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Abstract—This paper proposes a novel discrete-time (DT)
implementation of the generalized Clegg integrator (GCI), which
is an integrator that resets its state to a fraction of the original
state when its input is equal to zero. The implementation is
derived by discretizing a continuous-time (CT) GCI using the
Tustin discretization method. By means of a numerical validation
it is shown that the state of the DT GCI is identical to its
CT counterpart when both are subject to an input which is
linearly interpolated between samples, as expected when using
this discretization method. For a general CT input which is not
linearly interpolated between samples, a numerical comparison is
made between the state of the novel DT GCI and the CT GCI. At
samples with linear behaviour, the state mismatch is equivalent to
the one observed between their linear counterparts. At samples
with resetting behaviour, the mismatch even reduces compared
to previous samples, as a consequence of (partially) resetting the
state mismatch.

Index Terms—Generalized Clegg integrator, discrete-time,
Tustin discretization, reset control, nonlinear control

I. INTRODUCTION

Reset control is a nonlinear technique where controller
states are reset when certain conditions are satisfied [1].
The most basic example of a reset controller is the Clegg
integrator, which is an integrator that resets its state to zero
when its input is equal to zero [2]. Reset controllers have
gained interest because they can overcome certain inherent
performance limitations of linear controllers. This has been
theoretically proven for various overshoot performance limi-
tations of linear control in, e.g., [3] and [4]. Furthermore, it
has been experimentally demonstrated on various applications,
such as in hard disk drives [5], semiconductor manufacturing
equipment [6], heat exchangers [7], power converters [8], and
in-line pH control [9].

Reset controllers where (a part of) the controller states
are (partially) reset when their input is equal to zero, are
recently gaining popularity in industry for the control of linear
plants [6]. Namely, intuitive frequency-domain based design
tools have been developed for this class of reset controllers,
similar to existing design tools that are widely used in industry
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for the design of linear controllers [10]-[13]. An intuitive
graphical stability check for closed-loop reset control systems
has been developed in [10], which can be assessed based
solely on a (measured) frequency-response function (FRF)
of the plant. For many mechatronic applications, such FRFs
are already available or can be identified with only a limited
amount of measurement data [14]. Furthermore, open- and
closed-loop steady-state performance of reset control systems
can be analysed using, e.g., the tools developed in [11]-[13].

While reset controllers are in most mechatronic applications
eventually implemented in discrete-time (DT), the available
literature dominantly investigates continuous-time (CT) reset
controllers. Several DT reset controller implementations have
been suggested, such as the ones used in [6] and [15]. At
samples with linear behaviour (no state resets), the DT imple-
mentation is straightforward: it is the same as implementing
a linear controller in discrete-time. However, it is unclear
how the DT implementations of the reset condition have been
derived, as well as the state update laws at samples for which
this condition is satisfied. Given that there is no systematic
derivation, it is also unclear whether these DT implementations
accurately emulate their CT counterpart.

The aim of this work is to take an initial step towards the
systematic derivation of a DT reset controller implementation
that accurately emulates its CT counterpart. To that end, we
derive a novel DT implementation of a generalized Clegg
integrator (GCI), which is a CI that resets its state to a
fraction of its original state [16]. We specifically use the Tustin
discretization method, because it is one of the most popular
methods for controller discretization, especially when one de-
sires a good frequency-domain match between the CT and DT
implementations [17]. Note that other discretization methods
can also be used to derive different DT GCI implementations,
but this is outside of the scope of this work.

The remainder of this paper is organized as follows. In
Section II we provide the necessary preliminaries of the Tustin
discretization method and the CT GCI. Next, in Section III
we derive a DT GCI implementation using the Tustin method.
Subsequently, in Section IV we numerically validate the cor-
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Fig. 1: Assumption on inter-sample behaviour using the Tustin
method, for a CT input e(t) = sin (0.27t) and a sample time
T, =1.

rectness of the proposed DT implementation, and compare its
behaviour to that of a CT GCI. Finally, we provide conclusions
and future work in Section V.

II. PRELIMINARIES
A. Tustin-Based Digital Implementation of an Integrator

Consider a CT linear integrator, given in state-space repre-
sentation by

(1) = e(t) (1)

with state € R, input ¢ € R, and time ¢t € R. The state of
the integrator is then given by

t
x(t) = z(t%) +/ e(r)dr Vt>t* (2)
£
with t* € R.

In digital systems, the input can only be sampled at discrete
time-intervals. In this work we focus on digital systems with
sampling at equidistant time-intervals 75 € R+, where Ty is
also known as the sampling time. In other words, the system is
sampled at times t;, := (k —1)T5, with sample number k € N.
To emulate the behaviour of the CT integrator by means of a
digitally implemented version, an assumption has to be made
on the behaviour of the input in between samples. In this work
we focus on the trapezoidal rule, which is also known as the
Tustin method [17]. This method assumes that the input is
linearly interpolated between samples, such that the input is
approximated by

t— 1k

e(t) = e(tk) + [6(tk+1) - e(tk)] Vt € [tk,tk+1). 3)

S
As an example, the resulting approximation is shown in Fig. 1
for a sinusoidal input.

If we assume that the input is linearly interpolated between
samples, we can explicitly derive the integrator state at samples
k by using (2), which leads to the DT integrator update law
given by
Ti(ex—1 + ex)

> )

Tk = Tk—1
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Fig. 2: Comparison of integrator states obtained with a si-
nusoidal input e(t) = sin(wt), w = 0.2, for the CT
integrator (1) with initial condition #(0) = —Z and for the DT
integrator (4) with sample time 73 = 1 and initial condition

_ 1
r1 = -

In Fig. 2a we compare the integrator states of the CT integrator
and DT integrator when both are subject to a sinusoidal input
which is linearly interpolated between the samples of the DT
GCI. As expected, the states of both elements are identical
at all samples. In Fig. 2b we compare the integrator states
of both elements when they are subject to the real (non-
interpolated) CT sinusoidal input. Note that the DT integrator
state values are identical to the ones in Fig. 2a, because the
input is equivalent at all samples. However, the CT integrator
state values have changed, which results in a mismatch with
the DT integrator state values.

B. Continuous-Time Generalized Clegg Integrator

Consider the GCI, which is an integrator that resets its state
to a fraction of the original state when the input is equal to
zero [16]. The CT GCI is given in state-space representation

by
e =ew
o= {xw) — ()

with reset fraction v € (—1,1) and t* := lim,; ¢ ;>¢ 7. As
an example, the response of a GCI to a sinusoidal input is
visualized in Fig. 3.

if e(t) £ 0

if e(t) = 0 ©)
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Fig. 3: Comparison of CT linear integrator state and CT GCI
state (y = 0.5) for an input e(t) = sin(2t) and initial
condition z(0) = 0.

III. TUSTIN-BASED DISCRETIZATION OF GENERALIZED
CLEGG INTEGRATOR

In this section we develop the DT implementation of the
GCI described in Section II-B, using the Tustin method
described in Section II-A. First, in Section III-A we derive a
DT reset instant detection algorithm. Second, in Section III-B
we derive the DT update law for the case where a zero-crossing
is detected. Finally, in Section III-C we derive the complete
DT update law of the GCI.

A. Discrete-Time Reset Instant Detection

As described in (5), a GCI resets its state when the input is
equal to zero. A bold method to discretize the reset condition
would be to check, at sample k, whether e, = 0. However, it is
also possible that the input is equal to zero in between samples,
which then is not detected by the algorithm. Therefore, at
sample k£ we need to check whether the input is equal to
zero for any time ¢ € (tx_1, tx] when we linearly interpolate
between the input at the current and previous sample. To check
this, we make use of Fig. 4, which illustrates the different
situations that can occur. In specific, we differentiate between
the cases where we linearly interpolate between inputs that are
either positive, zero, and/or negative. This leads to a total of
nine possible situations that can occur. The first four situations,
for which the input is never equal to zero, are given by
(Sl) ex—1 >0 and e > 0,

(S2) ex_1 < 0and e, <0,

(S3) ex—1 =0 and e, > 0,

(S4) ex—_1 =0 and e, < 0.

In situations (S7) and (S2) we either draw a straight line
between two positive values or between two negative values,
resulting in a line that is nonzero for all time ¢ € (51, tx]. For
situations (S3) and (Sy4), the input is equal to zero at time t5_1.
Howeyver, this is not within the time-interval we are interested
in. The next four situations, for which the input is once equal
to zero during the time-interval ¢ € (tx_1, t%], are given by
(55) er—1 > 0and e <0,

(Sg) ex_1 <0 and e, >0,

O——%—>
| |
| |
X X
€k—1 €k

Fig. 4: Schematic illustration of inputs e;_; and ex, where we
differentiate between values that are positive, zero, or negative.

(S7) ex—1 > 0and ex =0,

(Sg) ex—1 <0 and e, = 0.

In situations (S5) and (Sg), the straight line between the two
inputs crosses zero between samples. Essentially, this means
that a sign-switch occurs, which is the case if and only if
exex—1 < 0. In situations (S7) and (Sg), the straight line is
exactly equal to zero at time tg. Therefore, we can detect
situations (S5)-(Sg) by checking whether the input is in the
set

J]i = {(ek,ek_l) € R? | exer—1 <0V ..
(er =0Aex_1 #0)}.
Finally, the ninth situation, for which the input is equal to zero
for all times ¢ € (tx—_1,tx], is given by
(S9) ex—_1 =0 and e, = 0.
We can detect this last situation by checking whether the input
is in the set

(6)

I ={(er,en—1) ER* ey =0Aep_1 =0}, (7)
For later use in Section III-C, we also define the set
Fy = {(exser—1) €R? | (epsen—1) € (JLUJTZ)}, (8

which corresponds to situations (.57)-(S4).

B. Update Law With One Reset Instant

We now derive the DT GCI update law in the case that the
input is within the set J} as in (6). In other words, the input
crosses zero at one point during the sample, such that there is
one reset action. To derive the update law, we use Fig. 5, which
schematically illustrates the inter-sample behaviour in the case
of a zero-crossing. According to the Tustin method, we assume
that between samples the input is linearly interpolated between
the sampled inputs. Based on that assumption, we find that the
input is equal to zero at time

—€k—1
tr:tk—l +T€ (9)
€k — €k—1
or, when alternatively written, at time
€k
ter =t — Ty ———. (10)
€k — €k—1

Before the hypothetical zero-crossing time t.,, the integrator
still integrates the input over the time-interval ranging from
time t;_1 until time t... The duration of this interval is

Ty = ter — 1, (1)
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which, after substituting (9), results in

—Tser—1

T = (12)

ek — €h—1
As illustrated in Fig. 5, the integrated area in that time-interval
is given by

Tep—
A = &7 (13)
2
which, by substituting (12), can be written as
—Tse?
A = =1 (14)

Q(Gk — ek_l) '
At time-instant t.., the integrator state then hypothetically
resets to

Ler = fy(wkfl + A1)7 (15)
Teek_y

o = . 16

z ’Y<33k 1 Q(Bk—€k1)> (16)

Subsequently, integration continues over the time-interval
ranging from time ?., until time ¢;. The duration of this
interval is

Ty =ty — ter, (17)
which, after substituting (10), results in
T
Ty= 5% (18)
€k — €k—1

As illustrated in Fig. 5, the integrated area in that time-interval
is given by

T
Ag = 2%, (19)
2
which, after substituting (18), can be written as
T 2
Ay = 5% (20)

2(€k - ekfl) ’
Therefore, the integrator state after a zero-crossing detection
is given by

T = Ter + AQ, (21)

which, after substituting (16) and (20) into (21), and rewriting,
yields
Ts(ef, — vei-1)

22
Q(Bk 76]6_1) ( )

Tk = YTk—1 +

C. Complete Discrete-Time GCI Implementation

Finally, we derive the complete DT GCI implementation
along the line of the Tustin method. If no zero-crossing is
detected — the input is in set [} as in (8) — the GCI should
follow the update law of the linear DT Tustin integrator, as
given in (4). If one zero-crossing is detected — the input is in
set J,i as in (6) — the GCI should follow the update law as
derived in (22). Finally, if the input is equal to zero during
the entire sample — the input is in set JZ° as in (7) — there
are an infinite amount of resets during the sample. For the
CT GCI in (5) we only consider reset fractions v € (—1,1),
meaning that the absolute value of the integrator state reduces
with each reset. Therefore, when (hypothetically) resetting an

€k

: : As

Ay [ TS [

[ [

€L_1 | |
[ [

[ [

| |

tcr

173

Fig. 5: Schematic illustration of zero-crossing time-instant ¢,
and integration areas A; and A, used for derivation of the
DT integrator update law when one zero-crossing is detected.

infinite amount of times, the integrator state becomes zero.
Hence, the complete update law of the DT GCI is given by

Ts(ex—1+ex)
T), = gy + kiter)

if (ek,ek,l) € Fy,
Ts(ez—ven_1)
2(ep—er—1)
if (ek,ek_l) S Jé
if (ek,ek_l) S Jf:o
(23)

Rpr = { x), = yop_1 +

l‘k:O

with sets J,%, Ji°, and Fy, as in (6)-(8), respectively.

Note that in order for the DT GCI’s output to effectively
emulate the output of its CT counterpart, it is important that
the CT input signal can be reasonably well approximated
by the linearly interpolated signal. For example, consider an
input signal which contains an oscillation frequency above the
sampling frequency. In such a case, the predicted zero-crossing
time t.. might not be accurate. Furthermore, the predicted
amount of zero-crossings (i.e. reset instants) might not be
correct. Therefore, it is important that the sampling frequency
is chosen sufficiently large compared to the dominant vibration
frequencies that are present in the input signal.

Remark 3.1: 1t is interesting to note that time-regularized
versions of the CT GCI, which only allow a new reset after a
certain time-period has passed, have been investigated before
(see, e.g., [18]). Such an approach can for example be used to
prevent excessive resetting due to high-frequent measurement
noise. In situations (S5)-(Sg) we are essentially introducing
a similar form of time-regularization. Namely, even if high-
frequent vibrations in the input signal cause multiple zero-
crossings in between a sample, only one reset is triggered.

IV. NUMERICAL VALIDATION

In this section we numerically validate the developed DT
GCI implementation. First, in Section IV-A we numerically
verify whether the update law has been derived correctly.
Second, in Section IV-B we illustrate the effectiveness of the
DT GCI in emulating the response of the CT GCIL

A. Validation of Update Law Derivation

To verify whether the update law in (23) has been derived
correctly, we compare the behaviour of the CT GCI and DT
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(b) Absolute mismatch between CT and DT GCI states.

Fig. 6: Response comparison of the CT GCI (5) with initial
condition z(0) = 0, and the DT GCI (23) with Ty = 0.25 and
initial condition 1 = 0, both with v = 0.5, for a sinusoidal
input e(t;) = sin (2t;) that is linearly interpolated between
samples.

GCI when both are subject to a sinusoidal input which is
linearly interpolated between the samples of the DT GCI, as
illustrated in Fig. 6. The states of both elements, in response to
the linearly interpolated sinusoidal input, are shown in Fig. 6a.
Again, we want to stress that the CT GCI is also subject to a
sinusoidal input which is linearly interpolated with the same
sample time as for the DT GCI. In theory, in that case the states
of the CT and DT GCI should be identical at all samples.
Therefore, we visualize the absolute mismatch between the
states of the DT and CT GCI at each sample in Fig. 6b. The
mismatch is of the order 10~ 16, which is of a similar level as
the precision of the numerical solver that has been used [19].
Therefore, we can conclude that the developed DT GCI update
law in (23) is correctly derived.

B. Comparison of CT and DT GCI

To illustrate up to which extent the developed DT GCI
implementation can emulate the state of the CT GCI, we
compare the behaviour of both elements in Fig. 7. The states
of both elements, in response to a CT (non-interpolated)
sinusoidal input, are shown in Fig. 7a. Furthermore, the
absolute mismatch between the CT and DT states is displayed
in Fig. 7b. One can observe in the figure that there is no zero-

’ ;/’ [ \ 77
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N
e
N
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(b) Absolute mismatch between CT and DT GCI states.

Fig. 7: Response comparison of the CT GCI (5) with initial
condition z(0) = 0, and the DT GCI (23) with Ty = 0.25 and
initial condition z; = 0, both with v = 0.5, for a sinusoidal
input e(t) = sin (2t).

crossing of the input in the first seven samples. Therefore,
the mismatch between the states of the CT and DT GCI is
equivalent to that of a linear integrator, as earlier illustrated
in Fig. 2b. If we focus specifically on the samples at which a
Zero-crossing occurs, i.e., a state reset happens, the mismatch
even consistently reduces. This illustrates the effectiveness of
the developed update law in the situation that a zero-crossing
is detected. When we look in more detail at Fig. 7b, we can
observe that the mismatch reduces with roughly a factor v at
samples where a state reset occurs. We believe this is because
the mismatch built up during the linear behaviour is partially
taken away due to the reset action.

V. CONCLUSION

In this work we proposed a formal discrete-time (DT)
implementation of a generalized Clegg integrator (GCI), using
the Tustin discretization method. We showed numerically that
the states of the continuous-time (CT) GCI and novel DT
GCI are identical when both are subject to an input which is
linearly interpolated between samples. This illustrates that the
DT implementation has been derived correctly. Furthermore,
we numerically studied the difference between the DT GCI
and CT GCI, when both elements are subject to the same CT
(non-interpolated) input. At samples where the GCI behaves

604
Authorized licensed use limited to: TU Delft Library. Downloaded on May 04,2026 at 08:59:52 UTC from IEEE Xplore. Restrictions apply.



as a linear integrator, the mismatch is equivalent to the one
observed with a Tustin-discretized linear integrator. At samples
where resetting behaviour occurs, the mismatch between the
DT and CT GCI even drops by a fraction which is roughly
equal to the GCI’s reset fraction.

As part of future work, we will experimentally validate
the effectiveness of the developed DT GCI implementation.
Furthermore, we will use the Tustin discretization method to
derive a DT implementation of a generalized first-order reset
element [16] and higher-order reset elements [20].
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