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ON THE BUCKLING OF IMPERFECT ANISOTROPIC SHELLS WITH
ELASTIC EDGE SUPPORTS UNDER COMBINED LOADING

Part I: Theory and Numerical Analysis
by

J. Arbocz!, J. de Vries2 and J.M.A.M. Hol
Faculty of Aerospace Engineering
Delft University of Technology
Delft, The Netherlands

ABSTRACT

A rigorous solution is presented for the case of stiffened anisotropic cylindrical shells with general
imperfections under combined loading, where the edge supports are provided by symmetrical or
unsymmetrical elastic rings. The circumferential dependence is eliminated by a truncated Fourier series.
The resulting nonlinear 2-point boundary value problem is solved numerically via the "Parallel Shooting
Method". The changing deformation patterns resulting from the different degrees of interaction between the
given initial imperfections and the specified end rings are displayed. Recommendations are made as to the
minimum ring stiffnesses required for optimal load carrying configurations.
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2. Assistant Professor




1. INTRODUCTION

All modern aerospace structures are subject to weight restrictions and must satisfy severe reliability
criteria. Thus the aerospace community is always looking for ways to produce lighter and more reliable
structures. Because thin walled stiffened and unstiffened shells exhibit very favorable strength over weight
ratios they are often used in aerospace applications. Initially they were made mostly of light-weight metal
alloys but recently bonded sandwich constructions with honeycomb core and advanced composite designs
have also been proposed. Unfortunately, thin walled shells are prone to buckling instabilities.

Numerous investigations in the past have shown that the load carrying capacity of orthotropic and of
anisotropic shells can be significantly affected by a variety of factors such as the presence of initial
geometric imperfec'tions[1 2] and of different in-plane and ou"[-of-plane boundary conditions[3'4], by the
nonlinear prebuckling deformations caused by the edge constraints{5'6}, by eccentricities of the load
application point[7'8] and by inelastic effects®],

Measuring and recording initial geometric imperfections has become a standard experimental
procedure both for laboratory scalel1%11) and full scale structures(12], Recently Singer and his
coworkers!13.14] have developed an experimental technique which makes it possible to estimate the
degree of elastic support present in a particular test set up.

When investigating the effect of initial geometric imperfections, in the beginning it has been a standard
practice to neglect the effects caused by the edge restraint and the different boundary conditions, in order
to simplify the mathematical problem that had to be solved. Later Arbocz and Sechlerl15:16] and Simitses
and his coworkers[17-18] have presented solutions for isotropic, orthotropic and anisotropic shells with
both axisymmetric and asymmetric imperfections under different external loads, where a rigorous
satisfaction of.the specified boundary conditions was included.

In this paper a rigorous solution is presented for the case of stiffened layered composite shells with
general axisymmetric and asymmetric imperfections under combined axial compression, internal or
external pressure and torsion, where the edge supports are provided by symmetrical or unsymmetrical
elastic rings. The analysis is based on a combination of the nonlinear Donnell type anisotropic imperfect
shell equations“g'zol with the ring equations of Cohenl21],

2. THEORETICAL ANALYSIS
In an effort to gain insight into the possible nonlinear interaction between elastic boundary conditions
and the initial imperfections the following analytical investigation is carried out, whereby the elastic

boundary conditions are modeled by attaching rings of general cross-sectional shape eccentrically at the

shell edges. The sign convention used for shell and ring analysis is shown in Fig. 1. Whenever necessary

the corresponding variables will be distinguished by superscripts ( )® for shell variables and by superscripts
() for rings variables.




2.1 Anisotropic Shell Equations

Using the sign convention defined in Fig. 1 and introducing an Airy stress function F such that

Nx=Fiyy & Ny=Fax 5 Ney= Fiy M

then the Donnell type nonlinear governing equations for imperfect, anisotropic shells[19,20] can be written
as

1 1 —
LA +(F) - LB +(W) = - " Wixx = 5 LnNL(WW + 2W) | (2
L o(F) + L W) = % Faox* LNLEW + W) + pg 3)

The linear operators are

* * * *
LA «() = A22( );xxxx' 2A26( )1xxxy + (2A12 + Aes)( ),xxyy

X N 4)
= 2A160hxyyy* A1 Ohyyyy
*
LB*() = Ba1Ohonox + 2B26~ Bgy) daoary * By B~ 28690 Doy ®
* (2816" Bgo) yyy* Beal dyyyy
LD*( ) = D1*1( )’XXXX+ 4D1*6( );xxxy‘*‘ 2(D1*2 + 2D6*6)( )’Xxyy (6)
* *
+ 4D2g( Jxyyy* Dol Dyyyy
and the nonlinear operator is
LNL(S,T) = S,XxT,yy" zs,xyT,xy'P S’WT’XX (7)

Commas in the subscripts denote repeated partial differentiation with respect to the independent variables
following the comma. The stiffness parameters A1*1, B1*1, D1*1, A1*2, ... efc. including smeared stiffeners
are defined in Appendix A. W is the component of the initial stress free imperfection and W is the
component of the displacement normal to the shell midsurface, here both positive inward.

These equations, together with the appropriate boundary conditions provided by the elastic end-rings,
govern the behavior of circular cylindrical shells

- in the prebuckling stress- and deformation state;

- at the limit or bifurcation point (if there is one);

- in the postbuckling stress and deformation state.
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2.2 Reduction to an Equivalent Set of Ordinary Differential Equations

I the initial imperfections are represented by
W(X,6) = tAo(X) + tA1(X) cos nd + tAo(X) sin ne (8)

where Ay (x), A1(x) and Ay(x) are known functions of X = x/R, then Egs. (2) and (3) admit separable
solutions of the following form

W(x,8) = t(W,+ Wp+ Wy + two(X) + twy(x) cos n@ + two(X) sin ne (9)

F(x,8)

2
ERt 12 _ 122 == = v -
= { 5 A8 5 Pex“- 1 X0 + fqo(x) + f1(f) cos n@ + 129() cos 2n@ (10)
+ 13(x) sin n6 + f4(x) sin 2no }
where X = x/R and 6 = y/R.
Assuming the axial dependence of the response to be an unknown function of X will reduce the
stability problem to the solution of a set nonlinear ordinary ditferential equations. This will allow the

rigorous enforcing of the boundary conditions. The values of the Poisson’s expansions

- * -~ %k - %
A A A
22 — 6 -
wv=_¥x; wpe=_cE Po: Wi -_5_1: (11)

are obtained by enforcing the circumferential periodicity condition (see Appendix B).
Substituting the expressions for \-I-V, W and F into the compatibility Eq. (2), using some trigonometric

identities, and finally equating coefficients of like terms, results in the following system of five nonlinear
ordinary differential equations

n2{ Wq(Wg+ 2Aq) + 2wy (Wy+ 2A1) + wy(wy+ 2A,) 12
+ w2(w2+ 2Ap) + 2w2(w2+2A2) + w2(w2+ 2A2) }=0

R

14

1t
2R

2=k =k S 7 A= a* o* 3oR* 8% v

—-% _jV 2.7k =k 7 47 * = % I =% iV
Agofy’ = N5(@AJo+ Agg)f,+ n"AL T~ 2nA cfs + 2n Aqgfz- { Byyw, (13)

” t ”

C 2 ” ” B
+ CW4- TH n< { wo(w1+ 2A4) + w1(wo+ 2Ao) }=0

— % iV 2_* - % ” 4_* —% " 3_*1 Ct 2 ”

- 2w1(w1+ 2Aq) + w1(w1 +2A¢) -1 w2(w2+ 2A0) - 2w2(w2+ 2A,) + w2(w2+ 2A5) 1} =0




* //1- 3_* ’ 15
f1 - 2n°Ay4f, (15)

- % _jv 2, ~x =% 7 47 * -
Aoofz = N%(A1o+ Aggfa+ n"Aq4fa+ 2nAsf,

1Tt ,g*% IV 224 =%  —x 7 =y oK Sk M g =k =
"5 g {BatWa - 7By Byp-2Bgg)wy+ n"Bypwa- n(2Byg-Bgy)wy + n°(2B1g- By)w, }
” t ” ” ”
+ CWy- _g_ - n? { w(wp+ 2A9) + wa(w o+ 2A ) } = 0
NF Vg 27k wH 47 * 2 Baxf_c ot 2.."

- 2w2(w1 + 2A1) + w2(w1 + 2A1) Wy (wo+ 2A0) - 2wy (w2+ 2A2) + W (w2+ 2A5) } =0

Substituting in turn the expressions assumed for V-V, W and F into the equilibrium Eq. (3) and applying
Galerkin’s procedure yields the following system of three nonlinear ordinary differential equations

11
2R

— % iv -— |V ” ” ” ” ’ 7 ' ” ”
Byyfo'+ Do - 2 ? fo* 20MWo+ Ag) +en? {1(wy+ Aq) + 21w+ Ay) + fy(wy v A7) -

”

+ f3(w_9_+ Ap) + 2f3(w2+ A2) + f3(w2+ A2) }=0

— iv — —-— - ” - — — 27 — * — % ’
By - n%(By+ Byy- 2Bty + n*Bof1+ n(2Byg- Bgq)fg - n%(2B 5~ Boya (18)
1 t =% jv 2 =k - % ” 4= * -~ %
+ T H { D“w1 -2n (D12+ 2D66)W1 +n D22w1+ 4nD16w
- 2cn%pg(wy+ Aq) - dcnit(wy+ Ay) + 2002 {f (wy+ Ag) + fy(wy+ AJ) } +on? fo(Wq+ Ag)

rr

— % ’ R ”» ” ”

+ 41‘2(w1 + A1) + dfp(wy+ A1) + f4wo+ Ag) + 4t (wy+ A2) + Afg(wy+ As)} =0

- % _jv 2 =% Tk % 7 45 * —-—% —=x 7 3o =—x.
1 t -— * iv 2 P * - ” 4_ * — % V4 3_ * ’ R ” ” ”
- 2enpg(wa+ Ag) + dcrit(wy + Aq) + 2cn? { foWwa+ Ag) +fgwo+ Ag) } +on? [ f,(wy+ Aq)
+ Ay (wy+ Ag) + Aig(wy+ Aq) - [(wat+ Ag) + Hp(wot Ay) + Al (w,+ A)) 1} =0

*

{ and Bij* are listed in Appendix A and () = d/dx.
Notice that Eq. (12) can be integrated twice yielding

The nondimensional stiffness coefficients T\i;, Ei

” 1 t — ” t

e * 2
Aoof - 5| Boywy+ cwg- 7" { W1 (wq+ 2A4) + wo(wo+ 2A0) } =0 (20)

alo
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The constants of integration are set equal to zero in order to satisfy the circumferential periodicity condition
(see Appendix B). In order to be able to use the "Parallel Shooting Method" for the numerical solution of
the above system of nonlinear ordinary differential equations it is necessary to reformulate Egs. (13) - (19)

such that a single 4th order derivative appears on the left-hand side. This can be accomplished as follows:

with the help of Eq. (18) eliminate the term w1iv from Eq. (13);
- with the help of Eq. (19) eliminate the term wév from Eq. (15);
- with the help of Egs. (12) and (20) eliminate the terms f:;/ and f; from Eq. (17);
- with the help of Egs. (13) and (20) eliminate the terms f;v and f; from Eq. (18);

- with the help of Egs. (15) and (20) eliminate the terms fév and fo from Eq. (19).

Carrying out the details makes it possible to write the resulting equations as

7w 7

f1 = C1f1 Caf- C3W1 C47~(W + A1) + Cowq+ Czo1f3 + Czozf3+ C203W2 * Czo4W2 1)
+ 0211pe(w1+ A1) + C2121(W2+ A2)+ Cs [w (W1+ 2A1)+ W1(W + 2A ) ] - C7WO(W1+ A1)
+ Cgwo(wy+ Aq) - 2C40f1 (WO+ Ao) - Cg [ wi(wq+ 2A1) + wo(wp+ 2A5) ] (W1+ Aq)

= C10 { fo(wq+ A1)+4f2(w1 + Ay + afp(wy+ Ay) + fa(wo+ Ag) + 4f4(w2+ Aj) + 4fg(wy+ Ay }

f3'= Cyly- Cafa* Ca05fy *+ C20614+ C13 { wy(wy+ 2Aq) - 2wy (g 2Ag) + Wy(wg 2A,) @2)
- [ Wylwa+ 2Ag) - 2Wy(Wy+ 2A0) + Wp(Wor 2A5) 1}
f'= Cify- Cofg- Cawy- CgMwy+ Ag) + Cgwa- Cooif - Caoafy~ Ca0aWy - Capa; (23)
+ Cot1Peaia+ Ag) - Co1pTwy+ Ay) + Cg [ Wo(wa+ 2Az) + Wa(wors 2A.) ] - Cyw,_ (Wo+Ap)
+ Cgwo(wa+ Ap) - 2C1of3(W;+ Ag) = Cg [ wy(wq+ 2Aq) + wa(wo+ 2A5) ] (wp+ Ap)
= C1o { f(wy+ Aq) + dfy(wy+ Ag) + digwy+ A7) - [ fowig+ Ag) + aipwy+ Ay) + dip(g+ AJ) 1)

7’

f4'= C11f4= C1ala~ Coosfy - Caosla* C13 { Walwy+ 2Aq) - 2wy(wy+ 2A;) + wa(w, + 2A.) &

+ wy(wp+ 2A0) - 2w, (w2+ 2A2) + Wy (W2+ 2A2) }
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A C14w C1wo- c19x(w PA) Ot7 Lwiwi+ 2A1) + walw+ 24) 1 - Gy ( w J(wq+ 2Aq)
+ 2w1 (w1+ 2A1) + Wy (w + 2A ) + W (w2+ 2A2) + 2w (w2+ 2A2) + w2(w2+2A2) }
- Cqg { f1 (wy+ Aq) + 2f1 (w1 + A1) + 14 (w1+ A1) + f3(w2+ Ag) + 2f3(w2+ A2) + f3(w2+ A2) } (@9

” 1

W1 = Coowy- Coqwq+ 022f1 Cz4f1- 0237~(W1+ A1) + Czogwg * Cz1oW + Czo7f + Czosfg (26)
+ Coq3pe(wi+ Aq) + 02141:(w2+ A2) - Cos [ wo(w1+ 2A4) + wq (w +2A. ) ]- 026w (w1+ A7)
+ Cz7wo(w1+ Aq) - Cze [ Wi (w1+ 2A¢) + w2(w2+ 2A2) 1 (wy+ Aq) - 2029f1 (w s A )

- Cog { f2(w1 + Aq) + 4f2(w1 + A1) + 4f2(w1 + A1) +f (w2+ Ao) + 4f4(w2+ A2) + 4f4(w2+ A;) }
W2 C20W2 Coqwa+ 022f3 Cz4f3- C237»(W2+ Ag) - CopgWy ;- C210W1 0207“,”‘ 0208f (27)
+ Co13Pe(Wa+ Ap) - Coq 4T(W1+ A1) - Cog [ wo(w2+ 2Ap) + w2(w +2A, ) - C26wo(w2+ Ao)

+ C27WO(W2+ Ap) - 028 [ w1 (w1 + 2Aq) + w2(w2+ 2A2) ] (wo+ Ag) - 2029f3(w ‘A, )
- Cog { 14(w1+ Aq) + 4f4(w1+ A1) + 4f4(w1+ A1) -1 f2(w2+ A) + 4f2(w2+ A2) + 4f2(w2+ A2) 1}

The constants Cq, Cp, ..., Ca14 are listed in Appendix C. Besides the traditional simply supported and
clamped boundary conditions (following Refs. [3] and [13] usually designated as SS-1 through SS-4 and C-
1 through C-4, see Appendix D for details), in this paper boundary conditions will also be modeled by
attaching elastic rings of general cross-sectional shape eccentrically at the shell edges.

2.3 Equilibrium Equations of the End Rings
Cohen’s ring equationslzﬂ are based on moderate rotations and are derived using the principle of
virtual work (see Appendix E for details). They can be written as

T,
Elzu.6000~ GJu,6p+ Elxz(V,009+ Wipp00) ~ a(El,+ GJ)By go= a(aF,) (28a) -
Elv-u 2 _ a2 _ - _ a3 I,
xzU:000* (Elx+ a“EA)v,gg+ (Elxw,gg9~ a“EAw,gq) aElyzBy o= - a (aFy) (28b)
ElyzU,0000+ (ElxV:009~ @°EAv,g) + (ElyW,gg00+ a 2EAW) - aElyBy o= a%(aF,) (28c)
(Elz+ GJ)u,gg+ Elz(vig+ Wigg) + a(GBy,go- ElzBy) = - a3m, (28d)

where the definition of the variables and the sign convention used is displayed in Fig. 2.
In order to be able to satisfy the displacement compatibility conditions between the end-rings and the
edges of the shell, one must express the ring displacements in the same form as the one assumed for the
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shell displacements. Further the expansion assumed for the load terms must not only be consistent with
the terms assumed for the displacements but they must also form a self-equilibrating force system. Thus
the Fourier decomposition of the ring equations will be based on the following expressions

uf= u0r+ u1r cos no + u2r cos 2n@ + u3r sin ng + u4r sin 2n@
vi=v s v sinne + v. sin 2n0 + v} cos ne + v/ cos 2ne
o 1 2 3 4 (29)
w'= w0r+ w{ cos n@ + w2r sin n@
roor r roo.
= c 2]
By Byo+ By1 0s nO + By2 sin n@
and
Fr= Frcos né +Frcos 2n0 +Frsin neé + Frsin 2nd
X X1 X2 X3 X4
ror . ro. r r
F,=F,sinnd +F, sin2n® +F, cos n@ + F, cos 2n6
vy~ Ty " Fyo ) " Tyg @0)
ro_r r ro
FZ= on+ FZ1cos ne + F22 sin n®
r

M =M+ M cos ne + M, sin no
t= M+ My, to

Substituting these expressions into Cohen’s ring equations and equating coefficients of like terms results in
the following

2.3.1 Separated Set of Cohen’s Ring Equations:

Forn=0
r,.r r
r r
; |a%EA o W, aFz,
.._§ > r = M r (31)
a 0 a“El, Byo aMt,

(32)
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where the S: are matrices and the Uir , Fir are vectors defined as follows

n2n%El+ G -nSEl, n*Ely, an?(El+ GJ)
C %,  n%Elxra%EA) n(n2El+ a%EA)  -anEly,
si- 1 (33)
2
ad n“El,  -n02El+ a2EA)  nEl e+ a2EA an2El,,
an2(El,+ GJ) -anEl,, anEl,,  a®(El,+ n2GY)
.4 |4n2@nEr G0 -endEl, |
3" — 3 2 2 (34)
[ 2 2 3 4 2 ]
nS(n“Ely+ GJ) n“Ely, n7Ely, an<(El + GJ)
C n%Ely,  n2Elx+ aEA) nn2EI+ a2EA)  anEly,
sfi- 1 (35)
438 n*Ely,  n(n2Ele a?EA)  nEls EA an2El,,
an?(El,+ GJ) anEl,, anEly,  a®(El,+ n2GJ)
r 1 |4n%unE G0 endEl,
S5~ —3 3 o 5 (36)
a 8n“Ely, 4n“(Ely+ a“EA)
Further
r r r r r r r T.
T =tuf viowi g1 U -l vl
37
U T =10l o Wl g . unT =’ f (37)
Up" =luz vz wp B, 1 5 (U =luy vyl
finally
rT _ r r r r . IT _ r r
(F))" = laFy, aFy, aF, aMi] ; (Fy -[aF,, aF ] -
F)T =[aF, aF! aF' am'] ; FYT -[aF' aF']
4 X3 y3 b)) to ! 5 X4 Y4

2.3.2 Forces and Moments Acting at the Ring Centroid
r

Next one must express the line loads (Fxr, Fy, Fzr) and the torsional line moment (Mtr) acting at the
ring centroid in terms of the applied external loads and the stress and moment resultant of the shell wall
attached to it. Considering the free-body diagrams of the shell edges from Fig. 3 one obtains the following

relationships at x = 0 (at the lower edge)
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r
aF = (R - N+ HNf

r s
aFy= -(R-ap))Sy + Rny (39)
aF = RH S
r S S S
Whereas considering Fig. 4 at the upper edge, at x = L, the following expressions hold
aF = - (R - No- RN,S
r s
aFX- (R -ay)Sq - Rny @0)
aF = - RHS
r

S S
aM; = RN, '~ (9 - 7)(R - gNy- eyRH 5~ RM,,

Notice that at the upper edge (at x = L) one obtains the same expressions as at the lower edge (at x = 0)
except for the minus sign in front of the terms on the right hand side. Further N, is the external
compressive line load applied at a distance q from the shell midsurface, whereas So is the external
torsional line load applied at a distance a; from the shell midsurface.

2.3.3 Displacement and Rotation Compatibility Conditions
Considering now the compatibility of the ring and shell displacements and rotations, with the help of

Fig. 5a one obtains the following expressions at x = 0 (at the lower edge)

s
uf=u®-ewg
s
vi= 2 yS_e - e W,
R y y
(41)
f_ S s
wl=wS+ eyw,g
r s
By= - W’X

Notice that the displacement v' consists of three parts, namely
- a rotation around the centerline of the shell

r

vV = S

a
— V 42
R (42a)

- a rotation about the x-axis

vi= - ey (42b)
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- a rotation about the z-axis

r S

vV = - GXU,y (42C)

Further, by looking at Fig. 5b, it can easily be seen that at the upper edge (at x = L) one obtains identical
compatibility conditions.

2.4 Fourier Decomposition in the Circumferential Direction
Using the previously shown Fourier decomposition of the ring variables (Egs. (29)-(30)) and the
following Fourier decomposition of the shell variables

usS= t(u:+ u1scos ne + uzscos 2n0 + uBSsin ne + u4$sin 2n0)

vS= t(vos + v1ssin né + vzssin 2n6 + v3S cos no + v4S cos 2n6)

s S S S . (43)
w 7= {(W,+ Wp+ Wi+ Wy + WyCOos N + wy, sin né)
s s s s .
W, = t(w’o,x+ Wy ycos no + Wy ysin no)
and
nS- Bt (N + Nyc cos 6 + N,o cos 2n8 + N sin n6 + N.5 sin 2ne)
X CR \ Xo X4 Xo X3 X4
2
s _ Et s s . s . s s
Xy~ oR (nyo+ ny 1sm no + nyzsm 2n0 + NXY3C°S ng + ny 4cos 2n6) s
HS= LD (H3+ H cos n + Hosin né)
R3
s_ t s s s
MX= —RE D (MXO+ MX1cos ne + MX2sm ne)
where
3
D=E_‘2_ ; ¢2=3(1 -v3) and e=_é (45)

4c

one obtains upon substitution into Eqgs. (39) and equating coefficients of like terms, the following

2.4.1 Separated Form of the Forces and Moments Acting at the Ring Centroid at the Lower Edge

(atx = 0)
Forn=0
s cR q q
N, == Z_ N1 -2)=-2(1 - = -0 46
xo" "oz Noll mg) = oA - (46)
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and
r S e

where the B4 matrix and the F;, F?, F? column vectors are defined as

rT_ r r
(Fy) —[aFZO aMto]

(FPT=Hy M

3 -
FHT= L po RAG( —%)] where D = B . g-4c B g

4c2 t2

R2
rF _ —‘r

r ]
F3 0 BSO 0 F3

r S
Fy 0 0 B, O Fy

r S
LF5, (0 0 O BS-LFS

(47)

(48)

(49)

(50)

(51)

(53)

(54)




B _Etz(‘l 0
3 "% o
R
0

2

Et
By==—_| o

4 C
_ez
2—10

Bs - £~
c {01

Further

T _ el
(Fy)" = [aFX1 aF
rT r
(Fp' = [an3 aF
and

ST _ S S
(FZ) - [NX1 NXY1
S N S

S\T _
(Fp) = {NX3 Xy3

Y1

y3

16

0 0 ]
0
1,t,2
—(= 0
4c(R)
1,12 1 1,2
—(=)"ey — (=)°R
4c(R) X 4c (R) ]

r r ) T _ r r
aFZ1 aMt1] i (Fg) [an2 aFy2]
r r . rT _ r r
an2 aMt2] v (Fg) = [aFX4 aFy4]
s ] ] S\T _ S ]
s s S\T _ S s
Hy Myl 5 F)' =Ny N ]

(55)

(56)

(55)

(58)

(59)

At the upper edge (at x = L) one obtains the same expressions except for a minus sign in front of the
terms on the right hand side. Thus

Forn=0

r S e
Fy = -ByF] - F

For >0
F, = - BoF,
Fg = - BgFj
Fy = - B4F,

-
[4) ]
t
1
w
0
n
non

(60)

(61)




17

Substituting next the corresponding Fourier expansions into Eq. (41) and equating coefficients of like terms
one obtains the following

2.4.2 Separated Form of the Displacement and Rotation Compatibility Conditions at the Lower
Edge (at x = 0)
Forn=0

| r S e
| Ul = EqUS + U§

(62)
| where the E, matrix and the U;, U?, U? column vectors are defined as
‘ R e
| Eq =L X (63)
Rio -1
T _r,,r r
(Uy)" =w, Byl (64)
S\T _ ¢, S s_
L' =twg w3l (65)
eT
(U1) = [t(W,, + Wpe+ W 0] (66)
and () = ()
X R
Forn>2
4 r 3 _ - s 3
U2 E2 0 0 O U2
r S
U3 0 E3 0 0 U3
< ;o= 3 : (67)
Uy, 0 0 E,o0 ||U
us | [0 0 o Egfju
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t(R 0
Bs =g 2ney a -
R 0 0 'ez-
t| -nex a -ne; 0
- (70)
0 0 R ey
0 0 0 -1 |
gs-t|h O
5" R| -2ney a "
Further
r L S I ' v,
W =1uf v w By i U =lu vyl
72
U T o o Wl gl AN U (72)
Uy)" =lug vz w, B3/2] b Ug) =luy vyl
and
s s s s s S S S.
R A Ok ANER - LI iy (73)
s s s s s r S S,

Recall that, as stated earlier (see Figures 5a and 5b), at the upper edge (at x = L) the compatibility
conditions are identical. Thus Egs. (62) - (73) are valid both at x = 0 and x = L.

2.5 General Elastic Boundary Conditions
Considering the separated set of Cohen’s ring equations (Egs. (31-(32)), the separated set of
equations of the forces and moments acting at the ring centroid (Egs. (46)-(61)) and the separated set of

equations for the displacement and rotation compatibility conditions (Egs. (62)-(73)), then one has in matrix
notation

at the lower edge (at x = 0)

forn=0

sj U] - F] (31)




Fl = BjF; i=2345

r S
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Combining these equations one obtains the general elastic boundary conditions

at the lower edge (at x = 0)
forn=0

r S e S e
¢ (EqUy + UJ) = BF; + F;
forn>2
s[(Eiu?) - B;F i=234,5

at the upper edge (at x = L)

forn=0
r S e S e
forn>2

S{(E;U) = - B;F i=234,5

(48)

(62)

(32)

(53)

(67)

(74)

(75)

(76)

(77

Multiplying Eqs. (74) and (75) out yields the general elastic boundary conditions at the lower edge, at x
= 0. These can be written in two different forms, namely the

2.5.1 General Elastic Boundary Conditions Valid in the Limit as E; — 0 (free edges)

Forn=0

(o] S O S S
A Wo+ Wyr Wp v Wy) +apowes = Hy

0 S [o I~ S -
a1 Wo+ Wyt Wp+ Wy) + ayowy s = My + A

(78)




20

Forn>2

1 s 1 s 1 s 1 s
814Uy * 8qpVy AWyt apwy g =N

J .8, 1,8, 1. s 1 S__N.S
821Y1 * oV * BpgWy * BpuWe % = Nyy, (79)
18 1 s 1 s 1 s s
a31Uq * 8gpVy * BggWy + agwy s = Hy
1 s 1 s 1 s 1 s s
81Uy + AgpVy * aggWy * agWe s = My
and
2 s 2 s s
11Uz * 312v2 = Ny,
> (80)
S, a2 vS- NS
321Uz *+ 8xVp = Nyy,
and
3 s 3 s 3 s 3 s s
411U * 312V3 T AW+ AW 3 = Nyg
3,8, S, 23,8, .8 S__ NS
82143 * 8pV3 * @xaWp + axuWo 5 = Nyy @1)
a3 S, 3,5, .3 s, .3 S__HS
31Uz * 83gVg + AzgWo + Ag Wy 5 = Hy
3 8 3 s 383 s 3 s S
94113 840V3 * Bg3Wp + agWr 5 = My,
and
4 s 4 s s
A19lq * 312V = Ny,
(82)
4 s 4 s N S
8p1Us * 820Vy = Nyy,
and the
2.5.2 General Elastic Boundary Conditions Valid in the Limit as Er — < (fully clamped edges)
Forn=0
0,,S (o} S - S
byyHo * DyoMyy* AQ) = Wi+ Wy+ Wp + Wy
0,,S (o] S - S (83)
byiHg + Dao(My + Aa) = wos
For n >2
1,8 1,8 1,s ,1,.8 s
By 4Nxq * ByaNyy* DygHy+ bygMy, = uy
1,8 1, 8 1,8 ,1,,8 s
b21Nxy * PaoNyy* bagHy + bagMy, = v4 )

1,8 1,8 1,8 ,.1,.5S S
b31Nxy * PaoNyy; * bagHy + bagMy, = wy

1S, 1S 1.5 1.5 s
PatNxy* PaoNxyy+ DagHy + bygMy = wi's
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and
2 s
D 11Nep* D1oNyy,= U s
5 s (85)

2
21Nyy* BaoNoy,™ Vo

and
3yS. w3 S 3,s .3 s

3,5.,.3,5s 3.,8, ,3,,8 s
b21Nx3+ b22ny3+ bogHa + bogMy,= V3

(86)
S
b31"'x3+ b32"'xy3+ baats * b34Mx2 )
S
by1Ngy* b oMy DigHa + b aaMyy™ Wy
and
4 8 4,S s
b11Nx4+ b12Nxy,= Uy
4 (87)
b21"‘x4+ byoNsy,™ Vs

Notice that in turn the general elastic boundary conditions at the upper edge, at x = L, are obtained by
multiplying Egs. (76) - (77) out. These operations yield the same type of expressions as Egs. (78) - (87),
with the exception that all right hand terms are preceded by a negative sign. It turns out that it is
convenient to incorporate these negative signs in the definition of the ring stiffness coefficients a jk and the
ring flexibility coefficients bIl , respectively. The components of the boundary stiffness and of the boundary

flexibility matrices are listed in Appendix F.

2.6 Reduced General Elastic Boundary Conditions

Next the general elastic boundary conditions must be expressed in terms of the variables used in the
anisotropic shell analysis. Recalling from Eq. (44) that

S Et2

s s s . s .
Ny=—5 (N o* Nx1€0s N6 + Ny cos 200 + Ny sin nd + N, sin 2n6) = Fyy (88)

then substituting for F,yy from Eq. (10) and equating coefficients of like terms one gets
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Recalling further from Eq. (44) that

2
s_ Et . s s S
ny _ (N y1sm no + ny231n 2n0 + nyscos né + N

R xy 4508 2n6) = - Foyy (90)

then substituting for F,xy from Eq. (10) and equating coefficients of like terms yields

S

Nyy =
) ’ S ’

ny 1= m‘1 ny3= - nf3 . (91)
s ’ s ’

ny2= 2nf2 ny4= - 2nf4

where ( )’= () and x =X,
X

Using the expression derived in References [6] and [20] for the transverse shear force H® one can write

HS= ! DHS+ Hcos no + Hy'sin n6) = - (Ms +MS

- s -

S
yNg,  ©2)

From the semi-inverted constitutive equation (see Appendix A for details)

k™ (CiNy* CioNy'+ CigNg» Djies Dk s Dy g

(93)
*
= C11Fyy* CoFaoox™ CegFaxxy= Dy Wooex= DypWasyy- 2D 1gWoxxy
ME M5 = 2(CgyNS+ CaoNS+ CacN S + Dkt DYky+ Diicy)
Xy “yxy 61 62"y * “66 Xy T16°X" F26%Y " F66 Xy/y (94)

= 2Cg;Fiyyy* 2CoFxxy~ 2CgeFuxyy- 2D Wiy~ 2D,6W,yyy- 4DgeWoxyy

Substituting for V_V, W and F from Egs. (8)-(10), regrouping and equating coefficients of like terms one
obtains

177 -— {4
*

* R ’ ’

’ ’ ’ ’ ’ ’ (95)
R
-2c =1 n? [ (W1+ A1)f1 + (w2+ A2)f3+ (wq+ A1)f1+ (wo+ A2)f3 ]

S_ R, =* 3 R
—— * V{4 R
-[D 4D - (D 4D - 2D 4c — A
[ Dyywy + 4D jgnwy - (D + 4Dgginwy - 2D5en%ws 1 + . ”T(W2+ 2) (96)

_ 4c ? N2 [ (W Agy+ 2(wy+ Apfp+ 2(w s Agla+ Wi+ Aqlip+ (Wa+ Ag)f, ]
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"’ —_— - ”

R - i * * = % - % 2 ’ =% 3 R ’ ’
-[D 1w2 - 4D16nw1— (D12+ 4D66)" w2+ 2D26n wy]-4c — m(w1+ Aq) (97)
R 2

[ (w A, Jfa+ :z(w1 . Ay 2(w,y+ A2)f2+ (wy+ A1)f4- (wWa+ Aglfy |

But now from Eg. (20)

44 E 7 ’ 2
1t =21 c c t
fO_‘g‘ﬁ—* wo—_* W0+Zﬁ—* [w1(w1+2A1)+w2(w2+2A2)]
Ago Aga Azz

Thus Eq. (95) becomes upon substitution and regrouping

~ k

— C B Y2 C
He= - (Dgy- —2 21y w, 2c$£w 4c_x(w+A)
- % *
Azz Ado
5 Cio , (98)
+conc < (W1W1 + A1w1 + w1A1+ w2w + A2W2+ w2A2)
Az

R 2 ’ ’ ’ ’ ’ ’
-2 —-n W+ A+ (Wot A Mo+ (Wei+ Aq),+ (Wo+ Ad)f
i [(1 1)1 (2 2)3 (1 1)1 (2 2)3]

Finally, recalling that Co=- -B--TT one can write Eq. (98) and Egs. (96)-(97) as
1 i

= %2 - %
B n B ’ ’ ’
s 21 R 21 R
o - 4c_t.X(wo+ Ao)
A22 Ago
» By (99)
-cn? 21 (w1w1+ A1w1 + w1A1+ w2w2+ A2w2+ w2A2)
Az

-2c —T- n? [ (wy+ Apty+ (wy+ Ag)fS+ (wq+ Aqfy+ (wo+ A2l ]

17

S_ R, =% -k =k " =% =*x 2/ =x 3 R ’ ’
Hy'= -2 = [ Byyfy + (2Byg~ Bgyinfy- (Byy- 2Bggn2f;- 2B1en3 ] - 4 = Mwys Ay)

”w ” * - 2 ’ ) 3 R -—
D +4D.) nw D + 4D )n“w, - 2D, .n"w +4¢c — nt(wo+ A
™ [ DyqWy + 4Dgnw,- (Dyp+ 4Dgg)n“wy - 2Dpgn "Wy ] + 4c — nt(wp+ Ag) (100)

R ’ ’ ’ ’ ’ ’
- 4c T n? [ (wo+ Ao)f1+ 2(W1+ A1)f2+ 2(w2+ A2)f4+ (wq+ A1)f2+ (wo+ A2)1‘4 ]
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’

S
- 2)

R - i - % — % ” — % - % 2 ’ - % 3 R ’

777

R ’ ’, ’ ’ ’ ’ ’ ’
- 4o = 2 [ (wWy+ Aga 20w+ Ay 2(wy+ Aglip+ (Wq+ Aqly- (Wa+ Ag)f, ]

Next combining the last Eq. (44) with the semi-inverted constitutive equation (see Appendix A for details)
one can write

t s s s .
M, = _R_2 D(MX0+ MX1cos ne + Mx2sm noe)

* .S *
= Cq4Ny+ CyoN

S
X
S
+
y
* * * * * *
= C11Fiyy* C1oFixx~ CygFixy= DyyWaxx~ DyoWiyy= 2D W,y

S

* * * * (102)
C16Nxy* D11¥x* Dygky* Dygrny

Substituting for W and F from Egs. (9)-(10), regrouping and equating coefficients of like terms one gets

s R - % _* — n” _*_ _* ”
My = - 2 T [Cy1% + CpplPe - f)) = CygT 1 - Dfyw, (103)
S_ R =*,” =* o -% 7 ~*x 7 =—%x 9 -~ % ’
s _ R =*,” =% 2 -x 7 % 7 —% 9 = % ’
My,= 2 = (Cqafg= Cyyn“fg+ Cygnfy) - (D1 1wp- Dypn?wp- 2D \snw,) (105)
But now from Eq. (20)
- %
” B ” 2
1t 1 _cC ¢t n
fo— | = W, = Wo+ TR = [ Wi(wq+ 2A4) + wa(wa+ 2A5) ]
22 22 22

thus Eq. (103) becomes upon substituting and regrouping

cXgr c*
s__ =+ OBy R Cqp R =*, =t= ==
Mxo™ = P117 ——) W5~ 26 = —— Wo=2 = (Cj4) + CyPe- Cyg)
Agz Aza
_ (106)
C*
+ 202 22 [wywys 2A9) + wpwo+ 2Ag) ]
Axa

Finally, recalling that 65= - Ei;r one can write Eq. (106) and Egs. (104)-(105) as
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* = ok
” B
S__=x 21 R 21 R g*,, 2% ==
My = - (Dyq+ = ) Wyt 2¢ T = Wo+ 2 T (By4A+ ByyPe- Bgq1)
22 22 (107)
"B'*
- % n2 .._ﬂ [ wy(wq+ 2A1) + wo(wp+ 2A5) ]
ok
A2z
S_ _,R g*.” g*.2 -t S-S = % ’
5 R 5*.,” =% 2 =% ' =% 7 =% 0 = * !

Next one must express the in-plane shell displacements uS and v® in terms of the shell variables
V_V, W and F. Eliminating initially v from the strain-displacement relations

gy= Viy~ % W+ % (Way+ 2V_V'y)W’y (110

Tay = Uy * Vix+ Wyt W)Wy + W W,y (411
yields

U,yy= ny’y- EY:X— _;'W’X_ (W’X+ W!x)wfyy' W,)(V—V,yy (112)

Introducing the semi-inverted form of the constitutive equations (see also Appendix A) one gets

* * * * * *
Uyy= (AqgFyy* AsgFixx- AgsFrxy~ BgiWixx- BgoWiyy~ 2BggWixy)y
* * * * * *
~(A12Fyy * AgaFoxx AqgFixy = BaqWixx = BpoWayy -2Bo5Wixy)x (113)

- LWoy- Wig+ Wiy Wiy~ Wy W

R Yy

Substituting for V—V, W and F from Egs. (8)-(10) one obtains after some regrouping
Uyy = _F_E_z_u,99= E%{Uﬂi)cosne + Up(X)cos2ne + Ug(x) sinng + U4(x)sin2ne) (114)
where

4

~ - 1 —-%x
Uy(x) = ;{‘[A';zﬁ

- % - % ’ - % ”n -— t 4 ’ ’

- (A{p+ AggIn?f - 2Ajenfy + Alcn 3f3]+cﬁn2[(wo+Ao)w1+woA1] -
1 t — V{4 — * - * ’ — * - % ” — * ’

+ 5 5iBagwy - (B, -2Bgg)n 2wy +(@B g -Bgy)nwy +Bgon Byl -ow,)
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—~ —_ — * 177 p— - % V4 -— ” —
U,(%) =_‘C_{ -Agoly ~(Agy +A66)4n 2ty -4A g, +8A,5n 3ty]
c t ’ ’ ’ ’ ’ (1 15b)

Eﬁn [( +A1)w1 +w1A1 —(w2 +A2)w2 —w2A2]}

~ — 1 p— i - % - ’ — % ” — ’, ’ ’

Ug(x) = .6_{—[A2*2f3 - (Afp+ Agg)nZig+ 2A 00t - Aen 3f1]+c%n2[(wo+Ao)w2+woA2] )
11 (B, w, - (B,,-2B )nzw' ~(2B, -Bg. )nw”—é* n3w ]—cw,} (115e)

TR 2172 22 “7ee”" M27\eF26 "Rt/ W1 TBgoN W4 2

-~

= 1, =*."” =% =—=x 2 ~* 7 =% 3

5 (115d)
E_n [(w2 +A2)w1 +w2A1 +(w1 +A1)w2 +w1 Aol}
and where Eq. (20) has been used to obtain the following expression for fo
777 1 t 52*1 277 c ’ C t 2 11
fo =§ﬁ —W, ":WOJ'Eﬁ_ [(w1 +A1)w1 +W1A1 +(w2 +A2)w2 +w2A2] (116)
Axa Ay Az
Integrating Eq. (114) twice with respect to 0 yields
u=t{ —_U1 (X)cosne -_U2c032n9 -__U3(x)sm no —__U4 (x)sin2n6 +U5 (x)-6+ U6 (x)}
n2 4n? n 4n? (117)
Notice that because of the periodicity condition
2n
f U,gdd =0 - Us®) =0 (118)
o

In order to determine the form of the remaining function 066(') one must consider an alternate derivation
of u.

Using the strain-displacement equation

Ex = Uy *+ %(w,x + W, )W,y (119)
and the appropriate semi-inverted constitutive equation one gets

U= —_;.(W,x+ 2W,,) W, (120a)

_A ¥ * * * * * 1 -
u,x —A1 1 F,yy +A1 2F,Xx _A1 6F,xy _B1 1W,xx _B1 2W,yy _2B1 6W,xy _E (W,x +2W’X) W,x (1 20b)
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Substituting again for W, W and F from Egs. (8) - (10) one obtains after some regrouping

’ AN AN A Ar o _ Ar
Uy = %u - %{Uo(x) + Uy ®)cosnd + Uy (cos2nd + Uy®)sinne + U, (x)sin2ne) (121)
where
- % - %
N o 1 Eraln*s 3o 1t = A2 o v App
U ()= {=(A11A+A1oPe A0 + 5 = By —=-Byy)Wy-c——Wo
22 Axo (122a)
K*
+S 12021 (wy 280wy +(wp +2A0)wo] -S L 2w +2A YW +(w. +2A.) W, +(Wes +2A WA}
Zﬁz* 17eRW T2 T eI =2 gleWo TeRgIW o * (W #eA Wy + Wy +2A5)W5
22

A _1 — % ” —_ % 2 — % ’

— ” -— — ’ ’ , ’ ’ 7 ’ (122b)

11 5% * * ct

-5 By -Bipn 2wy +2B.nw,) -2 LWy +2A W + (W +2A )Wy}
Uy () =L{(A ", -4R 021y -2A ) - S L [(ws +2A0 W, - (w, +2A)w, 122
2 () = {(Aqaly ~4An"fp -2A4gnfy) - 21 (Wy +2A )Wy ~(Wy +2A5)W, ]} (122c)
/\I — 1 — % ” - % 2 - % ’

1 t - % ™ 2 —_ ’ ct ’ ’ ’ ’ ’ ’ (122d)
g0 =L (A1 -4 5 024 +2A ) S L [(we +2A0W, +(w., +2A. )W, 122
4(0) = {(Ayolg ~4A1 1N T4 +2A1gnfo) - LWy +2A0)W, +(Wy +2A4)W, ) (122¢)

and where Eq. (20) has been used to eliminate f o
Integrating Eq. (120) once with respect to X yields
A AN AN N A A

u=t{U o(x) +U1(x) cosn6 +Uy(x) cos 2n6 +Ug(x) sinnd +U4(x) sin2n@ +U7(6)} (123)

Comparing the 2 expressions obtained for u (Egs. (117) and (123)) one sees that they will be identical if
and only if,

U3 =0® : 01&)=—_1§01® : Up®@=-1 0o ; 03<x>=-l203<) : 046‘”';204&’
n n

1
2
4n 4n (124a)

and

07(9) =0 (124b)
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Returning to Eq. (117) and substituting for u=u S from Eq. (43) yields

t(u S +u1scos no +uzscoszne +usssin ne +u4$sin 2no)

-t{U6(x) -_ U1 (X)cosne -___ U2(x) cos2n6 -_ U3(x) sinn@ -__ U4(x) sins2n0} (125)
n2 an? n2 4n2
Equating coefficients of like terms one obtains
S_fi ooty =
Uy =Ug(x)=Uq(x) | (126a)
S__1~—_1 - ///-_* — % 21-._* //_* 3 ’
1 — % 2
_-t_[821w1 ~(Byp-2Bgg)n? w1 +(@Bs -Byy) W, +Baon dws) - c_n 2[(w, +A. o)Wy +w A1]}
. 1 ~ e 1 ~% M - * - % 2 ’
Uz =~ —5 U2 =——{Axfp ~(A15+Agg)4nt,
4” 4cn ” t ’ ’ ’ ’ ’ ’ (1260)
. %
~4A gty +8A Yy -%_ﬁnz[(w1 +A1)W1 +WyA] - (W +A) Wa ~WoAs])
S__1“'—_1 — % ”/—_* - % 2/ —- //-_* 3 ’

4

. {A22f4 (A12+A66)4n2f
4n 4c (126€)

+4A26nf2 -8K1*6n 3f2 —%_;.n 2[(w2 +A2)w1 +w2A1 +(w1 +A1 Ywo Wy Asl}

Thus once the solution of W and F has converged at a specified load level, one can then evaluate the

above expressions for u. The only exception is uc;s , the evaluation of which requires the solution of the
following ordinary differential equation

Al Al
d S 1t =% M2 = 7 Ap
o —(A117‘*A1zpe'A1e") R 2155 B11)Wo=Wo
22 Ago (127a)
A ’ ’ ’ ’ ’ ’ ’ ’ ’
1 12 1t
e ﬁ = 2[(w1 +2A1)wq +(wp +2A2)W2]'Z’ﬁ[2(wo+2Ao)wo+(w1 +2A1)w1 +(w2 +2A2)w2]
22

u os (x=0)=0 - to suppress rigid body motion (127b)
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To obtain a similar expression for v S

one begins with the following strain-displacement relation
£y =V - W + (W, +2W, )W (110)
Y'Y R VY y Ty

and introduces the appropriate semi-inverted form of the constitutive equation to obtain

IR R —~
Vymey r W = 2 (W, +2W, )W,y

* * * * * * 1 1 ~ (128)

Viy =A12Fyy *AgaF xx ~AgeFixy ~Ba1 Wok B opWayy ~2BpgWaxy +m W= (Wiy +2W,y )W,y
Substituting for V_V, W and F from Egs. (8) - (10) one obtains after some regrouping

Viy =%v,9 =T;_{\71 (X)cosn@ +V,(x)cos2ne +V3(X)sinn +V4(x) sin2n0} (129)
where

7, ® =%{(K2*2f:-i1*2n 2%y -Aggnty) '%%(52*1‘”; ~Bypn 2wy +2Bygnw,) +owy } (130a)

Va () =-(1-3-{ (Agofy~4R o265 -2A 01 ,) +%_é N2[(wq +2A1)W1 -(Wp +2A0) wo]} (130b)

V3 (%) =-1E{(K;2f; ';‘1*2n 2f3 +/_3:2*6nf;) -.;_%@2*1 w; —E;zn 2w2 —252*6nw;) +CWo } (130c)

V) =%{(K§2f; ~4R {0214 + 2R snt) +.§.%n2[(w2 +2A2) Wy +(Wq +2A1) W]} (130d)
and where Eq. (20) has been used to eliminate f;.

Integrating Eq. (129) once with respect to 6 yields

v =t{%\~/1 (®)sinne +%\72(§)sin 2n@ -%\73&) cosné —2in\74&) cos2n8 +Vs(x)) (131)

In order to determine the form of the unknown function \75&) one must consider an alternate derivation of
v. Solving for v,y from the strain-displacement relation for Txy (see Eq. (111)) yields

Viax =ny ‘U,y —(W,X +W1X) Wry _W!Xle (1 32)
Introducing for Yxy the appropriate semi-inverted form of the constitutive equation one gets

* * * * * * T —
V,x =A1 6F,yy +A26F,XX —AGGF,Xy -B61 W,xx _Be2w,yy -2B66W,xy _u,y "(W,X +W’X) W,y _W,XW,y (1 33)
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Substituting for V_V, W and F from Egs. (8) - (10) and for u from Eq. (123) one obtains after some
regrouping

1 t

Vyx = ﬁv’-_{V (x)+V1 (x)sinn6 +stm2n9 +V3(x)cosne +V4(x)cos2n9} (134)
where
= % -~ %
A -— ” A
2
V &%= _{ (A16x+A26pe-A661)+__(32*1ﬁ Baw, c__*ﬁwO
A
_ 22 22 (1352)
c t A26 2 c t "y ’ ’ , , ’
+74_..R_:n [(wq +2A¢)wq +(Wp +2A2)w2]—§ﬁn[(w1 +A1)W2 +W1A2—(W2 +A2)W1 —W2A1 1}
A
22

Moo A =k D =k
1 t _ (135b)

A7 -— ” -— -— ’
Vo®) =L {(Ast, -4 gn %1y +2Agsnt,)
¢ c ~ c t ’ 4 ’ ’ ’ ’ (1350)
-EUZ +Eﬁn[(w1 +A1)W1 +W1A1 —(W2 +A2)W2 —W2A2]}

A'—1"*”—*2 -x ./
1t = ” , (135d)
__(Bs1w1 -B 2n w1 +2866nw2)+ U3 c_n[(w +A) 2+wOA2]}

A7 1 _ x 7 — % — % ’
vV, =E{(A26f2-4A &N 22 ~2Algnt,)

(135e)
U—_._nw+A w+wA w+A w wA
2 4 [(2 2)1 21*(1 )2* 2]}
and where Eqg. (20) has been used to eliminate f o
Integrating Eq. (134) once with respect to X yields
AN A A A A
v=t{V5(x) +V4(x)sinne +V5(x) sin2ng +V3(x)cosne +V4(x)cos 2no +Vg(0)} (136)

Comparing the 2 expressions obtained for v (Egs. (131) and (136)) one observes that they will be identical
if and only if,

A

Vo =Vs®) : 01&>=%\71® : \A/g&>=2ln\72&> : \73&)=—%\73&> ; \“/4&)=—2ln\74&) (1372)




31

Vg(6)=0 (137b)

Returning to Eq. (131) and substituting for v=v S from Eq. (43)

t(vs +v1ssin no +v28sin 2ne +v3s cosnd +v4S cos2n6)

t{Vs(x) +LV1 (%) sinsnd + 1 V(%) 200 -1 ¥ (%) cosne - 1 ¥ 4(X) cos 2n0} (138)
=' —_— +_ - — -—
o n 1 2n 2 n 3 2n 4
Equating coefficients of like terms one obtains
S_ O =
Vo =V5(X) =V (x) (139a)
s1 ~*x 2. Tx S {1t =% " =% 2 = % ’
S 1o = 1 7%, ;% a* . ct
Vg == Vo) = (Agfy ~4A 15N 2ty -2A et o 2wy +2A1) w1 -(wg +2A2)Wo ]} (139¢)
s 15 — 1,5, 7% 2. 7% [ 1t =% 7 =5 2 = * !
s_ 15 = ct
Vg =-ﬁV4( )=- —{A22f4 4A12n f4+2A26nf2 ___n [(w2+2A2)w1+(w1 +2A4)wol} (139¢)

Thus once the solution of W and F has converged at a specified load level, one can then evaluate the
above expressions for v. The only exception is vg , the evaluation of which requires the solution of the
following ordinary differential equation

<k I

L A _, 4 A
d t =x Aog = 26
—=Vo =~ —(A167‘*A2699'A66‘)*——('321_— Bg1)Wo ~—Wo
dx R * AL
22 22 (140a)
1t Az o 1Tt 7, ‘ r o ’
Zﬁ__n [(wq+2Aq)wq +(wp +2A2)w2]—§ﬁn[(w1 +A1)W2 +W1A2~(W2 +A2)W1 -W2A1]

22

Vos (x=0)=0 - to suppress rigid body motion (140b)
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Tuming now to the general elastic boundary conditions, in the limiting case as E; — 0 one can
regroup Egs. (78)-(82) as follows

(o] S [ I )
h1=agq(Wo+ Wy+ Wp o+ Wy + aowys - Hy= 0

S NS'—'O

1 s 1.s 1 s 1
hg=ayqUy+ agvy+ aggWy+ agwes - Ny,

1 s 1 s 1 s 1 s s _
ha= apquy+ 8gpVy '+ ggWy+ Ag Wiy = Nyy = 0

1 s 1 s 1 s 1 s S
h5=agyuy'+ agoVy + gaWy + agWyy - Hy'= 0
1 s S

1. s 1. s 1 s
NG= 341Uy + BgpV1 + BggWy+ AgqWey = My =0

2. s 2 s S
h7= 214Uz + a1V~ Ny,

(141)
2 s, 2 s '8
hg= 85Uy + agpVp = Nyy,= 0
3.s 3 s 3 s 3 s s
hg=ajqUz + agpVg+ aggWa+ AggWp g ~ Nyg=0

3 s 3 s 3 s 3 s S
h10= 85qUg™+ agoVg+ axaWy'+ A Wo 3 = Nyy,= 0
h a +a v+a3w +a3w H~0
117 8gqUg + 8goVg + AggWy + Az Wy 2
3 s 3 s 3 s 3 s s
h12= 84qUg+ agoVg+ azgWy + ag Wo - My,= 0
h13= a141u4$+ a142v43 N =0

4 s 4 s
4= 51Ug+ agpVy~ Nyy,= 0

Notice that upon replacing the shell variables involved u S, v S, wS ,wS and N N ,HS M by their
equivalent expressions in terms of the variables used in the amsotroplc shell anaIyS|s W, W and F

derived earlier, one obtains a set of highly nonlinear boundary conditions. In short these equations shall be
denoted as

h(x, Y(x) ; A, pe, T) = 0 (142)

An alternate set of nonlinear boundary conditions can be obtained by rewriting the general elastic
boundary conditions in the limiting case as E; — o given by Eqgs. (83)-(87) as foliows
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0,,S (o) S - S

0,,S8 (o} S - S
92= byyHq+ bop(My +Aq) - wy3=0

108, 1 S 1.8 1.5 s
93= Py4Nx* P1oNxy;* BigHy + bygMy - uy=0

1.8 1,8 1.5, 14,8 s
94= Dp1Nyy + BooNyy, + bogHy+ bygMy = v4'=

1,8 1 S 1,8 S s

108 1S 1.8 1.5 s
96= bg1Nxy * PyoNyy, + bagHy+ bggMy - wys =0

2.5 2.5 s
97= 11Ny * D1aNxy,~ Uz = 0

(143)
2,8 2.8 s
98= b21 Nx2+ b22NXy2" V2 =0

3S, 3, S 3,8, ,.3,,8 s
99= b1Nxg* B1oNyyg* bigHy + DMy, - ug'=0

3,S 3 s 3,,8 3,,S S
9107 bayNyg* DpoNyys+ bogHy + byyMy,- v3'= 0

35S Sy S 3,s,,.3,,58 s
911= b3yNxg* PapNyys+ bagHp + bagMy,- Wy= 0
3yS.k3 S 3.,5,,3,\,8 s
9127 BgqNxg* P4oNuyg* PagHp + DagMyy- Wo s = 0
4 'S 4 S ]
913= byyNyy* DyoNyy,~ ug= 0

4 .S 4 S S

Notice that upon replacing the shell variables involved u$, vS, w S, w,s; and NXS , Nxsy, HS, st by their
equivalent expressions in terms of the variables used in the anisotropic shell analysis W, W and F
derived earlier, one obtains indeed an alternate set of highly nonlinear boundary conditions. In short the
equations shall be denoted as

a(x, Y() ; A, Eey 7 =0 (144)

3. NUMERICAL ANALYSIS
All the known numerical techniques for the solution of nonlinear equations involve iterative
improvements of initial guesses of the solution. Working with different shell configurations[15'16] it was

found that it is more efficient to adjust the initial guesses of the solution at a limited number of “matching
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points” rather than trying to adjust the solution at all points along the interval simultaneously, as required
by the standard finite difference schemes. Thus, in the following, the problem will be cast into a form that

is suited for the so-called "Parallel Shooting Method"122] that will be used for obtaining numerical solutions.

3.1 The Governing Equations in Terms of the Vector Variable Y
Introducing now the 28-dimensional vector variable Y defined as follows

Y= 14 Yg- 1 Yi5= Yoo= ]

Yo= 1t Yo- 1 Yig= 1y Yaa-fy

Ya- f3 Yiosfy  Yyz=1y Yoa- ty

Y= 14 Yig=f,  Yyg=t, Yos= (145)
Y5=w, Yqo= w; Yi9= w; Yog= w:

Yo= Wy Yig=wy  Yaorwy,  Yppew,

Y7=wp Y14= wé Yoq1= w;_,’ Yog= w;,

where () =d/dx (), then the system of governing equations (Egs. (21)-(27)) and the general elastic

boundary conditions (Egs. (142) and (144)) can be reduced to the following nonlinear 2-point boundary
value problem

9 Y-f® YA Pe D frosxs L (146)
dx R

g(x =0, Y(0) ; A, Pg, T) = 0O atx =0 (147)
= L L - = - L

h = 2. Y (5);hPe ) =0 atx = — (148)

where the general nonlinear boundary conditions are specified by the 14-dimensional vectors g and h.
The solution of this nonlinear 2-point boundary value problem will then locate the limit poir:t of the
prebuckling state, whereby one of the 3 possible load parameters (A, Ee, 1) is chosen as the variable load
A. The remaining two load parameters are assigned fixed values. By definition, the value of the variable
load parameter A corresponding to the limit point will be the theoretical buckling load Ag.

As can be seen from Fig. 6, using load increments AA the solution fails to converge close to and
beyond the limit point. This situation is somewhat unsatisfactory, especially since without the appropriate
starting values the nonlinear iteration scheme'will fail to converge also at load levels less than the

theoretical buckling load. A closer look at the solution curve presented in Fig. 6 reveals, however, that one
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should be able to extend the response curve around the limit point by using increments of the appropriate
deformation parameter instead of increments in loading.

Using the concept of generalized load-displacement relationships defined initially by Budiansky[23], if
the variable load A is axial compression, that is A = A, then the appropriate generalized displacement is
the unit end-shortening defined as

2rR L
= ot f f (U~ GW,) dxdy (149)

Notice that the significance of € is, that the product A - ¢ represents the decrease in potential energy of
the applied load.

Substituting for u,, from Eq. (120b), for W,xx from Eq. (9) and carrying out the y-integration one
obtains after some regrouping

_ _ _ - —. A} Al
e fo zx= 1t =s = Mg g R A2
5= = = Ak + Afgbem AggT + o L (Byy- Byy — ) fwdx+c_f fwodx
ce A AL 0
22 22
¢t A2 o F -~
=T f { w(wq+ 2Aq) + Wo(wo+ 2A0) } dX (150)
A22 0
t L/R ’ ’ ’ 1 ’ ’ ’ ’ ’ 4
c —
+ 5T f { (Wg* AW+ = [ (Wy+ 2A )Wy + (Wy+ 2A5)w, ] } dX
0
where
1t
8cg= E ﬁ (151)

Notice that the terms involving the integrals represent the nonlinear part of the end-shortening. Once the
solution of the boundary value problem (146) has converged, it is advantageous to evaluate 5N by solving

the associated initial value problems, rather than using numerical integration schemes. Here one must
solve

d 7”
£l CsoWo+ C51Wo- Cs2 [ Wy(Wq+ 2A1) + wp(Wo+ 2A0) ]

dx ;o b4 Fo (152)
+ Cg3 { wo(wo+ 2A0) + 5 [ w1(w1+ 2A1) + w2(w2+ 2A2) 1}

§"0o) =0 (153a)

5n!2 (%) - 80 (153b)

where 8, is the prescribed "end-shortening".
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If, however, the variable load A is external pressure, thatis A = Be, then following Hutchinsonl241 the
appropriate generalized displacement is the average normal displacement defined as

] 2nR L
Wave® e of of W dxdy (154)

Substituting for W from Eq. (9) and carrying out the y-integration one obtains after some regrouping

W R L/R
ave _ 7+ N N ™
Wave= = Afoh + AggPe- Aggt + o - | wodk (19)
o}
where
t
Weg = 2 (156)

The term involving the integral represents the nonlinear part of the average normal displacement. Notice
that the significance of ‘TVave is, that the product pg - V_Vave represents the decrease in potential energy
of the applied load. When the solution of the boundary value problem (146) has converged, it is
advantageous to evaluate V—Vave by solving the associated initial value problems, rather than using
numerical integration schemes. Here one must solve

d—_ Wave= ? Wo (157)
dx

Waye(0) =0 (158a)
A X (o]

Waye(X) = -w (158b)

where Wegv)e is the prescribed "average normal displacement".

If, on the other hand, the variable load A is torsion, that is A = T, then the appropriate generalized
displacement is the apparent shearing strainl23] defined as

] 2nR L
Y=t of gv,x dxdy (159)

Substituting for v,y from Eq. (134) and carrying out the y-integration one obtains after some regrouping

Age  _ A
- t =+ Aog = - R A6
7 = vca = (- Ajgh - AggPe* Aggl) + 'E T By == - Bg,) f w dx = f wodx
Ago Ay ©
A* LR
+ % % 6 n2 f { wi(wqg+ 2Aq) + wo(wo+ 2A,) } dx (160)
- %
A22 o)
t L/R ’ ’ ’ ’
- % Ln [ wywar Ag) + Aqwa- [ wylwy+ Aq) + Aowq 1} d
(o] .




37

where

1t
== 161
Yoo s R’ (161)

The terms involving the integrals represent the nonlinear part of the apparent shearing strain. Notice that
the significance of 7 is, that the product T -y represents the decrease in potential energy of the applied
load. Once the solution of the boundary value problem (146) has converged, it is advantageous to

evaluate y by solving the associated initial value problems, rather then using numerical integration
schemes. Here one must solve

”

d -
? ne_ 0550Wo— Cs51Wo+ Csg0 [ Wwi(wq+ 2Aq) + wo(wo+ 2A2) ]
X

, , , , (162)

- Co53 { Wy(wa+ Ag) + Aywa- [ wy(wq+ Ag) + Aowq ]}
¥Y™0) =0 (163a)
¥ m(%) -7° (163b)

P

where 7© is the prescribed "apparent shearing strain®.

One of these initial value problems, expressed in terms of the unified vector variable Y, represents the
additional equation needed when solving the 2-point boundary value problem (Eq. (146)) using increments
of the appropriate deformation parameter instead of increments in applied Ioading[1 6].

3.2 Numerical Analysis using Load Increments

Due to the highly nonlinear nature of the problem anything but a numerical solution is out of question.
Trying to make use of the readily available coded subroutines for solving nonlinear initial value problems
lead to the decision to employ the "shooting method” to solve the nonlinear 2-point boundary value
problem represented by Eq. (146). Though, due to the numerical instabilities, it may become necessary to
employ “parallel shooting" over (say) 8 intervals to carry out the integration over shell lengths greater than
L/R = 1.0, for the purpose of describing the method let us consider just "parallel shooting" over 4 intervals.

Let us associate the following 4 initial value problems with the above 2-point boundary value problem

4 Ug=f(x, Us; A, Pg, 7) 0<X<Xq Forward Integration
o (164)
Us© =
9 Vo= i Vp i & e D X <X <X Backward Integration
= Yp~ ItV
X (165)

Vpa) = p




j_;. Up=1(x, Up ; & e, 7) Xp € X £ X3 Forward Integration

(166)
Up(xp) = p
% yt=j(§, Vii A Pe ) X3 X < .E_ Backward Integration

(167)

L
V(=) =t
Vilg) =t

Notice that the unknown boundary conditions are specified by the 28-dimensional vectors s,pandt.In
addition, at the shell edges (at x=0 and X=L/R) the unknown vectors s and t must satisfy the general
elastic boundary conditions, specified by the 14-dimensional vector equations g or h, derived earlier.
Under appropriate smoothness conditions on the nonlinear vector function #Y ; A, Pg, T) one is assured
of the existence of unique solutions of these initial value problems. As can be seen from Fig. 7 these
solutions must satisfy the following matching conditions

]
x|

U v S A P =VoX =Xq, P A Pay T
Ug( 1, 8 Per 7) = Vp( 1. P Pe 7) (168)
yp(_ = ;3! B ; }" Be’ ;) = yt(;(- = ;3!1 ; }"! Ber ‘_r')
Introducing the new 56-dimensional vector function ¢ these conditions can be written as
L,:'S(;:;"’__S_ 7‘! Bei?) _Yp(;‘:)_("]!B;A" Eel?)
9(S) = - - - - - - - — |=0 (169)
T Up(X =X3, p i A Pe T) - VX = X3, 15 1, Pg, 7)
where
S
S = P is an 84-dimensional vector (170)
t

Finally, by introducing the 84-dimensional vector function ¢ one can combine the given nonlinear

boundary vectors g and h and the above matching conditions into a single vector equation.

1
8
X,

o(S) =0 (171)




39

Thus the solution of the nonlinear 2-point boundary value problem (Egs. (146)-(148)) has been
transformed to the solution of the 4 associated initial value problems (Egs. (164)-(167)) and to the finding
of the roots S of the system of simultaneous equations defined by Eq. (171).

Using Newton’s method for finding the roots of 9(§) = 0 one has the following iteration scheme:
sV*1 = sV asY v=12,.. (172)

where A§V is the solution of the 84th order linear algebraic system

%
ES)

~

(SY) - asY = - ¢(8Y) (173)

To apply Newton’s method one must be able to find the Jacobian matrix J(§V)

994 a9
0 0
9914 9914
084 dSog
991 991 901 901
osy dspg  9pq op2g
0
9928 oppg  d¢og 9928
3 0s1 dsgg  op1 op2g
J=_=(sY) = (174)
a ~
~ 9929 dpog  dpog 9929
op1 dpog oty diog
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Notice that those components of this Jacobian, which involve derivatives of the components of the
specified boundary vectors g and h, can be calculated analytically. However, the components involving
derivatives of the matching conditions must be obtained by solving the appropriate variational equations. In
order to solve for these components let us introduce the following new 28-dimensional vectors

Wi gs Us for i=12,..28 . Z= gp Vp for i=2930,.,56
] j=i-28
(175)
Wi=2_ U, for i=29,30,.. 56 . 2i=2_ v, fori=5758,..84
~1" 3p; <P £i7 =i Vit
J j=i28 ’ j = i-56

These vectors are then found as the solutions of variational equations obtained by implicit differentiation of
the corresponding associated initial value problems. Thus the following variational equations must be
integrated forward

T wi=2 ®KUsihPe® -Wj 0s<X<X
dx ~ dUg ~ ~ ~
= (176)
Wi(0) = I; fori=1,2,..28
W= R UpihPed W TpsXsXg
dx Yp
(177)
Wikko) =1 for i = 29,30,...,56
j=i-28
and the following variational equations must be integrated backward
L 2= & Vpihbed -2 X1 <X <%
dx ~ o p~ ~ ~
~ (178)
Zi(xg) = 1; for i = 29,30,...,56
j=i-28
4 2i=2 & ViihPeT 2 Xgsxs Lt
dx ~ th -~ -~ ~ R
~ (179)
L .
Zi (_FT) =11 for i = 57,58,...,84

j=i-56
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Here li= {O,...,O,1,0,...0}T is the ith generalized unit vector in the n-space. Notice that the components of
the Jacobian matrix J/

ofy  ofy of4
oU4 aU2 dUsg
ofp
) d =
J=__f=2_f=| oU
U~ W~ 1 (180)
ofog ofag
L Uy oUsg

can be calculated analytically. For details see Appendix G.

Since the Jacobian J’ is a function of U (or V), the variational equations (176)-(177) depend step-by-
step on the results of the associated initial value problems (164) and (166), whereas the variational
equations (178)-(179) depend step-by-step on the results of the associated initial value problems (165)
and (167). Thus the variational equations depend on the initial guess §V. Hence it is advantageous to
integrate per interval the 28 variational equations simultaneously with the corresponding associated initial
value problem. This results for parallel shooting over 4 intervals in four 812-dimensional, 1st order,
nonlinear ordinary differential equations.

One of the greatest difficulties in "shooting” consists of obtaining a starting estimate of the initial data
which is sufficiently close to the exact initial data, so that the iteration scheme used to find a solution of the
nonlinear problem will converge. Fortunally, in the cases of imperfect cylindrical shells loaded by axial
compression, external pressure or torsion the nonlinear solution approaches the linearized solution
asymptotically as the variable load parameter A — 0. Thus for sufficiently low values of the variable load
parameter A one can use the linearized solutions as starting values for the nonlinear iteration scheme.
Solutions of the linearized problem are also obtained by the “shooting method". It is well known that for the
linearized 2-point boundary value problem Newton’s method yields the correct initial value S directly
without the need of rteratlons[22] The solution of the associated initial value problems and the variational
equations is done by the library subroutine DEQ from Caltech’s Willis Booth Computing Center. DEQ uses
the method of Runge-Kutta-Gill to compute starting values for an Adam-Moulton corrector-predictor
scheme. The program includes an option with variable interval size and uses automatic truncation error
control. For proper convergence (5 digits accuracy) at low variable load levels 2 iterations are sufficient;
however, at variable load levels close to the limit point 6-12 iterations may be needed to obtain the same
level of convergence. Thus, upon reaching a variable load level corresponding to point A in Fig. 6, instead
of further increments in the variable load AA increments in the nonlinear part of the appropriate

deformation parameter are used to continue the integration. As can be seen from Figure 6 this switch in

increments makes it possible to integrate around the limit point at B and get converged solutions on the
decreasing part of the solution curve.




42

3.3 Numerical Analysis using Increments of Deformation

Here one must find a solution for the nonlinear 2-point boundary value problem defined by Egs. (146)-
(148) under the restriction that the solution must satisfy also a constraint condition specified by either Eq.
(149) if the variable load is axial compression (A =), or by Eq. (154) if the variable load is external
pressure (A =pg), or by Eq. (159) if the variable load is torsion (A =7). Thus if one increases the

dimension of the unified vector variable Y by one (- Yog= A, fog= F,) then one must solve the following
nonlinear 2-point boundary value problem

992 ®Y:hPe D for 0sx< .k (181)

dx ~ ~ - ‘R

glx =0, Y(©); A, Pe, 7) =0 atx =0 (182)
=_L L - - =_ L

hXx=—=,Y (=) A pPe, 1) =0 at x = _ 183

hix = =0 Y (5) 4 P D - (183)

A=A, prescribed deformation (184)

Notice that the length of the capped vectors is incremented by one with respect to their uncapped
equivalents in Egs. (146)-(148). Thus the unified variable i\( and the nonlinear vector function f are 29-
dimensional, whereas the general nonlinear boundary conditions are specified by the 14-dimensional
vectors g and h.

Proceeding as before let us associate the following 4 initial value problems with the above 2-point
boundary value problem

a0 s =1&® 0g 12, Pes T) 0<X<X Forward integration (185)

dx =~ ~ -

0s0 =| =
0=\~

~8 0

d & A=A S — - - = . )

o yp =1(x yp i A Per 1) X{ £ X < Xo Backward integration (186)
- p

Vplxo) =| ~

d A A= 70 . - - . )

= Up =1(x Up ;A pe @) Xp £ X £ X3 Forward integration (187)
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— A

d & »a - -
—— Yt =i(x, Yt ; }\" pe, 1)

dx

x

ODI
IA
x|
1A

o

Backward integration (188)

As mentioned earlier, under appropriate smoothness conditions on the nonlinear vector function
A - -_ -

1 (, f ; A, Pe, 1) One is assured of the existence of unique solutions of the above initial value problems,
which besides the usual matching conditions

must also satisfy the following constraint condition
As(x1) - Ap(xy) + Ap(Xa) - AyXg) = Ag (190)

Introducing the new 57-dimensional vector function (’ﬁ these conditions can be written as

956(- =;(-1’ § ’ }\’l .F_)el :E) - Yp(i 5;1» E ’ k’ Bev ;)

@(g) = gp(; = X3, E H }\'1 Bel :E) - yt(; = ;3vl ; A’r Be: :E) =0 (191)
Ag(x1) - Ap(Xq) + Ap(Xa) - ArlXz) - Ag
where
~ s -
A p . . .
S ="~ is an 85-dimensional vector (192)
- t
e A -4

| (189)
Up(X =X3, P A Pe, T = VilX = X3, t 5 4, Pe, T)

Finally, by introducing the 85-dimensional vector function $ one can combine the given nonlinear boundary
vectors g and h and the above matchihg and constraint conditions into a single equation
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Thus the solution of the nonlinear 2-point boundary value problem (Eqs. (181)-(184)) has been
transformed to the solution of the 4 associated initial value problems (Egs. (185)-(188)) and to the finding
of the roots S of the system of simultaneous equations defined by Eq. (193).

Using Newton’s method for finding the roots of @(é) = 0 one has the following iteration scheme
§v+1. &V, A8Y (194)
where Aé" is the solution of the 85th order linear algebraic system

&) - A8V= - §(8Y) (195)

1-9->
l-e->

2
8

To apply Newton’s method one must be able to find the Jacobian matrix 3(?")

A A A A T
[ opq1  0fq o091 904
oSy 95, T 3Sgs oA
A A
ddp ddp  ddo
B® g5 I
A A A A s oo 2se ves
3 -2 § &Y - | (196)
aS .--A e --A see
ddg4 ddgs dbdgy
351 8384 oA
A A
ddg5 ddgs dbgs
954 9Sgs A

Looking at Eq. (193) it is obvious that there are components of this Jacobian which involve derivatives of
the specified boundary vectors g and Q, which can be calculated analytically. However, the components
involving derivatives of the matching and constraint conditions must be obtained by solving the appropriate
variational equations. In order to solve for these components let us introduce the following new 29-
dimensional vectors

AN a A . AN a A .

Wi= —— Ug for i=1,2,..,28 ;  Zj= =— Vp for i=29,30,..56

~ 0sj ~ ~ apj ~ o8

=1
(197)

Wi=2_ 0, for i=2930..5 zi=9 9 i

vy = = p | = goosy 6 y gl— = yt fOI’ | = 57,58,-..,84

ap, at,

j=i-28 j=1-56
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and
A 3 A A3 A
Wge= U Zp= — V
~ S oA =S =P oA ~P
, A s (198)
A A N
Wp= 35 Up Zt= 5x Vi

Notice that all capped vectors have been incremented with respect to the corresponding uncapped vectors
of Eq. (175) by one component, namely by Yog= A, such that

T
A T oA
W= y — 199

~ [ ~ asl ] ( )
These vectors are then found as the solutions of variational equations obtained by implicit differentiation of

the corresponding associated initial value problems. Thus the following variational equations must be
integrated forward

d W...0 -] Tz
— Wi — 1 » Per T) - Wi 0 <X < Xxq
dx Vs (200)
A A
W) =1; for i=1,2,..,28
%\?y, 9 T ®0piMPe® W Tsxsx
X Up (201)
ATy A .
Wilxa) =1 for i =29,30,...,56
=i-28
and the following variational equations must be integrated backward
id’=2i=an(‘,yp;x,Be,?)-gi X| $X <X
X WVp (202)
A A
Zi(xp) =1 for i =29,30,...,56
j=i-28
X aJ (203)
2#%) -1 for i =57,58,..,84

j=1i-56
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where 1\ i={0,..,0,1,0, .. O}T is the it generalized unit vector in the n-space.

In addition, the following inhomogeneous variational equations must be integrated forward

d A 9 AN~ Iy
EWwe=2_1x0g:, pe,T)WS+aa_1
dx aUg

A A

Ws(0) =14

d A ) A — A . —_ - A Jd A
_:Wp= Ao~ VY l,pe,‘t)\ivp"'sxi
dx aup

A —_
Wplx) =0

and the following inhomogeneous variational equations must be integrated backward

d 6 _3 = - 3 2
2y Tx 0y MPe 2y O 1
Ll e eV ipt =1
Yp
A
Zplxz) =0
L -2 P& 0inpe D2 LT
dx = 30, A
AL A
Zy=) =1
~t(R) TA
th

The generalized i

(204)

(205)

(206)

(207)

unit vectors I'\i in the 29-dimensional space are obtained from the corresponding ones

in the 28-dimensional space by adding a zero in the 29th row. The forcing function af/aA and the unit

vectors I 15 for the inhomogeneous vanatlonal equations are summarized in Appendix H. Notice that the

components of the Jacobian matrix ¥

ofy  ofy oaf4 of4
ofo
s
FeZel@linfom-) -
- ofog ofag  ofpg
afp ofp  dfp

(208)
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can be calculated analytically. For details see Appendix G.

Notice that since the Jacobian J'is a function of Q (or }?’), therefore the variational equations depend
step-by-step on the results of the associated initial value problems. Thus the variational equations depend
on the initial guess ;C_\;V. Hence the variational equations must be integrated together with the
corresponding associated initial value problems. For parallel shooting over 4 intervals this actually involves
the numerical integration of four 870-dimensional, 1st order, nonlinear ordinary differential equations. The
final values of these integrations are then used to assemble the vector function ¢(S") and the Jacobian
matrix — q) (SV) given by Egs. (193) and (196), respectively. For details please consult Appendix I.

a8

~

4. DISCUSSION

To test the accuracy and reliability of the collapse load calculations, initially using Khot's
unsymmetrically laid up glass-epoxy shell[26] close approximations of the bifurcation buckling loads for

various boundary conditions are computed. This is done by assuming a very small asymmetric
imperfection

W = tg sinmr Xcosn.Y. ; E =0.1-107 (209)

where m.n are integers denoting the number of axial half-waves and the number of full waves in the
circumferential direction, respectively. By choosing n such that it corresponds to the critical buckling mode
of the perfect shell, the limit point of the prebuckling state for a vanishingly small initial asymmetric
imperfection (-&-2= 0.1 -10'5) approximates closely the bifurcation point of the perfect shell calculated by
ANILISA[29],

As can be seen from the results listed in Table 1 in all cases but one (the SS-2 boundary conditions)
the limit loads calculated by the present program COLLAPSE are, as expected, slightly lower than the
bifurcation buckling loads of the corresponding perfect shells calculated by ANILISA. The explanation for
the sole exception, the case of §S-2 boundary conditions, can be found by looking at the load vs
deformation plots displayed in Figs. 10-18.

it is known from Koiter's Imperfection Sensitivity Theorym that if the buckling load of a structure is
sensitive to small asymmetric imperfections, then buckling occurs at a limit point. The existence of a limit
point implies that for the corresponding perfect structure the initial slope of the postbuckling path at the
bifurcation point is negative (downward). As can be seen from Fig. 11b the load vs deformation (end
shortening) curve does not have a limit point. That is, after buckling the structure continues to develop
considerable postbuckling strength. Thus the loss of stability of the primary path does not result in
structural collapse. The same type of behavior is displayed in Fig. 11a, where the maximum value of the
asymmetric mode w1 may is plotted as a function of the axial load parameter pg=Ag/As. Notice that up to

close to the bifurcation point the asymmetric mode wq has vanishingly small amplitudes (of the order of
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10'7). After passing the bifurcation point the asymmetric mode w4 grows very fast, but as can be seen
distinctly, with increasing axial load level. The load vs deformation path has in this case a point of
inflection in place of a limit point. Collapse occurs here at a higher load level not shown in fig. 11.

To illustrate this point further the results of Koiter's Asymptotic Theory computed with ANILISA[29] are
shown in Table 2. Notice that for SS-2 boundary conditions both the second postbuckling coefficient b and
o c’ the initial slope of the postbuckling path are positive. This implies that the buckling load of the perfect
structure is not sensitive to small asymmetric imperfections, a prediction that is fully confirmed by the
present nonlinear analysis.

Further, as can be seen in Fig. 13, for the SS-4 boundary conditions the present nonlinear
computaional module COLLAPSE has encountered convergenée difficulties shortly after passing the limit
point. To ascertain that the solution curve has not turned back on itself, the results close to the limit point
have been replotted using a blown-up scale. As can be seen in Fig. 14, the limit point is very sharp but
indeed one has obtained two distinct solution branches.

The fact that in Fig. 15b the postbuckling path turns back on itself can be attributed to the fact that in
this case in the deep postbuckling region the response cannot be described accurately with a single
asymmetric mode with n full waves in the circumferential direction only, as is done in COLLAPSE. Due to
nonlinear coupling effects additional asymmetric modes with 2n circumferential full waves are triggered.
The suppression of these additional response modes is the cause of the turn-back phenomena.

The response mode shapes at the limit points calculated for the different boundary conditions are
displayed in Fig. 19. Recalling Eq. (9), for each boundary condition three curves are shown, namely the

- axisymmetric part Wy, + wp(x)
- asymmetric part w1(x)cosnd + wo(x)sinnd
w

- compound shape at 6=0 — = Wy + wg(x) + wy(x)cosno + wo(x)sinn@

Comparing the response modes at the limit points calculated with COLLAPSE with the corresponding
bifurcation buckling modes calculated with ANILISAI2®] shown in Fig. 20, one sees an excellent agreement
as far as the mode shapes go. The amplitudes differ, since the bifurcation buckling modes in Fig. 20 are
normalized to unity, whereas the corresponding collapse modes in Fig. 19 are not.

Finally some remarks about the normalization and re-normalization used are necessary. All external
load parameters, A for axial load (= (cR/EtQ)N o) pe for external lateral pressure (= (ch/Etz)p) andt
for torsion (= (cFl/Etz) ny) are normalized according to the conventions introduced by the Harvard School
under Budiansky and Hutchinsonl2+23 24], Notice that with this notation the critical buckling load of an
axially compressed isotropic shell using membrane prebuckling (the so-called clasical buckling load) is
Ac=1.0.

In order to be able to make direct comparisons with the many published results and to assess the
possible imperfection sensitivity of the buckling load of the perfect shell for both, the load scale and the
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deformation scale a second normalization has been introduced. For a particular boundary condition the

total end-shortening given by Eqg. (150) is normalized by the value of the linear part of the end-shortening
fim_7% * A¥= _RF-—

evaluated at the limit point. The re-normalized axial load pg is obtained by using the value of the

nondimensional perfect shell buckling load 7&2' using nonlinear prebuckling and calculated by ANILISA2]
as a normalization factor.

5. CONCLUSIONS

In order to explore the capabilities of COLLAPSE, a program which can solve the nonlinear Donnell
type imperfect anisotropic shell equations under combined axial load, internal or external prressure and
torsion, a series of test cases are investigated. Notice that besides the standard simply supported and
clamped boundary conditions listed in Tables 1 and 2, also elastically supported edge conditions

represented by elastic rings of various shapes are considered. Specifically the following topics are

- examined:

1. Imperfection Sensitivity Predictions for various boundary conditions
- asymptotic vs nonlinear solutions
2. Effect of elastic boundary conditions
- symmetric cases
- eccentric cases
3. Interaction curves for axial compression and torsion
- modal imperfections

- affine imperfections

The results and their interpretaion for the stringer stiffened shell As-2[10] and for Khot's glass-epoxy
(-40°,40°,0° shelll?8] are presented in Part Il of this report.
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APPENDIX A: The Laminate Constitutive Equations including Smeared Stiffeners

In deriving the constitutive equations for the shell wall made out of filamentary laminae, both
unidirectional or woven, it is assumed that the laminae are homogeneous orthotropic layers in a plane
stress state. The constitutive equations of the individual lamina in turn are used to derive the stress-strain
relations for the laminate.

Normally, as can be seen from Fig. 8, the lamina principal axes (1,2) do not coincide with the
reference axes of the shell wall. When this occurs, the constitutive relations for each individual lamina
must be transformed to the shell wall reference axes in order to determine the shell wall constitutive
relations. |

Following Ashton et all25] one obtains the stress-strain relationship for the kth-lamina in terms of the

midsurface strain- and curvature tensors of the shell wall as

[o]k= [Qlk [¢] + IQl [x] (A1)
where
Q11 Q12 Qe
[5]k= 512 522 626 (A.2)

Q16 Q26 Qg6 |,
and
T
[olk= [ox Oy txy]k
= T (A.3)
[e] = [ex gy ny]

[ =[x %y xyl'
with
611= Q11C4+ 2(Qqo+ 2Q66)0282+ 02284
Qq2= (Q11+ Qp- 4Qgglc®s?+ Qqa(cts+ s%)
622= Q11S4+ 2(Qqp+ 2066)0232+ 02204
B (A.4)
Qg™ (Q11+ Qo 2Qq2- 2Qgg)c?s %+ Qgglc+ s4)
Q16= (Q11- Qq2- 2Qgg)c s+ (Q2- Qqp+ 2Qgg)cs®

Qpe= (Qq1- Qqa- 2Qgg)cs 3+ (Qqp- Qoo+ 2Qgg)cs
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and

E E
11=J_ ; 022=.__2_‘3__ ; €=cosBK ; s =sin6Kg
1-vi2v21 1-vi2va1

(A.5)

Quoe Qoq= 21E11 _ V12E22 . Qees G
1272 T var Tviova e Tz

Notice that the factor (1/2) which appears in front of the shearing strain Txy in the strain tensor has been
incorporated into the Q matrix.

The laminate constitutive equations are obtained by integrating the constitutive equations for the laminae,
(Eq. A.1), over the thickness t of the laminate (see Fig. 8) yielding

[N] = [A] [¢] + [B] [x]

(A.8)
[M] = [B] [e] + [D] [x]
where
N .1
Ajj= X (Qjj (hi- hg-1) D A = Aj
J el } I"E Y
N
- 1 q. 2_ 2 . Bi= 2C g..
Bij= g 7 Qipk (- hy_y) i Bj= = Bjj (A7)
k=1 Et
N 2
o 1 Q. 3_.3 . D:= 47 p. i =
Djj= §=j 3 @Qipk (b= he_4) ; Djj= o0 Djj forij =1,2,6
and
E = reference modulus
v = reference Poisson’s ratio
N
t = laminate thickness = Y~ (hy- hi_1)
k=1
¢ = {3(1-v9)
Inverting the first constitutive equation one gets
[e] = [A™] [N] + [B*] [x] (A.8)

where
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A=A BY--1A7 [B]

Substituting the above equation into the second constitutive equation (A.6) yields
[M] = [C*]N] +[D*] [x]

where
1 =B A7 =-B% ; %= -6 A" B

Finally

AX. * . pX_ T T 23y 0 *
Aij— Et Aij ; Bij—(2c/t) Bij ; Dij_(4c /Et )Dij

(A.9)

(A.10)

(A.11)

(A.12)

The layered composite cylindrical shell body can further be reinforced by using closely spaced rings placed

parallel to the y-axis and closely spaced stringers placed parallel to the x-axis (see also Fig. 9). Let

Ag A, = Cross-sectional area of stringer and ring, respectively

dg d, = Distance between stringers and rings, respectively

Es E; = Young's modulus of stringer and ring, respectively

s € = Distance between centroid of stiffener cross-section and middle surface of the shell
(positive inward)

G, G, = Shear modulus of stringer and ring, respectively

I 1, = Moment of inertia of stiffener cross-section about the middle surface of the sheli

lts’ ltr = Torsion constant of stiffener cross-section

t = Thickness of shell

Vs, Vr = Poisson’s ratio of stringer and ring, respectively

then one obtains the following additional "smeared" stiffener terms that must be added to the previously

derived shell wall stiffness coefficients for layered composite shells

E-A
s sfs
A11’A11+

S

E/A
s rAr
A= Apo+

EgAs
s
EAr

s
By11=Byy*es

S
Boo=Byy+ e
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Dq1=Dy + dss
Dop= Dzs2+ Edr‘r
De6= Dag* — (Gslts L Sty
4 dg dr
where
Es E,
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APPENDIX B: The Periodicity Condition

If the solution is to satisfy periodicity in the circumferential direction then the following expression

must hold
2nR
Viydy = 0 (B.1)
0
where from Eq. (128)
= A F vt ALF eFoxy~ BosWis~ BaoWon- 2Ba-Woavs W - 1w, + 2W
Y™ M20yy* Aoal o AggFiy = BagWoxx BopWoyy~ 2BagWixy+ = = = Wiy(W,y+ 2W,y)
Substituting for \7V, W and F from Egs. (8)-(10) and regrouping yields
vt A AR oA Wy +WysASf -1 tE?
Y R0 R ~(Agoh+AgaPe -Agg) +C(Wy +Wp +Wy) +A 0t >R 21"" ,voWg
-%ﬁ N2[(wy+2A1) W +(w2+2A2)w2]} (B.2)
LR{ (x)cosno +V2(x) cos2n6 +V3(x)sm n@ +V4(x)sin 2ne}
where the functions V{(x),...,V4(x) are given by Eqgs. (130a) - (130d).
Substituting this expression into Eq. (B.1) and carrying out the y-integration one obtains
Wi+And) +Anf -1 LB
HEWprAggT) +Agoly -5 21Wo *OWo 63

—%%n 2[(W1 +2A1)Wq +(Wp +2A5) Wz]}(ZnR) =0

Recalling that from Eq. (20)

Ao - li321w rowg - Ln2[(wy +2Aq)wy +(wp +2Ag) w2l =G +C (20)
Substituting this expression into Eg. (B.3) yields after some simplification
{(cWy -A{51) +(Wp ~AjPe) +(CWy +AscT) +C4x +Cp} = (B.4)
Notice that if one lets
(B.5a)

17 *
Wy=—A




and

then the periodicity condition specified by Eq. (B.1) is identically satisfied.

(B.5b)

(B.5¢)

(B.6)
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APPENDIX C: The Coefficients Used in the Governing Equations

gt 4

n2 =s = R Boq 2 Rn?
Cq= (D11 xxyy+821 Bxxyy) +2C ._A_1 Cy7=c TZ«]—
- %
4 e * = % R 2A22
Co= _(D11A11+821B12) Cqy8= 2c— A1
2 _*
1tnez _* R 22
Ca= SRAT (D11 XXyy B21 xxyy)+—D11 Cig= 40—
0_2052*1 Coo= 21— (As,D. . +BS B Y20 H.__821
4 A—1 20 —AT 227xxyy " U217 xxyy T Aq
ce- 1t Gr5* 5r5 c (A D +BLBY)
5= Ch-l 1( 11P127Po4 22) 21'_ 22-22 21 12
g 3
D - 2 A
_ct_2"11 Rne —=x R< M22
Ce= Eﬁn x5 Coo= 2'———(A228xxyy 821Axxyy) 12
=~k T % A*
B,,B A
Cy=c t n2 2121 Cog= 4CE_2:.2.
XA Aq
2271
2 2 Bay R "4 A
— % gt 3
2 B B
C9= ..c_ ! n4 21 C25— anﬁ
2 ASA 1
22°1
- % - *
B B
Cqo= cnz.ﬂ. Cog= 2cn2 21
Aq 1
Al 2
Cqq= 4n2 _*H Co7= 40229_
Aga
ol 3
A 4
Cqo= 1604 1*1 Cog= CZ_HA_
A 1
22
> A,
t n R 2722
Cqa= S 1 Cog=2c_n“<._ 22
18~ 75 =3 29 A




- %
—y —, A

_ttax =x A oq g
C50= 5 B117Boy =+ 59
Ao

— %
A
Cs1= CE 12
Lz*
22

-k Tk

I PR
C201- A—1(2D11A26_BZ1Bxxxy)

* —

8 —y -5 =—
__n * =k _ *
C202= E(2D11A16 821Bxyyy)

- % * Tk

_1tn o
€203~ 37 27 P11y B21Proagy)

Ay
C205= 4n—
Aop
I
A
Copp= —16n3____1*6
Ado
Cog7= - 23 N ALBY .oB) A}
2077 = 2 1~ PooBroxy *2B21A2¢)
— %
_, A
_1tg* Pog S
Css50= 'é't(ng = _861)
Az
— %
A
26
Cs51= C——

59

n3 =k T %

Ok Tk
xyyy*2B21A16)

_ N FHrox —-% = %
C209= v (A22Dyxxy*B21Byxyy)

pag

3 -y - -
_n * = % *
C210- A—1(A22nyyy+821 Bryyy!

= %
B

021 1= 20[12.._._21
A

g 3
B

21

C =4cn——_
212 Aq

Z*

R _2"22
Coqa=4c_n=_ =5
213 i A

K*

R 22
Coqg= 8Cc—n..=Z
214 Y

bl 3

c t A6 02

iT=
Ao

Cs52=

n

t
T

Ceen= £
553~ =




where
— % T Xk Tk Tk
A1= D11A20+B54By;

* = % - *
Byxxy= 2B26Bg1

- % - %k g 3 - %
Byxyy™ B11+B2p-2Bgg

haglt 3 g
Byyyy™ 2B167Bg2

and
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- % - % - %
Axxyy™ 2A12*Ag6

* - % = x - %
Dyxxy= 2(D1g*Dg1) = 4Dy4g

_- % - % - % - * g 3 bunllt 3
Dyxyy™ D12+D21+4Dgg= 2(D15+2Dgp)

*
Dyyy™

*

— % =% -
2(D26+D62) =4Dyq
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APPENDIX D: Derivation of the Reduced Boundary Conditions

It is necessary to express the different boundary conditions in terms of the shell variables
\TV, W and F. Considering successively

1. Boundary condition: u = u,

From the strain-displacement relations

U,y= ny_ V,x— W!XW:y' \TV,XW,y— W;XW;y (D1)
W 1,2 =
V,y— £y+ -—R- - E W,y_ W,yW,y (D.2)

Differentiating the first equation with respect to y and the second with respect to x and then eliminating the
term Vixy between the resulting expressions yields

1 - -
U,yy= ’ny’y- Ey’x- T:‘— W,X_ W,XW,yy_ W,Xw,yy_ W,XW,yy (D.3)
Using the semi-inverted constitutive equations
* * * * * *
Txy= A1gFryy* AogFixx- AggFixy~ Bg1Wixx~ BgaWiyy= 2BggWoxy (D-4)
= A F y AseFoxy— BogW oWy - 2B W D.5
ey= A1aFyy* AgaFxx~ AggFixy= BaiWixx~ BoaWiyy~ 2BggWaxy (0:5)
Recalling further the fact that if a function ¢(x,y) in an orthogonal reference frame satisfies the condition
o(xy) =C at x =xq (D.6)
where both C and x, are constants then
— o(xy) =0 at x=x5 forr=12,.. (D.7)

hence since u = ug at x = 0,L, therefore Uyy= 0 at the shell edges. Thus specializing Eq. (D.3) to the
shell edges, one obtains upon substitution for Txy and gy and some regrouping

1 e = % -~ * - * e
£ L™ Aot 2AgFay~ Ao+ AgglFixyy AqgFiyyy )

t i ot Sl =k = % g
* 55 { BatWaoor (2B26 Bg1)Waxxy* (Bpp~ 2Bgg)Waxyy~ BgpWayyy ) (D.8)

1 _— -—
- -ﬁ W,X- (W,X+ W,X)W,yy" W,XW,yy= 0
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Substituting now for V_V, W and F from Egs. (8)-(10) and regrouping yields

L * 4 ’ t

N 1 t3 c
(Ao~ 5 7 BarWo r Wom 5 &

2 ’ ’ 4 ’
5 |’ o nwy(wy+ Aq) + WeA + Wo(Wa+ Ap) + WA, }

’

=% 7 =% —x ’ - % 7”o=x% ’ t ’
+{ Agoly = (Afp+ Adgn?t - 28050315+ Afeniae owy- ¢ n? [w,(wq+ Aq) + Wil

1t =% 7 =x =%, 2/ —% s 7 =% 3
"SR [821w1 = (Bys- 2BgeIn “w, + (2Bog- Bgq)nw,+ Bgon“wo] } cos n@
- 7 -— * - 2 7 — % ” — * 3

c t 7 7 7 ?
s nZlwy(wy+ Aq) + WyA;- WalWa+ Ag) - WpA,] } cos 2n0 (D.9)
- % 77 — - % 7 a— * ” —_ % V4 t 7 7
1 t =% 77 —x — % ’ —% — % 7 =% )
- & Bagwp - (Bpp- 2BggIn“wy- (2B Bgy)Wy - Bgonwy] } sin no

c t
2R

n2 [Wy(wa+ Ag) + WiAs+ Wy(wy+ Ag) + WoA,] } sin 2n8 =0

This expression must hold for all values of 6 = y/R, which implies that the expressions in the curly
brackets must be equal to zero. This yields then 5 conditions that u = ug at x = 0,L/R implies. Notice that
the first of these equations does actually not represent a new (boundary) condition, since it can be
obtained from Eq. (20) by a single differentiation with respect to X = %/R.

2. Boundary condition: v = v,

From the strain-displacement relations and using the semi-inverted constitutive equations one gets

W 1 ~ D.10
v;y— €y+ ﬁ - E W,y(W,y"‘ 2W,y) ( )

A * * o n* _R* _ * W ~ 1 A
= APy AgaFxx= AggFixy~ Bag W BogWiyy~ 2BpgWaxy + = = = Way(W,y+ 2W,y)

Specializing to the shell edges at x = 0,L/R implies Viy= 0.
Hence upon substituting for V_V, W and F from Egs. (8)-(10) one obtains after some regrouping
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- —_ — -~k -
{ €Wy~ Afph) + (CWp - AgoPe) + (Wy+ AggT)

-— ” 1 * ” t

t 5 c 2
+ A22f0- 3| BZ1WO+ CWo- I8 Newq(wq+ 2A1) + wo(wo+ 2A5)] }

~x .7 =% 2 - 7 1t =+ 7 =% 2 - ’
" {Agal™ A1on ™= Agghig® oWy~ 5 2 (BpyWy = Bpoh “wy+ 2Bygnwy) } cos nd 011)

—-x 7 =% =% . ¢t
+{ A22f2— 4A o0 2f2— 2A26nf4+ TE n2[w1(w1+ 2A1) - wo(wa+ 2A5)] } cos 2n@

- % ” - % — ’ t — % - - ’ X
*{ Aysfg- Agon 2f3+ Azgnfy+ cwp- " (B5qW5- Byon 2w2— 2B,gnw,) } sin n@

nf =

t

—_— 7 - % 2 -y ’ c

n2iwa(wy+ 2A1) + wq(Wo+ 2A5)] } sin 2n6 = 0

This expression must hold for all values of 0 = y/R, which implies that the expressions in the curly
brackets must be equal to zero. This yields then 5 conditions that v = Vo at x = 0,L/R implies. Notice that
the first of these equations does actually not represent a new (boundary) condition, since the underscored
part is just Eq. (20). Thus it vanishes identically. The remaining terms are also identically equal to zero if
one introduces for W,,, Wpe’ and W their values given by Egs. (B.5).

3. Boundary condition: W = 0
Substituting for W from Eq. (9) yields

Wy + Wpe+ Wi+ wo+ wycos nb + wosin n@ = 0 (D.12)

For this expression to be true for all values of 6 = y/R, the following boundary conditions must hold at
X = 0,L/R:

Wo= = (Wy+ Wp_+ W) (D.13a)

Wi=wo=0 (D.13b)

4. Boundary condition: W,,= 0
Substituting for W,y from Eq. (9) yields

’ ’ 4

W+ W COS NO + W,ysin e = 0 (D.14)

For this expression to be true for all values of 8 = y/R, the following conditions must hold at X = 0,L/R
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W= Wy= Wy=0 (D.15)

5. Boundary condition Ny= - N
Substituting for F from Eq. (10) one obtains

Ny= F,yy= Et? (-2~ n2f4cos no - 4n2f cos 2n8 - nf sin n@ - 4n2f4sin 2n0) = - N (D.16)
X~ TyyT =/ 1 2 3 4 o .

For this expression to be true for all values of 0 = y/R, the following boundary conditions must hold at
X = O,LIR

}4 = - NO —— (D.17)
Et2

fi=1fo=13=14=0 (D.18)

Notice that there are only 4 new boundary conditions, since the condition given by Eq. (D.17) is just the
definition of the nondimensional axial load parameter A.

6. Boundary condition: Nxy= So
Substituting for F from Eq. (10) one obtains

2 - ’ ’ ’ ’
ny-—- - F,Xy= - ETtR_ (-7 - nf1sin noe - 2nfzsin 2n6 + nfscos ne + 2nf4cos 2n6) = S, (D.19)

For this expression to be true for all values of 6 = y/R, the following boundary conditions must hold at

T=5,R (D.20)
Et2

Notice that there are, once again, only 4 new boundary conditions, since the condition given by Eq. (D.20)

is just the definition of the nondimensional torque parameter 7.
7. Boundary condition: H = 0
From the derivation of the nonlinear equilibrium equations using the stationary potential energy

criterion[30], by definition

H = Myx+ (Myxy* Myxy+ NyWox+ Wey) + Nyy(W,y+ Wiy) = 0 (D.22)
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Using the appropriate semi-inverted constitutive equations one obtains

* * * * * *
H = = By1Foxyy~ BagFooxt BgqFuoy DyqWooxx~ DipWaxyy= 2DgWoyy

-BX -gr * -p* -p* _ont D.23
* 2(= BygFiyyy~ BogFixxy* BegFoxyy~ D1gWxxy~ DogWoyyy 2DggW.xyy) (D-23)
+ F,yy(W,x+ W, - F,Xy(W,y+ W,y) =0

Substituting for V—V W and F from Egs. (8)-(10) and regrouping one obtains the following residual

i 1 t - 17 ’

— % * ’ ’ ’ ’ ’ 4 ?
eq={ - 321f0 TR Dﬁw0 ~ 20?»(w0+ Ao) - cn2[f1(w1+ A1) + f3(w2+ A2) + f1(w1+ Aq)+ f3(w2+ Ao)] }

1 t — % 177 —_ - % 2 /— - % ” - % 3 4 ’ —

777
*

- Byyty + (B~ 2Bggn?h;+ B,- 2B )ty + 2B.5n 33

- 2onZ{fy (o Ag) + 2wy + A7) + 2fglwys An) + oWy + Ag) + T,(wa+ Ag)] } cos no
+{ = Byyfy + 4B - 2By Ziy+ 2B - 2B gt + 168 gn %,

- onZiBla(w_+ Aj) + fy(wy Aq)- g+ Ag) - fyWq+ Aqg) + fy(wa+ A)] } cos 2n8

+{ - onZ[aty(w, + Aq) - 4a(wyt Ag) = 2fp(wy+ Aq) + 2, (Wa+ Ag)] } cos 3n0
. (D.24)

*

- % —_ -— * z — * ” -— ’ ’ -
1 LD w,+ (Dya+ 4DggIn 2wy + 4D f5nw, - 2D56n3wq] - 2cMwy+ A,) - 2crT(wy + Aq)

t
gy

I

- % = % =%, 9 —x = % 7o =% 3
- 20n2[fa(w o+ Ao) + 2ig(wy+ Ag) - 2Mp(Wp+ Ag) + f4(W1+ Aq) = Ty(wo+ Ag)] } sin no
—-% = * <%, o/ = % - % ” S* 3
~-cn 2[8f4(w0+ Ao) + f3(w1+ A1) + f1(w2+ A2) - f3(w1 + Aq) - f1 (wo+ Ao)] } sin 2n@
+{-cn 2[4f2(w1 + A1) - 4f4(w2+ A2) - 2f2(w1 + Aq) + 2f4(w2+ As)]}cos3n6

+{ - onZdfgw,+ Aq) + oWyt Ag) - 26,(wy+ Ayg) - 2fn(wa+ Ag)] } sin 3n6 = 0

Here the 6 = y/R dependence is eliminated by using the following 3 Galerkin integrals

2n

[ erde = 0 (D.25)
(o]
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2n

f EHCOS N6 d6 = 0 (D.26)

o)

2n

[ esin ne de - o (D.27)

0
Notice that these are the same Galerkin integrals that have been used earlier to eliminate the y-
dependence from the out-of-plane equilibrium equation (3). Substituting for ey and carrying out the
integrals involved one obtains the following boundary conditions at X = 0,L/R

177 1 rrr

gt 3
8210+E_ﬁ 11w +20k(w +A )

(D.28)
+ enZ[fy(wy+ Ag) + f3((Wo+ Ap) + Ty (wy+ Aq) + fgwa+ Ag)] = 0
— * 7 — * - * I —_— — * ” — * ’ ra —
Byify - (Byq- 2BggIn®i;- (Bgy- 2Bgnfs- 2B gn %3+ 20A(wy+ A,) - 2erE(wa+ Ag)
1 t - % " — % — % 2 ’ — % ” — % 3
* = o 11wy - Do+ 4DggIn®wy+ 4D fgnw,- 2D Jgn Swy] (D.29)

+ 2009ty (Wt Ag) + 2fp(wy+ Aq) + 2M4(wp+ Ag) + fo(wy+ Ag) + fy(wp+ Ag)] = 0

- % 4 * - % ’, — % —_— ” - ’ /’ —
+ 1 YD w - DX+ 4D )n2w 4D Jnwy + 2D Jn 3wy D.30
5 /o112 7 Py2* 4Dgg 161+ 2Dagn "W (D.30)
+ 20w+ Ag) + 2i4(Wo+ Ay) - 20p(Wy+ Ag) + W1+ Aq) = Ty(Wa+ Ag)] = 0

But now, differentiating Eq. (20) once with respect to X = x/R one obtains

fl”= 1 t B 1 77 c ’ t n2

073 T = W = Wo et —— Iwy(wy+ Aq) + w1A1+ w2(w2+ Ap) + w2A2] (D.31)
2R3 R 2R3
22 22 22

Thus upon substituting and regrouping the first condition, Eq. (D.28), becomes

*_-

— B 4 B ’
%T;"(D” .Z_J*ﬂ)wo—c_?;iw +20>»(w +A )
Azo Ao
¢ t Ba (0.:32)
‘T’ = n [w1(w1+ Aq) + w1A1+ w2(w2+ Ap) + w2A2]
22

+on?ty(wyr Ag) + faWo+ Ay) +fy(wy+ Ag) + fa(wo+ Ag)] =




67

8. Boundary condition: M,= - N4q

Using the appropriate semi-inverted constitutive equation one gets

Substituting for W and F from Egs. (9)-(10) and regrouping one obtains the following residual

_ - % Tk — Tk— —x "7 1 t
M= { = By42 - Byype+ BgyT+ By, o*-z--,:;

* ” 1 -

— % ” - 2 - ’
=*." =% 9 =% 7
+{ B21f2- 4B11n fo- 2861nf4 } cos 2ne (D.34)

”

—% 7 —x 2 g 4 ’ 1 t = * =* 2 gt ’ .

”

+ { -E-32*1f4— 451*1n2f4+ 2§g1nf2 } sin 2n6 =0

where § = 4c(Rt%)q and q is the load eccentricity.
Here the 8 = y/R dependence is eliminated by using the previously defined (see Egs. (D.25)-(D.27)) 3

Galerkin integrals. Substituting for €4 and carrying out the integrals involved yields the following boundary
conditions at X = 0,L/R

”

- ” .1 -— - % 1 — -

Boifo* 4 ﬁ Dyyw,- (Bl ] .R_ QA - Byype* Byy? = 0 (D.35)
— * 72— 2 ” 2

A ” 2

Substituting for fo from Eq. (20) and regrouping the first condition, Eq. (D.35), becomes

1t =s ByBy By Br.1t= mx- =
‘z"ﬁ(DH —A-*—-)W Cﬁwo-(811+§ﬁq)7» 21Pe* BgqT
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The 8 different edge conditions discussed previously can be combined to yield besides the 4 different

simply supported and the 4 different clamped boundary conditions, the free edge conditions and, if the

1L

initial imperfections are chosen accordingly the symmetry conditions at X = Chl

S§S-1 Boundary Condition

Nx— - No -
ny= SO -
W=0 -

MX= - Noq -

where
- %
B
- %
Dyy
gt
2D
Bo= 16 n ;
[—)*
11

S$S-2 Boundary Condition

U=UO -

fy=fp= f3= f4= 0 (D.39)
fy= fy= fg=1,= 0 | (D.40)
Wo= - (Wy+ Wp_+ Wy (D.412)
W1= Wo= 0 (D.41b)
w;= Cq17 + Coogt (D.42a)
w:= - B1f.;,— Bzwé (D.42b)
W= - Bify+ Bow, (D.42c)
Ca1- A1—1 { ? (Az0By1- AgaBay) + Agyl )

(D.43)

* ok Tk

1 2R 7*S+ —*=+* =
C2207 - = (PagBa1= AzoBgy)  and Ag= AypDyy+ By

7 ” 4

f1 = B5f3- Bgfz- B7W1+ BSW1 + 259A1W0 (D.44a)

» ”

f2 = ZB1of4— 8B414fg+ Bg(A1W1 - A2W2) (D.44b)

r ”

’

o (D.44c)

nm

f4 = - 2B4 of2+ 8B1qfo+ BQ(A2W1+ A1W2) (D.44d)
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’ ’ I4 4

| W=0 - Wo= - (W, + Wpe+ Wy) (D.46a)
|
| Wi= Wp=0 (D.46b)
| My= - Noq - w,= C494 + Cogot (D.47a)
{
f Wy= - B1f1 + Bafq- B4W2 (D.47b)
i
where
— % - %
Bac 2R B11 2 .. 1t B2t
37 5.* 83 R 2t
11 22
- %
2D 2
16 ctn
Byg-= — n=8 BQ’—Z'ﬁ_*
Dy Ao
= %
B,, _ A
21
Bs= — [ 2A05- —=L (2Byg- Bgy) | B1p= 2n _2*6 (D.48)
Azz Dy Aop
3 B Al
n e 1 5 16
Be= = (2B)5- Bgy) ] By1=n® 2
Az Dy Ao
2D D.
1 1t 16 2 Y12
Anp Dy Dyy

$§S-3 Boundary Condition

Ny= - Ng N fy= fo= fg=f4= 0 (D.49)

”

v=0 e f1 = B15f3+ B16W2 (D.50a)

”

f2= 2B+ 7f4 (D.50b)




where
B1s= A—n1 (A26D11+ B,1Bgy) B1g=2 ? —AnT (A22Be1~ AsgBay)
B1g= T:T A—n1 (By6D1- By1Dgq) B1g=2 Kn; (A35D 16+ ByyBag)
Bi7=n 52;9 Ay= AgoDyy+ ByyBy,
Aza
S$S-4 Boundary Condition
u=u, ~ ;= Bogf;~ Boofg+ Bgw, + Bagw, + 2BgAqw,,
f, = 4B31fy~ BBgsls+ BoAqw, - BoAow,
fy = Bagly+ Bagly+ Bgw, + Bagwy+ 2BgAnw,
f‘:’= 4B31f‘;+ 8B3ofo+ BgA2W1’ + BgA1wé
V = Vg - f:= Bogfq + B15fé+ B16Wé
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f3= - B15f1- B16W1

”

Wo= - (Wy+ Wpe+ Wy)

W{= Wp= 0

7”

Wo= C4q + Copgt

” ’

wy= By 8f3' B4 9Wo

” 7

f2= 4Boyfo+ 2B4 7f4

(D.50c)

(D.50d)

(D.51a)

(D.51b)

(D.52a)

(D.52b)

(D.52¢)

(D-53)

(D.54a)

(D.54b)

(D.54c)

(D.54d)

(D.55a)

(D.55b)
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;’ f3= Bopfs- By 5f1 - B16W1 ' (D.55¢)
1
| f4= 4B24fs- 2517f2 (D.55d)
\
|
| W=0 - Wo= - (Wy+ Wpe+ Wy) (D.564a)
| wi=wo=0 (D.56b)
! My= - Noq - Wo= Caqh + C220.‘E A (D.57a)
wy= Bogfq+ B18f3— B4 gWo (D.57b)
Wo= Bosfa- B18f1+ B4 oW4 (D.57¢)
where
Bog= o (A2 + BB
207 7 (A12P11* By4Byq)
_ R n 7=
= %
A
Bz4= n2 _1_2_
R*
22
2 . .-
_ R n * Tk * ok
B25= 2 1 (AgeBy1~ ArzByy)
houl 3 - %k g 3
2 ., _, 2AN _._. _._ (@Baa-Bay) — 4 — -
_n * * 26 * * * * 26 61 * * * *
B28= —- { A1g* Agg —— (AeD11* BpyBgy) + a— (A2eB21~ AoaBe1) )
A22 -
it 3 - %k - %
3 _, 2AS _._. _._ @Bon-Bay) — ) —y —
_n * 26 * Tk * Tk 26 61 * Tk * = K
‘ B20= — { A1~ —— Aq2D11* ByyBay) - —————— (AyBy1- A8y } (D-58)
Ago 1 1
= % - % gt 3
-, — 2AS e ot o @By~ By) —y et .
_ 1 t 2 1 * * 20 * * * * 20 o1 * * * *
Bag= = {gno1-5 (Byp-2Bgg) + & B21P167 Bagl1y) —;— 22167 B21Bag) 1 - © )
22
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-_— =

2A

*
2 26726

_n — %  — %
B3q= A12+ A66—

- *

- %
Az Asp

).

ok Tk
3 _, 2A5A ey —k =
n * 12726 * T * =k
— A7 ——) A1 AxDqq+ ByyByy
Aza A2z

B3a=

C-1 Boundary Condition

Ny= - Ng = f1=to= fg=f4= 0 (D.59)
Nxy= So A (D.60)
W=0 N Wo= - (Wy+ Wp_+ Wy ' (D.61a)

Wq= Wp=0 (D.61b)
Wx=0 - w;= w; = wé= 0 (D.62)

4 r” ¥4 ”

u=uqg - fy = B1of3- B11f3+ Bgwy + Bygw, (D.63a)
f, = 2B10f4- 8B11f4 (D.63b)
fg = - Bigf; + Byyfy+ Bghy - Bygwy (D.63c)
f, = - 2Bygty+ 8B4 (D.63d)
Nxy= So A (D.64)
W=0 - Wo= - (Wy+ Wpe+ Wy) (D.65a)

wq=wo=0 (D.65b)
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W,y=0 - Wo= Wy= Wy= 0 (D.66)

C-3 Boundary Condition

Ny= - N S N (D.67)
V =Vq - f;,= B17f;3+ ng: (D.68a)
f,= 2471, (D.68b)
fg= - Byt + Bgwy (D.68c)
fy= - 2By7t, (D.68d)
W=0 - Wg= - (Wv‘; Wpe+ Wy (D.69a)
Wq= Wo= 0 (D.69b)
W,x=0 - w;= w;= wé= 0 (D.70)

C-4 Boundary Condition

rn ’ ”" ”

U =ug - fy = Baqfy - Bgofz+ Bgw, + Bygw, (D.71a)
f, = 4Bg1ty- 8Bapls (D.71b)
fy = Bayfy+ Bagfy+ Bgw, - Byaw, (D.71c)
f, = 4Bayf,+ 8Bgalp (D.71d)

v =g = fy= Bygfy+ By7igs Bgw, (D.72a)
fo= 4Bpafp+ 28471, (D.72b)

”

f3= Boyfz- B17f1 + BBW2 (D.72c¢)
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f4= 4Boals- 2Bty (D.72d)
W=0 S Wom - (Wyr Wp_+ Wy (D.73a)
W1i=wo= 0 (D.73b)
W,x= 0 - w;= w;= wé= 0 (D.74)
Symmetry Condition at X = % _lI:-T
u=0 = fy= Bagly* Bayia+ BagWy+ (Bag+ BaydWo+ BayAsT (D.752)
f, = 2B10f,- 881114 (D.75b)
fy= - Bagf; - Baafs - BasWy - (B3g+ Ba7dwi - BarAsT (D.75c)
fy = - 2B1gfy+ 8B11fa (D.75d)
Nyy= 0 A T (D.76)
H=0 - w;”= 0 (D.77a)
Wy = - Bagl+ Baofa- BagWy+ (B41+ Bpgiwp+ BpgAst (D.77b)
Wy = Bagl - Bagh+ B4ow, - (B41+ Bogdwy - BagA (D.77¢)
W= 0 > W= W= W= 0 (D.78)
where
Bag= A—n1 [ 2A56D11- Byy(2Bg- Byy) ] At= ApsD11+ ByyByy

3 ey — -
n * = % * = *
B34= 3 (2B21B16™ A1eP1y)
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_ 1 t n - % -k — %k T %

Bas= 5 & 7 [ B2 Bg1)Dy4- 4By¢Dyg ]
g
3 _,_, _,_ B

1t nd Zaox k= ) 21

Ba3g= TR _; (862011+ 2821D26) B37= 2cn ._5.1_
E *

_ n = % = % -

Bag=2 — — { 2Byg - By(2Bys~ Bgy) 1)
Dy (D.79)
- %
3 By, _ _
R n — % Tk  — % —x
Bag=2 + —1 2B - - L (2813815~ Agdyy) ]
Dy ! |
E
B4o= By1Dyg 11
D11
8 =y Boy —y-
21 = =
Ba1= = [ 206~ 1~ (BpeDyq* 2B,1Dpq) ]
Dy
Free Edge Condition

Ny= - Ng - fq=1fo=1f3=14=0 (D.80)
ny'-' So b d f1= f2= f3= f4= O (D-81)

7

H=0-—> Wy = (Bgo- B437»)Wo— B43A07\.- Bgag [ W1(W1 + Aq)+ W1A1+ W2(W2+ Ao) + W2A2 ] (D.82a)

Wy = - Byfy + Bysly+ (Bag- Bazhwy- Ba7A A + (Bag+ Bagwp+ Baghst (D.82b)

Wy = ~ Bify - Bysf;+ (Bag- BazhWa- BazAh - (Bag+ Bagiwy - BooA(T (D.82c)
My=-Ngoq —

w;= B4oWo+ Bsgh + BgiPe- Bsat - Bsg [ Wi(wq+ 2A1) wa(wo+ 2A5) ] (D.83a)

w:= Biowq- Bzwé— B1f;’ (D.83b)

” ’ ”
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where
R E2*1 R n
Bgo=2c — Bag= 4c — ‘
: t Ay tB*
11
Z*

R 1 R 722 , g 1t =
Bg3=4c — . Bspg=2 — 22 (B —_—
43 i 50 A1(11+2Rq)

— % - %

B A -

2 21 R 722 = *

Bgg=cnc _Z_ Bsq=2 _._ 22 B D.84
44 Aq 517 1 37 2 (D.84)
Tk Tk - %
- - 4B,.,D A -
_, R n * * 21716 _, R 22 g+
11 11
- % = % = %
- - 8D, .D B
* 16-16 c_2 ~21
Bgg= ——— ( D+ 4Dn- Bgna= - n< _=_
46 (Dyp 66 — ) 537 3 Y
11 11
B47=4C.E. 1
t 6*
11

=~k ok

3 - 2D, D
2n * 12~16

Bsg= = (Dog- —_— )
Dy Dy4

1L
2R
It has been shown in Ref. [26] that if a layered composite shell is layed-up in such a fashion that in

Symmetry or Anti-symmetry condition at X =

the stiffness matrix the coupling terms between the bending and shear strain of the middle surface are not
zero, then the buckling and the postbuckling modes are skewed with respect to the shell axis. To
represent this skewed pattern it is necessary to include in the circumferential Fourier representation both
cosnd and sinnd terms (see also Egs. (8) - (10)). It has been shown by Booton [27] that if the axial
dependence of the cosn@ terms is symmetric with respect to the mid-section (at x = L/2) of the shell, then
the sinn® terms are anti-symmetric with respect to the same location or vice-versa. This implies that, if
one uses the appropriate initial imperfection shapes (say, Ao and Aq are symmetric and A, is anti-
symmetric with respect to x = L/2) then one can work also for the general collapse analysis with half of the
shell length only by enforcing appropriate symmetry and/or anti-symmetry conditions at x = L/2 ( or
X = (1/2)/R).

In order to derive these conditions one must recall that symmetry at x = L/2 implies that
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u-= ny= H =W,X= 0

whereas anti-symmetry at x = L/2 requires that
Nx= "No, VvV = W = 0, Mx"’ _Noq
at the shell mid-section.

Thus if Ay and A4 are symmetric at x = L/2 then, considering Egs. (8) - (10) and Egs. (34) - (44),
one obtains

whereas the fact that Ao is anti-symmetric at x = L/2 implies
Nx3= Nx4= 0
vg=vy=0
wo= 0

Mx2= 0

Next one must express these conditions in terms of the shell variables \TV, W and F.

First boundary condition

177

= Aot ~ (Ais AL N2t - 28 nfo+ Al nSta+ ow, D.85a
uy=0 - Aoty = (Agp+ AggIn ™ty - 2A5anfa+ Al fa+ cw, ( )

- % n — - % 4 — * - * ” —-—
- 1 LB, - (Byy- 2Bggnwy+ (2Bgg- Bgq)NW,+ Bgonwy ]

—c%nz[wo(w1+A1) +wiA, 1=0
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- % v — % - % ’ — % ” — %
Up=0 o Agyfy - (A{y+ Adg)an2h,- 4A e+ 8A5n 3ty (D.85b)
¢t n2 [ wiw+A A - Wo(Wos A A, =0
——t_—ﬁn [ wy(wg+ Aq) + wy 1~ Wo(Wa+ Ap) - wo 5] =
Nys=0 - f3=0 (D.85c)
Nx4= 0 - f4=0 (D.85d)
Second boundary condition

— ”

* - % - % ’
(ByqWy- Byon2wa- 2Bysnw,) =0 (D.87a)

- % 7 * 9 -% ' 1

t
2R

t

— * ” — * — * ’
V=0 - Agf,- 4ATn%H 2A 0 nty+ % n2 [wo(wq+ 2A1) + wy(Wp+ 2A0)] =0 (D.87b)

R
Third boundary condition
Hi=0 o> 1 t A  BEB W - BEw + 2CA  Aw + A D.88a
157 7 = = (AxaDyy* ByyBoq)wy - cByyw + 2CA MW+ A ) (D.882)

t

- % 7 , ’ ’
= Byyn 2wy (wy+ Aq) + WiAg+ Wywps Ag) + WpA,)

+ £
2
+ cK2*2n2 [f4 (w1+ A1) + f3(w2+ a2) + f1 (wy+ Aq) + fs(W2+ Ao)] =0

rer

- = % - % - % - % - % ” g ’ ’
Hyp =0 TByyfy - (Byy- 2Bagn%fy- (Bgy- 2B)g)nf- 2Bon i3+ 2cA(w, + A4) -20nT(wa +Ag)

1 t —_ % r - % - % 2 z — % ” — X% 3

+ 2002[f W+ Ag) + 2p(Wy+ Ag) + 2f4(wp+ Ag) + fo(Wi+ A7) + fy(wp+ Ag)] = 0
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Fourth boundary condition

Wo=0 (D.89a)

1t ”

_ - % ”_ - % 2 - % ’ - % _ gt 2 - g 1 ! _

’ ’

Recalling further that A,, A4 symmetric implies Ao= Ay= 0 atx = L/2, whereas Ay antisymmetric implies
Ap=0 atx = L/2.

f— 174 - * V4 1 t pa— * 1 {/3 p— * — * ”
Agofy = 2Ajgnfa- 7 BoqWy + (2Bog= Bgywy] = 0 (D.85a)
— * Vi 4 — * ”
-— * ” 1 t —— * ”
Agofa- R B, W= 0 (D.87a)
Agofy= 0 (D.87b)
1 t 1 — % = % — % T % "
Axo

- nm — * -— * ” 1 t —-— * V{4 pu—y * ” _
Byyfy - (Bgq- 2Bog)nfy+ 35 (DyqWy + 4D nW,) = 0 (D.88b)
B o+ 1 L DXAw =0 D.89b

213" 7 7 P11W2~" (D.89b)

14 rr

From Egs. (D.87b), (D.88a) and (D.85b) it follows that f4= w, = f2 =0.
Considering Egs. (D.87a) and (D.89b) it can be seen by inspection that the solution is Wy= f3= 0.

Taking all these results into consideration the remaining 2 equations become

- % 177 1 t — % 4
— % re 1 t - % 277

17 4

Once again, by inspection, their solution is f1 =wy;=0.

Summarizing, if Ay, A1 are symmetric and Ao is anti-symmetric with respect to x = L/2, then the
appropriate symmetry and/or anti-symmetry conditions at X =(1/2) /R are

’ ’ » 0 14 177 14

f3=fg=wo=fy=fr=w = w = fs= fp=wo=fy =fr=w =w, =0 (D.90)
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APPENDIX E Derivation of Cohen’s Ring Equations[21]

When ring stiffeners are attached to the shell edges, boundary conditions for the shell equations must
be generated which represent the ring behavior. Ideally the ring reactions enter the shell at a single
meridional station, the ring boundary. A set of suitable ring equations based on moderate rotations are
derived in this appendix by using the stationary potential energy criterion. These equations are based on
the following assumptions
- all geometrical and mechanical properties are axisymmetric;

- the ring material is homogeneous and isotropic;
- the effects of non-uniform warping of ring sections, trénsverse shear strains and shear center
eccentricity related to the section centroid are neglected.

The origin of the ring cross-sectional xyz-axis is assumed to be at the centroid of the ring cross-
section. The sign convention used is indicated in Fig. 2.

For a one-dimensional theory of rings the centroidal hoop strain gg is the only extensional strain of

consequence. The strain-displacement relations have been derived in Ref. [21] as

1 1 2 2 1 N - u
£g= = (V-w) + 5 (BX+ BZ) By= 2 (v+w) ; Bg= -y
1 ’ 1 s /4
Ky= 5 BX-_- ;_2_ (V'+ w”) (E.1)
1 1. 1, u
Kz‘ E BZ+ E By_ E ( "a— + By)

(p = By+ _12_ u (E'2)

N

where ( )'= _g_e_ ().
If one includes the initial stress-free imperfection v/\>(9) of the ring then ¢g and By must be modified as
follows

AI
1 ’ 1 A2 .2 1
g5 v+ w) v 2 B py) - 2 (2

(E.3)
A 1 /\’ 1 ’ AI
=Byt — W= L (V+W+W
Bx= Bx 2 a( )

Neglecting the effect of nonuniform torsion for a homogeneous, one dimensional ring theory the
constitutive equations are
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Ng= EAeg

(E.4)
M Z'—'- - EIXZKX+ EI ZKZ

Mi= GJo
By definition the potential energy of the ring is
m-u'-w"’ ' (E.5)
where

2n
U= 1 | (Noeg+ Myier Mz + Myg)ads (E.6a)
(o}

no|

2n
w'= f (NyU + SV + Pw + MyBy+ MyBy+ M,pB,)ade (E.6b)
0

and

ﬁx, S, P, My, I\_/Iy, I\—llz are the external line loads applied to the ring. See Fig. 2 for the notation and
sign convention used.

The variational statement of equilibrium for a homogeneous ring under the specified external line
loads is

2r
8= 5 f Fluyu,u,v, v', W, W, w, By, By)ade =0 (E.7)
o

where

F-a (EAcs+ ElyiSs Elpi2- 2Elyqi,+ Gdo?)

- - - - — (E.8)
thus in this case the equilibrium condition
ort’ ort’ an’ art’
o= 21 5 8 = )
= u + ~ ov + — W+ a|3y SBy (E.9)

implies the 4 conditions
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o’ _am' _ an" _ o’
= = =0 E.10
ou ov ow aBy (E-10)

Carrying out the indicated variations, integrating by parts whenever necessary and using the fact that the

variations du, dv, dw and 8[3y must be periodic one obtains the expressions

ot T o P d2 oF
i:f{_-d__':+ 2 houade = 0
Ju au de ou’ dez Jau’
2 2n 3
=f{§5 d oF 3 50 ade =0
v 0 oV

(E.11)

}ow adé =0

f{aF d oF , d® oF
ow df ow de2 oW’

o’ _

_d oF
{ = } 8By add =
By ! By Y

a6 3,

For this to be true for arbitrary nonzero variations 8u, dv, dw, and 5[3y one must satisfy the following Euler
equations

OF _d oF ,d? oF _
U W@ T 4g2 o

OF _d oF _
ov de o

(E.12)
OF _d oF , d? oF _
ow do w2 oW’

OF d oF

o8 " o
By 90 Py

Carrying out the indicated differentiations, substituting and regrouping yields the following ring equations
H ” 4 H ” —_— *. 7
El,u™- Gdu"+ Elypv” + Elyw!V- a(El,+ GJ)B, - a*Ny+ a3(M) (E.13a)

E|xzu”'+ (EIX.,, azEA)V//+ EIXWI”_ a2EAw'- aEIxzﬁy= _ a4S *_ a3M *

y (E.13b)

¥4

Elyou™V+ Ely” - a2EAv + Elw!V+ a2EAw - aEly B = a%P *- a3(My (E.13c)
Xz X X XZ! y X
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(Ely+ GJ)u”+ Elypv'+ Elyow + aGJB, - aEl By= - a’M, (E.13d)

Notice that in these equations the nonlinear terms have been considered as effective additional loads and

moments applied to be linearized ring equations. These effective additional loads and moments are
.5 EA. 142 2 1 ,Wo
P™=P + [ (Bx+ﬁz)——2~(-é—)]

1 W2/
) - 5 (=)
2 a (E.14)
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APPENDIX F: The Boundary Stiffness and Boundary Flexibility Matrices

Substituting in the separated form of Cohen’s ring equations, Eqgs. (28a)-(28d), for the ring
displacements and the ring forces their equivalents in terms of the shell variables from Eq. (41) and Egs.

(39) or (40), respectively one obtains the following equations at the lower edge (at x = 0)

Elz(u S~ ezw,2).0000- GJ(u S~ e,w,5),00
+ Elxzl (—% vS-eyu- ezW'f/)’966+ (W S+ e4w.5).0000} (F.1a)
- a(Elz+ GI)(- w,).00= a3{ (R - g) No+ RN}
Ely(u 5- e,w,5).g09+ (Ely+ a2EA)(_g_ vS- exu,f;— ezw,f,),ee
+ Ely(w S+ exw,i),gge- a2EA(w S+ eXw,i),g (F.1b)
- aEly(- wis)e= - aS{ - (R - qpSy + RN,

S § a . s s s
Elxz(u ™~ 62w, )0000+ Elx(g V7= extiy- 2w, ).000
- a2EA(% v S- eyt - 8 W.g),0+ Elx(w S+ e,w.5).6000 (F1.c)

+ a®EA(W S+ eyw,5) - aEl (- w,5).00= aS(RH 5

S S S
(Elz+ GJ)(u S- e w,5),gg+* EIXZ(% VE- extty- eW)g
+ Elyp(w S+ exw,),00+ 8GJ(- W,5).09- aEl (- W,2) = (F.1d)

-a2(- e ,ANS+ (q - e-)(R - qNg+ exRH S+ RM.S}

Substituting for the shell variables their Fourier representations from Egs. (43) and (44), respectively,

yields after some regrouping the following expressions

1 1 1 1 2 2
(agquq+ agovy+ AygWy* Wy s - NX1)cos ne + (ayquz+ ay,vo- NX2)coszn9 F.22)
+(a3u +a3v +a3w +a3w ~ ~-N )sinn9+(a4u +a4v - Ny, )sin2n8 =0 (F2a
11737 942¥3% 943W2" 844Wox ™ Nxg 11747 812747 Nxy B
1 1 1 1 . 2 2 ,
(agqUq+ apoVy+ aggwyi+ apWyx - ny1)sm ne + (ay up+ a22v2—ny2)sm 2no
y (F.2b)

+ (ag'1 uz+ a§2V3+ a§3w2+ a§4w2’§ - nys)cos ne + (a;1U4+ 332V4‘ ny4)cos 2ne =0
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o} 0
eq= {aq1(Wy+ Wpe+ Wi+ wp) + a12%x Ho}
+ (ag1u1 + a§2v1+ a;3w1+ a:;4w1 ki Hq)cos n® + (...)cos 2n6 + (...)cos3n6 (F.2¢c)

+ (a§1U3+ ag’ZV3+ a§3w2+ a§4w2,; - Hp)sin n6 + (...)sin 2n8 + (...)cos3n®

(o] 0 .
eM= { agq(Wy+ Wp_+ Wi+ wo) + apoWox ~ My * M1 - %)] }
- (al1u1 + a12v1+ a23w1+ al4w1,§ - My,)cos né + (...)cos2n@ (F.2d)

3 3 3 3 . .
- (agquz+ ay,va+ azaWo+ AgWox - Mx2)sm ne + (...)sin 2no

where
o} Ry = o R2 =
a11=(3) D14 321='(;) D12
(F.3)
o_,R2= o} = R.2 €x =
a12= ('5')2 D12 a22=—[D22+ (E) —R'D'IZ]
1 1 ,t\2 22 1 1 ,t2 4=
Agq= — (— D A4n= — (=) N7 D
17 25 (a) n 33 13" Z¢ (a) 35
(F.4)
1 1 ,t2 3 acx 1 1 ,t2 .23
A4n= = — (— —D ag = — (=)°n“D
127 Z¢ (a) n" g Ue4 14" 7¢ (a) 36
2 1 ,t2 2= 2 ,t2 3agr
= {(— D A=~ (=)nv 2D F.5
ajy= < (2)° n® D7y 127~ 5 (3" n” 5 Drs (F-5)
3_1 ,t2 23 3_ 1 t2 42
a44= — () n<D a4 — (=) N7 D
117 75 ) 33 137 75 &) 35
(F.6)
3 1 ,t2 .3 axg 3 1 t2 2%
a0~ — (— — D aq = — (=) n<D
2735 G " g Pu 14~ 25 3) 36
4 1 .t = 4 2 axz
ayy= = () n? Dy ajp= < (22 n® 2 D7g (F.7)
1 1 ,t2 3% 1 ty2 .=
(F.8)




3__1 ,t2 35
a54= - — (=)°n*~ D
21 4c(a) 43
3 1 ,t2 2 ag
an= — (=) N =D
22" 75 (3 R 44
4 2 ,t2 3R
"217 g (g7 " e
1 2 R21
a1=n (Z) D53

3 2 R2R

3 R, =
dgzp= N (-3) D54

1 2R = ez = ex =
a,4=nN° — (Dga+ —= Dna- - D
41 a(63 — D3~ — 53)

1 R ax 2 €z = ex =
Ap=N — (- = Dgy-n=_2ZD — D
42" = (- 7 Des & D34+ — Ds4)

ay.=nc 2 (Dpa+ —2 Daa- X D
41 a(63 T P33" — 53)

3 R  az 2 €z <
84p= N — (= Dea+ n Z D3y

ex-
2 Day- 2D
R = 54)

and the stiffness coefficients Bij are defined as

- 2
a“EA
D11- abD

aEA

D12- = X (E=R
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1 Ry2 3
aza= (—a-) Dss

1 R\2 1§
g™ (3) D56

3_ R2=
3337 (7)” Dss

3_,R2n1
334~ (3)" Dse

1_R .25 4 €z = €y =
a43= = (n“Dgs+ n = D3s5- Y D5s5)
2 €z = ex =
a44’ (D66+ n Y D36- ry Dsg)

4 €z =

A,n= — (N“Dae+ N7 _Z Dae~- 2D
43 a( 65 - D35~ — 55)

3_R R 2 €z = ex =
44 5 (Dgg+ N - D3g- - Dsg)

Et3

where D = ; c2= 3(1 - v2)

(F.9)

(F.10)

(F.11)

(F.12)

(F.13)

(F.14)

(F.15)
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Do~
5
Bas= (1 - =2) (%)
Dag= n? X (7 - (& +n2 22y (57 - (2. %2 (@)
543=E(_ Ely  a2EA (E|xz)
R "aD aD aD
W
Dgs=n? (1 - 2 (%) +(1-n2 52 @ EA EA)
Dag- (2 +n2 2% (%)—e_;[nz(i_g‘w%]

(F.18)
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2 [Elz ex'(E'xz GJ

D77= 4n o TSt
Drg- —

79" 35

Ba7= =% (=X + 26 _ (B

and the load parameters are

»=Ng B and §-4c _F;. q (F.17)

£t t
Equations (F.2a) and (F.2b) must hold for all values of 6 = y/R, which implies that the expressions in the
brackets must be equal to zero. This yields then the following 8 boundary conditions at x = 0

1 1 1 1

1x 1

2 2

. 5 (F.18)
3 3
31qUg* 81Va+ aygWat AWy 3 - Nyg=0
4 4
LN D IR N =0
821U BV * ApaWit ApuWy o~ Nxyy=
2 2
(F.19)

a3u+a3v+a3w+a3w——N =0
21737 S22V3™ dpgW2T AggWs 5 Xy3~

4 4

For equations (F.2c) and (F.2d) the 6 = y/R dependence is eliminated by using the following 3 Galerkin
integrals
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2n
[ €0 =0
0

2n

[ & cos nede = 0 (F.20)
(o}

2n
f g sin nBde = 0
0

where for i = 1, g=eq= ¢y and for i = 2, g= o= ¢g)1. Notice that the above are the same Galerkin
integrals that have been used earlier to eliminate the y-displacement from the out-of-plane equilibrium

equation (3). Substituting, in turn, for g and ev and carrying out the integrals involved one obtains the
following 6 boundary conditions at x = 0

o] o)

a11(Wv+ Wpe+ Wt+ Wo) +a12WO,; -HO=O

a1u+a1v+a1w+a1w-—H=O (F.21)
31717 G32Y17" dggW1+ azaWy 5 1 i

3 3 3 3

0 0 -
1 1 vi+alwisalw, = - My.=0 | (F.22)
3 3 3 3

841U3* 845V3+ 843Wa+ Ay Wy 5 = My,= 0

Notice that in the first of equations (F.22) q/R is neglected as compared to one. This same approximation
has been used earlier in equations (46).

The boundary conditions at the upper edge (at x = L) have the same form as the ones at the lower
edge (at x = 0), except that all boundary stiffness coefficients aijk at x = L involve a minus sign in their
definition as per Egs. ((F.3) - (F.15)). Notice that these minus signs are due to the definition of the forces
and moments acting at the ring centroid, which according to Eqs. (39) and (40) involve a minus sign,
depending upon wether the ring is located at x = O orat x = L.

Finally, it must be mentioned that the elastic boundary conditions given by Egs. (F.18), (F.19), (F.21)

and (F.22) are valid in the limit as E; — 0 (free edges).

Another set of elastic boundary conditions valid in the limit as Er — = (fully clamped edges) can be
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derived by inverting the boundary stiffness matrix to yield the boundary flexibility matrix. To facilitate this

operation initially the elastic boundary condition obtained earlier are regrouped into the following matrix

notation

[ o

411

aO
21

—-

1
aqq

1
451
1
434

1
| 344

2
a11

2
| 821

3
aqq

3
851
3
a4

3
| @41

4
aq4

4
421

242

2
7y

3
242

3
L)
3
azp

3
a0

4
242

a4
22

1
a14

Aoy

3 ]

A4
a4

434

844 |

Va

Nxy,4

(F.23)

(F.24)

(F.25)

(F.26)

(F.27)

Inversion of these (2x2) and (4x4) boundary stiffness matrices yields the following (alternate) elastic

boundary conditions valid in the limit as E, — o (fully clamped edges)
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0 (o] -

(F.28)
(o] (o] -
baHo* byp(My+ A) = w &

1 1 1 1
b14Nxy* D1pNxy *+ DygH+ by My, = us

1 1 1 1
B21Nxy+ BooNxyy + bagH+ byyMy = v4
(F.29)

1 1 1 1
b31Nxy* D3pNxy, + bggH1+ bayMy, = wy

1 1 1 1
P44Nxq+ DgoNyy+ DygHy+ byMy = w, 5

2 2
by1Nxo* byoNxy,= U2
(F.30)
2 2

3 3 3 3
b11Nxg+ byoNxyz* bygHa+ bigMy,=u3

3 3 3 3
(F.31)
3 3 3 3
b31Nxg* b3oNxyg+ DagHa+ bayMy,= wa

3 3 3 3
P41Nxg* PgoNxyg* DggHa+ byMy,= wy 5

4 4
B11Nx4* byaNxy,= us
(F.32)
4 4
Bo1Nx4* PooNxy,= V4

Notice that once again the boundary conditions at the upper edge (at x = L) have the same form as the
ones at the lower edge (x = 0), except that all boundary flexibility coefficients b;
sign in their definition as per Eqgs. ((F.3) - (F.15)).

k . .
i at x = L involve a minus
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APPENDIX G: Components of Jacobians J  (Eq. (180)) and 4 (Eq. (208))

Using the 28-dimensional vector variable Y defined on p. 31 the nonlinear governing differential
equations (Egs. (21)-(27)) can be put into the form given by Eq. (146), where the 28-dimensional vector

function f has the following components

f1=Yg fg = Y15 f15= Yoz
fa=Yg fg = Y16 te= Y23
f3= Y10 f10= Y17 f17= Y4
fa= Y14 f11=Y1g t18= Y25
f5= Y12 f12= Y19 f19= Yog
fe= Y13 f13= Y20 fa0= Yo7
f7= Y14 f14= Y21 f21= Yog

and

fa2= C1Y15- CaY1~ C3Yop- C4A(Yoo+ A;I) + C5Yg* C201Y24+ C202Y10+ C203Y28
+ CopaY14+ Co11Pe(Ye+ A1) + Coqot(Y14+ A_;_) + CglY1o(Yg+ 2A1)+ Yg(Y1g+ 2A;)]
- C7Y19(Ye+ Aq)+ CgY5(Yg+ A1) - 2C1gY4(Y19+ A;)
- ColYp(Ye+ 2A1) + Y7(Y7+ 2A0))(Yg+ Ag) - C1ofY16(Ye* A1) + 4Yg(Y13+ A1')
+ 4Ya(Yoo+ A:) + Y18(Y7+ Ag) + 4Yq1(Y14+ Aé)+ 4Y4(Yoq+ a;_:)}

f23= C11Y16~ C12Y2+ Co05Y25+ Co06Y11+ C13{Y20(Ye+ 2A1) - 2Y43(Y13+ 2A,)
+ Yo(Yo0+ 2A¢) - [Y21(Y7+ 2A2) - 2Y14(Y14+ 2A;) + Y7(Y21+ 2A)]}

fo4= C1Y17- C2Y3- C3Yp1- CaM(Yaq+ A;) + C5Y7- Co01Y22- C202Ys
- C203Y27- C204Y13+ C211Pe(Y7+ A2) ~ Co12T(Y13+ A;)
+ CglY19(Y7+ 2A2) + Yo(Yqg+ 2A;)] - C7Y19(Y7+ Ag) + CgYs(Y7+ Ao)
- 2C10Y3(Y19+ A;) - ColYp(Ye* 2A1) + Y7(Y7+ 2A2)I(Y7+ Ag) - C1po{Y1g(Ys+ A1)
+ 4Y11(Y13+ Ag) + 4Ya(Ya0+ Aq) - [Y1g(Y7+ Ag) + 4Yg(Y14+ Ap) + 4Yp(Yo1+ A

f25= C11Y18~ C12Y4~ C205Y23- Ca06Yo+ C1a{Y21(Ye+ 2A1) - 2Yq4(Yq3+ 2A))
* Y7(Y20+ 2Aq) + Y20(Y7+ 2A2) - 2Y13(Yq14+ 2A,) + Yg(Ya1+ 2A,)}

(G.1)

(G.2)

(G.3)

(G.4)

(G.5)
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f6= C14Y19- C15Y5- C1gMYqg+ A;) + C17le(Ye+ 2A1) + Y7(Y7+ 2A3)]
- C16{Y20(Ye+ 2’A1) + 2Y13(Y13: 2A; ) + Ye(Yoo+ QA;’) + Yoq(Y7+ 2A?) @6
+ 2Y14(Y14% 2A5) + Y7(Y21+ 2A5)) - Cqg{Y15(Yg+ A1) + 2Yg(Yq3+ A,)

+ Y1(Y20+ A1”) * Yq7(Y7+ Ag) + 2Yq0(Yq4+ Aé) + Y3(Y2q+ A;)}

”

fo7= C20Y20~ C21Ye+ C22Y15- Co4Y1- Ca3M(Yog+ Ay) + CoggYog+ Co1oY14+ Cog7Y24
+ C208Y10+ C213Pe(Y6* A1) + Co14tl(Y1g+ A;_) - Cos[Y19(Yg+ 2A1)
* Ye(Yqg9+ 2A;)] - CogY19(Ye* A1) + Co7Y5(Ye+ Ag) - CoglYs(Yg+ 2A1) (G.7)
*+ Y7(Y7+ 2A)I(Yg+ Aq) - 2CogY4(Y1g+ A;)- CoofY16(Ye+ A1) + 4Yg(Yq3+ A;)
+ 4Y5(Y20+ Ag) + Y1g(Y7+ Ag) + 4Y11(Y14+ A) + 4Y4(Yq+ Ar)

fag= C20Y21~ C21Y7+ CooY17- Co4Y3- CogMYoq+ Aé’) - C209Y27- C210Y13
- C207Y22- C208Y8+ C213Pe(Y7+ A2) - Co147(Y13+ A;) - Cog[Y1g(Y7+ 2A7)
+ Y7(Y19+ 2A_)] - CpgY1g(Y7+ Ag) + Cp7Ys(Y7+ Ag) ~ Cogl¥e(Ye+ 2A1) (G.8)
*+ Y7(Y7+ 2A0)l(Y7+ Ap) - 2CogY3(Yqg+ A;) - CoofY1g(Yg+ A1) + 4Y11(Y13+ A; )
* 4Y4(Yo0+ A)) - [Y16(Y7+ Ag) + 8Yg(Y14+ Ap) + 4¥(Yp1+ A}

Next one must evaluate analytically the components of the Jacobian matrix

J'=§_1&,z;x,ﬁe,?>=-§-1=§—~z (@.9)
Introducing the short-hand notation
] (G.10)
b9y
one obtains the following values
J%,a’ "é,g* J:;,1o= J4,1,11= JE,S,12= Jé,13= J;,14= Jé,15= J;ms: J;0,17= 1 (G.11)

11,187 Y12,19* V13,207 914,217 Y15,22= V16,237 V17,247 J18.25= V19,26~ Y20,27" Joq0g= 1

Further

” ’ ”

Jop 1= = C2- 2C1p(Y19+ A) Jop 4= - 4C10(Y21+ Ay) (G.12)




Jop o= - 4Cq0(Y20* Ay)
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J22,5 = Cg(Yg+ A1)

Jpp 6= C5+ Ca11Pe+ 2Cg(Y19+ A,) - C7Yq1g+ CgYs- ColYg(Yg+ 2A1)

+ Y7(Y7+ 2A2)] - 2Co(Yg+ A1)(Yg+ A1) ~ C1gY16

Jpp 7= — 2Co(Yg+ A1)(Y7+ A2) - C1oY1g

Jé2,9= - 4C1(Y13+ Ay)

Jé2,1o= C202

Jé2,11= - 4Cqp(Y14+ Aé)
Jpo.13" - 4C10Y

Jé2,14= Co04+ C212T - 4C1qY11
J:;2,15= C1

Jé2,16= - C10(Ys* Aq)

Further

7

Joz 2= - C12

Jé3,6= 2C13(Y20+ A:)
J.;_3,7= - 2C43(Y21+ A;)
Jé3,11= C206

Jé3'13= - 4C43(Y13+ A;)

Further

’”

Jog.0= 4C10(Y21+ Ay)

J;,gz,1s= - C1o(Y7+ A9)

Iz 19= 206(Yg+ Aq) - C7(Yg+ Ay) - 2C40Y4
Jpp 50= - C3- Ch - 4C1gYz

Jé2,21= - 4C10Y4

22 24= C201

Jop 28= C203

J.és,14= 4C153(Y14+ Ap)
Jé3,16= C11

323.20" 2C13(Ye+ A1)
Jé3,21= - 2C43(Y7+ Ag)

o3 25= C205

Jo4,16= C10(Y7+ Ag)

(G.12)

(G.13)

(G.14)




Jog 5= Ca(Y7+ A9)
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Jog,17= C1
Jos 18= ~ C10(Ye+ A1)

J24,19= 2Ce(Y7+ Ag) - C7(Y7+ Ag) - 2Cq1oY3

Jp4.7= C5+ C211Pe* 2Cg(Y19+ Ag) - C7Yqg+ Cg¥s
- ColYe(Yg+ 2A1) + Y7(Y7+ 2A0)] - 2Cg(Y7+ Ag)(Y7+ Ag) + C1oY1g

‘Jé4,8= - Ca02

Jé4,9= 4C10(Y14+ Aé)

Jé4,11= - 4C10(Y13+ Ay)

Jé4,13= - C204- C2121 - 4CqqY11

J24,14= 4C10Y9

Further

Jé5,4= - C12
Jé5,6= 2Cy3(Yz1+ Ag)
Jps 7= 2C43(Ya0+ Ar)
Jé5,g= - C206

o5 13= = 4C13(Y14+ Aj)

Further

J24’21= - Cg- CgA + 4Cq0Y2
J24,00= - C201

Jo4,07= - C203

J.';5,14= - 4C13(Y13+ Ay)
Jés,uf C11

J5 20" 2C13(Y7+ Ag)
Jos 1= 2C13(Yg* Ar)

Jo5,23= - C205

Jag,13= = 4C16(Y13+ Ay) - 2C1gYg

(G.14)

(G.15)

(G.16)
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Jog 3= - C1s(Y21+ Ay) Jog 14= ~ 4C16(Y14+ Ag) - 2C1gYq0
Jog,5= = C15 Jog,15= ~ C18(Yp+ A1)
26,67 2C17(Ye+ A1) -2C16(Y2o+ Aq)- C18Y15  Jpg 17= - C1g(Y7+ A2) (G.16)

Jog,77 2C17(Y7+ A2) - 2C16(Y21+ Ap) - C1gY17  Jpg 19= C14- C1oh

J;_G,8= - 2Cqg(Y13+ A;) Jé6,20= - 2C15(Yg+ Aq) - C1gY1

Jé5,1o= - 2Cqg(Y14+ Aé) Jé6,21= - 2C16(Y7+ A2) - C1gY3
Further

Jé7,1= - Cp4- 2Cog(Y1g+ Ay) J;;7,14= C210+ C2147 - 4C29Y11

J.;.7,z= - 4C9(V20+ Ay) Jé7,15= Ca2

Jog 4= = 4Cag(Ya1+ Ag) Jo7 167 - CaolYe+ Aq)

Jé7,5= Co7(Ye+ A1) Jé7,13= - Cog(Y7+ Ag)

Ja7,6™ = C21+ C213Pe~ 2C25(Y19+ Ag) - CapY19+ Co7¥5~ CiglYe(Ye+ 2A1)

(G.17)
* Y7(Y7+ 2Ag)] - 2C2g(Yg+ A1)(Ye+ A1) - CogY1g

J22’7= - 2Cog(Y7+ Ao)(Yg+ A7) - CogYqs J27,1g= - 2Co5((Yg* A1)
- Cog(Yg+A1) -2C2gY4
J27,9= - 4Cpg(Y13+ A1) J27’20= Cog- CogA - 4CogYo
J27,10= C208 J27,21= ~ 4C29Y4
J27,11= ~ 4C29(Y14+ A) Ja7.24= C207
J27,13= ~ 4C29Yg J27,28= C209
Further

J28,2= 4Cog(Yoq+ Ay J28,14= 4CogYg
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Jég,3= - C24- 2Cp9(Y1g+ A;) Jé8,16= Cog(Y7+ As)

Jé8,4= - 4C2(Y20+ Ay) Jét3,17= C22

Jé3,5= Co7(Y7+ Ap) Jé8,18= - Cog(Yg+ Aq) (G.18)
Jés,e’ ~2C28(Ye+A1)(Y7+A2) -CagY1g Jég,1g= -2C25(Y7+A2) -Cop(Y7+A2) -2CogY3

Jag,7= = C21* C213Pe~ 2C25(Y19+ Ay) - CogY19+ Co7Ys
- CoglYp(Ye+ 2A1) + Y7(Y7+ 2A9)] - 2Cog(Y7+ Ag)(Y7+ Ag) + CogV1g

J;_B,S"' - C208 Jéa,zo’ - 4C29Y4

Jé8,9= 4Cpg(Y14+ Ag) Jé&m: Cog- Cagh + 4CagYs
Jé8,11= - 4Cpg(Y43+ Ay) Jés,zz’ - C07

Jég,13= - C210- C214T - 4CpgY11 J;8,27= - C209

All other components of the Jacobian matrix J’ are equal to zero. Notice that since the Jacobian J  is a
function of Y (or U or V) therefore the variational equations (176)-(179) depend step-by-step on the
results of the associated initial value problems. Thus the variational equations depend on the initial

guesses §V. Hence the variational equations must be integrated together with the corresponding
associated initial value problems.

In shell buckling analysis the use of load increments to locate the limit point of the prebuckling
equilibrium states leads to a singular problem. It has been shown by several authors!2816] that with the
introduction of the appropriate generalized displacements as an auxiliary constraint this singular behavior
can be removed. It has been explained earlier (see Egs. (152)-(153) and Egs. (162)-(163)) that this
auxiliary constraint condition can be written in the following form

9B AR Y M Pe D) (G.19)
dx -
A0) = 0

(G.20)
A=) = o

where, if the variable load A = A, then A = §" and
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fA= C50Y19+ C51Y5- CsolYs(Ye+ 2A1) + Y7(Y7+ 2A5)]

o] ’ ’ G.21
* Cs3Y12(Y12+ 2A0) + 5 [Y13(Y13+ 2Aq) + Y14(Y14+ 2A )]} (@21)

whereas if the variable load A = pg, then A = V_Vave and

e ELE Y (G.22)

and finally, if the variable load A =7, then A =} and

fa = C550Y19- C551Y5+ Cssa[Ye(Ye+ 2A1) + Y7(Y7+ 2A0)]

’ ’ G.23)
- Cs53{Y13(Y7+ Ag) + Y7A; - [Y14(Yg+ A1) + YGA,l} (

Considering the extended (29x29) dimensional Jacobian of Eq. (208)

n A - [
J=87i(xy?;?‘9 pev T)
o0

then it can easily be seen that for the 29th column

’ of;
AL 0 (G.24)
29" A

whereas for the 29th row the values of

j\’ of A

= _ 2 2
29, an (G.25)

depend on the generalized displacement used.
Thus for A = &M

N N ’

J2g,5= Cs1 Jog,137 CsalY13+ Ay)

N N ’

J29,6= - 2C52(Yg+ Aq) J29’14= Cga(Y14+ A2) (G.26)
N N

J29.7= - 2C52(Y7+ Ag) J2g,19= C50

N ’

whereas for A = Waye




N cR
J29,5" T

and finally for A = 3"
A’
Jag,5= - Css51
N ’
Jog,6= 2C552(Ye+ A1) + Cs53(Y14+ Ay)
Y ’
Jg,77 2C552(Y7+ A2) - Cs53(Y13+ Ay)

AI
All other J29 = Q.

y
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A/

J29’13= - Cg53(Y7+ Ap)
A/

J29,14= C553(Y6+ A1)

AI
J29,19= C550

(G.27)

(G.28)
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d

APPENDIX H: The Forcing Function 55

/f: and the Generalized Unit Vectors /I: A

The form of the forcing function a/f\/aA of the inhomogeneous variational equations (204)-(207)
depends on the choice of the variable load parameter A. Thus if A = A, then from Egs. (G.2)-(G.8) and
from Eq. (G.21)

o ot

W (H.1)
={0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, f25, 0, a4, 0, fog, To7, T2g, 0}

where
° af22 ” ° af27 ”
22= -5 Ca(Y20+ Ay) to7= - -C23(Yo0+ Aq)
o o ” o  dfpg g
24= _ﬁ = - Cy(Yoq+ A2) fog= — = - Cog(Yoq+ AZ) (H2)

7y oA

° afz ”
fos= 8_7»6 = - Cq9(Y19+ Ay)

whereas if A = Be, then from Egs. (G.2)-(G.8) and from Eq. (G.22), assuming that A = Eeﬁ

a8 o

A 5pe (H.3)
={0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0, Tp5, 0, fo4, 0, fog, To7, fog, 07

where
o 8f22 ” ﬁ L2 _ 8f27 _ ’ ” ﬁ A
fao= —= = - C4(Yap+ AR + Cay1(Yg+ A1) ; fa7= —=— = - Co3(Yp0+ AR + C13(Yg+ Aq)
dPe Pe
X (H.4)
o oty p o o8 ”
foa= =22 = - C4(¥Ypq+ AR + Cay1(Y7+ Ag) s Tog= —22 = - Cog(Ypq+ AR + Caq3(Y7+ Ag)
Pe dpe
o dog ” A
fog= — = - C1g(Y19+ AR
dpe
Finally, if A =T then from Egs. (G.2)-(G.8) and from Eqg. (G.23)
a o
LN (H.5)
={0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, fpp, 0, o4, 0, 0, fx7, fog, 0}T
where
o dfoo ’ o ofa7 ’
foo= —— = Co1a(Y14+ A)) to7= — = C214(Y14+ Ay)
ot ot
(H.6)
o af24 4 o 3f28 4
fo4= — = - Co12(Y13+ Ay) fog= = - C214(Y13+A,)

ot Jt



The form of the generalized unit vectors T A used as the initial condition for the inhomogeneous

variational equations (204) and (207), depends on both the choice of the variable load parameter A and
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on the boundary condition one wants to enforce. Introducing the following notation

TBC - generalized unit vector for the specified boundary condition (for instance, BC = SS-1 etc)

1>
QU

/I\ A J A
one has the following options.

$S-1 Boundary Condition

~ p aae*' BC

0 ]

T oot

! —>

BC

(H.7)
s13. 514, O
0o, o o)
0o, o o)
o, 0 0

(H.8)

(H.9)

T
$12, 813 514, 0}

A
—I-SS-1= {0, 0, 0, 0, f:‘. 0,0, 0 0 0, 0, 59, 5p, 53, 54, 55 S, S7, fﬁ, 13, fyr S8 S9, $10, S11, 12,
A A
|}» = {0,000 -W, 0000000 0 0, 0, 00 0, 0, C41, 0, 0, 0, 0, 0, O, O,
A A
I = {0,000 -W; 0000000 0 0 0 0 0 0, CiqR 0, 0, 0 0 0, 0 o0
~p
1\1 = {0,000 W, 0000000 0 0 0 0 0 0 Coop. 0, 0, 0, 0, 0, O, O
where

1 A A A 3

fu= - (WyA + pre+ Wyr) fU= - Bysy- Bosj

2= Caqh + Congt 4 -~ Bysp+ Bos

U= “41 2207 u~ 156+ D252
and

A 1 - % A 1 - % A 1 - % A A A

Wmshz 7 WpmohAy 5 Wi-—Ay 0 We=WA W
$8-2 Boundary Condition
A 2 3,4 .5 6 7 .8
-I-SS-2= {s1, sp, s3, s4, f:x’ 0,0 0, 0, 0,0, sg5 sg 57, g, S9, 540 S11, fu’ fu, fu, fu, fu, fu, fu'
A
i = {0, 0 0 0 -W, 0000000 0 0,0 0 0 0 Cg 0 0 0 0 0, 0
~\ v 41
I = {0 0 0 0 -W,0000000 0 0 0, 0, 0, O csf 0 0 0 0 0 o
~p
0 = {0, 0,0 0 -W 0000000 0 0 0 0 0 0 Cxpo0 00 0 0 0
~T

o, 0, o)
o, o, o)
o, 0 0o



where

1 A A — A
fu= - (Wv}\v + pre+ WtT)
2 -

fy= C41% + Copq1

3

fU= - Bysg+ B3s{- Bysy

4
fU= - Bys1g+ B3s3+ Bysg

$S-3 Boundary Condition

A 1
-|~SS—3= {0, 0, 0,0 f,, 0, 0, s, 83 $3 84
A A
Ix = {0,000 W, 0,00 © 0, 0
A A

= {0, 0, ov 01 _W 7] 01 01 o, 01 0, 01
p C
A A

= {0,0,0 0 -Wt, 0,0, 0 0, 0, 0
. t
where

1 A A - A
f,= - Wyh + Wppe+ WD)
2
fu= B15s3+ B1gs7
f8= 2B1754

4
fu= - B15s1- B1gse

$S-4 Boundary Condition

N
- 1
188_4“ {s1, s2, s3, s4. fu, 0, 0, s, sg S7, Sg,

A A

I?» = 0 0 0 0 -W, 000 0 0 0
0 = {00 0 0 -W,000 0 0 o
~p

A - 0.0 0 0 W, 000 0 0 o0
| = t

o,

o,

S 510 St g T T ot o 1o o 100 10 102 sia st st
0, 0,0 0,0 Cq, 0,0, 0 0 0 0 0 0 0O
00 0,0 0 0 CyuR 0 0 0 0 0 0 0 0 O
0, 0, 0,0 0 Cypp 0 0 0 0 0 0 0 0 O

o,

Sg.

o,

0,

0,
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fff Bss10- Bgs3~ Bysg+ Bgs13+ 2BgAyss
6

fU= 2B1ps11- 8B11s4+ BgA1sg- BgAosy

7

fy= - Bssg+ Bgs1- Bys7+ Bgs14+ 2BgAnss

fl8J= - 2B1059+ 8B11s2+ BgAosg+ BgA1s7

0, 0, 0,0 0 Cgqf 0, 0, 0,0, 0, 0, o0

0, 0, 0,0, 0, Ca0 0, 0, 0 0, 0, 0, O

flsj= - 2By7s2

6 -
fy= C412 + Coopt
7

fu= B18s3- Bygs7

8
fu= - B1gs1+ B1gsg

(H.10)

0 0,
0, 0
0, 0
(H.11)

7 .8 T
fys Ty S8 S9. S10. S11, S12, 813, S14. O}




where

1 A A A
fU= - (va + pre+ th)
2
f= Bops1+ Ba1s7- Bopsqy
3
fU= 4Bogso+ 281788

4
fu= B20S3- B21s5+ Boosqg
5
fu= 482484- 281 756

6 -
fu= C41 + Copot

C-1 Boundary Condition

A 1

| = 0,000 ¢f, 000000,
~C-1 u

A A

lx = {0,000 -W,, 0,00 0, 0, 0,
A A

i = {0,000 -Wg 0,0, 0,0, 0, 0,
~pP

T = ©oo 0 W, o00o0o0o0
~T

where

1 A A — A
fU= - (Wv}\, + pre+ Wt )

C-2 Boundary Condition

A 1
| = {s1, sp, s3, s4, f,, 0,0, 0,0, 0,
o 1, 82, 83, 84, 1
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7
fu= B2ss1+ Bags7- B27s11

. |
fu= B2ss3- Bogss+ Bazsqg (H.12)
9
f= Bagss- Bagsg+ Bgs13+ B3psqg+ 2BgAqsg

10
fU = 433186- 833284+ BgA1S1o— BgAzSﬁ

11
fu = Bags7+ Bagsq+ Bgsy4+ B3psqq+ 2BgAnsg

12
fy = 4B31sg+ 8B3pso+ BgApsig+ BgAqsqq

0,0, 0, sy, s, 53, S4. S5, Sg, 57, S8 S9. S10. S11. S12, 513, S14. 0}
0,0,00 0 0 0 0 0 0 0 0 0 0 0 o0 o0 0F
0,000 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0,000 0 0 0 0 0 0 0 0, 0 0 0 0 o0 0

(H.13)

2 3 .4 .5
0,0 0,0, sg, Sg, S7 S8, Sg, $10. S11, fu, fu' fu, fu, $12, 813, S14 O}T
0o, 0 o
o o o
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where
1 A A — A e 4
fU= - (WyA + pre+ Wyr) fU= - B1pss+ B1ys1+ Bgsq4- B13s1p
2 5
fu= B10s7- B11s3+ Bgs13+ B13s11 fu= - 2B10ss* 8B11sp

f8= 2B4pSg- 8B1154

C-3 Boundary Condition

A 1 2 3 45

lC—3= 0,0, 0 0 f,, 0 0 s, 83 s3 84, 0, 0, 0, £, f,, f; f], s5, 55, S7, Sg. Sg. S0, S11,
A A

lk = {0,000 -Wy, 0,00 0 0 0 0000 0 00, 0 0 0 0 0 0, 0,
N A

| = {0,000 -Wg, 000 0 0 0 0000 0 00 0 0, 0 0 0 0 0,
~p

A A

| = {0,000 -Wy 0,00 0 0 0 0000 0 0,0 0 0 0 0 0 0, 0,
~T

where

1 A A - A — 4

fu= - WyA + Wppe+ Wyr) fy= - B17s1+ Bgsy

£2- Byssq+ B 13- - 2Bys

U= 1783 856 u= 17°2

3

fU= 2B{7s4
C-4 Boundary Condition
A 7 .8
lC—4= {s1. so, s3, sg, f:‘, 0, 0, s5, sg, s7, sg. 0, 0, 0, fﬁ, fﬁ. f:} fS, $g, 510, $11, va fur Tur
A
17L = {0 0 0 0 -W, 000 0 0 0 0000 0 00 0 0 0 0 0 O
T - © 0 0 0o -W,000 0 0 0 00 00 O 0,0 0 0 0 0 0 O,
| D c
N A
| = 0. o, 0, 0, -W, 0,0,0, 0, 0, O, 0,0,0,0, 0, 000, 0, O, 0, 0, 0, O,
~T
where

1 A A A — 6
fu= - Wyd + Wppe+ WyT) fu= B3155- B32s3+ Bgs3+ Bygsy

$12

9
o

(H.1

$13. S14,

(H.1

4)

oy’
o7

o)

5)

$12, $13: S14,
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2
fy= Ba2gs1+ By7s7+ Bgsqg
3

fU= 4Boyso+ 2B17sg

4
fu= B24s3- By7s5+ Bgsq1

fl5J= 4Boysq- 2B17sg

f6= 4B3¢s5- 8B3osy

f8= 4B31sg+ 8B3oso

0, 0,0 00 0, 0O O

0, 00 00 0 0, 0

é3= Bog(s7+ Ap)

Symmetry Condition at X = % .II::".
A
lsym= {s1, s2, s3, 54, S5, sg, 87, 0, 0, 0, 0
A
-l-k = {0 0 0 00, 0, 0 00,00, 0,0, 0, 0,
,|\ = {o, 0, 0, 0, O, 0O, O, 0,000,000, 0,
~p
| - {0, 0, 0, 0, 0, 0, 0, 0, 0, O, 0,000 0,
~T
where
1 -
fu= Baas10+ Bagsa+ Bass14+ Bags7+ B3yAoT
2
fy= 2B10s11- 8B11s4
3 —
fu= - B3asg- B34s1- B3ss13- Bagsg- Ba7A(T
4
fU= - 2B1gsg+ 881132
5 _ -
fu= - Bags10+ Bagsg- B4os14+ (B4q+ Bogt)sy+ BagAgt
6 - -
fu= Bagsg- B3gs1+ B4gs13- (B41+ Bog)sg- BogAqt
and
é1=‘337A2
Bo= - B37A1

B4= - Baglsg* A1)

1
+ 0, 0, 0, sg, S9, S10 S11, S92, 513, S14. 1y,

8
fu= B31s7+ Baas1+ Bgs14- Byss1o (H.16)

Bs 0. 0, B3 B4 O

H.17)

(H.18)
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Free Edge Condition

A

Yree™ 100 0 0 5152 55 0.0, 0.0, 54 55 56, 57, 58 59 S0, o 1o 10, s11, 120 s1a s14 g fo, 18 0)F
A A T
l, = ©0000 00 00000 0 0 0 0 00 B0 00 0 0 o0 B8 8 60
l = {0000 0 0 00000 0 0 0 0 00 8, 00 0 o 0 o B8 B8 8,0f
~p
| = 0000 0 0 00000 0 0 0 0 00, -Bsgp 0, 0,0, 0, 0, 0 0 B&g By 0)
~T
where

1 - -

fu= Ba2s1+ Bggh + Bgqpe- Bspt - Bgglsp(sp+ 2Aq) + sg(sz+ 2A2)]

2 .

fu'—' B1oso- Bosg- Bysy

3

fu= Bos3+ Bosg- Bysg

(H.19)

4 ’ ’ 7

fu= (Bgo- By3M)ss- B43Ao7u - Bgylss(so+ Aq) + 82A1 + Sg(sg+ Aog) + S3A2]

5 ! -, —

fu= ~ B1811+ Byssg+ (B4~ BazA)s5- BazAih + (Bag+ Bygr)sg+ BygAot

6 ’ - -

fu= ~ B1813- B45s7+ (Bag~ ByzM)sg- Ba7Ash - (Byg+ Bygr)sa- BagAqt
and

A ’ A FOA

B1= - Bga(sa+ Ap) B4= BsoR + Bsy B7= - Balsg AR

A ’ é 7 A A

Bo= - Bg7(s5+ A1) 5= - Byg3(s4+ AO)R Bg= Byg(s3+ Ao) (H.20)

7 A ’
Ba= - By7(sg+ Ay) Be= - Byz(ss+ AR Bg= - Byglso+ Aq)
1L

Mixed Symmetry or Anti-symmetry Condition at x =
0 -
~mixed

2R

{s1, 52, 0, 0, s3, 54, 0, 0, O, s5, 6, 0, 0, 57, Sg, Sg, 0, 0, S99, S11, 0, 0, O, S92, 813, 0, 0, S14, o’

whereas

A

h=Tp=Te=(0 )T
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APPENDIX I: The Extended Jacobian J(§Y) - E;\. 6 (V)
95
Using elastic end rings to impose the boudary conditions at the shell edges and employing Newton’s
Method with increments in deformation to obtain the location of the limit point involves the use of the
following extended Jacobian J (év) given by Eq. (196)

094 991 991
E 8328 W
0 0
9914 9914 9914
851 8828 JA
004 091 01 991 004
sy 7 Qg 9 Tngg A
0
d9og dgog  dgog d92g dpog
081 dp2g  Ipq 9p2g dA
5.2 68Y - 9929 9929 929 9929 9929 (1)
oS~ '~ opy dpog oty dtog oA
0
0956 956 9956 0956 956
91 dppg oty Ootg  OA
ahy ahy ahy
W 3128 oA
0 0
oh14 dhg  dhqy
at1 atzg JA
oA A 3A oA oA A oA
RS dspg  opp dpog oty dgg A |

A careful look at the structure of this block-diagonal matrix reveals that it is assembled out of the results of
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different computations. The components involving the derivatives of the matching and constraint
conditions, the a(pi/SSj terms, are obtained by solving the appropriate 29-dimensional variational equations
(see Eqgs. (200)-(203), whereby the 29th components are used to fill the last horizontal row. The
components of the last column are assembled out of the solutions of the corresponding inhomogeneous
variational equations (see Eqs. (204)-(207)). Finally those components of this Jacobian which involve
derivatives of the specified boundary vectors g and h can be calculated analyticaly, as will be described
in the following. )

Limiting Caseas E; — 0

In this case one must satisfy the 14-boundary conditions specified by Eq. (143), the first of which
reads

0,5 . 0,,S n= s A A= A

Replacing the shell variables involved H: and sto by their equivalent expressions in terms of the
variables used in the anisotropic shell analysis \TV, W and F derived earlier (see Egs. (99) and (107),

respectively), one obtains after some regrouping the following nonlinear boundary condition

B,
R 21
g91= -2c n 2 l(V43+ Ay PY1+ (Y144 Az)YS] * (e + b12 — -1)¥5

Ag

» By 2 Bay o
Az Az

'é' *
R 0 1 21

- 20 n2b " [Ye+ Ag)Yg+ (Y7+ Ag)Y1g- — (=== - 2)Yq3l
" Ay

B, BB,
- en?0 i 2L [(Yg+ Aq)Yq3+ (Y7+ Ap)Y44] - Oy » 21 21

Asa Aj

(1.2b)

) (b1 oY19+ b1 1Y26)

R,o0.,’ R,o0,=% —k = == 0.— A A - A

Next one can proceed to calculate the partial derivatives 9g1/dY; analytically yielding the following nonzero

terms
991 R, 20 ’ 991 2 By
A22
; ) BX 5
91 _ R 2.0 ! 91 _ 0 S+ 2121
s 20 = n"by3(Y14+ Ag) BT b12(Oy1* ——)

Az




g 4
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= % T %
991 o,=+ BoyByy
v = " P11(04q+ )
8Y26 K*
22

0 ! 0

994 R

) ’ 0, Rg*x = W

991 ,991 A R

*

0= A
= (5 R+2 2 bpByy- Wy
e oA t
994 R,0z* A
= 7 %1 PiBerm Wi

T

9 _, R0 B2t
oY T 12 A
22
J B,
91 _ R 2 0 2 21, 0 ’ 0
W 20 — b Yg- cn = [by3(Y13+ Ay + b 5(Ye+ Aq)]
22
3 B,
ﬂ --2c B n2b1°1Y10— cn2 21
aY7 t A
22
991 R 2.0
—_—— = - 2C — n“b(Yr+ A
g : 11( 6+ A1)
994 R 2.0
—_—— = - 2C — nb L (Y7+ A
10 I n 11( 7+ A2)
. - %
P B
_91_=2cﬁb1°1(ﬁ-2x)
Y12 t K*
22
— ¥
394 2 0.. R Boy
WG = - cn“byyl2 T Yq+ — (Ye+ Aq)]

Agp

Proceeding similarly with the other boundary conditions specified by Eq. (143) one obtains for

0,,S (o} S - S
9= bpyHg*+ bop(My +2a) - wy—=

the following nonzero partial derivatives

(1.4)

g

a92 R 2.0 ’ ago 2 0., R Ba4
—— =-2C — n“bL (Y A — =-Cch“b,[2 21 Y Y-+ A
3V, = N7ho1(Y13+ Ay Vi 212 + Y3+ = (Y7+ Ag)]
22
3 3 -B-* 'B'*
92 _, R _2.0 ! 92 _ L o= P21°21
;" 2¢ = n%byy(Y14+ Ay g byn(Dyq+ = ) (1.5)
22
- % Tk TU%
392 R .o Boq dgp o =+ BoiByy
dYs t ax dYog Ax
22 22



agz
dYg

dgo
3Y7

992
aYg

9go

Y10

dgp
12

L)
Y13

110

=k

B
=-2c ; n2b2°1Y8— cn?
Az
= %
B
=-2c ? n2b2°1Y10- cn?
Aoz
-26 B 022 (vg+ A9) %%
t 21 A
d
- -2 g nZby(Y7+ Ap) %2 .
Pe
B, )
-2c5b21(ﬁ-2x) %2
A22 at

gt
2.0 R 21
= ~CNh b21 [2TY1+_

*
Ao

(Ye+ Aq)]

the third condition

93 byq

S

1.s
N Uy

1

yields the following nonzero partial derivatives

dg3
oY1

ag3
Vo

d93
Y3

dg3

Y4

393
dYg

2 1 R 2.1 ’ R .2
-n b11—4cTn byg(Yq2+ Ay +2Tn b

R 2.1 !
- 8¢ T n b13(Y13+ A1)

R

16
-8c B2l (vi4r Al
T 131714% A2

R

2 2,15

992
oA

R

=0

1 =%

14B11

093

Y15

993

oY17

393

aYoq

ag3

R.,o ’ 0,, Rg* =

il

Y24 B

21 , 0 ! o
- [b21 Y13+ Ay + bos(Ye+ Aq)]

0 ! 0
_—? [b21 Y14+ A2) * b22(Y7+ A2)]

(L.5)

R o=s
(=) R +2 T P2oBay

0= %
= =2 5 byoBgy

(1.6)

R 1=x
=2 4 by4Byy

R
“2—+ ”b13(2526‘ Bgy) * — Aze

- by4Dyq

1 = %
- 4nbygDyg+

ol_.

(2326 Bey)

[ \V] N
| ~




a9

3 _ 1 530 % R 2 R = .1 tng*
W—, —b13(2n Dog- 4c-t_n Yiq+ 4c_t_m:) +’§‘R‘EBG2

993 1 R 2.1 =+ =% 1 ~* =—=x
W Nbip* 2 + Nb3(By11- 2Bgg) + — (Aja+ Agg)

%93 _ 46 R 02! ves Ag) 93 __,BRulEr_ 1 R
g T C13vieT ™M Won T o182 5 22
3g3 R . 1=x 993 Tox 1t 1 5»
—> =2 nb,,B —— =-by D+~ _' B
10 T 1014561 N7 13°11* 57 R 2

993 R 21 993 R 1 ’

3 ) )
298 __ 4B n2b113Y1+ bvgragy 98 (%34
aYq2 t R aEe oA

993 2.1 R S R A, 1 _ 1 t =+ =+

= - N°b,.[8¢c —~ Yo- (D,,+ 4D 4c 21 -_ - (B,,-2B

Vi3 13[8¢ Y2~ (Dyp+ 4Dgg) + 40 — n2] 7w g B2z~ 2Bgg)
993 =-8cRn2b1Y-2nb15* ags=4cRnb.| (Y7+ Ao)
N2 T " Y13'4 1416 - T 13T A2

Further, the fourth condition
1.8 1.8 1 ,s 1
947 bpyNy, + DooNyy + DogHy'+ byyM

yields the following nonzero derivatives

094

E7N
994 . _gc B n2p! vyqe A)
Yo t 23 1

S ]
X1_V1=O

R

2,1 R 2,1 ’ 2,1 5% nxx

ag4

—_— -2
Y15

R, 135%
T P24B21-

1

cn

o
Axo

(1.7)

(1.8)




ag4 _
o3

0g4
Yy

994
Vg

ag4
Y7

994
Y10

994
Y11

994
Y42

994
Y13

994
dY14

1 — %

R _3
4 5 nb3Beg

R 2.1 ’

R 2.1 2,1 5%

1 R 2,1 -« = %
Nbpp+ 2 & N bp3(By4- 2Bgg)

R

2.1
- 4c - n b23(Y6+ Aq)

=2$ 1 =% 1 —*

nbosBe1+ = Azg

R

2.1
= - 4¢ T n b23(Y7+ As)

R 21
-4cTn bs3Y1

R
t

1

R

Further, the fifth condition

1

1,8 1,8 S
95= bgqNy, + bapNyy, + bgHy'+ b

2. 1 1 5%

1
n

- % - %k
Yo- Do+ 4Dgg) + 4c

1

34

1t
2R

1 =% R R =
= bya(2n 3D, - 4c = n2Yqq+ 4c =M

S
M, -

112

n

*

n -
— B
c 22

994

1 =%
— = - 4nb,,D
aY21 23716

994
oYoo

R, 1=x
=2 + bygByy

994 1 =%
Ny 53044
994 )
o0

R

~4c —
1

1 ’
b23(Y1 3* A1 )

904, A

d
94 ) &

—_— =
e 9

994 R .1
— =4¢c — nb,ya(Y7+ A
= T 03(Y7+ Ag)

ot

S
W1=0

R 1 = % - %
" 2 4 Mby5(2Byg- Bgy)

(1.10)




yields the following nonzero partial derivatives

995 2 R

ey =-n b3 -4c_n b33(Y12+A ) +2
995 _ _go R 2! (Y1a+ A.)

Yo T 33'1137 7

995 R 3

Vs =4 T b33'3"16

995 R 2

%95 _ 4 Bn2ol voe 2152 1
W 1 33'9 347127

995 1 3=« R 2 R =
E\es = bg3(2n"Dyg- 4c T Y11+ 4c T nT)
%% ol ez Bn2el B2 25X
m‘”sz T N20g3(B1;- 2Bgg

995 _ _4e B n2] (v A

Vg t 33

995 R

V1o =2 = b34861

5 4 _Fl n2b1.(Y7+ Ag)

Y14 33

995 R 2.1

= = = 4C —_ N“b,,Y

Y12 t 331

995

Y13

2.1 R =k = *

2
b34B1 1

d95 R 2

995 R

— =2 b B

Y15 T 3421

X5 _oRowleEi B
¥y5 " 2 T "P3a(®Bagm Bgy)
995 1=+

oo =~ bg4Dy;

d9s5 1 =%

ey 4nbgaD (1.11)
995 R.1=x

WNon =-2 T b33B54

395 1 =%

Nor = - bggDyy

g5 R ,1 ’
ag og

= - (2 A

Pe

895

ER




Further, the sixth condition

1.8 1.8 1,s 1.5
96= Pa1Nyy* BgoNyy, * DggHy+ bygM,y,

yields the following nonzero partial derivatives

114

S
- W1 ,;": 0

996 2,1 R 21 ’ R 2 1=%
aY1 t t
99 R 2 1 ’ 9%
—_— = - 8C — N°b (Y A -
32 r " Pag(V13+ Ay) N1z
0 - 0
ﬁ =4 B. n3b‘;:381*6 _99__
aY3 t aY15
996 R 2 1 ’ o9
— =-8c - b A(Y A —_—
P T " Pag(Y1ar A N7
996 R 2 1 2, 1 =% 996
_— = -4c _ b,~Y b, D —_—
Vg € M P4379* M 044012 N0
996 1, 3=%* R 2 R - 996
—— =b,a(2n°D,.- 4C - N4Y44+ 4c L N 0
aY7 43( 26 t Y t R 8Y21
996 1 R 2.1 =+ .==# 996
99g R 21 99g
— == 4C = N“b, A (Yg+ A -—
aYg t 43( 6+ A1) 3Y27
996 R ,1=x 99s
-2 =22 nmp,,B 9
aY1O t : 44761 oA

0 d
B - a0 B2l voe ay) %
Y11 t e
0 0

% .. ac B n2b23Y1 ﬁ_
Y12 at

R 2.1 1 =

R 1=+
+ P44Bo;

-2
R i — % - %
™ 2 & Nby5(2By- Bgy)

1 =%
- bgyDyq

1 — %
- 4nbysDyg

R .1
= 4c T nb43(Y7+ Ao)

(1.12)

(1.13)
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996 2, 1 R - R A
Further, the seventh condition
2.8 2.8 ]
yields the following nonzero partial derivatives
3 ) , |
97 . - an?p2, 97 L1 vge A
aYp d¥i3 8 R
8g7 2n T x* ag? 1t
= - A —m—— T T o Y A
g ¢ 18 Vi sROTTAD
997 1 t ’ 997 1 T+
—_— = (Y A — = — A .15
dY¥s 8 R (Y13+ 1) dYqyg con 26 (1-15)
g7 1t ’ g7 1 T+
— == — — (Yqg+ A = - A
aYy 8 R (Y14 2) dYog 4cn2 22
ag7 2 1 =% —=x
g " 212t g Bzt Ase)
Further, the eighth condition
2,8 2.8 S
yields the following nonzero partial derivatives
a9g 2, 2 n = x 99g 2
.8_\72.=—4n b21+2.6.A12 aTg=2nb22
dgg 1t 98 1 T+
—_— = — — n(Yg+ A —_=_A
¥ 7R et A My ¢ 26 (1L17)
998 1 t 99g 1 7+
— = — — n(Y7+ A —_— = — A
v, ~F R A i  2on 22




Further, the nineth condition
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3,8 3,5 3,8 . 3,,8 ]

yields the following nonzero partial derivatives
agg R 332+ n=x 999 R .3 .=+ =% 2
v -4 T MPsBiet 5 Ae s 2T ™13®Bs Ber) - 5
dgg R 23 ’ adg R, 3=+
= = 8C — n°by (Y A ——=-2_b;,B
s T Nb13(Y14+ Ay Voo T P14821
%99 —-n2b3—4c Rn2b3(Y +A’)+2 Rn2b3§*
N3 11 T 13127 Ag T 7 P14
999 R 23 ’ dg 3=+ 1t 1
m—— = = 8C — N°bi (Y A —  =4nby,D —— —
Vs r " P1a(Y13* Ay) N0 13°16” 7 ® ©on
-——agg=-b3(2n36*+4CRn2Y +4cRn?)—1 t “E*
Vg 130 T2eT T T N ZRTC 62
9dg R 23 0 3=x t ’ 999 3=
999 R ,3=+ 9gg R, 3=+ 1 =+«
— =-2"2 b’ B — =-2 b Bo-—_ A

4Bs1 13521 22
aYg t 1 Y24 cn?
999 R 23 399 3=+ 11 1 =+
=— = 4C — nba(Y7+ Ao) —  =-b Dt . — — B
aYg t 13 aY28 13711 5 R cn2 21
999 3 ,R 23 =% =+ 1 T+ =x
Nig nbyp+ 2 = N%b15(B11- 2Bgg) + — (A1a+ Agg)
299 40 R n2o3 ves Ag) %99 _ 4o B b3 v iue A)
Y11 T 13\16% ™M e T 1317147 A2
999 R 23 t d9g _ ddg
— =-4c 2022 vae L(voe A ()R
1z T " P1gYer g (7 A2 = = (5

dPe

A

*

26

(1.18)

(.19)
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d9g R 23 3= ddg R .3
—— =~ 8C — N“b Y4+ 2nbs,D —— = - 4c — nbyo(Yg+ Aq)
aY13 T 13 1416 = T P13
ddg 2 3 R k= R A 1 1 t =
Further, the tenth condition
0y0= bayN2 2 ba,N.S a* bagHs+ bg4stz ~v3=0 (1.20)
yields the following nonzero partial deviatives
9910 R 3 3=x 9910 2.3 . R =x =% R A
9910 R 23 ’ 9910 _, R
—— =8¢ 2 NS (Yqa+ A b _b 2B, .- B
o T " P2s(Y14+ Ap) i 2 T "P23Bae 61)
9910 2 3 R 23 ’ R 235+ noTx
9910 R 9910 R,3=
—10 — _8c B n2(yqat A P --2080p B A
aY4 t Y13+ 1) Y17 t 2472 22
9910 3, 374 R 2 R = 9910 3 =x
910 _,. R 12,3 Yo+ n203pr+1 .1 t Ng* (121)
N7 T 23’9 24712 T T R G 22 '
9910 R ,3=x 1 =% 9910 3=+ 1t 1 =«
W’“ZT"bMBeﬁgAze W“bm‘)n'gﬁae‘m
_ag1°—4c5n2b (Y7+ Ag) ___ag10=—25.b38
g 23! 7" "2 oz 2352
9910 3 R 2.3 =+ , =» 9910

QU
<
nN
@
|
1
W7
mCD
O
—
—
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9910 R 23 9910 R .3 ’
—_— = =4c 2 n%> (Ya+ A — == d4c 2 bS (Yya+ A
Y11 ° 5 ""P23ler A1) E7y r 02314+ A))
d ) )
910 4R n?bo,Y3 2910 _ (2910, 4
Y12 t N oA
9910 R o 3 3=% 1 t == 9910 R 3
Further, the eleventh condition
3.,.5 3., s 3,,8 3.,5 S
911 P31Nyg* bgoNyy,* bagHy + bggM, - wy'= 0 {1.22}

yields the following nonzero partial derivatives

9911 R 3,3 5> %911 _ 2.8 R SH Lot R A
—1--4n = Nbaal8c 2 Yo+ (Dyp+ 4Dpng) - dc 1 *
vy -t " PasBie Vi, " 0aal®e 5 Yo+ (Dyp+ 4Dgg) T n2]
11 _ge B 023 (vy4+ A 911 Lo R nd B Bl
2Y T T33l147 Ao Ni5 T 3326 “ei
9911 2,3 R 23 ’ R 2 3z*
3
0911 _ 8¢ B 0253 (vios A)) 9911 _ _, R, 3§5*
573 T T33V 13T Y EXCTS T 34721
%011 = -b3 (2n35* + 4c R nly + 4¢ R nt) 9911 =4nb3 D,
Ng 33 26 T M T Voo 3316
911 . 4o B 23 vge 026357 - 1 911 35
v, 01 M Pas’er M baaPn Woy | 84P1
9911 R 3=+ 9911 R,35+
—— =-2"nb> B ——=-2"psB
Vg T 034861 Vu T P33Bay
9911 R 23 9911 3=
ot = 4c 2 022 (Y7+ A —t = - bs.D
Vo r N Paa(Y7+ A2) Vs 33P11




R 2.3
- 40 = nbga(Ye+ Ag)

2

R

1]

Further, the twelveth condition

912= b41"‘ + b NS xv3

119

3 R 2.3 2* _o*

2
- 8¢ T n b33Y4+ 2nb34D16

3,.s 3
*+bygHy+ b44M

yields the following nonzero partial derivatives

9912
Y4

9912
aYg

9912

V3

9912
3Y4

a912
Ve

9912
aY7

9912
aYS

R 3
—4 b43'316

R 2

]

R 2.3 ’

i

R

R
T M044Bg1

il

9912
Y14

2 R 2
-n“b 1—4c_ n b43(Y12+ Ao) +zTn b44B

3 = * R -
- b43(2n3D26+ 4c ? n2Y11+ 4c ¥ nt)

2 2

9911 R,3 ’
5 = "4 = byg(Y1a+ Ay)
9911 _ (3911) A
aﬁe oA
W _ 4o B (Ye+ Aq)
= T "33

2 =0

= n2b43[80 = Yo+ (Dyp+ 4D

d912 > R

~2 =28 np? 0B
Vs 2 nb,5(2B 56~

11

9912 R.3=
Exer 2 2 byBy,
d912 3 =%
E 2 = 4nby4D44
9912 3=x
Nar bg4D11
912 _ _, R 35+
= 7 2 5 D43Pp1

dY24

68 -

Bgy)

(1.23)

(1.24)

4c B_ _}”_] -1
t 2

(1.25)
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ag12 R 2.3 9912 3=«

—= =4c > n%b Y7+ A =—— = -by,D

¥y 0T "M Pasl7r A2 Y28 4371

9912 3 R 238 % == 9912 R ,3 '
9912 R 2 3 dd912 9912

12 - _4c B 23 ivae A - (1% R

Y11 1 43(Y6* Aq) 3 (87» )
a9112=_4canbSY ag12=-4cHnb3(Y+A)
Wip T e E
9912 R 23 3=«

Further, the thirteenth condition

4 .,8 4 .,8 s

yields the following nonzero partial derivatives

%’%K;s | g—s(:zﬁ%%(YrAz)

%g\g - - 4?7, 33_12 - % % (Yg+ Aq)

.aafy? - _;_ .% (Y14+ Ay) _g%z - % Ay (1.27)
TR

9913

_ 4 1 ,—% =%
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Finally, the fourteenth condition

4 .8 4.8 S

yields the following nonzero partial derivatives

9914 2 - 9914 1 =«

T4 a2t 20 R —_—a =LA

N M09~ 12 Ny <26

9914 1 t 9914 4

—— = — — n(Y7+ A —— =-2nb 1.29
g~z | "7t A2) P 22 (1-29)
9914 _ 1 t 9914 1 ==«

— = — n(Yg+ A — = A

aY7 4 R (Ye+ A1) dY4g 2nc 22

Limiting Case as E; —» «
In this case one must satisfy the 14-boundary conditions specified by Eq. (141), the first of which reads

(o] S [0 I
h1 = aqq(wy+ Wy+ Wp+ Wy + a12Wo&— Ho =0 (1.30a)

Replacing the shell variable HoS by its equivalent expression in terms of the variables used in the

anisotropic shell analysis \TV, W and F derived earlier (see Eq. (99)), one obtains after some regrouping
the following nonlinear boundary condition

B,
o R 21
hi=a; Y5+ (a12- 2c ¥ = )Yq0+ 2¢ B =" [(Y13+ A Y1+ (Ye4+ A2)Y3 (1.30D)
A
E *
+ (Y+ Ap)Yg+ (Y7+ A9)Y10l + en? 2L [(vyg+ A(Wg+ (Yyg+ ApY7+ AgYg+ AgYqg]
)
E * E *
=« BpyByy
+ (D11 — Yo+ 4c T 7L (Yqo+ A ) + a11(WvX + pre+ th) =0
A,
22

Next one can proceed to calculate the partial derivatives oh4/0Y; analytically yielding the following nonzero
terms

- %
dhy R ahy o R Ba4
-2c_n Y +A =a 2c — (21 -

aY1 ( 13 ) aY12 12+ I (

Ao




ohy R 2 ’

— =2C — n<(Y A

V3 T Y14+ 2)

dhy 0

—_—=a

ays 11

ah B,

o =2c B n?ygsen? 21 (vyg4 A

aYB t K*
22

ah B,

1 R .2 2 ~21 !
—— =2C — n°Y cnc —_—_ (Y A
aY7 t 10* At (Y14+ 2)

A 22
dhy R 2
—— =2¢c — n“(Yg+ A
dYg t Yo+ A1)
ohq R 2
—— =2¢ — n<(Y-+ A
L AT t (Y7+ A2)

122

- %
oh B
1 -2c Bn2yieen? 221 (vge ag)
aY13 t. K*
22
ah B,
1 -2 R n2Y3+ cn2 2! (Y7+ A2)
aY14 t 7\* '
22
=k Tk
oh - B,.B
ao— = Dfyr 21721 (1.31)
aY26 ;*
‘ 22
ahy o.A R ’
oh oh
T1 = (8_1) ﬁ + aﬂwp
Pe A
oh
_._.1_ = ao\ﬁlt
= = 344
ot

Proceeding similarly with the other boundary conditions specified by Eq. (141) one obtains for

(o} S 0§ S -

the following nonzero partial derivatives

oh B
~2. asr - 2c B_ 21
Y5 21 - x
22
= *
oh B
2 -en? 21 (vg+ Ag)
JYg At
22
-~ *
oh B
2 -cn2 21 (o4 Ay
Y7 at
22
oh
-——2— = 32%
Y12

(1.32)
Tk Tk
dhy  —x  BpyByy
dY1g -1 — %
Ago
ahz oA RSs* =
5 =~ %21Wv-2 5+ Byy- g
N (1.33)
TZ = m.":) R+ 3201Wp~ 2 R 52*1
dpe t
aho

oA R o*
T




The third condition
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1. s 1. s 1 s 1 s S

Ng=ayqly + agpVy+ aggWy+ agWy=- N, =0
yields the following nonzero partial derivatives
dhg  n 1zs ohg 1t _1=»
—— = - — a45A 5+ N - ——ay,B
aYq c 12712 14 c R 12726
ohg n 1=+ hg 1 1=
— = — a44A —_— = —— a4sA
Yz ¢ 11716 Nz on 12722
ohg t 1 Vo111t ongx 1
W |12t Ag) *agpls ¢ 5 2 = Byy) vagg
ohg 1 tn_13% oh3 2 11—+
— = - . . a,4B — ==~ a/ A
aY7 2 R¢c 11762 aYq7 cn 11726
g 4 1 —x —« dhg 1 1 1=+x

w5 o A1t Age)

ohg 1
— = = — aynA

dhy Ll ver Ap
= - a +
Y12 R 11 67 ™M
ohg 1T .01 1 t =% _=x
Wig A1l * 55 7 B 2Bggll +ayy

The fourth condition

h_1s 1.5, 1 s, 1.8
47 8pqUq + 8oV + ApaWy + g W

yields the following nonzero partial derivatives

ohy n_17x
EreR axoAqo

1%

t
- — — — a4,B
o9 2 Ren 12721

ohg 1t 1 _1,.=+ ==
—_— - — — 3a,4(2B,~- B
3o 2’ on 211%B2s~ By
oh 1 -
: -1 a1Az
Yoo c
oh -
aY27 2 R cn2
S
Nyys
ohy 1t 135+
_ = - — _ a,,B
aY14 c R “22726

(1.34)

(1.35)

(1.36)




ohy

N5

dhy
Vg

dhy
N7

11 1t =k =
Wom " 221l * 55 7 Boa~ 2Bge)l + 24
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1
n

The fifth condition

i s 1 s 1 s 1 s ]
Ng= agqUy + agoVy + aggWy + aggWq =~ Hy'= 0

yields the following nonzero partial derivatives

ohg
Y4

dhg
Yo

dhs

Y3

ahsg
N2

n

17+ R 2 !

- 8¢ ? n2(Y13+ Aq)

R

n 1 —-x% 35 *
3a31A16™ 4 + "By

T

R

2 ’
=8C — n< (Yqu+ A
i (14 2)

dhy
Y15

ohy

Y17

dhy

dY20

dhy

Y21

ohy

dYoo

dhy

Yo7

ohg

N5

ohs

Y17

dhg

9Y20

1 1 =%
= ansA
cn 2222

2 1 7%
- = a,4A
on 21726

1t 1 1=%
SR on 55851

|
O
g|
jo]

W
N
l\)>l
N*

(1.37)

(1.38)

(1.39)
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_ 1 ’ 1.1 .1t ng* 1 R 2

m - F ag4(Yq2+ Ag) + 332(_n. + THS Boo) + agg+ 4C T n“Yg
ahS__1tna1§*+4¢F{ngY —on30) -4 R o
a7 T Z R 8162 T NTT AN hag 4o e
ohg 1.1 =% Z» R _25% =+ ohg 1t 1 _1 .=+ =—x =x
g G 231A12* Ase) ~ 2 1 n%(Byy- 2Bgg) o 2 R on 231%B26 Bgy) + 40Dy
ohg R 2 ohg 1 4=« R 3+
— =4¢c — n“(Yg+ A — = 8nAsn+2 _ B
Vs T N°(Ye+ A1) o o2 31722 21
ohg 1 15+ ohg 1t 1 _1z% =4
_— = - . as,A —_— T~ — — e An4By+ D .39
Wi T 28226 &z 2’ [z sitart P (1.39)
ohs R 2 ohg R ’
— =4c Y7+ A — =4c —_ (Y A
Y11 r 7 A a p (Y13* Ay
ohg t 1 R 2 ohs _ ohg
o = = = 8, (Yg+ Ag) + 4c B n2y, 2 -2 AR
Y12 R 31 1 e A

ohs —al ] L g*—Z-B_*)+ 1+4 R22Y+}‘.- 2D} + 4D}
aY13_a31[;Tz' 20 | B22™ 2Bge)l * 834+ 4 = @n"Yp+ 1) - n"(Dy,+ 4Dgg)
dhg 1t _1=x R 2 ohs R
— = - e — a~nB 8¢ — n<Y —— =-4c —n (Y7+ A
V12 c R 32°26" °° 7 4 5 7+ A
The sixth condition

1. s 1. s 1 s 1 s [

yields the following nonzero partial derivatives
ohe n_1z* o R _2zx dhg 1t 1z _ =»
W, ~ T 242M2m 2 7By oo T 5 | 42826t 20D46

1 14 (141)
ohg n 1=+« ohg 1 1=+ _ R=x
W, ~c 41Me s o 2a2fe2t 2 By




BhG t

2D*

- 1 ’ 1,1 .1t ng* 1
e T wl12m Ao T gl 5 g g B v
Mg { tn 15 e
Y7 2R T 4162 aYq7
dhe 1.1 5% =% ohg
—_— = - — a,4(A A _—
Vg T~ M41h2* Ace) 20
dhg 1 1% _ R _=+ dhg
— = - — A0Ar-2 — N B -
N1g T 4272671 " et o
dhg t 1 dhg
—_— =~ __ a,.(Yg+ A _—
aYq2 R 41( 6+ A1) Yoo
ohg 101 1 t % =x 1 ohg
—_— = 84—+ —— — (B,,~ 2B a _
Vi3 41[n2 5 | (P22~ 2Bge)l + 244 Vo
The seventh condition

2 s 2 s s

yields the following nonzero partial derivatives
oh - dh
-2 D a2R% . an? o7
aYz Cc aY13
oh - oh
L =20 a2 R 7
Yy c Y44
ohy 1t .2 o1t ohy
— =~ — — a:4(Y13+ A — — nag,(Yg+ A _— =
Vs 8 & 11(Y13+ Ay) + 7B 12(Ye+ Aq) M1g
oh7 1t 2 1t ohy
—_— T — Y As) - — — Y7+ A —_—
N, B R 311( 14* 2) 7R na12( 7+ A2) V18
ah? 1 -— — % ah7
W T ay1(Aq2* Agg) Was

12

2 1 =«
- a,.A
cn 41726

1 1 =% - %

1t
= R’ o 242B21* Dqy

*

1 = = %
- — 841(2Byg- Bgy)

(.41)

(1.42)

(1.43)
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dhy 12

=1 acnl (1.43)
Y11 c 12726
The eighth condition

S

2 s 2 s
hg= 854Uz + axpVp = Ny = 0 (1.44)

yields the following nonzero partial derivatives

dhg n_2<x ohg 11,2

— =-2 _ a,sA — = - — — ay4(Yg+ A

Vs g 92212 ¥is B3R 21(Y6+ Aq)

ohg n_25x ohg 1 t _2

_—— =2 —_ an4A _— e . Y-+ A

oYy c 21716 Y4 8 R a21( 7+ A2

ohg 1t .2 o1t ohg 1 2=«

e = = — — 854(Y13+ A} + — — na5,(Yg+ A —— annA

s 5 | 210137 A+ 7 5 nag(Yer Av) 1 2on 22722

ohg 1 t 2 o1t 2 dhg 1 . 2=»

—_— = — — a4(Y A,) - . — nas,(Y7+ A =—-__ A 1.45

av; 5 | 2217141 A9 - 7 g Map(Y7+ Ag) Nig  con 21726 (145)

ohg 1.2 7% = dhg 1 27«

= = = — 854(A45+ Azz) - 2n _= a4 A

Vg c 21¥112° 66 N3 acn 21722

ohg 1 27+

—— = - — 855A

row < 322726

The nineth condition

3 s 3 s 3 s 3 s ]

yields the following nonzero partial derivatives

ohg n_37* dhg 3,01 1 t =+ == 3

F) 7o a11A16 E v a11[;§ * s 7 B2z~ 2Bgg)l 2y,
(1.47)

ohg _n _ 37+ 2 ohg 2

3~
_—— = — agsA n _— = —a
v c 212M2? V5 on S11h26




;(LZ = % -é % a131§§2

- b Ay alyl e 1L
% =" % a132;";6

';/l?b' -- 1ol Age)

23% -- L al (Y7+ A)

;':113 = % -FtT a132§2*6

The tenth condition

3 s 3 s 3 s 3 s
Myg= 8pqUg + BppVg + axgWy + apyWp —- N

yields the following nonzero partial derivatives

oo _ n 37«

WT="3a21A16

10 _n B7x

W—E 2212

Mo 1 t n 35+

—_— T — — — a,4B

g 2R T 2162

ohq t V8.1 1t
v - R M2rA) meln 5 g
Mo _ _1 35+

oV | T 222"

ahg 1 3 -
= - — a45A
w7 | on 1222
n g 3
< B2o) *ay3
dhg 1t 1 3 =% =x
= _ — — a;4(2B,z- B
o5 2 B on 211@B26" Be)
(1.47)
Mg 1t 1 3z«
—— = — — a4,B
dYo1 2 R cn 12721
oh 3 -
2 - L ajAz
Yoy cn2
Mg _ 1t 1 8z
Vog 2R 2 e
S
xya~ © (1.48)
dhio _ 3.1 . 1 t Z+ =«
Vi =a21[F+‘2'Eﬁ(822_ 2Bgg)l + apy
dhig _ 2 3«
—— = — a54A
dh1g 1 37+
= - — 355A 1.49
Wi, | on fe2her (149)
nox 3
5 Bo2) * 83
Mo 1t 1 3, =+ =»
———  — — — a,4(2B,,- B
Voo 2 W on 21@B26" B1)




oh1p 1.3 7% == CUETH) t 1
—_— = - — as4(A A n = B
g | © 2212t Aee) * Va2 W on 22521
dhig t 3 dhp _ 1 37«
—_— = = an,(Y7+ A =____ a,.A 1.49
v, w7 A Voa 21h22 (1.49)
dhyg 1t _3=x dhip 1t 1 33«
—_——— = = e — 8,5B — e — —_ a,,8B
5Y13 c R 22726 dYog 2 R Cf‘l2 21721
The eleventh condition
3 3 3 s 3

h11 a31u3 + a32v3 + aggW, + ag 4w2 H2 (1.50)
yields the following nonzero partial derivatives
ohy1 n_ 37z*_ ,R 3=% dhy1 2 * R _ =k =%
E\Z = - < 33176 47 N"Byg N5 on ag1Azg- 2 T N(@Byg- Bgy)
dhq1 R 2 ’ dhq4 1
_— =~ 8c — n°(Y A _— = - ansA
Yo t (Y14+ 2) oYq7 cn 9222
11 _n 37+ R 2 ’ Mg 1t 1 8 =+ =« =
W G 2e2fizt e £ (Vi Ay oo 2 W on 231826 Bey) ~4nDyg
ahq1 R o ’ oy 1t 1
—_— =8¢ — n<(Y A = — — an,B
oV r " (Y13 Ay) N2 2 R on 8221 ist

51

i1 -1t na"35*+4cRn‘2Y +2n35*+4cRn?
Mg 2R ster TN 26" T
dohq1 t 3 ’ 31 .1tng R 2
dhy1 1 ohyq _ 1 A*.oR3g
— = - — anA _—— = — _ an4A — B
aYg c 32 26 Nog an 31722° t
ohq1 R 2 ohy4 1t 1 3z«
= = - 4Cc __ n<(Y7+ A —_— T — — — 8,4B,y4+ D
g p 07 A Vg Z R 2 821" Pt




hy1
Y10

oh11

dY11

ohq4
Y12

dhy1
Y13

ohy1
914

1

c

3 - —x R 2,=% = %
331(A12* Agg) ~ 2 + (B4~ 2Bgg)

4c ? n2(Yg+ Aq)

t

R

_ 1
c

3. 1 1
Qg + —
31[ 2 2c

t
R

n R

The twelfth condition

3 o* R 2
a3,Bo6+ 8C T n<Yy

t =% = % 3 R — % =k
(Byp- 2Bgg)] + agy- 40 -1 (2n%Yp- 1) - n2(D,,+ 4Dgp)
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3 R
agq (Y7+ Ap) + 4c T n2Y3

]

yields the following nonzero partial derivatives

dhqo
aYq

dhq2

Y3 N

Ve

oh12
Y7

oh12
Vg

dhq2
9¥10

[}

_n
Cc

_1
c

1
T

3 =%
1716

.bm
aw
-<
oy
N
+
2>
o\./\

R

3 —x
Aohoe* 2 +

3 —*% —x%
241(A12* Agg)

- %
n 861

h_35+3$35+ _MmS
127 849Uz * 84pVg + Ay3Wp + AgqWp o= My, =

dhy4 R ’
—_— =4c _ (Y A
a0 g M A
ahy ohyq1. A

= = () A

dPe

ch

_11 -4 Bp (Yo+ A1)
a1 t

2—::—% - afﬁ% + -21—0 & Bop- 2Bggl + 2
;::—2— = % 34?1;‘2*6
;—s:—z;- =- % afzz‘z*z* 2 ? By
';' 'Ft‘z % By) * afa‘ n®Dy,
T2 R By
—g;;— = % % 31; 322551 * E)1*1

(1.51)

(1.52)

(1.53)




ohqp t

Mz 1 37+

e = = Ay (Y7+ A —<=-_a’A
1o g 22107+ A2) Voa  psthe2 153
dhyp 1t 3z , =% dhy2 1t 1 _3zx
—— = = — . 8,5Brn- 20D —_— e — —_a,.B
Y13 c R 42726 16 Nog 5 R cn2 41-21
The thirteenth condition

4 s 4 s (3
yields the following nonzero partial derivatives
dhq3 n _47+ dhz 1 t _4
_ =-2 _ a,.A —_— == — . ay4(Yv+ A
Yo . c 11716 Y43 8 R 11( 7+ A2)
ohq3 n _4-—x* 2 ohy3 1t _4
— T2 —a;,A 4n = = - — — a44(Yg+ A
3Y4 c 12 12* 3Y14 8 R 11( 6 1)
ohy3 1t _4 1t Mz 1 45
—_— = = . asqlY A;) - — — nag,(Y7+ A _— = — aj4A
aY6 8 R 11( 147+ 2) i 12( 7t 2) aY16 on 211726 155
ohy3 11 _4 1t ohy3 1 4=x
_—=-_ _a A -~ — Na,s(Yg+ A _— = - ___a4”A
Y7 g & 211187 A) - 7 5 naga(¥ee Ar) oY1g  2on 12722
ohq3 1 _4=x ohy3 1 _4=x
_— = - . a4sA — = a, (A
ayg c 12726 3Y25 4cn2 11722
ah13 1 4 —% —x
vy - 5 11827 Ase)
Finally, the fourteenth condition

4 s 4 s s

yields the following nonzero partial derivatives

dhy4

n _4—x*
_— = - 2 —_ an4A —_— an4(Y7+ A
3, z 2176 Vi3 21(Y7+ A2)




dhyg

A

oh14

Yg -

dhq4
Y7

dhiq
Ny

dhi4
Y11

132

dhq4

Y14

ohq4

Y16

dhyg

daYig B

ohyg’

{2

| =
| ~
N

1
‘cn

4 — %
a31A2g

1 4

= %
" 5on 322R22

1 47
5 821722
4cn

(1.57)
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Table 1 Comparison of calculated buckling loads — Khot's glass-epoxy shet| [26]
(-40, 40, 0) - Ny =—965.9814 Ib/in,R=6.0in, L=12.5in, t = 0.036 in
ANILISA COLLAPSE ANILISA 1 COLLAPSE

S8-1 |-282.324 (n=2) -282.323 (n=2) C-1 [-519.656 (n=12) -519.656 (n=12)
88-2 | -282.702 (n=2) -283. (n=2) C-2 |-521.455 (n=12) -521.454 (n=12)
S§8-3 |-518.116 (n=12) -518.115 (n=12) C-3 |-520.333 (n=12) -520.332 (n=12)
88-4 |-520.727 (n=12) -520.663 (n=12) C-4 |-521.597 (n=12) -521.597 (n=12)

Note: Buckling loads are given in Ib/in

§§-4: u=u, ; v=w=0 ; M=

C-2 U=Upg ; Nyy=w=0 ; wy=0

C3 :Ny=-Ng ; v=w=0 ; wy=0

C-4 U=ug ; v=w=0 ; wy=0
Table2  Summary of Imperfection Sensitivity Calculations using ANILISAI?9!

Khot's glass-epoxy shell (-40, 40, 0) - N, =-965.9814Ib/in
Al n b o B 8 8. |&2=01{F=05|% =10

S8-10.292266 (2 |-0.0436 |[1.0042 |1.0179 |44.97 |-59.08 |0.869 0.677 0.553
SS-2 10.292659 |2 |+0.0328 |1.0015 |1.0139 |44.97 |+17.67 - - -
SS-3 |0.536362 |12 |-0.3893 |0.8975 |0.6644 |44.12 |-122.26 |0.757 0.436 0.251
8S-4 |0.539065 |12 {-0.1726 |0.9444 |0.8083 |44.09 |-93.68 |0.807 0.542 0.385
C-1 [0.537958 |12 |-0.2654 |0.9468 |0.8267 |44.56 |-110.73 |0.781 0.498 0.340
C-2 [0.539820 {12{-0.1115 |0.9689 |0.8939 |44.55 |-73.98 |0.829 0.591 0.447
C-3 10.538658 (12 |-0.2176 [0.9525 |0.8403 |44.56 |-104.68 | 0.793 0.520 0.364
C-4 10.539966 |12 |-0.1101 [0.9690 |0.8934 |44.55 |-74.24 |0.830 0.592 0.448

Note: 8. and §; are given in degrees.
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Fig. 1 Sign convention used for shell and ring analysis

Fig. 2 Forces on a ring segment
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Fig. 4 Determination of forces and moments at the ring centroid - at x = L (upper edge)
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Stringer stiffoned sheil AS—2 —xibor2=0.05,m=2,Nn=14~ SS—4 B.C.

displacement W1—rmox vs oxiol load (both normolized)

Fig. 6
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Fig. 8 Notation and sign convention for layered composite shell
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Fig. 9 Notation and sign convention for orthotropic stiffeners




normalized axial lood = lombdos / 0.536362

normolized axial lood = lambdas / 0.536362

Fig. 10
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Khot's gloss—epoxy sheil («~40,40,0) xibar2=0.1D—0%.m=1,A=2
W1—maox vs oxiol locad (both volues normalized) SS-—1 B8.C.
0 v T y T T T
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a. W{ max Vs normalized axial load pg= Ag/A;

Khot's gloss~aepoxy shell (—~40,40,0) xibor2=0.1D~05,mm=1,n=m2
end—shortening (toto!) vs oxial lood (both normalized) ~ SS—~1 B.C.
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Load vs deformation plots for SS-1 boundary conditions
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Knot's gioss—epoxy shell (—40,40,0) xibor2=0.10—-05,mm=i n=2
W1—mox vs axial iood (both volues normalized) SS—2 B.C.
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b. end-shortening vs normalized axial load pg= Ag/A.

Fig. 11 Load vs deformation plots for SS-2 boundary conditions™
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Khot's gioss—epoxy shell (~40,40,0) xibar2=0.10—-05.mm 1. n=12

normolized axial lood = lembdos / 0.5368362

Wi1—mox vs oxial load (both normalized) — SS—3 B.C.

o — v T T r T
Q
[
ol p
o
gl |
[+

:
o
(s i
o

4

]
LR E
-]
o
°
DC . i " 1 . i e

©.00 ©.20 0.40 o.60 o.e0 1.00

W1i—max / 0.036

a. W{ max Vs normalized axial load pg= Ag/As
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Load vs deformation plots for SS-3 boundary conditions

(Ny=-Ng, V=W=My=0 ; Ngy=-965.9814 Ib/in)
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Khot's glose—epomy shell (~40,40,0) xibor2=0.10-05.mmi nei2
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b. end-shortening vs normalized axial load pg= Ag/Ac

Fig. 13 Load vs deformation plots for SS-4 boundary conditions
(u=ug, v=w=My=0 ; N;y=-965.9814 Ib/in)




145

Khot’s glioss—epoxy ahell (~40,40,0) xibor2m0.10—05.mm=1,nm12
end—shortening (total) vs oxlol load (both normolized) — SS—4 B8.C.
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Fig. 14 Enlarged view of the Iimﬁ point for SS-4 boundary conditions
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Khot's gloss—epoxy shell (—40,40.0) xibar2m0.10—-0S,mm=1 nm12
W1l—maox vs oxiaol lood (both normalized) — C—1 B.C.
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b. end-shortening vs normalized axial load pg= Ag/A¢

(Ny=-No, Nyy=W=W,3=0 ; Ngy=-965.9814 Ib/in)

Load vs deformation plots for C-1 boundary conditions
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Khot's gloss—epoxy shell (—~40,40.0) xibar2=0.10—05,m=1,n=12
Wi1—max vs oxiol lood (both normaolized) — C—~2 B.C.
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Load vs deformation plots for C-2 boundary conditions
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Khot's glass—epoxy shell (—~40,40,0) xibor2=0.1D—05.mm1,Nn=12
W1i—max vs axial load (both normolized) — C—3 B.C.
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b. end-shortening vs normalized axial load pg= Ag/A¢

(NX=-N0' V=W=W,x=0 ’ Ncc=“965.9814 Ib/ln)

Load vs deformation plots for C-3 boundary conditions
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Khot's gloss—epoxy shell (—40,40.0) xXibor2=mQ. 10—0S. Mt , nAm12

W1—mox vs axial load (both mormalized) ~ C~4 8.C.
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Load vs deformation plots for C-4 boundary conditions
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