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ON THE ASYMPTOTIC BEHAVIOR OF A RUN AND TUMBLE
EQUATION FOR BACTERIAL CHEMOTAXIS*

JOSEPHINE A. EVANST AND HAVVA YOLDAS!

Abstract. We prove that linear and weakly nonlinear run and tumble equations converge to a
unique steady state solution with an exponential rate in a weighted total variation distance. In the
linear setting, our result extends the previous results to an arbitary dimension d > 1 while relaxing the
assumptions. The main challenge is that even though the equation is a mass-preserving, Boltzmann-
type kinetic-transport equation, the classical L? hypocoercivity methods, e.g., by J. Dolbeault,
C. Mouhot, and C. Schmeiser [Trans. Amer. Math. Soc., 367 (2015), pp. 3807-3828], are not ap-
plicable for dimension d > 1. We overcome this difficulty by using a probabilistic technique, known
as Harris’s theorem. We also introduce a weakly nonlinear model via a nonlocal coupling on the
chemoattractant concentration. This toy model serves as an intermediate step between the linear
model and the physically more relevant nonlinear models. We build a stationary solution for this
equation and provide a hypocoercivity result.
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1. Introduction and main results. We consider a kinetic-transport equation
which describes the movement of biological microorganisms biased towards a chemoat-
tractant. The model is called the run and tumble equation and introduced in [1, 53]
based on some experimental observations [5] on the chemotaxis of the bacteria called
E. coli towards amino acids. The equation is given by

Of +v-V,f = / (T, 0,0') f(t,2,0) — T, 0) f(t,2,0)) o,
v
(1.1) t>0,zeRY veV.

where f:= f(t,z,v) > 0 is the density distribution of microorganisms at time ¢ > 0
at a position # € R, moving with a velocity v € V C R9. In (1.1), V = B(0,Vp) is a
centered ball with a unit volume and a radius V; > 0 so that |V| = 1. Microorganisms
perform a biased movement along the gradient of the chemoattractant with a con-
stant speed, and they change their orientation at random times towards the regions
where the chemoattractant concentration is higher. This biased random walk drives
the microorganisms up the gradient of the chemoattactant density. The underlying
process is also called a velocity jump process.
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The tumbling frequency T describes the change in velocity from v to v’, and it
can be written as

(1.2) T(t,z,v,0") :=T(m,v,v") = A(m)x(v,0),

where A : R — [0,00) is the tumbling rate and m is the gradient of the external signal
M along the direction of v and given by

(1.3) m=uv"-V,M,
where M depends on the chemoattractant concentration S via
(1.4) M =mg+logsS,

where mg € R} represents the external signal in the absence of a chemical stimulus. In
(1.2), the tumbling kernel & is a probability distribution on V and gives the probability
of tumbling from velocity v to velocity v’ so that it satisfies

/ k(v,v')dv' =1.
v

We assume that the distribution of the change in the velocity due to tumbling is
uniform, i.e., kK = 1. If the chemoattractant density S(z) is a fixed function of x, then
the equation becomes linear. Together with the above assumptions, the linear run
and tumble equation takes the form

8tf+v-fo:/)\(v’~VxM)f(t,:c,v’)dv’—A(U-VxM)f(t,x,v),
v
f(0,z,v) = fo(z,v), zeR veV,

(1.5)

where the initial datum f is a probability measure, i.e., fo € P(R? x V).!
Apart from the linear equation, we consider a model where the chemoattractant
concentration S solves

(1.6) S(t,x) = Soo(x) (1 + (N % p)(t, )),

where n > 0 is a small constant, IV is a positive, smooth function with a compact
support, S, is a smooth function, and p(t, x) := fv f(t,z,v) dv is the spatial marginal
density of microorganisms. We refer to the problem (1.5)—(1.6) as the weakly nonlinear
run and tumble equation. This model can be considered as an intermediate model
between the linear equation and physically relevant nonlinear equations; e.g., when the
microorganisms produce the chemoattractant by themselves, S solves a Poisson-type
equation with a source term as the density,

(1.7) —AzS+aS=p,

where o > 0 is the chemical degradation rate. This nonlinear model was first intro-
duced in [1, 44] and further studied in [20].

Analytical results on the long-time behavior of kinetic models of chemotaxis are
scarce in the literature. We give a brief summary below. The main reason is that the

1P(Q) denotes the space of probability measures defined on Q.
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classical hypocoercivity methods are not applicable to the run and tumble equation.
We dedicate section 1.3 to a detailed discussion of this matter. In the linear case, the
closest result to ours is [43] where the authors prove exponential convergence towards
a nontrivial stationary state in d > 1 assuming that S(z) is a radially symmetric
function. In this paper, the techniques we use allow us to remove the radial symmetry
assumption on S; thus we are able to generalize the result to d > 1, and a wider
class of possible tumbling rates, with completely constructive arguments. However,
these techniques cannot be utilized in the nonlinear case. Therefore, we introduce a
weakly nonlinear equation to understand the link between the linear equation and the
nonlinear one (1.5)—(1.7). A detailed discussion of this connection and how we chose
the coupling (1.6) can be found in section 4.

Summary of previous results. In this paper, we are concerned with the long-time
behavior of the run and tumble equation in the case that the solutions exist globally
in time. Therefore, we do not provide an existence result. However, we would like
to give a brief summary of the previous works, including the study of the Cauchy
problem. We remark that the global existence of solutions for the models we study
in this paper can be obtained by following the strategy, e.g., in [20, 43], since the
tumbling frequency we consider can be bounded by the necessary terms.

The linear run and tumble model was studied in numerous works including
[11, 43, 45, 46]. In [11], the authors proved the existence and uniqueness of a non-
trivial stationary state and exponential decay to equilibrium as ¢ — co in dimension
d =1 by using a modified entropy approach due to [25]. An example of a tumbling
frequency satisfying the assumptions in [11] is given by

(1.8) T(z,v,0") =1+ xsegn(z-v), xe€(0,1),

where y is called the chemotactic sensitivity. Recently in [43], this result was extended
to higher dimensions d > 1 by considering splitting techniques due to [42]. These
techniques are based on using the Krein—-Rutman theorem for positive semigroups
which do not satisfy the necessary compactness assumptions. The general form of the
tumbling frequency considered in [43] is given by

(1.9) T(z,v,0")=1—xsgn(d:S+v-V,S), xe€(0,1).

In [43], the authors further assumed that the concentration of the chemoattractant
S(x) is radially symmetric and decreasing in « such that S(x) — 0 as |z| — co. This
assumption simplifies the tumbling kernel (1.9) to (1.8) since the radial symmetry
assumption reduces the problem essentially to dimension d =1. In this paper, we are
able to remove the radial symmetry assumption and obtain the exponential conver-
gence towards a unique stationary state in dimension d > 1. As in our case, when the
concentration of the chemoattractant S is a fixed function of x but not necessarily
radially symmetric or strictly decreasing in |z|, we refer to it as the linear problem.
However we remark that, in [43], the authors refer to a specific case of the run and
tumble equation as the linear problem. What we call the linear equation in this paper
refers to more a general form of the run and tumble equation.

For the Cauchy problem, there are global existence results in [8, 15, 20, 36] and
blow-up results in [6]. Moreover, in [10], the author showed the existence of travel-
ing wave solutions of a nonlinear run and tumble model which is coupled with two
reaction-diffusion equations. This analytical result complements the experimental ob-
servations and computational studies in [49, 50]. We refer also to [7] for a detailed
review of existence and blow-up results for various kinetic models of chemotaxis.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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Summary of our main results. In this paper, we prove that there exists a unique,
nontrivial steady state solution to both the linear and the weakly nonlinear equations
and that both the models converge to the respective stationary states with explicitly
computable exponential rates. In the linear case, our results are obtained by means
of Harris’s theorem which is a probabilistic method in the ergodic theory of Markov
processes. Moreover, we build a unique stationary solution for the weakly nonlin-
ear equation (1.5)—(1.6) via a fixed point argument, and we show that the solutions
converge to this stationary solution exponentially using a perturbation argument. In-
deed, S(t,z) in (1.6) can be treated as a perturbation of the linear equation whenever
(N % p)(t,z) is decreasing or 7 is small. The explicit rates of convergence can be
obtained in terms of the constants given in the assumptions. Our proofs are all con-
structive, and the estimates are in the weighted total variation distances, valid for
arbitrary dimension, i.e., z € R%, d > 1.

1.1. Assumptions and main results. We assume that the tumbling rate in-
creases when the microorganisms move far away from the regions where the chemoat-
tractant density is high and the chemoattractant density decreases as |z| — co. We
make the following hypotheses:

(H1) The tumbling rate A(m): R — (0,00) is a function of the form

(1.10) A(m)=1-x¥(m), x€(0,1),

where 9 is a bounded (with ||1)|lc < 1), odd, increasing function and my(m)
is differentiable.

(H2) We suppose that M (z) = —o0o as |z| — oo, |V M (x)] is bounded from above,
and ||V4M || exists. Moreover, there exist R > 0 and m, > 0 such that
whenever |z| > R we have

|V M(x)| > m..
(H3) We suppose that Hess(M)(z) — 0 as |x| — oo and |Hess(M)(x)| is bounded.

(H4) There exists a constant A > 0, depending on ¢ and ||V, M|, and an integer
k >0, depending on v, such that

(L11) /v B - VoM (@) - Vo M (@) dv' = A, [V, M) [V, M () -

Remark 1.1. We remark here that in addition to assumption (1.10), our theorem
in the weakly nonlinear setting also requires ¢ to be Lipschitz. This is so that we can
ensure that a small difference in p will result in a small difference in A(v- VM) when
M depends continuously on p. This type of assumption would in fact be necessary for
the standard linearization of a coupled run and tumble equation to make sense and
we believe it is a strength of our results that we are able to deal with ¢ other than
the sign function.

In order to explain where (H4) comes from and justify its use we briefly prove (1.11)
in two cases in the following lemma.

LEMMA 1.2. If ¢(z) = sgn(z), then (1.11) holds with k=1 and

3 Yo 2 . 2\(d-1)/2 rld-b/2
A= V222 T T
/VO (V= D)

If ¢ is differentiable with ¥'(0) > 0, then (1.11) holds with k =2, and X depends on
the exact form of 1.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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Proof. Since V is a ball of radius V{, by rotation we obtain
/ Y-V M(x))v' - Vo M(z)dv'
%

_ /V GOV M (@) )01 [V M ()L ot vty don

Integrating out vs,...,vq gives
Vo by @D/
(1.12) v (01| Vo M (@) |)or [V M ()| (Vs — U%)( V W dv;.
We can bound (1.12) below by
A@-1)/2 Vo/2
ey [ eI @) M @) o,

From this point we extract the first result on ¥(2) =sgn(z).

For the case where v is differentiable, we continue using the fact that %Vg =

1, and, changing variables from v to y =v1|V,M]|, the above bound is equal to

I'(d Vo|VaM|/2
! (@/2+1) ! / Y(y)y dy.

201w T((d = 1)/2+ 1) [V M|Vo J vy v, 0112

Note that ¢ (y)y is a positive, even function which is 0 at y =0. We have an average
of Y(y)y over =V5|V,.M|, V5|V, M]|, and it approaches 0 as |V, M (z)| = 0. Since ¢ is
differentiable, y1(y) ~ ’'(0)y? when y is small, so as |V, M| — 0 we obtain

1 I(d/2+1) 1 /VOVIIW/Q
20-1/m D((d—1)/2+ 1) [V M Vo J_vy v, 0112
o 1 Ld/2+1) 0 V2
AN (S NS LA T

Y(y)ydy

VM2,

This approximation only holds true as |V, M| goes to 0, but since |V, M] is a bounded

. 1 T'(d/241) 1 Vo Ve M|/2 ; ;
function and ST T T(d=1)/54T) VoMVs J—Vo v, M| /2 Y(y)ydy is a continuous
function of |V, M]|, we have the result. |

We state the main results of the paper below. Their proofs are given at the end
of sections 2 and 3, respectively.

THEOREM 1.3 (the linear equation). Suppose that t — f; is the solution of (1.5)
with initial data fo € P(R? x V). We suppose that hypotheses (H1)—(H4) are satisfied.
Then there exist positive constants C,o (independent of fo) such that

(1.13) I1fe = foslls < Ce™7 1 fo = fooll

where fo 18 the unique steady state solution to (1.5). The norm || - ||« is the weighted
total variation defined by

(1.14)
i [ [ (=0 9oM (@) = 300 VM@)o VoM () M doda,

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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where 7y, B are positive constants which can be computed explicitly and are sufficiently
small so that the weight in || - ||« is positive. Furthermore, if there exist positive
constants C,C, and « such that

C —alr) < M(z) <C — alx),

then using equivalence of norms we can show a contraction as in (1.13) (with different
constants C and o) in the weighted total variation norm with the weight ed(@)

(1.15) Il | ::/ /65(”’>|u|dvdx,
R JV

where § is a small enough constant depending on M and (z) =+/1+ |z|2.

Remark 1.4. We remark briefly on the Cauchy theory for this equation. Since it
is linear we believe that the simplest way to see that the equation is well posed for
initial data in P(RY x V) is to directly construct a Markov process for which (1.5). We
can do this by generating a series of jump times Jp, Jo,... which are a Poisson process
with rate (14 x) and a series of postjump velocities Vi, Vs, ... which are independent
and drawn from the uniform measure on V and lastly a series of thinning random
variables Uy,Us,... which are independent and identically distributed and drawn
from the uniform distribution on [0,1 4 x]. Then we define a piecewise deterministic
Markov process (X¢, Vi) with (Xo, Vo) having the prescribed distribution of the initial
data and where if t € (J;, J;+1) we have X, = X, + (t — J;)Vy, and V; =V}, ; then we
set Vi, =Vig1 if Uipr <AV, - Vo M(X,,,) and Vj,,, =V, otherwise.

i+1
THEOREM 1.5 (the weakly nonlinear equation). Suppose that t — f; is the solu-
tion of (1.5) with the coupling (1.6) where we suppose that N(x) is a positive, smooth
function with a compact support, n >0 is a constant, and So(x) is a smooth function
satisfying for some C,C,a >0 that

i+1

C —afz) < Muo(z) :=log(8x (7)) < C — a(a),

where (x) =1+ x2. We suppose that hypotheses (H1)—(H4) are satisfied and that
¥ is a Lipschitz function. Then there exist some constant C depending on C,C, and
o such that if n < C, then there exists a unique steady state solution to (1.5)~(1.6).
Suppose further that for any initial data fo € P(R? x V) satisfying

ol <1< o c*)
ol <3\ Gpvenivimiwa v~ <)

where o,D, and C* are found in the proofs of Theorem 1.3, Proposition 3.1, and
Lemma 3.4, respectively, we then have that

e = foollax < Ce™ 2| fo = fooll s,
where C' and o are some positive constants and || - ||« is defined in (1.15). Here we
emphasize that in this theorem foo is the steady state of (1.5) with the coupling (1.6).

Remark 1.6. A discussion of the Cauchy theory for the weakly nonlinear equation
is in the appendix.

Remark 1.7. Hypotheses (H2)—(H4) can be verified also in the case of the Poisson
coupling (1.7). The solution of —AW, (z)+aW,(z) = d, is called the Yukawa potential
and given by the Green’s function

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/13/23 to 154.59.124.113 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

ASYMPTOTIC BEHAVIOR OF RUN AND TUMBLE CHEMOTAXIS 7641

W(x)—/w#e —@—a d
ST o Gy TP\ Ty )

and
log W, (x)
 Valq]
for dimension d > 1 (see [39, Theorem 6.23]). We can see that |V,M(z)| and

|[Hess(M)(x)| are bounded and Hess(M)(z) — 0 as |z| — oo, where M (z) = log W, (z).
Moreover the solution of —A,S + aS = p is given by

—1as |z|— o0

S=Wyxp= /Rd Wy(@)p(t,y) dy.

This case requires extra assumptions on p in order to verify hypotheses (H2)—-(H4).
Since we do not deal with the Poisson coupling in this paper, we skip further
details.

Structure of the paper. This paper is organized as follows. In section 1.2, we
listed the assumptions which are needed throughout the paper and presented the
main results. We dedicated section 1.3 to explaining the motivation, methodology,
and novelty of our results. In section 1.4, we comment on the connection between
the run and tumble equation and an aggregation-diffusion equation obtained as a
parabolic scaling limit of the kinetic equation. In section 2, after stating Harris’s
theorem, in the subsequent two subsections we show how we verify two hypotheses
of Harris’s theorem for the linear run and tumble equation. We give the proof of
Theorem 1.3 at the end of section 2. Section 3 is then devoted to the weakly nonlinear
case. In this section, we prove that there exists a unique stationary state solution and
exponential convergence to this solution. Finally, section 4 is dedicated to further
discussions, particularly the connection between our results and the nonlinear cases
when different couplings for the chemoattractant density are considered.

1.2. Motivation, methodology, and novelty.

Motivation. Our main motivation in this work is to simplify the proofs showing
convergence to equilibrium for linear run and tumble equations and to extend their
validity to a wider range of tumbling kernels and tumbling rates. We believe this
moves the theory closer to being able to study the most biologically relevant tumbling
rates and kernels, particularly existence and linear stability for the fully nonlinear
models.

Another motivation is that the equation is an interesting example within kinetic
evolution equations. It differs from similar kinetic equations in a few key ways which
we now describe. The linear equation (1.5) has a structure similar to several equations
appearing in the kinetic theory of gases. In particular, we mention a linear Boltzmann
equation of the form

Wf+v -Vuf =V, V(x) V,f= (/ f(t,x,v’)dv’) M) — f(t,z,v),
R?

where f:= f(¢,z,v) is the density distribution of particles at time ¢ in the phase space
(z,v), V(x) is the confining potential, and M (v) is the Maxwellian velocity distribu-
tion. Long-time behavior for such equations is studied in the field of hypocoercivity.
We mention Villani’s memoir [54] as the work which began the study of hypocoerciv-
ity as a coherent behavior common to many kinetic equations. The linear Boltzmann

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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equation was first shown to converge to equilibrium by Hérau in [34]. This also falls
under the scope of the powerful general theorem in [25]. In [16], written by the au-
thors and others, we show that Harris’s theorem from Markov process theory provides
an alternative way of showing convergence to equilibrium for the linear Boltzmann
equation among other equations.

The run and tumble equation differs from the linear Boltzmann, and similar
hypocoercive equations, in two key ways. Firstly, the confinement mechanism in the
linear Boltzmann is through a “confining field” V,V (x) whereas in the run and tumble
equation the confinement is induced by the bias in the tumbling rate. This more
complex confinement mechanism in the run and tumble equation is considerably more
difficult to deal with. The second important difference between the linear Boltzmann
equation and the run and tumble equation is the nature of the steady states. The
steady states for the linear Boltzmann equation are simple and explicit, and properties
such as Poincaré inequalities are immediate for such states. For the run and tumble
equation, existence of a steady state is a problem in and of itself. The steady states
for the run and tumble equation interact in a more complex way with the tools
of hypocoercivity. For example, a condition in the theorem in [25] for proving a
linear, mass-preserving kinetic equation is hypocoercive is that the steady state of the
equation must be in the kernel of both the transport and collision operators separately.
This is not possible for a steady state of the run and tumble equation, although we
define the transport (v- V) and collision (the right-hand side of (1.5)) parts of the
operator. This behavior is similar to nonequilibrium steady states in kinetic theory
such as the ones discussed in [2, 12, 13, 14, 28]. Harris’s theorem is well adapted
to dealing with complex nonexplicit steady states and gives the existence of a steady
state and the convergence to that steady state simultaneously. This fact was exploited
by the first author in [29] where we used Harris’s theorem to find existence of a steady
state for a nonlinear kinetic equation with nonequilibrium steady states. Moreover, in
[16], we showed that Harris’s theorem can be applied efficiently to kinetic equations
with nonlocal collision operators to obtain quantitative hypocoercivity results. In
conclusion, the classical tools from hypocoercivity are difficult to apply on the run
and tumble equation, but Harris’s approach gives promising results.

Our motivation behind considering the weakly nonlinear equation is to provide a
useful intermediate step to treat the biologically more realistic couplings by means of
exploring how an approach similar to ours in this paper can be applied to the fully
nonlinear case. This point is discussed in section 4 in detail.

Methodology. We obtain the spectral gap result in the linear case by applying
Harris’s thorem. In our case the Foster—Lyapunov condition which is necessary to use
Harris’s theorem is inspired from the moment estimates in [43]. Using this type of
argument to study asymptotic behavior of biological models is a recent topic of re-
search. One of the important recent results in this direction was [30] where the author
used Doeblin’s theorem, which is a predecessor of Harris’s theorem, to obtain a spec-
tral gap result for the renewal equation. In [3, 4, 17, 19, 22], Doeblin’s and Harris’s
theorems were used for showing exponential contraction in weighted total variation
distances for positive conservative and/or nonconservative semigroups, with several
applications in population dynamics including the elapsed-time structured neuron
population models, growth-diffusion, and the growth-fragmentation equations. Par-
ticularly, in [19] the authors improved previous results on the weakly nonlinear model
for interacting neuron dynamics. Their approach allows them to construct a steady
solution to the nonlinear equation based on an explicit smallness assumption on the
connectivity parameter. The uniqueness of the stationary solution is then proved by
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a fixed point argument. The perturbation argument we used in the weakly nonlin-
ear setting is close to the ideas in [19]. The main difference is that our fixed point
argument is more involved and requires the use of Harris’s theorem, and unlike in
[19] Doeblin’s theorem does not work. Moreover, our argument requires additional
moment estimates for the perturbation term. We carry this out by finding an appro-
priate Lyapunov functional in the nonlinear case as well. This was not needed in [19]
as the authors could work with the steady solutions of the weakly nonlinear equation
explicitly.

Nowelty. The novelty in the present work is twofold. Firstly, to the best of our
knowlegde, we give the most general spectral gap result (valid for arbitrary dimension
d > 1 while relaxing the assumptions on the chemoattactant concentration S and the
tumbling frequency T') on the linear run and tumble equation. Particularly, our result
is an improvement of the recent work in [43]. Even though the result in [43] is stated
for d > 1, it is only valid under the assumption that the chemoattractant concentration
S is radially symmetric. Our result does not require this assumption to hold, and it
is valid for more general forms of tumbling frequency including the commonly used
ones involving the “sign function” (see, e.g., (1.8), (1.9)); in particular, the fact that
we study Lipschitz tumbling rates allows us to perform the later nonlinear analysis
and may be helpful in dealing with the fully nonlinear problem.

Secondly, our results in the nonlinear setting are all new. A nonlocal coupling
(1.6) has not been considered in the literature before, and there is not any explicit
convergence result in the nonlinear setting with any other type of nonlinearity. We be-
lieve that our results on the weakly nonlinear run and tumble equation are significant
as they can be considered as an intermediate step towards studying the physically
relevant case with Poisson coupling (1.7).

1.3. Macroscopic models for chemotaxis. Macroscopic models for chemo-
taxis have been widely studied dating back to Patlak [47] and Keller and Segel [38].
Consequently, we describe briefly the relationship between kinetic and macroscopic
models and the macroscopic models themselves. The motivation for this subsection is
that the limiting aggregation-diffusion equation of the kinetic model that we study is
an example of an more accurate macroscopic model for chemotaxis, the flux-limited
Keller—Segel system.

In [38], the authors study the aggregation behavior of a population of a cell called
D. discoideum which performs amoeboid movement by changing its shape to engulf
bacteria or other substances like nutrients. The model describing this behavior is
referred to as the Patlak-Keller-Segel (PKS) system and given in the general form

(1.16) dp=V-(D,Vp—s(-)p),
(1.17) S =DgAS + g(p, S),

where p := p(t,x) is the cell density, S := S(t,z) is the chemoattractant concentra-
tion for t > 0, € R?, and D, > 0, Dg > 0 are the diffusivity of the cells and the
chemoattractant, respectively. The classical PKS system studied in [38] corresponds
to the case ¢5(VS) = xVS, where the constant x is the chemotactic sensitivity. In
(1.17), g is a function describing the production, degradation, and consumption of
the chemoattactant by the cells. Typically, the cells move towards the regions with
higher nutrient density. After consuming all the nutrient, they disperse uniformly
over the space, and, eventually, they start to aggregate and form clusters. The ag-
gregation describes the instability observed in the population level and is analogous
with many physical problems. The significance of the PKS model comes from the
fact that it allows us to investigate aggregation behavior of the population. There are
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numerous results linking the mesoscopic and microscopic descriptions of chemotaxis
to the macroscopic one, e.g., [1, 27, 37, 45, 46, 48, 51, 52, 55] and references therein.

For the particular model we study here we can look at a limit to a particular
macroscopic model following [45, 46]. We call 7 and & the scaled time and space
variables, respectively. For a small € >0, 7 and £ are given by

T=¢%, E=cux.
We define A*(v,§) ;== A(v- V,M(€)) and assume that as € — 0,
A (v,§) 1 —exyp (v- (VeM)(E)).

This is consistent with the form of A\ we assumed in this paper (see hypothesis (H1)).
We call F(7,v,£) the density distribution of microorganisms with the scaled vari-
ables, and we have the following equation for F:

€20, F +ev-VeF = / X EF(r, 0, &) dv — X (v, &) F.
%
We define the new spatial density:

plr.€) = [ F(ro.€)do,
We then have, by formal computations in the limit as € — 0,

(1.18) 9-p=Ve¢-(Vep—0s(§)p),

where the macroscopic chemotactic velocity ¢g is given by

b5 =X /v VY (VM) () v’

This model is slightly different and is an example of a flux-limited Keller—Segel
equation which appears to be a more accurate description of chemotaxis by taking into
account the saturation of the cell velocity. This model was introduced and studied in
[21, 24, 35] among other work.

2. Harris’s theorem. In this section, we give the statement of Harris’s theorem
based on [18, 31, 32]. Harris’s theorem is a probabilistic method which gives simple
conditions on ergodic (long-time) behavior of Markov processes. The original idea
dates back to Doeblin [23] who showed mizing of a Markov chain whose transition
probabilities possess a uniform lower bound. We refer to this condition as the Doeblin
condition and explain it below. The mixing of a Markov chain refers to the time until
the Markov chain reaches its stationary state distribution. In [33], Harris studied
the necessary conditions for a Markov process to admit a unique stationary state or
an invariant measure. Later in [26, 40, 41], this result was used for the first time
to obtain quantitative convergence rates based on verifying a minorization condition
and a geometric drift or Foster—Lyapunov condition. In [32], the authors provided
a simplified proof of Harris’s theorem by using appropriate Kantorovich distances,
and recently in [18], the authors provided an alternative proof by using semigroup
arguments. We state the theorems below in the spirit of [18, 31].

We consider a Polish space 2 and denote ¥ as the o-algebra of Borel subsets
of Q. Then (2,Y) is a measurable space, and, endowed with any probability measure,
Q is a Lebesgue space. We denote the space of probability measures by P(Q).

A natural way to construct a Markov process is via a transition probability
Sfunction.
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DEFINITION 2.1. A linear, measurable function M(x, A) is a transition probability
function on (2,%) if for every x, M(x,-) is a probability measure on (,%) and
M(-, A) is a measurable function for every A€ X.

A Markov operator M and its adjoint M™* can be defined by means of a transition
probability function M in the following way:

(Mp)(4) = /Q Mz, Alpldz,  (M*¢)(z)= /Q H(y) M(z, dy),

where ¢ : Q— [0,400) is a bounded measurable function.

DEFINITION 2.2. A family of Markov operators (M;)i>o is called a Markov semi-
group if it satisfies the following:
i. Mo =Id or equivalently My(x,-) =0, for all z € Q.
ii. The semigroup property: My,s = MMs fort,s>0.
iii. For every u € LY, t+— My is continuous.

We also note that Markov semigroups have the following:
i. Positivity property: M; >0 for any ¢ > 0.
ii. Conservativity property: [|Mu|(dz)= [|u|(dz) for any finite measure p.
In our setting M;u will be the solution of the partial differential equation f at
time ¢t with an initial data g which is a probability measure. Moreover for every ¢ > 0,
if Myp = p, then the probability measure y is called an invariant measure of (My)i>o
or equivalently a steady state solution of f.

THEOREM 2.3 (Doeblin’s theorem). Suppose that we have a Markov semigroup
(My)i>0 which satisfies the following condition:
Doeblin’s condition: There exists a time T > 0, a probability distribution
v, and a constant « € (0,1) such that for any zo in the domain

Mré,, > av.
Then for any two finite measures p1 and po and any integer n >0 we have that

[ M7 (1 — p2)llpy < (1 — )" 1 — pallpy -

As a consequence, the semigroup has a unique invariant probability measure fiso, and
for all probability measures p

1My = o) oy < Ce™ = poclly o all >0,

where C:=1/(1—a)>1 and 0 :=—1log(l —a)/T > 0.

Doeblin’s condition is sometimes referred to as the strong positivity condition or
uniform minorization condition. It means for a Markov process that the probability of
transitioning from any initial state to any other state is positive. Doeblin’s theorem
gives a unique stationary state for a Markov process and exponential convergence
to this state once Doeblin’s condition is satisfied. However, proving such a uniform
positivity is often difficult, especially when the state space of the Markov process is
unbounded. Harris’s theorem is an extension of Doeblin’s theorem to these cases.
Instead of a uniform minorization condition, we show that Doeblin’s condition is
satisfied only in a given region and verify that the process will visit this region often
enough. For the latter part we need to find an appropriate Lyapunov functional, i.e.,
verify the Foster—Lyapunov condition.
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THEOREM 2.4 (Harris’s theorem). Suppose that we have a Markov semigroup
(My)i>0 satisfying the following two conditions:
Foster—Lyapunov condition: There exists A >0, K >0, some time T > 0,
and a measurable function ¢ such that for all z in the domain

(2.1) (M79)(2) < Ad(2) + K.

Minorization condition: There exists a time T >0, a probability distribu-
tion v, and a constant o € (0,1) such that for any zy €C,

(2.2) Mrd,, > av,

where C:={z:¢(z) < R} for some R>2K/(1 — a).
Then there exist >0 and & € (0,1) such that

| M7 (1 — N2)||¢,[3 <alm - :u2||¢,[3

for all nonnegative measures [ 1 = [ po where the norm || - |45 is defined by

lllgp = / (14 (=) ul d=.

Moreover, the semigroup has a unique invariant probability measure poo, and there
exist C > 1, 0 >0 (depending on T,a,\, K, R, and ) such that

1Mi(1 = o)l g 5 < Ce™ Ml — pioclly g Jor all £ >0,

Remark 2.5. The constants in Theorem 2.4 can be calculated explicitly. If we set
Ao € [AN+2K/R,1) for any ag € (0,«) we can choose = ap/K and & =max{l —«a —
ag, (24 RBNy)/(2+ RB)}. Then we have C:=1/a and 0 = —loga/T.

For the proofs of Theorem 2.3 and Theorem 2.4 we refer to [31, 32] and references
therein.

In the following two sections we show how the Foster-Lyapunov condition and
the minorization condition are verified for (1.5). At the end of the section we give the
proof of Theorem 1.3.

We use the notations z := (z,v) and [ dz:= [, [}, dzdv for the rest of the paper
whenever convenient.

2.1. Foster—Lyapunov condition. In this section, we verify the Foster—
Lyapunov condition (2.1) for (1.5). In order to look at Lyapunov functions let us
fix some notation. We remark that by Lyapunov functions we do not refer to scalar
functions which are used for stability results in ODE theory. By a Lyapunov function
in the sense of Harris’s theorem, we want some function ¢(z) where ¢(z) — oo as
|z| = oo and the existence of some t >0, C >0, and « € (0,1) such that

(2.3) / 6(2) f(t,2)d= < a / 6(2) fo(2)dz + C / fol2)dz

for any initial data fo(z) € P(RY x V).
For f satisfying an equation

O0f=LF,
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we can prove (2.3) by showing that
(2.4) L*¢< —yp+D

for some positive constants v, D. One can verify the fact that (2.4) implies (2.3) with
a=e" " and C'= D/~ by an easy computation (see, e.g., Remark 1 in [56]).
In (2.4), £* is the formal adjoint of £. In our case

(2.5) Lf=-v-V.,f +/ AW -V M) f(z,0")dv' — Av - VM) f(z,v).
%
Therefore,
(2.6) Lip=v-Vy0+ A v VM) </ o(z,v") dv’ - (b(o:,v)) '
v

LEMMA 2.6 (Foster—Lyapunov condition for (1.5)). Suppose that hypotheses (H2)—
(H4) hold. Suppose also that ||t]|coc < 1. Then there exist constants v >0 and 8> 0
such that

d(z,v) = (1 —y - Vo M(z) — By(v- Vo M(z))v - Vo M(z)) e ™M@

is a function for which the semigroup generated by L in (2.5) satisfies the Foster—
Lyapunov condition (2.1) with B=x/(1+ x) and

ngin{ﬂx(lx)ﬁ 1+ }

8(1+x) 22+ x)VollVaM ||
with
mbk—2 if k<2,
=41 ifk=2,
Ve M52 if k>2,

where my >0 is found in (H2).

Proof. We begin by a brief motivation of the form of ¢ in the proof. It is struc-
turally similar to an estimate in Lemma 2.2 in [43]. As the confining terms are
bounded, we expect that we need to look for a Foster-Lyapunov functional which
has exponential tails, by analogy with parabolic reaction-diffusion equations with
bounded drift terms. We can also guess this form by looking at the previous results
on similar equations including [43]. We choose a function of M which will have this
behavior, e”" and seek a Foster-Lyapunov functional which is closely related to
this. We derive the precise form of ¢ by repeatedly differentiating f flt,z)e= "M () 4z
along the flow of the equation until we find a term which doesn’t change sign. We
then create our Foster-Lyapunov function from a combination of e 7™ () and the key
terms appearing in the derivatives of this moment along the flow of the equation.

First we compute the action of £* on the different elements:

fou (6—7M(x>) = o VM (z)e M)
Furthermore,
£ (v : VmM(:c)e*“/M(r)) = (v Hess(M)(2)v — y(v - Vo M(x))2) e~ 7M@)
— (1= x¥(v- Ve M (x))v- Vo M(z)) e 7M@),
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Lastly,
L (w(v Vo M(z))v - VmM(x)e_“*M(’”))
= (7/1’(1) -VaM(x))v THess(M( Nvv - VoM (z )) e~ VM (2)
+ (¢(v -VoM(x))v THebb M)(x)v —yy(v- Vi M(z))(v- VLM(Q:))Q) e~ TM(x)
+ (1 =x¥(v- VoM (z </1/z VM)W - Ve M(z)dv'
—(v-VyM(z))v- VIM(x)) e~ YM (@)
Putting everything together gives
L ((1 — - VoM (z) — Byd(v- Vo M(x))v- V$M(x))e_7M(“'))

- (67(1 - X)) /V Y - Vo M(z))' -V, M(x) dv’) e~ 1M (@)

(2.7) + (BY(L+x) =) (v~ Vo M(2))v - VoM (z)e M)
+ (VQ(U VM (2)? + 2B (v - VM (z)) (v va(x))2) e~ TM(2)
— (Y + B (v - Vo M())v - VM ()
+8yY(v - VoM (x))) v  Hess(M)(z)ve 7M@),

We also have (for 5 <1)

-7 57¢/(U : VIM(J}))U : VIM(.I') - B’V"/J(’U : va:M(x))
<y+By  sup (P (2)z+¥(2) 9O, Ve M )

|2|<Vo Ve M|l
and
V(v VoM (2))? +7°B¢(v- Vo M (2))(v- Vo M (2))? < 29|V, M|%.

Combining these and choosing 8 = x/(1 + x), so that the second term on the right-
hand side of the inequality (2.7) vanishes, we have

£ (L= v VoM (@) = By(v- VoM (2))o- VoM (x))e™ @)
< (—675\(1 — )|V M|* 4+ 292V, M|* + A/ClvTHess(M)(w)v) e M),
Let us define

mhk—2 if k<2,
e:={1 if k=2,
IV M52 i k>2,

where m, is coming from (H2). Then, if we choose 7 so that the term with 72 will be
controlled by the negative terms and so that ¢ will be positive, i.e.,

< min Ax(1 — x)¢ 14y
- 8(1+x) 22+ x)VolVaM || |’
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then we have, at least for x sufficiently large in the case k < 2, that
L* ((1 —yv -V M(z) = Byyp(v- Vo M(x))v - VxM)677M(””))

3XX(1 — X) — T
S’Y <_8(]_—FX)|VIMk+ClVO2|Hebb(M)(x)| e TM( )

Then by hypothesis (H2) there exist R > 0 and m. > 0 such that when |z| > R we
have

Ax(1 — x)mk

(2.8) VM| >m, and |Hess(M)(z)| 101 VE

So we have
£ (1= 7v- VM (2) = By VoM (@))o- Vo (@) )

YAX(L = x)mk e~ 1M (@)

< Alyz<ry — S+ ) ,

where

(2.9) A= sup {'yClVOQ\Hess(M)(x)\e_'VM(‘”)}.

lz|<R

Since we can compare e~ "M to (1 — v+ VoM(x) = By9(v - VoM (x))w
V.M (x))e ™M@ by
(1 =0 - Vo M(z) = fyp(v- Vo M(z))v - VoM (z))e M)
< (L +AVol|VaM oo (1 + B9l o)) e~ "M @)

< 3@,
=3¢

if we write

$(w,0) = (1 —yv- VoM (@) = By(v- VoM (2))o - Vo M (x))e M),

then
yAx(1 = x)mk (1 —x)mk
2.10 L* A— =— A — @),
( ) 0= 121+ x) ¢ 12(1+x) ( 2
where
2
A= 1~201V0—(1+X) sup {|Hess(M)(ac)|e*7M("”)}.

AX(L=x)mf jzI<r

Therefore
(L = x)mk
< g / _
/ftz z)dz +exp< 121+X >< fo(2)o(z)dz )

Thus we prove (2.3) for a =exp(— %t) and C' =A'. 0
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2.2. Minorization condition. In this section, we show the minorization con-
dition (2.2) for (1.5). We consider two semigroups (7;)¢>0 and (S¢)i>0. Let (7¢)i>o0,
representing the transport part, be associated to the equation

(2.11) Of+v-Vaof+Aaz,0)f=0,
which means that the solution of (2.11) can be written as, for ¢ > 0 and for all x € R?,
(2.12) Tefo(x,v) = fo(z — vt,v).

Here since f; is a measure we understand the change of variables x — x—wvt by duality.
Let (Si)i>0 be associated to the equation

(2.13) Of+v-Vuf+Av,x)f= /v Mz, o) f(t,z,0")dv'.

Then the solution of (2.13) is
¢
f(t,2,0) =S fo(x,v) =exp (/ Az — US)dS) Tifo(x,v)
0

T /Ot exp ( /: Az — vr)dr) Te-s(T f(s,2,0))ds,

where J f(t,z,v) = fv f(t,z,v")dv’ is the jump operator. Remark that we
have

(2.14) Jf(t,z,v)= /v M, ') f(t,z,0")dv' > (1 — X)]1{|U<VO}/Vf(t,:E,v’) dv'.

Since  Sifo(x,v) > e IO fo(z,v) and  Sifo(z,v) > fot e~ (1+Hx)(t=s)
Ti—s(T f(s,x,v))ds, we substitute the first of these inequalities into the second and
then iteratively substitute the result into the second to get

ft,z,v) =S folz,v) > (1 —x)%e _(HX)t/ / Te—s I Ts—r T Tr fo(,v) drds.

LEMMA 2.7. Given any time ty >0, for all t > tg it holds that

_ 1
/Vﬁ (020 (2) T gjug <1} (V) dv > e (HX)tmﬂ{\zfonSVot} for any o, vo > 0.

Proof. Note that we have
7;]00(1‘71}) 267(1+X)tf0(z_vt7v)7 tZO

For an arbitrary starting point and a velocity (zo,vo), xo > 0, vg € B(Vp) (ball of
radius Vp), we have

Tt (80 ()L {jug | <vo} (V) = € TG, (2 — vt) L {09 1<ve)-

By integrating this and changing variables we obtain

/ﬁ(éwo(ﬁ)ﬂ{lvo\f%}) dee_(HX)t/ 510(;v—vt)]l{‘vo|gvo}(v) dv
v %

1
> —(1+X>t7/ 8o ()T g2y dy.
= tNBVo)l =52 <vi oW {25 <1} (V) dy

This gives the result. O

Now, we prove the minorization condition for (1.5) below.
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LEMMA 2.8 (minorization condition for (1.5)). For every R, > 0 we can take
t =3+ R./Vy such that any solution of (1.5) with initial data fo € P(R? x V) with
flm\<R* fv folz,v)dzdv =1 satisfies

B 1
(2.15) fltz,v) > (1—x?e (HX)tWﬂﬂﬂswﬂl{msv@}-

Proof. We take fo(z,v) := 6(3,,1,), Where (z9,v0) € R? x V, is an arbitrary point
with an arbitrary velocity. We only need to consider xy € B(0, R.); then the bound
we obtain depends on R,. First we have that

7;]00 > 67(1+X)r5(x0+7’710,v0)'
Applying J to this we get
ITrfo>(1— X)67(1+X)T5wo+rvo (@)L gjo1<vo}-

We then apply Lemma 2.7 and obtain

1
T Tfo>(1—y)e Ot~ _q, e
/VT JITrfo>(1—x)e (5 = 1A B(Vy)] Le—wo-rwol<vo(s—n)}

This means that
1

TITe—rTTrfo > (1 — X)Qe_(1+X)smﬂ{\zfazgfrvo|§Vo(sfr)}]1{|v\§Vg}-
Lastly we have that
Ti—s I Te—r T Tr fo
>(1- X)zei(lJrX)tml{\m—(t—s)v—xg—mjg|§V0(s—7")}]l{|v\§Vg}'

We have (remembering that all the velocities are smaller than V;)
|z —v(t—s) —xo—rv0] < (5 — 1)V,
which implies that
|z] < (s =r)Vo — (t —s)Vp — rVo — R..
Then if we ensure that (s —r)>2+ R, /Vy, r <1/2, and (t — s) <1/2, we will have

_ 1
Ties T Te—r T Tr fo > (1 - X)2€ (HX)tmﬂﬂﬂg%}ﬂﬂmg%}~

Therefore let us set t = 3+ R./Vh. Then we can restrict the time integrals to r €
(0,1/2), s€ (5/24 R./Vh,3+ R./Vp). Then we get

t s
Flt,z,0)> / / Teo T Toer T To o, v) drds
0 0

2 —(14v) 3+R./Vo 1/2 1
S +Xt/ / G ABVey M Tyjo drds
( ! 5/2+R./Vo J0 (s — )4 B(Vp)] {lz|<Vo} L{|v|<Vo}

1

2 _—(1+4+x)t
> (1—x)%e” (0 BV Mo Livi<vo-
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This gives the uniform lower bound we need for Harris’s theorem. We can extend
this from delta function initial data to general initial data by using the fact that the
associated semigroup is Markov. O

Proof of Theorem 1.3. We verify the two hypotheses of Harris’s theorem in
Lemmas 2.6 and 2.8. The contraction in the || - ||« norm and the existence of a
steady state follow again by Harris’s theorem.

Moreover Lemma 2.6 gives that for the steady state f. obtained by Harris’s
theorem we have

/ 6(2) fro(2) dz < A,

Our conditions on 7y ensure that

le*’YM(fﬂ) <¢p<

2 2

N o

Therefore we obtain
[t ez <on

and this leads to

Sl .
/e‘”M(m)f(t,z) dz <24’ +3exp <—Wt> /B_WM(x)fO(Z) dz,

which gives the contraction in the [| - [|.« norm. We remark that in this proof v only
depends on M through A and ||V, M||s. So if ¢'(0) > 0 we can choose vy uniformly
over sets of M where VM is bounded uniformly. O

3. Weakly nonlinear coupling.

3.1. Stationary solutions. In this section, we build a stationary state for the
run and tumble equation (1.5) with the weakly nonlinear coupling (1.6). We know by
Theorem 1.3 that there exists a unique steady state solution to the linear equation
satisfying the assumptions listed in Theorem 1.3. For each fixed M, we call SM the
semigroup on measures associated to the linear equation and £ its unique stationary
solution. Then we see that f satisfies

(3.1) v-VaufM(x,v) + Ao - Vo M(2)) M (2,0) - /)\(v’ VoM (2)) fM (2,0 dv' =0.

We define a function G : B — C%(R), where B is the set of M satisfying hypothesis
(H2) given by

(3.2) G(M) =1og (Ss (1+nN *p™)),
where S, a smooth function, having exponential tails with some fixed parameter;
n > 0 a small constant; N a positive, compactly supported, smooth function; and

pM = ffoj\g(x,v) dv. We see that if M is a fixed point of G, then fA will be a steady
state of the nonlinear equation.
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PROPOSITION 3.1. Suppose that M is of the form M = My, +log (1 +nN x p) for
some p € P(RY). Then if n is small enough in terms of | N||y2., we have that

ISP £l < De™ || f s,

where D, o are strictly positive constants only depending on My, N, and n. Further-
more, if fM is the steady state of SM, then

(3:3) 12 < C,

where C'is a constant depending on Moo, N, 1 and || - || is defined in (1.15).

Proof. The result follows from Theorem 1.3. We recall that the constants in
Lemma 2.8 in the minorization part do not depend on M, whereas the constants in
Lemma 2.6 in the Foster—Lyapunov part depend on M through ||V, M ||, R, and m.
so that for all |z| > R we have (recalling (2.8))

(1= x)mk
M " H M|< ‘== =
[VoM|>m, and [Hess(M)|< TACERSIL:

We want to verify this for M solving (1.6). We can control |V, M| and |Hess(M)| by
considering

M = My, +log (1 +nN % p) ~ My, +1N * p™.

Provided that n < || N||z}, which we can choose it to be, by Taylor expansion we have
that

|M — Myo| <N p <9[Nl

In a similar way, we can take gradients to get

VN xp
IM: ‘/L’MCXD Pt
v Voo +097 7 70
Then
VN *xp
[T || <Ivem sl <1921

So we can ensure that
(3.4) Ve M — Vi Moo| < 0| Ve N o
We can also compute the Hessian to get

Hess(M) = Hess(M«)
| M(Hess(N)  p) +17° (N p)(Hess(N) % p) — (VaN  p) (Vo N % p))
(L+nN *p)?

Therefore, the difference between Hess(M) and Hess(M) is controlled by || N || 2. .
Suppose that there exist R, and my, such that for all |z| > R, we have

Ax(1—x)mk
e Moo| > Moo d |Hess(Myo)| < 25
Y% | >ms and |Hess(Mo)| RO A+ OV
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Then by choosing 1 small enough in terms of | N||y2. and setting m. =mq/2 and
R = R, we have that m, and R in (2.8) only depend on M., N, 7.
Furthermore, by Theorem 1.3 for the steady state 2/ we have

/efWM(I)fé\g (2)dz <24,

where
6C1VE(1
= SOV 1) {|Hess(M)(a:)|e’7M(z)}.
AX(L=x)mk jz1<r
We can bound A’ only in terms of My, N,n. We already know this is true for m,
and R. Moreover, as 7 <1 we have
sup {\Hess(M)(m)\e_”M(w)}

lz|<R

< g { (Hoss(Mo) @)+ 7N g ) =101V

which we can bound in a way that only depends on M, N,7n. Therefore,
/e—vau)fg(z) dz < ¢Vl /e"’M(“)foj\g(z) dz,

and we can compare yYM, () to § in Theorem 1.3. So this lets us control || fA||,. in
terms of A’ up to factors only depending on M., N,7n. This finishes the proof. 0

Then we can prove the following proposition.

PROPOSITION 3.2. We consider (1.5) with the weakly nonlinear coupling (1.6)
where we suppose that N is a positive, smooth function with a compact support, >0
is a constant, and S is a smooth function satisfying for some C,C,a >0 that

(3.5) C — a(r) € Muo(s) i=log(Sa () < €' — a(a),

where (x) = V1 +x%. Then there exists some constant C depending on C,C, o such
that if n < C, then G has a unique fized point and there exists a unique steady state
solution to (1.5) with a weakly nonlinear coupling.

Proof. We want to use the contraction mapping theorem to show that G, defined
by (3.2), has a fixed point. Let us take, for ¢ = {1, 2},

M; = M, + log (1 +nN * pM") . where pM :/ fé\g[’ (z,v)dw.
%

We also know that M, satisfies (3.5). Then we show contractivity of G by using the
fact that

|G(My) = G(Mz)||oo < Cnl|N # p™* — N 5 pM2]| o < C| Nl|oo| [ £33 = f252 4,

where C' >0 is a constant.

Let us call StM"’, for ¢ = {1,2}, the semigroups associated to the linear equation
with M; :=1log.S;. Then, we choose t sufficiently large so that StMl is a contraction.
By Proposition 3.1 we know that there exist D,o > 0 such that

ISH(f = @)l < De™ " f = glls-
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The constants D,o only depend on M., N,n because it was shown in Lemma 3.1
that the bounds on M required to prove Theorem 1.3 are preserved by G and do not
depend on M except through M., N,n. We recall

1w = / / &) | £(t,,v)| da do,
Re Jy

where 6 = 3. Note that the definition of § comes from the fact that we essentially
weight by e~ 7M@) and M. (z) ~ —B(z). Let us call f the steady state solutions
of the linear equation with M; for i = {1,2}. Then

1t = Foallee = 1181 2 = S f282

<USM (2t = F2) o + (ST = S72) f252 |
leading to
(3.6) (L= De= I = fod2 e S ISP = S2) 32 s

So it only remains to show that for a fixed time period, SM is continuous in M.
Let us write

A(s,t,Mi)(x,v):/ Mv - Vo My(z — v(t — 1)) dr
and

T (F) (2,v) = / AW - Vo Mi(2)) f () A

v

Then we have
StM'if = MOLM) ey /Ut eiA(S’t’Mi)jMiﬁ—SSiwide’
where (7 )¢>0 is defined in (2.13). Consequently we have
SM1f — §Mz f| < (= AOLM) _e—A(O,t,Mz)) Tif
. /t (e_A(&tMl) _ e—A(s,t,Mg)) leﬁ_SS;wlfds
0
T /te—A(s,t,Mz)(le — TMYT_ SMif s
0

t
+ /0 e MatMo) g Mo (M GM2) s,

We can see that for s,t < T there exists a constant Cr > 0 depending on 7" so that

efA(s,tMl) o efA(s,t,Mg) < CT”val 7 VzM2||oo

We also have trivially that

efA(S,t,M) S 1.

Turning to the jump operator J we have

(T = TY2) fllae <AV Ve My) = A - Vo Ma) oo | £
< C|| Ve My = Vi M ||ool| f1| 4
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and

1T Fllax < @ +201f -

We also have

|Tef Il < XV flls

Therefore we obtain, for ¢t <T,

ds.

|**

|(sM =) 5| < CrllVadty = Vudballooll ] +/Ot Cr[[(81 —8") f
Then Gronwall’s inequality gives
(3.7) (st = s2) £ <ClIVadts = Vadall | £l

where C/. > 0 is a constant depending on 7.
Using (3.6) and (3.7) we obtain an estimate on the steady states given by

1£28" = f22llee < (1= De™ ) LRV My — Vo Moo || £ s
Now we can see that
(3.8) 1P = M2 s = (1 £28 = f252 [l
Consequently we have
IG(My) = G(Mz)||oe < Cnl| Ve My = Vi Ma||o|p™2 4
Similarly
[V2G (M) = Vo G(M2)|loo <OV My — va2||OOHPM2 [
By Proposition 3.1, we also have that
1™ llx = 1 £33 | < C-.

So we choose 7 sufficiently small to get

|G(M1) — G(Ma)[lwr. < 5[[My — Moy ..

N | =

This gives a unique fixed point of G which we call M such that G(M )= M. Thus,
fso = fM is the unique steady state solution of the the weakly nonlinear equation. O

3.2. Perturbation argument. In this section, we prove that the solution of
(1.5) with the weakly nonlinear coupling (1.6) converges exponentially to its unique
steady state solution obtained in Proposition 3.2. We showed, in Proposition 3.1, that
we can find R, m, and bound ||V, M || uniformly over the set of log-chemoattractants
of the form

M = My +1log(1+nN *p)

for some probability density p on RY. This means that we can also fix v and A
uniformly over this set since we show in the proof of Proposition 3.1 that they only
depend on these bounds.
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Let us first look at a moment estimate for the weakly nonlinear equation (1.5)—
(1.6). We would like to show an inequality analogous to (2.3) for the solution f of
the weakly nonlinear equation. That is to say we show

(3.9) /eiWM‘x’(I)f(t, 2)dz <« / e "Moo (@) £ (2) dz + C’/fo(z) dz.

Let us define two operators Ly, and Ljr associated to the weakly nonlinear equation
and the equation for the stationary solution (3.1), respectively. Then we have

(3.10) Ly f=-v-V.f+ /)\(v’ VM) f(t,z,0" ) dv' — XNv - VM) f(t,z,v),
where M is given by (1.6). Similarly £, is given by
(3'11) £Moof =—U- V:Ef + / /\(UI ' VacMoo)f(ta-ravl) dv’ — )‘(U ' vaoo)f(t,$,U)~

We carry out a similar argument to the one in section 2.1 for the linear equation. We
show the following.

LEMMA 3.3. Suppose that Ly, and Ly, are given by (3.10) and (3.11) and that
Ly, Ly denote their formal adjoints, respectively. Then let

(312)  ¢(w,v) = (1 =70 VaM(x) = fyib(v- Vol (@))v- VoM ())e M=
and My = My +1og(1+nN * py), where p; = [\, f(t,z,v)dv. Then we have
(3.13) 3, < Lir 0+ A1XVo |1 oo | VNV oo™ 7M.

Proof. First, using (3.4) we obtain

(3.14)
(v VaMos) = (v Vo M) < |9 ||oc [v][VaM = VoMo | < Vo[t oo [ Va N oo

Then, we sce that
00— L, 0= (N0 V) = Mo Vadto)) [ o) = ofon))
(0 9,00) = 00 V) ([ ote) a0 = o(ov0))
)

< AVol[9 lloo | Vo N | oe™ M),

In the last line of the above inequality, we used the fact that 7 is chosen so that
¢ <2e~"M(®)  This gives (3.13). O

LEMMA 3.4. Let [ be the solution of (1.5) with the coupling (1.6). If n is suffi-
ciently small, then there exists a constant B >0 (not depending on 1) such that

(3.15) [ersaaaz< G+ [ o) d,

where A is given by (2.9) in the proof of Lemma 2.6 and ¢ is given in (3.12). In fact
we have the bound

(3.16) 171 <&+ ol

Using equivalence of norms we also have
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[fllx < C* 44| folle
for C* >0 a constant.

Proof. From Lemma 2.6 and inequality (2.10) we know that

(1 = x)mk o~ "Moo(z)

f <A
IS 6(1+x)

Using (3.13) in Lemma 3.3 we obtain

6(14x)
Therefore, if we take n such that

Ax(1— mk _
O <A ('”‘(X) 4nx%||w/||m||vmzv||oo> o~ Moc @)

- AX(L = x)m¥
n< ,
A8x(1+2)Voll¢' [l oo VeV [

then we have for some constant B >0
d
5 [estaaz< - [ oz dzr A [ o) dz

Therefore, by Gronwall’s inequality we obtain (3.15). We can also turn this into an
exponential decay on

/e_'YM‘”(’C)f(t7 z)dz.

This gives the result. 0

LEMMA 3.5. Suppose that f; is the solution of (1.5) with the coupling (1.6) and
foo its steady state solution. Suppose that n is small enough so that Lemmas 3.3 and
3.4 are valid. Suppose also that

1 o?
3.17 foller < = < - C*) ;
(317 1ol < 3\ S e DI TV VT
where o,D, and C* are found in Theorem 1.3, Proposition 3.1, and Lemma 3.4,

respectively. Then we have for some C >0 that
Ife = Foollex < Ce™2| fo = foolus-
Proof. We rewrite the weakly nonlinear equation (1.5)—(1.6) as
6tf(t,.13, U) = ‘CMtf(t7$7U) = ;C]\j[f(t,J?,U) - (‘CM - £A1t)f(t,$,v),

where M is the fixed point of G we found in Proposition 3.2.
Let us call the last term h = h(t,z,v) := (Ly; — La,)f. Then by Duhamel’s
formula we have

_ t
(3.18) fi=f(t,z,v) =SM fo(z,v) —|—/ SM h(s,x,v)ds,
0

where (SM);>¢ is the semigroup associated to (2.13). Using definitions (3.10) and
(3.11) we have

h(tz,0) = X (/V (¢(v'-vat) _z//(q/-va)) Ft o) dv!
— (V- Vo) = ¥(v- V,10)) f).
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Then, using (3.4) and (3.8) from Propositions 3.1 and 3.2, respectively, we have

17l < 2x119 |0 Vol Ve Me = Vo M [l oo £ ]+
< 2x[19" [0 VoI Ve log (1 + 0N s p) = Vi log (14 0N # poc) [loo | f [
S 2XNVoll¥ oo Ve Nlloo I ft = foollsx I f[ls-

Therefore we obtain

(3.19) 12l < Cllfe = foollwsll fellwxs

where C' is a constant depending on y, 1, Vp, N. Now we subtract f., from both sides
of (3.18) and take the norms to get

. t -
(3.20) 1o = Foollee = IS fo = Foolun + H [ st n)as

EES

We can bound the first term in the right-hand side of (3.20) by the result of Theorem
1.3 and the second term by (3.19). Therefore we obtain

t
1fe = foollx < Cre™ 71 fo = foolls + Cn/ 7N o = Fool el fell s ds,
0

where C' > 0, the constant in (3.19), depends on x, v, Vy, N. By the constraint (3.17)
on 7 and the bound on || f¢||«« from Lemma 3.4, we have

a

t
1fe = foollew < Cre™"Ilfo = foollon + 5 /0 ™7 £y = foolww ds.

By Gronwall’s inequality this leads to

[t = Foollex SCe || fo — foollus

for some constant C' > 0. This finishes the proof. 0

Proof of Theorem 1.5. Proposition 3.2 gives a unique steady state solution for
the weakly nonlinear equation (1.5)-(1.6). The exponential relaxation to the steady
state solution follows from Lemma 3.5. This completes the proof. 0

4. Discussion and future research.

4.1. Existence of steady states for fully nonlinear models. In this section
we discuss the relationship of our work to the much more challenging problem of
finding steady states to the run and tumble equation with the fully nonlinear coupling
of the form

—AS+S=p.

Our goal is to describe a hopeful direction for future research as well as to give an
idea of why we consider the weakly nonlinear coupling studied here a possible stepping
stone towards this more complex model. In this regard, we believe that a Schauder
fixed point argument is a plausible strategy for finding a steady state of the fully
nonlinear coupling. We suggest looking for fixed points of the function G(M) = log S,
where S is the solution to

—~AS+85=pM,
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where pM is the spatial marginal of the unique steady state of (1.5) with the log-
chemoattractant M.

The first step is to determine if the estimates we obtain in section 2.1 (the Foster—
Lyapunov part) would be good enough to run such a fixed point argument; that is,
we would like to see if the bounds we find on

/ M

are sufficient to find a compact, convex set of possible chemoattractant densitites
which is preserved by G. Since there is a one-to-one correspondence between G (M)
and pM, this is equivalent to finding a set of possible p™. A standard way of showing
the necessary compactness would be to show tightness of the measures p, and this
can be achieved by proving moment estimates (such as are found in the Foster—
Lyapunov part). However, we encounter the problem that at each iteration of such a
scheme, we lose weight in our moment estimate.

In this paper, we experiment with a toy nonlinear model in which we can use
the estimates coming from the Foster—Lyapunov part to be able to use a fixed point
argument. This gives us a better understanding of how this type of argument should
work. We briefly describe our process for choosing this coupling.

The first idea was to come up with a perturbative setting to try a coupling of the
form

(4.1) —AS+ S =p.+np,

where p, is a fixed spatial density and 7 is a small number. However, we notice that
this coupling has essentially exactly the same problem with a loss of weight as the
fully nonlinear coupling. In order to create a coupling we can deal with, the np in
the right-hand side of (4.1) needs to be multiplied by a function of x that decays
sufficiently fast at infinity. Therefore, we can try a coupling that looks like

(4.2) —AS+S=p.(1+np).
Then S, which is the solution of (4.2), is given by
(4.3) S=N*(p.(1+1np)),

where N = F~1(1/(1 + |¢|?)), and F represents the Fourier transform. Then, we
further simplify (4.3) as

S = So(14 7N % p),

where N is now a positive, smooth function and S, is a smooth function. Considering
this simplification allows us to keep the algebra simple without losing the behavior of
(4.3). By this strategy we obtain the weakly nonlinear, nonlocal coupling introduced
in (1.6). Even though this weakly nonlinear coupling serves as a toy model we still
retain the idea of a fixed point argument on the chemoattractant profile.

Our contraction mapping argument is an adaption of what was originally an
argument to show continuity of a map G defined on a fully nonlinear coupling. In
order to carry out a Schauder fixed point argument, continuity of such a G would be
needed.

Finally, the toy model we introduced, even though biologically not realistic, allows
us to understand better how to use the arguments presented in this paper in the fully
nonlinear setting. This is a subject of ongoing work.
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4.2. Physically more realistic tumbling kernels. The methods used here
should be able to accomodate more complex tumbling kernels. In particular we would
like to look at models with unbounded velocity spaces (where we would expect to see
polynomial rather than exponential rates of convergence) and tumbling kernels where
the bacteria can only turn by a bounded angle.

The experiments conducted in [5] show that, for peritrichous bacteria such as E.
coli, the tumbling kernel x depends only on the relative angle 6 between the pre- and
post-tumbling velocities v and v, respectively. Particularly, for bacteria E. coli, the
tumbling kernel « is given by

Lyl
(4.4) k(v,v") _90)_ where 9:arccos<v Y >7

~ 27sind’ [v||v’|

where g(6) is the sixth order polynomial satisfying g(0) = g(w) =0 (see [9, 46]).
These experiments also suggest the following form of tumbling rate:

cikp
A= AO exp <—WU . VxS) s

where Ag, ¢1, and kp are constants and S is the chemoattractant density. In an ongoing
work we study these more realistic versions of the run and tumble model.

Appendix A. Cauchy theory for the weakly nonlinear equation. For
T >0 fixed given f € L§°([0,T; Py,») we define the function

MY (t,2) = Moo + log(1 41 / Nz — ) f(dy, dv)).

Then if we fix initial data fy € P, we can define a function from L°([0,T]; Py ) to
itself via

H(f)r =exp (— /Ot Mo -V, M7 (s,2 — ’US))dS) folz —vt,v)

+/Otexp (—/st)\(szMf(r,x—vr))dr)

/VA(U’ VoM (5,2 —v(t —5))) fo(z,0")dv'ds.

LEMMA A.1. Suppose 1) is uniformly Lipschitz; then there exists a Ty depending
only on 1, x such that if T <Ty, then J is a contraction.

Proof. We have the following computations:
t 1
sup || exp (/ Mo -V M (5,2 — vs))ds) folx —vt,v)
0

t<T

t
— exp </0 Alv - VmeQ(s,:r - vs))ds) folz — vt,v)||rv

< sup

t,x,v

exp ( /Ot A VoM (5,2 — vs))ds)
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t
— exp (— )\(U'vafz(S,JC—’US))dS> ‘
0

<Tsup U~VxM1t,:c—vt — v-VxM2t,:177vt
< A f A f

t,x,v
<ToVol ool Lip| VoM (82 — vt) — Vo MP (t,2 — vt)]
ST77V0H¢||Lip||v$N||OO?1<1$||ft1 - ft2||TV

We also have

/V)\(v' VoM (s, — v(t — 8))) f (2,0

—/ AW Vo M (5,2 —v(t— ) f2 (2,0 )do/
v TV

< IB(VO)|IAN@" - Vo M) = AN - Ve MP2) || oo + (14 x) | BV £ = Rl v
< C(Vo,m, 1%l zips x) §1<11T>||ft1 — fellrv

which implies working as in the first computation

/Ot exp < /St)\(UV$Mfl(T’x _ vr))dr)

/ AW VoM (5,2 —v(t— ) fH(z,0))dv'ds
v

/Ot exp (— /St /\(viMf2 (r,z — UT))dr)

/ AW - Vo M (5,2 —v(t— ) f2(2,0))dv'ds
v

sup
t<T

TV
< TCWo, [¥lleip, 1. x) 5D If} = fEllzv-.
t<

Then putting this together gives
sup [ (F)e = # (F)ellrv STCVo, ¥l ) sUplIfi = F7 v

Therefore if T is small enough this is a contraction. a

PROPOSITION A.2. The equation (1.5) with the coupling (1.6) has a unique global
solution in L™ ([0,00); Py.y)-

Proof. On the time interval [0,T] with T' < T from the above lemma we have a
unique fixed point of the map 5 which give us a solution of (1.5) with the coupling
(1.6) on this time interval. Then since T does not depend on f; we can iterate this
forwards in time to build solutions on arbitrarily long time intervals. ]
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