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Abstract

Atrial Fibrillation (AF) is a cardiac arrhythmia that occurs due to the initiation of electrical
impulses in the heart in an uncoordinated manner, giving rise to a disorganized and rapid
heartbeat. The progression of AF over time can lead to complications such as stroke and
heart failure. Catheter ablation is an established treatment protocol adopted to eliminate
AF triggers and restore normal sinus rhythm in patients. To improve the success rates
of ablation procedures, mapping and localizing the regions in the heart that give rise to
uncoordinated impulses is crucial. This work focuses on obtaining a visual estimate of
the location of irregular electrical activity within a volume domain of cardiac tissue using
epicardial electrogram measurements.

A straightforward, effective and computationally fast backprojection imaging method
is proposed that provides an indication of the regions in a given volume of cardiac tissue
that exhibit prominent irregular atrial activity. The chosen volume is subdivided into non-
overlapping voxels, and the standard electrogram signal model is discretized to a matrix
multiplication form. The inverse problem of reconstructing the transmembrane current
distribution in the volume is solved using the epicardial electrogram readings obtained
from the surface and the inverse distances matrix containing the inverse of the distances
from each electrode to each voxel within the volume domain. The generated backprojec-
tion images are visualized to estimate the location (x and y coordinate information) and
depth of irregular atrial activity in the volume. To improve the accuracy of localization
while maintaining the computationally fast nature of the proposed solution, Singular Value
decomposition (SVD) of the inverse distances matrix is proposed for the transmembrane
current reconstruction. The obtained visual estimates can guide ablation procedures, mak-
ing them more targeted, and reducing the need for repeat ablation procedures due to AF
recurrence.
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Introduction 1
1.1 Research Motivation

Atrial Fibrillation (AF) is the most commonly encountered sustained cardiac arrhythmia
[1]. AF is characterised by highly irregular electrical activity in the heart and primarily
affects the elderly population. An estimated 12.1 million people in the United States will
have AF by 2030 [2]. In the Netherlands alone, as of December 2022, 360,000 people
were known to have AF, and there are an estimated 80,000 undetected cases [3]. Atrial
Fibrillation can ultimately lead to complications such as stroke, blood clots, heart failure,
and death. The risk of complications increases with time. Therefore, preventing the
progression of the arrhythmia is crucial.

Current treatment methods for atrial fibrillation include using anti-arrhythmic drugs to
control the heart rate or rhythm control strategies such as cardioversion or radiofrequency
catheter ablation [4]. These methods help to restore and maintain sinus rhythm.

The duration of AF episodes has clinical relevance since the effectiveness of therapy
methods depends on the type of AF being dealt with. AF can be broadly categorized into
four types: Paroxysmal AF is characterized by brief events that can repeat and usually
stop spontaneously within seven days. Persistent AF lasts for more than a week and
usually requires treatment to regulate the heartbeat. Longstanding persistent AF occurs
when the abnormal heart rhythm lasts for over a year without improvement. Permanent
AF is the last stage that does not get better, and no further attempts are made to restore
sinus rhythm. Atrial fibrillation often proceeds from paroxysmal to persistent to long-term,
especially without therapy [5].

Catheter ablation is a minimally invasive technique widely adopted in the treatment
of AF. It involves inserting a specially designed catheter into the left atrium and applying
radiofrequency energy to the heart muscle to cauterize the sites that trigger atrial fibrilla-
tion. A single treatment eliminates paroxysmal atrial fibrillation in 70-75 % of individuals.
The overall success rate rises to about 85-90 % when the operation is repeated on patients
who still have atrial fibrillation after the initial procedure. A single procedure effectively
eliminates persistent atrial fibrillation in approximately 50 % of patients [6].

Focused treatment leads to less recovery time and lower chances of recurrence of AF
in patients. The mapping of the areas in the heart that cause the unsteady rhythm is
crucial for the success of the ablation procedure and to prevent the patient from having
to undergo multiple ablation procedures before they get relief. Obtaining an estimate of
the location in the heart at which irregular atrial activity occurs and initiates the AF
can be valuable for understanding the underlying mechanism of why AF occurs and also
for localizing and neutralizing the diseased tissue in the heart that essentially act as the
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origin of the irregular electrical activity causing AF. Identifying these trigger sites would
subsequently improve the success rates of guided ablation procedures and pave the way for
patient-tailored therapy.

The main targets in the ablation procedure are the AF onset locations and drivers
responsible for its perpetuation. In this thesis, improving the outcome of guided catheter
ablation by estimating the location where irregular atrial activity is observed within a
volume of heart tissue using recorded electrogram measurements is of particular interest.
A straightforward, efficient, and computationally fast imaging method is proposed to re-
construct the electrical activity distribution inside a volume domain. This is useful for
determining the site of the irregular atrial activity within the volume and providing a
visual estimate of the location of the diseased tissue that can be further analyzed to guide
ablation procedures.

1.2 Research Objective

The research objective is to estimate the region where the irregular atrial activity is
prominent within a volume domain using an imaging method that is simple, fast, and
not computationally complex. Visually localizing the regions within the atria that ex-
hibit irregular electrical activity can be valuable information for the medical fraternity to
study the trigger sites responsible for AF and guide ablation procedures to eliminate these
triggers. To this end, the use of a backprojection imaging technique is explored in this
thesis for reconstructing the transmembrane current distribution within a volume domain.
Specifically, the primary research question investigated is as follows: Given electrogram
data recorded using an electrode array placed on the epicardial surface of the heart, how
can the atrial activity location and depth within a specific volume domain be determined
using a simple imaging method?

1.3 Thesis Outline

The thesis report is organized into six chapters. In this current chapter, an introduction
to the main research problem at hand is provided and the research objective is outlined.
The subsequent chapters are organized as follows:

• Chapter 2 gives an overview of the necessary background knowledge. The context of
the thesis is explained, and the previous research and state-of-the-art methods used
in the study of AF are summarised.

• Chapter 3 explores the discretization of the standard electrogram signal model to
a matrix multiplication form and introduces the baseline simulation setup used for
volume imaging.

• Chapter 4 describes and discusses the generation of backprojection images for
obtaining a visual estimate of the atrial activity location in a volume domain. An
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analysis is carried out to determine the ability of the backprojection image to spatially
resolve two closely spaced sites of irregular atrial activity within the volume. For the
depth estimation, an angled orientation of the electrode array placed within the
volume of cardiac tissue is introduced.

• In Chapter 5, to further improve the accuracy of location estimation in the backpro-
jection images, a Singular Value Decomposition (SVD) of the inverse distances matrix
is performed for the reconstruction of the transmembrane current distribution.

• Chapter 6 summarises the contributions of the thesis and proposes directions for
future research.
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Background 2
In this chapter, we provide an overview of the pathway followed by an electrical impulse in
the heart and an introduction to the most common type of cardiac arrhythmia called Atrial
fibrillation. A discussion of the methods for measuring the electrical activity in the heart
follows, with a particular emphasis on electrograms that are used further in this study.
A summary of the mathematical models used to define electrograms is provided next,
followed by a brief overview of the preprocessing of the electrogram signals for ventricular
interference removal and the state-of-the-art methods used for conductivity estimation from
the electrogram data.

2.1 Electrical Conduction in the heart

The heart consists of four chambers: the two upper chambers called the atria and the
two lower chambers called the ventricles. The heart pumps blood throughout the body
in successive cardiac cycles using these four chambers. The chambers on the right deliver
oxygen-depleted blood to the lungs, while the left atria and left ventricle deliver oxygen-
rich blood to the body. A series of electrical impulses generated and conducted by the
cardiac conduction system gives rise to the cardiac cycle.

Figure 2.1: Electrical conduction system of the heart.
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Figure 2.1 shows the electrical conduction system of the heart. At the start of each
cardiac cycle, an impulse is generated by a collection of cells at the sinoatrial (SA) node,
located on the right atrial wall. The SA node is referred to as the anatomical pacemaker.
These impulses pass through the Bachman’s bundle and to the atrioventricular (AV) node
via specific electrical pathways. The atrial muscles contract as a result of the propagation
of these electrical impulses. The impulses are delayed briefly at the AV node to ensure the
blood is completely expelled from the atria and into the ventricles. The electrical impulse
then propagates to the ventricles via the bundle of His divided into two pathways called
the bundle branches. The contraction of the ventricles, that occurs next, represents a
heartbeat [7]. The red arrows in Figure 2.1 indicate the pathway followed by the impulse
from the atria to the ventricles.

The electric impulse propagation in the heart involves the generation of Action potential
(AP) by cells at the SA node and their conduction across cells through inter-cellular gap
junctions [8]. The cell membrane has a resting potential of -90mV. During AP, the cell
membrane potential undergoes a sequence of changes starting with a depolarization phase
characterized by a rapid rise in cell membrane potential. This phase is followed by a
plateau and subsequent repolarization phase where the membrane potential falls to the
resting potential. Once the activation is initiated, a certain period of time called the
refractory period has to pass before the cell can be activated again [9]. Figure 2.2 gives a
representation of the different phases that the cell membrane potential undergoes during
AP. As the cells in the SA node undergo the depolarization phase, AP generation is initiated
in the neighboring cardiac cells causing them to contract and triggering the initiation of
AP in their neighboring cells. In this way, the depolarization wave propagates through the
whole heart.

Figure 2.2: Phases of cardiac Action Potential.
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2.2 Cardiac Arrhythmia and Atrial Fibrillation

Cardiac arrhythmia occurs when the electrical signals that coordinate the heartbeat do
not function as expected. The faulty signals resulting from abnormalities in the conductive
system of the heart can lead to tachycardia (fast beating), bradycardia (slow beating), or
an irregular heartbeat [10]. Atrial Fibrillation is the most common arrhythmia encountered
in clinical practice and causes rapid uncoordinated heart rate. The severity of AF largely
varies among patients. AF can be temporary but can also be associated with heart failure,
stroke, and mortality. The incidence of AF could be due to several factors such as increased
age or obesity [11]. During AF, electrical impulses may be initiated at different sites within
the atria causing it to contract in a disorganized way. The signals travel through the walls
of the atria, stimulating the atria at an abnormally high rate of 300 to 600 beats per
minute and causing it to quiver or fibrillate. The abnormal signals eventually propagate
to the ventricles and cause them to contract erratically. In this condition, the atrial and
ventricular activity is not coordinated as it would be in the normal sinus rhythm. The
abnormal beating of the atria could cause ineffective pumping of blood from the atria to
the ventricles, giving rise to the possibility of blood clots in the bloodstream that increases
the risk of stroke [12].

2.2.1 Possible mechanisms leading to AF

Several studies have attempted to determine the complex pathophysiology of AF and the
underlying mechanism that leads to the onset and persistence of AF. The precise mecha-
nism that gives rise to AF is not conclusively established and is under debate. However,
reentry, rotors, ectopic foci, breakthroughs, and multiple wavelets are the mechanisms most
commonly considered to explain the initiation of AF [13]. Figure 2.3 gives a schematic
representation of the different AF mechanisms.

Figure 2.3: AF mechanisms.

The reentry mechanism occurs when a circuit is created within the myocardium of the
heart by an activation wave that travels in a circular path around an anatomical structure,
such as scarred tissue, and does not die out. A rotor is a spatially localized driver. In the
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case of a rotor, the action potential propagates around an unexcited core. The rotor is a
type of functional reentry pattern of activation that is not related to anatomical structures
and can propagate through tissue [13], [14]. Some studies also attribute the initiation of
AF to spontaneously fired Pulmonary Vein (PV) and non-PV foci. These ectopic foci
release electrical stimuli different from the expected conduction paths, interfering with
sinus activity [15]. Besides ectopic foci, focal fibrillatory waves can also occur due to the
breakthrough mechanism. The breakthrough mechanism can happen due to asynchronous
wave propagation in the endo and epicardial layer of the atria and can be responsible for AF
initiation [16]. Lastly, the multiple wavelet mechanism occurs when the wave propagating
through the tissue breaks into multiple wavelets due to collision with an anatomical barrier.
The multiple wavelets can subsequently give rise to more wavelets spreading in different
directions, leading to the chaotic electrical activity observed during AF.

These mechanisms are not mutually exclusive and can co-exist [13]. Regardless of the
exact mechanism that gives rise to AF, the localization of the regions where the irregu-
lar activity is prominent can be crucial for identifying and eliminating AF triggers and
determining the treatment protocol in patients.

2.2.2 Catheter Ablation

Ablation is a treatment method adopted to eliminate AF triggers and restore sinus rhythm
in patients with AF. It is a well-established treatment protocol with positive outcomes for
patients with an otherwise normal cardiac function, exhibiting symptomatic AF that is
resistant to drug therapy, and for patients with heart failure [17]. This minimally invasive
procedure involves the insertion of a catheter through the vasculature for the application
of radio-frequency energy, typically for 60 seconds, to burn a small area of heart tissue that
is diseased. This process disrupts the conduction of the abnormal electrical signals in the
heart that give rise to the uncoordinated heartbeat. Sometimes, the ablation procedure
is done when a patient has open heart surgery. Although ablation is a widely adopted
treatment method for AF, there is a high risk that the AF is not permanently eliminated
after the procedure and could recur in a few months [18]. Recording the electrical activity
in the heart to identify regions where the irregular activity is prominent can guide the
ablation procedure and make it more targeted.

2.3 Methods for measurement of Electrical Activity

in the heart

Measuring the electrical activity in the heart is important for identifying abnormalities in
its functioning. Electrocardiography, giving rise to the electrocardiogram (ECG or EKG),
is a non-invasive method most commonly used to study cardiac electrical activity. In
this method, a set of electrodes placed on the body surface measure the electrical signals
generated by the heart. An ECG records the spatial average of the activity of all heart cells.
Often for diagnosis, a 12-lead ECG is used, where 12 electrodes are placed on the surface
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of a patient’s body in a configuration such that the received signals have less correlation
with each other [19].

Another method of obtaining measurements of cardiac electrical activity is
Electrography. This invasive method uses electrode arrays placed directly on the heart
tissue instead of the body surface [20]. The measurements are recorded during open heart
surgery or by placing a catheter inside the heart. The measured signals called electrograms
(EGMs) provide more localized information about specific sites in the heart instead of in-
formation about the heart as a whole. However, obtaining the EGM data has limitations
since it can be recorded only under specific conditions during heart surgery and is a highly
invasive method.

Epicardial electrograms (EGMs) recorded on the outermost layer of the heart during
open heart surgery are used to study AF since, in conventional surface ECGs, the atrial
signal is weak and easily corrupted by noise. EGMs also have the advantage of higher
spatial resolution and the possibility of using multiple electrodes to gather information
over space and time to analyze AF. Figure 2.4 shows a comparison of the ECG and EGMs
recorded at one electrode during Sinus Rhythm (SR) and Atrial Fibrillation (AF).

Figure 2.4: (a) The ECG and EGM recorded during sinus rhythm. (b) The ECG and
EGM recorded during AF (adapted from [21]).

In the ECG measurements in the top row in Figure 2.4, the lower peaks correspond to
the Atrial Activity (AA). The higher peaks that follow the AA indicate Ventricular activity
(VA). The red circles in all plots indicate the VA peaks. It is observed that, in the ECG
measurements, the VA is more pronounced, and the AA appears weak. However, in the
EGM measurements, this is reversed. The AA is more pronounced in the EGM, although
it is short in duration. This difference arises due to the spatial averaging that occurs when
the atrial signal is measured on the body surface in the case of an ECG compared to the
direct measurement on the epicardial surface in the EGM.
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2.4 Electrogram Data

There is a need for analysing EGMs to understand the underlying mechanism that gives
rise to AF. This can also increase the success rate in guided ablation therapy by localizing
regions of the atria that initiate AF. One method of obtaining these electrograms can be
with the use of high-resolution electrode mapping techniques. With this intra-operative
method, electrograms are captured from multiple epicardial sites of the human atria in
a parallel manner during open heart surgery [20]. Mapping is sequentially done using an
electrode array consisting of 192 electrodes to cover the left and right atria. In the research
highlighted in [20], a total of 1728 recording sites were mapped within a short recording
time of 9 minutes. The recorded electrograms give highly localized spatial and temporal
information of the electrical activity at multiple regions of the atria. The atrial mapping
approach thus, makes it possible to identify vulnerable sites that are responsible for the
initiation and persistence of AF.

Another method of obtaining the electrogram data to study AF is by generating simu-
lated AF from a computer model. The use the MRI images of the human heart to develop
a realistically sized computer model of the atria is explored in [22]. The domain is a three-
dimensional monolayer owing to the thin walls of the atria. The location of major blood
vessels and valves are represented as obstacles in the model. The advantage of the ap-
proach is significant reduction in computation load and the ability to simulate longer atrial
arrhythmias. The generated model outputs both the transmembrane and extracellular po-
tential. AF is simulated using a single site burst pacing protocol. In this method, a 20 Hz
stimulation was applied to a 3 mm2 area at the SA node for several seconds. Due to the
refractory period in the action potential propagation, the stimuli applied fail to generate
a propagating wavefront. However, after several beats, the burst pacing degenerates into
multiple wavelets, giving rise to Simulated AF. The simulated AF is thus seen as indepen-
dent wavelets propagating randomly in the tissue in the absence of external stimulation.
In most cases, the number of wavelets on the surface was found to vary in the range of 1
to 7 and it was consistent with the experimental models of AF.

2.5 Mathematical models

In order to understand the obtained electrogram measurement data and determine the
electrophysiological characteristics of the cardiac tissue and the underlying mechanism of
AF, it is important to make use of mathematical models of the electrical activity in cardiac
tissue. An overview of mathematical models used to define electrical activity in the heart
is provided next.

2.5.1 Monodomain and Bidomain Model

Mathematical models of the human heart are reviewed in [23]. A specific distinction is made
in terms of the bidomain and monodomain models. The bidomain model represents the
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cardiac tissue as a continuous approximation with intracellular and extracellular domains
separated by a cell membrane. The monodomain model is a simplified version of the
bidomain model. It assumes that the anisotropy of the intracellular and extracellular
domains is the same and the conductivity in the extracellular space is proportional to the
intracellular space. This can be written as

Ge = λGi, (2.1)

where λ is a scalar that relates the extracellular conductivity Ge to the intracellular
conductivity Gi. A comparison of the patterns of action potential propagation simulated
using the two models showed that the pattern obtained using the monodomain model was
identical to that received with the bidomain model in the absence of external stimuli [24].

2.5.2 Action Potential Model

The need to understand the electrical behaviour gave rise to complex models such as the
Courtemanche model of a single atrial cell [25]. In this model, the cell membrane divides the
intracellular and extracellular domains, and is modelled as a capacitor connected in parallel
to variable resistance and voltage sources representing the ionic channels and driving forces.
Figure 2.5 gives a visualization of an equivalent circuit of the AP model.

Figure 2.5: Equivalent circuit of AP model [26].

The capacitive current through the cell membrane is given as,

C
∂V (t)

∂t
= Ist(t)− Iion(t, V ) (2.2)

where V (t) is the transmembrane potential at time t, C is the total membrane capacitance,
Ist(t) is the external stimulus current and Iion(t, V ) is the total ionic current that includes
all the ionic and pump currents through the membrane [25].
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2.5.3 Electrogram model

The standard electrogram signal model is addressed in [22]. This model relates the atrial
electrogram recorded by an electrode array placed on the epicardium to the transmembrane
current and is given by

ϕ(y, t) =
1

4πσe

∫
x∈A0

Itm(x, t)

||y− x||
dA(x). (2.3)

The electrogram ϕ(y, t) is measured at time t by an electrode at the location y. The
constant extracellular conductivity is given as σe. The modelled cells are considered to
be located in the area A0. This model acts as a baseline model to generate the simulated
electrogram measurements for further analysis in this thesis. The electrogram signal model
and its discretization process is discussed in detail in Chapter 3.

2.6 Removal of ventricular activity

Pre-processing of the electrogram data for removal of noise and artefacts is needed be-
fore analysis can be performed. Strong far-field ventricular activities are present in atrial
electrograms. During Sinus Rhythm (SR), the atrial and ventricular activity (VA) is
temporally separated. During AF, the atrial and ventricular activities overlap due to
the rapid beating of the atria and hence, removal of the ventricular activity interference is
desired for the research on atrial fibrillation. The algorithms used for VA removal can be
largely divided into three categories:

• Template matching and subtraction (TMS): This method involves computing the
average ventricular activity followed by subtracting the computed VA from the raw
measurements. For example, surface ECG recordings can be used to identify VA in
the unipolar EGMs [27]. A robust template of VA is constructed and then subtracted
from the EGM to reveal the AF in the residual signal. A widely used TMS technique
to dissociate the atrial and ventricular activities in electrocardiograms is Average
beat subtraction [28].

• Blind source separation approach: This group of methods is based on the assumption
that AA and VA are uncorrelated, orthogonal and statistically independent over time
and space in multichannel recordings. Independent component analysis (ICA) is an
example of such a technique proposed to solve the problem [29].

• Adaptive filtering based on a VA reference: The reference is often obtained from a
surface ECG recording. Adaptive Ventricular cancellation (AVC) discussed in [30],
however, fails to give a stable result due to its dependence on a reference recording.

A perfect estimate of the pure AA recording is not achieved using these methods as
the AA and VA recordings are partially correlated over space and time and share over-
lapping components in the time and frequency domain. A novel framework for VA and
AA separation by means of interpolation and subtraction followed by low rank and Sparse
matrix decomposition is proposed in [31]. A simultaneously recorded ECG signal is used
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as reference to remove VA containing segments. These are replaced by spline interpolation
applied to remaining samples. A data matrix is modelled as the sum of a component con-
taining the VA and a component containing the AA that coincides with the VA segment.
Decomposing the data matrix gives rise to an underdetermined blind source separation
problem. Prior knowledge of the two sources is employed to give a convex optimization
problem that is solved using ADMM (Alternating direction method of multipliers). The
method proposed outperforms TMS and ICA, particularly when the VA is less regular.

Another method for estimation of Atrial Activity in synthetically generated EGMs
containing VA and different degrees of AF using a beamforming approach, common in
the field of array signal processing, is discussed in [32]. Two different beamformers are
proposed to solve the AA estimation problem: the Extended Bipolar electrode (EBE)
beamformer and the minimum variance distortionless response (MVDR) beamformer. It
is found that the MVDR outperforms the EBE for data sets with low degree of AF and
the EBE performs better in scenarios with higher degrees of AF. The performance of both
beamformers is improved for a higher number of electrodes.

2.7 Conductivity Estimation

Various parameters are estimated from electrograms to characterize its properties, under-
stand the wave propagation in the tissue and study AF. A simplified electrogram model
is developed in [33]. The simplified forward model reduces computational load while still
being physiologically accurate enough. The model is represented in a compact matrix form
that shows the linear dependence of the electrogram data on the tissue conductivity vector.
This enables estimation of the conductivity map from the recorded electrogram data. The
ill-posed inverse problem of tissue conductivity estimation could thus be solved efficiently.

Parameter estimation from recorded electrogram data gives insight into tissue abnor-
mality. A novel method using graph signal processing techniques and short time Fourier
transform has been presented in [21]. The graph time spectral analysis framework exploits
the information present in the spatial domain of the clinical data obtained from the atrial
mapping approach [20]. A cross power spectral density matrix model of the EGMs is also
developed for joint parameter estimation using Confirmatory Factor Analysis. The target
parameters considered are the activation time, anisotropy ratio and conductivity to analyse
abnormalities in the cardiac tissue.

This chapter gave an overview of the necessary background knowledge on cardiac
arrhythmias, atrial fibrillation, electrograms and the mathematical models used for simu-
lating electrograms. This information forms the basis for the upcoming chapters in this
thesis. An introduction to the state-of-the-art methods for removal of ventricular activity
and conductivity estimation was also briefly discussed.

In the following chapter, we start with the electrogram signal model and discretize it to
a matrix multiplication form. This facilitates the generation of backprojection images for
estimating the location of atrial activity within a volume domain and can provide important
visual estimates for determining catheter placements in guided ablation procedures.
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Discretization of Standard
Electrogram Signal Model 3
A signal model of the electrogram data recorded by an electrode array placed on the epicar-
dial surface of the heart can be beneficial for estimating the locations where atrial activity is
prominent within a volume domain of monolayer cardiac tissue. Subsequently, the location
estimate can be used for determining the catheter placement locations in guided ablation
procedures and improving the success rate of these procedures. In this chapter, we aim to
discretize the standard electrogram signal model in order to develop a matrix model for the
electrogram data and gain further insight into the estimation process. A clearly defined
volume domain subdivided into non-overlapping voxels is considered for the discretization
process. The matrix containing the inverse distances from the electrodes to the voxels
plays a key role in the generation of the electrogram data and in the subsequent imaging
process. Finally, the simulation setup used for the reconstruction of the transmembrane
current distribution and the volume imaging is also discussed in detail.

3.1 Derivation of Matrix Multiplication Model

Cardiac cells can be modelled as conductive surfaces through which current propagates
as a result of changes in the transmembrane voltages and the electrodynamic interactions
among the cells. The electrogram records the changes in potential of the cells located in
the vicinity of an electrode placed on the epicardial surface for atrial mapping. Current
source approximation for a large volume conductor can be used to model the electrogram
as [22]

ϕm(x, t) =
1

4πσe

∫
x′∈A

Itm(x
′, t)

||x− x′||
dx′. (3.1)

Vectors x and x′ indicate the position of the electrodes and the cells respectively. The
domain where the current is present, giving rise to electrical activity, is denoted by A. σe

is the constant extracellular conductivity and Itm(x
′, t) is the transmembrane current per

unit area at location x′ and at time t.
In general, the region where the current is present is not known. However, we can

introduce a large and conveniently chosen imaging domain Dim such that A ⊂ Dim. The
current is non-existent at all points outside A. With the introduction of the larger imaging
domain, the integral can now be written as:

ϕm(x, t) =
1

4πσe

∫
x′∈Dim

Itm(x
′, t)

||x− x′||
dx′. (3.2)

To model the measurement process, a finite space discretized version of the above standard
electrogram model is used. A set of Ne sensors are positioned on a plane at positions
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xm ∈ R3 with m ∈ [1, 2, ...Ne]. The rectangular imaging domain Dim is considered which is
subdivided into N identical non-overlapping voxels, each occupying a subdomain Dn such
that

Dim =
N⋃

n=1

Dn. (3.3)

Equation (3.2) can now be rewritten as:

ϕm(xm, t) =
1

4πσe

N∑
n=1

∫
x′ϵDn

Itm(x
′, t)

||xm − x′||
dx′. (3.4)

The integral in Eq. (3.4) is discretized using the midpoint rule by replacing the integral
with the value of the integrand at the midpoint of the voxel multiplied by the area of
the voxel. The voxels have identical side lengths and consequently the same area a. The
position vector corresponding to the midpoint of the voxels is denoted as x′

n ∈ R3 with
n ∈ [1, 2, ...N ]. Figure 3.1 shows the setup used for the discretization process. The distance
xm,n from the mth electrode to the nth voxel is given as,

xm,n = ||xm − x′
n|| =

√
(xm − x′

n)
2 + (ym − y′n)

2 + (zm − z′n)
2. (3.5)

Figure 3.1: The domain Dim used for imaging is subdivided into voxels, each with a domain
Dn. The position vectors of the midpoint of the nth voxel is given by x′

n and the position
vector of the mth electrode is given by xm.

The resulting discretized form of the electrogram model is:

ϕm(t) =
a

4πσe

N∑
n=1

Itm(x
′
n, t)

||xm − x′
n||

. (3.6)
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The final discretized data equation in a matrix multiplication model is given as:

d(t) = cAitm(t), (3.7)

where, d gives the electrogram data vector generated using this method. It contains
the electrogram measurements captured at the Ne electrodes. The scalar c denotes the
constants given by: c = a

4πσe
. The transmembrane current is given by the vector itm.

Matrix A is the Ne x N matrix containing the inverse distances of each electrode to each
voxel within the imaging domain Dim. The matrix A can be written as:

A =



1

||x1 − x′
1||

1

||x1 − x′
2||

....
1

||x1 − x′
N ||

1

||x2 − x′
1||

1

||x2 − x′
2||

....
1

||x2 − x′
N ||

: : .... :

: : .... :

1

||xNe − x′
1||

1

||xNe − x′
2||

....
1

||xNe − x′
N ||


. (3.8)

Equation (3.7) gives the forward model for data generation. This equation relates the
transmembrane current distribution to the recorded electrogram signals. When the trans-
membrane current vector is known, the electrogram measurement data at individual elec-
trodes can be determined by applying the matrix A, that contains the inverse distances, to
the current vector itm. The recorded electrogram value thus depends on the position of the
electrode with respect to every point within the volume domain and the transmembrane
current values at each point within the volume domain.

3.2 Simulation Setup

In this section, the simulation setup used for estimating the location of atrial activity is
introduced. A region of the heart is modelled as a clearly defined volume domain. Firstly,
the generation of a transmembrane current grid that represents the atrial activity present
within this volume is explained. Secondly, the setup of the volume domain along with the
placement and orientation of the electrode array used for the measurement is discussed.
The simulation setup explained is considered to be a baseline setup for the imaging proce-
dure to locate the region where atrial activity is prominent. Several modifications are made
to this simulation setup in Chapter 4 to analyse the changes in the resulting images when
variations in the location of the current grid within the volume domain are introduced.

3.2.1 Generation of transmembrane current grids

The generation of transmembrane current grids used in this research is derived from [33] and
[34]. An electrogram is the record of changes in the potentials of many cells surrounding the

17



electrode. These changes in cellular potentials are the result of action potential propagation
in the tissue. This propagation in a two-dimensional (2D) tissue can be modeled using the
following reaction-diffusion equation: [35]

C
∂V (x, y, t)

∂t
= I(x, y, t) + Ist(x, y, t)− Iion(x, y, t, V ), (3.9)

where V (x, y, t) is the extracellular potential at a location given by (x, y) at time t. The
total transmembrane capacitance is given by C =1 µFcm−2, Ist(x, y, t) is the stimulus cur-
rent and Iion(x, y, t, V ) denotes the total ionic current computed using the Courtemanche
model [25].

For the generation of a transmembrane current grid, a 2D grid of dimensions 101x83,
consisting of heterogeneous tissue with zones of reduced and no conductivity is simulated.
Figure 3.2(a) shows the normalized conductivity map for the simulated tissue grid. A
stimulating current is injected at the bottom right of the tissue grid for 1 ms as indicated
in the activation map in Figure 3.2(b). Each pixel in the activation map corresponds to
the local activation time (LAT) of a cell which essentially indicates the time when the cell
potential reaches a threshold value of -40mV in the depolarization phase of the AP [26].

(a) (b)

Figure 3.2: (a) The normalized conductivity map for the heterogeneous tissue with zones
of reduced and no conduction. (b) The corresponding activation map.

Figure 3.3 also shows the three resulting electrograms recorded at different electrode
positions indicated by A,B,C on the conductivity map in Figure 3.2(a).
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Figure 3.3: Three example electrograms recorded by electrodes at positions A, B and C
indicated by the red dots in the normalized conductivity map of the simulated tissue grid
in Figure 3.2 (a)

The total simulation time considered is 600 ms. The sampling time for EGM recording
by electrodes is taken to be 0.1 ms. Out of the 6000 generated samples, a subsection of
1101 samples where atrial activity is observed is considered for this study. It is assumed
that these samples have been preprocessed to get rid of the ventricular activity and that
the ventricular interference in these samples is negligible. The transmembrane current at
location x′ and time t is given as:

Itm(x
′, t) = S−1

ν ∇ ·Σ(x′)∇V (x′, t), (3.10)

where S−1
ν ≃ 0.24 µm−1 is the cellular surface to volume ratio, Σ(x′) is the intracellular

conductivity tensor and V (x′, t) is the extracellular potential recorded at x′ at time t [26].
The transmembrane current values generated for a central sub-grid of 43x25 cells is taken
into account for the simulation setup used for volume imaging in this thesis.

3.2.2 Simulation setup for Volume Imaging

For location estimation of atrial activity, a volume domain Dim consisting of 123x100x10
non-overlapping voxels is considered. This represents the spatial extent of the imaging
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domain. The transmembrane current generated in Section 3.2.1 exists as a two-dimensional
grid at a certain depth within the imaging volume. The current grid has a dimension of
43x25 cells with an inter-cell distance of ∆x = 0.6 mm. Each element of the current grid
represents the transmembrane current value at the specific location within the volume
domain. In this simulation, a two-dimensional electrode array of dimensions 15x9 is used.
The inter-electrode distance considered is 3 ∆x = 1.8 mm. This covers the entire recording
area for the current grid. The electrode array is placed on the z = 0 plane in such a way
that the bottom left corner of the array coincides with the origin of the coordinate system
for the considered volume domain.

Figure 3.4 shows a representation of the simulation setup used for the volume imaging.
The yellow grid within the shaded blue volume domain represents the 43x25 current grid
whose location is to be determined. The 15x9 electrode array is indicated by the red grid
and exists on the z = 0 plane. It is important to note that the setup consists of 123000
voxels, a 43x25 grid of cells with transmembrane current values indicating the irregular
atrial activity and 135 electrodes that record the electrogram measurements.

Figure 3.4: Simulation setup for volume imaging. The domain Dim used for imaging is
indicated in blue. The yellow 2-D grid at a certain depth indicates the current grid of
43x25 cells and the 15x9 electrode array on the surface (z = 0 plane) is indicated by the
red grid.
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Imaging for Location
Estimation of Atrial Activity 4
Locating the atrial activity in a given volume domain can be valuable information for
guided ablation procedures undertaken to precisely target and eliminate AF triggers. In
this chapter, a simple but effective and fast imaging method is explored to primarily locate
the region where the irregular atrial activity is prominent within a chosen volume domain
in the heart. The volume domain is assumed to consist of homogeneous cardiac cells with
identical dimensions and a constant extracellular conductivity. The analysis is carried
out in the frequency domain and the effect of frequency variations on the current grid
is also taken into account. The inverse problem of reconstructing the three-dimensional
transmembrane current distribution within the volume domain is solved. The key focus in
this chapter is on the generation of backprojection images and the information that can be
extracted from these images for estimating the location and depth where the atrial activity
is prominent within the volume.

4.1 Frequency domain Imaging

4.1.1 Data generation

The electrogram data is generated based on the matrix multiplication model as denoted
in Eq. (3.7). A frequency domain representation of the data is generated by applying the
Fourier Transform, which is given as

d(ω) = cAitm(ω). (4.1)

The frequency domain representation gives an insight into the frequency specific compo-
nents in the electrogram data. Since we consider a large imaging domain with 123000
voxels and the number of electrodes used for measurement is just 135, we have an under-
determined system. Given the electrogram data d recorded by the 135 electrodes placed
on the z = 0 plane, we aim to solve the inverse problem of reconstructing the current
distribution by exploiting the spatial information available in the matrix A.

4.1.2 Generation of Backprojection image

Generating a backprojection image from electrogram data can aid in locating the atrial
activity in a volume domain by providing a spatial representation of the electrical activity
distribution in the atria. Backprojection is a method for reconstructing a spatial map from
recorded data that is extensively used in imaging and signal processing. In the broader
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setting of atrial activity localization, backprojection imaging can be used to identify the
regions in the atria that are actively involved in irregular electrical activity.

Solving the inverse problem involves the reconstruction of the underlying electrical
sources based on the recorded electrogram measurements and the geometry and position
of the electrode array. Matrix A in Eq.(4.1) contains the inverse distances from each
electrode in the electrode array to each voxel within the imaging domain Dim. The matrix
A thus contains information about the geometry and location of the electrode array with
respect to the considered volume domain.

The electrogram measurement data d(ω) obtained from Eq.(4.1) is used to generate a
backprojection image of the source onto the imaging domain. For the considered under-
determined system where A is full rank, the minimum norm solution is given as

imn(ω) = AT (AAT )−1d(ω). (4.2)

Since A is a very wide matrix, the computation of the inverse is often not feasible. If we
ignore the action of the inverse, the transpose of the inverse distances matrix A acts as
a backprojection operator, giving the backprojection image, often referred to as the dirty
image in astronomy. The backprojection image is obtained as,

iim(ω) = ATd(ω). (4.3)

Using the measured data d(ω), we attempt to reconstruct the source or electrical activity
distribution within the volume that could have resulted in the measured data that was
recorded at the electrode array. To analyse the generation of backprojection images at
different frequencies, a simulation setup shown in Figure 4.1 (a) is introduced where the
current grid is located to the right of the electrode array, with an overlap of 3.6 mm with the
electrode array. The current distribution in the volume is reconstructed for the electrogram
data at three different frequencies. For each of the three-dimensional reconstructions, a
y-slice of the volume running through the centre of the electrode array at y = 7.2 mm
is extracted to be imaged. Figure 4.1 (b) shows a schematic representation of the y-slice
indicated in black being extracted from the volume. The y-slice is extracted in an attempt
to locate the electrical activity along the x-direction and to get an estimate of the depth
at which the current grid is present within the volume.

Figure 4.2 gives the three backprojection images generated by considering the electro-
gram data at three different frequencies. The frequencies are chosen such that they cover
a range of frequencies from lower, middle and high frequencies. The generated images give
an indication of the location of the current grid or the region of electrical activity along the
x-direction. In the backprojection images, it is observed that the peaks or prominent areas
of electrical activity are concentrated at the depth where the electrode array is located
(z = 0 plane) and the intensity of the peak decreases as the depth increases. This is due
to the attenuation of the image as it propagates further within the cardiac tissue. This
makes it difficult to get an estimate of the depth at which the atrial activity is occurring
through this imaging method.
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(a) (b)

Figure 4.1: (a) The simulation setup considered for generating backprojection images at
different frequencies (b) Representation of the y-slice at y = 7.2 mm that is extracted for
imaging.

Figure 4.2: Backprojection images generated using electrogram data at three different
frequencies

The observed backprojection images in Figure 4.2 indicate a narrow and more distinct
peak at lower frequencies. When the data at higher frequency is considered, an increased
distortion and blurring of the peak is observed, making it difficult to accurately estimate
the potential source location.
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In order to further identify any dependencies that the current exhibits on the frequency
being considered during the imaging procedure, the spatial distribution of current in the
43x25 current grid at different frequencies is analysed. The same three frequencies are taken
into account and the spatial plot of the transmembrane current at these three different
frequencies are shown in Figure 4.3. It is observed that the current distribution over space
is random and does not follow a specific pattern that varies with varying frequency. A
larger intensity of current contribution exists at low frequencies and the contribution is
considerably reduced as the frequency increases.

Figure 4.3: The spatial distribution of current in the 43x25 grid at different frequencies

In the next section, we assume equal contributions of data recorded at different frequen-
cies for the generation of the backprojection image and introduce the so-called frequency-
independent current case and analyse the results obtained for this case. We assume
frequency independence of the current to reduce the effect of frequency dependent varia-
tions and improve the accuracy of localization of the peak in the backprojection images.
A comparison is drawn for the resulting backprojection images obtained in both cases
where the current is frequency dependent and frequency independent. However, it is to
be noted that the proposed frequency-independent model may not completely capture the
true behavior of the electrical activity or current distribution in all scenarios.

4.1.3 Frequency-independent Current

In this section, we assume the transmembrane current itm to be frequency independent.
For the generation of the recorded electrogram data vector, Eq. (4.1) can be re-written as:

d(ω) = Aitm. (4.4)
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The data at F different frequencies ω1, ω2, ...ωF is given as:

d(ω1)

d(ω2)

:
:

d(ωF )


=



A

A

:
:
A


itm. (4.5)

By considering equal contributions of the data recorded at F frequencies weighted by the
inverse distances matrix A, the reconstructed transmembrane current can be written as,

iim =
F∑

f=1

ATd(ωf ). (4.6)

By applying this new backprojection operator, the reconstructed current distribution equa-
tion in a matrix multiplication form is given as:

iim = BTd′, (4.7)

where,

B =



A

A

:
:
A


and d′ =



d(ω1)

d(ω2)

:
:

d(ωF )


. (4.8)

Matrix B is formed by stacking the A matrix vertically F times. A is the inverse distances
matrix that defines the distances from the individual electrodes in the electrode array to
the voxels within the volume domain. The vector d′ now contains the measured data at F
different frequencies given by d(ω1),d(ω2), ...d(ωF ).

To obtain the backprojection images in this case (assuming current to be frequency
independent), the baseline simulation setup explained in Section 3.2.2 is used. Here, F
is assumed to be 3. Hence, the data values at 3 frequencies are considered to form the
d′ vector. The same three frequency values as in the previous section ranging over low,
middle and high frequencies are considered. Matrix B is then taken to be matrix A
stacked vertically 3 times. An experiment is carried out where the location of the current
grid within the volume domain is varied along the x-axis to analyse how the displacement
of the current grid is reflected in the backprojection image that is generated.

Initially, the current grid is assumed to be at the left in the volume domain while the
electrode array is at the centre as denoted in Figure 4.4 (a) by the red *. Figure 4.4
(b) shows the backprojection image formed by using Eq. (4.7). A y-slice of the volume
running through the centre of the electrode array at y = 7.2 mm is selected to be imaged.
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The backprojection image indicates the location of the current grid within the volume
domain and gives an estimate of the x-coordinate information of where the atrial activity
occurs within the volume domain. This information is valuable in localizing the abnormal
or irregular atrial activity. Identifying specific regions of abnormal activity can guide the
placement of catheters for targeted ablation, thus increasing the accuracy and effectiveness
of the procedure.

Figure 4.4: (a) Sample case where the current grid is towards the left of the electrode array
used for measurement. (b) The backprojection image generated.

On modifying the setup and moving the current grid towards the right, the change is
reflected in the backprojection image with respect to the electrode position as shown by the
red *. Figure 4.5 (a) shows the sample case when the current grid is centrally located with
respect to the electrode array, at a distance of 17.4 mm from its initial position. Figure
4.6 (a) shows the case when the current grid is placed at distance of 48 mm to the right
of its initial position. The backprojection images seen in Figure 4.5 (b) and Figure 4.6 (b)
give an indication of the modified position of the current grid within the volume domain.

The backprojection image in the frequency independent case emphasizes the regions
where the transmembrane current is concentrated, showing atrial activity. Higher values
in the backprojection image indicate regions with higher electrical activity. The peak has
less blurring and is more concentrated at the location of the current grid as compared to the
images obtained for the frequency dependent current case, especially for the middle and
high frequencies. In the backprojection images generated in the frequency-independent
case too, the peak of the current distribution is found to be concentrated at the depth
where the electrode array is located (z = 0 plane) and gradually fades with increasing
depth. Therefore, using this imaging method, we are unable to determine the depth at
which the atrial activity is prominent from the recorded electrogram measurements.

The backprojection image, however, gives a visual estimate of the location along the
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x-axis where the atrial activity occurs within the volume domain considered. The known
position of the electrode acts as a reference. The exact x-coordinate information can be
extracted to obtain an estimate of where the atrial activity begins in the x-direction. This
can be utilised to perform localized analysis of the tissue in this region and accordingly
guide catheter placement in ablation procedures. This is a straightforward imaging method
that is not computationally complex and can be considered as a first step in estimating
the location of the atrial activity within a volume domain. The simple imaging method is
also computationally fast. The MATLAB code uses for loops and takes 40.317 seconds to
run on a PC with an i7 core processor.

Figure 4.5: (a) Sample case where the current grid is centrally located with respect to the
electrode array used for measurement. (b) The backprojection image generated.

Figure 4.6: (a) Sample case where the current grid is displaced towards the right of the
electrode array used for measurement. (b) The backprojection image generated.
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The y-coordinate information of the region with irregular atrial activity within a vol-
ume domain can be obtained in a similar manner by imaging an x-slice of the reconstructed
transmembrane current distribution volume. Figure 4.7 (a) shows a centrally located cur-
rent grid with respect to the electrode array along the y-axis. An x-slice of the reconstructed
transmembrane current volume running through the electrode array at x = 11.4 mm is
chosen to be imaged. The generated backprojection image for this setup is shown in Fig-
ure 4.7 (b). The image shows the distribution of the atrial activity along the y-axis with
respect to the electrode array denoted by the red *.

Figure 4.7: (a) The current grid is centrally located with respect to the electrode array used
for measurement. (b) The backprojection image generated with depth vs y information.

Figure 4.8: (a) Sample case where the current grid is displaced towards the left of the
electrode array used for measurement. (b) The backprojection image generated with depth
vs y information.
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Figure 4.9: (a) Sample case where the current grid is displaced towards the right of the
electrode array. (b) The backprojection image generated with depth vs y information.

In Figure 4.8 (a), the setup is modified in such a way that the current grid is displaced
to the left by 12 mm and is on the left of the electrode array. This displacement is reflected
in the backprojection image generated in Figure 4.8 (b). Similarly, Figure 4.9 (a) has a
modified setup where the grid is displaced towards the right by 12 mm and is on the right
of the electrode array. The backprojection image with respect to depth vs y generated
in Figure 4.9 (b) gives a visual estimate of the y-coordinate information in this setup. In
the above images generated to obtain an estimate of the y-coordinate information, it is
again observed that the peak in the image is concentrated at the depth where the electrode
array is placed at the z = 0 plane. This limitation is consistent with the one seen in the
backprojection images that indicate the depth vs x information. The depth estimate of
the current grid from the surface cannot be extracted from these images.

In the following section, the backprojection images are analysed to study the spatial
resolution when there are multiple sites of irregular atrial activity within the volume. The
analysis in the following section makes use of the backprojection images formed by taking
a y-slice of the reconstructed transmembrane current distribution. These images give the
depth vs x information. It is to be noted that in all these cases, similar results can be
reproduced for the y-coordinate information by imaging an x-slice of the reconstructed
transmembrane current distribution that gives the depth vs y information.

4.2 Analysis of Spatial resolution for two current

grids present within the volume domain

Atrial Fibrillation is characterised by the irregular beating of the heart. During AF, electri-
cal impulses may be triggered at many locations within the atria, leading them to contract
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in an unorganized manner. In order to identify the presence of the irregular atrial activity
occurring at different locations within a volume domain, a new experimental setup with
two identical current grids of 43x25 cells placed in the volume domain is now introduced.
In this section, we analyse the spatial resolution or the ability of the generated backprojec-
tion image to distinguish between atrial activity happening at two different regions within
the volume domain.

The baseline simulation setup from Section 3.2.2 is modified to include another 43x25
current grid at different locations within the volume domain. To simplify the analysis,
one current grid (Grid 1) is fixed at a position with 50% overlap with the electrode array
on its left half. The electrode array occupies a length of 25.2 mm along the x-direction.
Hence, the grid covers 12.6 mm of the electrode array. The right grid (Grid 2) is also
initially placed with a 50% overlap with the electrode array. Figure 4.10(a) shows the top
view of the arrangement of the current grids in the volume domain. The electrode array is
indicated by the red *. The three-dimensional current distribution is generated by applying
the backprojection operator as in Eq. (4.7). The y-slice running through the centre of the
electrode array at y = 7.2 mm is extracted and imaged. The resulting backprojection
image in terms of depth vs x shown in Figure 4.10(b) has a blurred indication of the region
of the atrial activity location. The grids are not separated spatially in this image and there
are no individual peaks that can be visually distinguished.

Figure 4.10: (a) Case 1: The arrangement with two grids each placed at 50% overlap with
the electrode array. (b) The backprojection image generated.

In the setups shown in Figure 4.11, Grid 2 is displaced such that its overlap with the
electrode array is decreased in steps of the inter-electrode distance of 1.8 mm and it is
moved in the positive x-direction, away from Grid 1. Grid 1 is fixed at the 50% overlap
position. Figure 4.11 (a) and (b) show the arrangement where the distance between the
current grids is 2 times the inter-electrode distance and the resulting backprojection image
respectively. The resulting image is now such that two separate peaks can be distinguished
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and the left peak is more prominent since Grid 1 has a larger overlap with the electrode
array. Figure 4.11 (c) shows the arrangement where Grid 2 is moved further in the positive
x-direction such that the grids are at a distance of 3 times the inter-electrode distance.
The backprojection image obtained in this case in Figure 4.11 (d) gives two peaks that
are completely spatially resolved indicating the different regions of atrial activity along the
x-axis. This information can be valuable in estimating the location of two closely spaced
regions within the atria that are potentially AF trigger sites.

Figure 4.11: (a) Case 2: Two current grids placed at a separation of 2*1.8 mm. (b) The
backprojection image generated in Case 2. (c) Case 3: Two current grids placed at a
separation of 3*1.8 mm. (d) The backprojection image generated in Case 3.
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4.3 Depth estimation

The previously discussed simulations and resulting backprojection images provided an es-
timate of the x and y-coordinate information for the location of the irregular atrial activity
using the epicardial electrogram measurements as a basis for reconstructing the transmem-
brane current distribution. However, a limitation of the proposed method was that the
depth of the atrial activity with respect to the electrode array used for the measurement
could not be determined. The peak or high intensity areas in the generated backprojection
images were concentrated at the z = 0 plane where the electrode array was placed for
measuring the epicardial electrograms. This restricted the output to the estimates for the
location of the current grid along the x and y axes only. In this section, a different place-
ment and orientation of the electrode array is considered that would provide an estimate
of the depth at which the irregular atrial activity is prominent.

In the previous simulation setups used for the location estimate, the electrode array
used to capture the electrogram measurements was placed on the surface of the volume of
cardiac tissue thus acquiring the epicardial electrogram readings. In a clinical setting, the
epicardial electrogram readings are obtained using a high resolution electrode during open-
heart surgery. However, electrogram readings can be acquired at specific tissue locations
with the use of electrodes attached to a catheter that is inserted into the heart. The
manipulation of the mapping catheter gives rise to intracardiac electrogram measurements
that assist in the 3-D reconstruction of the regions of interest [36],[37]. The use of a fully-
elastic electrode array to capture real-time electrophysiological mapping of AF in vivo is
presented in [38]. For the depth estimation process, the simulation setup discussed in
Section 3.2.2 is modified to include an electrode array that is placed within the volume.

(a) (b)

Figure 4.12: Simulation setup for depth estimation
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Figure 4.12 shows the simulation setup employed for depth estimation. A larger domain
in terms of depth is considered to allow experimentation with distinct depth values. The
volume domain in this setup has been subdivided into 123x100x30 voxels. The depth values
range from 0 mm to a depth of 15mm below the epicardial surface. The same electrode
array of 15x9 electrodes is used to capture the electrogram readings. The electrode array
is placed at an angle of 68◦ with the x-axis. The angle is chosen such that the electrode
array covers the maximum depth and a larger volume for depth measurement compared
to an electrode array placed vertically within the domain.

The simulation setup in Figure 4.12 is modified in such a way that the depth of the
current grid is varied. The transmembrane current distribution is reconstructed using the
method highlighted in Section 4.1.3 considering the different positions of the electrodes in
this setup. A y-slice of the reconstructed distribution through the centre of the electrode
array at y = 0 mm is extracted to be imaged. The backprojection images are generated
for different depth values of the current grid in the simulation setup.

(a) depth= 3 mm (b) depth= 5 mm

(c) depth= 10 mm (d) depth= 14 mm

Figure 4.13: Backprojection images generated using the modified simulation setup for
different depths of the current grid
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Figure 4.13 shows the backprojection images obtained for four depth values of the
current grid at 3 mm, 5 mm, 10 mm and 14 mm below the surface. A blurred peak of high
intensity values is observed around the expected depth of the current grid in the generated
backprojection images, thus giving an estimate of the depth at which the irregular electrical
activity is prominent. The x and y-coordinate information obtained from the epicardial
electrogram readings can be utilised to accurately place the electrode array for depth
measurement. The depth at which the peak is observed can be extracted to determine the
depth to which the catheter must be inserted to ablate the diseased tissue. Combining
the location estimate of the current grid along the x and y axes with the depth estimate
obtained using this method gives a more complete understanding of the region of irregular
atrial activity within the considered volume domain.

It is to be noted that the technique presented above for depth estimation is not refined
enough to be applied in a clinical setting in its current form. The electrode array placement
within the volume of heart tissue is an intra-operative and highly invasive procedure and
would require consultation with medical experts to determine its feasibility. However, the
proposed method offers a promising path for future investigations into targeted ablation
for the treatment of AF.

In the following chapter, a Singular Value Decomposition (SVD) of the inverse distances
matrix is considered to study its effect on the reconstruction of the transmembrane current
distribution, the backprojection images and the accuracy of localization of the irregular
atrial activity in the generated images.
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Singular Value Decomposition 5
In this chapter, we use Singular Value Decomposition (SVD) of the inverse distances matrix
to improve the accuracy of localization of the region with irregular atrial activity while
ensuring that the method used for imaging is still computationally fast. A comparison
is drawn between the visual estimates of the depth vs x information obtained using this
method and the backprojection images generated in Chapter 4.

5.1 Reconstruction of transmembrane current using

SVD

For the frequency-dependent current case discussed in Section 4.1.2 , the forward model
for data generation was given as:

d = cAitm. (5.1)

The electrogram measurement data d was generated by applying the inverse distances
matrix A to the transmembrane current vector itm. A is a full rank real matrix containing
the inverse distances of the electrodes to the voxels. The number of electrodes considered
are 15x9=135 and the total number of voxels is 123x100x10=123000 voxels. The system
under consideration is an underdetermined system where the number of unknowns is larger
than the number of measurements. For this system, the minimum norm solution is given
by:

imn = AT (AAT )−1d. (5.2)

The backprojection images of the reconstructed current distribution in Chapter 4 were
obtained by ignoring the action of the inverse in Eq. (5.2). Since we obtain reduced blurring
and better location estimates in the backprojection images generated for the frequency-
independent current case discussed in the Section 4.1.3, we focus on this case for further
analysis in this chapter. The electrogram data generation in this case is given by the
equation:

d′ = cBitm. (5.3)

The data d′ is generated by applying the matrix B to the transmembrane current distri-
bution vector itm. The matrix B is formed by stacking the matrix A three times. The
dimensions of matrix A are Ne x N . The number of electrodes Ne considered are 15x9=135
and the total number of voxels N is 123x100x10=123000 voxels. Hence, matrix B has the
dimensions 3Ne x N (405 x 123000).

In order to simplify the notation in the following analysis, let the dimensions of B be
given by m x n. B consists of real values and is a wide matrix since m<n.
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The Singular Value Decomposition (SVD) of the B matrix can be given as

B = UΣVT , (5.4)

where, the matrix U =[u1.....um] contains the left singular vectors, V=[v1.....vn] contains
the right singular vectors, and Σ is the diagonal matrix containing the non-negative singular
values in descending order, written as,

Σ =


σ1 0 . . . 0 0 . . . 0

0 σ2 . . . 0 0 . . . 0

...
...

. . .
...

...
0 0 . . . σm 0 . . . 0

 . (5.5)

Since the last (n−m) singular values of B are zero, the last (n−m) columns of V can be
omitted to give the reduced SVD or “economy-size” SVD of B:

B = ÛΣ̂V̂
T
, (5.6)

Σ̂ =


σ1 0 . . . 0

0 σ2 . . . 0

...
...

. . .
...

0 0 . . . σm

 . (5.7)

Matrix Σ̂ is an m x m diagonal matrix, Û is a m x m orthogonal matrix (ÛÛ
T
= I), and

V̂
T
is a wide matrix the same size as B (m x n). MatrixV̂ has orthonormal columns such

that V̂
T
V̂ = I.

The reconstructed current distribution ĩ is now given by,

ĩ =
k∑

i=1

uT
i d

′

σi

vi, (5.8)

where, ui, vi and σi denote the i
th left singular vector, ith right singular vector and the ith

singular value respectively. k denotes the upper limit of singular values being considered
to generate the three-dimensional current distribution.

Figure 5.1 shows a plot of the singular values of matrix B. As discussed, matrix B
has been generated by stacking matrix A three times. A is a full rank matrix and the
rank (A) = 135 that is equal to the number of electrodes considered for the electrogram
measurement. A zoomed version of the singular value distribution of B is shown in Figure
5.2.
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Figure 5.1: Singular values of matrix B

Figure 5.2: Singular values of matrix B after the 135th singular value are very close to zero.
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It is noted from Figure 5.2 that after the 135th singular value of B, the singular values
that follow are not exactly equal to zero, but are very close to zero. The matrix is ill-
conditioned since dividing by the singular values (1/σi) in Eq. (5.8) for σi arbitrarily close
to zero would lead to extremely large values in the reconstruction. Therefore, the values
after the 135th singular value are omitted in the reconstruction of the transmembrane
current distribution. Hence, the maximum value that is considered for k in Eq. (5.8) is
135. As the next step, the effect of using different values for k to generate the reconstructed
current distribution ĩ and the changes observed in the resulting backprojection images are
analysed.

5.2 Generation of backprojection images

We consider the simulation setup shown in Figure 5.3 for the generation of a backprojection
image using the SVD of matrix B and for drawing a comparison with the backprojection
images generated in the previous chapter using the backprojection operator BT . The
current grid in this setup is located to the right, with an overlap of 1.8 mm with the
electrode array. The reconstructed transmembrane current vector is generated using Eq.
(5.8) for different values of k. The y-slice from these reconstructions is extracted to be
imaged. The plots in Figure 5.4 show the resulting backprojection images generated for
three values of k taken to be 5, 30 and 135.

Figure 5.3: Simulation setup
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(a) k=5 (b) k=30 (c) k=135

Figure 5.4: Backprojection images obtained by solving Eq. (5.8) for different values of k

For the higher values of k, the backprojection image gives a clear distinct peak with
minimal blurring to indicate the location of the atrial activity. The peak is found to
coincide with the point where the overlap between the current grid and the electrode array
begins. This gives an indication of the location of the current grid with respect to the
known electrode array placement. The distinct peak is observed from the instance when
k = 30. This makes the method computationally less complex as the knowledge of all the
singular values of matrix B is not required in order to obtain an estimate for the location of
the atrial activity along the x-direction. Additionally, it is observed that as the value of k
is increased, there is reduced blurring around the peak, giving a much clearer estimate for
the backprojection image compared to the use of only BT as the backprojection operator
in Section 4.1.2. The computation is carried out through the use of the SVD and the action
of the inverse as shown in Eq. (5.2) has been taken into account while determining the
backprojection image in this case, without the need for computing the inverse of the large
matrix B explicitly. The MATLAB code for the case when k=135 takes 43 seconds to run
on a PC with an i7 core processor.

Figure 5.5 shows a modified simulation setup where the current grid is displaced to
the left with an overlap of 1.8mm with the electrode array. The backprojection images
generated for this modified setup using Eq. (5.8) for three different values of k are presented
in Figure 5.6. It is noted that the results give an indication of the location of the current
grid that has now been displaced to the left. Similar to the results observed in Figure 5.4,
the blurring around the peak is minimised as the value of k in Eq. (5.8) is increased.
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Figure 5.5: Modified Simulation setup

(a) k=5 (b) k=30 (c) k=135

Figure 5.6: Backprojection images obtained by solving Eq. (5.8) for different values of k

Performing a reduced SVD of the B matrix is beneficial as it gives a more distinct
peak to indicate the location of the current grid with respect to the electrode array used
for measurement. The method is also fast and not computationally complex, making it
a feasible approach to get an estimate of the atrial activity location within the volume
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domain. However, a limitation of the backprojection images generated using this method
compared to the images generated in Section 4.1.3 is that the peak observed is very confined
and the width of the current grid is not captured in the images generated using the reduced
SVD although the localization of the peak to indicate the start of the overlap between the
current grid and the electrode array is more accurate. In the backprojection images in
Section 4.1.3, the width of the current grid was indicated in the resulting images giving
an estimate of the width of tissue where the irregular atrial activity is prominent. In the
reconstruction using the SVD, the width information is lost but a more accurate estimate
of the point where the current grid begins with reference to the location of the electrode
array is obtained. Hence, further analysis of the tissue surrounding this estimate would
have to be carried out to guide catheter placements in ablation procedures and improve
the success rate of eliminating AF triggers.
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Conclusion and Future Work 6
6.1 Summary

In this thesis, an attempt has been made to obtain a visual estimate of irregular electrical
activity distribution in a volume domain of heart tissue. The main contributions of the
thesis can be summarized as follows:

• An efficient and computationally fast imaging method has been proposed with the
use of backprojection images to obtain a visual estimate of the x and y coordinate
information of the region where irregular atrial activity is prominent in a volume
of heart tissue. Epicardial electrogram measurements obtained by placing an elec-
trode array on the surface of the heart are used as the basis for reconstructing the
transmembrane current distribution in a given volume.

• A different placement and orientation of the electrode array is introduced that
provides an estimate of the depth of the atrial activity from the surface.

• The ability of the backprojection images to distinguish between closely spaced regions
of irregular electrical activity to identify potential AF triggers has been introduced.

• The use of Singular Value Decomposition (SVD) has been proposed to improve the
accuracy of localization of the region where irregular atrial activity is prominent while
ensuring that the imaging is not computationally complex. This makes the imaging
method simple enough for medical experts to visually estimate the site of irregular
activity and further analyze the identified areas for AF triggers.

6.2 Discussion

Given the contributions in the thesis, the open discussion points and limitations observed
in the proposed methods are reflected upon in this section.

An important point to consider is that the imaging method presented in Chapter 4
for determining the x and y coordinate information of the irregular atrial activity location
makes use of epicardial electrogram readings whereas the depth estimation relies on read-
ings obtained by placing the electrode array within the volume of cardiac tissue. While the
intra-operative procedure for high resolution atrial mapping and acquiring of epicardial
electrogram data is clinically established in [20], the feasibility of the depth estimation
method in a clinical setting has to be determined.

Secondly, performing the SVD of the inverse distances matrix and reconstructing the
transmembrane current distribution by making use of the singular values in Chapter 5 gives
a more accurate estimate of the coordinate where the current grid starts with respect to
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the electrode array. The reconstruction is also computationally fast and does not require
an explicit computation of the inverse of the large inverse distances matrix. However,
this method generates a narrow peak that does not incorporate the width estimate of the
current grid. Hence, there is a trade-off between the accuracy of the localization and the
need for further analysing the tissue surrounding the estimate due to lack of the width
information.

6.3 Future Work

As an extension to this work, the following research directions can be explored:
1. Optimization algorithms for more accurate location estimates: The visual estimates

obtained using the proposed backprojection imaging method in this thesis can be
used as an initial estimate for the location of atrial activity. The initial estimate can
be further optimized by applying gradient descent based optimization algorithms
such as Newton’s method.

2. Validation with clinical data: The analysis carried out in this research was restricted
to electrogram data from a simulated heterogeneous grid of cardiac tissue with zones
of reduced and no conduction. A next step would be validating the results obtained
for the visual estimates by using epicardial electrogram readings recorded in clinical
practice by placing an electrode array to record the potential on the surface of the
heart during open heart surgery for a patient exhibiting symptoms of paraoxysmal
or permanent AF.

3. Analysing estimated regions for the precise mechanism causing AF: Section 2.2.1 gave
an overview of the possible underlying mechanisms that give rise to the irregular heart
beat that is characteristic of AF. Once a region of irregular activity has been identified
using the visual estimate generated by the imaging method proposed in this thesis, the
region can be analysed for the presence of the AF trigger. For example, the presence
of rotor core positions can be detected using phase mapping and Convolutional Neural
Networks (CNNs) [39], [40].

4. Integration with other imaging modalities: The study of underlying AF mechanisms
can be guided by the use of real-time MRI for the assessment of the diseased tissue.
Moreover, the mapping and ablation procedures can benefit from MRI-guided elec-
trophysiology [41]. The mapping technique proposed in this thesis combined with
imaging modalities such as a cardiac MRI can provide a more comprehensive un-
derstanding of the location of the irregular atrial activity and identification of AF
triggers that need to be ablated. The imaging can be also be extended to incorporate
electrogram readings acquired from multiple electrode arrays placed over the entire
epicardial surface at different orientations to give a holistic estimate of the regions
in the atria that are responsible for the initiation of AF.
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