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MOLART Reports

MOLART - Molecular aspects of Ageing of painted Art - is a 5-year co-operative
project between art historians, restores, analytical chemists and technical physi-
cists funded by the Netherlands Organisation for Scientific Research (NWO).
Technical support and advice is given by Shell-SRTCA (Amsterdam), AKZO-
NOBEL (Arnhem), Instituut Collectie Nederland (ICN, Amsterdam) and the
Dutch art museums. The project was launched on 1 February 1995 and will end
early 2002. The object of MOLART is to contribute to the development of a
scientific framework for the conservation of painted art on the molecular level.
The focus of MOLART is the determination of the present chemical and physi-
cal condition of works of art produced in the period from the 15th to the 20th
century. Studies of historical paint manufacturing and workshop practice must
give an insight into the nature of the painter’s media and the painting technique
used originally. Fundamental studies on varnishes, paints and colorants are un-
dertaken to understand the molecular aspects of ageing since this is thought to
be a main cause for the continued need to treat paintings.

This report is the second in a series of MOLART reports, that will summarise
all research results obtained in the course of the project. Information on this
series from MOLART can be obtained from the project coordinator Prof. Dr.
J.J. Boon, FOM Institute for Atomic and Molecular Physics, Kruislaan 407, 1098
SJ Amsterdam, The Netherlands.
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Chapter 1

Introduction

MOLART is a 5-year project between art historians, restorers, analytical chemists and technical
physicists funded by the Netherlands Organisation for Scientific Research (NWO). The object of
MOLART is the development of a scientific framework for the conservation of painted art on the
molecular level. The focus of MOLART is the determination of the present chemical and phys-
ical condition of works of art produced in the period from the 15th to the 20th century. Studies
of historical paint manufacturing and workshop practice must give insight into the nature of the
painter’s media and the painting technique used originally. Fundamental studies are undertaken
to understand the molecular aspects of ageing since this is thought to be a main cause for the
continued need to treat paintings.

Craquelure in paintings is one of the more visible aspects of ageing and is caused by the different
mechanical behaviour of the various layers such as support, ground, paint etc. Moreover, this
mechanical behaviour changes due to the ageing of the painting. The aim of our project is to
develop a mathematical model that gives an idea of what the effects of these changing mechanical
properties are on the cracking of paintings.

Cracking or, more generally, fracture is induced by mechanical stresses in a material. Tensile
stress causes deformation, provided that the material is not restrained. The ratio of elongation
to the initial length on an unrestrained material is called the strain. At strains below 1% most
materials behave elastically, that is, the material deforms back to its original length when the
load is removed. In this case the stress and the strain are linearly related. The ratio of strain to
stress is called the elastic modulus and may be viewed as a measure of the material’s stiffness.

Environmental changes are an important cause of internal stress in the different paint layers. The
mechanical properties of a material, e.g. the stiffness and the strength, change with temperature
and relative humidity. Furthermore, the different layers will try to shrink upon desiccation and
cooling. Because these layers are restrained, this produces a stress-rise in the painting.

An example of how these stresses can result in craquelure can be found in Figures 1.1 and 1.2.
Theses photo’s show a detail of a painting by J. Maris. The first one was taken between 1930
and 1940, and the second was taken in 1984, The painting was exhibited in the southern win gof
the ‘Rijksmuseum’ in Amsterdam, which did not have any environmental control system in that
period.

The first stage of our project consisted of a literature study to obtain a more thorough under-
standing of craquelure in paintings and to explore the different types of research already done
in this field. During this study we found that research previously carried out on the effects of
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Figure 1.1: ‘Het Jaagpad® by J. Maris (detail), photo taken ca. 1930’s (Fotodienst Rijksmuseum,
Amsterdam)



Figure 1.2: ‘Het Jaagpad’ by J. Maris (detail), photo taken in 1984 (Fotodienst Rijksmuseum,
Amsterdam)
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environmental changes covers a wide range of methods, which makes it difficult to compare the
results.

Experimental research on canvas paintings was done by Berger and Russell, measuring biaxial
stress in a painting during fluctuations in temperature and relative humidity [4]. Their research
showed that a small temperature rise (3°C) caused a greater stress change than a large change in
humidity (38%). This result directly contradicts the commonly held belief that canvas paintings
are relatively insensitive to moderate temperature changes. The stress change can be explained
by thermal expansion of the paint film. This tension pushes the canvas apart, thereby relieving
a portion of the tension in the canvas. They conclude that cracking and deterioration is caused
primarily by the paint film, rather than by movements of the substrate.

Shrinkage of the glue size during desiccation has been identified as one of the most important
sources of relative humidity-related stress development in paintings [25]. Research done by Kar-
powicz showed that the visco-elastic recovery of a layer of size leads to in-plane movements that
are responsible for development of a common pattern of craquelure on paintings. Cracks formed
at higher humidity were always sparser but wider than cracks observed in lower humidity. In
higher humidity more extension was possible, and stress could be released through extension of
size within an already-formed crack [20, 21]. The importance of fully understanding the struc-
ture of the painting and, in particular, the contribution of the different layers to the phenomenon
of craquelure, was shown by this research.

A totally different approach was used by Bucklow [7, 8]. He developed a small set of descriptive
terms for craquelure, which can be used for the attribution of paintings. He concluded from his
research that changes in humidity and temperature will affect the degree to which, but not the
way in which, craquelure develops.

Mecklenburg and Tumosa used a more technical approach by trying to predict the stresses in
a painting when subjected to changes in temperature and relative humidity using finite element
analysis [24, 25]. Finite element analysis is a numerical computing technique for solving prob-
lems in the field of continuum mechanics. Mecklenburg and Tumosa modelled a painting using
experimental data on 13 year old paint.

Mecklenburg and Tumosa’s work served as the starting point for our research. The object of
our project was to determine the effect of the change in mechanical properties that resulted from
ageing. Research done by other MOLART participants showed that with ageing the polymeric
structure of oil paint changes due to cross-linking as well as the forming of ionic bonds, where
the metal ions from the pigments act as counterions [6]. Both these covalent and ionic bonds
will increase the stiffness and the strength of the paint. There are several commercial finite
element programs. For our computations, the modelling was performed with the MARC system,
a program developed by MARC Analysis Research Corporation. Although it turned out to be
very hard to determine the exact material parameter necessary for the finite element analysis, we
did some simulations modelling the fresh paint as a polyacrylic acid and the aged paint as a zinc
salt of polyacrylic acid.

During the project we were asked to perform some computations on the painting ‘Cathedra’ by



Barnett Newman that was cut several times in ‘Het Stedelijk Museum’ in Amsterdam. At the
moment, restorers at the ‘Instituut Collectie Nederland’ (ICN) are trying to determine a way to
sew the cracks and they would like to know the stress distribution around it. To determine these
stress distributions the finite element analysis was used again.

Criteria from the field of fracture mechanics can be used to decide whether failure will occur
when a structure is subjected to certain stress levels. One can distinguish between ductile failure
and brittle failure, depending on the type of material used. Ductile failure manifests itself in
plastic deformation, whereas brittle failure manifests itself in fracture.

However, even when the stress in a structure never reaches the critical level for fracture or plastic
flow to occur, there still can be some resulting damage on a microscopic level. Especially, when
subjected to a cyclic load, the microscopic damage resulting from each cycle can add up and
finally result in fracture. This phenomenon is called fatigue. Many of the factors related to
fatigue are stochastic in nature, such as initial defects and environmental conditions. The final
stage of our project consisted of studying models that can compute the expected damage and the
fatigue life prediction of a painting, when the environmental changes, or the stress levels, are
modelled as stochastic processes. These stochastic models were developed by -among others-
Sobczyk and Spencer [30, 29].

Chapter 2 of this report gives a survey of the different layers of a painting and a description of the
main mechanical behavior of these layers as can be found in the literature. Chapter 3 deals with
the classifications of different types of craquelure and the features a craquelure pattern can have,
which was mainly inspired by the research done by Bucklow. Chapter 4 gives an introduction
to elasticity theory, the part of continuum mechanics that deals with stress-strain relations for
materials exhibiting elastic behaviour, and fracture mechanics. A description of the changing
mechanical properties of paint during ageing is given in Chapter 5. Chapter 6 explains using
some examples how the finite element method can be used to compute the stress distribution in
a structure. Chapter 7 gives a description of the finite element program MARC and the results of
two test runs, in which we tried to reproduce some of the results of Mecklenburg and Tumosa.
Chapter 8 gives the results of the computations done with MARC, both on the models of the
ageing paint and on models of the ‘Cathedra’. Finally, Chapter 9 describes some of the stochastic
models of fatigue phenomena and the way in which these models could be used to predict the
development craquelure in paintings.

Figure 1.3 shows the different scientific disciplines that were studied during this research project,
and the aspects of these disciplines that are relevant to the research of craquelure on paintings.
The chapter numbers indicate where the subjects can be found in this report.
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Figure 1.3: The different disciplines and their relations



Chapter 2

The Structure of a Painting

2.1 Introduction

A painting is a multi-layered structure consisting of a support, usually canvas or wood, a glue
layer to prevent the support from absorbing the paint medium, one or more layers of ground and
finally, one or more layers of paint. Craquelure in paintings is the result of the differences in
mechanical behaviour of these various layers.

There are a number of mechanical properties which affect craquelure forming. The first one is
the dimensional response to environmental changes, that is, changes in temperature and relative
humidity. When unrestrained most materials tend to shrink upon drying and cooling, but the rate
of shrinkage will be different for different materials. Therefore, the layers of a painting will act
as a restraint to each other and this will cause internal stresses. The elastic modulus is a measure
of a material’s ability to deform when subjected to stress, and may be viewed as a measure of
the material’s stiffness. It can be used to compute the stress levels in the different layers. The
strength of the materials determine whether a material will crack when subjected to certain stress
levels. The exact physical definition of the elastic modulus and the strength will be given in
Chapter 4.

This chapter gives a survey of the different layers of a painting, with a short introduction to the
mechanical properties of each layer and its contribution to the formation of cracks.

2.2 Support

There are many types of support a painting can have, but in this section only canvas and wood
will be discussed. Canvas behaves in a very different manner when subjected to environmental
changes than wood, therefore, the resulting stress distributions and the crack patterns in the paint
layers will be completely different.

2.2.1 Panel

There is a large variety of woods used for panels. Artists used mainly the woods from their
region, that is, in Portugal oak or Spanish chestnut, in Italy poplar, in Spain pine or poplar, in
France oak, walnut or poplar, and in Holland and Flanders oak [15].

7
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One aspect of wood that is important for the response to environmental changes, is that it is
orthotropic, that is, it has considerably different mechanical properties in the mutually perpen-
dicular directions, longitudinal, tangential and radial. The mechanical properties of wood vary,
but in general they correlate somewhat with the density of the wood [24]. Because of the or-
thotropic behaviour, the crack patterns on panel painting usually form a lattice.

Only the very small panels are made of just one plank. The planks are sawn radially from the
trees, i.e. perpendicular to the growth rings, because these will warp the least. In most of the
panels the grain of the wood is for all planks in the panel in the same the direction, that is, in the
direction of the longest side of the panel. But, for example Rubens, who had a spontaneous way
of painting, sometimes enlarged his panels while painting and this could result in panels with
horizontal as well as vertical grains [15]. The orthotropic behaviour of the wood will then lead
to internal stress.

Perpendicular to the grain the rate of shrinkage upon drying as well as cooling is significantly
larger than parallel to the grain. Therefore, with changing relative humidity and temperature,
stress will occur in the direction parallel to the grain and one would suspect that the predominant
direction of the cracks will be perpendicular to the grain. Bucklow found in his research that
a characteristic of early Italian poplar panels is indeed that the cracks run perpendicular to the
grain of the wood. However, a characteristic of early Flemish oak panels is that the cracks run
parallel to the grain of the wood [7].

The research of Mecklenburg and Tumosa showed that relative humidity fluctuations present a
real hazard for paintings on wood panels with preexisting cracks if the panel is restrained in any
way. The lack of material uniformity of wood strongly suggests that dimensional response in a
wood panel will vary in different areas of the same panel, resulting in localized stress develop-
ment. They concluded that all panel paintings should be maintained in a very narrow relative
humidity environment [25].

2.2.2 Canvas

Around the beginning of the 16th century canvas began increasingly to be used as a support. It
had actually been employed earlier, but then generally for exceptional paintings, such as objects
required to be transportable and thus somewhat lighter, e.g. banners and standards to be carried
in processions. The diversity of fineness of the fabric used for paintings is quite large. It is
measured in the number of threads in the warp direction and the number of threads in the weft
direction per square centimeter. In the 17th century there was a slight tendency to use a more
coarse fabric (probably for economic reasons) [15].

The dimensional response of support fabrics to relative humidity is somewhat complicated be-
cause they respond differently to the initial relative humidity cycle than to all subsequent cycles.
The fibers, consisting mainly of cellulose, are hygroscopic and they will tend to swell with in-
creases in RH, and the elastic modulus will increase. This is the direct opposite of most other
materials, which increase in stiffness upon drying.
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Moreover, the dimensional response can be divided in two regions. Below about 80% RH the
swelling of the fibers causes a small increase in dimension of the woven fabric, above it, the
swelling of the fibers reaches the stage where they begin to interact with each other and this
causes shrinkage [17]. That is, the transverse swelling of the yarns forces the mutually perpen-
dicular yarns to increase in crimp, shortening the textile dimensions.

Elongation of the canvas is much greater in the warp direction than in the weft direction. How-
ever, when a linen is stretched on a stretcher, the crimp is considerably reduced in the warp
direction and slightly increased in the weft, so that the mechanical properties tend to even out in
the two orthogonal directions. Once stretched and subjected to high relative humidity, the initial
fiber tension in the linen is considerably reduced due to interfiber slippage [24].

According to Keck, crackle systems in canvas paintings show a marked similarity in pattern;
those in panel paintings much less [22], but Bucklow’s research seems to refute this [8]. More
about the various crack patterns on canvas paintings can be found in Chapter 3.

2.3 Glue sizing

On both panel painting and canvas paintings a sizing layer of animal glue can be found between
the support and the ground. On panels the glue is applied to create a smooth and stable under-
ground for the ground and paint film and it also helps the binding between the support and the
ground [15]. On canvas paintings the glue is applied to stiffen the support and reduce absorbency
of the oil in the ground [17].

A warm solution of glue contains a large number of randomly coiled chain-like protein molecules,
identical to that of the parent protein collagen, but substantially shorter in length. When applied
to the support, the solution cools down to form a gel. Drying of the gel involves gradual loss of
water, and a dramatic decrease in volume [20].

The thermal coefficient of expansion for hide glue is small, while its moisture coefficient is
considerably higher. Karpowicz showed that after the initial expansion, size films contract at
high relative humidity, thin ones at a much faster rate than thick ones. The films contracted about
twice as much as they previously expanded. The degree of contraction at high relative humidity
is higher for films subjected to greater strains during previous drying, and ca. 70% is the lowest
RH at which the film is still capable of returning to the length it had at normal relative humidity
(ca. 50% RH) [20].

In the same research Karpowicz also examined the response to cyclic changes in RH. Five-hour
exposures at high RH of 83% and then five hours at 91% were too short to contract the film below
its original length. Repeated cycling, however, gradually contracts the film. Further cycling will
eventually stabilize the film at its new, shorter length. This behaviour is strikingly similar to that
of sized canvas [20].

The glue strengths are quite high and its failure will be extremely rare at room temperature and at
relative humidity level above 75%. This material has a strength of over twenty times the weaker
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lead paint at room temperature and 50% RH. If it does fail, it is almost certain that the paint layer
will also be damaged [24].

In the case of supports of woven fabric, the glue has a distinct influence on the mechanical
behaviour of the support. Once a painting canvas is stretched and sized with glue, the resulting
tautness upon drying is from the dried glue, not the canvas. At this stage the glue, not the canvas,
is the primary support of the paint layers in the painting [25]. However, at high humidity the high
stiffness of the fabric dominates the behaviour.

2.4 Ground

Once the size is dry, the actual ground layer can be applied. According to Bucklow both the
composition and the thickness of the ground layer are very influential in the development of the
craquelure pattern. A thin or brittle ground layer leads to cracks which follow the grain of the
wood or weave of the canvas. On the other hand, if the ground is thicker or less brittle, it will
reduce the local influence of the support on the paint layer and lead to cracks, the form of which
is largely determined by the mechanical properties of the ground layer [7].

24.1 Panel

On panel paintings the ground layer mainly consists of a mixture of animal glue (possibly diluted
with water) and either burnt plaster (Southern Europe) or Chalk (Northern Europe). On early
Italian panel paintings there are two types in several layers. First the gesso grosso, and than the
finer gesso sottile [32, 15]. A characteristic of these gypsum grounds on panel is that individual
cracks are jagged, and of chalk grounds on early Flemish panel paintings is that the cracks are
relatively smooth [7]. After the introduction of oil paint, painters often applied an extra layer
between the ground and the paint film to reduce absorbency of the oil by the ground. This layer
is transparent and besides its use as isolation it could have an optical function as well [15].

Gesso’s response to relative humidity is similar to that of rabbit skin glue. The difference is that
the total length change with comparable ranges of relative humidity is considerably less, and that
80% RH, not 70% RH, seems to mark the point of demarcation between the different swelling
rates. Gesso swelling is influenced by the chalk-to-glue ratio. The higher this ratio the smaller
the total dimensional response to relative humidity [25]. The addition of the whiting increases
the modulus, but decreases the strength considerably. In comparison to most paints, the gesso is
generally stiffer, but not quite as strong (i.e. it is more brittle) [24].

24.2 Canvas

On canvas paintings oil is mostly used as the binding medium of the ground layer. The oil is
mixed with chalk and often there are various kinds of pigments added as well. A considerable
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number of paintings grounded with oil paints use white lead paint. This means that in many
cases there is a fairly stiff paint layer between the glue size and the upper paint layers. If this
paint substrate fails, then any layer above it will most likely also fail [24].

Jagged cracks with a rectangular pattern are associated with characteristically thin brittle grounds
which allow cracks to faithfully follow the (plain) canvas weave. Smooth, curved cracks are
associated with thick (possibly double) grounds, which allow the complete liberation of the crack
pattern from the underlying structure of the canvas [7].

2.5 Paint Film

Paint consists of at least two main components, pigment and binding medium. The pigment is
the material which provides the colour, the binding medium a substance which ensures that the
coloured material remains in the place where it was originally applied [32]. Bucklow concludes
from his research that the medium is probably one of the less influential factors in the devel-
opment of the craquelure pattern [7]. On the other hand, the pigments seem to have a distinct
effect on the mechanical characteristics of paint and on the way and degree in which cracking
occurs [17].

The paint is the weakest material in comparison to the glue and fabric, though depending on
the mixture of chalk and glue, can be stronger than the gesso. The research done by Berger and
Russell led to the conclusion that cracking and deterioration is caused primarily by the paint film,
which deforms the canvas and generates stress, rather than by movements of the substrate [4].

2.5.1 Binding media

At the end of the 15th century artists started using drying oil as a binding medium for paint.
Before that the most important binding medium was egg tempera. Egg tempera paints dry rather
fast, therefore, they have to be applied in very thin layers. The evaporation of the water during
the drying of the paint leads to considerable mass loss. If the paint were to be applied in one
thick layer, this mass loss would lead to shrinking and eventually the paint film would break
loose from the ground [15]. In egg tempera paint the particles are kept together by proteins as
the polymeric phase and by lipids, which have emulgating properties. Because this tempera paint
system already starts with polymeric phases, it is fundamentally different from an oil paint [6].

Oil paint is created with polyunsaturated triglycerides as relatively small molecular units, which
have to grow into larger networks by oxidative polymerisation processes. The resulting network
is capable of entangling and binding pigment particles [6]. That is, the polymers will form
cross-links and later also ionic bonds, in which the metal ions will act as counterions. Both
cross-linking as well as the forming of ionic bonds will increase the stiffness and make the films
more brittle.

In the response to changing relative humidity there are two basic regions of swelling for most oil
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paints, from 0% to 70% RH where the swelling rate is low, and from 70% to 95% RH, where
there is a marked increase in swelling [25].

2.5.2 Pigments

Different pigments are often mentioned as having an effect on the mechanical characteristics of
paint and on the way and degree in which cracking occurs. Many paintings have crack patterns
radically different in areas containing different pigments [17].

Pigments and fillers stiffen the material. In a glassy binder the particles act as inert links between
bits of polymer. Stiffness increases up to fivefold with pigmentation levels typical of artists’
paints. In the transition and rubbery regime pigment effects are much greater. Each particle
absorbs a layer of polymer about 3 nm thick which then acts more glassy, only the remaining
binder acts rubbery.

Although pigments radically alter the stiffness of the paint, they do not change the way in which
the stiffness depends upon the relative humidity. All oil paints double their stiffness between
70% RH and 0% RH. Above 70% RH the curves diverge depending on water sensitivity of the
pigment. Pigments also change the water absorption behaviour of the oil medium. Above 70%
RH, the moisture clusters in the oil medium and builds up on the pigment surface, so swelling is
much greater [27].

The testing results of Mecklenburg and Tumosa serve to demonstrate the considerable differences
in mechanical behaviour between the slow and fast driers. The fast driers, Naples yellow or lead
white paints, showed relatively less response to relative humidity when compared to the slow
drier, burnt umber or other earth colors [25]. On the other hand the slow driers, burnt umber and
burnt sienna, are so flexible that their ability to withstand deformation far exceeds that of the fast
driers that contain lead carbonate or other driers [24]. This difference is probably caused by the
fact that slow dryers contain a much higher percentage medium than fast dryers. Furthermore,
pigments containing lead will produce more ionic bonds when the paint ages, which increases
the stiffness. More about the effects of ionic bonds on the mechanical behaviour of the paint can
be found in Chapter 5.

2.6 Conclusion

Every layer of a painting has it’s own distinctive mechanical behaviour, and therefore, every layer
contributes in it’s own way to the formation of craquelure. An obvious example of this fact is the
orthogonal crack networks that can be found on panel paintings and are due to the orthotropic
behaviour of the wooden support. On the other hand, the combination of certain materials can
also result in certain crack features. An example of this is the fact that the thickness of the ground
layer determines the influence of the support on the craquelure.

Environmental changes are a major cause of the stress development in a painting that can result in
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craquelure or other mechanical damage. For instance, the glue sizing is very sensitive to changes
in relative humidity. All layers will try to shrink upon drying and cooling, but each layer at a
different rate. The fact that the layers are restraint by each other causes stress.
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Chapter 3

Classification of Crack Patterns

3.1 Introduction

The previous chapter showed that different crack patterns on paintings indicate the use of dif-
ferent materials. Therefore, it will be nessecary to have a simple but complete classification of
craquelure. Such a classification could catergorise the global features of a crack pattern, such as
the density or the randomness of the pattern, as well as the local features of an individual crack,
such as the depth or the smoothness of a crack. This chapter gives a survey of the possible ways
to classify craquelure on paintings.

3.2 Types of Craquelure

We can distinguish three main types of craquelure, drying or premature cracks, age cracks and
mechanical cracks. Drying or pemature cracks are the result of mechanical stresses en gendered
by chemical and physical action. They are primarily due to internal stresses induced by the
drying process, i.e. evaporation of solvent, either water or organic liquid, or departure of gaseous
chemical alteration products. Since they are the result of internal stresses, drying cracks usually
confine themselves to the layer or layers so stressed and do not, like age cracks, penetrate the
entire structure from the support to the surface.

The width of a drying crack varies even for an individual rupture and is invariably greater than
the width of an age crack, which tends to be narrow and uniform throughout. The edges of
drying cracks are sometimes rounded in profile due to plastic ‘elongation and flow before and
after rupture [22].

The use of improper materials or combinations of materials can have a detrimental effect, in-
creasing the internal stress. For example, too much fatty oil in the ground layer will make it too
smooth, so that the paint film will not adhere well enough, and might flake when subjected to
stress. Another problem occurs when the lower layers contain more oil and therefore dry more
slowly than the upper layer [15].

Age cracks develop later in the life of the paint film and are attributable almost entirely to the
mechanical stresses originating when the painting is subjected to environmental changes. The
resulting fractures in the paint are called age cracks because young films normally posses suffi-
cient ductility to withstand the stress involved, and it is only as a result of embrittlement from

15
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Figure 3.1: Cross-sections to be used as reference to indicate the depth of cracks [5]

the chemical and physical alterations associated with aging that the ultimate strength of the paint
is exceeded [22].

Age cracks appear in almost all paintings when they age. If a painting was conserved under ideal
environmental circumstances, there would be a very fine, hardly visible crack pattern. Age cracks
have sharp edges, and most of the time they are equally distributed over the whole surface [15].

Mechanical cracks are caused by temporary external stress. Similar to age cracks, mechanical
cracks are fine and penetrate both the paint and the ground layer [15]. There are a number of
forms of cracks due to mechanical loads. Cobweb patterns are caused by a force applied at one
point in the surface of the canvas. Herring-bone patterns are caused by the wedges in the corner
of the frames, or when the canvas is scratched at the back of the painting. Diagonal cracks in the
corners result when a painting is over stretched or during keying out. Parallel cracking occurs
when a canvas painting has been rolled up too tightly, causing cracks in parallel lines.

Drying cracks are the result of ductile fracture, while age cracks are the result of brittle fracture.
Exact definitions of these phenomena will be given in Chapter 4.

In 1951 Boers tried to give a standardization for types of cracks and other mechanical damage
in paint coats [5]. He did this by making 13 drawings of types of cracking and flaking and 6
drawings of cross-sections to indicate the depth of the cracks (Figures 3.2, 3.1). Although his
classification was meant for industrial paint tests, it could also be helpful for classifying cracks
on paintings, especially the cross-section drawings, even though most paintings have more layers
than shown in these drawings.
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Figure 3.2: Types of cracking and flaking as given by Boers [5]
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Fissure sEcTIONS [RIFTS or CREvices]
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Figure 3.3: Types of perpendicular disruption as given by Stout [31]

Drawing c in Figure 3.1 is a typical example of a brittle (age) crack, whereas e is a typical ex-
ample of a ductile (drying) crack. Ductile cracks may cause a concentration of stress which
later encourages brittle cracks to run through them. This can further complicate the classifica-
tion of crack types which may be intermediate in character between typical ductile and typical
brittle [17). Drawing f shows such a crack. The most logical order is that the crack started as a
drying crack in the upper layer and later also the lower layer cracked in a brittle manner.

However, it is also possible that first the lower layer cracked then later the upper layer, because
the ground is the most mechanically vulnerable material because of overpigmentation. As the
layer with the lowest elongation at break, grounds are the first to crack (drawing d) and cracking
may not penetrate the paint layer until years later [27]. When this happens, however, it will not
always result in a crack as in drawing f, because the upper layer might have already become
brittle.

A classification of crack features for cracks on paintings was made by Stout [31]. He too used a
set of drawings (Figures 3.3, 3.4), showing the difference between ductile and brittle cracks in the
drawings of rifts and crevices. By combining different features, as shown in Figure 3.5 all types
of craquelure can be described. The concave flake profile is an example of flaking, where the
upper layers lose contact with the support. Flaking is more likely to happen after brittle fracture
than after ductile fracture.
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isfs rift

Figure 3.5: An example of double nibs [31]

3.3 Pattern features

Besides the features of an individual crack, we could also classify the features of the craquelure
patterns. In Chapter 2 we already noted the difference between the patterns on panel paintings
and those on canvas paintings. The most striking feature of craquelure on panel paintings is
the rectilinear pattern, oriented along the wood grain. On canvas paintings the only universal
characteristic is some relation to the stretcher bars behind. The most common pattern of cracks
on canvas paintings can be found in Figure 3.6.

This pattern was also found in the simulation done by Mecklenburg and Tumosa, assuming
that fracture will occur perpendicular to the direction of the maximum principal stress. Other
common patterns that are caused by the frame can be found in Figure 3.7.

In 1995 Buklow gave characteristics of crack patterns of paintings for four different paint tradi-
tions: Italian fourteenth/fifteenth-century paintings on panel, Flemish fifteenth/sixteenth-century
paintings on panel, Dutch seventeenth-century paintings on canvas and French eighteenth-century
paintings on canvas [8]. He obtained these characteristics by showing pictures of crack patterns
to 43 people asking them to rate these patterns for certain features.

The seven features Bucklow used were not meant to give a complete classification of crack
patterns, but they proved to be more than sufficient for a high level of discrimination between the
categories of painting traditions [8]:

e Predominant direction and orientation of cracks
e Changes in direction of cracks. There are two possible scales for this feature, locally we
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can distinguish between smooth or jagged cracks, and globally we can distinguish between
straight or curved cracks.

Junctions or terminations of cracks

Relationship between crack directions

Distance between cracks

Thickness of cracks

e Organization of cracks

In the survey ‘Cracking and Crack Networks in Paintings’ Hodge gave possible causes for the
different features of certain crack patterns [17]. Wavy or irregular cracks have been attributed
to inhomogeneity in the material causing the crack to meander, following the path of least re-
sistance. In paintings large materials such as chalk in grounds might have this effect. Irregular
cracks can also be found commonly in drying crack patterns. If cracks are wavy, the intersec-
tion will tend to occur at the convex part of the meander, where there is a stress concentration.
Markedly curved cracks in paintings usually occur in those on canvas. Cracks in an isotropic
stress field may curve rather than grow in a straight line. Isotropic stress will tend to produce
regular spacing of cracks rather than random spacing.

The majority of junctions of cracks are ‘T’ rather than ‘X’-shaped. Most of the cracks also meet
at approximately 90°. The stress release perpendicular to an existing crack, combined with its
inability to carry stress over it, means that stress at right angles to the crack is eliminated. This
means that any cracks formed at points of weakness along its edge will initially grow at 90°,
Cracks approaching an old crack may be bent around to 90° (how near to it may depend on the
amount of stress released by the opening of the first crack). In an isotropic stress field, cracks will
tend to nucleate at 120°. The tendency of a network towards the orthogonal or the non-orthogonal
seems to depend on the order of nucleation and the speed. There will be a difference in the
patterns resulting from simultaneous nucleation and those nucleated sequentially. These include
purely topological differences and differences in the predominant junction angle. If cracks grow
simultaneously from several 120° angle points of nucleation, a network with a relatively high
proportion of 120° angles will be formed. If cracks grow one after another, a more orthogonal
network will be formed. This is especially the case if growth is rapid, so that almost as soon as
a crack has nucleated, it has propagated across the surface. Later crack formation will then be
greatly affected by the presence of an existing crack. Amongst paintings it seems that 18th and
19th century paintings on canvas are most likely to have orthogonal patterns. Bucklows research
seems to contradict this last remark. He concludes that 17th century Dutch paintings have an
orthogonal network, whereas 18th century French paintings do not [8].

In sequentially nucleated networks, there may be obvious generations of cracks. Secondary
cracks may form a different pattern since they are produced by stress conditioned by the presence
of the primary cracks. They may be formed as the film becomes more brittle with age and the
stress released by the first set of cracks is not sufficient to prevent further cracking. As noted
by Hodge, a T-junction in cracks must have formed the top of the T first. Thus, for a rectilinear
pattern with two generations of cracks in two rectangular directions, the primary cracks will have
been formed first and then later the strips of paint broke from side to side.
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In some networks all, or most, of the cracks continue until they intersect. In others, many cracks
end before they reach an intersection. Cracks may keep growing under constant stress, but if this
stress disappears or diminishes, they will stop.

3.4 Conclusion

The enormous amount of different crack features that can be found on a painting, makes it very
hard to give a good standardization of these features. This problem becomes clear when studying
the work of Stout [31]. The descriptive framework he gave for classification does probably cover
all possible crack features, but the set of terms becomes so big, that it will be hard to work with.
Bucklows research shows that to obtain a discriminating set of features, a much smaller set would
be sufficient.

But when dealing with mathematical damage modelling it would be nice to have a mathematical
way to classify craquelure patterns. A possibility would be to describe the pattern by means
of Bezier curves, a method that is used in handwriting recognition. At Cambridge this method
was implemented for crack patterns, but it took a computer 3 days to give a good representation
of specimen which was less than 5 by 5 cm. Therefore, this does not seem a very practical
method. Better results might be expected by calculating the fractal dimension of the patterns, by
determining the ratio between certain crack features, for instance, the ratio between ‘T and “X’-
shaped crack junctions, or by determining the distribution of certain crack features throughout the
surface. The latter two of which are used in the description of crack patterns in clay soils [9, 13].
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Chapter 4

Fracture Mechanics

4.1 Introduction

Craquelure is caused by mechanical stresses, which in turn are the result of the difference in
mechanical behaviour of the various layers of a painting. In Chapter 2, a description was given
of the different layers of a painting. This chapter gives an introduction to elasticity theory, which
can be used to compute the stress levels that occur in the different layers of a painting when
subjected to environmental changes. Furthermore, this chapter gives some criteria from the field
of fracture mechanics that are used to decide whether a material will crack.

The phenomenon of the fracture of solids depends on a wide variety of factors, including macro-
scopic effects, the microscopic phenomena which occur at the locations where the fracture nu-
cleates or grows, and the composition of the material. The study of the fracture process depends
on the scale level at which it is considered. At one extreme there is a rupture of cohesive bonds
in the solid, and the associated phenomena take place within distances in the order of 10~7cm.
For such studies the principles of quantum mechanics could be used. At the other extreme the
material is considered as a homogeneous continuum, and the phenomenon of fracture is studied
within the framework of continuum mechanics and classical thermodynamics [14].

The theoretical strength of a perfect crystalline material can be calculated approximately by
considering the atomic structure. The strength is proportional to the interatomic force, whereas
the force is a function of the interatomic distance. However, it turns out that many structural
failures occur at stress levels considerably lower than the theoretical strength of the material [26,
34].

The discrepancy between predicted and actual strength can be explained in terms of stress-raising
flaws which give rise to local stresses greatly in excess of those nominally borne by the body
under test. These flaws may be physical discontinuities such as cracks or surface scratches,
discontinuities of elastic moduli (as when a particle of one other material is embedded in a matrix
of a second) or irregularities in the ordering of atoms such as dislocations in a crystal lattice.

4.2 Elasticity Theory

Stress, denoted by o, is defined as force, F, divided by the cross-section area, A, upon which the
force acts (see Figure 4.1), that is,
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Figure 4.1: Tensile stress

and hence, the unit used to measure stress is Pascal (1Pa= IN/m?).

Under tensile stress, that is, when the force acts on an area perpendicular to it, the intermolecular
bonds of a material will resist elongation to a greater or a lesser degree. Let L, denote the
original length of a specimen, and let L denote the length after the force is applied, then the ratio
of elongation L — L to the initial length is called strain, and will be denoted by ¢, i.e.,

L-L
Ly

Tensile stress also causes a specimen to shrink in the directions perpendicular to the applied force.
The transverse strain e, i.e., the ratio of the elongation to the original length in the directions
perpendicular to the applied force, will normally be a negative quantity. The ratio between the
longitudinal strain and minus the transverse strain is called the Poisson ratio, and is denoted by
v:

—er

T .

Then the change in volume is given by

AV

0

For most materials the Poisson ratio is in the range 0.2 and 0.5 and in elasticity theory the strain

is usually less than 1%, therefore, we can neglect the higher order terms. And hence, when the

Poisson ratio is 0.5, the volume of the specimen will remain constant under tensile stress. This

condition of constant volume holds for liquids and ideal rubbers. In general, however, there is an
increase in volume [28].

= (1 —2v)e + higher order terms.

In general, the stress will have tensile as well as shear components. The tensile components are
denoted by oy, 0y and 0, and the shear components are denoted by Oxy, Oyx, Oxzs Ozxs Oyz and
02y (see Figure 4.2). Mathematically, this means the stress is given by a tensor.

A more formal approach s to first define a stress vector oy, as the surface density of the applied
force [11]. That is, o is the limit of the ratio of the surface force F acting on a surface element
with normal 1 to the area A of this element when A — 0 and the element shrinks to a point, i.e.,

0n=£1_r{}}x, 4.1)
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Jxy \

Oy

Figure 4.2: Three-dimensional stress state

where A is the surface area and n is the normal to this surface. The components of the stress
tensor are then defined as the quantities o such that

s R L P
an_zan,
j

for all n.

Hence, we speak of tensile stress if we can choose a coordinate system such that only one of the
components on the diagonal of the matrix (oy;) is non-zero, and all the off-diagonal components
are zero. When there is no internal angular momentum, the tensor is symmetric, that is gl = ot
Hence, for the shear components of the stress we have the symmetry rules oy = Oyx, Oxz = O
and 0y, = Oy

Now, we can derive the equilibrium equations for the internal forces (stresses) and the external
forces:

a0y -
Z U]+Fi:0 for 16{]‘2|3}I
; axi

where F; are the external forces per unit volume. In the general case it is impossible to determine
six unknown quantities 0y, Oy, 03, Oxy, Ox; and oy, from the three equilibrium equations and
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the forces at the boundaries. In order to determine the state of stress in such a case one must also
invoke stress-strain relationships such as, for example, Hooke’s law for elastic solids [26].

Strain is a dimensionless symmetric tensor. If we consider the three-dimensional deformation of
a solid, where the displacements of a point is u = (1,2, u3), the strain of an element of the
solid is described by six quantities: three tension-compression strains along the coordinate axes
and three shear strains [11]

The stress-strain relationships can differ significantly for different types of materials (see Fig-
ure 4.3). However, when the strain is small (less than 1%), most materials will behave elastically,
that is, after removing the load, the material will deform back to its original shape. In this case,
the strains are uniquely determined by the stresses (at constant temperature) [28].

1
€y =

ax,- Bxi

Now, Hooke’s law for elastic solids states an linear relation between tensile stress and strain, i.e.
o = Ee,
where E is called the elastic modulus. Or, more generally,

ey =) Ablow. 4.2)
k,l

For isotropic linear elastic solids, the coefficients A¥' only depend upon the elastic modulus E
and the Poisson ratio v. The stress-strain relations in three dimensions then become:

1 1+4+v
EX:E{UX_‘V(J}I-'-UZ}}I exy:Tng,
1 14w
€U=E(Uy_v(0'x+az})n eyz=TUyzy
1 14w
€ = E(Uz _'V{Ux + Uy])v €zx = To'z.x-

4.3 Failure Criteria

4.3.1 Tensile strength and plastic flow

When looking at the stress-strain curve of a ductile material, we can see that with an increasing
strain the stress will reach a local maximum, called the yield point or yielding stress, oy. From
here on the material will change from elastic behaviour to plastic behaviour. Plastic deformation
is irreversible, that is, when the load is removed the material will not deform back to its ori ginal
shape. If we keep increasing the strain, the material will eventually break. The stress level oF at
which fracture occurs, is called the ultimate strength [28, 26].
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Figure 4.4: Stress-strain curve with the breaking stress, o, and the yielding stress, oy [28]

When paint is still young, it is a ductile material, and therefore premature cracks are the result
of a plastic deformation followed by fracture. On the other hand, age cracks are the result of
brittle fracture. Brittle materials break before the yield point is reached. Hence, the only failure
criterion is the ultimate strength.

Because the stress tensor is symmetric, we can choose a coordinate system such that o9 = 0 if
i # j. The coordinate axes of this system are called the principal axes and diagonal components
of the stress tensor, i.e. o™, are called the principal values. On the surface elements perpendicular
to the principal axes, the stress vectors as defined by (4.1) are directed along the normals to the
elements. When put in order of magnitude, the first principal value is also the maximum normal
stress, and the last the minimum normal stress. Brittle fracture will occur when the maximum
principle stress exceeds the ultimate strength.

To decide whether plastic deformation will occur however, we do not compare the yield stress
oy with the maximum principle stress, but other failure criteria can be used. The best known
yield criteria are the Tresca equivalent stress [11]

1
3 max{loy — 02l,|02 — 03], [o3 — o}, 4.3)
and the Von Mises equivalent stress

1
s{lo1 =02l + (02— 03) + (03— 1)’} %, (4.4)

where o3, 1 = 1...3, are the principal stresses. Hence, if the Tresca equivalent stress or the Von
Mises equivalent stress exceeds the yield stress, plastic deformation will probably occur.
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4.3.2 Energy balance in fractured bodies

When a solid is fractured new surfaces are created in the medium in a thermodynamically irre-
versible manner. Material separation is caused by the rupture of atomic bonds due to high local
stresses. The energy balance in a fractured body is given by [14, 34].

W=U+T+K,
where

W is work done,

I" is the dissipated energy used to increase the crack area
U is internal energy,

K is the kinetic energy.

Let A denote the fracture area, then the energy balance during crack growth can be given as a
function of A:

LA + 18 Y. (4.5)
dA dA dA dA’ '
The internal energy U can be divided into the elastic strain energy U*® and the plastic work UP.
For an ideally brittle material, the energy dissipated in plastic deformation is negligible. Fracture
resistance R is defined as the energy dissipated in propagating a fracture over an increment 5A
of the fracture area. In the limit this gives

_dr
- dA’

And the energy release rate G is defined as the energy available for crack growth, i.e.

R

_dw du® dK
T dA dA T dA
If -y represents the energy required to form a new unit of material surface, then the Griffith
criterion for crack growth is given by [34]

G +R.

G =2y, (4.6)

where the factor 2 appears because two new material surfaces are formed during crack growth.
Therefore, the right-hand side of Equation 4.6 represents the resistance of the material that must
be overcome by crack growth.

A crack is called stable, when it is at rest or grows with constant or decelerating speed., When
the growth rate is accelerating, the crack is said to be unstable. This is always the case with crack
initiation. For fracture initiation, we have that K = 0, and -d‘l% >0, hence, G— R > 0[34].
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Mode I: Opening mode Mode II: Shearing mode Mode I1I: Tearing mode

Figure 4.5: The different fracture modes

4.3.3 Stress intensity factor

Instead of considering the global energy balance, it is also possible to attain a fracture criterion
based on a local analysis of the stresses around a crack tip. Consider a plane crack extending
through the thickness of a flat plate. There are three independent kinematic movements of the
upper and the lower crack surfaces with respect to each other, as shown in Figure 4.5.

Now, consider a crack of length 2a in a infinite plate subjected to uniform equal stresses o along
the x and y directions at infinity. To describe the stresses around the crack tip, we will use polar
coordinates T and 8, with the middle of the crack as the origin (see Figure 4.6) [14]:

0
Oy = ;T%cos% (1 —sin g sin 3’?) , 4.7

Ki 2] .0 . 36
_ 6 L 48
W mcos.z(l+smzsm2), (4.8)

Ki 6.6
Oyy = ﬁcoszsm 5008 =, 4.9)
where

K; = Boyma (4.10)

is the stress intensity factor. B denotes a factor that accounts for the geometry of the specimen
and the crack. In the example given above of a infinite plate with uniform stress at infinity B = 1.
The subscript I indicates the fact that in this case we have an opening fracture mode. Similar
equations can be derived for the other fracture modes. For analyzing the shearing mode fracture,
the plate should be subjected to uniform in-plane shear stress at infinity, and for analyzing tearing
mode fracture, the plate should be subjected to uniform out-of-plane shear stress at infinity.

The stress intensity factor is a fundamental quantity that governs the stress field near the crack tip.
It depends both on the geometrical configuration and the loading conditions of the body. How-
ever, it can be shown that the Equations 4.7-4.9 apply to all crack tip stress fields independently
of crack/body geometry and the loading conditions [14].
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Figure 4.6: A crack of length 2a in an infinite plate subjected to a uniform stress o at infinity
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Figure 4.7: A self-similar crack growth

Consider the case of an opening mode crack that extends along its own direction in a self-similar
manner,i.e., the shape of the crack near the crack tip does not alter. Due to symmetry, only normal
stresses will be present in elements along the crack direction (see Figure 4.7). Assume the crack
extends by a length §, then the energy released during crack extension is the work performed by
the stresses 0y, (6 — 3%, 0) acting through the displacements 1, (B, 7). For & — 0 the conditions
uy — uj and B — B° are satisfied, and the work performed is given by the energy release
rate [14]

1
GI=ZMn—Jiad6—Bﬁh@mﬂﬂdﬁ

500 Jo

where the subscript I indicates the fracture mode and the displacement u, is given by

__K[ ™ 0
u.g—Edﬁsmi((_’s—'\f]—-(I+'\f]c056].

Then, with Equation 4.8 we get

2 &
K22 1{ B 4.

Gi=gaiBz ) V5=p

The limit of the integral can be written as

Y B[ X n
'lsl—l"r"’jo i——[«}/EdE_L 1—xdx_f

and therefore we have
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Hence, we can write the Griffith criterion (Equation 4.6) in terms of the stress intensity factor
and it follows that in the elastic case the global energy analysis, using the energy release rate G,

is equivalent to the analysis of the local stresses around the crack tip, using the stress intensity
factor K.

Although the theories on the fracture criteria such as the stress energy release rate and the stress
intensity factor will not be used in the rest of this research, they do help to understand the physical
phenomena that take place in a painting.

4.4 Conclusion

When we assume the materials in a painting to behave linear elastically, we can use the theories
as described in the first section of this chapter to compute the stress in a painting that is subjected
to environmental changes. For instance, when the temperature rises, the paint layer will try
to expand. The expansion rate is called the thermal expansion coefficient. In general, the other
layers, such as the support and the glue sizing, will have a different thermal expansion coefficient,
and therefore, the paint will endure a certain strain. When the stress-strain relation of the paint
is known, we can compute the stress in the paint layer. And then we can use the fracture criteria,
such as the ultimate strength to determine whether the paint layer will crack.
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Chapter 5

Mechanical Properties of Polymers

5.1 Introduction

Most paint media (and glue) are amorphous or semi-amorphous polymers and have some dis-
tinctive mechanical properties. A linear polymer consists of long molecular chains of covalently
bonded atoms, each chain being a repetition of much smaller chemical units. These chains can
be joined by other chains at points along their length to make a cross-linked structure.

When cooled down from the melt many polymers form a disordered structure called the amor-
phous state. Some of these materials, have a comparatively high modulus at room temperature,
but others, have a low modulus. These two types of polymers are often termed as glassy and
rubber-like respectively. The form of behaviour exhibited depends on the temperature relative to
a glass-rubber transition temperature (T,) that is dependent on the material and the test method
employed.

If the polymer is warm enough and tension is applied slowly enough, the molecules bump past
each other enough to let their kinks straighten out. The network can be pulled to twice its length
without breaking, hence rubbery behaviour. Glassy behaviour occurs when the molecules do
not vibrate enough to bump past each other during the application of stress. Note that time and
temperature are intertwined: glassy behaviour can arise from either too low temperatures or too
little time.

Part of the chemical research done within the MOLART project concerns itself with the chemical
ageing of oil paint [6]. The model recently proposed states that the triglycerides in a oil based
paint auto-oxidise to reactive monomers, which in turn form cross-links to a glycerolester based
polymer. The glycerol ester bonds in this polymer will then hydrolyse and the oil paint becomes
a polyanionic polymer. Metal ions of the pigments will act as counter ions to balance the charge.

This chapter describes the effect of cross-linking as well as ionic bonds on the mechanical prop-

erties of polymers, and gives a short introduction to the theory of time-dependent mechanical
behaviour of polymers.

5.2 Cross-linking

The low-strain elastic moduli of polymers are functions of the rate of tests well as of temperature.
The modulus-temperature curve for an amorphous polymer is almost horizontal in the glassy
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Figure 5.1: Modulus-temperature curves for different molecular weights [28].

region, then will drop steeply in the glass-to-rubber transition region (Figure 5.1). The response
then levels out to a nearly constant plateau in the rubbery region, the length of which increases
with the molecular weight and finally drops to zero. If the polymer is cross-linked, the response
levels off at the true rubbery modulus. In this case the height of the final plateau increases with
increasing degree of cross-linking (Figure 5.2). The degree of cross-linking is measured by the
number-average molecular weight between cross-linked points, M.

In addition to raising the rubbery modulus, cross-linking produces two other effects. First,
when the cross-link density becomes fairly high, the glass transition temperature is increased,
so the drop in the modulus becomes shifted to higher temperatures or longer times. Second, the
transition region is broadened, with the modulus dropping at a lower rate and plateauing at a
higher level. Cross-linking has rather little effect on the magnitude of the modulus in the glassy
state [28].

The brittle strength of a polymer is greatly influenced by material variables such as molecular

weight, crystallinity, additives and cross-linking. The strength increases rapidly with increased
molecular weight with a tendency to level off as this becomes very large or very small [2].
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Figure 5.2: Effect of cross-linking on modulus-temperature curves. The numbers on the curves
are approximate values of M.. The value 30000 refers to an uncross-linked polymer with molec-
ular weight of roughly 30000 between entanglement points [28].
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a(°CT)
Polyacrylic acid | 5.5- 10
Zinc salt of
polyacrylic acid | 1.4-1073

Table 5.1: Thermal expansion coefficients [18]

5.3 Ionic Polymers

An ionic polymer is a polymer —either inorganic or organic —which contains both covalent and
ionic bonds in its chain or network structure. A typical example is a metal salt of polyacrylic
acid. By convention, ionic polymers exists in the salt or ionised form; that is the counterion
—usually a cation —is not hydrogen. The ionic bond is a strong bond, like the covalent bond;
however, it can be thermally labile under circumstances, which may be a useful property.

The chains of a conventional polymer are made up of covalent, i.e., strong directional bonds
formed by joining together atoms with a valency of two or higher. An important variable in
polymer science is the way in which a network is arranged or packed in space. In contrast to the
polymer structure, there exists ionic solids, made up of ionic, i.e. strong non-directional bonds,
between atoms, with a valency of one or higher. Since the ionic bond is non-directional, there is
no network in the polymer sense, and the ions tend to cluster or pack as closely as possible.

The segmental mobility of the molecules will depend upon the inter-chain forces, and in the case
of ionic polymers upon the degree of ionization and the presence of ionic bonds. Experimental
work confirms this and shows that the electrostatic forces between the bound ions in the polymer
chain, and the counterions reduce the segmental mobility and, therefore, increase Ty [18].

The effect of cross-linking is to increase the transition temperature, as is in general the case with
ionic bonds. In Figure 5.3 an example is given of the effect of ionic bonds on the stiffness.
Strength is a more complex property that stiffness, since it is greatly affected by the specimen
imperfections, and involves larger strains. Although it is difficult to make broad generalizations
about strength, it is usually true to say that increase in stiffness also increases the strength. How-
ever the increase in strength, in the case of ionic bonds, is less than the increase in stiffness.

The thermal expansion coefficient is related to the elastic modulus of a material. Barker [3] has
shown that the following very approximate relationship is valid for a large number of polymer
materials:

Eoa? a~ 15Pa°C~2, (5.1)

However, the thermal expansion coefficient for zinc salt of polyacrylic acid is much less than
would be expected based on this relationship (see Table 5.1).
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Figure 5.3: Shear modulus from dynamic mechanical tests [18]

5.4 Creep and stress-relaxation

The time-dependence of the elastic modulus of polymers gives rise to the phenomena of creep
and stress relaxation. Creep is the increase of strain with time observed in a specimen under
constant stress and, conversely, stress-relaxation is the decrease of stress with time at constant
strain.

The behaviour of materials of low relative molecular weight is usually discussed in terms of
two particular types of ideal material: the elastic solid and the viscous liquid. The former has a
definite shape and is deformed by external forces into a new equilibrium shape; on removal of
these forces it reverts instantaneously to its original form. The solid stores all the energy which
it obtains from the external forces during the deformation, and this energy is available to restore
the original shape when the forces are removed. By contrast, a viscous liquid has no definite
shape and flow irreversible under the action of external forces. One of the most interesting
features of polymers is that a given polymer can display a gliding scale of properties between an
elastic solid and a viscous liquid depending on the temperature and the experimentally chosen
time scale. Mathematically, we can describe elastic behaviour with Hooke’s law and viscous
behaviour with Newton’s law:

1. Hooke’s law: (o)g = Ee, where o is the stress, € is the strain and E is the elastic modulus.

2. Newton’s law:(o)y = ng—f, where 1) is the viscosity.
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In the first law, stress is linearly related to the strain, in the second the stress is linearly related to
the strain rate [33].

A simple possible formulation of linear viscoelastic behaviour combines these two equations,
making the assumption that shear stresses related to strain and strain rate are additive:

o= (o) + (0)v = Ee +ng—i. (5.2)

This formulation is used to model a stress-relaxation experiment with a Maxwell unit, which
consists of a Hookean spring with elasticity modulus E and a Newtonian dashpot with viscosity
7 in series (see Figure 5.4). The model is given a definite strain while the stress is measured as a
function of time, i.e.

de 1ldo o

@ Eat T

The solution of this equation of motion is

o
— = BN = /T

Oo

where

is called the relaxation time.

Initially, the deformation in the Maxwell unit takes place in the spring, later, the dashpot starts to
relax and allows the spring to contract. Most of the relaxation takes place within one decade of
time on both sides of the relaxation time. This is shown clearly when the stress ratio is plotted
on a logarithmic time scale (see Figure 5.5. The curve has a maximum slope at the time t = .

The stress-relaxation of the Maxwell unit may also be given in terms of a stress-relaxation mod-
ulus E.(t):

El(t) = 5’-[6"—] = e,

Stress relaxation of the paint film is one of the reasons that paintings do not completely deterio-
rate, even when the temperature and the relative humidity change.

5.5 Conclusion
Oil paint is, in general, a mixture of oil and paint. During ageing the pigment molecules will

form ionic bonds with the cross-linked network of the medium. As a result of the cross-linking
and the ionic bonds, the mechanical properties of the paint will change.
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Figure 5.4: Maxwell unit
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Figure 5.5: Stress-relaxation of a Maxwell model on a logarithmic time scale, T =1
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First of all, the elastic modulus will increase, that is, the paint will become stiffer, and so will the
strength. The thermal expansion coefficient on the other hand will decrease. However, it seems
that the relation between the elastic modulus and the thermal expansion coefficient that holds for
most polymers, does not hold for ionic polymers.




Chapter 6

Finite Element Analysis

6.1 Introduction

Finite Element Analysis is a numerical procedure for solving a continuum mechanics problem. It
was applied by Mecklenburg and Tumosa (see [24, 25]) on a model of a painting to compute the
stresses that occurred on cooling and drying. This chapter gives an introduction into the theory
of Finite Element Analysis.

The idea of Finite Element Analysis (FEA) is to divide the structure into small regions, called
elements, and to appoint a finite number of points, called nodes, where the elements are con-
nected to one another (see Figure 6.1) [10, 12]. The elements and the nodes together are called
the mesh.

6.2 Theory

FEA works by assuming a given distribution of the unknown variable(s) through each element.
The equations defining the approximation distribution are known as interpolation functions, and
can take any mathematical form, although in practice they are usually polynomials. The number
of nodes in an element increases with an increase in the order of the polynomial, or with the
number of unknowns in the polynomial.

Figure 6.1: Discretization of a region into finite elements
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Figure 6.2: Rectangular element with four nodes

Example 6.1 For the rectangular element in Figure 6.2 with four nodes we can use the polyno-
mial

T(x,y) = o1 + x2x + o3y + xaxy (6.1
as interpolation function. This function then defines the variation of T over the element. If we

know the value of T in the four nodes, i.e., t; = T(xi, Ui), then we can solve Equation 6.1 for o,
o, o3 and oy

—

o = K(Xzystl —x1y3tz + x1y1ts — Xay1ta),

a2 = —(—ysti +ustz —yits + yita),

o3 = X[—tht +x1t2 — X113 + Xat4),

—]—{t—t+t—t4]
0‘4—}\1 2 3 )

where we assume that the edges of the element are parallel to the coordinate axes (i.e, X1 = X4,
X2 = X3, Y1 = Uz and Yz = Ya) and A = (xz — x1)(y3z — Y1) is the area of the element.

Substituting these back into 6.1 we can write

T =nty + natz + natz + naty =n' - 1,

with
n o= %{xzys—ysx—xzwxy]. (6.2)
n, = %(_11934‘931“1'7‘19_*9}' (6.3)
ng = %[x1y|—y1x—x1y+xy}, (6.4)
ng = ]K{_XZUI+UIX+XZU—XU)- (6.5)



6.2. THEORY 47

n(x,y) is called the shape function vector:

Assume that the rectangular element as given in Figure 6.2 has two degrees of freedom in every
node. The variations of the displacements in the x and \y direction, vy and vy, can then be
approximated in terms of the nodal displacements, w;x and wiy, i=1,... ,4.

(u'l,x \

Uy

Uz x

v=(\l1):(ﬂ.1 0 n; 0 n3 0 mny 0) Uzy — Nu.
Vy 00 my 0 ny 0 ny3 0 my U3 x

'LL3_y

Uq x

\ Wiy /

The number of degrees of freedom is the dimension of the space of possible movements —
displacements or rotations— of all nodes. For example, the element in Figure 6.2 has 8 degrees of
freedom, that is, every node can move in the x- or in the y-direction. Then, for an element with
n d.o.f. we can write the equation

Klelyle) — F('ﬂ,
where

K isan (n x n)-matrix, called the element stiffness matrix,
u® s the element nodal displacement vector, and
F'® s the vector of element nodal loads

The jth column of K'® is the vector of forces (and perhaps moments) that must be applied to the
element to make w; = 1 and preserve static equilibrium while u; = 0 for all i # j.

For the whole structure, the equations have the same form:
Ku=F, (6.6)

where K is the structure stiffness matrix. The jth column of K is the vector of nodal forces that
must be applied to the nodes to maintain static equilibrium when the jth d.o.f has unit displace-
ment and all other d.o.f. have zero displacement.

When these equations are solved for u, the deformations of all elements are known and from the
deformations we can compute the stresses.

Example 6.2 Sometimes it is possible to derive the stiffness matrix directly. The structure in
Figure 6.3 consists of three springs of stiffness ki, k; and k3. We can see each string as a one-
dimensional finite element. By assigning a unit displacement to every node in turn, each time
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kq k2 k3

Figure 6.3: A one-dimensional finite element problem

writing the necessary forces as a column in a (4 x 4)-matrix, we find

ki (—k + 0) (0 + 0) 0 et —P

-k (k.] + | k2) [-—kz + 0) 0 uz _ 0
0 (0 4| k) (ke | + | k) ks up | | 0
0 {0 + 0} (0 + —kg,] k3 Uy 0

The boxed parts give the element stiffness matrices for the three elements. Because node 4 is
restrained from motion, i.e. uq = 0, the actual number of degrees of freedom is 3 and the
equation becomes

k] —k| 0 1w —P
—k| k‘l + k}_ —kz Ri5] = 0
0 —k3 ka2 + k3 Uz 0

For elasticity problems, we can use the variational formulation to derive the finite element equa-
tions. This procedure consists of minimizing the potential energy TT of the system:

M=Us—W,

where U® is the strain energy in the body and W is the work done by the external loads acting on
the body.
For a differential element of volume dV, the strain energy is given by
1
duc = E(E —-e) -0

where € is the total strain vector, €p is the initial strain vector and o is the vector of stress
components. Hence the total strain energy for a finite volume can be calculated by

ue =J VesoaiToodVh 6.7)
v2

For convenience, we write the stress and the strain as vectors, instead of tensors, i.e.,

T .
0 = (0, Oy, Oz, Oxy, Oxz, o'gz]'T and € = (€y, €y, €z, Exy, €xzy €yz)'. Then we can write Equa-
tion 4.2 as

[€ . ED) = AU:
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where we also account for the initial strain €o, or as
o =D(e—e),

where the matrix D = A~' depends on the elastic modulus E and the Poisson ratio v of the
material.

A two-dimensional elasticity problem is either a plane stress or a plane strain approximation of
a real three-dimensional situation. Plane stress means that the stress normal to the plane is zero,
whereas plane strain means that the strain normal to the plane is zero. In the case of a plane
stress problem, the strain € has three components, the two tensile strain components €, = %3
and ¢y = % and the shear strain component €y, = L + %5:-. Hence,

Ay’ — dy
)
€x = g
E= €y — 0 @ V= Bu,
€ 2 32
Y dy Ox
where u is the nodal displacement vector and
2
g ¢
B = 0 5 | N.
2 2
dy ox

And D for a plane stress problem is given by

E 1T v 0
D= v 1 0 (6.8)
142
0 0 1=

When we substitute these into (6.7), we get
Us= %j u'B"DBu — 2u"B"De; + €' Dey dV.
v

For the body to be in equilibrium, its potential energy must be a minimum, hence

o _ aus oW
du  du  du
T T aW
B'DB dV|u+| B'Degy dV——=0
v Jv

du ’

I

<o ~
K —F
which can be written as

Ku=F,
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which is exactly Equation 6.6.

Now, we have the equilibrium equation, which can be solved by taking the inverse of the stiffness
matrix

u=K'F.

However, determining K requires a large amount of CPU time. Moreover, K is usually nar-
rowly banded, that is, besides a narrow band around the diagonal, all matrix elements are zero.
But K~ is, in general, no longer banded. Therefore an alternative method is used, namely
Cholesky decomposition of K. First step is to obtain the lower triangular matrix L such that

LLT =K, (6.9)
and the next step is to solve the equations with respect to the unkowns x and u

Ix=F (6.10)
L'u=x. (6.11)

The lower triangular matrix L has the same bandwidth as K.

6.3 Stochastic Finite Element Analysis

One of the major drawbacks of finite element analysis is due to the fact that the materials are
modelled to be homogeneous. In reality, however, most materials are not. Especially paint, being
a mixture of medium and pigments in very inhomogeneous. A way to overcome this problem is
using stochastic finite element analysis, in which the spatial variability of the material properties
can be modelled [16, 23].

Although these techniques were not used in this research, a short introduction is given here,
because this might be a good starting point for future research. In the following section two
methods will be described, the von Neumann expansion method and the perturbation method.

6.3.1 Monte Carlo simulation and the Neumann expansion method

Under the assumption that K contains parameters which are subjected to spatial variabilities, the
solution method in which Equations 6.9 and 6.10 are applied sample by sample is called the
direct Monte Carlo method. Because, in this case the Cholesky decomposition has to be done for
each sample, which requires a large amount of computer time, it is, in general better to use the
Neumann expansion method. The stiffness matrix K is then decomposed into two matrices

K=Ky + AK,
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where Ko represents the stiffness matrix in which the spatially variable parameters are replaced

by their representative values (e.g. mean values or medians) and AK = K — K. The Neumann
expansion of K~ takes the following form

K'=(Ko+AK)"'=(I-P+P*—P>+...)K;',
with
P = K;'AK.

Then the vector u can be written as the following series, where uy = K;'F

U =1uo — Pug+ PPup — Poug + - --
=Up— Uy +Uy—Uz+---

This expansion series may be terminated after a few terms, provided that it converges. A conver-
gence criterion that can be used is

[|uill2

__i._‘l:— < 6ern
[Zo 1]

where &, is the allowable error.

These series of solution is equivalent to the following recursive equation
Kou; = AKu;_y (=T:2,...)

The most outstanding feature of this approach in the case of Monte Carlo simulation for the
spatial variation of material properties is that matrix factorization is required only once for all
samples.

6.3.2 Perturbation method

Another way to deal with spatial variation of the material properties is the perturbation method.
Letx; (i=1,2,...,k)bethe random variables that represent the spatial variation of the material
properties. Then, K can be expanded in the following form with the assumption that each «; is
small (o; << 1) and has zero mean:

k K
1
K=K°+ZK{0L-1+§ Kooy + -+,
i=1 i=1 j=1
in which K© is the stiffness matrix evaluated at o = (ox1, . .. , o) = 0, and
Ki= 2K n_ oK |
L R Lt L%) P
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The external force vector F may also involve the random variables «, and then F can be expanded
in the same way. And, even so, the unknown displacement vector u:

k

k
R R

MI—‘

u=u+)y ulo+
1

i=

in which the coefficient vector can be represented by the following set of recursive equations:

v =(K)"F
ul e [KO]—‘I [FI _ KI 0)
{KD 'I[]:[l K{I_ K[I 0}

6.4 Conclusion

Mecklenburg and Tumosa showed that finite element analysis can be used to compute the stress
development in a painting when subjected to environmental changes. In the following two chap-
ters their models and extensions of these will be used to give an idea of how this can be done.

FEA is used extensively in the industry to compute stress development in complex structures.
Therefore, a lot of standard programs are available. However, one of the major drawbacks of this
method is the fact that throughout each element the materials are modelled to be homogeneous.
Hopefully, in the future this problem can be overcome by using stochastic finite element analysis.



Chapter 7

The MARC system

7.1 Introduction

To apply the FEA as explained in Chapter 6 to actual models of paintings we used an existing
standard program called the MARC system which is developed by MARC Analysis Research
Corporation. The MARC system was chosen because it has a wide variety of features. Further-
more, it contains an easy to use graphical user interface, and last but not least, the Centre for
High Performance Applied Computing in Delft has a licence for the use of the program MARC,
and therefore, employees of the Delft University of Technology can use it on one of the Cray
computers,

The MARC system contains two integrated programs MARC and Mentat that facilitate analysis
of engineering problems in the field of structural mechanics, heat transfer and electromechanics.
Mentat has a graphical user interface and can be used for pre- and postprocessing, whereas
MARC does the actual analysis (Figure 7.1). This chapter describes the MARC system and
gives an overview of the possibilities of the program that will be of interest in our research.

7.2 Mentat

Mentat is an interactive computer program that prepares and processes data for use with the
finite element method. The program verifies keyboard input and returns recommendations or
warnings when it detects questionable input. The Mentat program can process both two- and
three-dimensional meshes to do the following:

e generate and display a mesh,
e generate and display boundary conditions and loadings, and
e perform postprocessing to generate contour, deformed shape and time history plots.

The data that is processed includes

nodal coordinates,

element connectivity,
nodal boundary conditions,
nodal coordinate systems,
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Preprocessing Mentat
Analysis MARC
Postprocessing Mentat

Figure 7.1: The MARC system

element material properties,

element geometric properties,

element loads,

nodal loads/non-zero boundary conditions, and
element and nodal sets.

When the model is set up with Mentat it can be saved as a .mud (binary) or .mfd (ASCII) file for
further use in Mentat or as a data file with a .dat extension for analysis with MARC.

7.3 MARC

MARC has four comprehensive libraries, making the program applicable to a wide range of uses:

The Procedure Library contains procedures such as static, dynamic and creep analysis.

The Material Library includes many material models that represent most engineering materi-
als. For example, linear elasticity, plasticity and viscoelasticity. All properties may depend
on temperature.

The Element Library contains over 140 elements.

The Program Function Library contains subroutines in FORTRAN designed to speed up and
simplify analysis work.
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A MARC data file contains three logically distinct sections: the parameters which describe the
problem size and type, the model definition options which give a detailed description of the
problem and the history definition options which describe the load history.

During the analysis the program produces a log file and an output file and a file that can be used
for postprocessing with Mentat. This last file will have a .t16 (binary) or .t19 (ASCII) extension.

7.4 An example

Two test runs were done to get to know the program. The material parameters given by Mecklen-
burg and Tumosa [25] were used to verify the models by comparing them with their results. Both
tests modelled a painting consisting of three layers, canvas, glue and Naples yellow oil paint. In
the first test the painting was subjected to a temperature drop from 23°C to —3°C at constant
relative humidity of 5%. In the second test the painting was desiccated from 70% RH to 10%
RH at a constant temperature of 23°C. The exact model parameters can be found in Appendix A.

For the FEA we used 8-noded elements with a trilinear interpolation function. Here follows an
example of a data file produced with Mentat for the first test. However, the dimensions of the
problem were adjusted, particularly, the thickness of the layers, to clarify the structure of the
mesh as given in Figure 7.2. Furthermore, the number of elements given in this example is less
than the number actually used in the test runs because of space considerations.

The first part of the data file gives the problem type and size:

title testl

$....MARC input file produced by Mentat 3.2.0
sizing 100000 27 64 192

elements 7

processor 1 1 B

Sno list

all points

setname 3

end

G et

Then, after two lines concerning the solution algorithm and optimization, follows the information
about the mesh. The connectivity is defined by giving the type number and the nodes belonging
to each element. The definition of the mesh is then completed by giving the coordinates of each
node.

solver

0 ] 0
optimize 9
connectivity

1 7 1 21 23 17 5 22 24 18
2 7 17 23 25 19 18 24 26 20
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Figure 7.2: Mesh of a simple model of a three-layered structure with 27 elements. The arrows

represents the boundary conditions.
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27 7 49
coordinates
3 64
1 0.00000+0
2 1.00000+1
3 1.00000+1
4 0.00000+0
5 0.00000+0
6 0.00000+0
7 0.00000+0
8 1.00000+1
9 1.00000+1
10 1.00000+1
11 1.00000+1
12 1.00000+1
13 1.00000+1
14 0.00000+0
15 0.00000+0
16 0.00000+0
17 0.00000+0
18 0.00000+0
19 0.00000+0
20 0.00000+0
21 3.33333+0
22 3.33333+0
23 3.33333+0
24 3.33333+0
25 3.33333+0
26 3.33333+0
27 3.33333+0
28 3.33333+0
29 6.66667+0
30 6.66667+0
31 6.6666740
32 6.66667+0
33 6.66667+0
34 6.66667+0
35 6.66667+0
36 6.66667+0
37 1.00000+1
38 1.00000+1
39 1.00000+1
40 1.00000+1
41 0.00000+0
42 0.00000+0
43 3.33333+0
44 3.33333+0
45 3.33333+0
46 3.33333+0
47 6.66667+0
48 6.66667+0

52 12

.00000+0
.00000+0
.00000+0
.00000+0
.00000+0
.00000+0
.00000+0
.00000+0
.00000+0
.00000+0
.00000+0
.00000+0
.00000+0
.00000+0
.00000+0
.00000+0
.33333+0
.33333+0
.66667+0
.66667+0
.00000+0
.00000+0
.33333+0
.33333+0
.66667+0
.66667+0
.00000+0
.00000+0
.00000+0
.00000+0
.33333+0
.33333+0
.66667+0
.66667+0
.00000+0
.00000+0
.33333+0
.33333+0
.66667+0
.66667+0
.33333+0
.66667+0
.00000+0
.33333+0
.66667+0
.00000+0
.00000+0
.33333+0

50 61

.00000+0
.00000+0
.00000+0
.00000+0
.15000+0
.95000+0
.00000+0
.15000+0
.95000+0
.00000+0
.15000+0
.95000+0
.00000+0
.15000+0
.95000+0
.00000+0
.00000+0
.15000+0
.00000+0
.15000+0
.00000+0
.15000+0
.00000+0
.15000+0
.00000+0
.15000+0
.00000+0
.15000+0
.00000+0
.15000+0
.00000+0
.15000+0
.00000+0
.15000+0
.00000+0
.15000+0
.00000+0
.15000+0
.00000+0
.15000+0
.95000+0
.95000+0
.95000+0
.95000+0
.95000+0
.95000+0
.95000+0
.95000+0

64
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49 6.66667+0 4.66667+0 1.95000+0
50 6.66667+0 7.00000+40 1.95000+0
51 1.00000+1 2.3333340 1.95000+0
52 1.00000+1 4.66667+0 1.95000+0
53 0.00000+0 2.33333+0 3.00000+0
54 0.00000+0 4.66667+0 3.00000+0
55 3.33333+0 0.00000+0 3.00000+0
56 3.33333+0 2.33333+0 3.00000+0
57 3.33333+0 4.66667+0 3.00000+0
58 3.33333+40 7.00000+0 3.00000+0
59 6.66667+0 0.00000+0 3.00000+0
60 6.66667+0 2.33333+0 3.00000+0
61 6.66667+0 4.66667+0 3.00000+0
62 6.66667+0 7.00000+0 3.00000+0
63 1.00000+1 2.33333+0 3.00000+0
64 1.00000+1 4.66667+0 3.00000+0

The next part defines the material properties. All three layers are modelled as isotropic materials,
and the elastic modulus, the Poisson ratio and the thermal expansion coefficient are given, and,
off course, the labels of the elements that model the material. For the glue and the paint layer the
effect of the temperature on the elastic modulus is also given. This effect is assumed to be linear,
therefore, it is sufficient to give the elastic modulus at the initial and at the final temperature.

isotropic
i 0 0 0 Ocanvas
3.5000+7 3.0000-1 1.0000+0 1.0000-5 0.0000+0 0.0000+0 0.0000+0 0.0000+0
1 to 9
isotropic
2 0 0 0 Oglue
4.8600+9 3.0000-1 1.0000+0 2.5000-5 0.0000+0 0.0000+0 0.0000+0 0.0000+0
10 to 18

temperature effects data
0 2 0 0 0 0 2
4.86000+9 -3.000000000+0
3.79100+9 2.300000000+1

isotropic
3 0 0 0 Opaint
1.034049 3.0000-1 1.000040 5.2000-5 0.0000+0 0.0000+0 0.0000+0 0.0000+0
19 to 27

temperature effects data
0 2 0 0 0 0 3
1.03400+9 -3.000000000+0
3.27000+8 2.300000000+1

The fourth part defines the initial loads. That is, the initial temperature and the boundary condi-
tion that models the frame of the painting. the assumption is made that only the nodes directly at
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the frame will be fixed in all directions. In Figure 7.2 this boundary condition is represented by
the arrows. This part of the data file ends with information on which of the computed quantities
to print to the output file (none, in this case) and which of the computed quantities to print to the
file used for the postprocessing with Mentat:

initial temp
2.30000+1

1 to 64
fixed disp

0.00000+0 0.00000+0 0.00000+0

1 2 3
1 2 3 4 17 19 21 27 29
35 37 39
no print
post
2 16 17 1 0 19 20 0 T 0 6
311
17
end option

The final part of the data file describes the actual loading case of the problem. In this case, the
temperature of all nodes drops to —3°C.,

$....start of loadcase cooling
control

99999 10 0 0 o] 1 0 0 1 0

1.0000-1 0.0000+0 0.0000+0 0.0000+0 0.0000+0 0.0000+0 0.0000+0 0.0000+0
auto load

ik 0

time step

1.00000+0
point temp

-3.00000+0

1 to 64
continue
$....end of loadcase cooling
R B e B i i

7.5 The results of the test runs

The results of the test runs can again be viewed with the Mentat program. An example of the
possible output produced by Mentat is given in Figure 7.3, where we can see the direction of
the maximum principal stress in each of the elements in the paint layer for the first test run.
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Layer Maximum
Principal Stress
Paint 1.995 — 1.998 MPa

Glue Size | 3.250 — 3.260 MPa
Canvas | 2.260-2.270 MPa

Table 7.1: Maximum principal stresses for painting subjected to a temperature drop from 23°C
to —3°C.

Layer Maximum
Principal Stress
Paint 0.912-0.915 MPa

Glue Size | 18.62 — 18.64 MPa
Canvas 18.32 - 18.33 MPa

Table 7.2: Maximum principal stresses for painting subjected to desiccation from 70% RH to
30% RH.

Note that, although the maximum principal stress is represented by an arrow, it is not a vector,
but a tensor component in the principal coordinate system of that particular element. The arrow
just gives the direction of one of the principal coordinate axes. The range of the values of the
maximum principal stress for the first test are given in Table 7.1. The quantities given are the
values of the stress at the upper surface of each layer. Due to continuity the stresses at the upper
surface of the glue size and the canvas are equal to the stresses at the lower surface of the paint
and the glue size, respectively.

The maximum principal stresses in the paint layer as computed by Mecklenburg and Tumosa
ranged from 2.09 MPa to 2.11 MPa [25]. It is hard to say how this difference with our results is
caused, because they give no information on the type of elements and the boundary conditions
used. The directions of the maximum principal stresses is similar to our results. Their conclusion
is that if the paint film cracks, the crack pattern will be perpendicular to the direction of the
maximum principal stresses. However, this conclusion seems a bit hasty, because the values of
the second principal stresses are only 0.1% less than the maximum principal stresses.
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Figure 7.3: The directions of maximum principal stresses for a painting subjected to a tempera-
ture drop from 23°C to —3°C.
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Chapter 8

Modelling Stress Distributions in Paintings

8.1 Introduction

The material parameters of paint as used by Mecklenburg and Tumosa in their simulations, were
obtained from experiments on 13 year old paint [25]. One of the main objectives of the MOLART
project is to study the effects of ageing of paint on the present condition of a painting. However,
experimental data on the mechanical properties of aged paint is hardly available. Nevertheless,
by using the material properties of polyacrylate and zinc polyacrylate as given by Holliday [18],
simulations were done to show the possible effects of the ageing of paint on the stress develop-
ment in a painting. The results of these simulations are given in Section 8.2 of this chapter.

To give an even better idea of the possibilities of FEA, the second section of this chapter describes
the results of simulations inspired by the fact that a few months ago the painting ’Cathedra’ by
Barnett Newman was cut with a knife in "Het Stedelijk Museum’ in Amsterdam. With the use of
FEA we tried to establish the stress development in a painting on canvas when it is stretched on a
frame, the results of which can be found in Section 8.3, and in a painting with a tear in the canvas
as well as when the tear is sewed with a material stiffer or less stiff than the original painting.
The results of these last simulations are given in Section 8.4.

8.2 The effects of ionic bonds

With the model as used in the test runs as a basis (see Chapter 7), some calculations were done
to obtain an idea on the influence of ageing, or more specific, of ionic bonds on the stress devel-
opment in a painting subjected to a temperature drop. The dimensions of the model used were
the same as in the test runs, as were the material properties for the two lower layers (the canvas
and the glue layer). The paint layer was modelled as a polyacrylic acid and as a zinc salt of
polyacrylic acid. The mechanical behaviour of these materials were described in Chapter 5.

The resulting maximum principal stress in the paint layer is given in Table 8.1. Because the
variation in the maximum principal stress in the paint layer is relatively small, only the average
values are given. More exact values, as well as the stresses in the other two layers can be found
in Appendix B.

As we can see, the stress developed in the paint layer in case of the zinc salt is less than half of
the stress developed in the paint layer in case of the polyacrylic acid without the ionic bonds.
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Elastic Thermal | Maximum
Modulus | Coefficient | Principal
Stress
(Pa) ch (Pa)
Polyacrylic
acid 13-10° | 55-1075 | 2.6-107
Zinc salt of
polyacrylic | 19.5-10° | 1.4-107% | 1.0-107
acid
Using
Barker’s 19.5-10° | 4491075 | 3.2-107
relation

Table 8.1: Maximum Principal Stresses

This is due to the fact that the thermal expansion coefficient of the zinc salt is much lower than
expected. This is even more obvious if we compare this with the stress when we model the paint
layer as a material having the elastic modulus of the zinc salt and satisfying Barker’s relation
(see Equation 5.1) for thermal expansion coefficients.

8.3 Stretching a painting on a frame

Before modelling a painting with a tear in the fabric, we wanted to know the effects of stretching
a painting on a frame on the stress levels in the canvas. To do so, we used a plane stress model
of a painting with dimensions 2m x 4m. And the boundary conditions were chosen such that the
painting was stretched 2cm in both directions, i.e., all nodes on the outside edge of the painting
were modelled to have an initial strain of Tcm.

The model is orthotropic, i.e. there are three different elastic moduli, one in the warp direction of
the fabric, one in the weft direction of the fabric and one shear modulus. We used two different
orientations. In the first (Orientation I) the warp of the fabric was directed horizontally, and in
the second (Orientation II) the warp of the fabric was directed vertically.

The tensile elastic moduli used were provided by William Wei, and came from experiments done
at the "Instituut Collectie Nederland’ on cotton, linen and a canvas made from cotton and linen
with a glue sizing and a ground layer (see Table 8.2). The Poisson ratio was chosen to be 0.3 and
the shear moduli were chosen to be equal to the tensile moduli in the warp direction.

The results are given in Table 8.2. The corner nodes were modelled to have an initial strain of
Tem in two directions, which caused the high stress levels in the corners of the painting.
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Figure 8.1: A 2-dimensional mesh for a model of a painting with a tear

8.4 A painting with a tear

To model a painting with a tear in the fabric we used a plane stress model, i.e., a two-dimensional
model, with a mesh as shown in Figure 8.1. Around the tip of the tear the 6-noded triangular
elements were used and the nodes on the midsides adjacent to the tip are moved to one quarter of

the edge length (see Figure 8.2), throughout the rest of the painting, 8-noded rectangular elements
were used.

The boundary conditions and the dimensions are chosen equal to those of the models in the
previous section. The fabric was chosen to be the grounded cotton with linen in orientation L.
The tear was modelled to be Tcm wide. The calculations were done for the model with an open
tear, a closed tear, that is, a model of the original painting, and for models with a tear filled with
different types of material,

The resulting maximum principal stresses at the tip of the tear are shown in Table 8.3. More
detailed results can be found in Appendix B.3. When merely looking at the values as given in
Table 8.3, the sewing of the tear does not seem to have a great influence on the stress levels, when
compared to the stress levels in the model of the original painting. Contrary to the stress level at
the tip of the tear in the model with the open tear, which is more than twice as high as th stress in
the original painting. But when examining the stress distribution in the vicinity of the tip of the
tear as shown in Figures 8.3, 8.4 and 8.5, one notices the considerable higher maximum principal
stress within the tear when it is filled with a material with a high elastic modulus.
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Figure 8.2: The elements around the tip of the tear
Elastic Maximum
Modulus Principal Stress
Warp Weft Orientation I Orientation II
Corner Middle Corner Middle
(Pa) (Pa) (Pa) (Pa) (Pa) (Pa)
Cotton 15-10% | 15.108 | 2.50 - 10% | 1.68- 10° | 2.49-107 [ 7.71-10°
Linen T0-10% | 30-10% | 1.21-10% | 4.17-107 | 7.79-107 [ 1.46 - 107
Cotton & Linen | 7.05-10° | 18- 108 | 7.35-107 | 2.35- 107 | 5.12-107 [ 8.59 - 10°

Table 8.2: Maximum principal stresses in a stretched painting

Elastic Modulus of the | Maximum Principal Stress
Material Filling the Tear at the Tip of the Tear
(Pa) (Pa)
Open 8.02-107
Closed 3.06-107
Filled I 12.5-107 3.49-107
Filled I 12.5-10° 3.07-107
Filled IIT 12.5-107 3.02-107

Table 8.3: Maximum principal stresses at the tip of the tear
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Figure 8.3: Maximum principal stresses near the tip of the tear
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Figure 8.5: Maximum principal stresses near the tip of the tear, where the tear is filled with a material with E = 12.5 - 107
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Chapter 9

Stochastic Modelling of Fatigue

9.1 Introduction

Elastic deformation is a reversible phenomenon, that is, if the stress does not reach a critical level
(and no fracture occurs), the material will deform back to its original shape. When we model a
painting as behaving linear elastic, changes in temperature as well as relative humidity will do
no damage whatsoever, when kept in a small enough range.

In reality, this is not always true. Especially on a microscopic level. When subjected to time-
varying loadings a material’s ability to carry the intended loading will deteriorate. This phe-
nomenon is called fatigue.

Fatigue failure, generally, consists of two phases. The first one includes the micro-damage ac-
cumulation, cracking and deterioration on the micro-level. This phase terminates when a macro
crack is born as a result of coalescence of micro cracks, micro voids and other micro defects. The
second stage is in fact the macroscopic fatigue crack propagation up to the final failure. Fatigue
crack growth is the result of interaction between the micro-damage near the crack tips and the
stress field in the cracked bodies. In the last decade many stochastic models were developed for
fatigue crack growth [29, 30].

All the phenomena related to fatigue, i.e. crack initiation and growth, as well as the final failure
considered as a loss of integrity, instability, or both, are subjected to the influence of stochastic
factors. These factors may be classified in several ways. For example, one may divide them
into three groups: the randomness of material properties; random defects and imperfections of
structural components; random loads, actions and environmental conditions.

This chapter describes the different models for representing fatigue damage, and it gives a
stochastic model for fatigue life prediction when a material is subjected to a random load. The
chapter ends with a short survey of other types of stochastic models, which deal with random
initial defects, and random material properties.

9.2 Representations of fatigue damage

9.2.1 S-Ndata

The general approach in fatigue life prediction is to relate the fatigue life of a construction,
subjected to a random load, to laboratory fatigue experiments of simple specimens subjected to
a cyclic load with constant amplitude, so-called S-N data. The S-N curve displays the stress
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amplitude, S, versus the number of cycles to failure, N. Analytical representation of the S-N
curves is commonly assumed to have the form

N =kS™P,

where k and b are material parameters estimated from test data.

In situations with a variable amplitude loading we can estimate fatigue life using these S-N
curves and the Palmgren-Miner rule. This rule asserts that the total damage D is a linear accu-
mulation of the partial damage done by each cycle. The damage done by a loading cycle with
stress amplitude S; can be given as

1
N’

where N is the number of cycles to failure at this stress amplitude and can be found from the
S-N curve. Let n; denote the number of actual loading cycles with stress amplitude S;, then the
Palmgren-Miner rule gives the total accumulated damage:

D:Z;_i{ ©.1)

9.2.2 Continuum Damage Mechanics

For fatigue damage we can also use the continuum damage mechanics model. Continuum dam-
age mechanics was developed mainly by Kachanov [19]. The damage variable is considered as a
surface density of intersections of cracks and cavities. Let us consider a certain section S of the
body. Let Aq be the initial area of the undamaged section. As a result of damage, a certain part
of the section is fractured (lost). Denote the lost area by A.

In case of isotropic damage, the cracks and voids are equally distributed in all directions. The
damage variable can be considered as a scalar function of the time t and is defined by

Alt)
D(t) = —.
(t)="%
We have that 0 < D(t) < 1 and w is a positive monotonically increasing function. For undam-
aged material D = 0 and at fracture D = 1.

In case of uniaxial tension, we define the notion of actual stress as

F F o

TRA—A Al-w) ¥

Oa

where o is the nominal stress and {p = 1 — D is called the ’continuity’.
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Now, the assumption is made that the strain response of the body is modified by damage only
through the actual stress and that the rate of damage growth is determined primarily by the level
of the actual stress. Hence, the elastic strain of a damaged material is given by

Oq 1

E =:‘EEU'.

So, the Hooke’s law here has its usual form with the elastic modulus E being replaced by Ex.

Assuming that the evolution of the function D(t) depends only on the values of D(t) at some
initial time instant and on the external actions Q(t), one can postulate the following general
differential equation model for damage accumulation D(t):

dD(t)
dt

=f(D(t), Q(t)). 9:2)

Kachanov gave a simple form of this kinetic equation in the case of uniaxial tension [19]:

a3

where A > 0 and n > 1 are material constants.

Continuum damage models can be used to describe the evolution of a crack pattern. Then the
damage variable is a measure of the density of the cracks. Or, on a microscopic level, it can be
used to describe the accumulation of micro cracks into a macro crack.

9.2.3 Crack growth models

In models for crack growth, a more specific way to represent damage is used. In most cases the
crack length of just one crack is modelled and fatigue crack growth can be characterised by

da

dN _F{ﬂvsscsesc]: (9.3}

where

a denotes the length of the dominant crack,

S denotes the state of stress,

C symbolically denotes the material properties,

@ denotes the temperature,

¢ symbolically denotes all other parameters, and

N denotes the number of cycles, as a continuous variable, (or

continuous time) corresponding to the crack length a.

Unfortunately, there is not enough knowledge concerning the influence of each of the preceding
variables on fatigue crack growth, and analytical forms of the general relations like Equation 9.3
are lacking even for traditional fatigue problems [30].



74 CHAPTER 9. STOCHASTIC MODELLING OF FATIGUE

In Chapter 4 it was already shown that the stress intensity factor K (see Equation 4.10) is a
suitable quantity to characterise crack growth in (linear) elastic materials. And in models for
fatigue crack growth the stress intensity factor — or more specifically — the stress intensity range
AK = Kpax — Kmin is used as well.

Example 9.1 (Paris-Ergodan equation) A commonly used equation for the crack growth rate
is the Paris-Ergodan equation, which is given by

da
—_— Km
dN CLAK}™,

where C and m are regarded as material constants.

9.3 Random fatigue loads

To predict the life of a component subjected to complex loading histories, a loading is usually
reduced to a sequence of events that can be regarded as compatible with constant amplitude
fatigue data. The methods that make such reductions possible are known as cycle counting
techniques.

Generally, a cycle is defined by specifying its highest and its lowest point, M and m, M > m.
A cycle count is a procedure transforming a function s(t), 0 < t < T into a set of cycles
(Mg, M3);p, for a certain index set 1. Usually, we have that the M;’s are the local maxima of the
function s(t).

Example 9.2 (Peak-valley cycle count) Let s(t), be a continuous function and let {Mi}ic1 be
the set of all local maxima of s(t), then the peak-valley cycles are defined by {(Mi, mi)}ier,
where my is the local minimum following M.

Example 9.3 (Rainflow cycle counting algorithm) Let s(t), 0 < t < T, be a continuous func-
tion. For any fixed point to € [0, T), let t* be the time of the first up-crossing of the level u after
to, or t+ = T if no such up-crossing exists in (to, T). And let t~ be the time of the last down
crossing before to, or t~ = 0 if no such down-crossing exists in (0, to). Let us define

H™(to) = t_ngg;(to{s{to}—S(t}}‘
H¥(to) =  max {s(to) —s(t)}

The rainflow cycle amplitude H(t) at time t is defined as (see figure 9.1)

H(to) = min{H™(to), H*(to)}.
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Figure 9.1: Rainflow cycle amplitude

Hence, for every t € (0, T], we can define a rainflow cycle as
(M, my) = (s(t), s(t) — H(t)).

For smooth loads (C*-functions) a rainflow cycle only has a non-zero amplitude when M, is a
local maximum [29].

When we reduce the function of the loading history s(t), t € [0, T], into a set of cycles

{(Mi, mi)}e1,, we can generalise the Palmgren-Miner rule (9.1). Denote by f(x,y) a damage
caused by a cycle (x,y). Assume f(x,y) > 0 is increasing in x and decreasing in y. If the set of
cycles with positive amplitudes is countable, the total damage D(T) is given by

D(T)=)_ f(Mi,my).

iely

If the function f(x,y) is known explicitly, we can also derive a different formula for the to-
tal damage D(T), using the counting distribution function of the cycle count. When s(t) is a
continuous function with a countable set of cycles {(M;, mi)}ier, on [0, T], then the counting
distribution function Nt(x, y)is defined by

Nt(x,y) =#ic ;/M; >x >y >my.

Theorem 9.4 [29] Assume f(x,y) is twice continuously differentiable. If f(x,x) = 0 and
Nr(u, ) is a bounded function of v, the total damage is finite and given by

_ e 0%f(x,u) +00 of(x,y)
D(T] = j-_w . NT[X,U}W - NT[X,X] T dx.

dydx——J

y=x
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The fatigue failure time T is defined by
i ity E
Hence, the failure probability is given by
P{T'<T}=P{D(T) > 1.
The expected damage can be written as

E(D(T))=)_E(f(Mi,m),

iely
or, using Theorem 9.4, as
oo 9% (x,y) el of(x,v)
E(D(T)) =—[ [ E(N {x,y}]—;dydx—-’[ E (N(x,x)) dx.
=00 J—00 T axay —00 g ay y=x
(9.4)

Calculation of E (f(M;, my)) is very difficult because even if s(t) is a stationary process,
{M;, mikier, could be non-stationary (i.e., E (f(M;, mi)) # E (f(Mi41, mis1)). However, there
are cases in which it is possible to calculate, or at least approximate, E (Nt(x,y)).

9.3.1 Rainflow Count on Smooth Ergodic Loads

In this section we assume that the loads are stationary and ergodic processes with finite intensity
of local maxima, cpm. Let {M;, mi}ier, be the set of all local maxima, M,;, and the following
minima, m, of s(t) on [0, T] (i.e., this is the peak-valley cycle count of s(t)), then

#HMikierr

T < 00

cpm = lim

M Tl—too

And let {M;, mF*C};, denote the rainflow cycle count. Denote by NXCF(1, v) and N¥Y(u, v)

the counting distributions of the rainflow count and the peak-valley count respectively, and define
the count intensities by

RFC
RFC s (u,v)
W) = fim S
PV
and p”Y(u,v) = lim i {u,v}I
T—oo T

respectively.




9.3. RANDOM FATIGUE LOADS 77

The counting intensity of the peak-valley count can simply be derived using the ergodicity of the
load:

. My > u,my < vher,

PV _
) = i T
e g #HMiker, H{Mi > u, mi < vker,
T—=eo T #{Mi}iEIT

= cpm Prob{M; > u,m; < v},
where Prob is the ergodic probability.

The rainflow count intensity also depends upon the sequence of local extremes, but now we need
the following lemma about the counting distribution.

Lemma 9.5 Let s(t), t € [0, T], be a continuous function and {M;, Mikiet, the set of rainflow
cycles, then

NT {u,v]

1

#t € [0, T)|tis a u-downcrossing and s(t) — H* (t) < v}
#{t € [0, Tl|t is a u-downcrossing and s(t + -) crosses v before u).

Using this lemma, we get

#HM; > u, mfC < v},
T

uRC(u,v) = lim
T—o0

; 1 M; > u, m; < uand {my4;}j>1 crosses v

=cpm lim ——# =

T #{M i her, before {M;4;};>2 crosses u

_ M; > u, m; < uand {my}i> crosses v

= exiProb { before {M}i>2 crosses u

[+o)
my < wand {m;};~; crosses v
=CMJ Prob{ b {midioy

o before {M;};> crosses u

M, :x} m, (x)dx,  (9.5)

where fyy, is the ergodic density function.

9.3.2 Markov extremes

To give an approximation of u®"C(u,v), we assume that the sequence of local extremes form a
stationary Markov chain and that the extremes can take only a finite number of discrete values.
Let {(MP, mPicr, denote the sequence of (discrete) local maxima and following local minima.
Letw; > u; > -++ > u, be the discrete levels that MY and mP can take, and let P = (ps;)
and P = (Py;) be the transition probability from maximum to the following minimum and from
minimum to the following maximum, respectively, i.e.,

py =P{ml =yMP =w},
Py =P {MPy; =yim? =w}.
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For fixed i and j, i < j, the discrete version of Equation 9.5 is given by

i1 D D
RFC(,, . 1. — Z mp < u; and {m’hyq crosses u; D _
W (s, w) = om — Prob{ before {MP}> crosses u; MY =k 0 Pmo (ui),

9.6)

where

#{1. € I1'|Nﬂ:J = uk}
#{MiD}iEIr

Pmo (uk) = lim
T—co

The sequence of maxima {M}ier, is also a Markov chain with transition matrix PP. Assume
that this chain of maxima is ergodic and let 7t denote the stationary distribution.

The conditional probability in Equation 9.6 can be written as the sum

pr(uk}l
=0

with

Polw) =P{mP < uylM? =w}
pr(w) =P{m®; <u,yy <mP; <MP <wforalll=2,3,... T+ 1MP =},

for fixed 1 and j. Consequently the rainflow count intensity becomes,

i-1 o0
W, w) =em ) M (Z pr{uk]) )

k=1 r=0

The intensity of the maxima cy can be difficult to obtain, but when the counting intensity is
computed for a discrete Markov chain, iR oo, (1, v), assuming cp = 1, it can be renormalized
using the downcrossing intensity of the load pu) = p® (1, 1) in the following way:

~RFC . 1(0) RFC

uMnr‘k,ov[uv 1""] - uHErkou{o; 0) p'Mnrkov(u} V}-
Then, we can approximate the expected damage by replacing E (Nt(u,v)) by fRFC L ov(1, V) in
Equation 9.4.




Chapter 10

Discussion and Recommendations

When this project started MOLARTs main interest was to decide how the chemical and physical
alteration of ageing paint would effect the stress distribution and the formation of craquelure on
paintings. However, despite the numerous research done on the chemical ageing of paint, very
little is known about changes in mechanical behaviour with age.

Chemical research done within the MOLART project indicated that during ageing the pigment
molecules in oil paint will form ionic bonds with the crosslinked network of the medium. It was
possible to do some simulations by modelling a fresh paint layer consisting of polyacrylic acid
and an aged paint layer consisting of a zinc salt of polyacrylic acid. These simulations showed
again the importance of understanding the material properties. The hypothesis that the stress
levels developed upon cooling would be higher for the zinc salt, because of the fact that the
ionic bonds would increase the elastic modulus of the material, turned out to be false, due to the
fact that the thermal expansion coefficient of the zinc salt was much lower than expected. As a
consequence the stress in this material remains low, despite an increase in stiffness.

To further explore the possibilities of using finite element analysis (FEA) to compute stress dis-
tributions in paintings, simulations were done on a model of a painting with a tear in the canvas.
These simulations were inspired by the fact that the ‘Cathedra’, a painting by Barnett Newman,
was cut several times. The simulations show that when such a tear is sown with a material with
a elastic modulus 10 times that of the original canvas, the maximum principal stress around the
tip of the tear decreases, whereas the maximum principal stress inside the tear, i.e. in the sewing
material, becomes almost twice as high. For a sewing material with an elastic modulus 10 times
less than the original canvas the opposite is true. In this approximation, a choice for a relatively
stiff repair material creates the benefit of a lower chance of tearing of the primary cut.

During this research project it became clear that finite element analysis is a good method for
understanding the effects of changing mechanical properties of ageing art materials on the stress
development in paintings, provided that these mechanical properties are known. The material
parameters needed to perform a finite element analysis are the elastic modulus and, when one is
interested in the effects of environment, the thermal and the moisture expansion coefficient. In
the future, it might also be interesting to enter a time factor into the models, but in that case the
stress-relaxation behaviour of the material must be known, as well.

The drawbacks of FEA are first of all the fact that the materials are modelled to be homogeneous
throughout each element, whereas paint is a mixture of pigments and medium, and by definition,
non-homogeneous. Secondly, to decide whether fracture will occur, more material parameters
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are needed, as for instance the strength. And although the directions of the maximum principal
stress as computed by FEA can give a indication of how the global crack pattern might develop,
it gives no clue about the more local features of the craquelure pattern.

The first problem could be tackled by using stochastic finite element analysis, in which it is
possible to model spatial variabilities in the material parameters and their effects on the stress
distribution in a painting. Another possibility, which deals with inhomogeneiety on a micro-
scopic level might be to use a model described by Boriek et al [1], that computes the distribution
of voids in polymeric materials and their effect on the stresses in these materials using FEA.

Micro-voids can cluster and eventually grow into a macro crack when subjected to constant or
cyclic stress. Such damage accumulation from micro-voids to a marco crack can be described
by continuum damage models. It will be nescessary to understand the mechanical behaviour
on a microscopic level if such models are to be used in the future. It would be interesting to
apply MOLART’s knowledge on the molecular structure of aged paints for development of such
a model.

Accumulation of damage can be the result of cyclic loading. Even if the stress does not reach the
critical value during each individual cycle, repeated stress peaks will deteriorate the material’s
ability to carry the intended load. Hence, every loading cycle will increase the damage with a
certain amount. If we know the damage as a result of individual cycles of all possible stress
amplitudes, it will be possible to compute the expected damage in certain time intervals by
modelling the environmental changes, and hence the stress levels in a painting, by stochastic
processes.

Damage accumulation models can also be used to model macroscopic damage. The damage
variable could then represent the depth of a crack, the degree of decohesion between two layers,
or the density of a crack pattern.
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Appendix A

Models used for the test runs

Model 1: Cooling down a canvas painting

e 3 layers:

— canvas, 0.0152 cm
— glue, 0.00508 cm
— Naples yellow oil paint, 0.0152 cm

e 76 x 102cm

e elements 1-100: canvas
elastic modulus 38.6 MPa
thermal coefficient  0.1.10™* per °C
poisson ratio 0.3

e elements 101-200: glue
elastic modulus

- at 23°C 37.91-10° MPa
-at-3°C 48.60-10° MPa
thermal coefficient  0.25-10™* per°C
poisson ratio 0.3

e elements 201-300: paint
elastic modulus

- at 23°C 3.27:10> MPa
-at-3°C 10.34.10>  MPa
thermal coefficient ~ 0.52-10~* per °C
poisson ratio 0.3

e element type: 8-noded, three-dimensional brick element with trilinear interpolation func-
tion:

T =0y + % + a3y + x4z + xsXY + AYZz + X7XZ + xXgxyz
® boundary conditions: all nodes at the frame are fixed in the x, y and z direction
e initial temperature: 23°C

nodal temperature: -3°C
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Model 2: Desiccating a canvas painting

e 3 layers:

— canvas, 0.0152 cm
— glue, 0.00508 cm
— Naples yellow oil paint, 0.0152 cm

e 76 x 102cm

e clements 1-100: canvas
elastic modulus 35. MPa
moisture coefficient  0.1:10~%  per percent RH
poisson ratio 03

e elements 101-200: glue
elastic modulus

- at 70% RH 25.1655-10? MPa

-at 10% RH 16.0635:-10>  MPa

moisture coefficient  0.264 10~ per percent RH
poisson ratio 0.3

e elements 201-300: paint
elastic modulus

- at 70% RH 76.31 102 MPa

- at 30% RH 4151 10> MPa

moisture coefficient  0.257-10~%  per percent RH
poisson ratio 0.3

e element type: 8-noded, three-dimensional brick element with trilinear interpolation func-
tion:

T = a1 + 0t2x + &3y + 64z + sxY + KeUZ + X7XZ + AgXYZ
e boundary conditions: all nodes at the frame are fixed in the x, y and z direction

e initial relative humidity: 70 RH
nodal relative humidity: 30 RH

86



Appendix B

Results of the Finite Element Analysis

B.1 The effect of ionic bonds

The results given below are are copied from the output files from MARC.
Given are the stresses in the lower left corner
(nodes 1,5,9 and 13, and elements 1, 101 and 201)
and the stresses in the middle
(nodes 133, 134, 309 and 426, and elements 45, 145 and 245).
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Polyarcylic Acid

tresca
intensity intensity

2.49380E+05

1.47985E+07

1
5 1.62416E+06
9
3

2.63950E+07

133 14191.

134 1.61777E+06
309 1.48187E+07
426 2.64160E+07

element
stress
element
stress
element
stress
element
stress
element
stress
element
stress

tresca
intensity

1
2.494E+05
45
1.176E+05
101
3.208E+06
145
3.223E+06
201
2.640E+07
245
2.642E+07

mises

2.16046E+05
1.57648E+06
1.45682E+07
2.60233E+07

14135.

1.61368E+06
1.47961E+07
2.63790E+07

mises
intensity
2.160E+05
1.021E+05
3.119E+06
3.214E+06
2.602E+07

2.638E+07

mean
normal
intensity

9807.8

1.03970E+06
9.69984E+06
1.73301E+07

9435.5

1.07559E+06
9.8632BE+06
1.75848E+07

principal values
minimum intermediate maximum

-1.16802E+05

-9695.3 1
-B8459.5 1
-13216. 2
12.536

-184.12 1
-748.21 1
-1115.6 2

mean principal
normal minimum intermediate maximum

intensity

9.808E+03-1.
9.436E+03-5.
2.070E+06-6
2.142E+06-8.
1.733E+07-1.

1.758E+07-1.

168E+05

177E+04

.797E+03

538E+02

322E+04

180E+03

1.365E+04

1.420E+04

3.014E+06

3.204E+06

2.562E+07

2.634E+07

13647. 1.32578E+05
.51433E+06 1.61446E+06
.43180E+07 1.47900E+07
.56217E+07 2.63818E+07
14091. 14203.

.60938E+06 1.61759E+086

.47727E+07 1.48179E+07
.63407E+07 2.64148E+07

values

1.326E+05

6.587E+04

3.201E+06

3.222E+06

2.638E+07

2.642E+07
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Zinc Polyacrylate

tresca

intensity

1 1.01956E+05

5 1.62529E+06

9 6.634B3E+06

13 1.00389E+07
133 14273.

134 1.6264BE+06
309 6.65076E+06
426 1.0062BE+07

element
stress
element
stress
element
stress
element
stress
element
stress
element
stress

tresca
intensity

1
1.020E+05
45
4.949E+04
101
3.232E+06
145
3.239E+06
201
1.004E+07
245
1.006E+07

mises

intensity

88544.

1.60705E+06
6.51373E+06
9.83204E+06

14252.

1.62499E+06
6.63965E+06
1.00436E+07

mises

intensity

3

.B54E+04

.346E+04

.197E+06

.236E+06

.832E+06

.004E+07

mean
normal
intensity

9665.6
1.06920E+0
4.33561E+0
6.54248E+0

9506.3
1.08325E+0
4.42602E+0
6.69503E+0

mean principal

principal

minimum intermediate
-43517. 14074.
6 -1946.1 1.58621E+06
6 -4483.1 6.38098E+06
6 -7561.7 9.60373E+06
5.2183 14236.
6 -71.259 1.62342E+06
6 -398.52 6.62808E+06
6 -649.30 1.00236E+07

values

normal minimum intermediate maximum

intensity

.666E+03-4.
.506E+03-1.
.129E+06-1.
.157E+06-2
.542E+06-7.

.695E+06-6.

352E+04

763E+04

867E+03

.43BE+02

S562E+03

794E+02

1

1

3

3

9

1

.407E+04 5.

.428E+04 3

.158E+06 3.

.232E+06 3

.604E+06 1

.002E+07 1.

844E+04

.187E+04

230E+06

.239E+06

.003E+07

006E+07

values

maximum

58440.
1.62334E+06
6.63035E+06
1.00313E+07

14278.
1.62641E+06
6.65036E+06
1.00622E+07




Using Barker’s Equation

tresca
intensity

mises
intensity

1 3.02351E+05 2.61901E+05
5 1.62835E+06 1.57214E+06
9 1.77057E+07 1.73430E+07
13 3.22186E+07 3.15954E+07
133 14145. 14082.
134 1.61512E+06 1.61062E+06
309 1.77519E+07 1.77183E+07
426 3.22877E+07 3.22294E+07
tresca mises
intensity intensity
element 1
stress 3.024E+05 2.619E+05
element 45
stress 1.426E+05 1.237E+05
element 101
stress 3.203E+06 3.100E+06
element 145
stress 3.21BE+06 3.209E+06
element 201
stress 3.222E+07 3.160E+07
element 245
stress 3.229E+07 3.223E+07

normal

mean
normal
intensity

9886.1
1.03146E+06
1.15404E+07
2.10278E+07

9403.5
1.07352E+06

1.18109E+07
2.14842E+07

mean

intensity

.886E+03-1.431E+05 1

.404E+03-6.426E+04 1.

.053E+06-9.484E+03 2.

.138E+06-1.372E+03 3.

.103E+07-2.265E+04 3.

.148E+07-2.030E+03 3.

principal

minimum

-1.43122E+05
-14372.
-13467.
-22647.

15.481
-213.36
-1193.3
-1944.5

principal
minimum intermediate maximum

.355E+04 1.

416E+04 7.

975E+06 3.

198E+06 3

091E+07 3

intermediate

13552.
1.49476E+06
1.69426E+07
3.09102E+07

14035.
1.60588E+06

1.76833E+07
3.21688E+07

values

592E+05

831E+04

193E+06

.217E+06

.220E+07

217E+07 3.229E+07

values

maximum

1.59228E+05
1.61398E+06
1.76922E+07
3.21959E+07

14160.
1.61491E+06
1.77507E+07
3.22858E+07




B.2 Stretching a canvas
The results given below are the stresses computed by MARC

in one of the corner nodes (node 1)
and in the node in the middle (node 63).
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Cotton: Orientation I

tresca mises mean principal wvalues
intensity intensity normal minimum intermediate maximum
intensity

1 2.49738E+08 2.21811E+08 1.08461E+08 0.00000E+00 7.56445E+07 2.49738E+08
63 1.67484E+08 1.48667E+08 7.28695E+07 0.00000E+00 5.11247E+07 1.67484E+08

tresca mises mean principal values
intensity intensity normal minimum intermediate maximum
intensity
element 1

stress 2.497E+08 2.218E+08 1.085E+08 0.000E+00 7.564E+07 2.497E+08
element 45
stress 1.675E+08 1.487E+08 7.287E+07 0.000E+00 5.112E+07 1.675E+08

Cotton: Orientation II

tresca mises mean principal values
intensity intensity normal minimum intermediate maximum
intensity

1 2.48940E+07 2.33634E+07 9.44580E+06 0.00000E+00 3.44338E+06 2.48940E+07
63 7.71733E+06 7.07871E+06 3.08119E+06 0.00000E+00 1.52623E+06 7.71733E+06

tresca mises mean principal values
intensity intensity normal minimum intermediate maximum
intensity
element 1

stress 2.4B9E+07 2.336E+07 9.446E+06 0.000E+00 3.443E+06 2.483E+07
element 45
stress 7.717E+06 7.079E+06 3.081E+06 0.000E+00 1.526E+06 7.717E+06
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Linen: Orientation I

tresca mises mean principal values
intensity intensity normal minimum intermediate maximum
intensity

1 1.21051E+08 1.07097E+08 5.32247E+07 0.00000E+00 3.86230E+07 1.21051E+08
63 4.16858E+07 3.66543E+07 1.87279E+07 0.00000E+00 1.44978E+07 4.16858E+07

tresca mises mean principal values
intensity intensity normal minimum intermediate maximum
intensity
element 1

stress 1.211E+08 1.071E+08 5.322E+07 0.000E+00 3.862E+07 1.211E+08
element 45
stress 4.169E+07 3.666E+07 1.873E+07 0.000E+00 1.449E+07 4.169E+07

Linen: Orientation II

tresca mises mean principal wvalues
intensity intensity normal minimum intermediate maximum
intensity

1 7.78921E+07 7.13289E+07 3.12186E+07 0.00000E+00 1.57637E+07 7.78921E+07
63 1.45809E+07 1.28661E+07 8.11262E+06 0.00000E+00 9.75695E+06 1.45809E+07

tresca mises mean principal values
intensity intensity normal minimum intermediate maximum
intensity
element 1

stress 7.789E+07 7.133E+07 3.122E+07 0.000E+00 1.576E+07 7.789E+07
element 45

stress 1.458E+07 1.287E+07 8.113E+06 0.000E+00 9.754E+06 1.458E+07
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Cotton + Linen: Orientation I

tresca mises mean principal values
intensity intensity normal minimum intermediate maximum
intensity

1 7.35008E+07 6.52022E+07 3.20416E+07 0.00000E+00 2.26242E+07 7.35008E+07
63 2.34874E+07 2.06118E+07 1.06331E+07 0.00000E+00 8.41177E+06 2.34874E+07

tresca mises mean principal wvalues
intensity intensity normal minimum intermediate maximum
intensity
element 1

stress 7.350E+07 6.520E+07 3.204E+07 0.000E+00 2.262E+07 7.350E+07
element 45
stress 2.349E+07 2.062E+07 1.063E+07 0.000E+00 8.405E+06 2.349E+07

Cotton + Linen: Orientation II

tresca mises mean principal values
intensity intensity normal minimum intermediate maximum
intensity

1 5.11647E+07 4.68729E+07 2.04866E+07 0.00000E+00 1.02952E+07 5.11647E+07
63 8.58628E+06 7.87727E+06 5.15970E+06 O0.00000E+00 6.89282E+06 8.58628E+06

tresca mises mean principal values
intensity intensity normal minimum intermediate maximum
intensity
element 1

stress 5.116E+07 4.687E+07 2.049E+07 0.000E+00 1.030E+07 5.116E+07
element 45
stress 8.593E+06 7.879E+06 5.160E+06 0.000E+00 6.886E+06 8.533E+06




B.3 A painting with a tear

The results given below are the stresses computed by MARC
in the nodes near the tip of the tear.
Node 15 is the node at the tip of the tear
and the other 9 nodes are the ones that lay on a small circel around it (see
Figurefig-newman-mesh2).
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Open

15
477
478
479
484
485
490
491
494
497

Closed

96

15
477
478
479
484
485
4390
491
434
497

tresca
intensity

.01874E+07
.97821E+07
.69514E+07
.69213E+07
.57372E+07
.05333E+07
.3310BE+06
.56231E+07
.97673E+07
.46175E+06

W oL@

tresca
intensity

.05939E+07
.143980E+07
.07200E+07
.90547E+07
.27194E+07
.18885E+07
.99442E+07
.03929E+07
.95586E+07
.95014E+07

B B L B L W B W W W

mises
intensity

.98749E+07
.19918E+07
.82285E+07
.08908E+07
.74708E+07
.80800E+07
.15225E+06
.51930E+07
.82823E+07
.40271E+06

W= oo,

mises
intensity

.67343E+07
.75072E+07
.67313E+07
.52506E+07
.B6387E+07
.78752E+07
.60481E+07
.64569E+07
.57144E+07
.60161E+07

B B B OB B OB B BD B BD

mean
normal

intensity

.75118E+07
.14B00E+07
.16903E+07
.72348E+07
.25959E+07
.19328E+07
.B6449E+06
.51424E+06
1.43113E+07
2.07407E+086

[, % I UV N R O Y Y )

mean
normal

intensity

.41077E+07
.45680E+07
.44922E+07
.3B231E+07
.49750E+07
.46B05E+07
.41546E+07
1.43039E+07
1.39663E+07
1.41161E+07

N e

I

H o oWwWoooooo

(=T I = e B e O oo e R e Y o e

prinec
minimum

.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.68798E+05
.00000E+00
.00000E+00
.19775E+05

prinec
minimum

.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00

ipal
intermediate

3.23484E+07
3.46580E+07
2.81194E+07
1.47832E+07
2.20505E+07
5.26510E+06
0.00000E+00
9.13591E+05
3.16651E+06
0.00000E+00

ipal v a

intermediate

.17290E+07
.22059E+07
.27568E+07
.24146E+07
.22057E+07
.21531E+07
-25195E+07
.251B7E+07
.23404E+07
.24470E+07

I el = e = I = S

values

maximum

.01874E+07
.97821E+07
.69514E+07
.69213E+07
.57372E+07
.05333E+07
.9622BE+06
.56291E+07
.97673E+07
.34138E+06

W= oo~y N @

lLues
maximum

3.05939E+07
3.14980E+07
3.07200E+07
2.90547E+07
3.27194E+07
3.18885E+07
2.99442E+07
3.03929E+07
2.95586E+07
2.99014E+07
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Filled with a material with E = 12.5- 107

15
477
478
479
484
485
490
491
494
497

Filled with a material with E = 12.5.

L6

15
477
478
479
484
485
490
491
494
497

tresca

intensity

[P TE i PY I OV PV PV VY R R U N

in

B B W W W W B W L W

.48578E+07
.31898E+07
-29932E+07
-12556E+07
.48500E+07
.44530E+07
.03B66E+07
.17619E+07
.03962E+07
.02225E+07

tresca
tensity

.07786E+07
.15578E+07
.08224E+07
.91891E+07
.27961E+07
.20003E+07
.01325E+07
.04115E+07
.96403E+07
.99573E+07

mises

intensity

BB B OB L) W B B B W

.03826E+07
.BB978E+07
.87154E+07
.T2043E+07
.03930E+07
.00B98E+07
.66752E+07
.75801E+07
.64142E+07
.62859E+07

mises

intensity

2.68744E+07
2.75473E+07
2.68158E+07
2.53659E+07
2.
2
2
2
2
2

BE6866E+07

.79587E+07
.60955E+07
.64594E+07
.57817E+07
.60656E+07

mean
normal

intensity

el el U = S S Wy

.62838E+07
.55998E+07
-55444E+07
.47214E+07
.62303E+07
-59296E+07
.37381E+07
-52103E+07
.44704E+07
.43016E+07

108

mean
normal

intensity

1.42472E+07
1.46275E+07
1.45566E+07
1.38931E+07
1.50550E+07
A
1
1
1
1

47674E+07

.50803E+07
.43589E+07
.40186E+07
.41397E+07

CoOOoCOoCOoOOoCOoO OO0

COoOCcCOoOCO00 00

principal

minimum

.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
-00000E+00
.00000E+00
.00000E+00
-00000E+00

princ
minimum

.00000E+00
-00000E+00
-00000E+00
-00000E+00
.00000E+00
-.00000E+00
-00000E+00
-00000E+00
-00000E+00
-00000E+00

intermediate

e e SR R R SUR S

.39935E+07
.36096E+07
.36400E+07
.29088E+07
.38410E+07
.33358E+07
.08277E+07
.38690E+07
.30150E+07
.26B24E+07

ipal v a
intermediate

PR ERRRRBRRBR

.19629E+07
.23246E+07
.2B475E+07
.24903E+07
.23690E+07
.23020E+07
.51085E+07
.26652E+07
.24155E+07
.24617E+07

PN WL N Y U S S BV O WS WY

1

oW W W Wl W W W

values

maximum

.48578E+07
-31898E+07
.29932E+07
.12556E+07
.48500E+07
.44530E+07
.03866E+07
.176138E+07
-03962E+07
.02225E+07

ues

maximum

.077B6E+07
.15578E+07
.08224E+07
.91891E+07
.27961E+07
.20003E+07
.01325E+07
.04115E+07
-96403E+07
.99573E+07
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Filled with a material with E = 12.5- 107

15
477
478
479
484
485
490
491
494
497

tresca

intensity

(WS s BT N PV S I PE R PR V]

.02485E+07
.11529E+07
.07061E+07
.96119E+07
.23531E+07
.16163E+07
.04378E+07
.93370E+07
.01268E+07
.06030E+07

mises

intensity

[ ST SR S U ST S S B S S

.62343E+07
.T0936E+07
.66578E+07
.57042E+07
.81336E+07
.T4688E+07
.13642E+07
.54245E+07
.62019E+07
.67177E+07

mean
normal

intensity
1.46515E+07
1.47474E+07
1.47303E+07
1.42231E+07
1.53296E+07
1.50745E+07
3.29967E+07
1.43505E+07
1.42590E+07
1.41747E+07

o000 0000O0Oo

princ
minimum

.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00

ipal
intermediate

1.37060E+07
1.30892E+07
1.34848E+07
.30573E+07
.36356E+07
.36072E+07
.B5522E+07
.37144E+07
.26503E+07
1.19210E+07

N

Lol B =] W B L W

values

maximum

.02485E+07
.11529E+07
.07061E+07
.96119E+07
.23531E+07
.16163E+07
.04378E+07

.93370E+07 .

.01268E+07
.06030E+07
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Summary

MOLART ~ Molecular aspects of Ageing of painted Art — is a 5-year co-operative project be-
tween art historians, restorers, analytical chemists and technical physicists funded by the Nether-
lands Organisation for Scientific Research (NWO). The object of MOLART is the development
of a scientific framework for the conservation of painted art on the molecular level.

Craquelure in paintings is a very complex phenomenon and its study brings together a large num-
ber of scientific disciplines, such as art history, conservation and restoration science, chemistry
and physics. Within this report we gave an introduction into these different disciplines focussing
on the aspects of these disciplines relevant to the research on craquelure and other mechanical
damage in paintings.

Cracking or, more generally, fracture is induced by mechanical stresses in a material. Tensile
stress causes deformation, provided that the material is not restrained. Environmental changes
are an important cause of internal stress in the different paint layers. The mechanical properties
of a material, e.g. the stiffness and the strength, change with temperature and relative humidity.
Furthermore, the different layers will try to shrink upon desiccation and cooling. Because these
layers are restrained, this produces a stress-rise in the painting.

The first stage of our project consisted of a literature study to obtain a more thorough under-
standing of craquelure in paintings and to explore the different types of research already done on
this subject within the field of conservation science.. During this study we found that research
previously carried out on the effects of environmental changes covers a wide range of methods,
which makes it difficult to compare the results.

A technical approach was used by Mecklenburg and Tumosa when trying to predict the stresses
in a painting when subjected to changes in temperature and relative humidity using finite element
analysis. Finite element analysis is a numerical computing technique for solving problems in the
field of continuum mechanics. Their results served as a starting point for our research.

Chemical research done within the MOLART project indicated that during ageing the pigment
molecules in oil paint will form ionic bonds with the crosslinked network of the medium. It was
possible to do some simulations by modelling a fresh paint layer consisting of polyacrylic acid
and an aged paint layer consisting of a zinc salt of polyacrylic acid. These simulations show that
the stress in the zinc salt remains low, despite an increase in stiffness. This low stress is due to
the fact that this material tends to expand much less under a temperature rise than was expected.

To further explore the possibilities of using finite element analysis (FEA) to compute stress dis-
tributions in paintings, simulations were done on a model of a painting with a tear in the canvas.
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These simulations were inspired by the fact that the ‘Cathedra’, a painting by Barnett Newman,
was cut several times. The simulations show a choice for a relatively stiff repair material creates
the benefit of a lower chance of tearing of the primary cut.

During this research project it became clear that finite element analysis is a good method to
understand the effects of changing mechanical properties of ageing artists materials on the stress
development in paintings, provided that these mechanical properties are known.

Criteria from the field of fracture mechanics can be used to decide whether failure will occur
when a structure is subjected to certain stress levels. However, even when the stress in a structure
never reaches the critical level for fracture or plastic flow to occur, there still can be some result-
ing damage on a microscopic level. Especially, when subjected to a cyclic load, the microscopic
damage resulting from each cycle can add up and finally result in fracture. This phenomenon
is called fatigue and many of the factors related to fatigue are stochastic in nature, such initial
defects and environmental conditions. The final stage of our project consisted of the study mod-
els that can compute the expected damage and the fatigue life prediction of a painting, when the
environmental changes, or the stress levels, are modelled as stochastic processes.
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The following reports appeared in the WBBM Report Series:

1 W. Osman, A Design of an MSS for Integrated Program & Project Manage-
ment

2 J.J. de Jonge, Maintenance Management and Modelling
3 B. Meima, Expert Opinion and Space Debris

4 K. Wouterse, Design of a Management Supporting System for Distributed
Production Planning

5 P.J.M. Waasdorp, Forecasting and Inventory Replenishment in a Distribution
Chain

6 R.A.L. Slaats, Planningsalgoritmes voor MRP
7 H.C. Vos, A Multi-Component Maintenance Model with Discounts

8 G. Dijkhuizen, Inventory Management with Integrated Regular and Express
Ordering

9 R. van Dorp, Dependence Modelling for Uncertainty Analysis
10 D. van Schooneveld, Fractal Coding of Monchrome Digital Images

11 D. Roeleven, Modelling the Probability of Accident for Inland Waterway
Transport

12 W. van der Sluis, The Coordination of Production and Distribution in a
Decentralized Distribution Chain: A Contractual Approach

13 A.G. Chessa, Object-based Modelling of Hydrocarbon Reservoirs
14 M. Kwak, Planning and Replenishment for a Seasonal Demand Pattern
15 P. van Kampen, Maintenance Management of Multi-Component Objects

16 C. de Blois, Dynamic Pollutant Transport Modeling for Policy Evaluation in
the Rhine Basin

17 G. van Acken, Hoe goed is een klant?
18 J.B. Molenkamp, Matching of assets and liabilities for pension funds
19 A.J. Bomans, Validation of a Model for Optimising Decisions on Maintenance

20 M.A. Odijk, Performance Evaluation of Railway Junction Track Layout De-
signs

21 S.M. Geervliet, Modellering van de Faalkans van Ondergrondse Transportlei-
dingen



22 R.R. Witberg, A Neural Network Solution to Wireline-log Recognition Ap-
plications

23 H. de Blank, Beslissingsondersteunend Systeem voor het Persproces van Mengvoe-
ders

24 M.C. Rozema, RailEase, Ondersteuning bij het Specificeren van Railinfra-
structuur in Knooppunten

25 J. Dorrepaal, Analysis Tools for Reliability Databases

26 G.M. te Brake, Automated Detection of Stellate Lesions and Architectural
Distortions in Digital Mammograms

27 S.T. van Houwelingen, Petrophysical Conductivity Modelling — Determina-
tion of Effective Conductivity and Electro-Type Tool Response Modelling

28 R.P.M. Goverde, Civil Aircraft Autopilot Design Using Robust Control

29 W.W.J. Gétz, Influence Diagrams and Decision Trees in Severe Accident
Management

30 J.P.A. van der Vliet, Assets Liability Matching for Life Insurers
31 M.P.C. Alders, Spatio-spectral Analysis of Wireline Logs

32 J.W.P. Karelse, Risicomanagement bij een Woningcorporatie met Monte Carlo
Simulaties

33 F.L. Hirte, Efficiency Analysis of Packaging Lines

34 H.L. Liem, Gedragsanalyse van Luchtvaartmaatschappijen met Betrekking
tot Geluidsbelasting op Schiphol

35 N.P. van Elst, Betrouwbaarheid van het Sluitproces van Beweegbare Water-
keringen

36 L. Lam, The Analysis of Doubly Censored Survival Data
37 F. Phillipson, Lokale Treinverkeersregeling

38 L.B. Gerlagh, Efficiénte Routering van Strooiwagens ten behoeve van de Glad-
heidsbetrijding op de Wegen

39 F.P.M. Schouten, Analytic Techniques for Business Modeling: Opportunities
for Advance

40 M.R.B. Kreuk, Refinery-planning with Gemms and PlanStar: Linear Pro-
gramming applied to Mixed-integer and Nonlinear Models




41 M.A. Hoogstra, Maatschappelijke Betekenis van Nieuwe Bossen: Een Model
ter Bepaling van de Optimale Locatie, Omvang en Inrichting van Nieuwe
Bosgebieden vanuit Maatschappelijk Oogpunt



The following report has appeared in the MOLART Report Series:

1 G.A. van der Doelen, Molecular studies of fresh and aged triterpenoid varnishes
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