) > 0

)−1

= 4P
(
X1 < X ′

1, X2 < X ′
2

)−1

= 1−4P
(
X1 < X ′

1, X2 > X ′
2

)
= 4

∫
[0,1]2

C (u)dC (u)−1

Corollary 2.2.4 confirms that Kendall’s tau is invariant under strictly increasing transfor-
mations of the margins. Because it can be fully represented by the copula, it serves as a
pure reflection of the underlying dependence structure. To evaluate how this association
shifts across different contexts, we generalize this framework to a conditional setting by
introducing a covariate vector Z taking values in a space Z .

Definition 2.2.5 (Conditional Kendall’s Tau). Let (X1, X2,Z) be a random vector where
Z ∈Z . Let (X ′

1, X ′
2,Z′) be an independent copy of (X1, X2,Z). For any z ∈Z , the conditional

Kendall’s tau is defined as

τX1,X2|Z=z = E
(
sign

(
(X1 −X ′

1)(X2 −X ′
2)

)∣∣Z = Z′ = z
)

=P((X1 −X ′
1)(X2 −X ′

2) > 0
∣∣Z = Z′ = z)−P((X1 −X ′

1)(X2 −X ′
2) < 0

∣∣Z = Z′ = z).
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If the conditional marginal distributions of X1 and X2 given Z = z are continuous, it can
be expressed in terms of the unique conditional copula Cz as:

τX1,X2|Z=z = 4
∫

[0,1]2
Cz(u)dCz(u)−1. (2.8)

2.3. SIMPLIFYING ASSUMPTION

In general, allowing the conditional copula Cz to vary with the conditioning covariate Z
introduces severe practical challenges. As the dimension of Z increases, estimation of
Cz suffers from the curse of dimensionality, while parametric modelling requires speci-
fying functional forms for how the copula evolves across Z . To bypass this problem, a
structural restriction known as the simplifying assumption is frequently invoked.

Definition 2.3.1 (Simplifying Assumption). The conditional copula Cz satisfies the sim-
plifying assumption if it remains invariant with respect to the conditioning value, mean-
ing there exists a single, copula C such that

Cz(u) =C (u) for all u ∈ [0,1]2 and for all z ∈Z .

Definition 2.3.1 means that the dependence structure between X1 and X2 is constant
across all values of Z . Only the marginal conditional distributions may change with Z.
It is good to emphasize that the simplifying assumption does not imply that the random
variables X1 and X2 are conditionally independent of Z. Instead, the assumption asserts
that the copula mechanism linking the margins together remains uniform across Z .
Consequently, under the simplifying assumption, the conditional Kendall’s tau curves
degenerates into a constant function over the entire domain:

τ(z) = τ for all z ∈Z .

The following lemma, which is an adjustment of Proposition 4 of [7], also gives more
useful intuition about the simplifying assumption.

Lemma 2.3.2. Let F1 and F2 the marginal distribution functions of X1 and X2. Define the
vector (U1,U2) := (

F1(X1|Z),F2(X2|Z)
)
. Then the simplifying assumption holds if and only

if (U1,U2) ⊥ Z.

Proof. Recall by the Probability Integral Transform (Lemma 2.1.1) that U1|Z = z ∼U (0,1)
and U2|Z = z ∼U (0,1) for every z. By Sklar’s Theorem,

P
(
U1 ≤ u1,U2 ≤ u2|Z = z

)
=Cz(u1,u2).

Now if (U1,U2) ⊥ Z then

Cz(u1,u2) =P
(
U1 ≤ u1,U2 ≤ u2|Z = z

)
=P

(
U1 ≤ u1,U2 ≤ u2

)
,

and the right-hand side does not depend on z. Hence Definition 2.3.1 holds and the
simplifying assumption is satisfied.
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Conversely suppose that the simplifying assumption holds. Then there exists a single
copula Cs such that Cz(u1,u2) =C (u1,u2). Then

P
(
U1 ≤ u1,U2 ≤ u2|Z = z

)
=Cz(u1,u2) =C (u1,u2),

which no longer depends on z. It thus follows that (U1,U2) must be independent on Z.
This proves the claim

Note that from Lemma 2.3.2 it is not enough for U1 = F1(X1|Z) and U2 = F2(X2|Z) to be
individually independent on Z. The simplifying assumption really concerns the joint
distribution of (U1,U2).

Remark 1 (Remark 1 in [7]). Note that under the simplifying assumption, the conditional
copula Cz is not neccesarily equal to C , the usual copula of (X1, X2). Which in turn also
implies that it not true that under the simplifying assumption, the conditional Kendall’s
tau τX1,X2|Z=z equals the unconditional Kendall’s tau τX1,X2 .

This can be seen in the following example. Let (X1, X2, Z ) be a trivariate random vector
such that, given Z ,

X1 ∼N (Z ,1) and X2 ∼N (Z ,1)

with X1 and X2 independent given Z . For convenience suppose Z ∼ N (0,1). It can be
checked that for any couple (u1,u2) ∈ [0,1]2 and any real number z, the conditional copula
equals (p. 9 of [15])

Cz (u1,u2|z) = u1u2.

This conditional copula does not dependent on z hence Definition 2.3.1 is satisfied. But the
copula of (X1, X2) is not the independence copula, because X1 and X2 are not independent.

2.4. ESTIMATION METHODS

In this project, we investigate the asymptotic behaviour of the conditional Kendall’s tau,
which provides a measure of how the dependence between X1 and X2 evolves as Z varies.
Before defining estimators for τX1,X2|Z=z, we introduce non-parametric estimation meth-
ods on which these estimators are based. Non-parametric methods are widely preferred
due to their broad applicability and reliance on relatively weak structural assumptions.
However, this flexibility typically gives a loss of statistical efficiency. Conversely, para-
metric estimation techniques yield more efficient estimators but they demand rigid as-
sumptions and precise a priori knowledge of the underlying model.

2.4.1. KERNEL DENSITY ESTIMATION

Kernel Density Estimation (KDE) is a nonparametric technique used to estimate the
probability density function of a continuous random variable from observed data. A
classic, intuitive way to estimate the density function is using a histogram. Given an in-
dependent and identically distributed sample {X1, · · · , Xn}, a histogram divides the sup-
port of the data into k disjoint bins of width h, centred at locations t j for j = 1, . . . ,k.
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While histograms provide a baseline visual representation, they suffer from discontinu-
ities and depend heavily on the choice of bin origins. To obtain a smooth and localized
estimate that varies continuously with x, we propose the following density estimator

f̂ (x;h) = 1

2nh

n∑
j=1

1|x−Xi |≤h

= 1

nh

n∑
j=1

K

(
x −X j

h

)
,

(2.9)

where K (u) = 1
21|u|≤1, denotes the uniform kernel. This particular choice of K is simple

but not necessarily optimal for all applications. In kernel density estimation, K can be
any nonnegative, even, and normalized function, which is then referred to as the kernel.
Popular choices include the Gaussian kernel, cosine kernel or the Epanechnikov kernel.

Conceptually, rather than assigning discrete weights within fixed bins, KDE centers a
continuous probability distribution, the kernel, at each observed data point Xi . The pos-
itive parameter h governs the scale or window width of these component distributions
and is known as the bandwidth.

2.4.2. KERNEL REGRESSION AND CKT ESTIMATION

In this subsection, we introduce the notion of kernel regression for the construction of
non-parametric conditional estimators. We begin by recalling the general definition of
the Nadaraya-Watson estimator, which models the conditional expectation for a random
variable Y given a d-dimensional covariate vector Z ∈Z .

For a continuous bivariate random vector (Y ,Z) with joint density f (y,z), the conditional
expectation is given by

E
[

Y
∣∣∣Z = z

]
=

∫
y f (y |z)d y =

∫
y

f (y,z)

f (z)
d y.

We can estimate f (y,z) and f (z) using the kernel density estimator based on an i.i.d.
sample

{
(Y j ,Z j )

}n
j=1 as derived in Equation (2.9)

f̂ (y,z) = 1

n

n∑
j=1

1

h
K2

(
y −Y j

h

)
1

hd
K1

(
z−Z j

h

)
(2.10)

f̂ (z) = 1

n

n∑
j=1

1

hd
K1

(
z−Z j

h

)
. (2.11)

Hence

Ê
[

Y
∣∣∣Z = z

]
=

∑n
j=1

1
hd K1

(
z−Z j

h

)∫
y 1

h K2

(
y−Y j

h

)
d y∑n

j=1
1

hd K1

(
z−Z j

h

) .

Assuming that the response kernel K2 is a symmetric probability density function inte-
grating to 1, yields ∫

y
1

h
K2

(
y −Yi

h

)
d y =

∫
(hu +Yi )K2(u)du = Yi .
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Substituting this simplification back into the expression yields the standard Nadaraya-
Watson kernel estimator

Ê
[

Y
∣∣∣Z = z

]
=

n∑
j=1

w j ,n(z)Y j ,

where the Nadaraya-Watson weights are defined as

w j ,n(z) = Kh(Z j −z)∑n
i=1 Kh(Zi −z)

(2.12)

with Kh(·) = h−d K1(·/h).

This framework directly motivates our construction of estimators for the conditional
Kendall’s tau. Let (X1, X2,Z) be a pair of random variables and let (X ′

1, X ′
2,Z′) be an in-

dependent copy of (X1, X2,Z). Recall that the conditional Kendall’s tau can be defined
via three equivalent expressions

τX1,X2|Z=z = E
[

sign
(
(X1 −X ′

1)(X2 −X ′
2)

)∣∣∣Z = Z′ = z
]

τX1,X2|Z=z = 4P
(

X1 < X ′
1, X2 < X ′

2

∣∣∣Z = Z′ = z
)
−1

τX1,X2|Z=z = 1−4P
(

X1 < X ′
1, X2 > X ′

2

∣∣∣Z = Z′ = z
)

Given an i.i.d. sample
{
(X (i )

1 , X (i )
2 ,Zi )

}n
i=1, distributed from

(
X1, X2,Z), we can map the

conditional probabilities and expectations in these expression to pairwise sample indi-
cators. We define the kernel functions g (k) for k ∈ {1,2,3} as

g (1)(X(1,2)
i ,X(1,2)

j ) :=1
(X (i )

1 −X
( j )
1 )(X (i )

2 −X
( j )
2 )>0

−1
(X (i )

1 −X
( j )
1 )(X (i )

2 −X
( j )
2 )<0

g (2)(X(1,2)
i ,X(1,2)

j ) := 41{
X (i )

1 <X
( j )
1 ,X (i )

2 <X
( j )
2

}−1

g (3)(X(1,2)
i ,X(1,2)

j ) := 1−41{
X (i )

1 <X
( j )
1 ,X (i )

2 <X
( j )
2

},

(2.13)

where X(1,2)
i = (X (i )

1 , X (i )
2 ). By matching these kernels with pairs of Nadaraya-Watson

weights, we propose the following three estimators for τX1,X2|Z=z

τ̂(1)
X1,X2|Z=z =

n∑
i=1

n∑
j=1

wi ,n(z)w j ,n(z)g (1)(X(1,2)
i ,X(1,2)

j )

τ̂(2)
X1,X2|Z=z =

n∑
i=1

n∑
j=1

wi ,n(z)w j ,n(z)g (2)(X(1,2)
i ,X(1,2)

j )

τ̂(3)
X1,X2|Z=z =

n∑
i=1

n∑
j=1

wi ,n(z)w j ,n(z)g (3)(X(1,2)
i ,X(1,2)

j ).

(2.14)

Each τ̂ j1, j2|Z=z can be seen as a smoothed estimator of E
(
g (k)

j1 j2
(X1,X2)|Z1 = Z2 = z

)
.
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Although the estimators of Equations (2.14) are structurally similar, they have distinct
support due to the inclusion of diagonal terms in their double summations. To see this,
let sn(z) :=∑n

j=1 w2
j ,n(z) denote the sum of the squared Nadaraya-Watson weights. It fol-

lows that τ̂(1)(z) takes values in the interval [sn(z)−1,1−sn(z)], whereas τ̂(2)(z) and τ̂(3)(z)
are bounded within [−1,1−2sn(z)] and [−1+2sn(z),1], respectively. Despite these dif-
fering supports, the estimators share a direct relationship, as established by Derumigny
and Fermanian [17].

Corollary 2.4.1. For any sample size n ≥ 1, the following algebraic identities hold almost
surely:

τ̂(1)
X1,X2|Z=z = τ̂(2)

X1,X2|Z=z + sn = τ̂(3)
X1,X2|Z=z − sn . (2.15)

This suggests that we can define a new estimator taking values on [−1,1].

τ̂(4)
X1,X2|Z=z :=

τ̂(1)
X1,X2|Z=z

1− sn
=
τ̂(2)

X1,X2|Z=z + sn

1− sn
=
τ̂(3)

X1,X2|Z=z − sn

1− sn
. (2.16)

The asymptotic behavior of these estimators is investigated in [17]. While the formal
regularity conditions will be detailed later in the thesis, we state their consistency here
for completeness.

Lemma 2.4.2 (Consistency of the CKT estimator, Proposition 7 of [17]). Under Assump-
tions 1 and 2, if nhd →+∞ and h → 0 then for k ∈ {1,2,3,4},

τ̂(k)
X1,X2|Z=z

pr ob−−−−→
n→∞ τX1,X2|Z=z.

We conclude this subsection with a classical real-analysis result that will become useful
when proving the asymptotic properties of kernel-based conditional estimators.

Lemma 2.4.3 (Bochner’s Lemma, Lemma 17 of [18]). Let f a bounded function on Rd

which is continuous in a neighborhoud around z ∈Rd . Let K a function in Rd such that

∫ ∣∣∣K (u)
∣∣∣du <∞

then

lim
h→0

∫
K (u) f (z+hu)du = f (z)

∫
K (u)du.
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Proof. Take h > 0 and write∣∣∣∫ K (u) f (z+hu)du− f (z)
∫

K u)du
∣∣∣≤ ∫ ∣∣ f (z+hu)− f (z)

∣∣∣∣K (u)
∣∣du

≤ sup
|u|≤h−1/2

∣∣ f (z+hu)− f (z)
∣∣∫ ∣∣K (u)

∣∣du

+
∫
|u|≥h−1/2

∣∣ f (z+hu)
∣∣∣∣K (u)

∣∣du

≤ sup
|u|≤h−1/2

∣∣ f (z+hu)− f (z)
∣∣∫ ∣∣K (u)

∣∣du

+2sup
u

| f (u)|
∫
|u|≥h−1/2

∣∣K (u)
∣∣du

≤ sup
|v|≤h1/2

∣∣ f (z+v)− f (z)
∣∣∫ ∣∣K (u)

∣∣du

+2sup
u

| f (u)|
∫
|u|≥h−1/2

∣∣K (u)
∣∣du.

The result follows when h → 0.

2.4.3. BIAS-VARIANCE TRADE-OFF

We conclude this section with the concept known as the bias–variance trade-off. This
trade-off plays a central role when selecting the bandwidth h in the Nadaraya–Watson
estimator. Let θ̂ be an estimator of the parameter θ. The bias of the estimator is defined
as

Bias
(
θ̂
)= E[θ̂]−θ. (2.17)

A model with high bias fails to capture relevant patterns in the data, resulting in underfit-
ting. Underfitting typically occurs when the model is too simple, for instance, when the
bandwidth h is chosen too large. Conversely, reducing the bias by increasing the model’s
complexity tends to increase the variance of the estimator, defined as

Var
(
θ̂
)= E[(

θ̂−E(θ̂)
)2

]
. (2.18)

A small bandwidth h concentrates the kernel weights on only a few local observations,
leading to high variance and overfitting. In this way the estimator mistakenly captures
random sampling noise as a real signal. To balance these competing sources of error,
people often evaluate performance using the mean squared error (MSE)

MSE
(
θ̂
)= E[(

θ− θ̂)2
]
= Bias

(
θ̂
)2 +Var

(
θ̂
)
. (2.19)

This decomposition illustrates the fundamental bias–variance trade-off: reducing bias
often increases variance, and vice versa. In most statistical problems, it is key to find
a balance between the two, yielding the smallest possible MSE. In recent years, studies
as [19] have proposed strategies to obtain lower bounds for the bias-variance trade-off.
This tells use to what extend the trade-off is an artifact of the estimator, or just simply
unavoidable.
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2.5. STOCHASTIC o AND O NOTATION

In non-probabilistic mathematics, the big-O notation is a widely used concept to de-
scribe the approximate size of a function. We can extend this concept to the stochastic
setting by using the following definitions.

Definition 2.5.1 (Section 2.2 of [20]).

i) For a sequence of random variables Xn and a corresponding set of constants an ̸= 0,
the notation Xn = oP (an) means that for n →∞

Xn/an
pr ob−−−−→
n→∞ 0.

ii) For a sequence of random variables Xn and a corresponding set of constants an ̸= 0,

the notation Xn =OP

(
an

)
means that the set Xn/an is bounded in probability, i.e. for

any ϵ> 0, there exists a finite M > 0 and a finite N > 0 such that

P

(∣∣∣∣ Xn

an

∣∣∣∣> M

)
< ϵ, ∀n > N .

The following lemma will become useful when proving the convergence rate of func-
tions.

Lemma 2.5.2. Let {Xn}n≥1 a sequence of random variables and suppose that

E
[
|Xn |

∣∣∣ An

]
=O

(
an

)
and P

(
An

)
−−−−→
n→∞ 1,

then Xn =OP

(
an

)
.

Proof. To prove Xn =OP

(
an

)
, we should show that Xn

an
is bounded in probability, i.e. for

every ϵ> 0, there exists a M > 0 such that supn P
(∣∣∣ Xn

an

∣∣∣> M
)
< ϵ.

Now fix M > 0. Then

P
(∣∣∣ Xn

an

∣∣∣> M
)
=P

(∣∣∣ Xn

an

∣∣∣> M , An

)
+P

(∣∣∣ Xn

an

∣∣∣> M , Ac
n

)
≤P

(∣∣∣ Xn

an

∣∣∣> M
∣∣∣ An

)
P
(

An
)+P(

Ac
n

)
.

Then by Markov’s inequality we find that

P
(∣∣∣ Xn

an

∣∣∣> M
∣∣∣ An

)
≤ E

[∣∣Xn
∣∣ ∣∣ An

]
M |an |

+P(
Ac

n

)
.

Since E
[
|Xn |

∣∣∣ An

]
=O

(
an

)
,

P
(∣∣∣ Xn

an

∣∣∣> M
)
≤ C

M
+P(

Ac
n

)
.
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By assumption,

limsup
n→∞

P
(∣∣∣ Xn

an

∣∣∣> M
)
≤ C

M
.

If we now choose M sufficiently large such that C /M < ϵ. Then

limsup
n→∞

P
(∣∣∣ Xn

an

∣∣∣> M
)
< ϵ.

Hence Xn =OP

(
an

)
.

2.6. LINEAR ALGEBRA

This chapter aims at providing the essential linear algebra background which is needed
for this report. We will mostly be working with Hilbert spaces. A Hilbert space is real
(or complex) inner product space that is also a complete metric space with respect to
the distance function induced by the inner product. We will specifically focus on the
Hilbert space of real-valued, square-integrable functions defined on a measurable do-
main D ⊆Rn (equipped with the Lebesgue measure). Strictly speaking, L2(D) consists of
equivalence classes of functions that coincide almost everywhere, defined by

L2(D) :=
{

f : D →R

∣∣∣∣ f is measurable and
∫

D
| f (t )|2d t <+∞

}
,

and equipped with the standard inner product

〈 f , g 〉L2(D) :=
∫

D
f (t )g (t )d t for f , g ∈ L2(D).

It should be noted that some papers allow operators that are only defined on a linear
subspace of H . In this thesis we only consider operator whose domain is the entire space.

For a linear operator on some Hilbert space H , A : H → H with norm ∥ · ∥H , we can
define the concept of bounded operators.

Definition 2.6.1 (Bounded Operator). Let H be a Hilbert space with norm ∥ ·∥H . A linear
operator A : H → H is said to be bounded if there exists a constant M ≥ 0 such that

∥Ax∥H ≤ M∥x∥H for all x ∈ H .

A consequence of this definition (see Chapter 3, §2 of [21]) is that a linear operator is
bounded if and only if it is continuous. This allows us to define the operator norm of A
as the smallest such bound M , which can be computed as the supremum over the unit
ball:

∥A∥op := sup
{∥Ax∥H : x ∈ H ,∥x∥H ≤ 1

}
. (2.20)

It follows immediately that A is bounded if and only if ∥A∥op <∞. Another useful char-
acteristic of operators is compactness.

Definition 2.6.2 (Compact Operator, Chapter 3, §4 of [21]). Let H a Hilbert space and A :
H → H a bounded linear operator. Then A is compact if any bounded sequence {un} ⊂ H
contains a subsequence {unk } such that {Aunk } converges.
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The following two lemmas can become useful.

Lemma 2.6.3 (Lemma 1.3 of [22]). Let H be a Hilbert space and A : H → H a linear oper-
ator. If A is compact, then A is continuous.

Lemma 2.6.4 (Lemma 1.1 of [22]). Let H be a Hilbert space and A : H → H a linear oper-
ator. Then A is continuous if and only if A is bounded.

Another useful group of operators are the normal and self-adjoint operators. Before we
can define them, we need the notion of closed operators.

Definition 2.6.5 (Closed Operators, Chapter 3 §5 of [21]). Let A : H → H a linear operator
on a Hilbert space H. The operator A is called closed when for any sequence {xn} ∈ H such
that xn → x and Axn → y, we have x ∈ H and y = Ax.

It can be shown that since we are only dealing with operators defined on the entire space
H , any bounded operator is necessarily closed (see [23] p. 25).

Definition 2.6.6 (Normal Operators, Chapter 5, §3 of [21]). Let A : H → H a linear oper-
ator on a Hilbert space H with inner product 〈·, ·〉H : H ×H →R. The operator A∗ is called
the adjoint operator of A if

〈Ax, y〉 = 〈x, A∗y〉, ∀x, y ∈ H .

We call A normal if A is closed and A and A∗ commute:

A∗A = A A∗.

Definition 2.6.7 (Self-adjoint Operators, Chapter 5, §3 [21]). Let A : H → H a linear op-
erator on a Hilbert space with adjoint operator A∗. We call A selfadjoint (or symmetric) if
A∗ = A.

The following lemma describes some properties for the eigenvalues and eigenfunctions
of self-adjoint, compact operators.

Lemma 2.6.8 (Lemma’s 1.19, 1.20, 1.21 of [22]). Let H be a Hilbert space and A : H → H
a compact, self-adjoint linear operator. Then

a) the eigenvectors ξ1,ξ2 ∈ H corresponding to distinct eigenvalues λ1,λ2 ̸= 0 of A are
orthogonal.

b) the set of eigenvalues of A is either finite or countably infinite. In addition, the only
possible limit point of a sequence of distinct eigenvalues is 0.

c) the eigenvalues are bounded, and for any eigenvalue λ of A, |λ| ≤ ∥A∥op .

A very useful theorem tells us that the eigenfunctions of any compact, self-adjoint oper-
ator forms in fact an orthonormal basis. This theorem is known as the Hilbert-Schmidt
Theorem.
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Theorem 2.6.9 (Hilbert-Schmidt Theorem, Theorem 8.94 of [24]). Let (H ,〈·, ·〉H ) a Hilbert
space and let A : H → H a compact, self-adjoint linear operator. Then there exists an at
most countable subset {ξi }i≥1 of H and a corresponding set {λi }i≥1 of reals such that

Ax =
∞∑

i=1
〈ξi , x〉Hλiξi , ∀x ∈ H .

Moreover, for every i ≥ 1, (ξi ,λi ) is an eigenvector-eigenvalue pair of A. The set of eigen-
vectors {ξi }i≥1 is an orthonormal basis for the range of A and all eigenvectors of A are
proportional to some ξi .

The Hilbert-Schmidt Theorem can be seen as an extension of the fact that symmetric
matrices can be diagonalized in an orthonormal basis. Indeed any symmetric matrix
A ∈Rn×n can be decomposed as

A =QΛQ⊤

where Q is an orthogonal matrix, QQ⊤ = I and Λ is a diagonal matrix of the real eigen-
values of A.

The last characteristic we will discuss is positive-definiteness.

Definition 2.6.10 (Positive-definite Operators, p. 250 of [25]). Let (H ,〈·, ·〉) a Hilbert space
and A : H → H a self-adjoint linear operator. A is called a positive-semidefinite operator
if

〈Ax, x〉 ≥ 0, ∀x ∈ H .

The operator is called positive-definite if 〈Ax, x〉 > 0, for every x ̸= 0 in H

From the definition we immediately obtain this lemma.

Lemma 2.6.11 (Theorem 10.22 in [25]). Let A : H → H a positive-semidefinite operator.
Then for any eigenvalue λ of A, we have λ≥ 0. If A is positive-definite then λ> 0.

2.6.1. HILBERT-SCHMIDT INTEGRAL OPERATORS

In this paper we will be working extensively with operators known as Hilbert-Schmidt
Integral Operators.

Definition 2.6.12 (Hilbert-Schmidt integral operator, p. 264 of [21]). Let D ⊂Rn a
(Lebesgue-)measurable domain. We call a function k : D×D →R a Hilbert-Schmidt kernel
if Ï

D×D
|k(x, y)|2d xd y <∞,

that is, k ∈ L2(D ×D). The integral operator Tk on L2(D) is defined for any f ∈ L2(D) as

(Tk f )(x) =
∫

D
k(x, y) f (y)d y for a.e. x ∈ D.

We call this operator a Hilbert-Schmidt integral operator. The Hilbert-Schmidt norm of
Tk is defined by

∥Tk∥HS := ∥k∥L2(D×D) =
(Ï

D×D
|k(x, y)|2d xd y

) 1
2
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The following lemma will prove to be very useful.

Lemma 2.6.13. Let K a Hilbert-Schmidt integral operator on D ⊂ Rn with kernel k ∈
L2(D ×D), then

∥K ∥op ≤ ∥K ∥HS .

Proof. Let f ∈ L2(D). By applying the Cauchy-Schwarz inequality to the integral defini-
tion of the operator, we observe that for almost every x ∈ D :

|K f (x)| =
∣∣∣∣∫

D
k(x, y) f (y)d y

∣∣∣∣
≤

∫
D
|k(x, y)|| f (y)|d y

≤
(∫

D
|k(x, y)|2 d y

)1/2

∥ f ∥L2(D). (2.21)

Squaring both sides of Equation (2.21) and integrating over x ∈ D , Fubini’s theorem al-
lows us to write

∥K f ∥2
L2(D) =

∫
D
|K f (x)|2 d x ≤

(Ï
D×D

|k(x, y)|2 d x d y

)
∥ f ∥2

L2(D) = ∥k∥2
L2(D×D)∥ f ∥2

L2(D).

Taking the square root on both sides yields ∥K f ∥L2(D) ≤ ∥k∥L2(D×D)∥ f ∥L2(D). Taking the
supremum over all f with ∥ f ∥L2(D) ≤ 1,

∥K ∥op = sup
∥ f ∥L2(D)≤1

∥K f ∥L2(D) ≤ ∥k∥L2(D×D) = ∥K ∥HS .

Which proves the claim.

Some useful properties of the Hilbert-Schmidt integral operator are grouped in the fol-
lowing lemma.

Lemma 2.6.14. Let D ⊂ Rn be a measurable domain, and let k : D ×D → R be a Hilbert-
Schmidt kernel. The associated integral operator Tk defined by (Tk f )(x) = ∫

D k(x, y) f (y)d y
satisfies the following properties:

i) Tk is a bounded linear operator on L2(D);

ii) Tk is a compact operator on L2(D);

iii) Tk is self-adjoint if and only if k is symmetric almost everywhere on D ×D.

Proof.

i) Using Cauchy-Schwartz,

∥Tk f ∥2
L2(D) =

∫
D

(∫
D

k(x, y) f (y)d y

)2

d x

≤
∫

D

(∫
D
|k(x, y)|2d y

)(∫
D

f (y)2d y

)
d x

= ∥ f ∥2
L2(D)

Ï
D×D

|k(x, y)|2d xd y <+∞.
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ii) See Proposition 3 of [22].

iii) First, assume Tk is self-adjoint. Then for all f , g ∈ L2(D), we have 〈Tk f , g 〉L2(D) =
〈 f ,Tk g 〉L2(D). Expanding this identity via Fubini’s theorem yields:Ï

D×D
k(x, y) f (y)g (x)d y d x =

Ï
D×D

k(y, x) f (y)g (x)d y d x.

Since this equality holds for all test functions f , g ∈ L2(D), it follows that k(x, y) =
k(y, x) for almost every (x, y) ∈ D ×D .

Conversely, suppose k(x, y) = k(y, x) almost everywhere. For any f , g ∈ L2(D), by
Fubini’s Theorem

〈Tk f , g 〉L2(D) =
Ï

D×D
k(x, y) f (y)g (x)d y d x

=
Ï

D×D
k(y, x) f (y)g (x)d x d y

=
∫

D
f (y)

(∫
D

k(y, x)g (x)d x

)
d y = 〈 f ,Tk g 〉L2(D),

which completes the proof.

Definition 2.6.15 (Positive-semidefinite and positive-definite kernels). Let X a set. A
symmetric function k : X ×X →R is called a positive-semidefinite kernel if

M∑
i=1

M∑
j=1

ci c j k(xi , x j ) ≥ 0

for every integer M > 0, every finite selection of points x1, . . . , xM ∈ X , and every choice of
coefficients c1, . . . ,cM ∈R. Furthermore, the kernel k is called positive-definite if

M∑
i=1

M∑
j=1

ci c j k(xi , x j ) > 0

for every integer M > 0, every finite selection of points x1, . . . , xM ∈ X , and every choice of
coefficients c1, . . . ,cM ∈Rwhere at least one ci ̸= 0.

With this definition, the following useful lemma can be proven.

Lemma 2.6.16. Let D ⊂ Rn a measurable domain and let k : D ×D → R a measurable
symmetric and positive-semidefinite kernel of the integral operator Tk on L2(D)

(Tk f )(x) =
∫

D
k(x, y) f (y)d y

for any f ∈ L2(D). Then Tk is self-adjoint and positive-semidefinite.
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Proof. The self-adjointness of Tk follows from the proof of Lemma 2.6.14 iii).

To prove that Tk is positive-semidefinite we must show that 〈Tk f , f 〉L2(D) ≥ 0 for all f ∈
L2(D). By definition we have

〈T f f , f 〉L2(D) =
Ï

D×D
k(x, y) f (x) f (y)d xd y. (2.22)

Because k is a positive-semidefinite kernel, for any finite set of point
{

x1, . . . , xM
} ⊂ D

and any coefficients c1, . . . ,cM ∈R, the discrete quadratic form satisfies

M∑
i=1

M∑
j=1

ci c j k(xi , yi ) ≥ 0.

We can extend this property to the integral in Equation (2.22). First, assume that f is a
continuous function with compact support on D . Since k is continuous almost every-
where, the double integral can be approximated arbitrarily closely by its Riemann sums

over a fine grid partition
{

Ai
}M

i=1 of D with representative points xi ∈ AiÏ
D×D

k(x, y) f (x) f (y)d xd y = lim
M→∞

M∑
i=1

M∑
j=1

|Ai ||A j | f (xi ) f (x j )k(xi , x j ).

Setting ci = f (xi )|Ai |, the term inside the limit becomes

M∑
i=1

M∑
j=1

ci c j k(xi , yi ) ≥ 0.

Finally, let f be any arbitrary function in L2(D). Since the space of compactly supported
continuous functions is dense in L2(D), there exists a sequence of functions ( fm)∞m=1 in
this space such that ∥ fm − f ∥L2(D) → 0 as m →∞.

From our previous step, we know that 〈Tk fm , fm〉L2(D) ≥ 0 holds for every m ≥ 1. Because
Tk is a bounded linear operator, the quadratic mapping f 7→ 〈Tk f , f 〉L2(D) is continuous
with respect to the L2-norm. Taking the limit as m →∞,

〈Tk f , f 〉L2(D) = lim
m→∞〈Tk fm , fm〉L2(D) ≥ 0.

Since this holds for any f ∈ L2(D), the operator Tk is positive-semidefinite.

We can decompose any self-adjoint Hilbert-Schmidt integral operator into its spectral
properties. This is captured in the following theorem.

Theorem 2.6.17 (Hilbert-Schmidt decomposition theorem (Theorem 7.2.6 of [26])). Let
D ⊂ Rn a (Lebesgue-)measurable domain. Let Tk a self-adjoint Hilbert-Schmidt integral
operator on L2(D) with Hilbert-Schmidt kernel function k. Then there exists an orthonor-
mal basis {ξi }i≥1 of L2(D) consisting of eigenfunctions of Tk , such that∫

Ω
k(x, y)ξi (y)d y =λiξi (x), ∀i ≥ 1.
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Moreover, k also admits the following representation

k(x, y) =
∞∑

i=1
λiξi (x)ξi (y),

where this series converges in L2(D ×D) in the sense that

lim
m→+∞

Ï
D×D

(
k(x, y)−

m∑
i=1

λiξi (x)ξi (y)
)2

d xd y = 0

Note the distinction between Theorem 2.6.17 and Theorem 2.6.9. The latter provides a
spectral decomposition of the Hilbert–Schmidt operator itself, whereas Theorem 2.6.17
yields a decomposition of its integral kernel. For Hilbert–Schmidt integral operators, this
kernel representation fully characterizes the operator. In both cases, the eigenvalues and
eigenfunctions play a central role, as they encode the structure of the operator through
its spectral expansion.

Remark 2. The Hilbert-Schmidt decomposition theorem can be extended if we assume
the operator to be positive-semidefinite and the kernel to be continuous. Then there is
an orthonormal basis {ξi (·)}∞i=1 of L2(D) consisting of eigenfunctions of Tk such that the
corresponding sequence of eigenvalues {λi }∞i=1 are non-negative. The eigenfunctions are
continuous on D and k can be represented as

k(x, y) =
∞∑

i=1
λiξi (x)ξi (y)

where this convergence is now absolute in the sense that for every (x, y) ∈ D ×D

∞∑
i=1

∣∣λiξi (x)ξi (y)
∣∣<∞

and uniform i.e.

sup
x,y∈D

∣∣k(x, y)−
∞∑

i=1
λiξi (x)ξi (y)

∣∣ m→∞−−−−→ 0.

This theorem is known as Mercer’s Theorem [26].

2.6.2. SPECTRA OF OPERATORS

Before we introduce some useful theorems we will first briefly discuss the spectra of op-
erators. Given a linear operator A : H → H , we are interested under which conditions the
equation (A−λI )x = y can be solved for a given y ∈ H and λ ∈R. Recall that when y = 0,
this equation has a nontrivial solution if λ ∈σ(A), where

σ(A) := {
λ ∈R |∃x ̸= 0, Ax =λx

}
.

We can alternatively write σ(A) =R\ρ(A) with

ρ(A) := {
λ ∈R | (A−λI )−1 ∈ B(H)

}
where B(H) is the set of all bounded operators. This gives rise to the following defini-
tions.
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Definition 2.6.18 (Resolvent, see [21] Chapter 3 §6). Given a closed linear operator A :
H → H. We call the set

ρ(A) := {
λ ∈R | (T −λI )−1 ∈ B(H)

}
the resolvent set of A. The map R(λ, A) : ρ(A) 7→ B(H) defined by

R(λ, A) := (A−λI )−1

is called the resolvent of operator A.

The following lemma counts as a starting point for this definition.

Lemma 2.6.19 (Lemma 1.7.2 of [23]). Let B bounded and ∥I−B∥ < 1. Then B is invertible,
B−1 is bounded and defined as

B−1 := lim
n→∞

n∑
i=1

(I −B) j

The following useful identities can be proven.

Lemma 2.6.20 (Resolvent Identities, p.40 of [23]).

i) Let A be a linear operator and let λ1,λ2 ∈ ρ(A). Then

R(λ1, A)−R(λ2, A) = (λ1 −λ2)R(λ1, A)R(λ2, A).

ii) Let A1 and A2 be linear operators with the domain D(A1) ⊆ D(A2) and λ ∈ ρ(A1) ∩
ρ(A2). Then

R(λ, A2)−R(λ, A1) = R(λ, A2)(A1 − A2)R(λ, A1).

A useful definition we will use in some proofs is the Riesz projection.

Definition 2.6.21 (Riesz Projections). Let A : H → H a closed linear operator with resol-
vent set ρ(A) and let λ0 an eigenvalue of A. Consider a positively orientated simple closed
contour C contained in ρ(A) separating λ0 from the rest of the spectrum of A.
The Riesz projection operator PC : H → H associated with λ0 is defined by

PC :=− 1

2πi

∫
C

R(z, A)d z =− 1

2πi

∫
C

(
A− zI

)−1
d z.

Lemma 2.6.22 (Properties of Riesz Projection). Given a closed linear operator A : H → H
and the Riesz projection operator P defined as in Definition 2.6.21 then

i) P is a bounded linear operator;

ii) P commutes with A;

iii) P is self-adjoint if and only if A is self-adjoint

iv) P is a projection operator, i.e. P 2 = P.
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Proof.

i) Linearity is clear from the fact that A is linear, therefore also
(

A− zI
)−1

is linear.

Recall that R(λ, A) is bounded for any λ ∈ ρ(A) (see Definition 2.6.21) and hence also
P is bounded.

ii) See the proof of Theorem 6.17 of [21].

iii) Note that we define

P =− 1

2πi

∫
C

R(z, A)d z and P∗ =− 1

2πi

∫
C

R(z, A)∗d z.

By Theorem 6.22 of [21]

R(λ, A)∗ = R(λ, A∗), λ ∈ ρ(A)

The result now follows.

iv) See p. 39 of [21].

2.6.3. MODES OF CONVERGENCE

In this section we give an overview of the possible way of converging for deterministic
sequences, random variables and operators.

Definition 2.6.23 (Pointwise convergence). A deterministic sequence of functions fn :
X → Y converges pointwise to f if

fn(x) → f (x) ∀x ∈ X .

Definition 2.6.24 (Uniform convergence). A deterministic sequence of functions fn : X →
Y converges uniformly to f if ∀ϵ> 0, ∃N > 0 such that for all n ≥ N and every x ∈ X

∥ fn(x)− f (x)∥Y < ϵ.

Definition 2.6.25 (Lp convergence). Assume that (X ,X ,µ) is a measured space. A deter-
ministic sequence of functions fn : X → Y converges in Lp (X ,X ,µ) to f if

∥ fn − f ∥Lp (X ,X ,µ) =
(∫

X

∥∥ fn(x)− f (x)
∥∥p

Y dµ(x)

)1/p

→ 0

Definition 2.6.26 (Almost uniform convergence). Consider a measured space (X ,X ,µ)
with µ(X ) <+∞. A sequence of functions fn : X → Y converges µ-almost uniformly to f if
∀ϵ> 0, ∃Eϵ ⊂ X such that µ(Eϵ) < ϵ and

fn → f

uniformly on X \ Eϵ.
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Definition 2.6.27 (Almost everywhere convergence). A deterministic sequence of func-
tions fn : X → Y converges almost everywhere to f if

fn(x) → f (x) for a.e. x ∈ X .

We have the following modes for random variables.

Definition 2.6.28 (Convergence in distribution, p. 5 of [20]). A sequence of random vec-
tors {Xn}n≥1 converges in distribution to X if

lim
n→∞P

(
Xn ≤ x

)=P(
X ≤ x

)
at every x where the limit distribution x 7→P

(
X ≤ x

)
is continuous.

Definition 2.6.29 (Convergence in probability, p. 5 of [20]). Let (S,dS (·, ·)) a metric space.
A sequence of random vectors Xn converges to X in probability if ∀ϵ> 0

lim
n→∞P

(
dS (Xn , X ) > ϵ)= 0

Definition 2.6.30 (Convergence in Lp (Ω)). A sequence of random variables Xn with val-
ues in a normed vector space (Y ,∥ · ∥Y ) converges to X in Lp (Ω) if

∥Xn −X ∥Lp (Ω) =
(
E
∥∥Xn −X

∥∥p
Y

)1/p → 0.

Definition 2.6.31 (Almost sure convergence, p. 6 [20]). Let (S,dS (·, ·)) a metric space. A
sequence of random variables Xn converges to X almost surely if

P
(

lim
n→∞dS (Xn , X ) = 0

)= 1.

Note that convergence in probability and convergence almost surely only make sense if
each of Xn and X are defined on the same probability space. For convergence in dis-
tribution this is not necessary. We will lastly look at the convergence for deterministic
operators.

Definition 2.6.32 (Strong convergence). A sequence of (deterministic) operators Tn : X →
Y with X ,Y normed spaces converges to T : X → Y strongly if

∥Tn x −T x∥Y → 0 ∀x ∈ X .

Definition 2.6.33 (Uniform or in norm convergence). A sequence of (deterministic) oper-
ators Tn : X → Y with X ,Y normed spaces converges to T : X → Y in norm (or uniformly)
if

∥Tn −T ∥op → 0.
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2.6.4. AUXILIARY RESULTS

In this section we will cover a wide range of useful theorems from linear algebra which
will become useful throughout this thesis.

Theorem 2.6.34 (Courant-Fisher Theorem, X.4 Theorem 8 of [27]). Let A : H → H a com-
pact, self-adjoint linear operator on the Hilbert space H with eigenvalues
λ1(A) ≥λ2(A) ≥ ·· · , then

λk+1 = min
y1,...,yk∈H

max
〈x,yl 〉=0
∥x∥=1

〈Ax, x〉, k ≥ 1,

λk = max
y1,...,yk∈H

min
〈x,yl 〉=0
∥x∥=1

〈Ax, x〉, k ≥ 1.

Lemma 2.6.35 (Section 8.2 of [28]). Let p be a positive integer and A,B ∈Rp×p symmetric
matrices with eigenvalues λ1(A) ≥ λ2(A) ≥ ·· · ≥ λp (A) and λ1(B) ≥ λ2(B) ≥ ·· · ≥ λp (B)
then

|λi (A)−λi (B)| ≤ ∥A−B∥2 ∀i = 1, . . . N .

In this theorem, ∥ ·∥2 denotes the spectral norm

∥A∥2 = max{∥Av∥2 : ∥v∥2 ≤ 1} =
√
ρ(A⊤A) =σ1(A)

where ρ(A⊤A) denotes the largest eigenvalue of AT A andσ1(A) the largest singular value
of A. A similar lemma can be proven for the eigenvalues of operators.

Lemma 2.6.36. Let A : H → H and B : H → H compact, self-adjoint operator with eigen-
values λ1(A) ≥λ2(A) ≥ ·· · and λ1(B) ≥λ2(B) ≥ ·· · , then

|λi (A)−λi (B)| ≤ ∥A−B∥op , ∀i = 1, . . . , N .

Proof. Define E := B − A and fix i ≥ 1. By Cauchy-Schwartz and linearity for some x ∈ H
with ∥x∥ = 1

〈B x, x〉 = 〈(E + A)x, x〉
= 〈E x, x〉+〈Ax, x〉
≤ 〈Ax, x〉+∥E∥op .

Now applying Theorem 2.6.34 yields

λi (B) ≤λi (A)+∥E∥op .

Replacing E by −E gives the inequality

λi (A) ≤λi (B)+∥E∥op .

Combining these gives
|λi (A)−λi (B)| ≤ ∥A−B∥op

which proves the result.
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For proving consistency of the eigenvalues we need a variant of the Davis-Kahan Theo-
rem. First, consider two vectors z1,z2 ∈Rn . We define the angle between z1 and z2 as

∠(z1,z2) := arccos |z⊤1 z2|. (2.23)

Theorem 2.6.37 (Davis-Kahan Theorem, Corollary 3 in [29]). Let A,B ∈Rp×p symmetric
matrices with eigenvalues λ1(A) ≥ ·· · ≥λp (A) and λ2(B) ≥ ·· · ≥λp (B) respectively. Fix j ∈
{1,2, . . . , p}, and assume min

(
λ j−1(A)−λ j (A),λ j (A)−λ j+1(A)

) > 0 where we let λ0 = ∞
and λp+1 =−∞. If x,y ∈Rp are unit-length and satisfy

Ax =λ j (A)x and By =λ j (B)y

then

sin∠(x,y) ≤ 2∥A−B∥2

min(λ j−1(A)−λ j (A),λ j (A)−λ j+1(A))
.

Since unit-length eigenvectors are defined up to a sign, we may reverse the sign of y if
necessary, so there is a choice of orientation of y for which y⊤x ≥ 0. In that case,

∥x−y∥ ≤ 2
3
2 ∥A−B∥2

min(λ j−1(A)−λ j (A),λ j (A)−λ j+1(A))
.

We will end this chapter with a two important lemma’s about convergence.

Lemma 2.6.38 (Proposition 2.1 of [30]). Suppose {Bn}n≥1 and {Cn}n≥1 are two sequences
of bounded operators satisfying

Bn −−−−→
n→∞ B , and Cn −−−−→

n→∞ C

strongly (in the sense of Definition 2.6.32). Then if A is compact

∥Bn ◦ A ◦Cn −B ◦ A ◦C∥op −−−−→
n→∞ 0.

Lemma 2.6.39. Let {Xn}n≥1 a sequence of random vectors and suppose that

E
[
|Xn |

∣∣∣An

]
−−−−→
n→∞ 0 and P

(
An

)
−−−−→
n→∞ 1,

then Xn
pr ob−−−−→
n→∞ 0.

Proof. Let ϵ> 0,

P
(|Xn | > ϵ

)=P(|Xn | > ϵ, An
)+P(|Xn | > ϵ, Ac

n

)
≤P(|Xn | > ϵ | An

)
P
(

An
)+P(

Ac
n

)
.

By Markov,

P
(|Xn | > ϵ | An

)≤ E
[|Xn | | An

]
ϵ

.

Therefore

P
(|Xn | > ϵ

)≤ E
[|Xn | | An

]
ϵ

+P(
Ac

n

)−−−−→
n→∞ 0

by assumption. Thus Xn
pr ob−−−−→
n→∞ 0 as desired.
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2.7. U -STATISTICS

In many mathematical applications, it is useful to view a statistic as a member of a gen-
eral class of estimators. One such class is that of U -statistics, first introduced by Hoeffd-
ing [31].

Following [32], let X1,X2, · · · ∈ Rp be i.i.d. observations with distribution F . We call a
functional θ = θ(F ) regular if it admits an unbiased estimator of finite degree, that is,
there exists a measurable function g : (Rp )k →R such that

θ(F ) = E[g (X1, . . . ,Xk )
]= ∫

· · ·
∫

g (x1, . . . ,xk )dF (x1) · · ·dF (xk ). (2.24)

The smallest such k is called the degree of θ.

Definition 2.7.1 (U -statistic [33]). Let g : (Rp )k → R be a measurable function, and let
X1, . . . ,Xn be a i.i.d. sample of size n ≥ k from F . The U -statistic associated with g is
defined by

Un =U (X1, . . . ,Xn) = |Ik,n |−1
∑

σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

)
, (2.25)

where Ik,n denotes the set of injective functions from {1, . . . ,k} to {1, . . . ,n}.

By construction, Un is an unbiased estimator of θ(F ). Moreover, since each unordered
k-tuple appears exactly k ! times in the above sum, we have

∣∣Ik,n
∣∣= k !

(
n

k

)
.

Note that we may assume w.l.o.g. that g is symmetric. Indeed, define the symmetrized
kernel

g sym(x1, . . . ,xk ) = 1

k !

∑
π∈In,n

g
(
xπ(1), . . . ,xπ(k)

)
,

where In,n denotes the set of all permutations of {1, . . . ,k}. In that case

|Ik,n |−1
∑

σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

)= |Ik,n |−1
∑

σ∈Ik,n

g sym(
Xσ(1), . . . ,Xσ(k)

)
,

since the sum over injective maps averages uniformly over all permutations of the argu-
ments.

U -statistics are optimal among unbiased estimators in the sense of minimum variance.
More precisely, any unbiased estimator can be improved, yielding a U -statistic.

Lemma 2.7.2 ([33, p. 176]). Let S = S(X1, . . . ,Xn) be an unbiased estimator of θ(F ). Then
the corresponding U -statistic Un is also unbiased and satisfies

Var(Un) ≤ Var(S),

with equality if and only if P
(
Un = S

)= 1.
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In fact we can explicitly compute the variance of a U -statistic. Following Section 5.2.1 of

[33], assume that g is symmetric of order k and satisfies E
[

g 2
(
X1, . . . ,Xk

)] <∞. Define

for 1 ≤ c ≤ k −1,

gc (x1, . . . ,xc ) = E
[

g
(
x1, . . . ,xc ,Xc+1, . . . ,Xk

)]
where we set gk := g . Then

E
[

gc
(
X1, . . . ,Xc

)]= θ, 1 ≤ c ≤ m.

Now define ζ0 = 0 and for 1 ≤ c ≤ m,

ζc = Var
(
gc

(
X1, . . . ,Xc

))
Lemma 2.7.3 (Lemma A (p. 183) of [33]). If E

[
g 2

(
X1, . . . ,Xk

)]<∞ and g is symmetric, the

variance of Un is given by

Var(Un) =
(

n

k

)−1 k∑
c=1

(
k

c

)(
n −k

k − c

)
ζc .

The next lemma is an important probability inequalities for U -statistics. For the proof
we refer to [33] p.201.

Lemma 2.7.4. Let g : (Rp )k → R be a measurable function such that a ≤ g (x1, . . . ,xk ) ≤ b

and let Un the U -statistic of order k. Set θ = E
[

g
(
X1, . . . ,Xk

)]
and σ2 = Var

(
g
(
X1, . . . ,Xk

))
.

Then for t > 0 and n ≥ k,

P
(
Un −θ ≥ t

)
≤ exp

(
− [n/k] t 2

2(σ2 +1/3(b −θ)t )

)
.

2.7.1. CONDITIONAL U -STATISTICS

In this section, we extend the U -statistic framework to the conditional setting, as first
proposed by Stute [34]. Following the approach taken in [32], we let (X1,Z1), (X2,Z2), . . .
be a sequence of i.i.d. observations in Rp ×Rd with joint distribution FX,Z. We call a func-
tional θ = θ(

FX|Z=z1 , . . . ,FX|Z=zk

)
conditionally regular of order k if there exists a measur-

able function g : (Rp )k →R such that

θ
(
FX|Z=z1 , . . . ,FX|Z=zk

)= E[g (X1, . . . ,Xk )
∣∣Z1 = z1, . . . ,Zk = zk

]
=

∫
· · ·

∫
g (x1, . . . ,xk )dFX|Z=z1 (x1) · · ·dFX|Z=zk (xk ).

For convenience, we introduce the shorthand

θ(z1, . . . ,zk ) := θ(
FX|Z=z1 , . . . ,FX|Z=z2

)
.

We are using random design, allowing the continuous conditioning variables Z1, . . . ,Zn to
be random. Consequently, for any fixed target points z1, . . . ,zk , the event

{
Z1 = z1, . . . ,Zk =
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zk
}

has probability zero. While the conditional expectation θ(z1, . . . ,zk ) is well-defined
almost surely, it cannot be estimated using a naive sample counterpart, as the sample
contains no observations matching the exact conditioning values. Instead, it must be
approximated by selecting observations for which the Zi ’s are close to the target points
(z1, . . . ,zk ) by kernel weighting. This gives rise to the following definition.

Definition 2.7.5 (Conditional U -statistics). Let g : (Rp )k → R be a measurable function

and let
{
(Xi ,Zi )

}n
i=1

i.i.d.∼ FX,Z a sample with n ≥ k. The conditional U -statistic estimator of
θ(z1, . . . ,zk ) is defined as

Un(z1, . . . ,zk ) =
∑
σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

)∏k
j=1 Kh

(
z j −Zσ( j )

)
∑
σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

) , (2.26)

where Ik,n denotes the set of injective functions from {1, . . . ,k} to {1, . . . ,n}, and Kh(·) =
h−d K (·/h) is a kernel function with bandwidth h > 0.

Note that the numerator of Equation (2.26) corresponds to a localized U -statistic of or-
der k, while the denominator acts as a normalization factor estimating the joint density
of (Z1, . . . ,Zk ) at (z1, . . . ,zk ), ensuring that Un targets the conditional quantity rather than
an unconditional one. In a fixed design setting, the denominator is not needed as a sep-
arate random normalization term, since the distribution of the design points is known
and deterministic. Any normalization can then be incorporated directly into the kernel
function g .

This class of estimators can be viewed as a natural kernel-weighted generalization of U -
statistics, and in particular extends the Nadaraya–Watson estimator. Indeed, for k = 1
and g (x) = x, we recover the conditional mean

θ(z1) = E[X1 | Z1 = z1
]
.

The corresponding estimator becomes

Un(z1) =
∑n

i=1 Xi Kh(Zi −z1)∑n
i=1 Kh(Zi −z1)

,

which is precisely the Nadaraya–Watson estimator from Section 2.4.2.

2.8. PRINCIPAL COMPONENT ANALYSIS

Throughout this project, we work with high dimensional datasets, which are often hard
to visualize and interpret. We therefore aim to reduce the dimensionality of the data
while retaining as much of original variation as possible. This is achieved by trans-
forming the data into a new set of uncorrelated variables called principal components
(PCs). These components are ordered such that the first few retain most of the variabil-
ity present in the original variables.

In this section we follow along the lines of [35]. Suppose we are interested in the vari-
ances and correlation structure among p random variables collected in the vector X =
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(X1, · · · , Xp ). When p is large, it is neither practical nor informative to examine all indi-
vidual variances and pairwise correlations. Instead, we seek a linear combination ξ⊤1 X
of the original variables that has the maximum possible variance. Next, we find a second
linear combination ξ⊤2 X that is uncorrelated with ξ⊤1 X and that also has the largest pos-
sible variance subject to this constraint. This procedure can be repeated up to p times,
yielding a sequence of new variables ξ⊤k X, where the k-th such variable is called the k-th
principal component. The goal of this approach is that most of the variation in X can be
captured by the first m ≪ p principal components, thereby reducing the dimensionality
and complexity of the data while retaining most of its information.

The question still remains how to find these components. For that let us first define the
covariance matrix of X:

Cov
(
X
)=Σ=


Var(X1) Cov(X1, X2) · · · Cov(X1, Xp )

Cov(X1, X2) Var(X2) · · · Cov(X2, Xp )
...

...
. . .

...
Cov(X1, Xp ) · · · · · · Var(Xp )

 . (2.27)

To derive the PCs, consider the first linear function ξ⊤1 X which maximizes Var(ξ⊤1 X) =
ξ⊤1 Σξ1. As it stands the maximum will not be attained for finite ξ1 so we introduce the
contrain that ξ⊤1 ξ1 = 1. The standard approach to maximize the variance under this
contrain is to use Lagrange multipliers to maximize

ξ⊤1 Σξ1 −λ(ξ⊤1 ξ1 −1).

Differentiating with respect to ξ1 yields(
Σ−λIp

)
ξ1 = 0. (2.28)

This implies that λ is an eigenvalue and ξ1 an eigenvector of Σ. To see that this eigenvec-
tor indeed maximizes the variance note that in that case

ξ⊤1 Σξ1 = ξ⊤λξ1 =λ.

So indeed λ is the largest eigenvalue of Σ and ξ1 the corresponding eigenvector. The
second component maximizes Var(ξ⊤2 X) = ξ2Σξ2 given that Cov(ξ⊤1 X,ξ⊤2 X) =λ1ξ

⊤
2 ξ1 = 0.

So by using the Lagrange multipliers again, we need to maximize

ξ⊤2 Σξ2 −λ(ξ⊤2 ξ2 −1)−µξ⊤2 ξ1.

Differentiating yields
Σξ2 −λξ2 −µξ1 = 0. (2.29)

If we multiply both sides by ξ⊤1 we get

ξ⊤1 Σξ2 −λξ⊤1 ξ2 −µξ⊤1 ξ1 = 0. (2.30)

Since Cov(ξ⊤1 X,ξ⊤2 X) = ξ⊤1 Σξ2 = λ1ξ
⊤
1 ξ2, the first two terms are zero. Since ξ⊤1 ξ1 = 1 the

above equation shows that µ= 0. Therefore Equation (2.29) leads to(
Σ−λIp

)
ξ2 = 0. (2.31)
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Hence, λ is an eigenvalue and ξ1 an eigenvector of Σ. Again ξ⊤2 Σξ2 = λ so λ must be
as large as possible. We will not show the derivation of the other principal components
here but they can be found in a very similar fashion.

Altogether we have shown that the vectors of coefficients ξ1,ξ2, · · · ,ξp are the eigenvec-

tors of Σ corresponding to the eigenvalues λ1,λ2, · · · ,λp with Var(ξ⊤k X) = λk and where

the projection ξ⊤k X is called the k-th principal component.

2.8.1. PCA IN PRACTICE

The derivation above was carried out under the (unrealistic) assumption that the ran-
dom vector X has a known covariance matrix. In practice, this matrix is unknown, and we
instead rely on data to estimate this covariance matrix. Suppose we observe n indepen-
dent realizations of the p-dimensional random vector X, denoted by

{
X1, . . . ,Xn

} ∈ Rp .
We can define the sample covariance matrix as

S = 1

n −1
M⊤M (2.32)

where M ∈Rn×p is the centered data matrix with entries

(M)i j = Xi j − X̄ j and X̄ j = 1

n

n∑
i=1

Xi j .

To find the first sample principal component, we look for a direction vector ξ1 that max-
imizes the sample variance of the projected data points. Let zi 1 = ξ⊤1 Xi for i = 1, . . . ,n.
We want to find ξ1 to maximize the sample variance

1

n −1

n∑
i=1

(zi 1 − z̄1)2

subject to the normalization constraint ξ⊤1 ξ1 = 1. We denote the optimal solution of this
problem as ξ̂1

To obtain the second principal component, we define the next set of projections as zi 2 =
ξ⊤2 Xi for i = 1, . . . ,n. We then find a vector ξ2 that maximizes the sample variance of
zi 2, subject to the constraints that ξ⊤2 ξ2 = 1 and that the sample scores zi 1 and zi 2 are
uncorrelated. Repeating this procedure up to p times yields a sequence of orthogonal

sample vectors ξ̂1, . . . , ξ̂p . This results in the sample principal components ξ̂
⊤
k X for k =

1, . . . , p. The specific value zi k = ξ̂
⊤
k Xi is called the score of the i -th observation on the

k-th principal component.

By following the same reasoning as in Section 2.8, it can be shown that the sample vari-
ance of the k-th principal component scores equals λ̂k , the k-th largest eigenvalue of the
sample covariance matrix S, and that ξ̂k is the corresponding eigenvector.

A considerable amount of work has gone into deriving the asymptotic distributions and
consistency properties of the sample eigenvalues and eigenvectors. Many of these clas-
sical results require a priori knowledge about the distribution of the data (see, e.g., [36,
35]). Some more recent papers extended these properties to a much broader class of
distributions, see for example [37].
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2.9. FUNCTIONAL PRINCIPAL COMPONENT ANALYSIS

In some cases the data we have are functions instead of points. The idea of Functional
Principal Component Analysis (FPCA) is to carry over the basic approaches from PCA
towards this continuous, infinite-dimensional case.

Suppose we are interested in analysing the variance and correlation structure of a cen-
tred stochastic process X = (X (t ))t∈[a,b] with values in L2([a,b]). If the process is not
centred, we can subtract its mean function µ(t ) = E[X (t )]. Analogous to multivariate
PCA, we seek a function ξ1(t ) that captures the dominant mode of variation in X . Suc-
cessive components are again determined sequentially: the k-th function ξk (t ) is chosen
to maximize the remaining variation in X subject to being orthogonal to all previously
determined functions ξ1(t ), . . . ,ξk−1(t ). Through this procedure, we obtain a sequence
of orthonormal functions {ξk (t )}k≥1, known as the functional principal components (or
eigenfunctions). Ideally, the vast majority of the total variation is captured by the first
m components, thereby effectively reducing the dimensionality and complexity of the
functional data.

To formalize the derivation of these functions ξk (t ), we aim to apply the spectral de-
composition theorem (Theorem 2.6.17) to the covariance kernelΓ(s, t ) = Cov(X (s), X (t )).
This requires the associated integral operator TΓ to be a self-adjoint Hilbert-Schmidt in-
tegral operator. By construction, we know that this covariance kernel is symmetric and
positive-semidefinite. By Lemma 2.6.16 the associated integral operator TΓ is then self-
adjoint and positive-semidefinite. We can prove that Γ is a Hilbert-Schmidt kernel if
X ∈ L2

(
Ω×L2([a,b])

)
.

Lemma 2.9.1. Let (X t )t∈[a,b] a measurable stochastic process in L2
(
Ω×L2([a,b])

)
. Define

the covariance functions of X for s, t ∈ [a,b] as

Γ(s, t ) = Cov(X (s), X (t )) = E
[(

X (s)−E(X (s))
)(

X (t )−E(X (t ))
)]

.

Then the integral operator

(TΓ f )(x) =
∫ b

a
Γ(x, y) f (y)d y

is Hilbert-Schmidt.

Proof. Assume without loss of generality that E[X (t )] = 0 for all t ∈ [a,b]. By Defini-
tion 2.6.12, the operator TΓ is Hilbert-Schmidt if and only if its Hilbert-Schmidt norm is
finite ∥∥TΓ

∥∥
HS <∞.

Recall that the Hilbert-Schmidt norm of an integral operator is equivalent to the L2-norm
of its kernel. For any s, t ∈ [a,b], applying the Cauchy-Schwarz inequality yields∣∣∣Γ(s, t )

∣∣2 =
∣∣∣E(X (s)X (t )

)∣∣∣2 ≤ E(X (s)2)E(X (t )2).
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Integrating the squared kernel over the domain [a,b]2 and applying Fubini’s Theorem to
exchange the order of expectation and integration, we obtain∥∥TΓ

∥∥2
HS = ∥∥Γ∥∥2

L2
(

[a,b]2
)

=
∫ b

a

∫ b

a

∣∣∣Γ(s, t )
∣∣∣2

d sd t

≤
(∫ b

a
E
(
X (t )2)d t

)2

=
(
E
(∫ b

a
X (t )2d t

))2

=
(
E
∥∥X

∥∥2
L2([a,b])

)2

Since X has finite second moments by assumption, E
[∥X ∥2

L2([a,b])

] < ∞, which implies

∥TΓ∥2
HS <∞, completing the proof.

By Lemma 2.9.1, Γ is a Hilbert-Schmidt kernel and it defines therefore a compact, self-
adjoint, positive semidefinite operator (Lemma 2.6.14). We can now apply Theorem
2.6.17, which guarantees that Γ admits the spectral decomposition

Γ(s, t ) =
∞∑

i=1
λiξi (s)ξi (t ) (2.33)

where λ1 ≥λ2 ≥ ·· · ≥ 0 are the ordered eigenvalues corresponding to the set of orthonor-
mal eigenfunctions {ξi (·)}∞i=1. This sum converges in the L2 sense. If Γ is continuous, the
convergence is absolute and uniform. Hence for all i , for almost every s ∈ [a,b], we have
the following eigenequation ∫ b

a
Γ(s, t )ξi (t )d t =λiξi (s). (2.34)

To simplify notions we will use the operator notion and write Equation (2.34) as

TΓξi =λiξi , ∀i ≥ 1.

We can now apply the main theorem behind FPCA, Karhunen–Loève theorem.

Theorem 2.9.2 (Karhunen-Loève theorem, Theorem 7.2.7 and 7.2.8 [26]). Let X = (X (t ))t∈[a,b]

be a measurable stochastic process satisfying E
[
∥X ∥2

L2([a,b])

]
< ∞ with mean function

µ(t ) = E[X (t )] and a square-integrable covariance kernel Γ. Then for almost every t ∈
[a,b], X admits the following representation

X (t )−µ(t ) =
∞∑

i=1
ζiξi (t ) (2.35)

where {ξi }∞i=1 are the orthonormal eigenfunctions of the covariance operator TΓ corre-
sponding to the sequence of eigenvalues λi . The functional principal component (FPC)
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scores ζi are random variables defined by the projection

ζi =
∫ b

a
(X (t )−µ(t ))ξi (t )d t = 〈X −µ,ξi 〉 (2.36)

with i ,k ∈N
E (ζi ) = 0, Var(ζi ) =λi , E(ζiζk ) =λiδi k . (2.37)

The series in Equation (2.35) converges in L2(Ω×[a,b]). If Γ is continuous, the convergence
is uniform in t ∈ [a,b] and holds P-almost surely.

By Theorem 2.9.2 we can decompose our stochastic process in terms of eigenfunctions
of the covariance operator. To see that these eigenfunctions are indeed the functions
depicting the dominant mode of variation in X , recall that we want to maximize

argmax
∥ξ∥=1,〈ξ,ξ j 〉for j=1,··· ,k−1

[
Var

(∫ b

a

(
X (t )−µ(t )

)
ξ(t )d t

)]
.

Equations (2.36) and (2.37) confirm that this maximum is uniquely attained when ξ(t ) =
ξk (t ), the eigenfunction associated with the k-th largest eigenvalue λk .

Consequently, solving the integral eigenvalue problem yields an orthonormal basis of
functions where the variance of the k-th FPC score is exactly λk . The core principle of
FPCA is to project the infinite-dimensional curves onto a finite-dimensional subspace
spanned by the first m dominant components. The truncated approximation is given by

X (m)(t ) =µ(t )+
m∑

i=1
ζiξi (t ),

where the expected total squared truncation error is captured entirely by the residual
eigenvalues:

E

(∫ b

a

(
X (t )−X (m)(t )

)2
d t

)
=

∞∑
j=m+1

λ j
m→∞−−−−→ 0.

2.9.1. FPCA IN PRACTICE

The derivation above assumes that the true covariance kernel of the stochastic process
X (t ) ∈ L2

(
Ω× [a,b]

)
is known. In practice, this kernel must be estimated from a sam-

ple of n observed functional curves, denoted X1(t ), . . . , Xn(t ). Throughout this section,
we assume these curves have been centered by subtracting the empirical sample mean
function, X̄n(t ) = 1

n

∑n
i=1 Xi (t ). The sample covariance kernel Γ̂n(s, t ) is then defined as

Γ̂n(s, t ) := 1

n −1

n∑
i=1

Xi (s)Xi (t ).

Analogous to the multivariate setting discussed in Section 2.8.1, the k-th sample func-
tional principal component weight function ξ̂k (t ) is chosen to be the solution that max-
imizes the empirical sample variance of the projections

1

n −1

n∑
i=1

(∫ b

a
ξ(t )Xi (t ),d t

)2

(2.38)
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subject to the normalization constraint
∫ b

a ξ
2(t )d t = 1 and the mutual orthogonality

constraints
∫ b

a ξ(t )ξ̂l (t )d t = 0 for all l < k.
By applying the spectral decomposition theorem to this empirical framework, the

sample covariance operator TΓ̂n
: L2([a,b]) → L2([a,b]), which is induced by the kernel

Γ̂n(s, t ), can be expressed via its eigenfunctions. Theorem 2.9.2

Γ̂n(s, t ) =
∞∑

i=1
λ̂i ξ̂i (s)ξ̂i (t ).

Because the sample covariance operator is symmetric and positive semi-definite, its
corresponding estimated eigenvalues are non-negative and can be ordered such that
λ̂1 ≥ λ̂2 ≥ ·· · ≥ 0. The estimated weight functions ξ̂i are precisely the solutions to the
empirical eigenvalue problem(

TΓ̂n
ξ̂i

)
(t ) = λ̂i ξ̂i (t ) ∀i ≥ 1. (2.39)

As noted by Ramsay and Silverman [10], an exact analytical solution to Equation (2.39) is
generally unattainable because functional data are collected at discrete time grids rather
than continuously. Instead, they derived computational methods to approximate its so-
lution.

The most straightforward approach would be to discretize the continuous variable t into
equally spaced points a = t1 < ·· · < tp = b to create an (n × p) matrix X where row k
contains the discrete evaluations of the k-th centered sample curve, [Xk (t1), . . . , Xk (tp )].

To connect this matrix structure back to the functional operator setting, we evaluate the
left-hand side of Equation (2.39) at a specific grid point t j . Approximating the integral

via a right Riemann sum with equal step size ∆t = b−a
p yields:

(
TΓ̂n

ξ
)
(t j ) =

∫ b

a
Γ̂n(t j , s)ξ(s)d s

≈ b −a

p

p∑
i=1
Γ̂n(t j , ti )ξ(ti )

= b −a

(n −1)p

p∑
i=1

n∑
k=1

Xk (t j )Xk (ti )ξ(ti ),

where we have substituted the empirical covariance function Γ̂n(t j , ti ) = 1
n−1

∑n
k=1 Xk (t j )Xk (ti ).

Collecting these evaluations for all j = 1, . . . , p into vector notation allows us to express
the functional eigenvalue problem compactly as the matrix system and rewrite Equation
(2.39) as

b −a

(n −1)p
X⊤Xξ̂= λ̂ξ̂. (2.40)

where ξ̂ = [ξ̂(t1), . . . , ξ̂(tp )]⊤ ∈ Rp . Introduce u =
√

b−a
p ξ̂ and ρ = p

b−a λ̂ such that Equa-

tion (2.40) becomes
1

n −1
X⊤Xu = ρu.
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This is now a standard eigenvalue problem in which u⊤u = 1 which can be solved. The
corresponding eigenvectors ξ̂ and eigenvectors λ̂ can then be found from u and ρ re-
spectively. The final eigenfunctions ξ(t ) should then by approximated by using a suitable
interpolation method on ξ̃.

A more sophisticated approach is based on basis functions. In this framework, we sup-
pose each curve Xi (t ) can be expressed as a linear combination m of basis functions{
φ1(t ), · · · ,φm(t )

}
. This means at almost any t ∈ [a,b] we write

Xi (t ) =
m∑

k=1
ci ,kφk (t ) ∀i = 1,2, . . . ,n

or more compactly as
X(t ) = CΦ(t ), (2.41)

where C ∈Rn×m with (C)i , j = ci , j , X(t ) = [
X1(t ), · · · , Xn(t )

]⊤ andΦ(t ) = [
φ1(t ), · · · ,φm(t )

]⊤.
With these new variables we can express the sample covariance for all s, t ∈ [a,b] as

Γ̂n(s, t ) = 1

n −1
X⊤(s)X(t ) = 1

n −1
Φ⊤(s)C⊤CΦ(t ).

Now suppose that also ξ̂(t ) can be expressed in terms of basis functions in the sense

ξ̂(t ) =
m∑

k=1
bkφk (t ) =Φ⊤(t )b (2.42)

with b ∈Rm , we have that∫
Γ̂n(s, t )ξ̂(t )d t = 1

n −1
Φ⊤(s)C⊤C

(∫ b

a
Φ(t )Φ(t )⊤d t

)
b = 1

n −1
Φ⊤(s)C⊤CWb.

where the matrix W ∈ Rm×m is defined as (W)i , j =
∫ b

a φi (t )φ j (t )d t . Therefore, for any
j = 1,2, · · · ,m Equation (2.39) can be rewritten as

1

n −1
Φ⊤(s)C⊤CWb j = λ̂ jΦ

⊤(s)b j . (2.43)

Since the set {φi }m
i=1 is a set of linearly independent functions and Equation (2.43) must

hold for all s, it can be reduced to

1

n −1
C⊤CWb j = λ̂ j b j .

Recall that we wanted the functions ξ̂(t ) to be normalized, therefore, by Equation (2.42),
we get

1 =
∫
ξ̂2

j (t ) =
∫

b⊤
j Φ(t )Φ(t )⊤b j d t = b⊤

j Wb j .

Let us introduce a new variable u j = W
1
2 b j

1. Since u⊤
j u j = b⊤

j Wb j = 1, we can convert

Equation (2.43) into a standard symmetric eigenproblem as

1

n −1
W

1
2 C⊤CW

1
2 u j = λ̂ j u j . (2.44)

1W is the matrix (W)i j = ∫
φi (t )φ j (t )d t . Hence it is symmetric and positive semidefinite. Since the basis

functions {φi }m
i=1 are linearly independent, W is positive definite and W

1
2 is well defined.
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We can solve this standard eigenproblem for λ̂ j and u j . Then we can recover the func-

tion ξ̂ j by ξ̂ j (t ) =Φ(t )⊤W− 1
2 u j .

Remark 3. Ideally, we would like to choose our set of basis functions as an orthonormal
basis. Indeed, then

∫
φi (t )φ j (t )d t = δi , j and so W = Im . In that case Equation (2.44)

reduces to
1

n −1
C⊤Cb j = λ̂ j b j

which simplifies the problem.

2.9.2. REGULARIZED FPCA

A common challenge in FPCA is the presence of noisy principal components making in-
terpretation harder. This roughness suggests that incorporating smoothing is necessary
during estimation. To address this, this section introduces regularized FPCA, which inte-
grates the smoothing process directly into the principal component analysis itself. Our
approach follows the derivation established by Ramsay and Silverman [10].

Our objective is twofold: we aim to find the principal components that both (i) capture
as much variance in the data as possible and (ii) are sufficiently smooth. To enforce
smoothness, we use the roughness penalty

RP( f ) :=
∫ (

d 2 f

d x2

)2

d x.

Unlike normal FPCA, where our goal was to maximize Var
(∫
ξ(t )Xi (t )d t

)
under the con-

straint that ∥ξ∥2, we now also wish for RP(ξ) to be small. To balance these two objectives,
we introduce the penalized optimization problem as

max
∥ξ∥2=1

Var
(∫
ξ(t )Xi (t )d t

)
∥ξ∥2 +η ·RP(ξ)

(2.45)

with η≥ 0 the usual smoothing parameter. Following the same steps as in the derivation
of standard FPCA, we can obtain the regularized FPCA formulation.

Suppose again that Xi (t ) can be expressed as a linear combination of basis functions{
θ1(t ), · · · ,θm(t )

}
. This means that Xi (t ) = c⊤i Θ(t ), with ci the vector of coefficients in

the basis of
{
θ j

}
. Similarly, we assume that also the eigenfunctions can be written in

this basis, ξ(t ) = b⊤Θ(t ). In this framework, the numerator of Equation (2.45) can be
expressed as ∫

ξ(t )Xi (t )d t = b⊤
(∫
Θ(t )Θ(t )d t

)
ci := b⊤Gci

with G ∈Rm×m the matrix whose elements are
∫
θiθ j . Hence, we have

Var

(∫
ξ(t )Xi (t )d t

)
= Var(b⊤Gci ) := b⊤GVG⊤b
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where V is the covariance matrix of the vectors ci . With a similar derivation we can
rewrite the denumerator as

∥ξ∥2 =
∫
ξ2(t )d t = b⊤Gb

and

η

∫
ξ′′(t )d t := ηb⊤Kb

where K the matrix with elements
∫
θ′′i (t )θ′′j (t )d t . Combining this, Equation (2.45) be-

comes

max
b

b⊤GVG⊤b

b⊤Gb+ηb⊤Kb
= max

b

b⊤GVG⊤b

b⊤(G+ηK)b
. (2.46)

From linear algebra (see also [38]), we know that the Equation (2.46) corresponds to the
eigenvalue-equation

GVG⊤ =λ(G+ηK)b. (2.47)

If we now let G+ηK = L⊤L by Cholesky and let S := L−1 then Equation (2.47) becomes

(SGVG⊤S⊤)(L⊤b) =λL⊤b. (2.48)

Since Cov(SGci ) = SGVG⊤S⊤, solving Equation (2.48) is equivalent to applying normal
FPCA to the vector SGci , the original data smoothed by the smoothing operator S. To
find the vector of coefficients b we need to apply the smoothing operator S again on the
resulting eigenvectors u. This demonstrates that this method can be regarded as a ’half-
smoothing’ approach: first smooth the data by S, then perform PCA, then smooth the
principal components by operating on S again. The functions ξ(t ) = b⊤Θ(t ) we then find
are indeed a smoothed version of the eigenfunctions we find with normal FPCA.

2.10. ARMA-GARCH MODELS

When analyzing time series, observations frequently exhibit a high degree of temporal
dependence. To mitigate the complexities introduced by this structure, it is advisable to
apply a filtering procedure that removes both linear and conditional variance dependen-
cies. Following the framework of [39], we base this filtering on the foundational concept
of white noise.

Definition 2.10.1 (White noise, Definition 1.3 [39]). The process (ϵt ) is called weak white
noise if for some σ2 > 0:

i) E(ϵt ) = 0, ∀t ∈Z
ii) E(ϵ2

t ) =σ2, ∀t ∈Z
iii) Cov(ϵt ,ϵt+h) = 0, ∀t ,h ∈Z,h ̸= 0.

If property (iii) is replaced by

iv) The variables ϵt and ϵt+h are i.i.d
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the process (ϵt ) is called strong white noise.

The class of Autoregressive Moving Average (ARMA) models is the standard way for mod-
eling and predicting second-order stationary processes2.

Definition 2.10.2 (ARMA(p, q) process, Definition 1.4 [39]). A second-order stationary
process (X t )t∈Z is called ARMA(p,q), where p and q are integers, if there exist coefficients
c, a1, · · · , ap ,b1, · · · ,bq such that

∀t ∈Z X t +
p∑

i=1
ai X t−i = c +ϵt +

q∑
i=1

bi ϵt−i ,

where (ϵt )t∈Z is the linear innovation process of (X t )t∈Z, that is

ϵt = X t −E(X t |H t−1)

where H t−1 denotes the Hilbert space generated by X t−1, X t−2, · · · .

The ARMA model captures linear serial dependence through autoregressive and moving-
average components, while the remaining innovations (ϵt ) are a weak white noise. How-
ever, financial return series typically exhibit an additional stylized feature known as volatil-
ity clustering, where periods of high volatility are followed by periods of relative calm-
ness. This phenomenon implies that the variance of the innovations changes over time,
violating the constant variance assumption of white noise. More precisely,
Var(ϵt | ϵt−1,ϵt−2, . . . ) ̸= constant. Assuming that these innovations can be decomposed
multiplicatively, we define the GARCH framework.

Definition 2.10.3 (GARCH(r, s) process, Definition 2.2 [39]). Let (ηt )t∈Z be an i.i.d. se-
quence satisfying

E(ηt ) = 0, Var(ηt ) = 1.

The process (ϵt )t∈Z is called GARCH(r,s) if{
ϵt =σtηt

σ2
t =ω0 +∑s

i=1ωi ϵ
2
t−i +

∑r
j=1γ jσ

2
t− j

whereω0 > 0,ωi ≥ 0, and γ j ≥ 0 are constants. The variableσt > 0 represents the volatility
of the innovation ϵt .

To simultaneously capture the conditional mean dynamics and the conditional variance
structure of our financial time series, we unify Definitions 2.10.2 and 2.10.3 into a joint
ARMA(p, q)-GARCH(n,m) model:

X t =α0 +∑p
i=1αi X t−i +ϵt +∑q

j=1β j ϵt− j

ϵt =σtηt , ηt
i .i .d .∼ (0,1)

σ2
t =ω0 +∑n

i=1ωi ϵ
2
t−i +

∑m
j=1γ jσ

2
t− j .

(2.49)
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ηt−1 ηt ηt+1

σt−1 σt σt+1

ϵt−1 ϵt ϵt+1

X t−1 X t X t+1

Figure 2.1: Schematic representation of the ARMA(1,1)-GARCH(1,1) model dynamics. The blue lines represent
the time series dynamics and the red lines represent the volatility dynamics. The dashed lines indicate the
influence by a previous timepoint.

Here, ϵt is known as the raw innovations, ηt as the standardized innovations and σt

tracks the time-varying volatility of ϵt and X t . The working on the ARMA(1,1)-GARCH(1,1)
model is visualized in Figure 2.1.

For the dependence analysis developed in the remainder of this thesis, the standardized
innovations (ηt )t∈Z are of primary interest. After estimating and filtering the ARMA-
GARCH model, the resulting standardized residuals η̂t behave approximately as an i.i.d.
sequence. Consequently, the temporal dependence structure is largely removed, allow-
ing the subsequent analysis to focus exclusively on the contemporaneous dependence
between the underlying financial assets.

2A process (Xt )t∈Z is second-order stationary if ∀t ,h ∈ Z: (i) E(X 2
t ) < ∞, (ii) E(Xt ) = m, and (iii)

Cov(Xt , Xt+h ) = γX (h), where γX (h) is the autocovariance function.
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STATISTICAL MODEL

In this chapter, we introduce the statistical framework which forms the basis of this the-
sis. Our primary objective is to study the dependence structure between components of
a multivariate random vector, conditional on an additional set of covariates. In particu-
lar, we focus on the conditional Kendall’s tau and analyse their variation as functions of
the conditioning variable. We operate in a classical random design setting, where obser-
vations are assumed to be independent and identically distributed.

3.1. FPCA FOR THE TRUE CONDITIONAL KENDALL’S TAU

Let (X,Z) be a random vector taking values in Rp ×Rd with joint distribution PX,Z. We
observe an i.i.d. sample {(Xi ,Zi )}n

i=1, where each Xi =
(
Xi ,1, . . . , Xi ,p

) ∈Rp and Zi ∈Rd . We

denote the support of Z by Z ⊂Rd and assume throughout this thesis that Z is compact.
This assumption ensures, in particular, that integrals over Z are well-defined and finite.

For notational convenience, we collect the observations in matrix form as

T =


X⊤

1 Z⊤
1

X⊤
2 Z⊤

2
...

...
X⊤

n Z⊤
n

 .

Based on T, we can compute the estimators τ̂ j1, j2|Z=z of the conditional Kendall’s tau
τ j1, j2|Z=z for each pair ( j1, j2) such that 1 ≤ j1 < j2 ≤ p, using Equation (2.16). Through-
out this work, we require that the conditional Kendall’s tau satisfies basic structural reg-
ularities. To that end, the following assumption is maintained globally throughout this
thesis and is implicitly assumed to hold in all subsequent lemmas, propositions, and
theorems.

Assumption. For any 1 ≤ j1 < j2 ≤ p, the mapping z 7−→ τ j1, j2|Z=z is a measurable func-
tion on the compact domain Z .

41
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Our aim is to analyze the variation of these conditional Kendall’s tau curves using func-
tional principal component analysis (FPCA). Following the framework detailed in Sec-
tion 2.9, we begin by defining the true sample mean function µp (z) and the true sample
covariance function Γp (z,z′) across the pairs of variables:

µp (z) := 1(p
2

) p∑
j1=1

p∑
j2= j1+1

τ j1, j2|Z=z (3.1)

Γp (z,z′) := 1(p
2

)−1

p∑
j1=1

p∑
j2= j1+1

(τ j1, j2|Z=z −µp (z))(τ j1, j2|Z=z′ −µp (z′)). (3.2)

To apply the Karhunen-Loève expansion (Theorem 2.9.2), we requireΓp to define a Hilbert–
Schmidt integral operator. Since Kendall’s tau is inherently bounded between −1 and 1,
and the domain Z is compact, we directly obtain the following result.

Lemma 3.1.1. We have τ j1, j2|Z=· ∈ L2(Z ) and the covariance kernel satisfiesÏ
Z×Z

Γp (z,z′)2dzdz′ <∞.

By construction, Γp is a symmetric and positive semi-definite kernel. While symmetry is
immediate from the definition, positive semi-definiteness can be verified by noting that
for any finite collection of points {z1, . . . ,zm} ⊂Z and real coefficients c1, . . . ,cm , we have

m∑
a=1

m∑
b=1

cacbΓp (za ,zb) = 1(p
2

)−1

∑
1≤ j1< j2≤p

m∑
a=1

m∑
b=1

cacb g j1, j2 (za)g j1, j2 (zb)

= 1(p
2

)−1

∑
1≤ j1< j2≤p

( m∑
a=1

ca g j1, j2 (za)

)(
m∑

b=1
cb g j1, j2 (zb)

)

= 1(p
2

)−1

∑
1≤ j1< j2≤p

( m∑
a=1

ca g j1, j2 (za)

)2

≥ 0,

where g j1, j2 (z) := τ j1, j2|Z=z −µp (z). It follows from Definition 2.6.15 that Γp is a valid
positive semi-definite kernel.

Let TΓp : L2(Z ) → L2(Z ) be the linear integral operator associated with the covariance

kernel Γp , defined for any f ∈ L2(Z ) as

(TΓp f )(z) =
∫
Z
Γp (z,z′) f (z′)dz′. (3.3)

By applying Lemmas 2.6.14 and 2.6.16, it follows that TΓp is a compact, self-adjoint,
and positive semi-definite Hilbert–Schmidt integral operator. As a consequence, The-
orem 2.6.17 establishes the spectral decomposition of Γp

Γp (z,z′) =
∞∑

i=1
λiξi (z)ξi (z′)
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where λ1 ≥ λ2 ≥ ·· · ≥ 0 are the ordered eigenvalues, and
{
ξi

}∞
i=1 ⊂ L2(Z ) is the corre-

sponding set of orthonormal eigenfunctions. This series converges in the L2(Z ×Z )
sense. These eigenfunctions form an orthonormal basis of L2(Z ), and we refer to them
as the functional principal components. Consequently, every centred conditional Kendall’s
tau function admits the expansion

τ j1, j2|Z=z =µp (z)+
∞∑

i=1
ζ j1, j2,iξi (z),

with ζ the functional principal component scores

ζ j1, j2,i = 〈τ j1, j2|Z=·−µp ,ξi 〉L2 =
∫
Z

(
τ j1, j2|Z=z −µp (z)

)
ξi (z)dz. (3.4)

Remark 4. The functional principal components ξk possess a classical optimization in-
terpretation: they sequentially maximize the empirical variance of the conditional depen-
dence curves across the

(p
2

)
pairs.

To see this explicitly, let φ ∈ L2(Z ) be an arbitrary directional function normalized such
that ∥φ∥L2 = 1. We can project each centred conditional Kendall’s tau function, g j1, j2 (z) :=
τ j1, j2|Z=z −µp (z), onto φ via the standard inner product to obtain a projection score for
each pair:

ζ j1, j2 (φ) = 〈g j1, j2 ,φ〉L2 =
∫
Z

g j1, j2 (z)φ(z)dz.

By construction, the sample mean of these scores across all pairs is zero, since∑
1≤ j1< j2≤p

(
τ j1, j2|Z=z −µp (z)

) = 0. Consequently, the sample variance of these projection
scores across the pairs is given by

Var(φ) := 1(p
2

)−1

∑
1≤ j1< j2≤p

〈g j1, j2 ,φ〉2
L2 . (3.5)

We can establish a direct link between this variance and the covariance operator TΓp . By
substituting the definition of the kernel Γp into the operator equation, we observe that for
any f ∈ L2(Z ):

(TΓp f )(z) =
∫
Z
Γp (z,z′) f (z′)dz′

= 1(p
2

)−1

∑
1≤ j1< j2≤p

g j1, j2 (z)
∫
Z

g j1, j2 (z′) f (z′)dz′

= 1(p
2

)−1

∑
1≤ j1< j2≤p

〈g j1, j2 , f 〉L2 g j1, j2 (z).

Taking the inner product of TΓpφ with φ yields the quadratic form:

〈TΓpφ,φ〉L2 = 1(p
2

)−1

∑
1≤ j1< j2≤p

〈g j1, j2 ,φ〉2
L2 = Var(φ).
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By Theorem 2.6.34, the largest eigenvalue λ1 and its corresponding eigenfunction ξ1 solve
the maximization problem:

λ1 = max
∥φ∥L2=1

〈TΓpφ,φ〉L2 ,

and inductively, the subsequent components solve the constrained optimization prob-
lems:

λk = max
∥φ∥L2=1

φ⊥ξ1,...,ξk−1

〈TΓpφ,φ〉L2 .

Therefore, each eigenfunction ξk is precisely the direction that maximizes the remaining
sample variance across the pairs, and the associated eigenvalue λk quantifies the magni-
tude of this variance.

3.2. FPCA FOR THE ESTIMATED CONDITIONAL KENDALL’S TAU

The practical challenge with the framework outlined above is that the true conditional
Kendall’s tau curves are latent and cannot be directly observed. Instead, we must esti-
mate them from the data using Equation (2.16). Consequently, we define the estimated
sample mean function µ̂p (z) and the estimated sample covariance function Γ̂p (z,z′) across
the pairs of variables analogously:

µ̂p (z) := 1(p
2

) p∑
j1=1

p∑
j2= j1+1

τ̂ j1, j2|Z=z, (3.6)

Γ̂p (z,z′) := 1(p
2

)−1

p∑
j1=1

p∑
j2= j1+1

(
τ̂ j1, j2|Z=z − µ̂p (z)

)(
τ̂ j1, j2|Z=z′ − µ̂p (z′)

)
. (3.7)

In classical functional data analysis, the covariance kernel Γ(z,z′) = Cov(X (z), X (z′)) is
defined in terms of an underlying random process and induces a deterministic Hilbert-
Schmidt operator. Similarly, the population kernel Γp defined in Equation (3.2) is non-
random because it is constructed from the true conditional Kendall’s taus.

In contrast, the empirical kernel defined in (3.7) is inherently data-driven and random.
More precisely, because Γ̂p is constructed from estimated curves τ̂ j1, j2|Z=z , it introduces
an additional layer of statistical variation compared to a classical empirical covariance
operator. In the classical setting, randomness enters solely through averaging observed
independent realizations of a random element in a Hilbert space. Here, we do not ob-
serve functional realizations, instead, the quantities being averaged are themselves non-
parametric estimators of latent dependence curves. The resulting sample randomness
reflects both the underlying structural differences across the

(p
2

)
pairs and the pointwise

estimation errors of the CKT estimators. Consequently, Γ̂p cannot be framed as a stan-
dard empirical covariance operator of i.i.d. functional data.

To ensure that this data-driven framework preserves the spectral properties of the true
operator, we require Γ̂p to be a Hilbert-Schmidt operator. Since the estimators for Kendall’s
tau are bounded, we directly obtain the following result.
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Corollary 3.2.1. The estimated covariance kernel satisfiesÏ
Z×Z

Γ̂p (z,z′)2dzdz′ <∞, almost surely.

Let TΓ̂p
: L2(Z ) → L2(Z ) be the empirical linear integral operator associated with the

estimated kernel Γ̂p . We define it for any f ∈ L2(Z ) as

(TΓ̂p
f )(z) =

∫
Z
Γ̂p (z,z′) f (z′)dz′. (3.8)

Since Γ̂p ∈ L2(Z ×Z ), TΓ̂p
is a Hilbert-Schmidt operator and therefore compact. More-

over, because Γ̂p is symmetric and positive semi-definite, TΓ̂p
is a compact, self-adjoint,

positive semidefinite operator. Theorem 2.6.17 now implies

Γ̂p (z,z′) =
∞∑

i=1
λ̂i ξ̂i (z)ξ̂i (z′),

where λ̂1 ≥ λ̂2 ≥ ·· · ≥ 0 are the sample eigenvalues corresponding to the orthonormal
empirical eigenfunctions {ξ̂i }∞i=1 ⊂ L2(Z ). The eigenfunctions satisfy the operator eigen-
value problem

(TΓ̂p
ξ̂i )(z) = λ̂i ξ̂i (z) for all i ≥ 1.

Accordingly, since
{
ξ̂i

}∞
i=1 forms an orthonormal basis of L2(Z ), each estimated condi-

tional Kendall’s tau function admits the expansion

τ̂ j1, j2|Z=z = µ̂p (z)+
∞∑

i=1
ζ̂ j1, j2,i ξ̂i (z),

where the estimated principal component scores ζ̂ j1, j2,i are computed via:

ζ̂ j1, j2,i = 〈τ̂ j1, j2|Z=·− µ̂p , ξ̂i 〉L2(Z ) =
∫
Z

(
τ̂ j1, j2|Z=z − µ̂p (z)

)
ξ̂i (z)dz.

The primary objective of the subsequent chapters of this thesis is to construct the asymp-
totic framework necessary to prove that these empirical estimators, consistently con-
verge to their true population counterparts as the sample size n →∞. But first, we will
discuss the simplifying assumption in this context as introduced in Section 2.3.
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3.3. THE SIMPLIFYING ASSUMPTION AND ITS SPECTRAL CHAR-
ACTERIZATION

A common framework in multivariate conditional dependence modelling is the so-called
simplifying assumption, which posits that the conditional dependence structure does
not vary with the conditioning variables. In our framework, this translates to assuming
that the conditional Kendall’s tau curves are constant across the entire support of the
covariate. Specifically, if the simplifying assumption is valid for pair ( j1, j2), this means
τ j1, j2|Z=z = τ j1, j2,simp for any z ∈Z .

If the simplifying assumption holds for any pair ( j1, j2), the covariance kernel Γp (z,z′)
becomes invariant to both arguments z and z′. For any (z,z′) ∈Z ×Z ,

Γp (z,z′) = 1(p
2

)−1

∑
1≤ j1< j2≤p

(τ j1, j2|Z=z −µp (z))(τ j1, j2|Z=z′ −µp (z′))

= 1(p
2

)−1

∑
1≤ j1< j2≤p

(τ j1, j2,simp −µp,simp)2

:= Γp,simp.

This degenerated structure of the covariance kernel has implications for the eigenvalues
and eigenfunctions of the associated integral operator TΓp . We formalize this result in
the following lemma.

Lemma 3.3.1. If the simplifying assumption holds for any pair ( j1, j2) with 1 ≤ j1 < j2 ≤
p, the integral operator TΓp is a rank-one operator whose spectrum is characterized as
follows:

1. The leading eigenvalue is given by λ1 = Γp,simp ·Leb
(
Z

)
, and its corresponding nor-

malized eigenfunction is the constant function ξ1(z) = (
Leb

(
Z

))−1/2.

2. All subsequent eigenvalues are identically zero, i.e., λk = 0 for all k ≥ 2. The corre-
sponding eigenspace is the infinite-dimensional subspace of L2(Z ) consisting of all
zero-mean functions {

f ∈ L2(Z ) :
∫
Z

f (z)dz = 0

}
.

Proof. Let f ∈ L2(Z ). Under the simplifying assumption, acting on TΓp reduces to

(TΓp f )(z) =
∫
Z
Γp (z,z′) f (z′)dz = Γp,simp

∫
f (z)dz.

It can easily be checked that the constant function is an eigenfunction with eigenvalue
λ1 = Γp,simp ·Leb

(
Z

)
. Indeed

(TΓp c)(z) = Γp,simp

∫
c dz = Γp,simp ·Leb

(
Z

) · c.

Thus, constant functions are eigenfunctions with eigenvalue λ1 = Γp,simpLeb
(
Z

)
. Nor-

malizing via ∥ξ1∥L2 = 1 yields ξ1(z) = (
Leb

(
Z

))−1/2.
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Conversely, if f ∈ {
f ∈ L2(Z ) :

∫
Z f (z)dz = 0

}
, then (TΓp f )(z) = 0. Since this set is the

orthogonal complement of the space of constant functions in L2(Z ), this accounts for
the remainder of the spectrum. It then follows that λk = 0 for all k ≥ 2.

Lemma 3.3.1 provides a powerful framework for evaluating the validity of the simplifying
assumption across all pairs of variables. Rather than assessing each pair individually,
the simplifying assumption can be characterized directly through the eigenvalues of the
covariance operator. Specifically, we observe that the simplifying assumption holds if

λ2 = 0.

Because the eigenvalues are sorted by construction in descending order, the condition
λ2 = 0 automatically implies that λk = 0 for all k ≥ 2. Conversely, if the simplifying as-
sumption is violated for at least one pair of variables, the kernel Γp (z,z′) will no longer
be constant, and consequently, λ2 must be strictly positive.

Remark 5. In practise, when the true curves are unknown and replaced by their estima-
tors, the sample eigenvalue λ̂2 will rarely be exactly zero due to sampling and estimation
error. Therefore, we treat this relationship more as an empirical rule-of-thumb. As demon-
strated in Chapter 7, the size of the violation of the simplifying assumption can be under-
stood by looking at the value of λ̂2 or more specifically, at the proportion of the residual
variance.





4
FPCA ON THE ESTIMATED

CONDITIONAL KENDALL’S TAU

In this chapter, we construct the mathematical framework necessary to establish the
asymptotic consistency of the functional estimators introduced in Chapter 3. Through-
out this analysis, we operate in the idealized functional setting, assuming that the es-
timated conditional Kendall’s tau curves τ̂ j1, j2|Z=· are available over the entire compact
domain Z . This allows us to focus entirely on the statistical variations driven by the sam-
ple size n →∞, independent of any specific discretization or numerical approximation
schemes. This later framework will in fact be analysed in Chapter 5. We begin by estab-
lishing several foundational results in operator theory that will serve as essential tools
throughout the remainder of this thesis.

4.1. AUXILIARY RESULTS IN OPERATOR THEORY

We derive three lemmas that will be central to establishing consistency results. To this
end, recall that the resolvent operator is defined as R(λ) = R(λ, A) := (A−λI )−1, see also
Definition 2.6.18.

Lemma 4.1.1. Let H be a Hilbert space and let A : H → H be a (deterministic) bounded
self-adjoint linear operator. For λ ∈ ρ(A) (Definition 2.6.18) we have,

∥∥R(λ)
∥∥

op = 1

dist
(
λ,σ(A)

) .

Proof. We start by noting that for any bounded normal operator T we have that the op-
erator norm and the spectral radius are equal (p.60 of [21]), i.e.∥∥T

∥∥
op = sup

λ∈σ(T )

∣∣λ∣∣.
49
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The resolvent operator of A is defined as R(λ) = (
A −λI

)−1. By construction, R(λ) is
bounded, and since A is self-adjoint (and thus normal), R(λ) is also normal. In addition,
the spectral mapping theorem ensures that the spectrum of R(λ) satisfies

σ
(
R(λ)

)= 1

σ(A)−λ =
{

1

µ−λ
∣∣∣∣µ ∈σ(A)

}
.

Hence ∥∥R(λ)
∥∥

op = sup
ζ∈σ

(
R(λ)

)∣∣ζ∣∣= sup
µ∈σ(A)

1∣∣µ−λ∣∣ = 1

dist
(
λ,σ(A)

)
which proves the result.

Having established how the norm of the resolvent behaves relative to the geometry of
the spectrum, we now examine how contour integrals of the resolvent can isolate spe-
cific spectral spaces. The next lemma demonstrates that the Riesz projection operator
(Definition 2.6.21) associated with a simple eigenvalue directly recovers its correspond-
ing eigenspace.

Lemma 4.1.2. Let H be a Hilbert space and let A : H → H be a (deterministic) closed linear
operator with a simple eigenvalue λ0. Consider the Riesz projection operator Pλ0

Pλ0 =− 1

2πi

∫
C

(
A− zI

)−1
d z

with C a simple closed contour separating λ0 from the rest of the spectrum of A. Then

Ran(Pλ0 ) = Eλ0

with Eλ0 the eigenspace of λ0.

Proof. We will first prove the inclusion Eλ0 ⊆ Ran(Pλ0 ). To do so, take x ∈ Eλ0 as the
eigenvector corresponding to λ0, meaning Ax =λ0x. It holds that then

(A− zI )−1x = 1

λ0 − z
x.

We can next obtain

Pλ0 x =− 1

2πi

∫
C

(
A− zI

)−1
xd z

=− 1

2πi

∫
C

1

λ0 − z
d z · x

= x.

In the last equality, we used the Cauchy Residue Theorem (p. 233 of [40]) to evaluate∫
C

1

λ0 − z
d z =−2πi .
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So x ∈ Ran(Pλ0 ) and thus Eλ0 ⊆ Ran(Pλ0 ).

Now take Pλ0 x = y ∈ Ran(Pλ0 ). To show y ∈ Eλ0 , it is sufficient to show that
(

A−λ0I
)
Pλ0 x =

0. Using Lemma 2.6.22 (ii) we can write

(
A−λ0I

)
Pλ0 = Pλ0

(
A−λ0I

)=− 1

2πi

∫
C

(
A−λ0I

)(
A− zI

)−1d z

=− 1

2πi

∫
C

(
I − (λ0 − z)

(
A− zI

)−1
)
d z

=− 1

2πi

∫
C

I d z + 1

2πi

∫
C

(λ0 − z)
(

A− zI
)−1d z. (4.1)

By the Cauchy-Goursat Theorem (p. 149 of [40]), it is clear that
∫

C I d z = 0 since the

identity map is analytic1 everywhere. Recall that the map z 7→ (
A − zI

)−1 is analytic on
ρ(A) and therefore also inside and on the contour C , except possibly at z =λ0. However,
because λ0 is a simple eigenvalue, writing out the Laurent series reveals that the map

z 7→ (λ0 − z)
(

A − zI
)−1 has a removable singularity (no pole) at z = λ0 and is therefore

analytic inside and on the contour C . Applying the Cauchy-Goursat Theorem once more,
proves ∫

C
(λ0 − z)

(
A− zI

)−1d z = 0.

and hence our operator equation simplifies to
(

A −λ0I
)
Pλ0 = 0. Consequently,

(
A −

λ0I
)
Pλ0 x = 0, meaning y ∈ Eλ0 . This shows Ran(Pλ0 ) ⊆ Eλ0 , completing the proof that

Eλ0 = Ran(Pλ0 ).

We have now established the key ingredients needed to formulate an operator-theoretic
version of the Davis–Kahan theorem (Theorem 2.6.37). In particular, the following lemma
shows how perturbations of compact self-adjoint operators can be translated into quan-
titative bounds on the distance between their associated eigenvectors.

Lemma 4.1.3. Let T : H → H and T̂ : H → H be two (deterministic) compact self-adjoint
linear operators on a Hilbert space (H ,〈 · , ·〉H ) with their ordered eigenvalues

{
λi

}
i≥1 and{

λ̂i
}

i≥1 corresponding to the eigenvectors
{
ξi (·)}i≥1 and

{
ξ̂i (·)}i≥1. Let i ≥ 1 such that λi

and λ̂i are simple eigenvalues w.r.t. the operators T and T̂ respectively. Define

δ := min
µ∈{σ(T )\λi }

dist
(
µ,λi

)
,

and assume that
∥∥T − T̂

∥∥
op < δ/4. Then there exists a sequence of signs si ∈ {±1} such that

∥∥ξ̂i − siξi
∥∥

H ≤
4
∥∥T̂ −T

∥∥
op

δ−2
∥∥T̂ −T

∥∥
op

.

1A function f of the complex variable z is called analytic on the open set U if it is complex differentiable
everywhere in U .
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Proof. Pick a simple closed contour Cλi in the complex plane such that it encloses λi

from the rest of the spectrum of T . Specifically, take a ball of radius r = δ/2 around λi .
Next, introduce the Riesz projection operators (see Definition 2.6.21) of T and T̂

PT :=− 1

2πi

∫
Cλi

R(x,T )d x =− 1

2πi

∫
Cλi

(
T −xI

)−1d x

PT̂ :=− 1

2πi

∫
Cλi

R(x, T̂ )d x =− 1

2πi

∫
Cλi

(
T̂ −xI

)−1d x

with R being the resolvent operator from Definition 2.6.18. If we apply Lemma 2.6.20 (ii),
we can write the difference between the Riesz operators as

PT −PT̂ =− 1

2πi

∫
Cλi

(
R(x,T )−R(x, T̂ )

)
d x =− 1

2πi

∫
Cλi

R(x,T )
(
T̂ −T

)
R(x, T̂ )d x.

By using the triangle inequality and the consistency of the norms we obtain,

∥∥PT −PT̂

∥∥
op ≤ 1

2π

∫
Cλi

∥∥R(x,T )
∥∥

op

∥∥T̂ −T
∥∥

op

∥∥R(x, T̂ )
∥∥

op |d x|

≤ |Cλi |
2π

sup
x∈Cλi

∥∥R(x,T )
∥∥

op

∥∥T̂ −T
∥∥

op sup
x∈Cλi

∥∥R(x, T̂ )
∥∥

op . (4.2)

To bound supx∈Cλi

∥∥R(x,T )
∥∥

op , we apply Lemma 4.1.1. Figure 4.1 schematically illus-

trates the setting.

Cλi

λi

r x

λi+1λi−1

δ− r

δ

Figure 4.1: Illustration of the curve Cλi
.

Recall that by construction, every point x ∈ Cλi satisfies dist
(
x,λi

) = r . For any other
spectral element µ ∈ σ(T ) \

{
λi

}
, the minimal spectral gap δ and the reverse triangle in-

equality imply: ∣∣x −µ∣∣≥ ∣∣λi −µ
∣∣− ∣∣x −λi

∣∣≥ δ− r.

Since r = δ/2, it follows that dist
(
x,σ(T )

) ≥ δ/2 for all x ∈ Cλi . Since T is a compact,
self-adjoint operator, Lemma 4.1.1 directly yields the resolvent bound

sup
x∈Cλi

∥∥R(x,T )
∥∥

op = sup
x∈Cλi

1

dist
(
x,σ(T )

) ≤ 1

δ/2
. (4.3)
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Next, we derive a uniform bound for supx∈Cλi

∥∥R(x, T̂ )
∥∥

op . Figure 4.2 schematically illus-

trates this setting. The diagram depicts additional shaded disks of radius t = ∥∥T − T̂
∥∥

op

centred at each unperturbed eigenvalue λ j . Since T̂ is self-adjoint, Weyl’s perturbation

theorem guarantees that each perturbed eigenvalue λ̂ j ∈ σ(T̂ ) lies within these disks,

meaning
∣∣λ̂ j −λ j

∣∣≤ ∥∥T − T̂
∥∥

op for all j .

tt

Cλi

λi

r x

λ̂i

λi+1
λ̂i+1

λi−1

δ

δ− r

Figure 4.2: Illustration of the curve Cλi
. Where t denotes the distance ∥T − T̂ ∥op . The shaped area represents

the area where the eigenvalue λ̂ could be located.

To bound the distance from any point x ∈ Cλi to the perturbed spectrum σ(T̂ ), let µ̂ ∈
σ(T̂ ) be an arbitrary eigenvalue of T̂ , and let µ ∈σ(T ) be its corresponding unperturbed
counterpart. Applying the reverse triangle inequality yields∣∣x − µ̂∣∣≥ ∣∣x −µ∣∣− ∣∣µ− µ̂∣∣≥ ∣∣x −µ∣∣−∥∥T − T̂

∥∥
op .

From our previous analysis, we know that every point x ∈Cλi maintains a distance of at
least δ− r from all unperturbed spectral elements µ ∈ σ(T ). Substituting this uniform
lower bound into the inequality gives∣∣x − µ̂∣∣≥ δ− r −∥∥T − T̂

∥∥
op

Since r = δ/2 and since this holds uniformly for all µ̂ ∈σ(T̂ ) and all x ∈Cλi ,

dist
(
x,σ(T̂ )

)≥ δ

2
−∥∥T − T̂

∥∥
op

Assuming that the perturbation is small enough such that ∥T −T̂ ∥op < δ/2, we can apply
Lemma 4.1.1 to achieve the desired uniform upper bound

sup
x∈Cλi

∥∥R(x, T̂ )
∥∥

op = sup
x∈Cλi

1

dist
(
x,σ(T̂ )

) ≤ 1
δ
2 −∥∥T − T̂

∥∥
op

. (4.4)

Note that

δ/2−∥T − T̂ ∥op > δ/2−δ/4 = δ/2 > 0,

so Equation (4.4) is well defined. Combining Equations (4.2), (4.3) and (4.4) gives the
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following inequality

∥∥PT −PT̂

∥∥
op ≤ |Cλi |

2π

∥∥T̂ −T
∥∥

op

(δ/2)(δ/2−∥∥T̂ −T
∥∥

op )

= (δ/2)∥T̂ −T ∥op

(δ/2)(δ/2−∥∥T̂ −T
∥∥

op )

=
2
∥∥T̂ −T

∥∥
op

δ−2
∥∥T̂ −T

∥∥
op

.

Next, we try to find an upper bound for the eigenvectors in terms of ∥PT −PT̂ ∥op .

Lemma 2.6.22(iv) establishes that PT is a projection, and Lemma 4.1.2 identifies its range
as the eigenspace Eλi . Since λi is a simple eigenvalue, Eλi is one-dimensional, showing
that PT is a rank-one projection.

By Weyl’s perturbation theorem, the perturbed eigenvalue λ̂i lies within a ball of radius
∥T − T̂ ∥op centred at λi . Given the assumption ∥T − T̂ ∥op < δ/4, this perturbed eigen-
value is guaranteed to lie within the contour Cλi (where r = δ/2). Furthermore, no other
eigenvalue of T̂ can enter the contour, as the distance between any other λ̂ j and λ̂i sat-
isfies

dist
(
λ̂i , {λ̂i−1, λ̂i+1}

)≥ δ−2
∥∥T − T̂

∥∥
op > δ/2 = r

As illustrated in Figure 4.2, this confirms that exactly one eigenvalue of T̂ lies inside Cλi .
Consequently, Lemma 2.6.22(iv) and Lemma 4.1.2 imply that PT̂ is also a rank-one pro-
jection onto the one-dimensional eigenspace Eλ̂i

.

Since T and T̂ are self-adjoint, Lemma 2.6.22(iii) ensures that their respective Riesz pro-
jections PT and PT̂ are also self-adjoint. In a Hilbert space, every self-adjoint projection
is an orthogonal projection2 (see p. 55 of [21]). Thus, PT and PT̂ are orthogonal projec-
tions onto the one-dimensional spaces Eλi = span{ξi } and Eλ̂i

= span{ξ̂i }, respectively,

for normalized vectors ξi , ξ̂i ∈ H . We may therefore write

PT (x) = 〈x,ξi 〉H ξi

PT̂ (x) = 〈x, ξ̂i 〉H ξ̂i

Now choose a sequence of signs si ∈ {−1,1} such that 〈ξ̂i , siξi 〉H ≥ 0. Since PT and PT̂ are
bounded normal operators, we will again use the fact that∥∥PT −PT̂

∥∥
op = sup

λ∈σ(PT −PT̂ )

∣∣λ∣∣.
2Although the Riesz projections are defined via complex contour integrals, the analysis remains in the real

Hilbert space. Since the operators T and T̂ are self-adjoint, their spectra are real. Therefore, any projections
remains real as well. In particular, the Riesz projections PT and PT̂ will map the real Hilbert space into itself.
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To find the eigenvalues, let us build a orthonormal basis for
{
ξ̂i , siξi

}
. Define

v = siξi

w = ξ̂i −〈ξ̂i , siξi 〉siξi∥∥ξ̂i −〈ξ̂i , siξi 〉siξi
∥∥

H

= ξ̂i −cos(θ)siξi

sin(θ)
,

where θ := arccos〈ξ̂i , siξi 〉H . Now {v, w} is an orthonormal basis. Note that

ξi = si v

ξ̂i = cos(θ)v + sin(θ)w

and so rewriting the projection operators PT and PT̂ into this new basis gives

[PT ]{v,w} =
(
1 0
0 0

)
[PT̂ ]{v,w} =

(
cos2 (θ) cos(θ)sin(θ)

cos(θ)sin(θ) sin2(θ)

)
.

It can be checked that the eigenvalues of PT −PT̂ are ±sin(θ) and it follows that∥∥PT −PT̂

∥∥
op = sin(θ).

To see that sin(θ) cannot be negative, recall that θ := arccos〈ξ̂i , siξi 〉L2 and therefore θ ∈
Ran(arccos) = [0,π]. We have have chosen si such that 〈ξ̂i , siξi 〉L2 ≥ 0 which means that
θ ∈ [0, π2 ]. On this domain we have that sin(θ) ≥ 0.

Using standard trigonometry we can now also write∥∥ξ̂i − siξi
∥∥

H = 〈ξ̂i − siξi , ξ̂i − siξi 〉H

= ∥∥ξ̂i
∥∥2

H +∥∥ξi
∥∥2

H −2〈ξ̂i , siξi 〉H

= 2−2cos(θ)

= 2sin(θ/2)

≤ 2sin(θ).

The last inequality is valid for 0 ≤ θ ≤π/2 which is satisfied in our setting. We now com-
bine it with the previous result and we get

∥∥ξ̂i − siξi
∥∥

H ≤ 2sin(θ) ≤ 2
∥∥PT −PT̂

∥∥≤
4
∥∥T̂ −T

∥∥
op

δ−2
∥∥T̂ −T

∥∥
op

.

which proves the result.

Remark 6. Although Lemma 4.1.3 is formulated for deterministic operators, it extends
naturally to random operators via a pathwise argument. Specifically, for any fixed ω ∈Ω,
the realizations T (ω) and T̂ (ω) are deterministic bounded self-adjoint operators on H.
Thus, the bounds established in Lemma 4.1.3 hold almost surely for all ω ∈Ω.
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4.2. MODES OF CONVERGENCE FOR RANDOM OPERATORS

Section 2.6.3 reviewed convergence modes for functions and deterministic operators.
Because this work concerns random (data-driven) operators, those definitions are in-
sufficient. This section establishes the necessary modes of convergence for random op-
erators.

Definition 4.2.1 (Convergence in operator norm in probability). Let (Ω,F ,P) be a prob-
ability space and let Tn ,T : Ω× X → Y be random operators between normed spaces X
and Y . We say Tn converges to T in operator norm in probability if ∀ϵ> 0

P
(∥Tn −T ∥op > ϵ) n→∞−−−−→ 0.

In that case we write

∥Tn −T ∥op
pr ob−−−→ 0.

Definition 4.2.2 (Convergence in operator norm almost surely). Let (Ω,F ,P) be a prob-
ability space and let Tn ,T : Ω× X → Y be random operators between normed spaces X
and Y . We say Tn converges to T in operator norm almost surely if

P
(

lim
n→∞∥Tn −T ∥op = 0

)= 1.

In that case we write
∥Tn −T ∥op

a.s.−−→ 0.

Definition 4.2.3 (Pointwise almost sure convergence). Let (Ω,F ,P) be a probability space
and let Tn ,T :Ω× X → Y be random operators between normed spaces X and Y . We say
that Tn converges to T pointwise almost surely if for every f ∈ X ,

P
(

lim
n→∞∥Tn f −T f ∥Y = 0

)
= 1.

We write
Tn

a.s.−−→ T pointwise.

Definition 4.2.4 (Convergence pointwise in probability). Let (Ω,F ,P) be a probability
space and let Tn ,T :Ω×X → Y be random operators between normed spaces X and Y . We
say that Tn converges to T pointwise in probability if for every f ∈ X and ∀ϵ> 0,

P
(
∥Tn f −T f ∥Y > ϵ

)
→ 0.

We write

Tn
pr ob−−−→ T pointwise.
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4.3. CONSISTENCY RESULTS

Hereafter, we will study the asymptotic behaviour of the operators and its spectral prop-
erties. In our study, we need the usual regularity conditions on the kernel.

Assumption 1. We assume that
(a) The kernel K is bounded, i.e. ∥K ∥∞ <∞.
(b) K (u) = K (−u) for every u ∈Rd

(c)
∫

K (u)du = 1,
∫ |K (u)|du <∞

(d) This kernel is of order α for some integer α > 1, i.e. ∀ j = 1, . . . ,α−1 and every indices
i1, . . . , i j in {1, . . . ,d},

∫
K (u)ui1 · · ·uu j du = 0,

∫
K (u)2ui1 · · ·uu j du = 0.

(e) E(Kh(Z−z)) > 0 for every z ∈Z and h > 0.
(f ) limK (x)|x|d = 0 when x →∞
Assumption 2. Suppose the functions fZ and τ j1, j2|Z=z are continuous on Z

Let TΓp : L2(Z ) → L2(Z ) be the linear integral operator with kernel Γp . As in Equa-

tion (3.3), for any f ∈ L2(Z ),

(TΓp f )(z) =
∫
Z
Γp (z,z′) f (z′)dz′.

We estimate TΓp by the empirical operator TΓ̂p
: L2(Z ) → L2(Z ), defined analogously

from the estimated kernel Γ̂p

(TΓ̂p
f )(z) =

∫
Z
Γ̂p (z,z′) f (z′)dz′.

To study the convergence of TΓ̂p
toward TΓp , we first establish that the correspondence

between a kernel and its associated integral operator is continuous.

Lemma 4.3.1. The mapping

T :

(
(L2(Z ×Z ),∥ ·∥L2(Z×Z )) → (L(L2(Z )),∥ ·∥op )

Γ 7→ TΓ

)
is 1-Lipschitz and therefore continuous. It is a linear operator with operator norm smaller
or equal to 1.

Proof. Let Γ1 and Γ2 in L2(Z ×Z ), let f ∈ L2(Z ).

(TΓ1 f −TΓ2 f )(z) =
∫
Z

(Γ1 −Γ2)(z,z′) f (z′)dz′.

By Cauchy-Schwartz

|(TΓ1 f )(z)− (TΓ2 f )(z)| ≤ ∥Γ1(z, ·)−Γ2(z, ·)∥L2(Z )∥ f ∥L2(Z ).

Now squaring and integrating over Z

∥TΓ1 f −TΓ2 f ∥2
L2(Z ) ≤ ∥Γ1 −Γ2∥2

L2(Z×Z )∥ f ∥2
L2(Z ).

Taking the supremum over all f with ∥ f ∥L2(Z ) ≤ 1, we obtain

∥TΓ1 −TΓ2∥op ≤ ∥Γ1 −Γ2∥L2(Z×Z ),

as desired.
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4.3.1. CONVERGENCE OF THE OPERATORS

Under the previous assumptions, we can now prove that the estimated operator con-
verges in probability to the true operator.

Theorem 4.3.2 (Convergence in operator norm). Let TΓp and TΓ̂p
the covariance integral

operators as defined above. Then under Assumptions 1 and 2, if nhd →+∞ and h → 0

∥∥TΓp −TΓ̂p

∥∥
HS

pr ob−−−−→
n→∞ 0

and ∥∥TΓp −TΓ̂p

∥∥
op

pr ob−−−−→
n→∞ 0.

Proof. Lemma 2.4.2 shows that τ̂ j1, j2|Z=z converges pointwise in probability to τ j1, j2|Z=z

for any z ∈Z as n →∞. Define ∆ j1, j2 (z) := τ j1, j2|Z=z − τ̂ j1, j2|Z=z and note that |∆ j1, j2 | ≤ 2.

Recall the fact that since ∆ j1, j2 (z)
pr ob−−−−→
n→∞ 0 pointwise in z and ∆ j1, j2 is bounded, we have

that

E
(
∆2

j1, j2
(z)

)
−−−−→
n→∞ 0.

Now since E
(
∆2

j1, j2

)
≤ 4 the dominated convergence theorem yields

∫
Z
E
(
∆2

j1, j2
(z)

)
dz −−−−→

n→∞ 0.

If we now define

S j1, j2 :=
∫
Z
∆2

j1, j2
(z)dz

then by Fubini

E
(
S j1, j2

)
=

∫
Z
E
(
∆2

j1, j2
(z)

)
dz −−−−→

n→∞ 0.

Markov’s inequality now gives for any ϵ> 0

P
(∣∣S j1, j2

∣∣> ϵ)≤ 1

ϵ
E
(
S j1, j2

)
−−−−→
n→∞ 0.

This shows that S j1, j2

pr ob−−−−→
n→∞ 0 and hence ∥τ j1, j2|Z=· − τ̂ j1, j2|Z=·∥L2(Z )

pr ob−−−−→
n→∞ 0. It then fol-

lows by construction that also ∥µ̂−µ∥L2(Z )
pr ob−−−−→
n→∞ 0.

Define δ j1, j2 (z) :=∆ j1, j2 (z)− (
µ̂(z)−µ(z)

)
. Now using the triangle inequality and Cauchy-
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Schwartz, we obtain

∥∥TΓp −TΓ̂p

∥∥
HS =

(Ï
Z×Z

(
Γp (z,z′)− Γ̂p (z,z′)

)2
dzdz′

)1/2

= ∥∥Γp (z,z′)− Γ̂p (z,z′)
∥∥

L2(Z×Z )

≤ 1(p
2

)−1

p∑
j1=1

p∑
j2= j1+1

∥∥δ j1, j2 (z)
(
τ j1, j2 (z′)−µ(z′)

)+δ j1, j2 (z′)
(
τ j1, j2 (z)−µ(z)

)
+δ j1, j2 (z)δ j1, j2 (z′)

∥∥
L2(Z×Z )

≤ 1(p
2

)−1

p∑
j1=1

p∑
j2= j1+1

(
2
∥∥δ j1, j2

∥∥
L2(Z )

∥∥τ j1, j2 (z′)−µ(z′)
∥∥

L2(Z ) +
∥∥δ j1, j2

∥∥2
L2(Z )

)
.

Since ∥δ j1, j2∥L2(Z )
pr ob−−−−→
n→∞ 0, τ̂ j1, j2|Z=z and τ j1, j2|Z=z are bounded, we obtain

∥∥TΓp −TΓ̂p

∥∥
HS

pr ob−−−−→
n→∞ 0.

Using Lemma 2.6.13, we conclude∥∥TΓp −TΓ̂p

∥∥
op ≤ ∥∥TΓp −TΓ̂p

∥∥
HS

pr ob−−−−→
n→∞ 0.

4.3.2. CONVERGENCE OF THE EIGENVALUES AND EIGENFUNCTIONS

Building upon the convergence of the covariance operator TΓ̂p
in operator norm, we

now examine the implications for its spectral components. We use this convergence
property to establish that the empirical eigenvalues λ̂i are consistent estimators of the
true eigenvalues λi as n →∞.

Theorem 4.3.3 (Consistency of the eigenvalues). Let TΓp and TΓ̂p
the covariance inte-

gral operators as defined above with their associated eigenvalues {λi }i≥1 and {λ̂i }i≥1 cor-
responding to the eigenfunctions {ξi (·)}i≥1 and {ξ̂i (·)}i≥1 respectively. If Assumptions 1 and
2 hold and nhd →+∞ as h → 0, then for every fixed i ≥ 1,

λ̂i
pr ob−−−→λi as n →∞.

Proof. By construction, TΓp and TΓ̂p
are self-adjoint, positive semi-definite and compact

operators. Therefore there exists a set of at most countable nonnegative ordered eigen-
values. First note by Theorem 4.3.2 that∥∥TΓ̂p

−TΓp

∥∥
op

pr ob−−−−→
n→∞ 0.

Recall that by Lemma 2.6.36∣∣λi (TΓp )−λi (TΓ̂p
)
∣∣≤ ∥∥TΓp −TΓ̂p

∥∥
op ∀i = 1,2, . . .
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Hence the eigenvalue functional λi (·) is 1-Lipschitz with respect to the operator norm.
Therefore by applying the continuous mapping theorem

λ̂i =λi (TΓ̂p
)

pr ob−−−−→
n→∞ λi (TΓp ) =λi

which proves the result.

Similarly we can show that asymptotically, the empirical eigenfunctions ξ̂i are consistent
estimators of the true eigenfunctions ξ1 up to a sequence of signs.

Theorem 4.3.4 (Consistency of the eigenfunctions). Let TΓp and TΓ̂p
the covariance inte-

gral operators as defined above with their associated eigenvalues {λi }i≥1 and {λ̂i }i≥1 cor-
responding to the eigenfunctions {ξi (·)}i≥1 and {ξ̂i (·)}i≥1.

Let i ≥ 1 such that λi and λ̂i are simple, if Assumptions 1 and 2 hold and if nhd →+∞ as
h → 0, then there exists a sequence of signs si ∈ {±1} such that,∥∥ξ̂i − siξi

∥∥
L2(Z )

pr ob−−−−→
n→∞ 0.

Proof. Let i ≥ 0 such that λi is simple for the operator TΓp and define the positive eigen-
gap

δ := min
µ∈{σ(T )\λi }

dist(µ,λi ) > 0.

Theorem 4.3.2 shows that ∥∥TΓp −TΓ̂p

∥∥
op

pr ob−−−−→
n→∞ 0.

We can now directly apply Lemma 4.1.3 with H = L2(Z ), which gives

∥∥ξ̂i − siξi
∥∥

L2(Z ) ≤
4
∥∥TΓp −TΓ̂p

∥∥
op

δ−2
∥∥TΓp −TΓ̂p

∥∥
op

pr ob−−−−→
n→∞ 0,

which proves the result.

Remark 7. Theorem 4.3.4 requires the target eigenvalues to be simple. In practice, this is
not a restrictive assumption; covariance operators of continuous stochastic objects rarely
have eigenvalues with a multiplicity greater than one. In cases where identical eigenvalues
do occur, they typically correspond to λ = 0, representing directions of zero variance that
carry no structural information and are thus not of interest.

4.4. CONVERGENCE RATE

In this section, we establish the rate of convergence for the estimated covariance oper-
ator under the Hilbert-Schmidt norm. This result serves as a foundational theoretical
guarantee for the performance of our estimator. Proving this theorem requires extensive
technical machinery and additional material about U -statistics. The derivation of this
material and the subsequent proof of Theorem 4.4.1 are deferred to Chapter 6.
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Theorem 4.4.1. Under Assumptions 1, 2, 8, 9, 10, 11 and 12 in the bandwidth regime
where hn → 0 and nh2d /| logh|→+∞,∥∥TΓ̂p

−TΓp

∥∥2
HS =

Ï (
Γ̂(z,z′)−Γp (z,z′)

)2
dzdz′ =OP

(
h4 + 1

nhd

)
.

Theorem 4.4.1 characterizes the classic bias-variance trade-off inherent to nonparamet-
ric kernel smoothing. The first term, O

(
h4

)
, reflects the squared smoothing bias. Con-

versely, the second term, O
(
(nhd )−1

)
, represents the variance of the estimator, which

scales inversely with the sample size.

Consequently, selecting a bandwidth h that decays too rapidly minimizes the smoothing
bias but inflates the variance, leading to an erratic estimator. Conversely, an oversized
bandwidth suppresses variance at the cost of a severe oversmoothing bias. Balancing
these competing forces yields an optimal theoretical bandwidth rate of hn ≍ n−1/(4+d),
provided that this rate is compatible with the constraints. Specifically, this optimal rate
satisfies the regularizing condition nh2d

n /| loghn | → +∞ if and only if the dimension d
satisfies d < 4. In settings where this holds, the estimator achieves the optimal Hilbert-

Schmidt convergence rate of OP

(
n−4/(4+d)

)
.

The first consequence of Theorem 4.4.1 is that we can establish a convergence rate in
operator norm. This follows naturally from Lemma 2.6.13.

Corollary 4.4.2. Under the assumptions of Theorem 4.4.1, the estimated operator TΓ̂p

converges in operator norm to its TΓp at the following rate∥∥TΓ̂p
−TΓp

∥∥
op =OP

(
h2 + 1√

nhd

)
.

Now this global rate can be seamlessly mapped to the individual components of the
spectral decomposition. Specifically, applying Lemma 2.6.36 immediately yields the
convergence rate for the estimated eigenvalues.

Corollary 4.4.3. Let λ̂i and λi denote the i -th sorted eigenvalues of TΓ̂p
and TΓp , respec-

tively. Then, under the assumptions of Theorem 4.4.1∣∣λ̂i −λi
∣∣=OP

(
h2 + 1√

nhd

)
.

Finally, we turn our attention to the stability of the eigenvectors. Provided that the tar-
get eigenvalue λi is isolated and distinct from the rest of the spectrum, we can control
the alignment of the estimated eigenvectors. Applying Lemma 4.1.3 yields the identi-
cal optimal convergence rate for the sample eigenfunctions up to a sequence of signs
si ∈ {−1,1}.

Corollary 4.4.4. Let ξ̂i and ξi be the i -th eigenfunctions of TΓ̂p
and TΓp such that the

corresponding eigenvalues are simple. Then, under the assumptions of Theorem 4.4.1,
there exists a sequence of signs si ∈ {−1,1} such that∥∥ξ̂i − siξi

∥∥
L2(Z ) =OP

(
h2 + 1√

nhd

)
.





5
PCA ON THE ESTIMATED

CONDITIONAL KENDALL’S TAU

In the previous chapter, we established a mathematical framework for the spectral anal-
ysis of covariance integral operators under the idealized assumption that conditional
Kendall’s tau curves are available across the entire continuous domain Z . In practice,
however, these curves are typically observed only at a finite number of discrete grid
points. This chapter relaxes the assumption of continuous observation and develops
the framework necessary to analyse the discretized version of these operators.

We begin by discretizing the variable z over a fixed grid of points {z1, . . . ,zN } ⊂ Z . By
evaluating the kernels of the covariance operators Γp and Γ̂p on this grid, we construct
the discrete counterparts, denoted by the matrices Γ(N ) and Γ̂(N ), respectively:

Γ(N ) = (
Γp (zi ,z j )

)N
i , j=1 and Γ̂(N ) = (

Γ̂p (zi ,z j )
)N

i , j=1 .

These discretized kernels can thus be represented as matrices inRN×N . Next, we fix some
weights {w (N )

j }N
j=1 which satisfy the conditions

i) ∀ j = 1, . . . , N , w (N )
j > 0 and

∑N
j=1 w (N )

j = 1,

ii) ∀N > 0, N
∑N

j=1(w (N )
j )2 <+∞.

These weights may for instance arise from a quadrature rule, or simply be uniform weights
given by w (N )

j = 1
N .

We define the induced operators TΓ(N ) :RN →RN and TΓ̂(N ) :RN →RN by

(
TΓ(N ) x

)
i :=

N∑
j=1

w (N )
j Γ(N )

i j x j and
(
TΓ̂(N ) x

)
i :=

N∑
j=1

w (N )
j Γ̂(N )

i j x j , (5.1)

63
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for x ∈ RN and i = 1, . . . , N . We can now define the k-th-eigenvalue and eigenvector of
these operators by

TΓ(N )ξ
(N )
k =λ(N )

k ξ(N )
k and TΓ̂(N ) ξ̂

(N )
k = λ̂(N )

k ξ̂
(N )
k , ∀k = 1, . . . , N . (5.2)

It is often convenient to treat the operators in matrix form. Let W := diag(w (N )
1 , . . . , w (N )

N ),
the diagonal matrix of weights. Then the eigenproblem can be written as

Γ(N )W ξ(N )
k =λ(N )

k ξ(N )
k and Γ̂(N )W ξ̂

(N )
k = λ̂(N )

k ξ̂
(N )
k , ∀k = 1, . . . , N . (5.3)

5.1. THEORETICAL FRAMEWORK

Bridging the gap between the continuous Hilbert space and its discrete approximations
requires a systematic decomposition of the underlying domain. We begin by partition-
ing Z into a finite collection of cells, which allows us to define the functional spaces
necessary for our discretization scheme.

Definition 5.1.1. Let {z1, . . . ,zN } be a grid on Z and define {C (N )
j }N

j=1 as a measurable

partition of Z such that

i) z j ∈C (N )
j

ii) Leb
(
C (N )

j

)> 0

for each j ∈ {1, . . . , N } and Leb
(·) is the Lebesgue measure on Z .

To compare the discretized operators with the continuous covariance operator TΓp , we

associate the matrix Γ(N ) with a finite-rank operator on the continuous space L2(Z ). For
that, we first introduce the space of piecewise constant functions.

Definition 5.1.2. Define

PieceN
(
Z

)= {
f ∈ L2(Z ) : f

∣∣
C (N )

i
is constant for each i

}
. (5.4)

The following lemma characterizes PieceN
(
Z

)
as a finite-dimensional subspace and

provides an explicit orthonormal basis, which is useful for deriving the matrix repre-
sentations of our operators.

Lemma 5.1.3. Let
{
C (N )

1 , . . . ,C (N )
N

}
be a partition of Z as in Definition 5.1.1, and define

the functions

e(N )
j (z) = 1√

Leb
(
C (N )

j

) 1C (N )
j

(z), j = 1, . . . , N .

Then
{
e(N )

j

}N
j=1 is an orthonormal basis for PieceN

(
Z

)
and dim

(
PieceN

(
Z

))= N .
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Proof. To prove
{
e(N )

j

}N
j=1 is a basis we shall first prove the spanning property and then

prove linear independence. We view PieceN
(
Z

)
as a subspace of L2(Z ), equipped with

the inner product inherited from L2(Z ). First, take any f ∈ PieceN
(
Z

)
. Then by defini-

tion, there exist a1, . . . , aN such that for each i = 1, . . . , N

f (z) = ai , for z ∈C (N )
i .

We can therefore write

f =
N∑

i=1
ai1C (N )

i
=

N∑
i=1

ai

√
Leb

(
C (N )

i

)
e(N )

i

This means
PieceN

(
Z

)= Span
{
e(N )

1 , . . . ,e(N )
N

}
as desired. To prove linear independence suppose

N∑
i=1

ci e(N )
i (z) = 0, in L2(Z ).

For any fixed k integrate over C (N )
k∫

C (N )
k

N∑
i=1

ci e(N )
i (z)dz = 0.

Since the cells are disjoint, only the i = k case remains, giving

ck

∫
C (N )

k

e(N )
k (z)dz = 0.

As Leb
(
C (N )

k

) > 0, this implies that ck = 0. Since k was arbitrary, all coefficients vanish,

and the family is linearly independent. This proves that the set
{
e(N )

j

}N
j=1 is a basis for

PieceN
(
Z

)
and we naturally obtain dim

(
PieceN

(
Z

)) = N . To show this set is also or-

thonormal, note that

〈e(N )
j ,e(N )

i 〉L2 = 1√
Leb

(
C (N )

j

)
Leb

(
C (N )

i

) ∫
Z
1C (N )

j
1C (N )

i
dz = δi j (z)

whereδi j denotes the Kronecker delta function. As a consequence we obtain that
{
e(N )

j

}N
j=1

is an orthonormal set in L2(Z ) and hence
{
e(N )

j

}N
j=1 is an orthonormal basis of PieceN

(
Z

)
.

We can now associate the matrix Γ(N ) with a finite-rank operator acting on this new con-
tinuous space PieceN

(
Z

)
. Since PieceN

(
Z

)⊂ L2(Z ), this space can be used to compare
with operators acting upon L2(Z ).
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Definition 5.1.4. Let {C (N )
1 , . . . ,C (N )

N } a measurable partition of the domain Z as in Defi-
nition 5.1.1. Let T̃Γ(N ) : L2(Z ) → PieceN

(
Z

)
be the linear operator that maps any function

f ∈ L2(Z ) to the piecewise constant function T̃Γ(N ) f defined by

T̃Γ(N ) f :=

Z =
N⊔

i=1
C (N )

i → R

z ∈C (N )
i 7→ ∑N

j=1 w (N )
j Γp (zi ,z j ) f̄ j

 ∈ PieceN
(
Z

)

where f̄ j denotes the cell average of f ,

f̄ j := 1

Leb(C (N )
j )

∫
C (N )

j

f (x)dx,

and Leb is the Lebesgue measure on Z .

With this definition, T̃Γ(N ) produces piecewise-constant functions that are adapted to the

given partition. By Lemma 5.1.3, we have dim
(
PieceN

(
Z

))= N . Since the range of T̃Γ(N )

is contained in PieceN
(
Z

)
, it follows that T̃Γ(N ) is a finite-rank operator with rank(T̃Γ(N ) ) ≤

N . It can also be shown that under some conditions T̃Γ(N ) is a Hilbert-Schmidt integral
operator.

Lemma 5.1.5. Let N > 0. If

N∑
i , j=1

Leb
(
C (N )

i

)
Leb

(
C (N )

j

) w2
j <+∞. (5.5)

then the linear operator T̃Γ(N ) from Definition 5.1.4 is a Hilbert-Schmidt integral operator
on both L2(Z ) and PieceN

(
Z

)
with kernel k̃ defined for x ∈C (N )

i and y ∈C (N )
j as

k̃(x,y) = 1

Leb
(
C (N )

j

) w (N )
j Γp (zi ,z j ). (5.6)

Proof. Let x ∈C (N )
i and f ∈ L2(Z ), then by definition

(
T̃Γ(N ) f

)
(x) =

N∑
j=1

w (N )
j Γp (zi ,z j )

1

Leb
(
C (N )

j

) ∫
C (N )

j

f (y)dy

=
N∑

j=1

∫
C (N )

j

1

Leb
(
C (N )

j

) w (N )
j Γp (zi ,z j ) f (y)dy

=
∫
Z

k̃(x,y) f (y)dy.

Therefore k̃ is indeed the kernel of T̃Γ(N ) . To see that this operator is Hilbert-Schmidt,
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note ∥∥T̃Γ(N )

∥∥2
HS =

Ï
Z×Z

|k̃(x,y)|2dxdy

=
N∑

i=1

N∑
j=1

∫
C (N )

i

∫
C (N )

j

1

Leb
(
C (N )

j

)2 w2
j Γp (zi ,z j )2 dxdy

≤ 16
N∑
i , j

Leb
(
C (N )

i

)
Leb

(
C (N )

j

) w2
j <∞,

where we used the fact that Γp (zi ,z j ) ≤ 4. This proves the claim

Remark 8. It is straightforward to verify that Equation (5.5) holds under mild regularity
assumptions on the partition. Suppose that the cells have comparable sizes, in the sense
that there exist constants a1, a2 > 0 such that

a1 ≤
Leb

(
C (N )

i

)
Leb

(
C (N )

j

) ≤ a2, for all i , j = 1, . . . , N ,

and assume uniform weights, w (N )
j = 1

N . Then

N∑
i , j=1

Leb
(
C (N )

i

)
Leb

(
C (N )

j

) w2
j ≤C N

N∑
j=1

w2
j =C <+∞.

It is useful to express Definition 5.1.4 in a form that makes its structure more explicit.
To this end, we introduce two linear operators that connect L2(Z ), RN , and PieceN

(
Z

)
.

First, introduce the linear projection operator PN := projRN : L2(Z ) →RN defined by

(PN f ) j := 1

Leb
(
C (N )

j

) ∫
C (N )

j

f (z)dz = f̄ j . (5.7)

Next, define the linear operatorΦN :RN → PieceN
(
Z

)
for any g ∈RN as

(ΦN g )(z) :=
N∑

i=1
gi1C (N )

i
(z). (5.8)

Recall from Equations (5.2) and (5.3) that TΓ(N ) can also be viewed as an operator TΓ(N ) :
RN →RN given by

TΓ(N ) g := Γ(N )W g , g ∈RN .

Consequently, the operator T̃Γ(N ) admits the important decomposition

T̃Γ(N ) =ΦN ◦TΓ(N ) ◦PN . (5.9)

This identity establishes a formal bridge between the continuous operator on L2(Z ) and
its discrete counterpart on RN .

We conclude this section by introducing the projection operator onto PieceN
(
Z

)
, which

provides a concrete link to the theoretical framework developed above.
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Definition 5.1.6. For any N > 0, the projection operator proj
PieceN

(
Z

) : L2(Z ) → PieceN
(
Z

)
is defined as proj

PieceN

(
Z

) =ΦN ◦PN with PN and ΦN as in Equations (5.7) and (5.8) re-

spectively.

For any f ∈ L2(Z ), this projection can be written explicitly as

(proj
PieceN

(
Z

) f )(z) =
n∑

i=1
f̄i1C (N )

i
(z)

where f̄i = 1

Leb
(

C (N )
i

) ∫
C (N )

i
f (z)dz. Equivalently, in terms of the orthonormal basis

{
e(N )

i

}N
i=1,

(proj
PieceN

(
Z

) f )(z) =
N∑

i=1
〈 f ,e(N )

i 〉L2(Z )e
(N )
i (z). (5.10)

This representation shows that proj
PieceN

(
Z

) is the orthogonal projection onto PieceN
(
Z

)
in L2(Z ).

To view this projection as an operator on the full space L2(Z ), we extend its codomain
using the canonical injection. Since PieceN

(
Z

) ⊂ L2(Z ), define the canonical injection
operator map i

PieceN

(
Z

) : PieceN
(
Z

)→ L2(Z ) by i
PieceN

(
Z

)(g ) = g for all g ∈ PieceN
(
Z

)
.

We then define the operatorΠN : L2(Z ) → L2(Z ) by

ΠN = i
PieceN

(
Z

) ◦proj
PieceN

(
Z

). (5.11)

5.2. PROPERTIES OF T̃Γ(N )

To understand the theoretical behaviour of T̃Γ(N ) , we first establish its fundamental alge-
braic properties. While the operator is generally compact, its self-adjointness depends
on the relationship between weights and partition cells.

Assumption 3. The weights w (N )
j and partition cells C (N )

j satisfy w (N )
j =C ·Leb

(
C (N )

j

)
for

some constant C , for all 1 ≤ j ≤ N .

Since the weights sum up to 1, this assumption enforces w (N )
j = 1

|Z |Leb
(
C (N )

j

)
Lemma 5.2.1. The operator T̃Γ(N ) : L2(Z ) → PieceN

(
Z

)
is compact and linear. Further-

more, T̃Γ(N ) is self-adjoint if and only if Assumption 3 holds.

Proof. Linearity is clear by construction. For compactness, note that T̃Γ(N ) has its image
in PieceN

(
Z

)
which is finite-dimensional by Lemma 5.1.3. Remember that any linear

operator with finite-dimensional range is finite-rank and every finite-rank operator on a
Hilbert space is compact.
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It remains to characterize when T̃Γ(N ) is self-adjoint. For f , g ∈ L2(Z ), we compute

〈T̃Γ(N ) f , g 〉L2(Z ) =
N∑

i=1

∫
C (N )

i

( N∑
j=1

w (N )
j Γp (zi ,z j ) f̄ j

)
g (z)dz

=
N∑

i , j=1
w (N )

j Γp (zi ,z j ) f̄ j ḡi Leb
(
C (N )

i

)
,

〈 f , T̃Γ(N ) g 〉L2(Z ) =
N∑

i=1

∫
C (N )

i

( N∑
j=1

w (N )
j Γp (zi ,z j )ḡ j

)
f (z)dz

=
N∑

i , j=1
w (N )

j Γp (zi ,z j ) ḡ j f̄i Leb
(
C (N )

i

)
.

By swapping indices i and j in the second expression and using the symmetry of Γp , we
obtain

〈 f , T̃Γ(N ) g 〉L2(Z ) =
N∑

i , j=1
w (N )

i Γp (zi ,z j ) f̄ j ḡi Leb
(
C (N )

j

)
.

Hence T̃Γ(N ) is self-adjoint if and only if, for all i , j ,

w (N )
j Leb

(
C (N )

i

)= w (N )
i Leb

(
C (N )

j

)
.

This holds if and only if

w (N )
i

Leb
(
C (N )

i

) =C , for all i ,

for some constant C . This means w (N )
i = C · Leb

(
C (N )

i

)
. This proves that T̃Γ(N ) is self-

adjoint if and only if Assumption 3 holds.

To bridge the finite-dimensional space RN with the function space PieceN
(
Z

) ⊂ L2(Z ),
we establish a formal correspondence that links the operators TΓ(N ) and T̃Γ(N ) . This rela-
tionship is formalized via a commutative diagram, demonstrating the equivalence of the
two spaces and enabling a direct spectral comparison between TΓ(N ) and T̃Γ(N ) .
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Lemma 5.2.2. We have the following commutative graph:

RN PieceN
(
Z

)

L2(Z )

RN PieceN
(
Z

)

ΦN

Φ−1
N

proj
PieceN

(
Z

)PN

ΦN

Φ−1
N

TΓ(N ) T̃Γ(N )

T̃Γ(N )

Proof. We shall first prove that on RN we have ΦN ◦TΓ(N ) = T̃Γ(N ) ◦ΦN . For that, take
x ∈RN . Then by Equation (5.9)

(T̃Γ(N ) ◦ΦN )x =ΦN ◦TΓ(N ) ◦PN ◦ (ΦN x).

Note that for any function in RN , PN ◦ΦN = IdRN . Therefore

(T̃Γ(N ) ◦ΦN )x =ΦN ◦TΓ(N ) ◦PN ◦ (ΦN x) = (ΦN ◦TΓ(N ) )x.

Next, we shall prove that on PieceN
(
Z

)
,Φ−1

N ◦T̃Γ(N ) = TΓ(N ) ◦Φ−1
N . Note that on PieceN

(
Z

)
,

Φ−1
N = PN . Thus using Equation (5.9)

PN ◦ T̃Γ(N ) = PN ◦ΦN ◦TΓ(N ) ◦PN = IdRN ◦TΓ(N ) ◦PN = TΓ(N ) ◦PN

so they commute.

We continue by proving that on L2(Z ), we have T̃Γ(N ) =ΦN ◦TΓ(N ) ◦PN . Note

ΦN ◦TΓ(N ) ◦PN = T̃Γ(N ) ◦ΦN ◦PN = T̃Γ(N ) ◦ Id
PieceN

(
Z

) = T̃Γ(N ) .

We end with proving PN =Φ−1 ◦proj
PieceN

(
Z

). Let f ∈ L2(Z ). Then by Definition 5.1.6,

proj
PieceN

(
Z

) =ΦN ◦PN . Then

Φ−1
N ◦proj

PieceN

(
Z

) =Φ−1
N ◦ΦN ◦PN = PN

as desired. Thus the full diagram commutes.

This commutative diagram clarifies the relationship between the finite-dimensional space
RN and the subspace PieceN

(
Z

)
. Although these spaces are defined in different ways,
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one being a discrete vector space and the other a continuous functional space, the di-
agram shows that they can be put in one-to-one correspondence via the map ΦN and
are thus identical in their algebraic structure. Specifically this means, that the action of
T̃Γ(N ) on PieceN

(
Z

)
is a direct translation of the action of TΓ(N ) on RN . This observation

will allow us to transfer structural and spectral properties between the two settings. We
formalize this correspondence in the following theorem. For this, we use the notation
A ≃ B to denote that two normed vector spaces A and B are isomorphic, meaning that
there exists a continuous bijection between them with a continuous inverse.

Theorem 5.2.3. For every N > 0, we have RN ≃ PieceN
(
Z

)
.

Proof. To show that RN and PieceN
(
Z

)
are isomorphic, we will prove that ΦN : RN →

PieceN
(
Z

)
is an isomorphism. From Lemma 5.2.2 we obtain

ΦN ◦Φ−1
N = IdRN

which proves thatΦN is injective. Since we have proven in Lemma 5.1.3 that

dim
(
RN

)
= dim

(
PieceN

(
Z

))= N <∞,

ΦN is also surjective and hence a bijection. Linearity ofΦN proves the result, since linear
functions on finite-dimensional spaces are always continuous.

This theorem proves that the mapping ΦN is in an isomorphism, establishing that the
spaces RN and PieceN

(
Z

)
possess an identical mathematical structure. Beyond the di-

rect equivalence, the commutative diagram also clarifies how the operator T̃Γ(N ) interacts
with the rest of the function space. The following lemma shows that PieceN

(
Z

)
is the ef-

fective support of the operator’s action on L2(Z ).

Corollary 5.2.4. We have that

ker(PN ) = PieceN
(
Z

)⊥
and then for any f ∈ PieceN

(
Z

)⊥,
T̃Γ(N ) f = 0.

Proof. ΦN is an isomorphism by Theorem 5.2.3, so we obtain that

ker(PN ) = ker
(
Φ−1

N ◦proj
PieceN

(
Z

))= ker
(
proj

PieceN

(
Z

))= PieceN
(
Z

)⊥
by definition. Now take any f ∈ PieceN

(
Z

)⊥. By Lemma 5.2.2

T̃Γ(N ) f = (
ΦN ◦TΓ(N ) ◦PN

)
( f )

= (
ΦN ◦TΓ(N ) )◦ (

PN f
)

= 0

since PieceN
(
Z

)⊥ = ker(PN ).
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These structural properties now provide the necessary foundation to establish a rigorous
connection between the discrete and continuous eigenvalue problems. The previously
obtained equivalence betweenRN and PieceN

(
Z

)
essentially allow us to interchange the

spectral properties of TΓ(N ) and T̃Γ(N ) .

Theorem 5.2.5.

i) (λ,v) is an eigenvalue-eigenvector pair of TΓ(N ) if and only if (λ,ΦN v) is an eigenvalue-

eigenvector pair of T̃Γ(N )

∣∣∣
PieceN

(
Z

).

ii) Every ξ ∈ PieceN
(
Z

)⊥ is an eigenvectors of T̃Γ(N ) with eigenvalue 0, which has infinite
multiplicity.

iii) Let (λ j ,v j ), 1 ≤ j ≤ N , be eigenpairs of TΓ(N ) , where the eigenvalues are ordered such
that |λ1| ≥ · · · ≥ |λN |. Then the eigenvalues of T̃Γ(N ) can be ordered as |µ1| ≥ |µ2| ≥ · · · ,
such that for every 1 ≤ j ≤ N , µ j =λ j , andΦN v j is an eigenvector of T̃Γ(N ) correspond-
ing to µ j .

Proof.
i ) Suppose that (λ,v) is an eigenvalue-eigenvector pair of TΓ(N ) with v ̸= 0. It holds that

TΓ(N ) v =λv.

Now by Lemma 5.2.2

T̃Γ(N ) (ΦN v) = (T̃Γ(N ) ◦ΦN )v = (ΦN ◦TΓ(N ) ◦PN ◦ΦN )v =ΦN (TΓ(N ) v) =λ(ΦN v).

Hence (λ,ΦN v) is an eigenvalue-eigenvector pair of T̃Γ(N ) . Now suppose that on PieceN
(
Z

)
,

(λ,ΦN v) is an eigenvalue-eigenvector pair. Now by applying Lemma 5.2.2 we can easily
show that

λΦN v = T̃Γ(N ) (ΦN v)

λ(PN ◦ΦN )v = (PN ◦ T̃Γ(N ) ◦ΦN )v

λv = TΓ(N ) v

since PN ◦ΦN = IdRN . This proves (i).

ii) The fact ξ ∈ PieceN
(
Z

)⊥ is an eigenvectors of T̃Γ(N ) with eigenvalue 0 follows naturally
from Lemma 5.2.4. So see it has infinite multiplicity, recall by Lemma 5.1.3 that

dim
(
PieceN

(
Z

))= N ,

and L2(Z ) is infinite-dimensional so

dim
(
PieceN

(
Z

)⊥)
=∞.

iii) Recall by part (i) that for each 1 ≤ j ≤ N ,
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TΓ(N ) v j =λ j v j ⇐⇒ T̃Γ(N ) (ΦN v j ) =λ j (ΦN v j ).

In addition, part (ii) shows that 0 is an eigenvalue of T̃Γ(N ) with infinite multiplicity. Since
dim(PieceN

(
Z

)
) = N , the operator T̃Γ(N ) has at most N nonzero eigenvalues, and these

are precisely coincides with {λ1, . . . ,λN }, counting multiplicities. Ordering the eigenval-
ues (µ j ) of T̃Γ(N ) by decreasing magnitude, the first N eigenvalues must therefore be ex-
actly the nonzero ones. It follows that

µ j =λ j , 1 ≤ j ≤ N .

Moreover, for each such j , ΦN v j is an eigenvector of T̃Γ(N ) corresponding to µ j which
proves (iii).

Remark 9. Recall that we have defined the projection operator P avg
N : L2(Z ) → RN in

Equation (5.7) as

(P avg
N f ) j = 1

Leb
(
C (N )

j

) ∫
C (N )

j

f (z)dz.

Alternatively, we could also consider the projection operator P points
N : L2(Z ) →RN defined

by

(P points
N f ) j := f (z j ), (5.12)

which gives rise to the operator

T̃ points
Γ(N ) :=ΦN ◦TΓ(N ) ◦P points

N .

However, working with this operators creates problems as point evaluation is not a con-
tinuous linear functional on L2(Z ). In fact, since elements of L2(Z ) are equivalence
classes defined up to sets of measure zero, point evaluation is not even well-defined. Con-

sequently, the operator P points
N is not bounded and therefore not continuous as a map

L2(Z ) → RN . Because of this lack of continuity, replacing P avg
N by P points

N breaks the com-
mutative diagram of Lemma 5.2.2, and the results derived from it do not hold in full gen-
erality.

In practical computations, however, the exact cell averages

1

Leb
(
C (N )

j

) ∫
C (N )

j

f (z),dz

are typically not evaluated analytically. Instead, one naturally works with point evalua-

tions, which leads to the apparent use of P points
N in numerical implementations.

This discrepancy is resolved by noting that, in computational settings, the functions we
consider are already discretized on the chosen grid. In particular, they are piecewise con-

stant on a partition
{
C (N )

j

}N
j=1, i.e., they belong to PieceN

(
Z

)
for some N > 0. For f ∈

PieceN
(
Z

)
and evaluation points z j ∈C (N )

j , we have

P avg
N f = P points

N f .

Hence the two operators coincide on PieceN
(
Z

)
, which is what we use in practice.
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5.3. CONVERGENCE OF DISCRETIZED OPERATORS

In this section, we establish the convergence properties of the discretized operators. We
begin by introducing several technical lemmas regarding the projection operatorΠN and
its relationship to the finite-rank operator T̃Γ(N ) . These results serve as the foundation
for proving our main theorem on the consistency of the finite-rank operator T̃Γ(N ) with
respect to TΓp as the partition refinement increases.

Recall that for a set A, diam(A) is called the diameter of a set and is defined by

diam(A) = sup
x,y∈A

ρ(x, y)

for the given metric ρ.

Assumption 4. The partition cells satisfy

δN = max
j

diam
(
C (N )

j

)→ 0

as N →∞.

Assumption 4 is a mild regularity condition satisfied by most standard partition schemes.
For example, if Z is bounded and partitioned into cells of comparable size (such as uni-
form grids), the diameter of each cell necessarily decreases as the partition is refined.

Lemma 5.3.1. Let N > 0, and let ΠN the orthogonal projection operator as in Equa-
tion (5.11). If Assumption 4 holds, then for every f ∈ L2(Z ),

ΠN f
L2(Z )−−−−→ f

as N → ∞. Additionally, if f is continuously differentiable ( f ∈ C 1(Z )) with bounded
derivatives, the convergence exhibits the rate∥∥ΠN f − f

∥∥2
L2 =O

(
δ2

N

)
.

Proof. For any f ∈ L2(Z ), we decompose the error as∥∥ f −ΠN f
∥∥

L2(Z ) ≤
∥∥ f − g

∥∥
L2(Z ) +

∥∥g −ΠN g
∥∥

L2(Z ) +
∥∥ΠN g −ΠN f

∥∥
L2(Z ).

Recall that C∞
c is dense in L2(Z ) where

C∞
c :=

{
f ∈C∞(Z ) | f is compactly supported

}
.

If we let ϵ> 0, there exists a function g ∈C∞
c such that∥∥ f − g

∥∥
L2(Z ) < ϵ/3.

Next, ∥∥ΠN g −ΠN f
∥∥

L2(Z ) =
∥∥ΠN (g − f )

∥∥
L2(Z ) ≤

∥∥g − f
∥∥

L2(Z ) < ϵ/3
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sinceΠN is a orthogonal projection operator. For the middle term we can write∥∥g −ΠN g
∥∥2

L2(Z ) =
∫
Z

(
g (z)−ΠN g (z)

)2dz

=
N∑

i=1

∫
C (N )

i

(
g (z)− ḡi

)2dz

≤
N∑

i=1

∫
C (N )

i

sup
y∈C (N )

i

|g (z)− g (y)|2dz

≤
N∑

i=1
Leb

(
C (N )

i

)
sup

{
|g (z)− g (y)| : ∥z−y∥ < diam(C (N )

i )
}2

.

Since g is uniformly continuous on the compact set C (N )
i , we get

sup
{
|g (z)− g (y)| : ∥z−y∥ < diam(C (N )

i )
}
−→ 0

because δN → 0 when N →∞ by Assumption 4. Therefore∥∥g −ΠN g
∥∥

L2(Z ) < ϵ/3

for sufficiently large N . Combining the bounds gives∥∥ f −ΠN f
∥∥

L2(Z ) ≤
∥∥ f − g

∥∥
L2(Z ) +

∥∥g −ΠN g
∥∥

L2(Z ) +
∥∥ΠN g −ΠN f

∥∥
L2(Z ) < ϵ

and therefore
ΠN f −−−−→

N→∞
f

in L2(Z ).

Now, suppose additionally that f ∈C 1(Z ) with bounded derivatives such that supz∈Z ∥∇ f (z)∥ ≤
M <∞. We can directly evaluate ∥ f −ΠN f ∥2

L2(Z )
without the density approximation by

substituting f for g into the expression above

∥∥ f −ΠN f
∥∥2

L2(Z ) ≤
N∑

i=1
Leb

(
C (N )

i

)
sup

{
| f (z)− f (y)| : ∥z−y∥ < diam(C (N )

i )
}2

.

By the Mean Value Theorem, for any z,y ∈C (N )
i , we have | f (z)− f (y)| ≤ M∥z−y∥ ≤ MδN .

Squaring this bound and substituting it back into our summation yields:

∥ f −ΠN f ∥2
L2(Z ) ≤

N∑
i=1

Leb
(
C (N )

i

)
(MδN )2

= M 2δ2
N

N∑
i=1

Leb
(
C (N )

i

)= M 2Leb
(
Z

)
δ2

N .

Since M 2Leb
(
Z

)
is a constant independent of N , this explicitly establishes that

∥ΠN f − f
∥∥2

L2 =O
(
δ2

N

)
.
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While Lemma 5.3.1 establishes the convergence of the projection operator, the approxi-
mation of the underlying integral operator requires additional control over the discretiza-
tion error. To this end, we introduce assumptions on the quadrature rule and the regu-
larity of the partition.

Assumption 5. Suppose that the numerical quadrature rule satisfies

ϵN := sup
j=1,...,N

sup
y∈Z

∣∣∣∣∫
C (N )

j

Γp (x,y)dx−w (N )
j Γp (z j ,y)

∣∣∣∣=O
( 1

N 2

)
.

Assumption 6. The partition cells satisfy, for some constants 0 < a1 ≤ a2 <∞,

a1

N
≤ Leb

(
C (N )

j

)≤ a2

N
, j = 1, . . . , N , ∀N > 0

and there exists a constant Cw > 0 such that for all N and j ,

0 < w (N )
j ≤Cw Leb

(
C (N )

j

)
.

Remark 10. Assumption 5 is satisfied, for example, if the cells form a regular partition
with diam(C (N )

j ) ≤ Cd /N , the weights match the cell volumes w (N )
j = Leb

(
C (N )

j

) ≤ a/N ,

and the kernel Γp is continuously differentiable in its first argument with a uniformly
bounded gradient

M := sup
x,y∈Z

∥∇xΓp (x,y)∥ <∞.

Indeed, for any fixed y ∈Z and any cell j , the Mean Value Theorem yields∣∣∣∣∫
C (N )

j

Γp (x,y)dx−w (N )
j Γp (z j ,y)

∣∣∣∣≤ ∫
C (N )

j

∥∇xΓp (ξx,y)∥∥x−z j ∥dx

≤ M ·diam(C (N )
j )Leb

(
C (N )

j

)
≤ M

(Cd

N

)( a

N

)
=O

( 1

N 2

)
.

Because this upper bound depends only on global constants (M ,Cd , a2) and is completely

independent of the choice of j and y, taking the supremum yields ϵN = O
(
1/N 2

)
, as re-

quired.

These assumptions ensure that the discrete approximation remains a valid representa-
tion of the continuous integral. Assumption 5 controls the local discretization error; it
implies that as the cells shrink, the function value at a single representative point z j

becomes an increasingly accurate approximation of the local integral. Assumption 6 im-
poses a regularity condition on the geometry of the partition, preventing any single cell
from becoming disproportionately large or small. It can be seen as a weaker Assumption
than 3. Together, these conditions ensure that no single cell dominates the approxima-
tion and that the quadrature rule behaves like a uniform Riemann sum.
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Lemma 5.3.2. For N > 0, let ΠN the orthogonal projection operator as in Equation 5.11
and let T̃Γ(N ) : L2(Z ) → PieceN

(
Z

)
as in Definition 5.1.4. Then under Assumptions 2, 4, 5

and 6, we have ∥∥T̃Γ(N ) −ΠN ◦TΓp ◦ΠN
∥∥

op −−−−→
N→∞

0.

where ∥·∥op denotes the operator norm on L2(Z ). Moreover, if Γp has uniformly bounded
derivatives on Z ×Z the convergence exhibits the rate

∥∥T̃Γ(N ) −ΠN ◦TΓp ◦ΠN
∥∥

op =O
( 1

N
+δN

)
.

Proof. Under Assumption 6 we have that

N∑
i , j

Leb
(
C (N )

i

)
Leb

(
C (N )

j

) w2
j ≤

N∑
i , j

a2

N

N

a1
w2

j =
a2

a1
N

N∑
j=1

w2
j <+∞.

Hence by Lemma 5.1.5, T̃Γ(N ) is Hilbert-Schmidt operator with a kernel defined for x ∈
C (N )

i and y ∈C (N )
j as

k̃(x,y) = 1

Leb
(
C (N )

j

) w j Γp (zi ,z j ).

.
For any f ∈ L2(Z ) and z ∈C (N )

i we can write

(ΠN TΓpΠN f )(z) =
N∑

j=1

1

Leb
(
C (N )

i

) f̄ j

Ï
C (N )

i ×C (N )
j

Γp (u,v)dudv

where

f̄ j = 1

Leb
(
C (N )

j

) ∫
C (N )

j

f (u)du

is the cell average of f over C (N )
j . It then follows that we can rewrite ΠN TΓpΠN as an

integral operator with kernel

k(x,y) = 1

Leb
(
C (N )

i

)
Leb

(
C (N )

j

) Ï
C (N )

i ×C (N )
j

Γp (u,v)dudv

for x ∈C (N )
i and y ∈C (N )

j . Indeed, it can be checked that z ∈C (N )
i and f ∈ L2(Z )

(ΠN ◦TΓp ◦ΠN ) f =
N∑

j=1

1

Leb
(
C (N )

i

) f̄ j

Ï
C (N )

i ×C (N )
j

Γp (u,v)dudv =
∫
Z

k(x,y) f (y)dy.
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To see that this integral operator is in fact Hilbert-Schmidt, we compute

∥(ΠN ◦TΓp ◦ΠN ) f ∥2
HS =

Ï
Z×Z

∣∣k(x,y)
∣∣2dxdy

=
N∑
i , j

Ï
C (N )

i ×C (N )
j

1

Leb
(
C (N )

i

)2
Leb

(
C (N )

j

)2

(Ï
C (N )

i ×C (N )
j

Γp (u,v)dudv
)2

dxdy

=
N∑
i , j

1

Leb
(
C (N )

i

)
Leb

(
C (N )

j

) (Ï
C (N )

i ×C (N )
j

Γp (u,v)dudv
)2

≤ 16Leb
(
Z

)2 <+∞,

using that ∥Γp∥∞ ≤ 4. We can see, since the operators are bounded that

∥ΠN ◦TΓp ◦ΠN − T̃Γ(N )∥2
op ≤ ∥ΠN ◦TΓp ◦ΠN − T̃Γ(N )∥2

HS

=
Ï

Z×Z

∣∣∣k(x,y)− k̃(x,y)
∣∣∣2

dxdy

=
N∑

i=1

N∑
j=1

Ï
C (N )

i ×C (N )
j

∣∣∣k(x,y)− k̃(x,y)
∣∣∣2

dxdy

=
N∑

i=1

N∑
j=1

Leb
(
C (N )

i

)
Leb

(
C (N )

j

)∣∣∣d (N )
i j

∣∣∣2
(5.13)

where

d (N )
i j := 1

Leb
(
C (N )

i

)
Leb

(
C (N )

j

) Ï
C (N )

i ×C (N )
j

Γp (u,v)dudv− 1

Leb
(
C (N )

j

) w jΓp (zi ,z j ).

We start by looking at the value Leb
(
C (N )

j

)
di j and rewrite it as

1

Leb
(
C (N )

i

) Ï
C (N )

i ×C (N )
j

Γp (x,y)dxdy−w jΓp (zi ,z j )

= 1

Leb
(
C (N )

i

) ∫
C (N )

i

(∫
C (N )

j

Γp (x,y)dy−w jΓp (x,z j )︸ ︷︷ ︸
A(x)

+w j
(
Γp (x,z j )−Γp (zi ,z j )

)︸ ︷︷ ︸
B(x)

)
dx.

For A(x), we directly apply the quadrature rule error from Assumption 5 to find that for
any x ∈C (N )

i :

|A(x)| ≤C1ϵN =O
( 1

N 2

)
.

For B(x), uniform continuity of Γp (Assumption 2) gives

|B(x)| = w (N )
j

∣∣∣Γp (x,z j )−Γp (zi ,z j )
∣∣≤ w (N )

j sup
{
|Γp (x,z j )−Γp (y,z j )| : ∥x−y∥ < diam(C (N )

i )
}

=: w (N )
j γ

(
δN

)
.
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Hence ∣∣∣∣Leb
(
C (N )

j

)
d (N )

i j

∣∣∣∣≤C1ϵN +w j γ
(
δN

)
and so ∣∣∣d (N )

i j

∣∣∣≤ C1ϵN

Leb
(
C (N )

j

) + w (N )
j

Leb
(
C (N )

j

)γ(δN ).

Now applying Assumption 6 we have

ϵN

Leb
(
C (N )

j

) ≤ ϵN N

a1
and

w (N )
j

Leb
(
C (N )

j

)γ(δN ) ≤Cwγ(δN ).

Hence combining this gives the uniform bound

sup
i , j

∣∣∣d (N )
i j

∣∣∣≤C ′(ϵN N +γ(δN )
)
.

Now since ϵn N → 0 and γ(δn) → 0 as N →∞ (by Assumption 4) we obtain supi , j

∣∣∣d (N )
i j

∣∣∣→
0. Plugging this into Equation (5.13) yields

∥∥ΠN ◦TΓp ◦ΠN − T̃Γ(N )

∥∥2
op ≤ Leb

(
Z

)2

(
sup

i , j

∣∣d (N )
i j

∣∣)2

−−−−→
N→∞

0.

If we additionally assume that Γp has uniformly bounded derivatives, the Mean Value
Theorem show γ(δN )≲ δN . Therefore

∥∥ΠN ◦TΓp ◦ΠN − T̃Γ(N )

∥∥2
op ≤ Leb

(
Z

)2

(
sup

i , j

∣∣d (N )
i j

∣∣)2

≲
( 1

N 2 N +γ(δN )
)2

≲
( 1

N
+δN

)2
,

which completes the proof.

While Lemma 5.3.2 establishes that the finite-rank operator T̃Γ(N ) is a consistent approx-
imation of the projected integral operatorΠN ◦TΓp ◦ΠN , it remains to show that the dis-
cretized operator as a whole converges to the original operator TΓp . By combining this
result with Lemma 5.3.1, we obtain the following main consistency result.

Theorem 5.3.3 (Consistency of the operators). Let T̃Γ(N ) : L2(Z ) → PieceN
(
Z

)
as in Def-

inition 5.1.4. Then under Assumptions 2, 4, 5 and 6,∥∥T̃Γ(N ) −TΓp

∥∥
op −−−−→

N→∞
0

where ∥ ·∥op denotes the operator norm on L2(Z ).
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Proof. Recall from Lemma 5.3.1 that the operator ΠN : L2(Z ) → L2(Z ) converges to the
identity

ΠN f −−−−→
N→∞

f

strongly or in the pointwise sense, i.e. for every fixed f ∈ L2(Z ). Therefore, since TΓp is
compact, by Lemma 2.6.38 we obtain∥∥ΠN ◦TΓp ◦ΠN −TΓp

∥∥
op −−−−→

N→∞
0.

Also Lemma 5.3.2 gives that∥∥T̃Γ(N ) −ΠN ◦TΓp ◦ΠN
∥∥

op −−−−→
N→∞

0.

By using the triangle inequality we can conclude∥∥T̃Γ(N ) −TΓp

∥∥
op ≤ ∥∥T̃Γ(N ) −ΠN ◦TΓp ◦ΠN

∥∥
op +∥∥ΠN ◦TΓp ◦ΠN −TΓp

∥∥
op −−−−→

N→∞
0.

5.4. CONSISTENCY OF THE EIGENVALUES

Having established the convergence of the operators, we now examine the consistency of
their eigenvalues. In this classical PCA setting, the error arises from two distinct sources,
the stochastic error from finite sampling and the error from discretizing the continuous
domain. We first address the stochastic component, showing that for a fixed partition,
the empirical eigenvalues converge to their discretized counterparts as the sample size
grows.

Theorem 5.4.1 (Consistency of the eigenvalues). Let TΓ(N ) be the deterministic discretized

operator with eigenvalues
{
λ(N )

i

}N
i=1 and let TΓ̂(N ) be the corresponding random operator

with eigenvalues
{
λ̂(n,N )

i

}N
i=1. If Assumption 1 and 2 hold and nhd →+∞ as h → 0, then

for every fixed 1 ≤ i ≤ N ,

λ̂(n,N )
i

pr ob−−−−→
n→∞ λ(N )

i .

Proof. First recall that the operators TΓ(N ) and TΓ̂(N ) can also be written as matrices. From

Equation (5.3) it follows that it is sufficient to consider the eigenvalues of Γ(N )W and
Γ̂(N )W . However, we will instead look at the eigenproblem

(W 1/2Γ(N )W 1/2)(W 1/2ξ(N )
k ) =λ(N )

k (W 1/2ξ(N )
k )

(W 1/2 Γ̂(N )W 1/2)(W 1/2ξ̂
(N )
k ) = λ̂(n,N )

k (W 1/2ξ̂
(N )
k ), ∀k = 1, . . . , N .

It can be seen that the matrix W 1/2Γ(N )W 1/2 is similar to Γ(N )W , meaning their eigen-
values are exactly the same.
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Lemma 2.4.2 shows that τ̂ j1, j2|Z=z j converges pointwise in probability to τ j1, j2|Z=z j for

each j = 1, . . . , N . As a result also Γ̂(N ) converges to Γ(N ) pointwise in probability since it
consists of a finite sum of converging elements. So by definition∥∥W 1/2Γ̂(N )W 1/2 −W 1/2Γ(N )W 1/2∥∥

F
pr ob−−−−→
n→∞ 0.

Since all norms are equivalent in finite dimensions we obtain that also∥∥W 1/2Γ̂(N )W 1/2 −W 1/2Γ(N )W 1/2∥∥
2

pr ob−−−−→
n→∞ 0

where ∥·∥2 denotes the spectral norm. Since W 1/2Γ(N )W 1/2 and W 1/2Γ̂(N )W 1/2 are sym-
metric matrices, Lemma 2.6.35 then shows∣∣λi (A)−λi (B)

∣∣≤ ∥∥A−B
∥∥

2 ∀i = 1,2, . . . N .

Hence the eigenvalue functional λi (·) is 1-Lipschitz with respect to the spectral norm.
Therefore by applying the continuous mapping theorem

λ̂(n,N )
i =λi

(
Γ̂(N )W

)
=λi

(
W 1/2Γ̂(N )W 1/2

) pr ob−−−−→
n→∞ λi

(
W 1/2Γ(N )W 1/2

)
=λi

(
Γ(N )W

)
=λ(N )

i

which proves the result.

While the previous result ensures that we can recover the eigenvalues of the discretized
system, it does not account for the error introduced by the partition itself. The following
theorem completes the consistency analysis by showing that the eigenvalues of the dis-
cretized operator converge to the true eigenvalues of the continuous integral operator as
the number of grid points increases.

Theorem 5.4.2 (Consistency of the discretization). Let TΓ(N ) be the deterministic dis-
cretized operator with eigenvalues {λ(N )

i }N
i=1, and let TΓp be the continuous integral op-

erator with eigenvalues
{
λi

}
i∈N. Then if Assumptions 2, 3, 4, 5 and 6 hold, for any fixed

i ≥ 1,
λ(N )

i −−−−→
N→∞

λi .

Note that for every fixed i ≥ 1,λ(N )
i is defined for every N ≥ i , so that there is no definition

problem in the large N regime.

Proof. By Theorem 5.2.5, the operators TΓ(N ) and T̃Γ(N ) share the same nonzero eigenval-
ues. In particular,

λ(N )
i =λi

(
TΓ(N )

)=λi
(
T̃Γ(N )

)
.

Moreover, by Theorem 5.3.3,∥∥T̃Γ(N ) −TΓp

∥∥
op → 0 as N →∞.

Since both operators are self-adjoint and compact by Lemma 5.2.1, Lemma 2.6.36 yields

|λi (T̃Γ(N ) )−λi (TΓp )| ≤ ∥T̃Γ(N ) −TΓp ∥op .
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Combining the above, we obtain

λ(N )
i =λi (T̃Γ(N ) ) −−−−→

N→∞
λi (TΓp ) =λi ,

which proves the claim.

The previous two theorems can now be combined into the following corollary on the full
consistency of the eigenvalues.

Corollary 5.4.3 (Full consistency). Under the assumptions of Theorems 5.4.1 and 5.4.2,
for every fixed i ≥ 1,

lim
N→∞

lim
n→∞ λ̂

(n,N )
i =λi ,

5.5. CONSISTENCY OF THE EIGENVECTORS

After having established the convergence of the eigenvalues we continue by examining
the consistency of the eigenvectors of the operators. Again, the error in this setting arises
from the stochastic error from finite sampling and the error which comes with discretiz-
ing the domain. We will start by examining the influence of the stochastic error, showing
that the eigenvectors converge up to a sequence of signs, as the sample size increases.

Theorem 5.5.1 (Consistency of the eigenvectors). Let TΓ(N ) be the deterministic discretized
operator and let TΓ̂(N ) be the corresponding random operator from Equation (5.1). Denote

{λ(N )
i }N

i=1, {λ̂(n,N )
i }N

i=1 the eigenvalues of TΓ(N ) and TΓ̂(N ) corresponding to the eigenvectorss

{ξ(N )
i (·)}N

i=1 and {ξ̂
(n,N )
i (·)}N

i=1 respectively as defined in Equation (5.2). If Assumption 1

and 2 hold and nhd →+∞ and h → 0, then for any i = 1, . . . , N such that λ(N )
i and λ̂(n,N )

i

are simple, then there exists
(
s(n,N ,ω)

i ∈ {−1,1}
)

n≥1,ω∈Ω, such that

∥ξ̂(n,N )
i − s(n,N ,ω)

i ξ(N )
i ∥2

pr ob−−−−→
n→∞ 0.

Proof. First recall that the operators TΓ(N ) and TΓ̂(N ) can also be written as matrices. From

Equation (5.3) it follows that it is sufficient to consider the eigenvectors of Γ(N )W and
Γ̂(N )W . However, we will instead be looking at the eigenproblem

(W 1/2Γ(N )W 1/2)(W 1/2ξ(N )
k ) =λ(N )

k (W 1/2ξ(N )
k )

(W 1/2 Γ̂(N )W 1/2)(W 1/2ξ̂
(N )
k ) = λ̂(N )

k (W 1/2ξ̂
(N )
k ), ∀k = 1, . . . , N .

Denote S(N ) =W 1/2Γ(N )W 1/2 and vk =W 1/2ξ(N )
k then the eigenproblem rewrites as

S(N )v(N )
k =λ(N )

k vk and Ŝ(N )v̂(n,N )
k = λ̂(N )

k v̂k .

Note that S(N ) is similar to Γ(N )W , meaning their eigenvalues are exactly the same.

Lemma 2.4.2 shows that under the given conditions τ̂ j1, j2|Z=z j converges pointwise in

probability to τ j1, j2|Z=z j for each grid point {z1, . . . ,zN }. Because Γ(N ) and Γ̂(N ) are a finite
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linear combinations these also converge elementwise in probability. Hence by definition
of the Frobenius norm ∥∥Ŝ(N ) −S(N )∥∥

F
pr ob−−−−→
n→∞ 0.

Now by the equivalence of norm in finite dimensions we also obtain

∥∥Ŝ(N ) −S(N )∥∥
2

pr ob−−−−→
n→∞ 0,

where ∥ ·∥2 denotes the spectral norm. Since λ(N )
i is simple

min
(
λ(N )

i−1 −λ(N )
i ,λ(N )

i −λ(N )
i+1

)
> 0,

where λ(N )
0 =∞ and λ(N )

N+1 =−∞. Since S(N ) and Ŝ(N ) are symmetric matrices, they have

orthonormal eigenvectors. Choose s(n,N ,ω)
i ∈ {±1} such that 〈v̂(n,N )

i , s(n,N ,ω)
i vN

i 〉RN ≥ 0.
Since, the matrices are symmetric, we can apply Theorem 2.6.37 to obtain

∥∥v̂(n,N )
i − s(n,N ,ω)

i v(N )
i

∥∥
2 ≤

23/2∥Ŝ(N ) −S(N )∥2

min
(
λ(N )

i−1 −λ(N )
i ,λ(N )

i −λ(N )
i+1

) pr ob−−−−→
n→∞ 0.

We can now map them back to the eigenvectors using ξ(N )
i =W −1/2v(N )

i . We obtain

∥∥ξ̂(n,N )
i − s(n,N ,ω)

i ξ(N )
i

∥∥
2 ≤

∥∥W −1/2∥∥
2

∥∥v̂(n,N )
i − s(n,N ,ω)

i v(N )
i

∥∥
2

pr ob−−−−→
n→∞ 0.

This completes the proof.

The previous lemma establishes that the random eigenvectors converge to their de-
terministic counterparts in RN , effectively showing that the stochastic error vanishes
asymptotically. To complete the argument, it remains to control the discretization er-
ror. To problem that arises is that the eigenvectors of TΓp and TΓ(N ) reside in different

spaces, L2(Z ) and RN . To facilitate a direct comparison, we lift the discrete eigenvec-
tors into L2(Z ) via the isomorphism ΦN : RN → PieceN

(
Z

) ⊂ L2(Z ). This allows us to
compare objects in a common space.

Theorem 5.5.2 (Consistency of the discretization). Let TΓ(N ) be the deterministic dis-

cretized operator with eigenvectors
{
ξ(N )

i

}N
i=1 corresponding to the eigenvalues

{
λ(N )

i

}N
i=1.

Let TΓp be the continuous integral operator with eigenvectors
{
ξi

}
i∈N corresponding to

eigenvalues
{
λi

}
i∈N. Let ΦN : RN → PieceN

(
Z

)
as in Equation (5.8) be the isomorphism

between RN and PieceN
(
Z

)
. If Assumptions 2, 3, 4, 5 and 6 hold, then there exists a se-

quence of signs s(N )
i ∈ {±1} such that for any fixed i ≥ 1 where λ(N )

i and λi are simple

∥ΦNξ
(N )
i − s(N )

i ξi∥L2(Z ) −−−−→
N→∞

0.

Proof. Let
(
λ(N )

i ,ξ(N )
i

)
be an i ’th eigenpair of TΓ(N ) . Then by Theorem 5.2.5, the eigenval-

ues of T̃Γ(N ) can also be ordered as |µ1| ≥ |µ2| ≥ · · · . In particular, µi = λ(N )
i and ΦNξ

(N )
j
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is an eigenvector of T̃Γ(N ) corresponding to µi . Also note that since the eigenvalue λ(N )
i

of TΓ(N ) is simple, also the eigenvalue µi of T̃Γ(N ) is simple (by Theorem 5.2.5). We view
T̃Γ(N ) as an operator on L2(Z ) by identifying PieceN

(
Z

)⊂ L2(Z ), so that T̃Γ(N ) : L2(Z ) →
L2(Z ). By construction, TΓp is compact and self-adjoint, and under Assumption 3, the

operator T̃Γ(N ) is also compact and self-adjoint (see Lemma 5.2.1). Furthermore, by The-
orem 5.3.3,

∥T̃Γ(N ) −TΓp ∥op −−−−→
N→∞

0.

Let δ := minµ∈σ(TΓp )\{λi } |µ−λi | > 0, which is strictly positive since λi is simple. Then for
all sufficiently large N , we have

∥T̃Γ(N ) −TΓp ∥op < δ/4.

We may therefore apply Lemma 4.1.3 to the operators TΓp and T̃Γ(N ) . It follows that there

exists a sequence of signs s(N )
i ∈ {±1} such that

∥ΦNξ
(N )
i − s(N )

i ξi∥L2(Z ) ≤
4∥T̃Γ(N ) −TΓp ∥op

δ−2∥T̃Γ(N ) −TΓp ∥op
−−−−→
N→∞

0,

which concludes the proof.

Note that s̃(n,N ,ω)
i := s(n,N ,ω)

i s(N )
i belongs to {±1} and satisfies

∥ΦN ξ̂
(n,N )
i − s̃(n,N ,ω)

i ξi∥L2(Z )

= ∥ΦN ξ̂
(n,N )
i − s(n,N ,ω)

i ΦNξ
(N )
i + s(n,N ,ω)

i ΦNξ
(N )
i − s(n,N ,ω)

i s(N )
i ξi∥L2(Z )

≤ ∥ΦN ξ̂
(n,N )
i − s(n,N ,ω)

i ΦNξ
(N )
i ∥L2(Z ) +∥s(n,N ,ω)

i ΦNξ
(N )
i − s(n,N ,ω)

i s(N )
i ξi∥L2(Z )

≤ ∥ΦN ξ̂
(n,N )
i − s(n,N ,ω)

i ΦNξ
(N )
i ∥L2(Z ) +∥ΦNξ

(N )
i − s(N )

i ξi∥L2(Z )

= ∥ξ̂(n,N )
i − s(n,N ,ω)

i ξ(N )
i ∥2 +∥ΦNξ

(N )
i − s(N )

i ξi∥L2(Z ),

(5.14)

such that the previous two theorems can now be combined into the following corollary
on the full consistency of the eigenvectors.

Corollary 5.5.3 (Full eigenvector consistency). Under the assumptions of both Theo-
rem 5.5.1 and Theorem 5.5.2, we have

lim
N→∞

lim
n→∞ min

s∈{−1,1}
∥ΦN ξ̂

(n,N )
i − sξi∥L2(Z ) = 0,

or, equivalently, there exists s̃(n,N ,ω)
i ∈ {±1} such that

lim
N→∞

lim
n→∞∥ΦN ξ̂

(n,N )
i − s̃(n,N ,ω)

i ξi∥L2(Z ) = 0,

where the limits are to be understood in the sense of convergence in probability.
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5.6. CONVERGENCE RATE

In this section, we establish the convergence rate for the discretized covariance operator.
These results provide theoretical guarantees for our scheme, characterizing the exact
rate at which the numerical approximation converges to the true infinite-dimensional
operator. By assuming stronger regularity conditions on the kernel, we derive an explicit
convergence rate in the operator norm. Particularly, we need the partial derivatives of Γp

to be uniformly bounded on Z ×Z . We can show that this holds under some conditions.

Lemma 5.6.1. Let fX,Z denote the denote their joint density function. Assume that:

1. fX,Z(x,z) is continuously differentiable with respect to z.

2. The marginal density of Z is strictly bounded away from zero on Z , such that
fZ(z) ≥ c0 > 0 for any z ∈Z .

3. For k ∈ {0,1} we have supz∈Z ∥∇k
z fX,Z(x,z)∥ ≤ Mk (x) with

∫
Mk (x)dx <+∞.

Then, Γp (z,z′) is Lipschitz continuous on Z ×Z .

Proof. We start by proving that τ j1, j2|Z=z is Lipschitz continuous for any pair ( j1, j2) and
then it will follow that also Γp is Lipschitz. Recall by Definition 2.2.5 that

τ j1, j2|Z=z = E
[

sign
((

X j1 −X ′
j1

)(
X j2 −X ′

j2

))∣∣∣Z = Z′ = z
]

.

Let x = (x1, x2)⊤ and x′ = (x ′
1, x ′

2)⊤ denote realizations of two independent and identically
distributed copies of (X j1 , X j2 )⊤ ∈ R2 given Z = z. We define the kernel function H : R2 ×
R2 → {−1,0,1} as

H(x,x′) = sign
(
(x1 −x ′

1)(x2 −x ′
2)

)
.

Note that H(x,x′) is bounded, satisfying |H(x,x′)| ≤ 1 everywhere on its domain. By ex-
panding the conditional expectations using the conditional density we obtain

τ j1, j2|Z=z =
Ï
R2×R2

H(x,x′) fX,Z(x,z) fX,Z(x′,z)

fZ(z)2 dxdx′

=
Î
R2×R2 H(x,x′) fX,Z(x,z) fX,Z(x′,z)dxdx′(∫

R2 fX,Z(x,z)dx
)2

=:
N (z)

D(z)
.

Let ∂zi denote the partial derivative with respect to the i -th component of z for i ∈
{1, . . . ,d}. By assumption fX,Z ∈ C 3(Z ), its partial derivatives exist and are continuous.
Hence, the partial derivative of the integrant of N (z) is given by

Ψi (x,x′,z) = H(x,x′)
[
∂zi fX,Z(x,z) fX,Z(x′,z)+ fX,Z(x,z)∂zi fX,Z(x′,z)

]
.
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Applying the envelope conditions from Assumption (3), where M0(x) dominates the den-
sity and M1(x) dominates its first partial derivatives, we can bound the magnitude ofΨi

uniformly for all z ∈Z∣∣Ψi (x,x′,z)
∣∣≤ M1(x)M0(x′)+M0(x)M1(x′) = M̃(x,x′).

Because M0 and M1 are integrable on R2, we haveÏ
R2×R2

M̃(x,x′)dxdx′ <+∞.

Since the partial derivatives of the integrand are uniformly dominated by the integrable
function G(x,x′), N (z) is differentiable and

∇zN (z) =
Ï
R2×R2

H(x,x′)
[
∂zi fX,Z(x,z) fX,Z(x′,z)+ fX,Z(x,z)∂zi fX,Z(x′,z)

]
dxdx′.

Furthermore, the Dominated Convergence Theorem ensures that ∇zN (z) is continuous,
so N (z) ∈C 1(Z ). By a similar argument we can show that also D(z) ∈C 2(Z ).

By Assumption (2), fZ(z) ≥ c0 > 0 meaning D(z) never vanishes. The quotient rule means
that τ j1, j2|Z=z is continuously differentiable on Z with

∇zτ j1, j2|Z=z = ∇zN (z)D(z)+N (z)∇zD(z)

(D(z))2 .

Since Z is compact and ∇zτ j1, j2|Z=z is continuous, the Extreme Value Theorem states
that the finite maximum value is achieved on Z . We define this uniform bound as

L := sup
z∈Z

∥∥∇τ j1, j2|Z=z
∥∥<∞.

By again applying the Mean Value Theorem we obtain∣∣τ j1, j2|Z=z −τ j1, j2|Z=z′
∣∣≤ ∥∥∇zτ j1, j2|Z=ξ

∥∥∥z−z′∥ ≤ L∥z−z′∥.

Therefore, τ j1, j2|Z=z is Lipschitz continuous on Z with constant L. Since Γp is a finite
linear combination of τ’s it follows that also Γp is Lipschitz continuous on Z ×Z . This
completes the proof.

Lemma 5.6.1 shows that under the given conditions, Γp is Lipschitz continuous. The
Mean Value Theorem that yields that its partial derivatives are uniformly bounded on
Z ×Z . For convenience we write the conditions of Lemma 5.6.1 as an assumption.

Assumption 7. fX,Z is continuously differentiable on Z and for k ∈ {0,1} we have
supz∈Z ∥∇k

z fX,Z(x,z)∥ ≤ Mk (x) with
∫

Mk (x)dx <+∞.

Assumption 8. Suppose there exist two positive constants fZ,min and fZ,max such that for
any z ∈Z , fZ,min ≤ fZ(z) ≤ fZ,max.



5.6. CONVERGENCE RATE

5

87

Remark 11. Note that Assumption 7 is for example satisfied when the support of X, X

is compact. Indeed a supremum on a compact domain Z is always attained on Z . Also
Assumption 8 is most often satisfied with the commonly used continuous distributions.

Theorem 5.6.2. Let T̃Γ(N ) : L2(Z ) → PieceN
(
Z

)
as in Definition 5.1.4 and TΓp : L2(Z ) →

L2(Z ) as in Equation 3.3. Then under Assumptions 2, 3, 4, 5, 6, 7 and 8 we obtain

∥∥T̃Γ(N ) −TΓp

∥∥
op =O

( 1

N 1/d

)
.

Proof. By applying the triangle inequality, we decompose the operator difference into∥∥ΠN ◦TΓp ◦ΠN −TΓp

∥∥
op = ∥∥ΠN ◦TΓp ◦ΠN −TΓp ◦ΠN +TΓp ◦ΠN −TΓp

∥∥
op

≤ ∥∥(ΠN − I )◦TΓp ◦ΠN
∥∥

op +∥∥TΓp ◦ (ΠN − I )
∥∥

op .

Since ΠN is an orthogonal projection, its operator norm is bounded by 1. Therefore, the
first term satisfies ∥∥(ΠN − I )◦TΓp ◦ΠN

∥∥
op ≤ ∥∥(ΠN − I )◦TΓp

∥∥
op .

For any f ∈ L2(Z ), let g = TΓp f . By the definition

g (z) =
∫
Z
Γp (z,z′) f (z′)dz′.

Differentiating with respect to z and applying the Cauchy-Schwarz inequality yields

∥∥∇g (z)
∥∥≤

∫
Z

∥∥∇zΓp (z,z′)
∥∥∣∣ f (z′)

∣∣dz′ ≤
(∫

Z

∥∥∇zΓp (z,z′)
∥∥2 dz′

)1/2 ∥∥ f
∥∥

L2(Z ).

By Assumptions 7 and 8, Lemma 5.6.1 yields that the partial derivatives of the kernel Γp

are uniformly bounded since Γp is Lipschitz. This implies that also the gradient of g is
uniformly bounded by some constant M . Applying Lemma 5.3.1 directly to g gives∥∥(ΠN − I )◦TΓp f

∥∥
L2(Z ) =

∥∥ΠN g − g
∥∥

L2(Z ) =O
(
δN

)
.

Taking the supremum over all ∥ f ∥L2 = 1, gives that ∥(ΠN − I )◦TΓp ∥op =O
(
δN

)
.

Since TΓp andΠN are self-adjoint, the second term yields a similar rate

∥∥TΓp ◦ (ΠN − I )
∥∥

op = ∥∥(ΠN − I )◦TΓp

∥∥
op =O

(
δN

)
.

Combining both bounds∥∥ΠN ◦TΓp ◦ΠN −TΓp

∥∥
op ≤ ∥∥(ΠN − I )◦TΓp ◦ΠN

∥∥
op +∥∥TΓp ◦ (ΠN − I )

∥∥
op =O

(
δN

)
.

(5.15)
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Lemma 5.3.2 has shown that∥∥T̃Γ(N ) −ΠN ◦TΓp ◦ΠN
∥∥

op =O
( 1

N
+δN

)
. (5.16)

Now combining Equations (5.15) and (5.16) and applying the triangle inequality, yields∥∥T̃Γ(N ) −TΓp

∥∥
op ≤ ∥∥T̃Γ(N ) −ΠN ◦TΓp ◦ΠN

∥∥
op +∥∥ΠN ◦TΓp ◦ΠN −TΓp

∥∥
op

=O
( 1

N
+δN

)
.

By Assumption 6, the cell volumes scale as O (1/N ), meaning their diameters scale as
δN = O (1/N 1/d ). For any spatial dimension d ≥ 1, we have 1

N ≤ 1
N 1/d , allowing us to

absorb the 1/N term and conclude∥∥T̃Γ(N ) −TΓp

∥∥
op =O

( 1

N 1/d

)
,

which completes the proof.

Theorem 5.6.2 isolates the pure approximation error introduced by projecting the con-
tinuous operator onto a finite grid of size N . The rate O (1/N 1/d ) highlights the classical
curse of dimensionality. In a one-dimensional setting, the error decays linearly with the
number of grid points. However, as the dimension d of the covariate space grows, the
volume of the domain scales exponentially, meaning a much denser grid is required to
maintain the same level of spatial resolution.

With this discretization rate established, we now transition to the practical setting in
which we estimate the covariance kernel by Γ̂(N ). The following theorem combines the
numerical and statistical error, showing how the total operator error breaks down when
evaluating the empirically estimated operator T̃Γ̂(N ) .

Theorem 5.6.3. Under Assumptions 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11 and 12 and in the band-
width regime where hn → 0 and nh2d /| logh|→+∞,

∥∥TΓp − T̃Γ̂(N )

∥∥
op =OP

( 1

N 1/d
+h2 + 1√

nhd

)
.

Proof. We can combine Theorem 5.6.2 and Theorem 4.4.1 to obtain the result∥∥TΓp − T̃Γ̂(N )

∥∥
op ≤ ∥∥TΓp − T̃Γ(N )

∥∥
op +∥∥T̃Γ(N ) − T̃Γ̂(N )

∥∥
op

=OP

( 1

N 1/d
+h2 + 1√

nhd

)
.

The explicit rate derived in Theorem 5.6.3 characterizes structural asymmetry in how the
numerical resolution parameter N and the statistical smoothing parameters hn and n
govern the overall operator error. Note that the discretization error term, O (1/N 1/d ), acts
as a stand-alone bottleneck decoupled from the stochastic components of the model.



5.6. CONVERGENCE RATE

5

89

The choice of N does not induce a bias-variance trade-off. An arbitrarily dense grid
(N → ∞) reduces the discretization error toward zero without inflating the stochastic
variance or introducing systematic estimation bias. Consequently, from a theoretical
standpoint, maximizing the grid resolution is always beneficial. The only constraint on
N is computational complexity, as a larger number of partition cells greatly increase the
complexity of the problem especially when the dimension d is high.

Conversely, the bandwidth parameter h = hn is subject to the classical bias-variance
trade-off as already discussed in Section 4.4. Choosing a bandwidth that is too small
minimizes the localized smoothing bias, O (h2

n), but simultaneously causes the stochas-
tic variance term O ((nhd

n )−1/2) to diverge. On the other hand, choosing hn too large,
stabilizes the variance but inflates the overall bias resulting in over-smoothing.

Recall that in Section 4.4 we computed that the optimal bandwidth has a scaling of hn ≍
n− 1

4+d if d < 4. In that case∥∥TΓp − T̃Γ̂(N )

∥∥
op =OP

( 1

N 1/d
+n− 2

4+d

)
. (5.17)

To ensure that the numerical discretization scheme does not act as the primary asymp-
totic bottleneck of the estimator, the grid resolution must scale at a rate that exceeds the
decay rate of the statistical sampling error. Specifically

1

N 1/d
≲ n− 2

4+d =⇒ N ≳ n
2d

4+d .

This condition shows that in low dimensional cases (d < 4), N only needs to grow sub-
linear with respect to the sample size n. However, as the dimension increases, the re-
quired grid density must scale progressively faster.

A consequence of Theorem 5.6.3 is that we can establish convergence rates for the com-
ponents of the spectral decomposition. Specifically, applying Lemma 2.6.36 immedi-
ately yields the convergence rate for the estimated eigenvalues.

Corollary 5.6.4. Let λ̂(n,N )
i and λi denote the i -th sorted eigenvalues of T̃Γ̂(N ) and TΓp

respectively. Then under the assumptions of Theorem 5.6.3,∣∣λ̂(n,N )
i −λi

∣∣=OP

( 1

N 1/d
+h2 + 1√

nhd

)
.

Recall that in Corollary 5.4.3 we also obtain the convergence of the eigenvalues. Specifi-
cally we established that

lim
N→∞

lim
n→∞ λ̂

(n,N )
i =λi .

Corollary 5.6.4 strengthens Corollary 5.4.3 by establishing an explicit convergence rate.
As a consequence, it immediately yields consistency under joint asymptotics (n, N ) →
∞, whereas the earlier result only considered the iterated limit.

We end this chapter with the stability of the eigenvectors. Provided that the eigenval-
ues are isolated from the rest of the spectrum, we can control the discretized estimated
eigenvectors. Combining the decomposition of Equation (5.14) with Lemma 4.1.3 yields
the following corollary.
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Corollary 5.6.5. Let ξ̂
(n,N )
i and ξi be the i -th eigenvectors of T̃Γ̂(N ) and TΓp respectively

such that the corresponding eigenvalues are simple. Then, under the assumptions of The-
orem 5.6.3 there exists a sequence of signs s(n,N ,ω)

i ∈ {−1,1} such that

∥∥ΦN ξ̂
(n,N )
i − s(n,N ,ω)

i ξi
∥∥

L2(Z ) =OP

( 1

N 1/d
+h2 + 1√

nhd

)
.



6
ON CONDITIONAL U -STATISTICS

In this chapter, we further explore the theoretical properties of conditional U -statistics.
We begin with establishing a generalization on the probability bound from Lemma 2.7.4
that serves as a key technical tool for our subsequent results.

Let X1, . . . ,Xn ∈ Rp be an i.i.d. sample from a distribution F . We define the U -statistic of
order k, denoted by Un , as in Definition 2.7.1,

Un =U (X1, . . . ,Xn) = ∣∣Ik,n
∣∣−1 ∑

σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

)
,

whereIk,n denotes the set of injective functions from {1, . . . ,k} to {1, . . . ,n} and g : (Rp )k →
R a measurable function.

Lemma 6.0.1. Let g : (Rp )k → R be a measurable function such that a ≤ g (x1, . . . ,xk ) ≤ b
and let Un a U -statistic of order k. Set θ = E[g (X1, . . . ,Xk )

]
and σ2 = Var

(
g (X1, . . . ,Xk )

)
.

Then for k,m < n

P
(
Un −E[g

(
X1, . . . ,Xk

]≥ t
∣∣X1, . . . , Xm

)
≤ exp

(
−

(n −m)
(

t
2 − 1

2|Ik,n (0)|
∑
σ∈Ik,n (k) g

(
Xσ(1), . . . ,Xσ(k)

))2

2k
(
σ2 +1/3

(
b −E[g (X1, . . . ,Xk

)])( t
2 − 1

2|Ik,n (0)|
∑
σ∈Ik,n (k) g

(
Xσ(1), . . . ,Xσ(k)

)) )

+
k−1∑
s=1

exp

(
− (n −m)(t∗s )2

2(k − s)
(
σ̃2 + (1/3)

(
b −E[g̃

(
Xs+1, . . . ,Xk

)])
t∗s

) )
,

with

t∗s = t

2(k −1)

∣∣Ik,n
∣∣(k

s

)−1

|Ik−s,n−m ||Is,m | −
1

2(k −1)

(k
s

)−1

|Ik−s,n−m ||Is,m |
× ∑
σ∈Ik,n (k)

g
(
Xσ(1), . . . ,Xσ(k)

)−E[g̃
(
Xs+1, . . . ,Xk

)]
.
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and where for s = 0, . . . ,k,

Ik,n(s) =
{
σ ∈ Ik,n :

∣∣{σ(1), . . . ,σ(k)}∩ {1, . . . ,m}
∣∣= s

}
g̃ (xs+1, . . . ,xk

)= 1

|Is,m |
∑

σ̃∈Is,m

g
(
Xσ̃(1), . . . ,Xσ̃(s),xs+1, . . . ,xk

)
σ̃2 = Var

(
g̃
(
Xs+1, . . . ,Xk

))
.

It then follows that, if n is sufficiently large and m,k are fixed, that there exists a constant
Cg ,k,m such that

P
(
Un −E[g

(
X1, . . . ,Xk

)]≥ t
∣∣X1, . . . ,Xm

)
≲ exp

(
− Ck,g nt 2

σ2 + (
b −E[g (X1, . . . ,Xk

)]
)t

)
.

Proof. Assume w.l.o.g. that g is symmetric and consider a U -statistic of order k

Un = 1∣∣Ik,n
∣∣ ∑
σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

)
,

where Ik,n denotes the set of injective functions from {1, . . . ,k} to {1. . . ,n}.
Define the set

Ik,n(s) =
{
σ ∈ Ik,n :

∣∣{σ(1), . . . ,σ(k)}∩ {1, . . . ,m}
∣∣= s

}
such that we can rewrite Un as

Un = 1∣∣Ik,n
∣∣ k∑

s=0

∑
σ∈Ik,n (s)

g
(
Xσ(1), . . . ,Xσ(k)

)
.

Note that the sum over Ik,n(0) consists of purely random terms, Ik,n(k) of fully determin-
istic terms and Ik,n(s) for 1 ≤ s ≤ k −1 have both random and deterministic parts.
We can now apply the following decomposition

Un = 1∣∣Ik,n
∣∣ ∑
σ∈Ik,n (0)

g
(
Xσ(1), . . . ,Xσ(k)

)+ 1∣∣Ik,n
∣∣ ∑
σ∈Ik,n (k)

g
(
Xσ(1), . . . ,Xσ(k)

)
+ 1∣∣Ik,n

∣∣ k−1∑
s=1

∑
σ∈Ik,n (s)

g
(
Xσ(1), . . . ,Xσ(k)

)
.

Now, for a fixed s and for anyσ ∈ Ik,n(s), since g is symmetric, the value of g
(
Xσ(1), . . . ,Xσ(k)

)
depends only on the set of indices assigned to {1, . . . ,m}, not on their ordering within the
arguments. Therefore,

∑
σ∈Ik,n (s)

g
(
Xσ(1), . . . ,Xσ(k)

)= (
k

s

) ∑
σ̃:[1,s]→[1,m]

∑
σ:[s+1,k]→[m+1,n]

g
(
Xσ̃(1), . . . ,Xσ̃(s),Xσ(s+1), . . . ,Xσ(k)

)
,

where we sum over all injective functions from {1, . . . , s} to {1, . . . ,m} and from {s+1, . . . ,k}
to {m +1, . . . ,n} respectively. If we define

g̃ (xs+1, . . . ,xk
)= 1

|Is,m |
∑

σ̃:[1,s]→[1,m]
g
(
Xσ̃(1), . . . ,Xσ̃(s),xs+1, . . . ,xk

)
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then conditional on X1, . . . ,Xm , g̃ is a deterministic kernel function in [a,b]. Recall that
Is,m is again the set of injective functions from {1, . . . s} to {1. . . ,m}. Therefore, after the
right normalization,

1

|Ik−s,n−m |
∑

σ:[s+1,k]→[m+1,n]
g̃
(
Xσ(s+1), . . . ,Xσ(k)

)
,

is a U -statistic of order k − s. Now we write

P
(
Un −E[g (X1, . . . ,Xk )

]≥ t
∣∣X1, . . .Xm

)
=P

( 1∣∣Ik,n
∣∣ ∑
σ∈Ik,n (0)

g
(
Xσ(1), . . . ,Xσ(k)

)+ 1∣∣Ik,n
∣∣ k−1∑

s=1

∑
σ∈Ik,n (s)

g
(
Xσ(1), . . . ,Xσ(k)

)−E[g (X1, . . .Xk )
]

≥ t − 1∣∣Ik,n
∣∣ ∑
σ∈Ik,n (k)

g
(
Xσ(1), . . . ,Xσ(k)

)∣∣X1, . . . ,Xm

)
≤P

( 1∣∣Ik,n
∣∣ ∑
σ∈Ik,n (0)

g
(
Xσ(1), . . . ,Xσ(k)

)−E[g (X1, . . .Xk )
]

≥ t/2− 1

2
∣∣Ik,n

∣∣ ∑
σ∈Ik,n (k)

g
(
Xσ(1), . . . ,Xσ(k)

)∣∣X1, . . . ,Xm

)

+P
( 1∣∣Ik,n

∣∣ k−1∑
s=1

∑
σ∈Ik,n (s)

g
(
Xσ(1), . . . ,Xσ(k)

)≥ t/2− 1

2
∣∣Ik,n

∣∣ ∑
σ∈Ik,n (k)

g
(
Xσ(1), . . . ,Xσ(k)

)∣∣X1, . . . ,Xm

)
.

We will now look at these two expressions separately.

P
( 1∣∣Ik,n

∣∣ ∑
σ∈Ik,n (0)

g
(
Xσ(1), . . . ,Xσ(k)

)−E[g (X1, . . .Xk )
]

≥ t/2− 1

2
∣∣Ik,n

∣∣ ∑
σ∈Ik,n (k)

g
(
Xσ(1), . . . ,Xσ(k)

)∣∣X1, . . . ,Xm

)
=P

( 1

|Ik,n(0)|
∑

σ∈Ik,n (0)
g
(
Xσ(1), . . . ,Xσ(k)

)− ∣∣Ik,n
∣∣

|Ik,n(0)|E
[
g (X1, . . .Xk )

]
≥ t

2

∣∣Ik,n
∣∣

|Ik,n(0)| −
1

2|Ik,n(0)|
∑

σ∈Ik,n (k)
g
(
Xσ(1), . . . ,Xσ(k)

)∣∣X1, . . .Xm

)
≤P

( 1

|Ik,n(0)|
∑

σ∈Ik,n (0)
g
(
Xσ(1), . . . ,Xσ(k)

)−E[g (X1, . . . ,Xk )
]

≥ t

2
− 1

2|Ik,n(0)|
∑

σ∈Ik,n (k)
g
(
Xσ(1), . . . ,Xσ(k)

)∣∣X1, . . . ,Xm

)

≤ exp
(
−

(n −m)
(

t
2 − 1

2|Ik,n (0)|
∑
σ∈Ik,n (k) g

(
Xσ(1), . . . ,Xσ(k)

))2

2k
(
σ2 +1/3

(
b −E[g (X1, . . . ,Xk

)])( t
2 − 1

2|Ik,n (0)|
∑
σ∈Ik,n (k) g

(
Xσ(1), . . . ,Xσ(k)

)) )
.
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We used Lemma 2.7.4 in the last inequality. Next,

P
( 1∣∣Ik,n

∣∣ k−1∑
s=1

∑
σ∈Ik,n (s)

g
(
Xσ(1), . . . ,Xσ(k)

)≥ t/2− 1

2
∣∣Ik,n

∣∣ ∑
σ∈Ik,n (k)

g
(
Xσ(1), . . . ,Xσ(k)

)∣∣X1, . . . ,Xm

)

=P
( 1∣∣Ik,n

∣∣ k−1∑
s=1

(
k

s

) ∑
σ̃:[1,s]→[1,m]

∑
σ:[s+1,k]→[m+1,n]

g
(
Xσ̃(1), . . . ,Xσ̃(s),Xσ(s+1), . . . ,Xσ(k)

)
≥ t/2− 1

2
∣∣Ik,n

∣∣ ∑
σ∈Ik,n (k)

g
(
Xσ(1), . . . ,Xσ(k)

)∣∣X1, . . . ,Xm

)

=P
(k−1∑

s=1

|Ik−s,n−m ||Is,m |∣∣Ik,n
∣∣

(
k

s

)
1

|Ik−s,n−m |
∑

σ:[s+1,k]→[m+1,n]
g̃
(
Xσ(s+1), . . . ,Xσ(k)

)
≥ t/2− 1

2
∣∣Ik,n

∣∣ ∑
σ∈Ik,n (k)

g
(
Xσ(1), . . . ,Xσ(k)

)∣∣X1, . . . ,Xm

)

≤
k−1∑
s=1

P
( 1

|Ik−s,n−m |
∑

σ:[s+1,k]→[m+1,n]
g̃
(
Xσ(s+1), . . . ,Xσ(k)

)
≥ t

2(k −1)

∣∣Ik,n
∣∣(k

s

)−1

|Ik−s,n−m ||Is,m | −
1

2(k −1)

(k
s

)−1

|Ik−s,n−m ||Is,m |
∑

σ∈Ik,n (k)
g
(
Xσ(1), . . . ,Xσ(k)

)∣∣X1, . . . ,Xm

)

=
k−1∑
s=1

P
( 1

|Ik−s,n−m |
∑

σ:[s+1,k]→[m+1,n]
g̃
(
Xσ(s+1), . . . ,Xσ(k)

)−E[g̃
(
Xs+1, . . . ,Xk

)]

≥ t

2(k −1)

∣∣Ik,n
∣∣(k

j

)−1

|Ik−s,n−m ||Is,m | −
1

2(k −1)

(k
s

)−1

|Ik−s,n−m ||Is,m |
∑

σ∈Ik,n (k)
g
(
Xσ(1), . . . ,Xσ(k)

)
−E[g̃

(
Xs+1, . . . ,Xk

)]∣∣X1, . . . ,Xm

)
≤

k−1∑
s=1

exp

(
− (n −m)(t∗s )2

2(k − s)
(
σ̃2 + (1/3)

(
b −E[g̃

(
Xs+1, . . . ,Xk

)])
t∗s

) )

where

t∗s = t

2(k −1)

∣∣Ik,n
∣∣(k

s

)−1

|Ik−s,n−m ||Is,m | −
1

2(k −1)

(k
s

)−1

|Ik−s,n−m ||Is,m |
× ∑
σ∈Ik,n (k)

g
(
Xσ(1), . . . ,Xσ(k)

)−E[g̃
(
Xs+1, . . . ,Xk

)]
.

If we now combine the two results we obtain

P
(
Un −E[g

(
X1, . . . ,Xk

]≥ t
∣∣X1, . . . , Xm

)
≤ exp

(
−

(n −m)
(

t
2 − 1

2|Ik,n (0)|
∑
σ∈Ik,n (k) g

(
Xσ(1), . . . ,Xσ(k)

))2

2k
(
σ2 +1/3

(
b −E[g (X1, . . . ,Xk

)])( t
2 − 1

2|Ik,n (0)|
∑
σ∈Ik,n (k) g

(
Xσ(1), . . . ,Xσ(k)

)) )
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+
k−1∑
s=1

exp

(
− (n −m)(t∗s )2

2(k − s)
(
σ̃2 + (1/3)

(
b −E[g̃

(
Xs+1, . . . ,Xk

)])
t∗s

) )
.

When looking at the order we find that for fixed m and k and for n sufficiently large,( t

2
− 1

|Ik,n(0)|
∑

σ∈Ik,n (k)
g
(
Xσ(1), . . . ,Xσ(k)

))2 ∼Ck,g t 2

such that

exp
(
−

(n −m)
(

t
2 − 1

2|Ik,n (0)|
∑
σ∈Ik,n (k) g

(
Xσ(1), . . . ,Xσ(k)

))2

2k
(
σ2 +1/3

(
b −E[g (X1, . . . ,Xk

)])( t
2 − 1

2|Ik,n (0)|
∑
σ∈Ik,n (k) g

(
Xσ(1), . . . ,Xσ(k)

)) )

≲ exp
(
− Ck,g nt 2

σ2 + (
b −E[g (X1, . . . ,Xk

)])
t

)
Also for any 1 ≤ s ≤ k −1 ∣∣Ik,n

∣∣(k
s

)−1

|Ik−s,n−m ||Is,m | ∼Ck,s,mns .

and (k
s

)−1

|Ik−s,n−m ||Is,m |
∑

σ∈Ik,n (k)
g
(
Xσ(1), . . . ,Xσ(k)

)
≲

1

nk−s
|In,k (k)|b ∼ b

nk−s
.

This shows that

(t∗s )2 =
( t

2(k −1)

∣∣Ik,n
∣∣(k

s

)−1

|Ik−s,n−m ||Is,m | −
1

2(k −1)

(k
s

)−1

|Ik−s,n−m ||Is,m |∑
σ∈Ik,n (k)

g
(
Xσ(1), . . . ,Xσ(k)

)−E[g̃
(
Xs+1, . . . ,Xk

)])2 ∼Ck,s,mn2s t 2

and so for each 1 ≤ s ≤ k −1 each summand behaves as

exp
(
−Ck,s,m

3n2s+1t 2

3σ̃+ (
b −E[g̃

(
Xs+1, . . . ,Xk

)])
ns t

)
.

Note this sum is always being dominated by

exp
(
− Ck,g nt 2

σ2 + (
b −E[g (X1, . . . ,Xk

)]
)t

)
.

Hence we conclude that

P
(
Un −E[g

(
X1, . . . ,Xk

)]≥ t
∣∣X1, . . . ,Xm

)
≲ exp

(
− Ck,g nt 2

σ2 + (
b −E[g (X1, . . . ,Xk

)]
)t

)
.

This proves the claim.
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6.1. BIAS OF A CONDITIONAL U -STATISTIC

Let g : (Rp )k → R be a measurable function and let
(
X1,Z1

)
,
(
X2,Z2

)
, . . . ,

(
Xn ,Zn

)
be i.i.d.

observations in Rp ×Rd with joint distribution FX,Z. We consider the conditional func-
tional

θ(z1, . . . ,zk ) = E
[

g
(
X1, . . . ,Xk

)∣∣Z1 = z1, . . . ,Zk = zk

]
for fixed (z1, . . . ,zk ) ∈ (Rd )k . We are using random design, allowing the variables Z1, . . . ,Zn

to be random. Using Definition 2.7.5, we define the conditional U -statistic estimator of
θ(z1, . . . ,zk ) as

Un
(
z1, . . . ,zk

)= ∑
σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

)∏k
j=1 Kh

(
z j −Zσ( j )

)
∑
σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

) .

We start by computing the bias of Un for which we need an additional assumption to
control the bias.

Assumption 9. Suppose that fX,Z is 3-times continuously differentiable on Z and for ev-
ery sequence α1, . . .αk ∈ {0,1,2,3} and all z ∈Z :

I1(z) =
∫ ∣∣g (x1, . . . ,xk )

∣∣ k∏
j=1

∣∣K (u j )
∣∣ k∏

i=1

d∑
k1,...,kαi =1

|ui ,k1 · · ·ui ,kαi
|

sup
t∗∈[0,1]

∣∣∣∣∂αi fX,Z(xi ,z+ t∗ui h)

∂zk1 . . .∂zkαi

∣∣∣∣dxi dui <∞.

Theorem 6.1.1. Define the event

An,h :=


∣∣∣∣∣∣
∑
σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)−E[∑σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)]
E
[∑

σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)]
∣∣∣∣∣∣≤ 1

2

 .

Then under Assumptions 1, 2, 8 and 9 and in the bandwidth regime where hn → 0 and

nhd →∞ such that 1
nhd = o

(
h2

)
E
[
Un(z1, . . . ,zk )

∣∣ An,h
]=E[g

(
X1, . . . ,Xk

)∣∣Z1 = z1, . . . ,Zk = zk

]
+h2

( A2,g − A2,1E
[
g
(
X1, . . . ,Xk

)∣∣Z1 = z1, . . . ,Zk = zk
]

A0,1

)
+O

(
h3 + 1

nhd

)
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where

A0,1 =
k∏

j=1
fZ(z j )

A2,g =
∫

g (x1, . . . ,xk )
k∏

j=1
K (u j )

k∑
l=1

(
A2(xl ,zl ,ul )

∏
i ̸=l

fX,Z(xi ,zi )
)
dx j du j

A2,1 =
∫ k∏

j=1
K (u j )

k∑
l=1

(
A2(xl ,zl ,ul )

∏
i ̸=l

fX,Z(xi ,zi )
)
dx j du j .

A3,g and A3,1 are as in Equation (6.9). A2(x,z,u) is as in Equation (6.8).
The exact forms of the remaining constants are established within the subsequent proof.

Proof. We want to compute

E

[∑
σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

)∏k
j=1 Kh

(
z j −Zσ( j )

)
∑
σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

) ∣∣∣∣An,h

]
.

The inside of the expectation can be rewritten as∑
σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

)∏k
j=1 Kh

(
z j −Zσ( j )

)
∑
σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)
=

∑
σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

)∏k
j=1 Kh

(
z j −Zσ( j )

)
E
[∑

σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)] 1

1+
∑
σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)
−E

[∑
σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)]
E
[∑

σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)] .

If we now apply a Taylor-Lagrange formula with explicit remainder to x 7→ (1+ x)−1 we
get the existence of some |x∗| ≤ |x| such that

1

1+x
= 1− x

(1+x∗)2 .

If we apply this, we obtain

1

1+
∑
σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)
−E

[∑
σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)]
E
[∑

σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)]
=1− 1

(1+∆)2

∑
σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)−E[∑σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)]
E
[∑

σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)]
where

∣∣∆∣∣≤ ∣∣∣∣∣
∑
σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)−E[∑σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)]
E
[∑

σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)] ∣∣∣∣∣ .
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We can now write∑
σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

)∏k
j=1 Kh

(
z j −Zσ( j )

)
∑
σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)
=

∑
σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

)∏k
j=1 Kh

(
z j −Zσ( j )

)
E
[∑

σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)]
×

(
1− 1

(1+∆)2

∑
σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)−E[∑σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)]
E
[∑

σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)] )
=: f1 − f2

with

f1 =
∑
σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

)∏k
j=1 Kh

(
z j −Zσ( j )

)
E
[∑

σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)]
f2 =

∑
σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

)∏k
j=1 Kh

(
z j −Zσ( j )

)
E
[∑

σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)]2

×
( ∑
σ∈Ik,n

k∏
j=1

Kh
(
z j −Zσ( j )

)−E[ ∑
σ∈Ik,n

k∏
j=1

Kh
(
z j −Zσ( j )

)]) 1

(1+∆)2 .

The following Lemma is proven in Section 6.1.1.

Lemma 6.1.2. There exists a constant C∗ ∈ [±h2(A2,1 +h A3,1)/A0,1] such that

E

∑
σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

)∏k
j=1 Kh

(
z j −Zσ( j )

)
E
[∑

σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)] ∣∣∣∣An,h


= A0,g

A0,1
+h2

( A2,g

A0,1
− A0,g

A2
0,1

A2,1

)
+h3

( A3,g

A0,1
− A0,g

A2
0,1

A3,1

)
+h4

( A0,g

A3
0,1

A2
2,1 −

A2,g A2,1

A2
0,1

)
+h5

(2A0,g

A3
0,1

A2,1 A3,1 −
A2,g A3,1 + A2,1 A3,g

A2
0,1

)
+h6

( A0,g

A3
0,1

A2
3,1 −

A3,g A3,1

A2
0,1

+
A2

2,1 A2,g

A3
0,1

(
1+C∗)3

)
+h7

( A2
2,1 A3,g +2A2,1 A2,g A3,1

A3
0,1

(
1+C∗)3

)

+h8
A2

3,1 A2,g

A3
0,1

(
1+C∗)3 +h9

A2
3,1 A3,g

A3
0,1

(
1+C∗)3 +O

(
exp

(
−nhkd

C f 2k
Z,min

∥K ∥2k∞ f k
Z,max

))
.

Lemma 6.1.2 than shows that

E
[

f1
∣∣An,h

]= A0,g

A0,1
+h2

( A2,g

A0,1
− A0,g

A2
0,1

A2,1

)
+O

(
h3

)
(6.1)



6.1. BIAS OF A CONDITIONAL U -STATISTIC

6

99

since the exponential decays much faster that any power of h. Note that we can write

A0,g

A0,1
= 1∏k

j=1 fZ(z j )

∫
g (x1, . . . ,xk )

k∏
j=1

fX,Z(x j ,z j )dx j

= E
[

g
(
X1, . . . ,Xk

)∣∣Z1 = z1, . . . ,Zk = zk

]
.

Hence

E
[

f1
∣∣An,h

]=E[g
(
X1, . . . ,Xk

)∣∣Z1 = z1, . . . ,Zk = zk

]
+h2

( A2,g − A2,1E
[
g
(
X1, . . . ,Xk

)∣∣Z1 = z1, . . . ,Zk = zk
]

A0,1

)
+O

(
h3

)
The following Lemma is proven in Section 6.1.3.

Lemma 6.1.3. In the same setting as Lemma 6.1.2,

E

[∑
σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

)∏k
j=1 Kh

(
z j −Zσ( j )

)
E
[∑

σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)]2

×
( ∑
σ∈Ik,n

k∏
j=1

Kh
(
z j −Zσ( j )

)−E[ ∑
σ∈Ik,n

k∏
j=1

Kh
(
z j −Zσ( j )

)])∣∣∣∣ An,h

]

= 1(
A0,1 +h2 A2,1 +h3 A3,1

)2

|Ik,n(1)|∣∣Ik,n
∣∣ k∑

i ,m=1
1zi=zm

[(∫
K (u)2du

hd

∫
g (x1, . . . ,xk )

k∏
j=1

fX,Z(x j ,z j )dx j

+ h2

hd

∫
g (x1, . . . ,xk )K (um)2

k∏
j ̸=m

K (u j )
k∑

l=1

(
A2(xl ,zl ,ul )

∏
i ̸=l

fX,Z(xi ,zi )
)
dx j du j

+ h3

hkd

∫
g (x1, . . . ,xk )K (um)2

k∏
j ̸=m

K (u j )I3(x j ,z j ,u j )dx j du j

)

×
( k∏

j ̸=i
fZ(z j )+h2

∫ k∏
j ̸=i

K (u j )
k∑

l ̸=i

(
A2(xl ,zl ,ul )

∏
r ̸=l

fX,Z(xr ,zr )
)
dx j du j

+h3
∫ k∏

j ̸=i
K (u j )I3(x j ,z j ,u j )dx j du j

)
+O

( 1

(nhd )2

)]

− 1(
A0,1 +h2 A2,1 +h3 A3,1

)2

|Ik,n(1)|∣∣Ik,n
∣∣ k∑

i ,m=1
1zi ̸=zm

(
A0,g A0,1 +h2(A2,1 A0,g + A2,g A0,1

)+O
(
h3

))
.

Where we define

Ik,n(r ) =
{
σ ∈ Ik,n :

∣∣∣{1, . . . ,k}∩ {σ(1), . . . ,σ(k)}
∣∣∣= r

}
with

|Ik,n(r )| = k !

(
k

r

)(
n −k

k − r

)
.
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Note that by Lemma 6.1.3

|In,k (1)|∣∣Ik,n
∣∣ = k

(n−k
k−1

)(n
k

) = k2[(n −k)!]2

n!(n −2k +1)!
=O

( 1

n

)
.

Also recall that under An,h we have the bound
∣∣∣ 1

(1+∆)2

∣∣∣ ≤ 4. We then obtain under As-

sumption 9∣∣∣E[ f2 | An,h
]∣∣∣

≲
∣∣∣ 1

(1+∆)2

∣∣∣ |Ik,n(1)|∣∣Ik,n
∣∣

∫
K (u)2du

hd

∫ ∣∣g (x1, . . . ,xk )
∣∣ k∏

j=1

∣∣ fX,Z(x j ,z j )
∣∣dx j +o

( 1

nhd

)
=O

( 1

nhd

)
. (6.2)

If we now combine Equation (6.1) and Equation (6.2) we obtain

E

[∑
σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

)∏k
j=1 Kh

(
z j −Zσ( j )

)
∑
σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

) ∣∣∣An,h

]
= E[ f1 | An,h

]−E[ f2 | An,h
]

= A0,g

A0,1
+h2

( A2,g

A0,1
− A0,g

A2
0,1

A2,1

)
+O

(
h3 + 1

nhd

)
= E

[
g
(
X1, . . . ,Xk

)∣∣Z1 = z1, . . . ,Zk = zk

]
+h2

( A2,g − A2,1E
[
g
(
X1, . . . ,Xk

)∣∣Z1 = z1, . . . ,Zk = zk
]

A0,1

)
+O

(
h3 + 1

nhd

)
as desired.

Remark 12. In Lemma 6.1.1, a remainder term of order O
(

1
nhd

)
appears, for which the

explicit constants are not tracked in the proof. For certain choices of the bandwidth h,

this term may dominate the bias term of order O
(
h2

)
, in which case knowledge of the

corresponding constants becomes important. However, under the common bandwidth
choice h ≍ n−1/(4+d), which typically minimizes the mean squared error, we have 1

nhd =
o
(
h2

)
, so that the O

(
1

nhd

)
term is asymptotically negligible compared to the O

(
h2

)
term.

If a different bandwidth regime is considered, the leading constant in the 1
nhd term can be

made explicit by refining the proof of Lemma 6.1.1, in particular by carrying the expansion
one order further and keeping precise control of the remainder terms.



6.1. BIAS OF A CONDITIONAL U -STATISTIC

6

101

6.1.1. PROOF OF LEMMA 6.1.2

Start by writing

E

[∑
σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

)∏k
j=1 Kh

(
z j −Zσ( j )

)
E
[∑

σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)] ∣∣∣∣An,h

]

=
E
[∑

σ∈Ik,n
g
(
Xσ(1), . . . ,Xσ(k)

)∏k
j=1 Kh

(
z j −Zσ( j )

)∣∣∣An,h

]
E
[∑

σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)] (6.3)

where we recall that

An,h :=


∣∣∣∣∣∣
∑
σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)−E[∑σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)]
E
[∑

σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)]
∣∣∣∣∣∣≤ 1

2

 .

Lemma 6.1.4. Under the same setting as Lemma 6.1.2 we have that

E
[∣∣Ik,n

∣∣−1 ∑
σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

) k∏
j=1

Kh
(
z j −Zσ( j )

)∣∣∣An,h

]

= A0,g +h2 A2,g +h3 A3,g +O
(
exp

(
−nhkd

C f 2k
Z,min

∥K ∥2k∞ f k
Z,max

))
.

where

A0,g :=
∫

g (x1, . . . ,xk )
k∏

j=1
fX,Z(x j ,z j )dx j

A2,g :=
∫

g (x1, . . . ,xk )
k∏

j=1
K (u j )

k∑
l=1

(
A2(xl ,zl ,ul )

∏
i ̸=l

fX,Z(xi ,zi )
)
dx j du j

A3,g :=
∫

g (x1, . . . ,xk )
k∏

j=1
K (u j )I3(x j ,z j ,u j )dx j du j

The following result will be proven in Section 6.1.2. Note that we can rewrite Equa-
tion (6.3) to apply Lemma 6.1.4

E
[∣∣Ik,n

∣∣−1∑
σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

)∏k
j=1 Kh

(
z j −Zσ( j )

)∣∣∣An,h

]
E
[∣∣Ik,n

∣∣−1∑
σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)]

=
A0,g +h2 A2,g +h3 A3,g +O

(
exp

(
−nhkd C f 2k

Z,min

∥K ∥2k∞ f k
Z,max

))
A0,1 +h2 A2,1 +h3 A3,1

(6.4)
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where we used Lemma 6.1.4 with function g = 1 to obtain the denominator. We have,

A0,1 =
k∏

j=1
fZ(z j )

A2,1 =
∫ k∏

j=1
K (u j )

k∑
l=1

(
A2(xl ,zl ,ul )

∏
i ̸=l

fX,Z(xi ,zi )
)
dx j du j

A3,1 =
∫ k∏

j=1
K (u j )I3(x j ,z j ,u j )dx j du j .

(6.5)

To simplify this expression, we can rewrite Equation (6.4) in the form

x +ϵ
y +η = x

y

(
1+ ϵ

x

) 1

1+ η
y

.

If we now apply the Taylor-Lagrange formula with explicit remainder to x 7→ (1+x)−1 we
get the existence of some |x∗| ≤ |x| such that

1

1+x
= 1−x + x2

(1+x∗)3 .

This means that

x +ϵ
y +η = x

y

(
1+ ϵ

x

) 1

1+ η
y

= x

y

(
1+ ϵ

x

)(
1− η

y
+ η2

y2(1+x∗)3

)
= x

y
+ ϵ

y
− xη

y2 − ϵη

y2 + x

y

η2

y2(1+x∗)3 + ϵ

y

η2

y2(1+x∗)3 ,

for some x∗ ∈ [±η/y]. If we apply this expression on Equation (6.4), we obtain that there

exists C∗ ∈ [±η/y
]= [

±h2(A2,1 +h A3,1)/A0,1

]
such that

E

[∑
σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

)∏k
j=1 Kh

(
z j −Zσ( j )

)
E
[∑

σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)] ∣∣∣∣An,h

]

= A0,g

A0,1
+ h2 A2,g +h3 A3,g

A0,1
− A0,g

(A0,1)2

(
h2 A2,1 +h3 A3,1

)
+ A0,g

(
h2 A2,1 +h3 A3,1

)2

(A0,1)3
(
1+C∗)3 −

(
h2 A2,g +h3 A3,g

)(
h2 A2,1 +h3 A3,1

)
(A0,1)2

+ (h2 A2,g +h3 A3,g )
(
h2 A2,1 +h3 A3,1

)2

(A0,1)3
(
1+C∗)3 +O

(
exp

(
−Cg

(n −k)h2dk

∥K ∥2k∞
f 2k

min

))
= A0,g

A0,1
+h2

( A2,g

A0,1
− A0,g

A2
0,1

A2,1

)
+h3

( A3,g

A0,1
− A0,g

A2
0,1

A3,1

)
+h4

( A0,g

A3
0,1

A2
2,1 −

A2,g A2,1

A2
0,1

)
+h5

(2A0,g

A3
0,1

A2,1 A3,1 −
A2,g A3,1 + A2,1 A3,g

A2
0,1

)
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+h6
( A0,g

A3
0,1

A2
3,1 −

A3,g A3,1

A2
0,1

+
A2

2,1 A2,g

A3
0,1

(
1+C∗)3

)
+h7

( A2
2,1 A3,g +2A2,1 A2,g A3,1

A3
0,1

(
1+C∗)3

)

+h8
A2

3,1 A2,g

A3
0,1

(
1+C∗)3 +h9

A2
3,1 A3,g

A3
0,1

(
1+C∗)3 +O

(
exp

(
−nhkd

C f 2k
Z,min

∥K ∥2k∞ f k
Z,max

))
which proves Lemma 6.1.2.

6.1.2. PROOF OF LEMMA 6.1.4

First write

E
[∣∣Ik,n

∣∣−1 ∑
σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

) k∏
j=1

Kh
(
z j −Zσ( j )

)∣∣∣An,h

]

=
E
[∣∣Ik,n

∣∣−1∑
σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

)∏k
j=1 Kh

(
z j −Zσ( j )

)
1An,h

]
P
(

An,h
) . (6.6)

Where

E
[∣∣Ik,n

∣∣−1 ∑
σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

) k∏
j=1

Kh
(
z j −Zσ( j )

)
1An,h

]

= E
[∣∣Ik,n

∣∣−1 ∑
σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

) k∏
j=1

Kh
(
z j −Zσ( j )

)]
︸ ︷︷ ︸

(A)

−E
[∣∣Ik,n

∣∣−1 ∑
σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

) k∏
j=1

Kh
(
z j −Zσ( j )

)
1Ac

n,h

]
︸ ︷︷ ︸

(B)

.

EXPANSION OF (A)

We can rewrite (A) as

E
[∣∣Ik,n

∣∣−1 ∑
σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

) k∏
j=1

Kh
(
z j −Zσ( j )

)]

= E
[

g
(
X1, . . . ,Xk

) k∏
j=1

Kh
(
z′j −Z j

)]
=

∫
g (x1, . . . ,xk )

k∏
j=1

Kh(z′j −z j )
k∏

i=1
fX,Z(xi ,zi )dxi dzi

=
∫

g (x1, . . . ,xk )
k∏

j=1
K (u j ) fX,Z(x j ,hu j +z′j )dx j du j . (6.7)
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Set

φ(t ) = fX,Z(x,z+ tuh), for t ∈ [0,1].

This function has at least the same regularity as fX,Z(x,z) so it is differentiable by Assump-
tion 9. By the Taylor-Lagrange formula with explicit remainder, we get the existence of
some t∗ ∈ [0,1] such that

fX,Z(x,z+uh) =
3∑

l=0
hl Al

where

A0(x,z,u) := fX,Z(x,z),

A1(x,z,u) := u ·∇z fX,Z(x,z),

A2(x,z,u) := 1

2

d∑
k1=1

d∑
k2=1

uk1 uk2∂zk1 ,zk2
fX,Z(x,z),

A3(x,z,u) := 1

6

d∑
k1=1

d∑
k2=1

d∑
k3=1

uk1 uk2 uk3∂zk1 ,zk2 ,zk3
fX,Z(x,z+ t∗uh).

(6.8)

Then

k∏
j=1

K (u j ) fX,Z(x j ,hu j +z′j ) =
k∏

j=1
K (u j )

3∑
l=0

hl Al (x j ,z′j ,u j )

=
k∏

j=1
K (u j )

3∑
l={0,2,3}

hl Al (x j ,z′j ,u j )

were we have used that
∫

K (u)udu = 0, from Assumption 1. Equation (6.7) becomes∫
g (x1, . . . ,xk )

k∏
j=1

K (u j )
(

A0(x j ,z′j ,u j )+h2 A2(x j ,z′j ,u j )+h3 A3(x j ,z′j ,u j )
)

dx j du j

=
∫

g (x1, . . . ,xk )
k∏

j=1
fX,Z(x j ,z′j )dx j

+h2
∫

g (x1, . . . ,xk )
k∏

j=1
K (u j )

k∑
l=1

(
A2(xl ,z′l ,ul )

∏
i ̸=l

fX,Z(xi ,z′i )
)
dx j du j

+h3
∫

g (x1, . . . ,xk )
k∏

j=1
K (u j )I3(x j ,z′j ,u j )dx j du j (6.9)

=: A0,g +h2 A2,g +h3 A3,g .

UPPER BOUND FOR (B)

We now aim to find an upper bound for (B) by using the tower property.∣∣∣∣E[∣∣Ik,n
∣∣−1 ∑

σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

) k∏
j=1

Kh
(
z j −Zσ( j )

)
1Ac

n,h

]∣∣∣∣
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=
∣∣∣∣E[g (X1, . . . ,Xk )

k∏
j=1

Kh(z′j −Z j )E
[
1Ac

n,h

∣∣X1, . . . ,Xk ,Z1, . . . ,Zk
]]∣∣∣∣

≤ E
[∣∣g (X1, . . . ,Xk )

∣∣ k∏
j=1

∣∣Kh(z′j −Z j )
∣∣P(

Ac
n,h

∣∣X1, . . . ,Xk ,Z1, . . . ,Zk
)]

= E
[∣∣g (X1, . . . ,Xk )

∣∣ k∏
j=1

∣∣Kh(z′j −Z j )
∣∣P(

Ac
n,h

∣∣Z1, . . . ,Zk
)]

=
∫

|g (x1, . . . ,xk )|P(
Ac

n,h

∣∣Z1 = z1, . . . ,Zk = zk
) k∏

j=1
|Kh(z′j −z j )| fX,Z(x j ,z j )dx j dz j . (6.10)

Now in order to compute the conditional probability we rewrite the event Ac
n,h as

Ac
n,h =


∣∣∣∣ |Ik,n |−1 ∑

σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)−E[|Ik,n |−1∑
σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)]
E
[|Ik,n |−1∑

σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)] ∣∣∣∣> 1

2


=

{∣∣∣∣|Ik,n |−1
∑

σ∈Ik,n

k∏
j=1

Kh
(
z j −Zσ( j )

)−E[ k∏
j=1

Kh(z j −Z j )
]∣∣∣∣> 1

2
E
[ k∏

j=1
Kh(z j −Z j )

]}
.

Now define

f (x1, . . . ,xk ) :=
k∏

j=1
Kh(z j −x j )

such that

P
(

Ac
n,h

∣∣Z1, . . . ,Zk
)

=P
(∣∣∣∣∣Ik,n

∣∣−1 ∑
σ∈Ik,n

f
(
Zσ(1), . . . ,Zσ(k)

)−E[ f
(
Z1, . . . ,Zk

)]∣∣∣> 1

2
E
[

f
(
Z1, . . . ,Zk

)])
.

We can now apply Lemma 6.0.1 with t = 1
2E

[
f
(
Z1, . . . ,Zk

)]
,
∣∣ f (x1, . . . ,xk )

∣∣ ≤ h−kd∥K ∥k∞
and the fact that Var

(
f
(
Z1, . . . ,Zk

))∼ 1
hkd ∥K ∥2k∞ f k

Z,max. to obtain

P
(

Ac
n,h

∣∣Z1, . . . ,Zk
)

≲ exp
(
− Ck,g nE

[
f
(
Z1, . . . ,Zk

)]2

h−kd∥K ∥2k∞ f k
Z,max +

(
h−kd∥K ∥k∞−E[ f

(
Z1, . . . ,Zk

)])
E
[

f
(
Z1, . . . ,Zk

)] )
.

We can plug this into Equation (6.10) to obtain∣∣∣∣E[∣∣Ik,n
∣∣−1 ∑

σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

) k∏
j=1

Kh
(
z j −Zσ( j )

)
1Ac

n,h

]∣∣∣∣
≲

∫
|g (x1, . . . ,xk )| ·exp

(
− Ck,g nE

[
f
(
Z1, . . . ,Zk

)]2

h−kd∥K ∥2k∞ f k
Z,max +

(
h−kd∥K ∥k∞−E[ f

(
Z1, . . . ,Zk

)])
E
[

f
(
Z1, . . . ,Zk

)] )
×

k∏
j=1

|Kh(z′j −z j )| fX,Z(x j ,z j )dx j dz j
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=
∫

|g (x1, . . . ,xk )|exp
(
− Ck,g nE

[
f
(
Z1, . . . ,Zk

)]2

h−kd∥K ∥2k∞ f k
Z,max +

(
h−kd∥K ∥k∞−E[ f

(
Z1, . . . ,Zk

)])
E
[

f
(
Z1, . . . ,Zk

)] )
×

k∏
j=1

|K (u j )| fX,Z(x j ,hu j +z j )dx j du j .

We can now use the result we found earlier

E
[ k∏

j=1
Kh(z j −Z j )

]
=

k∏
j=1

fZ(z j )+h2
∫ k∏

j=1
K (u j )

k∑
l=1

(
A2(xl ,zl ,ul )

∏
i ̸=l

fX,Z(xi ,zi )
)
dx j du j

+h3
∫ k∏

j=1
K (u j )I3(x j ,z j ,u j )dx j du j

and so obtain∣∣∣∣E[∣∣Ik,n
∣∣−1 ∑

σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

) k∏
j=1

Kh
(
z j −Zσ( j )

)
1Ac

n,h

]∣∣∣∣
≲

∫ ∣∣g (x1, . . . ,xk )
∣∣exp

(
−

Ck,g n
(∏k

j=1 fZ(z j )
)2

h−kd∥K ∥2k∞ f k
Z,max +h−kd∥K ∥k∞

(∏k
j=1 fZ(z j )

) )

×
k∏

j=1

∣∣K (u j )
∣∣ fX,Z(x j ,hu j +z j )dx j du j

≤ exp
(
−

Ck,g n f 2k
Z,min

h−kd∥K ∥2k∞ f k
Z,max

)∫ ∣∣g (x1, . . . ,xk )
∣∣ k∏

j=1

∣∣K (u j )
∣∣ fX,Z(x j ,hu j +z j )dx j du j

=O
(
exp

(
−nhkd

C f 2k
Z,min

∥K ∥2k∞ f k
Z,max

))
.

Therefore, (B) is negligible compared to (A) as n increases and so

E
[∣∣Ik,n

∣∣−1 ∑
σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

) k∏
j=1

Kh
(
z j −Zσ( j )

)
1An,h

]

=E
[∣∣Ik,n

∣∣−1 ∑
σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

) k∏
j=1

Kh
(
z j −Zσ( j )

)]

−E
[∣∣Ik,n

∣∣−1 ∑
σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

) k∏
j=1

Kh
(
z j −Zσ( j )

)
1Ac

n,h

]

=A0,g +h2 A2,g +h3 A3,g +O
(
exp

(
−nhkd

C f 2k
Z,min

∥K ∥2k∞ f k
Z,max

))
.

By applying a Taylor expansion we find that Equation (6.6) becomes

E
[∣∣Ik,n

∣∣−1 ∑
σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

) k∏
j=1

Kh
(
z j −Zσ( j )

)∣∣An,h

]
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=
A0,g +h2 A2,g +h3 A3,g +O

(
exp

(
−nhkd C f 2k

Z,min

∥K ∥2k∞ f k
Z,max

))
P
(

An,h

)
=A0,g +h2 A2,g +h3 A3,g +O

(
exp

(
−nhkd

C f 2k
Z,min

∥K ∥2k∞ f k
Z,max

))
,

where we used Lemma 2.7.4 to obtain

1−P
(

An,h

)
=O

(
exp

(
−nhkd

C f 2k
Z,min

∥K ∥2k∞ f k
Z,max

))
.

This proves Lemma 6.1.4. For future use, we will combine this result into a corollary.

Corollary 6.1.5. Define

An,h =


∣∣∣∣ |Ik,n |−1 ∑
σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)−E[|Ik,n |−1∑
σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)]
E
[|Ik,n |−1∑

σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)] ∣∣∣∣< 1

2


then

1−P
(

An,h

)
=O

(
exp

(
−nhkd

C f 2k
Z,min

∥K ∥2k∞ f k
Z,max

))
.

From this proof, the following useful generalization can also be made

Corollary 6.1.6. Terms of the form

E
[

g (X1, . . . ,Xk )m
k∏

j=1
Kh(z j −Z j )m

1Ac
n,h

]
converge to 0 exponentially fast for any m and so conditioning with respect to An,h can be
ignored.

6.1.3. PROOF OF LEMMA 6.1.3

Start by noting that due to Corollary 6.1.6 we can just consider

E

[∑
σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

)∏k
j=1 Kh

(
z j −Zσ( j )

)
E
[∑

σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)]2

×
( ∑
σ∈Ik,n

k∏
j=1

Kh
(
z j −Zσ( j )

)−E[ ∑
σ∈Ik,n

k∏
j=1

Kh
(
z j −Zσ( j )

)])]

= 1

E
[∏k

j=1 Kh
(
z j −Z j

)]2 E

[
g (X1, . . . ,Xk )

k∏
j=1

Kh(z j −Z j )
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×
(∣∣Ik,n

∣∣−1 ∑
σ∈Ik,n

k∏
j=1

Kh
(
z j −Zσ( j )

)−E[∣∣Ik,n
∣∣−1 ∑

σ∈Ik,n

k∏
j=1

Kh
(
z j −Zσ( j )

)])]

= 1

E
[∏k

j=1 Kh
(
z j −Z j

)]2

∣∣Ik,n
∣∣−1 ∑

σ∈Ik,n

E

[
g (X1, . . . ,Xk )

k∏
j=1

Kh(z j −Z j )

×
( k∏

j=1
Kh(z j −Zσ( j ))−E

[ k∏
j=1

Kh(z j −Zσ( j ))
])]

.

To split the sum
∑
σ∈Ik,n

into different cases, we define the set

Ik,n(r ) :=
{
σ ∈ Ik,n :

∣∣∣{1, . . . ,k}∩ {σ(1), . . . ,σ(k)}
∣∣∣= r

}
,

such that we can decompose
∑
σ∈Ik,n

= ∑
σ∈Ik,n (0)+

∑
σ∈Ik,n (k)+

∑k−1
r=1

∑
σ∈Ik,n (r ). The fol-

lowing lemma can be proven.

Lemma 6.1.7. We have that

|In,k (r )| = k !

(
k

r

)(
n −k

k − r

)
.

Proof. Recall that

In,k (r ) =
{
σ ∈ Ik,n :

∣∣∣{1, . . . ,k}∩ {σ(1), . . . ,σ(k)}
∣∣∣= r

}
.

is the set of injective maps σ : {1, . . . ,k} → {1, . . . ,n} such that the size of the intersection
of the domain and the image is exactly r . To determine |In,k (r )|, we count the number of
ways to construct such a map σ through the following steps:

1. We must choose exactly r elements from the set {1, . . . ,k} to be included in the
image of σ. There are

(k
r

)
ways to choose these values.

2. The remaining k − r values in the image must be chosen from the set {k +1, . . . ,n}.
Since this set contains n −k elements, there are

(n−k
k−r

)
ways to choose them.

3. At this stage, we have selected a set of k distinct values to serve as the image of σ.
To define the injective map σ, we must assign these k values to the k elements of
the domain {1, . . . ,k}. There are k ! ways to order these values.

This yields that

|Ik,n(r )| = k !

(
k

r

)(
n −k

k − r

)
as desired.

To ensure this partition accounts for all possible injective maps, we sum over all possible
values of r :

k∑
r=0

|In,k (r )| = k !
k∑

r=0

(
k

r

)(
n −k

k − r

)
= k !

(
n

k

)
= ∣∣Ik,n

∣∣



6.1. BIAS OF A CONDITIONAL U -STATISTIC

6

109

The summation
∑k

r=0

(k
r

)(n−k
k−r

) = (n
k

)
follows from Vandermonde’s Identity, confirming

that the expression is correct [41].

Lemma 6.1.7 shows that the dominator cases occur when r = 0 and r = 1. We will hence
focus on these cases.

i) Suppose σ ∈ Ik,n(0). Then by independence

E

[
g (X1, . . . ,Xk )

k∏
j=1

Kh(z j −Z j )
( k∏

j=1
Kh(z j −Zσ( j ))−E

[ k∏
j=1

Kh(z j −Zσ( j ))
])]

= E
[

g (X1, . . . ,Xk )
k∏

j=1
Kh(z j −Z j )

]
·E

[ k∏
j=1

Kh(z j −Zσ( j ))−E
[ k∏

j=1
Kh(z j −Zσ( j ))

]]
= 0.

ii) Let σ ∈ Ik,n(1) and suppose index σ(i ) overlaps with index m.

E

[
g (X1, . . . ,Xk )

k∏
j=1

Kh(z j −Z j )
( k∏

j=1
Kh(z j −Zσ( j ))−E

[ k∏
j=1

Kh(z j −Zσ( j ))
])]

(6.11)

= E
[

g (X1, . . . ,Xk )
k∏

j=1
Kh(z j −Z j )Kh(z j −Zσ( j ))

]

−E
[

g (X1, . . . ,Xk )
k∏

j=1
Kh(z j −Z j )

]
E

[ k∏
j=1

Kh(z j −Z j )

]
.

By using Equation (6.9) and Equation (6.5) we find

E

[
g (X1, . . . ,Xk )

k∏
j=1

Kh(z j −Z j )

]
E

[ k∏
j=1

Kh(z j −Z j )

]
= A0,g A0,1 +h2(A2,1 A0,g + A2,g A0,1

)+O
(
h3

)
.

We can also compute

E

[
g (X1, . . . ,Xk )

k∏
j=1

Kh(z j −Z j )Kh(z j −Zσ( j ))

]

= E
[

g (X1, . . . ,Xk )
k∏

j=1
j ̸=m

Kh(z j −Z j )
k∏

r=1
r ̸=i

Kh(z j −Zσ( j ))Kh(zm −Zm)Kh(zi −Zm)

]
.

Since K is compact,
Kh(zm −Zm)Kh(zi −Zm) = 0

whenever zm ̸= zi and n sufficiently large. So the expectation is only non-zero if
zm = zi . In that case,

E

[
g (X1, . . . ,Xk )

k∏
j=1
j ̸=m

Kh(z j −Z j )
k∏

r=1
r ̸=i

Kh(zr −Zσ(r ))Kh(zm −Zm)2
]
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= E
[

g
(
X1, . . . ,Xk

)
Kh(zm −Zm)2

k∏
j=1
j ̸=m

Kh(z j −Z j )

]
E

[ k∏
r=1
r ̸=i

Kh(zr −Zσ(r ))

]
.

We have previously shown that

E
[ k∏

j=1
j ̸=i

Kh(z j −Zσ( j ))
]
=

k∏
j ̸=i

fZ(z j )+h2
∫ k∏

j ̸=i
K (u j )

k∑
l ̸=i

(
A2(xl ,zl ,ul )

∏
r ̸=l

fX,Z(xr ,zr )
)
dx j du j

+h3
∫ k∏

j ̸=i
K (u j )I3(x j ,z j ,u j )dx j du j .

Now also

E
[

g
(
X1, . . . ,Xk

)
Kh(zm −Zm)2

k∏
j=1
j ̸=m

Kh(z j −Z j )
]

= h−d
∫

g (x1, . . . ,xk )K (um)2
k∏

j ̸=m
K (u j ) fX,Z(x j ,z j +hu j )dx j du j .

If we now apply a Taylor expansion on fX,Z(x,z+thu), we can use Equation (6.9) and
Assumption 1 to show that the previous expression equals∫

K (u)2du

hd

∫
g (x1, . . . ,xk )

k∏
j=1

fX,Z(x j ,z j )dx j

+ h2

hd

∫
g (x1, . . . ,xk )K (um)2

k∏
j ̸=m

K (u j )
k∑

l=1

(
A2(xl ,zl ,ul )

∏
i ̸=l

fX,Z(xi ,zi )
)
dx j du j

+ h3

hkd

∫
g (x1, . . . ,xk )K (um)2

k∏
j ̸=m

K (u j )I3(x j ,z j ,u j )dx j du j .

Equation (6.11) now becomes

1zi=zm

(∫
K (u)2du

hd

∫
g (x1, . . . ,xk )

k∏
j=1

fX,Z(x j ,z j )dx j

+ h2

hd

∫
g (x1, . . . ,xk )K (um)2

k∏
j ̸=m

K (u j )
k∑

l=1

(
A2(xl ,zl ,ul )

∏
i ̸=l

fX,Z(xi ,zi )
)
dx j du j

+ h3

hkd

∫
g (x1, . . . ,xk )K (um)2

k∏
j ̸=m

K (u j )I3(x j ,z j ,u j )dx j du j

)

×
( k∏

j ̸=i
fZ(z j )+h2

∫ k∏
j ̸=i

K (u j )
k∑

l ̸=i

(
A2(xl ,zl ,ul )

∏
r ̸=l

fX,Z(xr ,zr )
)
dx j du j

+h3
∫ k∏

j ̸=i
K (u j )I3(x j ,z j ,u j )dx j du j

)
− A0,g A0,1 +h2(A2,1 A0,g + A2,g A0,1

)
.
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All the other cases are at least of order O
(

1
h2d

)
, so we will not consider them.

This shows that

E

[∑
σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

)∏k
j=1 Kh

(
z j −Zσ( j )

)
E
[∏k

j=1 Kh
(
z j −Z j

)]2

×
( ∑
σ∈Ik,n

k∏
j=1

Kh
(
z j −Zσ( j )

)−E[ k∏
j=1

Kh
(
z j −Z j

)])∣∣∣∣ An,h

]

= 1(
A0,1 +h2 A2,1 +h3 A3,1

)2

∣∣Ik,n
∣∣−1

k∑
r=0

∑
σ∈Ik,n (r )

E

[
g (X1, . . . ,Xk )

k∏
j=1

Kh(z j −Z j )

×
( k∏

j=1
Kh

(
z j −Z j

)−E[ k∏
j=1

Kh
(
z j −Z j

)])]

= 1(
A0,1 +h2 A2,1 +h3 A3,1

)2

|Ik,n(1)|∣∣Ik,n
∣∣ k∑

i ,m=1
1zi=zm

[(∫
K (u)2du

hd

∫
g (x1, . . . ,xk )

k∏
j=1

fX,Z(x j ,z j )dx j

+ h2

hd

∫
g (x1, . . . ,xk )K (um)2

k∏
j ̸=m

K (u j )
k∑

l=1

(
A2(xl ,zl ,ul )

∏
i ̸=l

fX,Z(xi ,zi )
)
dx j du j

+ h3

hkd

∫
g (x1, . . . ,xk )K (um)2

k∏
j ̸=m

K (u j )I3(x j ,z j ,u j )dx j du j

)

×
( k∏

j ̸=i
fZ(z j )+h2

∫ k∏
j ̸=i

K (u j )
k∑

l ̸=i

(
A2(xl ,zl ,ul )

∏
r ̸=l

fX,Z(xr ,zr )
)
dx j du j

+h3
∫ k∏

j ̸=i
K (u j )I3(x j ,z j ,u j )dx j du j

)
+O

( 1

(nhd )2

)]
− A0,g A0,1 +h2(A2,1 A0,g + A2,g A0,1

)+O
(
h3

)]
or similarly

1(
A0,1 +h2 A2,1 +h3 A3,1

)2

|Ik,n(1)|∣∣Ik,n
∣∣ k∑

i ,m=1
1zi=zm

[(∫
K (u)2du

hd

∫
g (x1, . . . ,xk )

k∏
j=1

fX,Z(x j ,z j )dx j

+ h2

hd

∫
g (x1, . . . ,xk )K (um)2

k∏
j ̸=m

K (u j )
k∑

l=1

(
A2(xl ,zl ,ul )

∏
i ̸=l

fX,Z(xi ,zi )
)
dx j du j

+ h3

hkd

∫
g (x1, . . . ,xk )K (um)2

k∏
j ̸=m

K (u j )I3(x j ,z j ,u j )dx j du j

)

×
( k∏

j ̸=i
fZ(z j )+h2

∫ k∏
j ̸=i

K (u j )
k∑

l ̸=i

(
A2(xl ,zl ,ul )

∏
r ̸=l

fX,Z(xr ,zr )
)
dx j du j

+h3
∫ k∏

j ̸=i
K (u j )I3(x j ,z j ,u j )dx j du j

)
+O

( 1

(nhd )2

)]

− 1(
A0,1 +h2 A2,1 +h3 A3,1

)2

|Ik,n(1)|∣∣Ik,n
∣∣ k∑

i ,m=1
1zi ̸=zm

(
A0,g A0,1 +h2(A2,1 A0,g + A2,g A0,1

)+O
(
h3

))
.
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6.2. VARIANCE OF A CONDITIONAL U -STATISTIC

Let g : (Rp )k → R some measurable function and let
(
X1,Z1

)
,
(
X2,Z2

)
, . . . ,

(
Xn ,Zn

)
a se-

quence of i.i.d. observations inRp×Rd with joint distribution FX,Z. Using Definition 2.7.5
we again define the conditional U -statistic estimator of

θ(z1, . . . ,zk ) = E
[

g
(
X1, . . . ,Xk

)∣∣Z1 = z1, . . . ,Zk = zk

]
as

Un
(
z1, . . . ,zk

)= ∑
σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

)∏k
j=1 Kh

(
z j −Zσ( j )

)
∑
σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

) .

This section aims to find an expression for the variance of a conditional U -statistic of
order k. We need one additional assumption to ensure the integrals are bounded.

Assumption 10. Suppose that fX,Z is 3-times continuously differentiable on Z . For every
p ∈ {0,1, . . . ,k}, every valid pair of index mappings (φ1,φ2) spanning 2k−p unique indices,
every sequence of derivative orders α1, . . . ,αk ∈ {0,1,2,3}, and all z ∈Z :

I2(z) =
∫ ∣∣g (xφ1(1), . . . ,xφ1(k))g (xφ2(1), . . . ,xφ2(k))

∣∣ k∏
v=1

|K (uv )|αv

k∏
v=1

(
d∑

k1,...,kαv =1
|uv,k1 · · ·uv,kαv

| sup
t∗∈[0,1]

∣∣∣∣∂αv fX,Z(xv ,z+ t∗uv h)

∂zk1 · · ·∂zkαv

∣∣∣∣
)

k∏
v=1

dxv duv <∞.

Theorem 6.2.1. Define the event

An,h :=


∣∣∣∣
∑
σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)−E[∑σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)]
E
[∑

σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)] ∣∣∣∣≤ 1

2

 .

Then under Assumptions 1, 2, 8, 9 and 10 and in the bandwidth regime where hn → 0 and
nhd →∞, we have

Var
(
Un(z1, . . . ,zk )

∣∣∣ An,h

)
∼ 1

nhd

k∑
i=1

k∑
m=1

1zi=zm

∫
K (u)2du

fZ(zi )

(
E
[

g (X1, . . . ,Xk )g (Xk+1, . . . ,Xm , . . . ,X2k )
∣∣∣Z j = z j

for all j , Zk+ j = z j for j ̸= i
]
−E

[
g
(
X1, . . . ,Xk

)∣∣∣Z1 = z1, . . . ,Zk = zk

]2
)
+o

( 1

nhd

)
.

Proof. We start by taking a similar approach as in Theorem 6.1.1 and rewrite∑
σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

)∏k
j=1 Kh

(
z j −Zσ( j )

)
∑
σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)
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=
∑
σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

)∏k
j=1 Kh

(
z j −Zσ( j )

)
E
[∑

σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)] 1

1+
∑
σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)
−E

[∑
σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)]
E
[∑

σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)] .

If we now again apply a Taylor-Lagrange formula with explicit remainder to x 7→ (1+x)−1

we get the existence of some |x∗| ≤ |x| such that

1

1+x
= 1−x + x2

(1+x∗)3 .

We can now write∑
σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

)∏k
j=1 Kh

(
z j −Zσ( j )

)
∑
σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

) =
∑
σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

)∏k
j=1 Kh

(
z j −Zσ( j )

)
E
[∑

σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)]
×

(
1−

∑
σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)−E[∑σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)]
E
[∑

σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)]
+ 1

(1+∆)3

(∑
σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)−E[∑σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)]
E
[∑

σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)] )2)
=: f1 − f2 + 1

(1+∆)2 f3

with

f1 =
∑
σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

)∏k
j=1 Kh

(
z j −Zσ( j )

)
E
[∑

σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)]
f2 =

∑
σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

)∏k
j=1 Kh

(
z j −Zσ( j )

)
E
[∑

σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)]2

×
( ∑
σ∈Ik,n

k∏
j=1

Kh
(
z j −Zσ( j )

)−E[ ∑
σ∈Ik,n

k∏
j=1

Kh
(
z j −Zσ( j )

)])

f3 =
∑
σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

)∏k
j=1 Kh

(
z j −Zσ( j )

)
E
[∑

σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)]3

×
( ∑
σ∈Ik,n

k∏
j=1

Kh
(
z j −Zσ( j )

)−E[ ∑
σ∈Ik,n

k∏
j=1

Kh
(
z j −Zσ( j )

)])2

and ∣∣∆∣∣≤
∣∣∣∣∣∣
∑
σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)−E[∑σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)]
E
[∑

σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)]
∣∣∣∣∣∣ .

Note that when conditioning over An,h , we have that |∆| ≤ 1
2 . The following lemma is

proven in Section 6.2.1.
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Lemma 6.2.2. Let Iσ(1) =
{
σ ∈ Ik,n :

∣∣∣{1, . . . ,k
}∩{

σ(1) . . . ,σ(k)
}∣∣∣= 1

}
, then

Var

(∣∣Ik,n
∣∣−1 ∑

σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

) k∏
j=1

Kh
(
z j −Zσ( j )

))

=
k∑

i ,m=1
1zi=zm

( |Iσ(1)|∣∣Ik,n
∣∣

∫
K (u)2du

hd

∫
g (x1, . . . ,xk )g (xk+1, . . . , xm ,︸︷︷︸

i ′th

. . . ,x2k )
k∏

l=1
fX,Z(xl ,zl )

×
k∏

r=1
r ̸=i

fX,Z(xk+r ,zr )dxl dxk+r +o
( 1

nhd

))

+
k∑

i ,m=1
1zi ̸=zm

[( |Iσ(0)|∣∣Ik,n
∣∣ −1

)(∫
g (x1, . . . ,xk )

k∏
j=1

fX,Z(x j ,z j )dx j

)2 +O
(h2

n

)]
When n is sufficiently large

Var

(∣∣Ik,n
∣∣−1 ∑

σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

) k∏
j=1

Kh
(
z j −Zσ( j )

))

∼
k∑

i ,m=1
1zi=zm

(∫
K (u)2du

nhd

∫
g (x1, . . . ,xk )g (xk+1, . . . , xm ,︸︷︷︸

i ′th

. . . ,x2k )
k∏

l=1
fX,Z(xl ,zl )

×
k∏

r=1
r ̸=i

fX,Z(xk+r ,zr )dxl dxk+r +o
( 1

nhd

))

−
k∑

i ,m=1
1zi ̸=zm

[
1

n

(∫
g (x1, . . . ,xk )

k∏
j=1

fX,Z(x j ,z j )dx j

)2 +O
(h2

n

)]
Recall from Lemma 6.1.4 that

E
[ k∏

j=1
Kh

(
z j −Z j

)]= k∏
j=1

fZ(z j )+h2 A2,1 +h3 A3,1.

If we combine this with Lemma 6.2.2 we obtain

Var
(

f1

∣∣∣ An,h

)
=

Var
(∣∣Ik,n

∣∣−1∑
σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

)∏k
j=1 Kh

(
z j −Zσ( j )

)∣∣∣An,h

)
E
[∏k

j=1 Kh
(
z j −Z j

)]2

= 1(∏k
j=1 fZ(z j )+h2 A2,1 +h3 A3,1

)2

( k∑
i ,m=1

1zi=zm

( |Iσ(1)|∣∣Ik,n
∣∣

∫
K (u)2du

hd

×
∫

g (x1, . . . ,xk )g (xk+1, . . . ,xm , . . . ,x2k )
k∏

l=1
fX,Z(xl ,zl )

k∏
r=1
r ̸=i

fX,Z(xk+r ,zr )dxl dxk+r +o
( 1

nhd

))

+
k∑

i ,m=1
1zi ̸=zm

[( |Iσ(0)|∣∣Ik,n
∣∣ −1

)(∫
g (x1, . . . ,xk )

k∏
j=1

fX,Z(x j ,z j )dx j

)2 +O
(h2

n

)])
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A Taylor expansion allows us to rewrite this as

Var
(

f1

∣∣∣ An,h

)
= 1(∏k

j=1 fZ(z j )
)2

( k∑
i ,m=1

1zi=zm

( |Iσ(1)|∣∣Ik,n
∣∣

∫
K (u)2du

hd

×
∫

g (x1, . . . ,xk )g (xk+1, . . . ,xm , . . . ,x2k )
k∏

l=1
fX,Z(xl ,zl )

k∏
r=1
r ̸=i

fX,Z(xk+r ,zr )dxl dxk+r +o
( 1

nhd

))

+
k∑

i ,m=1
1zi ̸=zm

[( |Iσ(0)|∣∣Ik,n
∣∣ −1

)(∫
g (x1, . . . ,xk )

k∏
j=1

fX,Z(x j ,z j )dx j

)2 +O
(h2

n

)])

=
k∑

i ,m=1
1zi=zm

( |Iσ(1)|∣∣Ik,n
∣∣

∫
K (u)2du

hd fZ(zi )
E
[

g (X1, . . . ,Xk )g (Xk+1, . . . ,Xm , . . . ,X2k )
∣∣∣Z j = z j

for all j , Zk+ j = z j for j ̸= i
]
+o

( 1

nhd

))
+

k∑
i ,m=1

1zi ̸=zm

(( |Iσ(0)|∣∣Ik,n
∣∣ −1

)
E
[

g
(
X1, . . . ,Xk

)∣∣∣Z1 = z1, . . . ,Zk = zk

]2 +O
(h2

n

))

∼
k∑

i ,m=1
1zi=zm

(
1

nhd

∫
K (u)2du

fZ(zi )
E
[

g (X1, . . . ,Xk )g (Xk+1, . . . ,Xm , . . . ,X2k )
∣∣∣Z j = z j

for all j , Zk+ j = z j for j ̸= i
]
+o

( 1

nhd

))
−

k∑
i ,m=1

1zi ̸=zm

(
1

n
E
[

g
(
X1, . . . ,Xk

)∣∣∣Z1 = z1, . . . ,Zk = zk

]2 +O
(h2

n

))
. (6.12)

We used from Lemma 6.1.7 that

|Iσ(1)|∣∣Ik,n
∣∣ = k !

(k
1

)(n−k
k−1

)
k !

(n
k

) = k2[(n −k)!]2

n!(n −2k +1)!
∼ k2

n

|Iσ(0)|∣∣Ik,n
∣∣ = k !

(n−k
k

)
k !

(n
k

) = [(n −k)!]2

n!(n −2k)!
∼ 1− 1

n
.

This following lemma is proven in Section 6.2.2.

Lemma 6.2.3. Define for k ≤ r ≤ 4k, the set Iη,τ,θ(r ) =
{
η,τ,θ ∈ Ik,n :

∣∣∣{1, . . . ,k
}∪{

θ(1), . . . ,θ(k)
}∪{

η(1), . . . ,η(k)
}∪{

τ(1), . . . ,τ(k)
}∣∣∣= r

}
, then

Var

(∣∣Ik,n
∣∣−1 ∑

σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

) k∏
j=1

Kh
(
z j −Zσ( j )

)
×

(∣∣Ik,n
∣∣−1 ∑

σ∈Ik,n

k∏
j=1

Kh
(
z j −Zσ( j )

)−E[ k∏
j=1

Kh
(
z j −Z j

)]))
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=
k∑

i ,m=1
1zi=zm

[ ∣∣Iη,τ,θ(4k −1)
∣∣

6
∣∣Ik,n

∣∣3

∫
K (u)2du

hd
A2

0,g fZ(zi )
k∏

j ̸=i
fZ(z j )2 +o

( 1

nhd

)]
−

k∑
i ,m=1

1zi ̸=zm

[ ∣∣Iη,τ,θ(4k −1)
∣∣

6
∣∣Ik,n

∣∣3 A2
0,g

k∏
j=1

fZ(z j )2 +O
(h2

n

)]
.

For n sufficiently large, the variance is similar to(∫
g (x1, . . . ,xk )

k∏
j=1

fX,Z(x j ,z j )dx j

)2 k∑
i ,m=1

1zi=zm

[∫
K (u)2du

nhd
fZ(zi )

k∏
j ̸=i

fZ(z j )2 +o
( 1

nhd

)]
−

(∫
g (x1, . . . ,xk )

k∏
j=1

fX,Z(x j ,z j )dx j

)2 k∑
i ,m=1

1zi ̸=zm

[ 1

n

k∏
j=1

fZ(z j )2 +O
(h2

n

)]
.

By combining Lemma 6.1.4 and Lemma 6.2.3 we obtain

Var
(

f2

∣∣∣ An,h

)
= 1

E
[∏k

j=1 Kh
(
z j −Z j

)]4 Var

(∣∣Ik,n
∣∣−1 ∑

σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

) k∏
j=1

Kh
(
z j −Zσ( j )

)
×

(∣∣Ik,n
∣∣−1 ∑

σ∈Ik,n

k∏
j=1

Kh
(
z j −Zσ( j )

)−E[ k∏
j=1

Kh
(
z j −Z j

)])∣∣An,h

)

= 1(∏k
j=1 fZ(z j )+h2 A2,1 +h3 A3,1

)4

k∑
i ,m=1

1zi=zm

[ ∣∣Iη,τ,θ(4k −1)
∣∣

6
∣∣Ik,n

∣∣3

∫
K (u)2du

hd
A2

0,g fZ(zi )
k∏

j ̸=i
fZ(z j )2

+o
( 1

nhd

)]
−

k∑
i ,m=1

1zi ̸=zm

[ ∣∣Iη,τ,θ(4k −1)
∣∣

6
∣∣Ik,n

∣∣3 A2
0,g

k∏
j=1

fZ(z j )2 +O
(h2

n

)]
.

A Taylor series allows us to rewrite this as

Var
(

f2
∣∣ An,h

)= 1(∏k
j=1 fZ(z j )

)4

k∑
i ,m=1

1zi=zm

[ ∣∣Iη,τ,θ(4k −1)
∣∣

6
∣∣Ik,n

∣∣3

∫
K (u)2du

hd
A2

0,g fZ(zi )
k∏

j ̸=i
fZ(z j )2

+o
( 1

nhd

)]
−

k∑
i ,m=1

1zi ̸=zm

[ ∣∣Iη,τ,θ(4k −1)
∣∣

6
∣∣Ik,n

∣∣3 A2
0,g

k∏
j=1

fZ(z j )2 +O
(h2

n

)]
=

k∑
i ,m=1

1zi=zm

( |Iη,τ,θ(4k −1)|
6
∣∣Ik,n

∣∣3

∫
K (u)2du

fZ(zi )hd
E
[

g
(
X1, . . . ,Xk

)∣∣∣Z1 = z1, . . . ,Zk = zk

]2 +o
( 1

nhd

))

−
k∑

i ,m=1
1zi ̸=zm

( |Iη,τ,θ(4k −1)|
6
∣∣Ik,n

∣∣3 E
[

g
(
X1, . . . ,Xk

)∣∣∣Z1 = z1, . . . ,Zk = zk

]2 +O
(h2

n

))

∼
k∑

i ,m=1
1zi=zm

(
1

nhd

∫
K (u)2du

fZ(zi )
E
[

g
(
X1, . . . ,Xk

)∣∣∣Z1 = z1, . . . ,Zk = zk

]2 +o
( 1

nhd

))

−
k∑

i ,m=1
1zi ̸=zm

(
1

n
E
[

g
(
X1, . . . ,Xk

)∣∣∣Z1 = z1, . . . ,Zk = zk

]2 +O
(h2

n

))
(6.13)

The following Lemma is proven in Section 6.2.3.
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Lemma 6.2.4. Define the sets

Iη,τ(r ) =
{
η,τ ∈ Ik,n :

∣∣∣{1, . . . ,k
}∪{

η(1), . . . ,η(k)
}∪{

τ(1), . . . ,τ(k)
}∣∣∣= r

}
Iσ(r ) =

{
σ ∈ Ik,n :

∣∣∣{1, . . . ,k
}∩{

σ(1), . . . ,σ(k)
}∣∣∣= r

}
then

Cov

(∣∣Ik,n
∣∣−1 ∑

σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

) k∏
j=1

Kh
(
z j −Zσ( j )

)
,
∣∣Ik,n

∣∣−1 ∑
σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

)
×

k∏
j=1

Kh
(
z j −Zσ( j )

)(∣∣Ik,n
∣∣−1 ∑

σ∈Ik,n

k∏
j=1

Kh
(
z j −Zσ( j )

)−E[ k∏
j=1

Kh
(
z j −Z j

)])∣∣∣An,h

)

=
(2

∣∣Iσ,τ(3k −1)
∣∣

3
∣∣Ik,n

∣∣2 − |Iσ(1)|∣∣Ik,n
∣∣ ) k∑

i ,m=1

(
1zi=zm

[ k∏
j ̸=i

fZ(z j )

∫
K (u)2du

hd

(∫
g (x1, . . . ,xk )

k∏
j=1

fX,Z(x j ,z j )dx j

)2

+o
( 1

hd

)]
−1zi ̸=zm

[
A2

0,g A0,1 +O
(
h2

)])
.

For n sufficiently large

k∑
i ,m=1

(
1zi=zm

[ k∏
j ̸=i

fZ(z j )

∫
K (u)2du

nhd

(∫
g (x1, . . . ,xk )

k∏
j=1

fX,Z(x j ,z j )dx j

)2 +o
( 1

hd

)]
−1zi ̸=zm

[ 1

n
A2

0,g A0,1 +O
(h2

n

)])
A Taylor expansion allows us to write

Cov
(

f1, f2
∣∣ An,h

)= 1(∏k
j=1 fZ(z j )

)3

(2
∣∣Iσ,τ(3k −1)

∣∣
3
∣∣Ik,n

∣∣2 − |Iσ(1)|∣∣Ik,n
∣∣ ) k∑

i ,m=1

(
1zi=zm

[ k∏
j ̸=i

fZ(z j )

∫
K (u)2du

hd

×
(∫

g (x1, . . . ,xk )
k∏

j=1
fX,Z(x j ,z j )dx j

)2 +o
( 1

hd

)]
−1zi ̸=zm

[
A2

0,g A0,1 +O
(
h2

)])

=
(2

∣∣Iσ,τ(3k −1)
∣∣

3
∣∣Ik,n

∣∣2 − |Iσ(1)|∣∣Ik,n
∣∣ ) k∑

i ,m=1

(
1zi=zm

[∫
K (u)2du

fZ(z j )hd
E
[

g
(
X1, . . . ,Xk

)∣∣∣Z1 = z1, . . . ,Zk = zk

]2

+o
( 1

hd

)]
−1zi ̸=zm

[
E
[

g
(
X1, . . . ,Xk

)∣∣∣Z1 = z1, . . . ,Zk = zk

]2 +O
(
h2

)])
∼

k∑
i ,m=1

1zi=zm

(
1

nhd

∫
K (u)2du

fZ(z j )
E
[

g
(
X1, . . . ,Xk

)∣∣∣Z1 = z1, . . . ,Zk = zk

]2 +o
( 1

nhd

))

−
k∑

i ,m=1
1zi ̸=zm

(
1

n
E
[

g
(
X1, . . . ,Xk

)∣∣∣Z1 = z1, . . . ,Zk = zk

]2 +O
(h2

n

))
. (6.14)

We omit the full derivation for brevity, however, it can be shown that Var( f3), Cov( f1, f3),

and Cov( f2, f3) are all of o
(
(nhd )−1

)
. Combining Equations (6.12), (6.13) and (6.14) we
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obtain

Var
(
Un

∣∣ An,h
)= Var

(
f1

∣∣ An,h
)+Var

(
f2

∣∣ An,h
)−2Cov

(
f1, f2

∣∣ An,h
)+o

( 1

nhd

)
∼ 1

nhd

k∑
i=1

k∑
m=1

1zi=zm

∫
K (u)2du

fZ(zi )

(
E
[

g (X1, . . . ,Xk )g (Xk+1, . . . ,Xm , . . . ,X2k )
∣∣∣Z j = z j

for all j , Zk+ j = z j for j ̸= i
]
−E

[
g
(
X1, . . . ,Xk

)∣∣∣Z1 = z1, . . . ,Zk = zk

]2
)
+o

( 1

nhd

)
as desired.

6.2.1. PROOF OF LEMMA 6.2.2

By Corollary 6.1.6 we can ignore the conditioning on An,h , hence

Var

(∣∣Ik,n
∣∣−1 ∑

σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

) k∏
j=1

Kh
(
z j −Zσ( j )

))

= ∣∣Ik,n
∣∣−2

E
[ ∑
σ,η∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

)
g
(
Xη(1), . . . ,Xη(k)

) k∏
j=1

Kh
(
z j −Zη( j )

)
Kh

(
z j −Zσ( j )

)]

−E
[∣∣Ik,n

∣∣−1 ∑
σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

) k∏
j=1

Kh
(
z j −Zσ( j )

)]2

By Lemma 6.1.4

E
[

g
(
X1, . . . ,Xk

) k∏
j=1

Kh
(
z j −Z j

)]= ∫
g (x1, . . . ,xk )

k∏
j=1

fX,Z(x j ,z j )dx j +h2 A2,g +h3 A3,g .

For the other expression, we will first apply exchangeability to write

∣∣Ik,n
∣∣−2
E
[ ∑
σ,η∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

)
g
(
Xη(1), . . . ,Xη(k)

) k∏
j=1

Kh
(
z j −Zη( j )

)
Kh

(
z j −Zσ( j )

)]

= ∣∣Ik,n
∣∣−1 ∑

σ∈Ik,n

E
[

g
(
X1, . . . ,Xk

)
g
(
Xσ(1), . . . ,Xσ(k)

) k∏
j=1

Kh
(
z j −Z j

)
Kh

(
z j −Zσ( j )

)]

=
k∑

r=0

∑
σ∈Iσ(r )

1∣∣Ik,n
∣∣E[g

(
X1, . . . ,Xk

)
g
(
Xσ(1), . . . ,Xσ(k)

) k∏
j=1

Kh
(
z j −Z j

)
Kh

(
z j −Zσ( j )

)]
where we defined the set

Iσ(r ) =
{
σ ∈ Ik,n :

∣∣∣{1, . . . ,k
}∩{

σ(1) . . . ,σ(k)
}∣∣∣= r

}
.

Lemma 6.1.7 had shown that
∣∣Iσ(r )

∣∣ ∼ nk−r , implying that the low values of r are the
most dominant.
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i) Suppose σ ∈ Iσ(0).

E
[

g
(
X1, . . . ,Xk

)
g
(
Xσ(1), . . . ,Xσ(k)

) k∏
j=1

Kh
(
z j −Z j

)
Kh

(
z j −Zσ( j )

)]
=E

[
g
(
X1, . . . ,Xk

) k∏
j=1

Kh
(
z j −Z j

)]2

=
(∫

g (x1, . . . ,xk )
k∏

j=1
fX,Z(x j ,z j )dx j +h2 A2,g +h3 A3,g

)2

ii) Suppose η ∈ Iσ(1) and assume index m overlaps at position i .

E
[

g
(
X1, . . . ,Xk

)
g
(
Xσ(1), . . . ,Xσ(k)

) k∏
j=1

Kh
(
z j −Z j

)
Kh

(
z j −Zσ( j )

)]
=E

[
g
(
X1, . . . ,Xk

)
g
(
Xσ(1), . . . ,Xσ(i−1),Xm ,Xσ(i+1), . . . ,Xσ(k)

)
×

k∏
j=1

Kh
(
z j −Z j

) k∏
j=1
j ̸=i

Kh
(
z j −Zσ( j )

)
Kh

(
zi −Zm

)]

=
∫

g (x1, . . . ,xk )g (xk+1, . . . ,xk+i−1,xm , . . . ,x2k )
k∏

j=1
Kh

(
z j −Z j

) k∏
j=1
j ̸=i

Kh
(
z j −Zk+ j

)
Kh

(
zi −Zm

)

×
k∏

l=1
fX,Z(xl ,zl )

k∏
r=1
r ̸=i

fX,Z(xk+r ,zr )dxl dxk+r .

Now, if K has compact support

K
(zi −Zm

h

)
K

(zm −Zm

h

)
= 0

whenever zi ̸= zm and n is sufficiently large. Thus for σ ∈ Iσ(1)

E
[

g
(
X1, . . . ,Xk

)
g
(
Xσ(1), . . . ,Xσ(k)

) k∏
j=1

Kh
(
z j −Z j

)
Kh

(
z j −Zσ( j )

)]= 0 when zi ̸= zm .

When zi = zm ,

E
[

g
(
X1, . . . ,Xk

)
g
(
Xσ(1), . . . ,Xσ(k)

) k∏
j=1

Kh
(
z j −Z j

)
Kh

(
z j −Zσ( j )

)]
=

∫
g (x1, . . . ,xk )g (xk+1, . . . ,xk+i−1,xm , . . . ,x2k )

k∏
j=1
j ̸=m

Kh
(
z j −z′j

) k∏
j=1
j ̸=i

Kh
(
z j −z′k+ j

)
Kh

(
zm −z′m

)2

×
k∏

l=1
fX,Z(xl ,z′l )

k∏
r=1
r ̸=i

fX,Z(xk+r ,z′r )dxl dxk+r dz′l dz′k+r
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= 1

hd

∫
g (x1, . . . ,xk )g (xk+1, . . . ,xm , . . . ,x2k )

k∏
j=1
j ̸=m

Kh
(
u j

) k∏
j=1
j ̸=i

Kh
(
uk+ j

)
Kh

(
um

)2

×
k∏

l=1
fX,Z(xl ,zl +hul )

k∏
r=1
r ̸=i

fX,Z(xk+r ,zr +huk+r )dxl dxk+r dul duk+r

=
∫

K (u)du

hd

∫
g (x1, . . . ,xk )g (xk+1, . . . ,xm , . . . ,x2k )

k∏
l=1

fX,Z(xl ,zl )
k∏

r=1
r ̸=i

fX,Z(xk+r ,zr )dxl dxk+r

+o
( 1

hd

)
.

We applied the usual Taylor expansion. We will omit the derivation of the cases when
r > 1 since these are negligible compared to the r = 0 and r = 1 case.

We now obtain that

k∑
r=0

∑
σ∈Iσ(r )

∣∣Ik,n
∣∣−1
E
[

g
(
X1, . . . ,Xk

)
g
(
Xσ(1), . . . ,Xσ(k)

) k∏
j=1

Kh
(
z j −Z j

)
Kh

(
z j −Zσ( j )

)]
= |Iσ(0)|∣∣Ik,n

∣∣
(∫

g (x1, . . . ,xk )
k∏

j=1
fX,Z(x j ,z j )dx j +h2 A2,g +h3 A3,g

)2

+
k∑

i ,m=1
1zi=zm

( |Iσ(1)|∣∣Ik,n
∣∣

∫
K (u)2du

hd

∫
g (x1, . . . ,xk )g (xk+1, . . . , xm ,︸︷︷︸

i ′th

. . . ,x2k )
k∏

l=1
fX,Z(xl ,zl )

×
k∏

r=1
r ̸=i

fX,Z(xk+r ,zr )dxl dxk+r +o
( 1

nhd

))
.

It follows that

Var

(∣∣Ik,n
∣∣−1 ∑

σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

) k∏
j=1

Kh
(
z j −Zσ( j )

))

=
( |Iσ(0)|∣∣Ik,n

∣∣ −1
)(∫

g (x1, . . . ,xk )
k∏

j=1
fX,Z(x j ,z j )dx j +h2 A2,g +h3 A3,g

)2

+
k∑

i ,m=1
1zi=zm

( |Iσ(1)|∣∣Ik,n
∣∣

∫
K (u)2du

hd

∫
g (x1, . . . ,xk )g (xk+1, . . . , xm ,︸︷︷︸

i ′th

. . . ,x2k )
k∏

l=1
fX,Z(xl ,zl )

×
k∏

r=1
r ̸=i

fX,Z(xk+r ,zr )dxl dxk+r +o
( 1

nhd

))
.

It should be noted that |Iσ(0)|∣∣Ik,n

∣∣ = 1−O
(

1
n

)
, hence

Var

(∣∣Ik,n
∣∣−1 ∑

σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

) k∏
j=1

Kh
(
z j −Zσ( j )

))
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=
k∑

i ,m=1
1zi=zm

( |Iσ(1)|∣∣Ik,n
∣∣

∫
K (u)2du

hd

∫
g (x1, . . . ,xk )g (xk+1, . . . , xm ,︸︷︷︸

i ′th

. . . ,x2k )
k∏

l=1
fX,Z(xl ,zl )

×
k∏

r=1
r ̸=i

fX,Z(xk+r ,zr )dxl dxk+r +o
( 1

nhd

))

+
k∑

i ,m=1
1zi ̸=zm

( |Iσ(0)|∣∣Ik,n
∣∣ −1

)(∫
g (x1, . . . ,xk )

k∏
j=1

fX,Z(x j ,z j )dx j

)2 +O
(h2

n

)
When n is sufficiently large, the variance is similar to

k∑
i ,m=1

1zi=zm

(∫
K (u)2du

nhd

∫
g (x1, . . . ,xk )g (xk+1, . . . , xm ,︸︷︷︸

i ′th

. . . ,x2k )
k∏

l=1
fX,Z(xl ,zl )

×
k∏

r=1
r ̸=i

fX,Z(xk+r ,zr )dxl dxk+r +o
( 1

nhd

))
.

This proves the lemma.

6.2.2. PROOF OF LEMMA 6.2.3

Corollary 6.1.6 shows that conditioning on An,h decays exponentially, hence

Var

(∣∣Ik,n
∣∣−1 ∑

σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

) k∏
j=1

Kh
(
z j −Zσ( j )

)
×

(∣∣Ik,n
∣∣−1 ∑

σ∈Ik,n

k∏
j=1

Kh
(
z j −Zσ( j )

)−E[ k∏
j=1

Kh
(
z j −Z j

)]))

= E
[(∣∣Ik,n

∣∣−1 ∑
σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

) k∏
j=1

Kh
(
z j −Zσ( j )

)
×

(∣∣Ik,n
∣∣−1 ∑

σ∈Ik,n

k∏
j=1

Kh
(
z j −Zσ( j )

)−E[ k∏
j=1

Kh
(
z j −Z j

)]))2]

−E
[∣∣Ik,n

∣∣−1 ∑
σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

) k∏
j=1

Kh
(
z j −Zσ( j )

)
×

(∣∣Ik,n
∣∣−1 ∑

σ∈Ik,n

k∏
j=1

Kh
(
z j −Zσ( j )

)−E[ k∏
j=1

Kh
(
z j −Z j

)])]2

.

Recall that we have already computed the second expression in Lemma 6.1.3

E

[∣∣Ik,n
∣∣−1 ∑

σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

) k∏
j=1

Kh
(
z j −Zσ( j )

)
×

(∣∣Ik,n
∣∣−1 ∑

σ∈Ik,n

k∏
j=1

Kh
(
z j −Zσ( j )

)−E[ k∏
j=1

Kh
(
z j −Z j

)])]2
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=
( k∑

r=1

∣∣In,k (r )
∣∣∣∣Ik,n

∣∣
∫

K (u)2du

hd

∫
g (x1, . . . ,xk )

k∏
j=1

fX,Z(x j ,z j )dx j

)2

+o
( 1

nhd

)
. (6.15)

We now focus on the first expression, which can be rewritten using exchangeability as

∣∣Ik,n
∣∣−4 ∑

σ,η,τ,θ∈Ik,n

E

[
g
(
Xσ(1), . . . ,Xσ(k)

)
g
(
Xη(1), . . . ,Xη(k)

) k∏
j=1

Kh
(
z j −Zη( j )

)
Kh(z j −Zσ( j ))

×
( k∏

j=1
Kh

(
z j −Zτ( j )

)−E[ k∏
j=1

Kh
(
z j −Z j

)])( k∏
j=1

Kh
(
z j −Zθ( j )

)−E[ k∏
j=1

Kh
(
z j −Z j

)])]

=∣∣Ik,n
∣∣−3 ∑

η,τ,θ∈Ik,n

E

[
g (X1, . . . ,Xk )g

(
Xη(1), . . . ,Xη(k)

) k∏
j=1

Kh
(
z j −Zη( j )

)
Kh(z j −Z j )

×
( k∏

j=1
Kh

(
z j −Zτ( j )

)−E[ k∏
j=1

Kh
(
z j −Z j

)])( k∏
j=1

Kh
(
z j −Zθ( j )

)−E[ k∏
j=1

Kh
(
z j −Z j

)])]
(6.16)

Now define the set for k ≤ r ≤ 4k

Iη,τ,θ(r ) =
{
η,µ,θ ∈ Ik,n :

∣∣∣{1, . . . ,k
}∪{

θ(1), . . . ,θ(k)
}∪{

η(1), . . . ,η(k)
}∪{

τ(1), . . . ,τ(k)
}∣∣∣= r

}
,

for the number of different indices. It can be shown that
∣∣Iη,τ,θ(r )

∣∣ ∼ nr−k so the cases
where r = 4k and r = 4k−1 are the main contributions and other cases are negligible for
n large enough. We will analyse these two cases separately.

i) Let η,τ,θ ∈ Iη,τ,θ(4k). This means there is no overlap between any of the indices and
by independence we write

E

[
g (X1, . . . ,Xk )g

(
Xη(1), . . . ,Xη(k)

) k∏
j=1

Kh
(
z j −Zη( j )

)
Kh(z j −Z j )

×
( k∏

j=1
Kh

(
z j −Zτ( j )

)−E[ k∏
j=1

Kh
(
z j −Z j

)])( k∏
j=1

Kh
(
z j −Zθ( j )

)−E[ k∏
j=1

Kh
(
z j −Z j

)])]

= E
[

g (X1, . . . ,Xk )
k∏

j=1
Kh

(
z j −Z j

)] ·E[g
(
Xη(1), . . . ,Xη(k)

) k∏
j=1

Kh
(
z j −Zη( j )

)]
×E

[ k∏
j=1

Kh
(
z j −Zτ( j )

)−E[ k∏
j=1

Kh
(
z j −Z j

)]] ·E[ k∏
j=1

Kh
(
z j −Zθ( j )

)−E[ k∏
j=1

Kh
(
z j −Z j

)]]]= 0.

ii) Let η,τ,θ ∈ Iη,τ,θ(4k −1) such that there is one overlapping index. Note that the ex-
pectation is again 0 unless the overlap is between {τ(1), . . . ,τ(k)} and {θ(1), . . . ,θ(k)}.
In that case

E

[
g (X1, . . . ,Xk )g

(
Xη(1), . . . ,Xη(k)

) k∏
j=1

Kh
(
z j −Zη( j )

)
Kh(z j −Z j )
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×
( k∏

j=1
Kh

(
z j −Zτ( j )

)−E[ k∏
j=1

Kh
(
z j −Z j

)])( k∏
j=1

Kh
(
z j −Zθ( j )

)−E[ k∏
j=1

Kh
(
z j −Z j

)])]

= E
[

g (X1, . . . ,Xk )
k∏

j=1
Kh

(
z j −Z j

)] ·E[g
(
Xη(1), . . . ,Xη(k)

) k∏
j=1

Kh
(
z j −Zη( j )

)]
×E

[( k∏
j=1

Kh
(
z j −Zτ( j )

)−E[ k∏
j=1

Kh
(
z j −Z j

)])( k∏
j=1

Kh
(
z j −Zθ( j )

)−E[ k∏
j=1

Kh
(
z j −Z j

)])]
.

(6.17)

Assume index θ(m) overlaps τ(i ),

E
[( k∏

j=1
Kh

(
z j −Zτ( j )

)−E[ k∏
j=1

Kh
(
z j −Z j

)])( k∏
j=1

Kh
(
z j −Zθ( j )

)−E[ k∏
j=1

Kh
(
z j −Z j

)])]
=E

[ k∏
j=1

Kh
(
z j −Zτ( j )

)
Kh(z j −Zθ( j ))

]
−E

[ k∏
j=1

Kh(z j −Z j )
]2

=E
[ k∏

j=1
j ̸=i

Kh(z j −Zτ( j ))
k∏

r=1
r ̸=m

Kh(zr −Zθ(r ))Kh(zi −Z)Kh(zm −Z)
]
−E

[ k∏
j=1

Kh(z j −Z j )
]2

=E
[ k∏

j=1
j ̸=i

Kh(z j −Zτ( j ))
]
E
[ k∏

r=1
r ̸=m

Kh(zr −Zθ(r ))
]
E
[

Kh(zi −Z)Kh(zm −Z)
]
−E

[ k∏
j=1

Kh(z j −Z j )
]2

.

We again have that since K has compact support,

K
(zi −Z

h

)
K

(zm −Z

h

)
= 0

for zi ̸= zm and n large enough. In that case

E
[( k∏

j=1
Kh

(
z j −Zτ( j )

)−E[ k∏
j=1

Kh
(
z j −Z j

)])( k∏
j=1

Kh
(
z j −Zθ( j )

)−E[ k∏
j=1

Kh
(
z j −Z j

)])]
=0−E

[ k∏
j=1

Kh(z j −Z j )
]2 =−

( k∏
j=1

fZ(z j )+O
(
h2

))2

.

If zi = zm

E
[ k∏

j=1
j ̸=i

Kh(z j −Zτ( j ))
]
E
[ k∏

r=1
r ̸=m

Kh(zr −Zτ(r ))
]
E
[

Kh(zi −Z)2)
]
−E

[ k∏
j=1

Kh(z j −Z j )
]2

=
(

1

hd

(∫
K (u)2du

)
fZ(zi )+o

( 1

hd

))( k∏
j=1
j ̸=i

fZ(z j )+O
(
h2

))( k∏
r=1
r ̸=m

fZ(zr )+O
(
h2

))
−

( k∏
j=1

fZ(z j )+O
(
h2

))2

=
∫

K (u)2du

hd
fZ(zi )

k∏
j=1
j ̸=i

fZ(z j )2 −
k∏

j=1
fZ(z j )2 +o

( 1

hd

)
+O

(
h2

)
.
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We can conclude that Equation (6.17) becomes(∫
g (x1, . . . ,xk )

k∏
j=1

fX,Z(x j ,z j )dx j +O
(
h2

))2(
−

k∏
j=1

fZ(z j )2 +O
(
h2

)
+1zi=zm

(∫
K (u)2du

hd
fZ(zi )

k∏
j=1
j ̸=i

fZ(z j )2 +o
( 1

hd

)))
.

This implies

∑
η,τ,θ∈I (4k−1)

∣∣Ik,n
∣∣−3
E
[

g (X1, . . . ,Xk )
k∏

j=1
Kh

(
z j −Z j

)] ·E[g
(
Xη(1), . . . ,Xη(k)

) k∏
j=1

Kh
(
z j −Zη( j )

)]
×E

[( k∏
j=1

Kh
(
z j −Zτ( j )

)−E[ k∏
j=1

Kh
(
z j −Z j

)])( k∏
j=1

Kh
(
z j −Zθ( j )

)−E[ k∏
j=1

Kh
(
z j −Z j

)])]
=

∣∣Iη,τ,θ(4k −1)
∣∣

6
∣∣Ik,n

∣∣3

(
A0,g +O

(
h2

))2
( k∑

i ,m=1
1zi=zm

(∫
K (u)2du

hd
fZ(zi )

k∏
j ̸=i

fZ(z j )2 +o
( 1

hd

))
−

k∏
j=1

fZ(z j )2
)

=
∣∣Iη,τ,θ(4k −1)

∣∣
6
∣∣Ik,n

∣∣3 A2
0,g

( k∑
i ,m=1

1zi=zm

[∫
K (u)2du

hd
fZ(zi )

k∏
j ̸=i

fZ(z j )2 +o
( 1

hd

)]
−

k∏
j=1

fZ(z j )2
)
+O

(
h2

)
.

We scale
∣∣Iη,τ,θ(4k−1)

∣∣ by 1/6 because the expectation vanishes unless the overlap occurs
specifically between τ and θ, one of six equally likely pairing possibilities. We will not

consider the other possibilities since it can be shown that they are of at least O
(

1
(nhd )2

)
.

This now means that Equation (6.16) can be rewritten as

4k∑
r=0

∑
Iη,τ,θ(r )

1∣∣Ik,n
∣∣3 E

[
g (X1, . . . ,Xk )g

(
Xη(1), . . . ,Xη(k)

) k∏
j=1

Kh
(
z j −Zη( j )

)
Kh(z j −Z j )

×
( k∏

j=1
Kh

(
z j −Zτ( j )

)−E[ k∏
j=1

Kh
(
z j −Z j

)])( k∏
j=1

Kh
(
z j −Zθ( j )

)−E[ k∏
j=1

Kh
(
z j −Z j

)])]

=
∣∣Iη,τ,θ(4k −1)

∣∣
6
∣∣Ik,n

∣∣3

( k∑
i ,m=1

1zi=zm

[∫
K (u)2du

hd
A2

0,g fZ(zi )
k∏

j ̸=i
fZ(z j )2 +o

( 1

hd

)]
− A2

0,g

k∑
i ,m=1

1zi ̸=zm

[ k∏
j=1

fZ(z j )2 +O
(
h2

)])
If we now combine this result with Equation (6.15) we obtain

Var

(∣∣Ik,n
∣∣−1 ∑

σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

) k∏
j=1

Kh
(
z j −Zσ( j )

)
×

(∣∣Ik,n
∣∣−1 ∑

σ∈Ik,n

k∏
j=1

Kh
(
z j −Zσ( j )

)−E[ k∏
j=1

Kh
(
z j −Z j

)]))
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=
∣∣Iη,τ,θ(4k −1)

∣∣
6
∣∣Ik,n

∣∣3

( k∑
i ,m=1

1zi=zm

[∫
K (u)2du

hd
A2

0,g fZ(zi )
k∏

j ̸=i
fZ(z j )2 +o

( 1

hd

)]
− A2

0,g

k∑
i ,m=1

1zi ̸=zm

[ k∏
j=1

fZ(z j )2 +O
(
h2

)])

−
( k∑

r=1

∣∣In,k (r )
∣∣∣∣Ik,n

∣∣
∫

K (u)2du

hd

∫
g (x1, . . . ,xk )

k∏
j=1

fX,Z(x j ,z j )dx j

)2

=
k∑

i ,m=1
1zi=zm

[ ∣∣Iη,τ,θ(4k −1)
∣∣

6
∣∣Ik,n

∣∣3

∫
K (u)2du

hd
A2

0,g fZ(zi )
k∏

j ̸=i
fZ(z j )2 +o

( 1

nhd

)]
−

k∑
i ,m=1

1zi ̸=zm

[ ∣∣Iη,τ,θ(4k −1)
∣∣

6
∣∣Ik,n

∣∣3 A2
0,g

k∏
j=1

fZ(z j )2 +O
(h2

n

)]
.

When n is sufficiently big, this expression is similar to

k∑
i ,m=1

1zi=zm

[∫
K (u)2du

nhd
A2

0,g fZ(zi )
k∏

j ̸=i
fZ(z j )2 +o

( 1

nhd

)]
−

k∑
i ,m=1

1zi ̸=zm

[ 1

n
A2

0,g

k∏
j=1

fZ(z j )2 +O
(h2

n

)]
which proves the claim.

6.2.3. PROOF OF LEMMA 6.2.4

Start with recalling that by definition

Cov(X ,Y ) = E(X Y )−E(X )E(Y ).

So we start by computing

E

[∣∣Ik,n
∣∣−2 ∑

σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

) k∏
j=1

Kh
(
z j −Zσ( j )

) ∑
η∈Ik,n

g
(
Xη(1), . . . ,Xη(k)

) k∏
j=1

Kh(z j −Zη( j ))

×
(∣∣Ik,n

∣∣−1 ∑
τ∈Ik,n

k∏
j=1

Kh(z j −Zτ( j ))−E
[ k∏

j=1
Kh

(
z j −Z j

)])]

= ∣∣Ik,n
∣∣−2 ∑

τ,σ∈Ik,n

E

[
g
(
X1, . . . ,Xk

)
g
(
Xσ(1), . . . ,Xσ(k)

) k∏
j=1

Kh
(
z j −Z j

)
Kh

(
z j −Zσ( j )

)
×

( k∏
j=1

Kh
(
z j −Zτ( j )

)−E[ k∏
j=1

Kh
(
z j −Z j

)])]
.

We will use a similar approach as before and define the set k ≤ r ≤ 3k

Iσ,τ(r ) =
{
σ,µ ∈ Ik,n :

∣∣∣{1, . . . ,k
}∪{

σ(1), . . . ,σ(k)
}∪{

τ(1), . . . ,τ(k)
}∣∣∣= r

}
,

which captures the number of different indices. It can be shown that
∣∣Iσ,τ(r )

∣∣∼ nr−k so
we will focus on the cases when r = 3k and r = 3k −1.
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i) Suppose that σ,τ ∈ Iσ,τ(3k) such that there is no overlap between the indices.

E

[
g
(
X1, . . . ,Xk

)
g
(
Xσ(1), . . . ,Xσ(k)

) k∏
j=1

Kh
(
z j −Z j

)
Kh

(
z j −Zσ( j )

)
×

( k∏
j=1

Kh
(
z j −Zτ( j )

)−E[ k∏
j=1

Kh
(
z j −Z j

)])]= 0

ii) Suppose that σ,τ ∈ Iσ,τ(3k −1) such that there is one overlapping index. Note that
the expectation is 0 if the overlap is between {1, . . . ,k} and {σ(1), . . . ,σ(k)}. So assume
that the overlap is between σ(i ) and τ(m). Then by Lemma 6.1.3 and Lemma 6.1.4

E

[
g
(
X1, . . . ,Xk

)
g
(
Xσ(1), . . . ,Xσ(k)

) k∏
j=1

Kh
(
z j −Z j

)
Kh

(
z j −Zσ( j )

)
×

( k∏
j=1

Kh
(
z j −Zτ( j )

)−E[ k∏
j=1

Kh
(
z j −Z j

)])]

= E
[

g
(
X1, . . . ,Xk

) k∏
j=1

Kh
(
z j −Z j

)] ·E[g
(
Xσ(1), . . . ,Xσ(k)

) k∏
j=1

Kh
(
z j −Zσ( j )

)
×

( k∏
j=1

Kh
(
z j −Zτ( j )

)−E[ k∏
j=1

Kh
(
z j −Z j

)])]

=
(
1zi=zm

[ k∏
j ̸=i

fZ(z j )

∫
K (u)2du

hd

∫
g (x1, . . . ,xk )

k∏
j=1

fX,Z(x j ,z j )dx j +o
( 1

hd

)]
−1zi ̸=zm

[
A0,g A0,1 +O

(
h2

)])
·
(

A0,g +h2 A2,g +h3 A3,g

)
=

(
1zi=zm

[ k∏
j ̸=i

fZ(z j )

∫
K (u)2du

hd

(∫
g (x1, . . . ,xk )

k∏
j=1

fX,Z(x j ,z j )dx j

)2 +o
( 1

hd

)]
−1zi ̸=zm

[
A2

0,g A0,1 +O
(
h2

)])
.

It can be shown that all the other cases are of at least O
(

1
h2d

)
and are thus negligible

compared to the above.

We now obtain that

∣∣Ik,n
∣∣−2 ∑

τ,σ∈Ik,n

E

[
g
(
X1, . . . ,Xk

)
g
(
Xσ(1), . . . ,Xσ(k)

) k∏
j=1

Kh
(
z j −Z j

)
Kh

(
z j −Zσ( j )

)
×

( k∏
j=1

Kh
(
z j −Zτ( j )

)−E[ k∏
j=1

Kh
(
z j −Z j

)])]

= 2
∣∣Iσ,τ(3k −1)

∣∣
3
∣∣Ik,n

∣∣2

k∑
i ,m=1

(
1zi=zm

[ k∏
j ̸=i

fZ(z j )

∫
K (u)2du

hd

(∫
g (x1, . . . ,xk )

k∏
j=1

fX,Z(x j ,z j )dx j

)2 +o
( 1

hd

)]
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−1zi ̸=zm

[
A2

0,g A0,1 +O
(
h2

)])
. (6.18)

The factor 2/3 is because the expectation vanishes if the overlap is between {1, . . . ,k} and
{σ(1), . . . ,σ(k)}, one of three equally likely pairing possibilities.

Using Lemma 6.1.3 and 6.1.4 once more, we obtain

E
[

g
(
X1, . . . ,Xk

) k∏
j=1

Kh
(
z j −Z j

)] ·E[∣∣Ik,n
∣∣−1 ∑

σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

) k∏
j=1

Kh
(
z j −Zσ( j )

)
×

(∣∣Ik,n
∣∣−1 ∑

σ∈Ik,n

k∏
j=1

Kh
(
z j −Zσ( j )

)−E[ k∏
j=1

Kh
(
z j −Z j

)])]

= |Iσ(1)|∣∣Ik,n
∣∣ k∑

i ,m=1

(
1zi=zm

[ k∏
j ̸=i

fZ(z j )

∫
K (u)2du

hd

(∫
g (x1, . . . ,xk )

k∏
j=1

fX,Z(x j ,z j )dx j

)2 +o
( 1

hd

)]
−1zi ̸=zm

[
A2

0,g A0,1 +O
(
h2

)])
. (6.19)

With Iσ(r ) =
{
σ ∈ Ik,n :

∣∣∣{1, . . . ,k
}∩ {

σ(1) . . . ,σ(k)
}∣∣∣ = r

}
. By combining Equation (6.18)

and (6.19) we obtain

Cov

(∣∣Ik,n
∣∣−1 ∑

σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

) k∏
j=1

Kh
(
z j −Zσ( j )

)
,
∣∣Ik,n

∣∣−1 ∑
σ∈Ik,n

g
(
Xσ(1), . . . ,Xσ(k)

)
×

k∏
j=1

Kh(z j −Zσ( j ))
(∣∣Ik,n

∣∣−1 ∑
σ∈Ik,n

k∏
j=1

Kh
(
z j −Zσ( j )

)−E[ k∏
j=1

Kh
(
z j −Z j

)]))

=
(2

∣∣Iσ,τ(3k −1)
∣∣

3
∣∣Ik,n

∣∣2 − |Iσ(1)|∣∣Ik,n
∣∣ ) k∑

i ,m=1

(
1zi=zm

[ k∏
j ̸=i

fZ(z j )

∫
K (u)2du

hd

(∫
g (x1, . . . ,xk )

k∏
j=1

fX,Z(x j ,z j )dx j

)2

+o
( 1

hd

)]
−1zi ̸=zm

[
A2

0,g A0,1 +O
(
h2

)])
and for n sufficiently large

k∑
i ,m=1

(
1zi=zm

[ k∏
j ̸=i

fZ(z j )

∫
K (u)2du

nhd

(∫
g (x1, . . . ,xk )

k∏
j=1

fX,Z(x j ,z j )dx j

)2 +o
( 1

nhd

)]
−1zi ̸=zm

[ 1

n
A2

0,g A0,1 +O
(h2

n

)])
.

This proves Lemma 6.2.4.
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6.3. EXPECTATION AND VARIANCE OF THE CKT ESTIMATOR

In this section, we apply the general theory for conditional U-statistics developed in
the previous subsections to our estimator of the conditional Kendall’s tau. For that, let
(X1,Z1), (X2,Z2), . . . , (Xn ,Zn) be i.i.d. observations in Rp ×Rd with joint distribution FX,Z,
where each Xi =

(
Xi ,1, . . . , Xi ,p

) ∈ Rp . We focus on the estimator τ̂(4)
j1, j2

(z), which can be

written as a normalized conditional U-statistic. Specifically, it is defined as τ̂(4)
j1, j2

(z) =
τ̂(1)

j1, j2
(z)

1−sn
where sn = ∑n

j=1 w2
j ,n(z) and w j ,n(z) are the Nadaraya–Watson weights intro-

duced in Equation (2.12). The numerator is given by

τ̂(1)
j1, j2

(z) =
n∑

j=1

n∑
i=1

wi ,n(z)w j ,n(z)g (1)(Xi , ( j1, j2),X j , ( j1, j2)
)

where the kernel g (1) is defined in Equation (2.13). This representation makes clear that
τ̂(4)

j1, j2
(z) inherits the structure of a conditional U-statistic. As a result, the asymptotic

results derived earlier, can be applied.

Theorem 6.3.1. Define the event

An,h :=


∣∣∣∣∣∣
∑
σ∈I2,n

∏2
j=1 Kh

(
z j −Zσ( j )

)−E[∑σ∈I2,n

∏2
j=1 Kh

(
z j −Zσ( j )

)]
E
[∑

σ∈I2,n

∏2
j=1 Kh

(
z j −Zσ( j )

)]
∣∣∣∣∣∣≤ 1

2

 .

then under Assumptions 1, 2, 8, 9 and 10 and in the bandwidth regime where hn → 0 and

nhd →∞ such that 1
nhd = o

(
h2

)
, we have

E
(
τ̂(4)

j1, j2
(z)

∣∣An,h

)
= τ j1, j2 (z)+h2

( A2,g

fZ(z)2 − A2,1

fZ(z)2 τ j1, j2 (z)
)
+O

(
h3 + 1

nhd

)
and

Var
(
τ̂(4)

j1, j2
(z)

∣∣An,h

)
∼ 1

nhd

4
∫

K (u)2du

fZ(z)
Cov

(
g (1)(X1,X2

)
, g (1)(X1,X3

)∣∣∣Z1 = Z2 = Z3 = z
)
+o

( 1

nhd

)
where

A2,g =
∫

g (x1,x2)K (u1)K (u2)
(

A2(x1,z1,u1) fX,Z(x2,z)+ A2(x2,z2,u2) fX,Z(x1,z)
)
dx1dx2du1du2

A2,1 =
∫

K (u1)K (u2)
(

A2(x1,z1,u1) fX,Z(x2,z)+ A2(x2,z2,u2) fX,Z(x1,z)
)
dx1dx2du1du2

with A2(x,z,u) as in Equation (6.8) and g as in Equation (2.13).

Proof. We start by showing the estimator of the conditional Kendall’s tau can be written
as a conditional U -statistic of order 2. Indeed, let g (1) :R2 ×R2 →R as in Equation (2.13).
Where we can choose g (1) without loss of generality. Following Section 2.7.1 we can de-
fine the functional as

θ
(
F

X
∣∣Z=z1

,F
X
∣∣Z=z2

)= E[g (1)(X1,X2)
∣∣∣Z1 = z1,Z2 = z2

]
.
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From Definition 2.7.5 we then obtain that the conditional U -statistic estimator writes as

Un(z1,z2) =
∑
σ∈I2,n g (1)(Xσ(1),Xσ(2))

∏2
j=1 Kh

(
z j −Zσ( j )

)
∑
σ∈I2,n

∏2
j=1 Kh

(
z j −Zσ( j )

) .

In order to compare Un with the estimator

τ̂(4)
j1, j2

(z) =
τ̂(1)

j1, j2
(z)

1− sn

from Equation (2.16), we start by rewriting

τ̂(1)
j1, j2

(z) =
n∑

j=1

n∑
i=1

wi ,n(z)w j ,n(z)g (1)
(
Xi , ( j1, j2),X j , ( j1, j2)

)
=

n∑
i=1

n∑
j=1

Kh(z−Z j ) ·Kh(z−Zi )(∑n
k=1 Kh(z−Zk )

)2 g (1)
(
Xi , ( j1, j2),X j , ( j1, j2)

)

=
∑
σ∈S2,n g (1)

(
Xσ(1), ( j1, j2),Xσ(2), ( j1, j2)

)∏2
r=1 Kh(z−Zσ(r ))∑

σ∈S2,n

∏2
r=1 Kh(z−Zσ(r ))

. (6.20)

We have that Xi , ( j1, j2) = (Xi , j1 , Xi , j2 ) ∈ R2 and S2,n = {
σ = (i , j ) : 1 ≤ i , j ≤ n

}
. Note that

Equation (6.20) resembles Un but is not yet in the same framework since S2,n ̸= I2,n .
However, note that we can decompose the numerator as

∑
σ∈S2,n

g (1)(Xσ(1), ( j1, j2),Xσ(2), ( j1, j2)
) 2∏

r=1
Kh(z−Zσ(r ))

= ∑
σ∈I2,n

g (1)(Xσ(1), ( j1, j2),Xσ(2), ( j1, j2)
) 2∏

r=1
Kh(z−Zσ(r ))

+ ∑
σ∈I1,n

g (1)(Xσ(1), ( j1, j2),Xσ(1), ( j1, j2)
)
Kh(z−Zσ(1))

2.

Now recall by the Equation (2.13) that

g (1)(x,x) = 0.

Hence Equation (6.20) becomes∑
σ∈I2,n g (1)

(
Xσ(1), ( j1, j2),Xσ(2), ( j1, j2)

)∏2
r=1 Kh(z−Zσ(r ))∑n

i , j Kh(z−Zi )Kh(z−Z j )
.

Now by definition

τ̂(4)
j1, j2

(z) = 1

1−∑n
j=1 w2

j ,n

∑
σ∈I2,n g (1)

(
Xσ(1), ( j1, j2),Xσ(2), ( j1, j2)

)∏2
r=1 Kh(z−Zσ(r ))∑n

i , j Kh(z−Zi )Kh(z−Z j )
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= 1

1−
∑n

j=1 Kh (z−Z j )2∑n
i , j Kh (z−Zi )Kh (z−Z j )

∑
σ∈I2,n g (1)

(
Xσ(1), ( j1, j2),Xσ(2), ( j1, j2)

)∏2
r=1 Kh(z−Zσ(r ))∑n

i , j Kh(z−Zi )Kh(z−Z j )

=
∑
σ∈I2,n g (1)

(
Xσ(1), ( j1, j2),Xσ(2), ( j1, j2)

)∏2
r=1 Kh(z−Zσ(r ))∑

i , j Kh(z−Zi )Kh(z−Z j )−∑n
j=1 Kh(z−Z j )2

=
∑
σ∈I2,n g (1)

(
Xσ(1), ( j1, j2),Xσ(2), ( j1, j2)

)∏2
r=1 Kh(z−Zσ(r ))∑

σ∈I2,n

∏2
j=1 Kh(z−Zσ( j ))

.

Note that now τ̂(4)
j1, j2

(z) exactly resembles a conditional U -statistic of order 2. Then by

Lemma 6.1.1 we obtain

E
[
τ̂(4)

j1, j2
(z)

∣∣∣ An,h

]
= τ j1, j2 (z)+h2

( A2,g

fZ(z)2 − τ j1, j2 (z) A2,1

fZ(z)2

)
+O

(
h3 + 1

nhd

)
,

where we used that

E
[

g (1)(X1,( j1, j2),X2,( j1, j2))
∣∣∣ Z1 = Z2 = z

]
= τ j1, j2 (z),

and

A2,g =
∫

g (x1,x2)K (u1)K (u2)
(

A2(x1,z1,u1) fX,Z(x2,z)+ A2(x2,z2,u2) fX,Z(x1,z)
)
dx1dx2du1du2

A2,1 =
∫

K (u1)K (u2)
(

A2(x1,z1,u1) fX,Z(x2,z)+ A2(x2,z2,u2) fX,Z(x1,z)
)
dx1dx2du1du2

with A2(x,z,u) as in Equation (6.8). Similarly Theorem 6.2.1 can be applied

Var
(
τ̂(4)

j1, j2
(z)

∣∣ An,h
)∼ 1

nhd

∫
K (u)2du

fZ(z)

((
E
[
g (1)(X1,X2

)
g (1)(X1,X4

)∣∣Z1 = Z2 = Z4 = z
]

−E[g (1)(X1,X2
)∣∣Z1 = Z2 = z

]2
)
+

(
E
[
g (1)(X1,X2

)
g (1)(X2,X4

)∣∣Z1 = Z2 = Z4 = z
]

−E[g (1)(X1,X2
)∣∣Z1 = Z2 = z

]2
)
+

(
E
[
g (1)(X1,X2

)
g (1)(X3,X1

)∣∣Z1 = Z2 = Z3 = z
]

−E[g (1)(X1,X2
)∣∣Z1 = Z2 = z

]2
)
+

(
E
[
g (1)(X1,X2

)
g (1)(X3,X2

)∣∣Z1 = Z2 = Z3 = z
]

−E[g (1)(X1,X2
)∣∣Z1 = Z2 = z

]2
))
+o

( 1

nhd

)
= 1

nhd

4
∫

K (u)2du

fZ(z)
Cov

(
g (1)(X1,X2

)
, g (1)(X3,X1

)∣∣∣Z1 = Z2 = Z3 = z
)
+o

( 1

nhd

)
which proves the result.

We can now also find an expression for the mean squared error of τ̂(4)
j1, j2

by using

MSE(θ̂) = E[(θ− θ̂)2]= Var
(
θ̂
)+Bias(θ, θ̂)2.

Lemma 6.3.2 (Mean Squared Error of τ̂(4)
j1, j2

). Under the assumptions of Theorem 6.3.1

MSE(τ̂(4)
j1, j2

(z) | An,h) = h4
( A2,g

fZ(z)2 − A2,1

fZ(z)2 τ j1, j2 (z)
)
+O

(
h5 + 1

nhd

)
.
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6.4. MOMENTS OF THE CKT ESTIMATOR

In this section, we extend the results on the CKT estimator by computing its moments.

Theorem 6.4.1. Define the event

An,h,k (z1, . . . ,zk ) :=


∣∣∣∣∣∣
∑
σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)−E[∑σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)]
E
[∑

σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)]
∣∣∣∣∣∣≤ 1

2

 .

Then under Assumptions 1, 2, 8, 9 and 10 and in the bandwidth regime where hn → 0 and

nhd →∞ such that 1
nhd = o

(
h2

)
, we have

E
[
τ̂(4)

j1, j2
(z) · · · τ̂(4)

l1,l2
(z)︸ ︷︷ ︸

p

τ̂(4)
k1,k2

(z′) · · · τ̂(4)
i1,i2

(z′)︸ ︷︷ ︸
m

∣∣∣ An,h,2(p+m)(z1, . . . ,z2(p+m))
]

= τ(4)
j1, j2

(z) · · ·τ(4)
l1,l2

(z)τ(4)
k1,k2

(z′) · · ·τ(4)
i1,i2

(z′)

+h2
( A2,g − A2,1τ

(4)
j1, j2

(z) · · ·τ(4)
l1,l2

(z)τ(4)
k1,k2

(z′) · · ·τ(4)
i1,i2

(z′)

fZ(z)2p fZ(z′)2m

)
+O

(
h3 + 1

nhd

)
where

A2,g =
∫

g (x1, . . . ,x2(p+m))
2(p+m)∏

j=1
K (u j )

2(p+m)∑
l=1

(
A2(xl ,zl ,ul )

∏
i ̸=l

fX,Z(xi ,zi )
)
dx j du j

A2,1 =
∫ 2(p+m)∏

j=1
K (u j )

2(p+m)∑
l=1

(
A2(xl ,zl ,ul )

∏
i ̸=l

fX,Z(xi ,zi )
)
dx j du j

with A2(x,z,u) as in Equation (6.8), (z1, . . . ,z2p ,z2p+1, . . . ,z2(p+m)) = (z, . . . ,z,z′, . . . ,z′) and

g (x1, . . . ,x2(p+m)) = g (1)(x1,x2) · · ·g (1)(x2(p+m)−1,x2(p+m))

from Equation (2.13).

Proof. We aim to show that the estimator can be written as a conditional U -statistic of
order 2(p +m). To start, let g : (R2)2(p+m) → R, and follow Section 2.7.1 to define the
functional as

θ = E
[

g (X1, . . . ,X2(p+m))
∣∣Z1 = z1, . . . ,Z2(p+m) = z2(p+m)

]
.

From Definition 2.7.5 we obtain that θ can be estimated by

Un(z1, . . . ,z2(p+m)) =
∑
σ∈I4p,n g

(
Xσ(1), . . . ,Xσ(2(p+m))

)∏2(p+m)
j=1 Kh(z j −Zσ( j ))∑

σ∈I4p,n

∏2(p+m)
j=1 Kh(z j −Zσ( j ))

.

To see that

τ̂(4)
j1, j2

(z) · · · τ̂(4)
l1,l2

(z) τ̂(4)
k1,k2

(z′) · · · τ̂(4)
i1,i2

(z′) =
τ̂(1)

j1, j2
(z) · · · τ̂(1)

l1,l2
(z) τ̂(1)

k1,k2
(z′) · · · τ̂(1)

i1,i2
(z′)

(1− sn,z)p (1− sn,z′ )m (6.21)
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also defines a U -statistic, take g (1) as in Equation (2.13) and write

τ̂(1)
j1, j2

(z) · · · τ̂(1)
l1,l2

(z) τ̂(1)
k1,k2

(z′) · · · τ̂(1)
i1,i2

(z′)

=
n∑

m1,...,m2(p+m)=1
wm1,n(z) · · ·wm2p ,n(z)wm2p+1,n(z′) · · ·wm2(p+m),n(z′)

× g (1)(Xm1, ( j1, j2),Xm2, ( j1, j2)
) · · ·g (1)(Xm2(p+m)−1, (i1,i2),Xm2(p+m), (i1,i2)

)
=

n∑
m1,...,m2(p+m)=1

∏2p
j=1 Kh(z−Zm j )

∏2(p+m)
j=2p+1 Kh(z′−Zm j )(∑n

i=1 Kh(z−Zi )
)2p(∑n

i=1 Kh(z′−Zi )
)2m g∗(

Xm1, ( j1, j2), . . . ,Xm2(p+m), (i1,i2)
)

=
∑
σ∈S2(p+m),n

g∗(
Xσ(1), ( j1, j2), . . . ,Xσ(2(p+m)), (i1,i2)

)∏2(p+m)
r=1 Kh(zr −Zσ(r ))∑

σ∈S2(p+m),n

∏2(p+m)
r=1 Kh(zr −Zσ(r ))

(6.22)

where (z1, . . . ,z2p ,z2p+1, . . . ,z2(p+m)) = (z, . . . ,z,z′, . . . ,z′) and

g∗(x1, . . .x4p ) := g (1)(x1,x2) · · ·g (1)(x2(p+m)−1,x2(p+m)).

We have that Xi , ( j1, j2) = (Xi , j1 , Xi , j2 ) ∈ R2 and S2(p+m),n = {
σ = (m1, . . . ,m2(p+m)) : 1 ≤

m1, . . . ,m2(p+m) ≤ n
}
. Note that Equation (6.22) resembles Un but is not yet in the same

framework since S2(p+m),n ̸= I2(p+m),n .

In the proof of Theorem 6.3.1 we have seen that

(1− sn,z)
∑
i , j

Kh(z−Zi )Kh(z−Z j ) = ∑
σ∈I2,n

2∏
j=1

Kh(z−Zσ( j )).

Similarly, we can combine Equation (6.21) with the denominator of Equation (6.22) to
obtain

(1− sn,z)p (1− sn,z′ )
m

∑
σ∈S2(p+m),n

2(p+m)∏
r=1

Kh
(
zr −Zσ(r )

)= ∑
σ∈I2p,n

2p∏
j=1

Kh
(
z−Zσ( j )

) ∑
η∈I2m,n

2m∏
j=1

Kh
(
z′−Zη( j )

)
.

Now this rewrites as

∑
σ∈I2p,n

2p∏
j=1

Kh
(
z−Zσ( j )

) ∑
η∈I2m,n

2m∏
j=1

Kh
(
z′−Zη( j )

)
= ∑
σ∈I2(p+m),n

2(p+m)∏
j=1

Kh
(
z j −Zσ( j )

)+ 2min(p,m)∑
i=1

∑
σ∈I4p−i ,n

Ci Hi
(
σ

)
where Hi (σ) consists of a product of 2(p+m) kernels where it collects all terms in which
exactly i indices coincide between the two index sets. Recall that since K has compact
support and z ̸= z′, for n large enough we have

Kh
(
z−Z j

)
Kh

(
z′−Z j

)= 0.
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Hence, terms with overlapping indices involve factors of the form Kh
(
z−Z j

)
Kh

(
z′−Z j

)
will vanish for n large enough. Therefore all overlap terms disappear and so

∑
σ∈I2p,n

2p∏
j=1

Kh
(
z−Zσ( j )

) ∑
σ∈I2m,n

2m∏
j=1

Kh
(
z′−Zσ( j )

)= ∑
σ∈I2(p+m),n

2(p+m)∏
j=1

Kh
(
z j −Zσ( j )

)
.

To show that the numerator of Equation (6.22) can be written as a U-statistic, we decom-
pose this sum according to the number of distinct indices in σ. This yields

∑
σ∈S2(p+m),n

g∗(
Xσ(1), ( j1, j2), . . . ,Xσ(2(p+m)), (i1,i2)

)2(p+m)∏
r=1

Kh(zr −Zσ(r ))

= ∑
σ∈I2(p+m),n

g∗(
Xσ(1), ( j1, j2), . . . ,Xσ(2(p+m)), (i1,i2)

)2(p+m)∏
r=1

Kh(zr −Zσ(r ))

+
2(p+m)−1∑

k=1

∑
σ∈I2(p+m)−k,n

Cp,k g∗
k

(
σ

)
Hk

(
σ

)
,

where the second sum collects all terms in which at least one index appears more than
once. Cp,k is a combinatorial coefficient counting the configurations with exactly k index
collisions, g∗

k is the function obtained from g∗ by identifying arguments corresponding
to repeated indices. Specifically, if a configurations maps the 2(p +m) positions to 2(p +
m)−k distinct indices via a surjection π : {1, . . . ,2(p +m)} → {1, . . . ,2(p +m)−k} then

g∗
k (x1, . . . ,x2(p+m)−k ) := g∗(xπ(1), . . . ,xπ(2(p+m))).

Hk is the corresponding kernel product

Hk (z1, . . . ,z2(p+m)−k ) :=
2(p+m)∏

r=1
Kh

(
zr −zπ(r )

)
.

Recall that g (1)(x,x) = 0. This implies that for any 1 ≤ j ≤ p+m, if two arguments within a
pair coincide, i.e. x2 j−1 = x2 j , then g∗ = 0. Similarly, because Kh(z−Z j )Kh(z′−Z j ) = 0 for
n large enough, we find that Hk = 0 whenever there is overlap between the first 2p and
last 2m arguments. With these two conditions it can in fact be shown that for m = p = 1,

∑
σ∈S4,n

g∗(
Xσ(1), ( j1, j2), . . . ,Xσ(4), (k1,k2)

) 4∏
r=1

Kh(zr −Zσ(r ))

= ∑
σ∈I4,n

g∗(
Xσ(1), ( j1, j2), . . . ,Xσ(4), (k1,k2)

) 4∏
r=1

Kh(zr −Zσ(r )).

We can rewrite Equation (6.22) and obtain

τ̂(4)
j1, j2

(z) · · · τ̂(4)
l1,l2

(z) τ̂(4)
k1,k2

(z′) · · · τ̂(4)
i1,i2

(z′) =
τ̂(1)

j1, j2
(z) · · · τ̂(1)

l1,l2
(z) τ̂(1)

k1,k2
(z′) · · · τ̂(1)

i1,i2
(z′)

(1− sn,z)p (1− sn,z′ )m
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=
∑
σ∈I2(p+m),n

g∗(
Xσ(1), ( j1, j2), . . . ,Xσ(2(p+m)), (i1,i2)

)∏2(p+m)
r=1 Kh(zr −Zσ(r ))∑

σ∈I2(p+m),n

∏2(p+m)
r=1 Kh(zr −Zσ(r ))

+
2(p+m)−1∑

k=1

∑
σ∈I2(p+m)−k,n

Cp,k , g∗
k

(
σ

)
Hk

(
σ

)
∑
σ∈I2(p+m),n

∏2(p+m)
r=1 Kh(zr −Zσ(r ))

.

where (z1, . . . ,z2p ,z2p+1, . . . ,z2(p+m)) = (z, . . . ,z,z′, . . . ,z′). It can be shown using the proof
of Theorem 6.1.1 that∑

σ∈I2(p+m)−k,n
Cp,k , g∗

k

(
σ

)
Hk

(
σ

)
∑
σ∈S2(p+m),n

∏2(p+m)
r=1 Kh(zr −Zσ(r ))

=O
( 1

(nhd )k

)
.

Then we obtain for n sufficiently large that and using Lemma 6.1.1 that

E
[
τ̂(4)

j1, j2
(z) · · · τ̂(4)

l1,l2
(z) τ̂(4)

k1,k2
(z′) · · · τ̂(4)

i1,i2
(z′)

∣∣∣ An,h,2(p+m)(z, . . . ,z′)
]

= τ(4)
j1, j2

(z) · · ·τ(4)
l1,l2

(z)τ(4)
k1,k2

(z′) · · ·τ(4)
i1,i2

(z′)

+h2
( A2,g − A2,1τ

(4)
j1, j2

(z) · · ·τ(4)
l1,l2

(z)τ(4)
k1,k2

(z′) · · ·τ(4)
i1,i2

(z′)

fZ(z)2p fZ(z′)2m

)
+O

(
h3 + 1

nhd

)
where we used that

E

[
g∗(

X1,( j1, j2), . . . ,X2(p+m),(i1,i2)
)∣∣∣∣ Z1=···=Z2p=z

Z2p+1=···=Z2(p+m)=z′

]
= τ(4)

j1, j2
(z) · · ·τ(4)

l1,l2
(z)τ(4)

k1,k2
(z′) · · ·τ(4)

i1,i2
(z′).

Note that for the special case when m = p = 1 and ( j1, j2) = (k1,k2), Theorem 6.4.1 gives

E
[
τ̂(4)

j1, j2
(z)τ̂(4)

j1, j2
(z′)

∣∣∣ An,h,4(z,z,z′,z′)
]
= τ(4)

j1, j2
(z)τ(4)

j1, j2
(z′)

+h2
( A2,g − A2,1τ

(4)
j1, j2

(z)τ(4)
j1, j2

(z′)

fZ(z)2 fZ(z′)2

)
+O

(
h3 + 1

nhd

)
.

Combining this with Lemma 6.1.1 gives the following corollary.

Corollary 6.4.2. Define the event

An,h,k (z1, . . . ,zk ) :=


∣∣∣∣∣∣
∑
σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)−E[∑σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)]
E
[∑

σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)]
∣∣∣∣∣∣≤ 1

2

 .

Then under Assumptions 1, 2, 8, 9 and 10 and in the bandwidth regime where hn → 0 and

nhd →∞ such that 1
nhd = o

(
h2

)
, we have

Cov
(
τ̂(4)

j1, j2
(z,z) , τ̂(4)

j1, j2
(z′)

∣∣∣An,h,4(z,z,z′,z′)∩ An,h,2(z,z)∩ An,h,2(z′,z′)
)

= h2
( A2,g − A2,1τ

(4)
j1, j2

(z)τ(4)
j1, j2

(z′)

fZ(z)2 fZ(z′)2

)
+O

(
h3 + 1

nhd

)
.
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6.5. CONVERGENCE OF THE INTEGRAL OPERATORS

In order to prove convergence of the operator Γ̂p we need some additional assumptions
on the kernel.

Assumption 11. We have the following properties for kernel K

i) K is piecewise Lipschitz. This means there exist finitely many sets A1, . . . , AM ⊂Z such
that Z =⋃M

m=1 Am , and for every m there exists a constant Lm > 0 such that

|K (z)−K (z′)| ≤ Lm∥z−z′∥, for all z,z′ ∈ Am .

Moreover, the boundaries ∂Am have Lebesgue measure zero.

ii) infz∈Z E
(
Kh

(
z−Z

))> 0 for all sufficiently small h.

Assumption 12. Suppose the integrals∫
I1(z)dz <∞ and

∫
I2(z)dz <∞

with I1 and I2 as in Assumption 9 and 10 respectively.

Remark 13. It can be shown that Assumption 11 (ii) follows from Assumptions 1 and 8.
Define

φ(z) := E
[

Kh
(
z−Z

)]= ∫
Kh

(
z−Z

)
fZ(z)dz =

∫
Kh

(
u) fZ(z+hu)du.

To show that φ is continuous, let (zn)n≥1 be a sequence such that zn → z. For every u,
define

gn(u) := K (u) fZ(zn +hu), g (u) := K (u) fZ(z+hu).

Since fZ is continuous, it follows that for every fixed u,

gn(u) → g (u) as n →∞.

Now by Assumptions 1(a) and 8 we can bound the sequence∣∣gn(u)
∣∣= ∣∣∣Kh

(
u) fZ(zn +hu)

∣∣∣≤ fZ,max∥K ∥∞.

Because K is integrable and the domain is compact, the function fZ,max∥K ∥∞ is integrable
as well. Hence, the dominated convergence theorem yields

φ(zn) →φ(z),

proving that φ is continuous on Z Since Z is compact, the continuous function φ attains
its minimum on Z . Therefore, there exists some z′ ∈ Z such that infz∈Z E

[
Kh(z−Z)

] =
φ(z′). Assumption 1(e) then implies that infz∈Z E

[
Kh(z−Z)

]> 0.

We start by proving an extension of Corollary 6.1.5.
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Lemma 6.5.1. Define the set

Aunif
n,h,k =

sup
z∈Z

∣∣∣∣∣∣
∑
σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)−E[∑σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)]
E
[∑

σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)]
∣∣∣∣∣∣≤ 1

2

 .

Under Assumptions 1, 2, 8, 9, 10, 11 and 12 and in the bandwidth regime where hn → 0

and nhkd /| logh|→+∞, then P
(

Aunif
n,h,k

)
−−−−→
n→∞ 1.

Proof. Start by writing

Rn(z) =
∣∣∣∣∣∣
∑
σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)−E[∑σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)]
E
[∑

σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)]
∣∣∣∣∣∣ .

By compactness of Z , for every δ> 0, there exists a finite set
{

z1, . . . ,zNδ

} ⊂ Z such that
every z ∈ Z is contained in a ball of radius δ around some grind point. Specifically,

Z ⊂⋃Nδ
m=1 B(zm ,δ). Now for any z pick m such that ∥z−zm∥ ≤ δ. Then Rn(z) ≤ Rn(zm)+∣∣Rn(z)−Rn(zm)

∣∣ and also

sup
z∈Z

Rn(z) ≤ max
1≤m≤Nδ

Rn(zm)+ sup
∥z−z′∥≤δ

∣∣Rn(z)−Rn(z′)
∣∣.

Now since there are only finitely many grid points we use Corollary 6.1.5 to control the
first term

P
(

max
1≤m≤Nδ

Rn(zm) > ϵ
)
≤

Nδ∑
m=1

P
(
Rn(zm) > ϵ

)
≤C Nδe−cnhkd −−−−→

n→∞ 0,

for any fixed m. Hence max1≤m≤Nδ
Rn(zm)

pr ob−−−−→
n→∞ 0. Next we need to control the second

term. By Assumption 11, K is piecewise Lipschitz on a compact domain and so, there
exists a finite collection of regions on which K is Lipschitz continuous. Let D denote the
union of the corresponding boundaries. Now suppose ∥z−z′∥ ≤ δ. If both z−Z

h and z′−Z
h

belong to the same Lipschitz region of K , then∣∣Kh(z−Z)−Kh(z′−Z)
∣∣≤ h−(d+1)LK ∥z−z′∥.

Otherwise, the segment joining z−Z
h and z′−Z

h intersects the boundary set D . We then
bound it by ∣∣Kh(z−Z)−Kh(z′−Z)

∣∣≤ 2h−d∥K ∥∞.

It then follows that for any z∣∣Kh(z−Z)−Kh(z′−Z)
∣∣≤ h−(d+1)LK ∥z−z′∥1E c

δ
(z,z′) +2h−d∥K ∥∞1Eδ(z,z′). (6.23)

where

Eδ(z,z′) =
{

z,z′ ∈Z : the segment joining
z−Z

h
and

z′−Z

h
intersects D

}
.
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If z,z′ ∈ Eδ and ∥z−z′∥ ≤ δ then

Eδ(z,z′) ⊂
{

dist
(z−Z

h
,D

)≤ δ

h

}
.

Now introduce the ϵ-neighbourhood Dϵ = {x : dist
(
x,D

) ≤ ϵ}. Then the previous inclu-
sion becomes

Eδ(z,z′) ⊂
{z−Z

h
∈ Dδ/h

}
=

{
Z ∈ z−hDδ/h

}
.

By Assumption 11, D has measure 0 so |Dϵ|→ 0 as ϵ→ 0. We can use this to bound

P
(
Eδ(z,z′)

)≤P(
Z ∈ z−hDδ/h) =

∫
z−hDδ/h

fZ(u)du ≤ fZ,max
∣∣z−hDδ/h∣∣= fZ,maxhd ∣∣Dδ/h∣∣.

In particular this means that if we choose δ= δn = o(h), we have |Dδ/h |→ 0 and hence

sup
∥z−z′∥≤δ

P
(
Eδ(z,z′)

)→ 0.

So the boundary-crossing contribution in Equation (6.23) are asymptotically negligible
in probability. We continue bounding |Rn(z)−Rn(z′)| by using the inequality

|a1 . . . ak −b1 . . .bk | ≤
k∑

i=1
|ai −bi |

( i−1∏
j=1

|b j |
)( k∏

j=i+1
|a j |

)
.

If we combine this with Equation (6.23) we can bound Sn(z) =∑
σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)
.

This yields

∣∣Sn(z)−Sn(z′)
∣∣≲ k nk

(∥K ∥∞
hd

)k−1 ∥z−z′∥
hd+1

≲ k nk ∥z−z′∥
hdk+1

and similarly

∣∣E[Sn(z)
]−E[Sn(z′)

]∣∣≲ k nk
(∥K ∥∞

hd

)k−1 ∥z−z′∥
hd+1

≲ k nk ∥z−z′∥
hdk+1

.

Now using that Assumption 11 we find that E
[∑

σ∈Ik,n

∏k
j=1 Kh

(
z j −Zσ( j )

)]
≳ nk . Define

An(z) = Sn(z)−E[Sn(z)
]

and Bn(z) = E[Sn(z)
]
. Using∣∣∣∣ An(z)

Bn(z)
− An(z′)

Bn(z′)

∣∣∣∣≤
∣∣An(z)− An(z′)

∣∣
|Bn(z)| +

∣∣An(z′)
∣∣∣∣Bn(z)−Bn(z′)

∣∣∣∣Bn(z)Bn(z′)
∣∣

yields

∣∣Rn(z)−Rn(z′)
∣∣≲ ∥z−z′∥

hdk+1
.

Therefore

sup
∥z−z′∥≤δ

∣∣Rn(z)−Rn(z′)
∣∣≲ δ

hdk+1
.
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Choose δ= δn = hdh+2 and then δn

hdk+1 = hn → 0. To ensure that also max1≤m≤Nδ
Rn(zm)

converges to 0, we want Nδe−cnhkd → 0. Recall that

Nδ =
(diam(Z )

δ

)d ∼ h−(k+ 2
d ).

Thus

h−(k+ 2
d )e−nhkd = exp

(
−nhkd − (k + 2

d
) logh

)
.

For this expression to go to 0, we need that nhkd /| logh|→+∞. As a result,

sup
z∈Z

Rn(z) ≤ max
1≤m≤Nδ

Rn(zm)+ sup
∥z−z′∥≤δ

∣∣Rn(z)−Rn(z′)
∣∣ pr ob−−−−→

n→∞ 0.

This concludes that

P
(

Aunif
n,h,k

)=P(
sup
z∈Z

Rn(z) ≤ 1

2

)
−−−−→
n→∞ 1.

6.5.1. PROOF OF THEOREM 4.4.1

To prove the desired result we will use Lemma 2.5.2 and show

E
[Ï (

Γ̂(z,z′)−Γp (z,z′)
)2

dzdz′
∣∣∣Aunif

n,h

]
=O

(
h4 + 1

nhd

)
and P

(
Aunif

n,h

)
−−−−→
n→∞ 1.

Start with writing ∆ j1, j2 (z) = τ̂ j1, j2 (z)− τ j1, j2 (z) for any pair ( j1, j2). Therefore, we can
write

τ̂ j1, j2 (z)τ̂k1,k2 (z′)−τ j1, j2 (z)τk1,k2 (z′) =∆ j1, j2 (z)∆k1,k2 (z′)+∆ j1, j2 (z)τk1,k2 (z′)+∆k1,k2 (z′)τ j1, j2 (z).

Since the τ are bounded we have∣∣τ̂ j1, j2 (z)τ̂k1,k2 (z′)−τ j1, j2 (z)τk1,k2 (z′)
∣∣≤ ∣∣∆ j1, j2 (z)

∣∣+ ∣∣∆k1,k2 (z′)
∣∣+ ∣∣∆ j1, j2 (z)∆k1,k2 (z′)

∣∣
and(
τ̂ j1, j2 (z)τ̂k1,k2 (z′)−τ j1, j2 (z)τk1,k2 (z′)

)2 ≤ 3
(
∆ j1, j2 (z)2 +∆k1,k2 (z′)2 +∆ j1, j2 (z)2∆k1,k2 (z′)2

)
.

Now taking the expectation and applying Lemma 6.3.2 we find

E
[
∆ j1, j2 (z)2 ∣∣ Aunif

n,h,2

]=O
(
h4 + 1

nhd

)
.

Also if we use

∆ j1, j2 (z)2∆k1,k2 (z′)2 ≤ 1

2

(
∆ j1, j2 (z)4 +∆k1,k2 (z′)4)≤C

(
∆ j1, j2 (z)2 +∆k1,k2 (z′)2),
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we find E
[
∆ j1, j2 (z)2∆k1,k2 (z′)2

∣∣ Aunif
n,h,2

]=O
(
h4 + 1

nhd

)
. Thus

E
[(
τ̂ j1, j2 (z)τ̂k1,k2 (z′)−τ j1, j2 (z)τk1,k2 (z′)

)2
∣∣∣ Aunif

n,h

]
=O

(
h4 + 1

nhd

)
.

Next, recall

Γ̂p (z,z′)−Γp (z,z′)

= 1((p
2

)−1
)2

p∑
j1< j2

(
(τ̂ j1, j2 (z)− µ̂(z))(τ̂ j1, j2 (z′)− µ̂(z′))− (τ j1, j2 (z)−µ(z))(τ j1, j2 (z′)−µ(z′))

)
= 1((p

2

)−1
)2

p∑
j1< j2

((
τ̂ j1, j2 (z)τ̂ j1, j2 (z′)−τ j1, j2 (z)τ j1, j2 (z′)

)
− 1(p

2

) (
τ̂ j1, j2 (z)

p∑
k1<k2

τ̂k1,k2 (z′)−τ j1, j2 (z)
p∑

k1<k2

τk1,k2 (z′)
)

− 1(p
2

) (
τ̂ j1, j2 (z′)

p∑
k1<k2

τ̂k1,k2 (z)−τ j1, j2 (z′)
p∑

k1<k2

τk1,k2 (z)
)

+ 1(p
2

)2

( p∑
k1<k2

p∑
l1<l2

τ̂k1,k2 (z)τ̂l1,l2 (z′)−
p∑

k1<k2

p∑
l1<l2

τk1,k2 (z)τl1,l2 (z′)
))

.

This expression is simply a finite linear combination of τ̂ j1, j2 (z)τ̂k1,k2 (z′)−τ j1, j2 (z)τk1,k2 (z′)
for any combination of pairs ( j1, j2) and (k1,k2). So we can write this expression as

Γ̂p (z,z′)−Γp (z,z′) =
N∑

r=1
cr

(
τ̂ar (z)τ̂br (z′)−τar (z)τbr (z′)

)
,

where N <∞ and only depends on p. Now by Cauchy-Schwartz, we get the existence of
a constant C > 0 such that(

Γ̂p (z,z′)−Γp (z,z′)
)2 ≤C

N∑
r=1

(
τ̂ar (z)τ̂br (z′)−τar (z)τbr (z′)

)2
.

This means

E
[Ï (

Γ̂p (z,z′)−Γp (z,z′)
)2

dzdz′
∣∣∣ Aunif

n,h,2

]
≤C

N∑
r=1

Ï
E
[(
τ̂ar (z)τ̂br (z′)−τar (z)τbr (z′)

)2 ∣∣∣ Aunif
n,h,2

]
dzdz′

=O
(
h4 + 1

nhd

)
.

We used Assumption 12 to show that the integrals are finite. Now by Lemma 6.5.1 we

have that P
(

Aunif
n,h,2

)
−−−−→
n→∞ 1 and the result follows from Lemma 2.5.2.





7
APPLICATION TO FINANCIAL DATA

In this final chapter, we apply the theoretical framework developed in the preceding
chapters to a selection of returns of 14 financial assets. Following the previous frame-
work, we estimate the conditional Kendall’s tau over all 1092 different asset triplets. Since
these conditional dependencies may vary across the support of the conditioning vari-
able, the CKT estimators are functional objects. We aim to extract the dominant modes
of variation among this collection of curves, however it becomes highly impractical to
analyse these curves individually. Hence, we will apply the theory developed in Chap-
ter 4 and 5 to apply FPCA and find the relevant structural phenomena present among all
the CKT curves.

As is typical with financial asset returns, the raw data exhibits strong dependencies over
time, violating the standard independent and identically distributed (i.i.d.) assumptions
required in our framework. Consequently, we employ a filtering procedure as a prepro-
cessing step to isolate the underlying independent innovations before computing the
principal components. But before doing this, we start by introducing the dataset.

7.1. DESCRIPTION AND VISUALIZATION OF THE DATASET

Our empirical analysis focuses on evaluating how various finance markets relate and
depend on one other. The raw dataset comprises daily closing prices for 14 distinct fi-
nancial assets spanning from January 2007 to September 2025, sourced via Yahoo Fi-
nance. This collection consists of different global equity indices, energy commodities,
and currency markets, as detailed in Table 7.1. For notational convenience we collect
their names in the vector NAMES = ("DAX", "AEX", ...). For every time t ∈ T, where
T denotes the set of all trading days between January 2007 and September 2025, and
every asset i ∈ NAMES, we denote by X t ,i the return on day t of asset i .
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Table 7.1: Overview of the asset classes, market indices, abbreviation and geographical regions included in the
dataset.

Type Name Abbreviation Location
European Markets DAX Index DAX Germany

AEX Index AEX the Netherlands
CAC 40 Index FCHI France

American Markets Dow Jones Index DJI United States
NASDAQ Composite IXIC United States
S&P 500 SP500 United States

Asian Markets Moscow Exchange Market MOEX Russia
Nikkei 225 N225 Japan
Shanghai Stock Exchange SHC China

Currency Markets US Treasury Yield FVX United States
Euro to US Dollar Exchange EURUSD/X -
Bitcoin Market BTC -

Oil Markets Brent Crude Oil Brent North Sea
West Texas Intermediate WTI United States

Before going into the analysis of this dataset we start by visualizing some of the market
behaviours. We will consider the AEX Index as a representative example. Figure 7.1 il-
lustrates the historical evolution of the AEX Index over the time period T. The trajectory
clearly captures major global shocks which have occurred. Notably, the severe downfall
associated with the 2008 global financial crisis is prominently visible, followed by a pro-
longed recovery period. Similarly, the sharp drop in early 2020 reflects the onset of the
COVID-19 pandemic, succeeded by an rapid recovery of the market and the stagnation
of the market in the recent years.
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Figure 7.1: Daily closing prices of the AEX Index from January 2007 to September 2025.
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The figure shows that the daily closing prices of a market is not an i.i.d. sample and it
is in fact not even stationary. To make the sample more stationary, we instead consider
the return rates on each day. A return rate measures the relative change in price between
two consecutive trading periods. Specifically, if Pt denotes the asset price at time t ∈T,
we compute the returns Rt as

Rt = Pt −Pt−1

Pt−1
.

For example, if the price of an asset increases by 2%, the corresponding return rate equals
0.02. Figure 7.2 displays the return rates of the AEX and the Dow Jones Index.
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(a) Return rate of the AEX over the period January 2007 till
September 2025
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(b) Return rate of the Dow Jones Index over the period Jan-
uary 2007 till September 2025

Figure 7.2: Return rate of the AEX and Dow Jones Index as a function of time.

Figure 7.2 shows that periods of high volatility tend to occur during times of financial
stress, such as the 2008 financial crisis, while calmer market periods, for example around
2017, exhibit substantially lower volatility. We can see that this volatility clustering oc-
curs for both markets, though it seems a bit more extreme in the AEX market.

7.2. ARMA-GARCH FILTERING OF RETURNS

As established in Chapter 3, the validity of our estimators hinges on the assumption that
the observations are independent and identically distributed. Figure 7.2 show that the
return rates are now mean-stationary but still have non-constant variance. They ex-
hibit phenomenons as volatility clustering and serial correlation. To resolve this, we
model each asset price series using an univariate ARMA-GARCH model, as detailed in
Section 2.10. Consequently, we extract the estimated standardized residuals, denotes by{
η̂DAX

t , η̂AEX
t , . . .

}
t∈T. These quantities serve as feasible empirical counterparts to the true,

unobservable standardized innovations
{
ηDAX

t ,ηAEX
t , . . .

}
t∈T. The standardized residuals

can be reliably modelled as an (approximately) i.i.d. process with a mean of zero and
unit variance, making them suitable for non-parametric conditional Kendall’s tau esti-
mation.

Our primary objective is to estimate the conditional dependence between the standard-
ized innovations of two assets, conditioned on a third. For any asset triplet ( j1, j2,k) ∈



7

144 7. APPLICATION TO FINANCIAL DATA

NAMES, the true conditional Kendall’s tau of the underlying standardized innovations is
defined as

τ
η

j1, j2|ηk=z
:= τ

η
j1
t ,η

j2
t |ηk=z

,

and assumed not to be depending on t . If the true standardized innovations were ob-
servable, we would estimate the CKT by τ̂η

j1, j2|ηk=z
. However, we do not directly observe

the η, instead we work with the standardized residuals η̂. Therefore, we will work with

the estimator τ̂η̂
j1, j2|ηk=z

.

Remark 14. Note that the ARMA-GARCH model adds an additional layer of randomness
to the problem. Indeed, the total error in our functional estimates decomposes now into
two distinct operational layers

τ̂
η̂

j1, j2|ηk=z
−τη

j1, j2|ηk=z
=

(
τ̂
η̂

j1, j2|ηk=z
− τ̂η

j1, j2|ηk=z

)
︸ ︷︷ ︸

Filtering Error

+
(
τ̂
η

j1, j2|ηk=z
−τη

j1, j2|ηk=z

)
︸ ︷︷ ︸

Sampling Error

. (7.1)

The first component represents the variation introduced by replacing η with η̂, while the
second component represents the sampling error in kernel estimation.

Figure 7.3 shows the standardized residuals η̂AEX
t and η̂DJI

t . If we compare this figure with
Figure 7.2, it shows that the filtering process has successfully normalized the variance
profile over time. The structural clusters of high volatility have been removed, leaving
behind a sequence that closely resembles i.i.d. data.
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(a) Standardized residuals of the AEX Index over the period
January 2007 till September 2025
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(b) Standardized residuals of the Dow Jones Index over the
period January 2007 till September 2025

Figure 7.3: Standardized residuals of the AEX and Dow Jones Index.

7.3. UNCONDITIONAL DEPENDENCE

It is also of interest to study the unconditional dependence structure between the dif-
ferent financial markets. We begin by considering the standardized residuals of the Am-
sterdam market (AEX) and the Dow Jones Index. Figure 7.4 displays the corresponding
scatterplot.
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Figure 7.4: Scatterplot of the standardized residuals of the Dow Jones Index, η̂DJI, and the AEX Index, η̂AEX.

Figure 7.4 reveals a clear positive dependence between the two markets. The scatterplot
also contains several notable outliers, illustrating the advantages of using Kendall’s tau as
a measure of dependence. Whereas a linear regression model can be heavily influenced
by outliers, Kendall’s tau remains relatively robust because it is based on the ranking of
observations rather than their exact numerical values. Our objective is to understand the
dependence structure across the entire set of markets. To this end, we next examine the
unconditional pairwise dependencies among all considered assets. Figure 7.5 presents
a heatmap of the pairwise unconditional Kendall’s tau values for the 14 standardized
residual series.
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Figure 7.5: Heat map of the unconditional Kendall’s tau given two assets.
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The unconditional dependence structure reveals distinct clustering. As expected, the
European equity markets, the AEX, DAX, and CAC 40 (FCHI), exhibit highly positive de-
pendencies (τ > 0.6) with each other, reflecting the regional integration. In contrast,
markets such as the NASDAQ Composite (IXIC) and the Shanghai Stock Exchange (SHC)
display weaker dependence with the European indices, reflecting more localized and in-
dependent market dynamics.

As shown in Figure 7.5, the strongest unconditional dependencies occur among the as-
sets in the bottom-right quadrant of the heatmap (from the AEX to the Nikkei 225). These
strong relationships suggest that the corresponding asset pairs may also exhibit pro-
nounced variation in their conditional Kendall’s tau curves. Although the main analysis
considers all 14 assets, Appendix A presents a complementary analysis restricted to this
highly dependent subset.

7.4. FPCA CONDITIONAL TO THE AMSTERDAM MARKET

While Figure 7.5 provides insights into the dependence structure, it does not capture any
conditional dependence dynamics. We therefore transition to the conditional Kendall’s
tau framework. The initial correlation plot shows that the AEX market has a high un-
conditional correlation with many different assets. Therefore, we expect the CKT curves
conditioned on the AEX to exhibit interesting structural patterns. In this section, we
analyse the set of CKT curves conditioned on the AEX and identify their dominant struc-
tural modes. In Chapter 5 we have developed a mathematical framework for such setting
which we can hence apply.

Following the methods of Chapter 5, we evaluate the conditional Kendall’s tau on a fi-
nite grid

{
z1, . . . , zN

} ⊂ ZAEX. Specifically, we employ a quantile grid to ensure an equi-
table discretization. Figure 7.6 illustrates four examples of these estimated conditional

Kendall’s tau curves, denoted as τ̂η̂
j1, j2|ηAEX=z

.

Figures 7.6b and 7.6c show that their CKT curve is relative flat. The two oil markets (Brent
and West Texas Intermediate) remain bound near τ≈ 0.3, showing minimal sensitivity to
the value of the AEX Index. The same is true for the Nikkei Index and the Shanghai Stock
Exchange. This might suggest that the simplifying assumption (see Section 2.3 and 3.3)
is valid for these markets.

This cannot be said for the Dow Jones/S&P 500 pair and the CAC 40/Moscow pair, where
the trajectories exhibit slightly parabolic shapes. Specifically during periods of extreme
AEX values, both positive and negative, the conditional Kendall’s tau values are higher
than during periods of moderate market performance. This indicates that during times
of extreme prosperity or systemic crisis, these markets depend more heavily on one an-
other than during calmer, baseline periods. Interestingly, during normal periods, the
conditional Kendall’s tau between the French and Russian markets hovers around 0, in-
dicating a lack of baseline correlation. However, during extreme market periods, their τ
increases. This suggests that the two markets develop a form of tail dependence during
times of distress. This phenomenon where financial crisis are rapidly spread between
markets is known as the contagion effect.
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(a) The estimated conditional Kendall’s tau curve for the
Dow Jones Index and the S&P 500, conditioned on the AEX
Index.
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(b) The estimated conditional Kendall’s tau curve for the
Brent Crude Oil and the West Texas Intermediate, condi-
tioned on the AEX Index.
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(c) The estimated conditional Kendall’s tau curve for the
Nikkei Index and the Shanghai Stock Exchange, conditioned
on the AEX Index.
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(d) The estimated conditional Kendall’s tau curve for the CAC
40 and the Moscow Exchange Market, conditioned on the
AEX Index.

Figure 7.6: Estimated conditional Kendall’s tau curves, τ̂
η̂

j1 , j2|ηAEX=z
.

Our goal is now to identify the dominant modes of variation among the different Kendall’s
tau curves. However, with

(14
2

) = 91 distinct asset pairs, analysing each curve individu-
ally becomes impractical. We therefore apply FPCA to these random curves in order to
extract their main patterns of variation.

Although the theoretical framework of FPCA is formulated in a infinite-dimensional func-
tional setting, practical implementation rely on discretised observations over a finite
grid. Consequently, FPCA is carried out numerically through PCA applied to the discre-
tised functions. The functional perspective is then recovered as the grid resolution in-
creases, corresponding to the limiting regime where the number of discretisation points
tends to infinity. The theoretical basis of applying PCA is laid out in Chapter 5.

Figure 7.7 shows the estimates of the first four principal components ξ̂i . Recall, that
each estimated CKT curve, can be expressed as a linear combinations of the components
where each function captures a distinct mode of variation within the collection of curves.
To understand the relative importance of these modes, we can look at their associated
eigenvalues, λ̂i . Figure 7.8 outlines the proportion of total variance explained by the first
six components.
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AEX Index

-0.2

0.0

0.2

0.00 0.25 0.50 0.75 1.00
quantiles of Z

P
C

4

(d) Fourth principal component when conditioning on the
AEX Index

Figure 7.7: The first four principal component when conditioning on η̂AEX.

Noticeably, the first principal component is overwhelmingly dominant, accounting for
nearly 80% of the total variation, whereas higher-order components sharply drop to less
than 3% each. This stark contrast in variance explanation is visually reflected in the
shapes of the estimated principal components displayed in Figure 7.7. The dominant
first component (ξ̂1) in Figure 7.7a, shows a uniform vertical shift. This represents a
baseline correlation, independent of the specific level of the AEX Index. In contrast, the
second principal component (ξ̂2) in Figure 7.7b reveals a distinct parabolic trajectory.
This confirms that a secondary source of variation captures stronger dependence during
extreme market conditions. These patterns align precisely with the empirical behaviour
observed in Figure 7.6. The fact that the parabolic shapes seen in Figures 7.6a and 7.6c
emerge as a principal component confirms that these dynamics represent genuine un-
derlying phenomena among the curves.

Beyond the second component, however, it is more difficult to interpret the components.
As seen in Figure 7.7, the third and fourth components appear highly erratic and noisy.
While it is likely that the components indeed represent noise, it is theoretically also pos-
sible that these higher-order components possess underlying structure but are simply
obscured by estimation difficulties. Indeed, recall from Section 5.5 that the error of the
eigenvectors is inversely proportional to its eigenvalue gap, min

(
λi−1 −λi ,λi −λi+1

)
.
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Figure 7.8: Histogram showing the percentage of the variance explain by the first six principal component
when conditioning on the AEX Index.

Because the higher-order components each capture less than 2% of the variance, their
eigenvalues are tightly clustered together near zero, resulting in a very small eigenvalue
gap and thus a high estimation error. Nevertheless, it is more probable that these com-
ponent simply capture noise.

As established in Section 3.3, a strictly valid simplifying assumption implies that all higher-
order eigenvalues asymptotically vanish (i.e., λi = 0 for all i ≥ 2). Under this assumption,
the first principal component (PC1) would account for 100% of the total variation, leav-
ing 0% for the remaining components. However, the empirical variance spectrum in
Figure 7.8 paints a different picture: PC1 explains roughly 80% of the variation, while the
subsequent components still capture minor shares (under 3% each).

The important question is whether these remaining eigenvalues represent true under-
lying structures or are simply non-zero because of estimation error. Since our current
framework lacks a formal hypothesis test for λi = 0 (i ≥ 1), we rely on rules-of-thumb
like the elbow rule [10]. The method states to truncate the number of components at the
point where the variance histogram flattens out. As shown in Figure 7.8, the variance
drops by 1% from PC2 to PC3, but shifts by only 0.5% for the subsequent steps. This dis-
tinct elbow suggests that PC2 retains meaningful information and should be included.
Furthermore, our analysis of Figure 7.7b demonstrates that this second component is
also interpretable and aligns with known economic phenomena, specifically the conta-
gion effect. Taken together, this strongly suggest that the simplifying assumption does
not hold across the entire collection of curves. This conclusion is entirely coherent with
the economic intuition that the conditional dependence between financial markets are
dynamic rather than static.



7

150 7. APPLICATION TO FINANCIAL DATA

7.5. FPCA ON ALL ASSET TRIPLETS

In the previous section we have considered the case where we only conditioned on the
AEX Index. However, we can of course also condition on other assets and thereby ex-
tending the analysis to more curves. Even though the theory established in Chapters
3 till Chapter 5 does not directly apply when conditioning on multiple covariates, it is
certainly possible to extend it accordingly. Hence, we still consider that analysis here.

In our system of 14 assets
{
DAX,AEX, . . .

}
, we consider all combinations, choosing 2 con-

ditioned assets and 1 conditioning asset among NAMES. This combinatorial arrangement
yields

(14
2

)×(14−2) = 1092 unique triplets. Following Chapter 5, we evaluate each condi-
tional Kendall’s tau curve over a localized grid of N points, {zk,1, . . . , zk,N } ⊂ Zk for each
k ∈ NAMES. A quantile grid was selected to capture higher resolution in high-probability
density zones and to ensure more robustness to extreme outliers. The complete set of
estimated conditional Kendall’s tau curves for all triplets can therefore be organized into
a large-scale matrix AllCKT ∈RN×1092, where each curve correspond to one column, giv-
ing the following structure:

AllCKT=



τ̂
η̂

AEX,DAX|ηFCHI=zFCHI,1
τ̂
η̂

AEX,DAX|ηDJI=zDJI,1
. . . τ̂

η̂

BTC,Brent|ηWTI=zWTI,1

τ̂
η̂

AEX,DAX|ηFCHI=zFCHI,2
τ̂
η̂

AEX,DAX|ηDJI=zDJI,2
. . . τ̂

η̂

BTC,Brent|ηWTI=zWTI,2

...
...

. . .
...

τ̂
η̂

AEX,DAX|ηFCHI=zFCHI,N
τ̂
η̂

AEX,DAX|ηDJI=zDJI,N
. . . τ̂

η̂

BTC,Brent|ηWTI=zWTI,N


. (7.2)

So each column represents on CKT curve discretized over the grid. Figure 7.9 shows all
conditional Kendall’s tau curves from AllCKT.
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Figure 7.9: All estimates of the conditional Kendall’s tau for all combinations of assets. The x-axis is the quan-
tiles of the associated covariate variable.
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When looking at Figure 7.9 we can distinguish patterns across the set of curves. We can
note that some curve experience more fluctuation near the boundaries of the interval,
suggesting some tail dependency for these markets. We can also clearly note that most
of the markets experience relative weak correlation (τ≈ 0.1) but there is also a group of
assets having a relative big correlation with curves fluctuating between values 0.6 and
0.75.
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Figure 7.10: Average curve of all the estimated conditional Kendall’s tau trajectories.

Figure 7.10 shows the average curve of the conditional Kendall’s tau. As expected, the
curve is a constant over the entire quantile domain but we can also notice some small
parabolic shapes near the boundaries. To better understand the modes describing all
the curves, we can compute the estimates for the principal components and look at their
respective importance.
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Figure 7.11: Histogram showing the percentage of the variance explain by the first six principal component.
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Figure 7.11 shows the percentage of variance explained by each of the estimated princi-
pal components from Figure 7.12. As already observed in the single-market analysis, the
first principal component (ξ̂1) represents a uniform vertical shift, capturing a baseline
correlation between markets. Again, the component is responsible for the vast majority
of the variance of the data. The second principal component (ξ̂2) maintains its charac-
teristic parabolic shape, modelling the contagion effect during periods of extreme mar-
ket prices. This curve quantifies how asset correlations deviate sharply during severe
market periods relative to periods of intermediate calmness.
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dataset.
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tire dataset.
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(c) Third principal component when considering the entire
dataset.
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(d) Fourth principal component when considering the entire
dataset.

Figure 7.12: The first four principal component of the entire dataset.

From the third component onward, structural interpretation becomes more difficult.
One could argue that the third eigenfunction (ξ̂3) captures variation during moderately
positive or negative market states. In that way, ξ̂3 might be seen as a "near-crisis" com-
ponent, accounting for systemic variations that occur immediately preceding extreme
tail events. In contrast, the fourth component (ξ̂4) is entirely structureless and probably
captures only residual noise.



7.5. FPCA ON ALL ASSET TRIPLETS

7

153

7.5.1. DEFLATION OF THE FIRST PRINCIPAL COMPONENT

Figure 7.12 strongly indicates that the first principal component, which accounts for the
vast majority of the variance, is a constant curve representing the average conditional
Kendall’s tau. We can exploit this structural knowledge to improve the estimation of the
remaining principal components. Since the true version of PC1 is known to be flat, we
can normalize each CKT curve by subtracting its own average value, rather than deflating
the system using an empirically estimated PC1. Differently, this corresponds to project-
ing the functional data directly onto the orthogonal complement of the space spanned
by the true PC1. As a result, the curves no longer possess a vertical shift, and the domi-
nant constant curve, is no longer one of the principal components. This way allows us to
better examine the remaining modes of variation since some noise has been removed.

Figure 7.13 shows the variance decomposition after normalizing each CKT curve1. It
illustrates that the proportion of total variance explained by PC3 is nearly identical to
that of the subsequent higher-order components, suggesting that also PC3 lacks genuine
structural meaning and also behaves as noise.
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Figure 7.13: Histogram showing the relative percentage of variance explained by the principal components
after removing the dominant first mode.

Additionally, Figure 7.13 shows a sharp drop occurring between PC2 and PC3, after which
the variance explained stabilizes into a flat plateau across all subsequent modes. By the
elbow method, this transition strongly indicates that PC3 marks the threshold where sig-
nal gives way to noise. This justifies the idea that only PC1 and PC2 describe genuine
patterns in the collection of CKT curves.

To gain a better understanding of PC2’s importance in characterizing the curves, we eval-
uate the functional PCA scores associated with each individual CKT curve. Since each
1Strictly speaking, PC2 in Figure 7.13 is the first principal component of the transformed dataset, not the sec-

ond. Still we retain the label PC2 to facilitate direct comparison with Figures 7.11 and 7.12.
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CKT curve can be expressed as a linear combination of the principal components, the
PCA scores define the respective coefficients.

Figure 7.14 shows the histogram of the scores from PC2 in Figure 7.12b. Note that a pos-
itive score represents a more concave CKT curve while a negative value means the curve
is more convex shaped. As illustrated, the scores exhibit an approximately symmetric
distribution centered close to zero. The number of markets that exhibit a drop in de-
pendence during extreme states, is approximately equal to the number of markets that
experience higher correlation during extreme periods.
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Figure 7.14: Histogram of the scores of the second principal component.

Concluding, these empirical observations provide compelling evidence against the sim-
plifying assumption being valid for AllCKT. As demonstrated by both Figures 7.12 and
7.13, the second principal component captures a distinct, non-trivial structural pattern
within the CKT curves. In fact, the variation across all CKT curves can be successfully
summarized by just two functional degrees of freedom: a constant baseline level repre-
senting the average conditional dependence, and a parabolic component that contrasts
extreme market states with more typical periods, capturing the contagion effects. More
specifically, assuming the conditioning variable is mapped to the unit interval z ∈ [0,1],
each individual CKT curve can be approximately characterized by

τ1,2|Z=z = a +b

(
z − 1

2

)2

(7.3)

where a and b are some coefficients representing the baseline dependence level and the
sensitivity to market extremes, respectively.
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7.6. SMOOTHED FPCA

We will end this chapter by noting that the principal components in Figure 7.12 exhibit
some noisy which potentially obscures their underlying structural interpretation. This
suggests that some form of smoothing may be appropriate when estimating the princi-
pal components. During the process of PCA we can smooth at three different instances:
before applying PCA, during the application of PCA or after applying PCA. This section
analyses the three moments of smoothing and compares their differences. Specifically,
we consider, pre-smoothing the estimated curves, regularized FPCA (detailed in Sec-
tion 2.9.2) and post-smoothing the estimated functional PCs.

7.6.1. PRE-SMOOTHING THE ESTIMATED CURVES

Our first regularizing strategy operates by smoothing the conditional dependency curves
prior to executing the spectral decomposition. This approach fundamentally relies on
substituting the standard pointwise estimator with a structurally smooth alternative.
Specifically, Derumigny and Fermanian [42] proposed a alternative estimator, τ̂2-step,
rooted in the framework of Kendall’s Regression. For the sake of generality, we do the
derivation using an i.i.d. sample

{
(X (i )

1 , X (i )
2 ,Zi )

}n
i=1.

We begin by introducing an increasing, bijective, and continuously differentiable func-
tion Λ : [−1,1] → R that maps the conditional Kendall’s tau to the real line. Following
a well-established functional approximation strategy, we assume that the transformed
curve Λ(τX1,X2|Z=z) can be expressed as a linear combination of m linearly independent
basis functions {φ1,φ2, · · · ,φm}

Λ(τX1,X2|Z=z) =
m∑

i=1
φi (z)βi =Φ(z)⊤β (7.4)

for any z ∈ Z , where β = (β1, . . . ,βm)⊤ ∈ Rm represents the vector of expansion coeffi-
cients andΦ(z) = (φ1(z), . . . ,φm(z))⊤ defines the vector of basis functions.

As always, we start by estimating τX1,X2|Z=z at the grid points z1, · · · ,zN ∈ Z using the
estimator from Equation (2.16). Given these point-wise estimates, β̂ is obtained as the
minimizer of the penalized least-squares criterion. To enforce smoothness, we introduce
a specific roughness penalty2,

RP( f ) :=
∫ (

d 2 f

d x2

)2

d x. (7.5)

Applying this penalty yields the following minimization problem

β̂= argminβ∈Rm

[
1

N

N∑
j=1

(
Λ(τ̂X1,X2|Z=z j )−Φ(z j )⊤β

)2 +η ·RP(Λ(τ))

]
(7.6)

2The second derivative of a function is called its curvature. Calculating the total curvature over an interval is a
way to quantify ’roughness’.



7

156 7. APPLICATION TO FINANCIAL DATA

where η≥ 0 is a tuning parameter typically found using cross-validation. Ultimately, the
regularized two-step estimator of the conditional Kendall’s tau curve is defined as

τ̂
2-step
X1,X2|Z=z =Λ−1(Φ(z)β̂). (7.7)

Properties of this estimator can be found in [42]. Because the approach relies on a pe-
nalized least-squares framework, it effectively smooths the curves. As a result, the es-
timated conditional Kendall’s tau curves exhibit substantially less noise. When FPCA is
subsequently performed on this pre-smoothed data, the resulting principal components
display reduced roughness and improved interpretability compared to those obtained
from the raw data.

To demonstrate this practical benefit, we apply the two-step estimation framework to
our empirical financial dataset. Figure 7.15 shows four examples of the estimated condi-

tional Kendall’s tau curves, τ̂η̂
j1, j2|ηAEX=z

alongside the regressed conditional Kendall’s tau

estimator τ̂η̂,2-step
j1, j2|ηAEX=z

.
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(a) The regressed (red) and non-regressed (black) estimated
conditional Kendall’s tau curve for the Dow Jones Index and
the S&P 500, conditioned on the AEX Index.
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(b) The regressed (red) and non-regressed (black) estimated
conditional Kendall’s tau curve for the Brent Crude Oil and
the West Texas Intermediate, conditioned on the AEX Index.
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(c) The regressed (red) and non-regressed (black) estimated
conditional Kendall’s tau curve for the Nikkei Index and the
Shanghai Stock Exchange, conditioned on the AEX Index.

0.0

0.4

0.8

0.00 0.25 0.50 0.75 1.00
quantiles of Z

E
st

im
at

ed
C

K
T

(d) The regressed (red) and non-regressed (black) estimated
conditional Kendall’s tau curve for the CAC 40 and the
Moscow Exchange Market, conditioned on the AEX Index.

Figure 7.15: The regressed (red) and non-regressed (black) estimated conditional Kendall’s tau curves,

τ̂
η̂

j1 , j2|ηAEX=z
and τ̂

η̂,2-step
j1 , j2|ηAEX=z

.
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As expected, the red regressed conditional Kendall’s tau curves in Figure 7.15 exhibit
significantly less noise and are substantially more regular then before. As a result, the
resulting principal components will also be more smoothing which makes interpreting
them easier.

7.6.2. SMOOTHING EMBEDDED IN FPCA

Regularized FPCA is a smoothing approach in which the smoothing step is integrated in
the FPCA procedure itself. Rather than estimating the principal component functions ξ
solely to maximize the empirical variance, we also include a roughness penalty to ensure
regularity. The goal is to find orthogonal components that simultaneously maximize
variance explained and maintain geometric smoothness, formulated as:

max
∥ξ∥2=1

Var
(∫

ξ(t )Xi (t )d t
)

∥ξ∥2 +η ·RP(ξ)
.

Here, η≥ 0 serves as the smoothing tuning parameter. The roughness penalty is defined
as RP(ξ) = ∫

(ξ′′(t ))2d t , which penalizes the total curvature of the eigenfunction.

A benefit of this embedded approach is that it looks at all the data simultaneously. In-
stead of smoothing out each curve one by one, it uses the shared patterns of the entire
dataset to guide the smoothing. This ensures that roughness is only penalized in direc-
tions that do not contribute to the major structural modes.

The derivation is detailed in Section 2.9.2 is based on the assumption that the functional
data curves Xi (t ) are directly observed. However, in our setting the target functions are
estimates. We do not yet have a rigorous theoretical framework for applying regularized
FPCA on estimated functional data but we can assume it to work accordingly.

7.6.3. POST-SMOOTHING OF THE PRINCIPAL COMPONENTS

The third regularization approach moves the smoothing towards the end by smoothing
the raw functional principal components (PCs) after they have been extracted from un-
regularized PCA.

Let (ξ̃1(t ), . . . , ξ̃M (t )) denote the first M principal components obtained by applying stan-
dard, unregularized FPCA to the raw estimated conditional Kendall’s tau curves. Our ob-
jective is to filter out high-frequency sampling noise from each raw trajectory ξ̃ j (t ) to
obtain an optimized, smooth functional counterpart, denoted as ξ j (t ). To achieve this,
we assume that each smooth eigenfunction ξ j (t ) for j = 1, . . . , M can be represented as
linear combination of K linearly independent basis functions {ψ1(t ), . . . ,ψK (t )}:

ξ j (t ) =
m∑

i=1
βi , jψi (t ) =Ψ(t )⊤β j

whereΨ(t ) = (ψ1(t ), . . . ,ψK (t ))⊤ represents the vector of basis functions, and
β j = (β1, j , . . . ,βK , j )⊤ ∈ RK is the corresponding vector of coefficients. Just as in pre-
smoothing we estimate β using least-squares in combination with a roughness penalty.
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Let the raw FPCs be evaluated across a finite grid of N discretization points, {t1, . . . , tN } ⊂
Z . We then formulate the optimization problem for each component j as

β̂ j = argminβ∈Rm

[
1

N

N∑
i=1

(
ξ̃ j (ti )−Ψ(ti )⊤β j

)2 +η j ·RP(ξ j )

]
, (7.8)

where RP(·) is as in Equation (7.5). Importantly, this formulation introduces a distinct
smoothing parameter η j ≥ 0 for each individual principal component. This allows for
flexible regularization, as lower-order principal components (which capture dominant
signals) may require less smoothing than higher-order components (which often cap-
ture more volatile sampling noise). Each parameter η j can be isolated and optimized

independently via cross-validation techniques. Once the optimal coefficients β̂ j are de-
termined, the post-smoothed FPC is constructed as

ξsmooth
j =Ψ(t )⊤β̂ j .

7.6.4. EMPIRICAL COMPARISON OF THE THREE SMOOTHING APPROACHES

In this section, we examine the empirical performance of the three distinct smoothing
approaches, pre-smoothing, post-smoothing, and regularized FPCA, applied the AllCKT.
Figure 7.16 illustrates the unregularized empirical principal components alongside their
three smoothed counterparts.

Clearly, all three regularizing approaches succeed in substantially reducing the noise,
generating smooth trajectories. For the first two principal components, the curves pro-
duced by the different smoothing methods are nearly indistinguishable. This close align-
ment indicates that the dominant modes of variation capture highly robust structural
signals that are invariant to the specific choice of regularization.
Differences between the smoothing methods begin to manifest in the third component
and become pronounced in the fourth component. As previously noted, the first two
components likely represent genuine economic variations in the conditional depen-
dence structure, whereas the third and fourth component displays stochastic noise rather
than a stable structural mode. This interpretation is supported by the divergence of the
regularized curves in Figure 7.16d where the different smoothing techniques smooth the
noise in different ways.

The framework established in Chapter 4 and 5 are not directly compatible with these reg-
ularizations steps. Moreover, the existing framework for these smoothing techniques is
often based on the assumption of direct observable functional data. Therefore, our abil-
ity to mathematical evaluate the trade-offs between the three different smoothing ap-
proaches is limited. Extending the current framework to formally integrate these smooth-
ing approaches could be an important step for future work. This could provide useful
insights into optimizing the performance of FPCA.



7.6. SMOOTHED FPCA

7

159

-5.0

-2.5

0.0

2.5

5.0

0.00 0.25 0.50 0.75 1.00
quantiles of Z

P
C

1

(a) First principal component alongside the three smoothed
versions.

-5.0

-2.5

0.0

2.5

5.0

0.00 0.25 0.50 0.75 1.00
quantiles of Z

P
C

2

(b) Second principal component alongside the three
smoothed versions.
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(c) Third principal component alongside the three smoothed
versions.
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(d) Fourth principal component alongside the three
smoothed versions.

Figure 7.16: The first four functional principal components extracted from the complete dataset. The black tra-
jectories represent the unregularized baseline, while red denotes the pre-smoothing, blue the post-smoothing,
and green the regularized FPCA frameworks.
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CONCLUSION

In this thesis, we have established a new mathematical framework for recovering low-
dimensional modes of variation within a collection of estimated curves. While the exist-
ing Functional Principal Component Analysis (FPCA) approach assumes that the func-
tional objects are directly observable, this work extends the methodology to accommo-
date estimated functional objects, specifically, curves of estimated conditional Kendall’s
tau (CKT).

By shifting the focus to estimated curves, this framework introduces an additional layer
of statistical variation that complicates standard asymptotic theory. The observed func-
tional data points are no longer exact, rather, they are non-parametric estimators evalu-
ated on a sample. Hence, the resulting sample randomness reflects both the underlying
differences across the sample and the pointwise estimation error of the CKT estimators.

To resolve this, we proposed an estimator for the covariance operator upon which spec-
tral decomposition yields the principal components. The resulting eigenfunctions cap-
ture the dominant modes of variation across the CKT trajectories, while the correspond-
ing eigenvalues quantify the proportion of variation explained by each component. A
core contribution of this research is the derivation of explicit convergence rates for the
spectral properties of the estimated covariance operator. By extending the work on con-
ditional U -statistics, we demonstrated that in the idealized setting where curves are ob-
served continuously over the entire domain, the spectral estimators achieve a conver-
gence rate of order O

(
h2 + (nhd )−1/2

)
where n is the sample size, h is the smoothing

bandwidth, and d is the dimension of the covariate space. We successfully extended
this result to the more realistic scenario where curves are observed on a finite number
of grid points N , yielding an asymptotic error bound of O

(
N−1/d +h2 + (nhd )−1/2

)
. This

theoretical result uncovers a critical structural insight regarding the estimation mechan-
ics. The grid discretization level N acts as an isolated, standalone bottleneck, increasing
the number of grid points always improves the error bound. Conversely, selecting the
smoothing bandwidth h governs a classic bias-variance trade-off, where minimizing the
bias term (O (h2)) inevitably inflates the variance component (O ((nhd )−1/2)).

160
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Besides the theoretical derivations, we demonstrated the practical use through an em-
pirical study on 14 global financial markets. After applying ARMA-GARCH filtering to
create approximately i.i.d. data, we estimated the CKT curves of the 1092 unique as-
set triplets. Applying FPCA to these estimated CKT curves successfully isolated the dif-
ferent dependence structures and their relative important in the dataset. It was found
that all CKT curves could be approximately summarized by only two modes of variation:
one constant baseline curve, representing the average conditional Kendall’s tau, and a
parabolic component that contrasts extreme market periods with more typical periods
capturing the contagion effect. In other words, all these CKT curves approximately live
in a two-dimensional space, having only two degrees of freedom.

Lastly, this framework offers immediate value for evaluating the validity of the widely
used simplifying assumption in copula modelling, which assumes that conditional de-
pendence structures remain invariant across covariate values. Under this assumption,
the CKT curves are perfectly flat, implying that the first eigenvalue accounts for the en-
tirety of the system’s variance while all subsequent eigenvalues are zero. Our framework
serves as an empirical test to check whether the simplifying assumptions holds true. See-
ing dominant non-zero eigenvalues for any of the higher components, indicate that the
assumption is violated.

We have proposed a first mathematical framework for FPCA on estimated curves. To
continue studying these topics, several extensions of the current theory can be done as
future work:

• Our theoretical derivations rely partly on the assumption that the eigenvalues of
the underlying covariance operator are simple. While in practice, overlapping
eigenvalues are often near zero, generalizing the consistency proofs to accom-
modate eigenvalues with multiplicity greater than one would broaden the frame-
work’s generality.

• Currently, the framework provides a rule-of-thumb baseline for examining the sim-
plifying assumption. Future work should focus on establishing the asymptotic dis-
tributions of the estimated eigenvalues and eigenfunctions. Deriving these limit-
ing laws will enable the construction of formal statistical hypothesis tests to rigor-
ously accept or reject the simplifying assumption.

• The current asymptotic theory assumes i.i.d. data. Given that financial applica-
tions naturally exhibit serial dependence, extending the framework to also include
time series generalizes the use of the model. This would also formally validate the
ARAM-GARCH filtering.

• Finally, recent literature highlights multiple ways for optimizing the smoothness
of CKT curves. One can pre-smooth the initial curves via Kendall’s regression [42],
post-smooth the estimated principal components using a roughness penalty ap-
proach, or integrate a roughness penalty directly into the optimization step via
regularized FPCA [10]. A systematic mathematical comparison of these three ap-
proaches would provide valuable inside in how to most efficiently apply FPCA.
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A
SUBSET ANALYSIS OF HIGHLY

DEPENDENT MARKETS

Figure 7.5 demonstrated that many asset pairs in the empirical dataset are uncondition-
ally uncorrelated. Conversely, the specific subset of markets

{
AEX,DAX,FCHI,SP500,DJI,N225

}
exhibits strong unconditional dependency, suggesting that their conditional Kendall’s
tau (CKT) curves may display more pronounced dynamic variation. Consequently, we
restrict this supplementary analysis to the combinations within these six markets. Fig-
ure A.1 displays the resulting estimated CKT curves.
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Figure A.1: The estimates of the conditional Kendall’s tau for all combinations of assets based on the sample{
AEX,DAX,FCHI,SP500,DJI,N225

}
. The x-axis is the quantiles of the associated covariate variable.

To extract the distinct functional profiles among these CKT curves, we apply Functional
Principal Component Analysis (FPCA). The resulting eigenfunctions in Figure A.2 closely
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mirror the components identified in the full-sample analysis (Figure 7.9). This align-
ment is expected, as isolating this subset effectively removes asset pairs with negligible
conditional dependence that otherwise yield flat CKT curves. The variance decomposi-
tion histogram in Figure A.3 confirms that the first principal component (FPC1) remains
highly dominant, explaining nearly 96% of the total functional variance. This is even
higher than in the full-dataset case. Since we have reduced the sample size from 1092
to 61 curves, the primary common mode of variation becomes structurally more promi-
nent.
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(a) First principal component when considering the set{
AEX,DAX,FCHI,SP500,DJI,N225

}
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(b) Second principal component when considering the set{
AEX,DAX,FCHI,SP500,DJI,N225

}
.

-0.2

0.0

0.2

0.00 0.25 0.50 0.75 1.00
quantiles of Z

P
C

3

(c) Third principal component when considering the set{
AEX,DAX,FCHI,SP500,DJI,N225

}
.
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(d) Fourth principal component when considering the set{
AEX,DAX,FCHI,SP500,DJI,N225

}
.

Figure A.2: The first four principal component of the set
{
AEX,DAX,FCHI,SP500,DJI,N225

}
.

To better visualize the remaining modes of variation, we normalize all the curves by sub-
tracting the average value. In this way, the curves no longer possess vertical shifts, and
PC1 is eliminated. This allows us to get more stable estimates. Figure A.4 shows the
resulting variance decomposition.

This normalized view reveals that the second principal component captures an impor-
tant share of the remaining variation, contributing nearly 30% of the residual variance.
The subsequent principal components explain significantly less variation and primarily
capture noise.

In summary, restricting the dataset to highly dependent markets does not reveal new
structural dynamics compared to the global analysis. However, because the number of
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functional observations is drastically reduced, the estimated components may be sub-
ject to higher sampling noise. This means we should cautiously interpret the economic
meaning of higher-order components.
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Figure A.3: Histogram showing the relative percentage of variance explained by the principal components on
the sample

{
AEX,DAX,FCHI,SP500,DJI,N225

}
.
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Figure A.4: Histogram showing the relative percentage of variance explained by the principal components after
normalizing each curve by subtracting the average value on the sample

{
AEX,DAX,FCHI,SP500,DJI,N225

}
.
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