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Feedforward Control for an Interventional X-Ray:
A Parallel Physical Model and

Neural Network Approach
Johan Kon , Graduate Student Member, IEEE, Naomi de Vos, Dennis Bruijnen, Jeroen van de Wijdeven ,

Marcel Heertjes , and Tom Oomen , Senior Member, IEEE

Abstract—Hard-to-model, often nonlinear dynamics limit the
tracking performance of physical-model-based feedforward con-
trol in medical interventional X-ray (IX) systems. In this article,
these unknown dynamics are compensated using a physics-guided
neural network (PGNN) feedforward controller. The PGNN
consists of a parallel combination of a physical model describing
the equations of motions of the IX and a feedforward neural
network. To ensure that the neural network compensates only
for the dynamics not included in the physical model, the neural
network output in the subspace spanned by the physical model
is penalized through regularization. As a result, the physical
model serves as a baseline for performance, and the neural
network contribution can be monitored or disabled. The PGNN
feedforward controller is validated on an experimental IX setup,
illustrating its superior performance over a physical-model-based
feedforward controller.

Index Terms—Feedforward control, gray-box identification,
multibody dynamics, neural networks, precision motion control.

I. INTRODUCTION

IMAGE-GUIDED therapy (IGT) in general and interven-
tional X-rays (IXs) specifically [1] are key technologies in

healthcare that directly improve treatment quality by enabling
minimally invasive therapies through visualization of patient
tissue [2]. IX is one of the main IGT systems and is able
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to create 3-D images of the relevant tissue by combining a
sequence of 2-D X-ray snapshots [3]. It is specifically geared
toward use during surgery to generate real-time images of the
relevant tissue, enabling the use of small surgical tools as
opposed to making large incisions, resulting in faster recovery
times.

Accurate feedforward control [4], [5] is essential during the
operation of an IX system to guarantee both high image quality
[1] and patient and operator safety. First, accurate feedforward
control enables accurate tracking of the desired setpoint for
the imaging sequence, minimizing visual artifacts such as
motion blur. Second, the difference between the input torques
predicted by the feedforward controller and the actual applied
torques, i.e., the feedback controller contribution, can be used
as a basis to distinguish nominal operating conditions from
anomalies not included in the feedforward controller, e.g., for
detecting collisions, providing a basis for safety-promoting
procedures.

To achieve accurate feedforward control, the feedforward
controller should be able to compensate for the nonlinear
dynamics of the IX. Specifically, the movement of IX is influ-
enced by cable, friction, and inertial forces that nonlinearly
depend not only on the current configuration but also the
current velocity and acceleration [1]. If these forces are not
compensated by the feedforward controller, these result in
tracking errors that have to be compensated by a feedback
controller, deteriorating image quality and collision detec-
tion. Simultaneously, for medical certification, the feedforward
controller should guarantee a baseline level of performance
through the use of an interpretable physical model.

Current feedforward approaches either are not flexible
enough to compensate for the IX dynamics or are not based
on an interpretable physical model.

1) First, the state-of-practice in IX feedforward control is
based on a physical model [1]. However, the perfor-
mance of such an approach is limited by the cable and
friction forces in the IX. Specifically, these are hard to
express quantitatively through mathematical expressions,
such that including them in a feedforward controller is
infeasible.

2) Second, to overcome the limited flexibility of physical
models, neural networks have been used as feedforward
controllers to express the feedforward torques as a
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function of the desired setpoint [6], [7], [8]. Similarly, in
system identification, black-box parameterizations based
on neural networks are used to increase model expres-
sivity to allow for more accurate models of nonlinear
systems [9], [10]. Both fields exploit the guarantee that
given enough degrees of freedom, neural networks can
learn all predictable dynamics [11], [12], [13] and, thus,
also the hard-to-model dynamics that limit performance.
Other flexible function approximators have also been
used for this purpose [14], e.g., polynomials [15] and
fuzzy approximators [16]. However, feedforward con-
trollers based on neural networks and other function
approximators result in uninterpretable control inputs
and do not provide a baseline performance guarantee.

3) Last, physical models have been augmented with a
neural network in an attempt to obtain both flexibility
and interpretability in both a feedforward control [17],
[18] and system identification setting [19], [20], [21],
[22], [23]. Such augmented models are also referred
to as hybrid feedforward controllers or physics-guided
neural networks (PGNNs) [18], [24], [25], [26]. For
example, a parallel physical model and a neural network
feedforward controller are used to control a linear motor
[17], a robotic manipulator [18], a strong nonlinear
turntable servo system [27], and a 3-D printer [24]. In
a feedforward control setting, these augmented mod-
els achieve superior feedforward accuracy compared
to their purely physical-model-based counterparts [17].
However, in all these approaches, the neural network
can still learn dynamics that could have been captured
by the physical model, i.e., the augmented model is
overparameterized [26]. As a result, the neural network
can potentially negate the physical model, resulting in
a physical model that can have arbitrary values for its
physical parameters and, consequently, uninterpretable
feedforward signals.

Approaches to address this overparameterization appeared
in [28] and bib:29. Specifically, in [28], the differences
between the augmented model’s physical parameters and an
available physical model are regularized during optimization.
However, as also pointed out in [29], a small change in
parameters can result in significantly different responses, and
this regularization does not guarantee complementarity in
terms of responses. In [29], a regularization is introduced,
which ensures that deviations from the physical model can
only happen in regions where data are available. However, this
approach requires a calibrated physical model, which, in an IX
setting, is not available a priori but also has to be estimated
from data, as each IX has different physical parameters. If
estimation of a physical model is required, joint optimization
of the physical model and the neural network can achieve the
highest prediction performance [30].

Although physical models and neural networks each have
unique properties that are necessary for accurate feedforward
control of an IX, at present, these controllers cannot be directly
combined according to the constraints in medical imaging.
The aim of this article is to develop a PGNN for the IX
that combines a neural network and a physical model in a

complementary way. This is achieved by penalizing neural
network contributions that could have been explained by the
physical model by modifying the cost function, guaranteeing
that everything that can be captured by the physical model
ends up in the physical model. This results in a physical model
with interpretable parameters, allows for disabling the neural
network component if desired, and guarantees that the physical
model provides a baseline level of performance.

The main contribution of this article is a feedforward control
method that effectively combines a physical model and a
neural network according to the constraints in medical imaging
and its deployment on an experimental IX setup. This consists
of the following subcontributions:

C1 a PGNN feedforward controller for the IX, consisting
of a physical model describing its equations of motion
and a neural network with physics-guided inputs (see
Section III);

C2 a criterion to learn the parameters of the PGNN feedfor-
ward controller including an orthogonal projection-based
regularizer to ensure complementarity between the phys-
ical model and the neural network (see Section IV);

C3 the application of the developed feedforward controller
to an experimental IX setup, illustrating improved
feedforward accuracy with respect to the current state-
of-practice (see Section V).

Preliminary results of this research are reported in [31], in
particular, results for a single axis of the IX. The current article
presents a major extension. Specifically, it presents a multiaxis
PGNN feedforward controller design, an optimization proce-
dure that optimizes the PGNN for both axes simultaneously
thus taking into account the coupling, and a more thorough
experimental validation.

II. CONTROL PROBLEM

In this section, the experimental IX setup and its associ-
ated control challenges are described. These challenges then
motivate the control approach.

A. Experimental IX Setup

The considered IX, depicted in Fig. 1, is specially designed
for use around medical personnel and is currently used in
operating rooms. The X-ray source and receiver are mechan-
ically coupled using the roll body, which can rotate around
the θ3-axis through rolling within the propeller body through
roller-based guidance. The propeller body can rotate around
the θ2-axis, moving both the propeller and roll body. Last,
the base can rotate around the θ1-axis and is connected to the
fixed world at the point of rotation. In this way, the X-ray beam
traveling between the source and receiver can be positioned in
three degrees of freedom.

All three axes are driven by a permanent magnet dc motor
and amplifier with a maximum input voltage of 5 V. Each axis
is equipped with a drivetrain consisting of multiple belt- and
gear-based transmissions to match the available motor torque
to the gravity load. The rotation of the propeller and roll
axis is measured using incremental encoders with an effective
resolution of 0.0669◦ and 0.0119◦, respectively. The real-time
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Fig. 1. IX with three degrees of freedom θ1, θ2, θ3 [rad]. The X-ray
beam traveling between the source and detector can be positioned in three
dimensions by rotating the base (θ1), the propeller (θ2), and the roll (θ3) body
to the desired configuration. The axis is rotated using a permanent magnet
dc motor ( for θ1). The roll body rolls within the propeller body using a
roller-based guidance ( ) and is supplied with power through a cable ( ).

control and data acquisition are carried out using a Speedgoat
Performance real-time target machine in combination with
MATLAB Simulink, where both the input and output rate are
fs = 500 Hz.

Sensor readings and control voltages are transported to and
from the real-time target machine through the base to the
propeller and roll axis via the two cables at the side of the IX.
In addition, these cables are used to supply the axis and the
X-ray with power.

B. Control Challenges

The mechanical design of the IX, motivated by the use of
medical personnel, introduces hard-to-model nonlinear dynam-
ics. Specifically, the following dynamics are present.

1) The centers of mass of the propeller and roll body do not
coincide with the center of rotation, i.e., these bodies are
not balanced. As a result, the inertia felt by the motors is
configuration-dependent. The same holds for the torques
required to compensate for gravitational forces.

2) The cables connecting the base, propeller, and roll body
represent configuration-dependent inertia depending on
the system’s configuration. In addition, for specific con-
figurations, the cable between the propeller and roll body
is tensioned such that it acts as a one-sided spring.

3) The guidance for the roll body exhibits nonlinear friction
characteristics. In addition, the friction can be expected
to be dependent on the normal force exerted on the
rollers and is, thus, also configuration-dependent.

4) Last, the system contains dynamics similar to those
often found in high-tech motion systems, e.g., finite
stiffness of the drivetrain transmissions resulting in
flexible dynamics [32], motor characteristics result-
ing in torque ripple, and imperfections in drivetrain
components resulting in position-dependent force dis-
turbances [33].

Fig. 2. Roll errors e3 = θ3,d −θ3 without feedforward ( ) and with physical-
model-based feedforward ( ) based on a multibody model for the IX for a
specific velocity reference ( , scaled). Although the physical model improves
tracking performance, the error still clearly contains a predictable trend,
especially at constant velocity intervals, originating from uncompensated
dynamics not included in the model, e.g., position-dependent friction.

Fig. 3. Two degree-of-freedom control configuration with diagonal feedback
controller C and MIMO feedforward controller parameterization Fζ,φ, con-
sisting of a physical model Mζ and a neural network Cφ.

The above dynamics inherently limit the performance of
physical-model-based feedforward control: 1) whereas effect
can be effectively described by physical models; 2) nonlinear
effects; and 3) generally only qualitatively understood. In other
words, it is known that these dynamics are present, but they
are hard to model such that no physics-based expressions
are available that describe their torque contributions. Conse-
quently, these hard-to-model dynamics cannot be accurately
compensated using physical-model-based feedforward control
and deteriorate tracking performance.

To illustrate this deterioration, Fig. 2 shows the error for the
roll (θ3) axis without feedforward control and with a state-
of-practice physical-model-based feedforward controller (see
Section III for details). It is clear that the physical-model-based
controller improves the tracking performance with respect
to feedback control only. At the same time, the error still
contains a predictable trend that is known to be a direct
consequence of uncompensated dynamics, e.g., errors resulting
from configuration-dependent friction or stiffness.

Since the control challenges are mainly present in the
propeller (θ2) and roll (θ3) axis, the rotation of the base (θ1)
is disregarded in the remainder of this article.

C. Control Architecture

To address the hard-to-model dynamics, a two-degree-
of-freedom control architecture consisting of a feedback
controller C and feedforward controller Fζ,φ is employed (see
Fig. 3). In this architecture, the feedback controller C acts on
the difference between the outputs θ2 and θ3 and the desired
angles θ2,d and θ3,d and is given by a diagonal controller that
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Fig. 4. PGNN feedforward controller Fζ,φ consists of a physical model Mζ

and a neural network Cφ (see also Definition 1). Here, Mζ is a nonlinear
multibody model, and Cφ is a feedforward neural network with physically
relevant input T (θd), as detailed in Sections III-A and III-B, respectively.

consists of a simple PD and low-pass filter in each axis. This
controller is fixed by external considerations, results in a stable
feedback loop, and is not further discussed.

The goal of this article is to obtain a feedforward controller
Fζ,φ that generates a discrete-time feedforward signal f with
f (k) =

�
f2(k) f3(k)

�T
∈ R2, k ∈ Z such that the output

θ with θ(k) =
�
θ2(k) θ3(k)

�T
∈ R2 tracks reference θd, i.e.,

that compensates the hard-to-model dynamics, specifically
the configuration-dependent friction and cable forces. This is
achieved through first parameterizing Fζ,φ as a PGNN (see
Section III) and then learning its parameters from data (see
Section IV).

III. PGNN FEEDFORWARD PARAMETERIZATION

In this section, the PGNN feedforward controller param-
eterization is detailed, constituting Contribution C1. The
feedforward controller Fζ,φ consists of the parallel combina-
tion of a physical-model-based feedforward controllerMζ and
a neural network feedforward controller Cφ, as defined in the
following.

Definition 1: The PGNN feedforward parameterization
Fζ,φ : θd → f with parameters ζ and φ is given by

f = Fζ,φ(θd) =Mζ(θd) + Cφ(θd) (1)

with reference signal θd, Mζ : θd → fM, fM(k) ∈ R2, and
Cφ : θd → f C , f C(k) ∈ R2.

The components Mζ (with parameters ζ) and Cφ (with
parameters φ) are further detailed in Sections III-A and III-B,
respectively. A complete overview of the PGNN is given in
Fig. 4. Intuitively, Mζ expresses all dynamics that are known
about the system, e.g., inertia and mass unbalance, through
equations of motions derived by first-principle modeling. Since
the torque contributions of the hard-to-model dynamics such
as cable forces are hard to express quantitatively through
physics-based expressions, the neural network Cφ is used as
a function that is flexible enough to express these complex
torque contributions as a function of θ given enough degrees
of freedom [12] and can, thus, be used to learn the hard-to-
model dynamics from data.

Remark 1: The neural network component Cφ can be sub-
stituted by a different function approximator, e.g., wavelets

TABLE I
PARAMETERS OF THE PHYSICAL MODEL FOR THE IX

[14], polynomials [15], or fuzzy approximators [16], as long
as they can be optimized using gradient-based solvers. Here,
Cφ is chosen specifically as a neural network due to their ability
to effectively address high-dimensional inputs [34] (see Fig. 4
and Section III-B).

A. Physical Model Feedforward Controller

The physical-model-based feedforward controller Mζ con-
sists of a first-principle physical model for the IX derived
using the Euler-Lagrange formalism. The inverse dynamics
of this model then constitute the physical model feedforward
controller. To simplify the derivation of the physical model,
the following modeling assumptions are made.

A1 The drivetrain and bodies of the IX are infinitely stiff.
A2 The inputs to the IX are confined within the actuator

saturation limits.
The above modeling assumptions are justified in practice.

Specifically, in practice, the spectral content of the reference θd

is confined to low frequencies, for which the flexible dynamics
induced by the drivetrain stiffness are well-approximated by a
constant gain, justifying Assumption A1. In addition, the refer-
ence is designed such the input required to track this reference
is smaller than the actuator limits, justifying Assumption A2.
The above assumptions allow for rigid body modeling of the
system, resulting in a physical model with as many degrees
of freedom as inputs, such that it can directly be inverted to
obtain a physical-model-based feedforward controller.

Based on the above assumptions, the equations of motion for
the generalized coordinates θ =

�
θ2 θ3

�T with input torques
τ =

�
τ2 τ3

�T are derived using the Euler-Lagrange modeling
formalism [35] and are given by

τ = M(θ)θ̈ + H(θ, θ̇) + D(θ̇) (2)

in which M(θ)θ̈ represents the inertial torque contributions,
D(θ̇) represents the viscous friction, and H(θ, θ̇) represent the
gravity, Coriolis, and centrifugal torque contributions, with
physical parameters as in Table I. D(θ̇) is given by

D(θ̇) =
�
d2θ̇2 d3θ̇3

�T (3)

with damping coefficients d1, d2 ∈ R. M(θ) reads as

M(θ) =

�
m22(θ) m23(θ)
m23(θ) m33(θ)

�
= M(θ)T (4)
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in which the entries are given by

m22 (θ) = J2,yy + J3,zz + m3
�
x2

3 + y2
3

�
+ m2

�
x2

2 + z2
2

�
+
�
J3,yy − J3,zz

�
cos (θ3)2 +

�
J3,yz + m3y3z3

�
× sin (2θ3) + m3

�
−y2

3 + z2
3

�
cos (θ3)2

m23 (θ) =
�
J3,xz + m3x3z3

�
sin (θ3)

−
�
J3,xy + m3x3y3

�
cos (θ3)

m33 (θ) = m3
�
y2

3 + z2
3

�
+ J3,xx. (5)

Last, H(θ, θ̇) is given by

H(θ, θ̇) =
�
h2(θ, θ̇) h3(θ, θ̇)

�T (6)

in which

h2
�
θ, θ̇
�

= g (m2z2 + m3z3 cos (θ3) + m3y3 sin (θ3)) sin (θ2)

− (m3x3 + m2x2) g cos (θ2) − 2
�
m3y3z3 + J3,yz

�
× θ̇2θ̇3 +

�
m3
�
y2

3 − z2
3

�
− J3,yy + J3,zz

�
θ̇2θ̇3

× sin (2θ3) + 4
�
m3y3z3 + J3,yz

�
θ̇2θ̇3 cos (θ3)2

+
�
J3,xy + m3x3y3

�
θ̇2

3 sin (θ3)

+
�
J3,xz + m3x3z3

�
θ̇2

3 cos (θ3) (7)

h3
�
θ, θ̇
�

= m3g (y3 cos (θ3) − z3 sin (θ3)) cos (θ2)

+
1
2
θ̇2

2

�
m3
��

z2
3 − y2

3

�
sin (2θ3) − 2 y3z3 cos (2θ3)

�
+

1
2
θ̇2

2

��
J3,yy − J3,zz

�
sin (2θ3) − 2J3,yz cos (2θ3)

�
.

(8)

The nζ = 16 parameters of the physical model and their
interpretation are summarized in Table I. The physical model
does not depend on y2, representing the translational invariance
of the equations along the propeller axis. Note that in this
section, the parameter ζ is considered to be unknown. Instead,
these are learned from data in Section IV.

The equations of motion (2) can be used to obtain the
physical-model-based feedforward controller. First, the con-
tinuous time map from a desired reference θd, θ̇d, θ̈d to the
required torques, i.e., the inverse physical model, is trivially
obtained evaluating the right-hand side of (2) for a desired θd,
obtaining the required τ as output. This is possible because of
the rigid-body nature of the model. Second, the feedforward
controller is digital such that θd, θ̇d, θ̈d are sampled, resulting
in a sampled physical-model-based feedforward controller, as
formalized in the following.

Definition 2: Given reference θd with θd(k) ∈ R2, the
physical-model-based feedforward controller Mζ : θd → fM

with parameters ζ ∈ Rnζ is given by

fM(k) = M(θd(k))θ̈d(k) + H(θd(k), θ̇d(k)) + D(θ̇d(k)) (9)

in which θ̇d(k) is the discrete-time derivative of θd(k).
Here, it is chosen to calculate θ̇d(k) = fs(θd(k + 1) − θd(k))

with sampling rate fs. Of course, other discrete approximations
of the time derivative are possible.

In conclusion, a physical-model-based feedforward con-
trollerMζ is obtained that contains physics-based expressions
for the torqued required to compensate for inertial, viscous
friction, Coriolis, and gravitational effects.

Fig. 5. Example of a feedforward neural network with L = 3 hidden layers of
size n1 = 4, n2 = 2, n3 = 1, n0 = nx = 3 inputs, and n4 = ny = 1 output. Each
connection between nodes represents an entry of the weight matrices/bias
vector.

B. Neural Network Feedforward Controller

To capture torque contributions that cannot be captured by
the physical-model-based feedforward Mζ , Mζ is comple-
mented by a neural network feedforward controller Cφ. Cφ
consists of two neural networks gφ2 and gφ3 , one for the
propeller axis (gφ2 ) and one for the roll axis (gφ3 ), both acting
on the same physically relevant input vector T (θd(k)). The
structure of gφ2 , gφ3 and the transformation T are outlined in
the following.

1) Neural Network Structure: In this article, gφ2 and gφ3

are parameterized as feedforward neural networks (a neural
network without internal feedback loops), as defined in the
following.

Definition 3: A feedforward neural network y = gφ(x) with
parameter φ, output y ∈ R, and input x ∈ Rnx is given by

h0(x) = x

hl(x) = σ
�
W l−1hl−1(x) + cl� , for l = 1, . . . , L

gφ(x) = WLhL(x) (10)

with hidden layers hl ∈ Rnl , l = 1, . . . , L, weight matrices
W l ∈ Rnl+1×nl , l = 0, 1, . . . , L, n0 = nx, nL+1 = 1, bias vectors
cl, l = 1, . . . , L, and elementwise nonlinear activation function
σ(·). The parameters of the neural network are given by φ =

[vec(W0), c0, vec(W1), c1, . . . , vec(WL)].
The first layer h0 is called the input layer, the last layer

gφ(x), the output layer, and hl, l = 1, . . . , L and the L hidden
layers of the neural network. At each hidden layer, the data are
transformed by an affine mapping governed by W l−1 and cl,
followed by an elementwise nonlinear activation function σ(·)
such as a rectified linear unit (ReLU), sigmoid, or hyperbolic
tangent tanh. An example of a neural network is schematically
represented in Fig. 5. The number of hidden layers, the size of
each hidden layer, and the type of activation functions are user-
defined hyperparameters and are detailed for this application
in Section V.

2) Physically Relevant Input: To learn the required input
corresponding to a desired output θd, the input to the neural
network should contain all relevant physical quantities. For the
IX, the physically relevant input T (θd(k)) is defined as

T (θd(k)) =
�
T2(θd(k))T T3(θd(k))T

�T

Ti(θd(k)) =
�
θi,d(k) θ̇i,d(k) θ̈i,d(k) relay(θ̇i,d(k))

�T (11)
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in which the relay function is defined as

relay(x(k)) =

8̂<̂
:

1, if x(k) > 0
−1, if x(k) < 0
relay(x(k − 1)), otherwise

(12)

with relay(x(k)) = 0 for k ≤ 0. This input vector encapsulates
the qualitative prior knowledge on the unmodeled dynamics:
the position-varying inertia and stiffness of the cable are a
function of both θ2 and θ3, requiring that both are included as
the input to the neural network. In addition, the unmodeled
dynamics are not only dependent on position but also on
velocity (nonlinear friction) and acceleration (position-varying
inertia), necessitating their inclusion in T (θd). Last, the relay
function is included as a rudimentary heuristic to approximate
hysteresis characteristics by keeping track of the history of the
sign of the velocity.

3) Neural Network Feedforward Controller: Using the gen-
eral feedforward neural network in Definition 3 and physically
relevant input (11), the neural network feedforward controller
is defined as follows.

Definition 4: Given the reference signal θd, the neural
network feedforward controller Cφ : θd → fC with parameters
φ = [φT

2 , φ
T
3 ]T ∈ Rnφ is given by

fC(k) =

�
f C2 (k)
f C3 (k)

�
= Cφ(θd(k)) =

�
gφ2 (T (θd(k)))
gφ3 (T (θd(k)))

�
(13)

with T (·) as in (11) and gφ2 (·), gφ3 (·) neural networks as in
Definition 3.

The neural network feedforward controller Cφ represents
two independently parameterized neural networks: one for the
propeller axis (gφ2 ) and one for the roll axis (gφ3 ). In general,
the two networks have a different structure, i.e., differing in
the number of hidden layers and their size, denoted by the
two separate parameter sets φ2 and φ3. Both have the same
physically relevant input vector T (θd).

With this neural network feedforward controller, the PGNN
feedforward parameterization Fζ,φ is fully defined.

Remark 2: Note that the stability of the equilibrium config-
uration of the IX (see Fig. 1) is unaltered by the feedforward
controller Fζ,φ as f is not a function of the internal states of the
loop. Stability guarantees in terms of forward invariance of a
safe set are guaranteed by a safety layer already implemented
on the IX.

IV. LEARNING FEEDFORWARD PARAMETERS FROM DATA

Given the PGNN feedforward controller parameterization
Fζ,φ, in this section, it is detailed how its parameters ζ, φ
are optimized from data, enabling the learning of the hard-
to-model dynamics, constituting Contribution C2.

A. Cost Criterion for Optimization

Intuitively, Fζ,φ is optimized such that given a measured
output θ, it accurately predicts the corresponding input u.
To achieve the highest prediction performance, Mζ and
Cφ should be optimized simultaneously [30]. Thus, given
a dataset D with N input voltages and output angles, i.e.,

D = {u(k), θ(k)}Nk=1 with u(k) =
�
u2(k) u3(k)

�T and θ(k) =�
θ2(k) θ3(k)

�T , Fζ,φ is optimized as follows.
Definition 5: Given D, Fζ,φ is optimized according to

arg minζ,φ J(ζ, φ) with

J(ζ, φ) = JLS(ζ, φ) + µ1R1(φ) + µ2R2(ζ) (14)

with

JLS(ζ, φ) =

NX
k=1





�u2(k)
u3(k)

�
−

�
fM2 (k) + f C2 (k)
fM3 (k) + f C3 (k)

�



2

2
(15)

in which fM(k) = Mζ(θ(k)) and f C(k) = Cφ(θ(k)) and
regularization terms R1 : Rnφ → R≥0 and R2 : Rnζ → R≥0 with
weighting µ1 ∈ R≥0 and µ2 ∈ R≥0.

The cost criterion J(ζ, φ) in (14) consists of three
contributions.

1) A least-squares contribution JLS(ζ, φ) that simultane-
ously optimizes ζ, φ such that Fφ,ζ(θ) accurately predicts
u. This can be interpreted as a system identification cri-
terion in terms of the inverse dynamics, i.e., identifying
the system with input θ and output u [36].

2) An orthogonal projection-based regularization R1(φ) that
penalizes neural network outputs f C(k) that could have
been generated by the physical model, promoting that
Mζ and Cφ are complementary.

3) A physics-based regularization R2(ζ) incorporating prior
knowledge on physical quantities, e.g., mass m should
be positive.

Regularization contributions R1(φ) and R2(ζ) are further
detailed in the following. The section concludes with an
overview of the optimization procedure. The details about D
for the IX application can be found in Section V.

B. Orthogonal Projection-Based Regularization

The orthogonal projection-based regularization R1(φ) is
required to enforce complementarity between Mζ and Cφ.
Specifically, since the neural network Cφ is rich enough to
also learn dynamics included in Mζ , there exist multiple
parameters ζ, φ that result in the same input-output map Fζ,φ,
i.e., Fζ,φ is unidentifiable [26]. As a result, fM2 can be negated
by f C2 while still correctly predicting u in (15). This unidenti-
fiability can result in physically inconsistent parameters and a
physical model that cannot be used as a stand-alone baseline.
Regularization R1(φ) prevents this negation by penalizing the
contribution of f C in the subspace in which the physical model
Mζ can generate outputs, thus promoting complementarity.
The remainder of this section further details these statements.

1) Example of Unidentifiability: As an illustrative example,
consider for a moment that the physics-based torque con-
tribution fM2 (k) only consists of J2,yyθ̈2(k), i.e., an inertia
term. Since Cφ is a neural network, there exists parameters
φ2 such that gφ2 (T (θ(k)) = f C2 (k) ≈ sθ̈2(k) for any scaling
s ∈ R. Thus, there exists infinite J2,yy and φ2 for which
fM2 (k)+ f C2 (k) = (J2,yy + s)θ̈2(k) remains unchanged, i.e., Mζ

can have any value for J2,yy and Fζ,φ is unidentifiable. As a
consequence, the optimized value for J2,yy can be completely
different from the true physical quantity.
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Fig. 6. Two realizations of physical model ( ) and neural network ( )
feedforward signals f3,M, f3,C that together ( ) generate the required input
û3 ( ) but are not complementary, i.e., the neural network can capture all
dynamics resulting in a trivial physical model contribution (upper), or the
signals can even be opposite (lower). Both realizations have the same input-
output relation, illustrating that the parallel combination Fζ,φ is unidentifiable,
such that the minimizer to JLS is nonunique, resulting in a physical model that
cannot be used as a baseline. ( ) represents the scaled velocity reference.

Although the above example might seem toy, this mech-
anism of unidentifiability is also observed in practice. As
an example, Fig. 6 shows two realizations of the learned
input signals fM3 , f C3 after optimizing Fζ,φ according to
arg minζ,φ JLS(ζ, φ), i.e., without R1(φ) and R2(ζ). It can be
observed that f C3 can fully negate fM3 (upper) or that f C3
can have similar but opposing contributions compared to
fM3 (lower), while, in both cases, Fζ,φ accurately predicts
u3. In other words, the contributions of Mζ and Cφ are
not complementary. As a consequence, Mζ cannot be used
as an effective stand-alone feedforward controller, Cφ cannot
be disabled, and no physically meaningful coefficients ζ are
obtained from the optimization.

Thus, there exist multiple parameters ζ, φ with the same
input-output behavior, i.e., Fζ,φ is unidentifiable. This uniden-
tifiability is investigated in the following.

2) Unidentifiability: To investigate the unidentifiability of
Fζ,φ, JLS(ζ, φ) in (15) is decomposed in two complementary
subspaces, one describing the subspace in which Mζ can
generate outputs given the dataset D and one describing
its orthogonal complement. From this decomposition, it is

apparent that the neural network has a contribution in the
subspace in which the physical model can generate outputs.

To obtain this decomposition of JLS(ζ, φ), first define ζl =

[m2,m3, J2,yy, J3,xx, J3,yy, J3,zz, J3,xy, J3,xz, J3,yz, b2, b3]T ∈ Rnζl

and ζn = [x2, z2, x3, y3, z3] ∈ Rnζn with nζl = 11, nζn = 5.
Then, the physical-model-based feedforward signal fM can
be written as follows.

Lemma 1: Given ζl, ζn, fM(k) can be written as�
fM2 (k)
fM3 (k)

�
=

�
X2,ζn (θ(k))
X3,ζn (θ(k))

�
ζl = Xζn (θ(k))ζl (16)

in which X2,ζn (θ(k)), X3,ζn (θ(k)) ∈ R1×nζl are given by�
X2,ζn (θ(k))
X3,ζn (θ(k))

�
= 5ζl fM(k) (17)

with fM(k) as in (9).
Proof: By inspection of (2)–(9), it follows that fM(k) is

linear in parameters ζl. By this linearity, fM(k) can be written
as (16) with X2,ζn (θ(k)), X3,ζn (θ(k)) as in (17).�

The above lemma expresses the response of Mζ as a
linear combination of ζn- and θ-dependent basis functions. As
an example, by (2)–(8), the first basis function of X2,ζn (θd)
corresponding to coefficient m2 is given by�

x2
2 + z2

2

�
θ̈2 (k) − g (x2 cos (θ2 (k)) + z2 sin (θ2 (k))) . (18)

Expressing fM(k) as a sum of basis functions allows for
investigating the subspace in which Mζ can generate outputs
given the dataset D of length N. Specifically, define the finite-
time vectorized representation of θ with θ(k) ∈ R2 as

θ =
�
θT (1) θT (2) · · · θT (N)

�T
∈ R2N (19)

and, similarly, for u, fM, and f C . Furthermore, define

X2,ζn (θ) =
�
XT

2,ζn
(θ(1)) · · · XT

2,ζn
(θ(N))

�T
∈ RN×nζl (20)

as the vectorized response of X2,ζn (θ(k)) for k = 1, . . . ,N, and
define X3,ζn (θ), gφ2 (T (θ)), and gφ3 (T (θ)) similarly. Given this
vectorized representation of Xi,ζn (θ), define its singular value
decomposition (SVD) as

Xi,ζn (θ) =
�
Ui,ζn Wi,ζn

� �Σi,ζn 0
0 0

� �
Vi,ζn V⊥i,ζn

�T
(21)

with orthonormal matrices Ui,ζn ∈ R
N×ri , Vi,ζn ∈ R

nζl×ri , Wi,ζn ∈

RN×N−ri , V⊥i,ζn
∈ Rnζl×nζl−ri , and diagonal matrix Σi,ζn ∈ R

ri×ri

with ri = rank(Xi,ζn ) ≤ nζl for i = 2, 3.
Using these vectorized representations and their SVD, the

cost criterion JLS(ζ, φ) can be decomposed as follows.
Theorem 1: Given fM(k) as in Lemma 1 and SVD (21),

JLS(ζ, φ) in (15) can be written as

JLS(ζ, φ) =


UT

2,ζn
u2 − (Σ2,ζn VT

2,ζn
ζl + UT

2,ζn
gφ2 (T (θ)))



2
2

+


WT

2,ζn
u2 −WT

2,ζn
gφ2 (T (θ))



2
2

+


UT

3,ζn
u3 − (Σ3,ζn VT

3,ζn
ζl + UT

3,ζn
gφ3 (T (θ)))



2
2

+


WT

3,ζn
u3 −WT

3,ζn
gφ3 (T (θ))



2
2
. (22)
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Proof: First, given fM(k) as in Lemma 1, JLS(ζ, φ) in (15)
can be written as

JLS(ζ, φ) =

NX
k=1





�u2(k)
u3(k)

�
−

�
X2,ζn (θ(k))
X3,ζn (θ(k))

�
ζl +

�
f C2 (k)
f C3 (k)

�



2

2

(23)

which, by using the finite-time vectorized representation
of u(k), X2,ζn (θ(k)), X3,ζn (θ(k)), f C2 (k) = gφ2 (θ(k)), f C3 (k) =

gφ3 (θ(k)), can be equivalently written as

JLS(ζ, φ) =





�u2
u3

�
−

�
X2,ζn (θ)ζl + gφ2 (T (θ))
X3,ζn (θ)ζl + gφ3 (T (θ))

�



2

2
. (24)

Decomposing X2,ζn (θ) and X3,ζn (θ) according to (21) gives that
(24) can be written as

JLS(ζ, φ) =

3X
i=2



ui − Ui,ζnΣi,ζn VT
i,ζn
ζl − gφi (T (θ))



2
2
. (25)

Now note that by the properties of this SVD, it holds that

Ui,ζn UT
i,ζn

+ Wi,ζn WT
i,ζn

= IN UT
i,ζn

Ui,ζn = Iri (26)

for i = 2, 3. Consequently, (U2,ζn UT
2,ζn

+W2,ζn WT
2,ζn

)u2 = u2 and,
similarly, for u3, gφ2 (T (θ)), and gφ3 (T (θ)) such that (24) can
be written as

JLS(ζ, φ)

=

3X
i=2



Wi,ζn

�
WT

i,ζn
ui −WT

i,ζn
gφi (T (θ))

�
+ Ui,ζn

�
UT

i,ζn
ui − Σi,ζn VT

i,ζn
ζl − UT

i,ζn
gφi (T (θ))

�

2
2
.

(27)

Since Ui,ζn and Wi,ζn are orthonormal, i.e., it holds that
UT

i,ζn
Wi,ζn = 0, the norm of the sum in (27) is equal to the

sum of the norms such that expanding (27) gives

JLS(ζ, φ)

=

3X
i=2



Wi,ζn

�
WT

i,ζn
ui −WT

i,ζn
gφi (T (θ))

�

2
2

+


Ui,ζn

�
UT

i,ζn
ui − Σi,ζn VT

i,ζn
ζl − UT

i,ζn
gφi (T (θ))

�

2
2
. (28)

Last, Ui,ζn ,Wi,ζn can be removed from the norm as they are
orthonormal, i.e., UT

i,ζn
Ui,ζn = Iri ,W

T
i,ζn

Wi,ζn = IN−ri such that
(28) is equivalent to (22), completing the proof.�

SVD (21) immediately shows the subspace in which Mζ

can generate outputs for this dataset D, namely, in the images
of U2,ζn ,U3,ζn . Similarly, W2,ζn ,W3,ζn represent the subspaces in
whichMζ cannot generate outputs. Note that these subspaces
are dependent on ζn. The terms UT

i,ζn
ui and WT

i,ζn
ui represent

the contribution of the vectorized input ui in these subspaces.
Consequently, the decomposition of JLS(ζ, φ) according to
these subspaces shows that if WT

i,ζn
ui , 0, then the physical

model cannot explain this contribution, as evidenced by the
absence of ζl in the second and fourth terms of (22). In
addition, this decomposition immediately shows that Cφ can
negate Mθ: since Cφ is a neural network, it can also generate
outputs in U2,ζn ,U3,ζn , i.e., Ui,ζn gφi (T (θ)) , 0 for i = 2, 3. Thus,
contributions can be freely exchanged between U2,ζn gφ2 (T (θ))

and Σ2,ζn VT
2,ζn
ζl as exemplified in Fig. 6. Furthermore, as

long as W2,ζn gφ2 (T (θ)) remains the same, the combined output
fM+ f C and, thus, JLS(ζ, φ) remain unchanged. This option to
exchange of contributions between Mζ and Cφ illustrates the
unidentifiability of Fζ,φ and the mechanism behind Cφ negating
Mζ .

3) Orthogonal Projection-Based Regularization: To coun-
teract the negation of Mζ by Cφ and obtain physically
relevant parameters when optimizing the unidentifiable param-
eterization Fζ,φ, orthogonal projection-based regularization is
employed [26], which is defined as follows.

Definition 6: Given parameters φ and data D, orthogonal
projection-based regularization R1(φ) is defined as

R1(φ) =




UT
2,ζ0

n
gφ2 (T (θ))




2

2
+



UT

3,ζ0
n
gφ3 (T (θ))




2

2
(29)

with ζ0
n being a priori fixed approximation of ζn.

Regularization R1(φ) penalizes the contribution of Cφ in the
subspace in which the physical model can generate outputs for
a given ζ0

n , i.e., it penalizes UT
2,ζ0

n
gφ2 (T (θ))) and UT

3,ζ0
n
gφ3 (T (θ))).

If ζ0
n is appropriately chosen, subspaces U2,ζ0

n
,U3,ζ0

n
correspond

to U2,ζn ,U3,ζn , i.e., the subspace in which contributions can be
exchanged between Cφ and Mζ , as illustrated by decompo-
sition (22) (see Theorem 1). Consequently, R1(φ) penalizes
the exchange of contributions betweenMζ and Cφ, promoting
complementarity and preventing the negation of fM by f C .

The choice to fix ζn to a fixed approximation ζ0
n in R1(φ)

is motivated by a computational argument. Specifically, to
guarantee complementarity between Mζ and Cφ, the true
U2,ζn ,U3,ζn should be used in R1(φ). However, this would
require updating U2,ζn ,U3,ζn during optimization, as changing
ζn also changes the output space of Mζ . This update intro-
duces a significant computational burden, especially for large
datasets. As an alternative, ζn can be set to a fixed approx-
imation ζ0

n . Even though ζ0
n might not exactly correspond to

the true value of ζn, for the IX application, ζn is known to be
within reasonable bounds already before identification from
mechanical design specifications. Consequently, in practice,
fixing ζn to ζ0

n results in U2,ζ0
n
,U3,ζ0

n
that offer a good enough

approximation of the true U2,ζn ,U3,ζn . This is further supported
by the fact that updating Ui,ζn during optimization does not
improve results.

This orthogonal projection-based regularization R1(φ) is
added to JLS(ζ, φ) as in (14) with weighting µ1, which rep-
resents the degree of desired complementarity: it creates a
spectrum between the unregularized case JLS with µ1 = 0 and
full orthogonality for µ1 → ∞.

C. Physics-Based Regularization

In addition to the orthogonal projection-based regulariza-
tion, other physical prior knowledge on physical quantities
is imposed during optimization through regularization R2(ζ).
Specifically, R2(ζ) is defined as follows.

Definition 7: Given parameters ζ, physics-based regulariza-
tion R2(ζ) is defined as

R2(ζ) =

9X
i=1

max(0, exp(−hi(ζ)) − 1) (30)
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Algorithm 1 Optimization Procedure for Fζ,φ

with physical constraints hi(·) defined such that hi(·) > 0 when
the constraint is satisfied.

R2(ζ) as in Definition 7 embeds physical prior knowl-
edge in (14) through regularization with the penalty function
max(0, exp(−hi(ζ))− 1) [37], i.e., through increasing the costs
J(ζ, φ) if physical constraints hi(ζ) are violated.

Remark 3: As opposed to this approach based on soft con-
straints, hi can also be implemented as hard constraints [37].
However, since this penalty function method ensures that all
constraints are met for the IX application, and most automatic
differentiation frameworks for neural network optimization do
not allow for incorporating hard constraints out of the box,
the penalty function is deemed satisfactory.

The physical constraints for the IX application are given as
follows.

1) Mass and moments of inertia are positive, i.e.,

h1 = m2, h2 = m3, h3 = J2,yy

h4 = J3,xx, h5 = J3,yy, h6 = J3,zz. (31)

2) The inertia matrix M(θ) of (2) is positive definite, i.e.,

h7 = min
i
λi(M(θ)). (32)

3) The viscous friction coefficients are positive, i.e.,

h8 = b2, h9 = b3. (33)

R2(ζ) is added to JLS(ζ, φ) as in (14) with weighting µ2 to
enforce physics-based constraints.

D. Training Procedure

With all components of JLS(ζ, φ) as in (14) defined, Algo-
rithm 1 summarizes all aspects of the optimization procedure
for Fζ,φ in the form of pseudocode.

Since J(ζ, φ) is nonconvex in both physical parameters ζ
and neural network parameters φ, it is necessary to resort
to iterative methods to minimize J(ζ, φ). Algorithm 1 uses
a gradient descent method to minimize J(ζ, φ). Consequently,
only convergence to a local minimum (or a saddle point) can
be guaranteed. The gradients of J(ζ, φ) in step 10 can be
efficiently computed by any modern automatic differentiation
library, such as PyTorch [38]. Algorithm 1 can readily be
modified to employ other iterative optimization schemes such
as ADAM [39].

To summarize, the developed feedforward approach consists
of the following steps1:

1) a parameterization of a physical-model-based feedfor-
ward controller (see Section III-A);

2) a parameterization of the neural network feedforward
controller (see Section III-B), deciding on the number
of hidden layers, the number of neurons per layer and
the activation function;

3) the derivation of the basis function matrix of the physical
model (see Section IV-B);

4) a choice for the regularization weightings µ1 and µ2
associated with the orthogonal projection-based regular-
ization and physics-based regularization, defining costs
J(ζ, φ);

5) the collection of a dataset and optimization of Fζ,φ
according to Algorithm 1.

V. EXPERIMENTAL VALIDATION ON IX SETUP

In this section, the parallel feedforward controller Fζ,φ in
Definition 1 optimized according to cost function J(ζ, φ) in
Definition 5 is evaluated on the IX, constituting Contribution
C3. The benefits of the developed framework are illustrated
through comparison to a purely physical-model-based feed-
forward controller and to a parallel feedforward controller
optimized according to just JLS(ζ, φ) in (15).

A. Implementation Details

1) Dataset: A dataset for learning of Fζ,φ is obtained as
follows.

1) A set of References is designed such that all relevant
positions and velocities within the operating range of the
IX are covered. Specifically, similar to state-of-practice
calibration routines, the operating range of the propeller
axis is swept using a third-order setpoint [40] for various
positions of the roll axis, and vice versa; the roll axis
is swept for various positions of the propeller axis. This
results in a dataset of length N = 1 · 106. Although this
type of calibration results in a large amount of data,
this choice is made to remain close to current industrial
practices. In case measurement time is limited, there
exist methods to more efficiently cover the full operating
range [41], [42].

2) Since the output θ is quantized and cannot be differenti-
ated, the reference θd is used as a surrogate for θ, which

1A numerical implementation of these steps for an academic example can
be found at https://gitlab.tue.nl/kon/orthogonal-projection-based-regularization
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has well-defined derivatives at the sample instances.
Consequently, the dataset for optimization is given by
θd and corresponding closed-loop control input u, i.e.,
D = {u2(k), u3(k), θ2,d(k), θ3,d(k)}Nk=1. By choosing this
dataset and optimizing Fζ,φ according to criterion J(ζ, φ)
in (14), it is implicitly assumed that the discrepancy
between θd and θ is negligible, i.e., it is assumed that
u results in θd when applied to the IX. Even though
this is never exactly true in practice, θd(k) − θ(k) ≈ 0
for references of which the frequency content is below
the feedback controller bandwidth. Consequently, for
sufficiently slow references, the discrepancy between θd

and θ is negligible.
3) Last, the feedback inputs are filtered with a second-

order Butterworth low-pass filter with a 1-[Hz] cutoff

frequency in both forward and reverse directions (zero
phase).

2) Hyperparameters: Based on a hyperparameter optimiza-
tion [35], the structure of both neural networks gφ2 and gφ3

(see Definition 3) is chosen as two hidden layers of 30 neurons
each with tanh activation functions. The hyperparameter study
shows that these settings provide just enough degrees of
freedom to capture all dynamics while preventing overfitting.
The tanh slightly outperforms the ReLU, whereas the sigmoid
is observed to perform worst. Furthermore, µ1 and µ2 are set
as µ1 = 10−5 and µ2 = 1.

3) Training Procedure: The dataset is split randomly into
smaller datasets: 80% for training, 10% for validation, and
10% for testing. At each iteration k, the training dataset is
split randomly into minibatches of size 104, and each training
iteration k loops over all these minibatches. In addition, using
the validation set, training is terminated if no improvement
of the validation costs is noticed during the last five training
iterations [43]. Minimization is carried out using ADAM with
a learning rate of 10−3 [39]. The parameters ζ of the physical
model componentMζ are initialized based on minimizing JLS
using only fM, i.e., as the best physical-model approximation.

Using the above data, hyperparameters, and training set-
tings, Fζ,φ is optimized on an HP Z-book G5 using an NVIDIA
Quadro P2000 GPU in 45 iterations, taking a total time of 1112
s, corresponding to approximately 18.5 min. Fig. 7 visualizes
the convergence of JLS(ζ, φ) evaluated on both the training and
validation set during optimization.

B. Performance Metrics

The performance of Fζ,φ is evaluated based on two signals:

1) the difference between the measured input voltages and
the voltages predicted by Fζ,φ for the test dataset, i.e.,
based on εi(k) = ui(k)− fi(k), i = 2, 3 (see Section V-C);

2) the resulting tracking error ei(k) = θd,i(k) − θi(k) when
applying Fζ,φ to the IX for a new but similar reference
(see Section V-D).

The performance is evaluated graphically and through rele-
vant norms of εi(k) and ei(k). Specifically, the root mean square
(rms), mean absolute (MA), and infinity (Inf) norm of εi(k) and

Fig. 7. Least-squares costs (1/N)JLS ( ), orthogonal-projection-based reg-
ularization R1(φ) ( ), and physics-based regularization R2(ζ) ( ) during
optimization of Fζ,φ for both the training data ( ) and the validation data
( ). JLS decreases by a factor of 10 during training, indicating that Fζ,φ

can capture the measured inputs u. Furthermore, JLS is approximately the
same for the validation and train set, indicating that Fζ,φ generalizes to data
that was not trained on. Last, R2(ζ) = 0 after iteration 17, indicating that the
parameters of the physical model satisfy the physical constraints hi(ζ) > 0.

ei(k) are considered, which are defined as

MA(εi) =
1
N

NX
k=1

|εi(k)| (34)

rms(εi) =

vuut 1
N

NX
k=1

ε2
i (k) (35)

Inf(εi) = max
k∈{1,...,N}

|εi(k)| (36)

and, similarly, for ei(k).

C. Performance on the Test Dataset

Parameters ζ, φ of Fζ,φ are optimized according to J(ζ, φ) in
(14) with settings as in Section V-A. Fig. 8 shows the resulting
signals [ f2(k), f3(k)]T = Fζ,φ(θd(k)) after optimization, as
well as the neural network and physical model contributions
fMi (k) =Mζ(θd(k)), f Ci = Cφ(θd(k)) for i = 2, 3. It is observed
that f2 and f3 closely match measured input u in both axes.
In addition, fi,M and fi,C are complimentary in both axes. In
addition, the following is observed.

1) For both axes, the neural network enables predicting
parts of the input signal f2 that cannot be captured
by Mζ , e.g., the position-dependent friction and cable
forces. Moreover, in the propeller axis, Cφ even manages
to learn the locally increased resistance from the cable
getting stuck between the base and propeller axis (see
Fig. 8, inset of the upper figure).

2) For both axes, Fζ,φ has trouble capturing u just before
and right after periods of zero velocity. In these periods,
IX suffers from static friction such that the difference
between θd and θ is no longer negligible, violating
the assumption made on the dataset D. Specifically,
whereas, in these periods, θd has nonzero velocity, the
true system is not moving due to friction such that θ is
constant in these periods. As a result, it is impossible
to predict u based on θd with the nonrecurrent structure
of Cφ.
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Fig. 8. Input fi, i = 2, 3, generated by the PGNN Fζ,φ ( ) trained with
J(ζ, φ) is able to generate the measured input ui ( ) and can capture
unmodeled dynamics such as position-dependent friction. In addition, the
orthogonal projection-based regularization ensures complementarity between
the physical model ( ) and neural network ( ) contributions fi,M, fi,C , in
both propeller (θ2, top) and roll axis (θ3, bottom). ( ) represents the scaled
velocity reference.

TABLE II
RESIDUAL ε2 = u2 − f2 NORMS [V] FOR θ2-AXIS

Tables II and III show the norms of the prediction residuals
εi(k) = ui(k)− fi(k) for three feedforward controllers: Fζ,φ opti-
mized according to J(ζ, φ) in (14), Fζ,φ optimized according
to JLS(ζ, φ) in (15), and Mζ optimized according to JLS(ζ),
i.e., a purely physical-model-based feedforward controller with
Cφ = 0. In addition, these tables show the energy in the
neural network signal f C2 . It is observed that both Fζ,φ are

TABLE III
RESIDUAL ε3 = û3 − f3 NORMS [V] FOR θ3-AXIS

able to capture u significantly better than Mζ,φ due to the
added flexibility of the neural network Cφ. The decrease in
the worst case prediction error Inf(εi) is limited by the static
friction effects. In addition, optimizing according to J(ζ, φ)
as opposed to JLS(ζ, φ), i.e., including orthogonal projection-
based regularization R1(φ) and physics-based regularization
R2(ζ) in the optimization, ensures order of magnitude smaller
neural network contribution while maintaining a similar pre-
diction performance.

These observations show that the developed PGNN can
capture more dynamics of the IX than a purely physical-
model-based approach through the inclusion of a neural
network, and the neural network contribution remains small
due to the inclusion of the orthogonal projection-based reg-
ularization. However, they also illustrate limitations, i.e., that
the neural network is not able to capture all dynamics, such
as stick-slip effects around zero velocity. Even though the
neural network can approximate any function, the unmodeled
dynamics might manifest as dynamic filters with memory,
necessitating the use of recurrent neural networks.

Remark 4: Note that even though it is observed that more
dynamics are captured by the neural network, no claims can be
made on how accurately the true dynamics are approximated
as these are unknown. Moreover, since neural networks do
not extrapolate [9], the PGNN can only approximate the true
dynamics in regions where data are provided, which is why it
is only used as an augmentation of a physical model that can
be used as a baseline.

D. Real-Time Performance

In Section V-C, it is shown that given θd, Fζ,φ is able to
generate f that accurately matches the u required for this θd.
Thus, Fζ,φ is evaluated for a different but similar reference,
and the generated f is applied as a feedforward signal to
the experimental IX setup. On the considered real-time target
machine, Fζ,φ takes at maximum 2.3 ·10−6 s to evaluate, which
is approximately 1% of the sampling time.

Fig. 9 shows the resulting tracking error for the propeller
and roll axis and compares it to the tracking errors when
only applying the optimized physical-model-based feedfor-
ward controller Mζ and to the tracking error when only
using feedback control. Although Mζ reduces tracking errors
compared to a situation with only feedback, predictable
errors due to unmodeled dynamics are still present. In con-
trast, Fζ,φ significantly improves the tracking performance by
compensating for most of these unmodeled dynamics, espe-
cially for the roll axis. The following is observed.

1) The tracking errors are centered around 0, indicating
successful compensation of position-dependent friction
and cable-induced stiffness contributions, which result
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Fig. 9. PGNN feedforward ( ) improves the tracking error both with respect
to no feedforward ( ) and physical model-based feedforward ( ) in the
propeller axis (top) but especially in roll axis (bottom), where unmodeled
dynamics are more pronounced. ( ) represents the scaled velocity reference.

in an offset and slope in the tracking errors when using
Mζ or only a feedback controller.

2) For the roll axis, the error is generally flat and within a
few encoder counts. However, right after stationary peri-
ods, static friction prevents the roll axis from moving,
which, combined with the constant acceleration phase of
the setpoint, generates a quadratic error profile, resulting
in transients. As discussed in Section V-C, these errors
cannot be compensated by the neural network.

3) For the propeller axis, a clear single harmonic com-
ponent is observed in the error during the constant
velocity interval. Further investigation shows that both
the frequency and amplitude of this harmonic vary with
the velocity θ̇2. It is, thus, hypothesized that a cause
for this harmonic is gear imperfection in the drivetrain.
Learning and compensating for these imperfections and
the resulting parasitic forces requires either an extra

TABLE IV

ERROR NORMS FOR θ2-AXIS

TABLE V

ERROR NORMS [DEG] FOR θ3-AXIS

sensor or a feedforward controller that estimates these
gear positions since these gear positions are not statically
but dynamically related to θ2 through the drivetrain
dynamics. Consequently, Fζ,φ is not rich enough to
capture these disturbances.

Tables IV and V quantify the performance of the three
methods in terms of norms of the tracking error. These tables
illustrate that both the MA and rms error are improved by
factors of 2 and 5 for the propeller respectively roll axis with
respect to just Mζ . The worst case error is not improved
due to the static friction and transients right after stationary
periods.

These results illustrate that the developed PGNN results in
an improved tracking error compared to a purely physical-
model-based feedforward controller. However, similar to
Section V-C, predictable errors remain, which are not compen-
sated by the neural network, as it is limited by its nonrecurrent
structure and by the data collection process (see 2) in Sec-
tion V-C).

VI. CONCLUSION

PGNNs for feedforward control are used to compensate for
the hard-to-model dynamics of an IX system. This PGNN
consists of a physical multibody model of the IX in parallel
with a neural network. To ensure that the neural network only
compensates for unmodeled effects, orthogonal projection-
based regularization is applied such that the physical model
and the neural network are complementarities, resulting in a
physical model that serves as a baseline and a small neural
network contribution that can be monitored. The developed
PGNN is able to successfully compensate the position-varying
friction and position-varying cable forces present in the IX
setup, as evidenced by a reduction of the tracking error by
factors of 2 and 5 in respective axes compared to a physical-
model-based approach.

Future work focuses on improving the feedforward accu-
racy of the PGNN method by developing a PGNN with a
recurrent neural network. In addition, it focuses on obtaining
an improved dataset that describes the required input to
compensate for the stiction after stationary periods. Last, a
benchmark of the developed framework compared to a broader
range of feedforward control methods is considered.
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[6] K. Hunt, D. Sbárbaro, R. Żbikowski, and P. J. Gawthrop, “Neural
networks for control systems—A survey,” Automatica, vol. 28, no. 6,
pp. 1083–1112, Nov. 1992.

[7] O. H. Sørensen, “Additive feedforward control with neural networks,”
in Proc. 14th IFAC World Congr., vol. 32, Jul. 1999, pp. 1378–1383.

[8] G. Otten, T. J. A. de Vries, J. van Amerongen, A. M. Rankers, and
E. W. Gaal, “Linear motor motion control using a learning feed-
forward controller,” IEEE/ASME Trans. Mechatronics, vol. 2, no. 3,
pp. 179–187, Mar. 1997.

[9] J. Schoukens and L. Ljung, “Nonlinear system identification: A user-
oriented road map,” IEEE Control Syst. Mag., vol. 39, no. 6, pp. 28–99,
Dec. 2019.

[10] L. Ljung, C. R. Andersson, K. Tiels, and T. B. Schön, “Deep learning
and system identification,” in Proc. 21st IFAC World Congr., vol. 53,
Jan. 2020, pp. 1175–1181.

[11] I. Goodfellow, Y. Bengio, and A. Courville, Deep Learning. Cambridge,
MA, USA: MIT Press, 2016.

[12] K. Hornik, M. Stinchcombe, and H. White, “Multilayer feedforward
networks are universal approximators,” Neural Netw., vol. 2, no. 5,
pp. 359–366, 1989.
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