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Abstract 
 

The characteristics of Dutch natural gas (DNG) have been quantified by measuring the laminar flame 

speed of a premixed Bunsen flame over a range of equivalence ratios 𝜙, varied from ϕ=0.80 to ϕ=1.55. 

The laminar flame speed has been calculated from the OH* chemiluminescence images recorded with a 

high speed camera with an acquisition rate of 1 kHz. Both the semi-cone angle method and mass 

conservation method were used in deriving the magnitude of the laminar burning velocity. From the 

data it was shown that the laminar flame speed of DNG is consistently lower compared to natural gas 

from Pittsburgh, Abu Dhabi and Indonesia. Moreover the data has been compared using the laminar 

flame speed of methane mixtures to validate the experimental setup. This showed that the laminar 

flame speed of DNG was marginally lower than the laminar flame speed of methane. The uncertainty 

within the measurements has been quantified by deriving the probability density function of the data. 

Additional analysis has been performed on the variation of the laminar flame speed in the frequency 

domain. This analysis showed that a fundamental frequency was present in the data which was 

detectable due to the camera’s high acquisition rate.  

  



7 
 

 

 

  



8 
 

List of terms 
Terms Description  

AFCU Air flow control unit 
AFM Air flow measurement 
D Burner exit diameter 
DFT Discrete Fourier Transform 
DNG Dutch Natural Gas 
f Reaction rate 
FFCU Fuel Flow Control Unit 
FFT Fast Fourier Transform 
FPS Frames per second 
FS Full Scale or maximum  of the device in ln/min. 
ICCD Intensified Charge Coupled Device  
IQR Inter Quartile Range 
LDV Laser Doppler Velocimetry  
N Sample size 
n Number of bins 
PDF Probability Density Function 
PIV Particle Image Velocimetry 
Q Heat in J 
RD Value displayed by the flow rate measurement device or Reading 
RE Relative Error 
SE Standard Error 
T Temperature in Kelvin (K) 
W Bin width 
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𝒍𝒆 Effective length in mm 
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𝒔𝒄𝒂 Laminar flame speed using semi-cone angle in cm/s 
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𝑼𝟎 Average exit velocity in cm/s 
𝜶 Semi-cone angle 
𝑨𝒆 Burner exit area 
𝝆𝒖 Density of the unburned mixture 

𝑴𝒂 Markstein number 
𝝓 Equivalence ratio 
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𝑳𝒆  Lewis number 
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𝑫 Mass diffusivity 
𝝀 Thermal conductivity of gas in W/m.k 

𝑲𝒂𝑳
 Local Karlovitz number 

𝑲𝒂 Karlovitz number 
𝜿 Curvature in cm-1 

𝒖(𝒓)̅̅ ̅̅ ̅̅  Average of the velocity distribution at the burner exit in m/s 

  

𝚫𝑺𝑳
𝒔𝒄𝒂 Error in the laminar flame speed measurement using the semi-cone angle 

method 
𝚫𝑺𝑳

𝒎𝒄 Error in the laminar flame speed using the mass conservation method 
𝚫𝑺𝑳

𝒎𝒄−𝒔𝒄𝒂 Difference between the laminar flame speed from the mass conservation 
method and the semi-cone angle method 

𝚫𝝓 Error in the equivalence ratio 
𝚫𝑺𝑳𝑺𝑬𝑴

𝒔𝒄𝒂  Standard error of the mean at 95% confidence of the laminar flame speed 
estimated using the semi-cone angle method 

𝚫𝑺𝑳𝑺𝑬𝑴
𝒎𝒄  Standard error of the mean at 95% confidence of the laminar flame speed 

estimated using  the mass conservation method 
𝝆𝒃 Burned gas density in kg/m3 

𝒏𝒇𝒖𝒆𝒍 Moles fuel 

𝒏𝒂𝒊𝒓 Moles air 



11 
 

 

  



12 
 

List of Figures 
 

Fig.1: Flame propagation with the isolevel denoting the flame surface[ 11]. _____________________ 24 

Fig.1.2: premixed flame combustion [14]. ________________________________________________ 25 

Fig. 1.3: Flame front structure [15]. _____________________________________________________ 26 

Fig.1.4: Flow velocity in a flame front [15]. _______________________________________________ 27 

Fig.1.5: Flame surface propagation in unburned gas [19]. ____________________________________ 28 

Fig. 1.6: History of the determination of the laminar flame speed of methane for 𝝓 = 𝟏. 𝟎 [31]. _____ 31 

Fig. 1.7: laminar flame speed using the flame cone method [12]. ______________________________ 33 

Fig.1.8: Variouse optical regions of the flame front [15]. _____________________________________ 34 

Fig. 1.9: Flamability limit of methane mixture [35]. _________________________________________ 35 

Fig. 1.10: Bunsen flame stability limit diagram [34]. ________________________________________ 36 

Fig.1.11: Typical swan band of the flame light emission spectrum [41]. _________________________ 38 

Fig. 1.12: Schematic principle of the normal (a) and chemiluminescent reaction (b) [41]. ___________ 39 

Fig. 2: Schematic of the experimental setup employed in this research. _________________________ 43 

Fig.2.1: Variation of the Reynolds number with variouse diameters at constant flow rate of 16 liter/min

 _________________________________________________________________________________ 46 

Fig. 2.2: Schematic of the burner employed in the experiment. ________________________________ 47 

Fig. 3a, b, c and d: The visual process of the MATLAB algorithm to determine the semi-cone angle of the 

Bunsen flame. ______________________________________________________________________ 52 

Fig. 3.1a and 3.1b : The determination of the flame height in the image using the brightness distribution 

along the symmetry axis. _____________________________________________________________ 53 

Fig. 3.2 a, b and c: The visual process of determining the flame area of the Bunsen flame. __________ 54 

Fig. 3.3: The Bunsen flame reconstructed using the revolved surface area method for𝝓 = 𝟏. 𝟎𝟔. ____ 55 

Fig. 3.4: The average laminar flame speed variation with using different combination for the two points 

on the flame contour as a percentage of the flame height. ___________________________________ 56 

Fig. 3.6: The laminar flame speed behavior with equivalence ratio for combinations (30, 80), (40, 70), (30, 

60) and (60, 70). ____________________________________________________________________ 58 

Fig. 3.5: Misrepresentation of the semi-cone angle using (5, 95). ______________________________ 58 

Fig. 4: Flame height variation with the equivalence ratio. ____________________________________ 61 

Fig. 4.1: The laminar flame speed as a function of the equivalence ratio using the semi cone angle 

method. ___________________________________________________________________________ 62 

Fig.4.2: The radial velocity distribution at the burner exit according to Poiseuille flow. _____________ 65 

Fig. 4.3: The laminar flame speed of a bunsen flame for a non uniform unburned bulk flow._________ 66 

Fig. 4.4: Laminar flame speed measurement of the mass conservation, semi-cone angle and the 

corrected semi-cone angle method. _____________________________________________________ 68 

Fig. 4.5: The laminar flame speed obtained by reversing the process from lean to rich using the semi-cone 

angle method. ______________________________________________________________________ 69 

Fig. 4.6: The laminar flame speed obtained by reversing the process from lean to rich using the mass 

conservation method ________________________________________________________________ 70 

file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702521
file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702522
file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702523
file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702524
file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702525
file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702526
file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702527
file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702528
file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702529
file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702530
file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702531
file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702532
file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702533
file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702536
file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702536
file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702537
file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702541
file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702541
file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702542
file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702542
file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702543
file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702544
file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702545
file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702545
file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702546
file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702546
file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702547
file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702552
file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702552
file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702557
file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702558
file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702558
file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702561
file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702561


13 
 

Fig.4.7: Comparison of the laminar flame speed of DNG vs. methane as presented in the literature [9] 

[74] [75] [76] [77]. ___________________________________________________________________ 72 

Fig. 4.8: The laminar flame speed of natural gas with varying composition. ______________________ 75 

Fig. 4.9: Potential energy –Temperature diagram [79]. ______________________________________ 80 

Fig. 4.10: Tip opening observed at𝝓 = 𝟏. 𝟓𝟎. _____________________________________________ 82 

Fig. 4.11: Qualitative description on the tip opening phenomena [86]. __________________________ 82 

Fig. 4.12: The change in the Bunsen flame with increasing volumetric flow rate from left to right. ____ 83 

Fig. 4.13: The laminar flame speed variation with the total volumetric flow rate increase. __________ 83 

Fig. 5a: The time variation of the laminar flame speed from the lean to stoichiometry region with their 

corresponding probability density function. _______________________________________________ 88 

Fig. 5b: The time variation of the laminar flame speed for post stoichiometry condition up to far rich 

region with their corresponding PDFs. ___________________________________________________ 89 

Fig. 5.1a, b, c, d: in 5.1a the laminar flame speed variation and PDF for a flow rate of 8nl/min is shown, 

in 5.1b the laminar flame speed variation and PDF for a flow rate of 12 nl/min is shown, in 5,1c the 

laminar flame speed variation and PDF for a flow rate of 14.36 nl/min is depicted and in 5.1d the 

sampling duration was increased to 6.5 seconds for a flow rate of 14.36 nl/min. __________________ 90 

Fig. 5.2a: The Frequency domain analysis of the laminar flame speed variation in time. ____________ 93 

Fig. 5.2b: The Frequency domain analysis of the laminar flame speed variation in time. ____________ 94 

Fig. 6: Proposed improvement to the used experimental setup. _______________________________ 97 

  

file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702574
file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702575
file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702576
file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702581
file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702581
file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702584
file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702585


14 
 

List of Tables 
 

Table 1: Image data used in the analysis and the camera settings. _____________________________ 44 

Table 2: The data on the operational range of the volumetric flow rate controllers and measurement 

devices in the experiment _____________________________________________________________ 45 

Table 3: The relative error in % of the equivalence ratio due to the inaccuracy of the flow controllers _ 49 

Table 4: The composition of Dutch Natural Gas according to Derrenberger et al. [21] ______________ 50 

Table 5: The equivalence ratio obtained from the volumetric flow rate of DNG and air. ____________ 51 

Table 6: The absolute variation of the laminar flame speed using different sets of points on the un-curved 

flame contour in percent ______________________________________________________________ 58 

Table 7: The effect of symmetry assumption on the semi-cone angle w.r.t. the cone angle of the LHS of 

the flame in % ______________________________________________________________________ 59 

Table 8: The effect of symmetry assumption on the flame area w.r.t. the flame area of the LHS of the 

flame in % _________________________________________________________________________ 59 

Table 9: The laminar flame speed according to the semi-cone angle method _____________________ 63 

Table 10: The laminar flame speed according to the mass conservation method __________________ 63 

Table 11: difference between the laminar flame speed of the semi-cone angle and the mass conservation 

method in percent ___________________________________________________________________ 63 

Table 12: The laminar flame speed according to the corrected semi-cone angle method ____________ 68 

Table 13: The difference of the corrected semi-cone angle method w.r.t. the mass conservation method 

in % and Markstein Karlovitz number of the flame _________________________________________ 69 

Table 14: Laminar flame speed from rich to lean mixture using the semi-cone angle method ________ 70 

Table 15: Laminar flame speed from rich to lean mixture using the mass conservation method ______ 70 

Table 16: Difference between the laminar flame speed of DNG using the mass conservation method and 

various laminar flame speed measurements of methane in % _________________________________ 73 

Table 17: Difference between the laminar flame speed of DNG using the semi-cone angle method and 

various laminar flame speed measurements of methane in % _________________________________ 73 

Table 18: The composition of natural gas from Pittsburgh, Abu Dhabi and Indonesia according to [21] in 

percent (%) volume __________________________________________________________________ 74 

Table 19: The natural gas composition used by [77] given in percent (%) volume. _________________ 74 

Table 20: The difference in percentage, between the laminar flame speed of DNG using the mass 

conservation method and the gases used in literature _______________________________________ 77 

Table 21: Detailed values of the variation of the laminar flame speed using the mass conservation 

method ___________________________________________________________________________ 84 

Table 22: Detailed values of the variation of the laminar flame speed using the semi-cone angle method

 _________________________________________________________________________________ 85 

Table 23: The value of the constants in Eq.61 _____________________________________________ 88 

  

file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702553
file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702553
file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702554
file:///D:/Master%20of%20Science%20thesis/Report+results/Last_ThesisReport.docx%23_Toc508702554


15 
 

  



16 
 

Summary 
 

The quest for alternative fuels in aerospace has been the central topic in many modern aircraft and gas 

turbine designs. Natural gas is considered an alternative fuel that has been investigated for modern 

aircraft propulsion. Natural gas is currently employed in residential use, power generation and other 

industrial applications. There is a wide variety in natural gas composition. This variation in composition 

varies per region. Therefore additional experimental results are required to extend on the available data 

on the burning characteristics of natural gas. In here the emphasis is placed on determining the laminar 

flame speed of Dutch Natural Gas (DNG).  

The characteristics of DNG have been quantified by means of measuring the laminar flame speed of a 

premixed Bunsen burner flame, over a range of equivalence ratio. The equivalence ratio has been varied 

from 𝜙 = 0.8 to 𝜙 = 1.55. The laminar flame speed has been calculated from the recorded OH 

chemiluminescence emission of the flame, using a high speed camera with an acquisition rate of 1 kHz. 

The fluctuation of the flow has been monitored and registered at 15Hz. Both the semi-cone angle and 

mass conservation method were used in deriving the magnitude of the laminar burning velocity.  

From the results it was observed that the lean blow off region for DNG was at an equivalence 

ratio(𝜙 < 0.8). This is the stability limit of the used Bunsen burner in this experiment for lean 

conditions. Moreover the laminar flames speed of DNG at lean conditions showed to be overall slightly 

higher than gas from Abu Dhabi, Pittsburgh and Indonesia. It was observed that the laminar flame speed 

of DNG is consistently lower compared to gas from Pittsburgh, Abu Dhabi, Indonesia at stoichiometric 

and rich mixtures. This has been thought to be caused by the high content of inert gas such as CO2 and 

N2 which is shown to be at 15% of the total volume. Comparison to the laminar flame speed of methane 

showed that the semi-cone angle consistently underestimated the laminar flame speed of DNG. The 

results of the mass conservation method showed comparable results to the laminar flame speed of 

methane in which the laminar flame speed of DNG was shown to be slightly lower than methane.  

The semi-cone angle method was found to be more appropriate for a finely machined nozzle burner. For 

a Bunsen burner flame obtained from a straight tube burner, the velocity profile at the burner exit is not 

uniform and has to be corrected. This correction has been employed using the well-known velocity 

distribution of a Poiseuille flow. However, the semi-cone angle method after correction, underestimates 

the laminar flame speed by a maximum of 13.95% compared to the laminar flame speed obtained from 

the mass conservation method. 

The uncertainty within the measurements has been quantified by obtaining the probability density 

function of the data which was shown to follow a Gaussian distribution. Additional analysis has been 

performed in the frequency domain. This analysis showed that a fundamental frequency was present in 

the measured laminar flame speed, which was detectable due to the high acquisition rate of the camera 

used in this experiment.   
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Ch.1 Introduction 

1.1 Motivation 
The burning characterization of a fuel is typically determined empirically by the measurement of the 

laminar flame speed. The laminar flame speed is used in many turbulent flame models and chemical 

reaction kinetics of the combustion process. It is therefore a measure to the fuels burning rate and is a 

property of the mixture. In this case the laminar flame speed of Dutch natural gas (DNG) has been 

investigated.  

It was observed from the published documentation, that the laminar flame speed measurements of 

natural gas in general, are few in number. Nevertheless some research has been conducted by 

Dirrenberger et al. [1] and Huang et al. [2]. In this investigation, it was observed that the laminar flame 

speed of natural gas has typically similar characteristics to methane. The laminar flame speed of 

methane on the other hand has been documented in abundance over the course of time and still 

remains an important fuel in combustion experiments. However, in order to obtain detailed information 

on the burning characteristics of a variety of natural gas compositions, additional measurements of the 

laminar flame speed are required. 

For the determination of the laminar flame speed of DNG the Bunsen flame method is employed using 

the OH chemiluminescence technique. The laminar flame speed measurement using the Bunsen flame is 

typically obtained by means of the flame cone angle and mass conservation method using the flame 

area. In this research both techniques are employed to determine the laminar flame speed of DNG. The 

Bunsen flame method requires a simple experimental setup which has shown to give accurate 

approximation on the magnitude of the unstretched, 1 dimensional, laminar flame speed.  

This research will further extend on the available laminar flame speed data of natural gas by measuring 

the laminar burning velocity of DNG. The data on the laminar flame speed of DNG obtained in this 

research can be employed to model other low calorific value fuels that have a comparable burning 

characteristic. Additionally, the variation of the laminar flame speed is investigated to observe the 

source of the unsteadiness. This will allow further insight on the uncertainty for the measurement of the 

laminar flame speed using the Bunsen flame method. 

1.2 Dutch natural gas background 
Natural gas is a natural mixture of mainly methane and to a smaller extent ethane and propane. Natural 

gas is currently applied in many applications such as in residents, generation of electric power, 

automobile industry etc. One of the reasons for the wide application of natural gas is the low carbon 

dioxide emission during combustion compared to petroleum fuels and coal [3]. As the demand for 

energy is increasing, natural gas has been considered as an alternative fuel for wider fields of 

applications such as aviation [4] [5]. Recent study in the gas market showed that the demand for natural 

gas has seen an increase of 48% between 2000 and 2007 in Europe [6]. This is expected to increase 

further in the future to 70% by 2020. This improves the position of natural gas as a strategic means for 

future energy supply. 
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Due to natural gas being a natural mixture of hydrocarbons, its composition differs per region [7]. This 

indicates a variation of the energy output in combustion of natural gas. Therefore natural gas is typically 

divided into a so called L-gas with a low calorific range value of (<10.5 kWh/m3) and H-gas with a high 

calorific value ranging from (10.5kWh/m3 to 12.8 kWh/m3) in the Dutch classification system [8]. Dutch 

natural gas (DNG) is a variant of L-gas due to its energy per volume corresponding to its composition. 

Dutch natural gas was initially discovered in 1940 in the Netherlands [9]. However, it was not until 1959 

that the DNG was introduced in the European gas market. In 1959 a large gas field, which was 

considered to hold the 9th place in the world, was discovered in Groningen. The discovery of this gas 

field brought a significant boom to the position of the Netherlands in the North Western European gas 

market [8] [9] [10].The production of Dutch natural gas resumed in 1963, when the new gas 

transportation network was established.  

The transportation of gas was significantly more expensive compared to oil and coal [9] at that time. 

However, Due to the geologically ideal layout of the land this was not the case for DNG. Large quantities 

of gas was produced and transported. This revolutionized the energy market as natural gas was the 

most clean hydrocarbon fuel in a civilization relying mostly on coal and oil. In 1974 the Dutch policy took 

place in which the large gas field in Groningen would no longer be used for gas production. This decision 

was taken to keep the large gas field as a strategic reserve. Instead, smaller gas fields would be 

capitalized in terms of natural gas production. The production of DNG was further limited after the 

stronger than usual earthquake witnessed in 2012 in the north-eastern part of the country [8] [10]. As 

such gas production from the Groningen gas field has been further reduced to avoid increase in seismic 

activity. To accommodate for this reduction, natural gas is imported to meet the demand. This imported 

gas is diluted using nitrogen to maintain the low calorific value of natural gas in the Netherlands. Due to 

this artificial addition of nitrogen the composition of DNG varies slightly over time.  

1.3 Combustion and flame theory 

1.3.1 Definition of the (laminar) flame speed 

In combustion theory the term flame speed is unclear by itself. Since this term can have different 

meaning for different cases. There are typically 4 definitions given to clarify on what is meant with the 

flame speed in order to understand what is measured or to be measured. For each flame type the flame 

speed will refer to one of these 4 definitions or a combination thereof. The flame speed definition is 

therefore dependent on the propagation of the flame in the unburned mixture as perceived by the 

observer.  

The first definition is the laminar flame speed, in which a steady, 1 dimensional, unstretched adiabatic 

flame propagates relative to the unburned gas velocity, in the direction normal to the flame surface 

[11]. The laminar flame speed of such an ideal flame is typically denoted by 𝑆𝐿
0 and is only dependent on 

the composition of the mixture, the temperature and pressure. The value of 𝑆𝐿
0 is often used as a 

reference value in many combustion studies and is typically the goal of many laminar flame speed 

measurements. The value of the laminar flame speed corresponds to the burning characteristics of a 

fuel. Hence this flame speed can be viewed as the fuel’s eigenvalue.  
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Often in combustion experiments the conditions for adiabatic, fully steady flow and plane flame are not 

present. Hence the laminar flame speed definition is further elaborated by dividing the definition of the 

flame speed in 3 categories [11]. These categories are: 

 Flame front speed relative to a fixed frame of reference (Absolute) 

 Flame speed relative to the unburned mixture flow (Displacement) 

 Speed at which the reactants are consumed (Consumption) 

The notation of the flame speed definition is shown in Fig.1. In this figure the vector �̅� is the normal of 

the flame surface and Θ𝑓 is defined by the local gradient of the flame surface. If the flame thickness 

remains unchanged then the local flame velocity on the flame surface �̅� must remain constant. The 

absolute flame speed is then given by the expression [11]: 

𝑆𝑎 = �̅� ∙ �̅�                                                                              (1)   

This flame speed is an indication to the propagation of the flame towards the unburned mixture in a 

fixed reference frame.  

If now the unburned mixture has a finite velocity �̅� towards the flame front, then the flame speed w.r.t. 

the unburned mixture indicates the displacement velocity 𝑆𝑑 or the relative velocity. The relative 

velocity of the flame front is obtained by subtracting the flame speed from the unburned gas velocity �̅�. 

This results in the expression [11]: 

𝑆𝑑 = (�̅� − �̅�) ∙ �̅� = 𝑆𝑎 − �̅� ∙ �̅�                                                                  (2) 

The final flame speed definition is the consumption speed which is an indication to the burning velocity. 

This speed denotes the rate at which the reactants are consumed during combustion and it is therefore 

not an indication to the flame propagation. This flame speed definition is mainly based on the reaction 

rate and is given by the expression [11] [12]: 

𝑆𝑐 =
1

𝜌𝑢(𝑌𝑘
𝑏 − 𝑌𝑘

𝑈)
∫ 𝜔𝑘

∞

−∞

𝑑𝑥                                                           (3)  

In this expression 𝜌𝑢 is the unburned gas 

velocity, 𝜔𝑘 is the reaction rate of the kth 

species and 𝑌𝑘
𝑏 , 𝑌𝑘

𝑈are the mass fractions of 

the kth species in the burned and unburned 

mixtures respectively. For the ideal case in 

which the flame propagates in a steady, 

adiabatic, unstretched and plane fashion, the 

value obtained from the absolute, relative and 

consumption flame speeds are equal to the 

reference laminar flame speed (𝑆𝑎 = 𝑆𝑑 =

𝑆𝑐 = 𝑆𝐿
0). The laminar flame speed is typically Fig.1: Flame propagation with the isolevel denoting the flame 

surface[ 11]. 
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presented in SI units in cm/s.  

The burning velocity of the Bunsen burner flame for example, is the average consumption speed of the 

complete flame area [12]. However, from a different perspective, it can be noted that the absolute 

velocity of the Bunsen flame is zero 𝑆𝑎 = 0 since the flame front is stationary w.r.t. to a fixed reference 

frame. Therefore it can be deduced that the displacement velocity is equal to the unburned mixture 

velocity component normal to the flame front with a direction opposite to the unburned mixture 𝑆𝑑 =

−�̅� ∙ �̅�. This is the case for any stationary flame subjected to a reacting flow at a certain velocity. 

However, the reference laminar flame speed 𝑆𝐿
0 is found to be equal to the consumption speed 𝑆𝑐 for 

stationary, un-stretched flames of methane air mixtures [13]. This however, does not hold for regions in 

the flame where large curvature is present such as the Bunsen flame tip. Hence it can be stated for the 

case of a stationary, unstretched flame that the laminar flame speed is equal to the laminar burning 

velocity.  

1.3.2 Premixed flame 

Typically the laminar flame speed is determined from a premixed flame. This is the only type of flame in 

which flame propagation can be empirically determined [11]. In combustion research the use of 

premixed flames is essential. For instance [11]: 

 It is one of the few cases where the numerical models can be verified accurately in experiments. 

 It can be used to verify chemical reaction models.  

 Many theoretical methods can be employed for laminar flames or to study various flame 

instabilities which can occur in the flame fronts.  

 Premixed laminar flames are generally used in combustion models to simulate turbulent flows. 

It is the building block of many turbulent models.  

A premixed flame is obtained from 

a mixture in which the fuel and 

oxidizer are mixed before 

combustion.  A premixed flame is 

based on the assumption that the 

fuel and oxidizers are perfectly 

mixed before it enters the reaction 

zone [14]. A typical process for the 

establishment of a premixed flame 

is shown in Fig.1.2.   

The flame front or the reaction 

zone is propagating towards the 

reactants at the displacement 

speed by a diffusion/reaction 

mechanism. If the reactants are at 

rest, then the relative and absolute flame speeds are equal. The reactants are then preheated due to 

Fig.1.2: Typical premixed flame propagation [14]. 
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thermal diffusion until chemical reaction starts. The oxidizers and fuel are then converted into products 

after the flame front consumes the reactants at the reaction rate. The reaction rate increases 

exponentially with temperature. For conventional fuels the laminar flame speed typically ranges from 

0.1 to 1m/s [14].  

The burning efficiency of premixed flames is usually higher than their non-premixed counter part due to 

the prior mixing of fuel and oxidizer [14]. The burned gas temperature which is important for pollutant 

formation can be controlled by the amount of fuel mixed with the oxidizer. However, this is difficult to 

design since the amount of fuel to oxidizer ratio has to be well defined. In actual practical applications 

where high temperatures are present, non-premixed flames are encountered. This is due to safety 

concerns since a premixed mixture is combustible as soon as it is formed.  

1.3.4 Flame front structure 

For a reliable determination of the laminar flame speed it is necessary to have a deeper understanding 

on the general structure of the flame front.  The flame front is the region where the chemical reaction of 

the reactants takes place. This region is detectable by the observer by its luminosity. The flame front 

either propagates or is stationary and has a finite thickness. The propagation of the flame front is a 

measure to the flammability of the mixture. The general temperature profile of a flame is shown in Fig. 

1.3.  

Generally two regions are recognized in the flame front. The preheat zone is the region between the 

cold reactants at temperature 𝑇𝑢 and the location of the ignition temperature 𝑇𝑖. In this region the 

temperature of the reactants is rapidly increased mainly due to heat conduction and some heat 

convection from the 

reaction zone.  This region is 

generally a heat sink 

indicated in Fig. 1.3 as a 

concave up (
𝜕2𝑇

𝜕𝑥2 > 0 ), 

therefore no significant 

chemical reaction occur is 

this region. When the 

mixture reaches the ignition 

temperature 𝑇𝑖, chemical 

reaction occurs in which 

heat is generated. The 

temperature rises further 

which is shown in the graph 

by the concave down of the 

temperature profile (
𝜕2𝑇

𝜕𝑥2 <

0). The temperature 

continues to rise until a final 

Fig. 1.3: Typical temperature profile of a flame and flame front structure [15]. 
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equilibrium temperature is reached 𝑇𝑓. The region between the ignition temperature 𝑇𝑖 and the final 

temperature 𝑇𝑓 is called the reaction zone.  

The reaction zone is further divided into two segments. Namely: The primary and secondary reaction 

zone. The primary reaction zone was shown by Fristrom et al. [16] to coincide with the luminous region 

of the flame front for a methane/oxygen mixture. This primary reaction region is normally used for the 

determination of the laminar flame speed. The secondary reaction zone is typically detected as a weak 

luminous region around the primary zone. The secondary reaction zone is formed by primarily the 

oxidation of CO particles [17]. The complete flame front is the combination of the pre-heat and the 

reaction zone. From Fig.1.3 observe that the temperature profile from the cold reactants 𝑇𝑢 up until the 

final temperature 𝑇𝑓 progresses asymptotically. The flame front thickness is estimated using this 

asymptotic behavior of the flame front to obtain the expression [11] [14] [15]: 

𝜏 ≈ 4.6
�̅�

𝑐�̅�𝜌𝑢𝑆𝐿
0                                                                                    (4) 

In this expression �̅� is the average thermal conductivity of the mixture in W/mK , 𝐶𝑝
̅̅ ̅ is the average 

specific heat at constant pressure for the unburned mixture in Jkg/K, 𝜌𝑢 is the unburned gas density in 

kg/m3 and 𝑆𝐿
0 is the un-stretched laminar burning velocity in cm/s. This expression shows that the flame 

front thickness can become significant if the denominator becomes small i.e. if the laminar flames 

speed, unburned mixture density and/or average specific heat are reduced.  

1.3.5 Laminar flame speed- flame temperature relation 

Typically, the laminar burning velocity profile of a flame is of the form shown in Fig. 1.4. Observe that 

the velocity profile of the mixture near the reaction zone is similar to the temperature profile. This 

shows that the laminar 

flame speed and the flame 

temperature are 

correlated. 

Several attempts have 

been made in relating the 

laminar flame speed to the 

flame temperature. 

However, this has been 

proven to be a complex 

problem. The most 

prominent of these 

attempts, is the analytical 

relation that has been 

proposed by Mallard and 

Le Chatelier. By assuming the ignition temperature of the gas to be a physical constant the relation was 

found to be of the form [18]: 

Fig.1.4: Flow velocity in a flame front compared to the flame temperature profile [15]. 
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𝑆𝐿
2 =

𝜆

𝜌𝑢
2𝑐�̅�

𝑇𝑏 − 𝑇𝑢

𝑇𝑖𝑔 − 𝑇𝑢
𝑓                                                                        (5) 

In this expression 𝜆 is the heat conductivity of the gas in W/m.K, 𝜌𝑢 is the unburned mixture density in 

kg/m3,  𝑇𝑏 is the flame temperature in Kelvin (K), 𝑇𝑢 the unburned gas temperature in (K), 𝑇𝑖𝑔 the 

ignition temperature in (K),  𝑓 the reaction rate in (s-1) and 𝑐�̅� the average specific heat in J/kg.K of the 

mixture at constant pressure. The relation proposed by Mallard and Le Chatelier relates the laminar 

flame speed to the flame temperature. It shows that if the flame temperature reduces then the laminar 

flame speed will also decrease. Similarly if the burning temperature increases then the laminar flame 

speed will increase.  

Note that this expression is in general quite crude; it has been rarely shown to agree with experiments.  

This is due to the underlying assumption that the ignition temperature is a universal constant which in 

practice is not the case. However, this is a useful relation that can be used to explain certain 

observations from experiments. 

1.3.6 Flame stretch 

Flame stretch occurs due to non-uniform 

unburned flow velocities. It is therefore an 

aerodynamic effect that influences the flame 

front structure and flame front area. In the early 

measurements of the laminar flame speeds the 

aerodynamic effects were not accounted for. 

This caused a large scatter in the obtained 

laminar flame speed measurements [19].  

The concept of stretch is based on the motion 

and change of the surface in a non-uniform flow 

and has the unit s-1. This is described by the 

general stretch equation, representing the time 

derivative of the logarithm of an infinitesimal 

area of this surface [19]: 

𝐾 =
1

𝐴

𝑑𝐴

𝑑𝑡
                                                                                  (6) 

In the case of a flame the surface represents an isotherm moving in a fluid with a velocity 𝑉 in m/s w.r.t. 

the unburned mixture at a velocity 𝑣 in m/s. This is represented in Fig.1.5.  The tangential motion of the 

boundary of this surface element moves towards the tangential component of the fluid velocity 𝑣𝑡 in 

m/s. The expression for the stretch rate can therefore be written in terms of the flow velocity as [19]: 

𝐾 = ∇𝑡 ∙ 𝑣𝑡 + (𝑉 ∙ 𝑛)(∇ ∙ 𝑛)                                                               (7) 

With: 

Fig.1.5: Flame surface propagation in unburned gas [19].  
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∇𝑡 ∙ 𝑣𝑡 = ∇ ∙ [𝑛 × (𝑣 × 𝑛)] 

In this expression ∇𝑡  is the differential operator for the tangential component of the fluid velocity and 𝑛 

is the normal vector of the surface directed towards the unburned mixture. The first right hand term of 

the equation ∇𝑡 ∙ 𝑣𝑡  is the non-uniformity of the velocity of the unburned mixture.  The second term 

represents the non-stationary term of the flame through 𝑉. Finally the term ∇ ∙ 𝑛 describes the 

curvature of the surface. The stretch induced effects can therefore be separated into the aerodynamic 

straining, flame motion and flame curvature.  

In literature often times the flame stretch is derived w.r.t. other parameters such as the one used by 

Candel and Poinsot [20]. In which the expression was written in terms of the displacement flame 

velocity. The concept of stretch is however the same. For the Bunsen burner flame, the flame stretch 

has been found by using Eq.7. In the derivation of this equation it was assumed that the unburned 

mixture velocity is uniform and does not change along the length of the flame. Moreover, the flame is 

considered stationary. From these assumptions the flame stretch of the Bunsen burner flame is found to 

be [19] [21]:  

𝐾 = −
𝑈0 sin(2𝛼)

2𝑅𝑓
                                                                   (8) 

In this expression 𝑈0is the uniform unburned gas velocity, 𝛼 is the cone angle and 𝑅𝑓 is the flame radius 

along the flame length. This shows that the Bunsen flame is negatively stretched.  

The influence of the flame stretch on the laminar flame speed has been thoroughly investigated by Chen 

et al. [22] and Choi et al. [23]. For a curved flame front the laminar flame speed is given by the 

empirically determined expression [22]: 

𝑆𝐿 = 𝐶𝑆𝐿
0 − ℒ𝐾                                                                    (9) 

In this expression ℒ is the Markstein length, 𝐶 is a constant usually set to unity and K is the flame 

stretch. This expression is only suitable for weakly stretched flames where the Lewis number is close to 

unity [19]. This expression relates the stretched laminar flame speed to the un-stretched reference 

laminar flame speed. Usually this expression is normalized by the un-stretched laminar flame speed 𝑆𝐿
0 

combined with the introduction of the flame thickness 𝜏 leading to the expression [23] [24]: 

𝑆𝐿

𝑆𝐿
0 = 1 −

ℒ𝐾

𝑆𝐿
0

𝜏

𝜏
                                                                                  

𝑆𝐿

𝑆𝐿
0 = 1 − 𝑀𝑎𝐾𝑎                                                                      (10) 

In this expression 𝑀𝑎 is the Markstein number defined as 𝑀𝑎 =
ℒ

𝜏
 and 𝐾𝑎 =

𝐾𝜏

𝑆𝐿
0  is the Karlovitz number in 

which 𝜏 is the flame thickness.   
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1.3.7 Equivalence ratio 

The laminar flame speed of a premixed flame is dependent on the mixture composition. The amount of 

air mixed with fuel affects the laminar flame speed. The quantity of fuel and air in a mixture is defined 

by the fuel to air ratio (FAR).  

A certain amount of fuel combined with air causes a complete combustion of the fuel.  Complete 

combustion occurs if all the fuel particles are oxidized [25]. This fuel to air ratio is commonly referred to 

as the stoichiometric fuel to air ratio or stoichiometry in short. At stoichiometry the product species 

generated from the chemical reaction is at its minimum. In the case of hydrocarbons these are mainly 

CO2 and H2O. One may recognize that the enthalpy release of the fuel is at its maximum at 

stoichiometry. Indicating that the flame temperature and hence the laminar flame speed will reach its 

theoretical maximum at this FAR. This stoichiometric fuel to air ratio is determined by solving a chemical 

equilibrium for hydrocarbons equation given by [25]: 

𝐶𝛼𝐻𝛽𝑂𝛾 + (𝛼 +
𝛽

4
−

𝛾

2
) (𝑂2 + 3.76𝑁2) → 𝛼𝐶𝑂2 +

𝛽

2
𝐻2𝑂 + 3.76 (𝛼 +

𝛽

4
−

𝛾

2
) 𝑁2                     (11) 

From this equation the number of moles of oxygen required to fully combust a certain hydrocarbon fuel 

can be determined. The stoichiometric fuel to air ratio can be found by volume or by mass. The end 

result of the calculation will be the same regardless which of the 2 methods are used. Here only the 

volumetric based FARstoich.is discussed. The expression for the volumetric based stoichiometric fuel to air 

ratio is given by Eq.12.  

𝐹𝐴𝑅𝑠𝑡𝑜𝑖𝑐ℎ =
𝑉𝑓𝑢𝑒𝑙 

𝑉𝑎𝑖𝑟
                                                                    (12) 

In this equation 𝑉𝑎𝑖𝑟 is unit volume air and 𝑉𝑓𝑢𝑒𝑙 is the unit volume of fuel. Using the ideal gas model one 

can rewrite Eq.12 in terms of moles [26]. Given that the pressure and temperature of the two gases are 

equal. The ideal gas model for gaseous fuels and air is given by Eq.13a and Eq.13b respectively.  

𝑃𝑉𝑓𝑢𝑒𝑙 = 𝑛𝑓𝑢𝑒𝑙�̅�𝑇 → 𝑉𝑓𝑢𝑒𝑙 =
𝑛𝑓𝑢𝑒𝑙�̅�𝑇

𝑃
                                               (13𝑎) 

𝑃𝑉𝑎𝑖𝑟 = 𝑛𝑎𝑖𝑟�̅�𝑇 → 𝑉𝑎𝑖𝑟 =
𝑛𝑎𝑖𝑟�̅�𝑇

𝑃
                                                  (13𝑏) 

In this expression �̅� is the universal gas constant in J/mol.K, 𝑛𝑓𝑢𝑒𝑙 is the mole of fuel, 𝑛𝑎𝑖𝑟 is the mole of 

air, 𝑃 is the pressure in Pascal and 𝑇 is the temperature in Kelvin. Substituting these expressions in Eq.12 

results in: 

𝐹𝐴𝑅𝑠𝑡𝑜𝑖𝑐ℎ =
𝑉𝑓𝑢𝑒𝑙

𝑉𝑎𝑖𝑟
=

𝑛𝑓𝑢𝑒𝑙

𝑛𝑎𝑖𝑟
                                                             (14) 

In practice it is usually beneficial to relate the actual fuel to air ratio (𝐹𝐴𝑅𝑎𝑐𝑡) to the stoichiometric fuel 

to air ratio (𝐹𝐴𝑅𝑠𝑡𝑜𝑖𝑐ℎ). This ratio is referred to as the equivalence ratio and denoted as [25]: 
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𝜙 =
𝐹𝐴𝑅𝑎𝑐𝑡

𝐹𝐴𝑅𝑠𝑡𝑜𝑖𝑐ℎ
                                                                     (15) 

The equivalence ratio relates the actual or present fuel to air ratio to the stoichiometric fuel to air ratio. 

It is a measure to how far or close one is to stoichiometry. If the equivalence ratio is less than 1(𝜙 < 1), 

then a lean mixture is achieved indicating excess air. Similarly, if (𝜙 > 1) then a rich mixture is obtained 

indicating excess fuel. If (𝜙 = 1) then the mixture is equal to stoichiometry and complete combustion is 

achieved.  

1.4 Measurement of the laminar flame speed  
The burning velocity of a flame became an important parameter after the chemist Sir Benjamin 

Thompson discovered in his experiments, that heat is related to the motion of the particles in 1798 [27]. 

This allowed for the development of a kinetic theory of gasses that gave an understanding on the energy 

aspect of combustion. In mid-19th century the determination of the burning velocity became a 

fundamental aspect in 

understanding theories 

regarding combustion 

mechanisms. 

Among the first who 

measured the laminar flame 

speed were Lewis and Von 

Elbe [28] for ozone/oxygen 

mixtures using spherically 

propagating flame in 1934. 

From then on the 

measurements of the 

laminar flame speeds of 

fuels were continuously 

investigated.  The main 

emphasis was placed on the 

determination of the 

laminar flame speed of 

gaseous fuels such as 

methane, propane, ethylene etc. The laminar flame speed is an appealing parameter for experimental 

quantification since it can be for instance visually determined from the flame geometry if the unburned 

flow velocity is known.  

The Bunsen flame geometry was one of the early flames to be used in the determination of the laminar 

flame speed. This was mainly due to the simplicity of the burner design [29] [30] and the geometry of 

the flame which was generally conically shaped.  As the experimental methods used in the 

determination of the laminar flame speed improved, the accuracy of the measurement increased [31]. 

The laminar flame speed measurement over time for methane at equivalence ratio 𝜙 = 1 is shown in 

Fig. 1.6: History of the determination of the laminar flame speed of methane for 𝝓 =
𝟏. 𝟎 [31]. 
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Fig. 1.6. In addition to the improvement on the laminar flame speed measurement techniques, the 

earlier determination of the laminar flame speed did not account for aerodynamic effects. This caused a 

large scatter in the laminar flame speed measurements which is shown in the early publications of the 

laminar flame speed measurement in Fig.1.6.  

This figure shows a converging trend in the measurement of the laminar flame speed of methane/air 

mixtures. This trend shows that the measurements of the laminar flame speed for methane air mixtures 

are converging to 35~37cms/s at stoichiometric conditions.  

1.5 Laminar flame speed measurement of Bunsen flame 
The Bunsen burner flame still remains a prominent flame geometry encountered in many combustion 

studies in determining the laminar flame speed. The Bunsen burner flame is generally axisymmetric and 

is conical in shape and is stabilized on a cylindrical burner rim. This indicates that the Bunsen burner 

flame is not the ideal 1 dimensional flame required to obtain the reference laminar flame speed 𝑆𝐿
0. This 

is due to the effect of strong curvature present in an axisymmetric flame which influences the measured 

laminar flame speed. Nevertheless, it was shown in literature [22][32] that the flame curvature at the tip 

of the Bunsen burner flame is the most prominent and that the laminar flame speed of the Bunsen 

flame should give a good approximation of the reference laminar flame speed 𝑆𝐿
0. Therefore in many 

combustion researches such as the investigation of Natarajan et al. [33], deal with a Bunsen burner 

flame in which the flame height is large compared to the burner exit diameter. This is performed to limit 

the influence of the flame stretch on the laminar flame speed measurement to only the flame tip.  

The Bunsen burner is known to maintain a stable flame for a wide range of operational conditions in 

terms of pressure, temperature and equivalence ratios.  In addition the burner itself is simple to 

manufacture. Hence it is more accessible in many combustion research facilities.  Therefore, The Bunsen 

burner flame remains important flame geometry in combustion research due to its reliability and 

robustness. Typically two types of Bunsen burner are used in combustion experiments. These are the 

tube type Bunsen burners and an aerodynamically tailored nozzle burners. 

A tube type Bunsen burner is a simple tube that ensures a fully developed laminar flow is maintained at 

the burner exit for a wide range of flow rates. The aerodynamically tailored nozzle burner or nozzle 

burners are burners that have a carefully designed contracting diameter along the length of the burner. 

These nozzle burners lead to a generally uniform velocity distribution at the burner exit. Additionally the 

effect of the boundary layer on the flame curvature at the flame base is reduced by reducing this 

boundary layer thickness. This generates a near conical flame with the flame stretch to be effectively 

only present at the flame tip.  

The measurement of the laminar flame speed has proven to be rather challenging despite its quite 

straight forward definition. Typically two methods are used to determine the laminar flame speed of a 

Bunsen burner flame. Namely: the flame cone or semi-cone angle method and the mass conservation 

method. Both of these methods are of interest and are discussed. 
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1.5.1 Semi-cone angle method 

The semi-cone angle method or the flame angle method relies on 

the geometric cone angle of the Bunsen burner flame.  This method 

is explained by means of geometry of the flame shown in Fig.1.7.  

The Bunsen flame is typically illustrated as a conical flame by 

omitting the curved sections at the flame base and flame tip. A 

stable Bunsen burner flame is obtained at the burner rim if the 

reactant flow velocity is larger than the laminar flame speed of the 

mixture. In this method, the flow velocity is assumed to be uniform 

along the radius of the burner. This is typically achieved by means 

of a contoured nozzle. The use of such a nozzle reduces the 

influence of the boundary layer at the flame base. This leads to a 

flame that has almost no curvature at the flame base, hence the 

only main curved section of the flame is at the flame tip. However, 

often times a Bunsen burner flame is obtained from a straight 

burner tube. This straight tube Bunsen burners are typically more 

accessible in many combustion experiments compared to the 

contoured nozzle Bunsen burners. 

Observing Fig.1.7 the uniform reactant flow is moving towards the flame front at a certain velocity 𝑈0. 

The tangential velocity along the flame contour 𝑈𝑡0
 is not affected by the gas expansion and remains 

unchanged [12]. 

As was discussed earlier the flame velocity is defined to be normal to the flame front with a direction 

towards the unburned mixture given in Fig.1.7 as 𝑆𝐿. Since the Bunsen burner flame is stationary, the 

unburned flow velocity normal to the flame front 𝑈𝑛0
must be equal to the laminar flame speed 𝑆𝐿. This 

can be mathematically written as [12]: 

𝑆𝐿 = 𝑈𝑛0
= 𝑈0 sin(𝛼)                                                             (16) 

The main drawback of this method is that the laminar flame speed has to be corrected for stretch 

effects if dealt with a flame height that is close to the burner diameter.  

1.5.2 Mass conservation method 

The second method often used in determining the laminar flame speed, is the mass conservation 

method. The mass conservation method states that the mass flow rate through the flame front must be 

equal to the mass flow rate through the burner exit. This gives an overall average laminar burning 

velocity across the complete flame area. This technique has been shown to give a close approximation 

to the ideal 1D flame if the flame height is larger than the burner exit diameter [33]. The mass 

conservation of a conical flame can therefore be described as [33]: 

𝑆𝐿
0 ≈ 𝑆𝐿 =

�̇�𝑡𝑜𝑡𝑎𝑙

𝜌𝑏𝐴𝑓
                                                               (17𝑎) 

Fig. 1.7: laminar flame speed using the 
flame cone method [12]. 
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In this expression �̇�𝑡𝑜𝑡𝑎𝑙 is the total mass flow rate in kg/s, 𝜌𝑏 is the burned gas density in kg/m3 and 𝐴𝑓 

is the flame area in mm2. From the 1D flame the mass conservation reads [33]: 

𝑆𝐿
0 =

𝜌𝑢

𝜌𝑏
𝑆𝑢

0                                                                     (17𝑏) 

In which 𝜌𝑢 is the unburned gas velocity in kg/m3 and 𝑆𝑢
0 is the mixture velocity in cm/s close to the 

reaction zone. Substitution of expression 17b into 17a results in the equation [33]: 

𝑆𝑢
0 ≈ 𝑆𝐿 =

�̇�𝑡𝑜𝑡𝑎𝑙

𝜌𝑢𝐴𝑓
=

�̇�𝑡𝑜𝑡𝑎𝑙

𝐴𝑓
                                                     (18) 

In this expression �̇�𝑡𝑜𝑡𝑎𝑙 is the total volumetric flow rate of 

the unburned mixture in cm3/s. This method however raises 

a question, after all the flame front is not a two dimension 

entity since it has a finite thickness. This flame front 

thickness is especially relevant if it is significant compared to 

the flame dimension. For thin reaction zones which are 

typically the case for light molecule fuels such as methane, 

the reaction zone is in the order of 10-3mm [16].The 

question that needs to be answered is where in the flame 

front should the flame area be determined? This question 

has been heavily debated in the community since each 

optical technique gives a different region in which the flame 

area is detected as shown in Fig.1.8. The general 

consensus is that any location in the flame front where the 

values of the density and the mass flow rate can be determined is acceptable [15].  Ideally, the flame 

area should be determined from the region where the first temperature rise can be detected. This 

however is very difficult to determine in experiments since the temperature profile of the flame is 

asymptotic in nature.  

The visible edge of the flame is often used in earlier work since its natural luminosity is easily detectable 

using simple photography. However, the luminous region has been shown to be some distance away 

from the location of the first temperature rise in the unburned mixture. Therefore the location of this 

luminous zone is generally not representative to the region where the initial chemical reaction starts. 

This is especially significant if the flame front thickness is considerable (𝜏 ≥ 1𝑚𝑚) [15]. This region is 

not suitable to measure the flame area at conditions lower than atmospheric pressures. However with 

the analysis of the light of the flame at a limited spectrum this region showed to yield good estimations 

of the laminar flame speed. The inner shadow edge is close to the initial rise in temperature, if the 

distance of the flame and the photo detection device is small. Due to its dependence on the distance 

between the photo detector and the flame which lead to difficult reproducible results, this method was 

abandoned [15]. The outer shadow edge which is equivalent to the Schlieren edge is on the other hand 

independent on the distance between the flame and the photo detector. This variation in the location of 

Fig.1.8: Variouse optical regions of the flame front 
[15]. 
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the shadow graphic method is therefore unreliable. The Schlieren method is considered one of the best 

techniques to determine the flame area. The location of the Schlieren edge is obtained from the 

maximum intensity of the temperature slope (
1

𝑇2 𝑑𝑇/𝑑𝑥) which is easily located. For conical flames, the 

Schlieren edge is much closer to the location of the first temperature rise required to determine the 

laminar flame speed.  

1.6 Laminar flame stability  
Flame stability of a premixed laminar flame is when the combustion of the reactants is self-sustained at 

the burner exit. Therefore the flame stability is dependent on the mixture composition, burner design 

and bulk flow velocity. The topic of flame stabilization is a complex problem in burner design, especially 

when lean mixtures are used. Typically there are three criteria’s for the stability of a laminar premixed 

flame. These are [34]: 

 Flammability limit of the mixture which is mainly affected by the fuel composition requires a 

minimum amount of oxygen to sustain chemical reaction. For instance the level of dilution in the 

fuel impacts the flammability of the mixture and is therefore a flammability limit concern. 

 Quenching distance which is the loss of heat to a wall that reduces the reaction rate and in turn 

negatively impacts the sustainability of the chemical reaction. 

 Mixture flow relation with the laminar flame speed. This stability limit is a direct relation 

between the bulk flow and the laminar flame speed of the mixture which includes the onset of 

turbulence, blow off, flash back limits etc. these are stabilization problems encountered in real 

experimental situations.  

Here the emphasis is placed on the flammability limit of the fuel and the mixture flow relation with the 

laminar flame speed.  

1.6.1 Flammability limit 

The lean flammability limit is directly related to the 

fuel composition. It is the limit in which the fuel/air 

ratio is exactly correct to still support a self-

sustaining reaction.  This limit is at the maximum 

lean equivalence ratio and the maximum rich 

equivalence ratio which still allows for a self-

sustaining chemical reaction [34]. The primary 

factor that determines the flammability limit of a 

mixture is the competition between the heat 

generation of the reaction, which is governed by 

the reaction rate and the heat release of the 

reaction at the mixture limit, and the rate of heat 

loss of the flame to the ambient. The addition of 

diluents to the fuel such as N2 or CO2 changes the 

flammability limit negatively.  Each of these 
Fig. 1.9: Flamability limit of methane mixture [35]. 
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diluents has a different strength on the extinction of the flame. The order of the extinction power of 

common diluents is 𝐶𝑂2 > 𝑁2 > 𝐴𝑟(𝑜𝑟 𝐻𝑒). This means that the addition of CO2 has a stronger 

negative effect on the flammability of the mixture than for instance Argon. The effect of the addition of 

diluents is indicated by the specific heat of the gas. If a gas has a high specific heat, then the final flame 

temperature will be reduced. This reduces the heat release of the fuel and in turn the loss of the 

sustainability of the reaction. This effect of additives was investigated by Zebatakis [35] who derived the 

diagram shown in Fig.1.9 for methane.  

This diagram is for the combustibility limit of fuel mixtures at atmospheric pressure and a temperature 

of 298K. This figure shows that the addition of each diluent effect on the minimum required air in order 

to achieve a self-sustaining chemical reaction. For instance this diagram shows that the maximum 

amount of CO2 that can be present with a mixture of 7.5% methane in order to obtain a stable flame is 

approximately 25%. Similarly the effect of other diluents on the flammability limit of methane can be 

estimated.   

1.6.2 Flame stability 

When a flame is introduced in a 

stationary mixture, it propagates along 

the cold unburned mixture at the 

laminar flame speed. If the stationary 

mixture would be given a velocity equal 

to the laminar flame speed of the 

reaction zone within for instance a tube, 

then a stationary flame is achieved. 

Increasing the velocity of the mixture 

beyond the laminar flame speed will 

push the reaction zone back. This 

scenario is what is actually happening 

with stabilizing a flame on a burner. For 

the case of a tube Bunsen burner, the 

burner acts as a heat sink in order to 

achieve a burner stabilized flame. If the 

mixture velocity is increased further a 

conical shape of the flame is formed at 

the exit of the tube. The cone angle of 

the flame reduces with increasing flow velocity. The unburned mixture velocity component normal to 

the flame front is here equal to the laminar flame speed which creates a stationary Bunsen flame.  

However the velocity near the burner rim is lower than at the center of the burner tube. This causes an 

equalizing effect between the laminar flame speed at the burner rim and the unburned mixture velocity. 

This equalizing effect anchors the flame to the burner rim. Due to the short distance between the flame 

and the burner exit, the laminar flame speed of the flame close to the burner is governed by the heat 

loss to this burner rim [34]. If the mixture velocity is increased further, then the flame will move further 

Fig. 1.10: Bunsen flame stability limit diagram [34]. 
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downstream allowing for air to entrain to the flame base causing the mixture to be diluted. This dilution 

of the mixture at the flame base causes a reduction in the flame speed and the blow off of the flame is 

realized.  

In a similar fashion, if the flow velocity of the mixture is reduced then the laminar flame speed of the 

flame will be higher than the unburned mixture velocity. This causes the Bunsen flame to collapse into 

the burner.  This tendency of the flame to move upstream into the burner is referred to as flash back of 

the flame. From this discussion it can be deduced that a certain limit is present where a stationary 

Bunsen burner flame can be established. This stability of the Bunsen flame has been investigated by 

Cheng et al. [36] to determine the effect of buoyancy on lean premixed flames. The stability diagram of 

a Bunsen flame is given in Fig. 1.10. 

It shows the stability limit of the combination of the bulk flow velocity and the fuel to air ratio of the 

mixture. This diagram is important in burner design. In this figure a seated flame indicates a flame 

stabilized at the burner rim. If the unburned mixture velocity is further increased for a fuel rich mixture 

then a lifted flame is observed. This is a flame detached from the burner exit and is stabilized further 

downstream. Finally if the rich mixture velocity is increased further, the chemical reaction can no longer 

be sustained due to dilution of the mixture caused by the entrained air, which results in a flame blow 

out.   

1.7 Chemiluminescence 

1.7.1 Chemiluminescence background 

The measurement of the laminar flame speed of a fuel has been investigated continuously. A wide array 

of experimental setups has been developed over the course of time, to tackle the problem of 

determining the magnitude of this parameter. One of the techniques commonly employed in the 

experimental determination of the laminar burning velocity is the chemiluminescence method.  

The determination of the burning velocity was mainly determined from the flame luminosity. In this, the 

Bunsen burner flame was the main flame geometry of investigation. Mainly due to the simplicity of the 

burner and the geometry of the flame which was commonly simplified to a conical flame. This flame 

allowed for an insight on fundamental flame structures. The use of the flame luminosity to determine 

the laminar flame speed, introduced the application of spectroscopy and in turn, experimental setups 

involving optical observation techniques.   

This rise in optical observation of the flame allowed for the development of the chemiluminescence 

technique. The chemiluminescence of a chemical reaction occurs by the de-excitation of radicals 

generated during this reaction in the form of electromagnetic radiation. The concept of 

chemiluminescence was fully defined since the early 1900s [37]. However, the application of this 

method in combustion research was employed later on as early as 1958 [38]. The concept of 

chemiluminescence technique in combustion research allowed for an in depth understanding on the 

chemical reaction of a fuel. For hydrocarbon fuels, the general radical species contributing to the 

chemiluminescent light are OH*, CH* and C2*. It is common practice to depict an excited molecule with 
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an asterix. These radical species are generally responsible for the most visible and ultra violet light of a 

flame corresponding to hydrocarbon fuels [39]. The chemiluminescence technique has several 

advantages such as [40]: 

 The measurement of the radiation does not interfere with the reaction region. 

 Remote sensing is possible by means of fiber optics. 

 The transient species can be easily identified. 

 In its most basic form the observers eye is the only tool required in the setup. 

Due to these advantages chemiluminescence is often considered for the analysis on the flame 

characteristics in combustion research. Combined with the currently advanced detection devices, that 

cover a wide light spectrum ranging from ultra violet to infrared, the chemiluminescence technique 

becomes a powerful tool in species detection.  

Besides species detection, flame chemiluminescence allows for the detection of the reaction zone 

location. This provides the means for a precise observation of the flame geometry which in turn 

contributes to a reliable deduction of the laminar flame speed.  

1.7.2 Principle of chemiluminescence 

The idea of chemiluminescence has 

been shown to have a long history. 

However, the principle still remains 

a valuable asset in combustion 

research. Generally for 

hydrocarbon fuel combustion, 

OH*, CH*, C2* and CO2*are the 

prominently present excited 

particles. General 

chemiluminescence emission 

spectrum of OH*, CH*, C2*, and 

CO2* of methane/air mixture 

combustion is shown in Fig.1.11. 

The radicals OH* and CH* has been 

extensively researched while the 

investigation on CO2* and C2* are 

scarce in comparison [41] since the 

OH* and CH* are more commonly found in the chemical reaction encountered during the combustion of 

hydrocarbon fuels.  

The reaction mechanics for the formation of OH*, CH* are different. However, the principle of 

chemiluminescence is the same. Therefore in this research the discussion on chemiluminescence is 

limited to only the OH* species.  In depth description of chemiluminescence in combustion is given by 

Fig.1.11: Typical swan band of the flame light emission spectrum [41]. 
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Bozkurt [41]. However, a short explanation on the principle of chemiluminescence will be given in this 

section to understand the origins of the chemiluminescent light during combustion of hydrocarbons. 

The emission of a chemiluminescence signal is an attribute of a combustion process. Hence the heat 

release and the equivalence ratio are affecting the intensity of the chemiluminescence signal [39] [42]. 

Typically a chemiluminescence reaction occurs independently from the main reaction process. This is 

due to the population of the chemiluminescent particles being several orders of magnitude smaller than 

the population of the ground state molecules.  

The formation of OH* radicals are for instance obtained from the chemical relation: 

𝐶𝐻 + 𝑂2 → 𝑂𝐻∗ + 𝐶𝑂                                                              (19) 

Note that this is one of such reaction in which OH* is formed. Nevertheless, this reaction is generally 

accepted to be the prominent way in which OH* is generated [43]. This reaction indicates the formation 

of an excited state diatomic OH particle and a ground state CO particle. The de-excitation of the OH* 

particle is then achieved by releasing the energy in the form of a photon. The radiation reaction of the 

excited molecule OH* is described by: 

𝑂𝐻∗ → 𝑂𝐻 + ℎ𝑣                                                                   (20) 

In this expression the energy released in the 

form of a photon is equal to the Plank 

constant h in (J*s) and the frequency of the 

light 𝜈. For the OH* the wave length of the 

light is shown in Fig.1.11 to be in the order of 

300 nm. The quantum level of the electron in 

its excited state determines the wavelength of 

the photon during de-excitation. The time of 

this de-excitation is virtually instantaneous 

after the OH* particle is produced. However, 

one has to realize that not all the energy 

obtained during excitation is converted to 

radiation. Most of the energy of the excitation 

is absorbed by the collision of the molecules 

and is therefore not emitted in the form of 

electromagnetic radiation. This is referred to 

as quenching [44].  

For the purpose of this research, the discussion is only limited to the de-excitation of the OH* particle by 

electromagnetic radiation. However, it is worth to note that not all energy of the excited particle is 

emitted in the form of radiation. This is important for chemiluminescence modeling as has been 

performed by Haber et al. [43] [45]. This principle of energy release can be graphically shown using the 

qualitative potential energy surface diagram in Fig.1.12.  

Fig. 1.12: Schematic principle of the normal (a) and 
chemiluminescent reaction (b) [41]. 
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For a normal chemical reaction the energy of the particle will remain in the ground state throughout the 

chemical reaction. That is, the species at ground state energy level (E) will undergo excitation due to the 

thermal activation from the chemical reaction, raising the particles to the transition state (TS). The de-

excitation of the particles will then occur by the formation of the products from the chemical reaction at 

the new energy level (P). This procedure follows the direction as pointed out by the arrow (a). This is 

usually referred to as an adiabatic reaction. However, when chemiluminescence reaction occurs, the 

chemical reaction will no longer follow the energy level of the particle’s ground state. Instead, the 

activated reaction of the particles at (TS) will be transferred to the energy level of the excited state of 

the particle which follows the path (b). This results in products that are at a higher energy level 

compared to their ground state. To return to their ground state, the energy obtained during excitation is 

released through radiation or by quenching. Indeed, the energy of the radiation is therefore ℎ𝜈 = 𝐸2 −

𝐸1. This indicates that the energy of the photon and hence the photon wave length is equal to the 

difference of the energy levels between the excited state 𝐸2 and the ground state 𝐸1.  

1.7.3 Flame front detection using (OH*) chemiluminescence  

The OH chemiluminescence emission has been shown to occur during the de-excitation of charged 

particles. The generation of such particles occurs due to the chemical reaction in the flame front. As 

such one can use the chemiluminescence radiation of OH* particles to study the structure of the 

reaction zone.  Chemiluminescence was used commonly in the determination of the flame front 

structure of a premixed turbulent flame [46].   

However, this method can be extended in the study of a premixed laminar flame. The intensity of the 

OH* radicals has been investigated by Kojima et al. [47] in the reaction zone.  In this research the OH 

chemiluminescent emission was determined for a laminar flame of methane air mixture at an 

equivalence ratio 1.1. In the 1 dimensional analysis of the reaction zone, it was found that the maximum 

OH*, CH*and C2* emission is located at the luminous region. This gives an indication on the location of 

the reaction zone. This allows for a detailed flame front structure analysis using a relatively simple 

experimental setup. This has been employed often in complex flame front structure analysis such as by 

Meier et al. [48]. 

It should be noted that the chemiluminescence technique is a line of sight method. This indicates that 

the chemiluminescence signal is line integrated in the final image if the object is three dimensional such 

as a Bunsen burner flame. This may cause difficulty in the analysis of the flame front such as 

determining the flame front thickness.  Often times a correction is used by means of Abel inversion of 

the image to remove the line of sight effect [49].  

1.7.4 Experimental application of (OH*) chemiluminescence  

The chemiluminescence technique has shown a wide field of application in experimental studies of 

combustion. The CH chemiluminescence method was employed by Fernando et al. [50] in his 

experimental setup to determine the laminar flame speed of methane air mixture. In this experimental 

setup a Bunsen burner was used. The laminar flame speed was determined from the semi-cone angle. 

Similarly the laminar flame speed of hydrogen carbon monoxide mixture using the chemiluminescence 

method was determined by Natarajan et al. [51]. In this experimental setup a knife edge is used to 
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improve the detection of the chemiluminescence emission of the Bunsen burner flame tip. The laminar 

flame speed was then determined from the mass conservation method.  

In similar investigation on the burning characteristics of methane flames enriched with oxygen and 

addition of water vapor, a chemiluminescence setup was chosen by Maza et al. [44]. In this 

Experimental setup a Bunsen burner flame was used. The laminar flame speed of the mixture was then 

determined from the semi-cone angle method. This shows that the chemiluminescence of a flame is 

commonly accepted as an indicator for the flame front. A more advanced approach to the laminar flame 

speed measurement using chemiluminescence of the flame was employed by Kojima et al. [47]. In this 

experiment cassagrain optics was used to relay the chemiluminescence signal to the photo detector. In 

this setup a slot burner was used to obtain a 2 dimensional flame. The flame geometry in this case took 

the form of a prism in which the laminar flame speed was obtained in a similar fashion to the semi-cone 

angle. A further investigation on the chemiluminescence signal was performed by the same group [52]. 

In this experiment the chemiluminescence radiation was spatially resolved by means of a cassagrain 

mirror system. The chemiluminescence light emission was obtained from a Bunsen burner flame. In this 

investigation it was found that the OH*/CH* are a good indication markers on the local flame 

stoichiometry of the reaction zone. This finding was shown earlier by Roby et al. [53], by employing 

chemiluminescence in the determination of the temperature of a laminar and turbulent flame in a 

combustion chamber. This is achieved by correlating the chemiluminescence signal intensity to the local 

temperature and equivalence ratio.  

The effect of the equivalence ratio on the chemiluminescence signal was investigated further by 

Muruganandam et al. [54] for a more practical application. In this investigation, the intensity of the 

OH*/CH* chemiluminescence signal of natural gas combustion was related to the equivalence ratio. It 

was known that when the equivalence ratio approached stoichiometric conditions the 

chemiluminescence signal would increase. This finding inspired the idea of introducing a 

chemiluminescence system in gas turbines for equivalence ratio and temperature monitoring. In their 

research it was again found that the OH*/CH* radicals were a good indication for the equivalence ratio 

of natural gas. Similar approach in the application of this method was considered by Nori et al. [39].  

The influence of the pressure on the OH* chemiluminescence intensity was researched by Higgins et al. 

[55]. In this experiment a Bunsen burner was placed in a pressure vessel. The Bunsen burner was 

observed from the outside of the vessel through a quartz window. From the experiment it was found 

that the chemiluminescence intensity of the flame diminishes with increasing pressure. The increase of 

the mass flow rate on the other hand increased the chemiluminescence intensity. The emission of the 

OH* chemiluminescence was found to increase linearly with increasing the mass flow rate.  

From this overview one can observe the versatility of the technique in determining important 

combustion parameters. It has been shown that the OH/CH chemiluminescence emission can be used as 

an indicator for the flame front. In addition the light emissions of these radicals are correlated to the 

mixture composition and temperature.  
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1.8 Research Objective 
It was found that the laminar flame speed measurements for natural gas are generally lacking in 

documentation.  This research is therefore aimed to obtain the burning characteristics for Dutch natural 

gas to extend on the existing data of natural gas. To quantify the burning characteristics of Dutch natural 

gas, the laminar flame speed has to be experimentally determined. The presented data of the laminar 

flame speed of DNG in this report will provide additional information that can be used for the modeling 

of the combustion of low calorific natural gas.  

Therefore the objective of this research is: 

 Determine the laminar flame speed of Dutch Natural Gas over a large span of equivalence ratios 

using the OH chemiluminescence emission of a premixed Bunsen burner flame, by means of the 

mass conservation method and flame cone angle method.  

From this objective the following main question is stated: 

 What is the influence of the equivalence ratio on the laminar flame speed of DNG? 

 Is there a difference between the laminar flame speed using the mass conservation method and 

the flame cone angle method if so, what is this difference? 

The following sub-questions are required to be answered based on the observations in the experiment 

and analysis: 

 What is the precision and accuracy of the OH chemiluminescence method in the determination 

of the laminar flame velocity of DNG using the mass conservation method and semi-cone angle 

method?  

 How does the increase of the mass flow rate influence the laminar flame speed measurement 

using the semi-cone angle and mass conservation method? 

 How does the laminar flame speed of Dutch natural gas compare to gas from other regions?  

 What is the influence of the unsteadiness of the flame on the laminar flame speed 

measurement?  

 How can the source of the uncertainty of the laminar flame speed measurement be identified? 

 What is difference between the laminar flame speed measurements using Bunsen flame method 

compared to other measurement techniques? 
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Ch.2 Experimental setup  
 

2.1 Experimental design requirements 
The goal of this experiment is to obtain the laminar flame speed of DNG using the OH* emission of the 

premixed Bunsen burner flame. Therefore the experimental setup needs to have the necessary 

equipment, in order to accurately determine the reaction zone location and measure the magnitude of 

the flow rate of the unburned mixture. In addition the air and DNG flow rates needs to be accurately 

controlled in order to obtain the required equivalence ratios. Therefore the requirements for the 

experimental setup are as follows: 

 A stationary and stable Bunsen burner flame needs to be established for a wide range of 

equivalence ratios. 

 To locate the reaction zone, OH* emissions of the Bunsen burner flame has to be recorder.  

 The air flow and fuel flow rate is required to be measured and controlled in order to vary the 

equivalence ratio of the mixture 

 Air and DNG must be fully mixed before combustion in order to obtain a premixed Bunsen 

burner flame.   

 To determine the steadiness of the Bunsen flame multiple images has to be recorded for each 

equivalence ratio. 

For these requirements the experimental setup shown in Fig.2 is designed and employed. For this 

experiment the flame resides in atmospheric conditions and room temperature (approximately 293K). 

 

 

 

 

 

 

 

 

 

Fig. 2: Schematic of the experimental setup employed in this research.  
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2.2 Apparatus 
In this experimental setup the flow of DNG and air is governed by LABVIEW. LABVIEW provides a 

graphical user interface (GUI) to easily control the flow rates of both air and fuel. This software also 

registers the fluctuations of the flow rates at an acquisition rate of 15Hz, during the recording of the 

OH* emission of the Bunsen burner flame.  

Similar to the flow control units, the camera is governed by a separate computer using the software 

provided by Optronis. In this experiment an Intensified Charge Coupled Device (ICCD) camera from 

Optronis is used to record the OH* emission of the Bunsen burner flame. It was shown that the OH* 

emission ranges in the optical spectrum between 300~310 nm. Therefore to omit the other light 

spectrums a 308nm filter is used. This optical filter is placed on the camera lens and acts as a band pass 

filter. The images of the Bunsen burner flame recorded from this setup will mainly show the OH* 

emission of the flame.  

The images are recorded at a resolution of 1280x512. To assess the variation of the Bunsen burner flame 

in time, 1000 images are taken at an acquisition rate of 1 kHz. This is the maximum FPS the camera can 

provide at the given image resolution. The camera exposure time was set to 400 microseconds and the 

intensifier gain was set to 2200, in order to clearly visualize the OH* emission of the Bunsen burner 

flame on the recorded images. These settings yielded the best image quality and were determined 

during the experiment. The camera settings and specifications are tabulated in Table 1.  

Table 1: Image data used in the analysis and the camera settings. 

The image Specifications and acquisition rate Values 

Image resolution 1280x512 

CMOS chip pixel size 14 𝜇𝑚 X 14 𝜇𝑚 

Image acquisition rate 1000 frames per second (FPS) 

Exposure time 400 𝜇sec 

Intensifier gain 2200 

 

In this table the exposure time indicates the time that the camera photo detector is exposed to the 

flame radiation. If a short exposure time is used the flame will appear dim in the recorded image. If a 

long exposure time is used then the flame will appear bright and blurred. A short exposure time is used 

here to avoid oversaturation of the recorded OH* emission of the flame. Additionally the contrast of the 

recorded OH*emission of the flame is improved, by fast registration of the unsteadiness in the Bunsen 

flame. The intensifier gain is a feature of the ICCD camera which multiplies the original photons 

collected from the flame radiation before they are detected by the CMOS chip. This increases the flame 

brightness on the recorded image while avoiding oversaturation. These settings remain constant 

throughout the experiment. 
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Table 2: The data on the operational range of the volumetric flow rate controllers and measurement devices in the 
experiment 

Volumetric flow rate controllers 
and measurement devices 

Operational range in ln/min from minimum  to Full 
Scale (FS) (or maximum) 

FFCU 0.6 ln/min. to 30 ln/min. 

AFCU 0.6 ln/min. to 500 ln/min. 

AFM 0.6 ln/min to 48 ln/min 

 

The flow rate of DNG is measured and controlled by the fuel flow control unit (FFCU) provided by 

Bronkhorst. The measurement is shown in the LABVIEW GUI in real time and given in normal liters per 

minute (nl/min). This indicates that the measured volumetric flow rate is calculated back to normal 

conditions and presented. The normal condition is defined as the condition of the fluid (in this case DNG 

and air) at 0 degrees Celsius and 1 bar atmospheric pressure [56]. The flow rate of air is controlled by 

the air flow control unit (AFCU) provided by the same manufacturer. Due to the large operational range 

of the AFCU the measurement of the air flow cannot be accurately detected. Therefore an additional air 

flow measurement (AFM) device is added in series at the air flow line as shown in Fig.2. This additional 

Air flow measurement unit has a shorter operation range and is therefore more accurate in the 

measurement of the volumetric air flow rate.  

All the used flow control units and measurement devices were calibrated by Bronkhorst for each flow 

type. The limits of the AFCU, FFCU and AFM are shown in Table 2. The operational range of FFCU and 

AFM are required for the determination of the accuracy of the measured volumetric flow rates of DNG 

and air. 

2.2.1 Bunsen burner design 

The purpose of the Bunsen burner is to achieve a stable laminar Bunsen flame at the burner tip over a 

wide range of equivalence ratios. For the manufacturing of this burner a stainless steel tube is used. The 

dimensioning of the burner is obtained from the following additional requirements: 

 The unburned mixture must have a fully developed laminar flow at the burner exit. 

 The Bunsen burner must be simple to manufacture.  

 The interaction of the burner rim with the flame must be kept at a minimum to minimize the 

heat transfer from the flame and flow irregularities.  

To obtain a fully developed laminar flow the Reynolds number of the unburned mixture may not exceed 

2000 [57]. This requirement gives an indication on the diameter of the burner. Consider the definition of 

the Reynolds number for a circular tube given as: 

𝑅𝑒 =
𝑈0𝐷ℎ

�̅�
                                                                          (21) 

In this equation 𝐷ℎ is the hydraulic diameter in millimeters, 𝑈0 is the average velocity in m/s the tube 

and �̅� is the average dynamic viscosity of the mixture in m2/s. The average dynamic viscosity of the 
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mixture is obtained from the dynamic viscosity of Dutch natural gas and air as given in literature [58] 

[59] respectively. The hydraulic diameter is the diameter of the wetted area of the tube. The average 

velocity in the tube is given by the definition of the total volumetric flow rate �̇�𝑡𝑜𝑡𝑎𝑙: 

𝑈0 =
�̇�𝑡𝑜𝑡𝑎𝑙

𝐴𝑒
                                                                    (22𝑎) 

In this expression 𝐴𝑒 is the burner exit area in mm2. If the tube is a circular shape then the hydraulic 

diameter is equal to the geometric diameter 𝐷ℎ = 𝐷. Therefore the equation for the burner exit area 

can be written in terms of the hydraulic diameter as: 

𝐴𝑒 =
𝜋

4
𝐷ℎ

2                                                                       (22𝑏) 

Substitution of Eq.22b into Eq.22a and subsequently in Eq.21 gives the expression of the Reynolds 

number in terms of the total volumetric flow rate: 

𝑅𝑒 =
4

𝜋

�̇�𝑡𝑜𝑡𝑎𝑙

𝐷ℎ�̅�
≤ 2000                                                            (23) 

The Reynolds number required to maintain a laminar flow of the unburned mixture shows that this 

equation must be lower or equal to 2000. For each chosen volumetric flow rate a series of diameters can 

be obtained that satisfies this condition. To simplify the manufacturing process of the burner, the 

calculated diameter must be equal to one of the standard dimensions of a stainless steel pipe.  

For the dimensioning, a 

total volumetric flow rate 

is assumed based on 

similar experiments 

performed by Hu et al. 

[60]. This experiment 

showed that a typical total 

volumetric flow rate of a 

stable Bunsen burner 

flame used to determine 

the laminar flame speed is 

approximately 8 l/min. 

This is an indication to the 

stability range of a typical 

flame corresponding to a 

hydrocarbon fuel.  In order 

to improve the range of 

volumetric flow rates of 

the burner in which a fully Fig.2.1: Variation of the Reynolds number with variouse diameters at constant flow rate of 
16 liter/min 
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developed laminar flow is maintained, this value is multiplied by a factor of 2. Using Eq.23 in 

combination with the total volumetric flow rate and varying the diameter of the tube, results in the 

graph shown in Fig.2.1. From this figure the diameter that satisfies the Reynolds number condition is 

shown to be 11.6 mm. However, this dimension does not satisfy the standard pipe dimension constraint. 

Therefore the diameter is rounded up to 12mm which satisfies the Reynolds number and the 

manufacturing constraint. The diameter of a tube type Bunsen burner for any hydrocarbon fuel that 

satisfies the flame stability is usually in the order of 10 mm [34]. Therefore, it is expected that this 

design also satisfies the flame stability conditions discussed earlier.  

The final dimension is the burner length which is determined from the empirical relation [57]: 

𝐿𝑒

𝐷ℎ
≈ 𝐶1 + 𝐶2𝑅𝑒                                                                              (24) 

In this expression 𝐿𝑒 is the effective tube length defined by the location of the flow entry until the 

location where the flow starts to fully develop, 𝐶1 and 𝐶2 are constants typically set to 0.5 and 0.05 

respectively. This empirical expression relates the ratio of the tube length and diameter to the Reynolds 

number. From the definition of the effective length it is clear that to obtain a fully developed flow the 

tube length must be larger than the effective length. As such from the Reynolds number corresponding 

to a tube diameter of 12mm, an effective length of 0.9m is obtained. Thus the length of tube must be 

larger than 0.9m to achieve a fully developed laminar flow, hence a nominal tube length of 1m is 

chosen.  

From this analysis a Bunsen burner is designed that satisfies the first burner requirement. The second 

requirement requires the minimization of the interaction of the flame and the burner rim. To satisfy this 

requirement the burner rim has to be modified. From the investigation of Ishida [61] it was found that 

the heat transfer of the flame to burner rim can be lowered by introducing a tapered burner rim. By 

Fig. 2.2: Schematic of the burner employed in the experiment.  
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introducing a tapered burner rim, the heat extraction of the flame is reduced.  In addition introducing 

taper reduces the flow irregularities that may influence the steadiness of the flame. However, 

introducing taper reduces the flame stability due to the reduction in the recirculation zone at the burner 

rim compared to an un-tapered burner [62].  It should be noted that the effect of introducing a taper is 

minimal to the stability of the flame. To ensure that the Bunsen burner flame remains stationary and the 

flow irregularities at the burner rim are at a minimum, a taper is introduced at the burner exit. To allow 

for this modification an outer diameter of 15 mm is chosen. With this final modification to the burner 

rim, the burner is fully defined. The schematic of the Bunsen burner is shown in Fig.2.2. 

2.3 Experimental reliability and accuracy 
The error that is involved in this experiment is inherited by the inaccuracy of the used components in 

the experimental setup. In this experiment one of the sources of the errors that are involved that 

influence the laminar flame speed measurement and the equivalence ratio, are the volumetric flow 

rates of air and DNG. The inaccuracies of the volumetric flow rate components are given by the 

manufacturer Bronkhorst to be of the form: 

Δ�̇� = 0.5% 𝑅𝐷 +  0.1% 𝐹𝑆                                                                 (25) 

In this expression RD is the actual read out of the measurement from the volumetric flow rate meter 

and FS is the maximum flow rate commonly referred to as the full scale of this component. The value for 

the maximum range of the volumetric flow measurement units (FFCU) and (AFM) were given in Table 2. 

The read out is what has been measured for the volumetric flow rates to obtain the required 

equivalence ratios.  

Note that the method involved in determining the equivalence ratio range is discussed in the 

methodology chapter. In here the emphasis is placed on the determination of the inaccuracy of the 

equivalence ratio.  

2.3.1 Inaccuracy of the equivalence ratio 

The error propagation of a relation 𝑓(𝑥1, 𝑥2, 𝑥3, … , 𝑥𝑛) relying on independently measured 

quantities (𝑥1, 𝑥2, 𝑥3, … , 𝑥𝑛), with each having an absolute measurement error Δ𝑥𝑖 , can be determined 

by the following general equation [63] [64]: 

Δ𝑓(𝑥1, 𝑥2, 𝑥3, … ) = √(
𝜕𝑓

𝜕𝑥1
Δ𝑥1)

2

+ (
𝜕𝑓

𝜕𝑥2
Δ𝑥2)

2

+ (
𝜕𝑓

𝜕𝑥3
Δ𝑥3)

2

+ ⋯ + (
𝜕𝑓

𝜕𝑥𝑛
Δ𝑥𝑛)

2

               (26) 

The absolute error in the measurement of the volumetric flow rate of air and DNG influence the 

equivalence ratio. Recall the expression for the equivalence ratio given in Eq.15. This equivalence ratio is 

dependent on 2 independently measured parameters namely the volumetric flow rate of air and the 

volumetric flow rate of DNG. Therefore, by applying Eq.26 the equation of the absolute error in the 

equivalence ratio can be determined. This absolute error equation is given by: 
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Δ𝜙 = √[(
𝜕𝜙

𝜕�̇�𝐷𝑁𝐺

Δ�̇�𝐷𝑁𝐺)

2

+ (
𝜕𝜙

𝜕�̇�𝑎𝑖𝑟

Δ�̇�𝑎𝑖𝑟)

2

]                                  (27) 

From this expression the absolute error in the equivalence ratio is found to be: 

Δ𝜙 =
1

𝐹𝐴𝑅𝑠𝑡𝑜𝑖𝑐ℎ

√[(
Δ�̇�𝐷𝑁𝐺 

�̇� 𝑎𝑖𝑟

)

2

+ (
�̇�𝐷𝑁𝐺

�̇�𝑎𝑖𝑟
2

Δ�̇�𝑎𝑖𝑟)

2

]                                    (28) 

For the derivation of this equation the reader is referred to Appendix A. In this equation �̇�𝐷𝑁𝐺 is the 

volumetric flow rate of DNG, �̇�𝑎𝑖𝑟 is the volumetric flow rate of air, Δ�̇�𝐷𝑁𝐺 is the absolute error in the 

measurement of the volumetric flow rate of DNG and Δ�̇�𝑎𝑖𝑟 is the absolute error in the measurement of 

the volumetric flow rate of air.  

Dividing the absolute error of the equivalence ratio to the exact equivalence ratio 
Δ𝜙

𝜙
 gives the relative 

error. A maximum relative error of 4.92% and a minimum relative error of 3.07% are present in the 

equivalence ratios employed in this experiment. A detailed value of the relative error for the 

equivalence ratios realized in this experiment is tabulated in Table 3. 

Table 3: The relative error in % of the equivalence ratio due to the inaccuracy of the flow controllers 

𝝓 0.80 0.88 0.93 1.00 1.06 1.15 1.20 1.36 1.41 1.45 1.50 1.53 1.55 

�̇�𝒂𝒊𝒓 7.14 7.14 7.19 7.09 7.11 6.97 6.97 6.96 6.87 6.81 6.78 6.77 6.77 

�̇�𝑫𝑵𝑮 0.68 0.75 0.79 0.85 0.89 0.95 0.99 1.12 1.15 1.17 1.21 1.23 1.25 
𝚫𝝓

𝝓
% 

4.92 4.55 4.32 4.13 3.91 3.74 3.61 3.28 3.24 3.20 3.13 3.09 3.07 

 

Note that the equivalence ratio is increasing in a non-linear fashion. This will be discussed in the next 

section. 
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Ch.3 Methodology 
 

The variation of the laminar flame speed w.r.t. equivalence ratio is required to be measured in order to 

answer the main questions of this research. Therefore the equivalence ratio range has to be 

determined. In addition, the total unburned gas velocity that corresponds to a stable Bunsen burner 

flame has to be obtained.  Recall that the total volumetric flow rate is an indication to the total 

unburned gas velocity by the relation �̇�𝑡𝑜𝑡𝑎𝑙 = 𝐴𝑒𝑈0 in which 𝑈0 is the unburned mixture velocity. 

Therefore the total volumetric flow rate was used instead to achieve a stable Bunsen burner flame. This 

is due to the readily available measurements for the fuel and air flow in the experimental setup.  

For the determination of the total volumetric flow rate an initial test was conducted. In this test the 

stability limit of the Bunsen burner was investigated for a fuel lean mixture. This test will indicate the 

lower limit of the equivalence ratio span that still allows for a Bunsen flame for this burner where no 

blow off occurs. This equivalence ratio was found to be 𝜙 = 0.80. Once this equivalence ratio was 

determined, the volumetric flow rate of air and fuel was increased, such that this equivalence ratio was 

maintained by minimizing its variation, until blow off of the flame was observed.  

The total volumetric flow rate was then determined from the equation: 

�̇�𝑡𝑜𝑡𝑎𝑙 = �̇�𝐷𝑁𝐺 + �̇�𝑎𝑖𝑟                                                             (29) 

From this test the total volumetric flow rate for a stable Bunsen burner flame corresponding to the 

lower limit of the equivalence ratio span was found. This total volumetric flow rate obtained from this 

test was found to be 7.82nl/min. 

Ideally in the experiment to determine the laminar flame speed of DNG, the total volumetric flow rate 

should remain constant for each equivalence ratio. However, maintaining the total volumetric flow rate 

constant is difficult in practice. Therefore, the variation of the total volumetric flow rate for each 

equivalences ratio was kept at a minimum during the experiment.  

3.1 Determining the equivalence ratio span 
In order to obtain the required equivalence ratio the volumetric flow rate for air and DNG is varied, such 

that the variation in the total volumetric flow rate was kept at a minimum. Through this method, the 

laminar flame speed will be mainly affected by the change in the constituents of the mixture. To 

determine the equivalence ratio span, the stoichiometric fuel to air ratio for DNG has to be computed. 

This requires knowledge about the fuel composition of DNG. The composition of DNG is given in Table 4. 

Table 4: The composition of Dutch Natural Gas according to Derrenberger et al. [21] 

Species 𝑪𝑯𝟒 𝑪𝟐𝑯𝟔 𝑪𝟑𝑯𝟖 𝒊 − 𝑪𝟒𝑯𝟏𝟎 𝑵𝟐 𝑪𝑶𝟐 

Volumetric 
fraction in 
% 

81.3 2.9 0.4 0.2 14.3 0.9 
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The equivalence ratio is calculated using Eq.15. The stoichiometric fuel to air ratio is obtained from 

employing Eq.14 for the species in DNG. Using the species given in Table 4 it was found that 𝛼 = 0.900, 

𝛽 = 3.478 and 𝛾 = 0.018. Solving the chemical equilibrium for DNG using the values for 𝛼, 𝛽 and 𝛾, the 

moles of air required for complete combustion is found. This resulted in 𝑛𝑎𝑖𝑟 = 8.38  which is 

comparable to what was documented in literature [65]. Note that in the combustion community the 

composition of air is typically accepted to consist of 79% N2 and 21% O2 [25]. For the complete 

derivation to obtain the moles of air required for the complete combustion of DNG, the reader is 

referred to Appendix A. 

The volumetric based stoichiometric fuel to air ratio is then found from Eq.14 which results in: 

𝐹𝐴𝑅𝑠𝑡𝑜𝑖𝑐ℎ =
𝑛𝑓𝑢𝑒𝑙

𝑛𝑎𝑖𝑟
=

1

8.38
= 0.119 

The actual fuel to air ratio (𝐹𝐴𝑅𝑎𝑐𝑡) is determined from the ratio between the volumetric flow rate of 

DNG �̇�𝐷𝑁𝐺 and the volumetric flow rate of air �̇�𝑎𝑖𝑟: 

𝐹𝐴𝑅𝑎𝑐𝑡 =
�̇�𝐷𝑁𝐺

�̇�𝑎𝑖𝑟

                                                                   (30) 

The range of the equivalence ratio can now be determined. For this research a wide range of 

equivalence ratio is required in order to cover a broad spectrum of mixture qualities. For this purpose 

the equivalence ratio for the lean blow off limit which was found to be 𝜙 = 0.80, was used as the 

starting point and increased gradually with a step size of 0.05 until an equivalence ratio of 1.55 was 

reached. In practice, maintaining this step size constant appeared to be difficult therefore some 

variation were allowed. The equivalence ratios used in this experiment, while keeping the variation of 

the total volumetric flow at a minimum are shown in Table 5. 

Table 5: The equivalence ratio obtained from the volumetric flow rate of DNG and air.  

Equivalence ratio 𝝓 Total volumetric flow 

rate in ln/min �̇�𝒕𝒐𝒕 

Volumetric flow rate of 

DNG in ln/min �̇�𝑫𝑵𝑮 

Volumetric flow rate of 

air in ln/min �̇�𝒂𝒊𝒓 

0.80 7.82 0.68 7.14 
0.88 7.89 0.75 7.14 
0.93 7.99 0.79 7.19 
1.00 7.94 0.85 7.09 
1.06 8.01 0.89 7.11 
1.15 7.92 0.95 6.97 
1.20 7.97 0.99 6.97 
1.36 8.09 1.12 6.96 
1.41 8.02 1.15 6.87 
1.45 7.98 1.17 6.81 
1.50 7.99 1.21 6.78 
1.53 8.00 1.23 6.77 
1.55 8.02 1.25 6.77 
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3.2 Image analysis algorithms 
For each equivalence ratio, 1000 images are taken from the corresponding OH* emission of the Bunsen 

flame. Additionally the fuel and air flow rates are registered and stored simultaneously during the 

recording of the flame at an acquisition rate of 15Hz. The data is then analyzed using a MATLAB 

algorithm to obtain the laminar flame speed of DNG. 

Two methods are commonly used in which the laminar flame speed of a Bunsen burner flame can be 

obtained. Namely: 

 The semi-cone angle method 

 The mass conservation method using the flame front area.  

In the analysis of the images, both methods are employed in the algorithms to obtain the laminar flame 

speed. The average of the laminar flame speed obtained from the images is then presented.  The 

principle of the MATLAB algorithm employed to obtain the semi-cone angle and the flame surface area 

are discussed. 

3.2.1 Image analysis algorithm semi-cone angle method 

The semi-cone angle method used to determine the laminar flame speed of a conic flame is given by 

Eq.16. In this expression the laminar flame speed is determined using the average bulk velocity obtained 

from Eq.22a and the semi-cone angle of the Bunsen flame.  

The semi-cone angle of the Bunsen 

flame is determined from the 

maximum OH* emission recorded in 

the images. The process of this 

algorithm is shown in Fig.3. The 

program considers half the image by 

employing the symmetrical property of 

a Bunsen burner flame. 

The original image as shown in Fig.3a is 

first converted into a binary image for 

1 half of the flame as shown in Fig.3b. 

In here the left half of the flame is 

considered. Next, a direction vector �̅� 

is defined along the y-axis at the edge 

of the flame base as shown in Fig.3c. In 

the same way a direction vector �̅� is 

defined at the flame contour as shown 

in Fig.3d. This vector is fixed at 30% of 

the flame height at point A and is 

directed towards point B. Point B is Fig. 3a, b, c and d: The visual process of the MATLAB algorithm to determine 
the semi-cone angle of the Bunsen flame. 

B 

A 
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positioned on the flame contour at 80% of the flame height. 

The semi-cone angle can then be derived from the definition of the dot product given by: 

�̅� ∙ �̅� = |�̅�||�̅�| cos(𝛼)                                                                  (31) 

Rearranging this equation and solving for the semi-cone angle 𝛼 the following expression is obtained: 

𝛼 = cos−1 (
�̅� ∙ �̅�

|�̅�||�̅�|
)                                                                  (32) 

Note that vector �̅� is defined w.r.t. the flame height. Hence the flame height has to be determined in 

order to use this algorithm. The flame height is found from the OH* emission of the Bunsen flame 

recorded in the image along the symmetry axis, extracted from top of the image to the location of the 

flame base. The process is shown in Fig.3.1a. The normalized brightness distribution of the OH* emission 

obtained from this method is shown in Fig.3.1b. The flame tip location is readily found at the inflection 

point. The flame height can then be determined from the equation: 

ℎ = 𝐻 − 𝑇 − 𝐵                                                                         (33) 

In this expression H is the total image height, T is the distance to the flame tip from the upper boundary 

of the image, and B is the location of the flame base from the lower boundary of the image as shown in 

Fig.3.1a. 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3.1a and 3.1b : The determination of the flame height in the image using the brightness distribution along 
the symmetry axis.  

a b 
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Note that there are cases in which the flame tip of the Bunsen flame is not present due to local 

extinction this phenomenon is called tip opening.  It is clear that this method will not be suitable for 

determination of the flame height in such a situation. Therefore an exception is made in the algorithm 

for the case in which tip opening is present. In this exception the value of the flame height is hard coded, 

in which the flame height was manually determined. 

3.2.2 The algorithm of the mass conservation method 

This method is based on the conservation of mass equation given in Eq.18. In this equation the total 

volumetric flow rate through the system is known. However, the flame area has to be determined from 

the OH* emission of the flame.  

There are many approaches in 

which the flame area can be 

determined. Such as the method 

used by Souflas et al. [66], in which 

the flame area was obtained from 

a CAD remodeling by extracting the 

maximum OH* emission of the 

flame.  However, this method is 

unsuitable for this case since a 

large number of images have to be 

analyzed.  

A more often encountered method 

is based on the axisymmetric 

property of the Bunsen burner 

flame. Observing half the Bunsen 

burner flame, the shape of this half 

represents a function 𝑓(𝑥). The 

maximum OH* emissions can then 

be viewed as data points that 

describe the flame contour. The 

area of an axisymmetric shape, 

with its contour represented by a function 𝑓(𝑥) can be found from the expression [67]: 

𝐴𝑓 = 2𝜋 ∫ 𝑓(𝑥)√1 + (
𝑑𝑓(𝑥)

𝑑𝑥
)

2𝑏

𝑎

𝑑𝑥                                                  (34) 

This expression gives the area of a revolved surface around the x-axis, with is contour described by the 

function 𝑓(𝑥). Hence, in order to use this equation, a function 𝑓(𝑥) must be found that describes half 

the flame contour, this process is shown in Fig.3.2. This method is employed in many experiments in 

order to obtain the flame area [33] [68] [69] [70]. In this method it was found to be analytically 

convenient to define the axis system as shown in Fig.3.2a.  

Fig. 3.2 a, b and c: The visual process of determining the flame area of the 
Bunsen flame.  
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In some experiments it was noted that the recorded OH* emission of a Bunsen flame is Abel inverted to 

eliminate the effect of the line of sight techniques. The Abel inverted image is then used to obtain the 

flame contour of the Bunsen flame. However, it was shown by Bouvet et al. [29] that the Abel inversion 

of the recorded OH* emission of the Bunsen flame had almost no influence on the extracted flame 

contour. Therefore in this experiment where a large number of images have to be analyzed, the Abel 

inversion of the Bunsen flame has been omitted to reduce the calculation time of each image using this 

algorithm.  

From the original image shown in Fig 

3.2a half the flame is converted to a 

binary image depicted in Fig.3.2b by 

extracting the maximum trace of the 

OH* emission. To obtain the flame 

area in spatial dimensions, the digital 

resolution is used.  

The digital resolution of the image is 

obtained by using an object with a 

known spatial dimension in that 

image.  In the derivation of the digital 

resolution of the image the burner exit 

diameter is used. Recall that the 

burner exit diameter was known to be 

12mm. This burner exit diameter is 

equal to the length of the flame base 

in the image. Taking the length of the 

flame base in number of pixels, the 

digital resolution was obtained by 

dividing this value with the burner exit 

diameter. The digital resolution of the 

image is found to be 24 pixels per 

millimeter for this case. Using this digital resolution, the flame dimension in the image is converted to 

spatial dimensions as shown in Fig.3.2c.  

From this plot the function to describe the flame contour was obtained using the Polyfit package in 

MATLAB. In here a 5th order polynomial was used given in the form: 

𝑓(𝑥) = 𝑦 = 𝑎0𝑥5 + 𝑎1𝑥4 + 𝑎2𝑥3 + 𝑎3𝑥2 + 𝑎4𝑥 + 𝑎5                                                   (35) 

In this expression the scales 𝑎0 𝑡𝑜 𝑎5 are curve fitting constants. This curve fit is plotted in Fig.3.2c. This 

shows that a 5th order polynomial is indeed sufficient to describe the flame contour.  

The derivative of this equation is given by: 

Fig. 3.3: The Bunsen flame reconstructed using the revolved surface area 
method for𝝓 = 𝟏. 𝟎𝟔.  
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𝑑𝑓(𝑥)

𝑑𝑥
=

𝑑𝑦

𝑑𝑥
= 5𝑎𝑜𝑥4 + 4𝑎1𝑥3 + 3𝑎2𝑥2 + 2𝑎3𝑥 + 𝑎4                                                (36) 

Substituting Eq.35 and Eq.36 in Eq.34 and subsequently evaluating the integral will result in the value of 

the flame area. In the algorithm the integral was evaluated using the trapezoid rule, a numeric 

integration method. The surface area of the premixed Bunsen flame with its contour described by Eq.35, 

revolved around the x-axis as depicted in Fig.3.3 is given by the Eq.34. 

3.3 Accuracy and reliability of the algorithms  
The accuracy and the reliability of the algorithms are investigated by identifying key elements used to 

determine the semi cone angle and the flame area. The key element in each algorithm is that the 

Bunsen burner flame is symmetric. Obviously in reality this is not necessarily true since the flame tip 

position can vary slightly in time due to unsteadiness. This introduces an error in the determination of 

the flame area and the semi-cone angle if the assumption of symmetry is used. Therefore the 

consequence of the assumption of symmetry needs to be quantified. In addition the determination of 

the semi-cone angle is based on 2 points defined on the un-curved section of the Bunsen flame. The 

points were defined at 80% and 30% of the flame height. However, one can use any set of combination 

of two points on the un-curved section to obtain the semi-cone angle in theory. In practice this does not 

have to be the case and should be verified. Therefore the effect of using a different combination to 

obtain the semi-cone angle has to be investigated. 

3.3.1 The robustness of the semi-cone angle method algorithm 

The semi-cone angle of the Bunsen burner flame was determined using two points of the flame contour 

at 30% and 80% of the flame height. These two points are selected such that the largest straight (un-

curved) region of the flame 

contour is covered. The 

influence of the flame height 

percentage can be investigated, 

in which the two points are 

varied to observe the effect on 

the laminar flame speed. This 

has been performed on 5 

different settings. The results 

on the average laminar flame 

speed are shown in Fig. 3.4. 

Note that the notation (x, y) 

here, depicts the location in 

percentage of the flame height 

(x) for the first point on the 

flame contour (point A) and (y) 

of the second point (point B) as 

was shown in Fig.3.  Fig. 3.4: The average laminar flame speed variation with using different combination 
for the two points on the flame contour as a percentage of the flame height. 
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Observe that the laminar flame speed magnitude changes when (5, 95) is used. This is due to the fact 

that the semi-cone angle is overestimated due to the misrepresentation of the flame cone as shown in 

Fig.3.5. The used points are no longer in the un-curved region of the Bunsen flame hence the laminar 

flame speed is overestimated.  

A combination of (60, 70) shows a slight deviation from the proposed (30, 80) at near stoichiometric 

conditions. It shows that the laminar flame speed is well within the approximation given by the 

combination (30, 80).The combinations: (30, 80), (30, 60) and (40, 70), shows comparable results. The 

magnitude of the laminar flame speed corresponding with the combinations (30, 80) and (40, 70), is 

measured to be higher than the combination (30, 60). However, the discrepancy between these 

combinations is still close to or within the error margin of the combination (30, 80), this is shown in 

Fig.3.6. 

In Fig.3.6 the laminar flame speed measurement according to the combination (30, 80), (40, 70), (60, 70) 

and (30, 60) is shown, including the uncertainty range of the measurement corresponding with the 

combination of (30, 80).  Observing Fig.3.6 shows that the uncertainty of the combination (30, 80) 

indicated by the error bars, covers a large portion of the scatter band. This shows that a large portion of 

the uncertainty due to variation of the flame height in the semi-cone angle determination algorithm is in 

general implicitly included in the uncertainty of the combination (30, 80).  

The variation of the laminar flame speed, between each combination w.r.t. the reference laminar flame 

speed 𝑆𝐿𝑟𝑒𝑓
 obtained from (30, 80) is shown in Table 6. Note that reference laminar flame speed 𝑆𝐿𝑟𝑒𝑓

 

should not be confused with the upstretched laminar flame speed 𝑆𝐿
0 which is the laminar flame speed 

of an ideal flame. From this it can be concluded that a large portion of the un-curved section of the 

Bunsen flame should be covered to obtain the semi-cone angle. In this case this is provided by the 

combination (30, 80).  
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Table 6: The absolute variation of the laminar flame speed using different sets of points on the un-curved flame contour in 
percent 

𝝓 0.80 0.88 0.93 1.00 1.06 1.15 1.20 1.36 1.41 1.45 1.50 1.53 1.55 
𝚫𝑺𝑳(𝟒𝟎,𝟕𝟎)

𝑺𝑳𝒓𝒆𝒇

 
2.45 1.83 0.78 3.15 3.43 3.51 1.44 1.54 2.18 2.43 1.90 2.20 2.89 

𝚫𝑺𝑳(𝟑𝟎,𝟔𝟎)

𝑺𝑳𝒓𝒆𝒇

 
7.95 8.11 7.21 7.46 7.38 7.08 6.92 4.28 3.72 3.73 5.26 4.58 3.67 

𝚫𝑺𝑳(𝟔𝟎,𝟕𝟎)

𝑺𝑳𝒓𝒆𝒇

 
5.24 7.71 8.84 3.54 1.93 0.50 6.76 4.25 0.04 0.89 2.37 1.66 0.90 

3.3.2 Consequence of symmetry assumption 

The algorithm for the measurement of the semi-cone angle and the flame surface area relies on the 

fundamental assumption that the Bunsen flame is symmetric. As was stated earlier, in practice the 

Bunsen flame does not necessarily have to be perfectly symmetrical. Since a perfectly symmetrical 

Bunsen flame corresponds to the ideal fully stationary flame. A fully stationary flame in practice is 

difficult to realize since the Bunsen flame will be influenced by surrounding drafts due to the air currents 

of the environment. Additionally the flow control valves of air and fuel may vary slightly in time which 

affects the flame. This variation and environmental air currents influences, the flame causing it to 

become slightly asymmetrical. Hence the consequence of the assumption of symmetry has to be taken 

into account. For this purpose the semi-cone angle has been determined from both halves of the flame 

and compared. Similarly the flame area has been computed for both halves of the flame. The relative 

Fig. 3.6: The laminar flame speed behavior with equivalence ratio for 
combinations (30, 80), (40, 70), (30, 60) and (60, 70).  

 

Fig. 3.5: Misrepresentation of the semi-cone angle 
using (5, 95). 
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error is calculated w.r.t. the value of the semi-cone angle and flame area of the left hand side of the 

flame.  The results are shown in Table 7 and Table 8 for the semi-cone angle and the flame area 

respectively.  The subscript LHS stands for left hand side indicating that the value of the semi-cone angle 

and the flame area is obtained from the left hand side of the flame image. 

Table 7: The effect of symmetry assumption on the semi-cone angle w.r.t. the cone angle of the LHS of the flame in % 

𝝓 0.80 0.88 0.93 1.00 1.06 1.15 1.20 1.36 1.41 1.45 1.50 1.53 1.55 
𝚫𝜶

𝜶𝑳𝑯𝑺
 

1.50 1.37 0.64 3.42 2.30 2.38 1.17 10.35 12.67 13.25 7.98 14.74 11.26 

 

Table 8: The effect of symmetry assumption on the flame area w.r.t. the flame area of the LHS of the flame in % 

𝝓 0.80 0.88 0.93 1.00 1.06 1.15 1.20 1.36 1.41 1.45 1.50 1.53 1.55 
𝚫𝑨𝒇

𝑨𝒇𝑳𝑯𝑺

 
1.52 0.21 3.03 2.70 3.39 4.10 4.48 0.01 2.52 0.99 4.58 0.19 1.74 

 

Comparing the tables, it can be deduced that the symmetry assumption has a more significant impact on 

the semi-cone angle compared to the flame area. The flame area is a surface, therefore if the flame is 

slightly asymmetric the flame area will not be significantly affected. The cone angle on the other hand 

depends on the un-curved section of the flame. Therefore if the flame is slightly asymmetric the cone 

angle estimated from 1 half of the flame is always larger than the other. It was observed that the 

difference between the average half flame cone angles obtained from the two flame halves can vary up 

to a maximum of 0.9 degrees. 

For this reason, the average semi-cone angle is obtained from using both halves of the OH* emission of 

the Bunsen flame and subsequently, taking the average of the two results to determine the semi-cone 

angle. Similarly the flame area is determined from both halves of the flame and subsequently taking the 

average value of the two halves.  

3.4 Uncertainty in the laminar flame speed 
The uncertainty in the laminar flame speed is determined based on the random error. The random error 

is the error that occurs independently of the used equipment if the experiment is repeated. Therefore 

each measurement session will result in different value of the laminar flame speed. The source of the 

random error is generally thought to be the lack of observer precision. Due to the random nature of this 

type of error there is an equal chance that a measured value will be lower or higher than the mean 

value.  

For instance the flame area and the semi-cone angle determination using the algorithms will lead to 

different value for each image. This value is independent on the previous value and appears to fluctuate 

randomly.  These random errors are determined employing statistical methods by repeating the 

experiment multiple times and using the standard deviation (STD) to quantify its range. The standard 
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deviation is determined from the number of images (sample size) for each equivalence ratio.  The 

uncertainty of the estimation of the laminar flame speed is given by the STD and presented as Δ𝑆𝐿.  

Additionally, the average laminar flame speed may vary for each experiment; therefore the average 

laminar flame speed should be documented with a certain confidence level. The uncertainty of the 

average laminar flame speed estimation is determined with 95% confidence. It is known that if large 

samples are taken (n ≥ 30); any series of measurements will have a probability density function (PDF) 

that resembles a Gaussian distribution [71]. This will be verified later on by deriving the PDF of the 

measurements. The error in the measurements of the average laminar flame speed is then given using a 

95% confidence interval. The 95% confidence interval for a Gaussian distribution is given by [71]: 

Δ𝑆𝐿𝑆𝐸𝑀 = ± 𝑍
𝜎

√𝑛
                                                                         (37) 

In this expression 𝜎 is the standard deviation of the measurements, 𝑛 is the sample size which is equal 

to 1000 in this experiment, and 𝑍 is the critical value. For a 95% confidence interval the critical value 𝑍 is 

given by the Normal distribution table in Appendix B and is found to be equal to 1.96. All the average 

laminar flame speed measurements presented in this report are given at 95% confidence. 
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Ch.4 Results & discussion 
 

The laminar flame speed of DNG is determined using the semi-cone angle and mass conservation 

method. The variation of the laminar flame speed is indicated by the change in the flame height. This is 

shown in Fig.4.  

 

Fig. 4: Flame height variation with the equivalence ratio. 

Observing the variation of the flame height as the mixture composition changes from lean to rich, it 

shows that the flame height reduces as the fuel to air ratio in the mixture approaches stoichiometry. 

Moreover the intensity of the chemiluminescence is shown to increase as the fuel to air ratio of the 

mixture approaches stoichiometry. The flame height and the chemiluminescence intensity, decreases as 

the mixture composition is increased beyond stoichiometry into the rich region.  

This variation of the flame height influences the semi-cone angle and the flame area of the Bunsen 

burner flame. From this observation one can state that the semi-cone angle increases as the mixture 

composition approaches stoichiometry. If the mixture composition becomes rich in fuel then the semi 

cone angle decreases. For the flame area the opposite is true. The flame area decreases as the mixture 

composition approaches stoichiometry while the flame area increases if the mixture composition 

𝜙 = 0.80 𝜙 = 0.88 𝜙 = 0.93 𝜙 = 1.00 𝜙 = 1.06 𝜙 = 1.15 𝜙 = 1.20 

𝜙 = 1.36 𝜙 = 1.41 𝜙 = 1.45 𝜙 = 1.50 𝜙 = 1.53 𝜙 = 1.55 
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becomes rich in fuel. This in turn influences the laminar flame speed of Dutch natural gas and is an 

indication for the flame velocity.  

4.1 Laminar flame speed of DNG 
In this experiment the equivalence ratio ranges from the point of lean blow off at 𝜙 = 0.80 to rich 𝜙 =

1.55 to cover a wide range of equivalence ratios for the determination of the laminar flame speed. The 

process of the experiment in order to obtain the laminar flame speed of DNG follows this direction from 

lean mixture to rich. The laminar flame speed is than obtained by using the flame cone method and the 

mass conservation method.  The results using the semi-cone angle method and the mass conservation 

method is shown in Fig.4.1 

The laminar flame speed obtained using both techniques are shown in Table 9 and Table 10 respectively. 

The laminar flame speed estimation according to the mass conservation method and semi-cone angle 

method is given by the super script mc and sca respectively. The standard error (S.E.) of the average 

laminar flame speed estimation from each method, indicated by the super script, is given by Δ𝑆𝐿𝑆𝐸𝑀
.The 

uncertainty of the laminar flame speed corresponding with each method, indicated by the super script, 

is given by Δ𝑆𝐿.The difference between the two methods is tabulated in Table 11 in percent w.r.t. the 

mass conservation method denoted as 𝑆𝐿
𝑚𝑐. In Table 11 the difference between the laminar flame speed 

of the mass conservation method and the semi cone angle method is given  by the relation Δ𝑆𝐿
𝑚𝑐−𝑠𝑐𝑎 =

𝑆𝐿
𝑚𝑐 − 𝑆𝐿

𝑠𝑐𝑎.  

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 4.1: The laminar flame speed as a function of the equivalence ratio using the semi cone angle method. 
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Equivalence ratio 𝝓 Mean laminar flame 
speed 𝑺𝑳

𝒔𝒄𝒂 in cm/s 
The mean laminar flame 

speed S.E. 
𝚫𝑺𝑳𝑺𝑬𝑴

𝒔𝒄𝒂

𝑺𝑳
𝒔𝒄𝒂  in % 

Uncertainty of the 
laminar flame speed 
𝚫𝑺𝑳

𝒔𝒄𝒂

𝑺𝑳
𝒔𝒄𝒂  in % 

0.80 20.1  0.19  2.74  
0.88 20.86  0.24  3.55  
0.93 22.13  0.22  3.37  
1.00 23.75  0.21  3.17  
1.06 23.93  0.20  3.13  
1.15 23.95  0.19  2.81  
1.20 22.51  0.22  3.44  
1.36 16.07  0.29  4.39  
1.41 13.48  0.34  5.33  
1.45 11.64  0.47  6.63  
1.50 10.14  0.57  8.07  
1.53 9.79  0.69  10.00  
1.55 9.65  0.71  10.63  

 

 

Equivalence ratio 𝝓 Mean laminar flame 
speed 𝑺𝑳

𝒎𝒄 in cm/s 
The mean laminar flame 

speed S.E. 
𝚫𝑺𝑳𝑺𝑬𝑴

𝒎𝒄

𝑺𝑳
𝒎𝒄  in % 

Uncertainty of the 
laminar flame speed 
𝚫𝑺𝑳

𝒎𝒄

𝑺𝑳
𝒎𝒄  in % 

0.8 29.12 0.17 2.79 
0.88 30.60 0.14 2.22 
0.93 33.47 0.11 1.84 
1.00 35.61 0.10 1.62 
1.06 36.54 0.08 1.29 
1.15 36.65 0.09 1.44 
1.20 34.53 0.08 1.36 
1.36 23.07 0.19 3.00 
1.41 18.91 0.09 1.54 
1.45 15.85 0.17 2.84 
1.50 14.64 0.12 2.00 
1.53 13.58 0.20 3.23 
1.55 13.63 0.21 3.39 

 

Table 11: difference between the laminar flame speed of the semi-cone angle and the mass conservation method in percent 

𝝓 0.80 0.88 0.93 1.00 1.06 1.15 1.20 1.36 1.41 1.45 1.50 1.53 1.55 
𝚫𝑺𝑳

𝒎𝒄−𝒔𝒄𝒂

𝑺𝑳
𝒎𝒄  

30.97 31.83 33.88 33.29 34.50 34.65 34.81 30.32 28.72 26.56 30.73 27.87 29.19 

 

Table 9: The laminar flame speed according to the semi-cone angle method  

Table 10: The laminar flame speed according to the mass conservation method  
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Observe that the laminar flame speed obtained from the semi –cone angle shows a different magnitude 

compared to the mass conservation method.  A maximum difference of 34.81% is observed from Table 

11. The discrepancy found between the laminar flame speed analysis using the semi-cone angle and 

mass conservation method, is due to the fact that the equation for the determination of the laminar 

flame speed with the semi-cone angle method assumes a uniform flow distribution at the burner exit. 

This however, is only true for carefully machined nozzle burners as has been employed by Bouvet et al. 

[29] and Guiberti et al. [72].  

For a tube type Bunsen burner similar to the one used in this experiment, the velocity profile at the 

burner exit is not constant. This non-uniform flow induces flame curvature that alters the laminar flame 

speed. The laminar flame speed obtained from the semi-cone angle method does not account for this 

non uniform flow distribution. Therefore the aerodynamic effect on the laminar flame speed has to be 

evaluated separately. 

4.1.1 Accounting for the aerodynamic effect 

For a burner that does not have the characteristics of a nozzle, the velocity is not constant along the 

radius of the burner exit. Moreover, observe that at the flame base the flame is curved. This is due to 

the boundary layer effect in a normal straight tube burner, similar to the one used in this experiment. 

Indeed this boundary layer is also present for an aerodynamically tailored nozzle burner although, the 

effect of this on the flame has been reduced by reducing the boundary layer thickness. This generates a 

straight flame sides in a Bunsen flame which reduces the flame curvature, restricting the flame 

curvature to effectively only to the flame tip. The semi-cone angle method is therefore typically used in 

a nozzle type Bunsen burner. However, a nozzle type Bunsen burner is known to be sensitive to 

experimental uncertainties. Therefore the use of tube Bunsen burner is more desirable in experiments. 

Thus an attempt is made here in order to correct for this non-uniformity of the velocity distribution of 

the unburned mixture.  

The following method is proposed by means of which the laminar flow velocity profile of a fluid within a 

tube is described by a Poiseuille flow [73]. The Poiseuille flow is well documented and understood and is 

one of the fundamental flow velocities in aerodynamic studies. This was shown to be a valid description 

of the velocity profile of a tube type Bunsen burner by Hu et al. [60].The radial velocity profile 

distribution can be described using the uniform flow average velocity by the following equation [73]: 

𝑢(𝑟) = 2𝑈0 (1 − (
𝑟

𝑅
)

2

)                                                            (38) 

In this expression 𝑟  is the radial coordinate along the burner exit diameter with r=0 indicating the 

center of the burner exit and R is the burner radius.  The flow velocity described by the Poiseuille flow is 

shown in Fig.4.2. 
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Fig.4.2: The radial velocity distribution at the burner exit according to Poiseuille flow.  

This form of the radial velocity distribution in a tube is commonly used in practical applications since the 

average velocity is readily obtained using the volumetric flow rate definition given previously in Eq.22a. 

In this figure the true average velocity corresponding with a Poiseuille flow is shown to have a higher 

magnitude compared to the average velocity corresponding with a uniform flow. For the derivation of 

the average laminar flame speed the Bunsen flame is assumed to be fully conical as shown in Fig. 

4.3.This is based on the observation from Fig.4 that the curved section of the Bunsen flame at the flame 

base and flame tip are small compared to the flame height. Moreover the Poiseuille flow is assumed to 

be axisymmetric at the burner exit.  

For a 2D analysis of the flame, the flame speed is defined normal to the flame front. Since the bulk flow 

velocity is not constant, the laminar flame speed varies along the radius of the burner. Since the Bunsen 

flame is stationary it indicates that the normal component of the unburned mixture velocity w.r.t. the 

flame front must be equal to the flame speed. The laminar flame speed on any location 𝑟 of the Bunsen 

flame can be found by the expression: 

𝑆𝐿(𝑟) = 𝑢(𝑟) sin(𝛼)                                                              (39) 

This is graphically depicted in Fig. 4.3. Note that the laminar flame speed is in the opposite direction to 

the perpendicular component of the unburned mixture velocity w.r.t the flame front by definition.  

The average laminar flame speed is then given by the expression: 
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(𝑆𝐿(𝑟))̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = 𝑆𝐿 = 𝑢(𝑟) sin(𝛼)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅          (40) 

Since 𝛼 is assumed to be constant 

everywhere on the conical flame, the 

average laminar flame speed can be 

simplified to: 

(𝑆𝐿(𝑟))̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = 𝑆𝐿 = 𝑢(𝑟)̅̅ ̅̅ ̅̅ sin(𝛼)         (41) 

This expression appears to be similar to 

the original equation given in Eq.16.  

The velocity profile in this case is well 

approximated by the Poiseuille flow. The 

Poiseuille flow can be recognized to be a 

parabolic function. The average value of 

a function 𝑓(𝑥)̅̅ ̅̅ ̅̅  of an interval (a, b) is 

given by the equation [67]: 

𝑓(𝑥)̅̅ ̅̅ ̅̅ =
1

𝑏−𝑎
∫ 𝑓(𝑥) 𝑑𝑥

𝑏

𝑎
                       (42) 

This equation can be used to determine 

the average velocity at the burner exit. In 

here 𝑥 = 𝑟 which results in the following 

expression: 

𝑓(𝑟)̅̅ ̅̅ ̅̅  =
1

𝑏 − 𝑎
∫ 𝑓(𝑟) 𝑑𝑟

𝑏

𝑎

                                                       (43) 

The expression for the Poiseuille flow given in Eq.38 is used in Eq.43 with (𝑓(𝑟) = 𝑢(𝑟)) which gives the 

following equation: 

𝑢(𝑟)̅̅ ̅̅ ̅̅ =
1

𝑏 − 𝑎
 ∫ 𝑢(𝑟) 𝑑𝑟

𝑏

𝑎

                                                        (44) 

Where in a=-6 and b=6 are the limits which corresponds to the diameter of the burner exit and the 

boundary in which the velocity is equal to zero.  Solving this integral result in the equation: 

𝑢(𝑟)̅̅ ̅̅ ̅̅ =
4

3
𝑈0 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡                                                     (45) 

The evaluation of the integral is detailed in Appendix A and the value of Eq.45 was shown in Fig.4.2 as 

the true average velocity of the Poiseuille flow.  Substituting the expression found in Eq.45 in Eq.41 will 

result in the following expression for the laminar flame speed using the semi-cone angle method: 

Fig. 4.3: The laminar flame speed of a bunsen flame for a non uniform 
unburned bulk flow.  
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𝑆𝐿 =
4

3
𝑈0 sin(𝛼)                                                               (46) 

In this equation the value 4/3 is a correction to the average velocity accounting for the velocity profile 

due to aerodynamic effects. Recall that the uncorrected laminar flame speed using the semi-cone angle 

was given by 𝑆𝐿
𝑢𝑐 = 𝑈0 sin(𝛼), so that Eq.44 can be written in terms of the uncorrected laminar flame 

speed as: 

𝑆𝐿
𝑐 =

4

3
𝑆𝐿

𝑢𝑐                                                                     (47)  

In this equation the superscript c and uc denotes the corrected and uncorrected laminar flame speed 

respectively. This suggests that the magnitude of the laminar flame speed is higher by 4/3 compared to 

the uncorrected laminar flame speed for a Bunsen flame subject to non-uniform velocity profile. 

The magnitude of the laminar flame speed using the corrected semi-cone angle method is shown in 

Table 12.The results are shown in Fig.4.4 for the laminar flame speed using the corrected, the 

uncorrected and the mass conservation method.  

Comparing the results to the mass conservation method shows that the rich region from 𝜙 = 1.36 to 

𝜙 = 1.55 are closely approximated using the correction with the error being overall less than 8%. The 

error in the stoichiometric region 𝜙 = 1.06 is reduced to 13.7% while the overall maximum difference is 

found to be 13.95% between the mass conservation and the corrected semi-cone angle method. 

Comparing the lean region between 𝜙 = 0.8 to 𝜙 = 0.93 it shows a maximum difference of 12.74%. 

The minimum difference between the mass conservation method and the corrected semi-cone angle 

method is found to be 3.07%. The detailed difference in percent of the corrected semi-cone angle 

method w.r.t. the mass conservation method is shown in Table 13. For the remainder of this discussion 

when the results obtained using the semi-cone angle is used, it refers to the corrected semi-cone angle 

method.  

Recall the empirical relation given in Eq.10 which indicates the influence of stretch on the laminar flame 

speed, and noting that the laminar flame speed of the mass conservation method is approximately 

equal to the reference laminar flame speed 𝑆𝐿
𝑚𝑐 ≈ 𝑆𝐿

0 [33]. It can be shown that the difference between 

the stretched flame and the reference flame is given by the Markstein number 𝑀𝑎 times Karlovitz 

number 𝐾𝑎: 

𝑀𝑎𝐾𝑎 ≈ 1 −
𝑆𝐿

𝑠𝑐𝑎

𝑆𝐿
𝑚𝑐 ≈

(𝑆𝐿
𝑚𝑐 − 𝑆𝐿

𝑠𝑐𝑎)

𝑆𝐿
𝑚𝑐 ≈

Δ𝑆𝐿
𝑚𝑐−𝑠𝑐𝑎

𝑆𝐿
𝑚𝑐                                               (48) 

This relation is shown in Table 13 which quantifies the effect of omitting the flame curvature at the 

flame base and flame tip. It can therefore be concluded that the effect of omitting the curved section of 

the flame at the flame base and flame tip, results in an underestimated laminar flame speed. This 

becomes more significant for a shorter flame which is shown in Table 13 that the value of 𝑀𝑎𝐾𝑎 

increases as the flame approaches stoichiometry. 
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Table 12: The laminar flame speed according to the corrected semi-cone angle method 

Equivalence ratio 𝝓 Mean laminar flame 
speed 𝑺𝑳 in cm/s 

S.E. laminar flame 

speed 
𝚫𝑺𝑳𝑺𝑬𝑴

𝑺𝑳
 in % 

Uncertainty in the 

laminar flame speed 
𝚫𝑺𝑳

𝑺𝑳
 

in % 

0.80 26.53 0.19 2.74 
0.88 27.53 0.24 3.55 
0.93 29.21 0.22 3.37 
1.00 31.35 0.21 3.17 
1.06 31.59 0.20 3.13 
1.15 31.61 0.19 2.81 
1.20 29.71 0.22 3.44 
1.36 21.22 0.29 4.39 
1.41 17.79 0.34 5.33 
1.45 15.37 0.47 6.63 
1.50 13.39 0.57 8.07 
1.53 12.93 0.69 10.00 
1.55 12.74 0.71 10.63 

Fig. 4.4: Laminar flame speed measurement of the mass conservation, semi-cone angle and the corrected semi-
cone angle method. 
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Table 13: The difference of the corrected semi-cone angle method w.r.t. the mass conservation method in % and Markstein 
Karlovitz number of the flame 

𝝓 0.80 0.88 0.93 1.00 1.06 1.15 1.20 1.36 1.41 1.45 1.50 1.53 1.55 
𝚫𝑺𝑳

𝒎𝒄−𝒔𝒄𝒂

𝑺𝑳
𝒎𝒄  

8.89 10.02 12.74 11.95 13.55 13.74 13.95 8.00 5.92 3.07 8.58 4.80  6.54 

𝑴𝒂𝑲𝒂 0.089 0.100 0.127 0.119 0.135 0.137 0.139 0.080 0.059 0.030 0.086 0.048 0.065 

 

4.1.2 Laminar flame speed from rich to lean 

The results presented earlier are obtained by varying the equivalence ratio from a lean mixture to a rich 

mixture. To test the reproducibility of this experiment, the process is reversed. Here the equivalence 

ratio is varied from rich to lean. The laminar flame speed obtained from this process was evaluated 

using the mass 

conservation method 

and the semi-cone angle 

method.  

This results in the 

additional points shown 

in Fig.4.5 using the semi-

cone angle method. This 

figure shows that the 

laminar flame speed 

obtained by reversing 

the direction of the 

process results in a value 

that follows the same 

curve as the sequence 

from lean to rich. 

However, according to 

the mass conservation 

method, reversing the 

direction, results in 

slightly different values 

for the laminar flame 

speed at 𝜙 = 1.38. This is shown in Fig. 4.6. However the difference between the values of the lean to 

rich and rich to lean process is found to be less than 5%. This indicates that reversing the direction of the 

experiment has small influence on the obtained data. The equivalence ratio used for this test is shown in 

Table 14 and Table 15. The corresponding laminar flame speed using the semi-cone angle method and 

the uncertainty in the equivalence ratio is included in Table 14. Similarly for the laminar flame speed 

using the mass conservation method is given in Table 15.  

Fig. 4.5: The laminar flame speed obtained by reversing the process from lean to rich using 
the semi-cone angle method. 
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Fig. 4.6: The laminar flame speed obtained by reversing the process from lean to rich using the mass conservation method 

 

Table 14: Laminar flame speed from rich to lean mixture using the semi-cone angle method                      

𝝓  1.38 1.09 1.01 

𝚫𝝓/𝝓 in % 3.28 3.81 4.01 

𝑺𝑳
𝒔𝒄𝒂 in cm/s 20.14 32.02 30.80 

S.E. 𝚫𝑺𝑳𝑺𝑬𝑴

𝒔𝒄𝒂 /𝑺𝑳
𝒔𝒄𝒂 in % 0.27 0.21 0.20 

Uncertainty 
𝚫𝑺𝑳

𝒔𝒄𝒂

𝑺𝑳
𝒔𝒄𝒂  in % 4.44 3.40 3.32 

 

Table 15: Laminar flame speed from rich to lean mixture using the mass conservation method 

𝝓  1.38 1.09 1.01 

𝚫𝝓/𝝓  in % 3.28 3.81 4.01 

𝑺𝑳
𝒎𝒄 in cm/s 23.69 36.26 34.57 

S.E. 𝚫𝑺𝑳𝑺𝑬𝑴
𝒎𝒄 /𝑺𝑳

𝒎𝒄 in % 0.12 0.11 0.11 

Uncertainty 
𝚫𝑺𝑳

𝒎𝒄

𝑺𝑳
𝒎𝒄  in % 1.89 1.76 1.74 
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4.2 The laminar flame speed of DNG compared to other natural 

gas variations 
Comparing the results from this experiment with the laminar flame speed obtained using the heat flux 

method, will indicate the viability of the process used here to determine the laminar flame speed. 

However, no data was found on the laminar flame speed of DNG to use as a reference. It was shown by 

Dirrenberger et al. [1] and Huang et al. [2] that the laminar flame speed of natural gas closely resembles 

the laminar flame speed of methane. Therefore, methane can be used to approximate the validation of 

the experimental results and setup.  

The laminar flame speed of DNG is further compared with gas from Indonesia, Abu-Dhabi and Pittsburgh 

that was investigated by Dirrenberger et al. [1]. The method that they used to obtain the laminar flame 

speed was the heat flux method. The heat flux method is a different technique to determine the laminar 

flame speed. It is used to directly determine the adiabatic, un-stretched, 1D laminar flame speed. 

Therefore the laminar flame speed obtained from this method is equal to the reference laminar flame 

speed 𝑆𝐿
0 defined earlier. Additionally the laminar flame speed measurement of natural gas obtained by 

Huang et al. [2] was used, which was obtained from the expanding sphere method.  

4.2.1 Laminar flame speed comparison of DNG with methane 

For the validity of the data presented in this research a reference laminar flame speed of DNG is 

required. However, no experimental results were found in which the laminar flame speed of DNG has 

been measured. Therefore to approximate the validation of the data, the laminar flame speed of 

methane is used instead. It was shown earlier that the laminar flame speed of natural gas in general is 

similarly affected by the variation of the equivalence ratio as methane.  

To the contrary of the available data on the laminar flame speed of DNG, the laminar flame speed of 

methane has been extensively measured and documented. The laminar flame speed of DNG obtained 

using the mass conservation method and the semi-cone angle method is plotted in Fig.4.7. Additionally 

the laminar flame speed of methane documented in literature [1] [74] [75] [76] [77] is shown in this 

same figure.   

It should be noted that the methods employed to measure the laminar flame speed in each of the 

mentioned references differ. It was already mentioned that Dirrenberger et al. [1] employed the 

heatflux method to determine the laminar flame speed of natural gas and here methane. Halter et al. 

[74] employed a spherical expanding flame. Similarly Hassan et al. [75], Beekman et al. [76] and Varea et 

al. [77] determined the laminar flame speed in the same fashion. Therefore this comparison will also 

indicate the effectiveness of the Bunsen flame method compared to the expanding sphere method to 

estimate the laminar flame speed.  
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Fig.4.7: Comparison of the laminar flame speed of DNG vs. methane as presented in the literature [9] [74] [75] [76] [77]. 

The laminar flame speed of methane recorded in the literature shows a narrow scatter band of 

approximately 5 cm/s. The laminar flame speed of DNG using the mass conservation method and the 

semi-cone angle method are shown to be close or within this scatter band. This figure shows that the 

laminar flame speed of DNG obtained from the mass conservation method is close to the laminar flame 

speed of methane using the heatflux method. The overall absolute difference between the laminar 

flame speed of methane presented in literature [1] [75] [76] [77] and the laminar flame speed of DNG 

obtained using the mass conservation method, is shown to be approximately less than 10% for 0.8 <

𝜙 < 1.20. Similarly the laminar flame speed of DNG using the semi-cone angle method is shown to be 

approximately less than 20% for 0.8 < 𝜙 < 1.20. 

The laminar flame speed using the semi-cone angle method of DNG at near stoichiometric conditions is 

underestimated. Therefore it can be conclude that the laminar flame speed measurement by means of a 

Bunsen burner flame is more accurate using the mass conservation method. However, the semi-cone 

angle method gives acceptable results for the lean and rich regions of the equivalence ratio spectrum. 

The detailed difference in percent, between the laminar flame speed of DNG using the mass 

conservation method and semi-cone angle method w.r.t. the laminar flame speed of methane is shown 

in Table 16 and Table 17 respectively. Moreover from this observation it can be concluded that the 
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values obtained from the Bunsen flame method are within the scatter band of the expanding sphere 

method and heat flux method, indicating that a comparable result can be obtained from a less 

sophisticated experimental setup such as the one used in this experiment.  

Table 16: Difference between the laminar flame speed of DNG using the mass conservation method and various laminar 
flame speed measurements of methane in % 

𝝓 𝚫𝑺𝑳𝑽𝒂𝒓𝒆𝒂

𝑺𝑳𝑫𝑵𝑮

 in % 
𝚫𝑺𝑳𝑯𝒂𝒔𝒔𝒂𝒏

𝑺𝑳𝑫𝑵𝑮

 in % 
𝚫𝑺𝑳𝑩𝒆𝒆𝒌𝒎𝒂𝒏

𝑺𝑳𝑫𝑵𝑮

 in % 
𝚫𝑺𝑳𝑯𝒂𝒍𝒕𝒆𝒓

𝑺𝑳𝑫𝑵𝑮

 in % 
𝚫𝑺𝑳𝑫𝒊𝒓𝒓𝒆𝒏𝒃𝒆𝒓𝒈𝒆𝒓

𝑺𝑳𝑫𝑵𝑮

 in % 

0.80 9.32 16.17 14.48 32.63 17.93 
0.88 -1.9 4.59 1.07 7.49 1.62 
0.93 1.4 5.58 1.39 7.96 0.99 
1.00 0.85 2.83 -1.04 8.67 -1.66 
1.06 -1.75 2.72 -2.08 1.6 -3.23 
1.15 7.4 4.32 -1.12 12.34 -2.57 
1.20 7.47 2.87 -1.6 20.16 -4.37 
1.36 - - - - -5.72 
1.41 - - - - -4.48 
1.45 - - - - -4.81 
1.50 - - - - 9.96 
1.53 - - - - 17.4 
1.55 - - - - 27.55 

 

Table 17: Difference between the laminar flame speed of DNG using the semi-cone angle method and various laminar flame 
speed measurements of methane in % 

𝝓 𝚫𝑺𝑳𝑽𝒂𝒓𝒆𝒂

𝑺𝑳𝑫𝑵𝑮

 in % 
𝚫𝑺𝑳𝑯𝒂𝒔𝒔𝒂𝒏

𝑺𝑳𝑫𝑵𝑮

 in % 
𝚫𝑺𝑳𝑩𝒆𝒆𝒌𝒎𝒂𝒏

𝑺𝑳𝑫𝑵𝑮

 in % 
𝚫𝑺𝑳𝑯𝒂𝒍𝒕𝒆𝒓

𝑺𝑳𝑫𝑵𝑮

 in % 
𝚫𝑺𝑳𝑫𝒊𝒓𝒓𝒆𝒏𝒃𝒆𝒓𝒈𝒆𝒓

𝑺𝑳𝑫𝑵𝑮

 in % 

0.80 0.47 7.98 6.13 26.06 9.92 
0.88 -13.26 -6.03 -9.95 -2.81 -9.34 
0.93 -13 -8.2 -13 -5.48 -13.46 
1.00 -12.61 -10.36 -14.76 -3.73 -15.46 
1.06 -17.7 -12.53 -18.08 -13.83 -19.41 
1.15 -7.36 -10.92 -17.23 -1.63 -18.92 
1.20 -7.54 -12.88 -18.07 7.21 -21.29 
1.36 - - - - -14.96 
1.41 - - - - -11.05 
1.45 - - - - -8.12 
1.50 - - - - 1.51 
1.53 - - - - 13.24 
1.55 - - - - 22.48 
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4.2.2 Laminar flame speed of DNG compared to natural gas from 

Pittsburgh, Abu-Dhabi and Indonesia  

The results for the laminar flame speed of natural gas from Pittsburgh, Abu Dhabi and Indonesia was 

presented by Dirrenberger et al. [1] other variations of natural gas has been investigated and presented 

by Huang et al. [2]. The origin of the natural gas used by Huang et al. [1] was however not mentioned. 

The composition of the natural gas used by Huang et al. [2] and Dirrenberger et al. [1] is shown in Table 

18 and 19 respectively.  The composition of DNG as presented by Dirrenberger et al. [1] is added in 

Table 18 for a complete overview.  

The laminar flame speed of the natural gas given in Table 18 and 19 are compared to DNG obtained 

using the semi-cone angle and mass conservation method. The results are shown in Fig.4.8. 

Table 18: The composition of natural gas from Pittsburgh, Abu Dhabi and Indonesia according to Dirrenberger et al. [1] in 
percent (%) volume 

 𝑪𝑯𝟒 𝑪𝟐𝑯𝟔 𝑪𝟑𝑯𝟖 𝒊 − 𝑪𝟒𝑯𝟏𝟎 𝒏 − 𝑪𝟒𝑯𝟏𝟎 𝒊 − 𝑪𝟓𝑯𝟏𝟐 𝑵𝟐 𝑪𝑶𝟐 

Pittsburgh 85 14 - - - - 1 - 
Abu Dhabi 82.07 15.86 1.89 - 0.06 - 0.05 - 
Indonesia 89.91 5.44 3.16 1 0.75 0.03 0.04 - 
The 
Netherlands 

81.3 2.9  0.4 0.2 - - 14.3 0.9 

 

Table 19: The natural gas composition used by Huang et al.[2] given in percent (%) volume. 

Items 𝑪𝑯𝟒 𝑪𝟐𝑯𝟔 𝑪𝟑𝑯𝟖 𝑵𝟐 𝑪𝑶𝟐 Others 

Volumetric 
fraction (%) 

96.16 1.096 0.136 0.001 2.54 0.067 
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Fig. 4.8: The laminar flame speed of natural gas with varying composition. 

From this figure it can be observed that the laminar flame speed of natural gas shows a wide spectrum. 

Ranging from; 16cm/s to 20cm/s at 𝜙 = 0.7 and 15 cm/s to 28cm/s at 𝜙 = 1.4. The width of this 

spectrum shows to be larger at 𝜙 = 1.1 which corresponds to the maximum laminar flame speed 

ranging from 31 cm/s to 41 cm/s.  

It is important to emphasize that the comparison here is based on the laminar flame speed 

measurement of natural gas obtained from different experimental techniques. Therefore the estimated 

laminar flame speed difference reported here between the natural gas from other regions is largely 

influenced by this. However, it can be observed that the laminar flame speed from the mass 

conservation method is in general closely related to the laminar flame speed measurement of methane 

obtained from the heat flux method employed by Dirrenberger et al. [1] as was shown in Fig.4.7. Hence 

it can be deduced that the mass conservation method from the Bunsen flame indeed approximates the 

ideal laminar flame speed 𝑆𝐿
0. Therefore the difference between the laminar flame speed of natural gas 

from Pittsburgh, Abu Dhabi and Indonesia with DNG presented here, is mainly due to the individual 

composition of the natural gasses.  

This figure shows that the laminar flame speed obtained using the corrected semi-cone angle method 

underestimates the laminar flame speed at stoichiometry by a maximum of approximately 20 %. The 
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laminar flame speed obtained from the mass conservation method shows to coincide with the results 

obtained from literature. However, the laminar flame speed of the semi-cone angle is within the 

spectrum of the reported laminar flame speed of natural gas for lean and rich regions of the equivalence 

ratio spectrum.  

Continuing the comparison of the results with the laminar flame speed of natural gas from Pittsburgh 

and Abu Dhabi, it shows that the peak of the laminar flame speed is indeed close to 𝜙 = 1.1. This 

stoichiometric equivalence ratio is also the maximum of all the other natural gas compositions shown in 

this figure. This confirms the results that the maximum laminar flame speed obtained from the 

experiment occurs at 𝜙 = 1.1. The stoichiometric laminar flame speed of DNG is shown to be lower 

than the natural gas from Pittsburgh and Abu Dhabi by 5.32%. The laminar flame speed of DNG is higher 

by 10.84 % compared to the natural gas from Pittsburgh and Abu Dhabi for 𝜙 = 0.8. However, the 

absolute difference is less than 5.5 % for 𝜙 = 0.88, 0.93 𝑎𝑛𝑑 1.00, hence the burning velocity of DNG is 

near identical to the natural gas of Pittsburgh and Abu Dhabi for the lean region. The laminar flame 

speed of DNG in the rich region (𝜙 > 1 .1) is shown to be lower by a maximum of 19.43% compared to 

the natural gas of Abu Dhabi and Pittsburgh.  Similar behavior can be observed when comparing DNG 

with the natural gas from Indonesia. Although it shows that the laminar flame speed of DNG is 

estimated to be closer to the laminar flame speed of natural gas from Indonesia.  

Comparing the laminar flame speed of DNG with the laminar flame speed of natural gas presented in 

literature [2] shows that at 𝜙 = 0.80, the laminar flame speed of DNG is estimated higher by 2.89%. 

However, the overall comparison of the laminar flame speed of DNG from 𝜙 = 0.88 𝑡𝑜 𝜙 = 1.20 shows 

a lower value by a maximum of 13.66%. In the rich region 𝜙 > 1.3 the laminar flame speed of DNG 

appears to be slightly higher than what was reported in literature [2]. It should be noted that the 

expanding sphere technique was used to determine the laminar flame speed of natural gas by Huang et 

al. [2]. Therefore the difference between the results is strongly influenced by the difference in the 

employed methods in this research and in literature [2]. 

Further observation of Fig.4.8 shows that the laminar flame speed of DNG decreases rapidly beyond 𝜙 ≈

1.20. In addition, the laminar flame speed of DNG is in general lower than the variant from Abu Dhabi, 

Pittsburgh and Indonesia. This is the consequence of the high dilution of the DNG containing high 

concentration of N2 and CO2. At 𝜙 = 1.5 the laminar flame speed is comparable with the results found 

in literature [1]. From this observation it can be deduced that the results for the DNG are comparable 

with gases from Pittsburgh, Abu Dhabi and Indonesia, for lean equivalence ratios 0.86 ≤ 𝜙 < 1.20. 

However, the laminar flame speed of DNG at rich region of the equivalence ratio spectrum shows to be 

consistently lower than natural gas from Pittsburgh, Abu Dhabi and Indonesia. However, due to the 

lower concentration of ethane in natural gas from Indonesia, the laminar flame speed of this gas is 

closer to the estimated laminar flame speed of DNG.  

The difference between the laminar flame speed of DNG compared to the gases shown in Table 18 and 

19 is shown in Table 20. In this table only the laminar flame speed obtained from the mass conservation 

method is considered due to the better approximation of the laminar flame speed of DNG. It shows that 

the results obtained using this method is closer in comparison with the laminar flame speed of natural 
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gas presented in the literature while the semi-cone angle method results in a consistently lower laminar 

flame speed estimation. In this table the minus sign indicates that the laminar flame speed of DNG is 

lower in comparison. 

Note that the equivalence ratio for the lean blow off is shown to be at a higher equivalence ratio 

compared to natural gas from Abu Dhabi, Pittsburgh and Indonesia. The lean blow off limit is here 

affected by the burner design as was discussed earlier. The laminar flame speed presented by 

Dirrenberger et al. [1] is based on the heat flux method and the laminar flame speed present by Huang 

et al. [2] is based on a propagating sphere method. Therefore, the Bunsen burner is not suitable for the 

determination of the flammability limit of DNG and may require to be investigated further.   

Table 20: The difference in percentage, between the laminar flame speed of DNG using the mass conservation method and 
the gases used in literature  

Equivalence ratio 𝝓 𝚫𝑺𝑳𝑰𝒏𝒅𝒐𝒏𝒆𝒔𝒊𝒂

𝑺𝑳𝑫𝑵𝑮

 in % 
𝚫𝑺𝑳𝑷𝒊𝒕𝒕𝒔𝒃𝒖𝒓𝒈𝒉.& 𝑨.𝒃𝒖 𝑫𝒉𝒂𝒃𝒊

𝑺𝑳𝑫𝑵𝑮

 in 

% 

𝚫𝑺𝑳𝑯𝒖𝒂𝒏𝒈

𝑺𝑳𝑫𝑵𝑮

 in % 

0.80 13.65 10.84 2.89 

0.88 -1.17 -3.62 -11.68 

0.93 -1.37 -3.4 -11.53 

1.00 -3.63 -5.32 -13.66 

1.06 -4.76 -6.8 -13.24 

1.15 -4.92 -6.17 -9.57 

1.20 -7.91 -9.77 -7.32 

1.36 -12.48 -17.38 27.09 

1.41 -11.74 -18.89 26.45 

1.45 -9.66 -19.43 4.78 

1.50 3.39 -2.71 - 

1.53 8.36 2.99 - 

1.55 18.39 10.62 - 

 

4.3 Maximum laminar flame speed and tip opening 
Observing Fig.4.7 shows that the flame velocity increases as it approaches stoichiometry 𝜙 = 1. 

However the maximum is seen to be beyond this point. This is contradicting the statement of earlier 

that the maximum enthalpy release of the fuel is at stoichiometry 𝜙 = 1. This is due to the increase of 

the temperature at which the products of the combustion process are changed from typically a triatomic 

species in to a diatomic species [78]. This phenomenon is known as dissociation. Dissociation is an 

equilibrium process by which the products of the reaction achieve the minimum of the Gibbs function 

[79]. Another phenomenon that was observed in this experiment is the tip opening of a Bunsen flame 

at 𝜙 = 1.50. Tip opening is when local extinction of the flame occurs at the flame tip. This phenomenon 

is typically undetectable using the light in the visible spectrum (400 < 𝜆 < 700) of the flame as was 

visually observed during the experiment.  
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4.3.1 Dissociation effect on the laminar flame speed 

Dissociation of the products of combustion is when a triatomic species is reduced to a diatomic species 

by separating the bond to one of its atoms typically oxygen. This phenomenon occurs at high 

temperatures and increases exponentially with increasing temperature [80]. The effect of dissociation is 

therefore prominent at stoichiometric conditions in which the theoretical maximum heat release is 

achieved.  The effect of dissociation is important for pollution study. However, this topic is outside the 

scope of this current research. Although, the principle of dissociation and its effect on the laminar flame 

speed at stoichiometry is elaborated.  

The products of combustion at stoichiometry were earlier shown to be primarily carbon dioxide and 

water vapor. Due to dissociation these molecules reduce to carbon mono-oxide CO and hydrogen H2 by 

separating from oxygen. Note that other species are also present at such high temperature such as NOx 

[79]. However, for the explanation here, only the dissociation of water and carbon dioxide are 

considered. The product species of Dutch natural gas for stoichiometric conditions was found from 

Eq.11. Employing the same values for 𝛼, 𝛽 𝑎𝑛𝑑 𝛾 that was used to determine the stoichiometric fuel to 

air ratio, the products species at combustion of DNG were obtained. The product of DNG at 

stoichiometry was found to be 0.9𝐶𝑂2 and 1.74𝐻2𝑂. For the computation process the reader is referred 

to Appendix A.  

For the case of DNG the dissociation reaction can then be written as: 

0.9𝐶𝑂2 ↔ 0.9𝐶𝑂 + 0.45𝑂2                                                                    (49) 

1.74𝐻2𝑂 ↔ 1.74𝐻2 + 0.87𝑂2                                                                    (50) 

The effect of the dissociation on the temperature and subsequently the laminar flame speed can be 

explained by using the first law of thermodynamics for species. From the first law of thermodynamics 

the enthalpy of the reaction is found to be [80]: 

𝑄 − 𝑊 = ∑ 𝑣𝑖[ℎ𝑖(𝑇) − ℎ𝑖(𝑇0) + Δℎ𝑓𝑖
0 (𝑇0)] − ∑ 𝑣𝑗[ℎ𝑗(𝑇) − ℎ𝑗(𝑇0) + Δℎ𝑓𝑖

0 (𝑇0)]

𝑟𝑒𝑎𝑐𝑡𝑎𝑛𝑡𝑠

𝑗

𝑝𝑟𝑜𝑑𝑢𝑐𝑡𝑠

𝑖

     (51) 

In this equation 𝑄 is the heat release of the system in J/s,  𝑊 is the work done by the system in J/s, 𝑣𝑖 is 

number of moles of the species 𝑖/𝑗, ℎ𝑖(𝑇) is the species enthalpy in J/kg at temperature 𝑇 in Kelvin, 

ℎ𝑖(𝑇0) is the enthalpy of species in J/kg at the initial temperature 𝑇0 in Kelvin and Δℎ𝑓𝑖
0 (𝑇0) is the 

enthalpy in J/kg of formation at initial temperature 𝑇0 in Kelvin. 

If the system performs no work 𝑊 = 0 the equation for the first law of thermodynamics becomes: 

𝑄 = ∑ 𝑣𝑖[ℎ𝑖(𝑇) − ℎ𝑖(𝑇0) + Δℎ𝑓𝑖
0 (𝑇0)] − ∑ 𝑣𝑗[ℎ𝑗(𝑇) − ℎ𝑗(𝑇0) + Δℎ𝑓𝑖

0 (𝑇0)]

𝑟𝑒𝑎𝑐𝑡𝑎𝑛𝑡𝑠

𝑗

         

𝑝𝑟𝑜𝑑𝑢𝑐𝑡𝑠

𝑖

(52) 

The equation for stoichiometry for methane allowing for incomplete combustion is given by the 

equation [80]: 
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𝐶𝛼𝐻𝛽𝑂𝛾 + (𝛼 +
𝛽

4
−

𝛾

2
) (𝑂2 + 3.76𝑁2) → (𝛼 − 𝑥)𝐶𝑂2 + 𝑥𝐶𝑂 + (

𝛽

2
− 𝑦) 𝐻2𝑂 + 𝑦𝐻2 + (

𝑥

2
+

𝑦

2
) 𝑂2 +

3.76 (𝛼 +
𝛽

4
−

𝛾

2
) 𝑁2                                                                                                                                                 (53)   

In this reaction, 𝑥 and 𝑦 are values for the number of moles of the present diatomic species due to 

dissociation. The values of 𝑥  and 𝑦 are typically found numerically. Note that the value of 𝑥 and 𝑦 for 

the case of DNG is within the interval: 

0 ≤ 𝑥 ≤ 0.9 

0 ≤ 𝑦 ≤ 1.74 

This indicates the range from complete combustion (x=0, y=0) to fully incomplete combustion (x=0.9, 

y=1.74). 

The dissociation of the molecules occurs almost simultaneously when the products are generated at 

high temperatures. The reaction equilibrium for DNG that allows for incomplete combustion is given by: 

𝐶0.9𝐻3.478𝑂0.0018 + 1.761(𝑂2 + 3.76𝑁2)

→ (0.9 − 𝑥)𝐶𝑂2 + 𝐶𝑂 + (1.74 − 𝑦)𝐻2𝑂 + 𝑦𝐻2 + (
𝑥

2
+

𝑦

2
) 𝑂2 + 6.619𝑁2                 (54) 

In here the values 𝛼 = 0.9, 𝛽 = 3.478 and 𝛾 = 0.0018 were used.  

From this chemical equilibrium reaction the number of moles of each species is obtained, with the 

exception for the exact number of diatomic species due to dissociation. Using the first law of 

thermodynamics, with the number of moles obtained from the chemical equilibrium reaction, the 

following expression is obtained: 

𝑄 = (𝐹 + 𝐼) + (𝐽 + 𝐾) + (𝐿 + 𝑀)                                                  (55) 

With: 

𝐹 = 0.9[ℎ(𝑇) − ℎ(𝑇0)]𝐶𝑂2
+ 1.74[ℎ(𝑇) − ℎ(𝑇0)]𝐻2𝑂 + 6.619[ℎ(𝑇) − ℎ(𝑇0)]𝑁2

 

𝐼 = 0.9Δℎ𝑓
0

𝐶𝑂2
(𝑇0) + 1.74Δℎ𝑓

0

𝐻2𝑂
− Δℎ𝑓

0

𝐶0.9𝐻3,478𝑂0.0018
(𝑇0) − 1.761Δℎ𝑓

0

𝑂2
(𝑇0) 

𝐽 = −𝑥 {[ℎ(𝑇) − ℎ(𝑇0)]𝐶𝑂2
− [ℎ(𝑇) − ℎ(𝑇0)]𝐶𝑂 −

1

2
[ℎ(𝑇) − ℎ(𝑇0)]𝑂2

} 

𝐾 = −𝑥 [Δℎ𝑓
0

𝐶𝑂2
(𝑇0) − Δℎ𝑓𝐶𝑂

0 (𝑇0) −
1

2
Δℎ𝑓𝑂2

0 (𝑇0)] 

𝐿 = −𝑦 {[ℎ(𝑇) − ℎ(𝑇0)]𝐻2𝑂 − [ℎ(𝑇) − ℎ(𝑇0)]𝐻2
−

1

2
[ℎ(𝑇) − ℎ(𝑇0)]𝑂2

} 

𝑀 = −𝑦[Δℎ𝑓
0

𝐻2𝑂
− Δℎ𝑓

0

𝐻2
(𝑇0) −

1

2
Δℎ𝑓

0

𝑂2
(𝑇0) 
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This equation shows that 𝐹 + 𝐼  and 𝐽 + 𝐾is the enthalpy release of the complete combustion, while 𝐼 +

𝐽 and 𝐿 + 𝑀 are the enthalpy of the dissociation reaction for CO2 and H2O respectively. If no dissociation 

reactions occurs then 𝑥 and 𝑦 are zero. However, if dissociation occurs then 𝑥 and 𝑦 are larger than 

zero, which shows that the enthalpy of the reaction is reduced subsequently resulting in a lower heat 

release 𝑄. The reduction in the heat release corresponds to a lower flame temperature at stoichiometry 

compared to the theoretic maximum. This can be schematically shown in a Potential energy (U)-

Temperature (T) diagram depicted in Fig.4.9. 

 

Fig. 4.9: Potential energy –Temperature diagram [79]. 

In this figure 𝑇𝑠 indicates the starting temperature, 𝑇𝑅 is the reactant temperature and 𝑇𝑃 is the 

temperature of the products after combustion. This diagram is for a typical combustion engine, for this 

discussion only the region where the combustion occurs is of interest. This region is given by (I). If 

dissociation occurs then the heat release was shown to be lower than the theoretical maximum. This 

corresponds to a smaller area between 𝑇𝑅 and 𝑇𝑃 which indicates a lower product temperature.  

This phenomenon can be interpreted as the enthalpy release of the fuel is partially used to trigger the 

dissociation effect [26]. This causes a reduction in the net enthalpy release compared to the theoretical 

maximum at stoichiometry. Once dissociation is triggered, the local concentration of species changes. 

This dissociation of products causes the available oxygen compared to fuel locally to be higher. This 

indicates that the local fuel to air ratio is lower than stoichiometry. This causes an incomplete local 

combustion which in turn reduces the flame temperature.  

I 
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The laminar flame speed and temperature are correlated according to the relation proposed by Mallard 

and Le’Chatalier given by Eq.5. Since the temperature at stoichiometry is lower than theoretical 

maximum, then the magnitude of the laminar flame speed is also reduced.  This indicates, that in order 

to achieve a higher laminar flame speed additional fuel must be added. This causes the maximum to be 

shifted slightly to the right at a higher equivalence ratio than stoichiometry or a more rich mixture. For 

DNG, it is found to be at 𝜙 ≈ 1.1. This indicates that to reach the maximum laminar flame speed of 

DNG, 10% more fuel than stoichiometric FAR was required.  

4.3.2 Tip opening phenomena 

It is not until 𝜙 = 1.50 that the flame tip opening was observed. This phenomenon is shown Fig.4.10. 

This is caused by the presence of large flame curvature and negative flame stretch. This curvature and 

flame stretch, changes the alignment of the direction vector (gradient) of the thermal and mass 

diffusivity qualitatively shown in Fig.4.11. This miss-alignment causes a difference at the rate of mass 

diffusivity and thermal diffusivity at the curved flame front which in turn increases the reaction time. 

With the increase of the mass diffusion, the mixture is diffused before combustion can take place. This 

leads to a local extinction of the flame if the strain of the flame becomes too high. Indeed this can be 

shown using the definition of the Lewis number given as: 

𝐿𝑒 =
𝛼

𝐷
=

𝜆

𝜌𝐷𝑐𝑝
                                                                        (56) 

In this 𝛼 is the thermal diffusivity given by 𝛼 = 𝜆/𝜌𝑐𝑃 and D indicating the mass diffusivity constant of 

the mixture. Several studies observed that the tip opening phenomenon occurred for premixed Bunsen 

flames when the local Lewis number was smaller than unity (𝐿𝑒 < 1) [81] [82] [83]. The preheat zone 

was found to be thicker at the flame tip compared to the Bunsen flame sides. This thickening of the 

preheat zone enhances the mass diffusivity. The increase of the mass diffusivity at the flame tip is 

caused by the diffusional stratification of the mixture in the preheat zone. Diffusional stratification is 

when the density of the mixture varies the closer the mixture approaches the reaction zone. It was 

shown by Kozlovsky et al. [83] that the dominant contributor to tip opening for a premixed flame is 

caused by this phenomenon. 

Vu et al. [82] conducted an investigation on the relation of the tip opening and the local Karlovitz 

number.  The local Karlovitz number for a premixed Bunsen burner flame is found to be [82]: 

𝐾𝑎𝐿
=

𝛼

�̅�𝑅
 =

𝛼

�̅�
𝜅                                                                     (57) 

In this expression �̅� is the average bulk flow velocity, R is the radius of the flame tip and 𝜅 is the 

curvature defined as 𝜅 = 1/𝑅. It can be seen that this relation is based on the geometric shape of the 

flame front; relating the thermal diffusivity to the local flame curvature. If the flame radius goes to 

infinity which means one obtains a flat flame, then the 𝐾𝛼𝐿
 becomes zero. The local Karlovitz number is 

generally more accessible than the Lewis number since it relates the thermal diffusivity with the 

geometric flame curvature. Moreover the local Karlovitz number is independent on the bulk velocity and 

has been shown to be a more universal parameter to explain the tip opening phenomenon of a 
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premixed Bunsen flame [82]. The local Karlovitz number does however, vary with the equivalence ratio. 

It was shown by Vu et al. [82] that the local Karlovitz number reduces with increasing or decreasing the 

equivalence ratio beyond stoichiometry. It was found that the tip opening occurs at an interval between 

𝜙 = 1.4 and 𝜙 = 1.5, indicating that a critical Karlovitz number exists where tip opening occurs. The 

critical Karlovitz number for a premixed flame is found to be equal to unity [82] [84]. This indicates that 

tip opening occurs when the chemical reaction time is somewhat equal to the physical flow time.  

 

 

 

 

 

 

 

 

 

 

 

The tip opening phenomenon introduces a problem to the mass conservation method used to 

determine the laminar flame speed. This is due to the criteria that all the unburned mass passes through 

the reaction zone. When tip opening is present these criteria are no longer satisfied. Since not all the 

mass flow of the unburned mixture passes through the reaction zone. This causes the mass conservation 

method to appear unsuitable to determine the laminar flame speed in such a situation. However, 

according to the investigation of Kozlovsky and Sivashinsky [83] on this case, concluded that the 

unburned mixture is usually fully consumed for a low Lewis number flame, despite the tip opening 

phenomenon. Nevertheless, the laminar flame speed of a tip opened Bunsen flame, is reported similarly 

to the methods used for a closed tip Bunsen flame by obtaining the flame area of a truncated flame in 

this situation [29]. However, the laminar flame speed is overestimated in this case and should be 

considered with care. In this research these are the values for the laminar flame speed at 𝜙 = 1.50, 1.53 

and 𝜙 = 1.55. The laminar flame speed at these equivalence ratios requires a more sophisticated 

experimental setup in which the laminar flame speed is directly measured such as Laser Doppler 

Velocimetry (LDV), Particle Image Velocimetry (PIV) etc. since the possible mixture loss is difficult to 

evaluate with the current employed methods [85].  

Fig. 4.10: Tip opening observed at𝝓 = 𝟏. 𝟓𝟎. Fig. 4.11: Qualitative description on the tip opening phenomena [86]. 
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4.4 Volumetric flow rate influence on the laminar flame speed 
The variation of the laminar flame speed with the increase of the bulk flow has been investigated. The 

Bulk flow has been increased by 50% and 80% from the initial values used to obtain the laminar flame 

speed for 𝜙 = 1.06 ± 0.01. The laminar flame speed has been computed using the mass conservation 

method and the semi-cone angle method. The change of the Bunsen flame with increasing the 

volumetric flow rate is shown in 

Fig.4.12. This figure shows that 

the increase in the unburned gas 

velocity results in an increase in 

the flame height. The effect of 

the variation of the volumetric 

flow rate on the laminar flame 

speed is shown in Fig 4.13. 

Observing this figure, it shows 

that the laminar flame speed 

reduces slightly with increasing 

the bulk flow rate. The behavior is 

seen to be decreasing linearly 

with increasing the total 

volumetric flow rate for this 

equivalence ratio. This rate is 

found to be at: 

𝑑𝑆𝐿
𝑚𝑐

𝑑(�̇�𝑡𝑜𝑡/𝐴𝑒)
= −0.01 

The superscript mc indicates the 

laminar flame speed obtained 

from the mass conservation 

method. The reduction rate is 

approximately 1% for a 

volumetric flow rate increase of 

80%. It is worth noting that the 

increase in the bulk flow has been 

done consequently by ensuring 

the Reynolds number in the tube, 

is well within the limit to maintain 

a laminar flow 

However, the results obtained 

using the semi-cone angle 

method is different. It shows a 

Fig. 4.12: The change in the Bunsen flame with increasing volumetric flow rate from 
left to right. 

Fig. 4.13: The laminar flame speed variation with the total volumetric flow rate 
increase. 
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linear increase with increasing the volumetric flow rate. The rate of change of the laminar flame speed 

obtained from the semi-cone angle method w.r.t. the volumetric flow rate is found to be: 

𝑑𝑆𝐿
𝑠𝑐𝑎

𝑑(�̇�𝑡𝑜𝑡/𝐴𝑒)
= 0.02 

In here the superscript sca indicates the laminar flame speed obtained from the semi-cone angle 

method. The increase in the laminar flame speed using the semi-cone angle method is found to be 2%. 

This variation is 1% higher than the laminar flame speed obtained from the mass conservation method 

in the absolute sense. This indicates that the mass conservation method is less sensitive to increasing 

the volumetric flow rate which shows that this method is more robust compared to the semi-cone angle 

method. Moreover, it shows that the semi-cone angle 𝛼 of the flame does not change significantly with 

increasing the bulk flow velocity. Therefore the laminar flame speed using the semi-cone angle method 

shows an increasing trend. For the mass conservation method the opposite is true, increasing the 

unburned mixture velocity causes a slightly larger increase in the flame area. This results in a laminar 

flame speed that reduces with increasing the mixture velocity. Additionally, it can be deduced that the 

flame area increases approximately linearly with the increase in the bulk flow velocity. Similarly this can 

be stated for the semi-cone angle method in which the flame cone varies linearly with the volumetric 

flow rate.  

Notice that the increase in the volumetric flow rate causes an increase in the flame height. This was 

shown to lead to a slight increase in the laminar flame speed estimation using the semi-cone angle 

method. From Fig.4.13 it shows that the laminar flame speed obtained from the two methods is 

converging. Indicating that increasing the flame height reduces the effect of flame curvature on the 

laminar flame speed estimated with the semi-cone angle method.  Fig.4.12 shows that a flame height to 

burner diameter ratio of approximately 3 results in a more accurate result in the laminar flame speed 

measurement using the semi-cone angle method, based on the laminar flame speed measurement using 

the mass conservation method. Therefore it is recommended to use a volumetric flow rates that results 

in a flame height that is approximately larger than 3 times the burner diameter to reduce the effect of 

the flame curvature on the laminar flame speed estimation using the semi-cone angle method.  

The value of the laminar flame speed in this investigation is shown in Table 21 for the mass conservation 

method and in Table 22 for the semi-cone angle method, including the volumetric flow rates and 

relative errors of the measurements.  

Table 21: Detailed values of the variation of the laminar flame speed using the mass conservation method 

�̇�𝒕𝒐𝒕𝒂𝒍 nl/min 8.01 12.00 14.36 
𝚫�̇�𝒕𝒐𝒕

�̇�𝒕𝒐𝒕
  in % 1.13 0.90 0.82 

𝑺𝑳
𝒎𝒄 in cm/s  36.54 36.28 35.64 

S.E. 
𝚫𝑺𝑳𝑺𝑬𝑴

𝒎𝒄

𝑺𝑳
𝒎𝒄  in % 0.08 0.14 0.28 

Uncertainty  
𝚫𝑺𝑳𝒎𝒄

𝑺𝑳
𝒎𝒄  in % 1.29 2.29 4.49 
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Table 22: Detailed values of the variation of the laminar flame speed using the semi-cone angle method 

�̇�𝒕𝒐𝒕𝒂𝒍 in nl/min 8.01 12.00 14.36 

R.E 
𝚫�̇�𝒕𝒐𝒕

�̇�𝒕𝒐𝒕
  in % 1.13 0.90 0.82 

𝑺𝑳
𝒔𝒄𝒂 in cm/s 31.71 32.42 33.49 

S.E. 
𝚫𝑺𝑳𝑺𝑬𝑴

𝒔𝒄𝒂

𝑺𝑳
𝒔𝒄𝒂  in % 0.20 0.25 0.32 

Uncertainty 
𝚫𝑺𝑳𝒔𝒄𝒂

𝑺𝑳
𝒔𝒄𝒂  in % 3.24 3.98 5.14 
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Ch.5 Probability Density Function & 

source of uncertainty  
 

The uncertainty of a measurement is determined by systematic errors and random errors. The 

systematic errors are inherited by the used hardware to measure the parameters during the 

experiment. In this case the systematic errors were due to the flow controllers. These errors are present 

every time the experiment is repeated. The stochastic or random errors occur during the experiment 

due to random disturbances. These errors are typically quantified by repeating the measurements 

multiple times and using statistical techniques [87]. The measurement of the laminar flame speed in this 

research is determined from the average of a series of measurements, by analyzing a large batch of 

images taken in a short time instance. However, any series of measurements can lead to an average 

value. The question in this case is:” to what measurement distribution the computed average laminar 

flame speed belongs to?” The answer to this question indicates the reproducibility of the reported data 

and hence measurement precision. 

It was discussed earlier that the average laminar flame speed is determined with a 95% confidence level. 

This was performed by stating that the measurements spread will assume a Gaussian distribution which 

allowed the use of the table given in Appendix B in order to determine the value for 𝑍 in Eq.37. This 

assumption is verified here by deriving the probability density function (PDF) for the laminar flame 

speed of DNG for each equivalence ratio. For this analysis only the laminar flame speed obtained using 

the mass conservation method is considered. This was shown earlier to agree better with the laminar 

flame speed of methane. Therefore it can be assumed that the result obtained from the mass 

conservation method is more accurate compared to the semi-cone angle method. 

Recall that in this experiment the OH chemiluminescence of the Bunsen burner flame has been recorded 

at 1000 FPS. This is equivalent to repeating the same measurement a 1000 times. From this sampling 

rate the uncertainty in the experiment is quantified by obtaining the STD of the measurements. From 

this data a PDF is derived to obtain the distribution of the measurements. This PDF will therefore 

indicate the range of measurements and the probability of the magnitude of the laminar flame speed, 

which can be obtained by repeating the experiment.  

The source of this random uncertainty is attempted to be identified by means of transforming the 

laminar flame speed variation in time, to the frequency domain. This will result in the Eigen mode of the 

variation of the laminar flame speed, which may be traced back to the performance of the experimental 

hardware during the recording of the images.  

5.1 Probability Density Function 
The uncertainty of the laminar flame speed is determined by observing the time variation of this 

parameter. This has been performed by using the same MATLAB algorithm that was used to determine 

the laminar flame speeds over their respective equivalence ratios. The numbers of images for each 
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equivalence ratio is equal to the sample size which in this case is equal to 1000 images. Using this data, 

one can derive a probability density function. The PDF of the laminar flame speed of each equivalence 

ratio is determined by first creating bins or classes.  

Bins are a collection of measurements within a certain range. This term is commonly used in statistics to 

indicate a certain measurement intervals in which number of occurrence of the observation are sorted. 

This categorizes the measurements by the magnitude of the laminar flame speed.  Bins are typically 

used in the construction of a histogram.  Therefore the method used to determine the bins for a 

histogram is used here to determine the probability density function.  

There are no actual theoretical methods in which one can obtain the optimal number of bins for the 

sample size [88]. Some proposals exist such as those found in literature [89] [90] [91] in which the 

optimal number of bins is determined by assuming a reference standard deviation of the measurement. 

These methods are typically useful for small data sets to estimate the PDF.  However all of the proposed 

techniques are determined by assuming the STD of the sample or by assuming a smoothening function 

for the data set [89]. Instead of employing these methods, the number of bins or bin size is usually 

determined using certain rule of thumb techniques [88]. The number of bins can for instance be 

determined by means of taking the square root of the number of observation. This is mathematically 

written as [92]: 

𝑛 = √𝑁                                                                                   (58) 

In this N is the number of samples and n is the number of bins. This is known as the square root rule. 

Other techniques exist in obtaining the “optimal” number of bins for a certain measurement such as the 

Inter Quartile Range (IQR) method described by Freedman et al. [93]. The IQR of a data set is 

determined from the difference between the median of the second half and the median of the first half 

of the data set. This method gives the width of the bin from the expression [93]: 

𝑊 = 2(𝐼𝑄𝑅)𝑁−
1
3                                                                    (59) 

In this expression W is the bin width. The number of bins can then be simply determined by dividing the 

sample size by this bin width. This is given mathematically by: 

𝑛 =
𝑁

𝑊
                                                                               (60) 

The number of bins suggested by the IQR method and the commonly employed square root method 

suggest 33 bins for this case. For more on the determination of the bin size the reader is referred to 

reference [89].  

The PDF of the measurements can then be obtained by taking the center of these bins. The number of 

occurrence is then normalized using the total sample size. From this, a curve is fitted between these 

points to obtain the distribution of the observations. In this case all of the observations tend to follow a 

first order Gaussian distribution of the form: 
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𝑃 = 𝑎𝑒
−(

(𝑆𝐿−𝑏)2

2𝑐2 )
                                                                  (61) 

The values of these constants are given in Table 23. The value for the constant a is the maximum of the 

PDF, b is the average of the laminar flame speed and c is the standard deviation of the measurement. 

The time variation of the laminar flame speed for each equivalence ratio and their respective PDF’s are 

shown in Fig.5a and Fig.5b. Observe that the PDF of each case is shown to have a normal distribution. 

This confirms the initial assumption that the variation of the laminar flame speed follows a Gaussian 

distribution. This concludes that the method to determine the confidence level for the average laminar 

flame speed measurement was appropriate.  

Table 23: The value of the constants in Eq.61 

𝝓 0.80 0.88 0.93 1.00 1.06 1.15 1.20 1.36 1.41 1.45 1.50 1.53 1.55 

a 0.08 0.14 0.11 0.12 0.16 0.14 0.13 0.08 0.08 0.15 0.11 0.10 0.09 

b 29.12 30.6 33.47 35.61 36.54 36.65 34.53 23.07 18.91 15.85 14.64 13.58 13.63 

c 0.81 0.68 0.61 0.57 0.47 0.52 0.47 0.69 0.29 0.45 0.29 0.44 0.46 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 5a: The time variation of the laminar flame speed from the lean to stoichiometry region with their corresponding probability 
density function.   
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Fig. 5b: The time variation of the laminar flame speed for post stoichiometry condition up to far rich region with their 
corresponding PDFs. 

Observing the time variation of the laminar flame speed it can be noticed that it is constant for most of 

the equivalence ratios. This is as expected, since the Burner was designed to maintain a steady flame. 

However, further observation shows that some experimental results depict an oscillation about the 

average. It shows that a noise is present in addition to a typical sinusoid.  This is clearly apparent for 𝜙 =

1.36, 1.41, 1.45, 1.50, 1.53 𝑎𝑛𝑑 1.55.  Moreover the PDF of the laminar flame speed at 𝜙 = 1.36 shows 

a double peak. This phenomenon is apparent in this experiment due to the high acquisition rate of the 

camera.  
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The cause of the sinusoid is assumed to be from the fluctuation in the air and fuel valves in the 

experiment. By observing these equivalence ratios, it shows that this phenomenon occurs in the rich 

region of the flame. This indicates that the volumetric flow rate for air is reduced closer to the lower 

limit of the flow control valve. This causes the valve to become less accurate in its control resulting in 

the observed fluctuations.  

5.1.1 Volumetric flow rate and sampling duration influence on the PDF 

The same analysis is performed by conducting an additional measurement on the nearest stoichiometric 

mixture quality in the used equivalence ratio span which is 𝜙 = 1.06 ± 0.01. However, the volumetric 

flow rate has been increased by 50% and 80%. Moreover the sampling duration has been increased to 

6.5 seconds. The number of bins in the PDF for this session has been increased accordingly to 81. The 

result is shown in Fig.5.1. Note that the number of occurrence (N) in the PDF is normalized w.r.t. the 

total sample size.   

 

Fig. 5.1a, b, c, d: in 5.1a the laminar flame speed variation and PDF for a flow rate of 8nl/min is shown, in 5.1b the laminar 
flame speed variation and PDF for a flow rate of 12 nl/min is shown, in 5,1c the laminar flame speed variation and PDF for a 
flow rate of 14.36 nl/min is depicted and in 5.1d the sampling duration was increased to 6.5 seconds for a flow rate of 14.36 
nl/min. 

a 

b 

c 

d 
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Comparing the PDF of Fig.5.1b to Fig.5.1a shows that the effect of increasing the volumetric flow rate by 

50% to 12nl/min increases the width of the PDF at half amplitude. Further increase in the volumetric 

flow rate to 14.36nl/min. shows a larger magnitude in the variation of the laminar flame speed, resulting 

in a further increase in the width of the PDF as shown in Fig.5.1c.This indicates that the increase in 

volumetric flow rate increases the uncertainty of the measurement. Recall that the increase in 

volumetric flow rate increases the flame height. This increase in the flame height causes the flame to be 

more susceptible to uncertainties due to the increase in unsteadiness [69].  

The effect of increasing the sampling rate in combination with increasing the volumetric flow on the PDF 

is shown in Fig.5.1d. This shows a clear Gaussian distribution of the measurement compared to the PDF 

in Fig.5.1c. This indicates that a longer sampling duration improves the distribution of the 

measurements, depicted by the converging of the PDF to a Gaussian distribution. This in turn allows for 

a more accurate probability analysis of the laminar flame speed estimation.  

5.2 Frequency domain analysis of the laminar flame speed  
It was shown earlier that the time variation of the laminar flame speed shows an oscillation about its 

average which appears to be periodic. This indicates that an Eigen mode or a fundamental frequency is 

present in the measurement. To distinguish the main frequencies within the measurement, one can gain 

an in depth knowledge on the origin of this periodic oscillation. Indeed, one can view the measurements 

in the frequency domain. Note that in this section the signal refers to the variation of the laminar flame 

speed in time. 

The transformation of a signal in time domain to the frequency domain is performed by Fourier 

transforming the signal. According to the Fourier transformation theorem, any function that is a 

periodic/aperiodic in time 𝑥(𝑡)can be transformed into its respective frequency domain, this results in 

the frequency domain representation of the signal 𝑋(𝑓) [94]. This is given by the definition of the 

Fourier transformation [94]: 

𝑋(𝑓) = ∫ 𝑥(𝑡)
∞

−∞

𝑒−2𝜋𝑖𝐹𝑡𝑑𝑡                                              (62)  

In this expression F is the fundamental frequency in Hz, t is time in seconds and j is an imaginary 

number. 

The Fourier transform of the variation of the laminar flame speed is therefore employed here in this 

analysis. It is clear that the laminar flame speed is a function of time 𝑆𝐿(𝑡). The variation of the laminar 

flame speed in time can therefore be expressed in frequency domain by Fourier transforming this 

function ℱ(𝑆𝐿(𝑡)) = 𝑆𝐿(𝑓). This leads to the following expression in terms of the laminar flame speed 

variation in time: 

𝑆𝐿(𝑓) = ∫ 𝑆𝐿(𝑡)
∞

−∞

𝑒−2𝜋𝑖𝐹𝑡𝑑𝑡                                              (63)  
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This allows for a clear distinction to the (if present) fundamental frequency of the laminar flame speed 

measurement.  Note that the integral has to be evaluated from −∞ to ∞ which indicates that the 

variation of the laminar flame speed must be continues in time.  

In practice however, the signal cannot be continuously measured. Instead, the signal is typically sampled 

at a certain sampling frequency fs. This results in a discrete set of data points. To determine high order 

frequencies in a discrete data set, the sampling frequency must be at least twice the highest frequency 

present in a signal according to Nyquist theorem. The Fourier transformation of a discrete function can 

then be conducted by applying the discrete Fourier transformation (DFT) of the data set. The DFT of an 

nth sampled data value 𝑥𝑛 is given by the expression [94]: 

𝑋𝑘 = ∑ 𝑥𝑛

𝑁

𝑛=0

𝑒−2𝜋𝑖
𝑘𝑛
𝑁                    𝑘 = 1, 2, 3, … 𝑁                            (64) 

Note that in this expression 𝑘/𝑁 represents the frequency in which, N is the total sample size of the 

measurement. For this case the laminar flame speed is sampled at an acquisition rate of 1 kHz for the 

duration of 1 second. This will results in a total sample size 𝑁 = 1000 which can be Fourier transformed 

using the DFT expression given in Eq.64. This results in the following equation for the DFT of the 

variation of the laminar flame speed in time: 

𝑆𝐿𝑘 = ∑ 𝑆𝐿𝑛

1000

𝑛=0

𝑒−2𝜋𝑖
𝑘𝑛

1000               𝑘 = 1, 2, 3, … ,1000                     (65) 

The DFT of the signal is evaluated here by means of Fast Fourier Transformation (FFT). The principle of 

the FFT and its algorithm is not discussed here. However, if the reader is interested this information can 

be found in reference [94]. The FFT is a method to evaluate the DFT given in Eq.65 although it is 

computationally significantly less expensive than evaluating Eq.65 directly.  MATLAB has this algorithm 

already pre-programmed in its package which is used in this analysis. Note that the laminar flame speed 

has an average value larger than zero, which indicates that the amplitude of the 0th order term in the 

frequency domain will be significantly larger than the amplitude of the fluctuations. For the 

computation, the average or the zero order term of the signal has been removed in order to observe 

only the fluctuations around the average signal value. Moreover, only half the frequency spectrum is 

used since the second half is the mirror image and is therefore redundant.  The results of the Fourier 

transformation of the signal are shown in Fig.5.2a and Fig.5.2b. 

Observing the frequency domain of the signal, shows that there is a high fundamental frequency present 

in only the laminar flame speed measurements at equivalence ratios 𝜙 > 1.15. This fundamental 

frequency is seen to be at approximately 15Hz to 16Hz. Further observation of the figures shows that a 

second low fundamental frequency is present. This low fundamental frequency is found to be 1Hz to 

3Hz which vanishes with increasing equivalence ratio.  

This gives an indication on one of the sources of the unsteadiness of the flame. This further supports the 

hypothesis that the variation in the laminar flame speed is due to the oscillation of the flow control 
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valves, if the flow rates are close to the limit of the flow control units. This can be observed from both 

Fig.5.2a and Fig.5.2b, it shows that the fundamental frequency of 1-3Hz is present from 𝜙 = 0.80 up 

to 𝜙 = 1.45. This trend states that this fundamental frequency exists when a fuel lean mixture is used 

up to a rich mixture 𝜙 = 1.45. This indicates that this fundamental frequency is present when the fuel 

flow rate is close to the limit of the fuel control unit, which suggests that the low fundamental frequency 

is the oscillation of the fuel flow control unit. Similarly, it is shown in the figures that the fundamental 

frequency of 15-16 Hz is present when the equivalence ratio increases. This indicates that the high 

fundamental frequency occurs when the air flow is closer to the limit of the air flow control unit. This 

suggests that this high fundamental frequency is the oscillation of the air flow control unit. It should be 

noted that the fundamental frequency is not clearly visible for the case of 𝜙 = 1.06 due to noise 

therefore this hypothesis requires further investigation.  

 Fig. 5.2a: The Frequency domain analysis of the laminar flame speed variation in time.  
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Fig. 5.2b: The Frequency domain analysis of the laminar flame speed variation in time.  
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Ch.6 Conclusion and future work 

6.1 Conclusion 
In this research the laminar flame speed of Dutch natural gas was measured by using OH 

chemiluminescence technique to visualize the reaction zone of a Bunsen flame. The laminar flame speed 

was estimated using both the semi-cone angle method and the mass conservation method. The results 

were compared to the laminar flame speeds of the natural gas of other regions and with pure methane. 

The random uncertainty of this experiment was quantified by means of a Probability Density function 

(PDF). Additionally, an attempt was made to identify the source of the uncertainty by evaluating the 

variation of the laminar flame speed in the frequency domain. From this investigation the following can 

be concluded: 

 From the results it was found that the semi-cone angle method underestimated the laminar 

flame speed compared to the mass conservation method.  The maximum difference was found 

to be 34.81% compared to the mass conservation method for 𝜙 = 1.20. This discrepancy was 

due to the non-uniformity of the bulk flow. The semi-cone angle method is therefore more 

suitable for an aerodynamically tailored Nozzle burner in which a uniform flow is achieved at the 

burner exit. However, to lower the discrepancy of the semi-cone angle method compared to the 

mass conservation method, a correction was introduced in order to account for this non-

uniformity of the bulk flow. For this correction the bulk flow was assumed to have a Poiseuille 

flow distribution. This correction showed a better estimation to the laminar flame speed 

although, this was still underestimated by a maximum of 13.95% compared to the semi-cone 

angle method at near stoichiometric conditions. This discrepancy is thought to be due to the 

flame stretch. It is therefore recommended to use the mass conservation method to estimate 

the laminar flame speed of tube type Bunsen burner flames. 

 Comparison of the laminar flame speed of DNG to the gas of Pittsburgh and Abu Dhabi showed 

that the difference between the laminar flame speeds of the two natural gas compositions at 

stoichiometry 𝜙 = 1.00 was lower by 5.32%. The comparison of the laminar flame speed of 

DNG to natural gas from Indonesia showed to be lower by 3.63% at stoichiometric 

conditions 𝜙 = 1.00.  Dutch natural gas consistently showed to have an overall lower laminar 

flame speed compared to gas of Pittsburgh, Abu Dhabi and Indonesia at stoichiometry and rich 

mixtures. This is thought to be due to high inert gas content in the DNG which was shown to be 

significantly higher compared to natural gas from Indonesia, Abu Dhabi and Pittsburgh. 

However, the laminar flame speed of DNG at lean conditions was shown to be comparable or 

slightly higher than the natural gas from Pittsburgh and Abu Dhabi.  

 The laminar flame speed of DNG that was obtained using the corrected semi-cone angle method 

and mass conservation method was compared with the laminar flame speed of pure methane. 

The laminar flame speeds of pure methane used for this comparison were obtained from 

expanding sphere method. This comparison showed that the laminar flame speed of DNG using 

the mass conservation method, leads to an overall higher magnitude compared to the laminar 

flame speed of methane until 𝜙 > 1.00. At rich regions the laminar flame speed of DNG is 
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shown to be lower this suggests that the high inert gas content in DNG reduces the flame speed 

at near stoichiometric and rich mixtures. A similar comparison with the laminar flame speed of 

DNG using the corrected semi-cone angle method shows an overall, lower laminar flame speed 

compared to pure methane. However both methods are shown to be within the spectrum of 

laminar flame speed values obtained through previous experiments. Although, the laminar 

flame speed obtained from the mass conservation method appears to give more accurate 

indication of the burning velocity of DNG.  

 The variation of the volumetric flow rate effect on the laminar flame speed was investigated. It 

was observed that increasing the volumetric flow rate, causes a slight decrease in the laminar 

flame speed estimation using the mass conservation method while the opposite was true for the 

results of the semi-cone angle method. Moreover increasing the volumetric flow rate was 

shown to be beneficial to the accuracy of laminar flame speed estimation using the semi-cone 

angle method. It is therefore recommended to use a volumetric flow rate that results in a 

Bunsen flame height that is approximately 3 times larger than the burner exit diameter.  

 From the uncertainty analysis it was found that the laminar flame speed using the mass 

conservation method showed a lower overall uncertainty compared to the mass-conservation 

method. Indicating that the mass-conservation method is more reliable to measure the laminar 

flame speed from a tube type Bunsen burner flame. The maximum uncertainty in the mass 

conservation method was found to be 3.39% compared to the 10.63% from the semi-cone angle 

method.  

 The frequency domain analysis of the variation of the laminar flame speed in time showed that a 

low and high fundamental frequency were present. These fundamental frequencies were 

hypothesized to be the oscillation of the flow control valves for air and fuel. A low fundamental 

frequency of 2to 3Hz was observed which vanished as the equivalence ratio increased. This 

fundamental frequency is therefore assumed to be of the fuel control valve fluctuations. Since 

the increase in equivalence ratio indicates a higher fuel flow rate, which is further away from the 

minimum limit of the fuel flow controller. Similarly it was observed that a high fundamental 

frequency is present when the equivalence ratio is increased. Indicating that the high 

fundamental frequency may be related to the oscillation of the air control valve. This 

observation was possible due to the high camera acquisition rate used in this experiment. 

6.2 Future work 

6.2.1 Improvement to the experimental setup 

Some suggestions are given here to improve the experimental setup and the experimental method as a 

whole. From the investigation several factors were apparent which can be improved if the same 

experimental setup is used. For instance, the tip of the Bunsen burner flame can be recorded better if a 

knife edge was used at the burner base in order to suppress the light from the flame base. This method 

was suggested in the literature to improve image quality and recording of the chemiluminescence 

emission of the Bunsen flame. It was also documented that the location of the knife edge w.r.t. the 

flame base affects its influence on the clarity of the flame tip. The light from the flame base is 
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suppressed while the OH* emission of the flame tip remains unchanged. The ideal location should be 

determined by trial during the experiment. Additionally the camera shutter speed should be increased.  

During the experiment the Bunsen flame was found to blow off at equivalence ratio’s below 𝜙 = 0.8. 

The reason of this blow off is not clear if it is the burning limit of DNG or related to the Bunsen burner 

design. However, a possible improvement to the Bunsen burner can be achieved by introducing a co-

flow with the Bunsen burner flame. The co-flow will add momentum to the products of the Bunsen 

flame which improves burner stability. This may allow for an investigation of the laminar flame speed at 

lower equivalence ratios. Additionally to eliminate a factor of uncertainty to the fluctuations of the 

Bunsen burner flame due to drafts in the environment, it is beneficial to shroud the Bunsen flame. A 

schematic to improve the experimental setup is shown in Fig.6. 

 

Fig. 6: Proposed improvement to the used experimental setup.  

6.2.2 Topics for future research 

The results obtained from this experiment were obtained using the OH chemiluminescence technique.  

The laminar flame speed was then quantified from the flame geometry. The results could be compared 

to the laminar flame speed obtained using a different measurement technique such as PIV or LDV. One 

may also consider measuring the adiabatic flame speed using the heat flux method or using a flat flame 

burner to compare with the results presented in this report. However, the experiment should be 

considered to be repeated using a nozzle burner for the determination of the laminar burning velocity 

using the semi-cone angle method. 

The Bunsen burner flame was shown to have a tip opening at the equivalence ratio 𝜙 = 1.50. The effect 

of this tip opening on the measurement of the laminar flame speed using the mass conservation method 

is unknown. The literature suggests that the tip opening of the Bunsen flame should be simulated. 

However, to verify the simulation experimental data is required. The laminar flame speed obtained 
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using the methods in this investigation should be verified by means of direct measurement techniques 

such as PIV and LDV. From this investigation the OH chemiluminescence method to determine the 

laminar flame speed of a tip opened Bunsen flame can be justified.   

The characteristics of DNG mixed with other fuels such as hydrogen or methane should be investigated. 

The influence of these additional fuels on the characteristics of DNG should be quantified. One may also 

extend this further by investigating the burning characteristics of DNG mixed with increased dilution 

using CO2 or N2.  

From literature it was found that the laminar flame speed changes with the ambient pressure and 

temperature. This topic was outside the scope of this research. However, one may investigate the 

influence of the ambient temperature and pressure on the laminar flame speed of DNG using a Bunsen 

burner. In practice the combustion process usually occurs at elevated temperature and pressure. This 

topic will therefore approach the practical application more closely. However, it should be noted that 

the Bunsen flame is unsuitable if high pressure effects on the laminar flame speed is investigated. For 

high pressure effects on the laminar flame speed different flame geometry or measurement technique 

should be considered.  

From the frequency domain analysis of the laminar flame speed variation in time it was found that a 

fundamental frequency is present. This was clearly shown at high equivalence ratios beyond 

stoichiometry. From this observation a hypothesis was presented in which this oscillation of the laminar 

flame speed was related to the fluctuations of the air and fuel control units in this experiment. 

To prove this hypothesis an additional experiment should be conducted using the same flow control 

units for air and DNG. In the experiment the emphasis should be place in the rich spectrum of the 

equivalence ratio 𝜙 > 1.20. Subsequently the volumetric flow rate should be increased and the OH* 

emission of the Bunsen flame should be recorded. For this experiment changing the burner diameter 

may allow the increase of the volumetric flow rate well beyond the lower limit of the flow controllers 

and avoid flame blow off. The laminar flame speed variation should then be analyzed in the frequency 

domain for these equivalence ratios in order to investigate the presence of the fundamental frequencies 

at increased flow rates.  

To relate the oscillation of the measurement to the flow controllers, a hotwire setup should be used at 

the burner exit in order to measure the variation of the flow rate in time. The fundamental frequency of 

the flow rate measured with the hot wire should then be compared to the fundamental frequency 

determined from the variation of the laminar flame speed in time. Moreover, higher order frequencies 

may be present which was not detected due to the acquisition rate employed in this experiment. To 

identify the higher order frequencies a higher acquisition rate should be used. This acquisition rate 

should be at least twice the highest frequency expected in the signal (Nyquist sampling theorem).  
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Appendix A: Derivations of equations 
 

The derivation of the absolute error in the equivalence ratio in section 2.3.1 

Given the equation: 

Δ𝜙 = √[(
𝜕𝜙

𝜕�̇�𝐷𝑁𝐺

Δ�̇�𝐷𝑁𝐺)

2

+ (
𝜕𝜙

𝜕�̇�𝑎𝑖𝑟

Δ�̇�𝑎𝑖𝑟)

2

]                                              (𝑎)  

The terms within the square root of this expression are determined from the definition of the 

equivalence ratio. This gives results in the following: 

𝜙 =
1

𝐹𝐴𝑅𝑠𝑡𝑜𝑖𝑐ℎ

�̇�𝐷𝑁𝐺

�̇�𝑎𝑖𝑟

 

𝜕𝜙

𝜕�̇�𝐷𝑁𝐺

=
1

𝐹𝐴𝑅𝑠𝑡𝑜𝑖𝑐ℎ

1

�̇�𝑎𝑖𝑟

                                                                  (𝑏) 

𝜕𝜙

𝜕�̇�𝑎𝑖𝑟

=
−1

𝐹𝐴𝑅𝑠𝑡𝑜𝑖𝑐ℎ

�̇�𝐷𝑁𝐺

�̇�𝑎𝑖𝑟
2

                                                                  (𝑐) 

Substitution of b and c in a results in the following expression: 

Δ𝜙 = √[(
1

𝐹𝐴𝑅𝑠𝑡𝑜𝑖𝑐ℎ

1

�̇�𝑎𝑖𝑟

Δ�̇�𝐷𝑁𝐺)

2

+ (
−1

𝐹𝐴𝑅𝑠𝑡𝑜𝑖𝑐ℎ

�̇�𝐷𝑁𝐺

�̇�𝑎𝑖𝑟
2

Δ�̇�𝑎𝑖𝑟)

2

]                                  

This can be further simplified to the final result: 

Δ𝜙 =
1

𝐹𝐴𝑅𝑠𝑡𝑜𝑖𝑐ℎ

√[(
1

�̇�𝑎𝑖𝑟

Δ�̇�𝐷𝑁𝐺)

2

+ (
�̇�𝐷𝑁𝐺

�̇�𝑎𝑖𝑟
2

Δ�̇�𝑎𝑖𝑟)

2

] 

 

The derivation of the moles of air required for complete combustion in section 

3.1 and product species in 4.3.1 

The number of moles air required for complete combustion of DNG is obtained by employing the 

chemical equilibrium equation for hydro carbons given by: 

𝐶𝛼𝐻𝛽𝑂𝛾 + (𝛼 +
𝛽

4
−

𝛾

2
) (𝑂2 + 3.76𝑁2) → 𝛼𝐶𝑂2 +

𝛽

2
𝐻2𝑂 + 3.76 (𝛼 +

𝛽

4
−

𝛾

2
) 𝑁2 

For the number of moles are required for complete combustion the values for 𝛼, 𝛽 and 𝛾 must be 

determined. These are equivalent to the number of moles of carbon, hydrogen and oxygen present in 

the fuel. For DNG the species that contain carbon, hydrogen and or oxygen are found to be 𝐶𝐻4, 𝐶2𝐻6 ,
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𝐶3𝐻8, 𝑖 − 𝐶4𝐻10 𝑎𝑛𝑑 𝐶𝑂2. The amount of each of these species present in 1 unit volume DNG is given 

in percent. This is used to solve for the total number of carbon, hydrogen and oxygen in 1 unit volume of 

DNG. The values for 𝛼, 𝛽 and 𝛾 can then be found as follows: 

𝛼 = (0.813 + 2 ∗ 0.029 + 3 ∗ 0.004 + 4 ∗ 0.002 + 1 ∗ 0.009) = 0.9 

𝛽 = (0.813 ∗ 4 + 6 ∗ 0.029 + 8 ∗ 0.004 + 10 ∗ 0.002) = 3.478 

𝛾 = (2 ∗ 0.009) = 0.018 

Substitution of these values in the chemical equilibrium equation for hydro carbons results in: 

𝐶0.9𝐻3.478𝑂0.018 + (0.9 +
3.478

4
−

0.018

2
) (𝑂2 + 3.76𝑁2) → 0.9𝐶𝑂2 +

3.478

2
𝐻2𝑂 + 3.76 (0.9 +

3.478

4
−

0.018

2
) 𝑁2  

In which the number of moles of air for stoichiometric combustion of DNG is given by: 

𝑛𝑎𝑖𝑟 = (0.9 +
3.478

4
−

0.018

2
) ∗ (1 + 3.76) = 8.38 

 

The computation of the correction factor for the non-uniformity of the flow in 

section 4.1.1 

Given the relation for the average velocity of a Poiseuille flow: 

𝑢(𝑟)̅̅ ̅̅ ̅̅ =
1

𝑏 − 𝑎
 ∫ 𝑢(𝑟) 𝑑𝑟

𝑏

𝑎

                                                                       

This is fully written as: 

𝑢(𝑟)̅̅ ̅̅ ̅̅ =
1

𝑏 − 𝑎
 ∫ 2𝑈0 (1 − (

𝑟

𝑅
)

2

)  𝑑𝑟
𝑏

𝑎

                                                         

The limits of integration are corresponding with the radius of the burner exit with its center the zero 

point.  This results in: 

𝑢(𝑟)̅̅ ̅̅ ̅̅ =
1

6 − (−6)
 ∫ 2𝑈0 (1 − (

𝑟

6
)

2

)  𝑑𝑟
6

−6

 

Solving the integral gives the solution: 

𝑢(𝑟)̅̅ ̅̅ ̅̅ =
1

12
 2𝑈0 [(𝑟 −

1

3

𝑟3

62)]
−6

6

 

𝑢(𝑟)̅̅ ̅̅ ̅̅ =
1

6
𝑈0 [(6 −

1

3

63

62) − (−6 −
1

3

(−6)3

62 )] 
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𝑢(𝑟)̅̅ ̅̅ ̅̅ = 𝑈0 [(1 −
1

3
) − (−1 +

1

3
)] 

𝑢(𝑟)̅̅ ̅̅ ̅̅ = 𝑈0 [2 −
2

3
] 

𝑢(𝑟)̅̅ ̅̅ ̅̅ = 𝑈0 [
6

3
−

2

3
] 

𝑢(𝑟)̅̅ ̅̅ ̅̅ = 𝑈0 [
4

3
] =

4

3
𝑈0 
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Appendix B: Normal distribution table 
 

The standard normal probability distribution table as given by 

http://www.stat.ufl.edu/~athienit/Tables/Ztable.pdf 

For a 95% confidence interval the value of 𝑧 can be determined by first dividing the confidence interval 

by 2 which gives 47.5% 

to the left and to the 

right of mean. Hence 

the area of the PDF to 

the left of the mean is 

given by 0.5 +

0.475 = 0.975. 

This value is indicated 

in this table which 

shows that the value 

for 𝑧 is equal to 1.96 

for a 95% confidence 

interval.  
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