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Introduction

Complex engineered systems must satisfy increasingly demanding and often conflicting requirements
concerning performance, cost, safety, and environmental impact [1]. At the same time, designers can
choose from a growing range of technologies and integration concepts. Aircraft design provides a clear
example, where technologies intended to reduce fuel consumption or emissions may increase mass, cost,
and integration complexity or introduce new safety constraints [2, 3]. Many of the most consequential
decisions are therefore made during conceptual design, when the system architecture is defined—that
is, when designers decide which functions the system must perform, which components will be used to
fulfill them, and how these selected components will interact with each other. These early architectural
decisions shape much of the system’s eventual performance and can be costly to revise once detailed
development has begun [4].

It is therefore important to identify a high-performing system architecture before committing
to further development. However, doing so can be difficult because architectural decisions are
interdependent and combinatorial. A system’s function may be fulfilled by different components
or combinations of components, and each such decision may enable different downstream choices
concerning component-specific parameters and feasible connections. Consider, for example, an aircraft
propulsion architecture in which the function of generating thrust may be fulfilled by either a jet engine
or a turboprop. Selecting a jet engine makes its bypass ratio a relevant sizing parameter to consider,
whereas selecting a turboprop instead requires optimizing its propeller blade count. The selected
component must then be connected to the fuel system, where the permissible number of fuel-line
connections may also depend on the specific engine choice. Even this small example admits many
distinct architectures. For more complex systems, the number of feasible alternatives can grow rapidly,
making it impractical or even infeasible to enumerate and compare them all [4, 5].

To address this challenge, System Architecture Optimization (SAO) has emerged within systems
engineering as a way to automate the process of generating and comparing potential architectures by
using numerical optimization algorithms, rather than relying solely on experience and established
design principles [1, 5]. At the core of SAO lies a formally defined architecture design space, which is
the set of all feasible architectures that can be constructed from the available component, parameter,
and connection choices while satisfying the rules governing their combination. During the numerical
search, candidate architectures from this space are assessed using some quantitative evaluation model,
which returns objective and constraint values that are then used to guide the optimization algorithm
towards high-performing solutions.

In realistic SAO problems, the evaluator often consists of multidisciplinary or physics-based
simulation workflows that effectively act as black boxes, which means that they can provide objective
and constraint values for a candidate architecture, but not the gradients with respect to specific
choices. Moreover, many of the optimized decisions are discrete and their feasible ranges can be highly
interconnected. Together, this makes gradient-based optimization impractical, and most frequently
infeasible [1, 5]. SAO consequently relies on gradient-free methods. For example, genetic algorithms
iteratively evolve populations of candidate architectures by selecting, combining, and modifying the
designs that perform best when evaluated. However, such population-based methods typically require
thousands of evaluations to identify high-performing solutions. When each evaluation involves a
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physics-based multidisciplinary analysis, the resulting computational cost can become prohibitive [5].

To reduce this computational burden, surrogate-based optimization (SBO) has been successfully
adopted in SAO [1, 5]. In SBO, a comparatively inexpensive predictive model, known as a surrogate,
is fitted using previously evaluated architectures and their performance values. The surrogate then
estimates the performance of unevaluated candidates and guides the optimizer towards promising
regions of the design space. Only the selected architectures are assessed using the expensive architecture
evaluator, after which the new results are added to the data and the surrogate is updated. In this way,
the available evaluation budget can be used more selectively. In particular, Bayesian optimization (BO)
with Gaussian-process (GP) surrogates has been adopted in SAO due to its sample efficiency—that is,
its ability to identify high-performing solutions using few expensive evaluations [1, 5, 6].

In this setting, the architecture representation used by the surrogate model is particularly important,
since it determines how readily the model can identify performance-relevant properties and similarities
between architectures. System architectures are inherently relational, as system functions may be
fulfilled by different components and those components may be connected in different ways. They
consequently admit a natural graph representation, in which functions, components, and other system
elements are represented as nodes and their relationships as edges. Accordingly, graphs serve as the
primary architecture representation adopted in SAO [1, 5].

However, current SAO approaches do not rely on surrogates that take architecture graphs as inputs
for their predictions. Instead, architecture graphs are first encoded into fixed-length design vectors that
record the architectural choices and the associated parameter values. Such a representation has two
potential limitations. First, architectures need not contain the same components, resulting in variables
that are active for some architectures but inactive for others. To account for this, existing methods rely
on Gaussian processes with specialized kernels that incorporate variable activeness information [5, 7].
Second, structural information can be difficult to preserve. Encoding an entire connection pattern as a
categorical variable does not distinguish between a one-edge modification and a completely different
structure. More expressive encodings can preserve finer differences, but increase dimensionality and
can still fail to capture global patterns such as paths or redundancy motifs. Together, these limitations
motivate investigating surrogate models that operate directly on architecture graphs [1].

Related work suggests that graph-based surrogates can be effective in settings similar to SAQ,
where candidate solutions are represented as graphs and the objective is to identify those with the best
performance. The closest analogue is neural architecture search (NAS), where candidate neural networks
are modeled as graphs and their performance can only be determined through expensive training and
validation. Bayesian optimization with graph-kernel Gaussian processes and graph-neural-network
surrogates has been successfully applied in this setting [8, 9]. Graph-based surrogates have also been
investigated for more general attributed-graph optimization problems, where they can exploit shared
substructures when predicting the performance of unevaluated candidates [10, 11, 12].

Although these settings share SAO’s central objective of identifying high-performing graphs using
few evaluations, SAO has several distinctive characteristics. First, SAO covers a much broader range of
systems, from sensor networks to propulsion architectures, and even NAS can itself be represented
as an SAO problem in which neural-network operations and connections are architectural choices. A
suitable surrogate therefore requires enough flexibility to adapt to different domains and ways in which
structure affects performance, while remaining sample efficient. Second, SAO graphs can differ in size
and node labels, while individual nodes may carry entirely different attributes or none at all. Compared
with most related settings, this heterogeneity can place greater demands on the surrogate’s ability to
generalize from few evaluated architectures. Third, SAO commonly involves multiple objectives and
constraints, whereas most of the related methods optimize a single scalar objective. Consequently, it
remains unclear how well graph-based surrogates developed for other domains transfer to SAO and
which surrogate family is most suitable. Graph-kernel Gaussian processes provide principled predictive
uncertainty, are well suited to learning from limited data, and require relatively little problem-specific
tuning, whereas graph-neural surrogates offer greater representational flexibility and potentially lower
computational cost.

Because architecture evaluations often dominate the computational cost of SAO, sample efficiency
is central. This thesis therefore set out to investigate whether surrogate models operating directly on
architecture graphs could improve sample efficiency compared with existing vector-based approaches.
This investigation was guided by the following overarching research question and two supporting
subquestions.



Research question
To what extent can graph-based surrogate models improve the sample efficiency of System Architecture Optimization
compared with existing vector-based approaches?

* Subquestion 1: How does the relative sample efficiency of graph-based and vector-based surrogate models
vary with the characteristics of the SAO problem, particularly the extent to which its objectives depend on
connectivity and other structural patterns?

® Subquestion 2: How do graph-kernel Gaussian-process surrogates compare with graph-neural surrogate
models in terms of sample efficiency across SAO problems?

To answer these questions, I carried out the following work:

1. Developed a graph-kernel Gaussian-process surrogate that combines architecture structure, sizing
parameters, and connection multiplicities, with extensions that learn which structural scales and
levels of node-label detail are most relevant to the modeled response.

2. Adapted graph-neural surrogate approaches to SAO and compared them with the graph-kernel
approach.

3. Evaluated graph-based and existing vector-based methods across SAO problems with different
structural characteristics.

Thesis structure and reading guide

The next chapter presents the scientific article, which introduces the graph-kernel surrogates for SAO
and constitutes the main contribution of this work. The main conclusions are presented within the
article itself. The concluding thesis chapter returns to the broader research question and its subquestions,
drawing on the article’s findings and the supplementary GNN analysis to address them. Supplementary
material is provided in two appendices. Appendix A offers an extended background on SAO, Bayesian
optimization, and graph-based surrogate models, which readers seeking a more gradual introduction
may consult before reading the self-contained article. Appendix B details the adaptation and additional
analysis of the graph-neural surrogates considered in the article.



Scientific Article

The core research of this thesis is presented in the following scientific article. It introduces graph-
kernel Gaussian-process surrogate models for System Architecture Optimization and evaluates their
performance across a range of architecture optimization problems. The article is currently being
prepared for submission to the Journal of Global Optimization'.

1https ://1link.springer.com/journal/10898
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Abstract

System Architecture Optimization (SAO) problems are typically mixed-discrete,
hierarchical, and expensive to evaluate, motivating the application of Bayesian
optimization, which is known for its sample efficiency. Current approaches for
SAO use Gaussian processes (GPs) operating on encoded design vectors. These
encodings can obscure similarities in component connectivity, making it harder
for the GP to capture performance correlations between evaluated and uneval-
uated architectures and potentially reducing optimization sample efficiency. To
address this, we propose a GP surrogate that incorporates similarities between
architecture graphs through the Weisfeiler-Lehman optimal assignment kernel
to better capture shared structural patterns. We also introduce extensions that
facilitate adapting the neighborhood scale at which architecture graphs are com-
pared, as well as the specificity with which structural patterns are distinguished.
This allows learning those properties during GP fitting rather than tuning them
beforehand, which is infeasible for SAO, as new problems typically lack prior
simulation data. Across four benchmarks against encoding-based GPs, an alter-
native graph-kernel, graph neural networks, and model-free baselines, our method
achieves the best optimization performance on connectivity-driven problems. It
reduces regret by up to 40% and final normalized hypervolume error by up to
50% relative to the strongest encoding-based baseline. This comes at a higher
computational cost, but the additional overhead is offset once architecture evalu-
ations take approximately 4-25 seconds. On the remaining problems, our method
remains competitive with state-of-the-art encoding-based approaches. These find-
ings suggest that graph-based approaches could help engineers find better system
architectures faster when simulations are expensive.

Keywords: System Architecture Optimization, Bayesian Optimization, Gaussian
Processes, Graph Kernels, Weisfeiler-Lehman Kernel, Mixed-Discrete Optimization



1 Introduction

System architecture concerns the early design decisions that determine how complex
systems meet stakeholder needs, including which components fulfill the required func-
tions and how these components interact. These decisions are strongly interdependent,
as choosing certain functions influences which components are needed, and those com-
ponent choices in turn shape the possible connections and the overall system structure.
Due to the combinatorial nature of architecture choices, it is difficult to design and
identify a feasible architecture that is likely to perform well [1, 2], let alone find the
best one. Moreover, selecting a non-optimal architecture early on can lead to costly
redesigns later in development [3].

System Architecture Optimization (SAQO) has recently emerged within systems
engineering as a way to formulate architecting as an optimization problem [2, 4]. Tt
combines a formal design space with quantitative evaluation of candidate architectures
and numerical search algorithms in order to identify promising architectures without
exhaustively evaluating all possibilities. SAO problems are typically mixed-discrete,
hierarchical, constrained, and often multi-objective, with performance evaluated
through expensive black-box physics-based simulations, which generally provide per-
formance values but not gradients with respect to the input architecture. Together
with the discrete design choices, this makes gradient-based optimization infeasible [2].

These characteristics make SAO well suited to surrogate-based optimization
(SBO), in which a cheap surrogate model approximates the expensive objective func-
tion and is iteratively refined using newly evaluated architectures. This allows the
optimizer to focus expensive evaluations on regions of the design space that the sur-
rogate model identifies as promising. In particular, Bayesian optimization (BO) with
Gaussian-process surrogate models is sample-efficient and does not require gradients
[2, 4, 5]. These methods have already demonstrated strong performance in SAO [2, 4].

System architectures are inherently relational. System functions may be fulfilled by
different components, which can themselves be connected in different ways. Therefore,
they admit a natural graph representation, with functions, components, and other
system entities represented as nodes and their relationships as edges. Accordingly,
architecture graphs are the primary representation used in SAO [2, 4].

For optimization, however, existing GP-based methods map these graphs to fixed-
length design vectors [2, 6]. This creates two problems. First, architectures need not
contain the same components, resulting in inactive vector variables that require spe-
cial treatment. Second, representing an entire connection pattern as a categorical value
does not distinguish a one-edge modification from a completely different structure.
More expressive encodings can preserve finer structural differences, but increase dimen-
sionality and still do not allow conventional vector-based kernels to directly recognize
global structures such as paths, redundancy structures, and other motifs.

Related work suggests that graph-based surrogates can be effective when candi-
date solutions are represented as graphs and the objective is to identify those with the
best performance. A close analogue to SAO is neural architecture search (NAS), where
candidate networks are modeled as graphs, with the nodes representing neural opera-
tors, edges describing the flow of information, and the objective being to identify the



lowest-error ones. Because evaluating a candidate network requires expensive train-
ing and validation, Bayesian optimization with graph-kernel GPs and graph neural
network (GNN) surrogates has been widely and successfully adopted in NAS [7-11].
Another field in which graph-based surrogates have been used is molecular discovery.
Here, molecules are represented as attributed graphs, with atoms as nodes and chemi-
cal bonds as edges, and the objective is to identify molecules with desirable properties
[12, 13]. Beyond such domain-specific applications, graph-based Bayesian optimiza-
tion has also been studied in broader attributed-graph settings incorporating node-,
edge-, and graph-level features, for instance urban road-network design [14].

While these settings share SAQ’s central challenge of identifying high-performing
graphs using few evaluations, they differ in several ways. First, SAO covers a much
broader range of systems, from sensor networks and hydraulic systems to propul-
sion architectures. A suitable surrogate therefore requires enough flexibility to adapt
to different domains and ways in which structure affects performance, while remain-
ing sample efficient. Second, SAO graphs can be heterogeneous. For instance, nodes
representing different component types may have entirely different sets of attributes.
Third, SAO commonly involves multiple objectives and constraints, whereas most of
the aforementioned methods optimize a single scalar objective. Consequently, applying
graph-based surrogates to SAO requires adapting them to heterogeneous graphs and
diverse relationships between structure and performance. This motivates developing
surrogates tailored to SAO that can accommodate these diverse requirements while
remaining sample efficient. Graph-kernel GPs, already successful in domains such as
NAS, are a promising choice for this development because they can incorporate struc-
tural similarity while retaining principled uncertainty estimates required for Bayesian
optimization. Moreover, their simplicity and small number of tunable parameters make
them well suited to the limited training data available in SAQO, while also making their
behavior easier to analyze and interpret than that of more complex GNNs.

Because architecture evaluations often dominate the computational cost of SAO,
sample efficiency is central. This work therefore investigates whether graph-kernel-
based Gaussian-process surrogates can improve the sample efficiency of System
Architecture Optimization. The contributions of this work are as follows:

o We formulate a graph-kernel-based Gaussian-process surrogate model for SAO archi-
tecture graphs that uses a composite kernel construction to capture multiple drivers
of architecture variability, such as structure, design parameter values, and edge
multiplicities.

® We introduce learned depth and multi-granularity variants of the Weisfeiler—Lehman
optimal assignment kernel, which facilitate learning the relevant structural scale and
semantic specificity during GP fitting. This removes the need for problem-specific
tuning, which is generally infeasible in SAO since new problems typically lack prior
simulation data.

® Through benchmarking against encoding-based GP and GNN surrogates, as well as
model-free baselines, we provide empirical evidence that the proposed graph-kernel
surrogate can improve sample efficiency on topology-driven SAO problems.

® We propose practical criteria for selecting an SAO approach based on the structural
nature of the problem, particularly the importance of connectivity, and the cost of
evaluating candidate architectures relative to surrogate-model overhead.



2 Background

This section covers the background relevant to this research. It first introduces SAO
and the architecture design space graph (ADSG) as the graph-based representation of
the feasible architecture space, as well as how concrete architecture graphs are derived
from it. It then discusses surrogate-based optimization, followed by modeling methods
that rely on vector encodings alongside their limitations.

2.1 SAO and architecture design space graphs

SAO formulates system architecting as an optimization problem over an architecture
design space, that is the set of all system architectures admissible under the speci-
fied modeling assumptions. These design spaces arise from the core architecting tasks
[1], namely allocating functions to components, characterizing these components, and
defining how they are connected. The resulting design spaces have three defining
properties that any suitable model must capture. First, they are mized-discrete: they
combine discrete architectural choices with architecture-specific sizing parameters;
these choices include whether the system fulfills a given function, which components
it uses and how many (e.g. the engine type and number of engines on an aircraft),
and how various components connect; the sizing parameters may be continuous, inte-
ger, or categorical. Second, they are hierarchical, in that some choices govern whether
other downstream ones are active at all and may restrict the options available to them.
Third, they are also constrained, as not every combination of otherwise-valid choices
yields a feasible architecture [4].

To model the architecture design space, we adopt Bussemaker’s Architecture
Design Space Graph (ADSG) [4], a graph formalism developed specifically for SAO and
supported by an open-source Python implementation. It represents the design space
as a directed graph with typed nodes and edges. Figure 1 shows an example alongside
a resolved architecture instance. The concepts most relevant to this work are:

® Function and component nodes. Function nodes, denoted as FUN, specify what
functions the system must perform; component nodes (COMP) represent the ele-
ments that fulfill those functions. Fulfillment is expressed by a derivation edge from
the function to the component, and a selected component may in turn induce fur-
ther functions, just like the PROPULSION SYSTEM component induces the GENERATE
THRUST and STORE FUEL functions in Figure 1.

® Selection choices. A function may admit multiple realization options: a choice
between different components, joint fulfillment by multiple components, or non-
fulfillment. In such cases, a selection choice node is inserted between the function
and the available alternatives. Resolving a selection choice keeps one branch and
prunes the others with their derived subgraphs. This is shown as the resolution R1
in Figure 1, where COMP:JET ENGINE is selected to fulfill FUN:GENERATE THRUST,
and consequently COMP: TURBOPROP gets pruned. Pruning propagates only as far as
the discarded branch is the sole justification for a node’s presence: any node that is
also derived from another part of the graph is retained. Note that selection choices
may contain other downstream choices in their derived subgraphs. These also get
pruned, which further reduces the size of the remaining selection space.
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Fig. 1 Example ADSG (top) and the instance graph (bottom) obtained by resolving all of the
choices. The ADSG models the propulsion system of an aircraft. Three resolutions are high-
lighted. R1 resolves the selection choice func_fulfill by selecting COMP: JET ENGINE to fulfill
FUN: GENERATE THRUST, pruning COMP: TURBOPROP together with its derived subgraph (dashed red
box). R2 resolves the connection choice between the remaining FUEL LINES ports of the jet engine
and fuel tank, whose cardinalities are 2..6 and 1..6, respectively; here three connections are estab-
lished. R3 assigns a value to the continuous design variable BYPASS RATIO. The resulting instance
graph describes one architecture candidate, from which the metric FAILURE RATE can be evaluated.

e Connection choices. Component instances can expose input and output ports; a
connection choice node gathers the admissible edge sets between source and target
ports, subject to per-port multiplicity constraints (e.g. each source supplying 0-
* connections, each target receiving 1 or 2). Resolving it deletes the choice node
and instantiates one admissible set as explicit port-to-port edges. In Figure 1, this
is denoted as the resolution R2, where a triple FUEL LINES connection is selected
between INST:JET ENGINE and INST:FUEL TANK.

¢ Design-variable (and attribute) nodes. Using these nodes, one can optionally
define architecture-specific sizing parameters for components, such as the continuous
BYPASS RATIO or discrete BLADE COUNT. They are resolved by assigning a value from
the specified range, as shown by the resolution R3 in Figure 1.



® Metric nodes. To represent the evaluation outputs used to formulate the SAO
problem, metric nodes are used. Since SAO aims to identify optimal or Pareto-
optimal architectures while satisfying constraints, these nodes may represent min-
imization/maximization objectives (e.g. FAILURE RATE) or inequality constraints.
Once an instance is evaluated, they are set to the obtained values.

Additional modeling mechanisms in the ADSG include incompatibility edges and
choice constraints that restrict component combinations, as well as grouping nodes
that remove permutation-equivalent selection and connection resolutions [4]. Finally,
resolving all the selection and connection choices while respecting any additional
constraints yields a single architecture instance, as seen at the bottom of Figure 1.

SAO then searches over such architecture instances, represented here by resolved
instance graphs, to find designs that optimize the selected objective metrics while
satisfying the imposed constraints. Importantly, these instance graphs can be het-
erogeneous. Depending on the choices taken they differ in node types, labels, and
attributes (one instance may carry COMP:JET ENGINE with BYPASS RATIO, another
has COMP: TURBOPROP with BLADE COUNT), they can vary in size, and may carry edge
multiplicities. Together these properties make SAO a challenging problem.

2.2 Surrogate-based optimization

Update Surrogate Optimize Infill
Model Criterion

Stopping Criterion
Met? < Evaluate

e SBO Loop ---+
High Cost

Infill Candidates

Initial DoE Points

Select Infill Points

Evaluate

Fig. 2 A representative example of a Surrogate-Based Optimization loop. Modified figure from [15].

Evaluating specific architecture instances in terms of their objective and constraint
values typically involves translating them into higher-fidelity models, which are then
evaluated through expensive physics-based simulations, where gradients are generally
unavailable. Gradient-free methods such as genetic algorithms can handle such black-
box problems, but typically require thousands of evaluations to converge, which can
become prohibitive under realistic evaluation costs [4]. Surrogate-based optimization
(SBO) methods address this by relying on a cheaper approximation of the expensive
black-box function to guide the search, so that the simulation budget is spent only
on the most promising candidates. A representative SBO procedure is depicted in
Figure 2. An initial set of evaluated points, also referred to as the Design of Exper-
iments (DoE), is sampled and used to fit the surrogate model. The surrogate then



provides cheap estimates of objective values, which an infill criterion converts into a
score indicating how promising each candidate is. An auxiliary optimizer, such as a
genetic algorithm, is then used to search for a subset of candidates that maximize this
cheaper score. The best ones are selected and evaluated using the expensive black-box
function, added to the training data set, and the surrogate is updated. This process
is repeated until a stopping criterion is reached [5, 16].

Bayesian optimization

Bayesian optimization is an uncertainty-aware variant of SBO. Instead of only pre-
dicting the objective value, the surrogate model also provides an uncertainty estimate
at every point. This allows using acquisition functions that balance exploitation
against exploration of high-uncertainty regions [5, 16]. BO is therefore particularly
sample-efficient and suitable when function evaluations are expensive, since the most
informative candidates for evaluation can be selected [5, 17].

Gaussian processes

Gaussian processes [18], also known as Kriging models, are commonly used as BO
surrogates due to their sample efficiency and well-calibrated uncertainty estimates, and
are also adopted in Bussemaker’s foundational SAO framework [2, 4]. A GP defines
a prior distribution over functions f(-) ~ GP(m(-),k(:,-)), characterized by the mean
function m and a covariance kernel k. Conditioning this prior on observed evaluations
yields a posterior predictive distribution that serves as the surrogate model.

To be more specific, let X = {z;}"; denote the evaluated designs, and let
Yy = [y1,---,yn] denote their standardized objective values, where ' denotes the
transpose. Let K € R™*" be the kernel matrix whose (i, j)th entry is K;; = k(x;, ;),
and define

ke = [k(z1,24), ..., k(2 2)] T

The noise-free GP posterior at a test point z, is Gaussian with mean and variance
() = kI K™y, o?(2.) = k(@s, 2.) — k! Kk (1)

As seen above, GP inference requires factorizing and solving linear systems involving
the kernel matrix K, incurring O(n?) training cost and O(n?) memory [18], which can
become limiting at larger sample sizes. However, in realistic SAO settings evaluation
budgets are small precisely because each evaluation can be very expensive, making
this modeling cost acceptable [4].

Kernels

The kernel is the main modeling component of a GP. It defines the assumed simi-
larity between designs and determines how observations at evaluated designs inform
predictions at test points [18]. A valid kernel can be expressed as an inner product in
a reproducing kernel Hilbert space (RKHS) H,

k: X x X >R, k(z,z") = (o(x), p(z")) 2,



where X' is the design space, ¢: X — H is an implicit feature map to the RKHS, and
(-, )2 denotes the inner-product operation [18, 19]. Such a kernel is therefore positive
semidefinite (PSD), which is the required condition for a valid GP covariance function.
As per the generalized representer theorem [20], for a broad class of regularized learning
problems in an RKHS, a function minimizing the training loss can be written as

f(@) = (w,¢(z)) = Zaik(zz’,ﬂ?%

where w € H parameterizes the linear predictor and a; € R is the weight coefficient
associated with training design z;. The GP posterior mean in Equation 1 has exactly
this form, since

n
EJK Yy=kla= Z a;k(zi, ).
i=1
The kernel therefore defines both the feature space in which the objective is modeled
and the model’s inductive bias. When present, kernel parameters can be learned by
maximizing the log marginal likelihood of the training data [18]. This kernel-centric
view motivates kernels that capture architecture-level similarity directly.

2.3 Vector encodings and their limitations

While Bussemaker’s foundational SAO framework represents architecture instances
as graphs, it relies on vector-based optimization methods [2, 6]. To facilitate this,
architecture instance graphs get mapped to fixed-length numerical design variable
vectors [4, 21], as shown in Figure 3, while correction mechanisms facilitate mapping
candidate vectors back to closest valid architecture graphs. In this section, the general
workings of those encoding mechanisms are introduced, and their potential limitations
are discussed, which motivates the remainder of this research.

Firstly, selection choice nodes get encoded into discrete design variables, whose
value ranges correspond to the set of feasible choices. For example, the choice between
a turboprop and a jet engine from Figure 1 would be encoded as follows:

ZTeng = 0 = TURBOPROP,
Teng = 1 = JET ENGINE.

X=1["", Teng, ~*], Teng € {0,1}, {
As discussed in Section 2.1, resolving selection choices may prune downstream nodes.
The resulting hierarchy can be represented by an activeness vector, indicating which
entries of the encoded design vector remain active. Existing SAO approaches use this
information in hierarchy-aware GP kernels, such as the one of Saves et al. [6].
Whereas selection-choice encodings need to capture abstract categorical decisions,
connection-choice encodings must represent connection topology in vector form. Since
connection choices may involve many source and target connector instances, as well
as parallel connections, they yield many feasible connection patterns. Encoding each
pattern as an unrelated categorical option would preserve validity, but discard any
meaningful notion of similarity, as any two distinct encodings would yield the same
categorical distance.



ADSG Segment
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Fig. 3 Example illustrating the failure to capture topological similarity between instance graphs
when relying on isolated vector encodings of connection choices. The encodings of the PORT 1 and
PORT 2 choices use direct vectorization of their adjacency matrices, so an ideal Dcorr is preserved.

Bussemaker therefore relies on pattern-based encoders to address this issue. These
encoders are selected to maximize distance correlation denoted as

Deorr = pearsonr({dmanh(xi, xj)}(i,j)e'P; {dmanh(Mia Mj)}(i,j)E”P) ;

where x; is the encoded vector of a feasible pattern, M; is its source—target connection
matrix, P is a set of feasible patterns, dyann is the Manhattan distance, and pearsonr
is the Pearson correlation. A high correlation means that distances between encoded
vectors reflect those between realized connection matrices [4]. However, that may
require larger encodings, creating a trade-off in terms of encoding quality and size.
Moreover, even D¢, = 1 within each connection choice does not guarantee meaningful
distances between complete architectures composed of multiple choices.

In Figure 3, PORT 1 and PORT 2 are encoded using their respective flattened con-
nection matrices, yielding Dco,r = 1. The two resolved instances receive maximally
different connection encodings, with dmann (2™, 2E™) = 12 out of a maximum of
12, despite being structurally isomorphic under relabeling of C; and C5. Similarity is
preserved locally within each encoded connection choice, but not at the graph level.

This limitation plays a role when an objective is largely topology driven, and
less dependent on the sizing parameters; redundancy- or failure-related metrics are
intuitive examples. It also extends beyond isomorphism, as architectures may share
relevant motifs despite differing strongly in individual connections. Such relationships
must then be inferred from limited data. This can be restrictive for Gaussian processes,
as their representation is fixed by the kernel-induced RKHS and remains relatively
rigid even when kernel hyperparameters are learned [18, 22].



Directly comparing resolved architecture graphs offers a complementary repre-
sentation that can capture neighborhoods, paths, and higher-order motifs spanning
multiple connection choices. It also avoids encoder trade-offs between size, redundancy,
and distance preservation. Moreover, inactive elements are simply absent from the
graph rather than represented by activeness vectors and imputed entries.

3 Related Work

This section reviews graph-based optimization methods, focusing on those that share
the SAO setting in which each candidate solution is represented as a graph, its evalu-
ation is expensive, and the objective is to identify high-performing candidates. While
graph-based learning has been widely applied to combinatorial optimization prob-
lems posed on a given graph, including routing, node selection, graph partitioning,
and graph modification [23, 24], these methods typically construct a solution within,
or optimize a process over, a given graph. Comparatively fewer methods address the
setting considered here, in which each feasible candidate is a complete graph.

Within this setting, NAS provides the closest analogue to SAO. Candidate neu-
ral networks are represented as graphs, with nodes denoting neural operations, edges
describing information flow, and evaluation requiring expensive training of each can-
didate beforehand. Bayesian optimization with graph-kernel GP and GNN surrogates
has been widely adopted in NAS [7—11]. Similar methods have also been proposed for
more general optimization over attributed graphs, network design, molecular design,
and virtual screening [12-14, 25, 26].

3.1 Graph-kernel Gaussian process surrogates

A major line of work relies on Gaussian-process surrogates with graph kernels [7, 8,
12, 13, 27]. Such approaches retain the sample efficiency and principled uncertainty
estimates of GPs (Section 2.2) while replacing vector-based kernels with graph-based
ones. A graph kernel is a kernel function over an input space of graphs G, whose value
corresponds to an inner product in an associated RKHS [28]:

kg:GxG =R, ka(G,G) = (d(G), 8(G"))n.

Graph kernels provide a notion of similarity between two graphs by comparing
the structural patterns occurring within them, such as shared substructures, local
neighborhoods, paths, or walks [28, 29]. They may operate on labeled graphs or
additionally incorporate continuous attributes [28]. Attributed graph kernels could
therefore include sizing parameters directly as node attributes. While SAO graphs con-
tain node attributes, their heterogeneous nature complicates direct use of attributed
graph kernels, as sizing parameters and attributes are only present for dedicated
design-variable or attribute nodes, and their meaning and dimensionality can differ
depending on the associated component type. A common attribute representation
would therefore have to include all possible sizing variables for every node, resulting
in high-dimensional vectors dominated by inactive or padded entries.

A complementary approach is to construct a hybrid kernel in which a label-
based graph kernel captures structural similarity and a separate kernel handles
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non-structural information. Graph-BO methods such as BoGrape and NAS-GOAT
adopt this strategy with strong empirical results [8, 13]. A common multiple-kernel
construction is

R
keomp(G,G') =Yy (G,G'),  ap >0, (2)
r=1

where each component captures a different type of structural, attribute, or edge-level
similarity [30]. This means that the sizing parameters could be handled through an
imputed vector-based kernel, which avoids the aforementioned sparse attributed rep-
resentation. Moreover, this allows selecting the structural component from the broad
family of label-based graph kernels [28, 29].

Weisfeiler-Lehman (WL) kernels are particularly attractive for two reasons. First,
they achieve state-of-the-art performance on related tasks such as graph classification
and NAS [7, 28]. Second, many WL kernels can be computed in O(Hm), where H is
a constant depth and m is the number of edges [31, 32]. The proven performance and
computational efficiency make WL kernels a promising choice for SAO.

Weisfeiler—Lehman optimal assignment

Original labels Relabeled Relabeled
i = 0 i = 1 i == 2

B,AB B,AAB AB D,CE CE

»D wE ©C s H e -
c,D CE

AB A B
= C - C - F [iNye
T ={A,B} % ={4,B,C,D,E} % ={A,B,C,D,E,F,G,H,I}

Fig. 4 Weisfeiler-Lehman relabeling over two iterations. At each iteration, each node’s label is
combined with the multiset of its neighbors’ sorted labels and mapped to a new discrete label. For
example, in Figure 4, all A-nodes with a single B neighbor at ¢ = 0 receive the same label C at ¢ = 1. The
mapping is shared across graphs, so identical combinations receive the same label. Successive iterations
produce labels that capture progressively larger rooted neighborhoods. Use of sorted multisets makes
the procedure invariant to node ordering, meaning that all isomorphic structures receive the same
label. Reproduced from Kriege et al. [29], Fig. 3, under the CC BY 4.0 licence.

Weisfeiler—-Lehman kernels compare graphs by matching their nodes based on the
labels first obtained through the iterative Weisfeiler—-Lehman neighborhood relabeling.
Figure 4 shows how this relabeling procedure works.

In SAO architecture graphs, labels obtained that way can capture shared compo-
nent semantics and structural patterns at increasing neighborhood depths, as shown in
Figure 5. At depth d = 0, matching labels reflect only shared node types and compo-
nent semantics. After one WL iteration, a match requires the corresponding one-hop
neighborhoods to agree, so the refined labels begin to encode local connectivity rather
than node identity alone. At d = 2, the labels represent larger neighborhoods spanning
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Fig. 5 Illustration of Weisfeiler-Lehman relabeling for two simplified architecture instance graph
segments G and G’. Initial labels encode ADSG node types and component semantics. Each WL
iteration incorporates one additional neighborhood hop, while the feature vectors ¢ count the labels
occurring at each depth. The highlighted regions illustrate a common architectural structure spanning
two resolved connection choices.

several nodes and connections. In the highlighted regions, both graphs contain the
same SENSOR-COMPUTER-ACTUATOR pattern spanning two resolved connection choices.
The shared labels cag, c21, and c3; arise from this common structure, showing how
WL can identify the same architectural motif even when the graphs differ elsewhere.

The Weisfeiler-Lehman optimal assignment (WLOA) kernel is currently the state-
of-the-art [28, 32]. The idea behind it is to compare two nodes u and v by the number
of WL depths at which their labels agree, up to a chosen cutoff depth H:

kwroa(u,v) = Z O(mh(w), mh(v)), (3)

where 7;,(u) is the label of node u at depth h, and ¢ is the Kronecker delta. The
graph-level kernel finds the assignment maximizing the total node similarity between
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two graphs G and G,

KWLOA(G’G/):BEI&&\L/XV/) Z kwroa (u, v),
’ (u,v)EB

where B(V, V') denotes the set of all valid injective assignments between their respec-
tive node sets V' and V. Since a match at depth h implies matches at all preceding
depths, this can be evaluated directly as the histogram intersection [32]

H
Kwroa(G,G') = Z Z min(cg(a),cgl(a)) ,

h=0a€Ly,

where L}, denotes the set of WL labels observed at depth h, and c{(a) counts the
nodes in G with label a at depth h. This can be efficiently evaluated in O(Hm), where
m is the number of edges processed during relabeling [32].

When structural selections and connections are encoded as separate design vari-
ables, an encoding-based kernel can learn relevance parameters for each choice. WLOA
is less flexible in this respect, since all matching WL patterns up to depth H contribute
uniformly. However, this trade-off may be beneficial when performance depends on
structural patterns spanning many connection choices, akin to the graphs in Figure 3.
Moreover, deep WL kernels could recover the lost flexibility by learning separate
weights for individual WL labels [33]. This, however, can introduce hundreds or
thousands of parameters, making it challenging in the low-sample SAO setting.

3.2 Graph neural network surrogates

A second line of work uses graph neural networks (GNNs) as surrogate models [9-
11, 14]. GNNs learn a representation for each node by repeatedly aggregating its
current representation with those of its neighbors and applying learned transforma-
tions, such as neural networks. The resulting node representations can be pooled to
obtain a graph-level embedding, for example by summation. DGBO and DeepGBO-
NAS fit a Bayesian linear regressor on these graph embeddings to obtain predictions
and uncertainty estimates required for Bayesian optimization [11, 14, 34]. Methods
such as Arch2Vec decouple representation learning from surrogate fitting by pretrain-
ing graph embeddings on unlabeled architectures and fitting a smaller supervised
surrogate in the resulting latent space, potentially improving data efficiency [10].
GNN- and graph-kernel-based surrogates offer different trade-offs. First, prediction
with a GNN requires only a forward pass, whereas graph-kernel GPs require ker-
nel evaluations against the training graphs. This can make GNNs faster during infill
search, although the difference matters less when architecture evaluation dominates
the optimization cost. Second, GNNs can learn their structural representation end-
to-end, whereas graph-kernel GPs adapt only a limited number of hyperparameters
within a fixed feature construction. This gives GNNs greater representational flexibil-
ity, but also introduces many trainable parameters that can be difficult to estimate
reliably from the limited samples typical of SAO. Graph kernels are therefore less flex-
ible, but potentially better suited to this data regime. Moreover, when uncertainty is
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modeled only in the output layer, it may become unreliable for graphs whose learned
embeddings are poorly supported by the training data. Graph kernels can also offer
greater interpretability, since their similarity measures are based on explicitly defined
graph features or structural comparisons. When parameters control the contributions
of specific substructures or feature groups, their values have a direct interpretation,
whereas attributing the representations learned by GNNs to specific graph properties
is generally more difficult.

3.3 Implications for SAO

This research follows the graph-kernel line because it retains the sample efficiency of
GPs, which suits the low-evaluation regime of SAO, and has proven effective in the
closely related NAS setting [7, 8]. The surrogate also remains a Gaussian process, as
in Bussemaker’s BO approach for SAO [2, 4], allowing performance differences to be
attributed primarily to the representation rather than the surrogate class.

However, SAO is a broader setting than those considered by prior graph-BO meth-
ods. It spans diverse system domains and commonly involves multiple objectives and
constraints, requiring greater surrogate flexibility than narrower settings such as NAS.
ADSGs further combine heterogeneous node semantics, optional sizing variables, and
edge multiplicities, increasing the complexity of the relationships that a surrogate
must learn from limited data. The graph instances are also substantially larger than
in the closest prior setting of NAS. The test problems considered here contain 32-82
nodes, compared with at most seven and four in NAS-Bench-101 and NAS-Bench-201
[35, 36]. Since graph-kernel evaluations are repeated during GP fitting and infill search,
this makes computational scalability more important. General graph-BO methods
consider larger graphs [13, 26], but not this combination of characteristics. Applying
graph-based BO to SAO therefore requires flexible, computationally practical kernel
formulations and validation across this broader setting.

4 Method

This section presents the proposed graph-kernel Gaussian-process surrogate and its
integration into Bussemaker’s SAO framework. We first outline the Bayesian opti-
mization backbone, followed by the composite architecture kernel and its structural,
sizing, and edge components. Finally we explain how various parameters are learned.
The implementation of the method is available in a public repository.*

4.1 Optimization backbone

To facilitate direct benchmarking against existing SAO methods, this work uses a
modified variant of the Bayesian optimization SAO backbone of Bussemaker et al. [2],
as implemented in SBArchOpt? [37].

The procedure is shown in Figure 6. An initial design of experiments is generated
using hierarchical sampling of [2] and evaluated with the expensive architecture eval-
uator. The resulting data are then used to fit the graph-based GP surrogate, which

Lhttps://github.com /flatala/sao_graph_sbo
Zhttps://github.com/jbussemaker/SBArchOpt
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Fig. 6 Overview of the optimization workflow. Evaluated encoded architectures are decoded to
instance graphs to update the graph-based GP surrogate. NSGA-II then searches for new infill candi-
dates by repeatedly correcting and decoding candidate vectors, evaluating them with the graph-based
surrogate, and applying selection, crossover, and mutation among the strongest candidates. Selected
architectures are evaluated with the expensive objective function and the process repeats.

first requires decoding the design vectors into architecture instance graphs. Promis-
ing infill points are then found with the NSGA-II [38] optimization algorithm. During
this search, each candidate population is first corrected and decoded into architec-
ture graphs to be evaluated by the graph-based GP surrogate. Its predictions are used
to compute the infill-criterion values, which determine which candidates are retained
and evolved through crossover and mutation. Once NSGA-II terminates, the final set
of selected candidates is evaluated with the expensive evaluator, added to the data
set, and the surrogate is refitted. This process repeats until a maximum number of
evaluations is reached or another stopping criterion is met.

The decoding step uses the Generate Architecture procedure of [4], which effectively
inverts the encoding procedure described in Section 2.3. During this step, any invalid
selection- and connection-choice encodings produced by the evolutionary operators
are corrected to the closest valid ones, before the architecture graph is reconstructed.
The infill criteria, batch-selection procedure, and hidden-constraint handling are taken
directly from [2] and [39].

4.2 Composite-kernel Gaussian process

We replace the standard vector-based GP with one whose kernel incorporates graph-
based structural similarity between resolved architecture instances. Each architecture
instance is represented by an instance graph G, resolved from the problem’s ADSG.
These instance graphs capture the functions, components, connections, sizing param-
eters and attributes that make up the corresponding candidate architecture. To model
structural similarity, we adopt label-only WL kernels that do not incorporate continu-
ous sizing parameters or edge multiplicities. We therefore model structure, sizing, and

15



edge multiplicity through separate kernel components,
k ﬁg(GawGw’); ks,ﬁs (GwyGa:’)7 ke,ﬁe(Gm7Gw’);

where k; models structural similarity, ks sizing similarity, and ke edge-multiplicity
similarity. The parameters 94, s, and Yo denote the learnable parameters of the
corresponding kernels. The edge component is included only for problems permitting
parallel connections. This decomposition is similar to the approach in BoGrape [13].

Let Q C {g,s,e} denote the kernel components available for a given problem and
¥ = {0y }4eo their parameters. We combine their normalized forms using a weighted
second-order ANOVA-style kernel [40]:

karchﬁa G:mG Zaq q,9 szG )

qeQ

4
+ Y grkgo,(Ge, Go)biro, (Ga, Ga). @)

q,reQ
q<r

Here, ];5,17194 denotes the normalized form of component kernel kq y,, whereas o, and
oy denote the weights of the corresponding first- and second-order branches. These
weights are learned jointly with the kernel parameters during GP fitting, constrained
to be nonnegative, and normalized across all active branches such that

Zaq—k Z aqr = 1.

qeQ q,r€Q
q<r

The first-order branches allow each information source to contribute independently,
whereas the second-order branches capture interactions between information sources.
For example, the structure—sizing branch

kgs,ﬂ (Ga:a Gm/) = E‘g,ﬂg (Gam Gz’)'lgs,ﬂs (Gam Gz’)

is large only when two architectures are similar in both structure and sizing. Thus,
unlike either a purely additive or purely multiplicative composition, the composition
from Equation 4 can represent both independent and joint similarity effects.

Each component kernel is normalized by its self-similarities:

kq,ﬁq (Gaca Ga:/)
\/k'q,ﬂq (G:m Gw)kq,ﬂq (Gx’a Ga:’)

k Vq (Gm»Gz’) = (5)

This gives %q,gq (Gz,Gy) =1 and places all component kernels and their products on
a common scale. Therefore, the composition weights reflect relative contributions to
the covariance rather than differences in raw kernel magnitude. Since every branch
has unit self-similarity and the branch weights sum to one, the composite kernel also
satisfies Karch,9,0(Gz, Gz) = 1. Moreover, normalization from Equation 5 preserves
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positive semidefiniteness, while products and nonnegative weighted sums of kernels
remain positive semidefinite [30]. Therefore, Equation 4 is a valid covariance kernel.

Given a set of n evaluated architecture graphs {G,, }_;, and a test graph G., the
covariance matrix Ky o and cross-covariance vector k, are defined as

[Kﬂ,a]ij = karch,ﬂ,a(GmmG;cj)y [k*]z = karch,q?,a(meG*)-

These quantities take the place of K and k, in Equation 1, yielding the predictive
mean and variance for G,.

4.3 Proposed Weisfeiler-Lehman structural kernels

As discussed in Section 3.1, Weisfeiler-Lehman kernels provide a graph-based
alternative to encoding-based kernels by comparing labeled neighborhood patterns
directly between architecture graphs. The Weisfeiler-Lehman optimal assignment ker-
nel achieves state-of-the-art performance while remaining computationally efficient
[28, 32]. However, WLOA’s standard formulation is relatively rigid, as it requires fix-
ing key hyperparameters beforehand. We discuss the resulting limitations below, as
well as the proposed extensions that aim to address them. The extended variant is
used as the structural kernel kg 4, .

Learned-depth WLOA

First, standard WLOA fixes a maximum relabeling depth H and weights all included
depths equally. Shallow depths capture component counts and local connections,
whereas deeper depths capture larger substructures. The relevant structural scales can
vary with the objective: system mass may depend primarily on component counts and
types, whereas failure rate may depend more strongly on connectivity patterns. More-
over, the appropriate depth can be hard to establish a priori, and separate tuning is
often infeasible as new SAO problems often lack evaluated samples.

To address this limitation while avoiding the large parameter count of deep WL
kernels [33], we propose the learned-depth WLOA (LD-WLOA) kernel, which can
learn the contribution of each depth independently:

H
krp(u,v) = Z wpd (Th(uw), 7h (V) , wy, > 0, (6)
h=0

where the weights wy are optimized as GP hyperparameters. This allows matches
at uninformative structural scales to be downweighted and those at relevant scales
to be emphasized. Standard WLOA with any fixed depth d < H is recovered by
setting wp, = 1 for h < d and wy, = 0 otherwise. Thus, increasing H enlarges the
model family without forcing deeper levels to contribute, while also permitting nonuni-
form combinations of structural scales. This formulation also preserves the efficient
histogram-intersection computation:

H
Kip-wroa(G,G") = th Z min (cg(a),cg/ (a)) :
h=0

a€Lly
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For nonnegative depth weights, LD-WLOA remains positive semidefinite. A more
detailed explanation and a proof can be found in Section A.

Multi-granularity LD-WLOA
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Fig. 7 Initial node-label granularities for the same resolved architecture instance graph segment,
ordered from coarse to fine. DSG labels distinguish generic graph roles, ADSG labels distinguish
architecting roles, and semantic labels additionally distinguish specific function and component types.
Equal colors indicate equal initial labels and thus nodes that may match at WL depth 0.

Second, standard WLOA requires choosing how graph nodes are labeled before carry-
ing out WL relabeling. At one extreme, every node could be given the same label; at
the other, nodes could be labeled according to their specific architectural semantics,
such as COMP:FUEL TANK or FUN:GENERATE THRUST. We refer to this level of specificity
as the label granularity. Because WL relabeling preserves initial label distinctions,
the chosen granularity determines which nodes, and therefore which substructures,
match. A coarser granularity allows structurally analogous subtrees to match across
node types that a finer one keeps apart. For example, similar connectivity patterns in
ToT mesh architectures could imply largely similar throughput despite differing router
and gateway types, whereas cost could depend strongly on the specific device types
used. The appropriate granularity is therefore problem- and objective-dependent and
generally unknown a priori.

For SAO architecture graphs, we therefore consider three label types of varying
granularity, which are illustrated in Figure 7 and listed below:

® DSG labels, which arise from the generic graph formalism underlying the ADSG [4],
retain only basic node classes: ordinary, connector, and design-variable nodes.

® ADSG labels additionally distinguish the node types described in Section 2.1,
including function, component, instance, grouping, port, and connector nodes.
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o Semantic labels further distinguish elements by their architectural semantics,
such as different functions (e.g. FUN:GENERATE THRUST and FUN:STORE FUEL) or
components (e.g. COMP: JET ENGINE and COMP:FUEL TANK).

Rather than selecting a single granularity a priori, we evaluate several in parallel
and combine the resulting normalized LD-WLOA kernels. This allows the surro-
gate to learn how strongly structural similarity should depend on specific component
types for a given objective, or whether broader patterns, such as redundancy across
different component types, are sufficient. The resulting multi-granularity variant
(MG-LD-WLOA) is defined as:

KyaLo-wroa(G,G) =Y B, K, w(G,G), B, >0, > B=1, (1)
reER reR

where R is the set of selected granularities and K’nw is the normalized LD-WLOA
kernel under granularity r. The mixture weights g, are learned during GP fitting, while
the depth weights w are shared across granularities to limit the parameter count. Every
graph pair is compared under all selected granularities, and the fitted 8, determine
the contribution of each comparison. As the relabelings are performed jointly within
the same graph traversal, each additional granularity incurs little additional overhead.

4.4 Design parameter kernel

Since the structural WLOA kernels operate on discrete node labels, and not node
attributes, we model the similarity between the attributes and sizing parameters of two
architectures through a separate kernel component kg »_. In contrast to the structural
kernel, which operates on the graphs directly, this component acts on the sizing part
of the corrected design vector, which is reflected in Figure 6. We write z; for the sizing
subvector of the architecture represented by G,. Continuous and ordinal variables
are normalized, while categorical variables retain their encoded levels. For each sizing
parameter j, the distance between two compared architectures is defined as

dj(zs, x

, ) . .
/) = {|xsyj =gl j continuous or ordinal,
=

Mas; # al;], Jj categorical.

The sizing kernel then follows from the above distance as
Dy
k9, (Ga, Gor) = exp | =Y 0;dj(zs,al)P |, 60; >0, (8)
j=1

where Dy is the number of sizing parameters and p = 1.9 is fixed in the final configu-
ration, following the default from [41]. The dimension-specific parameters 6; allow the
surrogate to learn which sizing variables are informative for the corresponding output.
This construction is inspired by [6].
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Any sizing parameters that are inactive in the respective architecture instance,
because their branch was pruned, are assigned a canonical value [2]: inactive continuous
variables receive the midpoint of their bounds before normalization, while inactive
ordinal and categorical variables receive a predefined constant encoded value, typically
zero. Similarity is then computed directly on the resulting fixed-length vectors.

4.5 Edge-weight kernel

Connection choices in ADSGs allow for parallel connection edges between ports. How-
ever, none of the preceding kernel components captures edge multiplicity, as WL
kernels treat adjacency as binary. For problems in which such parallel edges are
present, we use a separate edge-weight (EW) kernel component ke g, .

Each port node u arising from a resolved connection choice is assigned a seman-
tic context A(u), consisting of its port type and the type of component to which it
belongs. Looking at the instance graph in Figure 1, one such port context would be
JET ENGINE: FUEL LINES, whereas another would be FUEL TANK: FUEL LINES. Let
P.(G) denote the set of distinct connected port pairs whose source and target ports
have context ¢ = ({, ;). We then define a per-context multiplicity feature as

fo(G) = Y log(l+muw),

(u,v)EP(G)

where my, is the number of parallel connections between ports u and v. Thus, f.(G)

provides a measure of how strongly ports of one semantic component context are

connected to ports of another. The logarithmic transformation compresses the range

of multiplicity values, yielding a more balanced comparison across endpoint contexts.
The resulting feature vectors are compared using a Laplacian kernel,

ke,'y(Ga G/) = exp <_'YZ |fc(G) - fc(G/)|> ) v >0,

ceC

where C is the set of port contexts. This deliberately coarse kernel captures the sparse
multiplicity signal using only one learned decay coeflicient, making it suitable for the
low-data setting considered here.

4.6 Kernel parameter learning

The hybrid ANOVA formulation and its kernel components contain learnable param-
eters, including the weights assigned to composition branches, WL depths, and label
granularities, as well as the sizing- and edge-kernel coefficients. We learn these jointly
by maximizing the log marginal likelihood of the observed objective values.

For n evaluated architecture graphs and their standardized objective values y, the
zero-mean GP log marginal likelihood is

1 ~_ 1 ~ n
L@, a) =logp(y [{G:}iiy, 0,0) = =5y Koy — 5 logdet Ky o — 7 log(2m), (9)
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where ¥ collects the component-kernel parameters and a the composition weights.
Here, Ky o = Ky,o+nI, where Ky ,, is the covariance matrix constructed by evaluating
the composite architecture kernel between all pairs of evaluated graphs, and n > 0 is
a fixed numerical nugget added for stability.

We maximize this criterion using COBYLA, a derivative-free constrained optimizer
[42]. The sizing-kernel coefficients ¢; and edge-kernel coefficient v are optimized in
base-10 logarithmic space, since suitable similarity-decay rates can span several orders
of magnitude. The WL depth weights and raw granularity and composition weights
are optimized in linear space. In preliminary experiments, logarithmic parameteriza-
tion produced sharp changes between successive COBYLA proposals that hindered
convergence, whereas linear parameterization enabled more gradual adjustments and
substantially improved optimization behavior.

5 Experimental setup

This section first introduces the test problems and their evaluation budgets, fol-
lowed by the competing surrogate and optimization baselines. Finally, we define the
evaluation metrics and the repeated-run protocol.

5.1 Test problems

We evaluate the proposed methods on four SAO benchmarks that differ in how strongly
their objectives depend on graph structure. The mixed-discrete Guidance, Navigation
and Control (MDGNC) problems contain explicit topology-dependent behavior, with
the edge-failure variant (MDGNC-EF) additionally involving parallel connections,
whereas the ENGINE and ROCKET problems are dominated by hierarchical choices.
Their main characteristics and optimization budgets are summarized in Table 1.

Table 1 Test-problem characteristics and optimization budgets used in the final
comparison. The total budget includes the initial design of experiments.

Problem Objectives  Constraints DokE size Batch size Total budget
ENGINE 1 5 75 10 305
MDGNC 2 0 30 10 200
MDGNC-EF 2 0 30 10 250
ROCKET 2 3 100 10 750

The initial set of evaluated architectures used to fit the surrogate is referred to
as the design of experiments (DoE). Its size is guided by the heuristic of [4], ndoe =
kaoensz /(1 — FRexp), where kqoe is the DoE multiplier, n, is the dimensionality of
the full design-vector encoding, and FRexp is the expected failure rate. The DoE is
generated in the design-vector space and shared across methods, ensuring identical
initialization; the total evaluation budget is also identical across methods for each
benchmark. For ENGINE, its hidden constraint motivates the failure-rate correction
from [4], with kgoe = 2 and FReyxp, = 60% giving nqee = 75. MDGNC and MDGNC-EF
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both use ngoe = 30 because they share the same underlying architectural decisions,
while MDGNC-EF receives a larger total budget to account for its additional parallel
connections and edge multiplicities. ROCKET uses a larger DoE and the largest total
budget because of slower convergence across all methods.

Mixed-discrete GNC

The mixed-discrete Guidance, Navigation and Control (MDGNC) problem is adopted
from the GNC benchmark of Bussemaker et al. [2]. It represents a control system
where sensors collect data, computers process it, and actuators execute the resulting
commands. For each component type, a selection choice determines whether one, two,
or three instances are present. Each instance v has a continuous sizing parameter
Py € [0,1], which determines its mass m,(p,) and failure probability ¢, (p,) through
fixed nonlinear functions, with the general trend being that heavier components are
more reliable. Component instances are connected by two consecutive many-to-many
connection choices, akin to the ADSG segment in Figure 3. The objective of the
problem is to minimize the system’s mass and failure rate, which are in conflict with
each other, yielding a multi-objective optimization problem.

Total mass is obtained by summing the masses m,(p,) of all instantiated com-
ponents and adding a unit mass penalty for every connection edge. System failure
probability is computed by enumerating component-survival scenarios layer by layer:
a component is functional only if it itself does not fail and at least one upstream com-
ponent connecting to it remains functional. For any component set U, components fail
independently, so a subset 7' C U survives with probability

w(T;U) = [[-a) [] o

veT veU\T

Conditioning on a surviving sensor set T's C S, only the computers C(Ts) where each is
connected to at least one sensor in Ts remain relevant; conditioning next on surviving
computers Tc C C(Ts) determines the reachable actuator set A(T¢). The system then
fails if and only if all reachable actuators fail, so summing over all scenarios yields the
following objective:

Pat = Y w(Ts;8) Y. w(Te;CTs)) [[ aa

TsCS TcCC(Ts) a€A(Tc)

Two architectures containing the same components and number of connections can
therefore have different failure probabilities if those connections are arranged differ-
ently, making reliability dependent on the global sensor—computer—actuator topology.
This is precisely the type of setting in which encoding-based surrogates may be limited,
as discussed in Section 2.3.

Edge-failure MDGNC

We extend MDGNC by assigning each connection edge e an independent failure prob-
ability g. and by allowing parallel connections, which provide redundancy. Component
and edge survival are propagated jointly: a downstream component remains reachable
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only through at least one operational connection from a functional upstream com-
ponent. The system again fails when no operational sensor—computer—actuator path
remains. The complete failure-probability formulation is given in Section B.

Since additional edges increase mass, the extension creates a trade-off between
redundancy and weight. This also makes connection topology more influential and
introduces edge multiplicity as an explicit performance factor, which facilitates
evaluating the edge kernel proposed in Section 4.5.

Jet-engine architecture

The jet-engine problem is adopted from the conceptual aircraft-engine benchmark of
Bussemaker et al. [43]. It considers turbojet and turbofan architectures, with discrete
choices such as fan, gearbox, and mixed-nozzle inclusion, together with continuous
parameters such as bypass ratio and fan and overall pressure ratios.

The design space is strongly hierarchical: fan-related variables are active only for
turbofan architectures, gearbox ratio only when a gearbox is selected, and shaft-related
variables depend on the selected number of shafts. The objective of the problem is to
minimize thrust-specific fuel consumption, while fulfilling five inequality constraints
pertaining to exhaust-jet speeds and compressor pressure ratios. Evaluations may
also fail when no valid thermodynamic solution is found, introducing a hidden con-
straint. For efficient repeated experiments, the original physics-based evaluation is
approximated using random-forest regressors fitted to its outputs, following [2].

Unlike MDGNC, the problem is primarily driven by hierarchical component and
sizing choices. Its limited connection choices concern bleed-air and power offtakes and
do not form consecutive many-to-many patterns. It therefore evaluates the graph-
based surrogate on a realistic hierarchical problem in which explicit connection
topology is less influential.

Moulti-stage rocket

As the final benchmark we use the multi-stage rocket problem from Garcia Sdnchez
[44]. It considers rocket architectures with one to three stages, with hierarchical choices
governing stage presence, engine type and count, stage dimensions, and nose geometry.
The problem minimizes launch cost while maximizing payload mass, subject to con-
straints on dynamic pressure, payload volume, and achievable velocity increment. It is
strongly constrained: only a few percent of the architectures sampled in an initial DoE
are feasible, so the surrogate is fitted on a training set in which feasible designs are
heavily outnumbered, and constraint prediction rather than objective prediction limits
optimization progress. Its ADSG contains no connection choices, so graph-based meth-
ods are not expected to benefit from explicit topology modeling, but it nevertheless
provides a useful benchmark for evaluating them in a purely hierarchical setting.

5.2 Baseline methods
We compare the proposed WLOA-based kernels against four families of baselines.

® An alternative graph kernel that operates on the same architecture instance
graphs as our method: the exponential shortest-path kernel obtained through the
successive-embeddings construction of Nikolentzos and Vazirgiannis [45]. Let a map
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¢sp(G) contain the counts of directed shortest paths in the graph G, aggregated by
source label, target label, and length. The shortest path (SP) kernel is then:

kSP(G’ Gl) = <¢SP(G), ¢SP(G/)>'

Applying an RBF kernel to the induced feature-space distance yields

ksp(G,G) + ksp(G',G") — 2ksp (G, G’
kSP-RBF(GvGI) =exp<— sp( ) sp ( ) sp ( ))7

203,

with learned length scale fsp. We include it because its inductive bias is aligned
with the structure of hierarchical design spaces. A directed path from the root to a
function node records where in the decision hierarchy that function is introduced,
and a path from a function node to a component node records which component
type was selected to fulfill it, and through which intermediate decisions. Two archi-
tectures that share many such root—function and function—component paths should
therefore share large parts of their decision hierarchy. Shortest-path computation
is cubic in the worst case, but our instance graphs are sparse (average node degree
~ 2), keeping it fast in practice; comparable sparsity is likely in other SAO prob-
lems with structured functional and component relationships. We evaluate SP-RBF
using semantic labels only.

Encoding-based surrogates, operating on the encoded design vectors of
Section 2.3 rather than on architecture graphs.

— HIER: the hierarchy-aware Kriging (GP) model of Bussemaker et al. [2], whose
kernel accounts for variable activeness and penalizes variables active in one design
but inactive in the other [6].

— KPLS: partial least squares projects the encodings onto ten response-informed
latent components, in which a Kriging model is then fitted [46]. Also considered
in Bussemaker et al. [2].

— BLR: Bayesian linear regression on the design encoding, as a simple probabilistic
baseline.

GNN-based surrogates, operating on attributed architecture graphs. Node fea-
tures encode the node family, semantic type, and any associated design-variable
value. Continuous variables use a sparse encoding indexed by canonical component
type ¢ and variable name d:

) {(xd —14)/(ug — lg), if node v represents variable d of type ¢,
vl(c,d) =

0, otherwise,

with 4, ug the variable bounds. Repeated instances of a component type thus share
the overlapping feature dimensions across all node rows; categorical variables use
one dimension per option.

— DGBO: the graph-neural surrogate of Cui et al. [14].
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— Arch2Vec: extended from adjacency and discrete label reconstruction [10] to joint
structure—feature embeddings, as our problems additionally involve continuous
sizing parameters.

® Model-free optimizers, constructing no surrogate.

— Random: samples feasible designs directly, giving a reference with asymptotic
global coverage — when the sampling distribution has full support, it eventually
samples arbitrarily close to any feasible design [47].

— GA: NSGA-II [38] on the multi-objective problems and a single-objective genetic
algorithm on ENGINE. NSGA-II also serves as the infill optimizer within the
surrogate-based methods (Section 4.1); here it is applied directly to the expensive
evaluations.

To ensure that the baselines are not disadvantaged by arbitrary configurations,
HIER and KPLS use the established implementations and previously validated settings
from SBArchOpt [2, 37]. DGBO follows the architecture of Cui et al. [14] and is
lightly tuned through preliminary experiments, primarily with respect to its learning
rate. As our Arch2Vec adaptation introduces several new configuration choices, we
conduct preliminary ablations to assess reconstruction quality and downstream BO
performance and select a well-performing configuration. SP-RBF and BLR learn their
model hyperparameters during fitting, while Random and GA require no tuning.

5.3 Evaluation details

Run A: rapid early improvement Run B: slower improvement
—e— AHVratio [7] Cumulative regret —=a- AHVratio [“1 Cumulative regret
109 Final ratio: 0.30 T Final ratio: 0.38
Regret: 122.4 \\ Regret: 178.3
ey
~-—
2 >
E : ‘\\
> S
T -
50 100 150 200 250 300 50 100 150 200 250 300

Total function evaluations

Fig. 8 Illustration of the AHV ratio trajectories and corresponding cumulative regret for two syn-
thetic optimization runs. In each panel, the hatched area between the trajectory and zero over the
evaluation budget represents that run’s cumulative regret. Run A (left) improves rapidly, reaching a
final AHV ratio of 0.30 and regret of 122.4; Run B (right) improves more slowly, reaching 0.38 and
178.3, respectively.

We compare final solution quality and convergence over the complete evaluation
budget using the metrics defined below. The evaluation protocol follows [2].

We additionally report total optimization wall-clock time, comprising surrogate
fitting, infill search, one-off pretraining where applicable (Arch2Vec), benchmark
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evaluation, and other optimization overhead. Individual evaluations of the adopted
benchmark problems take on the order of milliseconds and therefore contribute neg-
ligibly to the total wall-clock time. The reported runtime thus primarily reflects
surrogate-fitting and infill-search costs.

The performance metrics defined below require a reference optimum. Since the
exact optimal solutions are generally unavailable, we approximate them with genetic-
algorithm runs involving between 30,000 and 192,000 function evaluations. This vastly
exceeds the evaluation budgets used in the final experiments. For single-objective
problems, f* denotes the best feasible objective value found across these runs. For
multi-objective problems, their combined non-dominated solutions define the refer-
ence Pareto front and its hypervolume HV™*. For each problem, all hypervolumes are
computed using the same fixed worst-case reference point r, also obtained using GA.

For a single-objective minimization problem, let fyest,; denote the best feasible
objective value found at checkpoint i. The remaining optimality gap and its ratio
relative to the initial DoE are

9i

gi = fbest,i - f*a GapRatiOi = ;
0

A gap ratio of 1 means that none of the initial gap has been closed, 0.2 means that
20% remains, and 0 indicates that the reference optimum has been reached.

For multi-objective problems, let HV; denote the hypervolume of the obtained
non-dominated set at checkpoint ¢. The normalized hypervolume error is

HV* - HV;
AHV; = —— 1
HV*
which measures the fraction of the reference-front hypervolume that has not yet been
recovered. To account for variation in the quality of the initial DoE across runs, this
error is normalized by its initial value, yielding the AHV ratio:

AHYV;
AHVy

AHVRatio; =

As all methods use matched DoE seeds, comparisons remain fair, and we verified that
absolute errors preserve method rankings. As illustrated in Figure 8, the final value
AHVRatiop measures the fraction of the initial hypervolume error that remains at
the end of the evaluation budget. A value of 1 indicates no improvement over the initial
DokE, while 0 indicates that the reference-front hypervolume has been recovered.

For both problem types, convergence over the complete optimization run is
summarized by the trapezoidal area under the corresponding error-ratio curve:

Gim1 1% 5

Regret, = Regret; _; + 5 n;,

where ¢; denotes GapRatio; for single-objective problems and AHV Ratio; for multi-
objective problems, while An; is the number of function evaluations since the previous
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checkpoint. As shown in Figure 8, reducing the remaining gap earlier yields lower
regret, even when final solution quality is similar.

For the ablation studies, each configuration is evaluated over 20 independent
runs using different random seeds. The final comparison is performed over 40 addi-
tional non-overlapping seeds, providing an independent and more robust estimate of
optimization performance.

6 Results

This section first presents the ablation studies used to select the final model con-
figurations, followed by the main benchmark results obtained using these settings.
Each experiment is discussed in a separate subsection. Additionally, in Section C we
investigate the predictive performance of the surrogate models directly, outside of the
optimization setting.

6.1 Kernel composition study

Table 2 Kernel interaction-composition ablation for depth-8 MG-LD-WLOA and SP-RBF.
Results are reported as mean + standard deviation across 20 matched runs. Lower is better
for all metrics; the best value per column within each kernel is shown in bold.

MDGNC
Kernel Composition Time (s) Regret AHV ratio
MG-LD-WLOA  Additive 3463 £ 217 63.20 £10.83 0.215 £0.051
MG-LD-WLOA  Multiplicative 3348 + 245 65.62 +£8.47  0.223 +0.049
MG-LD-WLOA ANOVA 3525 £ 293 64.25 £7.16 0.227 £ 0.042
SP-RBF Additive 1622 £+ 92 76.57 +13.51 0.335+0.070
SP-RBF Multiplicative 1565 £ 108 77.92+13.20 0.324 £0.056
SP-RBF ANOVA 1705 + 93 77.35+£12.45 0.320 +0.077

ENGINE
Kernel Composition Time (s) Regret Gap ratio
MG-LD-WLOA  Additive 19164 + 2486 81.86 £54.22  0.177 £ 0.180
MG-LD-WLOA  Multiplicative 16924 + 2941 53.34 £33.74 0.082 £ 0.074
MG-LD-WLOA ANOVA 19751 + 1628 54.81 £28.74 0.082 £+ 0.100
SP-RBF Additive 9521 £ 172 81.63 £47.55 0.202 £ 0.188
SP-RBF Multiplicative 8726 + 375 54.23+31.30 0.079 £0.067
SP-RBF ANOVA 9202 £ 450 53.28 £30.32 0.102 £ 0.103

Here, we compare the learned additive, multiplicative, and ANOVA-style kernel
composition described in Section 4.2. Each configuration is evaluated over 20 reruns
on the MDGNC and ENGINE problems. As can be seen in Table 2, for MDGNC the
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composition choice has little effect for either SP-RBF or MG-LD-WLOA. However, for
ENGINE the multiplicative and ANOVA compositions perform substantially better
than the additive composition.

The learned ANOVA weights provide a better insight into this behavior. For
ENGINE, the graph—sizing interaction term receives the largest average weight for four
of the five constraints, as shown in Figure 9, consistent with the strong performance
of the multiplicative compositions for that benchmark. On MDGNC, the graph—sizing
interaction dominates the failure-rate objective, whereas the isolated sizing term dom-
inates mass, in line with the problem formulation described in Section 5.1. Overall,
the results do not show a clear performance advantage of ANOVA over the best fixed
composition. Instead, they show that the optimal kernel composition can be problem-
dependent, as is the case for ENGINE, whereas ANOVA remains competitive across
both benchmarks by learning the relative importance of additive and interaction effects
rather than requiring this choice to be made a priori.

(a) MDGNC (b) ENGINE
£ 1.0+ 4
o
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c : F
S 06- I 1 i I I T El 4 T
=) 1115 1
0.4 - b
: I LY g 3 8 1R B
O 92 - . u] d . Py . alr -
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Fig. 9 Learned kernel-composition weights for MG-LD-WLOA on (a) MDGNC and (b) ENGINE.
Each point is the mean normalized weight over all Bayesian optimization updates in one of 20 runs;
boxes summarize the distributions across runs. The graph, sizing, and interaction weights sum to one
at every update.

6.2 LD-WLOA depth study

The motivation for the learned-depth WLOA kernel is that it removes the need to
select a single WL refinement depth in advance. To isolate this choice, we compare
fixed-depth WLOA with d € {0,...,8} against LD-WLOA with d,.x = 8, while fix-
ing the remaining configuration. We set the maximum WL depth to 8, as it provides
a structural reach comparable to the maximum graph diameter of 17 edges encoun-
tered in the considered benchmarks, with most graphs being substantially smaller.
For this study, all variants use the fixed semantic-type labeling and the ANOVA-style
composition. Each configuration is evaluated using the same 20 random seeds.

As shown in Table 3, the strongest fixed depth depends on both the problem
and the performance metric. LD-WLOA remains close to the best fixed-depth results
across both benchmarks. In terms of regret, Holm-corrected paired Wilcoxon tests
identify neither a significant improvement nor a significant degradation of LD-WLOA
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Table 3 WLOA depth ablation results, reported as mean + standard deviation over 20
independent runs. Fixed-depth variants use d € {0, ..., 8}, while LD-WLOA uses dmax = 8.
Runtime is given in seconds. For MDGNC, regret and gap ratio are based on hypervolume. Bold

values indicate the best mean for each metric and problem.

Problem Method Regret Gap / AHV ratio  Runtime [s]
WLOA (d =0) 111.45 £ 15.06 0.516 £0.114 1288 £131
WLOA (d =1) 88.97 £ 13.56 0.362 £0.078 1363 £ 159
WLOA (d = 2) 78.11 £13.23 0.279 £ 0.068 1455 £ 115
WLOA (d = 3) 66.04 + 8.38 0.210 £ 0.038 1497 + 107

MDGNC WLOA (d = 4) 65.02 £ 7.49 0.205 £ 0.027 1471 + 107
WLOA (d = 5) 64.57 +6.34 0.203 £ 0.032 1646 + 86
WLOA (d = 6) 66.92 £ 6.91 0.188 £ 0.025 1682 + 108
WLOA (d =7) 67.75 £ 10.28 0.196 £ 0.037 1764 + 124
WLOA (d = 8) 68.53 £ 7.31 0.186 = 0.035 1859 4+ 117
LD-WLOA (dmax = 8) 67.61 £ 8.39 0.214 £0.042 2767 £ 138
WLOA (d = 0) 57.26 £ 32.96 0.088 £ 0.084 7025 £ 639
WLOA (d =1) 51.07 £ 28.54 0.087 £ 0.095 7855 £ 701
WLOA (d = 2) 45.60 + 27.35 0.069 £+ 0.090 7008 £ 1273
WLOA (d = 3) 56.30 £ 36.05 0.114 £0.128 8373 £ 418

ENGINE WLOA (d =4) 62.18 £ 39.81 0.128 £0.145 8922 £ 511
WLOA (d = 5) 50.49 £ 27.57 0.076 £ 0.084 9598 £+ 619
WLOA (d = 6) 54.59 £ 31.72 0.090 £0.115 10188 + 938
WLOA (d =7) 49.48 £ 30.62 0.090 £0.110 10658 + 762
WLOA (d = 8) 49.18 £29.25 0.071 £0.084 11336 £+ 877
LD-WLOA (dmax =8)  52.34 £24.85 0.079 £ 0.076 14595 + 669

relative to any fixed depth at o = 0.05. Thus, although LD-WLOA does not clearly
outperform the strongest fixed-depth variants, it removes the need for manual depth
selection while remaining close to their performance across both benchmarks. This is
useful since an unsuitable fixed depth can incur a substantial penalty. For instance, on
ENGINE selecting d = 4 instead of d = 2 increases mean regret from 45.60 to 62.18
and the final gap ratio from 0.069 to 0.128.

Figure 10a summarizes the learned depth distribution over repeated optimization
runs by its weighted mean depth h,,; for example, equal weights for depths 0 through 5
yield h,, = 2.5. The mean increases from approximately 1.4 after 40 evaluations to 2.1
2.4 between 50 and 70 evaluations, after which it changes more gradually. LD-WLOA
therefore initially favors coarse, local information and becomes more discriminative by
incorporating larger neighborhood patterns as more data become available.

Learning the depth additionally provides insight into which structural scales are
relevant to each objective. As discussed in Section 5.1, MDGNC failure probability
depends on connectivity and redundancy across multiple components, and Figure 9
shows that graph-based similarity contributes strongly to its surrogate. Accordingly,
Figure 10b shows that LD-WLOA meaningfully weights depths 0 through 5, which is
consistent with the importance of multi-hop connectivity and redundancy patterns.
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Fig. 10 Learned refinement depths of LD-WLOA on MDGNC. (a) Evolution of the depth centre
of mass hy, for the failure-probability objective; the line and shaded region denote the mean and
central 75% interval over 20 runs. Panels (b) and (c) show the distributions across runs of the weights
learned for the failure-probability and mass objectives, respectively. At each BO update, weights
are normalized to sum to one and subsequently averaged over updates within each run. For visual
comparison, each panel is scaled by its largest non-outlying value.

For mass, which is primarily sizing dependent, the graph component contributes less
overall. Nevertheless, the learned depths remain consistent with the problem structure.
As shown in Figure 10c, the kernel captures overlap in terms of component counts
(d = 0) and depth-one subtrees (d = 1). A match at d = 1 requires agreement in the
number and types of neighboring nodes, and therefore also reflects local connection
counts, which contribute directly to mass.

This adaptivity requires additional computation because LD-WLOA constructs
representations up to dp.x and optimizes their weights. The overhead is most read-
ily justified in the intended expensive-evaluation setting, where surrogate fitting
constitutes only a small fraction of the total optimization time.

6.3 Label granularity study

Table 4 Effect of label granularity on cumulative regret and total runtime. Values are
mean =+ standard deviation over 20 independent runs; lower is better for all columns,
and the best value per column is shown in bold.

ENGINE MDGNC
Label Granularity Regret Runtime [h] HV Regret Runtime [h]
DSG 48.70 £27.16 3.75+0.19 62.25+8.44 0.75+0.04
ADSG 52.60 £30.31 3.85+0.19 68.53£10.15 0.74+0.03
Semantic 52.34 £24.85 4.05+0.19 67.61+8.39 0.77+0.04

ADSG + Semantic 54.81 £28.74 549+0.45 64.25+7.16 0.98+0.08

This study compares using DSG-level, ADSG-level, semantic labels, and a multi-
granularity kernel variant. In particular, we compare with the ADSG 4+ Semantic
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hybrid. DSG is omitted from this combination because its generic labels can make
locally similar patterns match despite having different architecting roles. For exam-
ple, at shallow depths, a function-decomposition pattern could be matched with a
component connection pattern.

As shown in Table 4, DSG achieves the lowest regret on both problems, despite
its potential for matching architecturally unrelated patterns at shallower WL depths.
However, two-sided Welch tests with o = 0.05 detect no significant difference
between DSG and the multi-granularity representation on either ENGINE (p = 0.494)
or MDGNC (p = 0.423). The added flexibility of MG-LD-WLOA comes at a
computational cost, increasing runtime by 1.74 h on ENGINE and 0.23 h on MDGNC.
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Fig. 11 Granularity weights learned by MG-LD-WLOA throughout Bayesian optimization. Each
point is the mean across all BO updates in one run, and each box summarizes 20 runs. The dashed
line denotes equal weighting. The response-dependent distributions show that the surrogate adapts
its label granularity to individual objectives and constraints.

Inspecting the learned weights, as shown in Figure 11, confirms that the addi-
tional flexibility of the multi-granularity variant is used. The MDGNC failure-rate
surrogate assigns an average ADSG weight of 0.998, compared with 0.773 for mass,
while ENGINE exhibits still greater variation across its responses. The failure-rate
preference for MDGNC is consistent with the problem formulation, as additional
connections generally improve reliability by creating alternative paths through
the sensor—computer—actuator network. Although the exact placement of connec-
tions matters given how the failure rate is calculated, with similarity in upstream
sensor—computer connection patterns being slightly more relevant than similarity in
downstream computer—actuator patterns, generic connectivity and redundancy should
already provide a strong signal.

Overall, the multi-granularity representation does not outperform the fixed label-
ings on these benchmarks and incurs additional computational cost. Nevertheless, it
remains competitive with DSG, and the learned weights show that the preferred gran-
ularity varies across objectives. The multi-granularity representation may therefore
provide greater robustness across SAO design spaces, as relying on any single label-
ing could degrade performance when its distinctions do not align with the problem.
For instance, although DSG performs well here, it could perform poorly on ROCKET
where objectives depend on the specific component types, which DSG does not capture.
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We therefore retain ADSG + Semantic for the final method, as these complementary
label granularities should together capture the key structural patterns across SAO
problems while allowing objective-dependent adaptation, without incurring the cost
of additional labelings.

6.4 Edge-weight kernel study

==O== |D-WLOA == HIER = LD-WLOA + EW

(a) MDGNC (b) MDGNC-EF

AHV ratio (lower is better)

30 50 100 150 200 30 50 100 150 200 250
Function evaluations

Fig. 12 Effect of edge-weight information on LD-WLOA, with hierarchical (HIER) kernel GP shown
as a reference. Standard LD-WLOA performs well on MDGNC (a) but degrades under edge failures
(b), where adding the edge-weight kernel (EW) substantially improves convergence.

We evaluate the effect of explicitly modeling connection multiplicity across 20 matched
reruns, using the kernel proposed in Section 4.5. To that end, we compare the opti-
mization performance on the MDGNC-EF benchmark with and without including it
in the kernel composition. The optimization curves are shown in Figure 12.

As shown in Table 5, LD-WLOA performs well on the standard MDGNC problem,
outperforming HIER on both reported metrics. This changes on MDGNC-EF, where
failure rate depends on the number of parallel connections. Without modeling multi-
plicity information, LD-WLOA reaches a final AHV ratio of 0.392 and an HV regret
of 115.1, compared with 0.157 and 97.0 for HIER. Unlike LD-WLOA, the design-
vector encoding used by HIER retains connection-multiplicity information, and HIER
performs significantly better than LD-WLOA on both metrics (p < 0.03).

Adding the edge-weight kernel reverses this degradation. Relative to LD-WLOA
without edge weights, it reduces the final AHV ratio by over 90%, whereas regret
decreases by 55.3%. Both improvements are significant (p < 0.001). LD-WLOA + EW
also achieves significantly better performance than HIER on both metrics.

These results provide strong evidence that the deterioration of LD-WLOA on
MDGNC-EF results from omitting connection-multiplicity information, and that the
proposed edge-weight component supplies a useful signal when parallel-edge redun-
dancy directly affects the objective. We therefore include the edge-weight kernel for
all problems in which edge multiplicities arise.
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Table 5 Impact of including edge multiplicity information on the MDGNC-EF
problem. Values are mean + standard deviation over 20 independent runs; lower is
better and the best value per problem is shown in bold.

Problem Method AHV ratio HV regret  Runtime ]
MDGNC HIER 0.240 £0.068 94.0+16.7 1150+174
LD-WLOA 0.224 +0.066 68.8+12.7 2539 £170
HIER 0.157£0.099 97.0+16.5 1740+ 201
MDGNC-EF LD-WLOA 0.392£0.148 115.1 £31.1 4041 4+ 349

LD-WLOA + EW 0.038 £0.078 51.4+17.9 4053 4+ 621
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Fig. 13 Optimization performance over 40 independent runs. Curves show the mean normalized
objective-gap ratio for ENGINE and the mean normalized AHV ratio for the multi-objective bench-
marks; lower values are better. For each problem, an additional curve shows the strongest of the
remaining encoding-based BO baselines (BLR and KPLS), selected by the lower mean ratio at the
final evaluation budget: BLR for ENGINE and MDGNC, and KPLS for MDGNC-EF and ROCKET.
Standard deviations and complete final results are reported in Table 6.
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6.5 Optimization performance evaluation

We compare MG-LD-WLOA with the considered baselines across 40 independent
reruns. The final MG-LD-WLOA configuration is shared across all problems. We use
learned depths up to H = 8, the multi-granularity ADSG + Semantic representa-
tion, and the ANOVA-style kernel composition; the edge-weight kernel is additionally
included for the MDGNC-EF problem. While individual fixed variants occasionally
achieve better mean performance in the ablations, this configuration remains general
and avoids problem-specific parameter tuning, which is generally infeasible in SAO.

Figure 13 shows the mean normalized objective-gap ratio for ENGINE and the
mean normalized AHV ratio for the multi-objective problems. The figure includes the
hierarchical kernel GP (as adopted in Bussemaker’s framework [2, 4]), the strongest
encoding-based BO method for each problem, DGBO, the genetic algorithm, and MG-
LD-WLOA. Exact final ratios and cumulative regrets are reported in Table 6. We
additionally assess statistical significance using two-sided paired Wilcoxon signed-rank
tests with Holm correction.

Table 6 Final optimization performance after the problem-specific evaluation budget. Values
are mean + standard deviation over 40 independent runs; lower is better. Bold and underlined
entries denote the best and second-best result in each column, respectively. The MDGNC-EF
runs for SP-RBF and MG-LD-WLOA included the EW kernel from Section 4.5.

ENGINE MDGNC
Method Regret Gap ratio HYV regret AHV ratio
Random 191.01 £ 39.71 0.646 + 0.281 145.03 £+ 12.31 0.783 £ 0.082
GA 148.85 £+ 52.59 0.388 + 0.247 140.74 £+ 11.67 0.698 + 0.082
HIER 81.62 £+ 48.08  0.227 £ 0.186 92.39 £+ 17.67  0.256 £ 0.128
KPLS 67.51 £ 47.25 0.166 £ 0.171 84.64 + 12.25 0.273 £ 0.075
BLR 40.21 + 24.17 0.100 £ 0.101 66.99 + 13.14 0.271 £+ 0.063
SP-RBF 47.91 +24.09  0.080 & 0.099 77.27 £ 13.31 0.319 £ 0.072
Arch2Vec 96.62 £+ 63.57  0.270 £ 0.278 85.31 &£ 16.69  0.394 £ 0.090
DGBO 99.39 + 68.11 0.316 £+ 0.323 65.89 + 15.76 0.286 + 0.083
MG-LD-WLOA 50.34 £ 22.37 0.060 + 0.066 61.34 + 8.32 0.218 £+ 0.045
MDGNC-EF ROCKET
Method HYV regret AHYV ratio HYV regret AHYV ratio
Random 191.34 £+ 11.62 0.810 £ 0.056 413.36 £ 89.06 0.492 + 0.150
GA 178.88 £+ 11.03 0.694 + 0.064 388.89 + 97.29 0.437 £+ 0.138
HIER 118.19 £ 19.64 0.284 + 0.106 318.77 + 76.83 0.369 £+ 0.117
KPLS 116.47 £+ 16.79 0.319 £ 0.074 309.18 + 83.34 0.367 + 0.110
BLR 108.16 £+ 19.95 0.353 £+ 0.089 528.10 + 51.22 0.739 £+ 0.094
SP-RBF 89.38 &£ 11.52  0.279 £ 0.065 401.08 £ 86.90  0.472 £ 0.156
Arch2Vec 119.47 £ 23.01 0.425 £+ 0.101 531.74 + 54.61 0.728 £+ 0.108
DGBO 73.49 4+ 16.61 0.235 + 0.066 466.11 £ 103.48 0.646 + 0.188
MG-LD-WLOA 64.95 + 11.76 0.142 + 0.039 352.59 + 83.50 0.421 £ 0.131
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MG-LD-WLOA obtains the best mean regret and final ratio on both MDGNC and
MDGNC-EF, the problems in which performance depends explicitly on component
connectivity. On MDGNC, it reduces regret by approximately 7% relative to DGBO
and the final ratio by 15% relative to hierarchical kernel GP. Across the two metrics,
MG-LD-WLOA significantly outperforms every comparator on at least one metric (all
p < 0.000341), while no comparator significantly outperforms it on either metric. On
MDGNC-EF, the advantage is stronger: MG-LD-WLOA reduces regret by approxi-
mately 12% and the final ratio by 40% relative to DGBO. It significantly outperforms
every comparator on both metrics; even against DGBO, the closest competitor, the
differences remain significant for regret (p = 0.00696) and final error (p = 5.06 x 1078).

These results seem to align well with the representation mismatch discussed in
Section 2.3. In MDGNC and MDGNC-EF, the reliability objective depends on connec-
tivity patterns spanning multiple connection choices, and while the vector encodings
preserve connection similarity within each choice separately, they do not directly pre-
serve similarity of global patterns spanning several choices. Graph-based surrogates
instead operate on the architecture graphs and can capture such higher-level structural
patterns directly. The fact that two substantially different graph surrogates, namely
MG-LD-WLOA and DGBO, both perform particularly strongly on these two prob-
lems appears consistent with a broader benefit arising from their ability to capture
higher-level connectivity structure. For MG-LD-WLOA, this interpretation is further
supported by the predictive study in Section C, where it generalizes best among the
evaluated surrogates to isomorphic and structurally unseen architectures.

On ENGINE, MG-LD-WLOA obtains the best final gap ratio and is not signifi-
cantly outperformed by any method on either metric. It achieves significantly lower
regret than hierarchical kernel GP and DGBO (both p < 0.000269), and significantly
lower final error than hierarchical kernel GP, KPLS, and DGBO (all p < 0.000216).
Although BLR and SP-RBF achieve lower mean cumulative regret, neither difference
is significant (all p > 0.135). Unlike MDGNC, ENGINE does not contain consecutive
connection choices and is driven primarily by hierarchical architectural decisions and
sizing parameters, so the benefit of graph-level structural similarity is less pronounced.

ROCKET contains no connection choices and no objectives that clearly depend on
higher-order connectivity patterns, so the potential advantage of graph-based repre-
sentations is less pronounced than on MDGNC and MDGNC-EF, although the graph
still represents hierarchical structure that the kernel can distinguish. A plausible factor
is that MG-LD-WLOA can only adjust the importance of each WL depth, weighting
all patterns at that depth equally, whereas encoding-based kernels can learn sepa-
rate sensitivities for individual selection choice encodings. This reduced flexibility may
contribute to its comparatively weaker performance on a predominantly hierarchical
problem. However, ROCKET also differs in other respects, including its constraint
and feasibility characteristics, making it difficult to confidently attribute the result
to any single factor. Nevertheless, MG-LD-WLOA significantly outperforms BLR and
DGBO on both metrics (p < 4.05 x 107?) and outperforms random search and the
genetic algorithm in mean performance on all four benchmarks.
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Computational cost

MG-LD-WLOA has substantially greater optimization overhead, as shown in Table 7.
Because the test problem evaluations are inexpensive, these measurements primarily
reflect surrogate training and infill search costs. However, in a realistic setting where
evaluation is the most expensive step, the relevant quantity is the wall-clock time
required to reach a given solution quality.

Table 7 Total optimization wall-clock time in seconds. Values are mean + standard
deviation over 40 runs. Arch2Vec includes its one-off encoder pretraining cost. GNN
methods used GPU nodes, whereas the remaining methods used CPU nodes; times
are therefore not hardware-normalized.

Method ENGINE MDGNC MDGNC-EF ROCKET
Random 29.6 £0.5 4.3+0.1 6.9+0.1 477£1.6
GA 34.7+£1.2 5.6 £0.2 7.3+0.3 39.3+£5.1
HIER 3286 £523 974183 1627 £ 253 40089 £ 6 250
KPLS 1550 + 217 332+£24 545 £ 33 4719 £ 480
BLR 320+£32 79.5+4.3 83.8+£5.0 212 £ 62
SP-RBF 9276 £391 1700£94 3049 £192 37589 + 3812
Arch2Vec 1320 £ 131 597 £ 47 755 + 45 1609 + 356
DGBO 2062 £226 735+128 1120+ 257 8719 £ 3470

MG-LD-WLOA 19548 £1489 3561 £286 6373 492 139481 427374

MG-LD-WLOA reaches the final mean performance of BLR after approximately
130 rather than 200 evaluations on MDGNC, and that of KPLS after 90 rather
than 250 evaluations on MDGNC-EF. The relevant overhead is the cumulative MG-
LD-WLOA runtime at these earlier matching points: approximately 1809s at 130
evaluations on MDGNC and 1144 s at 90 evaluations on MDGNC-EF. Dividing the
excess over the baseline’s full-run overhead by the evaluations saved gives break-even
evaluation times of (1809 — 79.5)/(200 — 130) ~ 25s and (1144 —545) /(250 — 90) ~ 4s,
respectively. These thresholds are modest in the context of SAQ. A single physics-based
evaluation of the jet-engine architecture problem underlying the ENGINE benchmark
takes on the order of two minutes [2], approximately five times the MDGNC threshold
and thirty times the MDGNC-EF threshold. For realistic simulation-based evaluations,
the gain in sample efficiency offsets the additional surrogate overhead; for inexpensive
analytical evaluations, however, this overhead can become limiting.

7 Practical selection criteria

The results, together with the computational timings in Table 7, suggest the following
practical criteria for selecting an optimization approach:

® Topological content, expensive evaluations. The proposed surrogate should be
considered when optimized objectives depend on connectivity, redundancy, or
other graph-level structural patterns. The break-even evaluation times reported
in Section 6.5 are on the order of seconds to tens of seconds, indicating that
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the additional optimization overhead can be recovered for realistically expensive
simulation-based evaluations. Guidance and control systems, sensor networks, IoT
meshes, and hydraulic or electrical distribution networks plausibly fall into this
category.

o Limited topological dependence, expensive evaluations. When objectives are not
clearly connectivity-driven, the advantage of graph-based surrogates is less clear.
Encoding-based Bayesian optimization remains an attractive default in such cases
given its lower computational cost.

® Cheap evaluations. Low-overhead methods such as BLR or evolutionary optimiza-
tion become increasingly attractive regardless of representation, since time saved
on surrogate fitting and infill search can instead be spent evaluating more designs.
This is consistent with the findings of Bussemaker et al. [2].

8 Conclusions

This work investigated whether Gaussian-process surrogates incorporating graph-
based structural similarity between resolved architecture instances can improve the
sample efficiency of System Architecture Optimization. We introduced a composite
graph-kernel surrogate combining structural, sizing, and, where applicable, edge-
multiplicity information. We further proposed learned-depth and multi-granularity
extensions of the Weisfeiler—Lehman optimal assignment kernel.

Across the benchmark problems, our proposed method, MG-LD-WLOA, achieves
the strongest performance on the topology-dependent MDGNC and MDGNC-EF
problems, remains competitive with encoding-based methods on the predominantly
hierarchical and sizing-driven ENGINE problem, but performs less strongly on
ROCKET. GNN-based DGBO also performs well on MDGNC and MDGNC-EF. The
strong performance of two distinct graph-based surrogates appears consistent with a
broader benefit from graph representations in connectivity-driven problems. However,
MDGNC and MDGNC-EF are related variants rather than fully independent bench-
marks. At the same time, readily reusable realistic SAO benchmarks are limited. While
the results are therefore promising, validation on additional topology-sensitive cases,
ideally including real-world engineering problems with full physics-based evaluations,
is needed to establish how generally this pattern holds.

If the promise shown by these initial results carries over to other topology-sensitive
SAO problems, graph-based methods could become increasingly valuable as SAO
matures and moves toward larger industrial systems, where connectivity can be orders
of magnitude richer than in the benchmarks considered here. For example, the A380
electrical wiring interconnection system contains approximately 100,000 wires and
40,300 connectors [48].

Finally, the proposed kernels provide a degree of interpretability through their
learned depth, granularity, and composition weights. Across the ablation studies, these
weights vary systematically across responses and generally align with known problem
structure. This form of model transparency may help practitioners validate learned
similarity relationships against engineering knowledge and identify which structural
scales and information sources are relevant to different responses.
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8.1 Future work

The most immediate direction for future work is broader validation, as discussed above.
A larger number of SAO benchmarks, and ideally full-scale engineering applications
with physics-based simulations, would provide a stronger test of the extent to which
the performance pattern observed on MDGNC and MDGNC-EF generalizes.

Scalability and kernel expressiveness remain important directions for future work.
The present approach deliberately adopts WL-based kernels because of their strong
empirical performance and computational efficiency on labeled graphs [28, 31]. Never-
theless, repeated graph-kernel evaluations during GP fitting and infill search introduce
substantial overhead, while GP inference itself scales as O(n?). Larger evaluation bud-
gets could therefore benefit from sparse or variational GP approximations [49] and
low-rank kernel-matrix approximations such as the Nystrom method [50]. More com-
pact architecture graphs that remove structurally redundant ADSG elements while
retaining performance-relevant topology could provide another alternative.

There is also scope for richer structural representations. Attributed graph kernels,
such as GraphHopper [51] and propagation kernels [52], could associate sizing informa-
tion directly with structural context. Their application to SAO is non-trivial, however,
because architecture graphs are heterogeneous and different node types carry different
sets of attributes. Hash graph kernels [53] provide one possible direction for efficiently
incorporating continuous attributes.

The infill search presents another opportunity. NSGA-II currently operates on
encoded design vectors, with every candidate decoded into an architecture graph before
surrogate evaluation (Section 4.1). Evolutionary operators acting directly on archi-
tecture instances could remove this round-trip and make the graph representation
consistent throughout the optimization loop.

Finally, the strong performance and short runtime of DGBO on the connectivity-
driven problems suggest that graph-neural surrogates warrant closer study in SAQO, as
such models can in principle learn more flexible structural representations than graph
kernels.

Statements and Declarations

Data and code availability

The source code, experimental configurations, and data supporting the results of this
study are publicly available at https://github.com/flatala/sao_graph_sbo. The reposi-
tory includes instructions and scripts for reproducing the experiments and generating
the reported figures and tables.

Appendix A Validity of the LD-WLOA kernel

The relabeling procedure in Figure 4 induces a hierarchy, which is illustrated in
Figure Al. Since every refined label 73, (u) is dependent on the node’s preceding label
Th—1(u), two vertices that match at depth A must also match at all earlier depths.
Equivalently, if two subtrees of depth A match, the subtrees of depth h — 1 with the
same roots must also match. Each label at depth h therefore has a unique parent at
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LD-WLOA

Fig. A1 WL label hierarchy induced by the relabeling example in Figure 4. Standard WLOA assigns
unit contribution to each shared hierarchy level, whereas LD-WLOA assigns the learned nonnegative
weight wy, to depth h.

depth h — 1, and every vertex u follows the path
Root, 7o(u), m1(u), ..., 7a(u)

through the hierarchy. The similarity between two vertices is consequently determined
by the deepest level up to which their paths coincide. As defined in Equation 3, stan-
dard WLOA assigns unit contribution to every shared level. LD-WLOA instead assigns
the nonnegative weight wy, to the shared level at depth h, as defined in Equation 6.

Optimal-assignment kernels are not positive semidefinite for arbitrary base ker-
nels. However, as Kriege et al. [32] show, optimal-assignment kernels induced by a
strong base kernel are positive semidefinite. The following proposition shows that the
nonnegative depth weighting preserves the strong-kernel property.

Proposition 1 For nonnegative depth weights wy,, the LD-WLOA kernel is positive semidef-
inite.

Proof A kernel k is strong if, for any z,y,z € X,
k(z,y) = min{k(z, 2), k(z, y)}-

We show that the weighted WL base kernel kpp is strong. WL refinement is hierarchical:
if two vertices have equal labels at depth A, then they also have equal labels at all earlier
depths. Let p(u,v) be the number of consecutive depths, starting from depth 0, at which «
and v have equal WL labels. Then

p(u,v)—1
wpd (rp(u),Th(v) = Y wp,
h=0

M=

krp(u,v) =

>
I

0

where the sum is zero when p(u,v) = 0. Now take any vertices z,y, z, and define

a=pz,z), b=p(zy),  m=min(a,b).
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The pairs (z,z) and (z,y) match at all depths 0,...,m — 1. Therefore, by transitivity of
label equality, z and y also match at these depths, so p(z,y) > m. Since all weights are
nonnegative, these prefix sums are monotone. Hence,

p(z,y)—1 m—1 a—1 b—1
kLp(y) = Y wp> Y wy, = min{z why Y wh} = min{kLp(z, 2), kLD (2, 9)}-
h=0 h=0 h=0 h=0
Thus, kyp is strong. Consequently, by [32], the optimal-assignment kernel induced by krp,
namely LD-WLOA is positive semidefinite. O

Appendix B Edge-failure MDGNC formulation

For an edge set F, let
m(RE) = [[0-a) ] e
eER e€E\R

denote the probability that exactly the subset R C FE remains operational. Let
Rsc € Egsc and Roa C FEcoa be the surviving sensor—-computer and computer—
actuator edges. Furthermore, let C(Ts, Rsc) denote the computers reachable from
the surviving sensors Tg, and A(T¢, Roa) the actuators reachable from the surviving
computers T¢. The failure probability is then

P = > 7w(Ts;S) Y. me(Rso; Bsc)
TsCS RscCEsc

X Y. m(TeiC(Ts,Rse)) Y we(RoasEca)  []  da

TcCC(Ts,Rsc) RcaCEca a€A(Tc,Rca)

As in the original formulation, an empty actuator product equals one, so any state
with no reachable operational actuator is counted as system failure.

Appendix C Structural generalization study

The experiments in Section 6 assess end-to-end optimization performance. Here we
instead examine the surrogates’ predictive behavior directly, and specifically how it
generalizes as the structural distance between a test architecture and the training data
grows. We focus on the failure-probability objectives of MDGNC and MDGNC-EF,
which depend on the encountered connection structures (Section 5.1).

Held-out predictions are partitioned by their structural relationship to the training
data. An ezact architecture has the same discrete architecture as a training sample; an
isomorphic architecture has a distinct encoded representation but an isomorphic graph
structure; a novel structure is isomorphic to no training architecture. This partitioning
considers only the discrete connection structure and disregards the continuous sizing
variables, as the connection structure is a major driver of the failure probability.
These distinct groups probe memorization, invariance to structural isomorphism, and
extrapolation, respectively.

For each problem, 5,000 architectures were generated using stratified random sam-
pling that preserved structural diversity. They were then divided into 10 disjoint folds
of 500. In each split, one fold supplied the training candidates and the remaining 4,500
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Fig. C2 Predictive RMSE for the graph-dependent failure-probability objective for MDGNC and
MDGNC-EF, partitioned by the relationship between each held-out architecture and the training set,
as a function of training budget.

samples formed the test set. Nested subsets of size n € {25,50,...,300} were then
drawn greedily from the training fold. All surrogates used the same sample selections,
so differences between curves are attributable to the surrogate alone. Each point in
Figure C2 is the mean of 10 fold-level RMSEs.

MG-LD-WLOA achieves the lowest mean RMSE in every regime on both prob-
lems. Its mean absolute exact—isomorphic gap is only 0.039 on MDGNC and 0.009
on MDGNC-EF, compared with 0.195 and 0.080 for HIER, the strongest encoding-
based baseline. SP-RBF, which is also graph-kernel based, yields the second best gaps
of 0.080 and 0.027. MG-LD-WLOA is invariant to graph isomorphism by construc-
tion, which follows from the WL procedure producing identical label histograms for
isomorphic graphs, as discussed in Section 3.1.

The advantage extends to unobserved structures: MG-LD-WLOA attains the low-
est novel-structure RMSE in all comparisons. MG-LD-WLOA therefore supplies a
useful inductive bias for the considered objective and transfers better to unseen
structures, as compared to encoding-based methods.
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Discussion and Conclusions

This thesis investigated whether graph-based surrogate models can improve the sample efficiency of
System Architecture Optimization (SAO). The scientific article in chapter 2 examined the application
of graph-kernel Gaussian-process surrogates to SAO, developing specialized kernels for architecture
graphs and evaluating their impact on sample efficiency against established methods and GNN-based
alternatives. Building on that analysis and the supplementary observations from Appendix B, this
chapter returns to the overarching research question and supporting subquestions that motivated this
thesis, as stated in chapter 1, and considers how the findings address them.

3.1. Main findings

Main research question
To what extent can graph-based surrogate models improve the sample efficiency of System Architecture Optimization
compared with existing vector-based approaches?

The results support a conditional advantage. The strongest graph-based method overall, MG-LD-WLOA,
achieved the lowest mean cumulative regret and final normalized hypervolume error on MDGNC and
MDGNC-EF. It reached the final mean performance of BLR on MDGNC using approximately 35% fewer
evaluations (130 instead of 200), and that of KPLS on MDGNC-EF using approximately 64% fewer
evaluations (90 instead of 250), providing direct evidence of improved sample efficiency in these settings.
The GNN-based DGBO also showed faster convergence on these problems. Observing improvements
with two substantially different graph-based surrogates suggests that exploiting architectural structure
may contribute to these gains. However, this advantage was not consistent across all four benchmarks.
On ENGINE, the method achieved the lowest mean final gap ratio but not the lowest cumulative
regret, while on ROCKET, encoding-based methods performed better. Thus, the experiments support
graph-based modeling as a useful extension to established SAO methods, without establishing it as a
generally superior replacement.

Subquestion 1: dependence on problem characteristics

How does the relative sample efficiency of graph-based and vector-based surrogate models vary with the characteristics
of the SAO problem, particularly the extent to which its objectives depend on connectivity and other structural
patterns?

Graph-based surrogates showed the clearest improvements over encoding-based methods on MDGNC
and MDGNC-EF problems, where reliability depends on structural redundancy patterns spanning across
many nodes and edges. This aligns with the observation that design-vector encodings do not explicitly
preserve similarities between structural patterns spanning multiple connection choices. Encoding-based
surrogates must instead infer their relevance from the limited evaluated samples, whereas graph-based
surrogates can incorporate such similarities directly. The structural generalization study supports this
interpretation, as the graph-based surrogates predicted more accurately for architectures that were
structurally equivalent to training examples but encoded differently, and for structurally non-equivalent
architectures with varying degrees of similarity to previously observed designs.
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The results were more mixed on ENGINE and ROCKET. On ENGINE, MG-LD-WLOA achieved a
better final gap ratio but higher regret than the strongest encoding-based methods, while on ROCKET
it was outperformed by them. Both problems place greater emphasis on hierarchical selection and
sizing. Encoding-based surrogates can learn the relevance of individual decisions, whereas the WL
component of MG-LD-WLOA weights all patterns at a given depth equally. This rigidity may limit its
ability to emphasize influential component choices. Other graph-based approaches offered no consistent
advantage either, with the GNN surrogates performing considerably worse. Overall, the results suggest
that graph-based surrogates are most beneficial when the objective depends strongly on graph structure,
while their advantage is less clear for problems dominated by hierarchical or sizing decisions. However,
since MDGNC and MDGNC-EF belong to the same benchmark family, this interpretation requires
further validation on additional problems.

Subquestion 2: graph-kernel versus graph-neural surrogates
How do graph-kernel Gaussian-process surrogates compare with graph-neural surrogate models in terms of sample
efficiency across SAO problems?

In our experiments, MG-LD-WLOA was more sample-efficient than both considered graph-neural
surrogates across the studied SAO problems. Admittedly, the kernel-based method was the central
focus of this thesis and received substantially more development and investigation, so these results do
not exclude graph-neural surrogates as a viable direction. DGBO, in particular, remained reasonably
competitive on the structurally driven benchmarks, although its performance deteriorated substantially
on ENGINE and ROCKET.

Arch2Vec performed poorly overall, and its downstream DNGO regression head was particularly
fragile. Longer training could reduce the estimated uncertainty without improving held-out predictive
accuracy, while changes in representation quality did not translate consistently into better optimization
performance. Together with the large variation in DGBO performance across problems, these observa-
tions point to a broader difficulty with graph-neural surrogates in the small-data SAO setting. They
introduce several interacting choices, including network architecture, learning rate, training duration,
and representation dimensionality, whose appropriate settings may depend strongly on the problem
and modeled response. Under the small evaluation budgets typical of SAO, extensive hyperparameter
sweeps or validation-based tuning are generally not practical. The kernel-based approach developed
here was deliberately designed to avoid much of this training complexity by imposing a structured
notion of similarity and learning a comparatively small set of kernel parameters directly from the
available observations. While the present results do not establish that graph-neural surrogates are
inherently inferior, if anything, they point to practical difficulties in making such methods comparably
robust under small evaluation budgets.

3.2. Outlook

The results obtained in this work demonstrate that graph-based surrogates can improve sample
efficiency on the studied connectivity-dependent SAO problems. The observed gains suggest that
incorporating structural similarities directly into the surrogate may also benefit other problems with
similar architectural characteristics. While these findings are promising, they represent an initial step
towards establishing graph-based surrogates as a practical approach to SAO. Their applicability to larger
and more complex engineering systems remains to be demonstrated. Such systems may introduce
greater computational demands and more varied relationships between architecture and performance,
exposing limitations in both the scalability of the approach and the kernels” ability to capture the
relevant structural similarities.

Broader validation on independent engineering problems with realistic evaluations is therefore
a priority. Beyond testing whether the observed gains persist, this would help identify which
problem characteristics favor graph-based modeling and where the proposed approach requires
further development. The directions concerning scalability and kernel expressiveness discussed in
chapter 2 provide starting points for addressing these challenges. Together, broader validation and
methodological development would build on the evidence provided here and help establish what is
needed to bring graph-based surrogates into wider engineering practice.



Final Remarks

Impact statement

This work aims to improve the efficiency of system architecture optimization for engineering applications,
with particular relevance to aerospace systems. By reducing the number of expensive evaluations
needed to identify promising architectures, such methods could support the design of systems with
improved performance, reliability, or resource efficiency. The resulting benefits depend on the objectives
and constraints used to guide the optimization.

These methods also have dual-use potential. Although applicable to civilian engineering, they could
also support the design and optimization of military systems. Their broader societal impact therefore
depends on the applications in which they are used and the goals they serve.

Use of generative Al
Generative Al tools were used during this thesis for the following purposes:

¢ Literature exploration and brainstorming: ChatGPT and Claude were used to help identify
potentially relevant literature and brainstorm research ideas.

* Coding assistance: Codex and Claude Code were used to assist with general implementation,
debugging, and preparing plots.

¢ Writing assistance: ChatGPT and Claude were used for language editing, paragraph drafting and
revision, and feedback on the clarity and organization of the text.
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Extended Background

This chapter introduces the background required to understand the remainder of this thesis. It extends
the background already provided in the scientific article in chapter 2, resulting in some unavoidable
overlap, but presents the relevant concepts more gradually and with less assumed prior knowledge. It
serves as an accessible technical reference and does not repeat the article’s research argument or related-
work review. It covers System Architecture Optimization, graph-based architecture representations,
surrogate-based optimization, Gaussian processes and kernels, and graph-neural surrogate models.

A.l. System Architecture Optimization

System Architecture Optimization (SAO) aims to identify high-performing system architectures that
belong to a formally defined architecture design space, by formulating architecting as a numerical
optimization problem [1, 5]. It therfore combines automated generation of architecture instances with
quantitative evaluation of their performance. The resulting objective and constraint values are used to
guide the optimization algorithm towards high-performing solutions.

Architetcure generator

Proposed candidates

Y

Architecture design 3 Optimization

. Evaluator
space algorithm

. Objective and
....................................................... - COnStraim ValueS

Evaluation budget exhausted

High performing
architectures

Figure A.1: Overview of the System Architecture Optimization process. The architecture generator proposes candidate
architectures, while the evaluator returns their objective and constraint values.

Conceptually, SAO can be divided into two main components: the architecture generator and
the architecture evaluator, as illustrated in Figure A.1 [1]. The architecture generator is responsible
for proposing promising candidate architectures. To that end it requires a formal model of the
architecture design space, which defines the available choices, design parameters, and their constraints
and dependencies. This model specifies what constitutes a valid architecture and enables concrete
architecture instances to be generated. An optimization algorithm then searches the specified design
space, using feedback from previous evaluations to determine which candidate architectures should be
evaluated next.

The architecture evaluator determines the performance of each proposed candidate, often through
physics-based or multidisciplinary simulation workflows, and returns the calculates objective and
constraint value. From the perspective of the optimizer, these workflows are typically black-box and
do not provide gradients with respect to any architectural decisions. This is why global, gradient-free
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optimization methods are used in SAO [1, 5]. The process is repeated until the available evaluation
budget is exhausted, after which the best architecture or set of architectures found is returned.

The focus in this work is on the architecture generator and primarily on the optimization algorithm.
However, understanding how the architecture design space and its individual instances are represented
is a prerequisite for understanding the optimization methods developed in this work. Therefore, the
following section introduces the graph-based design-space model used in SAO and explains how it can
be used to generates graphs that represent specific architectures.

A.2. Modeling SAO Problems

This section covers the first of the two tasks of the architecture generator, namely representing the feasible
architecture design space in a machine-readable form, together with a corresponding representation of
the concrete architecture instances that belong to it. In particular, this work adopts the graph-based
representations introduced by Bussemaker [1]. The section first defines the architecture design space,
then presents the graph-based representations used to model both the design space and the concrete
architecture instances generated from it.

A.2.1. Architecture Design Space and Architectural Choices

The architecture generator operates witin an architecture design space, that is, the set of all architectures
that can be generated for a given problem under the adopted modeling assumptions [1, 4]. Bussemaker
introduces a graph-based modeling framework for this purpose. It is important to first understand
key properties the underlying architecture design spaces have, and which properties any suitable
representation must capture. The most important of these are outlined below:

¢ Defined by Architectural Choices and Constraints: An architecture design space specifies the
architectural choices that can be made, the available options for each choice, and constraints on
which combinations of options are permitted [4, 1]. For example, a propulsion-system design
space may allow thrust to be generated by either a turbofan or a propeller and may offer several
possible energy carriers. An architectural constraint can exclude an incompatible combination,
such as a battery-powered turbofan [1]. A feasible architecture is obtained by making a concrete
set of choices that satisfy these constraints.

¢ Architectural Choices are Mixed-Discrete: SAO design spaces are naturally mixed-discrete, since
architecture design combines discrete architectural choices with continuous architecture-specific
design parameters [1]. For instance, in the jet engine architecting problem of [13] some choices are
categorical, such as whether a fan is included, some are integer-valued, such as the number of
shafts, and others are continuous, such as the bypass ratio and fan pressure ratio.

¢ Architectural Choices are Hierarchically Dependent: Another central property of SAO design
spaces is that the choices are organized hierarchically [1]. Some architectural decisions determine
whether other choices and parameters are present at all. For instance, in the aforementioned
jet engine architecting problem [13], the decision whether to include a fan determines if the
architecture is a turbojet or a turbofan. If a fan is included, additional choices such as the bypass
ratio and fan pressure ratio become active, whereas they remain inactive otherwise [1].

In addition to the key properties discussed above, SAO design spaces may involve further constraints.
For instance some combinations of design and parameter choices may be infeasible even when this is not
captured by simple downstream activation, so broader feasibility relations may need to be represented
explicitly [1]. Moreover, not all constraints can be identified from the architecture representation alone.
Some only become apparent during simulation or evaluation rather than being directly encoded in
the design space model. In short, design spaces are heterogeneous, hierarchical, and mixed-discrete,
which makes optimization over those spaces a complex task, since two candidate architectures do not
necessarily share the same active variables or bounds [7].

A.2.2. Graph Representations

Having outlined the key properties of architecture design spaces, the next step is to consider how they
can be represented as graphs, and how specific architecture instances can be obtained from them. The
Design Space Graph (DSG) is introduced first, followed by its architecting-specific extension, namely
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the Architecture Design Space Graph (ADSG). This is followed by an algorithm for resolving specific
architecture instances from these graph-models of the design space. Finally, vector-based encodings of
instances and their limitations are covered.

1 1.7
_.-=-»<Control Surface 1

Sustainable e 1 ---»{Control Surface 2

(a) Example of a DSG with two unresolved selection choices, denoted by (b) Example of a connection choice node C and the edges
vertices C1 and C,. defining feasible component connections.

Energy
Carrier

Figure A.2: Examples of selection and connection choices in the DSG. Reproduced from [1].

Design Space Graph To represent the underlying structural scaffolding of the design space, Bussemaker
introduces the Design Space Graph (DSG), a directed graph formalism [1].

To capture the hierarchical dependencies that arise in architecture design spaces, the DSG defines a
mechanism for modeling selections. Three primitives define its structure: start nodes anchor the fixed
portion of the graph; derivation edges encode implication — the presence of one element triggers another;
and selection choice nodes model discrete architectural decisions, where exactly one option from a set can
be chosen. An example of such a selection choice is shown in Figure A.2a. Crucially, one can see that
choosing the patter power source at node C1 would eliminate an entire branch of the graph, rendering
the downstream choices C2 unreachable.

The DSG also includes a mechanism for choosing how the remaining architectural elements should
be connected. This part is defined through connector nodes and connection choice nodes, which, alongside
attributed edges, specify feasible connection patterns between source and target elements. An example
of a connection choice is shown in Figure A.2, where one can see the choice node C and its incident
edges annotated with patterns representing the admissible connection multiplicities.

To support the remaining properties of architecture design spaces, the DSG also includes constructs
such as connector grouping nodes, exclusion edges, and flags for allowing parallel connections [1].
Nevertheless, the two mechanisms described above are enough to understand some relevant points
later. In short, the DSG is a graph formalism that uses various node and edge types to represent the
hierarchical structure of feasible architectural choices and their compatible interconnections, which
exactly defines the set of all feasible graphs that can be constructed.

Energy
Carrier
(c) Final resolved graph representing a

(a) DSG with an unresolved selection choice. (b) Intermediate state. specific architecture instance.

Energy
Carrier

Energy
Carrier

Figure A.3: Example resolution of a selection choice into a concrete graph instance. Reproduced from [1].

Choice Resolution To generate concrete graphs from the DSG, Bussemaker introduces the following
choice resolution mechanism [1]. First, selection choices are resolved by confirming the chosen option
nodes and their dependencies, while pruning unselected alternatives and their derived subgraphs.
An example is shown in Figure A.3. Once all the active architectural elements are determined, the
connection choices are resolved. This involves removing the abstract choice nodes (like node C in
Figure A.2b) and instantiating explicit connection edges between the active source and target elements,
strictly adhering to all defined connection multiplicity constraints. Importantly, whereas selection
choices resolve to a single, mutually exclusive option, connection choice resolution supports complex
mappings, such as one-to-many or many-to-many connections between the involved nodes. For instance,
in Figure A.2b a single control surface can be connected to two actuators. Furthermore, under specific
multiplicity constraints, parallel edges can be instantiated between the exact same source and target
pair, which could be used to represent properties such as redundancy and capacity.
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Figure A.4: Example ADSG (top) and the instance graph (bottom) obtained by resolving all of the choices. The ADSG models the
propulsion system of an aircraft. Three resolutions are highlighted. R1 resolves the selection choice func_fulfill by selecting
COMP: JET ENGINE to fulfill FUN: GENERATE THRUST, pruning the alternative COMP: TURBOPROP together with its derived
subgraph (dashed red box). R2 resolves the connection choice on the FUEL LINES ports, whose source and target cardinalities
(1..4 and 2..6) admit several valid connection patterns; here three connections are established. R3 assigns a value to the
continuous design variable BYPASS RATIO. The resulting instance graph describes one architecture candidate, from which the
metric FAILURE RATE can be evaluated.
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Architecture Design Space Graph The Architecture Design Space Graph (ADSG) introduces a layer
on top of the DSG that extends its generic choice and constraint mechanisms with node types and
rules specific to system architecting tasks [1]. As illustrated in the upper part of Figure A.4, an ADSG
can formally represent a complete System Architecture Optimization (SAO) problem by defining the
architecture design space and including additional problem-formulation nodes. The key concepts that
the ADSG introduces are the following;:

¢ Function and component nodes: ADSG provides nodes for representing high-level system
functions, such as FUN: PROVIDE_THRUST and FUN: STORE_FUEL. While STORE_FUEL directly
derives the FUEL_TANK component, PROVIDE_THRUST contains a selection choice (func_fulfill,
in blue) between the alternative TURBOPROP and JET_ENGINE components.

¢ Component connection choices via port nodes: The ADSG specializes the DSG’s generic connector
nodes as component ports, through which connection choices between specific components are
defined. The port_FUEL_LINES connection choice (in blue) defines valid connections between the
active fuel-tank output port and the corresponding engine input ports, while enforcing connection
multiplicity constraints such as 1..6 (i.e. between 1 and 6) and 2. .6.

* Design variable nodes: The ADSG represents component parameters with design-variable nodes,
which may be either continuous or discrete. For example, selecting the JET_ENGINE activates
the continuous design variable BYPASS_RATIO [5.0 .. 15.0] (in green), whereas selecting the
TURBOPROP activates the ordinal variable BLADE_COUNT [4,6,8; Ord].

® Metric nodes: To represent the evaluation outputs used to formulate the SAO problem, metric
nodes are used. Since SAO aims to identify optimal architectures while satisfying constraints, these
nodes may represent minimization/maximization objectives (e.g. FAILURE RATE) or inequality
constraints. Once an instance is evaluated, they are set to the obtained values.
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While the ADSG also includes additional elements—such as external boundary, connector grouping
nodes, and non-fulfillment nodes—that exist to facilitate modeling more complex constraint structures
and architectural logic, the key node types mentioned above capture the core idea well.

By adding explicit architecting semantics to the otherwise abstract DSG, the ADSG becomes a
complete formal model that captures not only the feasible structural alternatives and their compatible
connections, but also the associated architectural semantics, specific parameters, objectives, and
constraints necessary to later translate these abstract choices into higher fidelity models. This adds the
critical level of detail required for applying physics-based simulations and multidisciplinary evaluation
models to each generated instance, which in turn facilitates fully automated SAO loops.

Finally, Figure A.4 also demonstrates how applying the DSG resolution mechanism described
previously produces a concrete architecture instance. In R1, the selection choice is resolved in favour
of COMP: JET ENGINE, causing the alternative COMP: TURBOPROP branch and the elements derived
exclusively from it to be pruned. In R2, the connection choice is replaced by three explicit parallel FUEL
LINES edges between the fuel-tank and jet-engine instances, consistent with the specified multiplicity
constraints. Finally, in R3, a value is assigned to the active BYPASS RATIO design variable.

Summary In Bussemaker’s framework [1, 5], the resolved instance graphs are encoded into design
vectors over which the search is performed. As the objective of this work is to operate on those
graphs directly, they are of primary interest. Importantly, the resulting architecture-instance graphs are
heterogeneous and variable-sized. Depending on the choices made, two instances may contain different
node types and attributes with unrelated meanings. For example, one may contain a JET_ENGINE with a
BYPASS_RATIO, while another contains a TURBOPROP with a BLADE_COUNT, preventing direct comparison
and posing an additional challenge. Their edges may also have different multiplicities. Finally, realistic
instance graphs can be substantially larger than the simplified examples shown here, and their size may
vary considerably across architecture instances.

A.3. Optimization in SAO

SAO aims to identify feasible architectures that perform well with respect to one or more objectives
while satisfying the specified constraints. Architecture design spaces can contain a large number of
feasible alternatives, making exhaustive enumeration impractical. In realistic applications, candidate
architectures are often assessed using expensive multidisciplinary simulations that effectively act as
black-box evaluators, returning objective and constraint values without derivatives with respect to
the sizing parameters. Together with the presence of discrete architectural choices, this means that
conventional gradient-based methods are not directly applicable.

Given these characteristics, relies on either direct population-based evolutionary optimization
or surrogate-based optimization (SBO) [5, 1]. Evolutionary algorithms are effective, but typically
require many architecture evaluations. When each evaluation is expensive, SBO can reduce the
overall optimization time by using an inexpensive predictive model to select which candidates warrant
evaluation. Therefore, it plays a central role in the optimization methodology adopted in this thesis.
Before introducing SBO in more detail, we first formalize the optimization problem encountered in SAO.

A.3.1. Optimization Problem Formulation
Formally, SAO seeks architecture instances that optimize one or more objectives over a feasible design
space. Let X denote this design space, and let x € X denote a candidate architecture instance. Then a
SAOQ problem can be defined as
min  f,(x) m=1,..., M
xeX
subjectto  gx(x) <0 k=1,...,K
ci(x)=0 I=1,...,L
h(x)=0.

Here, f,, are the objectives, g; are ordinary inequality constraints, c; are value or configuration
constraints imposed by the architecture design space, and & denotes hidden constraints. The objectives
quantify architecture performance with respect to the selected criteria, such as fuel burn or weight,
while inequality constraints typically encode some physical or operational requirements. By contrast,
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value constraints determine whether a design vector corresponds to a valid architecture at all. They
correspond precisely to the structural constraints enforced by the ADSG, and can therefore be handled
through the resolution procedure described in subsection A.2.2. Hidden constraints correspond to cases
where the underlying simulation or analysis fails [5].

Although single-objective formulations are possible, SAO problems are often multi-objective, since
architectural decisions usually involve trade-offs between competing criteria [1, 5]. In that case, the goal
is not a single optimum, but the Pareto set of non-dominated designs.

A.3.2. Surrogate-Based Optimization

X1

Design of
Experiments

Update Surrogate N Optimize Infill

Evaluation Model Criterion

Moderate CPU cost

! Stop? Infill Candidates 1

High CPU cost

A

Evaluation Select Infill Points

Surrogate-Based Optimization (SBO) process

Figure A.5: Surrogate-Based Optimization loop. Adopted from [14].

Surrogate-based optimization is a class of methods that use a computationally inexpensive predictive
model to identify promising candidates for evaluation, allowing the available budget of expensive
evaluations to be used more selectively [5, 15]. A typical SBO loop is illustrated in Figure A.5.

The process begins by sampling an initial set of candidate designs, known as the design of experiments
(DoE). These candidates are evaluated using the expensive high-fidelity model, and the resulting data are
used to fit the initial surrogate. For any candidate design, this surrogate is used to predict its performance.
This prediction is then passed to an infill criterion, which converts it into a score representing how
promising the candidate is. Compared to the expensive physics-based evaluations, this is very cheap
to compute. Therefore, an auxiliary optimizer, such as a genetic algorithm, can cheaply search for
candidates that perform best according to this criterion. After a number of iterations is performed by
the auxiliary search algorithm, the best identified candidates are again evaluated with the expensive
high-fidelity model, added to the available set of evaluated design points, and used to update the
surrogate model with more data. This procedure is repeated until the prescribed evaluation budget is
exhausted or another stopping criterion is reached.

The main motivation for this procedure is sample efficiency. In realistic SAO problems, the
computational bottleneck is usually not the optimization logic itself, but the repeated evaluation of
candidate architectures through expensive simulation or analysis workflows [1, 5]. By using a surrogate
to identify informative and promising evaluation points, SBO can reduce the number of true function
evaluations needed to obtain good solutions. This means however, that sample efficiency and quality of
the surrogate model are critical factors for overall optimization performance.
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A.3.3. Bayesian Optimization
A central surrogate-based approach for expensive SAO problems is Bayesian optimization (BO) [1, 5]. It is
an uncertainty-aware variant of SBO that relies on a probabilistic surrogate providing both predictions
and their corresponding uncertainty estimates. In BO, the infill criterion is commonly referred to as an
acquisition function. It scores candidate designs while accounting for both their predicted performance
and the uncertainty of that prediction, balancing exploitation, which favors candidates proven to perform
well, and exploration, which favors uncertain regions that may contain better solutions [16].

A widely used infill criterion is Expected Improvement (EI), which illustrates the benefit of such
a probabilistic approach well [6]. Consider a single-objective minimization problem with Gaussian
predictive distributions. Let p,(x) and o, (x) denote the predictive mean and standard deviation for a
candidate x after n evaluations, and let fy,.s; denote the lowest objective value observed so far using the
expensive evaluator. For ,(x) > 0, define

Ay (x)

on(x)’

Ap(x) = fbest - [Jn(x)/ zp(X) =

Here, A, (x) measures how much better the predicted objective is than the best observed value, while
z,(x) expresses this difference relative to the predictive uncertainty. The expected improvement is then

El(x) = An(x)P(z4(x)) +0n(x)¢ (z4(x)),

predicted-improvement uncertainty

where ® and ¢ denote the standard normal cumulative distribution and probability density functions,
respectively. The first term is positive when the predicted mean is better (lower) than the best observed
value. The second accounts for predictive uncertainty, allowing a point to receive positive EI even when
its predicted mean is worse than f.s¢, because its true objective could still be better. For a fixed predictive
mean, increasing 0, (x) increases EI. When the uncertainty is zero, EI reduces to max{ fpes: — pin(x), 0}.
Although the objective is minimized, EI is maximized, as candidates are preferred when they are
predicted to improve upon the current best solution or have sufficient uncertainty to plausibly do so.

A.4. Surrogate Modeling

This section covers the relevant surrogate modeling approaches that can operate directly on architecture
graphs. It first covers Gaussian Processes, followed by a discussion of kernels and graph kernels, as
they are the key modeling component of the GP. Finally, graph neural networks (GNN) are introduced.

A.41. Gaussian Process Regression
Gaussian process regression is a statistical model widely adopted in Bayesian optimization, due to its
principled uncertainty estimates and sample efficiency [17]. Moreover, it’s also adopted in Bussemaker’s
foundational SAO framework [1, 5]. To understand how they work, one has to first recognize that a finite
set of observations does not uniquely determine the underlying objective function, as many different
functions may agree at the evaluated points while disagreeing elsewhere. Predicting these unknown
values therefore requires assumptions about how the function generalizes beyond the observations. A
GP expresses these assumptions probabilistically through a prior distribution over possible functions,
which is then conditioned on the observed data to obtain a posterior distribution.

The GP prior is fully specified by a mean function m(-) and a kernel function k(- -), both defined
over the input domain X:

fC)~GPm(), k().

The mean function specifies the expected function value at each input, while the kernel specifies the
covariance between the function values for any pair of inputs:

m(x) =E[f(x)],  k(x,x') =Cov|[f(x), f(x)].

The kernel thereby determines which inputs the GP considers related. In intuitive terms, it encodes
the prior assumption that inputs with high kernel similarity tend to have similar function values. An
observation at one input therefore provides more information about another input when their kernel
similarity is high, whereas a kernel value close to zero implies little prior dependence between them.
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More concretely, for any finite set of inputs X = {x1,...,x,}, the GP defines the following n-
dimensional Gaussian distribution:

f(x1) m(xl)‘ lk(xl,aq) k(x1,x2) -+ k(x1,x,)

el Umen| Tk ks o k)

A draw from this distribution gives one possible set of function values at the selected inputs that is
consistent with the prior over functions.

In practice, the observed outputs are commonly standardized by subtracting their sample mean and
dividing by their sample standard deviation. This centers the observations around zero, making m(x) = 0
a natural prior mean for the standardized objective. Predictions can subsequently be transformed back
to the original output scale by multiplying by the sample standard deviation and adding the mean.

Using this zero-mean convention, suppose that the standardized objective values y = [ flx1)-- flxn )] '
have been observed at the evaluated inputs X = {x1, ..., x,}. We now wish to predict the unknown
function value f. = f(x.) at an unevaluated test point x.. Define

k(x1, x.)
K= [k, 2]}, k= Do ke = k(x, x).
k(x,, x.)

Here, K contains the kernel similarities among the evaluated inputs, while k. contains the similarities
between the test point and each evaluated input. The value k.. represents the prior variance at the test
point. Under the GP prior, the observed and unknown function values are jointly Gaussian:

AR}

Before conditioning, this distribution represents the possible values of both the evaluated and test
points under the prior. Conditioning it on the observed values y restricts these possibilities to those
consistent with the available evaluations. Because the joint distribution is Gaussian, the resulting
posterior predictive distribution over function values f. at test points, has the closed form

X, y~N(w,0?), w=KK'ly,  o>=k.-k/K'k.

The posterior mean p. is a weighted sum of the observed objective values. The vector k. describes how
strongly each evaluated input is related to x., while K~! adjusts the weights to account for overlapping
information: observations at strongly correlated inputs are not treated as independent pieces of evidence.

The posterior variance 02 measures the uncertainty remaining at x. after observing the data. It
equals the prior variance k.. minus the reduction in uncertainty provided by the observations. When the
evaluated inputs provide information about x. through the kernel, uncertainty decreases. Conversely,
when x, is weakly related to the evaluated inputs, the variance remains close to its prior value.

A limitation of GPs is their scaling, as fitting has O(n3) time complexity where 7 is the number of
training points. This can be restrictive for large datasets, although for low-sample SAO it is acceptable.

A.4.2. Kernel Functions

In a zero-mean Gaussian process, the kernel is the primary modeling component. It defines a notion
of similarity between inputs, which the GP uses to inform its predictions. Importantly, graph kernels
provide a way to construct a Gaussian process that operates directly on architecture graphs.

Formally, a kernel is a function k : X X X — R, where X is the input domain. Intuitively, k(x, x") acts
as a similarity score between x, x” € X, with larger values generally meaning that the inputs are more
similar. Any valid GP kernel by definition corresponds to an inner product between representations of
its inputs in some feature space:

K(x, x') = (6(x), p(x .
Here, ¢ maps each input into a Hilbert space H, a complete inner-product space that may have finitely
or infinitely many dimensions [18]. For example, consider a two-dimensional input x = (x1, x2)" and
the feature map

) =[x V2xix, #2]
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This representation contains squared terms and interaction terms between the original coordinates. The
dot product between two mapped inputs is

k(x,x') = p(x) " p(X') = x%xiz + 2001 XX x5 + x%xéz = (x"x)%.
Thus, the same value can be obtained implicitly by squaring the dot product of the original inputs,
without explicitly constructing their feature vectors. More generally, an explicit feature representation
need not even be known, provided that the kernel can be evaluated directly. This becomes particularly
useful when the corresponding feature space is high-dimensional or infinite-dimensional.
Additionally, kernels can also be combined. If k1 and k; are valid kernels, then

kaga(x, x") = wiki(x, x") + waka(x, x”), kenute(x, x7) = ki(x, x") ka(x, x")

are also valid kernels for any nonnegative weights w1, w, > 0 [17]. This allows kernels capturing
different properties of the inputs to be combined within one model.

Finally, kernel functions can contain hyperparameters that control the behavior of the GP. For
example, the radial basis function (RBF) kernel can be written as

_||x—x'||2)
7

A
k(x,x") = o' exp( Y7

where ¢ is the length scale controlling how quickly similarity decreases with distance, and 02 controls the

overall covariance magnitude. These hyperparameters can be learned from the available observations
by finding the values under which the observed outputs are most probable according to the GP model.
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Figure A.6: Feature-space interpretation of a graph kernel. Dashed red arrows map graphs to feature vectors in H, whose inner
product gives the kernel value. The feature space is shown schematically in two dimensions. Illustration inspired by [19].

Graph kernels. A graph kernel takes two graphs as inputs and compares them by their similarity
in terms of various properties such as node labels, paths, or neighborhood structures [19]. These
comparisons correspond to inner products between explicit or implicit graph representations, as
illustrated in Figure A.6. This allows graphs of different sizes and structures to be compared within the
same feature space. A Gaussian process can therefore use architecture graphs directly as its inputs,
with the GP’s Gram-matrix entries equivalent to K;; = k(G;, Gj), instead of relying on encoded design
vectors, as current surrogate-based approaches for SAO do [1, 5, 7].

A.4.3. Graph Neural Network Surrogates
An alternative to Gaussian-process surrogates is to learn the objective function using a neural network.
Since the candidate architectures considered in this are represented as graphs, Graph Neural Networks
(GNNSs) provide a way to operate directly on them.

Most GNNs follow the principle of message passing. Each node v in a graph is represented by a
feature vector h,, which is iteratively updated using information from its neighbors:

hyﬂ) — UPDATE® (hg),AGG“) ({hy) ‘ue N(z))})) .
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Above, ¢ denotes the GNN layer, hg) € RY is the feature vector of node v at layer ¢, and N(v) denotes
the set of neighboring nodes of v. The operator AGG combines the neighboring node representations
into a single message, while UPDATE combines this message with the current representation of node

v to produce hg,“l). At the first layer, hﬁf” corresponds to the original features associated with node v.

Different message-passing GNN architectures mainly differ in how the neighboring representations are
aggregated and how the resulting representation is updated.

z'y = MLP(apzp + wppep + wepTe + WEDTE)

Figure A.7: Caption

An illustrative example of a possible GNN variant is shown in Figure A.7. In this case, node D
aggregates weighted representations from its incoming neighbors together with its own representation,
followed by a multilayer perceptron (MLP). By stacking several such layers, each with its own learned
transformation, information can propagate progressively further through the graph. After L layers, the
representation of a node can therefore incorporate information from nodes up to L hops away, assuming
each layer aggregates information from its immediate neighbors.

For graph-level prediction, the final node representations are combined through a permutation-
invariant readout operation, such as summation or averaging, to obtain a single graph embedding z(G).
To predict objective and constraint values in the SAO setting, one could for instance fit a multi layer
perceptron on such an embedding and train it jointly with the rest of the GNN.

Uncertainty in GNNs While GNNSs such as the one described above can provide point predictions,
they do not directly provide the predictive uncertainty required for Bayesian optimization. Several
approaches exist for estimating uncertainty in neural networks, including deep ensembles [20] and
Bayesian neural networks [21]. In graph-based BO, however, a common approach is to use the GNN as
a learned feature extractor and fit Bayesian linear regression (BLR) to the resulting embeddings [22, 10].

Let z(G) denote the embedding produced by the GNN for graph G. Bayesian linear regression
assumes that the objective is a linear function of this embedding,

f(G) =wT"z(G), w ~ N(0,021),

where w contains the regression weights, which are assumed independent under the prior, each with
mean zero and variance o2. After observing evaluated architectures with their objectives, this prior is
updated according to which weight values are consistent with the observed data. For a new graph G.,
this results in the predictive distribution

-1
1. 1 . 1. ..
g[ + EZ Z) , Uw = ;sz Y.

f(G*) | D~N (Z:—HW/ Z;rzwz*) ’ Yy = (

where z, = z(G.), Z is the embedding matrix of the previously evaluated graphs, y their observed
objective values, and o2 is the assumed observation-noise variance. The mean of this distribution gives
the predicted objective, while its variance quantifies the uncertainty based on the the point’s overlap
with previous observations from Z.



Graph Neural Network Surrogates

While this thesis primarily focuses on graph-kernel Gaussian-process surrogates, two graph-neural-
network-based surrogate models were also investigated, namely Arch2Vec [22] and DGBO [10]. These
approaches offer flexible, learnable graph representations and avoid the O(n%) scaling of exact GP
training with the number of evaluated architectures. However, their larger number of trainable
parameters can increase data requirements and make training less reliable in the low-data setting of
SAO. This trade-off motivated their investigation, and this appendix presents their adaptation and
observed behavior in more detail than the scientific article.

Since architecture graphs can be heterogeneous in terms of their attributes, teh considered GNN
approaches required a node feature representation that accommodates this. We first explain how this
shared representation is constructed, then introduce the two approaches, their specific motivations, and
the observations made during evaluation. Most of this investigation focused on Arch2Vec, as initially it
appeared particularly promising, which is explained in more detail later.

B.1. Representing heterogeneous architecture graphs
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Figure B.1: Example feature encoding for selected nodes of a resolved architecture instance. Each node is mapped to a common
feature space containing ADSG-level node-type features, semantic component-type features, and architecture-specific
design-variable values. Repeated instances of the same component and design-variable type share the same feature dimensions,
while non-applicable dimensions remain zero. Continuous values are normalized to [0, 1].
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In many common GNN settings, all nodes are of the same type and are described by the same features.
For example, in a social network graph, each node may represent a person described by the same
attributes, such as age and gender. This is not naturally the case for SAO architectures, as different node
types may carry fundamentally different information. For example, design-variable nodes associated
with a jet-engine instance may carry attributes representing bypass ratio and fan-pressure ratio, whereas
a design-variable node associated with a fuel tank may carry a capacity feature. Heterogeneous GNNs
explicitly accommodate different node and relation types [23]. However, introducing separate trainable
transformations for these types can increase the number of parameters, potentially making learning
more difficult with few evaluated architectures.

We therefore adopt a shared feature representation that maps these heterogeneous attributes into a
common sparse feature space, such that all nodes can be represented by feature vectors of the same
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dimensionality while retaining their node type, component semantics, and associated design-variable
values. For each node v, it’s respective vector x is divided into the three following blocks:

Xy = [x?DSG, xzemanticl ch]lV] )
A simplified example of such feature space is shown in Figure B.1. The first block one-hot encodes
the node’s ADSG type, distinguishing functions, components, component instances, ports, attributes,
and design-variable nodes, analogous to the ADSG-level labeling used by the graph kernels. The
second block encodes the actual semantic component type (i.e. jet engine, fuel tank) associated with the
node, allowing the GGN to recognize repeated instances of nodes pertaining to the same component
type. The final block contains the attributes and sizing parameters such as bypass ratio or blade count.
Continuous design variables are normalized to [0, 1], categorical variables are one-hot encoded, and
ordinal variables use a cumulative binary encoding. The feature vector entries that are not applicable to
a particular node remain zero.

Both neural surrogate models operate on the resulting attributed architecture graphs, using the
node-feature matrix together with the graph connectivity encoded by an adjacency matrix A. Before
message passing, the adjacency matrix is symmetrized so that GNN layers can aggregate information in
both directions, irrespective of the directed ADSG derivation structure. Parallel connections retain their
multiplicity during message passing.

B.2. Arch2Vec
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Figure B.2: Overview of the arch2Vec optimization pipeline. Architecture embeddings are first learned through unsupervised
autoencoder pretraining on unevaluated architecture instances. The pretrained encoder is then kept fixed and used to map
candidate architectures into the latent space, where the surrogate-based optimization algorithm proposes new architectures for
expensive evaluation and is updated iteratively with the resulting responses.

Arch2Vec uses unsupervised autoencoder pretraining to learn graph representations, which sub-
sequently serve as inputs to a surrogate for Bayesian optimization [22]. As illustrated in Figure B.2,
an encoder maps architecture graphs into a latent space, while a decoder attempts to reconstruct
the original graphs from these representations. This encourages the latent representations to retain
information about the architectures without requiring their objective values.

This is appealing for SAO because architecture evaluations are expensive, whereas valid instances
can be sampled cheaply from the ADSG. If reconstruction produces a useful representation, much of
the learning can be performed without requiring the limited evaluated samples, potentially alleviating
the data requirements of GNN surrogates. Moreover, the same pretrained representation can support
separate surrogate heads for every objective and constraint. The promising NAS results reported for
Arch2Vec [22, 24] further motivated its investigation.

Arch2Vec uses a variational graph autoencoder with a Graph Isomorphism Network (GIN) encoder
[25, 22]. GIN is a GNN variant that updates each node representation by summing its neighboring
representations and combining the result with its own through a learned transformation. The encoder
produces a mean vector u and a variance vector o2 for each node, defining a Gaussian latent distribution
from which a node embedding z, is sampled during pretraining. A Kullback-Leibler divergence term
regularizes these distributions towards a standard Gaussian prior.

The decoder reconstructs the binary adjacency matrix A, where A;; = 1if a connection exists between
nodes i and j, and zero otherwise. A neural network d 4 first transforms each sampled node embedding,
after which their inner product is passed through a sigmoid function,

Aij = U(dA(Z,‘)TdA(Zj)) .
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Here, da(z;) and da(z;) are the transformed node representations. Their inner product provides a
connection score, which the sigmoid maps to a probability Aij €(0,1).

For SAO, we adapt feature reconstruction to include both levels of node labels and add a loss term
for continuous attributes and sizing parameters, consistently with the featurisation from Appendix B.1.
The resulting training objective is

Laoy = LEF+ LY + LY+ BLx

X, cont

Here, BCE denotes binary cross entropy, used to reconstruct the adjacency A and binary features,
including the one-hot-encoded labels at both the ADSG and semantic level. MSE denotes mean-squared
error, used to reconstruct normalized sizing variable values. The weight § controls the strength of KL
regularization.

After pretraining, the decoder is discarded and the encoder is frozen. Each graph is embedded as
the sum of the latent u vectors of its nodes. Following the Bayesian-optimization variant of Arch2Vec,
these embeddings are passed to separate DNGO surrogates [26] for each objective and constraint. Each
DNGO head first trains a shallow neural network with a linear output layer to predict the true objectives
from the frozen architecture graph embeddings. After training, the final output layer is replaced by a
Bayesian linear regressor, while the earlier layers are held fixed [26]. The BLR then provides predictive
means and uncertainties, as described in subsection A.4.3.

B.2.1. Ablation studies
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Figure B.3: Effect of Arch2Vec pretraining on optimization and reconstruction performance for MDGNC and ENGINE. Each
point aggregates three encoder depths, three KL regularization weights, and 20 independent seeds. Reconstruction is evaluated
on 20,000 held-out architectures per problem. Zero epochs denotes a randomly initialized encoder.

To assess the suitability of Arch2Vec for SAO and understand its behavior, I evaluated encoder depths of
three, four, and five layers and KL regularization weights € {0,0.0025, 0.01}. The latent dimension
was fixed at 32 after preliminary comparisons of d € {16, 32,64} showed that it provided sufficient
reconstruction quality. For each configuration, checkpoints at 0, 10, 25, 50, 100, and 150 pretraining
epochs were evaluated in downstream optimization on MDGNC and ENGINE over 20 independent
seeds. Zero epochs corresponds to a randomly initialized encoder.

Reconstruction was evaluated on 20,000 held-out architectures per problem. Both adjacency and
node features were reconstructed accurately despite using a substantially smaller pretraining dataset,
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and increasing its size yielded little additional improvement. However, while reconstruction quality
improved with longer pretraining, optimization performance generally deteriorated (Figure B.3).
Pretraining therefore offered no consistent advantage over a randomly initialized encoder, suggesting
that accurate reconstruction alone does not ensure a latent representation is useful for optimization.

I also examined the downstream DNGO head as a potential source of inaccurate predictions or
unreliable uncertainty estimates. On the MDGNC benchmark, models were fitted using 50, 100, and 200
evaluated architectures and varying the number of training epochs. Held-out prediction error stabilized
relatively early, while predicted uncertainty continued to decrease (Figure B.4). The model thus became
more confident without a corresponding improvement in predictive accuracy.
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Figure B.4: Effect of training duration on the DNGO head for MDGNC with 50, 100, and 200 training samples. (a) Prediction error
on held-out architectures. (b) Mean predicted standard deviation divided by test RMSE. A value of one indicates matching
uncertainty and error scales; lower values indicate smaller uncertainty estimates relative to the error.

In the DNGO head, an MLP transforms the pretrained graph embeddings into features on top of
which a Bayesian linear regressor is fitted. A possible explanation concerns the noise variance of this
Bayesian regression model. This variance represents the assumed scatter of observations around the
predictions of the fitted linear function. If the DNGO's last hidden layer learns features from which the
true objective values can be recovered perfectly by a linear regressor, likelihood-based estimation can fit
a very small noise variance, even when these features generalize poorly to unseen architectures. This in
turn can yield a model that is overconfident because it interpolated perfectly on training data.

For the experiments in chapter 2, we selected the configuration offering the best balance between
reconstruction quality and optimization performance among the tested settings, preserving Arch2Vec’s
premise of learning architecture representations through reconstruction. All four problems used five
GIN layers with hidden width 64, batch normalization, and latent node dimension 32. For each problem,
5,000 architectures were sampled for pretraining, using Adam with learning rate 1073, batch size 64,
and KL weight § = 0.0025. The epoch-50 encoder checkpoint was frozen for optimization. Each DNGO
head used a wide network with a hidden dimension of 128 and tanh activations, which is consistent
with [26]. The head was trained for 10 epochs, based on the observations in Figure B.4.

Although initially promising for SAO, Arch2Vec did not achieve competitive optimization perfor-
mance (chapter 2). The DNGO analysis also illustrates the potential fragility of neural surrogates.
Appropriate training durations, learning rates, and regularization may differ between responses, while
reserving enough evaluated architectures for reliable validation reduces the already limited data
available for fitting.

B.3. DGBO

The second GNN-based surrogate considered in chapter 2 is Deep Graph Bayesian Optimization (DGBO)
[10]. It was included to assess whether a GNN trained directly on the few available evaluated architecture
graphs could learn useful representations. Unlike Arch2Vec, which learns its graph representation
separately through unsupervised reconstruction, DGBO learns it directly from the objective or constraint
values being modeled. The entire network is refitted on the accumulated observations after each new
batch of architecture evaluations becomes available during optimization.
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Figure B.5: Overview of the DGBO surrogate, based on Cui et al. [10]. Graph-convolution (GC) layers learn node representations,

which are pooled into a graph-level vector and transformed by fully connected (FC) layers. After supervised training, the linear

output layer is replaced by Bayesian linear regression (BLR), providing a predictive mean p and variance o2.

An overview of the surrogate is shown in Figure B.5. DGBO combines five graph-convolution (GC)
layers, which aggregate information between neighboring nodes, with a sum pooling operation that
produces a graph-level representation. This representation is passed through fully connected layers
to predict the modeled response. The network is first trained with a linear output layer, which is
subsequently replaced by a Bayesian linear regressor fitted to the final hidden-layer features, which
again follows the DNGO method that is also adopted in Arch2Vec. This provides predictive means and
uncertainties for Bayesian optimization. A separate surrogate is fitted for each objective and constraint.

We retained the network architecture proposed by Cui et al. [10], comprising five graph-convolution
layers with 48 hidden units each, a pooling width of 50, and five fully connected layers with 45 hidden
units each. We used tanh activations, no dropout, and the node features described in Appendix B.1.
Each refit used 200 training epochs, a batch size of 10, and weight decay of 10~. The learning rate was
increased from 10~* to 102 following preliminary observations of improved convergence on MDGNC.

Despite the limited training data, DGBO performed well on the structurally driven MDGNC and
MDGNC-EF problems, substantially outperforming Arch2Vec, as reported in chapter 2. However, its
performance was considerably weaker on ENGINE and ROCKET. I anticipated that the flexibility of
a learned graph representation might allow DGBO to adapt effectively to a broad range of objectives,
but this was not observed across the tested problems. The strong performance on the structurally
driven problems could mean that useful graph representations may be learned even from the limited
observations available in SAO. However, the weaker performance on the remaining problems could
reflect sensitivity to choices such as the learning rate, network width, and training duration. Further
studies would be required to validate these possible explanations.
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