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ARTICLE INFO ABSTRACT
MSC: We define a number of higher-order Markov properties for stochastic processes (X())cr,
60J25 indexed by an interval T C R and taking values in a real and separable Hilbert space U. We
60G15 furthermore investigate the relations between them. In particular, for solutions to the stochastic
ZOGZZ evolution equation £X = W, where L is a linear operator acting on functions mapping from T
SRE0 to U and (W (1)),y is the formal derivative of a U-valued cylindrical Wiener process, we prove
Keywords:

necessary and sufficient conditions for the weakest Markov property via locality of the precision
operator L*L.

As an application, we consider the space-time fractional parabolic operator £ = (9, + A)" of
order y € (1/2, ), where —A is a linear operator generating a C,-semigroup on U. We prove that
the resulting solution process satisfies an Nth order Markov property if y = N € N and show
that a necessary condition for the weakest Markov property is generally not satisfied if y ¢ N.
The relevance of this class of processes is twofold: Firstly, it can be seen as a spatiotemporal
generalization of Whittle-Matérn Gaussian random fields if U = L*(D) for a spatial domain
D C RY Secondly, we show that a U-valued analog to the fractional Brownian motion with
Hurst parameter H € (0, 1) can be obtained as the limiting case of £ = (9, + & Id;;)" *3 for ¢ 10.

Higher-order Markov property
Infinite-dimensional fractional Wiener process
Matérn covariance

Spatiotemporal Gaussian process

1. Introduction
1.1. Background and motivation

Gaussian Markov random fields play an important role for various applications, such as the analysis of time series or longitudinal
data, image processing and spatial statistics, see e.g. [39, Section 1.3]. The latter focuses on the statistical modeling of spatial or
spatiotemporal dependence in data collected from phenomena encountered in disciplines such as climatology [1], epidemiology [24]
and neuroimaging [31]. The popularity of Gaussian Markov random fields among the larger class of Gaussian random fields is a
consequence of their additional conditional independence properties, which entail a sparse precision structure and facilitate efficient
computational methods for statistical inference. In particular, hierarchical models based on Gaussian Markov random fields allow
for efficient Bayesian inference using Markov chain Monte Carlo methods, see for instance [39, Section 4.1].

Since a Gaussian process is fully characterized by its second-order structure, i.e., the mean and covariance function, a natural
way to specify its distribution is to choose a suitable second-order structure. Alternatively, the dynamics of Gaussian random fields
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defined on a Euclidean domain D C R? can be specified by means of stochastic partial differential equations (SPDEs), such as the
white noise (W(x)),cp driven equation

LX(x)=W(x), x€D. (1.1)

Here, L is a linear operator acting on real-valued functions defined on D. A spatial Gaussian random field (X(x)),¢p is said to have
the Markov property if the subcollections (X (x)),ep ] and (X ())xep, corresponding to pairs of disjoint subdomains D, D, C D are
independent conditional on (X(x)),cy for some non-trivial ‘splitting’ set D' C D separating the two. The precise specification of
these sets, which respectively carry the intuitive interpretations of past, future and present, leads to various definitions of the Markov
property. According to the theory of Rozanov [38], a real-valued Gaussian random field satisfying (1.1) has such a Markov property
if and only if its precision operator L*L is local, where L* denotes the L?(D)-adjoint of L.

An important example in spatial statistics is the choice of a fractional-order differential operator L := z(x2 — A)/ in (1.1),
where 4 is the Laplacian, W is Gaussian white noise and 7,x,f € (0,00). Whittle [43] observed that the covariance function
o(x,y) 1= E[X(x)X ()] of the stationary solution (X(x)),ep to (1.1) with D = R? then belongs to the widely used Matérn class [30]:

0(x,3) = Cy ., a(llx = yllga)' K, (kllx = yllga) for all x,y € RY, 1.2)

where v 1= 28 —d/2, C, ., 4 = v 2(4n)"?217V[I'(v + 4/2)]"'x~? and K, denotes the modified Bessel function of the second kind.
This observation motivated the SPDE approach for spatial statistical modeling proposed by Lindgren, Rue and Lindstrom [27].
Here, one considers (1.1) on a bounded Euclidean domain D ¢ R, augmented with boundary conditions, and approximates the
resulting Whittle-Matérn fields by means of efficient numerical methods available for (S)PDEs. Owing to its ease of generalization
and its computational efficiency as compared to covariance-based techniques, this approach has gained widespread popularity, see
e.g. [5-7,9,17,26,40]. Since in this case the precision operator is given by L*L = 7%(x? — 4)?/, we find that Whittle-Matérn fields are
Gaussian Markov random fields in the sense of Rozanov [38] precisely when 2 € N.

Recently, extensions of the SPDE approach incorporating time dependence have been discussed. A class of space-time equations
which has been proposed in this context is

@, +LYX(tx)=Wo(t,x), (tx)€TXD, 7€/ (/2 0), 1.3)

where T C R represents a time interval and W¢ is spatiotemporal Gaussian noise, which is spatially colored by an operator Q,
see [23,25]. In particular, it has been shown in [23] that Eq. (1.3) extends the Matérn model in terms of spatial marginal covariance,
and that the interplay of its parameters governs smoothness in space and time as well as the degree of separability.

Spatiotemporal random fields can be viewed as U-valued stochastic processes by letting a Hilbert space U encode the spatial
variable, so that (1.3) corresponds to a stochastic fractional evolution equation of the form

0, +AYX(t)=W2(t), teT. 1.4

The (temporal) Markov property of solutions to (1.3) is then equivalent to that of the U-valued solution process (X (1)),cr, Where
the Markov behavior is considered with respect to the index set T. Moreover, viewing (1.4) as a special case of

LX) =WO®), teT, (1.5)

where £ is now a linear operator acting on functions from T to U, the theory of Rozanov [38] suggests that locality of the precision
operator £*£, also acting on functions f: T — U, can be used to characterize temporal Markov behavior of the solution X.

1.2. Contributions

In this work we define simple, multiple (N-ple for N € N) and weak Markov properties for stochastic processes which take values
in a Hilbert space U. These definitions generalize those appearing for instance in [18,37,38] for real-valued processes to infinite
dimensions, see Definitions 3.1, 3.2 and 3.4, respectively. Besides gathering them in once place, we establish their interrelations,
see Proposition 3.5 and Remark 3.6. The main results are Theorems 3.7 and 3.9, which give necessary and sufficient conditions,
in terms of the precision operator £*£, for the weakest notion of Markovianity for a U-valued Gaussian process defined via (1.5).
These results are proven by a non-trivial extension of the theory by Rozanov [38, Chapters 2 and 3] from the real-valued to the
U-valued setting.

In order to consider the more concrete class of processes defined via (1.4), we construct a stochastic integral for deterministic
operator-valued integrands defined on the whole of R with respect to a two-sided (cylindrical) Q-Wiener process (W2 (f)),cr, see
Section 2.2. We employ this stochastic integral to define the mild solution process Z, = (Z,(t)),er to (1.4) on T = R, see Definition
4.5. Our rigorous definition of the fractional space-time operator (9, + A)” for y € R, see Definition 4.3, extends the Weyl fractional
calculus in the sense that one recovers the Weyl fractional derivatives and integrals defined in [21, Section 2.3] upon specializing
toU=Rand A=0.

We show that the mild solution Z, to (1.4) satisfies the N-ple Markov property if y = N € N, see Theorem 4.10. Conversely, we
use Theorem 3.7 to show that, in general, Z, is not weakly Markov for y ¢ N. This complements [15, Theorem 2.7], which states
that any time-homogeneous U-valued Gaussian simple Markov process is the solution to a first-order stochastic evolution equation.

Finally, we discuss another interesting aspect of the SPDE (1.4): A fractional Q-Wiener process (Wg (1));er With Hurst parameter
H € (0,1), as defined for instance in [13], can be obtained as a limiting case of (1.4) with y = H + 1/2and A = eldy; as € | 0, see
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Table 1
Notation used throughout this article.
Elementary sets and operations Function spaces
N Positive integers J Non-empty (sub)interval of R
Ny Non-negative integers C(J;E) Continuous functions from J to E
1d, Identity map on a set D C2(J;E) Compactly supported infinitely differentiable functions from J to E
1p, Indicator function of a subset D, C D C2(J) Abbreviation for C*(J;R)
SAt Minimum of s, € R C,(E) Bounded and continuous functions from E to R
sVt Maximum of s,7 € R (S, o, u) Measure space
Bounded linear operators B,(S) Bounded and measurable functions from S to R
U, U Real and separable Hilbert spaces LP(S, o, u; E) Bochner space of p-integrable functions from S to E
(-, Inner product of U LP(S;E) Abbreviation for L?(S, o, u; E)
E, F Real and separable Banach spaces H'(J;U) Functions in L?(J;U) with weak derivatives in L2(J;U)
I llg Norm of E HO1 (0,00;U) Functions in H'(0, co; U) which vanish at zero
L(E;F) Bounded linear operators from E to F
ZL(E) Abbreviation for Z(E; E) Unbounded linear operators
T* Adjoint of T € L (E; F) D(A) Domain of unbounded linear operator A: D(A)C E — E on E
L) Self-adjoint and positive definite operators on U Ag Bochner space counterpart on L(S; E) of A:D(A) C E — E, see (4.7)
T Trace of T € £*(U)
fr(U) Te X U) with r T < o

fz(Ugﬁ ) Hilbert-Schmidt operators from U to U

Proposition 5.3. The proof is based on a Mandelbrot-Van Ness [29] type integral representation of W<, again using the two-sided
stochastic integral from Section 2.2, see Proposition 5.2. The case H = % corresponds to a (non-fractional) Q-Wiener process and
is thus Markov. Conversely, although the results of Theorems 3.7 and 3.9 do not apply directly, the above observation provides
evidence that Wg does not satisfy a weak Markov property for H € (0,1) \ {%}.

1.3. Outline

In Section 2 we begin by establishing the necessary notation, see Section 2.1, followed by the construction of the stochastic
integral with respect to a two-sided (cylindrical) Q-Wiener process in Section 2.2. Section 3 is devoted to defining, relating and (for
solutions to (1.5)) characterizing various notions of Markov behavior for U-valued stochastic processes. The goal of Section 4 is to
define and analyze the mild solution to (1.4) on T = R. To this end, we first describe the setting and define (9, + A)~" with y € (0, o)
in Sections 4.1 and 4.2, respectively. We subsequently define the mild solution process in Section 4.3, and investigate for which
values of y € (I/2, ) it exhibits Markov behavior in Section 4.4. In Section 5 we recall the definition from [13] of a Q-fractional
Wiener process and prove a Mandelbrot—Van Ness type integral representation, allowing us to exhibit it as a limiting case of (1.4).

This article is supplemented by two appendices: Appendix A contains auxiliary results relating to specific results from the main
text whose statements and proofs were postponed for readability; subjects include conditional independence, filtrations indexed by
R and the mean-square differentiability of stochastic convolutions. Appendix B is a short overview of results regarding fractional
powers of linear operators and the interpretation of the fractional parabolic operator (9, + A).

2. Preliminaries
2.1. Notation

Table 1 lists some notation which is used throughout this article. Positive definite operators T € £t (U) satisfy (Tx,x)y > 9||x||%]
for all x € U and some 6 € (0, ). The trace of T € .£*(U) is defined by tr T := ZjeN(Tej,ej)U, where (e;);ey is any orthonormal
basis of U. The space of Hilbert-Schmidt operators .%,(U; U) is equipped with the inner product (T, S) L = Yien(Te;. Se;)g-

We call A: D(A) C E — E closed if its graph is closed with respect to the graph norm, and densely defined if D(A) is dense in E.

Throughout this work, we assume that a complete probability space (2, F,P) is given, meaning that 7 contains the collection
Np of P-null sets. We abbreviate the phrase “P-almost surely” by “P-a.s”. In what follows, we call a function Z: Q2 — E an E-valued
random variable if it is strongly P-measurable. We write Z ~ N(m, Q) if Z is a U-valued Gaussian random variable with mean m € U
and covariance Q € .Z]“'(U ); its existence is guaranﬁeed by [4, Theorem 2.3.1]. Two stochastic processes (X (1)),cr and X ()T are
said to be modifications of each other if P(X(#) = X(¢t)) =1, for all r € T, where T =R, T = [0, ) or T = [0, T] for some T € (0, c0).

Let G, H,G, C F be sub-c-algebras of 7. The join of two s-algebras is denoted by G, v G, := ¢(G, U G,). We write G, 1L G, to
indicate that ¢, and G, are independent. The expression E[Z | H] denotes the conditional expectation of a random variable Z given
H, and the conditional probability of A € F given H is defined by P(A | H) := E[1, | H], P-a.s. The notation G, 1.4 G, indicates
that G, and G, are conditionally independent given H, i.e., for all G, € G,, G, € G, we have P(G| N G, | H) = P(G, | H)P(G, | H),
P-a.s. When conditioning on the c-algebra o(Y) = {{Y € B} : B € B(E)} generated by a random variable Y, we write Y instead of
oY), eg,E[Z]|Y]or G 1y G,.
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2.2. Stochastic integration with respect to a two-sided Wiener process

Let (WIQ(t)),zo, (WZQ(t)),ZO be independent U-valued standard Q-Wiener processes for a given Q € Zf(U ), see for instance [28,
Section 2.1], and define

wo) := weo. 1€ 10,00);
S\ wPen. re(-w,0).

Then the two-sided Q-Wiener process W€ := (WQ(Z)),ER satisfies the following:

(WP1) W€(t) has mean zero and W2 (t) — W2(s) ~ N(O,(t — 5s)Q) for t > s;
(WP2) W€ has continuous sample paths;
(WP3) WO(t)) — WO(ty) L WO(ty) — W) fort; <t, <13 <ty

One can define a stochastic integral with respect to such a process using a construction analogous to the one-sided case, as presented
for instance in [28, Section 2.3]. Restricting ourselves to deterministic integrands @: R — £(U; U), this procedure yields a square-
integrable stochastic integral [, @(r) dW9(t) belonging to L2(£2; U) which exists if and only if &(-)Q2 € L*(R;.%(U;U)); see Table
1 for the definitions of these (Bochner) spaces. In this case, it satisfies the following It6 isometry:

2 1
o — 3112
H/R@(t)dW (1) b = /]R |lD() 02 ||$2(U;(~J) dr. (2.1)

As in the one-sided case, we can extend the definition of the stochastic integral to allow for Q € .£+(U )\ffl’r(U ), cf. [28, Section 2.5].
Now we turn to the matter of R-indexed filtrations on (L2, F,P) associated to (W9(t)),cg. In the one-sided case, the integral

process ( fO’ d(r) dVVlQ(r))

w,
0 is a martingale with respect to the filtration 7, ' := o(WlQ(s) 0 < s < t) VvV 6(Np) whenever

D(- )Q% € L*0,t; 4 (U; 0)) for all ¢ € [0, ), which is immediate from the definition of the stochastic integral.
In the two-sided case, we instead use the (completed) filtration (FfWQ )ier generated by the increments of W€, defined by

FWe = cWCw) - WO(s) : s<u<n)Vo(Np), 1ER. (2.2)

Note that we have T’fWQ c F,WQ for all € R and F,WQ = FfWQ for ¢ € [0, ), where FIWQ is generated by (W9(5));(_o, foOr €ach
t € R. We point out that (P,EWQ),E]R is normal, cf. [2, Example 3.6]. By (WP3), the two-sided Wiener process (W2 (t)),cr now satisfies
that We(r) - wo(s') 1L F;SWQ for all s < s’ < 1, so that, analogously to the one-sided case, ( flm @(r)dW(r)),p is @ martingale with

1 ~
respect to (T’fWQ),eR for every ®(-)Q2 € L*(R;.%(U,U)). Unlike (WIQ(I)),ZO, however, the process (W2(#)),cr itself will not be a
martingale with respect to any filtration, see Proposition A.5 in Appendix A. We refer the reader to [2,3] for more details on the
subject of real-valued martingale type processes indexed by R and stochastic integration with respect to them.

3. Markov properties for Hilbert space valued stochastic processes

Let X = (X(1)),eT be a U-valued stochastic process indexed by T, see Section 2.1. Intuitively, X is said to be a Markov process
if, at any instant, its past and future states are independent conditional on the present. Varying the amount of information from the
present gives rise to different Markov properties, which we will list in decreasing order of strength.

3.1. Simple Markov property
The following definition is often just referred to as the Markov property, see also [10, p. 77] or [12, Equation (6.2), p. 81].

Definition 3.1. An (F,),cr-adapted U-valued stochastic process (X (#)),cr is said to have the simple Markov property if for all s <t
and B € B(U), we have that P(X(¢) € B | F,) = P(X(r) € B | X(s)) holds P-a.s.

The simple Markov property can also be characterized by means of transition operators: The process (X (1)),cr is simple Markov
if and only if there exists a family (T ,),,c7 of linear operators on B, (U) satisfying

Elp(X(®) | Fil=T,,p(X(s)), P-as. (3.1)
In this case, the transition operators (T;,);,c1 have the following properties:

(TO1) T;,¢(x) > 0 for all x € U if ¢ € B,(U) is non-negative,
(TO2) T, 1, =1,
(TO3) T, ,(X(s)) =Ty, T, ,0(X(s)), P-a.s., for p € B,(U) and s <t < u.
Lastly, we can also characterize the simple Markov property in terms of conditional independence: By Theorem A.1 in Appendix

A, the simple Markov property is equivalent to the fact that F; 1l x,) 6(X(¥)) holds for all s < 7. In fact, according to [20, Lemma 11.1],
this is in turn equivalent to the statement that 7 1 x ) o(X(r) : t > 5) for all s € T.
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3.2. Multiple Markov property

The following weaker notion of Markov behavior dates back to Doob, who introduced it in the context of stationary real-
valued Gaussian processes [11, pp. 271-272]. We generalize it to square-integrable U-valued processes with some mean-square
differentiability, i.e., (X(*)),er € L*(£2;U) such that the function ¢ = X(7) is classically differentiable from T to L?(£2;U).

Definition 3.2. Suppose that X = (X(1),er € L*(2;U) is an (F,),cr-adapted U-valued stochastic process and let N € N. Then X
has the N-ple Markov property if it has N — 1 mean square derivatives and, for s <t in T and B € B(U),

P(X(t) e B|F,) =P(X(t) € B| X(s), X'(5), ..., XN D(s5)), P-as.

Setting X(1) := (X® ()N, one defines a process taking values in the direct product Hilbert space (U" (-, - )y), where the
inner product, given by (x,y)y~ = Zj]i] (x;, )y for x = (x)N  and y = ()| € UV, induces the product topology on the set U™.
In particular, the Borel c-algebra of UV satisfies B{UY) = ®VB(U) by [20, Lemma 1.2]. Theorem A.1 in Appendix A again yields

an equivalent formulation of the N-ple Markov property in terms of conditional independence:
VseT: Fyly, o(X():125). (3.2)

Note that o(X(s)) vV F, = F, since the mean-square derivatives of X can be replaced by left derivatives, see the proof of Proposition
3.5 below. Arguing as in [20, Lemma 11.1], one can show that this is in turn equivalent to the simple Markov property for X. Thus,
we can apply the characterization given by (3.1) to derive the following corollary.

Corollary 3.3. An (F,),cr-adapted and square-integrable U-valued stochastic process X = (X (1)),ct with N — 1 mean-square derivatives
is N-ple Markov if and only if there exists a family (T} ,);<er of linear operators on B,(U N) such that E[pX(®)) | F,] = T, ,9(X(s)) holds
P-as. forall s <t <uinT and ¢ € By(UN). In this case, (T,),cr satisfies (TO1)—(TO3).

3.3. Weak Markov properties; relations between concepts

We now define two Markov properties for which the “present” at time s € T is represented by information from neighborhoods
around s. As we will prove in Proposition 3.5 below, these two notions are equivalent. They appear in, e.g., [38, p. 62] and [18,
Equation (5.87), p. 115].

Definition 3.4. An (F,),cr-adapted U-valued stochastic process (X (1)), has

(i) the weak Markov property if, for every s € T, there exists § > 0 such that for all £ € (0, §) it holds that 7, 1L (5 OX®) 1 129),
where <7, (s) i=0(X(w) :ue(s—e,s+e)nT);

(ii) the o-Markov property if for all s € T we have F 1L, o(X(t) : t > 5), where 0.47(s) := [, (5).

>0
Proposition 3.5. Suppose that X = (X(1)),cr is an (F,),er-adapted U-valued stochastic process. We have the following relations between
Markov properties:

simple Markov = o-Markov < weak Markov.
If N,M € N are such that N > M and X has N — 1 mean-square derivatives, then we moreover have

M-ple Markov = N-ple Markov = weak Markov.

Proof. If X has the weak Markov property, then by definition we have the following identity for fixed s € T, B_ € F, and
B, €o(X(@) :t>5).

P(B_ | ;,()P(B, | ,(s) = P(B_N B, | #,(s)), P-as. (3.3)

whenever n € N is large enough. Note that (¥,),ey = (#,(s),en is @ non-increasing sequence of sub-c-algebras of F, i.e., a
backward filtration on (£2, 7, P). Therefore, (P(B | ¢,)),cn is a backward martingale with respect to (¢,),cy for any B € 7. Combined
with the fact that ("), %, = 0.47(s), the backward martingale convergence theorem [16, Section 12.7, Theorem 4] implies that we
may take the P-a.s. limit as n — oo in (3.3) to find that X is c-Markov.

Now let N,M € N with N > M be such that X has the M-ple Markov property and N — 1 mean-square derivatives. When
considering o(X’(s)) at s € T, we can restrict ourselves to mean-square left derivatives, i.e., we consider the sequence

(Au(Dpen = (X () = X(s = n" DD)en (3.4

converging to X’(s) in the L?(£2; U)-norm as n — co. Consequently, there exists a subsequence (4, (Dyen such that 4, (> X "(s),
P-a.s., as k - oo. Since 4,.(5) is F,-measurable for each k € N, we conclude that X’(s) is F,-measurable and thus ¢(X’(s)) C F,. By
induction, this extends to

o(X(5), X' (s), ..., XM~ D(5)) C 6(X(5), X' (5), ..., XN D) c F,,
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so that Lemma A.2(b) yields the N-ple Markov property as formulated in (3.2).
It remains to show that the N-ple Markov property for N € N and the s-Markov property imply weak Markovianity of X. Fix
s €T, e>0, and set

Hi=c(Xw) :ue(s—&sInT) CF,
H; =0c(Xw) :u€els,s+e)NT)Co(X®) : tE€[s,00)NT),

H' :=H| Vv H),=d.(s).
Since 6(X(s)) C 0.4/(s) C <, (s), by Lemma A.2(c) the simple (i.e., 1-ple) Markov or s-Markov property of X would imply

Fy Loy (o) 0(X@) 1 1 € [5,00)NT), (3.5)

and thus the weak Markov property since € > 0 was arbitrary. It remains to show that (3.5) also holds if X is N-ple Markov. Picking
K € N so large that n, > ¢~! for all k > K, we find that (4,, (Nyzx (see (3.4)) is a sequence of o7 (s)-measurable random variables
converging P-a.s. to X'(s). As before, repeating this argument inductively yields H := ¢(X(s), X'(s), ..., X'¥~D(s)) C #.(s). This
justifies the use of Lemma A.2(c) to establish (3.5) for the remaining case, and the desired conclusion follows. []

Remark 3.6. An analog to Definition 3.4 for generalized U-valued stochastic processes (X (D) gpecm) is obtained by replacing
o(X(u) : u € J) with the o-algebra generated by X on an open set J C T, which is given by (X (¢) : ¢ € CX(T), supp ¢ C J). Since
pointwise evaluation is not meaningful for such processes, there is no analog to the simple Markov property. Furthermore, although
the proof of the fact that weak Markov implies 6-Markov carries over, its converse now fails: The distributional derivative of white
noise is a generalized process which is o-Markov but not weak Markov, see [38, p. 62].

3.4. Characterization of weakly Markov Gaussian processes

A U-valued stochastic process X = (X(t)),c7 is said to be Gaussian if the U"-valued random variable (X (), X(¢,), ..., X (1)) is
Gaussian, for any n € N and {1;}/_| C T. For such processes, we shall characterize the weak Markov property of Definition 3.4 by
extending the theory of Rozanov [38] from real-valued to U-valued processes.

We consider the case of a mean-square continuous Gaussian process X which is the solution of a stochastic evolution equation of
the form £X = W for some linear operator £: D(£) C L*(T;U) — L*(T;U); here, W denotes spatiotemporal Gaussian white noise,
cf. (1.1) and (1.4). More precisely, we assume that £ has a bounded inverse £~! which colors X, cf. [9, Definition 3], meaning

(X, ) om0y = WAL IT'$) Ve € CX(T; U, 3.6)

d
where = indicates equality in distribution. Here, (#/(f)) rer2muy S L*(Q) is an L*(T;U)-isonormal Gaussian process, i.e., a family
of mean-zero and real-valued Gaussian random variables satisfying

W1 @) 12 = {f & 12wy VI & € LA(T;U).

The following theorem then states that the locality of the precision operator £*L is necessary for X to be weakly Markov.

Theorem 3.7. Let £:D(L) C L*(T;U) — L*(T;U) be a boundedly invertible linear operator, and suppose that X = (X(1)),cr is @
mean-square continuous Gaussian U -valued process colored by £7!. Let F be a dense subset of U for which C*(T; F) C D(L). Furthermore,
suppose that C>(T; F) and its image under L are dense subsets of LY(T;U).

If X has the weak Markov property from Definition 3.4 with respect to its natural filtration (FX),cy, then

VIeS 1 (LhLy)pry, =0 YpeCOU;F).y e COT\J:F), 3.7)

where .# denotes the set of all open intervals J C T.

Proof. For all J € .7 we define a closed subspace $(J) of L3() by

72
9 = X Doy - DECET B . 3.8)
Then the family ((J));c » is a Gaussian random field in the sense of [38, Chapter 2, Section 3.1], and we can connect it to the
present setting by showing that 6(X(¢) : 1 € J) = 6($(J)). Indeed, we have c($(J)) C (X () : t € J) since (X, &) 2ry) I8 measurable
with respect to the latter c-algebra for all ¢ € C(J; F) with supp ¢ C J.

In order to establish the converse inclusion, it suffices to verify the claim that X(¢) is o()(J))-measurable for each t € J. Let
(€))jen be an orthonormal basis of U and write

X0 =X2 (X(),e5)ye; in LA 0). (3.9)

Now we will show that (X(¢),e;)y is o((J))-measurable for every j € N. In fact, by the density of F C U it suffices to

consider (X(t),x)y for x € F. Let (¢,),ey S CX(J) be a sequence of bump functions concentrating around ¢, i.e., we have
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lim,,_, o f'ﬂ‘ f($)p,(s)ds = f(r) in E for any f € C(T; E), where E is an arbitrary Banach space. It follows from the mean-square
continuity of X that f :=(X(-),x)y € C(T; L*(€2)), thus with E := L?(£2) we obtain

(X(@),x)y = lim /(X(s),x)Ud),,(s)ds: lim /(X(s),(b,,(s)x)U ds
n—oo v]l- n—oo T

in L%(Q). Passing to a P-a.s.-convergent subsequence in the rightmost expression, we find that (X(¢),x), is a limit of o((J))-
measurable random variables. Thus, each summand in (3.9) is ¢($(J))-measurable, and passing to a P-a.s.-convergent subsequence
of (Zj]‘il(X(t),ej)U ¢;)nen Droves the claim.

The theory of [38, Chapter 2, Section 3.1], now implies that X has the weak Markov property from Definition 3.4 if and only if
(H(I))je.s is Markov in the sense of [38, p. 97]. For a general B C T, we define

$4(B) = (s H(BY), (3.10)

where B := {t € T : dist(t, B) < €} denotes an open e-neighborhood of B. Using the definition (3.10) for B € {dJ,J,T \ J}, the
Markov property for ($(J));c.» implies that [38, Equations (3.14), p. 97] are satisfied for every J € .#:

9,0) =9, (NNHT\J) and H,.()" LH T\ (3.11)

where we take L*(£)-orthogonal complements in $(T).
Next we define X*: CX(T; F) — L*(Q) by X*(¢) := # (L¢), P-a.s., for all ¢ € C(T; F), to which we associate the spaces

2
H°J) = {X*@) : p € CX(J; F)} (Q), JeJs. (3.12)

Then X*is dual to ((X,w)2(r.p))yece(r;F) in the sense that

E[(X, ¢>L2('J1‘;U) X)) = E[W([Eil]*(ﬁ)w(ﬁ‘l/)] =(¢, U’)LZ(’]I;U) (3.13)

for ¢,y € CX(T; F). Next we will prove

H(T) = H*(T) (3.14)

LX)
by showing that both of these sets equal 2 := {#(f) : f € LX(T;U)} . First, we note that $(T) and $*(T) are clearly contained
in 2. Now let Z € 2 and € > 0 be arbitrary, and let f € L*(T;U) satisfy | # (f)— Zll1200) < %e. Since the image of C*(T; F) under

L is assumed to be dense in L2(T;U), we may furthermore choose ¢ € CX(T; F) such that ||I£¢ — £l 2q.u) < %e. Then

1z - X*(¢)||L2(Q) <lz- W(f)”LZ(_Q) I (Lp— f)”LZ(Q)
=1Z =W (Ollpay + 1L = fll 2y <&
which shows Z € $*(T) since £ > 0 was arbitrary. On the other hand, since £ is densely defined and has a bounded inverse, it is in
particular closed, hence £* exists and is also densely defined by [42, Proposition 10.22]. It follows that the range of (£~')* = (£*)~!,
which equals D(£*), is dense in L%(T;U), so that there exists a g € L*(T; U) satisfying ||/ — (£™")*gll 20y < %5. Finally, we choose
. —1 -1 1 -

v € C2(T; F) such that lly = gll 2y < IETDI, o, 3€ SO that

I Z = (X, w) 2 iz < 36+ I7(F = L7 T D 200 + I7TL7 T (@ = Dl 120

= e+ f = 1£7 T el 2wy + METT @ = Wl 2y < &

hence also Z € H(T). We conclude that (3.14) holds.
The necessity of (3.7) for the weak Markov property of X will follow from

H*NCH T\ vIes. (3.15)
Indeed, if X is weakly Markov, then (3.15) in combination with (3.11) would imply that the random variables defined by
Ei=XP ENH*(N)CHAT\ N and 7 :=X*)€H*(T\J)C H, ()",

are orthogonal, where ¢ € CX°(J; F) and y € CX(T \ J; F). Therefore, we have 0 = (£,7)2(g) = EIX*(@)X*W)] = (L, Ly) 1201.17)s
which shows (3.7). Note that by definition (3.12) and density, the orthogonality extends to all £ € $*(J) and n € H*(T \ J).

In order to verify (3.15), we again take ¢ = X*(¢) with ¢ as above. By the compact support of the latter, there exists € > 0 such
that (¢, w) 21,y = 0 for all y € CX((T\ J)“; F). Hence, for = (X, y) 2.y € H(T\ J)) we have £ L n by (3.13), from which we
can deduce & 1L (T \ J), and thus (3.15). O

In order to state and prove sufficient conditions for weak Markovianity of X in terms of the locality of its precision operator, we
first need to collect some definitions which are based on objects encountered in the proof of Theorem 3.7. Namely, we will define
spaces (H(J)) ¢.» such that H(T) is unitarily isomorphic to $(T) and there exists a dense injection 1: C*(T; F) — H(T).

Associating, to each € $(T), a mapping I~'#: C*(T; F) — R given by

I7'n(¢) = EUX, $) 2l ¢ € CO(T; F), (3.16)
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sets up a linear map I~': $(T) — H(T), where H(T) is defined as the range of I~!. It is also injective since I~'5(¢) = 0 for all
¢ € CX(T; F) means n L C*(T; F) in $(T), and thus # = 0 by (3.8).

We equip H(T) with the inner product (v, v;)y ) = (10}, 10;) 2o for vy, v, € H(T), rendering I: H(T) — $(T) a unitary
isomorphism. For J € .# we can then define

H(T) i= Vo (0 € H(T) & u(¢h) = 0 for all g € CX((T \ J); F)), (3.17)

where \/ denotes the closed linear span.
A dense injection 1: C2(T; F) — H(T) is obtained by defining iv: C®*(T; F) — R in the following way, for any v € CX(T; F):

w(@) = (v, P)r2ryy, ¢ € CX(T; F).
Indeed, we find v € H(T) since the duality relations (3.13) and (3.14) between X and X* imply that X*(v) € H*(T) = H(T) satisfies
w(p) = EKX, @) 2,y X (V)] = U X*))@) VYoe C2(T; F).

Moreover, the injectivity follows in the same way as for I~!. To show density of the range, fix an arbitrary v € H(T). Then
Tv € H(T) = H*(T) and thus there exists a sequence (y,),ey S C>(T; F) such that X*(y,) = Iv in L*(Q). Consequently, we have
w, = I X*(y,) = v in H(T).

Remark 3.8. For centered, real-valued Gaussian random fields (Z(x)),c» which are indexed by a compact metric space (X,dy) and
moreover mean-square continuous, a unitary isomorphism can be established between the L?(£2; R)-closure of all linear combinations
of point evaluations and the dual of the Cameron-Martin space for its associated Gaussian measure on the space L?(X;R), see [22,
Lemma 4.1(iii)]. We point out its analogy to the unitary isomorphism I between H(T) and $(T) defined above.

Theorem 3.9. Let the linear operator L£: D(£) C L*(T;U) — L*(T;U), the U-valued process X = (X (1));er and the subset F C U be as
in Theorem 3.7. Recall that H(T) is the range of the linear mapping I~' defined by (3.16) and H(J) is given by (3.17) for all J € .#. If

H(J) =1C>(J; F)H(T) vJ € 7, (3.18)

then (3.7) implies that X has the weak Markov property from Definition 3.4.

Proof. We will show that, under the additional assumption (3.18),
H*DN)=H(T\NH' vies. (3.19)

Note that inclusion (3.15) also holds without this assumption, see the proof of Theorem 3.7. Identities (3.14) and (3.19) express
that the collections (9(J)),c.» and (H*(J));c.» are dual in the sense of [38, Chapter 2, Section 3.5]. In this situation, the theorem
on [38, p. 100] yields that X is weakly Markov if and only if ($*(J));c » is orthogonal, meaning that $*(J) L $H*(T \ J) for all
J € .7, which is equivalent to (3.7) by the respective definitions of X* and (*(J));c.».

To verify (3.19), note that for each £ > 0,

HUT\ D) = {n € HT) : (n,€) 129 = 0 for all £ € H(T\ J))}
={ne ) : U 'n(@) =0 for all g € CX(T\ J); F)}
= {veH(T) : v(¢) =0 for all p € C((T \ J)*; F)},

and it follows that H(J) = $_ (T \ J). On the other hand, definition (3.12) implies H(J) = $*(J), so together we indeed
find (3.19). O

Remark 3.10. In order for locality of the precision operator £*£ to imply the weak Markovianity of X, one needs to verify the
additional condition (3.18). In the real-valued case, two examples of sufficient conditions on £ for (3.18) to hold are [38, Lemmas 1
and 2, pp. 108-111], which are expressed in terms of boundedness of multiplication and translation operators, respectively, with
respect to the norms [|(£™1)* - || r2cpy and/or ||£ - || 2y In [38, Chapter 3, Section 3.2], these results are applied to differential
operators with sufficiently regular coefficients.

Although it is expected that analogous results can be derived in the U-valued setting, this subject is out of scope for the processes
considered in the remainder of this article, since we establish Markovianity using direct methods instead of Theorem 3.9, see
Section 4.4. However, we do use Theorem 3.7 to show when the process lacks Markov behavior in Section 4.4.3.

4. Fractional stochastic abstract Cauchy problem on R

The aim of this section is to define a Hilbert space valued stochastic process (Z,)er which can be interpreted as a mild solution
to the equation

0, +AYX(t)=W2t), teR,  ye(/2,0). (4.1)

In Section 4.1 we specify the setting in which equation (4.1) will be considered. The fractional parabolic integral operator (d, + A)~"
is defined in Section 4.2, whereas the noise term W< in (4.1) is the formal time derivative of the two-sided Q-Wiener process
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defined in Section 2.2. In Section 4.3 we combine these two notions to give a rigorous definition of the process (Z,(1)),cg, and we
indicate its relation to the fractional Q-Wiener process defined in Section 5. Lastly, in Section 4.4 we prove that (Z,(t)),er is N-ple
Markov if y = N € N, but in general does not satisfy the weak Markov property when y ¢ N.

4.1. Setting
The standing assumption throughout this section on the Hilbert space U and the linear operator A is as follows.

Assumption 4.1. The linear operator —A: D(A) C U — U on the separable real Hilbert space U generates an exponentially stable
Cy-semigroup (S(1)),»o of bounded linear operators on U, i.e.,

IMy € [1,00),w € (0,00) : VI €[0,00) 1 |SO)ll o) < Moe™". 4.2)
In addition, we may assume one or both of the following conditions on the fractional power y and the linear operator Q:

Assumption 4.2.

(1) There exist y, € (1/2,00) and Q € Z*(U) such that
© 1
/0 170~ S(nQ?2 ||f%w) dr < oo.

(ii) The Cy-semigroup (S(1)),5( is analytic.

For a more extensive overview of the theory of Cj-semigroups, the reader is referred to [14,34]. Note that the results in these
works, while stated for complex Hilbert spaces, can be applied to the real setting by employing complexifications of (linear operators
on) U, see e.g. Subsection B.2.1 of [23, Appendix B].

We remark that (1/2, o0) is the maximal range on which Assumption 4.2(i) can hold. Moreover, if Assumption 4.2(i) holds for
some y, € (1/2, o0) then the same is true for all y’ € [y, ); see Appendix A.2.

Under Assumption 4.2(ii), we have %A/ S(f) = —A/*1.S(¢) as the classical derivative from (0, o) to .Z(U) for all j € N; moreover,

AM; €[l,0): Vi€ (0,00) :  [|ASOl @) < Mt/ e (4.3)
by [34, Chapter 2, Theorem 6.13(c)].

4.2. Fractional parabolic calculus and the deterministic problem

In this section we first consider the following deterministic counterpart to Eq. (4.1):
0, +Aut)=f@t), teR, 7 € (0, ), 4.4)
where f € L2(R; U). In order to define its mild solution, we introduce the operation of fractional parabolic integration, generalizing

the scalar-valued setting with A = 0 which is treated in [21, Chapter 2].

Definition 4.3. Let Assumption 4.1 hold. Given f: R — U, we define its Weyl type fractional parabolic integral 37 f: R — U of order
v € (0, 00) by

t
V) = —— / (t—s)7'S(t = 5)f(s)ds (4.5)
I'() /-
if this Bochner integral exists for almost all 7 € R.
Viewing J7 as a linear operator, it turns out that for all p € [1, %], we have 37 € Z(LP(R; U)) with |7 || (1.0 < %, which

follows by combining estimate (4.2) with Minkowski’s integral inequality [41, Section A.1]. Setting 3° := 1d, the family )20 s
a semigroup of bounded operators on L*(R;U). Indeed, the semigroup law J371*72 = 311372, for all y,7, € [0, o), follows from an
argument involving Fubini’s theorem and [33, Equation (5.12.1)]. The adjoint operator J7* of J7 satisfies the following formula:

I = % / (s =" [S(s—D]"f(s)ds forallteR. (4.6)
t

Given T: D(T) C U — U and a measure space (S, <7, u), we define the Bochner space counterpart 7: D(75) € L2(S;U) — L*(S;U)
of T by

D(Tg) = L2(S;D(T)) and [Tgf1(s) :=Tf(s), a.a. s €S, f € D(Ty). 4.7)
Using the above notation with 7' := 4 and S := R, we have
O+ Ap)f =0,f + Apf, [ €D +Ap) = H'(R;U) n L*(R; D(4)),

where 9, denotes the Bochner-Sobolev weak derivative, whose domain is given by D(9,) = H!(R; U) c L*(R;U); see Table 1. Since
J7 can be interpreted as a negative fractional power of 9, + Ay, see Appendix B, it is natural to call 3" f a mild solution to (4.4).
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4.3. Mild solution process

Combining the spatiotemporal fractional integration theory from Section 4.2 with the stochastic integral defined in Section 2.2,
we can give a rigorous definition for the mild solution to (4.1). We first introduce the notion of predictability for a stochastic process
indexed by R.

Definition 4.4. An (F,),cgr-adapted U-valued process (X (1)),cr is predictable with respect to (F,),cg if (1, ) = X(t,w) is strongly
measurable with respect to the predictable c-algebra Py, 1= 6((s,t]1 X F; : s <t, F; € F)) V 6(Np).

Defmltlon 4.5. Let Assumption 4.1 be satisfied and let y € (l/2,0) be such that Assumption 4.2(i) holds with y, = y. An
(F? ),GR-predlctable modification of the process Z, = (Z,(1)),eg defined by

Z,0) = e )/ (t-5'St—5)dWO(s), teR, (4.8)

is said to be a mild solution to (4.1).

Note that the stochastic integral on the right-hand side of (4.8) is convergent, i.e., it is a well-defined element in L?(2; H), for
each t+ € R. This is a direct consequence of Assumption 4.2(i) and the It6 isometry (2.1). Moreover, by Definition 4.5, the mild
solution process is unique up to modification.

Proposition 4.6. Let Assumption 4.1 be satisfied. Suppose that t, € [—c0, ), ¥y € (1/2,0) are given. Define T := [t,, ) if t; € R or
T :=R if t; = —co and let Assumption 4.2(i) hold for y, = y. The process (Z,(t | ty)),er defined by

Z,(t|ty) = / (t—s)"1S@—5)dW9s), teT, (4.9)

()
where Z,(- | —o0) 1= Z,, is mean-square continuous on T.

If in addition Assumption 4.2(ii) is satisfied and there exists N € N such that Assumption 4.2(i) holds for yy = y— N, then (Z,(t | ty))er
has N mean square derivatives and, for all t € [t;, o) and n € {0, ..., N — 1}, we have

L+ zal1)=52, 1. (4.10)

dn
Remark 4.7. The first part of Proposition 4.6 asserts that Z, is mean-square continuous, and thus continuous in probability.
Combined with the fact that (Z,(1))cp is (FfWQ)teR

which can be generalized to unbounded index sets) to find an (PIEWQ),eR-predictable modification of (Z,()er- This modification
is a mild solution in the sense of Definition 4.5.

-adapted by definition, we can apply [10, Proposition 3.7(ii)] (the proof of

Proof of Proposition 4.6. The mean-square continuity follows by Lemma A.6 in Appendix A, hence we turn to the mean-square
differentiability. Define

Zy () ::ﬁ/t(t—s)ﬂ"lAjS(t—s)dWQ(s), t € [tg, ),
0

for j € Ny and f € (1/2, ) such the right-hand side exists.
. 1
We claim that, under Assumption 4.2(i)-(ii) with y, = y — N, the function ¢ ~ t*~14/S()Q? belongs to Hé(O,oo;,%(U)) if
p—j—y+ N €[l,). To this end, we first note that the product rule for the (classical) derivative yields

%tﬂ‘lAjS(t)Q% =(f— 1):1’—2A15(1)Q% - zl’-lAf'“S(t)Q%

with values in .Z(U) for all ¢ € (0, ). Combining (4.3) with an argument involving a change of variables and the semigroup property
(cf. the proof of Lemma A.4 in Appendix A), one can show that the L2(0, c0;.%,(U))-norms of the two functions on the right-hand

. 1
side can be estimated by that of the function ¢ — #~/=25(t)QZ, which is finite since § — j — 1 > y,. Again by (4.3), we have
. 1 S|
1P AT SO || oy < MO | oy > 0 ast 10

since # —j — 1 >y, > 0. Noting that .%,(U) & Z(U) and using [23, Lemma A.9] then proves the claim.
Thus, we may apply Lemma A.6 from Appendix A, write the result as two separate integrals, and pull the closed operator A out
of the stochastic integral defining Z .j+1 (cf. [10, Proposition 4.30]) to find

Zy,(0=Zy 1 (0= Zp 1 (0). (4.11)
= Zy_1 ()= AZy (D), (4.12)

Rearranging equation (4.12) for § =y and j = 0 implies (4.10) for n = 0. Applying (4.11) iteratively, we find that Z;; has the nth
mean-square derivative

Z) = Z( 1)“(”)Zﬁ_n+m,,-+m<t>, (4.13)

10
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provided that f— j —y + N € [n, c0). Now we again let # =y and j = 0 and apply (4.12) with / =y —n+m and j’ = m to each term
on the right-hand side to derive (4.10) for the remaining values of n. []

The next result concerns the covariance structure of the process Z,. Define the covariance operators (Q Zy(s, D)srer S ZT’(U ) of
Z, via the relation

(Qz,(s.0x,y)y =E[(Z,(5) = E[Z,(9)].x), (Z,) ~E[Z,(0].y),| foralls,reRandx,yeU: (4.14)

note that IE[Z},(‘)] = 0 in this case. The following proposition states that if A := xId;, then O ZV(SJ) is separable, i.e., it can be
decomposed into a (scalar) covariance function depending only on the ‘time’ variables s, € R, and a ‘spatial’ covariance operator
acting on U. Moreover, the temporal factor takes the form of a Matérn covariance function (1.2). In the language of spatiotemporal
statistics, Z, has a marginal temporal covariance structure of Matérn type. This motivates the statistical relevance of Z,.

Proposition 4.8. Lety € (1/2,0), A := xIdy with k € (0, ) and suppose that Assumption 4.2(i) is satisfied for y, = y. Then the
covariance of Z, is separable and its temporal part is of Matérn type, i.e.,

2%—7,(1—27
VL)

Proof. For A = xIdy, Assumption 4.1 is trivially satisfied and the definition of Z, takes on the following form for all € R:

1
Vs,teR, s #1: sz(s, 1) = (x|t —s|)’"2 Ky,l(’dt -s|)O.
2

t
z,n= ﬁ /_ m(r—rv-le-“’-” awl(r) = /]R ky ot =) dW O (r),

with real-valued convolution kernel k, (1) := ﬁtﬁr_le““’, where tﬁ:l = 71 if t € [0,00) and t}:] := 0 otherwise. Define

k(s,r;x) € Z(U;R) for s,r € R and x € U by k(s,r;x)h := k, (s —r)(x, h)y for all h € U. Then combining the Itd isometry (2.1) and
the polarization identity yields

EKZ, (). x)y (Z,0.y)y] = E[ /}R k(s,r; ) dW2(r) /}R k(s y)dWQ(r)]

= /@(s,r; X)Q. k(t.7:)) 2, ) dr = </ ky (s = Pk, (t —r)dr Ox, y> .
R R U
Since x, y € U were arbitrary, we find for all A € R\ {0} the covariance operators
Qz, t+ht)= sz(r, t+h) = /Rkw((t -k, (t+h-r)drQ.
Using the change of variables u(r) := h + 2(¢ — r) in the integral, we obtain
/k (t=nk, (t+h-rdr= l/k (=B, (e gy
¥k voK re 2 My
R 2 Jr

21—27
(P
where the last identity follows by [32, Part I, Equation (3.13)]. [

) 1—7 1-2y 1
/ (uz—h2>y"e—”du=22—’((:«|h|>’*ﬂ<,,%<x|h|>,
|l

Va L)

4.4. Markov behavior

In this section we consider the Markov behavior of the process Z, defined in Section 4.3. Namely, we will show that Z is N-ple
Markov for N € N (Theorem 4.10), whereas in general z, is not weak Markov if y ¢ N (Example 4.16).

4.4.1. Integer case; main results

We first introduce the necessary notation and intermediate results leading up to the main theorem asserting the N-ple Markov
property of Z, . The proofs are postponed to Section 4.4.2.

If y € (1/2, ) is such that Assumptions 4.1 and 4.2(i) hold with y, = y, then we define for 7, € R the truncated integral process
(Z,(t | 19))rer by

TATL
Z,(t 1) :=%y)/ C— S — 5 dws), (4.15)

so that Zy(~ | t9) = Z, on (-c0,tp] and Z, = Zy( ~| 10)+Z,(+ | 1) on (ty, o0), where we recall the process (Z, (7 | 10)seftp,00) from (4.9).
From these two identities, it follows that ¢ — Z,(¢ | ;) has the same mean-square differentiability at r € R\ {ty} as Z,(r) (and
Z,(t| 1) if t € (t, 0)). In the case y = N € N, both have N — 1 mean-square derivatives by Proposition 4.6 if Assumption 4.2(i) is
satisfied for y, = y — (N — 1) = 1. The same holds at the critical point # = ¢, since the first N — 1 mean-square (right) derivatives of
Z,(- | tp) vanish there, see (4.13) in the proof of Proposition 4.6.

11
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Under_ Assumption 4.2(ii), it holds that A/S(1) € Z(U) for all j € N, and ¢ € (0, o), see (4.3). Therefore, we can define the
function I'(n,(-)A): [0,00) = Z(U) by

n—11t i
— o —AIS(), te€(0,00);
I'(n,tA) := ZFO J! @ (0, 00)
1d,. =0,

(4.16)

for n € N. Note the analogy with integer-order scalar-valued normalized upper incomplete gamma functions [33, Equations (8.4.10)
and (8.4.11)]. We will use these functions to derive an expression for (Zy(t | ))ej.c0) iR terms of Zy and its mean-square
derivatives at #,. Recall that the UV -valued process Zy = (Z;@)}’:’: 5] consists of Z, and its first N — 1 mean-square derivatives.

Proposition 4.9. Let Assumptions 4.1 and 4.2(ii) be satisfied and suppose that Assumption 4.2(i) holds for y, = 1. Then for all N € N,
to € R and t € [t, ),

Zy(t 1) =@ 1 10)Zy(y),  P-as., (4.17)

where we define, for any & € L*(Q,F, ,P;UVN) with Fp 1= T’;ZWQ,

0°
N-1

AN A

k=0

(t—to)k
k!

T(N — k. (t — tg) A &, (4.18)

using the incomplete gamma functions defined in (4.16).
In particular, adding Zy(t | t,) on both sides of Eq. (4.17) yields

VtE [ty,00) 1 Zn@)=Zn( |1y, ZN(), P-as., (4.19)

where the process (Z y(t | to,é)),e[,om) is defined by

ZN@ |19, 8) =CnE 1)+ ZN( | 1), 1 E [1y,00). (4.20)

By (4.19), it suffices to show that (Zy (¢ | ), €))e[s,,) has the N-ple Markov property in the sense of Definition 3.2 for any #, € R
and & € L*(£, Fro B UN). In fact, we will show that it is N-ple Markov using Corollary 3.3; this is the subject of the following result,
which is the main theorem of this section.

Theorem 4.10. Let N€N, tyeRand & = (.{jk)k’\:ol e LY(Q, Fipo s UN+1) be given. Let Assumptions 4.1 and 4.2(ii) hold and suppose
that Assumption 4.2(i) is satisfied for y, = 1. Then the process (Zy(t | t,, Eretrgo0) from (4.20) has the N-ple Markov property in the sense
of Definition 3.2 with respect to the transition operators (T ), <;<; 0n B,(U N defined by

T,,0(%) :=ElpZy( | 5,x)], ¢ € B,(U"), xeU",

and the increment filtration (F,);e(s) o0) *= (PfWQ dielty,00) STOM (2.2). The process (Zy (1),eg from (4.8) has N — 1 mean-square derivatives
and is N-ple Markov with respect to (F,),cp := (F;SWQ );ers See Definition 3.2.

The statements and proofs of Proposition 4.9 and Theorem 4.10 use the following result regarding the mean-square differentia-
bility of (Cn (* | 10)€)efsy.00)» Which is similar to Proposition 4.6.

Proposition 4.11. Let N € {2,3,...}, 1o € Rand & € L*(Q,F,,P;U") be given, where & € L*(2;D(A)) for k € {0, ..., N —2}. Suppose
that Assumptions 4.1 and 4.2(i) hold. Then the process ({n(t | 10)€);ejr,,00) defined by (4.18) is infinitely mean-square differentiable at any
t € (ty, ) and, for n € {0,..., N =2},

(L4 4) Lon 11008 = Loy (| 10)Epr + AGONE Peas. (4.21)

Moreover, we have (% + A) %Cl(t | to)é = 0, P-a.s., for & € L2(Q,F, ,P;U).

0

Combining Propositions 4.6, 4.9 and 4.11 yields the following corollary.
Corollary 4.12. Let N € {2,3,...}, 1) € R and & € L*(,F,,P;U") be given, where & € L*(Q2;D(A)) for k € {0,...,N —2}.
Let Assumptions 4.1 and 4.2(ii) hold and suppose that Assumption 4.2(i) is satisfied for y, = 1. Then the process (Zy(t | 10s Erer
from (4.20) is N — 1 times mean-square differentiable at any t € (t,, o) and satisfies, for n € {0,..., N —2},

1(,00)

(S +A) S Zy 10,8 = S Zn_y (1] 10, Gppy + AGORY ), Pas.
In particular, it holds for all t € R and n € {0, ..., N — 2} that
an

d d”
(5 +A) 5280 = 55 Zya (), P-as.

12
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Remark 4.13. Corollary 4.12 can be interpreted as saying that the process (Zy(t | t),&))e(ry,00) fOr N € {2,3,...} solves the
L*(2,F,P; U)-valued initial value problem

{(% +A)X(W) = Zyn_1(t | 1y, Gy + Agk)ﬁz—(f) Vvt € (tg, ),
X(ty) = &,

whenever ¢, € L2(L, T‘,O,]P’; D(A)) for k € {0, ..., N —2}. This observation is the key to the proofs of Propositions 4.9 and 4.14 below.
It is also of interest for computational methods, as it implies that the computation of Z (¢ | ,, &) amounts to solving a first-order
problem N — 1 times. In fact, inductively applying this result and the fact that (% + A (t | to)n = 0 for n € L2(R, F,O,IF’; U), we see
that for N € N we may interpret (Zy(t | 1, ))efs,00) @ the mild solution to the Nth order initial value problem

{(i "'A)NX(I) =W Vre (1, ),
%X(Io)=5k Vk e {0,...,N —1}.

Another key step in the proof of in Theorem 4.10 is given by the following result, which essentially amounts to the fact that
(T ,)s<; satisfies (TO3).

Proposition 4.14. Let N € N, t, € R and & € L*(£, Fip s UN) be given. Let Assumptions 4.1 and 4.2(ii) hold and suppose that
Assumption 4.2(1) is satisfied for yy = 1. The stochastic process (Zy(t | 19, &))epsy.00) from (4.20) has the N-ple Chapman-Kolmogorov
property, i.e., for all ty < s <t we have

Zyn(t)tg, ) =Zy(t|s,Zy(s|1y,8), P-as. (4.22)

4.4.2. Integer case; proofs
As indicated in Section 4.4.1 above, the statements and proofs of Proposition 4.9 and Theorem 4.10 rely on Proposition 4.11,
which we prove first.

Proof of Proposition 4.11. We first make some general remarks regarding the operators I'(n,1A) from (4.16). Under Assumption
4.2(ii), estimate (4.3) implies that the set {#/ A/S() : t € (0,00)} C Z(U) is uniformly bounded. It follows that t — I'(n,tA) is a
strongly continuous function from [0, o) to £ (U) for any n € N, which at ¢ € (0, c0) admits a classical derivative satisfying

($+A)T(n,14) = {0’

n=1;
AT (n—=1,14), ne{2,3,...}.

To prove the proposition, we may assume #, = 0, so fix t € (0, ). For arbitrary M € N, j € Ny and n € L*(2;UM), we define
S jOn = A/ ¢y (¢ | O)n. Combining the product rule in the form (% +A)w)=v'v+ u[(% + A)v] with the above recurrence relation
yields for M € N

M-1 M-2

d =1 — o=
(a +A) (O = :; mA!F(M — k,tA)m + kz_;) EA!* T'(M — 1 —k,tA)n,
= S0y, O D"+ Co—y GO (4.23)

This shows in particular that (4.21) holds for integers N > 2 and n = 0, by applying (4.23) with M = N, n = £ and j = 0. Moreover,
(£ +A4)¢,0n=(5+A)AS@On=0.

Iteratively applying (4.23) and the latter identity then yields that ), ;7 is M — 1 times (mean-square) differentiable with an nth
derivative of the form

n ¢
(0 om=3Y Conlisr-orgrnm® B (4.24)
£=0 m=0

where C,,, € R, B,,, € ZWUM;UM~") and ¢3s_¢) (j4n-my = 0if M — £ < 1. In particular, {y(- | 1))€ is N — 1 times (mean-square)
differentiable as claimed. In order to deduce that (4.21) also holds for n € {1, ..., N —2}, we need to justify taking the nth derivative
on both sides and commuting it with A. Since A is closed, it suffices to verify that {3 (- | 10)&, A7y (- | 10)€, oy (- | fo)(fjﬂ)j]\i?)l
and A/¢y_ (- | )& j)j,Vz 6‘ admit nth derivatives for j € {0, 1}. Indeed, these assertions follow from (4.24). [

We can now prove Propositions 4.9 and 4.14. For the proof of the latter we may use Corollary 4.12, since it only combines
Propositions 4.6, 4.9 and 4.11.

Proof of Proposition 4.9. We use induction on N € N. For N =1, t € (), ),

~ o
Zi(t | tg) =St —1ty) / S(ty — $)dWO(s) = £t | 19)Z, (1),  P-as.

13
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Now suppose that the statement is true for a given N € N. By Proposition 4.6 and the discussion below (4.15), Z,; and Zn 11
have N mean-square derivatives which satisfy (% +A)Zy(t | 19) = Zy(t ] 1,) and (% +A) 2 =2V @ forall k € {0,....N -1}
and ¢ € (t), ). Combined with Proposition 4.11 and the induction hypothesis, we find

(L 4+ A) o1 (19 Zn 1 (Go) = En(t T 1[(S +A)Z (1)) oy = vt 1102y (1) = Zy (1 1 19) = (& + A) Zy 40 | 10).

Since ZN+|(’0 [ t0) = Zny1 (o) = Eng1 (to | 1)L N4 (1), we find that (4.17) with N + 1 holds on [#), ) by the uniqueness of solutions
to L?(Q, F,P; U)-valued abstract Cauchy problems, see [34, Chapter 4, Theorem 1.3]. []

Proof of Proposition 4.14. Let t, < s <t. We use induction on N € N. For the base case N =1 we have

t

Zy(t | 5. Z,(5 | 19.) = St = )Z, (5 | 10.€) + / S@—rdwo()
N 1
=S(t—s)S(s—tO)§+S(t—s)/ S(s—r)dWQ(r)+/ St —rdw(r)
1y s

s t
=8 -1+ / St —r)dwoe) + / St —rdWo(r) = Z,(t | 15,6), P-as.,

o s

for &£ € L3(Q, F,O,IP; D(A)). Now suppose that the result holds for N € N and let £ € L?(«2, F,O,IP’; D(4)N). Then, for any ¢ € (s, ),

(S 4+ A) Zy 1 (5. 2y 15 110.8) = Zy (115 [(S+A)Z8, (510,010 ) = Zu (11 5. Zn (s | 0. Gy + AEINTD)
= Zn( | 1, [Eear + AN = (% +A)Zy (] 1.8, P-as,

where we applied Corollary 4.12 in every identity except the third, which uses the induction hypothesis. Moreover, the relation
Iy | 8Ly (5] 19,8) = Znyi (5 | 1y, &) is evident from the definitions. Together, these facts imply that the difference process
Y :=Zn Gl Zy (s 119,8) = Zny (-] 19, E) solves

(§+A40)Y(1) =0 Vi€ (s 00)
Y(s) =0,

where Ag: L*(2;D(A) C L*(;U) — L*(;U) is as in (4.7). Since —A,, is the generator of a C,-semigroup on L>(2;U),
see Lemma B.2 in Appendix B, the uniqueness result [34, Chapter 4, Theorem 1.3] shows that Y = 0 on [s, ), meaning that
Iyt 10,8) =Zn, (] 5, Ly, (s | 1, &) holds P-a.s. for all 7 € [s, o). Taking the nth mean-square derivative for n € {0,..., N} on
both sides, which is justified by Corollary 4.12, we find (4.22). In order to establish this identity for general & € L*(£2, P,O,IP’; uM),
we use the density of D(A) in U [34, Chapter 1, Corollary 2.5], which implies the density of L2(22;D(A)") in L*(Q2;U"), hence it
suffices to argue that n — Zy_(t | ty,n) is continuous on L2(2;UV) for any fixed t € [t, o). Continuity of 7+ {y +1( | to)n follows
from the fact that y — T'(N + 1 —k,(t — 1)) is bounded on L?*(;U) for any k € {0, ..., N'}. The same holds for the derivatives of
{n4+1(- | o)y since they are of the same form by Proposition 4.11. Together, the conclusion follows. [

With these intermediate results in place, we are ready to prove the main theorem asserting the N-ple Markovianity of Zy. Its
proof is a generalization of [10, Theorem 9.14] and [35, Theorem 9.30], which concern the case N = 1.

Proof of Theorem 4.10. Step 1: Well-definedness of (T )ry<s<i- We have to show that T ,¢ = E[@(Zy (¢ | s, -))] is measurable for
@ € B,(UN). Let 47 be the linear space of bounded ¢: UN — R such that E[gp(Z (¢ | s, -))] is measurable. Arguing as in the proof
of Proposition 4.14, we find that [Zy (¢ | 5, -)](w) is continuous on U for P-a.e. w € 2. Then, for ¢ € € := C,(UV), the dominated
convergence theorem implies that E[@(Z (¢ | s, -))] is also continuous, hence Borel measurable, and thus 4 C . Moreover, .’
contains all constant functions and given (¢,),cy € 7 such that 0 < ¢, 1 ¢ pointwise for some bounded limit function ¢, we find
@ € A by monotone convergence. Since % is closed under pointwise multiplication, we find B,(U", (%)) = B,(UY) C /¢ by the
monotone class theorem [37, Chapter 0, Theorem 2.2].
Step 2: N-ple Markovianity. For 1, <s <t and ¢ € B, (UV ), we show

EloZy(t119.8) | Fl =T, 0(Zy(s | 1. 8)), P-as.,

for all &£ € L?(2, F,,P;UV). By Proposition 4.14, it suffices to verify that E[@(Zy(t | 5,€) | F,1 = T, ,¢(£) holds P-a.s. By a monotone
class argument similar to that of Step 1, it suffices to consider ¢ € C,(UN). As in [35, Theorem 9.30], one can first verify this identity
directly for simple & = Z;.;l X1, , withn €N, {x,,...,x,} CUN and disjoint events {A|,..., A,} C F, covering 2, and subsequently
extend it to general & € L?(2,F,,P;U") by an approximation argument, using the continuity of the functions Zy (¢ | s, -) and ¢.
Finally, the statement regarding (Zy(¢)),cgr follows from Proposition 4.9. []

4.4.3. Non-Markovianity in the fractional case

We conclude this section by showing how Theorem 3.7 can be used to deduce that Z, is not weakly Markov (see Definition 3.4)
if y ¢ N. To this end, we determine the coloring operator of Z,.

Proposition 4.15. Let Assumption 4.1 hold and suppose that y € (1/2,00) is such that Assumption 4.2(i) holds for y, = y. Then the
1
coloring operator of Z,, see (3.6), is given by E;‘ = JVQ]é € ZL(LAR;U)), where 37 is as in (4.5).

14
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v =1
) 5 =025 y=125
05F |/ =05 y=15
S y=0.75 Q 5 = LT
= v=1 = v=2
2o AN /=
< \ S gl — _
0.5+ 7
1 5L s ‘ s
1 0.5 0 0.5 1 1.5 -1 0.5 0 0.5 1 1.5
t t

Fig. 1. Graphs of the fractional parabolic derivative (9, + 1)’ ¢ with ¢ from (4.26) for certain values of y € [0,2]. Note the different scales on the y-axes.

Table 2
Numerically approximated values of F,(¢,w), see (4.25), with ¢ from (4.26) and y = ¢(- —2 - ) for certain
values of y and 4.

N 0.25 0.50 0.75 1 1.25 1.50 1.75 2 2.25 2.50 2.75 3

107! 0.004 0.007 0.007 0 0.016 0.042 0.059 0 0.298 1.078 2111 0
1072 0.005 0.009 0.009 0 0.024 0.065 0.098 0 0.622 2.568 5.829 0
1073 0.005 0.009 0.009 0 0.025 0.068 0.104 0 0.678 2.850 6.601 0

Proof. Using the stochastic Fubini theorem as in the proof of [23, Proposition 3.11], we find that (Z,, f) L2RU) = fR <1~>f(s)dWQ(s)
holds P-a.s. for every f € C®(R;U), where 5f: R - Z(U;R) is given by

5f(s)u = / (=578 - s)u, FO)yydt =TI f($))y, sER, uel,

I'(y)

~ 1 .
and we recall equation (4.6) for the adjmlnt of 37. Hence, we have |(Z,, f)Lz(R;U)lliz(Q) = /IR o102 II?%(U;R) ||Q a7 flle(]R v
by (2.1), and thus (3.6) with (E;l)* = Qﬂg J7* by the polarization identity. []

Example 4.16. Let Assumptions 4.1 and 4.2(ii) be satisfied and suppose that y € (1/2, ) is such that Assumption 4.2(i) holds for
7o = v. The latter implies that 9, + Ay = B, and we always have B~7 = J7, see Section 4.2. Thus,

_L
e, = (9, BV) Q. B =B*Qp' B = (0, + Ap)" Q5! (9, + Ap).

Moreover, this assumption implies that D(A") is dense in U for all n € N by [34, Chapter 2, Theorem 6.8(c)]; choosing n large
enough, we also find that C°(T; D(A")) is dense in D(3"), so we can take F = D(A") in Theorem 3.7.

Although Q~!' may be a nonlocal spatial operator, QH‘QI is always local in time. Thus for y € N, the precision operator is local as
a composition of three local operators, in accordance with the Markovianity shown in Section 4.4.

For y ¢ N, we will show that the precision operator is not local in general. Suppose that A has an eigenvector v € U with
corresponding eigenvalue 4 € R. Such eigenpairs exists for example if A = (k? — 4)? with «, § € (0, oo) and 4 the Dirichlet Laplac1an
on a bounded Euclidean domain D ¢ R?. If we moreover assume that v € D(Q~ 3 ), then we find Q : B (dp@v) =[(0,+ 1)1 @O~ 3 v
for ¢ € C®(R) since the spectral mapping theorem implies S(H)v = e~#v for all 1 € [0, c0). It thus suffices to consider the case
A =1 €R, i.e., we wish to find disjointly supported ¢,y € CX(R) such that

F, (¢, ) := {0, + A ¢, (0, + ' y) 2| # 0. (4.25)

We will discuss this by means of a numerical experiment for the case 1 = 1, using the following smooth function ¢ € C®(R)
supported on [—1,1]:

1
o) = {eXp(_m)’ x €11 (4.26)
0, xeR\(-L1),

and taking v := ¢(- —2—4) for some 6 € (0, ). In Fig. 1, we see that the parabolic derivatives of ¢ consists of (positive or negative)
peaks. For y ¢ N, the support of the last of these peaks appears to include the whole of [1, o), with its absolute value taking rapidly
decaying yet nonzero values there. Therefore, the idea is to take 6 small enough, making the right-hand side tail of ¢ overlap with
the first peak of y to obtain a non-zero L?(R)-inner product. Table 2 shows the approximate outcomes of this process for various
values of y and 6§, using symbolic differentiation and numerical integration.

Note the contrast with the merely spatial Matérn case, where the self-adjointness of the shifted Laplacian 2 — A causes
LiLy = 72(k% — 4)*#, thus we find a weak Markov property also for half-integer values of § € (0, ).

15
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5. Fractional Q-Wiener process

In this final section, we further motivate our interest in solutions to (4.1) by relating them to fractional Q-Wiener processes,
which are U-valued generalizations of the widely studied (real-valued) fractional Brownian motion. In Section 5.1 we show that,
analogously to the real-valued case (see [29, Definition 2.1]), a fractional Q-Wiener process can also be expressed as a Mandelbrot—
Van Ness type stochastic integral over R. Using this representation, we show that fractional Q-Wiener processes are limiting cases
of mild solutions to (4.1) as introduced in Definition 4.5. Finally, in Section 5.2 we comment on the Markov behavior of fractional
Q-Wiener processes, and we propose possible directions in which to extend or complement the present results of Section 3 to establish
necessary and sufficient conditions for (weak or N-ple) Markovianity.

The following definition was introduced in [13, Definition 2.1].

Definition 5.1. LetQ € ,Zl’f(U). A U-valued Gaussian process (Wg ()),er is called a fractional Q-Wiener process with Hurst parameter
H €(0,1) if

(f-WP1) EIW2(1) =0 for all 1 € R;

(FWP2) Qp(s,1) = (1t + |s|H = |t = s|*)Q for all 5,1 € R;

(f-WP3) W,? has continuous sample paths.
Here, (Qy(s,1);,er € ,2”1*(U ) are the covariance operators of WO, cof. (4.14).

Note that for H = %,

restricted to [0, o).

the above definition reduces to a characterization of a standard (non-fractional) O-Wiener process when

5.1. Integral representation and relation to Z,

Let Q e Z;(U ) and let (WC(1),cg be a two-sided Q-Wiener process, see Section 2.2. For H € (0, 1), define (Wg ()),;er by

W) = /}R Kp@t.rdwo@), teR, (5.1)
where the Mandelbrot-Van Ness [29] type kernel K : R?> - R is given by

Ky(t.r) = é[(z —r)f_% - (—r)f_%], (t.r) € R2. (5.2)
The constant C; : /IR)( 1- —( r) . | dr=2 2H ——~BQR2-2H,H + ) (where B is the beta function) [36, Theorem B.1], ensures

that Q u(1,1) = O, where (Q H(t 5)):ser denote the covariance operators of WQ Then WQ has a modification which is a fractional
Q-Wiener process:

Proposition 5.2. Foreveryt € R, (5.1) yields a well-defined random variable WQ(t) € LX(Q, F”WQ IP; U), and there exists a modification
of (WQ(t)),GR which is a fractional Q-Wiener process in the sense of Definition 5.1.

Proof. To see that WS (1) € L*(;U), note that E[|WSMI3] = fp IKn (. »O? ||$ w0 dr =0 [ 1Ky, »I?dr < co by the Itd
isometry (2.1). Since K; is a deterministic kernel integrated with respect to a mean zero Gaussian process W9, it readily follows that
WQ is also mean-zero Gaussian. For the covariance operators (Q (9, ser of W , we can argue as in the proof of Proposition 4.8

to f1nd QH(t, s) = fR Ky(s,Kyt,r)drQ =E[By(H)By(s)]10 for all t,s € R, where By = (B (1),cr denotes (real-valued) fractional
Brownian motion. Hence (f-WP2) holds by the properties of Bj;. Lastly, the existence of a (Ho6lder) continuous modification of (5.1)
can be established analogously to the real-valued case, by using that 171\/3 is self-similar with stationary increments and applying the
Kolmogorov—Chentsov theorem [8, Corollary 3.10]. []

Now we consider the relation between the fractional Q-Wiener process and the process z, considered in Section 4. For ¢ € (0, ),

let Z ¢ denote the mild solution to (4.1) with A = e1d;; and define the process (Z (t))te]R y

Z (t) = C_ 1/21”(}/)(25(1) - Z;(O)), teR. (5.3)

Note that WQ(t) can formally be written as the following “convergent difference of divergent integrals” (see [29, Footnote 3]):

—[/ -9 -3 dwQ(s) — /0 (- s)H_’ dW€(s)]. This expression would correspond to ¢ = 0 in (5.3), which is ill-defined as
Assumptlon 4.2(i) cannot be satisfied. However, the next result shows that a fractional O-Wiener process can be seen as a limiting
case of Zy ase 0.

Proposition 5.3. Let O € fl”(U ) and y € (1/2,3/2). The family of stochastic processes (7:)66(0,00) defined by (5.3) converges uniformly
on compact subsets of R in mean-square sense to the fractional Q-Wiener process 17173 in (5.1) with Hurst parameter H = y — % ase|0:

=0.
L2(Q2:U)

VT €(0,00) : lim sup
£l0 e[~

W2,.0-Z, @
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Proof. For ¢ € [0, c0), we can write

1 1

. t 0 )
WyQ—]/Z(t) — Zy o = /0 t— S)V—l (1 _ e—e(r—s)) dWQ(S) + /_oo [(t _ s)7_1(1 _ e—e(r—s)) _ (—S)7_1(1 _ ess)] dWQ(s).

Croip Croip2
Applying the It6 isometry to each of these integrals and using the respective changes of variables s’ := —s and s’ := ¢ — s yields
— —e |2 L+ L I
”WQl (O=Z (1) L0 LO G op L ;=/ 22 (1= ) ds,
=1/ L V17975 Cooip 0

- R (5.4
L) :=/0 ‘(|z| + )77 (1= 7)) — =1 (1 — e7#%) | ds.
For t € (—o0,0) we find (5.4) by instead splitting into integrals over (—oo, ) and (#,0) and changing variables s’ :=r—s and s’ := —s,
respectively. For t € [T, T], the elementary inequality 1 — e™* < x for x € [0, o) yields I,(f) < &2 /Olf\ s ds = % < 62::] .
For I,, applying the fundamental theorem of calculus to the function u = (4 + s)7~1(1 — e~¢®*+9), followed by Minkowski’s integral
inequality [41, Section A.1], yields

o 1] 2
L) = / ‘ [(¥ — D@+ )21 = 7€) 4 g(u + 5) e e+ dul ds
0 0

o=

<

T oo
/ [/ |(y — D+ ) 721 — e84 g + sy e W
0 0

2
ds] du

T 0 2 % 2
/ [/ =D 2Q=e V) + v le? du] du
0 Eu

[so]
< 3 TZ/ ‘(y — Y1 — e ) 4o le
0

- 63—2}/

2
do,

where we performed the change of variables v(s) := &(u + s) on the third line.

The improper integral on the last line converges: As v | 0, the squares of both terms are of order O(v*’~2), where we again
use 1 — ¢™? < v for the first term, and we have 2y — 2 € (-1, 1); the square of the first term is of order O(v*'~*) as v — oo, with
2y —4 € (-3,-1), whereas the second term decays exponentially. The convergence thus follows by letting ¢ | 0. []

5.2. Remarks on Markov behavior

Now we consider the Markov behavior of fractional Q-Wiener processes with Hurst parameter H € (0, 1). Since the case H = %

corresponds to a standard Q-Wiener process, we find that W]/Q2 is simple Markov, whereas we can expect that WI? is not weakly
Markov for H # L

In the real-valued case, the first published proof of non-Markovianity appears to be [19], which shows that B is not simple
Markov for H # % using a characterization in terms of its covariance function. This result can be improved by applying the
theory of [18, Chapter V] for Gaussian N-ple Markov processes to the Mandelbrot-Van Ness representation of By;. Namely, by [18,
Theorem 5.1], any real-valued process of the form ( f_'oo K(t,s)dB(s)),cr is N-ple Markov for N € N only if there exist functions
( fj)j.V= e j)j,Vz , such that K(s,1) = Zfi | £;()g;(1) for 5,1 € R. The real-valued kernel K, in (5.2) satisfies this condition only if H = %

The question arises if one can generalize this characterization of real-valued N-ple Markovianity to the case of Hilbert space
valued Gaussian processes, such as WI? and Z, (see Definitions 5.1 and 4.5, respectively). However, it is not evident from the proof
in the real-valued case what the analogous condition would be in the Hilbertian setting. For instance, the kernel K(z,s) = S(t — s)
of the simple Markov process Z; factorizes as K(t,s) = S(#)S(—s) provided that (S(#)),5, extends to a Cy-group (S(t)),cg. Otherwise
it is not guaranteed that such a factorization exists, and it is not clear either whether this condition remains necessary for simple
Markovianity in the Hilbert space case.

In order to establish that W;;) (or By) does not have the weak Markov property for H # 1, one could also attempt to associate
a nonlocal precision operator to the process and apply the necessary condition from Theorem 3.7. Formally, its coloring operator
£;,1 actson f: R - U as E;‘f(t) = é /R Ky (t,5)f(s)ds for all + € R. For certain ranges of H, see for instance [36, Equation (31)],
an explicit formula of its inverse £ can also be determined. The operator E;Il is bounded on some weighted Holder space by [36,
Theorem 6], but there is no reason to expect that it is bounded on a Hilbert space such as L2(R; U). Therefore, Theorem 3.7 is not
directly applicable, as it would need to be extended to the Banach space setting, which is beyond the scope of this work.
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Appendix A. Auxiliary results
This Appendix collects auxiliary results which are needed in the main text but have been postponed for the sake of readability.
A.1. Conditional independence

Let G;,H,G, C F be c-algebras on (£, F,P). We recall a characterization of conditional independence, see [20, Theorem 8.9],
from which we derive a lemma which is useful for establishing relations between various (equivalent formulations of) Markov
properties defined in Section 3.

Theorem A.1 (Doob Conditional Independence Property). We have G, 1.;, G, if and only if (G, | G; v H) = (G, | H) holds P-a.s., for
dl G, € G,.

Lemma A.2. If G, 1y G,, then

(@ G VH Uy Gy
(b) G, L,y G, for any c-algebra H' 2 H such that H' C G;;
(© G Ly G, for any c-algebra H' 2 H of the form H' = M| v H,, where |, 1} are c-algebras satisfying H| C G, v H and
H, CCVH.
2

Proof. Part (a) is [20, Corollary 8.11(i)]; combining it with ¢, = G, v H' and H' = H v H’ yields (b). To prove (c), first
note that G, v H J.LH\,H; G, V H by parts (a) and (b). Applying (a) again, we find G, v H v H; LHvH; G VHYV H{. Since

HVH CHVH' =H' =H)vH| CG,VvHVH|,part (b) yields G, VH VH| W G, vHV H|, which proves (c) since §; C G VHVH]
and G, CG, VHVH. [

A.2. Results related to Assumption 4.2(i)

Lemma A.3. Let Assumption 4.1 be satisfied, i.e., suppose the linear operator —A: D(A) C U — U on the separable real Hilbert space
U generates an exponentially stable C-semigroup (S(1)),»o of bounded linear operators on U. If Q € £*(U) and y, € (-0, /2], then

/ ||#70~ lS(I)Qz ||$ (U) = oo, that is, Assumption 4.2(i) cannot hold for y, € (—, 1/2].

1 1 1
Proof. Fix some x € U with ||x||; = 1. Then ||[S(H)Q?2 l.2,w) = 1SOO2x]ly for all ¢ € [0, o). Since t — S(¥)Q2 x is continuous at

1 1 1 1
zero and S(0)Q2x = Q2x, we can choose § € (0, ) so small that || S#)O2 x|, > %llQi x|y for all 1 € [0,6]. If yy € (—o0,1/2], we
then obtain

o 1 1, 1 % e
/ 707! S0z 12, ), di > 5||sz||%]/ PO V=0, [
0 = 0

Lemma A.4. Let Assumption 4.1 be satisfied. If Assumption 4.2(i) holds for some y, € (1/2, ), then it also holds for all y’ € [y, ).

Proof. The change of variables r :=t/2, the semigroup property and (4.2) yield
e Lo w-ia [T owey g1 1o
[0S 00% 0 < 2 [ 008y 0

For the latter integral, we split up the domain of integration and estimate each of the resulting integrands to find

©
/0 e*ZWTHTV/—lS(T)QZ ”3 (U) Z / 721,471“ Y 71S(T)Q2 ”3 (U)

o0
o~ 20(k=1) 20 ~70) 70-1 2
s]; @ [ 004 1y, dr < o

1
. . _ ! _ T —Yw
where the series converges since e 20k k20" 10|k — 2% < [ as k — c0. []
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A.3. Filtrations indexed by the real line
Proposition A.5. A process (W2(1)),cg satisfying (WP1) cannot be a martingale with respect to any filtration (F,),cg-

Proof. Suppose that (W9(1),cr is a martingale with respect to some filtration (F),cg. Then the same holds for the real-valued
process WhQ(t) = (W), hyy, where we choose h € U such that (Qh, h)%] > 0 to ensure that (WhQ(t)),GR has nontrivial increments.
In particular, (WhQ(_n))nEN is a backward martingale with respect to (F_,),cy, implying that it converges P-a.s. and in L'(2) as n — oo
by the backward martingale convergence theorem [16, Section 12.7, Theorem 4]. But this contradicts (WP1), since (WhQ(_"))nEN
cannot be a Cauchy sequence in L!() as it has (non-trivial) stationary increments. []

A.4. Mean-square differentiability of stochastic convolutions

The following lemma concerning mean-square continuity and differentiation under the integral sign is a straightforward
generalization of [23, Propositions 3.18 and 3.21] to stochastic convolutions with respect to a two-sided Wiener process. Its proof
is therefore omitted.

Lemma A.6. Let t, € [—o0, o0) be such that ’P(‘)Q% € L0, 00;.%(U)) and set T := [ty, ) if ty € R or T := R if t; = —co. Then the
stochastic convolution ( ft(’) Y(t—s) dWQ(s)),GT is mean-square continuous.

If ‘l’(-)Q% c H(} (0, 00; % (U)), then the process ( f[:) P(t — 5)dWO(s)),er is mean-square differentiable on T and, for all t € T, the
identity g /t[’) Pt —5)dWO(s) = /"') 0P (t — 5)dW<(s) holds P-a.s.

Appendix B. Fractional powers of the parabolic operator
Let A: D(A) CU — U be a linear operator on a real Hilbert space U.

Definition B.1. Let Assumption 4.1 be satisfied. We define the negative fractional power operator A~* of order « € (0, ) as the
£ (U)-valued Bochner integral A~ := ﬁ Jo~ 1*"'S(r) dt. Then A~ is injective and we define A®x := (A=*)~!x for x € D(A%). For
a=0we set A° :=1d,.

See [34, Section 2.6] for more details on this definition of fractional powers. The proof of the following lemma is analogous to
that of [23, Proposition A.3] and is therefore omitted.

Lemma B.2. Let (S, ., u) be a measure space such that L>(S;R) is nontrivial and consider the linear operator A gon L2(S;U) defined
by (4.7). If —A generates a Cy-semigroup (T'(1)),5o on U, then —A generates the Cy-semigroup (75(t)),»o on L2(S;U).

The next results are respectively analogous to [23, Propositions A.5 and 3.2].

Proposition B.3. For ¢ € R, define the shift operator T () € L(L*(R;U)) by T(t)f := f(- — 1) for f € L*(R;U). The family (T (t)),eg
is a C,-group whose infinitesimal generator is given by —d,, where 9, is the Bochner-Sobolev weak derivative on D(d,) = H'(R; U).

Proposition B.4. Suppose that Assumption 4.1 holds. The closure 13 of the sum operator 0, + Ay, exists and — I3 generates the C,-semigroup
(SeOT ()59 on L2(R; U) satisfying ISeOT DOl 2wy = 1T OSROI 2wy = ISONl @) for all t € R, where (Sg(t)),5o and (T ()),50
are as in (4.7) and Proposition B.3, respectively.

It follows that (Sg(1)7 (¢)),»o inherits the exponential stability of (S()),50, so that fractional powers of /3 can be defined using
Definition B.1. Therefore, under Assumption 4.1, Definition B.1 implies

] [so] 1 [s<]
-7 - y—1 - y—1 —
BYI0= 505 /O S OT (O (0 dr = /0 VS f(t - r)dr
for y € (0, 00), f € L3(R;U) and almost all r € R. We conclude that 377 = J7 for all y € [0, ), where the latter is defined by (4.5).
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