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 a b s t r a c t

In this paper, initial-boundary value problems (IBVPs) for a semi-infinite string with a tuned-
mass-damper (TMD) system attached at one end are studied. While previous studies have focused 
primarily on the linear behavior of springs, we extend the analysis to include cubic nonlinearity. 
Four types of TMD system are considered, that is, a dashpot-linear spring, a mass-dashpot-linear 
spring, a dashpot-nonlinear spring, and a mass-dashpot-nonlinear spring, to assess wave reflec-
tions under these configurations. A key contribution of this research is that, rather than assuming 
predefined forms for the reflected wave, we derive the reflection shapes directly from calculations, 
offering new insights into wave dynamics. The D’Alembert formula is used to describe the general 
solution of the wave equation, accounting for the string’s initial velocity and displacement. For 
the nonlinear cases, the Multiple Scales Perturbation (MSP) method is used to approximate solu-
tions. Our results demonstrate that the mass, spring, and damper coefficients strongly influence 
the wave reflections. Additionally, adjusting the damping coefficient to small values reveals a 
completely different behavior of the reflected waves compared to large values. Numerical sim-
ulations using a fourth-order Runge-Kutta (RK4) method and a central finite difference scheme 
support the analytical results. Energy dissipation is studied for all scenarios, confirming that the 
solutions remain bounded over large timescales.

1.  Introduction

All mechanical systems possessed of mass and stiffness are subject to vibrations [1]. Mechanical vibrations result from the os-
cillatory response of elastic bodies to internal or external forces. Undesired transverse vibrations of string systems are inevitable 
and can lead to discomfort and even destruction-for example, bridge collapses due to earthquakes or strong rain-wind phenomena. 
Hence, different tuned-mass-damper systems are installed to suppress the undesired oscillations of (for instance) a bridge. Due to 
their theoretical and practical importance, research on wave properties and their reflections has been one of the most exciting areas 
of research. Various applications in mechanical devices, such as cable-stayed bridges [2,3], elevator cables [4], musical instruments 
[5], marine cables [6,7], and power transmission lines [8,9], can be simplified and treated as strings for motion analysis purposes 
[10,11].

Simple models describing these vibrations can be formulated as initial-boundary-value problems (IBVPs) for a wave equation in 
the case of a string-like problem [12]. String problems with various initial conditions (ICs) have been analyzed [13–20]. Regarding 
boundaries, these studies focused primarily on scenarios in which one end is fixed while the other end consists of a spring, damper, 
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\begin {equation}\label {Eq:IBVPorg} \begin {split} &\text {PDE:} \quad \tilde {u}_{\tilde {t}\tilde {t}} - c^2 \tilde {u}_{\tilde {x}\tilde {x}} = 0, \quad \tilde {x} > 0, \quad \tilde {t} > 0, \\ &\text {ICs:} \quad \tilde {u}(\tilde {x}, 0) = \tilde {f}(\tilde {x}), \quad \tilde {u}_{\tilde {t}}(\tilde {x}, 0) = \tilde {g}(\tilde {x}), \hspace {0.1cm} \tilde {x} \geq 0, \\ &\text {BC:} \quad \tilde {m} \tilde {u}_{\tilde {t}\tilde {t}}(0, \tilde {t}) = \mathcal {T} \tilde {u}_{\tilde {x}}(0, \tilde {t}) - k_1 \tilde {u}(0, \tilde {t}) - k_3 \tilde {u}^3(0, \tilde {t}) - \alpha \tilde {u}_{\tilde {t}}(0, \tilde {t}), \hspace {0.1cm} \tilde {t} \geq 0. \end {split}\end {equation}


\begin {equation*}\tilde {x}=xL, \quad \tilde {t}=tT, \quad \tilde {u}=uL, \quad \tilde {f}=fL, \quad \tilde {g}=\frac {gL}{T},\end {equation*}


$L$


$T$


\begin {equation}\label {IBVPless} \begin {split} &\text {PDE:} \quad u_{tt} - u_{xx} = 0, \quad x > 0, \quad t > 0, \\ &\text {ICs:} \quad u(x, 0) = f(x), \quad u_t(x, 0) = g(x), \quad x \geq 0, \\ &\text {BC:} \quad \begin {cases} u_{tt}(0, t) = u_x(0, t) - pu(0, t) - \varepsilon u^3(0, t) - \beta u_t(0, t), \quad (\text {for} \quad \tilde {m}>0),\\ u_x(0,t)=\tilde {\beta }u_t(0,t)+\tilde {p}u(0,t)+\tilde {\varepsilon }u^3(0,t), \quad (\text {for} \quad \tilde {m}=0), \end {cases}\\ &\text {for} \quad t \geq 0, \quad \beta \geq 0, \quad p \geq 0, \quad \varepsilon \geq 0, \quad \tilde {\beta } \geq 0, \quad \tilde {p} \geq 0, \quad \tilde {\varepsilon } \geq 0, \end {split}\end {equation}


$f\in C^2$


$g\in C^1$


$\frac {c^2 T^2}{L^2} = 1$
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$0\leq \varepsilon \ll 1$
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\begin {align}\label {eq:exampleagainstakkaya} u(x,0)&=f(x) \rightarrow u(0,0)=f(0), \notag \\ u_x(x,0)&=f_x(x) \rightarrow u_x(0,0)=f_x(0), \notag \\ u_{xx}(x,0)&=f_{xx}(x) \rightarrow u_{xx}(0,0)=f_{xx}(0), \notag \\ u_t(x,0)&=g(x) \rightarrow u_{t}(0)=g(0),\end {align}


$t=0$


\begin {equation}\label {eq:exampleagainstakkayafull} \begin {split} f_{xx}(0)&=f_x(0)-pf(0)-\varepsilon (f(0)){}^3-\beta g(0), \quad \beta \geq 0, \quad p \geq 0, \quad \varepsilon \geq 0. \end {split}\end {equation}
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$\tilde {m} \neq 0, \varepsilon = 0$


$\tilde {m} = 0, \varepsilon \neq 0$


$\tilde {m} \neq 0, \varepsilon \neq 0$


\begin {equation}\label {D'Alembert} \begin {split} u(x,t) = \begin {cases} &\frac {1}{2} f(x+t) + \frac {1}{2} f(x-t) + \frac {1}{2} \int _{x-t}^{x+t} g(s) \, \mathrm {d}s, \quad \text {for } x-t > 0, \\ &\frac {1}{2} f(x+t) + \frac {1}{2} \int _{0}^{x+t} g(s) \, \mathrm {d}s + \frac {1}{2} f(x-t) - \frac {1}{2} \int _{0}^{x-t} g(s) \, \mathrm {d}s, \quad \text {for } x-t < 0. \end {cases} \end {split}\end {equation}


$(x-t)<0$


$x \geq 0$


$x<0$


$x=0$


\begin {equation}\label {knownfunction} \psi (x+t) = \frac {1}{2} f(x+t) + \frac {1}{2} \int _{0}^{x+t} g(s) \, \mathrm {d}s,\end {equation}


$x-t < 0$


$x-t < s < 0$


\begin {equation}\label {unknownfunction} \phi (t-x) = \frac {1}{2} f(x-t) - \frac {1}{2} \int _{0}^{x-t} g(s) \, \mathrm {d}s.\end {equation}


$\phi (t-x)$


$\phi (t-x)$


$\psi (x+t)$


\begin {equation}\label {generalsolutionlinear} \begin {split} u(x,t) = \begin {cases} \frac {1}{2} f(x+t) + \frac {1}{2} f(x-t) + \frac {1}{2} \int _{x-t}^{x+t} g(s) \, \mathrm {d}s, & x-t > 0, \\ \frac {1}{2} f(x+t) + \frac {1}{2} \int _{0}^{x+t} g(s) \, \mathrm {d}s + \phi (t-x), & x-t < 0. \end {cases} \end {split}\end {equation}


$\varepsilon \neq 0$
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\begin {align}(1+\beta )\phi '(t) + p \phi (t) &= \frac {1-\beta }{2} \left (f'(t) + g(t) \right ) - \frac {p}{2} \left (f(t) + \int _0^t{g(s) \mathrm {d}s} \right ),\end {align}


$\phi (t)$


$x-t<0$


$t$


$t-x$


$\phi (t-x)$


\begin {equation}\label {eq:solutionproblem1} \begin {split} \phi (t-x) &= \frac {\beta }{1+\beta } f(0) \mathrm {e}^{\frac {p(x-t)}{1+\beta }} + \frac {1-\beta }{2(1+\beta )} f(t-x) - \frac {1}{2} \int _{0}^{t-x} g(s) \ \mathrm {d}s \\ & \quad - \frac {p}{(1+\beta ){}^2} \mathrm {e}^{\frac {p(x-t)}{1+\beta }} \int _{0}^{t-x} f(s) \mathrm {e}^{\frac {ps}{1+\beta }} \, \mathrm {d}s + \frac {1}{1+\beta } \mathrm {e}^{\frac {p(x-t)}{1+\beta }} \int _{0}^{t-x} g(s) \mathrm {e}^{\frac {ps}{1+\beta }} \, \mathrm {d}s. \end {split}\end {equation}


$x=0$


\begin {equation}\label {singularsinewaveexample} \begin {split} f(x) = \begin {cases} 0, & 0 < x < 2\pi , \\ \sin (x), & 2\pi \le x \le 3\pi , \\ 0, & 3\pi < x. \end {cases}; \quad g(x) = \begin {cases} 0, & 0 < x < 2\pi , \\ \cos (x), & 2\pi \le x \le 3\pi , \\ 0, & 3\pi < x. \end {cases} \end {split}\end {equation}
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\begin {equation}\label {PDEsecondcase} \phi ''(t) + (1+\beta ) \phi '(t) + p\phi (t) = \gamma (t),\end {equation}


\begin {equation}\label {gammaequation} \begin {split} \gamma (t) &= -\frac {f''(t)}{2} - \frac {g'(t)}{2} + \frac {(1-\beta )\left (f'(t) + g(t)\right )}{2} - \frac {p\left (f(t) + \int _{0}^{t} g(s) \, \mathrm {d}s\right )}{2} . \end {split}\end {equation}


$\lambda _{1,2} = \frac {-(1+\beta ) \pm \sqrt {(1+\beta ){}^2 - 4p}}{2}$


$p$


$\beta $


$(1+\beta ){}^2 > 4p$


$(1+\beta ){}^2 = 4p$


$(1+\beta ){}^2 < 4p$


$(1+\beta ){}^2 > 4p$


\begin {equation}\begin {split} \phi (t) &= k_1 \mathrm {e}^{\lambda _1 t} + k_2 \mathrm {e}^{\lambda _2 t} - \frac {\mathrm {e}^{\lambda _1 t} \int _{0}^{t} \mathrm {e}^{-\lambda _1 s} \gamma (s) \, \mathrm {d}s}{(\lambda _2 - \lambda _1)} + \frac {\mathrm {e}^{\lambda _2 t}\int _{0}^{t} \mathrm {e}^{-\lambda _2 s} \gamma (s) \, \mathrm {d}s}{(\lambda _2 - \lambda _1)}. \end {split} \label {Xeqn12-14}\end {equation}


$t=0$


\begin {align*}k_1 = \frac {(1-\lambda _1+\lambda _2)f(0)+ g(0)}{2(\lambda _2 - \lambda _1)} \quad \text {and} \quad k_2 = \frac {(-1 - \lambda _1+\lambda _2)f(0) - g(0)}{2(\lambda _2 - \lambda _1)}.\end {align*}


$\gamma (t)$


$\phi (x-t)$


\begin {equation}\begin {aligned} \phi (t - x) &= -\frac {1}{2} f(t - x) + \frac {f(0)}{2} \sum _{i=1}^2 \Lambda _i \mathrm {e}^{\lambda _i (t - x)} - \sum _{i=1}^{2} \frac {(-1){}^i \mathrm {e}^{\lambda _i (t - x)}}{2(\lambda _2 - \lambda _1)} \left [\int _0^{t - x} \mathrm {e}^{-\lambda _i s} \left ( a_i f(s) + b_i g(s) +p\int _0^s g(v)\,\mathrm {d}v \right ) \mathrm {d}s \right ], \end {aligned} \label {Xeqn13-15}\end {equation}


$i = 1, 2$


$\Lambda _i = 1 + (-1){}^i \cdot \frac {\beta - 1}{\lambda _2 - \lambda _1}; a_i = \lambda _i^2 + (\beta - 1)\lambda _i + p; b_i = \lambda _i + \beta - 1.$


$(1+\beta ){}^2 = 4p$


$\lambda $


\begin {equation}\phi (t) = k_3 \mathrm {e}^{-\theta t} + k_4 t \mathrm {e}^{-\theta t} - \mathrm {e}^{-\theta t} \int _{0}^{t} s \mathrm {e}^{\theta s} \gamma (s) \, \mathrm {d}s + t \mathrm {e}^{-\theta t} \int _{0}^{t} \mathrm {e}^{\theta s} \gamma (s) \, \mathrm {d}s, \label {Xeqn14-16}\end {equation}


$\theta = \frac {1+\beta }{2}$


$t=0$


$k_3 = \frac {1}{2} f(0)$


$k_4 = \frac {1}{2} \theta f(0) + \frac {1}{2} g(0)$


$\gamma (t)$


$\phi (\hat {t})$


$\hat {t} = t-x,$


\begin {equation}\begin {aligned} \phi (\hat {t}) &= -\tfrac { f(\hat {t})}{2} + \mathrm {e}^{-\theta (\hat {t})} \Bigg \{ \bigl [1+(\theta -1)(\hat {t})\bigr ] f(0) + g(0) \hat {t} + \Bigl (1 + \tfrac {\theta (\beta -3)-2p}{4}(\hat {t}) \Bigr ) \int _0^{\hat {t}} \mathrm {e}^{\theta s} f(s)\,\mathrm {d}s + \Bigl (\tfrac {\theta (3-\beta )+2p}{4}\Bigr ) \int _0^{\hat {t}} s \mathrm {e}^{\theta s} f(s)\,\mathrm {d}s \\ & \quad - \Bigl (\tfrac {1}{2} + \tfrac {\beta -3}{4}(\hat {t}) \Bigr ) \int _0^{\hat {t}} \mathrm {e}^{\theta s} g(s)\,\mathrm {d}s + \tfrac {\beta -3}{4} \int _0^{\hat {t}} s \mathrm {e}^{\theta s} g(s)\,\mathrm {d}s + \tfrac {1}{2}p \left [ \int _0^{\hat {t}} s \mathrm {e}^{\theta s} \Bigl (\int _0^s g(v)\,dv\Bigr ) \mathrm {d}s - (\hat {t}) \int _0^{\hat {t}} \mathrm {e}^{\theta s} \Bigl (\int _0^s g(v)\,dv\Bigr ) \mathrm {d}s \right ] \Bigg \}. \end {aligned} \label {Xeqn15-17}\end {equation}


$(1+\beta ){}^2 < 4p$


$\lambda $


$\phi (t)$


\begin {equation}\begin {split} \phi (t) &= \mathrm {e}^{-\theta t} \bigl \{ k_5 \cos ( \kappa t ) + k_6 \sin ( \kappa t ) - \frac {\cos {(\kappa t)}}{\kappa } \int _0^t{{\mathrm {e}^{\theta s} \sin {(\kappa s)} \gamma {(s)}} \mathrm {d}s} + \frac {1}{\kappa } \sin {(\kappa t)} \int _0^t{{\mathrm {e}^{\theta s} \cos {(\kappa s)} \gamma {(s)}} \mathrm {d}s} \bigr \}, \end {split} \label {Xeqn16-18}\end {equation}


$\kappa =\frac {\sqrt {4p - (1 + \beta ){}^2}}{2} \quad \text {and} \quad \theta =\frac {(1 + \beta )}{2}.$


$t=0$


$\phi (0)=\frac {1}{2}f(0)$


$\phi '(0)=-\frac {1}{2}f'(0)+\frac {1}{2}g(0)$


$k_5 = \frac {1}{2} f(0) \quad \text {and} \quad k_6 = \frac {\theta f(0) - g(0)}{2 \kappa }.$


$\phi (\hat {t})$


\begin {equation}\begin {aligned} \phi (\hat {t}) &= -\frac 12 f(\hat {t}) + \mathrm {e}^{-\hat {t}} \Bigg [ \left (\cos (\kappa \hat {t})+\frac {\beta -1}{2\kappa }\sin (\kappa \hat {t})\right ) f(0) +\frac {1}{2\kappa }\sin (\kappa \hat {t})\,g(0)\\ & \quad +\left (\cos (\kappa \hat {t})-\frac {\theta }{\kappa }\sin (\kappa \hat {t})\right )F_c(\hat {t}) +\left (\sin (\kappa \hat {t})+\frac {\theta }{\kappa }\cos (\kappa \hat {t})\right )F_s(\hat {t}) \\ & \quad -\left (\frac {\cos (\kappa \hat {t})}{2}-\frac {3-\beta }{4\kappa }\sin (\kappa \hat {t})\right )G_c(\hat {t}) -\left (\frac {\sin (\kappa \hat {t})}{2}+\frac {3-\beta }{4\kappa }\cos (\kappa \hat {t})\right )G_s(\hat {t}) +\frac {p}{2\kappa }\Big (\cos (\kappa \hat {t})\,H_s(\hat {t})-\sin (\kappa \hat {t})\,H_c(\hat {t})\Big ) \Bigg ], \end {aligned} \label {Xeqn17-19}\end {equation}


$\hat {t} = t-x$


$F_c(\hat {t}), F_s(\hat {t}), G_c(\hat {t}), G_s(\hat {t}), H_c(\hat {t}),$


$H_s(\hat {t})$


$\tilde {m} \neq 0$


$\varepsilon = 0$
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$(1+\beta ){}^2>4p$


$t=0$


$t=\frac {5\pi }{2}$


$(1+\beta ){}^2=4p$


$t=0$


$t=\frac {5\pi }{2}$


$(1+\beta ){}^2<4p$


$t=0$


$t=\frac {5\pi }{2}$
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$t=\frac {5\pi }{2}$


$\tilde {m}=0$


$\varepsilon \neq 0$


$\tilde {m}=0$


\begin {equation}\label {BCproblem3} u_x (0,t) = \beta u_t (0,t) + pu(0,t) + \varepsilon u^3 (0,t).\end {equation}


$\psi (t)$


$\phi (t)$


\begin {equation}\begin {split}\label {extendedBCcase3order1} (1-\beta ) \psi '(t) - p \psi (t) - \varepsilon \psi ^3 (t) &= (1+\beta ) \phi '(t) + p \phi (t) + \varepsilon (\phi ^3 (t) + 3 \phi ^2 (t) \psi (t) + 3 \phi (t) \psi ^2 (t)), \end {split}\end {equation}


$\psi (t)$


$\phi (t)$


$\phi (t)$


$\phi (t-x)$


$\phi _a (t-x)$


$u(x,t)$


\begin {equation}\label {generalapproximation} u(x,t) = \begin {cases} \frac {1}{2} f(x+t) + \frac {1}{2} f(x-t) + \frac {1}{2} \int _{x-t}^{x+t} g(s) \, \mathrm {d}s, \quad \text {for } x-t > 0, \\ \frac {1}{2} f(x+t) + \frac {1}{2} \int _{0}^{x+t} g(s) \, \mathrm {d}s + \phi _a (t-x), \quad \text {for } x-t < 0. \end {cases}\end {equation}


$\tau $


$\tau = \varepsilon t$


$\phi (t)$


\begin {equation}\label {expansion} \phi (t) = \hat {\phi }(t, \tau ) = \hat {\phi }_0 (t, \tau ) + \varepsilon \hat {\phi }_1 (t, \tau ) + \varepsilon ^2 \hat {\phi }_2 (t, \tau ) + \cdots \end {equation}


$\mathcal {O}(1)$


$\mathcal {O}(\varepsilon )$


\begin {equation}\label {MSPcase3order1andorderepsilon} \begin {cases} \mathcal {O}(1): & (1+\beta ) \phi _{0_t} + p\phi _0 = (1-\beta ) \psi '(t) - p\psi (t) = \psi _0 (t), \\ \mathcal {O}(\varepsilon ): & (1+\beta ) \phi _{1_t} + p\phi _1 = -(1+\beta ) \phi _{0_{t\tau }} - (\hat {\phi }_0 + \psi (t)){}^3. \end {cases}\end {equation}


\begin {equation}\label {phi0order1} \begin {split} \phi _0 (t, \tau ) &= \mathcal {A}_0 (\tau ) \mathrm {e}^{-\frac {pt}{1+\beta }} + \frac {1}{1+\beta } \mathrm {e}^{-\frac {pt}{1+\beta }} \int _{0}^{t} \mathrm {e}^{\frac {ps}{1+\beta }} \psi _0 (s) \, \mathrm {d}s, \end {split}\end {equation}


$\mathcal {A}_0 (\tau )$


$\phi _1$


$\phi _0 (t, \tau )$


$\mathcal {O}(\varepsilon )$


$\phi _1$


$\mathcal {O}\left (\frac {1}{\varepsilon }\right )$


$\mathcal {A}_0 (\tau )$


$\phi _1$


$t$


$f$


$g$


$\psi _0(t)$


\begin {equation}\label {psi0} \psi _0 (t) = \begin {cases} 0, & 0 < t < 2\pi , \\ (1-\beta ) \cos (t) - p \sin (t), & 2\pi \le t \le 3\pi , \\ 0, & 3\pi < t. \end {cases}\end {equation}


$(\hat {\phi }_0 + \psi (t)){}^3$


$\mathcal {O}(\varepsilon )$


$\hat {\phi }_{0_{t\tau }}$


$\phi _1$


${\mathcal {A}_0}_\tau (\tau )= 0$


$\phi _1$


$t=\mathcal {O}\left (\frac {1}{\varepsilon }\right )$


$A_0 (0, \tau ) = 0$


$\phi _0$


$\mathcal {O}(\varepsilon )$


\begin {equation}\label {approximationsingularwavecase3} \phi _a (t-x) = \begin {cases} 0, &0 < t-x < 2\pi , \\ -\frac {2p}{(1+\beta ){}^2 + p^2} \mathrm {e}^{\frac {p(2\pi -(t-x))}{1+\beta }} + \frac {1-\beta ^2-p^2}{(1+\beta ){}^2 + p^2} \sin (t-x) + \frac {2p}{(1+\beta ){}^2 + p^2} \cos (t-x), &2\pi \leq t-x \leq 3\pi , \\ -\frac {2p}{(1+\beta ){}^2 + p^2} \left ( \mathrm {e}^{\frac {3p\pi }{1+\beta }} + \mathrm {e}^{\frac {2p\pi }{1+\beta }} \right ) \mathrm {e}^{-\frac {p(t-x)}{1+\beta }}, &3\pi < t-x. \end {cases}\end {equation}


$\tilde {m} = 0$


$\varepsilon \neq 0$


$\beta $


$p$


$t=0$


$t=\frac {5}{2}\pi $


$\varepsilon $


$\phi _a$


\begin {equation}\label {continuouswaveexample} \begin {cases} u(x,0) = f(x) = k \sin (\omega x), & x > 0, \\ u_x (x,0) = g(x) = k \omega \cos (\omega x), & x > 0. \end {cases}\end {equation}


$\phi _a(t-x)$


\begin {equation}\label {solutionproblem3continous} \phi _a(t-x)=-\mathcal {M}\mathrm {e}^{-\left (\mathcal {R}\varepsilon +\frac {p}{1+\beta }\right )(t-x)} +\mathcal {M}\cos {(\omega (t-x))} +\mathcal {N}\sin {(\omega (t-x))},\end {equation}


\begin {align*}\mathcal {M}=\frac {p(1-\beta )k\omega +p(1+\beta )k\omega ^2}{p^2+(1+\beta ){}^2\omega ^2}, \quad \mathcal {N}=\frac {(1+\beta )(1-\beta )k\omega ^2-p^2k\omega }{p^2+(1+\beta ){}^2\omega ^2},\quad \mathcal {R}=\frac {3[\mathcal {M}^2+(\mathcal {N}+k){}^2]}{2(1+\beta )}.\end {align*}


$\tilde {m} = 0$


$\varepsilon \neq 0$


$\beta $


$p$


$t=0$


$t=\frac {5}{2}\pi $


$\varepsilon $


$k=1$


$\omega =1$


$\varepsilon =0.01$


$u_x(0,t)=u_t(0,t)+\varepsilon u^3(0,t)$


$\varepsilon $


$t=\frac {5}{2}\pi $


$\tilde {m} \neq 0$


$\varepsilon \neq 0$


$\beta =\mathcal {O}(1)$


\begin {equation}\label {eq:problem3BC} u_{tt} (0,t) = u_x (0,t) - pu(0,t) - \varepsilon u^3 (0,t) - \beta u_t (0,t).\end {equation}


$\psi (t)$


$\phi (t)$


\begin {equation}\label {extendedBCcase4order1} \begin {split} &\phi ''(t) + (1+\beta ) \phi '(t) + p\phi (t) + \varepsilon \phi ^3 (t) + 3\varepsilon \phi ^2 (t) \psi (t) + 3\varepsilon \phi (t) \psi ^2 (t) = -\psi ''(t) + (1-\beta ) \psi '(t) - p\psi (t) - \varepsilon \psi ^3 (t). \end {split}\end {equation}


$\phi $


$\phi (t)$


$\mathcal {O}(1)$


$\mathcal {O}(\varepsilon )$


\begin {equation}\label {order1orderepsiloncase4order1} \begin {aligned} &\begin {cases} \mathcal {O}(1): & \phi _{0_{tt}} + (1+\beta ) \phi _{0_t} + p\phi _0 = -\psi ''(t) + (1-\beta ) \psi '(t) - p\psi (t), \\ & \phi (0,0) = 0, \\ & \phi _t (0,0) = 0, \end {cases} \\ &\begin {cases} \mathcal {O}(\varepsilon ): & \phi _{1_{tt}} + (1+\beta ) \phi _{1_t} + p\phi _1 = -2\phi _{0_{t \tau }} - (1+\beta ) \phi _{0_\tau } - \phi _0^3 - 3\phi _0^2 \psi (t) - 3\phi _0 \psi ^2 (t) -\psi ^3 (t), \\ & \phi _1 (0,0) = 0, \\ & \phi _{1_t} (0,0) + \phi _{0_\tau } (0,0) = 0. \end {cases} \end {aligned}\end {equation}


$\mathcal {O}(1)$


$\phi _0 = \phi _{0,f} + \phi _{0,p}$


$\phi _{0,f}$


$\phi _{0_{tt}} + (1+\beta ) \phi _{0_t} + p\phi _0 = 0$


$\phi _{0,p}$


$\phi _{0_{tt}} + (1+\beta ) \phi _{0_t} + p\phi _0 = -\psi _{tt} (t) + (1-\beta ) \psi _{t} (t) - p\psi (t)$


$r^2 + (1+\beta )r + p = 0$


$r_{1,2} = \frac {-(1+\beta ) \pm \sqrt {(1+\beta ){}^2 - 4p}}{2}$


$(1+\beta ){}^2 - 4p$


\begin {equation}\label {eq:homogeneousproblem4} \phi _0 (t, \tau ) = \mathcal {A}_0 (\tau ) \phi _{0,f_1} (t) + \mathcal {B}_0 (\tau ) \phi _{0,f_2} (t),\end {equation}


\begin {equation}\label {eq:homogeneousproblem4cases} \begin {cases} \text {case 1:} ((1+\beta ){}^2 > 4p): &\phi _{0,f_1} (t) = \mathrm {e}^{r_1 t}; \quad \phi _{0,f_2} (t) = \mathrm {e}^{r_2 t}, \\ \text {case 2:} ((1+\beta ){}^2 = 4p):& \phi _{0,f_1} (t) = \mathrm {e}^{rt}; \quad \phi _{0,f_2} (t) = t\mathrm {e}^{rt}, \\ \text {case 3:} ((1+\beta ){}^2 < 4p): &\phi _{0,f_1} (t) = \mathrm {e}^{r t} \cos (\mu t); \quad \phi _{0,f_2} (t) = \mathrm {e}^{r t} \sin (\mu t). \end {cases}\end {equation}


\begin {align*}r_1 = \frac {-(1+\beta ) + \sqrt {(1+\beta ){}^2 - 4p}}{2}, \quad r_2 = \frac {-(1+\beta ) - \sqrt {(1+\beta ){}^2 - 4p}}{2}, \quad r = \frac {-(1+\beta )}{2}, \quad \text {and} \quad \mu = \frac {\sqrt {4p - (1+\beta ){}^2}}{2}.\end {align*}


$\psi (t)$


\begin {equation}\label {eq:MSPknown} \begin {cases} \psi (t) = k \sin (\omega t), \\ \psi _{t} (t) = k \omega \cos (\omega t), \\ \psi _{tt} (t) = -k \omega ^2 \sin (\omega t). \end {cases}\end {equation}


$\phi (t-x)$


\begin {equation}\label {eq:initialconditionproblem4} \phi (0) = \phi _t(0)=0.\end {equation}


$\mathcal {O}(1)$


\begin {equation}\begin {split} \phi _{0,p} (t) &= \frac {2k \omega (p - \omega ^2)}{(p - \omega ^2){}^2 + (1+\beta ){}^2 \omega ^2} \cos (\omega t)+ \frac {-k[(p - \omega ^2){}^2 - (1-\beta ^2) \omega ^2]}{(p - \omega ^2){}^2 + (1+\beta ){}^2 \omega ^2} \sin (\omega t). \end {split} \label {Xeqn35-37}\end {equation}


$\mathcal {O}(1)$


\begin {equation}\label {eq:casesproblem4} \begin {cases} \text {case 1:} \quad \phi _0 (t, \tau ) &= \mathcal {A}_0 (\tau ) \mathrm {e}^{r_1 t} + \mathcal {B}_0 (\tau ) \mathrm {e}^{r_2 t} + c_1 \cos (\omega t) + c_2 \sin (\omega t), \\ \text {case 2:} \quad \phi _0 (t, \tau ) &= \mathcal {A}_0 (\tau ) \mathrm {e}^{rt} + \mathcal {B}_0 (\tau )t\mathrm {e}^{rt} + c_1 \cos (\omega t) + c_2 \sin (\omega t), \\ \text {case 3:} \quad \phi _0 (t, \tau ) &= \mathcal {A}_0 (\tau ) \mathrm {e}^{r t} \cos (\mu t) +\mathcal {B}_0 (\tau ) \mathrm {e}^{r t} \sin (\mu t) + c_1 \cos (\omega t) + c_2 \sin (\omega t), \end {cases}\end {equation}


\begin {equation}\begin {cases}\label {eq:c1andc2} c_1 = \frac {2k \omega (p - \omega ^2)}{(p - \omega ^2){}^2 + (1+\beta ){}^2 \omega ^2}, \\ c_2 = \frac {-k[(p - \omega ^2){}^2 - (1-\beta ^2) \omega ^2]}{(p - \omega ^2){}^2 + (1+\beta ){}^2 \omega ^2}, \end {cases}\end {equation}


$\mathcal {A}_0(0)$


$\mathcal {B}_0(0)$


$(1+\beta ){}^2>4p$


\begin {equation}\label {eq:initialconditionproblem4case1order1} \begin {cases} \mathcal {A}_0 (0) = \frac {c_1 r_2 - c_2 \omega }{r_1 - r_2}, \\ \mathcal {B}_0 (0) = \frac {c_2 \omega - c_1 r_1}{r_1 - r_2}. \end {cases}\end {equation}


$\frac {1}{\varepsilon }$


$\mathcal {O}(\varepsilon )$


$\phi _1$


$\mathrm {e}^{r_1 t}$


$\mathrm {e}^{r_2 t}$


$\mathcal {A}_0 (\tau )$


$\mathcal {B}_0 (\tau )$


\begin {equation}\begin {cases}\label {systemcase1order1} \frac {\mathrm {d} \mathcal {A}_0 (\tau )}{\mathrm {d} \tau } = - \frac {\mathcal {G}}{(1+\beta + 2r_1)} \mathcal {A}_0 (\tau ), \\ \frac {\mathrm {d} \mathcal {B}_0 (\tau )}{\mathrm {d} \tau } = -\frac {\mathcal {G}}{(1+\beta + 2r_2)} \mathcal {B}_0 (\tau ), \end {cases}\end {equation}


\begin {equation}\label {eq:Gbesar} \mathcal {G}=\frac {3}{2}\left [ c_1^2 + (c_2 + k){}^2 \right ].\end {equation}


$\phi _a(t-x)$


$\phi $


\begin {equation}\label {solutioncase1order1} \begin {aligned} \phi _a (t-x) = \frac {(c_1 r_2 - c_2 \omega )}{r_1-r_2} \mathrm {e}^{\left (r_1 - \frac {\mathcal {G}}{r_1-r_2} \varepsilon \right )(t-x)} + \frac {(c_2 \omega - c_1 r_1)}{r_1-r_2} \mathrm {e}^{\left (r_2 - \frac {\mathcal {G}}{r_1-r_2} \varepsilon \right )(t-x)} + c_1 \cos (\omega (t-x)) + c_2 \sin (\omega (t-x)), \end {aligned}\end {equation}


$c_1$


$c_2$


$\mathcal {O}(\varepsilon )$


$\tilde {m} \neq 0$


$\varepsilon \neq 0$


$(1+\beta ){}^2 > 4p$


$\beta $


$p$


$\omega = 1$


$\varepsilon = 0.001$


$t=0$


$\omega = 1$


$\varepsilon = 0.001$


$t=\frac {5\pi }{2}$


$\omega = 10$


$\varepsilon = 0.001$


$t=0$


$\omega = 10$


$\varepsilon = 0.1$


$t=0$


$x=0$


$\omega , t, \varepsilon , \beta , p$


$k=1$


$t=\frac {5\pi }{2}$


$\varepsilon $


$\psi (t)$


\begin {align*}\psi (t) = \begin {cases} \sin (t), & 2\pi \le t \le 3\pi ,\\ 0, & \text {otherwise}. \end {cases}\end {align*}


$\psi _t(t)$


$\psi _{tt}(t)$


$\mathcal {O}(1)$


\begin {equation}\phi _{0,p}(t)= \begin {cases} \tilde {c}_1\cos (t) +\tilde {c}_2 \sin (t), & 2\pi \le t \le 3\pi ,\\ 0, & \text {otherwise}, \end {cases} \label {Xeqn42-44}\end {equation}


$\tilde {c}_1 = \dfrac {p-1}{(p-1){}^2+(1+\beta ){}^2}$


$\tilde {c}_2 = \dfrac {(1-\beta ^2)-(p-1){}^2}{(p-1){}^2+(1+\beta ){}^2}$


$t<2\pi $


\begin {equation}\label {eq:phiprearrival} \phi _a (t)=0.\end {equation}


$2\pi \le t \le 3\pi $


\begin {equation}\label {eq:phiforced} \phi _a(t)= \mathcal {A}_0 \mathrm {e}^{\zeta _1 (t-2\pi )} + \mathcal {B}_0 \mathrm {e}^{\zeta _2 (t-2\pi )} + c_1\cos \!\big (\omega (t-2\pi )\big ) + c_2\sin \!\big (\omega (t-2\pi )\big ),\end {equation}


$\zeta _i=r_i-\frac {\mathcal {G}}{r_1-r_2}\varepsilon $


$t=3\pi $


$t>3\pi $


\begin {equation}\label {eq:phifreedecay} \phi _a(t) = \mathcal {D}_1 \mathrm {e}^{\zeta _1(t-3\pi )} + \mathcal {D}_2 \mathrm {e}^{\zeta _2(t-3\pi )}.\end {equation}


$\mathcal {D}_1,\mathcal {D}_2$


$\phi $


$\phi _t$


$t=3\pi $


$\Phi :=\phi (3\pi ^-)$


$\Phi ':=\phi _t(3\pi ^-)$


\begin {equation}\begin {cases} \mathcal {D}_1 + \mathcal {D}_2=\Phi ,\\ \zeta _1 \mathcal {D}_1+\zeta _2 \mathcal {D}_2=\Phi ', \end {cases} \label {Xeqn46-48}\end {equation}


\begin {equation}\label {eq:D1D2match} \begin {cases} \mathcal {D}_1=\frac {\Phi '-\zeta _2\Phi }{\zeta _1-\zeta _2},\\ \mathcal {D}_2=\frac {\zeta _1\Phi -\Phi '}{\zeta _1-\zeta _2}. \end {cases}\end {equation}


$\phi (\hat {t})$


$\hat {t}=(t-x)$


\begin {equation}\label {eq:phipiecewisefinal} \phi _a(\hat {t})= \begin {cases} 0, & \hat {t}<2\pi ,\\ \mathcal {A}_0 \mathrm {e}^{\zeta _1 (\hat {t}-2\pi )} + \mathcal {B}_0 \mathrm {e}^{\zeta _2 (\hat {t}-2\pi )} + \tilde {c}_1\cos \!\big (\omega (\hat {t}-2\pi )\big ) + \tilde {c}_2\sin \!\big (\omega (\hat {t}-2\pi )\big ), & 2\pi \le \hat {t}\le 3\pi ,\\ \mathcal {D}_1 \mathrm {e}^{\zeta _1 (\hat {t}-3\pi )} + \mathcal {D}_2 \mathrm {e}^{\zeta _2 (\hat {t}-3\pi )}, & \hat {t}>3\pi , \end {cases}\end {equation}


$\mathcal {A}_0,\mathcal {B}_0$


$\mathcal {D}_1, \mathcal {D}_2$


$\tilde {m} \neq 0$


$\varepsilon = 0.01$


$(1+\beta ){}^2 > 4p$


$\beta $


$p$


$t=0$


$t=\frac {5\pi }{2}$


$(1+\beta ){}^2=4p$


$\mathcal {A}_0(\tau )$


$\mathcal {B}_0(\tau )$


$\frac {\mathrm {d}\mathcal {A}_0(\tau )}{\mathrm {d}\tau }=0$


$\phi _a(t-x)$


\begin {equation}\label {eq:phinaiveextended} \phi (t)=\phi _0 + \varepsilon \phi _1 + \varepsilon ^2\phi _2+\ldots \end {equation}


$\phi (t)$


\begin {equation}\label {eq:approximationnaiveperturbationuporderepsilon} \phi (t) \sim \phi _0(t) + \varepsilon \phi _1 (t).\end {equation}


$\varepsilon (t\mathrm {e}^{rt}, \dots , t^3\mathrm {e}^{rt})$


\begin {align*}\mathcal {F} &= t^n \mathrm {e}^{rt},\\ \mathcal {F}' &= (n+rt)t^{n-1}\mathrm {e}^{rt},\end {align*}


$t=-\frac {n}{r}$


\begin {equation}\mathcal {F} = \left (-\frac {n}{r}\right ){}^n \mathrm {e}^{-n} = \left (-\frac {n}{\mathrm {e}r}\right ){}^n. \label {Xeqn51-53}\end {equation}


$r \leq -\frac {1+\beta }{2}$


$\phi _1$


$t\mathrm {e}^{rt}, \dots , t^3\mathrm {e}^{rt}$


$\mathcal {O}(\varepsilon )$


$\phi _1$


$\mathcal {O}(\varepsilon )$


$\mathcal {O}(1)-$


$\mathcal {O}(\varepsilon )-$


\begin {equation}\label {order1orderepsiloncase4order1naive} \begin {aligned} &\begin {cases} \mathcal {O}(1): & \phi _{0}'' + (1+\beta )\phi _{0}' + p\phi _0 = -\psi '' + (1-\beta ) \psi ' - p\psi , \\ & \phi (0) = 0, \quad \phi ' (0) = 0, \end {cases} \\ &\begin {cases} \mathcal {O}(\varepsilon ): & \phi _{1}'' + (1+\beta )\phi _{1}' + p\phi _1 = -\phi _{0}^3 - 3\phi _0^2\psi - 3\phi _0\psi ^2 - \psi ^3, \\ & \phi _1 (0) = 0, \quad \phi _{1}' (0) = 0. \end {cases} \end {aligned}\end {equation}


$\mathcal {O}(1)$


\begin {align}\label {solutionphi0problem4case2} \phi _0(t) = \mathcal {A}_0 \mathrm {e}^{rt}+ \mathcal {B}_0 t \mathrm {e}^{rt} + c_1 \cos (\omega t) + c_2 \sin (\omega t),\end {align}


\begin {equation}\label {eq:initialconditionproblem4case2} \begin {cases} \mathcal {A}_0 = -c_1, \\ \mathcal {B}_0 = rc_1-c_2 \omega . \end {cases}\end {equation}


$\mathcal {O}(\varepsilon )$


$\mathcal {O}(\varepsilon )$


\begin {equation}\label {solutionphi1problem4case2} \begin {aligned} \phi _{1}(t) &= (\mathcal {A}_{1} + \mathcal {B}_{1}t)\mathrm {e}^{rt} + \phi _{1,p}(t) + \mathrm {e}^{3rt} \sum _{m=0}^{3} U_{m} t^{m} + \mathrm {e}^{2rt} \sum _{m=0}^{2} \bigl ( \upsilon _{m}\cos (\omega t) + \nu _{m}\sin (\omega t) \bigr ) t^{m} + \mathcal {G} t^{2} \mathrm {e}^{rt} \left (-\tfrac {1}{2} \mathcal {A}_{0} - \tfrac {1}{6} \mathcal {B}_{0} t \right ) \\& \quad + \mathrm {e}^{rt} \sum _{m=0}^{1} \bigl ( \hat {\upsilon }_{m}\cos (2\omega t) + \hat {\nu }_{m}\sin (2\omega t) \bigr ) t^{m}, \end {aligned}\end {equation}


$\mathcal {A}_0, \mathcal {B}_0$


$\mathcal {G}$


$\phi _a$


$\phi $


\begin {equation}\label {solutioncase2order1} \begin {aligned} \phi _a(t-x) &= -c_1 \mathrm {e}^{r(t-x)} + (rc_1-c_2\omega ) (t-x) \mathrm {e}^{r(t-x)} + c_1 \cos (\omega (t-x)) + c_2 \sin (\omega (t-x)) \\& \quad +\varepsilon \left [(\mathcal {A}_{1} + \mathcal {B}_{1}(t-x))\mathrm {e}^{r(t-x)} \right . + \phi _{1,p}((t-x)) + \mathrm {e}^{3r(t-x)} \sum _{m=0}^{3} U_{m} (t-x){}^{m} \\& \quad + \mathrm {e}^{2r(t-x)} \sum _{m=0}^{2} \bigl ( \upsilon _{m}\cos (\omega (t-x)) + \nu _{m}\sin (\omega (t-x)) \bigr ) (t-x){}^{m} + \mathcal {G} (t-x){}^{2} \mathrm {e}^{r(t-x)} \left (-\tfrac {1}{2} \mathcal {A}_{0} - \tfrac {1}{6}\mathcal {B}_{0} (t-x) \right ) \\& \quad \left .+ \mathrm {e}^{r(t-x)} \sum _{m=0}^{1} \bigl ( \hat {\upsilon }_{m}\cos (2\omega (t-x)) + \hat {\nu }_{m}\sin (2\omega (t-x)) \bigr ) (t-x){}^{m}\right ], \end {aligned}\end {equation}


$c_1$


$c_2$


$\tilde {m} \neq 0$


$\varepsilon \neq 0$


$(1+\beta ){}^2 = 4p$


$\beta $


$p$


$\omega = 1$


$\varepsilon =0.01$


$t=0$


$\omega = 1$


$\varepsilon =0.01$


$t=\frac {5\pi }{2}$


$\omega = 10$


$\varepsilon =0.001$


$t=0$


$k=1$


$\omega $


$\omega \approx 1$


$\beta $


$p$


$1$


$\omega =1, \beta =1,$


$p=1$


$u$


$x - t < 0$


$2\pi \le t-x \le 3\pi $


$\phi _a$


\begin {equation}\phi (t-x)= \begin {cases} 0, & t-x < 2\pi ,\\ \phi _a(t-x-2\pi ), & 2\pi \le t-x \le 3\pi ,\\ \bigl (\mathcal {D}_1 + \mathcal {D}_2(t-x-3\pi )\bigr )\mathrm {e}^{r(t-x-3\pi )}, & t-x > 3\pi , \end {cases} \label {Xeqn56-59}\end {equation}


$\phi _a(t)$


$2\pi \le t \le 3\pi $


$\mathcal {D}_1$


$\mathcal {D}_2$


$\phi $


$\phi _t$


$t-x=3\pi $


$\mathcal {D}_1=\Phi , \mathcal {D}_2=\Phi '-r\Phi ,$


$\Phi =\phi (3\pi ^-)$


$\Phi '=\phi _t(3\pi ^-)$


$r=-\frac {1+\beta }{2}$


$\tilde {m} \neq 0$


$\varepsilon = 0.01$


$(1+\beta ){}^2 = 4p$


$\beta $


$p$


$t=0$


$t=\frac {5\pi }{2}$


$x$


$p$


$\beta $


$t=\tfrac {5\pi }{2}$


$(1+\beta ){}^2<4p$


\begin {equation}\begin {cases} \mathcal {A}_0(0) = -c_1, \\ \mathcal {B}_0(0) = \frac {r c_1 - \omega c_2}{\mu }. \end {cases} \label {Xeqn57-60}\end {equation}


$\mathcal {O}(\varepsilon )$


$\phi _1$


$\mathrm {e}^{r t} \cos (\mu t)$


$\mathrm {e}^{r t} \sin (\mu t)$


\begin {equation}\label {systemproblem4order1case3} \begin {cases} \frac {\mathrm {d} \mathcal {A}_0 (\tau )}{\mathrm {d} \tau } = \frac {1}{2\mu } \mathcal {G} \mathcal {B}_0 (\tau ), \\ \frac {\mathrm {d} \mathcal {B}_0 (\tau )}{\mathrm {d} \tau } = -\frac {1}{2\mu } \mathcal {G} {A}_0 (\tau ), \end {cases}\end {equation}


$\mathcal {G}$


$\phi _a(x-t)$


\begin {equation}\label {solutioncase3order1} \begin {split} \phi _a (t-x) &= -c_1 \mathrm {e}^{r (t-x)} \cos \left (\left (\frac {\mathcal {G}}{2\mu } \varepsilon + \mu \right ) (t-x)\right ) + \frac {r c_1 - \omega c_2}{\mu } \mathrm {e}^{r (t-x)} \sin \left (\left (\frac {\mathcal {G}}{2\mu } \varepsilon + \mu \right ) (t-x)\right ) \\ & \quad + c_1 \cos (\omega (t-x)) + c_2 \sin (\omega (t-x)). \end {split}\end {equation}


$\tilde {m} \neq 0$


$\varepsilon = 0.01$


$(1+\beta ){}^2 < 4p$


$\beta $


$p$


$\omega = 1$


$t=0$


$\omega = 1.265$


$t=0$


$\omega = 1$


$t=\frac {5\pi }{2}$


$\omega = 10$


$t=0$


$\omega $


$\omega , \beta , p,$


$\varepsilon $


$\omega =1.265, \beta =1, p=1.5,$


$\varepsilon =0.01$


$0.04$


$t=\frac {5\pi }{2}$


$2\pi \le t-x \le 3\pi $


$\phi _a$


\begin {equation}\phi (t-x)= \begin {cases} 0, & t-x < 2\pi , \\ \phi _a(t-x-2\pi ), & 2\pi \le t-x \le 3\pi ,\\ \mathrm {e}^{r(t-x-3\pi )} \left [ \mathcal {D}_1 \cos (\xi (t-x-3\pi )) \right . \left . + \mathcal {D}_2 \sin (\xi (t-x-3\pi )) \right ], & t-x > 3\pi , \end {cases} \label {Xeqn60-63}\end {equation}


$\phi _a(t)$


$2\pi \le t \le 3\pi $


$\xi =\mu +\tfrac {\mathcal {G}}{2\mu }\varepsilon $


$\mathcal {D}_1$


$\mathcal {D}_2$


$\phi $


$\phi _t$


$t-x=3\pi $


$\mathcal {D}_1=\Phi , \mathcal {D}_2=\frac {\Phi '-r\Phi }{\xi },$


$\Phi =\phi (3\pi ^-)$


$\Phi '=\phi _t(3\pi ^-)$


$\tilde {m} \neq 0$


$\varepsilon = 0.01$


$(1+\beta ){}^2 < 4p$


$\beta $


$p$


$t=0$


$t=\frac {5\pi }{2}$


$p$


$\beta $


$\tilde {m} \neq 0$


$\varepsilon \neq 0$


$\beta = \mathcal {O}(\varepsilon )$


$\beta = \mathcal {O}(1)$


$\varepsilon $


$\beta = \mathcal {O}(\varepsilon )$


$\beta = \varepsilon \hat {\beta }$


\begin {equation}u_{tt} (0,t) = u_x (0,t) - pu(0,t) - \varepsilon u^3 (0,t) - \varepsilon \hat {\beta } u_t (0,t). \label {Xeqn61-64}\end {equation}


\begin {equation}f_{xx}(0) = f_x(0) - pf(0) - \varepsilon f^3(0) - \varepsilon \hat {\beta } g(0). \label {Xeqn62-65}\end {equation}


$\psi (t)$


$\phi (t)$


\begin {align}\label {eq:expansionprob5} \phi ''(t) + \phi '(t) + \varepsilon \hat {\beta } \phi _{t} (t) + p \phi (t) + \varepsilon \phi ^3 (t) + 3 \varepsilon \phi ^2 (t) \psi (t) + 3 \varepsilon \phi (t) \psi ^2 (t) = -\psi ''(t) + \psi '(t) - \varepsilon \hat {\beta } \psi _{t} (t) - p \psi (t) - \varepsilon \psi ^3 (t).\end {align}


$\phi (t)$


$\tau = \varepsilon t$


$\mathcal {O}(1)-$


$\mathcal {O}(\varepsilon )-$


\begin {equation}\label {eq:MSPcase4order1andorderepsilonproblemepsilon} \begin {aligned} &\begin {cases} \mathcal {O}(1): & \phi _{0_{tt}} + \phi _{0_t} + p \phi _0 = -\psi ''(t) + \psi '(t) - p \psi (t) = \psi _0 (t), \\ & \phi (0) = 0, \\ & \phi _t (0) = 0. \end {cases} \\ &\begin {cases} O(\varepsilon ): & \phi _{1_{tt}} + \phi _{1_t} + p \phi _1 = -2 \phi _{0_{t \tau }} - \phi _{0_\tau } - \hat {\beta } \phi _{0_t} - \phi _0^3 - 3 \phi _0^2 \psi (t) \\& - 3 \phi _0 \psi ^2 (t) -\hat {\beta } \psi _{t} (t) - \psi ^3 (t), \\ & \phi _1 (0) = 0, \\ & \phi _{1_t} (0) + \phi _{0_\tau } (0) = 0, \end {cases} \end {aligned}\end {equation}


$\psi _0 (t) = (k \omega ^2 - pk) \sin (\omega t) + k \omega \cos (\omega t)$


$\mathcal {O}(1)$


\begin {equation}\begin {split} \phi _0 (t, \tau ) &= \mathcal {A}_0 (\tau ) \phi _{0,f_1} (t) + \mathcal {B}_0 (\tau ) \phi _{0,f_2} (t) + c_3 \cos (\omega t) + c_4 \sin (\omega t), \end {split} \label {Xeqn64-68}\end {equation}


$\mathcal {A}_0(\tau )$


$\mathcal {B}_0(\tau )$


$\phi _1$


$\phi _{0,{f_1}}$


$\phi _{0,{f_2}}$


\begin {equation}\label {eq:casesproblem5} \begin {cases} (p < \frac {1}{4}): \quad \phi _0 (t, \tau ) &= \mathcal {A}_0 (\tau ) \mathrm {e}^{r_1 t} + \mathcal {B}_0 (\tau ) \mathrm {e}^{r_2 t} + c_3 \cos (\omega t) + c_4 \sin (\omega t), \\ (p = \frac {1}{4}): \quad \phi _0 (t, \tau ) &= \mathcal {A}_0 (\tau ) \mathrm {e}^{rt} + \mathcal {B}_0 (\tau ) t\mathrm {e}^{rt} + c_3 \cos (\omega t) + c_4 \sin (\omega t), \\ (p > \frac {1}{4}): \quad \phi _0 (t, \tau ) &= \mathcal {A}_0 (\tau ) \mathrm {e}^{r t} \cos (\mu t) + \mathcal {B}_0 (\tau ) \mathrm {e}^{r t} \sin (\mu t) + c_3 \cos (\omega t) + c_4 \sin (\omega t), \end {cases}\end {equation}


$c_3 \cos (\omega t) + c_4 \sin (\omega t)$


$c_3$


$c_4$


\begin {equation}\label {eq:c3andc4} \begin {cases} c_3 = \frac {2 k \omega (p - \omega ^2)}{(p - \omega ^2){}^2 + \omega ^2}, \\ c_4 = \frac {-k [(p - \omega ^2){}^2 - \omega ^2]}{(p - \omega ^2){}^2 + \omega ^2}. \end {cases}\end {equation}


$\mathcal {O}(1)$


$r_{1,2} = \frac {-1 \pm \sqrt {1 - 4p}}{2}$


$\sqrt {1 - 4p}$


$r_1 = \frac {-1 + \sqrt {1 - 4p}}{2}; r_2 = \frac {-1 - \sqrt {1 - 4p}}{2}; r = -\frac {1}{2};$


$\mu = \frac {\sqrt {4p - 1}}{2}$


$\hat {\beta }$


$\mathcal {O}(\varepsilon )$


$p < \frac {1}{4}$


$\beta = \mathcal {O}(\varepsilon )$


\begin {equation}\begin {cases} \mathcal {A}_0 (0) = \frac {c_3 r_2 - c_4 \omega }{r_1 - r_2}, \\ \mathcal {B}_0 (0) = \frac {c_4 \omega - c_3 r_1}{r_1 - r_2} \end {cases} \label {Xeqn67-71}\end {equation}


$\phi _1$


$\mathcal {A}_0(\tau )$


$\mathcal {B}(\tau )$


\begin {equation}\label {eq:problem5case1} \begin {cases} \frac {\mathrm {d} \mathcal {A}_0 (\tau )}{\mathrm {d} \tau } = -\frac {\hat {\beta } r_1 + \mathcal {H}}{1 + 2r_1} \mathcal {A}_0 (\tau ), \\ \frac {\mathrm {d} \mathcal {B}_0 (\tau )}{\mathrm {d} \tau } = -\frac {\hat {\beta } r_2 + \mathcal {H}}{1 + 2r_2} \mathcal {B}_0 (\tau ), \end {cases}\end {equation}


\begin {equation}\label {eq:valueofH} \mathcal {H}=\frac {3}{2} \left [ c_3^2 + (c_4 + k){}^2 \right ].\end {equation}


\begin {equation}\label {eq:solutionprob4case1order1} \begin {cases} \mathcal {A}_0 (\tau ) = \frac {c_3 r_2 - c_4 \omega }{r_1 - r_2} \mathrm {e}^{-\frac {\hat {\beta } r_1 + \mathcal {H}}{1 + 2r_1} \tau }, \\ \mathcal {B}_0 (\tau ) = \frac {c_4 \omega - c_3 r_1}{r_1 - r_2} \mathrm {e}^{-\frac {\hat {\beta } r_2 + \mathcal {H}}{1 + 2r_2} \tau }, \end {cases}\end {equation}


$\mathcal {H}$


$\phi _0 (t-x)$


$\phi _a$


$\phi $


\begin {equation}\label {eq:solutionprob4case1epsilon} \begin {aligned} \phi _a (t-x) = &\frac {c_3 r_2 - c_4 \omega }{r_1 - r_2} \mathrm {e}^{\left (r_1 - \frac {\hat {\beta } r_1 + \mathcal {H}}{1 + 2r_1}\varepsilon \right ) (t-x)} + \frac {c_4 \omega - c_3 r_1}{r_1 - r_2} \mathrm {e}^{\left (r_2 - \frac {\hat {\beta } r_2 + \mathcal {H}}{1 + 2r_2}\varepsilon \right ) (t-x)} + c_3 \cos (\omega (t-x)) + c_4 \sin (\omega (t-x)). \end {aligned}\end {equation}


$\tilde {m} \neq 0$


$\varepsilon = 0.01$


$\hat {\beta }=\mathcal {O}(\varepsilon )$


$p < \frac {1}{4}$


$\omega = 1$


$t=0$


$\omega = 1$


$t=\frac {5\pi }{2}$


$\omega = 10$


$t=0$


$k=1$


$\varepsilon $


$\hat {\beta }$


$\hat {\beta } = \mathcal {O}(\varepsilon )$


$\varepsilon $


$\varepsilon $


$(\omega =1)$


$(\omega =10)$


$\varepsilon =0.01$


$p<\frac {1}{4}$


$0 \leq \varepsilon \ll 1$


$t=\frac {5\pi }{2}$


$p = \frac {1}{4}$


$\beta = \mathcal {O}(\varepsilon )$


$\varepsilon $


$\mathcal {O}(1)-$


$\mathcal {O}(\varepsilon )-$


\begin {equation}\label {order1orderepsiloncase4orderepsilonnaive} \begin {aligned} &\begin {cases} \mathcal {O}(1): & \phi _{0}'' + \phi _{0}' + p\phi _0 = -\psi '' + \psi ' - p\psi , \\ & \phi (0) = 0, \quad \phi ' (0) = 0, \end {cases} \\ &\begin {cases} \mathcal {O}(\varepsilon ): & \phi _{1}'' + \phi _{1}' + p\phi _1 = - \hat {\beta } \phi _{0}'-\phi _{0}^3 - 3\phi _0^2\psi - 3\phi _0\psi ^2 - \psi ^3, \\ & \phi _1 (0) = 0, \quad \phi _{1}' (0) = 0. \end {cases} \end {aligned}\end {equation}


$\mathcal {O}(1)$


\begin {equation}\label {eq:phi0prob5case2} \phi _0(t)=-c_3 \mathrm {e}^{-\frac {1}{2}t} + (c_3 r - c_4 \omega ) t \mathrm {e}^{-\frac {1}{2}t} + c_3 \cos (\omega t) + c_4 \sin (\omega t).\end {equation}


$\mathcal {O}(\varepsilon )$


\begin {equation}\label {eq:phi1prob5case2} \begin {aligned} \phi _{1}(t) &= (\mathcal {A}_{1} + \mathcal {B}_{1}t)\mathrm {e}^{-\frac {t}{2}} + \phi _{1,P}(t) + \mathrm {e}^{-\frac {3t}{2}} \sum _{m=0}^{3} U_{m} t^{m} + \mathrm {e}^{-t} \sum _{m=0}^{2} \bigl (\upsilon _{m}\cos (\omega t)+\nu _{m}\sin (\omega t)\bigr ) t^{m} \\& \quad + t^{2} \mathrm {e}^{-\frac {t}{2}}(d_{0}+d_{1}t) + \mathrm {e}^{-\frac {t}{2}} \sum _{m=0}^{1} \bigl (\hat {\upsilon }_{m}\cos (2\omega t)+\hat {\nu }_{m}\sin (2\omega t)\bigr ) t^{m}, \end {aligned}\end {equation}


$\phi _a$


$\phi $


\begin {equation}\label {eq:solutionproblem5case2} \phi _a(t-x) = \phi _0 (t-x) + \varepsilon \phi _1(t-x)\end {equation}


$\varepsilon $


$\tilde {m} \neq 0$


$\varepsilon \neq 0$


$\hat {\beta } = \mathcal {O}(\varepsilon )$


$p = \frac {1}{4}$


$\omega = 1$


$\varepsilon = 0.01$


$t=0$


$\omega = 1$


$\varepsilon = 0.01$


$t=\frac {5}{2}\pi $


$\omega = 5$


$\varepsilon = 0.001$


$t=0$


$(x=0)$


$k=1$


$p=\frac {1}{4}$


$\hat {\beta }$


$\omega $


$\omega $


$p > \frac {1}{4}$


$\beta = \mathcal {O}(\varepsilon )$


\begin {equation}\begin {cases} \mathcal {A}_0(0) = -c_3, \\ \mathcal {B}_0(0) = \frac {r c_3 - \omega c_4}{\mu } \end {cases} \label {Xeqn76-80}\end {equation}


$\phi _1$


$\mathcal {A}_0(\tau )$


$\mathcal {B}_0(\tau )$


\begin {equation}\label {eq:ODEsystemproblem5case3} \begin {cases} \frac {\mathrm {d} \mathcal {A}_0 (\tau )}{\mathrm {d} \tau } = -\frac {1}{2} \hat {\beta } \mathcal {A}_0 (\tau ) + \mathcal {K} \mathcal {B}_0 (\tau ), \\ \frac {\mathrm {d} \mathcal {B}_0 (\tau )}{\mathrm {d} \tau } = -\frac {1}{2} \hat {\beta } \mathcal {B}_0 (\tau ) - \mathcal {K} \mathcal {A}_0 (\tau ), \end {cases}\end {equation}


$\mathcal {K}=\frac {\mathcal {H}}{2 \mu } - \frac {1}{4 \mu } \hat {\beta }$


\begin {equation}\begin {cases} \mathcal {A}_0 (\tau ) = \mathrm {e}^{-\frac {1}{2}\hat {\beta \tau }}\left [-c_3\cos \left (\mathcal {K}\tau \right )+\frac {r c_3 - \omega c_4}{\mu } \sin (\mathcal {K}\tau )\right ], \\ \mathcal {B}_0 (\tau ) = \mathrm {e}^{-\frac {1}{2}\hat {\beta \tau }}\left [\frac {r c_3 - \omega c_4}{\mu }\cos \left (\mathcal {K}\tau \right ) + c_3 \sin (\mathcal {K}\tau )\right ]. \end {cases} \label {Xeqn78-82}\end {equation}


$\phi _a$


$\phi $


\begin {equation}\label {eq:solutionprob4case3epsilon} \begin {aligned} \phi _a (t-x) &= -c_3 \mathrm {e}^{-\mathcal {J}(t-x)}\cos \left (\left (\mathcal {K}\varepsilon +\mu \right )(t-x) \right ) + \frac {rc_3-\omega c_4}{\mu }\mathrm {e}^{-\mathcal {J}(t-x)}\sin \left (\left (\mathcal {K}\varepsilon +\mu \right )(t-x) \right ) + c_3 \cos (\omega (t-x)) + c_4 \sin (\omega (t-x), \end {aligned}\end {equation}


$\mathcal {J}=\frac {1}{2}\hat {\beta }\varepsilon +\frac {1}{2}$


$\varepsilon $


$\tilde {m} \neq 0$


$\varepsilon \neq 0$


$\hat {\beta }=\mathcal {O}(\varepsilon )$


$p > \frac {1}{4}$


$\omega = 1$


$\varepsilon = 0.01$


$t=0$


$\omega = 1$


$\varepsilon =0.01$


$t=0$


$\omega = 1$


$\varepsilon = 0.01$


$t=\frac {5}{2}\pi $


$\omega = 10$


$\varepsilon =0.01$


$t=0$


$k=1$


$\omega =1$


$p$


$p>\frac {1}{4}$


$p$


$p=\frac {1}{3}$


$p=1$


$\hat {\beta }$


$\mathcal {O}(\varepsilon )$


$p$


$p$


$t=\frac {5\pi }{2}$


\begin {align}\begin {cases} y'(t) &= \mathbf {F}(t,y), \qquad t>t_0,\\ y(t_0) &= y_0, \end {cases}\end {align}


$y(t)$


$\mathbf {F}$


$\Delta t$


$t^n$


$t^{n+1}=t^n+\Delta t$


\begin {align*}\mathbf {k}_1 &= \mathbf {F}(y^n,t^n), \\ \mathbf {k}_2 &= \mathbf {F}\!\left (y^n + \tfrac {\Delta t}{2}\mathbf {k}_1,\, t^n + \tfrac {\Delta t}{2}\right ), \\ \mathbf {k}_3 &= \mathbf {F}\!\left (y^n + \tfrac {\Delta t}{2}\mathbf {k}_2,\, t^n + \tfrac {\Delta t}{2}\right ), \\ \mathbf {k}_4 &= \mathbf {F}\!\left (y^n + \Delta t\,\mathbf {k}_3,\, t^n + \Delta t\right ).\end {align*}


$t^{n+1}$


\begin {equation}\label {eq:RK4approx} y^{n+1} = y^n + \frac {\Delta t}{6} \left ( \mathbf {k}_1 + 2\mathbf {k}_2 + 2\mathbf {k}_3 + \mathbf {k}_4 \right ).\end {equation}


$\Delta t = \frac {1}{10}$


$\mathcal {O}(10^{-4})$


$\phi _n$


$\phi _a$


$\tilde {m}=0$


$\varepsilon \neq 0$


\begin {equation}\begin {cases} \phi '(t) = - \frac {p}{1+\beta }[\phi (t) + \psi (t)] - \frac {\varepsilon }{1+\beta }[\phi (t) + \psi (t)]{}^3 + \frac {1-\beta }{1+\beta }\psi (t), \\ \phi (0) = \frac {1}{2}f(0). \end {cases} \label {Xeqn81-86}\end {equation}


$\phi _n$


$\phi _a$


$\varepsilon =0.01$


$\phi _n$


$\phi _a$


$\tilde {m} = 0$


$\varepsilon \neq 0$


$t=7.5\pi $


$\phi _n$


$\phi _a$


$\phi _n - \phi _a$


$p$


$\beta $


$(<0.1)$


$\tilde {m} \neq 0$


$\varepsilon \neq 0$


$\beta =\mathcal {O}(1)$


\begin {equation}\label {eq:auxiliarystatevariable} y_1(t) = \phi (t), \qquad y_2(t) = \phi '(t).\end {equation}


\begin {equation}\begin {cases} y_1'(t) &= y_2(t), \\ y_2'(t) &= -(1+\beta )\,y_2(t) - p\,y_1(t) - \varepsilon ( y_1(t) + \psi (t) ){}^3 - \psi ''(t) + (1-\beta )\psi '(t) - p\psi (t). \end {cases} \label {eq:secondorderfirstordersystem}\end {equation}


\begin {equation}\label {eq:ICnumerical} \begin {cases} y_1(0) = \phi (0) = \frac {1}{2} f(0), \\ y_2(0) = \phi '(0) = -\frac {1}{2} f'(0) + \frac {1}{2}g(0). \end {cases}\end {equation}


$((1+\beta ){}^2>4p)$


$((1+\beta ){}^2=4p)$


$((1+\beta ){}^2<4p)$


$\phi _n$


$\phi _a$


$\tilde {m} = 0$


$\varepsilon \neq 0$


$\beta = \mathcal {O}(1)$


$t=10\pi $


$(1+\beta ){}^2>4p$


$\phi _n$


$\phi _a$


$\phi _n - \phi _a$


$(1+\beta ){}^2=4p$


$\phi _n$


$\phi _a$


$\phi _n - \phi _a$


$(1+\beta ){}^2<4p$


$\phi _n$


$\phi _a$


$\phi _n - \phi _a$


$\varepsilon = 0.01$


$t = 7.5\pi $


$\phi _n$


$\phi _a$


$(<0.1)$


$p$


$\beta $


$p$


$\beta $


$\beta =\mathcal {O}(\varepsilon )$


$p<\tfrac {1}{4}$


$p=\tfrac {1}{4}$


$p>\tfrac {1}{4}$


$m=0$


$\varepsilon =0$


$E(t)$


\begin {equation}E(t) = \frac {1}{2} \int _0^\infty \left ( u_t^2 (x,t) + u_x^2 (x,t) \right ) \mathrm {d}x + \frac {1}{2}pu^2(0,t). \label {Xeqn85-90}\end {equation}


$E(t)$


\begin {align}\frac {\mathrm {d} E(t)}{\mathrm {d}t} &= \int _0^\infty \left [ u_t u_{tt} + u_x u_{xt} \right ] \mathrm {d}x + pu(0,t)u_t(0,t), \notag \\ &= \int _0^\infty u_t u_{tt} \, \mathrm {d}x + \int _0^\infty u_x u_{xt} \, \mathrm {d}x + pu(0,t)u_t(0,t), \notag \\ &= \int _0^\infty u_t u_{tt} \, \mathrm {d}x + \int _0^\infty u_x \frac {\mathrm {d} u_t}{\mathrm {d}x} \, \mathrm {d}x + pu(0,t)u_t(0,t), \notag \\ &= \int _0^\infty u_t u_{tt} \, \mathrm {d}x + \left [ u_x u_t \right ]_0^\infty - \int _0^\infty u_{xx} u_t \, \mathrm {d}x + pu(0,t)u_t(0,t)\notag \\ &= \int _0^\infty u_t \left ( u_{tt} - u_{xx} \right ) \mathrm {d}x + \left [ u_x u_t \right ]_0^\infty + pu(0,t)u_t(0,t).\end {align}


$u_{tt} - u_{xx} = 0$


\begin {equation}\frac {\mathrm {d}E(t)}{\mathrm {d}t} = \left [ u_x u_t \right ]_0^\infty + pu(0,t)u_t(0,t). \label {Xeqn86-92}\end {equation}


$x=\infty $


\begin {equation}\frac {\mathrm {d}E(t)}{\mathrm {d}t} = -u_x (0,t) u_t (0,t) + pu(0,t)u_t(0,t). \label {Xeqn87-93}\end {equation}


$u_x (0,t) = p u(0,t) + \beta u_t (0,t)$


\begin {align}\frac {\mathrm {d}E(t)}{\mathrm {d}t} &= -\left ( p u(0,t) + \beta u_t (0,t) \right ) u_t (0,t) + pu(0,t)u_t(0,t), \notag \\ &= - \beta u_t^2 (0,t).\end {align}


\begin {equation}\label {eq:energy1} \frac {\mathrm {d}E (t)}{\mathrm {d}t} = -\beta u_t^2 (0,t) \leq 0.\end {equation}


$E(t)$


$m = 0$


$\varepsilon = 0$


$p=0$


$\beta \neq 0; \quad p \neq 0$


$u(x,0)=f(x), u_t(x,0)=g(x)$


\begin {equation}\label {eq:initialconditionforenergy} \begin {split} f(x) = \begin {cases} \sin ^2(x), & \text {for } 2\pi \leq x \leq 3\pi , \\ 0, & \text {elsewhere}. \end {cases}; \quad g(x) = \begin {cases} \sin (2x), & \text {for } 2\pi \leq x \leq 3\pi , \\ 0, & \text {elsewhere}. \end {cases} \end {split}\end {equation}


$p=0$


$\beta = 0$


$E(t)=E(0)$


$\beta =0$


$\beta $


$\beta $


$p$


$\beta $


$p$


$\beta $


$p$


$m \neq 0$


$\varepsilon =0$


$E(t)$


$m$


\begin {equation}\begin {split} E(t) &= \frac {1}{2} \int _0^\infty \left ( u_t^2 (x,t) + u_x^2 (x,t) \right ) \mathrm {d} x + \frac {1}{2} u_t^2 (0,t) + \frac {1}{2} p u^2 (0,t). \end {split} \label {Xeqn90-97}\end {equation}


$E(t)$


\begin {equation}\frac {\mathrm {d}E(t)}{\mathrm {d}t} = \left [ u_x u_t \right ]_0^\infty + u_t(0,t) u_{tt}(0,t)+ pu(0,t)u_t(0,t). \label {Xeqn91-98}\end {equation}


$x=\infty $


$u_x (0,t) = u_{tt} (0,t) + p u(0,t) + \beta u_t (0,t)$


\begin {equation}\label {eq:energy2} \frac {\mathrm {d}E(t)}{\mathrm {d}t} = -\beta u_t^2 (0,t) \leq 0.\end {equation}


$m \neq 0$


$\varepsilon = 0$


$\beta $


$p$


$\beta =1$


$p$


$t$


$\beta =0$


$\beta $


$p$


$p={0}.5$


$\beta =1$


$\beta $


$\beta =4$


$\beta =1$


$m=0$


$\varepsilon \neq 0$


$E(t)$


\begin {equation}\begin {split} E(t) &= \frac {1}{2} \int _0^\infty \left ( u_t^2 (x,t) + u_x^2 (x,t) \right ) \mathrm {d} x + \frac {1}{2}pu^2(0,t) + \frac {\varepsilon }{4}u^4(0,t). \end {split} \label {Xeqn93-100}\end {equation}


$u_{tt} - u_{xx} = 0$


$E(t)$


\begin {equation}\begin {split} \frac {\mathrm {d} E(t)}{\mathrm {d} t} &= \left [ u_x u_t \right ]_0^\infty + pu(0,t)u_t(0,t) + \varepsilon u^3(0,t) u_t(0,t). \end {split} \label {Xeqn94-101}\end {equation}


$x=\infty $


$u_x (0,t) = p u(0,t) + \beta u_t (0,t)$


$\varepsilon u^3(0,t)$


\begin {equation}\label {eq:energydissprob3} \frac {\mathrm {d} E(t)}{\mathrm {d}t} = -\beta u_t^2 (0,t) \leq 0.\end {equation}


$E(t)$


$m = 0$


$\varepsilon \neq 0$


$\beta =0$


$E(t)=E(0)$


$\beta $


$\beta $


$p$


$\beta $


$p$


$m \neq 0$


$\varepsilon \neq 0$


$E(t)$


\begin {equation}E(t) = \frac {1}{2} \int _0^\infty \left ( u_t^2 (x,t) + u_x^2 (x,t) \right ) \mathrm {d}x + \frac {1}{2} u_t^2 (0,t) + \frac {1}{2} p u^2 (0,t) + \frac {\varepsilon }{4}u^4(0,t). \label {Xeqn96-103}\end {equation}


$E(t)$


\begin {equation}\label {eq:totalenergydecreaseproblem4} \frac {\mathrm {d} E(t)}{\mathrm {d} t} = -\beta u_t^2 (0,t) \leq 0,\end {equation}


\begin {equation}E(t) \leq E(0), \quad \text {for all } t \geq 0. \label {Xeqn98-105}\end {equation}


$m \neq 0$


$\varepsilon \neq 0$


$t$


$\varepsilon =0.01$


$\omega =1$


$k=1$


$\beta =0$


$\beta > 0$


$\beta $


$p$


$p$


$0.5$


$\beta $


$\beta $


$\beta =1$


$p$


$p=1$


$p=1.5$


$\mathcal {O}(1)$


$\mathcal {O}({\varepsilon }))$


$\beta $


$\beta $


$\mathcal {O}(1)$


$\beta $


$p$


$\beta $


$\mathcal {O}(\varepsilon )$


$p$


$\beta $


$\mathcal {O}(\varepsilon )$


$\beta =0$


$\beta =1$


$\beta =1$


$(1+\beta ){}^2<4p$


\begin {equation*}\begin {aligned} F_c(\hat t)&=\int _0^{\hat t} \mathrm {e}^{\theta s}\cos (\kappa s)\,f(s)\,\mathrm {d}s. \\ F_s(\hat t)&=\int _0^{\hat t} \mathrm {e}^{\theta s}\sin (\kappa s)\,f(s)\,\mathrm {d}s.\\ G_c(\hat t)&=\int _0^{\hat t} \mathrm {e}^{\theta s}\cos (\kappa s)\,g(s)\,\mathrm {d}s.\\ G_s(\hat t)&=\int _0^{\hat t} \mathrm {e}^{\theta s}\sin (\kappa s)\,g(s)\,\mathrm {d}s.\\ H_c(\hat t)&=\int _0^{\hat t} \mathrm {e}^{\theta s}\cos (\kappa s)\Big (\int _0^s g(v)\,dv\Big )\,\mathrm {d}s.\\ H_s(\hat t)&=\int _0^{\hat t} \mathrm {e}^{\theta s}\sin (\kappa s)\Big (\int _0^s g(v)\,dv\Big )\,\mathrm {d}s. \end {aligned}\end {equation*}


$\beta = \mathcal {O}({1})$


$\psi ^3(t)$


$\phi _{0_{t \tau }}$


$\phi _{0_\tau }$


$\phi _0^3$


$\phi _0^2$


$\psi (t)$


$\phi _0 \psi ^2 (t)$


\begin {align*}\psi ^3 (t): & \quad \text {does not contain secular terms.} \\ \phi _{0_{t \tau }}: & \quad \frac {\mathrm {d} \mathcal {A}_0 (\tau )}{\mathrm {d} \tau } r_1 \mathrm {e}^{r_1 t} + \frac {\mathrm {d} \mathcal {B}_0 (\tau )}{\mathrm {d} \tau } r_2 \mathrm {e}^{r_2 t}. \\ \phi _{0_\tau }: & \quad \frac {\mathrm {d} \mathcal {A}_0 (\tau )}{\mathrm {d} \tau } \mathrm {e}^{r_1 t} + \frac {\mathrm {d} \mathcal {B}_0 (\tau )}{\mathrm {d} \tau } \mathrm {e}^{r_2 t}. \\ \phi _0^3: & \quad -\tfrac {3}{2} (c_1^2 + c_2^2) \left (\mathcal {A}_0 (\tau ) \mathrm {e}^{r_1 t} + \mathcal {B}_0 (\tau ) \mathrm {e}^{r_2 t}\right ). \\ \phi _0^2 \psi (t): & \quad -kc_2 \left (\mathcal {A}_0 (\tau ) \mathrm {e}^{r_1 t} + \mathcal {B}_0 (\tau ) \mathrm {e}^{r_2 t}\right ). \\ \phi _0 \psi ^2 (t): & \quad \tfrac {1}{2} k^2 \left (\mathcal {A}_0 (\tau ) \mathrm {e}^{r_1 t} + \mathcal {B}_0 (\tau ) \mathrm {e}^{r_2 t}\right ).\end {align*}


$\beta = \mathcal {O}({1})$


$m \neq 0, \varepsilon \neq 0,$


$(1+\beta ){}^2 = 4p$


\begin {align*}\mathcal {A}_{1} &= -(a_{1}+a_{3}+U_{0}+\upsilon _{0}+\hat {\upsilon }_{0}), \\ \mathcal {B}_{1} &= -r(a_{1}+a_{3}+U_{0}+\upsilon _{0}+\hat {\upsilon }_{0}) -\Bigl [\omega (b_{1}+3b_{3})+(3rU_{0}+U_{1})+(2r\upsilon _{0}+\upsilon _{1}+\omega \nu _{0}) +(\hat {\upsilon }_{1}+2\omega \hat {\nu }_{0}+r\hat {\upsilon }_{0})\Bigr ], \\ \phi _{1,P}(t) &= a_{1}\cos (\omega t)+b_{1}\sin (\omega t) +a_{3}\cos (3\omega t)+b_{3}\sin (3\omega t), \\ K_{1} &= -\tfrac {3}{4}c_{1}(c_{1}^{2}+c_{2}^{2})-\tfrac {3}{2}kc_{1}c_{2}-\tfrac {3}{4}k^{2}c_{1}, \\ K_{2} &= -\tfrac {3}{4}c_{2}(3c_{1}^{2}+c_{2}^{2})-\tfrac {3}{4}kc_{1}^{2} -\tfrac {9}{4}k^{2}c_{2}-\tfrac {3}{4}k^{3}, \\ K_{5} &= -\tfrac {1}{4}c_{1}(c_{1}-3c_{2}^{2})+\tfrac {3}{2}kc_{1}c_{2}+\tfrac {3}{4}k^{2}c_{1}, \\ K_{6} &= -\tfrac {1}{4}c_{2}(3c_{1}^{2}-c_{2}^{2})-\tfrac {3}{4}k(c_{1}^{2}-c_{2}^{2}) +\tfrac {3}{4}k^{2}c_{2}+\tfrac {1}{4}k^{3}, \\ a_{n} &= \frac {(p-(n\omega ){}^{2})K_{2n-1}+(1+\beta )n\omega K_{2n}} {(p-(n\omega ){}^{2}){}^{2}+((1+\beta )n\omega ){}^{2}}, \\ b_{n} &= \frac {(p-(n\omega ){}^{2})K_{2n}-(1+\beta )n\omega K_{2n-1}} {(p-(n\omega ){}^{2}){}^{2}+((1+\beta )n\omega ){}^{2}}, \\ U_{3} &= -\frac {\mathcal {B}_{0}^{3}}{4r^{2}}, \\ U_{2} &= \frac {3}{4r^{2}}\mathcal {B}_{0}^{2}\!\left (-\mathcal {A}_{0}+\frac {\mathcal {B}_{0}}{r}\right ), \\ U_{1} &= \frac {-6r^{2}\mathcal {A}_{0}^{2}\mathcal {B}_{0}+12r\mathcal {A}_{0}\mathcal {B}_{0}^{2}-9\mathcal {B}_{0}^{3}}{8r^{2}}, \\ U_{0} &= \frac {-2r^{3}\mathcal {A}_{0}^{3}+6r^{4}\mathcal {A}_{0}^{2}\mathcal {B}_{0}+(3-12r^{2})r\mathcal {A}_{0}\mathcal {B}_{0}^{2} +(9r^{2}-3)\mathcal {B}_{0}^{3}}{8r^{5}}, \\ \upsilon _{2} &= -\frac {3\mathcal {B}_{0}^{2}}{(r^{2}+\omega ^{2}){}^{2}} \Bigl [(r^{2}-\omega ^{2})c_{1}+2r\omega (c_{2}+k)\Bigr ], \\ \nu _{2} &= -\frac {3\mathcal {B}_{0}^{2}}{(r^{2}+\omega ^{2}){}^{2}} \Bigl [(r^{2}-\omega ^{2})(c_{2}+k)-2r\omega c_{1}\Bigr ], \\ \upsilon _{1} &= \frac {(r^{2}-\omega ^{2})X_{1}+2r\omega Y_{1}}{(r^{2}+\omega ^{2}){}^{2}}, \\ \nu _{1} &= \frac {-2r\omega X_{1}+(r^{2}-\omega ^{2})Y_{1}}{(r^{2}+\omega ^{2}){}^{2}}, \\ X_{1} &= -6\mathcal {A}_{0}\mathcal {B}_{0}c_{1}-2S_{1}, \\ Y_{1} &= -6\mathcal {A}_{0}\mathcal {B}_{0}(c_{2}+k)-2S_{2}, \\ S_{1} &= 2r\upsilon _{2}-2\omega \nu _{2}, \\ S_{2} &= 2\omega \upsilon _{2}+2r\nu _{2}, \\ \upsilon _{0} &= \frac {(r^{2}-\omega ^{2})X_{0}+2r\omega Y_{0}}{(r^{2}+\omega ^{2}){}^{2}}, \\ \nu _{0} &= \frac {-2r\omega X_{0}+(r^{2}-\omega ^{2})Y_{0}}{(r^{2}+\omega ^{2}){}^{2}}, \\ X_{0} &= -3\mathcal {A}_{0}^{2}c_{1}-(2r\upsilon _{1}-2\omega \nu _{1})-2\upsilon _{2}, \\ Y_{0} &= -3\mathcal {A}_{0}^{2}(c_{2}+k)-(2\omega \upsilon _{1}+2r\nu _{1})-2\nu _{2}, \\ \tilde {\upsilon }_{1} &= \frac {3\mathcal {B}_{0}}{4\omega ^{2}}T_{c}, \\ \tilde {\nu }_{1} &= \frac {3\mathcal {B}_{0}}{4\omega ^{2}}T_{s}, \\ \tilde {\upsilon }_{0} &= \frac {3}{4\omega ^{2}}\left (\mathcal {A}_{0}T_{c}-\tfrac {\mathcal {B}_{0}}{\omega }T_{s}\right ), \\ \tilde {\nu }_{0} &= \frac {3}{4\omega ^{2}}\left (\mathcal {A}_{0}T_{s}-\tfrac {\mathcal {B}_{0}}{\omega }T_{c}\right ), \\ T_{c} &= \tfrac {1}{2}(c_{1}^{2}-c_{2}^{2})-kc_{2}-\tfrac {1}{2}k^{2}, \\ T_{s} &= c_{1}c_{2}+kc_{1}.\end {align*}


$\beta = \mathcal {O}({1})$


$\psi ^3(t)$


$\phi _{0_{t \tau }}$


$\phi _{0_\tau }$


$\phi _0^3$


$\phi _0^2$


$\psi (t)$


$\phi _0 \psi ^2 (t)$


\begin {align*}\psi ^3 (t): & \quad \text {does not contain secular terms.}\\ \phi _{0_\tau }:& \quad \frac {\mathrm {d} \mathcal {A}_0(\tau )}{\mathrm {d} \tau } \mathrm {e}^{r t} \cos (\mu t) + \frac {\mathrm {d} \mathcal {B}_0(\tau )}{\mathrm {d} \tau } \mathrm {e}^{r t} \sin (\mu t).\\ \phi _{0_t\tau }:& \quad \left [ \frac {\mathrm {d} \mathcal {A}_0(\tau )}{\mathrm {d} \tau } r + \frac {\mathrm {d} \mathcal {B}_0(\tau )}{\mathrm {d} \tau } \mu \right ] \mathrm {e}^{r t} \cos (\mu t) + \left [ \frac {\mathrm {d} \mathcal {B}_0(\tau )}{\mathrm {d} \tau } r - \frac {\mathrm {d} \mathcal {A}_0(\tau )}{\mathrm {d} \tau } \mu \right ] \mathrm {e}^{r t} \sin (\mu t).\\ \phi _0^3:& \quad \frac {3}{2} \left ( c_1^2 + c_2^2 \right ) \left ( \mathcal {A}_0(\tau ) \mathrm {e}^{r t} \cos (\mu t) + \mathcal {B}_0(\tau ) \mathrm {e}^{r t} \sin (\mu t) \right ).\\ \phi _0^2 \psi (t):& \quad k c_2 \left ( \mathcal {A}_0(\tau ) \mathrm {e}^{r t} \cos (\mu t) + \mathcal {B}_0(\tau ) \mathrm {e}^{r t} \sin (\mu t) \right ).\\ \phi _0 \psi ^2(t):& \quad \frac {1}{2} k^2 \left ( \mathcal {A}_0(\tau ) \mathrm {e}^{r t} \cos (\mu t) + \mathcal {B}_0(\tau ) \mathrm {e}^{r t} \sin (\mu t) \right ).\end {align*}


$\beta = \mathcal {O}({\varepsilon })$


$\psi _t(t)$


$\psi ^3(t)$


$\phi _{0_{t \tau }}$


$\phi _{0_t}$


$\phi _{0_\tau }$


$\phi _0^3$


$\phi _0^2$


$\psi (t)$


$\phi _0 \psi ^2 (t)$


\begin {align*}\psi _t (t): & \quad \text {does not contain secular terms.} \\ \psi ^3 (t): & \quad \text {does not contain secular terms.} \\ \phi _{0_{t \tau }}: & \quad \frac {\mathrm {d} \mathcal {A}_0 (\tau )}{\mathrm {d} \tau } r_1 \mathrm {e}^{r_1 t} + \frac {\mathrm {d} \mathcal {B}_0 (\tau )}{\mathrm {d} \tau } r_2 \mathrm {e}^{r_2 t}. \\ \phi _{0_t}: & \quad r_1 \mathcal {A}_0 (\tau ) \mathrm {e}^{r_1 t} + r_2 \mathcal {B}_0 (\tau ) \mathrm {e}^{r_2 t}. \\ \phi _{0_\tau }: & \quad \frac {\mathrm {d} \mathcal {A}_0 (\tau )}{\mathrm {d} \tau } \mathrm {e}^{r_1 t} + \frac {\mathrm {d} \mathcal {B}_0 (\tau )}{\mathrm {d} \tau } \mathrm {e}^{r_2 t}. \\ \phi _0^3: & \quad \frac {3}{2} \left ( c_3^2 + c_4^2 \right ) \left (\mathcal {A}_0 (\tau ) \mathrm {e}^{r_1 t} + \mathcal {B}_0 (\tau ) \mathrm {e}^{r_2 t}\right ). \\ \phi _0^2 \psi (t): & \quad kc_4 \left (\mathcal {A}_0 (\tau ) \mathrm {e}^{r_1 t} + \mathcal {B}_0 (\tau ) \mathrm {e}^{r_2 t}\right ). \\ \phi _0 \psi ^2 (t): & \quad \frac {1}{2} k^2 \left (\mathcal {A}_0 (\tau ) \mathrm {e}^{r_1 t} + \mathcal {B}_0 (\tau ) \mathrm {e}^{r_2 t}\right ).\end {align*}


$\beta $


$\mathcal {O}({\varepsilon })$


$m \neq 0, \varepsilon \neq 0,$


$p = \frac {1}{4}$


\begin {align*}A_1 &= -(a_1 + a_3 + U_0 + \upsilon _0 + \hat {\upsilon }_0), \\ B_1 &= \tfrac {1}{2}(a_1 + a_3) + 2U_0 - U_1 + \tfrac {3}{2}\upsilon _0 - \upsilon _1 - \omega \nu _0 - \omega (b_1 + 3b_3) - d_0 - \hat {\upsilon }_1 - 2\omega \hat {\nu }_0, \\ \phi _{1,P} &= a_1 \cos (\omega t) + b_1 \sin (\omega t) + a_3 \cos (3\omega t) + b_3 \sin (3\omega t), \\ Q_n &= \big (\tfrac {1}{4} - (n\omega ){}^2 \big ){}^2 + (n\omega ){}^2, \\ a_n &= \frac {\big (\tfrac {1}{4} - (n\omega ){}^2 \big )K_{2n-1} + (n\omega )K_{2n}}{Q_n}, \\ b_n &= \frac {\big (\tfrac {1}{4} - (n\omega ){}^2 \big )K_{2n} - (n\omega )K_{2n-1}}{Q_n}, \\ K_1 &= -\tfrac {3}{4}c_3(c_3^2 + c_4^2) - \tfrac {3}{2}k c_3 c_4 - \tfrac {3}{4}k^2 c_3 - \hat {\beta } c_4 \omega - \hat {\beta }k\omega , \\ K_2 &= -\tfrac {3}{4}c_4(3c_3^2 + c_4^2) - \tfrac {3}{4}k c_3^2 - \tfrac {9}{4}k^2 c_4 - \tfrac {3}{4}k^3 + \hat {\beta }\omega c_3, \\ K_5 &= -\tfrac {1}{4}c_3(c_3^2 - 3c_4^2) + \tfrac {3}{2}k c_3 c_4 + \tfrac {3}{4}k^2 c_3, \\ K_6 &= -\tfrac {1}{4}c_4(3c_3^2 - c_4^2) - \tfrac {3}{4}k(c_3^2 - c_4^2) + \tfrac {3}{4}k^2 c_4 + \tfrac {1}{4}k^3, \\ U_3 &= \eta ^3, \\ U_2 &= 3c_3\eta ^2 + 6\eta ^3, \\ U_1 &= 3c_3^2 \eta + 12c_3\eta ^2 + 18\eta ^3, \\ U_0 &= c_3^3 + 6c_3^2\eta + 18c_3\eta ^2 + 24\eta ^3, \\ \eta &= \tfrac {1}{2}c_3 + c_4 \omega , \\ \upsilon _2 &= -\frac {3\eta ^2}{\Delta }(m_0 c_3 - \omega s), \\ \nu _2 &= -\frac {3\eta ^2}{\Delta }(\omega c_3 + m_0~s), \\ \upsilon _1 &= \frac {6\eta }{\Delta ^2}\big [-\Delta m_0 c_3^2 + \Delta \omega c_3~s - \eta m_0^2 c_3 - 4\eta \omega ^2 c_3 - 2\eta m_0^2~s + 2\eta m_0 \omega s + 2\eta \omega ^3\thinspace s\big ], \\ \nu _1 &= \frac {6\eta }{\Delta ^2}\big [-\Delta \omega c_3^2 - \Delta m_0 c_3~s + 2\eta m_0 \omega c_3 - 2\eta \omega ^3 c_3 + \eta m_0^2~s + 4\eta m_0 \omega ^2~s - \eta \omega ^2\thinspace s\big ], \\ \upsilon _0 &= \frac {1}{\Delta }(m_0 R_0 - \omega S_0), \\ \nu _0 &= \frac {1}{\Delta }(\omega R_0 + m_0 S_0), \\ s &= c_4 + k, \\ R_0 &= -3c_3^3 + \upsilon _1 + 2\omega \nu _1 - 2\upsilon _2, \\ S_0 &= -3s c_3^2 - 2\omega \upsilon _1 + \nu _1 - 2\nu _2, \\ m_0 &= \tfrac {1}{4} - \omega ^2, \\ \Delta &= m_0^2 + \omega ^2, \\ d_0 &= -c_3 \mathcal {H} + c_4 \omega \hat {\beta }, \\ d_1 &= (c_3 r - c_4 \omega )\left (\mathcal {H} + \tfrac {\hat {\beta }}{2}\right ), \\ \hat {\upsilon }_1 &= -\frac {3\eta (-c_3^2 + s^2)}{8\omega ^2}, \\ \hat {\nu }_1 &= -\frac {-3c_3 \eta s}{4\omega ^2}, \\ \hat {\upsilon }_0 &= -\frac {1}{4\omega ^2}\left (\tfrac {3}{2}c_3(-c_3^2 + s^2) - \frac {-3c_3 \eta s}{\omega }\right ), \\ \hat {\nu }_0 &= -\frac {1}{4\omega ^2}\left (-3c_3^2~s + \frac {3\eta (-c_3^2 + s^2)}{2\omega }\right ).\end {align*}


$\beta = \mathcal {O}({\varepsilon })$


$\psi _t(t)$


$\psi ^3(t)$


$\phi _{0_{t \tau }}$


$\phi _{0_t}$


$\phi _{0_\tau }$


$\phi _0^3$


$\phi _0^2$


$\psi (t)$


$\phi _0 \psi ^2 (t)$


\begin {align*}\psi _t (t): & \quad \text {does not contain secular terms.} \\ \psi ^3 (t): & \quad \text {does not contain secular terms.} \\ \phi _{0\tau }: & \quad \frac {\mathrm {d} \mathcal {A}_0(\tau )}{\mathrm {d} \tau } \mathrm {e}^{r t} \cos (\mu t) + \frac {\mathrm {d} \mathcal {B}_0(\tau )}{\mathrm {d} \tau } \mathrm {e}^{r t} \sin (\mu t).\\ \phi _{0_t}: & \quad \left [ r \mathcal {A}_0(\tau ) + \mu \mathcal {B}_0(\tau ) \right ] \mathrm {e}^{r t} \cos (\mu t) + \left [ - \mu \mathcal {A}_0(\tau ) + r \mathcal {B}_0(\tau ) \right ] \mathrm {e}^{r t} \sin (\mu t).\\ \phi _{0_{t\tau }}: & \quad \left [ \frac {\mathrm {d} \mathcal {A}_0(\tau )}{\mathrm {d} \tau } r + \frac {\mathrm {d} \mathcal {B}_0(\tau )}{\mathrm {d} \tau } \mu \right ] \mathrm {e}^{r t} \cos (\mu t) + \left [ \frac {\mathrm {d} \mathcal {B}_0(\tau )}{\mathrm {d} \tau } r - \frac {\mathrm {d} \mathcal {A}_0(\tau )}{\mathrm {d} \tau } \mu \right ] \mathrm {e}^{r t} \sin (\mu t).\\ \phi _0^3: & \quad \frac {3}{2} \left ( c_3^2 + c_4^2 \right ) \left ( \mathcal {A}_0(\tau ) \mathrm {e}^{r t} \cos (\mu t) + \mathcal {B}_0(\tau ) \mathrm {e}^{r t} \sin (\mu t) \right ).\\ \phi _0^2 \psi (t): & \quad k c_4 \left ( \mathcal {A}_0(\tau ) \mathrm {e}^{r t} \cos (\mu t) + \mathcal {B}_0(\tau ) \mathrm {e}^{r t} \sin (\mu t) \right ).\\ \phi _0 \psi ^2(t): & \quad \frac {1}{2} k^2 \left ( \mathcal {A}_0(\tau ) \mathrm {e}^{r t} \cos (\mu t) + \mathcal {B}_0(\tau ) \mathrm {e}^{r t} \sin (\mu t) \right ).\end {align*}
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Fig. 1. The tuned mass damper (TMD) system at 𝑥̃ = 0.

and lumped mass. In practical engineering systems, strings are finite in length, leading to wave reflections at both boundaries and 
complicating the analysis of boundary support effectiveness. However, this fixed-end configuration fails to accurately represent 
engineering practice due to the complexity of real-world working environments and the elasticity of support materials [21]. On 
the other hand, a semi-infinite string simplifies this by isolating the interaction with a single boundary. By analyzing the reflected 
wave profile and energy dissipation, this model provides insight into the efficiency of boundary support in suppressing vibration.

Akkaya and van Horssen [1,22] considered properties of reflection and damping for semi-infinite string equations using the 
D’Alembert method. However, the boundary conditions (BCs) for vibrating strings in these studies are primarily linear, excluding 
nonlinear effects. When nonlinear terms are introduced, obtaining exact analytical solutions for such systems is usually impossible, 
significantly increasing the complexity of the solution [23]. To address these complex boundary-value problems, researchers have 
turned to approximate analytical methods, with the Method of Multiple Scales being a notable example. This method provides a 
systematic framework for analyzing nonlinear vibration behavior and resonance-induced amplitude variations while ensuring uni-
formly valid approximations [24,25]. Darmawijoyo and van Horssen [12,20] also constructed asymptotic approximations to study 
such IBVPs for a weakly nonlinear string equation with a non-classical linear BC by a multiple scales perturbation (MSP) method.

Reflected waves in semi-infinite rods with a (non-)linear boundary stiffness have been investigated [26–29]. However, the authors 
assumed that the reflected wave takes a specific form. In this study, we will show that the waveforms are derived from our calculations 
and apply to all ICs. The main objective is to model and understand wave damping and reflection in semi-infinite strings by solving 
IBVPs for partial differential equations (PDEs). In this study, we will consider linear and nonlinear spring systems at the boundary. 
The well-known D’Alembert formula is used throughout this paper to describe the general solution of the wave equation with the 
corresponding initial velocity and displacement [30,31]. An MSP method is used to approximate the solution of the nonlinear problem.

This paper is organized as follows. In Section 2, we will introduce the IBVPs that describe the transverse vibrations of a semi-
infinite string under different BCs. In this section, we also implement a simple rescaling to put the IBVP in a non-dimensional form. 
In Section 3, we will introduce the analysis method to address the problems identified in Section 2. In Section 4, we will study four 
types of TMD system: (1) no mass and a linear spring, (2) no mass and a nonlinear spring, (3) a mass with a linear spring, and (4) a 
mass with a nonlinear spring. For the last type of BC, we also consider two cases for the damping coefficient: a large one and a small 
one. For the nonlinear parts, we are using the MSP method to approximate the solutions. In Section 5, the total energy and its rate of 
change in time are presented for the different cases studied in Section 3. Finally, in Section 6, conclusions are drawn, and suggestions 
for future research are discussed.

2.  Formulation of the model

In this paper, we consider a TMD system attached to one end of a semi-infinite string-like material as shown in Fig. 1, where 𝑢̃ and 
𝑥̃ are the vertical displacement and the horizontal coordinate, respectively, 𝑐2 = 

𝜌  is the wave velocity,   is the (assumed) constant 
tension in the string, 𝜌 is the mass-density of the string, 𝑡 is time, 𝑚̃ is a mass, 𝑘1 and 𝑘3 are the linear and cubic nonlinear stiffness 
coefficients of the spring, 𝛼 is a damping coefficient, 𝑓 is the initial vertical displacement of the string, and 𝑔̃ is the initial vertical 
velocity of the string. All constants are non-negative. We will consider a string of semi-infinite length, extending in the positive 
direction from 𝑥̃ = 0, where at 𝑥̃ = 0 a TMD system has been attached.

The IBVP is given by:
PDE: 𝑢̃𝑡𝑡 − 𝑐2𝑢̃𝑥̃𝑥̃ = 0, 𝑥̃ > 0, 𝑡 > 0,

ICs: 𝑢̃(𝑥̃, 0) = 𝑓 (𝑥̃), 𝑢̃𝑡(𝑥̃, 0) = 𝑔̃(𝑥̃), 𝑥̃ ≥ 0,

BC: 𝑚̃𝑢̃𝑡𝑡(0, 𝑡) =  𝑢̃𝑥̃(0, 𝑡) − 𝑘1𝑢̃(0, 𝑡) − 𝑘3𝑢̃3(0, 𝑡) − 𝛼𝑢̃𝑡(0, 𝑡), 𝑡 ≥ 0.

(1)

To put the IBVP (1) in a non-dimensional form, we use the following dimensionless quantities:

𝑥̃ = 𝑥𝐿, 𝑡 = 𝑡𝑇 , 𝑢̃ = 𝑢𝐿, 𝑓 = 𝑓𝐿, 𝑔̃ =
𝑔𝐿
𝑇
,
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where 𝐿 and 𝑇  are some dimensional characteristic quantities for length and time, respectively. By inserting these non-dimensional 
quantities into (1), we obtain the following dimensionless IBVP:

PDE: 𝑢𝑡𝑡 − 𝑢𝑥𝑥 = 0, 𝑥 > 0, 𝑡 > 0,

ICs: 𝑢(𝑥, 0) = 𝑓 (𝑥), 𝑢𝑡(𝑥, 0) = 𝑔(𝑥), 𝑥 ≥ 0,

BC:

{

𝑢𝑡𝑡(0, 𝑡) = 𝑢𝑥(0, 𝑡) − 𝑝𝑢(0, 𝑡) − 𝜀𝑢3(0, 𝑡) − 𝛽𝑢𝑡(0, 𝑡), (for 𝑚̃ > 0),
𝑢𝑥(0, 𝑡) = 𝛽𝑢𝑡(0, 𝑡) + 𝑝̃𝑢(0, 𝑡) + 𝜀̃𝑢3(0, 𝑡), (for 𝑚̃ = 0),

for 𝑡 ≥ 0, 𝛽 ≥ 0, 𝑝 ≥ 0, 𝜀 ≥ 0, 𝛽 ≥ 0, 𝑝̃ ≥ 0, 𝜀̃ ≥ 0,

(2)

where 𝑓 ∈ 𝐶2 and 𝑔 ∈ 𝐶1, with 𝑐2𝑇 2

𝐿2 = 1. For 𝑚̃ > 0, we choose  𝑇 2

𝑚̃𝐿 = 1, 𝑘3 = 𝑚̃
𝐿𝑇 2 , 𝑝 = 𝑘1𝑐

 , 𝜀 = 𝑘3𝐿2𝑇 2

𝑚̃ , and 𝛽 = 𝛼𝑐
 . For 𝑚̃ = 0, we 

choose 𝛽 = 𝛼𝐿
 , 𝑝̃ =

𝑘1𝐿
 , and 𝜀̃ = 𝑘3𝐿3

 . We assume that 0 ≤ 𝜀 ≪ 1 and 0 ≤ 𝜀̃ ≪ 1. For convenience, we drop the ‘tilde’ sign for the 
𝑚̃ = 0 problems in (2).

A similar study was conducted by Akkaya and van Horssen in [32], focusing on linear problems. In that study, 𝑓 and 𝑔 are 
considered to be two independent functions. However, from a physical perspective, this is not always applicable. For example, when 
we consider our ICs in (2), when 𝑥 = 0:

𝑢(𝑥, 0) = 𝑓 (𝑥) → 𝑢(0, 0) = 𝑓 (0),

𝑢𝑥(𝑥, 0) = 𝑓𝑥(𝑥) → 𝑢𝑥(0, 0) = 𝑓𝑥(0),

𝑢𝑥𝑥(𝑥, 0) = 𝑓𝑥𝑥(𝑥) → 𝑢𝑥𝑥(0, 0) = 𝑓𝑥𝑥(0),

𝑢𝑡(𝑥, 0) = 𝑔(𝑥) → 𝑢𝑡(0) = 𝑔(0), (3)

and from the first BC in (2), it then follows for 𝑡 = 0 that
𝑓𝑥𝑥(0) = 𝑓𝑥(0) − 𝑝𝑓 (0) − 𝜀(𝑓 (0))3 − 𝛽𝑔(0), 𝛽 ≥ 0, 𝑝 ≥ 0, 𝜀 ≥ 0. (4)

From Eq. (4), we can see that 𝑓 and 𝑔 depend on each other. Therefore, in this study, 𝑓 and 𝑔 are not treated as two independent 
functions. Consequently, the solutions provided in this paper are applicable to a larger class of ICs (including linear BCs).

3.  Method of analysis

In this study, we will examine four distinct problems, specifically addressing the following scenarios:

1. 𝑚̃ = 0, 𝜀 = 0,
2. 𝑚̃ ≠ 0, 𝜀 = 0,
3. 𝑚̃ = 0, 𝜀 ≠ 0,
4. 𝑚̃ ≠ 0, 𝜀 ≠ 0.

The well-known D’Alembert formula [30] is used to construct the solution.

𝑢(𝑥, 𝑡) =

{

1
2𝑓 (𝑥 + 𝑡) +

1
2𝑓 (𝑥 − 𝑡) +

1
2 ∫

𝑥+𝑡
𝑥−𝑡 𝑔(𝑠) d𝑠, for 𝑥 − 𝑡 > 0,

1
2𝑓 (𝑥 + 𝑡) +

1
2 ∫

𝑥+𝑡
0 𝑔(𝑠) d𝑠 + 1

2𝑓 (𝑥 − 𝑡) −
1
2 ∫

𝑥−𝑡
0 𝑔(𝑠) d𝑠, for 𝑥 − 𝑡 < 0.

(5)

The D’Alembert method was chosen for its straightforwardness and sophistication. Specifically, this method, grounded in wave prop-
agation, facilitates a more straightforward physical interpretation. Additionally, it does not require information on the frequency 
spectrum and eigenfunctions. Furthermore, this approach is well-suited not only to classical BCs but also to non-classical ones [33]. 
Note that the formula for (𝑥 − 𝑡) < 0 is not defined for the negative arguments, since the ICs are only defined for the positive argu-
ments, as we can see from (2). Although the physical domain is restricted to 𝑥 ≥ 0, the reflected wave is represented by extending 
the solution to 𝑥 < 0 using the method of images. This extension does not correspond to a physical medium in the negative spatial 
domain but serves as a mathematical construction that enforces the BC at 𝑥 = 0. By defining a suitable symmetric or antisymmetric 
continuation of the incident wave across the boundary, the superposition of incident and image waves yields the correct reflected 
wave when the solution is restricted back to the physical domain. This approach is standard in D’Alembert-type formulations and 
provides an exact representation of wave reflection at boundaries.

Let us define

𝜓(𝑥 + 𝑡) = 1
2
𝑓 (𝑥 + 𝑡) + 1

2 ∫

𝑥+𝑡

0
𝑔(𝑠) d𝑠, (6)

for 𝑥 − 𝑡 < 0 and 𝑥 − 𝑡 < 𝑠 < 0,

𝜙(𝑡 − 𝑥) = 1
2
𝑓 (𝑥 − 𝑡) − 1

2 ∫

𝑥−𝑡

0
𝑔(𝑠) d𝑠. (7)

In this study, 𝜙(𝑡 − 𝑥) denotes the unknown function we seek. We will formulate the problem for 𝜙(𝑡 − 𝑥) as a problem for an 
Ordinary Differential Equation (ODE), and we will express the solution in the known function 𝜓(𝑥 + 𝑡). Hence, our general solution 
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Fig. 2. A single sine wave and its reflections for the problem with 𝑚̃ = 0, 𝜀 = 0, for different values of 𝛽 and 𝑝 at time: (a) 𝑡 = 0 and (b) 𝑡 = 5
2
𝜋.

is given by

𝑢(𝑥, 𝑡) =

{

1
2𝑓 (𝑥 + 𝑡) +

1
2𝑓 (𝑥 − 𝑡) +

1
2 ∫

𝑥+𝑡
𝑥−𝑡 𝑔(𝑠) d𝑠, 𝑥 − 𝑡 > 0,

1
2𝑓 (𝑥 + 𝑡) +

1
2 ∫

𝑥+𝑡
0 𝑔(𝑠) d𝑠 + 𝜙(𝑡 − 𝑥), 𝑥 − 𝑡 < 0.

(8)

Nevertheless, it is usually unfeasible to obtain the exact solution for a nonlinear problem. Therefore, an accurate approximation 
is required for this problem. To approximate the solution of the nonlinear problem (𝜀 ≠ 0), we will use the MSP method.

4.  Analysis

4.1.  The problem with 𝑚̃ = 0 and 𝜀 = 0

This problem is similar to [32], where it is assumed that 𝑓 and 𝑔 are independent of each other at 𝑥 = 0. However, we will extend 
the problem to the case where 𝑓 and 𝑔 are not independent at 𝑥 = 0.

The exact solution for 𝑢(𝑥, 𝑡) can be determined by substituting the D’Alembert formula (5) into BC (2) for 𝑚̃ = 0 and 𝜀 = 0. Hence, 
we obtain the following first-order ODE yielding 

(1 + 𝛽)𝜙′(𝑡) + 𝑝𝜙(𝑡) =
1 − 𝛽
2

(

𝑓 ′(𝑡) + 𝑔(𝑡)
)

−
𝑝
2

(

𝑓 (𝑡) + ∫

𝑡

0
𝑔(𝑠)d𝑠

)

, (9)

where the unknown function 𝜙(𝑡) for 𝑥 − 𝑡 < 0 is defined in (7). This ODE is readily solved using the integrating factor method. 
Replacing 𝑡 by 𝑡 − 𝑥, the expression for 𝜙(𝑡 − 𝑥) in our solution (8) is given by

𝜙(𝑡 − 𝑥) =
𝛽

1 + 𝛽
𝑓 (0)e

𝑝(𝑥−𝑡)
1+𝛽 +

1 − 𝛽
2(1 + 𝛽)

𝑓 (𝑡 − 𝑥) − 1
2 ∫

𝑡−𝑥

0
𝑔(𝑠) d𝑠

−
𝑝

(1 + 𝛽)2
e
𝑝(𝑥−𝑡)
1+𝛽

∫

𝑡−𝑥

0
𝑓 (𝑠)e

𝑝𝑠
1+𝛽 d𝑠 + 1

1 + 𝛽
e
𝑝(𝑥−𝑡)
1+𝛽

∫

𝑡−𝑥

0
𝑔(𝑠)e

𝑝𝑠
1+𝛽 d𝑠.

(10)

This result confirms the results obtained in [22].
To observe how a wave reflects at the boundary 𝑥 = 0, we select a single sine wave as IC, that is,

𝑓 (𝑥) =

⎧

⎪

⎨

⎪

⎩

0, 0 < 𝑥 < 2𝜋,
sin(𝑥), 2𝜋 ≤ 𝑥 ≤ 3𝜋,
0, 3𝜋 < 𝑥.

; 𝑔(𝑥) =

⎧

⎪

⎨

⎪

⎩

0, 0 < 𝑥 < 2𝜋,
cos(𝑥), 2𝜋 ≤ 𝑥 ≤ 3𝜋,
0, 3𝜋 < 𝑥.

(11)

Fig. 2a shows how the incoming wave (𝑥 > 0) and the reflected wave (𝑥 < 0) behave according to the solution (10) and the ICs 
(11). At the free end (𝛽 → 0 and 𝑝→ 0), the reflection exhibits an even extension. The interaction between incident and reflected 
waves at 𝑡 = 5𝜋

2  (Fig. 2b) results in a doubling of the wave amplitude (blue line). As the spring and damping coefficients increase, 
the reflected waves become more stretched and distorted. The fixed boundary (𝛽 → ∞ or 𝑝 → ∞) produces an odd extension in the 
reflection. Consequently, at 𝑡 = 5𝜋

2 , the reflected wave interacts with the incoming wave at the boundary, momentarily resulting in a 
near ‘flat line’ appearance (purple and green lines). We identify the ideal damping condition for 𝛽 = 1 and 𝑝 = 0. Under this condition, 
the incoming wave is completely absorbed, preventing any deformation of the reflected wave (red line). Furthermore, we observe 
that the interaction between the spring and the damper distorts and elongates the reflected waves.
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4.2.  The problem with 𝑚̃ ≠ 0 and 𝜀 = 0

This problem is similar to [32]. Again, we extend the solution to include 𝑔. By substituting (5) into BC (2), it follows that 𝜙(𝑡) has 
to satisfy

𝜙′′(𝑡) + (1 + 𝛽)𝜙′(𝑡) + 𝑝𝜙(𝑡) = 𝛾(𝑡), (12)

where

𝛾(𝑡) = −
𝑓 ′′(𝑡)
2

−
𝑔′(𝑡)
2

+
(1 − 𝛽)

(

𝑓 ′(𝑡) + 𝑔(𝑡)
)

2
−
𝑝
(

𝑓 (𝑡) + ∫ 𝑡0 𝑔(𝑠) d𝑠
)

2
. (13)

Eq. (12) yields two roots, 𝜆1,2 = −(1+𝛽)±
√

(1+𝛽)2−4𝑝
2 . The behavior of the system depends entirely on the values of 𝑝 and 𝛽. Specifically, 

whether the system experiences over-damping ((1 + 𝛽)2 > 4𝑝), critical damping ((1 + 𝛽)2 = 4𝑝), or under-damping ((1 + 𝛽)2 < 4𝑝) [34].

4.2.1.  The case (1 + 𝛽)2 > 4𝑝
There are two distinct real roots. Applying the method of variation of parameters to (12) yields:

𝜙(𝑡) = 𝑘1e𝜆1𝑡 + 𝑘2e𝜆2𝑡 −
e𝜆1𝑡 ∫ 𝑡0 e−𝜆1𝑠𝛾(𝑠) d𝑠

(𝜆2 − 𝜆1)
+

e𝜆2𝑡 ∫ 𝑡0 e−𝜆2𝑠𝛾(𝑠) d𝑠
(𝜆2 − 𝜆1)

. (14)

Taking 𝑡 = 0, and it follows from (7), we find 

𝑘1 =
(1 − 𝜆1 + 𝜆2)𝑓 (0) + 𝑔(0)

2(𝜆2 − 𝜆1)
and 𝑘2 =

(−1 − 𝜆1 + 𝜆2)𝑓 (0) − 𝑔(0)
2(𝜆2 − 𝜆1)

.

Given (13) for 𝛾(𝑡) and applying integration by parts, we find 𝜙(𝑥 − 𝑡) in (8),

𝜙(𝑡 − 𝑥) = −1
2
𝑓 (𝑡 − 𝑥) +

𝑓 (0)
2

2
∑

𝑖=1
Λ𝑖e𝜆𝑖(𝑡−𝑥) −

2
∑

𝑖=1

(−1)𝑖e𝜆𝑖(𝑡−𝑥)

2(𝜆2 − 𝜆1)

[

∫

𝑡−𝑥

0
e−𝜆𝑖𝑠

(

𝑎𝑖𝑓 (𝑠) + 𝑏𝑖𝑔(𝑠) + 𝑝∫

𝑠

0
𝑔(𝑣) d𝑣

)

d𝑠
]

, (15)

where for 𝑖 = 1, 2, Λ𝑖 = 1 + (−1)𝑖 ⋅ 𝛽−1
𝜆2−𝜆1

; 𝑎𝑖 = 𝜆2𝑖 + (𝛽 − 1)𝜆𝑖 + 𝑝; 𝑏𝑖 = 𝜆𝑖 + 𝛽 − 1.

4.2.2.  The case (1 + 𝛽)2 = 4𝑝
There is a double real root 𝜆. Again, applying the method of variation of parameters yields the following

𝜙(𝑡) = 𝑘3e−𝜃𝑡 + 𝑘4𝑡e−𝜃𝑡 − e−𝜃𝑡 ∫

𝑡

0
𝑠e𝜃𝑠𝛾(𝑠) d𝑠 + 𝑡e−𝜃𝑡 ∫

𝑡

0
e𝜃𝑠𝛾(𝑠) d𝑠, (16)

with 𝜃 = 1+𝛽
2 .

For 𝑡 = 0, we find 𝑘3 = 1
2𝑓 (0) and 𝑘4 =

1
2 𝜃𝑓 (0) +

1
2 𝑔(0). Taking into account (13) for 𝛾(𝑡) and applying integration by parts, we 

obtain the solution 𝜙(𝑡) with ̂𝑡 = 𝑡 − 𝑥,

𝜙(𝑡) = − 𝑓 (𝑡)
2 + e−𝜃(𝑡)

{

[

1 + (𝜃 − 1)(𝑡)
]

𝑓 (0) + 𝑔(0)𝑡 +
(

1 + 𝜃(𝛽−3)−2𝑝
4 (𝑡)

)

∫

𝑡

0
e𝜃𝑠𝑓 (𝑠) d𝑠 +

(

𝜃(3−𝛽)+2𝑝
4

)

∫

𝑡

0
𝑠e𝜃𝑠𝑓 (𝑠) d𝑠

−
(

1
2 + 𝛽−3

4 (𝑡)
)

∫

𝑡

0
e𝜃𝑠𝑔(𝑠) d𝑠 + 𝛽−3

4 ∫

𝑡

0
𝑠e𝜃𝑠𝑔(𝑠) d𝑠 + 1

2 𝑝

[

∫

𝑡

0
𝑠e𝜃𝑠

(

∫

𝑠

0
𝑔(𝑣) 𝑑𝑣

)

d𝑠 − (𝑡)∫

𝑡

0
e𝜃𝑠

(

∫

𝑠

0
𝑔(𝑣) 𝑑𝑣

)

d𝑠

]}

.

(17)

4.2.3.  The case (1 + 𝛽)2 < 4𝑝
In this case, 𝜆 is complex valued. The general solution for 𝜙(𝑡) (13) is obtained by using the method of variation of parameters, 

resulting in

𝜙(𝑡) = e−𝜃𝑡
{

𝑘5 cos(𝜅𝑡) + 𝑘6 sin(𝜅𝑡) −
cos (𝜅𝑡)
𝜅 ∫

𝑡

0
e𝜃𝑠 sin (𝜅𝑠)𝛾(𝑠)d𝑠 + 1

𝜅
sin (𝜅𝑡)∫

𝑡

0
e𝜃𝑠 cos (𝜅𝑠)𝛾(𝑠)d𝑠

}

, (18)

with 𝜅 =
√

4𝑝−(1+𝛽)2
2 and 𝜃 = (1+𝛽)

2 . Taking 𝑡 = 0, we have 𝜙(0) = 1
2𝑓 (0) and 𝜙′(0) = − 1

2𝑓
′(0) + 1

2 𝑔(0), then we find 𝑘5 =
1
2𝑓 (0) and 𝑘6 =

𝜃𝑓 (0)−𝑔(0)
2𝜅 . Applying integration by parts, we can find the expression for 𝜙(𝑡) in (8),

𝜙(𝑡) = −1
2
𝑓 (𝑡) + e−𝑡

[

(

cos(𝜅𝑡) +
𝛽 − 1
2𝜅

sin(𝜅𝑡)
)

𝑓 (0) + 1
2𝜅

sin(𝜅𝑡) 𝑔(0)

+
(

cos(𝜅𝑡) − 𝜃
𝜅
sin(𝜅𝑡)

)

𝐹𝑐 (𝑡) +
(

sin(𝜅𝑡) + 𝜃
𝜅
cos(𝜅𝑡)

)

𝐹𝑠(𝑡)

−
(

cos(𝜅𝑡)
2

−
3 − 𝛽
4𝜅

sin(𝜅𝑡)
)

𝐺𝑐 (𝑡) −
(

sin(𝜅𝑡)
2

+
3 − 𝛽
4𝜅

cos(𝜅𝑡)
)

𝐺𝑠(𝑡) +
𝑝
2𝜅

(

cos(𝜅𝑡)𝐻𝑠(𝑡) − sin(𝜅𝑡)𝐻𝑐 (𝑡)
)

]

,

(19)

with ̂𝑡 = 𝑡 − 𝑥. The definitions of 𝐹𝑐 (𝑡), 𝐹𝑠(𝑡), 𝐺𝑐 (𝑡), 𝐺𝑠(𝑡),𝐻𝑐 (𝑡), and 𝐻𝑠(𝑡) can be found in Appendix A.
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Fig. 3. A single sine wave and its reflections for 𝑚̃ ≠ 0 and 𝜀 = 0 with different values of the parameters 𝛽 and 𝑝. For the case (1 + 𝛽)2 > 4𝑝 at time: 
(a) 𝑡 = 0 and (b) 𝑡 = 5𝜋

2
. For the case (1 + 𝛽)2 = 4𝑝 at time: (c) 𝑡 = 0 and (d) 𝑡 = 5𝜋

2
. For the case (1 + 𝛽)2 < 4𝑝 at time: (e) 𝑡 = 0 and (f) 𝑡 = 5𝜋

2
.
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We take 𝑓 and 𝑔 in (11) as ICs to visualize the solution and how the reflected waves behave (see Fig. 3). In all cases, we can see 
that the behavior of the solutions differs as the damping parameter 𝛽 and the linear spring coefficient 𝑝 vary. As in the first problem 
(Section 4.1), when the string can move freely in the 𝑢−direction at the boundary, the extension of the reflected waves becomes 
even, and odd when the string is fixed at the boundary. These findings validate the conclusions presented in [32]. Furthermore, 
it is observed that the wavelength not only extends but also undergoes significant deformation relative to the incident wave. This 
transformation arises due to complex interactions among the mass, spring, and dashpot during the reflection process [33].

We also illustrate how the wave transitioned at the boundary at 𝑡 = 5𝜋
2  (Fig. 3b, d, and f). This finding is consistent with the obser-

vations of [35], which indicate that vibration amplitudes may increase or decrease over time depending on the stiffness coefficient 
of the coupled mass-spring-damper system.

4.3.  The problem with 𝑚̃ = 0 and 𝜀 ≠ 0

In this section, we study how reflected waves behave when the boundary acts nonlinearly. First, we consider the damping-spring 
system without mass (𝑚̃ = 0). Hence, we have the following BC for the system (2):

𝑢𝑥(0, 𝑡) = 𝛽𝑢𝑡(0, 𝑡) + 𝑝𝑢(0, 𝑡) + 𝜀𝑢3(0, 𝑡). (20)

Using our definitions (6) and (7) for 𝜓(𝑡) and 𝜙(𝑡) in D’Alembert’s general solution (5), and substituting this solution into the BC 
(20), we obtain

(1 − 𝛽)𝜓 ′(𝑡) − 𝑝𝜓(𝑡) − 𝜀𝜓3(𝑡) = (1 + 𝛽)𝜙′(𝑡) + 𝑝𝜙(𝑡) + 𝜀(𝜙3(𝑡) + 3𝜙2(𝑡)𝜓(𝑡) + 3𝜙(𝑡)𝜓2(𝑡)), (21)

where 𝜓(𝑡) is a known function and 𝜙(𝑡) is an unknown function.
It is usually impossible to find the exact solution of the nonlinear Eq. (21) for 𝜙(𝑡). Therefore, we will be looking for an accu-

rate approximation of the unknown function 𝜙(𝑡 − 𝑥) in (8), denoted by 𝜙𝑎(𝑡 − 𝑥). Then, the approximation of the solution for the 
displacement 𝑢(𝑥, 𝑡) is given by

𝑢(𝑥, 𝑡) =

{

1
2𝑓 (𝑥 + 𝑡) +

1
2𝑓 (𝑥 − 𝑡) +

1
2 ∫

𝑥+𝑡
𝑥−𝑡 𝑔(𝑠) d𝑠, for 𝑥 − 𝑡 > 0,

1
2𝑓 (𝑥 + 𝑡) +

1
2 ∫

𝑥+𝑡
0 𝑔(𝑠) d𝑠 + 𝜙𝑎(𝑡 − 𝑥), for 𝑥 − 𝑡 < 0.

(22)

We will do this by using the MSP method. We start by introducing a slow time scale 𝜏, defined as 𝜏 = 𝜀𝑡. This allows us to express an 
asymptotic expansion for 𝜙(𝑡) as follows:

𝜙(𝑡) = 𝜙̂(𝑡, 𝜏) = 𝜙̂0(𝑡, 𝜏) + 𝜀𝜙̂1(𝑡, 𝜏) + 𝜀2𝜙̂2(𝑡, 𝜏) +⋯ (23)

For our convenience, we will drop the ‘hat’ sign. Substituting (23) into (21), we derive the following equations of (1), and of 
(𝜀):

{

(1) ∶ (1 + 𝛽)𝜙0𝑡 + 𝑝𝜙0 = (1 − 𝛽)𝜓 ′(𝑡) − 𝑝𝜓(𝑡) = 𝜓0(𝑡),
(𝜀) ∶ (1 + 𝛽)𝜙1𝑡 + 𝑝𝜙1 = −(1 + 𝛽)𝜙0𝑡𝜏 − (𝜙̂0 + 𝜓(𝑡))3.

(24)

From the first equation in (24), it follows that:

𝜙0(𝑡, 𝜏) = 0(𝜏)e
− 𝑝𝑡

1+𝛽 + 1
1 + 𝛽

e−
𝑝𝑡
1+𝛽

∫

𝑡

0
e

𝑝𝑠
1+𝛽 𝜓0(𝑠) d𝑠, (25)

where 0(𝜏) is still an arbitrary function that can be used to avoid secular terms in 𝜙1. Substituting 𝜙0(𝑡, 𝜏) into the (𝜀)-equation 
results in unbounded terms in 𝜙1 on a time scale of 

(

1
𝜀

)

. To eliminate these secular terms, 0(𝜏) has to be chosen such that 𝜙1

remains bounded for large 𝑡. This paper demonstrates this process through examples. First, we use a single sine wave as the IC (as 
shown in (11)). Given 𝑓 and 𝑔 as in (11), we obtain for 𝜓0(𝑡) in (24):

𝜓0(𝑡) =

⎧

⎪

⎨

⎪

⎩

0, 0 < 𝑡 < 2𝜋,
(1 − 𝛽) cos(𝑡) − 𝑝 sin(𝑡), 2𝜋 ≤ 𝑡 ≤ 3𝜋,
0, 3𝜋 < 𝑡.

(26)

First, substitute (26) into (25), and then compute (𝜙̂0 + 𝜓(𝑡))3. Incorporating this result into the (𝜀)-Eq. (24), we observe that 
𝜙̂0𝑡𝜏  is the only source for unbounded terms in 𝜙1. Hence, taking 0𝜏 (𝜏) = 0 ensures 𝜙1 remains bounded for 𝑡 = 

(

1
𝜀

)

. We have to 
choose 𝐴0(0, 𝜏) = 0 to maintain the continuity of 𝜙0 at zero. With the secular terms eliminated, we can now derive the approximation 
up to (𝜀):

𝜙𝑎(𝑡 − 𝑥) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

0, 0 < 𝑡 − 𝑥 < 2𝜋,

− 2𝑝
(1+𝛽)2+𝑝2 e

𝑝(2𝜋−(𝑡−𝑥))
1+𝛽 + 1−𝛽2−𝑝2

(1+𝛽)2+𝑝2 sin(𝑡 − 𝑥) +
2𝑝

(1+𝛽)2+𝑝2 cos(𝑡 − 𝑥), 2𝜋 ≤ 𝑡 − 𝑥 ≤ 3𝜋,

− 2𝑝
(1+𝛽)2+𝑝2

(

e
3𝑝𝜋
1+𝛽 + e

2𝑝𝜋
1+𝛽

)

e−
𝑝(𝑡−𝑥)
1+𝛽 , 3𝜋 < 𝑡 − 𝑥.

(27)
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Fig. 4. A single sine wave and its reflections at the boundary for the parameter values 𝑚̃ = 0 and 𝜀 ≠ 0, with different values of 𝛽 and 𝑝 at time: (a) 
𝑡 = 0 and (b) 𝑡 = 5

2
𝜋.

As shown in (27), the elimination of secular terms results in the cancellation of all terms proportional to 𝜀. Consequently, for the 
ICs given in (11), the cubic nonlinearity in the spring coefficient does not influence our approximation. A similar conclusion was 
drawn in [36], where the authors considered a quadratic nonlinearity of a spring attached at one end of a string and noted that the 
nonlinearity also does not affect the behavior of the reflected wave for these ICs (11). This first order approximation 𝜙𝑎 is illustrated 
in Fig. 4a and the interaction at the boundary is illustrated in Fig. 4b. The behavior of the reflected wave is identical to that of the 
linear BC in Section 4.1.

For the second example, we use continuous sine waves as ICs, given by:
{

𝑢(𝑥, 0) = 𝑓 (𝑥) = 𝑘 sin(𝜔𝑥), 𝑥 > 0,
𝑢𝑥(𝑥, 0) = 𝑔(𝑥) = 𝑘𝜔 cos(𝜔𝑥), 𝑥 > 0.

(28)

Applying the same technique as for the previous example, we can find the approximation 𝜙𝑎(𝑡 − 𝑥) as follows.

𝜙𝑎(𝑡 − 𝑥) = −e−
(

𝜀+ 𝑝
1+𝛽

)

(𝑡−𝑥) + cos (𝜔(𝑡 − 𝑥)) + sin (𝜔(𝑡 − 𝑥)), (29)

with 

 =
𝑝(1 − 𝛽)𝑘𝜔 + 𝑝(1 + 𝛽)𝑘𝜔2

𝑝2 + (1 + 𝛽)2𝜔2
,  =

(1 + 𝛽)(1 − 𝛽)𝑘𝜔2 − 𝑝2𝑘𝜔
𝑝2 + (1 + 𝛽)2𝜔2

,  =
3[2 + ( + 𝑘)2]

2(1 + 𝛽)
.

The approximation derived in (29) demonstrates that the nonlinearity parameter, 𝜀, influences the frequency shift. Fig. 5 illustrates 
the wave reflection behavior for 𝑘 = 1 and 𝜔 = 1. As shown in Fig. 5a, for 𝜀 = 0.01, the reflected wave exhibits a behavior identical to 
that of a single sine wave. The absence of damping and spring forces in the system results in a symmetric extension of the reflected 
wave, represented by the blue curve. In contrast, when highly viscous damping is introduced (i.e., a large damping coefficient), the 
system exhibits minimal motion, resulting in an asymmetric extension of the reflected wave, as shown by the green curve.

Setting the damping and spring coefficients to 1 and 0, respectively, the BC is given by 𝑢𝑥(0, 𝑡) = 𝑢𝑡(0, 𝑡) + 𝜀𝑢3(0, 𝑡). Since 𝜀 is small, 
the system exhibits an ideal damping effect (represented by the purple line), which ensures complete absorption of the wave energy 
at the boundary. The interaction between the spring and damping coefficients attenuates the amplitude of the reflected wave, further 
demonstrating their combined influence on the behavior of the wave.

Fig. 5b presents the interaction between the incident continuous sine wave and its reflection at 𝑡 = 5
2𝜋. When the reflection exhibits 

an even extension, the interaction results in a doubling of the wave amplitude (blue curve). In contrast, an odd extension leads to 
complete wave cancellation, producing a ‘flat’ response (green curve). Under ideal damping conditions, there is no reflected wave, 
highlighting the effectiveness of the damping mechanism in preserving the characteristics of the waves.

4.4.  The problem with 𝑚̃ ≠ 0, 𝜀 ≠ 0, and 𝛽 = (1)

The objective of this section is to describe the behavior of the string when a nonlinear spring and a mass are integrated into the 
damping system at the boundary. Hence, we have the following BC for the system (2):

𝑢𝑡𝑡(0, 𝑡) = 𝑢𝑥(0, 𝑡) − 𝑝𝑢(0, 𝑡) − 𝜀𝑢3(0, 𝑡) − 𝛽𝑢𝑡(0, 𝑡). (30)
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Fig. 5. A continuous sine wave and its reflections at the boundary for the parameter values 𝑚̃ = 0 and 𝜀 ≠ 0, with different values of 𝛽 and 𝑝 at time: 
(a) 𝑡 = 0 and (b) 𝑡 = 5

2
𝜋.

Again, using the definitions (6) of 𝜓(𝑡) and (7) of 𝜙(𝑡) for the D’Alembert’s solution (5), and substituting them into BC (30), we have 
the following.

𝜙′′(𝑡) + (1 + 𝛽)𝜙′(𝑡) + 𝑝𝜙(𝑡) + 𝜀𝜙3(𝑡) + 3𝜀𝜙2(𝑡)𝜓(𝑡) + 3𝜀𝜙(𝑡)𝜓2(𝑡) = −𝜓 ′′(𝑡) + (1 − 𝛽)𝜓 ′(𝑡) − 𝑝𝜓(𝑡) − 𝜀𝜓3(𝑡). (31)

To approximate the still unknown function 𝜙 in (31), we use the MSP method, which leads to an asymptotic expansion (23) for 
𝜙(𝑡). Substituting (23) into (31), we obtain the following (1) and (𝜀) problems:

⎧

⎪

⎨

⎪

⎩

(1) ∶ 𝜙0𝑡𝑡 + (1 + 𝛽)𝜙0𝑡 + 𝑝𝜙0 = −𝜓 ′′(𝑡) + (1 − 𝛽)𝜓 ′(𝑡) − 𝑝𝜓(𝑡),
𝜙(0, 0) = 0,
𝜙𝑡(0, 0) = 0,

⎧

⎪

⎨

⎪

⎩

(𝜀) ∶ 𝜙1𝑡𝑡 + (1 + 𝛽)𝜙1𝑡 + 𝑝𝜙1 = −2𝜙0𝑡𝜏 − (1 + 𝛽)𝜙0𝜏 − 𝜙
3
0 − 3𝜙2

0𝜓(𝑡) − 3𝜙0𝜓2(𝑡) − 𝜓3(𝑡),
𝜙1(0, 0) = 0,
𝜙1𝑡 (0, 0) + 𝜙0𝜏 (0, 0) = 0.

(32)

We shall first solve the (1)-problem in (32). The equation is a non-homogeneous ODE. It has a fundamental set of solutions and a 
particular solution, that is, 𝜙0 = 𝜙0,𝑓 + 𝜙0,𝑝. The fundamental set 𝜙0,𝑓  are solutions to the homogeneous ODE, 𝜙0𝑡𝑡 + (1 + 𝛽)𝜙0𝑡 + 𝑝𝜙0 =
0, and the particular solution 𝜙0,𝑝 is a solution to the non-homogeneous problem, 𝜙0𝑡𝑡 + (1 + 𝛽)𝜙0𝑡 + 𝑝𝜙0 = −𝜓𝑡𝑡(𝑡) + (1 − 𝛽)𝜓𝑡(𝑡) − 𝑝𝜓(𝑡).

The characteristic equation for our homogeneous equation is 𝑟2 + (1 + 𝛽)𝑟 + 𝑝 = 0. This is a regular quadratic equation whose roots 
are 𝑟1,2 = −(1+𝛽)±

√

(1+𝛽)2−4𝑝
2 . The nature of the roots depends on the value of (1 + 𝛽)2 − 4𝑝. Again, as in Section 4.3, we have three cases. 

The solution of the homogeneous ODE is of the form
𝜙0(𝑡, 𝜏) = 0(𝜏)𝜙0,𝑓1 (𝑡) + 0(𝜏)𝜙0,𝑓2 (𝑡), (33)

where

⎧

⎪

⎨

⎪

⎩

case 1:((1 + 𝛽)2 > 4𝑝) ∶ 𝜙0,𝑓1 (𝑡) = e𝑟1𝑡; 𝜙0,𝑓2 (𝑡) = e𝑟2𝑡,
case 2:((1 + 𝛽)2 = 4𝑝) ∶ 𝜙0,𝑓1 (𝑡) = e𝑟𝑡; 𝜙0,𝑓2 (𝑡) = 𝑡e𝑟𝑡,
case 3:((1 + 𝛽)2 < 4𝑝) ∶ 𝜙0,𝑓1 (𝑡) = e𝑟𝑡 cos(𝜇𝑡); 𝜙0,𝑓2 (𝑡) = e𝑟𝑡 sin(𝜇𝑡).

(34)

for 

𝑟1 =
−(1 + 𝛽) +

√

(1 + 𝛽)2 − 4𝑝
2

, 𝑟2 =
−(1 + 𝛽) −

√

(1 + 𝛽)2 − 4𝑝
2

, 𝑟 =
−(1 + 𝛽)

2
, and 𝜇 =

√

4𝑝 − (1 + 𝛽)2

2
.

To find the particular solution to our problem, we now consider a continuous sine wave (28) as the IC. Given 𝜓(𝑡) in (6), we then 
have

⎧

⎪

⎨

⎪

⎩

𝜓(𝑡) = 𝑘 sin(𝜔𝑡),
𝜓𝑡(𝑡) = 𝑘𝜔 cos(𝜔𝑡),
𝜓𝑡𝑡(𝑡) = −𝑘𝜔2 sin(𝜔𝑡).

(35)
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We know that the reflected wave is represented by 𝜙(𝑡 − 𝑥) and from (7) and (28), it follows that
𝜙(0) = 𝜙𝑡(0) = 0. (36)

A particular solution of the non-homogeneous (1)-problem (32) is given by:

𝜙0,𝑝(𝑡) =
2𝑘𝜔(𝑝 − 𝜔2)

(𝑝 − 𝜔2)2 + (1 + 𝛽)2𝜔2
cos(𝜔𝑡) +

−𝑘[(𝑝 − 𝜔2)2 − (1 − 𝛽2)𝜔2]
(𝑝 − 𝜔2)2 + (1 + 𝛽)2𝜔2

sin(𝜔𝑡). (37)

In the next three subsections, we proceed with a detailed analysis of the reflection of waves for each of the three cases (34) 
occurring in the (1)-Eq. (32):

⎧

⎪

⎨

⎪

⎩

case 1: 𝜙0(𝑡, 𝜏) = 0(𝜏)e𝑟1𝑡 + 0(𝜏)e𝑟2𝑡 + 𝑐1 cos(𝜔𝑡) + 𝑐2 sin(𝜔𝑡),
case 2: 𝜙0(𝑡, 𝜏) = 0(𝜏)e𝑟𝑡 + 0(𝜏)𝑡e𝑟𝑡 + 𝑐1 cos(𝜔𝑡) + 𝑐2 sin(𝜔𝑡),
case 3: 𝜙0(𝑡, 𝜏) = 0(𝜏)e𝑟𝑡 cos(𝜇𝑡) + 0(𝜏)e𝑟𝑡 sin(𝜇𝑡) + 𝑐1 cos(𝜔𝑡) + 𝑐2 sin(𝜔𝑡),

(38)

with

⎧

⎪

⎨

⎪

⎩

𝑐1 =
2𝑘𝜔(𝑝−𝜔2)

(𝑝−𝜔2)2+(1+𝛽)2𝜔2 ,

𝑐2 =
−𝑘[(𝑝−𝜔2)2−(1−𝛽2)𝜔2]
(𝑝−𝜔2)2+(1+𝛽)2𝜔2 ,

(39)

and where 0(0) and 0(0) can be determined from (36).

4.4.1.  Case 1: (1 + 𝛽)2 > 4𝑝
In this case, it follows from (36) and (38) that:

⎧

⎪

⎨

⎪

⎩

0(0) =
𝑐1𝑟2−𝑐2𝜔
𝑟1−𝑟2

,

0(0) =
𝑐2𝜔−𝑐1𝑟1
𝑟1−𝑟2

.
(40)

To ensure that the approximation remains bounded, on a time-scale of order 1𝜀 , all terms in the RHS of the (𝜀)-equation in (32), 
which lead to secular terms in 𝜙1 should be eliminated. By equating the coefficient of e𝑟1𝑡 and the coefficient of e𝑟2𝑡 to zero, we can 
eliminate these secular terms (B.1), and find the expressions for 0(𝜏) and 0(𝜏), yielding:

⎧

⎪

⎨

⎪

⎩

d0(𝜏)
d𝜏 = − 

(1+𝛽+2𝑟1)
0(𝜏),

d0(𝜏)
d𝜏 = − 

(1+𝛽+2𝑟2)
0(𝜏),

(41)

with

 = 3
2
[

𝑐21 + (𝑐2 + 𝑘)2
]

. (42)

The system (41) can easily be solved. using the ICs given in (40), and we find an approximation 𝜙𝑎(𝑡 − 𝑥) of 𝜙 in (22):

𝜙𝑎(𝑡 − 𝑥) =
(𝑐1𝑟2 − 𝑐2𝜔)
𝑟1 − 𝑟2

e
(

𝑟1−


𝑟1−𝑟2
𝜀
)

(𝑡−𝑥)
+

(𝑐2𝜔 − 𝑐1𝑟1)
𝑟1 − 𝑟2

e
(

𝑟2−


𝑟1−𝑟2
𝜀
)

(𝑡−𝑥)
+ 𝑐1 cos(𝜔(𝑡 − 𝑥)) + 𝑐2 sin(𝜔(𝑡 − 𝑥)), (43)

where 𝑐1 and 𝑐2 are given in (39). This approximation (43) is (𝜀) accurate. Fig. 6 shows how the wave is reflected at the boundary 
𝑥 = 0 for different values of 𝜔, 𝑡, 𝜀, 𝛽, 𝑝, and with 𝑘 = 1.

Similarly to Section 4.1, increasing the damping coefficient drives the boundary response toward an odd reflection of the incident 
wave, reflecting the dominance of the dissipative impedance in determining reflection symmetry (Fig. 6). Additionally, at low exci-
tation frequencies, the coupled action of damping and spring stiffness alters the effective boundary impedance, resulting in marked 
amplification or attenuation of the reflected wave amplitude depending on the parameter regime (Fig. 6a). This mechanism is fur-
ther evidenced by the transition at 𝑡 = 5𝜋

2 , where an undamped, unstiffened boundary yields the classical doubling of the boundary 
amplitude, while increasing damping progressively suppresses the reflected wave through enhanced energy dissipation (Fig. 6b).

Furthermore, Fig. 6c and d highlight the sensitivity of the reflection on the nonlinearity parameter 𝜀 and clearly indicate the 
complex interplay between nonlinearity, damping, and spring coefficients in defining the temporal and spatial characteristics of 
wave reflections within the system.

To demonstrate that the method is applicable to all types of ICs, we now consider (11) as ICs. Given 𝜓(𝑡) in (6), we have 

𝜓(𝑡) =

{

sin(𝑡), 2𝜋 ≤ 𝑡 ≤ 3𝜋,
0, otherwise.

Then we can find 𝜓𝑡(𝑡) and 𝜓𝑡𝑡(𝑡). A particular solution of the non-homogeneous (1)-problem in (32) is given by

𝜙0,𝑝(𝑡) =

{

𝑐1 cos(𝑡) + 𝑐2 sin(𝑡), 2𝜋 ≤ 𝑡 ≤ 3𝜋,
0, otherwise,

(44)
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Fig. 6. A continuous sine wave and its reflections at the boundary for the problem 𝑚̃ ≠ 0 and 𝜀 ≠ 0 for the case (1 + 𝛽)2 > 4𝑝 with different parameters 
values 𝛽, 𝑝, and: (a) 𝜔 = 1, 𝜀 = 0.001, at 𝑡 = 0; (b) 𝜔 = 1, 𝜀 = 0.001, at 𝑡 = 5𝜋

2
; (c) 𝜔 = 10, 𝜀 = 0.001, 𝑡 = 0; (d) 𝜔 = 10, 𝜀 = 0.1, at 𝑡 = 0.

with 𝑐1 =
𝑝 − 1

(𝑝 − 1)2 + (1 + 𝛽)2
 and 𝑐2 =

(1 − 𝛽2) − (𝑝 − 1)2

(𝑝 − 1)2 + (1 + 𝛽)2
. For 𝑡 < 2𝜋, the response is zero, consistent with the causality principle and 

the finite support of the wave packet,
𝜙𝑎(𝑡) = 0. (45)

During the active interval 2𝜋 ≤ 𝑡 ≤ 3𝜋, we take
𝜙𝑎(𝑡) = 0e𝜁1(𝑡−2𝜋) + 0e𝜁2(𝑡−2𝜋) + 𝑐1 cos

(

𝜔(𝑡 − 2𝜋)
)

+ 𝑐2 sin
(

𝜔(𝑡 − 2𝜋)
)

, (46)

with 𝜁𝑖 = 𝑟𝑖 −


𝑟1−𝑟2
𝜀. After the reflected wave leaves the boundary at 𝑡 = 3𝜋, the forcing vanishes, and (34) reduces to the homogeneous 

equation. Hence, the solution for 𝑡 > 3𝜋 is purely a free decay,
𝜙𝑎(𝑡) = 1e𝜁1(𝑡−3𝜋) +2e𝜁2(𝑡−3𝜋). (47)

The constants 1,2 are determined by the continuity of 𝜙 and 𝜙𝑡 at 𝑡 = 3𝜋. Denoting Φ ∶= 𝜙(3𝜋−) and Φ′ ∶= 𝜙𝑡(3𝜋−), we obtain the 
linear system

{

1 +2 = Φ,
𝜁11 + 𝜁22 = Φ′,

(48)

which yields the explicit matching coefficients
⎧

⎪

⎨

⎪

⎩

1 =
Φ′−𝜁2Φ
𝜁1−𝜁2

,

2 =
𝜁1Φ−Φ′

𝜁1−𝜁2
.

(49)
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Fig. 7. A single sine wave and its reflections at the boundary for the problem 𝑚̃ ≠ 0 and 𝜀 = 0.01 for the case (1 + 𝛽)2 > 4𝑝 with different parameters 
values 𝛽 and 𝑝 at time: (a) 𝑡 = 0, (b) 𝑡 = 5𝜋

2
.

Collecting (45)–(47), the approximation of 𝜙(𝑡), with ̂𝑡 = (𝑡 − 𝑥), is given by

𝜙𝑎(𝑡) =

⎧

⎪

⎨

⎪

⎩

0, 𝑡 < 2𝜋,
0e𝜁1(𝑡−2𝜋) + 0e𝜁2(𝑡−2𝜋) + 𝑐1 cos

(

𝜔(𝑡 − 2𝜋)
)

+ 𝑐2 sin
(

𝜔(𝑡 − 2𝜋)
)

, 2𝜋 ≤ 𝑡 ≤ 3𝜋,
1e𝜁1(𝑡−3𝜋) +2e𝜁2(𝑡−3𝜋), 𝑡 > 3𝜋,

(50)

where 0,0 are given by (40) and 1,2 by (49).
As shown in Fig. 7, the reflected wave exhibits a behavior identical to that obtained for a continuous sine ICs. However, under 

a single sine excitation, the nonlinear boundary response produces a noticeably longer trailing tail than the linear case presented in 
(4.2). This observation indicates that the nonlinear boundary influence extends beyond the primary reflection, leading to a prolonged 
response in the reflected wave.

4.4.2.  Case 2: (1 + 𝛽)2 = 4𝑝
In this case of coinciding eigenvalues, the elimination of resonance terms will not result in an ODE system to determine 0(𝜏) and 

0(𝜏) in (38). This contradicts [37], which reported an ODE system for a case similar to d0(𝜏)
d𝜏 = 0. Hence, for this case, we use the 

naive perturbation method to approximate 𝜙𝑎(𝑡 − 𝑥) in (22). To do this, we first make sure that the approximation is bounded. Let
𝜙(𝑡) = 𝜙0 + 𝜀𝜙1 + 𝜀2𝜙2 +… (51)

For the critically damped case, the solution for 𝜙(𝑡) in (31) can be approximated with
𝜙(𝑡) ∼ 𝜙0(𝑡) + 𝜀𝜙1(𝑡). (52)

This gives secular terms in the form 𝜀(𝑡e𝑟𝑡,… , 𝑡3e𝑟𝑡). We can see that these terms are bounded. Let
 = 𝑡𝑛e𝑟𝑡,

 ′ = (𝑛 + 𝑟𝑡)𝑡𝑛−1e𝑟𝑡,

has a maximum at 𝑡 = − 𝑛
𝑟 , which is given by

 =
(

− 𝑛
𝑟

)

𝑛e−𝑛 =
(

− 𝑛
e𝑟

)

𝑛. (53)

Given that 𝑟 ≤ − 1+𝛽
2 , the solution 𝜙1 in (51) has a maximum. We also see that 𝑡e𝑟𝑡,… , 𝑡3e𝑟𝑡 is (𝜀), which means small. Since 𝜙1 is 

bounded and small, we argue that the solution will not blow up. Therefore, our solution can be well-approximated with the solution 
up to (𝜀)-problem.

It follows from (31) and (51), we obtain (1)− and (𝜀)−problems:
{

(1) ∶ 𝜙′′
0 + (1 + 𝛽)𝜙′

0 + 𝑝𝜙0 = −𝜓 ′′ + (1 − 𝛽)𝜓 ′ − 𝑝𝜓,
𝜙(0) = 0, 𝜙′(0) = 0,

{

(𝜀) ∶ 𝜙′′
1 + (1 + 𝛽)𝜙′

1 + 𝑝𝜙1 = −𝜙3
0 − 3𝜙2

0𝜓 − 3𝜙0𝜓2 − 𝜓3,
𝜙1(0) = 0, 𝜙′

1(0) = 0.

(54)
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It follows from (35) and (36) that the solution of the ODE in the (1)-problem (54) is 
𝜙0(𝑡) = 0e𝑟𝑡 + 0𝑡e𝑟𝑡 + 𝑐1 cos(𝜔𝑡) + 𝑐2 sin(𝜔𝑡), (55)

with
{

0 = −𝑐1,
0 = 𝑟𝑐1 − 𝑐2𝜔.

(56)

Next, we consider the (𝜀)-problem in (54). The solution of the (𝜀)-problem in (54) is

𝜙1(𝑡) = (1 + 1𝑡)e𝑟𝑡 + 𝜙1,𝑝(𝑡) + e3𝑟𝑡
3
∑

𝑚=0
𝑈𝑚𝑡

𝑚 + e2𝑟𝑡
2
∑

𝑚=0

(

𝜐𝑚 cos(𝜔𝑡) + 𝜈𝑚 sin(𝜔𝑡)
)

𝑡𝑚 + 𝑡2e𝑟𝑡
(

− 1
20 −

1
60𝑡

)

+ e𝑟𝑡
1
∑

𝑚=0

(

𝜐̂𝑚 cos(2𝜔𝑡) + 𝜈̂𝑚 sin(2𝜔𝑡)
)

𝑡𝑚,

(57)

where 0,0, and  are given in (56) and (42). The complete extension of the other variables can be seen in Appendix B.2.
Using the results in (55) and (57), it follows from (52) that the approximation 𝜙𝑎 for 𝜙 in (22) is given by

𝜙𝑎(𝑡 − 𝑥) = −𝑐1e𝑟(𝑡−𝑥) + (𝑟𝑐1 − 𝑐2𝜔)(𝑡 − 𝑥)e𝑟(𝑡−𝑥) + 𝑐1 cos(𝜔(𝑡 − 𝑥)) + 𝑐2 sin(𝜔(𝑡 − 𝑥))

+ 𝜀
[

(1 + 1(𝑡 − 𝑥))e𝑟(𝑡−𝑥) + 𝜙1,𝑝((𝑡 − 𝑥)) + e3𝑟(𝑡−𝑥)
3
∑

𝑚=0
𝑈𝑚(𝑡 − 𝑥)𝑚

+ e2𝑟(𝑡−𝑥)
2
∑

𝑚=0

(

𝜐𝑚 cos(𝜔(𝑡 − 𝑥)) + 𝜈𝑚 sin(𝜔(𝑡 − 𝑥))
)

(𝑡 − 𝑥)𝑚 + (𝑡 − 𝑥)2e𝑟(𝑡−𝑥)
(

− 1
20 −

1
60(𝑡 − 𝑥)

)

+e𝑟(𝑡−𝑥)
1
∑

𝑚=0

(

𝜐̂𝑚 cos(2𝜔(𝑡 − 𝑥)) + 𝜈̂𝑚 sin(2𝜔(𝑡 − 𝑥))
)

(𝑡 − 𝑥)𝑚
]

,

(58)

where 𝑐1 and 𝑐2 are given by (39). As shown in (58), the cubic nonlinearity affects the solution. The behavior of the reflected wave 
can be seen in Fig. 8. Again, in this visualization, we take 𝑘 = 1.

First, in this critically damped case, Fig. 8 shows that the relative values of the damping and spring coefficients determine whether 
the wave reflection exhibits an even or odd extension. This dependence suggests a direct relationship between the coefficient ratios 
and the symmetry properties of the reflected wave. Consequently, the wave transition at the boundary is depicted in Fig. 8b. The in-
teraction between the incoming and reflected waves results in varying wave amplitudes, determined by the reflected wave’s behavior. 
Specifically, a low-damping configuration leads to an amplified wave amplitude (blue line) at certain times, whereas a high-damping 
configuration achieves complete absorption with an amplitude matching the incoming wave (red line). Conversely, when the reflec-
tion exhibits an odd extension, the resulting wave amplitude is reduced (yellow line) for a certain time.

Second, for an arbitrary frequency 𝜔, the reflected wave decays more rapidly as the damping coefficient increases, convergent to 
the frequency of the incident wave in a shorter time frame (as illustrated in Fig. 8c). This accelerated decay under critical damping 
conditions highlights how efficiently energy dissipation aligns the reflected and incoming wave frequencies [38,39].

Third, in this particular case with specific incoming wave form (28), complete energy absorption for low-frequency oscillations, 
specifically for 𝜔 ≈ 1, has been identified when both the damping coefficient 𝛽 and the linear spring coefficient 𝑝 are equal to 1 (red 
line in Fig. 8). Under these conditions-𝜔 = 1, 𝛽 = 1, and 𝑝 = 1-the displacement 𝑢 is approximately zero for the region where 𝑥 − 𝑡 < 0, 
indicating that the wave reflections are effectively minimized. However, it is important to note that this does not imply the existence 
of an ideal damping for all scenarios, as the system is subject to specific ICs and constraints (4). These conditions dictate the interplay 
among damping, reflection, and amplitude, highlighting the need for tailor-made configurations for specific scenarios. This finding is 
in line with the analysis of [40], which emphasizes the strong dependence of vibrating systems on ICs to determine optimal damping. 
This also suggests the potential to adjust damping parameters for varying frequencies, showcasing the system’s tunability.

We also consider the single sine wave (11) as the ICs. As in the overdamped case, the excitation is active only for 2𝜋 ≤ 𝑡 − 𝑥 ≤ 3𝜋, 
and the approximation 𝜙𝑎 is applied locally in time. The boundary response is therefore defined as

𝜙(𝑡 − 𝑥) =

⎧

⎪

⎨

⎪

⎩

0, 𝑡 − 𝑥 < 2𝜋,
𝜙𝑎(𝑡 − 𝑥 − 2𝜋), 2𝜋 ≤ 𝑡 − 𝑥 ≤ 3𝜋,
(

1 +2(𝑡 − 𝑥 − 3𝜋)
)

e𝑟(𝑡−𝑥−3𝜋), 𝑡 − 𝑥 > 3𝜋,
(59)

where 𝜙𝑎(𝑡) for 2𝜋 ≤ 𝑡 ≤ 3𝜋 is given by (58). The constants 1 and 2 are obtained by enforcing the continuity of 𝜙 and 𝜙𝑡 in 𝑡 − 𝑥 = 3𝜋, 
yielding 1 = Φ,2 = Φ′ − 𝑟Φ, with Φ = 𝜙(3𝜋−), Φ′ = 𝜙𝑡(3𝜋−), and 𝑟 = − 1+𝛽

2 .
Fig. 9 illustrates the propagation of a single sine wave incident from the positive 𝑥-direction and the reflected wave generated at 

the left boundary. The interaction between the incoming and reflected waves at the boundary is clearly observed. As in the previous 
example, the behavior of the reflected wave is governed by the relative values of 𝑝 and 𝛽. At 𝑡 = 5𝜋

2 , a boundary close to a free end 
leads to an increased amplitude of the combined wave field (blue line in Fig. 7b), while a stiffer boundary results in a strongly reduced 
amplitude and an almost flat profile (yellow line in Fig. 7b).
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Fig. 8. A continuous sine wave and its reflections at the boundary for the problem with 𝑚̃ ≠ 0, 𝜀 ≠ 0, and (1 + 𝛽)2 = 4𝑝 for different parameters 
values 𝛽, 𝑝, and: (a) 𝜔 = 1, 𝜀 = 0.01, at 𝑡 = 0; (b) 𝜔 = 1, 𝜀 = 0.01, at 𝑡 = 5𝜋

2
; (c) 𝜔 = 10, 𝜀 = 0.001, at 𝑡 = 0.

4.4.3.  Case 3: (1 + 𝛽)2 < 4𝑝
In this case, it follows from (36) and (38) that the ICs are given by:

{

0(0) = −𝑐1,
0(0) =

𝑟𝑐1−𝜔𝑐2
𝜇 .

(60)

Considering the (𝜀)-problem in (32), we should find the secular terms in 𝜙1 and equate the coefficients of e𝑟𝑡 cos(𝜇𝑡) and e𝑟𝑡 sin(𝜇𝑡)
to zero (see Appendix B.3). We then find the following system

⎧

⎪

⎨

⎪

⎩

d0(𝜏)
d𝜏 = 1

2𝜇0(𝜏),
d0(𝜏)
d𝜏 = − 1

2𝜇𝐴0(𝜏),
(61)

when  is given by (42). We solve system (61) and obtain for 𝜙𝑎(𝑥 − 𝑡) in (22) as follows

𝜙𝑎(𝑡 − 𝑥) = −𝑐1e𝑟(𝑡−𝑥) cos
((


2𝜇
𝜀 + 𝜇

)

(𝑡 − 𝑥)
)

+
𝑟𝑐1 − 𝜔𝑐2

𝜇
e𝑟(𝑡−𝑥) sin

((


2𝜇
𝜀 + 𝜇

)

(𝑡 − 𝑥)
)

+ 𝑐1 cos(𝜔(𝑡 − 𝑥)) + 𝑐2 sin(𝜔(𝑡 − 𝑥)).
(62)
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Fig. 9. A single sine wave and its reflections at the boundary for the problem 𝑚̃ ≠ 0 and 𝜀 = 0.01 for the case (1 + 𝛽)2 = 4𝑝 with different parameters 
values 𝛽 and 𝑝 at time: (a) 𝑡 = 0, (b) 𝑡 = 5𝜋

2
.

Fig. 10. A continuous sine wave and its reflections at the boundary for the problem with 𝑚̃ ≠ 0, 𝜀 = 0.01, and (1 + 𝛽)2 < 4𝑝 for different parameters 
values 𝛽, 𝑝, and: (a) 𝜔 = 1 at 𝑡 = 0; (b) 𝜔 = 1.265 at 𝑡 = 0; (c) 𝜔 = 1 at 𝑡 = 5𝜋

2
; (d) 𝜔 = 10 at 𝑡 = 0.
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Fig. 11. A single sine wave and its reflections at the boundary for the problem 𝑚̃ ≠ 0 and 𝜀 = 0.01 for the case (1 + 𝛽)2 < 4𝑝 with different parameters 
values 𝛽 and 𝑝 at time: (a) 𝑡 = 0, (b) 𝑡 = 5𝜋

2
.

As shown in (62), the nonlinearity parameter significantly influences the modulation of the frequency of the reflected wave. 
This impact is visually captured in Fig. 10. The results show clearly that both damping and spring coefficients play crucial roles in 
shaping the waveform, as shown in Fig. 10a. Furthermore, Fig. 10a and b demonstrate that variations in the incoming frequency 𝜔
lead to pronounced changes in the amplitude of the reflected wave. This relationship arises from the solution’s intricate dependency 
on the parameters 𝜔, 𝛽, 𝑝, and 𝜀, which consistently modulate the system’s response across all observed cases. In this case a near-
optimal configuration can be identified, where 𝜔 = 1.265, 𝛽 = 1, 𝑝 = 1.5, and 𝜀 = 0.01, for which a minimized reflection amplitude of 
approximately 0.04 can be observed. This observation implies the feasibility of identifying highly efficient damping configurations 
that minimize reflection amplitudes under varying system conditions.

We also illustrate the transition of the wave at 𝑡 = 5𝜋
2  (see Fig. 10c). The result is consistent with the previous cases. Wave 

amplitudes vary based on the reflected wave’s behavior. Low damping amplifies the wave (blue line) at certain times, specific damping 
achieves near-complete absorption, matching the incoming wave (red line), and odd-extension reflections reduce amplitude (yellow 
line) at certain times.

Furthermore, similar to previous cases, the reflected wave returns to its incident frequency more rapidly as the damping and spring 
coefficients increase, as illustrated in Fig. 10d. This faster convergence highlights the efficiency of energy dissipation, in which the 
system quickly stabilizes and aligns the reflected wave frequency with that of the incoming wave. By contrast, systems with smaller 
damping coefficients exhibit prolonged oscillatory behavior before achieving frequency matching, underscoring the crucial role of 
damping in governing wave decay and frequency alignment.

We also consider the single sine wave (11) as the ICs. As in the overdamped case, the excitation is active only for 2𝜋 ≤ 𝑡 − 𝑥 ≤ 3𝜋, 
and the underdamped approximation 𝜙𝑎 is applied locally in time. The boundary response is therefore defined as

𝜙(𝑡 − 𝑥) =

⎧

⎪

⎨

⎪

⎩

0, 𝑡 − 𝑥 < 2𝜋,
𝜙𝑎(𝑡 − 𝑥 − 2𝜋), 2𝜋 ≤ 𝑡 − 𝑥 ≤ 3𝜋,
e𝑟(𝑡−𝑥−3𝜋)

[

1 cos(𝜉(𝑡 − 𝑥 − 3𝜋)) +2 sin(𝜉(𝑡 − 𝑥 − 3𝜋))
]

, 𝑡 − 𝑥 > 3𝜋,
(63)

where 𝜙𝑎(𝑡) for 2𝜋 ≤ 𝑡 ≤ 3𝜋 is given by (58), and 𝜉 = 𝜇 + 
2𝜇 𝜀. The constants 1 and 2 are obtained by enforcing the continuity of 𝜙

and 𝜙𝑡 at 𝑡 − 𝑥 = 3𝜋, yielding 1 = Φ,2 =
Φ′−𝑟Φ
𝜉 , with Φ = 𝜙(3𝜋−) and Φ′ = 𝜙𝑡(3𝜋−).

Fig. 11 illustrates the reflected wave behavior for different combinations of 𝑝 and 𝛽. As in the previous example with the continuous 
sine wave ICs (28), the same qualitative conclusions can be drawn regarding the reflected wave response. In particular, lower effective 
damping leads to a more pronounced reflected response, while higher damping suppresses the reflection more rapidly.

4.5.  The problem of 𝑚̃ ≠ 0, 𝜀 ≠ 0, and 𝛽 = (𝜀)

In Section 4.4 we considered relatively strong damping, that is, 𝛽 = (1). From a physical point of view, the damper in the system 
can have the same order as the nonlinearity parameter 𝜀. Therefore, we will analyze case 𝛽 = (𝜀) to match the order of the nonlinear 
damping coefficient. This change in order implies weak boundary damping. Therefore, it leads to different dynamics in terms of 
the behavior of the reflected waves. A similar problem has been studied in [37]. However, in this study, we extend the study by 
considering the same order but not necessarily the same value for the nonlinear spring and damper coefficients.
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Let 𝛽 = 𝜀𝛽, then the BC in (2) becomes:
𝑢𝑡𝑡(0, 𝑡) = 𝑢𝑥(0, 𝑡) − 𝑝𝑢(0, 𝑡) − 𝜀𝑢3(0, 𝑡) − 𝜀𝛽𝑢𝑡(0, 𝑡). (64)

Hence, from (2) and (3), it follows from the ICs and the BC that:
𝑓𝑥𝑥(0) = 𝑓𝑥(0) − 𝑝𝑓 (0) − 𝜀𝑓 3(0) − 𝜀𝛽𝑔(0). (65)

Using the definition (6) for 𝜓(𝑡) and (7) for 𝜙(𝑡) in the D’Alembert’s formula (Eq. 5) and substituting this formula into the BC, we 
obtain: 

𝜙′′(𝑡) + 𝜙′(𝑡) + 𝜀𝛽𝜙𝑡(𝑡) + 𝑝𝜙(𝑡) + 𝜀𝜙3(𝑡) + 3𝜀𝜙2(𝑡)𝜓(𝑡) + 3𝜀𝜙(𝑡)𝜓2(𝑡) = −𝜓 ′′(𝑡) + 𝜓 ′(𝑡) − 𝜀𝛽𝜓𝑡(𝑡) − 𝑝𝜓(𝑡) − 𝜀𝜓3(𝑡). (66)

Assuming that the ICs (28 are given, and using (35)) and MSP method to obtain an asymptotic expansion for 𝜙(𝑡), where the slow 
time scale, 𝜏 = 𝜀𝑡, we obtain as before an (1)− and an (𝜀)−problems.

⎧

⎪

⎨

⎪

⎩

(1) ∶ 𝜙0𝑡𝑡 + 𝜙0𝑡 + 𝑝𝜙0 = −𝜓 ′′(𝑡) + 𝜓 ′(𝑡) − 𝑝𝜓(𝑡) = 𝜓0(𝑡),
𝜙(0) = 0,
𝜙𝑡(0) = 0.

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑂(𝜀) ∶ 𝜙1𝑡𝑡 + 𝜙1𝑡 + 𝑝𝜙1 = −2𝜙0𝑡𝜏 − 𝜙0𝜏 − 𝛽𝜙0𝑡 − 𝜙
3
0 − 3𝜙2

0𝜓(𝑡)
−3𝜙0𝜓2(𝑡) − 𝛽𝜓𝑡(𝑡) − 𝜓3(𝑡),
𝜙1(0) = 0,
𝜙1𝑡 (0) + 𝜙0𝜏 (0) = 0,

(67)

where 𝜓0(𝑡) = (𝑘𝜔2 − 𝑝𝑘) sin(𝜔𝑡) + 𝑘𝜔 cos(𝜔𝑡).
The solution of the (1)-problem (67) is given by

𝜙0(𝑡, 𝜏) = 0(𝜏)𝜙0,𝑓1 (𝑡) + 0(𝜏)𝜙0,𝑓2 (𝑡) + 𝑐3 cos(𝜔𝑡) + 𝑐4 sin(𝜔𝑡), (68)

where 0(𝜏) and 0(𝜏) are arbitrary functions, which will be used to avoid secular terms in 𝜙1, where 𝜙0,𝑓1  and 𝜙0,𝑓2  are given in 
(70), and where 𝑐3 cos(𝜔𝑡) + 𝑐4 sin(𝜔𝑡) is the particular solution, and 𝑐3 and 𝑐4 is given by

⎧

⎪

⎨

⎪

⎩

𝑐3 =
2𝑘𝜔(𝑝−𝜔2)
(𝑝−𝜔2)2+𝜔2 ,

𝑐4 =
−𝑘[(𝑝−𝜔2)2−𝜔2]
(𝑝−𝜔2)2+𝜔2 .

(69)

The characteristic equation of the (1)-problem (67) has roots 𝑟1,2 = −1±
√

1−4𝑝
2 . The nature of the roots depends on the value of 

√

1 − 4𝑝. Hence, our approximation of the solution for each case yields:

⎧

⎪

⎨

⎪

⎩

(𝑝 < 1
4 ) ∶ 𝜙0(𝑡, 𝜏) = 0(𝜏)e𝑟1𝑡 + 0(𝜏)e𝑟2𝑡 + 𝑐3 cos(𝜔𝑡) + 𝑐4 sin(𝜔𝑡),

(𝑝 = 1
4 ) ∶ 𝜙0(𝑡, 𝜏) = 0(𝜏)e𝑟𝑡 + 0(𝜏)𝑡e𝑟𝑡 + 𝑐3 cos(𝜔𝑡) + 𝑐4 sin(𝜔𝑡),

(𝑝 > 1
4 ) ∶ 𝜙0(𝑡, 𝜏) = 0(𝜏)e𝑟𝑡 cos(𝜇𝑡) + 0(𝜏)e𝑟𝑡 sin(𝜇𝑡) + 𝑐3 cos(𝜔𝑡) + 𝑐4 sin(𝜔𝑡),

(70)

where 𝑟1 = −1+
√

1−4𝑝
2 ; 𝑟2 =

−1−
√

1−4𝑝
2 ; 𝑟 = − 1

2 ; and 𝜇 =
√

4𝑝−1
2 . Notice that these cases do not depend on 𝛽 since now the damping 

coefficient is in the (𝜀)-problem (67).

4.5.1.  Case 1: 𝑝 < 1
4  and 𝛽 = (𝜀)

In this case, it follows from (36) and (70) that:
⎧

⎪

⎨

⎪

⎩

0(0) =
𝑐3𝑟2−𝑐4𝜔
𝑟1−𝑟2

,

0(0) =
𝑐4𝜔−𝑐3𝑟1
𝑟1−𝑟2

(71)

To eliminate terms that lead to secular terms in 𝜙1 (see Appendix B.4), it follows from (67) that 0(𝜏) and (𝜏) must satisfy:
⎧

⎪

⎨

⎪

⎩

d0(𝜏)
d𝜏 = − 𝛽𝑟1+

1+2𝑟1
0(𝜏),

d0(𝜏)
d𝜏 = − 𝛽𝑟2+

1+2𝑟2
0(𝜏),

(72)

where

 = 3
2
[

𝑐23 + (𝑐4 + 𝑘)2
]

. (73)
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Fig. 12. A continuous sine wave and its reflections at the boundary for the problem 𝑚̃ ≠ 0 and 𝜀 = 0.01 for the case 𝛽 = (𝜀), 𝑝 < 1
4
, and: (a) 𝜔 = 1

at 𝑡 = 0; (b) 𝜔 = 1 at 𝑡 = 5𝜋
2
; (c) 𝜔 = 10 at 𝑡 = 0.

The solution of (72) is given by

⎧

⎪

⎨

⎪

⎩

0(𝜏) =
𝑐3𝑟2−𝑐4𝜔
𝑟1−𝑟2

e
− 𝛽𝑟1+

1+2𝑟1
𝜏
,

0(𝜏) =
𝑐4𝜔−𝑐3𝑟1
𝑟1−𝑟2

e
− 𝛽𝑟2+

1+2𝑟2
𝜏
,

(74)

where  is given by (73). Substituting (74) into 𝜙0(𝑡 − 𝑥), we have as an approximation 𝜙𝑎 of 𝜙:

𝜙𝑎(𝑡 − 𝑥) =
𝑐3𝑟2 − 𝑐4𝜔
𝑟1 − 𝑟2

e

(

𝑟1−
𝛽𝑟1+
1+2𝑟1

𝜀
)

(𝑡−𝑥)
+
𝑐4𝜔 − 𝑐3𝑟1
𝑟1 − 𝑟2

e

(

𝑟2−
𝛽𝑟2+
1+2𝑟2

𝜀
)

(𝑡−𝑥)
+ 𝑐3 cos(𝜔(𝑡 − 𝑥)) + 𝑐4 sin(𝜔(𝑡 − 𝑥)). (75)

To illustrate how the wave is reflected at the boundary, we refer to Fig. 12 for 𝑘 = 1. The nonlinearity significantly influences the 
modulation of the amplitude within the system. In particular, the solution provided in (75) contains exponential terms that incor-
porate the nonlinearity parameter 𝜀 and the damping coefficient 𝛽. This is consistent with the fact that now 𝛽 = (𝜀). Consequently, 
the damping effect in this system is intrinsically linked to nonlinearity 𝜀. In this context, selecting a smaller value of 𝜀 minimizes the 
influence of the damping (weak damping), effectively reducing its impact regardless of the magnitude of the damping coefficient. 
This effect is illustrated in Fig. 12a and c, where we take low frequency (𝜔 = 1) and high frequency (𝜔 = 10) with 𝜀 = 0.01, show-
ing a small damping contribution (the blue and red lines coincide). Furthermore, due to the inherent restrictions imposed by the 
parameter constraints 𝑝 < 1

4  and 0 ≤ 𝜀 ≪ 1, the reflected wave will consistently exhibit a relatively even extension to the incident 
wave. Additionally, we illustrate the wave transition at the boundary at 𝑡 = 5𝜋

2 , where the even extension of the reflection amplifies 
its interaction with the incoming wave, resulting in a higher amplitude (Fig. 12b).
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4.5.2.  Case 2: 𝑝 = 1
4  and 𝛽 = (𝜀)

In this case, we use the same approach as in Section 4.4.2. Substituting (51) into (66) and equating the coefficients of 𝜀 produces 
(1)− and (𝜀)−problems:

{

(1) ∶ 𝜙′′
0 + 𝜙′

0 + 𝑝𝜙0 = −𝜓 ′′ + 𝜓 ′ − 𝑝𝜓,
𝜙(0) = 0, 𝜙′(0) = 0,

{

(𝜀) ∶ 𝜙′′
1 + 𝜙′

1 + 𝑝𝜙1 = −𝛽𝜙′
0 − 𝜙

3
0 − 3𝜙2

0𝜓 − 3𝜙0𝜓2 − 𝜓3,
𝜙1(0) = 0, 𝜙′

1(0) = 0.

(76)

It follows from (35) and (36) that the solution of the ODE in the (1)-problem (54) is

𝜙0(𝑡) = −𝑐3e
− 1

2 𝑡 + (𝑐3𝑟 − 𝑐4𝜔)𝑡e
− 1

2 𝑡 + 𝑐3 cos(𝜔𝑡) + 𝑐4 sin(𝜔𝑡). (77)

The solution of the (𝜀)-problem in (76) is

𝜙1(𝑡) = (1 + 1𝑡)e
− 𝑡

2 + 𝜙1,𝑃 (𝑡) + e−
3𝑡
2

3
∑

𝑚=0
𝑈𝑚𝑡

𝑚 + e−𝑡
2
∑

𝑚=0

(

𝜐𝑚 cos(𝜔𝑡) + 𝜈𝑚 sin(𝜔𝑡)
)

𝑡𝑚

+ 𝑡2e−
𝑡
2 (𝑑0 + 𝑑1𝑡) + e−

𝑡
2

1
∑

𝑚=0

(

𝜐̂𝑚 cos(2𝜔𝑡) + 𝜈̂𝑚 sin(2𝜔𝑡)
)

𝑡𝑚,

(78)

where all extended variables are given in Appendix B.5.
Using the result in (77) and (78), it follows from (52), the approximation 𝜙𝑎 for 𝜙 in (22) is given by

𝜙𝑎(𝑡 − 𝑥) = 𝜙0(𝑡 − 𝑥) + 𝜀𝜙1(𝑡 − 𝑥) (79)

We can see that the nonlinearity 𝜀 affects the change in frequency. Fig. 13 provides a detailed illustration of the incident wave, 
coming from the right side to the boundary (𝑥 = 0), and the reflected wave, shown as distinct lines, with the parameter 𝑘 = 1.

In this case, with a small linear spring constant 𝑝 = 1
4  and weak damping 𝛽, the boundary approximates a free-end condition, 

resulting in the reflected wave adopting an even symmetry relative to the incoming wave, as shown in Fig. 13a and c. Consequently, 
the interaction between the incoming and reflected waves at the boundary produces a higher maximum amplitude, as shown in 
Fig. 13b.

Fig. 13 illustrates the dependence of the characteristics of the reflected wave on the natural frequency 𝜔, as reflected in the 
governing Eq. (79), where each term varies with 𝜔. This shift highlights the sensitivity of wave reflection symmetry to changes in 
natural frequency [27].

4.5.3.  Case 3: 𝑝 > 1
4  and 𝛽 = (𝜀)

It follows from (36) and (70) that:
{

0(0) = −𝑐3,
0(0) =

𝑟𝑐3−𝜔𝑐4
𝜇

(80)

Again, to remove secular terms in 𝜙1, it follows from Appendix B.6 and from (67) that 0(𝜏) and 0(𝜏) have to satisfy:
{ d0(𝜏)

d𝜏 = − 1
2 𝛽0(𝜏) +0(𝜏),

d0(𝜏)
d𝜏 = − 1

2 𝛽0(𝜏) −0(𝜏),
(81)

with  = 
2𝜇 − 1

4𝜇 𝛽. The solution of (81) is given by:

⎧

⎪

⎨

⎪

⎩

0(𝜏) = e−
1
2 𝛽𝜏

[

−𝑐3 cos (𝜏) +
𝑟𝑐3−𝜔𝑐4

𝜇 sin(𝜏)
]

,

0(𝜏) = e−
1
2 𝛽𝜏

[

𝑟𝑐3−𝜔𝑐4
𝜇 cos (𝜏) + 𝑐3 sin(𝜏)

]

.
(82)

Hence, as an approximation 𝜙𝑎 for the unknown function 𝜙 in (7), we have the following expression:

𝜙𝑎(𝑡 − 𝑥) = −𝑐3e− (𝑡−𝑥) cos ((𝜀 + 𝜇)(𝑡 − 𝑥)) +
𝑟𝑐3 − 𝜔𝑐4

𝜇
e− (𝑡−𝑥) sin ((𝜀 + 𝜇)(𝑡 − 𝑥)) + 𝑐3 cos(𝜔(𝑡 − 𝑥)) + 𝑐4 sin(𝜔(𝑡 − 𝑥), (83)

with  = 1
2 𝛽𝜀 +

1
2 .

From our solution (83), we can see that the nonlinearity parameter 𝜀 influences the amplitude. To illustrate how the wave reflected 
at the boundary, we present Fig. 14 and take 𝑘 = 1.

Based on Fig. 14a (and the magnified view in Fig. 14b), selecting a low natural frequency 𝜔 = 1 reveals significant changes in 
wave behavior as 𝑝 increases beyond 𝑝 > 1

4 . For smaller values of 𝑝 (e.g., 𝑝 =
1
3  or 𝑝 = 1), the reflected waves exhibit even extension 

behavior observed for various damping values 𝛽, given their (𝜀) order magnitude in this problem. In contrast, as 𝑝 increases (depicted 
by the yellow line), the reflection transitions to an odd extension. These findings align with previous cases, highlighting the critical 
role of the spring coefficient 𝑝 in determining wave symmetry based on its relative magnitude.
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Fig. 13. Continuous sine wave and it’s reflection for 𝑚̃ ≠ 0 and 𝜀 ≠ 0 for case 𝛽 = (𝜀), 𝑝 = 1
4
, and: (a) 𝜔 = 1, 𝜀 = 0.01, at 𝑡 = 0; (b) 𝜔 = 1, 𝜀 = 0.01, 

at 𝑡 = 5
2
𝜋; (c) 𝜔 = 5, 𝜀 = 0.001, at 𝑡 = 0.

We also illustrate the interaction between the incoming waves and their reflections at the boundary 𝑡 = 5𝜋
2 , as shown in Fig. 14c. 

As in previous cases, even extension of the reflection amplifies the combined wave amplitude at certain times.
At higher frequencies, the interaction between damping and spring constants remains evident in suppressing the reflected wave’s 

return to its natural incoming wave frequency. Increased spring and damping coefficients accelerate this process, as shown in Fig. 14d.

4.6.  Numerical comparisons

In the preceding section, approximate solutions to the nonlinear problem were obtained using the MSP method. To assess their 
accuracy, the same governing equation is now solved numerically, without relying on small-displacement assumptions. A fourth-order 
Runge–Kutta (RK4) scheme is used to compute reference solutions for identical parameter values, enabling a direct comparison with 
the MSP results.

The governing PDE is first discretized in space using a second-order central finite-difference scheme, resulting in a system of 
ODEs, 

{

𝑦′(𝑡) = 𝐅(𝑡, 𝑦), 𝑡 > 𝑡0,
𝑦(𝑡0) = 𝑦0,

(84)

where 𝑦(𝑡) denotes the vector of discrete solution variables and 𝐅 represents the spatially discretized operator, including boundary 
contributions [41].

Time integration is performed using the classical RK4 method. For a given time step Δ𝑡, the solution is advanced from 𝑡𝑛 to 
𝑡𝑛+1 = 𝑡𝑛 + Δ𝑡 as

𝐤1 = 𝐅(𝑦𝑛, 𝑡𝑛),
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Fig. 14. A continuous sine wave and its reflections at the boundary for the problem 𝑚̃ ≠ 0 and 𝜀 ≠ 0 for the case 𝛽 = (𝜀), 𝑝 > 1
4
, and: (a) 𝜔 = 1, 

𝜀 = 0.01, at 𝑡 = 0; (b) 𝜔 = 1, 𝜀 = 0.01, at 𝑡 = 0 (zoomed); (c) 𝜔 = 1, 𝜀 = 0.01, at 𝑡 = 5
2
𝜋; (d) 𝜔 = 10, 𝜀 = 0.01, at 𝑡 = 0.

𝐤2 = 𝐅
(

𝑦𝑛 + Δ𝑡
2 𝐤1, 𝑡𝑛 +

Δ𝑡
2

)

,

𝐤3 = 𝐅
(

𝑦𝑛 + Δ𝑡
2 𝐤2, 𝑡𝑛 +

Δ𝑡
2

)

,

𝐤4 = 𝐅
(

𝑦𝑛 + Δ𝑡𝐤3, 𝑡𝑛 + Δ𝑡
)

.

Hence, at 𝑡𝑛+1, the following solution is approximated by

𝑦𝑛+1 = 𝑦𝑛 + Δ𝑡
6
(

𝐤1 + 2𝐤2 + 2𝐤3 + 𝐤4
)

. (85)

In the following comparisons, we will take Δ𝑡 = 1
10 . When stability holds, the global truncation error is (10−4). By plotting the 

numerical solution 𝜙𝑛 from the RK4 method and comparing it with the analytical solution 𝜙𝑎, we can study the difference between 
the two approximations. In these plots, we use the same values as in the previous sections.

4.6.1.  Numerical comparison for the problem with 𝑚̃ = 0 and 𝜀 ≠ 0
It follows from (6), (7), and (20), the initial-value problem (IVP) is given as follows:

{

𝜙′(𝑡) = − 𝑝
1+𝛽 [𝜙(𝑡) + 𝜓(𝑡)] −

𝜀
1+𝛽 [𝜙(𝑡) + 𝜓(𝑡)]

3 + 1−𝛽
1+𝛽 𝜓(𝑡),

𝜙(0) = 1
2𝑓 (0).

(86)

Taking the ICs (28), we compare 𝜙𝑛 and 𝜙𝑎 with 𝜀 = 0.01. Fig. 15 shows the comparison between the two solutions.
In Fig. 15a, the numerical solution exhibits a behavior that is in close agreement with the analytical solution. To further quantify 

this agreement, we examine the absolute difference between the two, since both solutions are approximate and may attain zero values. 
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Fig. 15. Comparison and difference between numerical (𝜙𝑛) and analytical (𝜙𝑎) solutions for a continuous sine wave and its reflections at the 
boundary for the parameter values 𝑚̃ = 0, 𝜀 ≠ 0, at 𝑡 = 7.5𝜋: (a) 𝜙𝑛 (dashed lines) vs 𝜙𝑎 (solid lines). (b) 𝜙𝑛 − 𝜙𝑎.

For all combinations considered of 𝑝 and 𝛽, the differences between the two solutions remain small (< 0.1) (Fig. 15b) compared to 
the maximum wave amplitude under superposition, which is 2. The analysis within the MSP framework is conducted under the 
assumption of small displacements. Consequently, the largest discrepancies occur near the free end, where repeated wave arrivals 
and reflections accumulate numerical errors due to continuous interaction between the incident and reflected waves.

4.6.2.  Numerical comparison on the problem with 𝑚̃ ≠ 0 and 𝜀 ≠ 0
In this subsection, we will focus on the 𝛽 = (1) problem (4.4). We introduce the auxiliary state variables

𝑦1(𝑡) = 𝜙(𝑡), 𝑦2(𝑡) = 𝜙′(𝑡). (87)

From (31), it follows that the first-order system yields
{

𝑦′1(𝑡) = 𝑦2(𝑡),
𝑦′2(𝑡) = −(1 + 𝛽) 𝑦2(𝑡) − 𝑝 𝑦1(𝑡) − 𝜀(𝑦1(𝑡) + 𝜓(𝑡))3 − 𝜓 ′′(𝑡) + (1 − 𝛽)𝜓 ′(𝑡) − 𝑝𝜓(𝑡).

(88)

The resulting system (88) is well posed as an IVP upon specification of the ICs
{

𝑦1(0) = 𝜙(0) = 1
2𝑓 (0),

𝑦2(0) = 𝜙′(0) = − 1
2𝑓

′(0) + 1
2 𝑔(0).

(89)

In this problem, three damping regimes are investigated, namely the cases with overdamping ((1 + 𝛽)2 > 4𝑝), critically damped 
((1 + 𝛽)2 = 4𝑝), and underdamping ((1 + 𝛽)2 < 4𝑝), as identified from the analytical solution.

Fig. 16 presents a comparative visualization of the reflected wave response obtained from the analytical and numerical solutions 
in all the cases considered. The results are shown for 𝜀 = 0.01 at 𝑡 = 7.5𝜋. In all cases, the discrepancy between 𝜙𝑛 and 𝜙𝑎 remains 
small (< 0.1) compared to the maximum wave amplitude under superposition, which is 2. Larger discrepancies are observed for small 
values of 𝑝 and 𝛽. In this regime, the boundary behaves as a weakly constrained and weakly dissipative oscillator, allowing reflected 
waves to persist and repeatedly interact with it. This increases sensitivity to phase errors and amplifies higher-order nonlinear effects 
that are not captured by the leading-order analytical approximation, as illustrated by the blue curves in Fig. 16b, d, and f. As 𝑝 and 
𝛽 increase, boundary oscillations decay more rapidly, and the response becomes increasingly dominated by a single mode, leading 
to closer agreement between the numerical and analytical solutions and a more uniform error distribution. Hence, if, for some time, 
the amplitudes become larger (or smaller), the errors also become larger (or smaller).

An analogous conclusion applies to the 𝛽 = (𝜀) in problem (4.5). Here, due to the small damping, the behavior of the reflected 
wave is primarily governed by the spring stiffness, with distinct responses arising for 𝑝 < 1

4 , 𝑝 =
1
4 , and 𝑝 >

1
4 , consistent with the 

classification established earlier.

4.7.  The energy and its rate of change

4.7.1.  The case 𝑚 = 0 and 𝜀 = 0
In this case, the total energy 𝐸(𝑡) is the sum of the kinetic and potential energies of the string and the potential energy of the 

spring, that is

𝐸(𝑡) = 1
2 ∫

∞

0

(

𝑢2𝑡 (𝑥, 𝑡) + 𝑢
2
𝑥(𝑥, 𝑡)

)

d𝑥 + 1
2
𝑝𝑢2(0, 𝑡). (90)
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Fig. 16. Comparison and difference between 𝜙𝑛 (dashed lines) and 𝜙𝑎 (solid lines) for a continuous sine wave and its reflections at the boundary 
for the parameter values 𝑚̃ = 0, 𝜀 ≠ 0, and 𝛽 = (1) at 𝑡 = 10𝜋. For (1 + 𝛽)2 > 4𝑝: (a) 𝜙𝑛 vs 𝜙𝑎, (b) 𝜙𝑛 − 𝜙𝑎. For (1 + 𝛽)2 = 4𝑝: (c) 𝜙𝑛 vs 𝜙𝑎, (d) 𝜙𝑛 − 𝜙𝑎. 
For (1 + 𝛽)2 < 4𝑝: (e) 𝜙𝑛 vs 𝜙𝑎, (f) 𝜙𝑛 − 𝜙𝑎.
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Fig. 17. The energy dissipation for the Problem 𝑚 = 0 and 𝜀 = 0. (a) 𝑝 = 0. (b) 𝛽 ≠ 0; 𝑝 ≠ 0.

Taking the time derivative of 𝐸(𝑡), we find
d𝐸(𝑡)
d𝑡

= ∫

∞

0

[

𝑢𝑡𝑢𝑡𝑡 + 𝑢𝑥𝑢𝑥𝑡
]

d𝑥 + 𝑝𝑢(0, 𝑡)𝑢𝑡(0, 𝑡),

= ∫

∞

0
𝑢𝑡𝑢𝑡𝑡 d𝑥 + ∫

∞

0
𝑢𝑥𝑢𝑥𝑡 d𝑥 + 𝑝𝑢(0, 𝑡)𝑢𝑡(0, 𝑡),

= ∫

∞

0
𝑢𝑡𝑢𝑡𝑡 d𝑥 + ∫

∞

0
𝑢𝑥

d𝑢𝑡
d𝑥

d𝑥 + 𝑝𝑢(0, 𝑡)𝑢𝑡(0, 𝑡),

= ∫

∞

0
𝑢𝑡𝑢𝑡𝑡 d𝑥 +

[

𝑢𝑥𝑢𝑡
]∞
0 − ∫

∞

0
𝑢𝑥𝑥𝑢𝑡 d𝑥 + 𝑝𝑢(0, 𝑡)𝑢𝑡(0, 𝑡)

= ∫

∞

0
𝑢𝑡
(

𝑢𝑡𝑡 − 𝑢𝑥𝑥
)

d𝑥 +
[

𝑢𝑥𝑢𝑡
]∞
0 + 𝑝𝑢(0, 𝑡)𝑢𝑡(0, 𝑡). (91)

We know from Eq. (2) that 𝑢𝑡𝑡 − 𝑢𝑥𝑥 = 0, therefore
d𝐸(𝑡)
d𝑡

=
[

𝑢𝑥𝑢𝑡
]∞
0 + 𝑝𝑢(0, 𝑡)𝑢𝑡(0, 𝑡). (92)

Observing that there is no energy at 𝑥 = ∞, we deduce that
d𝐸(𝑡)
d𝑡

= −𝑢𝑥(0, 𝑡)𝑢𝑡(0, 𝑡) + 𝑝𝑢(0, 𝑡)𝑢𝑡(0, 𝑡). (93)

Given our BC (2), that is, 𝑢𝑥(0, 𝑡) = 𝑝𝑢(0, 𝑡) + 𝛽𝑢𝑡(0, 𝑡), we obtain
d𝐸(𝑡)
d𝑡

= −
(

𝑝𝑢(0, 𝑡) + 𝛽𝑢𝑡(0, 𝑡)
)

𝑢𝑡(0, 𝑡) + 𝑝𝑢(0, 𝑡)𝑢𝑡(0, 𝑡),

= −𝛽𝑢2𝑡 (0, 𝑡). (94)

Then,

d𝐸(𝑡)
d𝑡

= −𝛽𝑢2𝑡 (0, 𝑡) ≤ 0. (95)

This implies that the energy 𝐸(𝑡) decreases over time.
Fig. 17 illustrates the energy dissipation for the spring-damper case for the ICs 𝑢(𝑥, 0) = 𝑓 (𝑥), 𝑢𝑡(𝑥, 0) = 𝑔(𝑥) with

𝑓 (𝑥) =

{

sin2(𝑥), for 2𝜋 ≤ 𝑥 ≤ 3𝜋,
0, elsewhere.

; 𝑔(𝑥) =

{

sin(2𝑥), for 2𝜋 ≤ 𝑥 ≤ 3𝜋,
0, elsewhere.

(96)

In Fig. 17a, the spring coefficient is set to 𝑝 = 0. The illustration shows that the system’s energy remains conserved when 𝛽 = 0, 
consistent with Eq. (95), where 𝐸(𝑡) = 𝐸(0) holds for 𝛽 = 0. We also see that under the ideal damping configuration (as described in 
Section 1), energy dissipates at the fastest rate compared to other scenarios, as illustrated by the yellow line in Fig. 17a. However, 
as the damping coefficient 𝛽 increases, the dashpot’s movement becomes increasingly constrained, leading to a slower rate of energy 
dissipation over time. This result confirms the work in [22]. These findings also align with the results in [33], where the energetics 
of a semi-infinite traveling string with nonclassical boundary support are analyzed.
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Fig. 18. The energy dissipation for the Problem 𝑚 ≠ 0 and 𝜀 = 0. (a) varying 𝛽 and 𝑝 for case 1. (b) 𝛽 = 1, varying 𝑝 in E(t).

Additionally, Fig. 17b shows that, for a fixed 𝛽, increasing the spring coefficient 𝑝 results in a comparatively lower rate of energy 
dissipation than when 𝛽 is allowed to vary with 𝑝 kept constant. This indicates a nuanced dependence of the energy dissipation on 
the relative magnitudes of 𝛽 and 𝑝, suggesting that the energy dynamics of the system are more sensitive to changes in the damping 
coefficient than in the spring coefficient.

4.7.2.  The case 𝑚 ≠ 0 and 𝜀 = 0
In this case, the total energy 𝐸(𝑡) is the sum of the kinetic and potential energies of the string and the potential energy of the 

spring, and the kinetic energy of the mass 𝑚, that is,

𝐸(𝑡) = 1
2 ∫

∞

0

(

𝑢2𝑡 (𝑥, 𝑡) + 𝑢
2
𝑥(𝑥, 𝑡)

)

d𝑥 + 1
2
𝑢2𝑡 (0, 𝑡) +

1
2
𝑝𝑢2(0, 𝑡). (97)

Just like in Section 4.7.1, we take the time derivative of 𝐸(𝑡), and considering PDE in (2), we will have:
d𝐸(𝑡)
d𝑡

=
[

𝑢𝑥𝑢𝑡
]∞
0 + 𝑢𝑡(0, 𝑡)𝑢𝑡𝑡(0, 𝑡) + 𝑝𝑢(0, 𝑡)𝑢𝑡(0, 𝑡). (98)

Observing that there is no energy at 𝑥 = ∞, and given our BC 𝑢𝑥(0, 𝑡) = 𝑢𝑡𝑡(0, 𝑡) + 𝑝𝑢(0, 𝑡) + 𝛽𝑢𝑡(0, 𝑡), we have
d𝐸(𝑡)
d𝑡

= −𝛽𝑢2𝑡 (0, 𝑡) ≤ 0. (99)

Hence, the energy is bounded if the initial energy is bounded.
Fig. 18 illustrates the energy dissipation given the ICs (96). The figure illustrates the energy decay over time 𝑡 caused by the 

mass-spring-dashpot system. The energy remains conserved when the damping coefficient 𝛽 = 0. In the over-damped scenario, as 
shown in Fig. 18a, the interplay between the damping 𝛽 and the spring coefficient 𝑝 significantly influences the energy dissipation. 
When the spring coefficient is fixed at 𝑝 = 0.5, most energy dissipation occurs at 𝛽 = 1, a result consistent with the findings from the 
previous subsection. Conversely, when 𝛽 is fixed, increasing the spring coefficient leads to faster energy dissipation. This is evident 
in Fig. 18a for 𝛽 = 4 and in Fig. 18b for 𝛽 = 1.

4.7.3.  In the case 𝑚 = 0 and 𝜀 ≠ 0
In this case, the total energy 𝐸(𝑡), compared to Section 4.7.1, includes a nonlinear term due to the nonlinearity of the spring, and 

is given by:

𝐸(𝑡) = 1
2 ∫

∞

0

(

𝑢2𝑡 (𝑥, 𝑡) + 𝑢
2
𝑥(𝑥, 𝑡)

)

d𝑥 + 1
2
𝑝𝑢2(0, 𝑡) + 𝜀

4
𝑢4(0, 𝑡). (100)

Since we know from eq. (2) that 𝑢𝑡𝑡 − 𝑢𝑥𝑥 = 0, and by taking the time derivative of 𝐸(𝑡), we find

d𝐸(𝑡)
d𝑡

=
[

𝑢𝑥𝑢𝑡
]∞
0 + 𝑝𝑢(0, 𝑡)𝑢𝑡(0, 𝑡) + 𝜀𝑢3(0, 𝑡)𝑢𝑡(0, 𝑡). (101)

Observing that there is no energy at 𝑥 = ∞, and given our BC 𝑢𝑥(0, 𝑡) = 𝑝𝑢(0, 𝑡) + 𝛽𝑢𝑡(0, 𝑡) + 𝜀𝑢3(0, 𝑡), we have
d𝐸(𝑡)
d𝑡

= −𝛽𝑢2𝑡 (0, 𝑡) ≤ 0. (102)

This implies that the energy 𝐸(𝑡) decreases over time. We illustrate in Fig. 19 the energy dissipation for the ICs given in (96).
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Fig. 19. The energy dissipation for the Problem 𝑚 = 0 and 𝜀 ≠ 0.

The illustration confirms that the system’s energy is conserved when 𝛽 = 0, consistent with Eq. (102), where 𝐸(𝑡) = 𝐸(0). In the 
ideal damping configuration (Section 1), the energy dissipates most rapidly, as shown by the red dotted line in Fig. 19. However, as 𝛽
increases, the damper’s motion becomes restricted, slowing energy dissipation. In addition, it is evident that for a fixed 𝛽, increasing 
the spring coefficient 𝑝 results in a slower rate of energy dissipation than varying 𝛽 while keeping 𝑝 constant. This highlights the 
energy dissipation dynamics of the system, which is more sensitive to changes in the damping coefficient than to changes in the 
spring coefficient.

4.7.4.  The case 𝑚 ≠ 0 and 𝜀 ≠ 0
In this case, the total energy 𝐸(𝑡) of the string and the mass-spring-damper system with a cubic nonlinear spring property is given 

by

𝐸(𝑡) = 1
2 ∫

∞

0

(

𝑢2𝑡 (𝑥, 𝑡) + 𝑢
2
𝑥(𝑥, 𝑡)

)

d𝑥 + 1
2
𝑢2𝑡 (0, 𝑡) +

1
2
𝑝𝑢2(0, 𝑡) + 𝜀

4
𝑢4(0, 𝑡). (103)

Taking the time derivative of 𝐸(𝑡), we can again deduce that
d𝐸(𝑡)
d𝑡

= −𝛽𝑢2𝑡 (0, 𝑡) ≤ 0, (104)

and so,
𝐸(𝑡) ≤ 𝐸(0), for all 𝑡 ≥ 0. (105)

Fig. 20 depicts the total energy decay over time 𝑡 in the mass-spring-dashpot system and in the string, with the nonlinear spring 
coefficient 𝜀 = 0.01, 𝜔 = 1, 𝑘 = 1, and the ICs given in (96). From the figure, we see that the energy remains conserved when the 
damping coefficient is 𝛽 = 0. When the damping coefficient 𝛽 > 0, it is evident from Eq. (104) and Fig. 20 that the system’s energy is 
dissipated. The interaction between 𝛽 and the spring coefficient 𝑝 plays a crucial role in energy dissipation. With 𝑝 fixed at 0.5, higher 
values of 𝛽 result in faster energy dissipation (see red and yellow lines). Similarly, when 𝛽 is fixed (in this case, 𝛽 = 1), increasing 
𝑝 from 𝑝 = 1 (purple line) to 𝑝 = 1.5 (green line) accelerates energy dissipation. Previous studies have also indicated that energy is 
influenced by coefficients determined by BCs [13,42].

5.  Conclusion

In this paper, the behavior of reflected waves in semi-infinite strings under various linear and cubic nonlinear BCs was analyzed 
analytically using D’Alembert’s method and numerically using the RK4 Method and a central finite difference scheme. Four types of 
tuned-mass-damper systems were considered at the boundary: (1) a damper-linear spring system, (2) a mass-damper-linear spring 
system, (3) a damper-nonlinear spring system, and (4) a mass-damper-nonlinear spring system.

Across the scenarios, the BC strongly determines the nature of wave reflection. A fixed end produces an odd reflection of the 
incoming wave such that the superposition of the incoming and reflected waves enforces zero displacement at the boundary. A free 
end generates an even reflection, resulting in-phase superposition and amplitude doubling. Under ideal damping, the incoming wave 
is fully absorbed at the boundary, suppressing reflection, and eliminating wave amplification. Furthermore, the mass-spring-damper 
system distorts the reflected waves, causing the reflected wave length to elongate.

For the nonlinear BC, the solution is approximated using the MSP method. The analysis shows that boundary nonlinearity plays a 
crucial role in determining the behavior of the reflected wave. In particular, the nonlinear boundary produces an elongated reflected 
wave compared to the response due to a linear BC.
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Fig. 20. The energy dissipation for the Problem 𝑚 ≠ 0 and 𝜀 ≠ 0.

In problem four, we consider two different time scales ((1) and (𝜀)) for the damping coefficient 𝛽. This variation leads to 
different behavioral conditions. For 𝛽 being (1), the behavior depends on the relative values of 𝛽 and 𝑝. On the other hand, when 
we have weak damping (as 𝛽 is (𝜀)), the value of 𝑝 was the only factor for which the system leads to over-damping, critically 
damping, or under-damping. Specifically, when 𝛽 is (𝜀), reflected waves in the over-damped and in the critically damped cases 
generally exhibit even extensions due to system constraints. In contrast, odd extensions occur in underdamped conditions due to high 
spring constants. For all cases in Problem 4, we conclude that the nonlinearity significantly influences the vibrations. Furthermore, 
the nonlinear problem is solved numerically using an RK4 scheme. The numerical response closely follows the MSP approximation, 
indicating that both methods capture the same underlying dynamics, with only minor discrepancies in amplitude.

Lastly, we analyzed the energy dissipation for both spring-damper and mass-spring-damper cases. In all cases, the energy is 
conserved when the damping parameter 𝛽 = 0. In the spring-damper case, the energy dissipation dynamics are more sensitive to 
changes in the damping parameter than to changes in the spring coefficient. Moreover, when the damping coefficient 𝛽 = 1, the 
energy dissipates optimally at the boundary. However, as the damping coefficient increases, the damper’s movement becomes more 
constrained, leading to lower energy dissipation over time. For the spring-mass-damper system, we can see that when 𝛽 = 1, increasing 
the spring coefficient leads to a higher energy dissipation.

Future research will focus on analyzing the impact of nonlinearities in the damping coefficient to better understand its influence 
on wave dynamics. Additionally, this methodology can be extended to investigate other types of nonlinearities, providing a versatile 
framework for exploring complex system behavior in similar settings.
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Appendix A.  Parameter definition in Section 4.2 Case (𝟏 + 𝜷)𝟐 < 𝟒𝒑.

𝐹𝑐 (𝑡) = ∫

𝑡

0
e𝜃𝑠 cos(𝜅𝑠) 𝑓 (𝑠) d𝑠.

𝐹𝑠(𝑡) = ∫

𝑡

0
e𝜃𝑠 sin(𝜅𝑠) 𝑓 (𝑠) d𝑠.

𝐺𝑐 (𝑡) = ∫

𝑡

0
e𝜃𝑠 cos(𝜅𝑠) 𝑔(𝑠) d𝑠.

𝐺𝑠(𝑡) = ∫

𝑡

0
e𝜃𝑠 sin(𝜅𝑠) 𝑔(𝑠) d𝑠.

𝐻𝑐 (𝑡) = ∫

𝑡

0
e𝜃𝑠 cos(𝜅𝑠)

(

∫

𝑠

0
𝑔(𝑣) 𝑑𝑣

)

d𝑠.

𝐻𝑠(𝑡) = ∫

𝑡

0
e𝜃𝑠 sin(𝜅𝑠)

(

∫

𝑠

0
𝑔(𝑣) 𝑑𝑣

)

d𝑠.

Appendix B.  Secular terms

B.1. 𝛽 = (1), case 1

To ensure that our solution stays bounded, we need to eliminate the secular terms. First, we should find all secular terms in 𝜓3(𝑡), 
𝜙0𝑡𝜏 , 𝜙0𝜏 , 𝜙3

0, 𝜙2
0 𝜓(𝑡) and 𝜙0𝜓2(𝑡) as follows:

𝜓3(𝑡) ∶ does not contain secular terms.

𝜙0𝑡𝜏 ∶
d0(𝜏)
d𝜏

𝑟1e𝑟1𝑡 +
d0(𝜏)
d𝜏

𝑟2e𝑟2𝑡.

𝜙0𝜏 ∶
d0(𝜏)
d𝜏

e𝑟1𝑡 +
d0(𝜏)
d𝜏

e𝑟2𝑡.

𝜙3
0 ∶ − 3

2 (𝑐
2
1 + 𝑐

2
2 )
(

0(𝜏)e𝑟1𝑡 + 0(𝜏)e𝑟2𝑡
)

.

𝜙2
0𝜓(𝑡) ∶ − 𝑘𝑐2

(

0(𝜏)e𝑟1𝑡 + 0(𝜏)e𝑟2𝑡
)

.

𝜙0𝜓
2(𝑡) ∶ 1

2𝑘
2(0(𝜏)e𝑟1𝑡 + 0(𝜏)e𝑟2𝑡

)

.

B.2. 𝛽 = (1), case 2

The full extension of all variables of the solution of Problem 𝑚 ≠ 0, 𝜀 ≠ 0, and (1 + 𝛽)2 = 4𝑝 are given as follows
1 = −(𝑎1 + 𝑎3 + 𝑈0 + 𝜐0 + 𝜐̂0),

1 = −𝑟(𝑎1 + 𝑎3 + 𝑈0 + 𝜐0 + 𝜐̂0) −
[

𝜔(𝑏1 + 3𝑏3) + (3𝑟𝑈0 + 𝑈1) + (2𝑟𝜐0 + 𝜐1 + 𝜔𝜈0) + (𝜐̂1 + 2𝜔𝜈̂0 + 𝑟𝜐̂0)
]

,

𝜙1,𝑃 (𝑡) = 𝑎1 cos(𝜔𝑡) + 𝑏1 sin(𝜔𝑡) + 𝑎3 cos(3𝜔𝑡) + 𝑏3 sin(3𝜔𝑡),

𝐾1 = − 3
4 𝑐1(𝑐

2
1 + 𝑐

2
2 ) −

3
2𝑘𝑐1𝑐2 −

3
4𝑘

2𝑐1,

𝐾2 = − 3
4 𝑐2(3𝑐

2
1 + 𝑐

2
2 ) −

3
4𝑘𝑐

2
1 −

9
4𝑘

2𝑐2 −
3
4𝑘

3,

𝐾5 = − 1
4 𝑐1(𝑐1 − 3𝑐22 ) +

3
2𝑘𝑐1𝑐2 +

3
4𝑘

2𝑐1,

𝐾6 = − 1
4 𝑐2(3𝑐

2
1 − 𝑐

2
2 ) −

3
4𝑘(𝑐

2
1 − 𝑐

2
2 ) +

3
4𝑘

2𝑐2 +
1
4𝑘

3,

𝑎𝑛 =
(𝑝 − (𝑛𝜔)2)𝐾2𝑛−1 + (1 + 𝛽)𝑛𝜔𝐾2𝑛

(𝑝 − (𝑛𝜔)2)2 + ((1 + 𝛽)𝑛𝜔)2
,

𝑏𝑛 =
(𝑝 − (𝑛𝜔)2)𝐾2𝑛 − (1 + 𝛽)𝑛𝜔𝐾2𝑛−1

(𝑝 − (𝑛𝜔)2)2 + ((1 + 𝛽)𝑛𝜔)2
,

𝑈3 = −
3
0

4𝑟2
,

𝑈2 =
3
4𝑟2

2
0

(

−0 +
0
𝑟

)

,

𝑈1 =
−6𝑟22

00 + 12𝑟02
0 − 93

0

8𝑟2
,
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𝑈0 =
−2𝑟33

0 + 6𝑟42
00 + (3 − 12𝑟2)𝑟02

0 + (9𝑟2 − 3)3
0

8𝑟5
,

𝜐2 = −
32

0

(𝑟2 + 𝜔2)2
[

(𝑟2 − 𝜔2)𝑐1 + 2𝑟𝜔(𝑐2 + 𝑘)
]

,

𝜈2 = −
32

0

(𝑟2 + 𝜔2)2
[

(𝑟2 − 𝜔2)(𝑐2 + 𝑘) − 2𝑟𝜔𝑐1
]

,

𝜐1 =
(𝑟2 − 𝜔2)𝑋1 + 2𝑟𝜔𝑌1

(𝑟2 + 𝜔2)2
,

𝜈1 =
−2𝑟𝜔𝑋1 + (𝑟2 − 𝜔2)𝑌1

(𝑟2 + 𝜔2)2
,

𝑋1 = −600𝑐1 − 2𝑆1,

𝑌1 = −600(𝑐2 + 𝑘) − 2𝑆2,

𝑆1 = 2𝑟𝜐2 − 2𝜔𝜈2,

𝑆2 = 2𝜔𝜐2 + 2𝑟𝜈2,

𝜐0 =
(𝑟2 − 𝜔2)𝑋0 + 2𝑟𝜔𝑌0

(𝑟2 + 𝜔2)2
,

𝜈0 =
−2𝑟𝜔𝑋0 + (𝑟2 − 𝜔2)𝑌0

(𝑟2 + 𝜔2)2
,

𝑋0 = −32
0𝑐1 − (2𝑟𝜐1 − 2𝜔𝜈1) − 2𝜐2,

𝑌0 = −32
0(𝑐2 + 𝑘) − (2𝜔𝜐1 + 2𝑟𝜈1) − 2𝜈2,

𝜐̃1 =
30

4𝜔2
𝑇𝑐 ,

𝜈̃1 =
30

4𝜔2
𝑇𝑠,

𝜐̃0 =
3

4𝜔2

(

0𝑇𝑐 −
0
𝜔 𝑇𝑠

)

,

𝜈̃0 =
3

4𝜔2

(

0𝑇𝑠 −
0
𝜔 𝑇𝑐

)

,

𝑇𝑐 =
1
2 (𝑐

2
1 − 𝑐

2
2 ) − 𝑘𝑐2 −

1
2𝑘

2,

𝑇𝑠 = 𝑐1𝑐2 + 𝑘𝑐1.

B.3. 𝛽 = (1), case 3

All secular terms in 𝜓3(𝑡), 𝜙0𝑡𝜏 , 𝜙0𝜏 , 𝜙3
0, 𝜙2

0 𝜓(𝑡) and 𝜙0𝜓2(𝑡) as follows:

𝜓3(𝑡) ∶ does not contain secular terms.

𝜙0𝜏 ∶
d0(𝜏)
d𝜏

e𝑟𝑡 cos(𝜇𝑡) +
d0(𝜏)
d𝜏

e𝑟𝑡 sin(𝜇𝑡).

𝜙0𝑡𝜏 ∶
[

d0(𝜏)
d𝜏

𝑟 +
d0(𝜏)
d𝜏

𝜇
]

e𝑟𝑡 cos(𝜇𝑡) +
[

d0(𝜏)
d𝜏

𝑟 −
d0(𝜏)
d𝜏

𝜇
]

e𝑟𝑡 sin(𝜇𝑡).

𝜙3
0 ∶

3
2
(

𝑐21 + 𝑐
2
2
)(

0(𝜏)e𝑟𝑡 cos(𝜇𝑡) + 0(𝜏)e𝑟𝑡 sin(𝜇𝑡)
)

.

𝜙2
0𝜓(𝑡) ∶ 𝑘𝑐2

(

0(𝜏)e𝑟𝑡 cos(𝜇𝑡) + 0(𝜏)e𝑟𝑡 sin(𝜇𝑡)
)

.

𝜙0𝜓
2(𝑡) ∶ 1

2
𝑘2
(

0(𝜏)e𝑟𝑡 cos(𝜇𝑡) + 0(𝜏)e𝑟𝑡 sin(𝜇𝑡)
)

.

B.4. 𝛽 = (𝜀), case 1

All secular terms in 𝜓𝑡(𝑡), 𝜓3(𝑡), 𝜙0𝑡𝜏 , 𝜙0𝑡 , 𝜙0𝜏 , 𝜙3
0, 𝜙2

0 𝜓(𝑡) and 𝜙0𝜓2(𝑡) are given follows:

𝜓𝑡(𝑡) ∶ does not contain secular terms.
𝜓3(𝑡) ∶ does not contain secular terms.

𝜙0𝑡𝜏 ∶
d0(𝜏)
d𝜏

𝑟1e𝑟1𝑡 +
d0(𝜏)
d𝜏

𝑟2e𝑟2𝑡.

𝜙0𝑡 ∶ 𝑟10(𝜏)e𝑟1𝑡 + 𝑟20(𝜏)e𝑟2𝑡.
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𝜙0𝜏 ∶
d0(𝜏)
d𝜏

e𝑟1𝑡 +
d0(𝜏)
d𝜏

e𝑟2𝑡.

𝜙3
0 ∶

3
2
(

𝑐23 + 𝑐
2
4
)(

0(𝜏)e𝑟1𝑡 + 0(𝜏)e𝑟2𝑡
)

.

𝜙2
0𝜓(𝑡) ∶ 𝑘𝑐4

(

0(𝜏)e𝑟1𝑡 + 0(𝜏)e𝑟2𝑡
)

.

𝜙0𝜓
2(𝑡) ∶ 1

2
𝑘2
(

0(𝜏)e𝑟1𝑡 + 0(𝜏)e𝑟2𝑡
)

.

B.5. 𝛽 in (𝜀), case 2

The full extension of all variables of the solution of Problem 𝑚 ≠ 0, 𝜀 ≠ 0, and 𝑝 = 1
4  are given as follows 

𝐴1 = −(𝑎1 + 𝑎3 + 𝑈0 + 𝜐0 + 𝜐̂0),

𝐵1 =
1
2 (𝑎1 + 𝑎3) + 2𝑈0 − 𝑈1 +

3
2 𝜐0 − 𝜐1 − 𝜔𝜈0 − 𝜔(𝑏1 + 3𝑏3) − 𝑑0 − 𝜐̂1 − 2𝜔𝜈̂0,

𝜙1,𝑃 = 𝑎1 cos(𝜔𝑡) + 𝑏1 sin(𝜔𝑡) + 𝑎3 cos(3𝜔𝑡) + 𝑏3 sin(3𝜔𝑡),

𝑄𝑛 =
( 1
4 − (𝑛𝜔)2

)2 + (𝑛𝜔)2,

𝑎𝑛 =

( 1
4 − (𝑛𝜔)2

)

𝐾2𝑛−1 + (𝑛𝜔)𝐾2𝑛

𝑄𝑛
,

𝑏𝑛 =

( 1
4 − (𝑛𝜔)2

)

𝐾2𝑛 − (𝑛𝜔)𝐾2𝑛−1

𝑄𝑛
,

𝐾1 = − 3
4 𝑐3(𝑐

2
3 + 𝑐

2
4 ) −

3
2𝑘𝑐3𝑐4 −

3
4𝑘

2𝑐3 − 𝛽𝑐4𝜔 − 𝛽𝑘𝜔,

𝐾2 = − 3
4 𝑐4(3𝑐

2
3 + 𝑐

2
4 ) −

3
4𝑘𝑐

2
3 −

9
4𝑘

2𝑐4 −
3
4𝑘

3 + 𝛽𝜔𝑐3,

𝐾5 = − 1
4 𝑐3(𝑐

2
3 − 3𝑐24 ) +

3
2𝑘𝑐3𝑐4 +

3
4𝑘

2𝑐3,

𝐾6 = − 1
4 𝑐4(3𝑐

2
3 − 𝑐

2
4 ) −

3
4𝑘(𝑐

2
3 − 𝑐

2
4 ) +

3
4𝑘

2𝑐4 +
1
4𝑘

3,

𝑈3 = 𝜂3,

𝑈2 = 3𝑐3𝜂2 + 6𝜂3,

𝑈1 = 3𝑐23𝜂 + 12𝑐3𝜂2 + 18𝜂3,

𝑈0 = 𝑐33 + 6𝑐23𝜂 + 18𝑐3𝜂2 + 24𝜂3,

𝜂 = 1
2 𝑐3 + 𝑐4𝜔,

𝜐2 = −
3𝜂2

Δ
(𝑚0𝑐3 − 𝜔𝑠),

𝜈2 = −
3𝜂2

Δ
(𝜔𝑐3 + 𝑚0 𝑠),

𝜐1 =
6𝜂
Δ2

[

− Δ𝑚0𝑐
2
3 + Δ𝜔𝑐3 𝑠 − 𝜂𝑚2

0𝑐3 − 4𝜂𝜔2𝑐3 − 2𝜂𝑚2
0 𝑠 + 2𝜂𝑚0𝜔𝑠 + 2𝜂𝜔3 𝑠

]

,

𝜈1 =
6𝜂
Δ2

[

− Δ𝜔𝑐23 − Δ𝑚0𝑐3 𝑠 + 2𝜂𝑚0𝜔𝑐3 − 2𝜂𝜔3𝑐3 + 𝜂𝑚2
0 𝑠 + 4𝜂𝑚0𝜔

2 𝑠 − 𝜂𝜔2 𝑠
]

,

𝜐0 =
1
Δ
(𝑚0𝑅0 − 𝜔𝑆0),

𝜈0 =
1
Δ
(𝜔𝑅0 + 𝑚0𝑆0),

𝑠 = 𝑐4 + 𝑘,

𝑅0 = −3𝑐33 + 𝜐1 + 2𝜔𝜈1 − 2𝜐2,

𝑆0 = −3𝑠𝑐23 − 2𝜔𝜐1 + 𝜈1 − 2𝜈2,

𝑚0 =
1
4 − 𝜔2,

Δ = 𝑚2
0 + 𝜔

2,

𝑑0 = −𝑐3 + 𝑐4𝜔𝛽,

𝑑1 = (𝑐3𝑟 − 𝑐4𝜔)
(

 + 𝛽
2

)

,

𝜐̂1 = −
3𝜂(−𝑐23 + 𝑠

2)

8𝜔2
,

𝜈̂1 = −
−3𝑐3𝜂𝑠
4𝜔2

,
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𝜐̂0 = − 1
4𝜔2

(

3
2 𝑐3(−𝑐

2
3 + 𝑠

2) −
−3𝑐3𝜂𝑠
𝜔

)

,

𝜈̂0 = − 1
4𝜔2

(

−3𝑐23 𝑠 +
3𝜂(−𝑐23 + 𝑠

2)
2𝜔

)

.

B.6. 𝛽 = (𝜀), case 3

All secular terms in 𝜓𝑡(𝑡), 𝜓3(𝑡), 𝜙0𝑡𝜏 , 𝜙0𝑡 , 𝜙0𝜏 , 𝜙3
0, 𝜙2

0 𝜓(𝑡) and 𝜙0𝜓2(𝑡) are given follows:

𝜓𝑡(𝑡) ∶ does not contain secular terms.
𝜓3(𝑡) ∶ does not contain secular terms.

𝜙0𝜏 ∶
d0(𝜏)
d𝜏

e𝑟𝑡 cos(𝜇𝑡) +
d0(𝜏)
d𝜏

e𝑟𝑡 sin(𝜇𝑡).

𝜙0𝑡 ∶
[

𝑟0(𝜏) + 𝜇0(𝜏)
]

e𝑟𝑡 cos(𝜇𝑡) +
[

−𝜇0(𝜏) + 𝑟0(𝜏)
]

e𝑟𝑡 sin(𝜇𝑡).

𝜙0𝑡𝜏 ∶
[

d0(𝜏)
d𝜏

𝑟 +
d0(𝜏)
d𝜏

𝜇
]

e𝑟𝑡 cos(𝜇𝑡) +
[

d0(𝜏)
d𝜏

𝑟 −
d0(𝜏)
d𝜏

𝜇
]

e𝑟𝑡 sin(𝜇𝑡).

𝜙3
0 ∶

3
2
(

𝑐23 + 𝑐
2
4
)(

0(𝜏)e𝑟𝑡 cos(𝜇𝑡) + 0(𝜏)e𝑟𝑡 sin(𝜇𝑡)
)

.

𝜙2
0𝜓(𝑡) ∶ 𝑘𝑐4

(

0(𝜏)e𝑟𝑡 cos(𝜇𝑡) + 0(𝜏)e𝑟𝑡 sin(𝜇𝑡)
)

.

𝜙0𝜓
2(𝑡) ∶ 1

2
𝑘2
(

0(𝜏)e𝑟𝑡 cos(𝜇𝑡) + 0(𝜏)e𝑟𝑡 sin(𝜇𝑡)
)

.
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