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Abstract

Rotating frame relaxation (T;, ) measurement is a promising technique for magnetic resonance imaging
of, for example, articular cartilage and the heart. This technique is very sensitive to inhomogeneities in
the main and excitation magnetic field, which causes the image to locally lose contrast. Adiabatic pulses
are able to perform similar measurements (T}, aqiab ) While being resistant to these inhomogeneities.
For these pulses it is important to find the correct pulse parameters. Current optimization methods for
these parameters rely on Bloch simulations, that ignore T, relaxation during the pulse application. The
Redfield method uses a semi-classical model that allows for the incorporation of these relaxation times.
The goal of this project is to find an optimization method, based on Redfield theory, that can take T;,
relaxation during the pulse application into account.

Redfield theory was first used to derive the relaxation times during continuous spin-lock pulses. These
were in agreement to limits found in the literature. Next, the derivation was extended to also consider
main field inhomogeneity, which results in off-resonant pulses. In the limit these agreed with our on-
resonance derivation, and they also agreed with similar derivations found in the literature. Finally this
derivation was extended to amplitude- and frequency-modulated pulses by means of finite-difference
time simulations. For these simulations, it was assumed that the AM and FM modulation functions
were constant during each time step: the quasistatic assumption.

Two parameters of the hyperbolic secant pulses were optimized: the peak sharpness 8 and the fre-
quency modulation amplitude A. This optimization was based on an equal weighting of two scores.
The first is the deviation in T;, , predicted by the Redfield calculations, for off-resonance values of
0,50,100,...,200 Hz. These represent the variations in the main magnetic field. The second is the
final magnetization along the longitudinal axis, found using conventional Bloch simulations. As a com-
parison, state-of-the art optimization was performed using the final magnetization score only. It was
observed that incorporating the T;, deviation into the optimization resulted in in a 83%, 83%, 88%
improved resilience to off-resonance for 7, = 0.01, 0.1, 1 ns correlation times.

Experimental validation of the Redfield calculations encountered difficulties due to artefacts in the ac-
quired MRI scans. These are assumed to be related to dephasing, and further research could avoid
them by adding refocusing to their pulses. The qualitative behaviour acquired from this data matches
with the calculations, but the actual values do not match theoretical predictions.

In conclusion, adding Redfield calculations to the pulse optimization method allows for the selection of
parameters that are optimally resistant to magnetic field inhomogeneities. Further research is needed
to obtain results that can improve MR imaging in practice.






Abbreviations and Symbols

MR(I) Magnetic Resonance (Imaging)

AM Amplitude Modulation

FM Frequency Modulation

RF Radio-Frequency / excitation pulse

T, Relaxation time along the main magnetic field, no RF field present

T, Relaxation time perpendicular to the main magnetic field, no RF field present

Ty, Relaxation time along the effective field, in the presence of an RF field

T,, Relaxation time perpendicular to the effective field, in the presence of an RF field
Typadiap Relaxation time along the effective field, in the presence of an adiabatic RF field
B, Main magnetic field strength

B; Radio-frequency field strength

RMS Root-Mean-Square

AHP Adiabatic Half-Passage, an adiabatic pulse that rotates the magnetization into the transverse
plane

I, Quantum mechanical spin operator in the a direction.

}%Qia Operator for the rotation of spin Hamiltonians by 6 degrees around the a axis.
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Introduction

Magnetic Resonance Imaging (MRI) is an important imaging modality since it can create high-resolution
cross-sectional images of the human body [1]. In MRI scanners, the nuclear spin magnetization is
excited using radio-frequency pulses. Images are created based on the time evolution of this magne-
tization [2]. This evolution is caused by multiple effects, which can be characterized by time constants
(Ty, Ty, Typ, -.)- These time constants change from tissue to tissue, and for healthy and diseased
tissues. Measuring these relaxation properties with specific MRI sequences can provide important di-
agnostic information. Unfortunately, most MRI measurements are strongly patient-, scanner- and pulse
sequence dependent [3]. This hinders monitoring patient progress between scans, and the creation of
quantitative diagnastic criteria for diseases.

Rotating frame relaxation measurements are concerned with finding the Ty, and T,, time constants.
They are a promising technique that allow the use of MRI to assess slow molecular interactions in tis-
sue. This assessment can find rich clinical applications, for example detection of arthritis in the articular
cartilage of the knee [4] or assessment of scar tissue following myocardial infarction, without contrast
agent injection [5]. Rotating frame relaxation measurements require continuous application of a elec-
tromagnetic excitation field. Local variations in both the main scanner field and this excitation field can
cause contrast loss, which degrades image quality [6]. Furthermore, they hinder the quantitative com-
parison of measurements between patients [7]. Adiabatic pulses, whose orientation changes slowly in
time, are resistant to the effect of these variations. Their effectiveness, however, is largely dependent
on their pulse parameters [8]. Conventional methods to optimize these parameters are based on Bloch
simulations, and thus neglect the influence of the excitation field on the relaxation. This makes these
methods less suitable for rotating frame relaxation measurements.

A paper by Garwood et al. has demonstrated optimization of pulse parameters while neglecting re-
laxation [8]. A paper by Sorce et al. has examined the relaxation behaviour during adiabatic pulses,
but has not investigated specifically the effect of pulse parameters [9]. There is thus still a need to
investigate pulse optimization while considering rotating frame relaxation times.

In this project, we will use Redfield theory to create a pulse optimization framework that can take this
relaxation behaviour into account. Redfield theory describes a semi-classical model, in which the spin
system itself is treated quantum mechanically, while the interactions with its environment are described
by classical thermodynamics. We will first use this model to derive the influence of local magnetic
field variations on relaxation times. Then we will extend this calculation to amplitude- and frequency-
modulated pulses. This is done by a finite-difference time simulation, where the assumption is made
that these fields are constant in each timestep (a quasistatic assumption). We will apply these results
to a pulse optimization algorithm. Finally, experimental measurements are made using pulses that
emulate magnetic field variations. These measurements are used to our theoretical results of their
influence on Ty, .

Chapter 2 describes the experimental methods used in this project, both for the mathematical deriva-
tions and the physical measurements. Chapter 3 contains the theoretical and experimental results.

1



2 1. Introduction

Chapter 4 discusses the limitations and implications of these results, and further work. Chapter 5 pro-
vides the final conclusions. The part of this project that investigates the use of Redfield theory in pulse
optimization has also been submitted to the 2024 EMBC conference.

1.1. Theoretical Background

This section contains a summary of the theoretical knowledge that is used in this report. First, MRI re-
laxation is examined as a classical phenomenon. Afterwards this description is extended using Redfield
theory, that also takes into account the quantum mechanical nature of MRI relaxation.

1.1.1. Magnetic Resonance Imaging and Relaxation
A) B) C) D)

Figure 1.1: Figures showing the evolution of the magnetization (M, in green) during various stages of a classical MRI experiment.
The excitation is assumed to be on-resonance. A) the main field B, magnetizes the tissue. The magnetization precesses around
the main field. B) An radio-frequency pulse is applied to the tissue. This causes a rotating magnetic field B, to appear. B,
causes the magnetization to tilt towards the transverse plane. C) The same as B), but now in the first rotating frame (x',y’,z"),
rotating at the same speed as the magnetization. D) After the RF pulse is switched off, the magnetization returns to its equilibrium
position by relaxation. The longitudinal relaxation recovers with a time constant 1/T;, while the transverse relaxation disappears
with a time constant 1/T,.

MRI scanners contain a big permanent magnet, generating a field with field strength in the order of
0.1 to 10 T. This main magnetic field B, is so strong that it magnetizes regions of the patient’s tissue.
Each of these regions acts like a magnetic dipole with strength y, experiencing a torque 7 = u X B in
an external magnetic field B. If the magnetization is not completely parallel to the magnetic field, this
torque causes it to rotate around the magnetic field. This is called precession, and is shown in figure
1.1a. The speed of the precession depends on the strength of the magnetic field. The constant of
proportionality is y, the gyromagnetic ratio. Its value is around 42.58 MHz T~1 , so a standard MRI
scanner with B, = 3T would have a precession frequency of w, = yB, = 804 - 10° rad/s ~ 128 MHz.
This is such a common calculation in MRI physics, that it is sometimes ignored altogether: itis common
to talk about a pulse having a field strength of 50 Hz , which corresponds to 1.17 uT. The precession
frequency in the main magnetic field is also called the Larmor frequency.

The magnetization component in the transverse plane acts like a rotating dipole, and thus emits electro-
magnetic waves. However, when only the main magnetic field is present, the magnetization is aligned
to the z-axis and there is no detectable transverse component. To create a detectable signal, the mag-
netization must be tipped into the transverse plane. This is accomplished by using electromagnets to
transmit a radio-frequency (RF) wave towards the patient.

In a classical MRI experiment a short, circularly polarized RF pulse is used. This pulse causes a rotating
magnetic field B, to appear in the transverse (x,y) plane. Ideally, this rotation is also at the Larmor
frequency, so that B; and the magnetization do not rotate with respect to each other. This is called
on-resonance excitation. In that case, the torque due to this pulse simply rotates the magnetization
around the B, field as shown in figure 1.1b. Since both B, and M are rotating at the Larmor frequency,
it is convenient to consider a reference frame that also rotates at this frequency. This is called the
first rotating frame, and is shown in figure 1.1c. In this frame, the only movement is the magnetization
precessing around the B, field, tilting into the transverse plane. B, only causes the magnetization to
precess, so it has no effect on the magnetization in this rotating frame. Therefore the effective field in
this frame is Beg = B X'
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After this excitation, the RF pulse is switched off. The magnetization relaxes back to equilibrium through
two processes: T; relaxation describes the return of the longitudinal magnetization to its original value.
T, relaxation describes the decay of the transverse magnetization to zero. This relaxation can be seen
in figure 1.1d. This relaxation is often modelled as an exponential function with time constant 1/T; and
1/T,, respectively. The relaxation times T; and T, depend on the local environment of the protons.
For example, fatty tissue tends to have a shorter T; than tissues with a higher water content. The
magnetization is allowed to relax for a short period of time before imaging. This turns the relaxation
time difference into a difference in magnetization, which is detectable through the electromagnetic
waves emitted by the rotating magnetization.

More complex imaging methods will use additional RF-pulses to get a maximum signal from either T;
or T, decay. Furthermore, they use additional so-called gradient fields to resolve the position of each
magnetization. This project focuses on MR relaxation, but the details of these steps can be found in
references [2] and [1].

The precession and relaxation phenomena are described in the Bloch equations:

aM, M, (t)
=M xp), - 0
am,, M, (t)
—ZZE— =y (Al ><I;)y — 7} (1.1)
dMZ _ Mz(t) - MO
T y (M xB), T

Here M is the magnetization, B the magnetic field, y the gyromagnetic ratio and M, the equilibrium
magnetization (assumed to be along the z-axis).

These equations are a very popular way of modelling MRI, but they require T; and T, to be known in
advance. This is not trivial, as multiple different processes contribute to both types of relaxation. In
practice, the T; and T, values for tissues are measured experimentally, or found in the literature. This
is also problematic, as measured relaxation times depend on the imaging method used [3].

-

(a) On-resonance (b) Off-resonance

1800
2000 1600
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Figure 1.2: Two MRI images of the same bottle. The colour of each pixel represents the intensity of radio signals received by
the scanner. B) shows strong off-resonance artefacts near the edges, due to the difference in susceptibility between the bottle
and the surrounding air. A) does not show these artefacts, because a different preparation pulse was used.

If the RF pulse does not rotate at the Larmor frequency, we say that the RF pulse is off-resonant. In that
case, both B; and the first rotating frame rotate at a frequency w.s # wy,. The magnetization, however,
still precesses at a frequency wg,. In this situation, a more careful approach is required to find the
effective field. The calculation, shown in appendix A, shows that B = B;x’ —Qz’, where O = wy — w,¢
is called the off-resonance. The magnetization will precess around this effective field, and will thus not
experience the same rotation as in the on-resonance case. The actual transverse component of the
magnetization depends on the duration of the RF pulse, and the amount of off-resonance. In general,
off-resonance is caused by inhomogeneities in the B, field, which are in turn caused by the different
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magnetic susceptibilities in the tissue [10]. In practice, off-resonance artefacts tend to show up as
ripples in regions were the MRI signal should be homogeneous. An example of this is shown in figure
1.2.

A rotating frame relaxation experiment is similar to a classical MRI experiment, except for that the RF
pulse is not switched off during the relaxation. In a spin-lock experiment, the magnetization is first
tipped into the transverse plane, and then the RF pulse is applied in phase to the magnetization. For
an adiabatic' pulse experiment, the RF-pulse is transmitted so that it is aligned with the magnetization.
In both cases, the magnetization precesses around the effective field. By varying the amplitude and
frequency of the RF pulse, the effective field moves into the transverse plane. As long as this change
is slow enough (i.e. the pulse is adiabatic) the magnetization will follow. A big advantage of adiabatic
pulses is that the magnetization will follow the pulse, even if originally it is originally aligned differently
due to off-resonance. In contrast, a normal block pulse will tip the magnetization by a fixed angle, no
matter its original orientation.

In the next section, we show that there is not simply T; and T, relaxation during these rotating frame
experiments. Instead, we must consider the relaxation parallel to the effective field, which is called T, ,
and perpendicular to this field, which is called T,, . Itis convenient to consider the second rotating frame
(x",y",z"), where the effective field B.s is aligned to the z”-axis, and which rotates with a frequency

wesr = A/ w? + Q2 around this axis. In this frame, Ty, and T, relaxation are just the relaxation along the
z"-axis and in the transverse plane, respectively.

During an adiabatic pulse, the apparent relaxation times additionally strongly depend on the parameters
of the pulse that is being transmitted. Therefore, the relaxation times during these experiments are
called Typ qqiap @Nd T2p gaiqp to distinguish them from T, and T, .

1.1.2. Redfield Theory

Spin down

E AE

Spin up

B

Figure 1.3: An illustration of the Zeeman effect. As the magnetic field B increases, the energy difference between the spin-up
and spin-down eigenstates grows.

- -0

Sl |2E AL | v

Potential Energy
-0 —8— released

Figure 1.4: Anillustration of stimulated emission. The proton (filled red dot) needs to release energy to move to the lower-energy
state (hollow dot). This emission is only possible after an external potential interacts with the particle.

The relaxation times in the Bloch equations are phenomenological: they are observed, but do not cor-
respond to a single physical process. Dipole-dipole relaxation, chemical shift anisotropy and J-coupling

"The pulse is adiabatic in the sense that it cause the effective field to slowly change orientation. There is still energy transfer
from the pulse into the tissue.
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are some of the relaxation mechanisms. In clinical MRI, where the signal is mostly due to proton spin,
dipole-dipole interaction is often the biggest contributor, and we will focus on this phenomenon in the
remainder of the work.

At a microscopic level, the spins are characterized by a Hamiltonian, that describes its energy as a
function of external magnetic fields. This Hamiltonian has two energy eigenstates: the spin-up state,
which is aligned parallel to the magnetic field, and the spin-down state that is aligned antiparallel. In
practice the spins can be aligned in any direction by a superposition of these two states. The Zeeman
effect, shown in figure 1.3, causes an energy difference between the spin-up and spin-down state.
Similarly to classical behaviour, there is less potential energy when the magnetization is aligned to the
magnetic field.

The Hamiltonian consists of two parts. The first part is H,. It is time-independent, and caused by
the orientation of the spin in the external magnetic field. In equilibrium, these are aligned parallel to
each other, and the energy is minimal. After excitation, however, the spin is rotated and this energy is
no longer minimal. Because of the relatively small energy difference, the spin will not spontaneously
reorient itself [11]. Instead, this relaxation is stimulated by a time-dependent perturbation part H,;. This
Hamiltonian will cause the spin to evolve from its original state to a superposition, from where it can
relax back to equilibrium. Stimulated emission is shown in figure 1.4.

On a macroscopic scale, the behaviour of a single particle is irrelevant. Many MRI effects can be
understood entirely classically [12], but relaxation rates must be calculated from the behaviour of an
ensemble of many quantum particles. Redfield theory allows for these calculations using the density
matrix formulation. The density matrix p represents the state of a group of protons using a matrix p.
For a particle in the spin-up state |T), the density matrix is |T) (7|, and for a particle in the spin-down
state it is [{) ({|. The power of the density matrix is that a mixture of 50% spin-up and 50% spin-down
particles simply has a density matrix of 0.5 |T) (T| + 0.5 |1) {({|]. A more detailed description of the density
matrix can be found in [13].

The evolution of the density matrix due to a Hamiltonian b is given by the Liouville-von Neumann
equation:

a.,. A
Fr = —iHp (1.2)

Redfield theory mainly focuses on rewriting this into a master equation:

6 N N
A N

~ A

5¢P = ~iHop —Th

Where H, is the Hamiltonian due to the static main magnetic field, and [ is the relaxation matrix de-
scribing the effect of the B, field, and of relaxation interactions. It is possible to find the relaxation times
by taking inner products of the spin operators I“x_y,z with this relaxation matrix. For example:

Redfield theory is described in more detail in [14] and [15].






Methods

2.1. Redfield Theory

2.1.1. On-Resonance

First, we calculate the T, and T,, relaxation times for an on-resonance RF pulse. This is useful to find
limiting cases for the off-resonance derivation and to be able to see the general properties of rotating
frame relaxation. In all our Redfield derivations, it is assumed that the perturbation Hamiltonian comes
from a randomly fluctuating field AB, which has a Lorentzian power spectrum. This is a good model for
dipole-dipole relaxation, which is one of the main relaxation mechanism in clinical MRI, and the only
relevant mechanism in homogeneous liquids. The final relaxation time is given as a function of the
power spectrum of the AB fluctuations. This gives us an idea of the dependence of the relaxation times
on molecular motion. A more detailed version of this derivation is shown in appendix B.

The magnetic fields in this case are B,, the main magnetic field, B, the RF-pulse, and AB the randomly
fluctuating field. These are given by:

Bo = 802
B; = By (cos(wpt)x — sin(wyt)y)
AB = AB, (t)% + AB, (t)y + AB,(t)Z

Since protons are spin-half particles, they behave like magnetic dipoles with a dipole moment u. In a
magnetic field B(t), they have potential energy given by:

E=—p-B(t)
The dipole moment is given by the spin operators I, [, I,:

ﬁx,y,z = yhlx,y,z

Here y is the gyromagnetic ratio, and # is the reduced Planck constant. This leads to the following
Hamiltonian:

N E _ —Ax By (1) — ﬁyBy(t) — A;B,(t)
H=—=
h h
_ =y (LB (£) + [, B, () + I, B,(t)) (2.1)
B h

= —y (IB(6) + [, B, (t) + [,B,(t))
Filling in our magnetic fields gives:

A= —yBOiz —yB; (cos((uot)fx — sin(a)ot)iy) - )/ABZ(t)IAZ — yABx(t)fx — YAB, (t)iy

7



8 2. Methods

Rearranging terms, and using the Larmor frequencies w, = yBy, @, = ¥ Bjy:
A = —wol, — w; (cos(wot)f, — sin(wot)fy) —yAB,(t)[, — yAB,(t)I, — yABy(t)iy (2.2)

In order to calculate the rotating frame relaxation time, this Hamiltonian must be transformed to the
second rotating frame.

First, it is rotated wyt around the z-axis, so that it is in the first rotating frame. Using the derivation
in appendix A, it can be seen that this can be done by adding fictitious term, and applying a rotation
operator to the Hamiltonian:

A

—wotly,

I>>

Aetr = wol, + (2.3)
The rotations of the spin operators are:

~

[, = emi@otlz[ ei@otlz = [ cos(wt) + [y sin(wgt)

=I>>

—wotl,

x>

—wgti Iy = €70tz [ elwotlz = [, cos(wyt) — Iy sin(wot) (2.4)

f — p—iwotl, T piwetl, — T
—woti, Lz = €702 ,et 00Nz = [

>

So that finally filling in the Hamiltonian gives the first rotating frame expression:
ﬁeff = _VABz(t)iz’ - wlix’ - yR—wotiz (ABx(t)ix + ABy(t)iy)
In order to simplify the last term, we make use of the spin-raising and lowering operators:
f,=I,+il, and I =I, i,
These are the eigenoperators of this rotation:

N

I+ — e—lwotlzl+elw0tlz — e—LmotI+

3>

—wotly

—iwotizi eiwotfz = giwot]

;U»

—wotl,I- =€

Hence we can finally write this as:

Ao = —YAB, (), — wylyr — ge—iwofﬁ (AB,(t) — iABy (1)) — geiwofi_ (AB,(t) + iABy (1))

Note that now the only term that is constant in time is Ay = —w,[,». This is the Hamiltonian due to
the effective field. We can thus move to the second rotating frame, rotating with angular velocity —w,
around the %’ axis. To find these rotations, it is convenient to do a coordinate substitution:

! !

X=y y=z Z=x

Applying this substitution, and calculating the rotations, eventually gives:

Tir = =215 ((ABL(6) — iBB, (£)) €0t + (AB,(6) + iBB, (1)) €'
+ %/1"; (ABZ(t)e—iwlt — % (ABx(t) — iABy(t)) e~ i(wotwi)t 4 % (ABx(t) + iABy(t)) e—i(—w0+w1)t>
— %/1“: (ABZ(t)eiwlt + % (AB(t) — iABy (1)) e~ H(@wow1)t % (8B, () + iAB, (1)) e—i(—wo—wl)t>

= Fj(t)I; + F]()Iz + F/,(t)I=

Where in the last equation the Hamiltonian was split into terms of each of the eigenoperators of 1510.
The relaxation operator I' can be found by calculating the power spectra of these values:

£ = Jod qdq
q
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with:

[ee]

Iq =J;) Gq(T)d‘r:J;) F_,(O)F(t—1dt

We assume our fluctuations follow:

0 p+q
AB, (t)AB, (t — = 95
( P( ) q( T)) {G(T) — <BZ>e—|r|/rc p=gq ( )
With a power spectrum:
J(w) = L foo G(T)e_indT = J-oo eIt/ Tco—iwT g = Tc (2 6)
(B?) 0 0 1+ wz,[g .

Carrying out these calculations gives:

2
Jo = 5 (B2) +(B3) Jwo) = v* (B2)J (o)
and
Y2 2 v, ., v,
h=]a= <B )/ (w1) + <Bx> J(wo — wq) +J(wo + w1)) + — 16 <By) J(wo — wq) +J(wo + wq))

The relaxation times follow from inner products with the relaxation matrix:

1 " A oa PPN A A A 2
T—=(2|F| 2) = Joa s I5l= |Ig) + Jo (D5 I=D5 1) + Jo (B3 1315 |13)
1p
=2(]_
ud 12+]1) 27)
=2 (Z (B?) (J(w1) +J(wo)) + - (Bz> (J(wq) +](w0)))
=y (B?) (J(w1) + ] (wy))
and
1 " A s PN A2 R
o = (I¢| T x)—]OTr(yI 5 x)+2]1(Tr(1 st )+Tr(,71 ) ))
=Jo+2];
V2 (2.8)
=y? <Bz>](wo) + > (Bz> (J(wq) +J(wo))
2
= 2 (B2) U(@1) + 3/ (@)

Where we also assumed equal fluctuation size in each direction ((BZ,,,) = (B?)).

2.1.2. Time-independent Off-Resonance

In this section, we consider the case that the RF-field rotates at a frequency w.s # w,, but w does
not depend on time. This can, for instance, happen when B, inhomogeneity causes different w, for
different spins. The derivation is mostly the same as in the on-resonance case shown above, until the
second rotating frame. A more detailed version of this derivation is shown in appendix C.

We once again have B,,, the main magnetic field, B,, the RF-pulse, and AB the randomly fluctuating
field.

Bo = B()ZA

By = B; (cos(wyst)® — sin(wst)y)

AB = AB,(t)% + AB, (t)y + AB,(t)Z
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The energy corresponding to a magnetic field is given by the Hamiltonian:
A = —y (LB(O) + [y By (t) + [,B,())
Filling this in gives:
H = —yBol, — yB; (cos(wyt) ]y — sin(wyst)]y) — yAB,()I, — yAB,()I, — yAB, (t)],

In order to get real Ty, relaxation, we must transform to the second rotating frame. In the first rotating
frame, a rotation of w st around the z-axis, gives:

Ao = =L, —yAB, ()1, — wily — ge—iwrfm (AB,(t) — iABy(t)) — geiwrffi_ (AB,(t) + iABy (1))
(2.9)

Moving to the second rotating frame requires a tilt so that B¢ is aligned to the z”-axis). This is shown

Figure 2.1: B/ in the first rotating frame

as the angle a in figure 2.1. It also requires a rotation of w.gt = \/w? + Q2t around the z”-axis. This
gives:

N a w . w .
Algoer = L (~0yaB,(0) = “LaB_ (et - 22 ap, 9eon)

+ i+,,<w1yABZ(t)e-iwefff = 2@+ 0 BB_(De ot = L (0 — ) AB, (t)ei<wrf-weff>f>

Nl N| -

+ i_"<w1yABz(t)eiwefft - g (Q — wegp) AB_(£)e ~{@st=wet _ g (Q + we) AB, (t)ei<wrf+weff>f>

= Foizlr + Fli_,_rl + +F_1i_ll

The relaxation operator ' can be found by calculated in the same way as for the on-resonance case.
This gives:
202 2,.2
y°Q y'w
Jo = —5—(B)J(0) + —5= (B2) ] (rr)
Wegr Wesr

},ZQZ ]/20.)2

= PRENY (B%)J(0) + wa;IZ (B2)] (wrp)

and

2,.2 2 2

yowi, o, Y (Q + wefr)
]1 4w§ff < )](weff) 8w§ff
Y2(Q — wegr)?

2
Bwegr

(B2) ] (wrf + werr)

+ (B2) ] (wrs — wesr)

Finally, we can once again find our relaxation times using inner products with the relaxation ma-
trix:

2) = Joa (I T I= \I5) + Jy (D5 =I5 115) + Jo (T3 1205 115)

=2J4 Tr(AZIAZ) +2J; Tr(l}]}) =201+
2 .2

2
::)sz ((BZ) + (B2)) ((Q + wem) Y (Wt + Wetr) + (Q — Wetp) 2] (wrs — Wetr))
(2.10)

=4, = 2 (BZ) ] (wesp) + 2
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For equal fluctuation size in all directions, so (BZ,,,) = (B?):

1 y2 (1)2 2
— = = (B2) J(er) + 55 (B2) ((Q + 0er) Y (@it + Wetr) + (= @) (Wi — Werr))
Tip g 20

Similarly, T,, can be found using another inner product:

1 )/ZQZ )/20)2 ]/20)2
m— =Jo+ 2y = ——(BF)J(0) + 5— ((B) + (B})) J (i) + S (B})] (werr)
2p Wesr Wegr Wesr 2.11)
2 2 2 2 )
Y2(Q + wefr) Y (Q — Werr)
+ T 8wl “— ((B2) + (B2)) J (wrs + wesr) + 8—2e ((BZ) + (B2)) ] (wrs — wesr)
Wesr Wesr
Once again taking equal fluctuation size in all directions:
1yl riof riwf
= (BZ)I(O) + (BZ)](wrf) + (32>](w fr)
T2p Wesr W3 20 ¢
2 2 2 2
Y (Q + wer) Y (Q — werr)
+ ——————(B?) J(wrf + wer) + ————5——— (B?) ] (wrs — Wesr)

2 2
dwge dwgg

In order to characterize equations 27 and 28, it is necessary to find values for some parameters. Some
are constants, such as y = 2.675 - 108 rad s™'T~! or B, = 3 T due to the scanner type. Others can
be chosen based on reasonable assumptions: B; = 1 uT, fluctuation correlation time 7. = 1 ns (which
are of the right order for spin-lock pulses and water). The biggest challenge is finding (BZ), as this
cannot be set or measured directly. Instead, the formula for T; due to random fluctuating fields can be

used:
1 T,

1+ wit?
— 92 (R2 2\ _ 0Tc
Ty 2r*(B )1+w(2)T§ (82)

Together with a reasonable assumption T; = 1.5s it is now possible to fill in all parameters in formulas
27 and 28.

T (2.12)

2.1.3. Amplitude- and Frequency-Modulated Pulses

The relaxation times calculated in the previous section correspond to spin-lock experiments. Spin-lock
measurements are useful, but they are very susceptible to inhomogeneities in the B, and B, fields.
An alternative to these spin-lock pulses are adiabatic pulses. While spin-lock pulses are just block
functions, switching on and off a constant amplitude, adiabatic pulses have an amplitude and frequency
modulation. An adiabatic pulse with amplitude modulation w4 (t) and frequency modulation w.(t) — wq
gives a magnetic field:

B, = w1 (1)

(cos(wrs(t) - )% — sin(wrs(t) - 1))

Analytical calculation of the relaxation times during adiabatic pulses is complex, as it involves integrals
of products of many time-dependent factors. Therefore, we take a finite-difference approach. We divide
the pulse into very short discrete time-steps, and assume that during each time-step the amplitude and
the frequency modulation function are constant. This is called the quasistatic assumption. In that case,
we can simply use the results for the time-independent off-resonance at each timestep, substituting the
AM function in w, and the FM function in —Q. This minus sign is due to our convention of the definition
of the off-resonance.

A common type of adiabatic pulse is the hyperbolic secant pulse. These have an amplitude and fre-
quency modulation given by:[8]

2t
w1 (t) = w"®* - sech (,[)’ <T_ — 1))
p

2t
—Q(t) = Atanh ([3 (T_ - 1))
p

(2.13)
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Figure 2.2: Amplitude and frequency modulation functions for a hyperbolic secant pulse. The different colours represent different
values for the parameter S.

Here [ is a dimensionless parameter that influences the sharpness of the curve, w"®* is the maximum
amplitude of the pulse in rad/s. A is the maximum FM-modulation of the curve in rad/s, and T,, is the
duration of the pulse in seconds. These modulation functions are also shown in figure 2.2. It can be
seen that the higher g, the sharper the modulation functions.

Using the quasistatic assumption, the Redfield calculation gives a list T, aqian (t;) Of relaxation times
for each time point t;. To get the effect of the total pulse, the effective relaxation time can be found as
a reciprocal sum:

1 _ 1 Z At
Tlp,adiab Tp ; Tlp,adiab(ti)

Where At is the time step, and T,, is the total pulse duration. The effective T, ,4ia1, Can be found using
an analogous formula

2.2. Applications
2.2.1. Pulse Optimization

The previous sections allow for the calculation of the relaxation times during a pulse in the presence
of off-resonance. Our goal is to minize the the influence of the off-resonance on the final image in real
MRI measurements. To this end, pulse parameters are found that exhibit the smallest difference in
T1p,adiab iN response to off-resonance.

The sharpness parameter § and the FM amplitude A were chosen as the independent variables for
this optimization. A grid search was carried out on a 100 by 100 grid with 8 € {0.1,0.3, ..., 20} and
A € {0,50.4,...,5000} Hz. For each combination (5, 4) the pulse was initialized with a duration T,, = 30
ms. Next, the pulse was adjusted to satisfy two constraints. The first is that safety concerns require
that the total power delivered to the patient is below a certain maximum. On the other hand, image
contrast is improved by increasing the power. Concretely, this means that the root-means square B,
must be < 5.48 uT, and that the maximum B; must be < 13.43 uT. The amplitude modulation function
was scaled by a factor:

a = min< 1lmax 1rms
- ]
Blmax Blrms

limit limit
) (2.14)

The other constraint is that the relaxation should be mostly due to T; , 4g4ia, - Under some circumstances,
e.g. when the RF pulse is a really sharp peak, T; relaxation occurs instead. To solve this, a constraint
was put on the total decay fraction during the pulse, given by:

N = e~ Tr/T1padiab

Where T, is the total pulse duration, and T, is the effective relaxation rate of the pulse. In order
to ensure T, aqiap IS the main contributor, the pulse duration is scaled until N = 0.970 + 0.001. This
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guarantees that the pulse is long enough to cause at least some relaxation during the parts where the
AM modulation is not zero.

After the pulse was rescaled to satisfy these constraints, the objective function of the optimization was
calculated. First of all, the effective T; , ,4iar, Was calculated for different off-resonance values Q. The
off-resonance was modelled by adding Q to the frequency modulation part of the pulse. This was
repeated for Q € {0,50,100,...,200} Hz. The root-mean-square (RMS) difference between the on-
resonance and off-resonance relaxation times was taken as a measure of the off-resonance resiliency
of the pulses.

Next, Bloch simulations were carried out on the same pulses. Bloch simulations are the conventional
way to optimize pulses (e.g. in [5]) based on a finite-time discretization of the Bloch equations (equation
1.1). These Bloch simulations were used to find the final magnetization along the z-direction. In an
adiabatic pulse, the magnetization will follow the effective field, and end up along the negative z-axis.
However, if the effective field moves too rapidly, the pulse will not be adiabatic and the magnetization
will not be inverted correctly. For this analysis it is not necessary to consider the (T; and T,) relaxation,
so these were neglected during the Bloch simulations.

Both these parameters were turned into a score from 0 to 1. The RMS difference ¢ in Ty, ogia1, due to
off-resonance was scored as:

£(B,4)

Srusdit(B,4) = 1 — maxg 4 £(B, A)

(2.15)

Therefore a score of 1 means no difference at all, while the biggest difference in the domain gets a
score of 0. The Bloch simulations were scored according to the final z-magnetization M,:

1-M,(B,4)

SBloch (B, A) = 2

(2.16)

Therefore a complete inversion with M, = —1 gets a score of 1, while no inversion at all gets a score
of 0.

Two optimization methods were compared. The first made use of both the z-magentization score and
the RMS deviation score. This method takes both the Redfield and Bloch simultions into account, and
is the method that was in this paper. The second is the conventional optimization method, using only
Bloch equations. For this optimization only the z-magnetization score was used. This second method
therefore does not take rotating frame relaxation into account.

The optimization was repeated for both methods, for correlation times 7. € {0.01, 0.1, 1.0} ns, to simulate
the effect of different samples. These are valid for liquids with molecular masses of 20,200 and 2000
Da.

2.3. Experimental Validation

2.3.1. Off-Resonance Behaviour

Equation 27 allows for the calculation of T; , in the presence of off-resonance. To validate these resullts,
MRI scans were performed on phantoms, using a prepulse that simulates the effect of off-resonance.
This prepulse is shown in figure 2.3. The first adiabatic half-passage (AHP) pulse rotates the magneti-
zation into the transverse plane. During the second part, the AM and FM functions are held constant.
This part functions like a spin-lock pulse, and the magnetization undergoes T;, relaxation. The final
part is another AHP pulse, that aligns the magnetization again to the z-axis for measurement. Off-
resonance is modelled by shifting the frequency modulation function by a constant. Since the true
resonance frequency yB, remains constant, changing the frequency of this pulse has the same effect
as off-resonance due to variations in B,,.

The AHP pulses were chosen because they can efficiently flip the magnetization even in the presence of
off-resonance. If a block pulse was used, like in a normal experiment, the magnetization may not have
been totally aligned to the z-axis at the end of the pulse. This would interfere with the measurement
process of the magnetization. In this experiment, the AHP pulses had a hyperbolic secant shape (given
in equation 2.13). The shape of the first AHP pulse is given by this equation for 0 < t < T,,/2. The
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Figure 2.3: Sketch of the amplitude- and frequency modulation function of the prepulse used in the off-resonance experiment.
The amplitude modulation function is the same for the on- and off-resonance version. The frequency modulation is different for
the on- (black) and off-resonance case. The dotted line represents zero modulation.

shape of the second AHP follows from this equation for T,,/2 < t < T,, and the FM part is flipped. This
is because the magnetization should end up along the positive z-axis. Both pulses had § = 4 and an
FM amplitude of 500 Hz.

The MRI scans were performed on a plastic jar, with filled with a mixture of water and nickel chloride.
Nickel chloride was added to the water to lower its relaxation time, so that it exhibits more contrast
in the MRI images. The scanner used was a 3T Philips Ingenia. First, the jar was positioned in the
scanner, and a survey scan was performed to select a slice going lengthwise through the jar. Then a
T, mapping sequence was performed. This allows for the calculation of T; values throughout the jar,
which can be used to check if our assumptions for the (B2} calculation (equation 2.12) were valid. The
T, mapping was based on the Modified Look-Locker Inversion Recovery method.

Next, the T; , measurements were performed. These consist of the pulse mentioned before, followed by
a gradient echo sequence for imaging. This sequence was used as it can quickly image the longitudinal
magnetization. A field of view of 150 by 150 mm was used, and a single 2D image was made of the
selected slice. The echo time was set to be the shortest possible, and the pulse power was set to be as
high as possible (in this case corresponding to a flip angle of 350 degrees). The scanner was set up to
take 6 dynamic images. These dynamic images were taken after 0, 15, 20, 25 and 30 ms application
of the prepulse. Of these time, 5 ms was for each of the AHP parts. The final image used a saturation
prepulse, which is used to find the magnetization that would exist after a very long relaxation.

For each pixel an exponential fit was made to time evolution of the magnetization. This gives T; , agian @S
one of the parameters. Additionally, the standard deviation of the measured signal from the exponential
fit was calculated. This provides insight into the accuracy of the fit.



Results

3.1. Redfield Theory

3.1.1. Time-Independent Off-Resonance
On-resonance limit
To validate equations 27 and 28 for T, and T, , various limits are taken and compared against the
literature. Starting from the off-resonance derivation, and taking the limit Q@ — 0, we obtain an expres-
sion for on-resonance excitation. This was both derived independently by us (in equation 2.7), and itis
available in the literature [15]. Taking this limit gives w.s = wy and weg = w;. Applying this to equation
27 gives:
]/2
T =y%(BZ)J(w1) + T ((B2) + <B§>) J(wo + 1) + J(wo — w1))
p
Taking wg > w4 (as By > By):
1 2 2 yZ 2 2
— =y (B2)J (@) + 5= ((B2) + (B3)) J(wo)
1p
Finally taking equal fluctuation magnitude in all directions ((BZ,, ;) = (B?)):
1
T = ¥ (B?)J(w1) + v (B?) ] (wo)
1p
=% (B2) U (o) +J (@)

Which agrees with the theoretical limits mentioned above.

Similarly, taking the on-resonance limit of equation 28 gives:

1y v
= =5 ((BZ) +(B}))J (wo) + = (B)J (1)
2p
2 2
+ 5 ((B2) + (B) ) @0 + 00) + = ((B2) + (B3)) Jwo — w)
Taking wg > wq:
1 3 2 2
m = (B + (B0 + 5 (B2 @)
And finally (B2, ,) = (B?):
L B? 3
E = 7( ) U(w1) + 3] (wo))

Which agrees with our on-resonance result (equation 2.8).

15
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ANZMAG limit

In June 2019, the Australian and New Zealand Society for Magnetic Resonance (ANZMAG) published
a lecture series on NMR relaxation [16]. As a part of these lectures, they derived the T, , relaxation for
time-independent off-resonance, but with only a fluctuation in the z-direction. Their result was:

7= =Ry = 2] (wesr)
1p
Furthermore, assuming (as we do) that the autocorrelation of the fluctuations decays exponentially with

constant k = l:

Tc

1 sin’(a)y? (B2) T—lc

Tlp % + a)gff
(adjusted to use our variable names, and pulling y? out of their fluctuation amplitude)
Rewriting this gives:
1 w?y?(BZ)z,
Tip (w0} +9%) (1+ wi?)
_ wiy? (BZ) 7.
(0?7 +02) (1+ (w? +02)72)

If we set (BZ) = (BZ) = 0 in equation 27, we can also find T;, for fluctuations in the z-direction from our

calculations. This gives:
1 7’}
)
Tip Wetr

(BZ) ] (wetr)

For the power spectrum of the fluctuations, we take a Lorentzian with correlation time z_:

T

_ [
J(@) = 1+ w?t?
Filling this in gives:
1 2,2
_ Y w7 Tc <Bzz>

Ty w4 1+ @kl
_ wiy?(BZ) .
(02 + w?) (1+ (02 + w?)?)
Which indeed agrees with the result from the ANZMAG lectures.

High-off-resonance limit
As the plots in the next section will show, the T;, and T,, relaxation times strongly approach a limit for
large off-resonance values. To calculate these limits, we assume Q > w,, which gives the following

limits:
Q02 w?
Weff = /92+w§=9 — =1 —=0
Wesr Wegr

@+’ _@+0°_ ,  Q-om’ _ (@-0)°

0
2 2 2 2
Wesr Q Wesr Q

Applying these to Ty, gives:

1 2 1
T, % (B2) 4 (rf + wegr) = 2% (B?) ] (wo — O+ Q) = 272 (B?) ] (wo) = =
1p !
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Similarly for T, :

1 4y?
T, y*(B?)J(0) + o+ (B?)J (@t + wer) = ¥ (B?)](0) + ¥2(B?) ] (wo — 2+ Q)
p
— 1,2 2 — 1
=y (B*) J(0) +J(wo)) = T
Off-resonance plots
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Figure 3.1: Plot of the Ty, and T, relaxation time versus the off-resonance Q. The blue line represents a RF-field strength of
0.1 uT, the orange line 1 uT, and the green line 10 uT. The grey dashed line represents the limits of these values: T, for Ty, and
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Figure 3.2: Plot of the T;, and T;,, relaxation time versus the off-resonance Q, and the RF-field strength B; .

Figure 3.1 shows the relation between the off-resonance and the T;, relaxation time, for various RF
amplitudes B,. These plots are based on equation 27. T, , is minimal for on-resonance measurements,
and increases to Ty = 1.5 s for highly off-resonant measurements. The speed of this increase depends
on By: the higher By, the less influence off-resonances have on the relaxation times. For the T;,
relaxation time, from equation 28, something similar is observed. Instead of Ty, it approaches T, for high
off-resonance. It also has a minimum instead of a maximum for on-resonance measurements.

Figure shows the T, and T,, relaxation times for different combinations of off-resonance and B;. It
can still be seen that a higher B, leads to less influence due to off-resonance.

3.1.2. Amplitude- and Frequency Modulate pulses

Figure 3.3 shows the amplitude and frequency modulation functions of a hyperbolic secant pulse, given
in equation 2.13. This pulse has parameters = 4, a duration of 25 ms, an FM amplitude of 500 Hz,
and an AM amplitude of 13.5 uT. The Ty, .qiap relaxation times during this pulse are shown in figure
3.4. It was also assumed that the scanner had a main magnetic field B, = 3T and that the sample had
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Figure 3.3: Plot of the shape of a hyperbolic secant pulse with § = 4, a duration of 25 ms, an FM amplitude of 500 Hz and an
AM amplitude of 13.5 uT.
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Figure 3.4: Figure showing the instantaneous relaxation times during the pulse shown in figure 3.3. A main field of 3 T and

a T; relaxation time of 1.5ms was used. The red, green and blue lines correspond to a correlation time of 0.2, 0.5 and 1 ns
respectively.

a relaxation time T; = 1.5s when no RF pulse was applied. This simulation was repeated for different
random field correlation times 7., to simulate the effect of different samples being imaged.

3.2. Applications

3.2.1. Pulse Optimization

Figures 3.5a and b show the results of the Redfield and Bloch simulations for the different values of
A and S. Interestingly, it can be seen that the RMS deviation due to off-resonance depends on the
correlation time. The final z-magnetization does not depend on .. This is because it was calculated
using the Bloch equations, while 7. is a parameter that is only present in the Redfield calculations.

The optimal solutions are shown in table 3.1. It can be seen that the addition of the Redfield method
changes the pulse parameters significantly: g shifts by around 3.6, while A changes around 850 Hz.

Redfield and Bloch Bloch only
Tc (I’IS) Tp (ms) max BI+ (#T) .Bopt (a.u.) Aopt (HZ) Bopt (a.u.) Aopt (HZ)
0.01 444 13.35 5.9 1472 9.5 615
0.1 444 13.35 5.9 1472 9.5 615
1.0 43.2 13.35 5.9 1522 9.3 564

Table 3.1: Optimal pulse parameters found by both methods. The pulse duration T;, and the maximum pulse amplitude Bt were
the result of the constraints on the optimization, and were the same for both methods. In all cases the optimization score was 1
(up to rounding error).
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0,50, ...,200 Hz. B) Final longitudinal magnetization after the Bloch simulations, given as a percentage of the original magneti-
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Figure 3.6: Plot of the optimal pulses found by the joint optimization (solid) and Bloch-only optimization (dotted lines). The
orange, green and red lines represent correlation times of 0.01, 0.1 and 1.0 ns. A) Amplitude modulation functions B) Frequency
modulation functions C) Deviation in Ty, agiap, for different off-resonance values.

All the pulses had a maximum B; amplitude of 13.35 uT, which was not the limit set in the constraint:
B"** < 13.43 uT. Apparently the constraint on the root-mean-square Bf was the limiting factor. Inter-
estingly, 7. = 0.01 and 0.1 ns have identical results in this table, while T, = 1 ns has different results for
some parameters. Figure 3.6 show the pulses corresponding to these optimal values. The Bloch-only
results (dotted lines) have a sharper peak in the AM function, and a smaller FM function than the result
incorporating Redfield (solid line). The off-resonance always causes a larger deviation in the Bloch-only
pulses than in the Bloch-and-Redfield pulses. The difference in RMS T, .qia1, deviation between the
two optimization methods is 83% for 7, = 0.01 ns , 83% for t, = 0.1 ns and 88% for 7, = 1 ns

Figure 3.7 shows a larger version of the final longitudinal magnetization on the optimization domain.
Four different regions are marked, according to their (8, A) position, and their final magnetization. Rep-
resentative magnetization evolutions in these regions are shown in figure 3.8. Region A is the adiabatic
region: this has intermediate values for § and A, and a final magnetization that is around —1. In this
region, the pulse moves slowly (in the first rotating frame) and the magnetization smoothly follows it.
This is also shown in figure 3.8A: the magnetization changes smoothly and is fully inverted.

Region B corresponds to low FM amplitudes A, and a final magnetization that is higher than 0. Since
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Figure 3.7: Final longitudinal magnetization on the opti- Figure 3.8: Representative examples of the longitudinal
mization domain. The intial magnetization was 1. Four magnetization evolution for each of the domains in figure
regions are marked: A) adiabatic, B) block-pulse-like, 3.7. The pulse durations differ between the figures due to
C) chirp-like and D) non-adiabatic. the rescaling in the optimization algorithm.

the frequency modulation is so low, the B, field barely rotates around the z-axis. In that case the B; field
behaves like the excitation pulse in a T; relaxation experiment: the field flips the magnetization by being
perpendicularly oriented to it. This can also be seen in figure 3.8B: at t = 20 ms, the magnetization
rotates quickly around the x-axis.

Region C corresponds to low 3, so very broad pulses. Since the FM amplitude A is not empty, pulses
in this region perform similarly to a chirp pulse. A chirp pulse has a constant AM function, and a linear
FM function. These pulses cause the magnetization to oscillate rapidly [8]. This is also observed in
figure 3.8C.

Finally, region D corresponds to high g, high A and a final magnetization that is between 0 and —0.75.
Due to the high 8, the AM function is a sharp peak, and the FM function also changes rapidly. The high
A also causes the range of the FM function to be large. Combined, this means that the B; field due
to this pulse moves rapidly, and the magnetization cannot follow it. This is also seen in figure 3.8D: at
t = 20ms, the magnetization first follows the effective field. But this field moves too quickly, and the
magnetization falls behind. This causes the final magnetization to not be fully inverted.

3.3. Experimental Validation
3.3.1. Off-Resonance Behaviour
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Figure 3.9: Map of the T; values inside the jar, reconstructed by the scanner. The scale is in milliseconds.

The T; map reconstructed by the scanner is shown in figure 3.9. The mean T, value inside the bottle
is 1.464 s, with a standard deviation of 0.265 s. The results of our time-independent off-resonance
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Figure 3.10: Examples of the artefacts seen during this experiment. A) shows the image obtained during a single dynamic scan.
B) shows the calculated T, , map for the on-resonance scan. Values of T, above 20 s were discarded, as these are physically
infeasible. C) shows the standard deviation of the exponential fit (clipped at 50) for the on-resonance scan.

model, shown in figure 3.1, assumed T; = 1.5 s. They should therefore be a good fit for these experi-
ments.

The individual images acquired during the T;,, measurement show very strong artefacts. An example
of this can be seen in figure 3.10a. Instead of an uniform signal throughout the bottle, strong “ripples”
can be seen near the edges. Similar ripples can also be seen in the T;, maps (e.g. figure 3.10b).
Furthermore, in the dark spots caused by these ripples, the standard deviation is high (as can be seen
in figure 3.10c). Some pixels have values that are unphysical: relaxation times on the order of 10> s
with standard deviations of up to 10°1. Normal relaxation times are of the order of microseconds to
seconds. This could be the result of the artefacts changing the measured signal interfering with the
exponential fit.
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Figure 3.11: Box plot of the T;, values found by the fitting, for different off-resonance frequencies. These plots are cropped to
show the box and whiskers: not all outliers are visible. A) considers the entire image, while b) considers only the pixels where
the fit had a standard deviation of < 100

Figure 3.11a shows a box plot of the distribution of T;, values throughout the maps, for each off-
resonance frequency. It can be seen that the 0 Hz off-resonance values are significantly larger than
those for the other measurements. The statistical mode of these T, , values is nearly constant, while the
third quartile and higher values increase with the off-resonance. Outliers with Ty, of up to 160 seconds
are present in the data, but not shown in the plots as they would stretch the vertical axes too far.

Many pixels in the T;, maps had a very high standard deviation, which is an indication that the expo-
nential fit was not accurate. Excluding the pixels with a standard deviation of 100 or more results in
the box plot shown in figure 3.11b. In this figure, the 0 Hz off-resonance values are still larger than
the other values. Additionally, there appears to be an upward trend of the T;, values with increasing
off-resonance.






Discussion

The time-independent off-resonance Redfield calculations match earlier results. In the on-resonance
limit, they agree with our on-resonance calculations. When the random field fluctuations are only
aligned with the z-axis, they agree with the limits found in the ANZMAG lecture [16]. In the high off-
resonance limit Q > w,, we obtain T;, - T; and T,, — T,. These results agree with our off-resonance
plots (figure 3.1). They can also be explained by looking at the coordinate system (figure 2.1). If
Q > w,, then B4 is aligned with the z'-axis, and so our second rotating frame coincides with the first
rotating frame.

The correlation time 7. of the fluctuations can be a source of error. It is not directly measured in
MRI experiments, so instead a reasonable estimate was used. These correlation times model the
molecular motion of the sample, so they can be influenced by the molecular mass and the sample
temperature.

For the Redfield calculations, it was assumed that relaxation is only the result of a randomly fluctuating
field. This is an approximation: in reality the relaxation is the result of dipole-dipole interactions between
protons. A more accurate model uses a Hamiltonian which directly models the dipole-dipole interaction.
An example of such a model is given in section 4.4 of [14]. For imaging solid samples, such as actual
patient tissues, chemical exchange also contributes to the relaxation. This can be modelled as an
additional term in the Hamiltonian. These additions can lead to more accurate results, but also make
the calculations involved much more complex.

The relaxation during amplitude- and frequency-modulated pulses was assumed to be quasistatic.
This assumption allowed us to reuse the results for time-independent off-resonance. It does however
neglect the effect that the time derivatives of the AM and FM functions could have on the relaxation.
Since this project involves adiabatic pulses, where these derivatives are required to be small anyway,
this assumption is valid. However this assumption could hinder the extension of our results to non-
adiabatic pulses.

The size of the effects ignored by the quasi-static assumption could be estimated by a calculation.
In this calculation Redfield theory is applied to an AM function that is linear with a slope «. The FM
function is held constant. Comparing the exact Redfield result to the result obtained with the quasistatic
approximation reveals the effect size. Alternatively, the effect could be estimated by comparing the
gausi-static result with a real measurement on an MRI scanner. We recommend these investigations
for further research.

Further research could also investigate the relaxation times for other pulse shapes. With the quasistatic
assumption, these calculations can be done by substituting different AM and FM functions in the finite
difference algorithm. No additional derivations are necessary.

In the pulse optimization results, it was seen that the RMS T, ,q4ia1, deviation due to off-resonance
strongly depended on the correlation times t.. This can be explained by the fact that the power spec-
trum J(w) of the fluctuations (equation 25) depends on 7.. The off-resonance causes a change in w.¢
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and w.g, Which are substituted into J(w) in equation 27.

The relative difference in RMS T, ,q4ia deviation due to off-resonance is big (83, 83, 88%). In absolute
value, however, the effect of off-resonance on T, is very small. Itis never more than 0.15% compared
to on-resonance (for the optimal pulse found using only Bloch simulations, and 7, = 1 ns). Forz, = 0.01
ns, the effect is never larger than 1.2 - 1075%. This can be explained by the fact that the hyperbolic
secant pulses used for this optimization are designed to be resistant to off-resonance effects. They
appear to retain this property even at suboptimal pulse parameters. Further research could investigate
if this optimization provides more substantial gains in off-resonance resiliency for different pulse shapes.
Further research could also perform MRI measurements for different pulse parameters, to verify that
the solutions found by the algorithm are also optimally resistant to off-resonance in real life.

Interestingly, the optimal pulse parameters for the 7, = 0.01 and 0.1 ns case were identical. Perhaps
the pulse parameters approach a limit for rapid correlation times. Further research could investigate
the whether optimization results for 7. = 0.001 and 0.0001 ns also give these same optimal parame-
ters.

The experimental validation of the off-resonance behaviour was hindered by artefacts. The scan of the
jar shows “ripples” of high and low signal values, while the homogeneous liquid should give the same
signal everywhere. These artefacts could have been caused by the difference in susceptibility between
the bottle and the surrounding air. This difference causes variations in the B, and B, field amplitude,
which in turn cause artefacts.

One method by which this occurs is dephasing. In dephasing, differences in B, inside the sample leads
the magnetizations to precess at different rates. This causes them to acquire a phase difference, which
eventually causes T, decay of the magnetization. A solution to this problem would be to change the
pulse shape to have a refocusing pulse. The simplest option would be to invert the latter half of the
prepulse shown in figure 2.3. This would change the direction of the precession in the latter half of
the pulse. This causes an extra phase difference that compensates the difference due to dephasing.
Another possibility is that the inhomogeneities in the By and B fields cause spurious precession, which
leads to these artefacts [17].

Since the received signal is altered by the artefacts, the exponential fit often does not give correct
results. This explains the outliers with unfeasibly high T;, values, and the high fit standard deviation
values. Taking only the pixels were the standard deviation was less than 100 ensures that the expo-
nential fit was accurate. However, from the theoretical results (such as figure 3.1) we would expect
the T, values to be between 1 second and T; = 1.5 s. In reality the values are in the 0 to 25 ms
range. This suggests that even though the exponential functions fit the measured data closely, they
do not correctly give the underlying T;, value. Alternatively, the theoretical derivation could be invalid
for the relatively short pulses used in the experiment. The results appear to give the correct qualitative
behaviour (increasing Ty, for increasing off-resonance) but the actual values are not reliable.

The 0 Hz off-resonance measurements also did not follow this qualitative behaviour. Perhaps this is
caused by the FM function being zero at the middle part of the pulse. Further research should try to
compare the 0 Hz results with results for a similarly small off-resonance, such as 0.01 Hz.

Finally, the application of these methods to clinical practice requires further investigation. More realistic
phantom studies (e.g. on body-shaped phantoms made out of ballistic gelatin) and patient studies
are required to evaluate the practical gain in contrast caused by these optimized pulses. If these
give positive results, further research could investigate if this contrast gain results in more accurate
diagnoses.



Conclusion

The aim of this project was to use Redfield theory to create a pulse optimization framework that can
take dispersion into account. The theoretical calculation for time-independent off-resonance agrees
with limits found in the literature. In order to simulate amplitude- and frequency modulated pulses it
is necessary to assume quasistatic relaxation. This approximation appears to be valid for adiabatic
pulses, but further experiments should be carried out to validate this. All the calculations assumed
that relaxation was only due to a randomly fluctuating field. More accurate models directly consider
a dipole-dipole Hamiltonian, or consider chemical exchange as well. These would, however, be more
complex computationally.

A joint optimization using Bloch and Redfield simulations performs better than using Bloch simulations
only. These resultin a 83%, 83%, 88% improved resilience to off-resonance for 7, = 0.01, 0.1, 1 ns cor-
relation times. The absolute value of off-resonance effects is small, however, as it is at most 0.15% RMS
deviation. Perhaps different pulse shapes would benefit more from this optimization algorithm.

Experimental validation of the off-resonance behaviour encountered serious difficulties due to artefacts
in the images. Further research using refocusing pulses should be able to bypass these problems. As
it stands, the measurements seem to confirm the qualitative behaviour. The actual relaxation times,
however, do not match theoretical calculations.

Overall, the joint Bloch and Redfield optimization method is able to take dispersion into account. It
is able to provide better off-resonance resiliency than methods that neglect dispersion, but further re-
search is necessary to obtain results that can improve MR imaging in practice.
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Appendix A: Derivation of the Fictitious
Field in the First Rotating Frame

In this appendix, we will calculate the fictitious magnetic field term that appears in the first rotating frame
due to an off-resonant RF pulse. First, we calculate the effect moving to the first rotating frame has
on the Hamiltonian. Afterwards, we fill in the Hamiltonian term that is already present due to the main
magnetic field, and finally recognize the effective magnetic field.

For this first step we move to a frame rotating by w,st around the Z-axis. This has two effects:

1. The Hamiltonian needs to be rewritten in terms of the new reference frame (analogous to rewriting

ol Nl "I)

x,y,z2tox',9,2

2. Extra fictitious terms appear in the Hamiltonian (analogous to the Coriolis force, or the extra
magnetic field in the Bloch equations.)

In this derivation we use the density operator formalism. This makes use of a density matrix (or density

operator) p as an analogue to the wavefunction |¥) used in quantum mechanics. Superoperators A
are analogous to operators. Density operators evolve according to the Liouville-von Neumann equa-
tion:

—p = —iHp (1)
Our rotation is given by: )
p = e—i(l)rftizp" 2)
This follows from the Taylor series of infinitesimal rotations. Branson derives it in two dimensions, but
it is true in general [18].
Now we use this to see:
0

0 . 3 . ;0
—p = — (e lorftlz ) 5 —lwrgtl; —_ 4
i G )o+e ac”

N . 2 . 2 a
— _iwrflze—lwrftlzﬁ + e—lwrftlz_ﬁ
at

Recognising p’, and filling in equation 6 gives:

4 Y i Y — it A
3t = —lwyl,p" + et Z(—al)

=—i (wrffzﬁ’ + e_i“’rftiZI:If))

Now since I, is Hermitian, e*i®rtize-iomtlz — 1 This allows us to write:

0

% p' = —i (wrflz,ﬁ’ + e—l(l)rftIZHe+l(1)rftIZe—l(l)rftlzp")

A~
!

= —i (wrflz + e—twrftleeerftlz)p

This is again in the form of equation 6, with an effective Hamiltonian:

N
A

Hegr = wrffz + e itz fjotiwrstiy -

The first term here is the fictitious term due to the rotation.
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N
;

The main magnetic field causes a term —yByl, = —wofz in the Hamiltonian. This gives a total Hamil-
tonian of:

N
A

Heff — wrflz _ woe—lwrftlzlze+l(l)rftlz
= el ;1 — wol ;7 = — (Wo — wpp) [

= —al,

And since the Hamiltonian due to a magnetic field B is given by —yB - I, | see that the corresponding
magnetic field is

wo = wrf, £,

Bgict = Trz =32
Indeed we also see here for an on-resonance excitation w, = w.s there will be no term due to B,: all
the movement of the magnetization will be due to the B, field.



Appendix B: Derivation of the Relaxation
Times for On-Resonance Excitation

Introduction and Methods
The derivation of Ty, consists of four steps:

1. Formulating the Hamiltonian

2. Transferring it to the doubly rotating frame

3. Calculating the relaxation superoperator

4. Taking the inner product to calculate the relaxation time

T1, is the result of relaxation in the presence of a radiofrequency field. In the presence of this rf-field,
we must use the doubly rotating frame to align the effective magnetic field to the z-axis. This simplifies
the final calculation of the relaxation rates.

We assume the relaxation is the result of a fluctuating magnetic field. The final relaxation time is given
as a function of the power spectrum of these fluctuations. This gives us an idea of the dependence of
T, on molecular vibrations. A more accurate model replaces these fields by an actual dipole-dipole
interaction.

Deriving the Hamiltonian
In order to calculate T;, , we must find a model that describes the behaviour of protons in an MRI
scanner. Since protons are spin-half particles, they behave as magnetic dipoles. In a magnetic field B,
they have potential energy given by:

E=—u-B(t)

The dipole moment is given by the spin operators I, [, I,:

.ax,y,z = yhix,y,z
This leads to the following Hamiltonian:

N E _ _.axBx(t) - ﬁyBy(t) - .asz(t)
H=—=
h h
_ =y (LB (£) + [, B, (1) + [,B,(t)) (4)
- h

= —y (IB,(©) + [, B, (t) + [,B,(t))

Now we consider three magnetic fields: the main magnetic field By, a on-resonance spin-lock pulse By
and random fluctuations AB that cause the relaxation:

Bo = B()ZA
B; = B; (cos(wpt)X — sin(wyt)y)
AB = AB,(t)% + AB, (t)y + AB,(t)2

We assume the fluctuations are small: AB « B,. Substituting these fields into equation 4 gives:
A = —yByl, —yB; (cos(wot)fx - sin(a)ot)fy) — yAB,(t)I, — yAB, (t)I, — YAB, (t)iy
Rearranging terms, and using the Larmor frequencies w, = yBy, w1 = ¥Bjy:

A =-wyl, — w, (cos(wot)ix - sin(a)ot)fy) —yAB,(t)[, — yAB, (I, — yABy(t)iy (5)
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The First Rotating Frame

First, we move to a frame rotating by w,t around the Z-axis. This has two effects:
1. The Hamiltonian needs to be rewritten in terms of the new reference frame (analogous to rewriting
%y,z2t0x',y',2")
2. Extra fictitious terms appear in the Hamiltonian (analogous to the Coriolis force, or the extra
magnetic field in the Bloch equations.)

In this derivation we use the density operator formalism. This makes use of a density matrix (or density

operator) p as an analogue to the wavefunction |¥). Superoperators A are analogous to operators.
Density operators evolve according to the Liouville-von Neumann equation:

6 A

—pH=—iHH

Frid p (6)
Our rotation is given by:

P =eiwotizp (7)
This follows from the Taylor series of infinitesimal rotations. Branson derives it in two dimensions, but
it is true in general [18].
Now we use this to see:

ip” — % (e—iwotfz)p'\ + e—imot?zi

ot at”

A . .3 .20
— —iwolze"“’o”Zﬁ + e—zwotlz _ﬁ
at

Recognising p’, and filling in equation 6 gives:

d

— A == Y —iwtfz _-:A
o lwgl,p" +e™t%0 (al)

= —i (a)ofzﬁ’ + e‘i“’Ot’ZI:Iﬁ)
Now since I, is Hermitian, e*i@otlzg=iwotlz — 1 This allows us to write:

a A 2 A . 2 . 2
a Al — —l( I ,5 —lwotleeHmotIze—Lmotlzﬁ)

= —i (wol +e —LwotleeHwotlz)p
This is again in the form of equation 6, with an effective Hamiltonian:
I:Ieff — woiz + e—iwofiz]f[e"'iwofiz (8)

The first term here is the fictitious term due to the rotation.

The second term changes the basis of the original Hamiltonian to the rotating frame. It is also writ-

ten with the rotation superoperator: I?_wotizfl. Since this is a rotation around the Z-axis, we can see
that:

R_, i [, =e iwotlzf piwotlz = [ ; cos(wyt) + I, sin(wyt

wotl;"x x x 0 y 0

R_, i [, =e @tlz] oiwotly — f , cos(wyt) — [/ sin(wgt 9
wotlly y y 0 p 0

ﬁ—wotlzi — e—iwotlzizeiwotlz — iz’

This can also formally be proven by using the Taylor series of the exponential, and the fact that the
spin operators cyclically commute [19]. Ix/,Iy, and [, are the spin operators in the rotating reference
frame.
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Using these expressions we can fill in equation 5 and get:

Hyor = R A= _woiz’ - yABZ(t)iZ’ — W1 Cos(wot)é—wotizix

—wotl,

N
A

+ w1 SIN(Wot)R_ o1, Iy — VR oy, (BB ()] + BB, (O)],)
= —wol,r — yAB,(t)],1 — wq cos(wot) (I cos(wyt) + Iy sin(wot))

+ w; sin(wot) (I, cos(wpt) — I sin(wot)) — yé—wotiz (AB. (DI + AB, (D))
= —woly — BB, ()1, + Iy (—w; cos? (wot) — wy sin’ (wot) )

- yﬁ—wotfz (AB, (DI + AB, (D)]y)
= —woly — BB, (), — wily —YR_, 41, (AB (DI, + 8B, (D)

Finally we must add the fictitious term derived in equation 8:
Hegt = woly + Hyor = wolyr + Hyop
=~y BB, ()l — wrler = VYR_per, (AB(®)]c + ABy (D))
In order to simplify the last term, we make use of the spin raising and lowering operators:
i, =l +il, and I =1, i,
These are the eigenoperators of this rotation (shown in the appendix):

N

I+ — e—Lwotlzl+ela)0tIz — e—LwotI+

>

—wotly

N

[ = e—iwotizi_eiwotfz = elwot]

=Y

—wotly

In other words, IAj_r = I+, and we only get a prefactor. Now since:

L1 s 1
1x=§(1++1_) and 1y=z(1+—1_)

we can write:
Ao = —yAB, (), — w L — ﬁ_woﬁz (ABy(t) (I, +I-) —iAB, (0) (I, — 1))
= —yAB, ()l — wy L — Eﬁ_woﬁzﬁ (AB,(t) — iAB, (¢))
= 2R per, 1 (8BL(0) + 10B, (1)

— —yAB, (D)l — wyly — ge“""otﬁr (BB, (t) — iBB, () - geiwoff_ (AB,(t) + iAB, (1))

= NI

The Second Rotating Frame

We now have a situation that is very similar to relaxation in the lab frame: a large term Ay = —w, [,
that is constant in time, and smaller terms that change in time. This motivates us to move to a second
rotating frame, where we only retain the time-varying component.

This frame rotates with angular velocity —w, around the £’ axis, and is also called the interaction frame.
A similar derivation as equation 8 gives:

~
N A N

—iwitl s 1y +iwgtl _
e 1Y Hegre ™ 17 = wilyr + R_yy 1, Heg

Y1
Hrot

A

! —
Heg = wyly

>

(10)

>

1+
=Wl +
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!

Now we can calculate A},

=>>

Ay o 2 I Y _; I i
Hrot = _wltix’ (—YABZ(t)IzI — a)lR_wltix, le — ze Lwotl+ (ABx(t) _ lABy(t))

- Lol (28,0 + 08,0

To find these rotations, it is convenient to do a coordinate substitution:

! !

X=y y=2z2 Z=x

Then our rotation is now along the Z-axis. Note that in general, if the rf-pulse is off-resonant, the static

component is not along one of the (x',y’,z") axes. Then the (%, ¥, Z) coordinate system must be tilted
with respect to the (x',y’,z") system. Then there is no such simple substitution.

Continuing on, we can now use the raising and lowering operators:

fy=1Iy
f; = A55+ i}, = Ayl + lAZI
I~ = y—l‘y= yl—izr
These are the eigenoperators of this rotation:
R—(ulfiz Z = Z
2 s ipit?
R_g, tiylx = eI (1)
N A £
R_wlthI: = elw1l]
Al 2 2
And also of Hy = —w4[ = —wq13:
Al o o
Holz =013
Al
Holz = —w, 15 (12)
Al
HOI: = w1]~

Filling this in, we get:

— ge-iwot (AB(t) — iABy(t)) (} +5 (I3 + 1= >

)
— geiwot (AB,(t) + iABy (1)) (z -3 (I + i:)>>
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Adding the fictitious term (from equation 10) allows us to write

Fl;ot=fe_wlﬁz( YAB,(8) 5 (1;—1 )

— Zemioot (AB,(1) — (BB, () (1 5 (I + )>

- geiwot (AB, () + iABy (1)) (iz - 5 (I3 ))

for conciseness, we can rewrite this to:

Taking R= :_wlt,}
iABy, (1)) + e'“ot (AB, () + iABy(t)))

Ay = -gm; (e=iot (AB,(t) —
fei; <AB ) — le—iwof (AB,(t) — iABy, (1)) + %eiwot (AB,(t) + iAB (t))>

N|~<' N|~<'

2. 1 . 1 .
RI- <AB )+ Ee-“"of (AB,(t) — iABy(t)) — Eelwof (AB,(t) +iABy (1))

Now taking these rotations, using equation 11, we finally get

——1 ((ABy(t) —iABy (1)) e™'0t + (AB,(t) + iAB, (t)) e'®ot)

eff
. 1 . 1
—1+ (AB (t)e™i01t — — (AB,(t) — iABy(t)) e~ (@or@t 4 2 (AB,(t) + iABy(t)) e wo+w1>t>

iy . 1 . 1
Y (AB (0)e'@1t + = (AB(t) — iAB, (1)) e~ (@o@n)t — > (AB,(t) + iABy,(t)) e~ wo wﬂt)

This is now nicely in terms of the eigenoperators of H,
Ay = Fo(0Ay + F{ (AL + FL (DAL,

with (using equation 12):

>
b S
o~
Il
~
+
=
-
Il
I'N>

F(6) = =5 ((AB.() = 8By (1)) e™10% + (AB,(£) + iABy (1)) e/“°")
=" (AB (De~i01¢ — 7 (8B, (¢) — (8B, (1)) e~i@n*on)t 4 2 (AB,(6) + 0B, (1)) e wo+wl>f)

iy
(13)

F' () = -5 <AB (t)el®rt + ! (AB,(t) — iAB, (1)) e~ H(@wow1)t % (AB.(t) + iABy(t)) e~ wo-wﬁf)

Relaxation Superoperator
The relaxation times can be found from the relaxation superoperator I', which we define as

I= z JoA_qAq

q

(o)

with J, defined by:
Jq =J G (T)d‘t':J F (Yt —1)dt
0
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Some methods add an additional e~*¢a¢ factor to Jq- This factor is a result of applying the transforma-
tions to the relaxation superoperator. Since we have already transformed the Hamiltonian, we do not
need to add this factor.

Starting with g = 0:

Go (1) = F(OFi(t—1) = VT: (8B (t) — iAB, (t)) e~i@ot + (AB,(t) + iAB, (t)) el®ot)
~((ABy(t = 1) — iABy(t — 7)) e~ "@0(t=® 4 (AB, (¢t — T) + iAB, (¢t — 7)) e'@o(t=D)
The overline is omitted in the last part, but we still average this expression over time.
Rewriting this gives:
Go(7) = y4—2( (AB,(t) — iAB, (1)) (ABy(t — T) — iAB, (t — 7)) e~ 1@0(2t=D)

+ (8B, (t) — iAB, (1)) (AB,(t — T) + iABy,(t — 1)) e~'07

+ (8B (t) + iAB, (1)) (AB,(t — T) — iABy,(t — 7)) e!@0T

+ (ABy(t) + iAB, (1)) (AB,(t — ) + iAB, (t — 7)) e@0(2t-D))

Now we assume our fluctuating magnetic field follows:

0 *
(ABp(t)ABq(t - T)) = {G(T) — <BZ>€_|T|/TC 2 = Z (14)

This corresponds to a power spectrum:

1 o . « . T
— G —lwTgr = —|t|/T¢ —lwtgr = ¢ 15
J(w) B J;) ()e T J;) e e T 17 it (15)
We can therefore neglect all the cross-terms (like AB, (t)AB, (t — 7)) and find:
y? _ _ oo (2t 00 (2=
Go(T) = T ((B,?)e Izl/Te — (Byz)e ITI/Tc) (e lwg(2t=1) 4 oiwo(2t T)) )

+ );—2 ((B2) e=171/7c 4 (B2) e=17l/7c) (e=iwo 4 giwor)

Now this gives
® 2 %)
Jo :f Go(T)dt = %f ((BZ) — (B2)) e~171/%e (e-iwo(2t=1) 4 giwo(2t=0))
0 0
+ ((B,?) + (B;)) e~ ltl/Tc (e—iwo‘[ + eiwof) dr

2 oo
= () - @) ([ ereeencans |
0

0
2 9]
+ yz ((B}%) + (B;)) (] e_|T|/Tce—iw0TdT + J
0 0

We can recognize the power spectrum of AB (equation 25), to see:

[ee]

e_lrl/tcein(Zt_T)dT>

[oe]

e_lTl/TCeinTdT>

2
Jo = B (182) = (B) (=024 (=) + €152 )
2

+ L ((82) + (B3)) Uwo) +(—00))

Now we can see from the definition (equation 25) that J(—w) = J(w), which allows us to write:

2 2
Jo = yz ((B2) — (B2)) 2 cos(we2t)] (wo) + YZ ((B2) + (B2)) 2/ (wo)
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The former term averages to zero over time, giving the final result:

2
Jo =2 (B2) + (B3)) J(@o) = 2 (B?) ) wo)

This almost agrees with the slides, but is still a factor 2 too large

For g = 1 we see

Fi(OF (-1 =

2 . 1 . 1 ,
r (ABZ(t)el“’lt b (0B,(0) — 188, (6)) e~ — L (B, (1) + 1B, (0) e‘l(""o""l)t>

. 1 )
. <ABZ(t _ T)e—zan(t—r) _ E (ABx(t _ T) _ iABy(t _ ‘[)) e—l((uo+w1)(t—‘r)
1 .
+ 5 (8B,(c =) + By (¢t - 1)) e‘l(‘wo+w1)(f—‘f)>

Rewriting this, separating the AB components:
y? . 1 . .
Fi(O)F(t—1)= Z(ABZ(t)e“"lt + SAB(1) (e7Hwomw)t _ gi(-wo~wi)t)
i : .
— EABy(t) (e—l(wo—ﬂh)t + e—l(—wo—wﬂf))
; 1 . ;
. (ABz(t — 1)ei01(t=T) 4 EABx(t ) (—e‘l(woﬂvl)(f—f) + e-l(—wo+w1)(t—r))
i . .
+ EABy(t _ _[) (e—l(w0+w1)(t—r) + e—z(—w0+w1)(t—‘r)))
From equation 24, we see that eventually the AB-crossterms (like AB,AB,) will disappear. In the next
step we thus neglect them:
y? :
F,(t)F(t—1) = Z(ABz(t)ABz(t —17)et®1?
1 . ; . .
+ ZABx(t)ABx(t _ .L.) (e—L(wo—wl)t — e—l(—wo—w1)t) . (e—l(—w0+w1)(t—‘r) _ e—l(w0+w1)(¢_r))
+ %ABy(t)ABy(t _ T) (e—i(wo—wl)t + e—i(—wo—wl)t) . (e—i(w0+w1)(t—r) + e—i(—wo+w1)(t—r))>

2
y ; 1 1
= Z(ABz(t)ABz(t —1)e'®1T 4+ ZABx(t)ABx(t -17) 1+ ZABy(t)ABy(t —-17)- II)

The last expression defines I and II, so that we can calculate these separately:

[= (e—i(wo—wl)t _ e—i(—wo—wﬂf) . (e—i(—w0+w1)(t—‘r) — e—i(w0+w1)(t—t))
= e~ HWo—w1)t p=i(-Wo+w1)(t-T) _ p=i(wo-w1)tp—i(wo+w1)(t-T)
— emi(-wo—w1)t p—i(~wo+w1)(t=T) | p=i(~wo=w1)t p—i(@o+w1)(t-T)

— ei(—w0+w1)r —i2w0tei(w0+w1)r _ e—i(—Zwo)tei(—w0+w1)r

—e

+ ei(w0+w1)1:

We neglect the terms that oscillate in time, as these should average out to zero. We thus have:

[ = eiCwotw)T 4 pi(wotwe)T
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For II we see:

II= (e—i(wo—wﬂt + e—i(—wo—wl)t) . (e—i(w0+w1)(t—r) + e—i(—a)0+w1)(t—r))

= e~ Hwo—w)t g=i(wotw1)(t-7) 4 o=i(wo~w1)t p—i(~wo+w1)(t-T)
+ e—i(—a)o—wl)te—i(w0+w1)(t—r) + e—i(—wo—wi)te—i(—(uo+a)1)(t—‘r)
— e—iZwotei(w0+w1)‘r + ei(—w0+w1)r + ei(w0+w1)‘r

+e —i(—ZwO)te i(—wo+twq)T

Here the first and last term oscillate, giving:

II = ei-wotwy)T + ellwotw)T — |

Filling this in gives:

2

14

iwT 1 i(—wo+wq)T i(wotwq)T
G,(t) = —| AB,(t)AB,(t — T)e®1" + ZABx(t)ABx(t—r) (elC@otw)T 4 gil@otwy)T)

4

1 . .
+ L BB OB, =) (et 4 el<wo+w1>r))

Using equation 24, we see:

2
. 1 . .
Gl(’[) = %((B;) e_l‘[l/rcelwlf + Z (B)?) e_lTl/TC (el(—a)0+(4)1)‘[ + el((,()0+(4)1)‘[)

+ (B§>e—|‘r|/rc (ei(—w0+a)1)‘r + ei(w0+w1)‘r)>

NI

Integrating this equation:

oo 2 [e9)

14

2
J, = YT (Bg)f eI/ giontgy 4 ¥ <B§)f elrl/e (gil-wotan)T 4 gilwoten)T) gy
0 0

16

2 0
+ ’1’_6 (ByZ)f e~lrl/te (gil-wotan)r 4 gilwoton)T) gy
0

Recognizing the power spectrum of the fluctuations (equation 25):

2 2 2

14 |4 14

J1 == (BZ)](—w1) + —— (BZ) J(wo — w1) + J(—wp — @1)) + = (BZ) U (wp — 1) + ] (—wo — w1))

4 16 16

Assuming J(—w) = J(w), and wy = w; = 0, we can rewrite this to only positive frequencies:

2 2 2
|4

S = —(BZ)J(wy) + ]1/_6 (BZ) U(wo — wq) + ] (wg + w1)) + r (BZ) U(wp — wq) +J(wo + 1))

4 16

Which agrees with the f:f¢ term in [* in the Spielman lectures.
If we further assume that (BZ,, ,) = (B?).

Y2 y?
Ji= T <BZ)]((U1) + 5 (BZ> J(wo — wq) +J(wo + 1))
and that wy » wq:
Y2 y? y?
ho= 7 (B2 (@1) + 7 (B*)) (wo) = 7~ (B?) U (@1) + ] (wo))

Note that this also agrees with the Spielman lectures, as there they rewrite:

N
A

~>

11::

~>

f:f; =



and thus get an extra factor 2.

Finally, for ¢ = —1, we see:

2
. 1 ,
Fi(O)F ,(t—1) = VZ(ABZ(t)e““’lt -3 (ABy(t) — iABy, (1)) e~ (@ot@1)t

1 _ _
3 (8B, (t) +idBy (1)) e“(““omﬂt) : (ABZ(t — 7)elw(t=D)

1 . 1 .
+3 (AB,(t —T) — iAB,(t — 7)) e~ {(@om@)(t=7) > (ABy(t — 1) + iABy(t — 1)) e-l<-wo-w1><f-f>>

Grouping by the AB terms gives:

2
, 1 . .
F(OF.(t—1) = %(ABZ(t)e‘“"lt + SAB (1) (emiwotwn)t _ g-i(wotwy)t)

+ %ABy(t) (e—i(—w0+w1)t + e—i(w0+a)1)t)> . (ABZ(t _ T)eiwl(t—r)

+ lABx(t - 1) (e—i(wo—wﬂ(t—f) — e—i(—wo—ml)(t—r))
2

— %ABy(t - 1) (e—i(ﬁ’o—wl)(f—f) + e—i(—wo—wl)(f—"—'))>

Multiplying this out, once again neglecting the cross-terms gives:

2
Fu(O)F.1(t — 1) = YZABZ(t)ABZ(t _ p)e-ient
2
+ %ABx(t)ABx(t - 1) (e—i(—w0+w1)t — e—i(w0+w1)t) . (e—i(wo—mﬂ(f—‘f) — e—i(—wo—wl)(t—r))
yz

+ =—AB, (t)AB, (t — 1) (e—i(—wo+w1)t + e—i(wo+w1)t) . (e—i(wo—wl)(t—r) + e—i(—wo—wl)(t—r))
16

2 2 2
Y —i |4 |4
= ZABZ(t)ABZ(t - T)e lo1T 4 EABx(t)ABx(t - T) I+ EABy(t)AB},(t - T) <11

With
[ = (e—i(—w0+m1)t _ e-i(wo+w1)t) . (e—i(wo-wﬂ(f-f) — e-i(-wo-wl)(t‘f))
— e—iOtei(wo—wl)‘r _ e—i(—Z(uO)tei(—wo—wl)‘r _ e—iZwotei(mo—wl)‘r
+ elCwo—wi)T
Neglecting rapidly fluctuating terms:
[ = i(@o—w1)T 4 pi(-wo~w1)T
and, similarly
I = (e—i(—w0+w1)t + e—i(m0+w1)t) . (e—i(wo—w1)(f—‘f) + e—i(—wo—wﬂ(t—f))
— e—i(o)tei(wo—(ul)‘r + e—i(—Zwo)tei(—wo—ml)‘r + e—iZwotei(wo—wl)‘r
+ el(CWo—w1)T
II = el@o—w1)T 4 pi(-wo~w1)T
Filling this in:

2
G_1(T) = F()F1(t— 1) = %ABz(t)ABZ(t e~

2

|4
* 16

2

_l__
16

AB, (t)AB,(t — 1) (ei(wo—wﬂ‘f + ei(—wo—wl)r)

ABy(t‘)ABy(t —-1) (ei(wo—aﬁ)f + ei(—wo—w1)‘f)
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Filling in the correlation of AB then gives:

G (1) = R(OF(t—7) = % (B2) e~Itl/Tcgmimrt
+ g (B2) e~el/re (i@o=wn)t 4 pit-wo=wi)T)
+ g (B2) e~el/7e (lwo=wn)t 4 gil-wo-wn)r)
Y

2
- 42 (B2) e~1tl/7eeiont 4 ’{_6 ((BZ) + (B2)) e~17l/7c (¢ilwo-w1)T 4 gil-wo-wy)T)

Again integrating and recognizing the fluctuating power spectrum gives

2 2
(B2)J(w) + 2= ({B2) + (B3)) U (e
Using J(—w) = J(w) we see:

Ja=t

—wg) +J (w1 + wy))

2

Jo1 = 2 (B2) () + 2 (B2) + (B3)) Uwo — 01) + ] (@1 + @0)) = Iy

And thus the f;f: term is exactly the same as the f:f; term in ['. This also agrees with the Spielman
lectures.

Putting it all together, we obtain:

= Jolyly + Jui=lz +)_1051=

N+z

i
%

=2 (B2)) (o3l + 7 (B?) U(wp) +J (o)) (=15 + I51=)

Relaxation Times

The relaxation times can be found by inner products of the relaxation operator

Calculating these commutators we get:

Tl = 2]_1 TI‘ (iZiZ) + 2]1 TI‘([}I}) = 2(]_1 +]1)
o

Where we assumed the trace of these operators was normalized. Filling in J; and J_; gives

2 2
— =2 (VT (B2) U(w1) +J (@) + yz (B%) U(w1) +1<wo>)>
1p
= y2(B2) (J (1) +J (wo))

Which matches the result from the Spielman lectures

For T,, , we can use many different expressions:
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For us, the Iy expression is simplest. We can see this after a little simplification. First we see J; =
J-1:

+] I:’:I:ZT. +]_1i$?:

I 1
1

J
J

2

A
A

0
olzlz +]

Now by working out the product, we can see:
This gives:

This allows us to find T, :

1 A A A AR AR A A A
7 = el Pl = o T (Telalslz) + 21, (Tr (Telelelz) + Tr (Telyl50))
p
Calculating these commutators gives (assuming the traces are normalized):
Tr (nyfffif) = TI‘(AfIR~iiJ7) =Tr (igl (-lig)) =Tr (igig) =1

N
;

Tr(}&];]}) = Tr(}l@;O) = Tr(O) =0
And therefore:

1
T, =Jo+ 2/ (17)

Filling in J, and J;:

2

1
— =77 (B2)] (@) + - (B?) U (wn) + (@)

Top
2
= 7 (BZ) (](wl) + 3]((*)0))

To check this, | calculated ([ f iy} = Jo + 2/ as well.






Appendix C: Derivation of the Relaxation
Times for Time-Independent
Off-Resonance

In this appendix, we provide the detailed calculation of the relaxation times while an RF-pulse is trans-
mitted at a frequency w,s # w,, independent of time. This can, for instance, happen when B, inhomo-
geneity causes different w, for different spins. The derivation is mostly the same as in the on-resonance
case, (given in appendix A) until the second rotating frame.

Deriving the Hamiltonian
We once again take as a starting point

H = —y ([,B,(t) + [,B,(t) + [,B,(t))

The main magnetic field By and the fluctuations AB remain the same. The spin-lock pulse now rotates
at w.s instead:

Bo = B()ZA
By = B; (cos(wyst)% — sin(wyt)P)
AB = AB, (D)% + AB,(£)9 + AB,(£)2

With still the assumption AB < By.
Filling in these fields gives:
H = —yB,I, — yB; (cos(wit) L, — sin(wyt)],) — yAB,(t)I, — yAB (DI, — yAB,(t)],,

Rearranging terms, and using the Larmor frequencies w, = yBy, w; = VB

A= —wofz —w, (cos(wrft)ix — sin(wrft)iy) — yABZ(t)fZ — yABx(t)fx — yABy(t)fy (18)
The First Rotating Frame
In this case, we rotate our frame by w.t around the Z-axis. This gives a fictitious term (derived in
appendix A):

I:Ieff = (A)rfiz + e i@rtl; fotiwrtly (19)

We again get a new basis:

R_ i b = e7t0ritlz[ et@rttlz = [ 11 cos(wpst) + Iy sin(wist)
R_ i,y = e70ritz ] etttz = [ ) cos(wygt) — L sin(wist)
R—wrftizIZ = e_iwrf”zlzeiwrfuz = [Z[

Which allows us to write:

Hyor = —wol,r = yAB, (DI, — wilyr —yR_,, i, (ABy ()L + ABy (D)1y)

41
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Finally we must add the fictitious term derived in equation 19:

I:Ieff = wrfiz + Hrot = wrfiz’ + I:Irot
= —(wo — ‘Urf)iz’ - yABz(t)iz’ - wlix’ - Vé—wrftiz (ABx(t)ix + ABy(t)iy)
= —Ql; —yAB, ()l — w1l —vR_, i, (ABx (D)L, + ABy (D)

Where we defined Q = w, — w,s the off-resonance.

We still have:

~

>>

n _ ,-lw ff’\
—wtl,l+ = e

iwrfti

>

—ogti, - =€
So we can rewrite:
R 1. R 1 ..
hi=3 (l,+1.) and I, = % (I, -1.)

To get:

Aoy = —Ql, — yAB, (), — w L — gﬁ_wrfﬁz (AB(t) (I, +I-) —iAB, (t) (I, — 1))

= —QOl, —yAB, ()i, — wily — ge-iwrffﬁ (AB,(t) — iABy(t)) — gei“’rffi_ (ABy(t) + iABy (1))
(20)

The Second Rotating Frame
The static component of our Hamiltonian is now:

1:16 = _Qizl - wlix’

The magnetic field corresponding to this static component is called the effective magnetic field B ..

We now wish to align this effective field with the z-axis in a new frame. Since the static component is
no longer aligned to one of the axes, we can’t just interchange the axis labels. Instead, we must create
a new frame (x",y", z") that is tilted with respect to (x’,y’,z").

Z A

Figure 1: B/ in the first rotating frame

From figure 1 we see that we must tilt our frame by an angle a around the y'-axis. We can also see in
this figure that:

t =
an(a) = )
Using the fact that:
in(arctan(x)) = ——
sin(arctan(x)) =
2
v1 1— x 21)
cos(arctan(x)) =

V1 + x?
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We can see
(@ 1 QO
cos(a) = =
w1 \? \/wz + Q2
Jre(z) el
(ﬂ) Wy
sin(a) = t =

D)y YoEE

Q

These equations allow us to rewrite the spin operators in the new basis:

>>

. N " N \ 1 \ N
Rafyr Ly = Ln COS(C{) + I sin(a) = (len + wIIZ!I) = w— (lelr + wqlyr
eff

1

R iy’ lyl I

ﬁai Ay = i n cos(a) — ixrl sin(a) = (Qi " w11 rl) = — (QI " a)lfxu)

1
y ’ JoZ+ a2 ° Weft
1

= Raiy, I+ = Ra’IAy/IX’ + iR(XiyrIy’ = w z" (22)
= Qb + wlyn + iwegl.
Ot ( x" 1z eff yr/)
2 N 1 N n a
= Rafy/ L= R(zl :I T lRaI rIy’ T o (‘Q‘Ix" + 6Ullz”) — iy
We
(QI n + w11 " — l(l)effl ")
weff

Where we set w.g = / 0? + Q2, as this is the frequency corresponding to the effective field.

We can now write the effective Hamiltonian (equation 20) in this new basis:

N

— w1R

~

Iy

A

Aer = —QR — VBB, (O)Rq; , I,

0[1 l afy,

_ ge-lwrff (8B, (¢) — 0By (©) Rz I, — gelwrff (8B, (¢) + 8B, (©) Ry, I-

=-0

oo (.Q.I " a)lix") - ]/ABZ(t)w—eff (Qizn - wlixn) - wlIff (.Qix” + a)lfzn)

. 1, . . .
- ge—w’rft (AB,(0) — iABy(t)) — (len + Wil + iwegshy )

- gelwrff (ABy(t) + iAB (t)) (m v+ Wyl — iwegrlyn)

Multiplying both sides by w.¢, and simplifying, gives:
Hegrwege = (—=Q = yAB, (1)) (Qhyr — wilyn) — w1 (QUyr + w,Ipn)
- ’E’e-iwrff (BB, (t) — iABy () (Qyr + @yl + iwegelyn )
- geiwrft (BB, (£) + iBBy (6)) (QUir + @y Ly — itwegelyn)

In the next step we will rotate this Hamiltonian by w.gt around the z” axis. This is easier if we rewrite
this in terms of the eigenoperators of this rotation:

a a
Iz” = IZ"

a

. N " N 1 1,
I+n = lel + ily/r B ler = (E 7 + E[_r/)
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Rewriting to these operators gives:
N " 1, 1, 1, 1. A
Hegrwesr = (—Q — yAB, () | Ql,» — wq EI+” + EI_” —w|Q §I+H + EI_" + w4l
- Ze_iwrft (AB (t) —iAB (t)) Q li n + li v )+ wilr +iw li " — li "
2 x y 2t 2" 1z eff 20t 2i'
YV iogt . 1. 1. R ) 1., 1.
- Ee r (ABx(t) + lABy(t)) Q §I+" + EL" + wylr — lweg Z—il+ll - Z—i[_n

i w . w .
= Iy (—92 — w? — QyAB,(t) — %AB_ (t)e i@t — %ABJr (t)e”‘)rft>

Iyn (wlyABz(t) - g (Q + wegr) AB_(t)e ™ rtt — g (Q — wegr) OB, (t)ei“’rft>
Where we substitute AB, (t) = AB,(t)+iAB,(t) and AB_(t) = AB,(t)—iAB, (t) to shorten the equations
somewhat.

_n <(1)1)/ABZ(t) - g (.Q - (,Ueff) AB_ (t)e‘i‘"rft - g (.Q + weff) AB+ (t)eiwrff

We rotate by an angle west, to finally get rid of the static component. These spin operators rotate
as:

R—wefftizn IZ” = IZ"

A b iwegti

R—(A)effflzll I+” =e ¢ I+”

A Ch o iwat]
—(uefftlzr/ I_” ec I_”

We also get an additional fictitious term (given by equation 8):
A off = Wegel,n + I:Igot = ﬁgffweff = “)foiZ” + weffI:I;,ot
= Hlweg = (QF + wF) [ + wegeH Yo
Filling this in gives the effective Hamiltonian in the second rotating frame:

A a w . w .
Algwess = In (-8B, (0) - “LaB_ @t — 2L ap, (e

1, , . ,
+ 51+n<w1yABZ(t)e_‘“’efft - g (Q + wegr) AB_(t)e i (@ritwe)t — g (Q — wegr) AB+(c)el<wrf—weff>t)

1., ; . .
+ El_rr<a)1yABZ(t)e"*’efft — g (Q — wesp) AB_ (t)e_l(wrf_weff)t - g (Q + werp) AB, (t)el(wrﬁ-we“)t)

This is now nicely in terms of the eigenoperators of ﬁo:
Al = Fo(A, + F{ (4 + FL (DA,
with:
AAE) = iZ” "/1 = i+ll AA'_1 = f_”
Fy(t) = % (2Q4B,(t) + wAB_(t)e™ 't + w; AB, (t)e'®rt)
eff
Fi(t) = %ﬁ(zwlABz(t)e_iwefft — (Q + wegr) AB_(t)e i@t @emt — () — w ) AB, (t)ei(wrf-weff)t>
€
FLy() = %ﬂ(zwﬂBZ(Ueiweﬁt — (Q — wegr) AB_(t)e H@ri=@et — (O + w.g) AB, (t)ei(“’rf+“’eff)t>
€
(23)
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As a check, we calculate the limit with no off-resonance:

Q- 0 s0 wi = Wy and wWegr = W,
AE) = lel A’l = i+:/ Al_l =1
Fi(e) = —’E’ (AB_(t)e™i0t + AB, (t)eiot)
/ 14 —iwqt 1 —i(wo+wq)t 1 i(wo—wq)t
Fi(0) = 5( 8B,(O)e @1t — A (e i(@otont 4 ZAB, (pello=on
, 4 iwyt 4 L —i(wg—wp)t _ L i(wo+wy)t
F11(6) = 5( 8B, (0)efrt + SAB_(©)e™!@o=on)t — ZAB, (D)ei(@oter

And indeed (up to a phase difference in the transverse plane, due to different orientation of the axes)
this agrees with the on-resonance result.

Relaxation Superoperator
Once again the relaxation matrix is defined by:

f=> Jod o
q

with:

(o]

Jq =J;) Gq(r)d‘r=£ F,OF(t-1dt

We once again assume our fluctuations follow:

(AB, (t)AB,(t — 1)) = {g (1) = (B2) e-Tilre Z i Z (24)
With a power spectrum:
J(w) = L f‘*’ G(r)e ' @Tdr = f‘” e~ Itl/Tcg-iwTgr = Tt (25)
(B?) J, o 1+ w?t?
As for our AB,(t) and AB_(t), we can see that (neglecting crossterms, which must all be zero):
ABL(t)AB, (t — T) = AB,()AB,(t — ) F AB, ()AB, (t — T) (26)

ABL()AB_(t — ) = AB,()AB,(t — 7) + AB, (£)AB,, (t — 7)

Of course, all the combinations with AB, consist entirely of cross-terms and are thus zero.
Starting with g = 0, we see:

y2

2
Wegr

- (2Q4AB,(t — 1) + W, AB_(t — T)e~1@d(=D 4 o, AB, (t — 7)e'@r(t=D)

Go(7) = FJ(t)Fi(t — 1) = (2Q4B,(t) + w;AB_(t)e™irt + w; AB, (t)e'®rt)

Multiplying this out, neglecting the AB, ,, , cross-terms:

2
Go(7) = 4’;2 (4QZABZ(t)ABZ(t — 1) + wiAB, (t)AB, (t — 7)e'®r(Zt=D)
eff

+ wfABL ()AB_(t — 1)e'“r™ + w?AB_(t)AB, (t — T)e~@r®

+ w?AB_(t)AB_(t — T)e—iwrf(u—r))



46 Appendix C

The second and the last term have an complex exponential in t and thus average out to zero. We can
simplify the remaining terms by noting that:

AB, (t)AB_(t — ) = AB_(t)AB,(t — T) = AB,(t)AB,(t — 7) + AB, (t)AB, (t — T)
So that:

2
Go(7) = 4y 5 <4QZABZ(t)ABZ(t — 1) + w? (AB,()AB,(t — 7) + AB, ()AB, (t — 7)) - (e'rit + e—iwrff)>
Wefy
Filling in the correlation of the fluctuations (equation 24):

2

Go(r) = (492 (BZ) e 1T/%e 4 w2 ((B2) + (B2)) e~1¥l/me - (elont + e—iwrft))

2
4w

We can now calculate the power spectrum:

(o8]

© 2
Jo = fo Go(t)dT = 422 (492 (B2) f e~1tl/Tedy

eff 0
b0 (82) + (B3)) [ e (etont 4 pmiont) df)
0

We can now recognize the power spectrum of the fluctuations (equation 25) to get:

e 2
Jo= Jo Go(md = 4Z,fo <492 (BZ)J(0) + wi ((BZ) +(B5)) U (—wip) +](wrf))>
_re r’wi
= 22 20+ L (52) + (55 o)

If we assume (B2, ,) = (B?) (equal fluctuation size in all directions):
202 2,2
r°Q y'w
Jo = = (B*)J(0) + “—— (B) ] (wer)
w w
eff eff

_ y2Q? 2
= W(B )J(0) +

And taking the on-resonance limit gives:

2,2
Yy w7 2

Jo = v*(B?)](wo)
Which is equal to our earlier result.

Continuing with g = 1, we get:

2
G,(1) = F ()Fi(t—1) = 16]/7<2w1ABZ(t)ei“’efft — (Q — wegr) AB_(t)e = H(@ri=@emt
eff

— (0 + wegr) AB,. (t)ei(“’rf+‘*’eff)t> . <2w1ABZ(t — 1)e~@eit(t=7)

— (Q 4 wegr) AB_(t — T)e~H@rt@em)(t=T) — (O — @ ) AB, (t — T)ei(wrf—weff)(t—f))

Multiplying this out:

y2

16w2;
+ (Q + We) (Q — We)AB. (t)AB, (t — T)e2@rit g~ (@t~ e
+ (Q + weg)?AB 4 (£)AB_(t — T) e (@rit@em?

+ (Q — weg) 2AB_(t)AB, (t — 1)~ H@rt~@e)T

Gl (T) = (4‘(1)%ABZ(LL)ABZ(I: —_ ‘[)eiwefff

+ (Q — Wesr) (Q + wesr) AB_(t)AB_(t — r)e—iZwrffei<wrf+weff>T>
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Neglecting the terms that oscillate in ¢t:

2

14
T

<4w§ABZ(t)ABZ(t — 7)e! @™ + (O + weg)2AB, (£)AB_(t — T)eH(@rt@em?
eff

+ (Q — wes)*AB_(t)AB, (t — ‘c)e‘i(‘”rf_“’eff)7>

Filling in equation 26 to get rid of B,.:

2

Y )
Gl (T) = T(szf (4w%ABZ(t)ABZ(t _ T)el(ueff‘r
€

+ (AB,()AB, (t — T) + AB,()AB,(t — 7)) - ((Q + wegr)?e (@it @e)T 4 (Q — weff)ze—“wrf—%ffﬁ))

We can now fill in the correlation of the fluctuating fields:

2
4 _ .
100 = (10 (B2) et
€

+ ((B,?) + (33%)) e~ Itl/Tc ((_Q_ + Wepp) 2 (@rit@eT 4 () — weff)ze—i(wrf—weff)f)>

Integrating, and recognizing the power spectrum of the fluctuations, gives:

y2

5= 16w§ff<4w% (B2)] (—wefp)

+ ((B2) + (B2)) - ((Q + wet)?] (—wys — wetr) + (Q — weg)?J (wys — weff)))

2,.2 2 2
Y wy Y4(Q + werr)
= 2 <BZZ)](weff) + —ze
4wy 16w
Y2(Q — wegr)?
16a)gff

((BE) + (BE)) ] (wrs + wegp)

((BZ) + (B7)) J (0 — wer)

Assuming equal fluctuation size in all directions:

2,2 2 2
L= Zw(g; (B?) ] (wesr) + % (B?) ] (@t + wef)

2 2

+ % (B%) ] (wyf — wefr)

Taking the on-resonance limit:
y? y? y?
L= T (B?)J(w1) + ) (B%)J(wo + w1) + ) (B?)J(wo — w1)

y2 2

14
7 (B?)J(wy) + Y (B%) U(wo — 1) + ] (wg + @)
Again agrees with our earlier result.

Finally taking ¢ = —1 gives:

2

G_1(1) = F()F_1(t—1) = 16’/7<2w1ABZ(t)e—iwefff — (Q + wefr) AB_(t) e~ H@ri+@eit
eff

— (0 — wer) AB,. (t)ei(wrf—weff)t> . <2w1ABZ(t — 7)e!@et(t=7)

— (Q — wegp) AB_(t — T)e " H @t @e (=T — () + weg) AB, (t — T)ei(wrf+weff)(t—r)>
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Rearranging the non-zero terms gives:

2

Y
0= Tear,;
€

+ (2 = We) (Q + W) ABL (H)AB, (t — 1)e20rtt e HOrr+wem)T
+ (Q — Wei)?ABL ()AB_(t — 7)e!(@ri=@eT
+ (Q + wer)>AB_(t)AB, (t — 1)e " (@rit@em)T

<4waBZ (t)AB,(t — T)e~iwei®

+ (Q + Weir) (Q — Wegr) AB_(t)AB_(t — T)e'iz“’rftei(“’rf""eff)f>

Neglecting the time-oscillating terms, and filling in AB,. gives:

y2

16w

G_1(7) = <4w§ABz ()AB,(t — T)e™ e + (AB,()AB, (¢t — 1) + ABy, (£)AB, (t — 1))

. ((Q — Wegp)? e @r—@eMT 4 () + weff)Ze—i(wrf+weff)T))

Filling in the correlation of the fluctuations:

yz

16wy

G_1(7) = (4(»% (BZZ> e~ 1Tl/Tc g —iwesrT
+ ((Bp?> + <B§>) e~ ltl/zc . ((Q - weff)zei(wrf—weff)'f +(Q+ weff)Ze—i(wrf+weff)r)>

Integrating this, and recognizing the power spectrum of the fluctuations, and that J (w) = J(—w):

2,.2 2
Jo1 = ); 0.2)1 (B2) ] (wer) + L — ((B2) + (B2)) (O — wes)?] (Wit — Wetr) + (Q + wesp)?] (wyf + weff)))
Wegr 16wy

And we see now that this is equal to the /; we derived in this section. We thus also see that in the limit
this agrees with the J_; for the on-resonance case, as in that case J_; = J; as well, and we already
showed this limit for J;.

Relaxation Times
The relaxation times can be found by inner products of the relaxation operator:

= Jo Tr (Tfglaty) + 1 Tr (Tl =Tady) + o T (I151505)
S

Calculating these commutators we get:

1 .. . s
. = 2]y Tr(I:0;) + 2), Tr (I31;) = 21 + J1)
p

We once again have J_; = J;, and fill this in to get:

! =4
E =4/,
‘wi 2(Q + wefr)?
= L0 52) o) + 20 (82) 1 {B2)) S + )
Wett dweg
2 0 — . 2
+ % ((BZ) + (BF)) J (@it — wern)
eff
Yiw? y?
= 2 (Bzz>j(weff) + 4w? ((Bf} + (BJ%)) ((‘Q + weff)zj(wrf + weff) + (Q - weff)zl((i)rf - weff))
Wetr Wegr

(27)
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1 ]/20)2 VZ
— = L (B?)J(wer) + — (B2) ((Q + we) Y (Wit + Wetr) + (Q — wer) 2] (Wrs — Wetr))
Tip Wesr 2w

Tofind T,, , we take an inner product in the transverse plane (we could have also used the inner product
with fy, or a combination of the two):

% = (Afl l& |A,7) =Jo Tr (iyiz?zfy) +2/; (TI' (fyfyfgi,?) +T1'(27127127i,7))

Calculating these commutators gives (assuming the traces are normalized):

0) =Tr(0) =0
(—ifz)) =Tr (Ix (=) ilz) = Tr ([¢lz) = 1

And therefore:

1 y2 QZ )/2(1)2 ]/2(1)2
7 =Jo+2h="——(B})J () + = ((B2) + (B}))J (wir) + 5 — (BZ)) (werr)
2p Wegp 2w 2w (28)
Y2(Q + wegr)? Y2(Q — wegp)?

((BZ) + (B2)) ] (wit + wesr) + ((BZ) + (B2)) ] (wrs — wesr)

Bwegr 8wy
For (B2, ,) = (B?):

1yl viof riof
= = B?)J(0) + B?) ] (wy) + B?) J (wesr)
T2p wgff ( ) wgff ( ) 8 2‘*’éff ( ) o

2 2 2 2
Y (Q + werr) Y (Q — werr)
+ ————(B?) J(wrf + weid) + ————5——— (B?) ] (Wys — Wetr)
dwge dwgg
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