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In this paper the two-dimensional flow of fresh and salt water through a
homogeneous aquifer is considered. The two fluids are assumed to be separated
by a sharp interface. They differ only in their specific weight. This difference
induces a flow in the aquifer which in turn causes a motion of the interface.

We present a mathematical formulation of this problem which consists of a
Poisson equation for the stream function coupled to a time evolution equation for
the moving interface. The equation for the stream function is solved by means of
a finite-element method while a predictor—corrector method (the S=* scheme) is
used for the discretization of the equation for the interface.

1. Introduction

In THIS paper we present a model which describes the two-dimensional motion of
fresh and salt water through a horizontal aquifer. The fresh and salt water have
different specific weights, denoted by y; and y, (y;<y,), respectively. As is
frequently done in hydrology (for example see Bear [1, 2]) it is assumed here that
the fluids do not mix and are separated by an abrupt interface. The difference in
specific weight induces a flow and thus a displacement of the fluids and the
corresponding interface. Our interest here is in the evolution in time of this
interface. This leads to the following rescaled problem:

d 3
—Ay(x, z, 1) =% [H(u(x, 1) —2)] with (x, z, 1) e QX R™,
Y(x,z,t)=0 for (x, z, 1) e 2 X R™,
P
Su a ; + (
> (x,t)= P [W(x, u(x, 1), t] with (x, )e IXR"7,
u(x, 0) = uy(x) for x e I J
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Here x and z denote the horizontal and vertical space coordinates, respectively,
and t denotes time. Further, I=(—1,1) or I=R, 2=1%(0,1), and H is the
Heaviside function: H(s) = 1 for s >0 and H(s) = 0 for s <0. The initial value u,
is assumed to be sufficiently smooth with ug€[0,1] and, if /=R, there exist
numbers —® < g, < a, <« such that

ug(x)=0 for x =a,,
uox)e(0,1) fora,<x<a,, 1.1)
up(x)=1 for x = a,.

The function vy denotes the stream function of the flow and u represents the
height of the fresh—salt water interface, 0 <u <1. At points where u = 0 (bottom
of aquifer) only fresh water is present and at points where u =1 (top of aquifer)
only salt water is present. A full derivation of Problem P is given in section 2.

In section 3 we consider a simplified model which arises when a Dupuit
assumption with respect to the flow is being made. Then the height u of the
interface satisfies a degenerate parabolic equation. We recall some analytical
results about the generalized solutions of this simplified problem. The derivation
of this equation, which is due to de Josselin de Jong [7], is based on the
assumption that the horizontal component of the specific discharge in each fluid is
constant over the height (see Fig. 3.1). Generally it is believed that this
assumption holds for relatively flat interfaces. One of the purposes of this paper is
to show that this is indeed the case and that the interface need not be very flat.
We also show (numerically) that a solution 4 of Problem P has a large-time
behaviour which is similar to the large-time behaviour of the generalized solutions
of the parabolic equation. More precisely, our computations show that when
I=(-1,1), u converges to the constant

3 f uo(x) dx

and when I =R, u converges to a similarity solution of the simplified problem.

We describe the numerical method in section 4. The equation for the stream
function is solved by means of a finite-element method. The equation for the
interface, when considered separately, is hyperbolic; the $*# scheme introduced
by Lerat & Peyret [14] is used for its discretization. An essential problem is to
calculate as precisely as possible the x-coordinates S,(¢) and Sy(¢) of the points
where the interface reaches the bottom, z =0, and the top, z = 1, of the aquifer.
We do this by also discretizing the differential equations for S, and S, and
calculating u only between S, and S,. Similar techniques have been used by
DiBenedetto & Hoff [9] and Hoff [13] for the discretization of the porous-media
equation. The numerical results are presented in section 5. Part of the
computations shown there are obtained by using a fixed triangle distribution
throughout the entire low domain. Tests are performed with and without using
the extra equations for S; and S,. The results are virtually the same.

A number of calculations are carried out using a triangularization of the flow
domain which varies in time. This is done with the help of an automatic mesh
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generator, allowing the mesh to vary at each time step in such a way that the
discretized interface coincides with sides of triangles. In this way only values of
the stream function vy at mesh points are necessary in the computations.
Therefore larger triangles can be used in this case. The numerical results clearly
exhibit the asymptotic behaviour described in section 3.

Certain one-phase problems are treated by related methods; in particular,
Rasmussen & Salhani [16] use a Crank—Nicolson procedure to solve the interface
equation in a case where it is coupled with the Laplace equation. Duchon &
Robert [10,11] consider Problem P in £ =R? and obtain existence and
uniqueness results in a scale of Banach spaces. Chan Hong and Hilhorst [5, 6]
prove the local existence and uniqueness of the solution of Problem P in the case
when Qis the strip R X (0,1) and 0 << 1.

In the engineering literature, several authors propose finite-element models for
interface problems in groundwater flow, for example, Wilson & Da Costa [23]
and Verruijt [20]. However, their work is based on the Dupuit approximation
with respect to the flow. This leads to a different set of differential equations.

2. The model

In this section a derivation of the interface motion problem P is given. We
consider first the problem of finding an equation for the stream function which
describes the flow induced by a given variable density distribution of a fluid in a
porous medium. Thereafter the case of a sharp interface is treated and an
equation for the interface motion is given.

Let h>0. Throughout this paper we set £* =1"x (0,h), where I" denotes
either the interval (—h , h) (bounded case) or the whole real line R (unbounded
case).

2.1 The Equation for the Stream Function

Consider the 2-dimensional flow of an incompressible fluid of variable specific
weight y and constant viscosity ¢ through a homogeneous porous medium with
permeability k. Let " denote the flow domain of the fluid. The movement of the
fluid is governed by the momentum balance equation (Darcy law)

'—,':q+gradp+ye,=0 in Q* (2.1)

and the continuity equation (expressing the incompressibility of the fluid)
divg=0 in Q" 2.2)

In these equations, q¢ and p denote the specific discharge field and the pressure,

respectively, and e, denotes the unit vector in the vertical positive z-direction.

Since we are interested in a description of the density induced flow only, we
consider at the boundary 3£2* the no-flow condition

g.v=0 on 3%, (2.3)
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where v denotes the outward normal vector on 92"
In equation (2.1), ye, is a prescribed vector which is the driving force for the
flow. Taking the curl of equation (2.1) gives

curl ¢ + ﬁ curl (ye,)=0 in &, (2.4)

where the curl of the vectors must be understood in the sense that curlg:=
9q,./3z — 9q./3x. Because the flow satisfies equation (2.2) we introduce a stream
function according to

oy dy

q=curlw=(—§,§). .5)

Inserting this into equation (2.4) yields the problem

—Atp=1—(i}-’ in &,
HOx Py (2.6)
v=0 on 382",

where the boundary condition follows from the no-flow condition (2.3), which
implies that y is constant on 32". We normalize it here to zero.

In hydrology an important example of this situation is found in the flow of fresh
and salt water in coastal aquifers [1,2]. When the scale of the problem is small,
the fluids cannot be considered to be separated by an abrupt interface. Due to
mechanical dispersion and molecular diffusion a smooth transition zone develops,
see de Josselin de Jong & van Duijn [8]. However, if the scale of the problem is
sufficiently large, then the fresh and salt water are often considered to be
separated by a sharp interface, Verruijt [20] or Wilson & Da Costa [23]). In
particular when £2* denotes the unbounded strip R x (0, &), the model describes
the flow in a horizontally unconfined and vertically confined aquifer of constant
thickness h. For this situation we have in mind a fluid distribution in which far to
the left only fresh water is present, while far to the right only salt water is
present, see Fig. 2.1.

In view of these applications we assume with respect to y the hypotheses

(i) yeL®(£2"), and there exist real numbers 0< y,<y,<o such that
Ye = Y = Ys- I‘I-y
(i) yeL*(S*)+{(y,— vy )H(x)+ v,}, where H denotes the Heaviside
function.

Hypothesis H, (ii) ensures that 3y/dx €e H™'(§2"), see Appendix A, Lemma Al.
Then it follows from standard theory (Vo Khac Khoan [21: pp. 201, 202]) that
Problem P, has a unique solution y € Hi($2*). Moreover, since y € L*(2"), it
follows from Lions & Magenes [15: Theorem 8.1] that if £2 is bounded,
Y eC**(Q*) for all ae(0,1); furthermore one can show that if " is
unbounded, ¥ e C°'*(Q}) for all a€(0,1) and for all R>0 where Q%=
(-R,R) x (0, h).

Next we show that the solution ¥ of Problem P, in both the bounded and
unbounded case, defines a flow field which satisfies equations (2.1) to (2.3). Since
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F1G. 2.1. The interface between fresh and salt groundwater in a horizontal aquifer

y e HY(2"), ¢ =curl p € {L¥(£2"))* and satisfies the no-flow condition (2.3).
From (2.5) and (2.6) we have

L. <£‘1+ ”") curl¢ =0 for all ¢ € C5(2*).

This implies by Temam [17: Propositions 1.1 and 1.2, p. 14] that there exists a
function p € H'(§2*) (or p e H'(£2%) for all R >0 if £” is unbounded) such that ¢
and p satisfy Darcy’s law almost everywhere in £2*. Note that p is uniquely
defined up to a constant. Also, since g = curl vy, it follows by direct computation
that (g, grad¢)=0 for all ¢ e C5(£2*). Thus divg=0 in the sense of
distributions.

From this point on we suppose that the scale (h) of the problem is sufficiently
large, so that an abrupt change in specific weight, say from fresh water with y, to
salt water with y, can be assumed. Furthermore we suppose that the height of the
interface I, separating the fluids, can be parametrized in the form z = u(x),
where u:I*— [0, k] is a continuous function satisfying (if I* = R)

u(x)=0 if x<x,,
u(x)e(0,h) ifx;<x<ux,, 2.7
u(x)=nh if x = x,,

where —o<x,<x,<o, see Fig. 2.1. Then the specific weight throughout the
flow domain is given by

Y(x, z)=(v,— yoH(u(x) —2) + v, for (x, z) € @, (2.8)
where again H denotes the Heaviside function. With this expression, the equation
for the stream function becomes

3
—Atp=F:9;H(u(x)—z) in ", 2.9

with I = (x/p)(v: — 70)-

Remark 2.1. Clearly, the assumptions on the function u imply that u € L'(/") +
{h.H}. This in turn ensures that y, defined according to (2.8), satisfies the
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hypotheses H,. Thus for a given u, equation (2.9), with ¥ =0 on 3€*, has a
unique solution.

Let £ denote the domain occupied by the fresh water, €2, the domain occupied
by the salt water; let ¢ be the tangential unit vector to I,,, n the normal unit vector
pointing into £2; and a the angle between the positive x-axis and ¢, see Fig. 2.1. In
the case when the function u is smooth in the neighbourhood of each point x,
where 0 <u(x) <h, we show below that the problems in terms of ¢ and ¥ can be
written as problems on the two subdomains €2, and €2,, with matching conditions
on the interface. For convenience we use the notation u' for the x-derivative of u.

LEMMA 2.2 Let y be given by (2.8), in which u is smooth on the set where
u€(0,h). Further, let q € {L*(Q")}* satisfy (2.1), (2.2) and (2.3) and suppose
that the restrictions q; (i = £, s) of q to 82, are such that q, € {H'(8)}* for every open
bounded set 6  Q,. Then q and q, satisfy

divg,=0, curlg;=0 in Q,i=1,s;

!

u
A+ ol

(90— q,).n=0, (g—¢q).t=Tsina=T

q.v=0 on 3"

COROLLARY 2.3 Let y be as in Lemma 2.2. Further, let vy e H(S2") satisfy
Problem P, and suppose that the restrictions vy, (i =f{,s) of Y to &, are such that
Y, € H¥(8) for every open bounded set 0 < Q;. Then . and 1, satisfy

—Aw,=0 ian,i=f,S;

y oW W u .
V=Y GGy - Tsme=—Iar et on ks
w=0 on3Q".

Proof. Corollary 2.3 follows from Lemma 2.2 by substituting g = curl y.

Remark 2.4. This corollary shows that 3v/dn is discontinuous across I, at each
point where I, has a non-zero slope. This will appear clearly in the numerical
results.

Proof of Lemma 2.2. From
(divg, ¢) = —qu grad ¢ =0 for all ¢ € C5(§2"),
it follows that div g; = 0 almost everywhere in €, (i =f, s) and thus that
fr (@—q.) -0 ds =0 for all ¢ € C(2"),
which implies that (¢;f —q,).-n=0on I,. Similarly, since

curl K
urlg =——
9 uox
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in the sense of distributions in £2*, we deduce that curl g, = 0 almost everywhere
in £; (i =1, s) and that

[ @)1 as=r [ weee uear foral ¢ e i),

which implies that
. u'
(9~ g,) . t=TIsina= F——;(l T L.

2.2 The Interface Motion Equation; the Equations for S, and S,

Let u = u(x, t) denote the height of the fresh—salt interface at a certain time
t>0. Then the corresponding stream function can—in principle—be found by
solving equation (2.9) with the boundary condition from (2.6). To stress the time
dependence we write y = y(x, z, ). From this the displacement of the interface
is calculated as follows.

Introduce

u(x,t)

Qx, 0= q.e dz, (2.10)
(U}

as the total discharge of salt water in the horizontal, positive x-direction. With the
definition (2.5) and the boundary condition y(x, 0, t) =0, we find that

Q(x, )= ~y(x, u(x, t), 1). (2.11)
Continuity of the salt water requires, see also [7],
Ju JQ
—+—=0, .
5t 5 (2.12)

where ¢ is a positive constant denoting the porosity of the medium. We combine
equations (2.11) and (2.12) to find the interface motion equation

e%l: (x,0) =8ix {¥(x, u(x, 1), 1)}, (2.13)

in the region (x, r) e I" xR ™.

Note that the derivation of (2.13) is only formal because we have not enough
information about the regularity of 4 and 1. Properly rescaled, see Remark 2.7,
equations (2.9) and (2.13) together with boundary and initial conditions give
Problem P.

We remark that in the case when " =(—h , h) boundary conditions for u are
not needed; this comes from the fact that y = 0 for x = £h which implies that the
lines x = +h are characteristics for the equation (2.13).

Let I* =R and let the initial distribution u, be of the form (2.7). Set g, : = x, for
i=1, 2. Based on the nature of the problem we conjecture that for every ¢t >0,
the solution u(:, ¢) of Problem P also is of the form (2.7), see Appendix B. For
i =1, 2 this leads to the existence of functions §;:[0, «)— R, with $,(0) =a, and
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S, < S, so that the set

M:={(x,)eRXR*|u(x, )€ (0,1)},
can be written as
M={(x,)eR XR"|S(f) <x <S5t}

Equivalently one can define, for any t =0,

Si(r) =sup {x eR | u(s, 1) =0 for all s <x}, (2.14a)
and
S()=inf{x eR |u(s, r)=h for all s =x}. (2.14b)

Next we concentrate on the differential equations for §, and S,. Below we give
a formal derivation concerning S, only. The equation for S, is found similarly.
First we introduce for a given position and time the salt-water weight

m= y,ef u(s,t)ds=0. (2.15)
Conversely, expression (2.15) defines for a given m >0 a curve (X(¢; m), t) in the
(x, t)-plane for which the total salt-water weight on the left is constant and equal
to m. To obtain an equation for this level curve one has to differentiate equation
(2.15) with respect to ¢. This gives

X(t:m) 3 A
0= f e (s, t) ds + u(X/t; m), ) X(t, m),

where the dot denotes differentiation with respect to time. In the integral we
substitute equation (2.13). Then using the boundary condition ¥(x, 0, ) =0 and
the fact that u(x, t) = 0 for x < S$,(¢) we obtain the differential equation

_p(X, uX, 1), 1)

X = for ¢ > 0. 2.
£ WX, 1) or (2.16)
At t =0 we have the initial condition
X(0; m)=X,,

where X, is defined by
Xo
m= y,ef ug(s) ds.

By the positivity of u for X>S§,(f), we have for all r=0 and for any
0<m,<m, <o that X(¢t; m;) <X(¢t; m;) and

X(t; m){S,(¢) if and only if mlO. 2.17)
Next we assume that also

$,(t) = lim X(¢t; m).
mlo

Then using (2.16), we have for any >0

WA PRRT Y(X(t; m), u(X(t;m), 1), 1)
e8i(1) = !'1'?; w(X(m), 1)
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and by (2.17)

\ N ‘IIJ(X, u(x1 t)’ t)
()= - lim SRR P (2.18)

For $, we find for any ¢t >0

Esz(t)= lim M

2.19
sy h—u(x, f) (2.19)

Equations (2.18) and (2.19) are not a part of the original problem. However, they
will be used in the numerical algorithm.

Remark 2.5. With equation (2.11), one can write (2.18) as

&S, = tim 2&9 for >0,
s u(x, )
where Q(x, t)/u(x, t), for x > S,(t), denotes the average velocity in the horizontal
direction of the salt water. Thus equation (2.18) tells us that the speed of the
point S;, the toe of the interface, is given by the average velocity of the salt water
at that point.

Remark 2.6. If the height of the interface u is non-decreasing on I*, then
equation (2.9) implies that Ay =<0. In view of the boundary conditions this
means that y >0 in £*. In particular, y(x, u) > 0. Based on (2.18) and (2.19) we
expect that §, is decreasing and that S, is increasing. Thus the set M expands in
time.

Remark 2.7. Rescaling procedure. If we redefine

x:=x/h, z:=z/h, u:=ulh,
and

Y:=y/(Ih), t:=tI/(he),

then equations (2.9) and (2.13), together with boundary and initial conditions,
give Problem P on the set £2'. For convenience we set £2:= ' and I:=1". The
rescaled form of equations (2.18) and (2.19) is

Y(x, u(x, t), 1)

$10=- t PEEEDD. =
and
$(r) = lim &4 0.0 2.21)

s 1—u(x, t)

Throughout the rest of this paper we work with the rescaled variables.

3. The Dupuit approximation and some consequences

In this section we consider a simplified form of Problem P. It arises when a
Dupuit approximation with respect to the flow is made. In this approximation one
assumes that the horizontal component of the velocity field is constant in each
fluid and has a jump at the interface. Since g,= —3y/3z an equivalent
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assumption is that the stream function is linear in z in both fluids. In hydrology
one often uses this simplification, which is assumed to hold when the interfaces
are not too steep. In fact our computations show that if du/3x € (—1,1), and is
not necessarily very small, this approximation is fairly reasonable (see Fig. 5.2
where uo=1 and Fig. 5.7 where max ug=0-50). The particular form considered
here is due to de Josselin de Jong [7]. It leads to a nonlinear diffusion equation
for the function u. We recall some results about the qualitative behaviour of
solutions of this equation and in particular about the large-time behaviour. The
numerical simulation of solutions of Problem P shows many similarities, see
section 5.

3.1 The Simplified Problem
Our starting point is the rescaled interface motion equation of Problem P:
du 3

5 =3 W 0, 0), B)

and the observation that

Y(x, u t)= —j q.(x, z, ) dz,
(1]
or

1
Y(x, u, t) =I q.(x, z, 1) dz.

Using the simplifying assumption on the flow, see Fig. 3.1, the last two equations
can be written as

Y(x, u, )= —uq, (x, u, )= (1 - u)q.(x, u, ). (3.2)
Further, it follows from Lemma 2.2, with ' =1, that

~(q1, — qs,) sina+(gq, —¢q,,)cosa=0 on I,
and
(9, — q,,)cos @+ (g, —q,)sina=sina on I,.

ZA
0,1)

) i

L :

Fresh: y ?’/ |

] uxt) :

—— |

[ f
o€ H

&ilt) (0,0) Galt)

F1G. 3.1. The Dupuit approximation of the flow
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Eliminating (g, — g,) gives
tan o du/ox

9T T ¥anla 1+ (Gu/dx) (3.3)
Combining (3.2) and (3.3) gives
du/ox du/dx
=y— d = — —_— —_— .
94T  Guiany 4 9= =~ TG ey (3.4)
and finally
_ du/ox
yix, u,t)=u(l —u) 1% (u/on} 3.5)

We deduce from (3.1), (3.5) and the fact that y =0 on 3%, that for [ =(-1,1),
u satisfies the Neumann problem

ou &

du/dx } .
—_—— — 1_ _— +’
at ax{“( “1v @uiany) IR
du/dx N
1l-uy)—— - +
u( u)1+(8u/ax)2 on 3I xR,
u(-, 0) = uo(-) on I,
and for / =R, u satisfies the Cauchy problem
u 9J { Su/dx } .
= l_ —_— +
o~ a0 T Garany) IR Lo
u(-, 0) =uy(-) on I

3.2 Behaviour of the Solution

Problems N and C involve differential equations which are degenerate
parabolic. At points where u € (0, 1) and du/dx € (—1, 1) they are parabolic, but
at points where u =0, 1 or 3u/dx = —1, 1 they degenerate: that is, the coefficient
of the second-order derivative vanishes. Therefore one can in general not expect
to find classical solutions. For Problems N and C the concept of generalized
solution was introduced by van Duijn & Hilhorst [18]. They showed that if u,
satisfies

uge WH=(I), 0<ug<l1, —-1=uj<1 ae.onl,
and
uoe L'(R) + {H} in the case that I =R,

then there exists a unique generalized solution u of Problem N and of Problem C.
This solution is continuous on I X R™ and it satisfies a contraction property with
respect to the initial value (which implies the uniqueness). They also considered
the large-time behaviour. For a solution u of Problem N it was shown that

+1

u(, =3 ug(x)dx ast—o, (3.6)

uniformly on [-1,1].
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With respect to a solution u of Problem C they demonstrated the convergence
towards a similarity solution of the form

u(x, )=s(n) with n=xf(r), (3.7
where the function s:R— [0, 1] is given by
0 —w<n=s-—4,
sm=yn+} -i<n<+}
1 I<n<o,
and where the function f:[0,©)— R is determined by the problem

= —at
fO=-2777 >0
fO)=f.

The solution of this initial-value problem (the explicit form is given in section 5) is
strictly increasing if f, < 0 strictly decreasing if f,>0. Also f(¢) = O(t™}) as t—> .
For fy e [—1,1} it induces a generalized solution of Problem C which has the form
of a rotating line: it rotates clockwise when f, € (0, 1] and counterclockwise when
foe[-1,0).

The convergence result of [18] is:

Nu(, ) = u( Dll~my = O(f (1)) as t—> . (3.8)

Recently this result was improved by Bertsch, Esteban & Zhang [3]. They
considered a shifted similarity solution for which the ‘equal mass’ property holds.
For aeR, define u, (x, t) = u,(x —a, t). Then their result is the following. Let
a € R be chosen such that

S

L {1ox) — ta,(x, 0)) dx =0,

then

luC, ) —ulC Oll=my = 0(f(1)) ast— . (3.9
The convergence towards a constant (I = (—1, 1)) and to a rotating line (I =R) is
also observed numerically for the approximate solution of Problem P, see

section 5.
It was shown by van Duijn & Zhang [19] for solutions of Problem C that

|Bufox(:, )] <f(t) ae.onR, (3.10)

for all ¢t >0, where f satisfies Problem S with f, = ess sup |ug|. Inequality (3.10)
implies that du/dx(-,t)e(—1,1) for all +>0. Thus the degeneracy in the
x-derivative vanishes instantaneously. As a consequence,
ueC(M),
where
M={(x,)eRXR*|u(x,t)e(0,1)}.

They also showed that if wu, satisfies (1.1), then for i =1, 2 there exist functions
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¢, [0,2)— R, with £,(0) =4; and (—1)'¢; non-decreasing on R*, such that
M={(x,)eRXR"|&,(t) <x <)}

Thus &, and {, are the interfaces or free boundaries related to solutions of
Problem C. They separate regions where fresh water, salt water, and both are
present.

In addition £ € C*'(R™*) and there exist numbers ¢ =0 (waiting times) such
that ,(t)=a; on [0,t']. Further, they proved that the functions {; are
right-differentiable and that for every ¢ > 0 the following interface equations hold:

D*Ey()= lim q,(x,¢) and D¥5(f)= lim q.(x, 1), (3.11)
X R0

where ¢, and g, are given in (3.4).

Later it was shown by Bertsch, van Duijn, Esteban & Zhang [4] that in fact
the interfaces are continuously differentiable after the waiting times, §, €
C'(t} , ), and that equations (3.11) hold in the classical sense on (¢ , ).

Observe that in view of (3.2) the interface equations (3.11) are precisely of the
form of equations (2.20) and (2.21).

4. The numerical method

In this section we describe a numerical algorithm for solving Problem P. It is
based on an explicit time integration scheme for the initial-value problem
du 9

E=5;[1p(x, u(x,t),t)] inIxR*,

u(x, 0) = ug(x) on I,
where I =(—1,1) or I =(—R, R) with R large enough. In practice we first have

to solve the problem for the stream function y and then to proceed with the
integration in time.

(4.1)

4.1 Discretization of the Problem for v

Let u"(x) be the interface at time ¢". In order to determine the stream function
3y, we have to solve the problem

—Ay =2 (H@ (@) -2)} (2)ef,
ox >
v=0 on 312,

where 2=1x(0,1). In the case when I = (—R , R) it follows from Appendix A,
Lemma A.2, that if R is large enough, this problem is a good approximation for
the problem in the strip R x (0, 1).

With the purpose of solving Problem P;, by means of the finite-element
method, we rewrite it in the following form.
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Find y € H}(£2) such that

3
f grad y gradv = —f H(u"(x) — z) Zforallve Hy(£2). 4.2)
Q Q ox
Let J, be a triangularization of . Using the finite-element method with
piecewise linear basis functions, we obtain the following discretized problem.

Find y, €V, satisfying

2]
j grad y, grad v, = —f H(ux(x) — Z)ﬂ for all v, e V,, (4.3)
Q 0 ox
where
Vi = {vs € C(R) | for all K € F,,, v, is linear on K and v, =0 on 3R},

and where
uj is a piecewise linear approximation of u”.

Let {¢;}, i=1,..., %, be the piecewise linear basis functions (they take the
value one at one node and vanish at all other nodes). Then Problem (4.3) is
equivalent to the linear system

N
3
> tp,f grad ¢, grad ¢; = —f H(uj(x) - z)% 4.4)
=1 Q Q X
forallj=1, ..., #, where the constants y,,i=1, ..., ¥, are defined by

N
'/’h(X, Z) =121 wl(pi(x’ Z); X, Z € Q.

Two variants of the method have been used, with two different triangularizations
of Q.

a. The fixed mesh method

For some of the numerical tests, we have used a fixed uniform mesh, as shown
in Fig. 4.1. The intervals [-R, R] and [0, 1] are regularly subdivided, the mesh
points having the coordinates

{(x;y=—R +ih, z;=jk),i=0,...,N,j=0,..., M}

with h=2R/N and k =1/M. To avoid the technical difficulties induced by the
jump of the Heaviside function at the interface we discretize in fact the following
problem 3
—ay = (HW®-2) (1),

e.n

¥
v=0 on 982,

where H®(s) = ¢(s/e) and ¢ e C(R), ¢ is non-decreasing, lim,_,_.. ¢(s)=0,
lim,_, .. ¢(s) =1. In particular, H® tends to H uniformly in compact subsets of
R\{0} as £{0. Furthermore one can show that as £}0 the solution 1 ° of Problem
P3" converges in Hy(£2) to the solution y of Problem P,
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AZ

/ R

-R 0.,0) R

FIG. 4.1 A uniform mesh distribution and the interface

The computation of the right-hand side of equation (4.4) requires the
evaluation of integrals of the form

L He(u(x) - 2) %,

where p is one of the three shape functions associated with K. In order to
calculate these integrals with sufficient precision, we use the seven-point
numerical-integration formula

-
2 meas (K){#(f(a1) + f(a2) + f(a3)) + &f (a123) + &(f(a12) + f(a) + f(a1s))},

where the points g; are given in Fig. 4.2. Finally the linear system (4.4) is solved
by means of the SSOR-preconditioned conjugate gradient method.

The numerical tests have been performed with h = k =3 and the relaxation
parameter @ = 2/(1 + sin? (wh)). We have chosen to take

5
£+ s

H(s)= 1/2( + 1) with £ =107,

However, a difficulty is that we have to calculate 1j at points of the discretized
interface in order to solve the interface equation and that these points are not in

a

: an 8
FiG. 4.2. Distribution of points for the integration formula
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general mesh points. Therefore it is necessary to use very small discretization
steps h and k. This has motivated us to construct an adaptive mesh in such a way
that the discretized interface coincides with sides of triangles of J,.

b. The adaptive mesh method
The idea here is to generate a new triangularization of € at each time step. Let

Q;'.f= {(x» Z) € Q» z> u:(x)}
and
2, ={(x, 2) € Q, z <uj(x)}.

We construct triangularizations 35 and 37, of £24, and £}, in such a way that the
discretized interface coincides with sides of triangles of 3%, and J7%,. In practice
the meshes in £2;, and in £}, are generated by the mesh generator of the SEPRAN
package of the Delft University of Technology. An example is shown in Fig. 4.3.
We choose a fine mesh in the neighbourhood of the numerical interface

I-“h = QZ! N Q’l:l
and in particular near the endpoints of I';; and a coarse mesh further away from

I';. We remark that if u” is smooth enough, the right-hand side of the variational
equality in (4.2) becomes, after integration by parts,

f, @) (x)u(x, 4" (x)) dx.

We set I'; =, I, where the I are sides of triangles. Then another form for
the right-hand side of (4.4) is given by

k=1

[ur@omuena =3 | B0, ar

Here, the linear system (4.4) is solved by means of the LU decomposition.

It will be useful in section 4.2 to be able to calculate an approximation of the
discharge rate g = curl y also. We set g, = curl y,. Since v, is piecewise linear,
g, is constant on each triangle. On a mesh point outside I3, q, is taken as a
weighted average of the discharge rates in the triangles around that point.
However, we know from Lemma 2.2 that ¢ is discontinuous across the interface;
thus we must define two approximated discharge rates at mesh points on I
corresponding to the discretized fresh-water region and to the discretized
salt-water region. On a mesh point on I, gj (respectively g¢3) is taken as a
weighted average of the discharge rates on the triangles around that point which
lie in £2%; (respectively £27.).

4.2 Discretization of the Interface Equation

Motivated by the fact that, if ¥ is known, the partial differential equation in
(4.1) is hyperbolic, we use the S*# explicit scheme of Lerat & Peyret [14] with
a, P ‘optimal’ for its discretization. There are two possibilities: either compute u
on the whole interval / or use the extra equations (2.20), (2.21) for S, and S, and
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calculate u only between S; and §,. When programming on a fixed mesh, we can
perform numerical tests in both ways and compare the results. On the other hand
we always use the equations for S; and S, when calculating with an adaptive
mesh.

a. The S™P scheme with «, B optimal

The S*? scheme is a second-order explicit scheme. We present it in the case
when an adaptive mesh is used. Let u] be the approximation of u(x7, ¢*). The
function uj, that we have introduced above is obtained by linear interpolation; for
more details we refer to subsection 4.2.d below. Further we use the notation

hP=x7,—-x? and A"=r"*'-r".
Then the $*P scheme is given by (sce [14] or [22: pp. 6-8])

ai= (1 Bui + Bul,, + a’ {wh(xl-f-l) Ulsr, £7) — Yu(x7, uf, f")} 4.5)

= a(h"%—l) {(a = BYwn(xlsr, ulsr, ) + 2B — Dyu(x}, u?, 1)

+ (1 —a = ﬁ)wh(xf—lr u?—l; t") + wh(f;" a?) tn) - d’h(f?—lx ﬁ?—n En)}’
(4.6)

where £7=x!+ Bh}, ' =1"+ a(t"*! —t") the predictor term &7 is an ap-
proximation of u(&*, r") and vy, € Vi, y, € V, are respectively the solutions of

f grad y, grad v, = f R ()vp(x, un(x))dx for all v, € V, @.7
Q 1

and
f grad v, grad @, = f (@) (x)n(x, @i(x))dx for all §, € V,, (4.8)
2 1

where a7 and V, a:e the analogs of uj and V,. Our choice of the parameters
a=1+V5/2, =1 is called ‘optimal’ [14]." The choice 8 =3} ensures that the
scheme (4.5), (4.6) is space centred; furthermore, when applied to Burgers’
equation, this choice of the parameters minimizes the dissipative effect of the
scheme.

It follows from (4.7), (4.8) that two new meshes must be generated at each
time step: one for the calculation of 1, at time ¢*, the other for the computation
of ¢, at time 7". We remark that in the case of the fixed mesh also, the
discretized version of Problem Pg;" is solved on a different grid for the calculation
of 1¥;; the z-coordinates of the mesh points remain unchanged while their
x-coordinates become {(—R +ih/2),i=0,1,3,...,2k+1,...,2N—1,2N}.

In order to ensure the stability of the S*# scheme, we choose At" such that it
satisfies the Courant—Friedrichs-Lewy (CFL) condition

CArIhn, <1, (4.9)

where hl;, = min, {h7}, and where C” is an approximation of the maximum of
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|8,/ 3z| on both sides on I'}. Since gy, = —3y,/3z, we calculate that

Cll = n n 5 n n .
(ﬂflz;)‘xer:[max {|qfh.r(xl) u;, tn)ly |qh.x(x|'; ulr t")i}]

In the case of the fixed mesh, we calculate C” as
Cn = max w"l(xh ZI+1, tn) - tpz(x,, ZI, t") .

O<i<N k
o<j<M—1

b. Boundary conditions

We have already remarked that since the lines x = + R are characteristics of the
differential equation (4.1), no boundary conditions are necessary to define the
analytical problem. However, we need numerical boundary conditions; we obtain
them by approximating the equations on the characteristics

u (xR, )=y (xR, u(£R, 1), 1). (4.10)

Next we present some formal computations for the purpose of finding a suitable
scheme, close enough to the $*=# scheme used to approximate u in the interior of
the domain. We set

Vi =Y, (x7, ul, 1), Y7 = (&7, @7, 7) foralli and n
and deduce from (4.6) the formula

u:u+1 — u? _
At
1 Y= Yia —Yrat29 -yl Y-y PP - 1]’?—1]
—2 + BAx - +
2a[ “oa TP Ax’ Ax Ax
in which we formally let Ax and Af tend to zero. We obtain the equation

o 29

1
=—1Ra-1
" Za[(a )ax ox

which is completely formal but motivates us to discretize (4.10) by means of the
following analog of the second-order Runge-Kutta scheme (see for instance
Hildebrand [12: p. 146)):

1ph(x’I': u’;r tn)

Go=ug+ adt" ——————=,
hg

_1_> wh(x?; u’l" tn)+ 1 ’l’h(f’l" IZT, ?')]
2a h} 2a h?

ud ' =ud+ At"[(l -

in the point xo= —R, and similar formulae in the point x5y = R. Here we have
used the fact that y,(—R, ug, t") = P(—R, ig, ") =0. These boundary conditions
are necessary as soon as I intersects the lines x = £R. In the case of the fixed
mesh and when I}, intersects the lines z=0 and z =1, we either use them or
calculate uj, only between the approximated values of S, and S;; in the case of the
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adaptive grid, we always compute uj; only between the approximated values of S,
and S,.

c. Computation of S, and S,
Let S7 and S5 be the approximated values of S,(¢”) and S,(¢"). We assume that
S$7> —R and that S5 < R and define k7 and k3 by

k7 =min {i | x] > S7}, 5 =max {i | x] < S3}.

The second-order Runge-Kutta method used to compute u at the boundaries
yields, see equations (2.20) and (2.21):

X"-, u"-, t"
~ Yalxip, urp, 1)

7= 57— aa L,
uk;
Xgn, Ugn, 1*
r= 53+ aar P Ui 0) ke ),
1- uk;
and
1 Xgn, URs, 17 1 Ko, s, T
S'{“=S’{—At"[(1——)wh( k] A ks )+ Pa k,- K )]’
2 ugs 2a ats
1 wh(x;"! u'k"‘x tn) 1 11’h(f2"1 ﬁz', F)
n+l _ ¢n o 2 2 + 2 2 ],
5t Szﬂw[(l Za) 1—uly 20 1-ik
where _ _
k?=min {i | x7>87},  k3=max {i | €7 <S$3}.

We impose no linearized stability condition on Af” since it would be less
constraining than the CFL condition (4.9).

d. Some practical details about the computation of uj,
In the case of the fixed mesh we set

0 for all x <S$7*!
n+1 — 1 »
“n (x)_{l for all x = S3+1,

and use formulae (4.5), (4.6) to calculate uf*' forie {k7*', ..., k3*'}. We then
define uj*' on (S7*!, §3*!) by linear interpolation. An example is shown in
Fig. 4.1.
In the case of the adaptive mesh, we define uj*' by (4.11) outside (S7*', S3*")
n+1 ;

and calculate values &;"" in previously computed mesh points by using formulae
(4.5), (4.6). This yields a first discretized interface at time "+’

(S’IH-I) O)) (S’l" 172,:'-}1), (xz;" a;‘?l)r ey (12;, 172,:'1), (S;; a:;:—l); (S;+l: 1)
(4.12)
Then we make a new distribution {x7*'} of the interval (S{*', S5*') based on a

new distribution of coordinates along the interface and use linear interpolation to
compute {u}*'}.

(4.11)
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5. Numerical results

In this section we present and discuss a number of numerical results. To give a
proper interpretation one has to use the scaling formulae from Remark 2.7. In
particular we have for the dimensionless time ¢, the interface height u and the toe

(top) position §; (i =1, 2):
ehu
tew =——1,
res K (Yl - Yf)
According to Lemma 2.2 the specific discharge field is discontinuous across the
interface I, between the fluids. We have
(qf - ql) .n=0, (qf - 4;) .¢=sin a, (51)

at z = u(x), where tan a = u'(x).
Equation (5.1) is called the shear flow and it creates the vorticity in the fluids.
This follows directly if we put the results of Lemma 2.2 in the form

Ureal = hu, Sirul = hS‘.

divg =0, curl g(r) =I (ge—q,) - t6(r—r)dl’,
I

in the sense of distributions in £, where r=(x, z) e 2, r' = (x’, u(x')) with x' € I
and 6 is the Dirac distribution. Thus the shear flow being the driving force for the
flow, it is important to approximate it accurately with our numerical method. We
give below an example to show that this is indeed the case. Let

0 —-1sxs-4,
ux)=yx+3 -i<x<y, (5.2)
1 I=<x=1.

The normal (pointing into the fresh water) and the tangential unit vector at the
interface are given by

n = (—sin a, cos a), t = (cos a, sin a).
Then it follows from (5.1) that
(9t—¢q,). =sinacosa,  (g:—q,).=sin’a, (5.3)
or
oYy 31!’.) e (3% 3%) 2
( 5. a7 )= Sinacose, 3 ap ) TSN e

In Fig. 5.1 the triangle distribution with the adaptive grid method is shown for
the interface (5.2). Due to the discontinuity in the derivatives of vy, the space
steps were taken smaller in a neighbourhood of the interface in order to obtain a
good approximation of the stream function. We used here 80 discretization points
on the interface between §; and S,. Figure 5.2 shows level curves of the stream
function in £2: the value of 1y increases from ¢ =0 on 9Q to ¥ =0-125 in the
centre point (0,4) in constant steps. One observes from this picture that for a
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FiG. 5.1. Triangle distribution obtained with the adaptive grid procedure. The interface is given by
(52

neighbourhood of x = 0, say —0-25 <x < 0-25, the Dupuit approximation is valid:
for fixed x, the height of the level curves is nearly equidistant, showing that y is
linear in both the fluids. At the interface, the theoretical jump in the components
of the specific discharge is given by, see expressions (5.3),

[Qx] =0-50 and [q:] =0-50.
Numerically we obtained the results shown in Table 5.1.

K e

10 050

FiG. 5.2. Level curves of the stream function in 2. The value of y increases from y =0 on 32 to
y =0-125 in the centre point, in constant steps
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TaBLE 5.1

Height of the points

on the interface {g.] A
H 0-490 0-476
§ 0-495  0-480
3 0485  0-491
: 0-497 0-493
H 0-498 0-493
s 0-497 0-492
] 0-499 0-496
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Next we considered the time evolution of the interface. As a test case we
computed the solution of Problem P on Q=(-1,1)x(0,1) with the initial

condition

0, —1=<x<-1
2 +1, —-d=x<-}
upx)={-x+3%, —-t=x<i,
2x, I<x<i,
1, isx=l

(5.4)

We performed the computations with both the adaptive and the fixed grid
method. Because the results differ very little we present in Figs. 5.3 to 5.6 only
the adaptive mesh calculations. First we determined the stream function
yY(x, z, t =0) and the corresponding velocity field g = curl . Figure 5.3 gives

015

1 T Stream function

-.w 'l\.‘
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1 4 N O
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\‘l' \\\\\\
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FIG. 5.3. The stream function induced by the initial distribution (5.4)
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1-0

0 ' 0 ' 10

FIG. 5.4. The velocity field of the fresh water induced by the initial distribution (5.4)

yY(-, z, t =0) for several values of the height z and Fig. 5.4 shows the induced
velocity field. Again observe the jumps in dy/3dx at the interface points.

Due to these discontinuities the space steps must be taken small (at least in a
neighbourhood of the interface) in order to obtain a reasonable approximation of
the stream function along I;,. With the adaptive mesh, the triangles generated
near the interface are smaller than those in the far field and a triangle distribution
similar to the one shown in Fig. 4.3 is used. When using the fixed, uniform mesh
we take h=k = 3.

1.00 i
0-90- T

0-80%

0701
0:60-
0501
0-40 t
030 -
0-20-
0101

0-00 g

-1.00 -0-80 -060 -040 -0-20 000 020 040 0-60 080 100

FIG. 5.5. Interfaces computed between S, and S, with the moving mesh method. The initial value (a)
is given by (5.4). the interfaces are given at = 0-14 (b) and 1=0-38 (c). We used here a=2-118,
B=0-50, and Ar" =0-5 Ay
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F1G. 5.6. The evolution of the corresponding free boundaries S, and S,, see also Fig. 5.5

In Figs. 5.5 and 5.6 the time evolution of the solution and the corresponding
interfaces §; and S, are shown. When using the moving mesh procedure the
solution is computed by means of the $*¥ scheme, with @ and B8 ‘optimal’,
between the points S, and S,. We have taken, for the time step,

AP =3 Af (5.5)

where Aty = hni/C", see inequality (4.9).

Computations were also done with Af” = Afcg . Then we observed small jumps
in the velocity of the toe and the top, which seem to occur at values of ¢ where the
difference |S,(£**") — S,(¢")| or |S("*1) — Sy(t™)| is equal to the local space step:
this difference then has the maximum value allowed by the CFL condition. This
has motivated us to perform the numerical computations with time steps
satisfying (5.5).

When one solves Problem P with the fixed mesh, more grid points and
consequently smaller time steps are necessary. Comparing the results with those
obtained with the moving mesh we find that the differences in the positions of the
curves S; and S, are less than four per cent. As stated in section 4.2.b, the
interface can also be computed without the use of the differential equations for §,;
and §,. Here again the resulting curves differ very little.

The next results concern the Dupuit approximation and the large time
behaviour of solutions of Problem P. We again solve Problem P on 2=
(-1,1)x (0, 1) but now with the initial condition

ug(x)=(tanhx +1)/2 forxe(-1,1). (5.6)

Figures 5.7 and 5.8 give the results obtained with a fixed grid in which k =h =%,
Figure 5.7 shows the stream function y(x, -, t = 0) for various values of x. This
picture clearly demonstrates the validity of the Dupuit assumption which says that
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0-1
Stream function
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F1G. 5.7. The strecam function y(x, -) for various values of x induced by the initial distribution u,.
The linear behaviour of ¢ in z clearly justifies the Dupuit approximation

the horizontal discharge component g, is constant in each fluid. It is implied by
the fact that for fixed x € (—1,1) the stream function is linear in z on each
subdomain. In this case the slope of u, is comparatively large: it is maximal at
x =0 where uy(0)=0-5. We also remark that the jump of 3vy/dz is well
approximated at that point: its theoretical value is —0-40 while its numerical value
is —0-38.

Figure 5.8 demonstrates the convergence of the numerical solution towards the
equilibrium position

iJ:l ug(x) dx =0-5.

1-00
0-90-
0-801 7
0-70-
0-601 b
0-50- c
0-40-
0-30-
0-201 o
0-10

X—>
0-00 T T T T T T T T T
-1.00 -0-80 -060 -040 -020 -000 020 0-40 060 080 1.00

FiG. 5.8. Convergence to a constant. Interfaces computed with the fixed mesh method. The initial
distribution (a) is given by (5.6). The interfaces are given at ¢ = 2-5 (b) and r = 4.25 (¢). The time steps
are chosento be Ar" = h
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FI1G. 5.9. Convergence to the similarity solution. The interfaces are computed with the moving mesh
method. The initial distribution is given by (5.4). The interfaces are shown at ¢ =0-24; ¢ =0-60;
t=1-43; t=2-77; and t = 4-57

This behaviour corresponds to what we expect from the simplified (Dupuit)
problem, as discussed in section 3. When the equilibrium is approached, the
velocity of the fluids becomes smaller. Therefore Aty becomes larger than the
space step h. This led us to choose Af” =h. Figure 5.9 shows the large-time
behaviour of the numerical solution of Problem P on the domain = (-3,3) %
(0,1). At t =0 we chose again the initial value (5.4) which we extended by u,=0
to the left and by u, =1 to the right. The computations were performed with the
adaptive mesh procedure. One observes that for large ¢ the interface behaves as a
rotating line. In section 3 we also encountered a rotating line as a similarity
solution of the simplified Problem C. Motivated by the convergence result of that
section, we compare the computed solution of Problem P with the similarity
solution u, for which

f (o(x) — uy(x, 0)} dx = 0.

By the symmetry of the initial value we can take

u(x, )=s(n) and n=xf(r),
where s is defined below definition (3.7) and where f is the solution of Problem S
with f; = 1. An easy computation shows that
fO=¢ (2 +3) fort=0,
with
¢(s)=%s"2~Ins forse(0,1].
The function u, defines also two interface curves in the (x, ¢)-plane: for t =0 we
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TaBLE 5.2
t S:(¢) (Computed values) $)

1-428 1-26 1-13
2770 1-69 1-56
4-570 2-14 2-03

have

$i()=~1/2f(1)) and S)(1)=+1/(2f (1)),

where the points ($,(¢), ) correspond to 7 =—14 and ($5,(¢), ) correspond to
n = +3. In Table 5.2, the values of S, and S, are given at several times.
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Appendix A
LemMA A.1 Let y satisfy the hypothesis H,. Then 3y/3x e H™'(Q").

Proof. 1If 2" is bounded, the result follows immediately. If £* is unbounded we
set

g(x’ Z):=(Y|_Y()H(x)+7f. (x, Z)Eg'.

Proving Lemma A.1 amounts to showing that dg/dx e H™'(£2*). Let H, be a
smooth non-decreasing approximation of H such that 0<H, =<1, H,(x) =0 for
x=<-1/n and H,(x) =1 for x =1/n and define

8n(x, 2) := (v, — YOH,(x) + v¢.

Then lim,—.. [Ig, — gllLxov = 0. Let v € Hy(£2*) be arbitrary. Denoting by (-, -)
the duality product between H™'(£2*) and H)(Q2") we have

ag,. l ‘ L« %, f f - Zi"
=‘_fo _u,g" ax L(” (i’z)_va(—%,z))dz

sttt ()

< Cy, 1 lugeam
Since, furthermore, g, — g— 0 in L?(£2*), the result follows at once.

+
LY0, k)

Lz(O,h)}
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LemmMa A2 Let Q=R x(0,1) and for R>0 let 2,=(—R,R)x(0,1)
Further, let Y be the solution of Problem P, on the domain Sz and let (g be the
extension of Ygr on Q with {r =0 o0n Q\Qg. Then

Pr—> Y weakly in H{(2) as R— o,
where v is the solution of Problem P, on Q.
Proof. By construction, {5 € Hj(£2). It satisfies

K 3
[ @radger=| @adyar=-=] y2be
a Cn nlag,  Ox
= 5 3_’1’}((5 ﬂ'
I»‘L x  plldxllu-yg Y&l rya)-

This yields || Prllnya) < C. The result then easily follows.

Appendix B

In this appendix all variables are rescaled according to Remark 2.7. Here we
analyse the possibility of finite or infinite speed of propagation of the toe S, and
the top S, of the interface. We present a formal analysis which is based on an
explicit form of 1. For a given interface height u = u(x) we solve the equation for
the stream function on the domain R X (0,1) such that y¢(:,0)=y(-,1)=0
on R.

For convenience we suppress the time dependence. We only consider the
situation near S;. For S, a similar argument applies. We confine ourselves to the
case where u:R—[0,1] is a continuous function that behaves as a power near
S$,. For simplicity we assume that

0 forx=<o,
u(x)=9x™ for0<x<l, (B.1)
1 forx=1,
for some constant m > 1.
The stream function at the interface is given by (see [2: p. 363])
cosh (¥ — §) — cos (@(x) — da(s))
cosh (£ — §) — cos (d(x) + ii(s))

Y(x, u(x))= —%t A ln{ }u'(s) ds, (B.2)

where £ = nx, § = &5, and i = au. Motivated by (2.20) we investigate

o ¥ 1)

o u(x)

(B.3)

If this limit is finite (respectively infinite), we say that the toe moves at a finite
(respectively infinite) speed. Let v denote the inverse of u on (0, 1). Then for a
given 8 € (0, 1) we consider

_ 1 ' fcosh(i(8) — #(s)) — cos (6 - 5)
y(v(d), 6)= 4HL In {cosh (506) = 5(9) —cos (8 +S_)} ds, (B.4)
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and the limit
hmm_a_) . (B.5)
510 o

By Remark 2.6, ¥ >0 in Q. Therefore we consider only positive bounds on
Y(v(d), 8)/6.

Expression (B.4) can be written as
1 (! 2sin & sin §
50— [mfi-
¥((4), &) 4::L I8\ 1~ osh (5(8) — 5(s)) —cos (B +5)
Introduce a fixed € € (0, 1) and L > 1. Then for J sufficiently small we have
0<dL<e<l.

}ds. (B.6)

Next we consider y(v(6), 8) as the sum of three integrals

tp = #’o + de + % at (U((S), 6);
where 1, denotes the contribution from the interval (0, 6L), 5, from (8L, €)
and vy, from (g,1).
We start with

! 2sin § sin §
(v(), §)=—— 1{1— } .
Ve(w(®). 9) =10 | M1~ Ch (50) - 5) —cos B+ 1)) &
For small 8, the argument of the logarithm in the integrand is near 1. Then it
follows, using the concavity of the logarithm, that there exists a constant C(§) > 1
(with C(8)!1 as 6]0) such that
sin & sin §

f, cosh (3(8) — 0(s)) — cos (5 + 3)

ds <2ny,(v(8), 6)

1 sin & sin §
<€) f cosh (5(8) — 5(s)) —cos G+ 8) &
Consequently,
. P.(v(8),8) (' sin§ -
mT s ‘%f, cosh 9(s) —cos5 > <> (B.7)

Next we consider the contribution 1,. For £ small enough we may approximately
write (putting y =s/8)
, 6 1 (t 4
wlo®.8) L[y y o
6 4n w(8)/6 —v(yd8)/8)*+(1+y)

Using v(s) = s?, with p =1/m <1, this becomes
Yo(v(6), 6) 1 (* { _ 4y }
é T 4n J; it S VA -y Y+ (1 +y)? dy-

The integrand, including the minus sign, is positive and bounded above by the
integrable function —In[1— (4y/(1+ y)?)]. Moreover, for 8l0 the integrand
converges pointwise to zero on (0,1)U (1, L). By the dominated convergence

0
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theorem we obtain
o VoV(8), 8) _
510 é
What remains is the contribution ;. Again, since € is small, we write for
simplicity the approximation

1 [ 46s
Yar(v(8), 0) =~ L In {1 T W(8) - v(s))P+ (8 + s)z} ds.

0.

Since

ds 5 1
@) —vEP+@+sy s L oreelbe)

we again have
‘ s < Ys(v(6), 6)
e T e
‘ s

<)) e@—veyr ey B8

where C(L){1 as L— . Since
1
v(s) ~ v(8) =s" ~ T (6LY >s”(1 —$> for s € (6L , €),

it follows that the integrands from (B.8) are bounded above by the integrable
function (1— L™?) %%, A second application of the dominated convergence
theorem gives for any L>1

1 s .. Yar(v(d), 6)
:rtfov(s)2+s2dssg?¢}mf 8

Vs (v(8),8) _C(L) (*__ s
P 5 " L v(s)* + s?

< lim su (B.9)

510
Finally we let L — = in (B.9) and combine the result with (B.7). In terms of the
original variables (u(x) =x™, m > 1) we obtain

P TOTTC Y I 1L

o u(x) cosh (;s¥™) — cos (7s)

ds < o, (B.10)

A similar argument for m =1 gives

o Y )
o u(x)
that is, the speed of propagation is infinite.

Thus if the interface is given by (B.1) with m > 1 the toe S, will begin to move
at the finite speed given by (B.10). In a similar way one finds that the top S,
which is such that u’'(57) =m >0 (compare with the case in which m =1 for the
toe §,;), will start moving with infinite speed. For the situation at the top, we
expect in fact a smoothing of the interface such that, for every (>0,
Ju(S,(¢t), t)/3x =0 and finite speed of propagation of the point S, occurs.



