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REACTION-DIFFUSION EQUATIONS WITH TRANSPORT NOISE
AND CRITICAL SUPERLINEAR DIFFUSION: GLOBAL
WELL-POSEDNESS OF WEAKLY DISSIPATIVE SYSTEMS*

ANTONIO AGRESTIT AND MARK VERAAR?

Dedicated to Philippe Clément on the occasion of his 80th birthday

Abstract. In this paper, we investigate the global well-posedness of reaction-diffusion systems
with transport noise on the d-dimensional torus. We show new global well-posedness results for a
large class of scalar equations (e.g., the Allen-Cahn equation) and dissipative systems (e.g., equa~
tions in coagulation dynamics). Moreover, we prove global well-posedness for two weakly dissipative
systems: Lotka—Volterra equations for d € {1,2,3,4} and the Brusselator for d € {1,2,3}. Many of
the results are also new without transport noise. The proofs are based on maximal regularity tech-
niques, positivity results, and sharp blow-up criteria developed in our recent works, combined with
energy estimates based on Itd’s formula and stochastic Gronwall inequalities. Key novelties include
the introduction of new LS-coercivity/dissipativity conditions and the development of an L?(L9)-
framework for systems of reaction-diffusion equations, which are needed when treating dimensions
d € {2,3} in the case of cubic or higher order nonlinearities.
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1. Introduction. In this paper, we prove global well-posedness for several sys-
tems of stochastic reaction-diffusion equations with transport noise on the torus T
The systems are of the form

du; — v;Au; dt = [diV(Fi(-,u)) + fz(,u)] dt

(1.1) + [(bm V)ui +9n,i('au)} dwy',

n>1

(17 (0) = Ui,O
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on T?, where i € {1,...,¢} for some integer £ > 1 and inf;v; > 0. Moreover, u =
(ui)f_; : [0,00) x Q@ x T¢ — R is the unknown process, (w™),>1 is a sequence of
standard independent Brownian motions on a filtered probability space, and
d .
(bn,i - V)u; == bemajui (transport-noise coefficients).
j=1
Finally, F;, fi, gn,; are given nonlinearities of polynomial growth.

Reaction-diffusion equations have been widely studied in applied mathematics
due to their use in biology, economy, chemistry, and population dynamics. Standard
examples include the Allen—Cahn equation, reversible chemical reactions, the Brusse-
lator system, and the Lotka—Volterra equations. The reader is referred to [66, 67, 75]
for further examples. Stochastic perturbations can be used to model uncertainty in
the determination of parameters, nonpredictable forces acting on the system, and
the advection of a turbulent fluid. Stochastic analogues of reaction-diffusion equa-
tions have received much attention in recent years, and much progress has been made
(see, e.g., [1, 15, 16, 24, 33, 50, 58, 76] and references therein). However, many open
problems remain, and in particular, the extensions to the stochastic setting of many
known deterministic results are still not well understood. Further references are given
in subsection 1.3 below.

The present manuscript can be seen as a continuation of our previous work [7],
where we studied local well-posedness and positivity of solutions to reaction-diffusion
equations, by applying the new abstract setting of critical spaces developed in [5, 6].
In this present work, we focus on global well-posedness. In doing so, we exploit (sharp)
blow-up criteria for solutions to (1.1), established in [7]. One of the main contribu-
tions of our work is to allow for stochastic perturbations of transport type, which
can be seen as a simplified model for the advection of a turbulent fluid (see, e.g.,
[34, 46, 53, 59, 80] for physical motivations and [7, subsection 1.3] for the modeling).
The reader is referred to [22, 28] for (different) situations where this fact can be made
rigorous. However, let us emphasize that our results are new even in the case b =0
due to the presence of the critical superlinear diffusion coefficient g. Transport noise
was introduced by Kraichnan in [48, 49] in the study of passive scalars advected by
turbulent flows and has subsequently been widely used in the context of fluid dynam-
ics. In this theory, the regularity (or irregularity) of (b, ;)n>1 plays an important role.
More precisely, one merely assumes

(1.2) (bp.i)n>1 € CV(T4 2 (N;RY))  for some > 0.

The results of the current paper hold under the assumption (1.2). Here, for simplicity,
we only consider periodic boundary conditions. However, we expect that the tech-
niques we use can be extended to the case of bounded domains O C R? with suitable
boundary conditions. In the latter situation, further constraints on b, ;|so might be
needed.

In the main part of the current work, we actually consider reaction-diffusion
equations where the leading operators are of the form div(a; - Vu;) instead of v;Au;;
see (2.1). One motivation for this is that if one considers (1.1) with Stratonovich
transport noise instead of an It6 one, then one can reformulate it as a system of
SPDEs in It6 form with a correction term which is in divergence form. Indeed, at
least formally (in the case g, ; =0),

(1.3) Z:(bnZ - V)u; o dwy =div(ap,; - Vu;) dt + Z(b"’i - V)u,; dwy,

n>1 n>1
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for all j,ke{1,...,d}, provided that divb, ; =0 (incom-

where aif = %27@1 bZL,z‘bZL,z
pressibility).

Global well-posedness of reaction-diffusion equations has been extensively stud-
ied in the deterministic literature, and this depends on the fine structure of the
nonlinearities (f;, F;,¢;). Under solely locally Lipschitz and polynomial growth as-
sumptions, commonly used in reaction-diffusion equations, one cannot expect global
well-posedness even in the scalar case (see, e.g., [30, 72] and [66, Chapter 6]). For
systems of reaction-diffusion equations, blow-up phenomena are possible even in pres-
ence of mass dissipation [68]. The latter is rather surprising at first sight since the
mass conservation is strong enough to prevent blow-up in the case of ODEs, i.e., in
absence of spatial variability. The previously mentioned blow-up results show that
further assumptions on the nonlinearities (f;, F;, g;) are needed to obtain the global
well-posedness of reaction-diffusion equations. In practice, one needs that the non-
linearities are dissipative in some sense so that the formation of singularities is not
possible. To the best of our knowledge, there is no standard way in the deterministic
and stochastic literature to capture the dissipative effect of the nonlinearities. We will
formulate several coercivity/dissipativity conditions on the nonlinearities (f;, F;, g;),
and we will show how one can use these conditions to obtain global well-posedness in
several concrete situations.

In our study of global well-posedness of (1.1), LP(L9)-theory (LP in time and L? in
space) plays a key role. This theory was already used in our previous work [7] to derive
high-order regularity and positivity of solutions, which are both essential ingredients in
this manuscript. The positivity of solutions is of fundamental importance for physical
reasons, but we will also use it to derive energy estimates. The need for LP(L?)-theory
in the study of global well-posedness of (1.1) can be (roughly) explained as follows. In
reaction-diffusion equations, the nonlinearities in (1.2) are of high polynomial growth,
say h > 1. In the case that h or d are large enough (e.g., (d,h) = (3,2) or (d,h) =
(2,3)), then one can no longer work in an L?(L?)-setting because the nonlinearities
require better Sobolev embeddings. Alternatively, one could use an L?(H*?)-setting.
However, this has two disadvantages. First, it typically requires transport noise of
smoothness > s which is not satisfied in general, as v > 0 in (1.2) is typically small.
Second, energy estimates in L?(H*?2) are hard to prove. In particular, we could not
find suitable coercivity/dissipativity conditions that can be verified in applications. In
contrast, in an LP(L?)-setting this works very well, as we will see. Finally, we mention
that from the scaling argument in [7, subsection 1.4], the right space to study well-
posedness of (1.1) is the (critical) Lebesgue space L2z(—1(Td;RY).

In addition to the more abstract statements on global well-posedness, we have
included several concrete applications as well. These include the following well-known
equations:

e Allen—Cahn equation (phase separation): Theorems 1.1 and 3.2.

e Coagulation dynamics [27] (used in chemistry and rain formation): Theo-

rem 3.9.
e Several types of Lotka—Volterra models (predator-prey systems): Theorems
3.11 and 4.5.

e Brusselator (chemical morphogenetic processes): Theorems 1.2, 4.11, and 4.9.
Several of the global well-posedness results for the above equations appear to be
completely new (even without transport noise), and our regularity results also seem
new for each of these equations. In the next subsections, we discuss further details in
the scalar setting £ =1 and the system case (£ > 2) separately.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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1.1. The scalar case and Allen—Cahn equation. In the scalar case £ =1 of
(1.1), we establish global well-posedness of (1.1) under the following L¢-coercivity/
dissipativity condition:

There exist ¢ > 2= 2 and M, 6 > 0 such that, for all u € C(T9),

(1.4) /Td |u|¢—2 <V|Vu|2 +F(-,u) - Vu— ug’(_,lu) — % Z [(by, - V)u—|—gn(~,u)]2> dz
n>1

29/ u|¢2(|Vu|®> — M|ul|?) dz — M.
T

Here we have omitted the subscript ¢, as we are dealing with scalar equations, and
h > 1 denotes the growth of the nonlinearity (f;, F;,g;); see Assumption 2.1. The
condition (1.4) can be seen as an L¢-variant of the usual coercivity condition for
stochastic evolution equations in the variational setting; see, e.g., [4, 73] and [54,
Chapter 4]. The restriction ¢ > %(h —1) is related to the aforementioned criticality of
L2(h=1) for (1.1) (see [7, subsection 1.4]). The restriction ¢ > 2 is necessary because
of some nontrivial obstacles in stochastic calculus in LS for ¢ < 2; cf. [64]. In the
applications we consider, it turns out that the minimal choice ( = @ V 2 leads to
the largest class of nonlinearities f, F, g (with h fixed) which satisfy (1.4).

In subsection 3.1, we give examples of nonlinearities satisfying (1.4) and two
sufficient “pointwise” conditions for (1.4), namely Lemmas 3.3 and 3.5. Moreover, in
many situations of interest, one knows a priori that solutions to (1.1) are positive.
In that case, it is enough to have (1.4) for w > 0. This is particularly interesting for
polynomial nonlinearities of even order (see Example 3.4) which, to the best of our
knowledge, have not been considered before in the literature.

To make the introduction and results of the paper more explicit, we discuss what
our results give for the Allen—-Cahn equation with transport noise and superlinear

diffusion, i.e., (1.1) with
(1.5)  £=1, f(hu)=u—u® and g,(-,u)=0,u* where 0:=(0,),>1 € (>

THEOREM 1.1 (global well-posedness: 3D Allen—Cahn equation). Assume that
10llez < 1 and that (1.2) holds. Let f and g be as in (1.5), and suppose that F = 0.
Fiz§€ (1,3 AN (1+a)), p€[3,00), and ke :=p(1 - §) — 1. Let ug € L%, (9; L*(T?)).
Suppose that, for some vy € (0,v),

divb, =0 in 2'(T®) forn>1, and Z bn(2) - €)? < 20|€)? for x €T3, € €R®.

n>1
Then there exists a unique global (p, kc,d,q)-solution u to (1.1) satisfying, a.s.,

u€ HyP([0,00), % dt; H2~%9(T%)) N C([0,00); L3(T?)) Vo€ [0,1),

loc

(1.6) ue O ((0,00) x T3) V6, €[0,1), V8o € (0,1 + a).

loc

(p, K, 0, q)-solutions are defined in Definition 2.3. The above results follow from
Theorem 3.2 and Lemma 3.5. Continuous dependence on the initial data also holds;
see Proposition 5.3.

The explicit form of g, in (1.5) has been chosen to avoid technicalities here, and it
is not needed for Theorem 1.1 to hold. The complete picture is given in Example 3.4.

The quadratic nonlinearity in (1.5) and the choice of the initial data from L3
are optimal from a scaling point of view; see [7, subsection 1.4] for d = h =3. In

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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addition to the growth condition of g,, we also assumed in Theorem 1.1 the explicit
bound [|0]|,z < 1 that limits the possible growth of g, at infinity. This restriction
appears naturally when checking the LS-coercivity/dissipativity condition (1.4) with
¢= @ = 3. Physically, the condition ||f]|,;z2 <1 ensures that the dissipation of the
deterministic nonlinearity v — u? is balanced by the energy production of g,,. Hence,
in the situation of Theorem 1.1, the restriction on 6 seems optimal with our methods.

Although there have been several works on Allen—-Cahn equations and their vari-
ations (see, e.g., [8, 12, 31, 39, 41, 74, 79]), part of the content of Theorem 1.1 seems
to be new. The novelty is that the diffusion g, is of optimal growth (even with ex-
plicit constrain on #) and the transport noise can be rough (1.2). In particular, we
can cover the case of transport by turbulent fluids (see the comments below (1.2)).
Surprisingly, the solution to (1.5) instantaneously regularizes in time and space (1.6),
regardless of the one of the initial data ug. With respect to the noise, the gain of
regularity in (1.6) is suboptimal:

(1.7)  (bp)n>1 €CY(T3E2(N;R?)) = w(t) € CY5(T?) aus. for all t,e > 0.

Moreover, in the Sobolev scale, an optimal gain of regularity holds; cf. [7, Theorem
4.2]. Such instantaneous gain of regularity can be used, for example, to study the
separation property of solutions to Allen-Cahn-type equations; see, e.g., [11, Theorem
1.3]), where a more complicated nonlinearity is considered.

1.2. The system case and the 3D Brusselator. In the system case, the
situation is much more involved compared to the scalar one. First, there are several
ways to extend the condition (1.4) to the system case. One possibility is to require
that all components of (1.1) satisfy (1.4) or more generally that the sum over i of all
components of the system (1.1) satisfy an estimate like (1.4). Such a condition covers
the case of “fully” dissipative systems, and we examine this in section 3. However,
in most of the cases of practical interests, the dissipative effect of the nonlinearity is
not present in all components of the system (1.1). A prototype example that will be
treated here is the Brusselator system (see subsection 4.3 for physical motivations):

(1.8) filhu)=—wui  and  fo,u) = uyuj.

In the case of physically relevant positive solutions, one sees that f; is dissipative,
while f is not, i.e., fi(-,u)u; < —u2u3 <0 and fo(-,u)us = ujud > 0. Thus, it is
not possible to prove an estimate for u = (u1,us) directly since there is no way to
adsorb the positive term fo(-,u)us when performing energy estimates. Our strategy
for studying (1.1) is to first estimate u; and, based on that, to determine a bound for
ug. This is exactly the content of subsection 4.1, where we provide a generalization
of the condition (1.4) for the case where M is allowed to be random. The results we
can prove for weakly dissipative systems are new, but a complete theory, as in the
deterministic case, is still out of reach. The reader is referred to subsection 1.4 for
more details. At the present stage, the situation for the system case is not as complete
as the scalar one.

Below we state our main result for the 3D Brusselator system, i.e., (1.1) with
(1.8). The case of dimensions < 2 is discussed in subsection 4.3.1.

THEOREM 1.2 (global well-posedness: 3D Brusselator). Suppose that (1.2) holds.
Suppose that F = 0, f is as in (1.8), and there exists an N > 0 such that g; =
(gn,i)n>1 :R? — 02 satisfies

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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(1.9) Ngi(w) =g )lee SN+ |yl + ¥ Dy —y'| forall y,y €R?, ie{1,2},

(1.10) lor ()l < N(1+9) + 52 for all y = (y1,y2) € [0,50)?,
(1.11) gzl SN +y1+y2+yrye)  for all y=(y1,42) €[0,00)?,

and ¢1(0,y2) = g2(y1,0) = 0 for all y1,y2 > 0. Fiz § € (1,3 A (1+a)), p € (2,00),
and ke :=p(1 — §) — 1. Let up € LY, (Q; L3(T%;R?)) be such that a.s. ug >0 on T3,
componentwise. Suppose that, for some vy; € (0,v;) and i € {1,2},

D (@) €7 <2wpul¢f*  forzeT?, ¢€R’.

n>1
Then there exists a unique global (p, k., d,q)-solution u to (1.1) satisfying

we HPP([0,00), t% dt; H>=%9(T% R?)) N C([0, 00); L*(T?; R?)) a.s. VO € [0, 3),

loc

we CPP2((0,00) x T*R?) a.s. V6, €[0,3), V62 € (0,1),

loc

u >0 componentwise a.e. on (0,00) x  x T?.

The above result follows from Theorem 4.11 with A = 3, and its proof requires
the full power of our theory and is the final application in this paper. As above,
Proposition 5.3 ensures continuous dependence on the initial data.

Note that the Brusselator system (1.1) has the same local scaling as the Allen—
Cahn equation discussed in subsection 1.1, i.e., the deterministic nonlinearity has
cubic growth. Hence, as for the Allen-Cahn equation, the growth of g1,go in (1.9)
and the choice of L3-data is optimal as well. Moreover, under additional smoothness
assumptions on gi1,g2 (cf. [7, Assumption 4.1]), also in the case of the Brusselator
system, we have a suboptimal gain of regularity w.r.t. the regularity of the noise; i.e.,
(1.7) holds for the solution u = (u1,uz2) to (1.1). An optimal gain of regularity holds
again in the Sobolev scale.

Conditions (1.10)—(1.11) can considered as the analogue of ||6]|,2 < 1 in Theo-
rem 1.1. Regarding the latter condition, requirements (1.10)—(1.11) ensure that the
dissipation of f; is stronger than the energy production of (f3,g1,¢g2). In particular,
the numerical factor 1 in the last term on the RHS of (1.10) seems optimal in the
general situation of Theorem 1.1, at least with our methods. To prove the global
well-posedness of (1.1), we use the previously mentioned variant of (1.4) where M is
allowed to be random.

1.3. Further comparison to the literature. To the best of our knowledge,
the present work is the first to consider superlinear diffusion and transport noise
simultaneously (this is the reason why we only consider trace-class noise).

In the presence of transport noise, the only work known to us is by Flandoli [26].
There, the author showed the global existence of scalar reaction-diffusion equations
under a strong-dissipation condition on f and g =0. Moreover, it is assumed that f is
of odd order. The results of section 3 extend and refine those of [26]; cf. Example 3.4.

In the absence of transport noise, reaction-diffusion equations have been studied
by many authors. Let us emphasise that in the case b,; = 0, one can also treat
rougher noise than the one we use in (1.1) (i.e., white or colored noise instead of
trace-class noise). The 1D case with rough and multiplicative noise has been investi-
gated in [19, 29, 60, 61]. For dimensions d > 2, the work of Cerrai [14] shows global
existence under strong dissipative conditions on f; and sublinear growth of g;. Later,

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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Salins in the works [77, 78] extended the results of [14] in the case of scalar equa-
tions. More precisely, in [77] global existence for scalar reaction-diffusion equations
has been proven for superlinear (f,g) without any dissipative conditions but employ-
ing a “Osgood”-type condition. In particular, in [77], f cannot grow more than |u|”
for some v > 1. The paper [78] studies a reaction-diffusion equation in the scalar case
where f is strongly dissipative and g is of “lower order” compared to the dissipative
effect of f; see [78, eq. (1.7)]. The work [78] is closer to the present work. In the
special case that both approaches are applicable (i.e., in the presence of trace-class
noise), our results improve those of [78]. The reader is referred to Remark 3.7(b) for
details.

Finally, we mention further work in the case of nonlocally Lipschitz nonlinearity,
which is beyond the scope of this paper. In [51], the case of strong dissipative and
locally Lipschitz f and Holder continuous g was considered, where g grows sublin-
early. In the case of (possible) noncontinuous f; and global Lipschitz diffusion g,
well-posedness was considered in [57] by using the theory of monotone operators.

1.4. Open problems. There are still many open problems concerning the global
well-posedness of stochastic reaction-diffusion equations. Two classes for which the
deterministic setting is well understood are

e systems with a triangular structure and
e systems with mass conservation and quadratic nonlinearities.

Deterministic systems with a triangular structure are well understood; see, e.g.,
[67, section 3]. Here triangular structure means that for a lower triangular invertible
matrix R, the mapping R’ 3 y — Rf(y) grows linearly in |y|. If F =0, then global
strong solutions to (2.1) (without noise) exist; see, e.g., [67, Theorem 3.5]. The core
of the proof is a duality argument (see [67, Theorem 3.4]) which we do not know
how to extend to SPDEs with transport noise. The Lotka—Volterra equation and the
Brusselator system, analyzed in subsections 4.2-4.3, are triangular systems.

For deterministic systems with mass conservation and quadratic nonlinearities
with F' = 0 and mass control, global existence of strong solutions to (2.1) (without
noise) has been shown in [25], provided that |f(y)] < 1 + |y/**c, where € > 0 is
sufficiently small. The proofs are based on an ingenious combination of interpolation
inequalities and Holder regularity theory for suitable auxiliary functions of u = (u;)f_ .
At the present stage, the extension of these arguments to their stochastic variant with
transport noise seems out of reach.

1.5. Notation. Here we collect some notation that will be used throughout the
paper. Further notation will be introduced where needed. We write A <p B (resp.,
A Zp B) whenever there is a constant C' > 0 depending only on P such that A <CB
(resp., A > CB). We write C(P) if the constant C' depends only on P. As usual,
aVb=max{a,b} and a A b=min{a,b} for a,b€R.

Letting p € (1,00) and k € (—1,p—1), we denote by w,, the weight w,(t) = |¢|* for
t € R. For a Banach space X and an interval I = (a,b) CR, L”(a,b,wx;X) denotes
the set of all strongly measurable maps f: I — X such that

b 1/p
I1lLe (0,605 %) = (/ ||f(t)||])?(wm(t)dt> < oo.

Furthermore, W'?(a,b,w,; X) C LP(a,b,w,;X) denotes the set of all f such that
1’ € LP(a,b,w,; X) (here the derivative is taken in the distributional sense) and we
set
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”fHWl”’(a,b,wn;X) = HfHLP(aA,b,wK;X) + Hf/HLP(a,b,wm;X)-

Let (-,-)g,p and [-, -] be the real and complex interpolation functors, respectively.
The reader is referred to [10, 43] for details. For each 6 € (0,1), we set

H(a,b,w,.; X) = [LP(a,b,w.; X), WP (a,b,w,; X)]o.

In the unweighted case, i.e., k = 0, we set H%P(a,b;X) := H%P(a,b,w; X) and
similar for Lebesgue spaces. For A € {LP, H’? W'P} we denote by Ap(a,b;X)
(resp., Ajoc([a,b),w; X)) the set of all strongly measurable maps f: (¢,d) — X such
that f € A(c,d; X) for all a <c<d<b (resp., f € Ala,c,w,; X) for all a <c<b).
The d-dimensional torus is denoted by T?, where d > 1. For 6,6, € (0,1),
C%-%((a,b) x T4 RY) denotes the space of all maps v : (a,b) x T¢ — R* such that for

loc

all a <c¢ < d<b we have
lo(t,x) —v(t',2")| Sealt —t|" + ]z —2/|%  forall t,t' €c,d], z,2’ € T

This definition is extended to 6,6, > 1 by requiring that the partial derivatives 9%?v
(with o € N and 8 € N%) exist and are in Cﬁ)lc_‘al’gr‘m((a,b) x T4 R?) for all o < |6 |
and Y31, i < |62 ).

We will use the periodic Bessel potential spaces Hs’q(Td) and Besov spaces
B;p(’]l‘d). Here ¢ € (1,00) denotes the integrability, p € [1,00] is the microscopic
parameter, and s € R denotes the smoothness. For details on Besov spaces, see, e.g.,
[81, 82]. Note that we write u € B;)p(Td;Ré) if each of the components of u is in
B;p(’ﬂ"d)7 and similarly for Bessel potential spaces. We also employ the standard ab-
breviation H® := H*2. We often write B , instead of Bg’p(Td;Rz) if no confusion
seems likely, and similarly for H*? and H*.

Finally, we collect the main probabilistic notation. In the paper, we fix a filtered
probability space (€,.47,(#;):i>0,P) and we denote by E[] = [, -dP the expected
value. A map o :Q — [0,00] (note that the value oo is included) is called a stopping
time if {o <t} € % for all ¢ > 0. For stopping times o, 7, we introduce the notation
(which might be nonstandard)

[r,0] x Q:={(t,w) €[0,00) x Q: 7(w) <t <o(w)}.

p

Similar definitions hold for [r,0) x Q, (7,0) X Q, etc. & denotes the progressive
o-algebra on the above mentioned probability space.

1.6. Overview. Below we give an overview of the results proven here.
e Section 2: review of the local existence theory of [7].
e Section 3: global existence via L¢-coercivity/dissipativity condition, including
the following:
¢ Subsection 3.1: fully dissipative systems/equations, e.g., Allen—Cahn
equations.
© Subsection 3.2.1: coagulation dynamics.
© Subsection 3.2.2: symbiotic Lotka—Volterra equations.
e Section 4: global existence for weakly dissipative systems, including the fol-
lowing:
o Subsection 4.1: energy estimates via iteration of LS-coercivity/
dissipativity conditions.
© Subsection 4.2: global existence for Lotka—Volterra equations.
¢ Subsection 4.3: global existence for the Brusselator system.
e Section 5: continuous dependence on the initial data in the presence of energy
estimates.
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2. A review of the local existence theory. In this section, we recall the local
well-posedness results of [7], as well as the blow-up criteria, regularity, and positivity
results.

Consider the following system of SPDEs on T%:

du; — div(a; - Vu;) dt = [div(Fi(~,u)) + fi(o,u)} dt
(2.1) + 37 [(bui - V)i + gu ()] du,

n>1
u;(0) = uo 4,

where i € {1,...,¢} and £ > 1 is an integer. Here u = (u;)!_, : [0,00) x Q x T4 — R*
is the unknown process, (w™)p>1 is a sequence of standard independent Brownian
motion on the above mentioned filtered probability space, and

div(a; - V) : Z 9;( J’kakuz and . Zb] 0.

J,k=1

As explained in section 1, bf” models small-scale transport effects. The ag ' take into
account inhomogeneous conductivity and may also take into account the It6 correction
in the case of Stratonovich noise. Note that in the ith equation there is no mixing
in the diffusion terms div(a; - Vu;) and (b, ; - V)u,;, which is the usual assumption in
reaction-diffusion systems.

The following is the main assumption on the coefficients and nonlinearities.

Assumption 2.1. Let d,£>1 be integers. We say that Assumption 2.1(p,q, h,d)
holds if ¢ € [2,00), p € [2,00), h > 1, § €[1,2), and for all ¢ € {1,...,¢} the following
hold:

(1) Foreach j, k€ {1,...,d}, a?* : Ry xQxT? = R, b/ := (b, Dn>1 iRy xQxT? —

0? are P ® %(Td)—measurable.

(2) There exist N >0 and o > rnax{%,(; — 1}, where p € [2,00) such that a.s. for

all te Ry and j,ke{l,...,d},

laZ™ (t, Yl oo ray + 1B, 5 (E D nzt | s pasezy < N
(3) There exists v; > 0 such that a.s. for all t e Ry, z € T% and ¢ € R?,

d
S () - 5 S B () | €6 > vkl
j,k‘,zl TL>1

(4) For all j € {1,...,d}, the maps

Fl, fi Ry xOXTIXR-R, = (gni)n>1: Ry x @ x T x R — 2
are 2 @ B(T¢) @ B(R)-measurable. Set F; := (Fij)?:l. Assume that
F/(:,0), fi(-,0) € LRy x @ x TY),  g;(-,0) € L®(Ry x Q x T% ),
and a.s. for all te Ry, z€T? and y € R,

|fit,z,y) = filt,z,y)| S (L+ Iy\"‘1 +ly'1" ly ',

[Filt,z.y) = Fi(t.y) | < ( Tl =

lgs(t 2,9) = gi(t, 2,92 S A+ Iy + 19/ )y — o/
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Note that Assumption 2.1(2) and Sobolev embeddings imply that a?* e (1Y)
and (], ;)n>1 € C7(T% ¢?) uniformly w.r.t. ({,w) for some v > 0 depending only on
a,d and p.

Often we will additionally assume the following on the parameters (see [7, As-
sumption 2.4 and section 7]).

Assumption 2.2. Let d > 2. We say that Assumption 2.2(p, g, h,d) holds if h > 1
and one of the following cases holds:
(i) p€(2,00), g€ [2,00), and 6 € [1, L) satisfy

Lol n 4 o dh=D
P ¢)"h-1 d—6 1" hr1-6(h-1)

h 1
and /ﬁc::p<h_1—2<5—|—j)>—1.

(i) p=¢=2,k=0,0=1, and h < idd with the additional restriction h < 3 if
d=2.

The parameters ¢ and p will be used for spatial and time integrability, respectively,
and the parameter § is used to decrease spatial smoothness. The parameter k. is
related to the critical weight t* used for the time-integrability. It is interesting to
note that large values of h require lower values of d, which requires higher values of q.

Below, we stress the dependence on (p,k,q,h,d) in the definition of solutions.
However, in [7, Proposition 3.5 and Remark 7.4] it is proved that the solutions to (2.1)
for different choices of the parameters (p, k, g, h, d) satisfying Assumption 2.2 actually
coincide. The sequence of independent standard Brownian motions (w™),>1 uniquely
induces an ¢?-cylindrical Brownian motion given by W2 (v) := 3", <, fR+ vpdw}, where
v=(vp)n>1 € L*(Ry; 0?).

DEFINITION 2.3. Assume that Assumption 2.1(p,q,h,d) is satisfied for some

_§_pltr
h>1, and let k € [0,5 —1). Suppose that ug € Bs,pé 2 (T%RY) a.s.

e Let o be a stopping time and u = (u;)’_; : [0,0) x Q@ — H>04(T4RY) be a
stochastic process. We say that (u,0) is a local (p, k,0d,q)-solution to (2.1) if
there exists a sequence of stopping times (0;)j>1 such that the following hold
forallie{1,...,0}:
~0;<0as forallj>1 andlim; ;05 =0 a.s.;
= for all j > 1, the process 1(g ,,1xQU; s progressively measurable;

— a.s. for all j > 1, we have u; € LP(0,0;,w,; H>~%4(T%)) and

diV(Fi('vu)) + fl<7u) € LP(O’Uj’wK; H_67q(Td))’
(gn,i('7u))n21 € Lp(oaUjvwn;H1767q(Td§£2))§
— a.s. for all j >1, the following holds for all t € [0,0;]:

wi(t) —ug,; = /Ot (div(ai -Vu;) + div(F(-,u)) + fz(,u)) ds

= /Ot (1[0,@] [(bnﬂ' -V)u+ gn,i(w“)]) AWp (s).

n>1

e (u,0) is a (p,k,0,q)-solution to (2.1) if for any other local (p, K, d,q)-solution
(u',0") to (2.1) we have o' <o a.s. and u=1u" on [0,0") x Q.

Note that a (p, &, q,d)-solution is unique by definition. The main result on local
existence, uniqueness, and regularity is as follows (see [7, Theorem 2.6)).
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THEOREM 2.4 (local existence in critical spaces). Let Assumptions 2.1(p,q,h,0)
and 2.2(p,q,h,d) be satisfied. Then, for any

2
h—

a_
uo € L%, (% By " (T4 R)),

the problem (2.1) has a (unique) (p, kc,0,q)-solution (u,c) such that a.s. o >0 and

d_ 2
uwe C([0,0); Bsp "t ('H‘d; RZ)),

(2.2)
u € H&f([o,a),wﬁc;H275729’q(Td;R£)) Vo € [0, %) ifp>2and =0 if p=2.

Moreover, u instantaneously reqularizes in space and time: a.s.,

(2.3) we HYT(0,0; H724(T4RY)) Vo € 0,1/2), Vr, ¢ € (2,00),
(2.4) ue Cl%((0,0) x T4 RY) Vo, €[0,1/2), Vb € (0,1).

Note that (2.4) is a consequence of (2.3) and Sobolev embeddings. Next, we state
one of our blow-up criteria which we use to obtain global existence for the solution to
(2.1) provided by Theorem 2.4 (see [7, Theorem 2.11 and Proposition 7.3]).

THEOREM 2.5 (blow-up criteria). Let the assumptions of Theorem 2.4 be sat-
isfied, and let (u,0) be the (p,ke,q,0)-solution to (2.1). Let hg > 1+ %. Suppose
that pg € (2,00), hg > h, 09 € (1,2) are such that Assumptions 2.1(po,qo,ho,d0)
and 2.2(po, g0, ho,do) hold. Let (o = %(ho —1). The following hold for all0 <s<T <
00!

(1) If go = Co, then for all 1 > qo

P(s<o<T, sup [[u(t)] e ropey <0 ) =0.
t€[s,o)
(2) If g0 > Co, po € (557, 0), Po > qo, and q% + =52, then
P(s<o <y sup futlscocmoset + Nullimsamreseey <o) 0.
te(s,o
(3) prU =qo= 2; 60 = ]-: then
P(S <o<T, s[up) ||u(t)HL2(Td;R1) + Hu||L2(S7J;H1,2(Td;RZ)) < OO) =0.
tels,o

The main result on positivity (in a distributional sense) is as follows (see [7,
Theorem 2.13]).

PROPOSITION 2.6 (positivity). Let the assumptions of Theorem 2.4 be satisfied.
Let (u,0) be the (p, ke, 0, q)-solution to (2.1) where k. is as in Theorem 2.4. Suppose
that

up >0 a.s. (componentwise)

and that there exist progressive measurable processes c1,...,cp: Ry x Q — R such that
forallice{l,....0}, n>1, y=(y;)i—; €[0,00)" and a.e. on Ry x Q,
filsytse 3 %im1,0, Y415+, 92) 20,
Fi(yts 0 %i-1,0,9i41, - ye) = (1),
Ini (Y155 ¥im1,0,Yit15 -+, ye) = 0.
Then u(t,z) >0 a.s. for all z € T¢ and t € [0,0).
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3. Global existence and uniqueness for fully dissipative systems. In this
section, we turn to the problem of determining when the solutions of (2.1) provided by
Theorem 2.4 are global. It is well known that Assumption 2.1 is not enough to ensure
global existence of (1.1) in general, even in the scalar case £ = 1, and further conditions
on the nonlinearities are required (cf. [30, 71], [72, section 19] for the deterministic
case). In this section, we propose a new type of LC—coercivity/ dissipation condition
on (a;, F;, fi,bi,g9:), where ¢ = @ V2, and h is as in Assumption 2.1. Explicit
examples will be discussed in subsections 3.1 and 3.2 below.

Assumption 3.1 (LS-coercivity /dissipativity). Let Assumption 2.1(p,q,h,d) be
satisfied. Let ¢ € [2,00). We say that Assumption 3.1(¢) holds if there exist constants
0,M,C,cv,...,ap >0 such that a.e. in [0,00) x Q for all u = (u;)!{_, € C*(T%R"),

14
ZOZZ'/ |’UJZ“<72 (anuZ . Vuz + Fz(,u)
i=1 T

) LS [ Dt gaslw)]?) do

¢—1 2n21

L 14
ZGZ/W ;¢ 2|V, | da —MZ/W |u;|¢ dz — C.
i=1 1=1

Moreover, given S C R, we say that Assumption 3.1(¢) holds for S-valued functions
if the above is satisfied for all u € C'(T% RY) with u(z) € S for all z € T%.

The constants asq, ..., ay can be chosen to exploit the dissipation effect of a certain
nonlinearity appearing in the ith equation in the system (2.1) with ¢ € {1,...,¢}
fixed. In case of high dissipation in the ith equation, one chooses «; relatively large
compared to a; for j # i (see Assumption 3.10 in the case of symbiotic Lotka—Volterra
equations).

By approximation and using Assumption 2.1, one can check that if the above
assumption holds, then it extends to all u € H%% (']I‘d;Re) with go > d. A typical
situation where the above assumption is satisfied is in the case %(ly) <0 for |y| = o0
and all i € {1,...,¢}; i.e., the system of SPDEs (2.1) has dissipation in all components.
In the applications given in subsections 3.1 and 3.2, we will see that the conditions
needed to check Assumption 3.10(¢) become more restrictive for larger values of (.
The (a,b)-terms can usually be estimated using Assumption 2.1(3). The reason for
also considering Assumption 3.1 for the restricted class of functions taken values in S
is that often the solution to (2.1) is known to take values [0,00)¢, [~1,1]", [0,1]¢, etc.
(see Proposition 2.6 for a sufficient condition for positivity).

Next, we state the main result of this section.

THEOREM 3.2 (global well-posedness: fully dissipative systems). Suppose that
the assumptions of Theorem 2.4 hold, let (u,o) be the (p,kec,d,q)-solution to (2.1)
where k¢ is as in Theorem 2.4, and suppose that u takes values in S a.e. on [0,0) x Q
for some S C R Suppose that Assumption 3.1(¢) holds for S-valued functions with
(> @\/2. Then (u,0) is global in time; i.e., 0 = 00 a.s. In particular, (2.2)—(2.4)
hold with o = co. Moreover, for all A € (0,1), there exist No, No.x > 0 such that for
any 0<s<T, L>0, andi€{l,...,(},
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(3.1)

T
sup Elpfus(t)[. +]E/ /Tr 2|V dr e < No (14 E1pu(s)][S).
S

tels,T)
T A
/ / 1r|u;]¢ 2|V |? de dt
s Td

(3.2)
where T' = {||u(s)||c < L}. Moreover, one can take s =0 if for some € > 0, ug €
Béoo(’]l‘d;Ré) a.s., or ug € L2(T4RY) a.s. and ¢ =2.

E sup 1r||uz(t)||i>g+E

< Noa(1+ELru(s)[5}).
te[s,T)

The final assertion extends to ug € LS (T% R?) a.s. and T' =, as will be shown in
section 5; see Corollary 5.4. In case s =0, we can let L — oo and thus omit I'. Later
on in Proposition 5.3, we will see that if ug € LC(']I‘d;RZ) a.s., then one can show that
the estimates (3.1) and (3.2) also hold with s =0. Finally, continuity w.r.t. the initial
data follows from Theorem 5.2.

The proof of the above result will be given in subsection 3.3. In the next subsec-
tions, we first discuss some sufficient conditions for Assumption 3.1.

Often, when dealing with scalar equations, i.e., £ =1, we omit the subscript ¢ = 1.

3.1. Sufficient conditions for LC-coerciVity/diSSipativity. In this subsec-
tion, we discuss examples of nonlinearities satisfying Assumption 3.1. Before doing
so, we write down two classes of examples where Assumption 3.1 is satisfied. In
Lemma 3.3, we present a pointwise condition for L¢-coercivity/dissipativity with-
out assuming any smoothness on (Fj;,b;,¢;). This condition is further weakened in
Lemma 3.5, where the case of £ = 1 and smooth functions (F,b,g) is considered.
Further variations where only one or two functions have smoothness are also possible.

LEMMA 3.3 (pointwise L¢-coercivity/dissipativity without smoothness). Suppose
that Assumption 2.1 holds with ( >2. For e; >0, let

N ) = B 4 S s+ 2 () X Ol

n>1 n>1

If there exist ; € (0,v;), M >0, and a,...,a0 >0 such that a.e. in [0,00) X Q X T¢
for ally€R£

(3-3) Dyl TN () < M(Jy[C + 1),

then Assumption 3.1(C) is satisfied. Moreover, if the above only holds withy € S C R,
then Assumption 3.1(¢) holds for S-valued functions.

Proof. We prove the claim only for £ = 1, as the general case is analogous. We
omit the subscript ¢ =1 for notational convenience.
We claim that for all z € R? and yER,

W0 LS~ ot g (o)) 2 0122 — M(lyl? +1).

(34) az-z+F(,y) z— -1 2n21

The claim implies Assumption 3.1(¢) by applying (3.4) with y =u and z = Vu.
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To prove the claim, set h(-,y) = —M — 323 51 1gn(-,y)[%. Then

S
LHS of (3.4)=az- z—fZ|bn 22+ F(, z—an 2gn(+,y) — h(y)
n>1 n>1
Q)
> v|z* = 2] [F(,9) = 121 ) 1bal l9a (-, 9)| = A(y)
n>1
(i
2+ (1FC) + Y bl lanCl) ()
n>1

33) )
> elz|” = M(Jy|” + 1),

Where in (i) we used Assumption 2.1(3) and in (i) we used ab < (v — ¢)a® +
4(1/ €) b2 a

In case ¢ =1, then clearly (3.3) implies the existence of M > 0 such that, a.e. in
[0,00) x Q x T,

(3.5)

)41 Z|n7 PP <M(lyl +1), yeR.

n>1

In the next example, we will see that f; determines the admissible growth of F; and
gn,; In order to satisfy Assumption 3.1.

Ezample 3.4 (strongly dissipative f). Let h > 1 and ¢ > 2. Suppose that
Assumption 2.1 holds. In the study of reaction-diffusion equations, the following
dissipative condition on f is often employed.

There exist No, N1 > 0 such that, a.e. in [0,00) x Q x T% and for all i € {1,..., £},

(3.6) Jilhy)ys < —No|y¢\h+1 + N1(|y\2 +1), ye RL]%

cf. [52, Examples 4.2 and 4.5]. In particular, odd polynomial nonlinearities with
negative leading coefficients satisfy (3.6), e.g., the Allen—Cahn nonlinearity: f(u) =
u—u® with £=1.

In case f; satisfies (3.6), condition (3.3) holds if there exist £ € (0,v) and M >0
such that, a.e. in [0,00) x Q x T% and for all y € R, i € {1,...,¢},

61 o (FC+ X baiOllgnin)l) + il

n>1

0
Tl

(-1

This shows that F; and g; can have growth of order |y|% for |y| — oo but with a
restriction on the constant which depends on the constant Ny appearing in (3.6).

In particular, a standard Young’s inequality argument shows that (3.7) holds if
there exist My, My >0 and & € (0, h+ 1) such that, a.e. in [0,00) x Q x T¢ and for all
yeR, ie{l,..., 0},

<M1+ y)?) +

(3-8) IEi o)+ g Co)li7e < Mu(1+ [yl?) + Malys|" 10

Finally, if one can prove that the local solution provided by (2.4) takes values in
S C R’ for some S, then Assumption 3.1(¢) holds for S-valued functions if (3.7) and
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(3.8) hold only for y € S. In particular, many even polynomials satisfy (3.6) for y >0,
e.g., for £=1 and the logistic nonlinearity f(u)=u(l — u).

Using smoothness assumptions on the coefficients and the nonlinearity, we formu-
late a simple sufficient condition for Assumption 3.1(¢) in the case of scalar equations.
A version of the results below also hold in the system case as well, we but will not
state this explicitly.

LEMMA 3.5 (pointwise L¢-coercivity/dissipativity with smoothness: scalar case).
Assume that £ =1 and that Assumption 2.1 holds. Let ( > 2. Suppose that a.s. for
every fired t € [0,00) and u € R, for every ¢ € {F,g}, v — ¢(t,z,u) and x —
V. p(t,z,u) are continuous (and thus periodic), and that div(b) € L™ ([0,00) x © x
Td;EQ). If there exist an M >0 and e > 0 such that for allu € R, a.e. in [0,00) xQx T,

uf('au)

(3.9) =

1 .
+ §||(gn(au))n21||§2 +e€ sup |d1VxF('7$»y)|2
[y|<|ul
k 2 2
+e Y sup [(VEgn(om,9)nzallfe < M1+ [ul?),
kE{O,l}Iy‘S‘uI

then Assumption 3.1(C) is satisfied. Moreover, if the above only holds for S-valued
functions u with S CR, then Assumption 3.1(¢) holds for all S-valued functions.

Note that in many cases the e-terms vanish, and in that case, the condition reduces to
(3.5). In particular, the proof below shows that the last term on the LHS of (3.9) can
be omitted if b= 0 or (div(h) =0 in 2'(T%), and g is z-independent). In order to keep
the focus on global well-posedness, the tedious but elementary proof of Lemma 3.5 is
given in Appendix B.

From Lemma 3.5 and the text below it, we obtain the following.

Ezample 3.6. Let ¢ > 2. Suppose that F' is z-independent, and suppose that b=0
(or div(b) = 0 and g is z-independent). Then Assumption 3.1 holds, provided that
there exist constants Ny, N1, M >0 such that, for all y € R and a.e. on Ry x Q,

(3.10)
2Ny
FCy)y < =Nolyl" ' + Ni(lyl> +1) and |lg(t,9)[17 < M1 +[yl*) + Cf1|y|”+1-
As in Example 3.4, if the local solution provided by (2.4) is positive, then it suffices
to consider y > 0 in the above conditions.

Remark 3.7.
(a) Many authors consider the “one-sided Lipschitz condition” (see [20, 58, 63,
76]):

(1 —y2)(f (1) — f(y2)) <Clyr —12)*, y1.y2 €R.

Clearly, it implies (3.10) with Ny =0.

(b) The dissipative condition (3.10) appears, for instance, in [14, 26, 52, 78, 85]
and the references therein. In these works, g usually has linear growth. An
exception is [78], where the higher growth order of ||g||% is allowed as long as
it is strictly lower than that of f. An important difference with [78] is that
we consider transport noise, and therefore it is assumed to be trace-class.
Motivations for gradient noise are given in [7].

(c) The use of positivity to check blow-up criteria for SPDEs with polynomial
nonlinearities of even degree and negative leading coefficients seems to be
new.
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2. Further applications: Coagulation dynamics and symbiotic Lotka—
Volterra model.

3.2.1. A model from coagulation dynamics. Here we consider a model from
[27] on coagulation dynamics. Coagulation is used in chemistry and rain formation. It
is a chemical process used to neutralize charges and form a gelatinous mass. In [27],
(probabilistically) weak solutions are obtained and pathwise uniqueness is proved
on R?. Below, we will show that if R? is replaced by T?, then our setting can be
used to obtain strong global well-posedness directly and, moreover, deduce high order
regularity of the solution. More precisely, we consider the stochastic coagulation
equations (with transport noise and superlinear diffusion), i.e., (2.1) with £> 1,

4
(3.11) Fi)=> wwij —2> yy; foryeR andie{l,....0},

and F; =0 and (a4, b;, g;) as in Assumption 3.8 below. In the above, we set Z?:l :=0.
The unknown u; : [0,00) x Q x T% — R describes the density of particle i € {1,...,¢}.
As explained in (1.3), the Stratonovich formulation is covered as well. A difficulty in
proving global well-posedness for (3.11) is that the quadratic nonlinearity f does not
satisfy the usual one-sided Lipschitz condition (see Remark 3.7).

Consider the following conditions on the parameters and coefficients.

Assumption 38. Let d > 1, § € [1,2), h = 2, and ¢ = max{d/2,2}, and let
p> max{2 5:4}- Suppose that Asbumptlon 2. l(p,q,h 9) holds with F =0.
(1) Suppose that for all i € {1,...,£}, n > 1, y = (y:)%_, € [0,00)%, and a.e. on
Ry x Q,

gn,i('ayh“ . 7yi—1707yi+17 s 7y€) =0.

(2) Suppose that there is a A € [0,2) such that a.e. on Ry x Q,

lim sup esssup ZZ‘Q’” (t,w,z,y)]* <\

y€[0,00)¢,|y| =00 |y\ |y| ) N

In the above, we used the notation |y|, = (Z§=1 |yj|p)1/p. The function g does
not appear in [27], but under the above hypothesis, it can be added without much
additional difficulty. The smallness condition of Assumption 3.8(2) on g is often
satisfied with A =0. Note that for d € {1,2,3,4} one can take ¢ =2.

Assumption 2.1 is a condition on the coefficients (a,b) and the nonlinearity g.
Clearly, f is quadratic and therefore satisfies the local Lipschitz requirement with
h=2.

Our main result concerning (3.11) is the following well-posedness result.

THEOREM 3.9 (global well—posednesb coagulation equations). Suppose that As-
sumption 3.8 holds, and set k. =p(1—3)—1. Then, for everyug € L% (& L(T%RY))
with ug > 0 (componentwise), there emsts a (unique) global (p, /{C,q,é) solution u :
[0,00) x Q x T% = [0,00)¢ to the stochastic coagulation equations (as described near
(3.11)). Moreover, a.s.,
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ue C([0,00); BY (T4 RY)),
we HP (0,00, H20C(THRY) VO €(0,1/2), Vr,¢ € (2,00),

loc

ue CP%2((0,00) x TLRY) V6, €10,1/2), Vo, € (0,1).

loc

Moreover, the energy estimates (3.1) and (3.2) hold with ( = q. Moreover, one can
take s = 0 if for some € > 0, ug € Bsﬁoo(Td;Re) a.s., or ug € LQ(Td;Rz) a.s. and
(=p=q=2.

Note that for d <4 we can take p=¢=2 and 6 =1 (thus k. =0).

Proof. First consider d > 4. Then Assumption 2.2(p,q,h,d) holds. By Theo-
rem 2.4 there exists a (p, ke, d,q)-solution (u,0). Moreover, (2.2), (2.3), and (2.4)
imply the required regularity if we can check that o = oc.

Since up > 0 and g satisfies Assumption 3.8(1), it follows from Proposition 2.6
that a.s. u >0 on [0,0). To prove global existence by Theorem 3.2, it is enough to
check Assumption 3.1(q) for [0,00)%-valued functions. By Lemma 3.3 it is enough to
show that

(3.12) ZN"/z <C for all y €[0,00)<.

Moreover, by the properties of f and g it suffices to prove (3.12) for |y|2 > R for some
R > 0. By Assumption 3.8(2) we can find >0 and R > 0 such that, for all |y|» > R,

£ 2
(3.13) (; + n) DD lgnaCy)l® < %

n>11i=1 q

Since 23;11 Yj¥Yi—j < %Z;;ll y; +yi; <lyl3, we obtain, for y € [0,00)",

4 V4 V4
S uifiow) <Y v [l =2 v | =—lylalyl-
i=1 i=1 j=1

Therefore, for all |y|s > R,

J4 )4
SN2 () < - |y| |y\ L1 ZZW’” y %ZZ
i=1 i=1n>1

1=1n>1

lyl3lyl lyly
S 1 2{:2{:|gnz Y | +’C%1/b<:6%1/h

q 1=1n>1

where we used (3.13). This proves (3.12), and the global existence follows.
In case d € {1,2,3}, we can introduce dummy variables to reduce to the case d =4
(see [7, Remark 2.2(d)]). |

3.2.2. Symbiotic Lotka—Volterra equations. Here we consider the symbiotic
Lotka—Volterra equations, which are used in the case species actually benefit from each
other. This differs from the classical predatory-prey system, which is mathematically
more complicated and will be discussed in subsection 4.2. The stochastic symbiotic
Lotka—Volterra equations (with transport noise and superlinear diffusion) are of the
form (2.1), i.e., with £ =2,

(3.14) fily) = =y + xiviye + Ny for y e R, i€ {1,2},
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)\/2u2 >0 Species u2

X1uiug > 0 Xouiug > 0

Species u1

—U%SO

Fic. 1. Scheme for the symbiotic Lotka—Volterra equations.

and F; =0, and (a4, b;, 9;) is as in Assumption 3.10. The unknowns u,us : [0,00) x 2 x
T¢ — R are the population of the species. The reader is referred to [23, 47] for some
comments on the deterministic model. The presence of transport noise models the
small-scale randomness in migration processes (see [7, subsection 1.3]). The additional
terms g, ; can model further random forces acting on the system. A schematic idea
of the model is depicted in Figure 1, where A, — A/ = \; for i € {1,2}. For simplicity,
we take a unitary rate of self-interaction, but this is not essential.

In order to state our global well-posedness result for £1,e2 > 0 we take N;* as in
Lemma 3.3:

, 1 4
N{* (o) = —yi + xaviyiyz + 5 Z |9n,i (5 9) [ + B Z |bnil |gn,i (5 9)]

n>1 n>1

Assumption 3.10. Let d € {1,2,3,4}, p=q=2, k=K. =0, h =2, =1, and
Assumption 2.1(p,q,h,d) holds with F =0 and £ =2. Suppose the following:
(1) The mappings A1, A2, X1, X2 : Ry x © x T — R are bounded & @ %(T?)-
measurable maps.
(2) There exist o; >0, &; € (0,1;) for i € {1,2} and M > 0 such that

S wN{(y) < M(ly2+1), y>o0.
ie{1,2}
(3) gn1(50,42) = gn2(-,41,0) =0 for all y € R* and n > 1.

Note that Assumption 3.10(3) is used to obtain the positivity of the solution w.
: : 2 2,34 1,3
Now suppose that g has at most linear growth. Using v*w < $v° + 3w?, one can
check that

—yi + X112 — ¥ + xay1ys < —(1— 2x1 — 3x2)yi — (1 — 3x1 — 2x2)¥5.

Thus, Assumption 3.10(2) holds with oy = ag =1 if x1,x2 € [0,1]. If x1,x2 € [0,1)
3

and can even allow g, which has growth < (1+ |y|)2~" for some 7 > 0, then one can

also allow large x1 > 1 if xo is small enough, which follows by choosing 0 < a1 < as.

THEOREM 3.11 (global well-posedness: symbiotic Lotka—Volterra). Let 1 <d <4,
and let Assumption 3.10 be satisfied. Then, for every ug € L?%(Q;L2(Td;R2)) with
ug >0 (componentwise), there exists a (unique) global (2,0,1,2)-solution w : [0,00) x
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Q x T = [0,00)? to the stochastic symbiotic LotkaVolterra equations (as described
near (3.14) ). Moreover, a.s.,

w€ Liy([0,00); H' (T%R?) N C([0,00); L* (T R?)),
we HPT (0,00, H20C(THR2)) VO €[0,1/2), Vr,¢ € (2,00),

loc

we C2((0,00) x THR?) oy €[0,1/2), V8, € (0,1).

loc

Finally, the energy estimates (3.1)—(3.2) hold for { =2.

Proof. First, consider d = 4. Assumptions 2.1(2,2,2,1) and 2.2(2,2,2,1) hold.
From Theorem 2.4 we obtain a local (2,0, 1,2)-solution (u,o) which satisfies the reg-
ularity results (2.3) and (2.4). Moreover, Proposition 2.6 implies u > 0.

It remains to check global existence and the a priori estimates. By Assump-
tion 3.10(2) we can apply Lemma 3.3 to verify Assumption 3.1(2). Therefore, Theo-
rem 3.2 gives 0 = 00.

In case 1 < d < 3, we can introduce dummy variables to reduce to the case
d=4. 0

3.3. Proof of Theorem 3.2 via energy estimates. To prove Theorem 3.2,
we check the blow-up criterion of Theorem 2.5. The key ingredients for this are
the following energy estimates for (p,kc,q,d)-solutions to (1.1), where k. is as in
Theorem 2.4.

LEMMA 3.12 (energy estimates). Let the assumptions of Theorem 2.4 be satisfied.
Let (u,0) be the local (p, ke, d,q)-solution to (2.1). Suppose that Assumption 3.1(¢)
holds, where ( > @ V2 is fized. Then, for all0<s<T <oo andi€{l,...,{},

(3.15) sup ||ui(t)\|i< <oo a.s. on{o>s},
te[s,oAT)
oNT
(3.16) / / |ui|* 2| Vu; | dedt <oo  a.s. on {o>s}.
s Td

Moreover, for all A € (0,1) there exist Ny, No x > 0 such that for all 0 < s <T < o0,
L>0, andie{1,...,¢},

oNT
(3.17) sup IE{1[870)(t)1p|\ui(t)||§<] +E/ / 1p|ug¢ 2|V |? de dt
te(s,T) s Td

< No(1+Etrfju(s)5. ).

o AT A
/ / 1p|ui|c’2|Vui|2dxdt’
s Td

< No(1+Elrlju(s) 52,

(3.18) E sup 1rflu(t)[5? +E
te[s,oNT)

where T'={o > s, |u(s)||c < L}. Furthermore, one can take s =0 in (3.17)—(3.18) if
for some e >0, ug € Bs,w(Td;Re) a.s., or ug € L2(T%4RY) a.s. and ( =p=q=2.

By the regularity results (2.3)—(2.4) and s > 0, the quantities in (3.15)—(3.16) are
well-defined.

Before giving the proof of Lemma 3.12, we show how it implies Theorem 3.2. The
proof of Lemma 3.12 will be given in subsection 3.4.
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Proof of Theorem 3.2. We only consider the case ¢ = 1, as the general case is
analogous. As above, we omit the subscript i =1. Let (u,0) be a (p, ke, 9, ¢)-solution
to (2.1) provided by Theorem 2.4. It remains to show that o =00 a.s.

d(h—1)

Step 1: Case (> =5— V2. Fix 0<s <T <oo. By Lemma 3.12,

(3.19) u€ L®(s,0 AT;L%) a.s. on {o> s},
and u : [s,0 AT) — L¢ is continuous by (2.4). Let ho := max{h,1+ 3}. Applying

(3.19) and then Theorem 2.5(1) with {; = ¢, dp € (1, h‘;bjl} small enough, and py large
enough, it follows that

(3.20) IP’(S<0<T):IP’(S<U<T, sup ||u(t)||L<<oo):0.
te[s,o)
Since o > 0 a.s. by Theorem 2.4, letting s | 0 we obtain P(c < T') = 0. Letting T — o0,
we find that o =00 a.s.
Step 2: Case ¢ = @ V 2. In this case, we apply the sharper result of The-

orem 2.5(2) with a specific choice of the parameters (po,go,dp) and hg as in Step 1.

Let (o = %(ho — 1). Then one can check that (o= (. Choose & € (1, h%—;rl) For e >0

fixed, let qo = W(l +¢). For € > 0 small enough, one has gg < mil(_hgi[f(i())_n-
2

Moreover, gy > (o, and gg > 2. Define py by p% =T (;io. Then pg — oo as € | 0.
From this one can see that for € > 0 small enough

(2 and 1+1 6+d < _ho
— n —+ = — —_—
bo So—1) "% po 2\ " q/) ho—1

In particular, Assumptions 2.1(pg, g0, ho,d0) and 2.2(po, qo, ho, do) hold.
We claim that it is enough to show that for all 0 < s <T < oo and a.s. on {0 > s}

(3.21) u€L®(s,0 AT; L) and € LPO(s,0 AT;L%).

Indeed, if (3.21) holds a.s. on {o > s}, then the claim follows from Theorem 2.5(2)
and an argument similar to the one used in (3.20) and below it. Thus, it remains to
prove (3.21). To this end, fix 0 < s < T < oco. By Lemma 3.12 and ¢ = (p, a.s. on
{o > s},

(3.22) we L®(s,0 AT; L) and |u(~2/2|Vu| € L%(s,0 AT; L?).

Thus, the first part of (3.21) follows from the first part of (3.22). To show the second
part of (3.21), we use an interpolation argument. By the chain rule and the smoothness
of u (see (2.3)), a.e. on [s,0) x {o > s}, one has

CE/T 1l 2|V d = /T 9 [fufor?] | da.
Thus, (3.22) implies that a.s. on {o > s}
(3.23) lu|%/2 € L®(s,0 AT;L?) and  |u|/? € L?(s,0 AT; H").
Standard interpolation inequalities and Sobolev embedding imply that

L®(s,0 NT; L2) N L?(s,0 AT; HY) < L?%(s,0 ANT; H) — L*/%(s,0 AT; LF),
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where 6 € (0,1) and £ € (2,00) satisfies § — & = —%. Thus, by (3.23),
(3.24) we L°%(s,0 NT; LE°/?) a.s. for all 6 € (0,1).

Taking 6 = (y/po < 1 (here we use py > qo > (o), we obtain (/0 = pg and
2 2 d 1 20 2 2 1

€ do& G dgo d(ho—1) dpo g0

Hence, the second part of (3.21) follows from (3.24).
Step 3: The energy estimates (3.1) and (3.2) are immediate from the bounds in
Lemma 3.12. |

3.4. Proof of Lemma 3.12: Energy estimates for (2.1). The proof uses
Itd’s formula for ||uHCL< combined with the LS-coercivity of Assumption 3.1 and the
stochastic Gronwall lemma (see [32, Corollary 5.4b)]). The validity of It6’s formula
heavily relies on the regularity of u obtained in Theorem 2.4.

Proof of Lemma 3.12. Let 0 < s <T < oo be fixed. We split the proof into several
steps. To keep the notation short, we consider the case £ =1 in Steps 1-5. Comments
on the case £ > 1 are given in Step 6.

Step 1: Preparation — case £ = 1. To obtain estimates leading to (3.15)—(3.16), we
need a localization argument. Hence, we introduce stopping times (7;);>1. To define
7;, we exploit the instantaneous regularization of u; see (2.3)—(2.4). More precisely,
for each j > 1, we can define the stopping time 7; by

mi=inf{t€[s,0) : |u(t) —u(s)|ceray + [ull p2(s,6:01 () =5} AT

on {0 > s,||u(s)|lc(rey <j — 1} and 7; = s otherwise. Here we also set inf @:=a A T.

By (2.3)-(2.4), we have lim; ,o,7; = 0. In the following, [s,7;) x  serves as
approximation of the stochastic interval [s,0) X {o > s} on which we prove bounds.
Note that

||u||Loo((S’Tj)><Td) < 2] —1 a.s. on {Tj > S}
Thus, Assumption 2.1(4) yields, for all r € (2,00), i € {1,... ,6}7

]-[s,frj)xﬂ[diV(Fi('au)) +fz( s )} ELOO(QL7(S TJ, )),
Lo )% (Gn,i (- u) )1 € L(Q L7 (5,755 L7 (€2))).

Combining (3.25), the stochastic maximal LP-regularity estimates of [3, Theorem
1.2], and the fact that (ulj,r,)x0,7;) is a local (p,&,d,q)-solution to (2.1), we have
u€ C([s,7;];C(TY)) a.s

Fix I € %, such that I' C {0 > s}. Since it is convenient to work with processes
defined on Q x [s,T] rather than [s,7;) x I', we set

(3.25)

w9 (t) =1ru(t A7) on Qx [s,T).

We omit the dependence on I for brevity. Since (u, o) is a (p, ke, J, ¢)-solution to (2.1),
we have a.s. for all ¢t € [s,T]

u(j)(t)—u(j)(S)_/tl[sﬁ]xr[div(a Vu) + (dlv( (o) + f(, ))}
+Z/ Lisr)) ><F V)u+gn(-,u)] dw™.

n>1

(3.26)
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From the definition of 7;, it is clear that
(3.27) w9 € L2(Q; L (s, 1y HY)).

Now arguing as in the proof of [4, Theorem 3.3] (see the argument below (4.5) there),
by stochastic maximal L?-regularity applied to (3.26), we also obtain that u9) e
L2(05C([s, T); I2).

Let & € C2(R) be such that &(y) = |y|¢ for |y| <25 — 1. By (3.26) and (3.25), we
may apply an extended form of 1t6’s formula (see Lemma A.1) to £(u) to obtain that
a.s. for all t € [s,T

(3.28) @ O)5e = lut ()15 +¢(C = D)D) +¢S (@),

where D and S stand for “deterministic” and “stochastic” parts, respectively. They
are defined by

t .
:/ / 1[S,Tj]><r|u|<_2<u,f(7U)—VU'QVU—VU'F(',’U,)
s JTd -

+ - Z V)u+ gn(-,u)) >dmdr,

n>1
Z// L7y lul ™ 2u(by - V) + gn (-, u)] do dw]:.
n>1 s

By Assumption 3.1(¢), one has

D(t) < Co(t —s) / / s, r)xr|uls 72| Vul* dedr

+MO/ / l[s,Tj]XF|u|<dxdra
s JTd

where My =0M and Cy=6C. Therefore, by (3.28) for t € [s, T,

t
POl +06C=1) [ [ 1epertul 2Vl dzar
(3:29) <CC=1)Co(t =) + [P (s)]|5c
t
HOUC= DMy [ Upprllulr]S dr+¢S(0),

where we note that v = u(9) on [s,7;] x T, so that u can be replaced by w9, The
above estimate will be used to derive the assertion of the lemma in several steps.

Step 2 — case £ = 1: Let (0, M,C) be as in Assumption 3.1, and set Cy = C0,
Mo := M0. Then

(3.30)
sup El[ul? (r)][§; <D0 (¢(¢ ~ 1)Cot + BlLrflus)|e]) for all ¢ € [s,T].

reE(s,t]

Note that the constants appearing on the RHS of (3.30) are independent of (j,s,T).
Taking expectations in (3.29) and using ES(¢) = 0 by (3.25) and (3.27), we obtain

) t
Eu® (0] +0¢(C - DE / / Lo perlu(r) €2 Vuf? dar e
(3.31) s e .
< ¢~ 1)Colt — 5) + Ellu? ()[[Sc +¢(C — 1)My / Ellu® () dr
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for all ¢t € [s,T]. Thus, (3.30) follows from Gronwall’s inequality applied to ¢t —
SUPrels,t] E”U(j) (ﬂ”ic

Step 3 — case £ =1: There exists a constant NV > 1 depending only on the constants
(0, M,C,T,() such that

(3.32)
o AT oN\T
IE/ 1p||u(r)||ic d?"—l—E/ /Td 1F|u|C—2|Vu|2dxdr§N[1+EH1pu(s)||iJ.
To see this, note that by (3.30) and Fubini’s theorem we obtain
T
(3.33) E / JuD @IS dr < (¢(C=1)Co +E[Lru(s)§] ) (1 + T)e 0T,
Therefore, letting j — oo, by Fatou’s lemma we find that
oNT ¢ Tj ¢
< Tim
B[ arlur) e dr <timint B [ aefu)]fcdr
T .
gliminfE/ 10 ()6 dr
Jj—o00 s
< (6= Do +E[1rJu(s) ] ) (1 + T)ecC-DTMo,

which gives the estimate for the first term in (3.32).
From (3.31) and (3.33) we obtain

0c(c=1E [ [ 1rlul#VuP dzdr < 341 (<(c = 1)Co + Earlu(s) ] ).

where My = My(T + 1)@4(4_1)TM0. Letting 7 — oo in the same way as before, we find
that

oNT
0¢(¢ — I)E/ / 1p|uls 2| Vu? dzdr < M, (Co +E[1p||u(s)\|§<]),
s Td

which gives the estimate for the second term in (3.32).
Step 4 — case £ =1: There exists Ny > 0 depending only on (0,C, M, T,(,\) such

that
t
// l[S_Tj]Xp|u|<_2\Vu|2dxdr
s Td o

<N (1 +E[1F”u(8)”2€\¢])’

A

E[ir swp Ju(®)$}] +E
te[s,oAT)

where 0 < A < 1. The latter estimate follows with v replaced by u(9) by combining
(3.29) with the stochastic Gronwall inequality [32, Corollary 5.4b)] and afterwards
letting j — oo.

Step 5 — case £ =1: Conclusions. By (2.4), for each k> 1 we set

Iy :={o>s, ||u(s)|lpe <k} e Fs.

Using the estimates (3.32) and Step 4, we find that for all £ >1

oNT
sup Hu(t)”iC +/ /M lul*2|Vu?dzdr < oo a.s. on T.
S

tels,oAT)
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Since P({o > s} \T'x) — 0 as k — oo by (2.4), the boundedness of (3.15) and (3.16)
follows.

It remains to prove the estimates (3.17) and (3.18) with I' = {o > s ||u(s)||c < L}.
These follow from Steps 2, 3, and 4 by letting j — oco. If, additionally, uo € Bf
a.s. (or ug € L? a.s. and ¢ =2), then it follows from [7, Propositions 3.1 and 7.1] that
u € C([0,0); L%) a.s. Therefore, we can let s 0 in (3.17) and (3.18).

Step 6: The system case £ > 1. One can apply It6’s formula to Hul(j) Hic for each
i€{1,...,£} to obtain an analogue of (3.28) for the ith equation of the system. Multi-
plying these equations by a; and summing them up over i, one can use Assumption 3.1
to obtain the following analogue of (3.29):

Y4 ) 4 t
Dl @l +6> / / Aoy per (7)) Vai(r) [ da dr
i=1 i=1""

¢ ] L t i
<O+ Y aillu )15 + MY / Lior e (7)) (M)[Sc dr + S(1),
i=1v"%

=1

where S = Zle ;S;, and S; is given by

t . . .
Si(t) = Z/ / Ly xrfuf” |2 uil (i - Vw4 gu (- u)] de du?.

n>1
After that, Steps 1-5 can be repeated almost verbatim. ]

4. Global existence and uniqueness for weakly dissipative systems. In
this section, we establish global well-posedness for certain weakly dissipative systems.
In the case of 2 x 2 systems, this means that there is a dissipative nonlinearity in
one of the equations but not in both. Therefore, the corresponding system is only
“weakly” dissipative and the results of the previous section cannot be applied. More
precisely, here we investigate the following cases:

e Lotka—Volterra equations (subsection 4.2).

e The Brusselator system (subsection 4.3).
Moreover, we show that subsection 4.2 also covers the SIR model (susceptible-infected-
removed), and subsection 4.3 also covers the Gray—Scott model.

In the case of weakly dissipative systems, it does not seem possible to formulate
a general “weak” dissipation condition which extends Assumption 3.1. At the mo-
ment, we can only argue “case by case” by possibly relying on the precise structure
of the equations and on some of the analysis done in the scalar case. For the sake of
simplicity, all the above examples are 2x2 systems. However, our arguments can be
generalized in certain situations to £x/¢ ones with ¢ > 3 as well; see, e.g., Remark 4.6.
Our strategy to deal with weakly dissipative systems is to obtain suitable estimates for
uy by using the dissipation effect of f; as done in section 3 for scalar equations. Sub-
sequently, we estimate uy by exploiting the estimate for w;. Since in the us-equation
in (2.1) there is no dissipation, we cannot follow the arguments of section 3. To prove
estimates on us, we use a variant of Assumption 3.1 (i.e., Lc-coercivity /dissipativity)
that we investigate in subsection 4.1 below.

4.1. Energy estimates: Iteration via LC—coercivity/dissipativity. In this
section, we prove the main energy estimates for u;, where j € {1,...,¢} is fixed, and
£ > 2 is general for the moment. The j-equation of the system (2.1) is
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du; — div(a; - Vuy)dt = [div(F; (-, u) + f; (-, u)] dt
+ Z |:(bn,j : V)Uj —|—gn,j(-,u)} dwf,

n>1

u;(0) =wuo ;

on T?¢. The aim of this subsection is to provide estimates for u;. Later on, this will
be combined with bounds for (uz)j:_l1 to get a priori bounds. This eventually leads to
global existence in the case of weakly dissipative systems.

Consider the following assumption.

Assumption 4.1 (random LS-coercivity /dissipativity). Suppose that the assump-
tions of Theorem 2.4 are satisfied. Let (u,0) be the corresponding (p, ke, 9, ¢)-solution.
For0<s<T<o0,j€e{l,...,0}, and ¢ € [2,00), we say that Assumption 4.1(s, T, 4,()
holds if there exists a constant # > 0 and there exist & ® %(T¢)-measurable maps
My, My : [5,T] x Q2 x T? — [0,00) and R; : [s,T] x Q — [0, 00) satisfying

(4.1) My, € L#*(s,T; LY+ (T?)) a.s. for all k€ {1,2},

where Y = %, p1:=1, s € (% V1,00), and g := 252%, for which the following
conditions hold a.e. in (s,0) x {0 > s}:

/Ed |’UJj|C72 (ajVuj . Vuj + Fj(-,u) . Vuj

uf(ﬂl) 1 ?
B S (O )

2/ \uj|cf2<0|Vuj|2—M1—M2|uj|2>dx+72j.
Td

In the examples below, M;, My, and the possible extra term R; will depend on
u as well, and often we will be able to bootstrap the integrability of w in applications.

There is no direct connection between Assumptions 4.1 and 3.1. However, the
following lemma can be proved similarly to Lemma 3.3. Lemma 3.5 does not seem to
have an analogue which is easy to state.

LEMMA 4.2. Suppose that Assumption 2.1 holds. Suppose that the assumptions
of Theorem 2.4 are satisfied. Let (u,o) be the corresponding (p, ke, 9, q)-solution. Let
0<s<T<oo,je{l,...,0}, and ( € [2,00). Then Assumption 4.1(s,T,j,C) holds if
there exist 2 ®@ B(T%)-measurable My, My : [s,T] x Q x T¢ — [0,00) satisfying (4.1),
and € € (0,v) such that

UJgj_(,lu) + 4(Vj1_ E) <|Fj(7u)‘ + Z |bn,j

n>1

2 1
1905 01)” + 511G (1) 12
< My + Msluj|* = R;

a.e. on (s,0) x {o>s} x T
We are ready to state a key lemma in this section.

LEMMA 4.3 (energy estimates with dissipation). Suppose that the assumptions of
Theorem 2.4 are satisfied. Let (u,0) be the corresponding (p, ke, 0, q)-solution. Fiz 0 <
s<T<oo,je{l,....L}, and ¢ € [2,00), and suppose that Assumption 4.1(s,T,j,()
holds. For all 0 <tg <ty <oo, let
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tiNo
Ei(to,t1):= sup |u;(r )”LC / / uj |2V, \zdxdTJr/ R;(
to

T’E(to,tl/\d)

Then E;(s,T) < oo a.s. on {o > s}, and there exists a constant C' only depending on
(d,C,102) such that for all R,y,A>0

(4.2)
oR

P(lrgj(S,T) > ’y) ST]E(]_I{LM A /\) + ]P)(]-I‘gl,M > Cil)\) + HD(].FSQ,M > CilR),

where I' € Z, such that T' C {0 > s} is arbitrary,
§1,m = ||“J(3)H§;< + HM1||Lv1(s,T;Lw1)> and &M = Z | Ml o (s,T;L%k)"
neq{l,2}

Moreover, for every n e (0,1), there exists a, >0 such that
(4.3) Ele M 108,(s, T)]" < oy E[1rér )"
Furthermore, one can take s = 0 if for some € > 0, ug € Bs’oo(Td;Ré) a.s., or
ug € LQ(Td;RZ) a.s. and (=p=q=2.

The above result is a variant of Lemma 3.12, where additional processes M7, Ms,
and R; appear which are crucial for applications to several of the concrete systems
we consider below. Note that in (4.2) no integrability in 2 is required.

Proof of Lemma 4.3. Fix 0 < s <T < 00, and let I € .#; be such that I' C {o > s}
and 1ru(s) € LS(2 x T¢). As in the proof of Lemma 3.12, we need a localization
argument. For each k > 1, define the stopping time 73, by

T =inf {t € [s,0) : [lu(t) — u(s)llcerarey + 1l L2semr (rosey 2k} AT
on {o > s, |u(s)|lc(rerey < k—1} and 73, = s otherwise. Here we also set inf @ := o AT.
Note that 7 is well-defined due to (2.3)—(2.4).

Set u§k)(t) =1pu;(t A7) on Q x [s,T]. Here, to economize the notation, we do
not display the dependence on I'. Arguing as in (3.25)—(3.28), an application of the
It6 formula of Lemma A.1 yields, a.e. on [s,T] x €,

(4.4) 1S @)1 = llug (5)]1Sc + (¢~ D)D) +(S(2),

where D and S are the deterministic and stochastic terms and are given by

u; f( u)
/ / STk]Xp|uj|< 2( J4J —Vu;-a;Vuj — Vu; - Fi(-,u)

t3 Z[(bw -V)u; +gn,j(-,u)]2) dz dr,

n>1

Z// s r x5 205 [(bng - V)uj + gp s (-, w)] da dw]'.

n>1

To conclude, it is suffices to show the existence of C' > 0 only depending on
(d,¢,19) such that

(4.5)
10E; (st ATi) < Ipflus ()1 5e + CIMll s s o

t
0 [ L (14 IV s + MBI, Yy ()] e
+ CS(t ATg).
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Indeed, (4.5) implies
1r&i(s,t A i) < Jug ()5 + CIUM | pags o)

t
+/ C’(l + (| My () || pwr + || M2(r)] zi,2)1p5j(s,r/\7'k)d7‘ + CS(t ATg).

Recall that & p and & pr are defined in Lemma 4.3. By the stochastic Gronwall
inequality [32, Corollary 5.4b)] applied to the process ¢ — 1r&;(s,t A7), we find that,
for all v, A\, R >0,

(4.6)
R
p(r N{&(s,m) > 7}) < %E[gLM AN +P(€ar > C7IA) + P(a.0s > CLR),

and for all € (0,1) there exists a, >0 depending only on 7 such that
(4.7) Ele 27 118, (s,73,)]" < o E[1r&r ar]".

Taking k — oo in (4.6), by monotone convergence, one sees that (4.6) and (4.7) hold
with 75, replaced by o. Hence, (4.2) and (4.3) follow by replacing I" by I'y = {0 >
s, |luj(s)||ze < N}NT and letting N — oco. Finally, £;(s,T") < oo on o > s follows by
first choosing R and A large enough and then letting v — co.

Next, we prove (4.5). By Assumption 4.1

(4.8)
t
D(t) < —9/ /d 1[S’Tk]xp|u‘j|<_2|Vuj|2dxdr
s T

t t
+0/ /wl[‘w]xr|ujlc_2(M1 +M2|uj|2)dxdr_/ L, xR (r) dr.

We estimate the M;-terms. One has a.e. on [s,7%] X Q,

g 1 o

2
o142 || 201,

/ Molu; € dz < [| My o
Td

= ||M2||L”’2

(i)

< M| oo |1 1726

SIMell o s 72|79~ g 172 o

S 1Mol o 172257 (g 1725 + | llag 17211 55)

M| s g 1S9 (g 155 + || 121 V5[ 52)

(i) 1 € _
< L 10l o 1M 172,) g [ + / g <2V, ? i,
25 2 Td

where in (i) we used the embedding H?(T?) — L2¥2(T%) with § = 4 szpé = ﬁ €

(0,1), and in (ii) Young’s inequality as well as ¢y = T25.
For My, we show that a.e. on [s,7%] X €,

(4.9) /Td M Ju| % da S M pera (14 [lug | §.o)-
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Note that (4.9) is immediate in case ¢ = 2. In case ¢ > 2, one has that (4.9) follows
from

/w Mylui |2 da < || Myl pere |11 72| fesec
—2
= || M| pesallujllS
Sc Ml pers (14 [l ll5e)-

From (4.8), and the above estimates for M; and Ms with € =6, we obtain

9 t B t
D(t)§—§/ /d Lis, )T || 2|Vuj|2dﬂ?d7‘—/ 1is xRy (r)dr
s T s
t
+C<,9/ 1% {HM1||L</2 + (L4 |My | pesz + || My fig)”ua‘ﬂic} dr
S

a.e. on [s,T] x Q. This implies the estimate (4.5).
The final assertion concerning s = 0 follows by taking s | 0 as in Step 5 of
Lemma 3.12. |

4.2. Stochastic Lotka—Volterra equations. Lotka—Volterra equations (also
known as predatory-prey model) were initially proposed by Lotka in the theory of
autocatalytic chemical reactions in 1910 [55]. In the book [56], the same author used
this model to study predatory-prey interactions. Around the same years, Volterra
proposed the same equations to study similar systems [84]. The initially proposed
model that consists of a system of ODEs for the unknown density of species can
be extended to a system of PDEs taking into account spatial inhomogeneity and
diffusivity; see, e.g., [18, 38]. Stochastic perturbations of such models take into account
uncertainties in the determination of the external forces and/or parameters; see, e.g.,
[17, 65] and the references therein. As explained before, transport noise can be thought
of as the “small-scale” effect of migration phenomena of the species. To the best
of our knowledge, our result is the first global existence result for Lotka—Volterra
equations with transport noise. But even if b =0, our results seem to be new. Here
we are mainly concerned with modeling of the dynamics of two species. However, our
arguments extend to certain Lotka—Volterra equations for multispecies. The reader
is referred to Remark 4.6 for the precise description. Moreover, in order to simplify
the presentation, we only consider the low-dimensional case d < 4 (therefore including
the physical dimensions d € {1,2,3}). The high-dimensional setting requires some
modifications and additional conditions.

Here we consider the stochastic Lotka—Volterra equations (with transport noise
and superlinear diffusion), i.e., (2.1) with £ =2,

Ay =My — X119t — x1201y2  for y€R?,

(410) 2 2
2, y) = Aay2 — x2.205 + X2.1y1y2  for y €RZ

and F; =0, and (a,b, A;, Xi,5,9) is as in Assumption 4.4 below. In particular, (X;, x:,;)
are chosen so that f; and fo satisfy Assumption 2.1(4) for h =2.

The unknowns uy,uy : [0,00) x @ x T? — R model the population of the ith
species. More precisely, u; and us denote the population of the prey and predator,
respectively. A schematic idea of the Lotka—Volterra equations is given in Figure 2,
where A + A/ = Ay,
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—X2,2u3 <0

Predator us

X2,1u1uz > 0 —X1,2u1u2 <0

Food [ Prey ui
)\/1U1 2 0

Fic. 2. Scheme for the Lotka—Volterra equations.

—x1,1u5 <0

In particular, the signs in (4.10) are motivated from a modeling point of view.
Note that we allow x;; = 0 for 4,5 € {1,2}. In particular, situations without self-
interacting are covered, i.e., x;; = 0. From a mathematical viewpoint, the term
+Xx2,1u1u2 shows that the uz-equation in the Lotka—Volterra equations is not dissi-
pative (below, we are concerned with positive solutions). Hence, the Lotka—Volterra
system is only weakly dissipative and is not covered by section 3.

Assumption 4.4. Let p=q¢=2, k=0, h=2,1<d<4, /=2, §=1, and suppose
that Assumption 2.1 holds for (a,b,g). Suppose that the following hold:

(1) Ai,xi,; are bounded & ® %(T%)-measurable, and x; ; > 0.

(2) as. forallteR,, 2 €T yy,y2 >0, n > 1,

g'fl,l(t7 €T, yl’ 0) = gn,Q(t7 Z, 07 yQ) = O

(3) There exist M,e > 0 such that for all i € {1,2}, a.e. on Ry x Q x T¢ and
y=(y1,92) € [0’00)2,
2
o [ i Olga ol | + 5 0naCoazal < Nt .9)
Alvi—e) \ & o e g Ik e HleE = 2

(growth condition),
where v; are as in Assumption 2.1(3) and

Ni(Hy) =ML+ y7) + x1195 + X123 v,
No(y) =M1+ (14 y1)y3 + yiyz + ¥i] + X2.205-

Assumption (2) will be used to prove positivity. This fact is consistent with the
modeling interpretation of u; as the population of the ith species. Condition (3) shows
that go is allowed to be superlinear in y = (y1,y2). The growth of ||ga(-,y)|le is at
most |y|>/2, consistently with Assumption 2.1(4) in the case h = 2. On the other
hand, g, is allowed to be (super)linear in y; (if x1,1 > ¢o > 0). In applications, there is
always interaction between predator and prey, so that xi,2 > co > 0. In this case, the
growth of ||gy (-, y)||e is at most |y ||y2|'/? for |y| large. If additionally y1 1 > co > 0,
then we can allow growth |y;[3/2 + |y1||ya|"/? for |y| large.

THEOREM 4.5 (global well-posedness: Lotka—Volterra). Let 1 < d < 4. Suppose
that Assumption 4.4 holds. Then, for every ug € LO:%(Q;LQ(Td;]R%) with ug > 0
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(componentwise), there exists a (unique) global (2,0,1,2)-solution u : [0,00) x € x
T — [0,00)? to the stochastic Lotka—Volterra equations (as described near (4.10)).
Moreover, a.s.,

u€ L}, ([0,00); H(T%R?)) N C([0,00); L*(T4 R?)),

loc

ue HQ’T(O,oo;Hl_QQ’C(']I‘d;RQ)) v € [0, %)7 vr, ¢ € (2,00),

loc

ue C%2((0,00) x THR?) VO, €[0,1/2), V05 € (0,1),

loc

and the following estimates hold for all 0 <T < oo and v > 0:

(4.11) P( sup [Ju(t)[|72 >’Y> < YY) (1 +Elluoll72),
€[0T
T
(4.12) P <max / |Vu¢2dxdt>'y> <(y)(1 —l—IE||u0||%2)7
1<i<2 Jy  Jpa

where ¢ does not depend on v and u and satisfies lim,_, o ¥(y) =0.

Using Theorem 5.2, one can further weaken the assumption on the initial data.

The main idea in the proof of Theorem 4.5 is to exploit the dissipative effect of
Xl,lu% and X1 2ujuz in the u;-equation in the Lotka—Volterra equations. To this end,
we need the positivity of w1, us, which is ensured by Proposition 2.6, (2), and ug >0
a.s. on T¢.

Proof of Theorem 4.5. As in the proof of Theorem 3.11, by adding dummy vari-
ables, it suffices to consider the case d = 4. The existence of a (2,0, 1, 2)-solution (u, o)
with the required regularity up to o follows from Theorem 2.4. Moreover, assumption
(2) and Proposition 2.6 yield u > 0 on T? a.s. for all ¢ € [0,0). Hence, it remains
to prove that o = oo a.s. To this end, note that max{%(h —1),2} = 2 since d = 4
and h = 2. Localizing in Q, it is enough to consider uy € L?(Q; L*(T*; R?)); see [6,
Proposition 4.13]. Thus, as in Step 1 in the proof of Theorem 3.2 (but now using
Theorem 2.5(3)), it is enough to show that, for every 0 < T < oo,

o AT
(4.13) £i(0,T):= sup |ju;(t)]32 +/ / |Vui(t)Pdedt <oo as.
) 0 Td

te[0,0AT

From Assumption 4.4(3) and Lemma 3.3 we see that LS-coercivity for ¢ =2 holds
for the equation for u;. Thus, Lemma 3.12 implies that for all 0 < s < T < oo and
j=1, (4.13) holds, and

oNT
sup Elp »)(t)[lur(t)]72 —I—E/ / |Vu1\2dxdt§No<l—i—E[Hul,oHQLz]),
te[0,T] 0 Td

oNT A
(414) E sup ||’U/1(t)H%>2\+E‘/ / |Vu1|2dxdt’ SNO,,\(l-i-E[HUl,OH%)ﬁD-
te[0,0AT) 0 Td

To check (4.13) for j =2, note by Assumption 4.4(3) a.e. on [0,0) x § that

2

sy s | a0l | + gl

n>1
< Mo(Mi|ua|? + Ma),
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where we used that ufug = ui’/Q(ui/ng) < uf +wuyu3, where My > 0 is a constant, and

M; and M are given by
My =1pplum*+1  and  My:=1jg0)|u]+1.

We claim that M; € L1(0,T; L' (T*)) and M, € L%(0,T; L*(T*)) a.s. Indeed, from
(4.13) for j =1 we obtain

(4.15) up € L°(0,0 AT; L*(TY)) N L2(0,0 AT; H(T?)) as.
By Sobolev embedding, interpolation, and (4.15), we have a.s. on {o > s},

lullLso,0nt:L8 (1)) S Uil 23 0,05m2/3(T4))

< sup  flur(®)|lp2(rey + luallzo,0nts 1 (14),
te[0,0AT)

which already gives the first part of the claim. Moreover, taking moments, by (4.14)
(with A =1/2, which is nonoptimal) we obtain

Elluillrs0,0nr;rs(ray) SE - sup flui(@)l[z2cre) + Ellwa |l z20,0n7;m1 (14))
(4.16) te[0,0AT)
S1+Eluollre

The second part of the claim follows from (4.15) and H'(T*) < L*(T*). Moreover,

(4.17) Ellur|lz2(0,0nr;p4(r4)) < Ellutl|p2(0,0n7;81 (14)) S 1+ El|,0][ 22
The claim can be combined with Lemmas 4.2 and 4.3 to obtain (4.13) for i = 2.

Moreover, this also implies the following estimate for all v > 0 and A = R > max{4C, 1}
(say):

Ref?
P(&2(0,T) >7) < - +P(Jluzollzz + ClIMillLio,ricr) = R)

+P(CIM1llr0,152) + ClIM2ll L2 0,1:24) = R)
(2R
< =S + P(|luzoll72 > R/2) + 2P(Cllull7s0,1.16) + C > R/2)

+P(Cllurl 20,500y + C > R/2)
< f + EHUZOH%z E||u1||L3(O7T;L3) EHU1||L2(O,T;L4)

~y R R1/3 R
2R

1
< 2 € L
~ (IEHUOHL2 + 1) ( v + R1/3> ’

where we used (4.16) and (4.17). Tt remains to take R = max{4C,1,log(v"/*)} to
obtain

P(£2(0,T) >7) < () (Elluoll3> + 1),

where limy_,oc 9 (y) =0. Combined with (4.14), this the energy estimates (4.11) and
(4.12). 0

We conclude this subsection with several remarks.

Remark 4.6 (stochastic Lotka—Volterra equations for multispecies). In the study
of multispecies systems, one may consider the following extension of the Lotka—
Volterra equations.
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Forie{1,...,4} and £>1,

dui — div(ai . Vul) dt = [Ami =+ u; Z Xi,jUj — U in’ju]} dt
1<5<i j>i
n>1
on T%. As above, u; denotes the density of the ith species, and (Xi,j)f,jzl : (0,00) %
Q x T4 — [0,00)"¢ is a matrix with bounded & ® %(T¢)-measurable entries which
models the interaction of the species. One can readily check that Theorem 4.5 extends
to the above system with appropriate assumptions on the (ug,a,b,g) (i.e., extending
(2)—(3) to the above setting). In particular, g can be chosen to be superlinear in u.
We leave the details to the interested reader. We conclude by mentioning that the
corresponding condition for global existence is satisfied for the natural SPDE version
of the Lotka—Volterra system for three species as analyzed in [42].

Ezample 4.7 (stochastic diffusive SIR model). In the deterministic setting, the
SIR model (susceptible-infected-removed) is a widely used model in epidemiology
[62, 40, 45]. Taking into account spatial diffusivity and small-scale fluctuations, sto-
chastic perturbations of the SIR model (with constant population N > 0) are of the
form (2.1) with ¢ = 2, F = 0, fi(-,u) = —riujus, and fo(-,u) = roujus + raus.
The quantities u; and us are the population of the stock of susceptible and infected
subjects, respectively, while the stock of removed population wug (either by death or
recovery) is given by N — u; — uy. Finally, (r1,72) are & @ %(T%)-measurable maps
satisfying 7; > 0 a.e. on Ry x Q x T? and are determined experimentally. Of course,
as a subcase the above model contains the classical SIR model in the case of (w,x)-
independent solutions.

The stochastic diffusive SIR model is a special case of the Lotka—Volterra equa-
tions where one takes x1.2 =171, X2,1 =72, Xi,i =0, A =0, and Ay =r3. Thus, under
suitable assumptions on (a,b,g,ug), the SIR model is included in our setting, and
global well-posedness follows from Theorem 4.5.

4.3. The stochastic Brusselator. Here we study a stochastic perturbation of
the so-called Brusselator. This model appears in the study of chemical morphogenetic
processes (see, e.g., [69, 70, 83]) and in autocatalytic reactions (see, e.g., [9, 13]).
For historical notes and examples of autocatalytic reactions that can be modeled by
using the Brusselator, the reader is referred to the introduction of [86]. Stochastic
perturbations of this model can be used to model thermal fluctuations and/or small-
scale turbulence. Here we consider the stochastic Brusselator (with transport noise
and superlinear diffusion), i.e., (2.1) with =2,

fl(-,y):—ulug+a1y1+a2yg+ao for yeR?
fo(y) = +y19s + Biyi + Baye + Bo for yeR?,

and F; = 0, and (a;,b;,04,55,9;) is described below; cf. Assumptions 4.8 and 4.10
below. The unknowns uy,us : [0,00) x 2 x T¢ — R model the unknown concentrations.

Note that f satisfies Assumption 2.1(4) for all A > 3. In the following, we assume
that (a,b,g) satisfies Assumption 2.1 with h = 3. We say that (u,0) is a (unique)
(p, K, q,9)-solution to (4.18) if (u,0) is a (p, K, q,9, 3)-solution to (2.1) with the above
choice of (a,b, f, F, g); see Definition 2.3. A (p,k,q,d)-solution (u,c) to (4.18) is said
to be global if 0 =00 a.s. In this case, we simply write u instead of (u,0).

(4.18)
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In this subsection, we prove global well-posedness of (4.18) in the physical dimen-
sions d < 3. The analysis of (4.18) for d € {1,2} is easier than the 3D case. In
particular, in three dimensions, we need positivity of solutions (see Proposition 2.6).
For the reader’s convenience, we split the argument into the cases d € {1,2} and d = 3;
see subsections 4.3.1 and 4.3.2, respectively.

We believe that the arguments below can be extended to study stochastic per-
turbations of the extended Brusselator (see, e.g., [86]). For the sake of brevity, we do
not pursue this here.

4.3.1. The stochastic Brusselator in one and two dimensions. We begin
by listing the assumptions needed in this subsection.

Assumption 4.8. Suppose that Assumption 2.1(3)—(4) hold as well as the following:

(1) The mappings a;,3; : Ry x @ x T — R are bounded and & @ %(T9)-
measurable.

(2) There exist M,e > 0 such that for all i € {1,2}, a.e. on R, x Q x T¢ and

y= (ylayQ) S [0,00)2,

2
L S i gmi o) + 21 (Gni o9zt |3 < Nit2,9)
4(1/1'*5) ] n,i Inil» Y 92 In,ilY))n>1|1p2 = IVilL, T, Y

(growth condition),
where v; are as in Assumption 2.1(3) and

Ni(y) =M+ [y ]+ (1= &)y ]?[yel?,
Nao(yy) =M1+ (1+ | lP)ly2l® + v lly2l® + [y [*].

Note that N; grows like |y|* consistently with Assumption 2.1(4) in case h = 3.
However, the condition for g; is quite restrictive since only the factor |y;|?|yz|? is
allowed. Instead, the one for gy allows additional terms of quadratic growth and with
a constant M that can be large.

THEOREM 4.9 (Brusselator in one and two dimensions). Let d € {1,2}. Suppose
that Assumption 4.8 holds. Fix 6 € (1,2), q € (2, %), and p € [2276,00) Suppose
that Assumption 2.1(p,q,h,d) holds with h =3 and kg := p(1 — g) — 1. Then, for all
ug € LY, (Q; LI(T4 R?)), the stochastic Brusselator (as described near (4.18)) has a
(unique) global (p, ko,q,0)-solution u, and a.s.,

€ Hl(0,00),wy; H727209(T4R?)) N1 O(10, 00); By, (T R?)),

loc

we HYT(0,00; H7204(T4 R?)) WO €[0,1), Vr,¢ € (2,00),

loc
we CP"2((0,00) x TLR?) V8 €[0,1/2), V8, € (0,1).

loc

Moreover, there exists a ( > 2 such that for all0 <s<T < oo, v>0, and L >0,

(4.19) P (tesglpﬂ Lrlu(®)]se = v) <P(y) (1 +Elru(s)[5e),

T
(4.20) P(g{l?g} 1r/ /d |Ui<2vui|2dzd7"27> <9(y)(L+E1pfu(s)]5e),
g ) s T
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where T'={||u(s)||pc <L} and ¢ does not depend on L >1, s, v, and u and satisfies
lim, o ¥(7) =0, and one can take s =0 if up € BEYOO(Td;]Rz) a.s. for some € > 0.

Furthermore, if ug >0 (componentwise) a.e. on Q x T¢, as, o, B1,B0 >0 a.e. on
Ry x QxT¢, and In1(+0,92) = gn2(,y1,0) =0 a.e. on Ry x Q x T for all y1,y2 €
[0,00), then

u>0 (componentwise) a.e. on (0,0) x Q x T4,

Using Theorem 5.2, one can further weaken the assumption on the initial data.

The main idea in the proof of Theorem 4.9 is to exploit the dissipative effect of the
nonlinearity —uju3 appearing in the uj-equation of (4.18) to estimate certain quan-
tities involving w1 and the product ujus. Then we use this information to estimate
us. Note that there are no dissipative effects in the us-equation.

Proof of Theorem 4.9. We only consider d = 2 since d = 1 can be obtained by
adding a dummy variable. Let hg =¢q + 1.

Step 1: Local well-posedness. One can check that Assumption 2.1(p, g, ho,d) and 2.2
(p,q,ho,d) hold. To obtain a (p, ko, q,d)-solution, one can apply Theorem 2.4 with h
replaced by hg. At the same time, this gives the regularity properties for the paths of
u stated in Theorem 4.9 on (0,0) instead of (0,00). It remains to check o = co.

Step 2: Energy estimate. We claim that there is a ¢ > 2 such that for all 0 < s <
T < o0

(4.21)

oNT
Ei(s,T):= sup HUZ(t)”Ec +/ lu;|* 2|V dedr < 0o a.s. on {o > s}
t€[s,oNT) s

for i € {1,2}, and for I' = {0 > s, ||u(s)||rc < L}, one has
(4.22) P(1r&i(s,T) > ) <¢(7) (Elpfu(s)||5c +1)  for i€ {1,2}.

The proofs of (4.21) and (4.22) are given in the next two substeps.
Step 2a: There exists ¢ > 2 such that a.s. on {0 > s},

o AT
&1(s,T):= sup Hul(t)Hig—l—/ / Ju |$ 72| Vg |2 da dr
t€[s,cAT) s T2
oNT
+ / uiu3 dedr < oco.
s T2

In particular, (4.21) holds for ¢ = 1. Moreover, for all 7 € (0,1) there is a constant M,
independent of s, k, and u such that

(4.23) E|1r& (s, T)|" < My (1 +Elr|ui(s)]S7).

From Assumption 4.8(2) and (4.18) it is elementary to check that there exist
M, eg,e1 >0 such that for every ( € {2,2+¢p}, y € R? and a.e. on R4 x €,

2

f B 1 1
é ST T Z b (M gna Gl |+ 51 G )zl

< Mo(1+ |y?) — ey |y
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Moreover, we may suppose that 24¢g < ﬁ. Thus, by Lemma 4.2, Assumption 4.1(¢)
holds for ( € {2,2+¢¢}. Now the boundedness of the first two terms in Step 2a follows
by applying Lemmas 4.2 and 4.3 with { =2+ ¢g, M1 = My = My, and R1 =0. The
boundedness of the last term in Step 2a follows by applying Lemmas 4.2 and 4.3 with
CZQ, M1:M2:M0, and

Ra(t) = [ 110 (Ol (0 Plua 0 da.

Moreover, (4.23) (and thus (4.22) for ¢ = 1) follows from (4.3) and the fact that
M = My = Mj are constant.

Step 2b: (4.21) for i = 2 holds with { = 2 + g9, where ¢ is as in Step 2a. By
Assumption 4.8(2), we have, a.e. on [0,0) X 2,

2

+4(V21_€) Zlbn,z(.)Hgn,g(.,uM +%||(gn’2(.,u))n21”§2

n>1

f2('au)u2

(4.24)

< Mo(M;|ug|* + My),

where My >0 is a constant, My := 1 »)|u1|* 4+ 1, and M := 1, ,)|u1|Juz| 4+ 1. In the
above estimate, we used that [uy[2ua|? = |u1 |43 (|u1 |*/3|ual?) < Jua]* + u]|usz|?, as it

follows from the Young inequality with exponents (3,3).
We claim that a.s.
(4.25) M, € LY(s,T; L¢/3(T?)) and M, € L(s, T; L*(T?)).

We begin by noticing that the second assertion of (4.25) follows from Step 2a, and
moreover by (4.23) with n=1/2 we obtain

(4.26) E(1r|[Mz| p2(s,7;2(r2y)) S (1 +Elp|lui(s)] 2.

For the first assertion of (4.25), note that reasoning as in (3.22)—(3.23) we find
that a.s.

[ \Ul\C/2||L4(s,aAT;L4(1r2))
S ‘ul|</2||L4(s,a/\T;H1/2('Jl‘2))
S ‘ul|</2||L4(S,U/\T;H1/2(T2))

S sup un @) ez ey + w2l 22 0.0 o2y
tels,oAT)

2 _
S s O + 12 Vaallzaoonrizaceny <o
€ls,oN

In particular, taking 1/2-moments it follows from (4.23) with n=2/¢ that
1/2
(4.27)  E|1eMi 7, 1 ey

4
S+ E||1F|u1|C/2HL/f(s,a/\T;L‘l(TQ))

SIHE _sup drfur()lices + El[1r[ul =272V |15, ooz ray)
€ls,o

S1+Elp|lus(s)7e.
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By Lemma 4.2, (4.24), (4.25), and Lemma 4.3, it follows that (4.21) holds for
i=2, and by (4.26) and (4.27) for all v >0 and R > max{4C, 1} we obtain

P(1r&(s, T) > )
< Rel

+ (e fua(3) IS + Ol Myl o, er2rey) > B)

+P(CLr|| Myl 11 s,y ner2(m2)) + CLr ([ Ma| 126 22 (12)) > R)

1/2
cet n Elrfluz(s)[|Se  BIrlMll 5 poperere) n ELp||Ma||r2(s,r;r2(r2))
~ ol R1/2 R1/2 R

€2R 1 ¢
S (v + 31/2) (Eeru(s)HLC + 1).
Taking R = max{log(y'/*),4C, 1}, this gives (4.22) for i =2.

Step 3: Global well-posedness. Let g be as in Step 2a, let go € (2,2 + &¢), and
take ( =2+ 9. By Theorem 2.5(1) with ¢; =, dg € (1, h(;l:rl] small enough and pg
large enough, it follows that

IP’(5<U<T):IP’<S<J<T, sup |Ju(t) e <oo) =0,

E[s,0)

where we used (4.21). Since o0 > 0 a.s. by Theorem 2.4, letting s | 0 we obtain
P(oc <T)=0. Letting T — oo, we find that o = oo a.s. Moreover, (4.22) implies the
tail estimates (4.19) and (4.20) for s > 0. The case s =0 for smooth initial data can
be obtained as in Lemma 3.12 by letting s 0.

Step 4: Positivity. This is immediate from Proposition 2.6. O

4.3.2. The stochastic Brusselator in three dimensions. In this subsection,
we prove global existence (4.18) in the case d = 3. This will require a more detailed
analysis compared to the case d € {1, 2} treated in subsection 4.3.1 because we cannot
apply Theorem 2.5(1), as this would require sup;c(s ,ar) [[u(t)| L¢; < o0 a.s. for some
(1 > 3. For uq, such an estimate holds, but for us it seems that we can only deduce
such an a priori energy estimate for (; = 3. Instead, we will apply the sharper blow-up
criterion of Theorem 2.5(2). This will require a more detailed analysis with energy
estimates which are mixed in space and time. To prove these new energy estimates
for us, the positivity of u; and us plays an essential role. Therefore, unlike in the
case d € {1,2} we need to restrict ourselves to those g which ensure u > 0 from the
beginning. We start by listing our assumptions.

Assumption 4.10. Let d =3, p € (2,00), and suppose the following:

(1) Assumption 2.1(p,q,h,d) for ¢=h =3 and some ¢ > 1.

(2) The mappings a;,3; : Ry x Q x T®> — R are bounded and & @ %(T?)-
measurable.

(3) a.e. on Ry x  x T3 and for all yy,y2 >0,

ag,aq, b1, By are nonnegative and gy 1(-,41,0) = gn2(-,0,y2) =0.

(4) There exist M,e > 0 such that for all i € {1,2}, a.e. on Ry x Q x T? and
y=(y1,y2) € [0,00)%,
2
e i Olgni 6l |+ 500G I < Nilto2.9)
i —2) | &Pt nals g I Inils)Inz1llen S Nilds 2,

(growth condition),
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where v; are as in Assumption 2.1(3) and

2 2
Y1171y
Ny = M [1 4 )+ PPl

No(y) =M1+ 1+ |y )|y + |y llye]® + lya]*]-

The main result of this subsection reads as follows.

THEOREM 4.11 (Brusselator in three dimensions). Suppose that Assumption 4.10
holds. Assume that 6 € (1, 4] p>3V 5= 5, and set ko :=p(1— g) —1. Then, for every
ug € L%, (€ L (T?; R?)) with ug > 0 (componentwise), there exists a (unique) global
(p, Ko, g, 6) solution u : [0, 00) x 2 x T? — R? to the stochastic Brusselator (as described
near (4.18)) satisfying u >0 (componentwise) a.e. on Ry x Q x T3, and a.s.,

ue HyP([0,00), wye; H*07209(T%R?)) N C([0, 00); B, (T R?)),
we HYT(0,00; H7204(T3;R?)) W9 €[0,1), Vr,( € (2,00),

loc

uwe Ch%((0,00) x T*R?) V6, €[0,1/2), Vb, € (0,1).

loc

Moreover, for all0 <s<T < oo, v>0, and L>0

(4.28) P < sup 1p|lu(t)[|3s > 7) < () (L +Elrflu(s)]2e),

te[s,T)

T

(1.20) P( max 1r [ ui|wi|2dwdrm> <) (1 +Exrus) ).
iefr2y Sy Jra

where T = {||u(s)||rs < L} and ¢ does not depend on L>1, s, v, and u and satisfies

limy 00 ¥(7) =0, and one can take s =0 if ug € Bg,oo(T?’;RQ) a.s. for some £ > 0.

Using Theorem 5.2, one can further weaken the assumption on the initial data.

Before we start with the proof of Theorem 4.11, we show the a.s. boundedness of
three consecutive parts: the good, the bad, and the ugly part.

e The good part: sup, ||u1||L6, Jom) |up |*|Vuq|? dzdt and Jitw u%u% dzdt;
e The bad part: sup, ||u2||L2 “and ftz |Vus|? dz dt;
o The ugly part: sup, ||u2||L3 and f(t ) |us || Vuz|? dz dt.

The L3-norm in the ugly part appears because we use the blow-up criterion of
Theorem 2.5 with d = h = 3 to check global existence. The estimates in the good
part and the bad part will be needed to estimate (M7, Ms) in the ugly part; see (4.46)
below. As we will see, the good part and the ugly part follow from Lemmas 3.12 and 4.3,
respectively. The proof of the bad part requires an additional argument based on the
dissipative effect of —uju2 in the uj-equation of (4.18).

The existence of a (unique) (p, ke, d, g)-solution (u, o) to (4.18) with the required
regularity up to the explosion time o follows from Theorem 2.4 and [7, Remark 2.8(c)]
with h =d=3. Moreover, by Assumption 4.10(3) and Proposition 2.6, we have

(4.30) u>0 (componentwise) a.e. on [0,0) x Q x T?.
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Boundedness of the good part. We will show that a.s. on {o > s},

oAT
(4.31) En(5,T):= sup |lui(t)]Se +/ / luy|*| Vg |? dz dr < oo,
te[s,oNT)
oAT oAT
(4.32) E12(8,T): / / |V |? dxdr—i—/ / utul dedr < oo,

and, moreover, for every n € (0,1) there is a constant M, independent of s, u, and L
such that

(4.33) E|1r&ni (s, T)|" < My (1 +Elr|fui(s)|7%),

(4.34) E|1r&2(s, T)|" SMn(l—HElpHul(s)HQLZ).

The bounds (4.31), (4.32), and (4.23) are proved in a way similar to Theorem 4.9. In-
deed, from Assumption 4.10(4) and Lemma 4.2 one can check that Assumption 4.1(¢)
holds for j =1 and with ¢ =6, My, Ms constant, and Ry = 0. Therefore, (4.31) and
(4.33) are immediate from Lemma 4.3.

For (4.32), again by Assumption 4.10(4) and Lemma 4.2 one has that Assump-
tion 4.1 (¢) holds for j =1, but this time with { =2, M;, M5 constant, and

4

Ri(t) := = /m u? (t, x)u3(t, x) dz.

Here the constant % is not important and can be replaced by a lower number. There-
fore, the bounds (4.32) and (4.34) follow from Lemma 4.3. O

Boundedness of the bad part. We show that for all 0 < s <T < 00
oAT
(4.35) Ean ::/ / lug|? 4 |Vug|*dzdr < oo a.s. on {o > s},
s T3

and, moreover, for every n € (0,1) there is a constant M,, independent of s, u, and L
such that

(4.36) E[1r&a[” < M,(1+ELr fu(s)[4s).

Since there is no strong dissipation in the equation for us due to the term wuqu3,
this term is viewed as the bad term. To prove (4.35), we need a new energy estimate,
which requires a localization argument and It6’s formula once more.

Fix 0<s<T < oo, k>1, and let (I, 7;) be as in the proof of Lemma 4.3. For
Jje{1,2}, let

ugk)(t) =1ru;(t A1) on Qx[s, T

Note that u;-k) >0 a.e. on [s,T] x Q x T3 by (4.30).
We claim that there exist 6, ¢y > 0 such that for all ¢ € [s, T7,

t
(437) w07+ / / Lpgrr| Vuaf? dardr < 1rfJu(s)| 17
s JT

t
+Co// 1[S,Tk]xp|uz|2dacd7“—i—colC(t)—|—/\/l(t),
s JT3
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where M is a continuous local martingale (which depends on k) and such that

M(s) =0 and

t
(4.38) lC(t)::// L oyxr (1 + ufud + uf + | Vu [?) dzdr.
s JT3

To see that the claim (4.37) yields (4.35), one can argue as follows. The bound-
edness of the good part implies that IC(T") < oo a.s. on {¢ > s}. Therefore, (4.35),
(4.36) follow from the stochastic Gronwall lemma [32, Corollary 5.4b)] and (4.37) and
embedding LO(T?) < L¢(T?) for ¢ <6. We divide the proof of (4.37) into three steps.

Step 1: There exist 0, c; > 0 such that for all ¢ € [s,T] and T" as above,

t
(39 el O 10 [ [ el Vsl dodr < T fus(s)
s JT

t
+cl// 1[S7Tk]xp(u§+u1u§’)dxdr+lC(t)+M1(t),
3

where M is a continuous local martingale (which depends on k) such that Ml(s) =
Asin (4.4), by Assumption 2.1(3) and applying the Ité formula to ¢ +— ||u2 (t)|
it follows that, a.s. for all t € [s,T7,

t
(4.40) 1F\\ug’“>(t)||%2+u2// Lo ry x| Vuo|? dz dr
s JT3
< Ipllua(s)||72 + 11(t) + Lo (t) + M (t),

where M, (t) is a local continuous martingale such that M;(s) =0 and

—2/ / 1[5 Th) ><Ff2 )Ugdl‘d’/‘

=5 [ [ s (e 423 10na Dualgnate] | s

n>1 n>1

We estimate I; and Iy separately. It is easy to see that a.s. for all ¢ € [s,T] (using
(4.30)),

t
t)S/ / l[sﬁk]xp(ug+u1u§)dxdr+IC(t).
s JT3

Moreover, by Assumption 4.10(4), one can check that also

t
05/ /dl[smxr<1+IVu2|>N2(~,u)1/2dxdr
s JT
t
5//1[s,fk]xr(u§+u1u§)dxdr+1qt).
s JT3

Hence, (4.39) follows by combining the previous estimates with (4.40).
Step 2: For each g > 0, there exists a local continuous martingale My (depending
on k) such that Ms(s) =0, and a.s. for all t € [s,T],

t
(4.41) / / l[S,Tk]Xpulu‘z dxdr S 11"”“2(5)”%2 + CEOIC(t) + Mg(t)
s JT3

t
+// 1[S’Tk]><F|:COU§+EO|VU2|2 dzdr.
s JT3
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Applying Itd’s formula to (uy,us) fT3 ujus dx gives that a.s. for all ¢ € [s,T],
3
(4.42) / o (¢ 2l (¢, ) de < 1 / w5, 2)ua(s, 2 dz + 3 Ji(t) + Maf2),
T3 T i=1

where M (t) is a local continuous martingale such that Ms(s) =0, and

t
Ji(t) := —/ / 1is, 7 xT [(al -Vuy) - Vug + (az - Vus) ~Vu1] dxdr,
s JT3
t
Ja(t) 1:/ /3 1(s,m xT [f1(',u)u2 + fz(-,u)m} dzdr,
s T
t
J3(t) = Z/ / 16 7 xr [(bn,l -V)uy +gn,1('7u)] [(bn,z - V)uz +gn,2('au)] dzdr.
s JT3

n>1

The first term on the RHS of (4.42) can be estimated as [1, u1(s, z)ug(s,z)dz <
lui(s)]|25 + [Jua(s)||2 a.s. on I'. Next, we estimate the remaining terms. We begin
with Ji. Since a; is bounded, it follows that for all g9 € (0,1),

t
J1(t)§%0// 1[877—k]><]_“|vu2|2dxd7”+CEOK(t).
s JT3

Next, we estimate Jo. From the definition of f = (f;)?_; (see (4.18)) and boundedness
of the coefficients a;, §8; (see Assumption 4.10(2)) we obtain that a.s. for all ¢ € [s,T7,

t t
Jz(t)S—/ /Tsl[s,rk]xruwgdxdr-i-co/ /TS1[S’Tk]xp(1+u%u§—i—u%—i—u%)dxdr
s S
(4.38) t \ f 2
< */ /d 15 m xruruydzdr + C’o/ /d L[, xrus dzdr + CoK(t).
s JTE s JT

Finally, to estimate Js, note that by the Cauchy—Schwarz inequality, for all ¢t €
[s,T] and &g € (0,1),

c t
3O [ [ A (TuaP + a6 dedr

t
+Ce / /’11‘3 Lo (IVn? + [[(gn,1 (5 1)1 l172) do dr

() i
S 650/ / 1[5,-rk]><1“(u§+ ‘vu2|2+ulug)d$dT+Oeolc(t)v
s JT3

where in (i) we used Assumption 4.10(4) as well as (4.38).

Now (4.41) follows by combining the previous estimates with (4.42) and addition-
ally using that [ ugk) (t,x)uék)(t,x) dr >0 as. on [s,7] as u >0 (see (4.30)).

Step 3: Proof of (4.37). Let ¢; >0 be as in (4.39). To prove (4.37), it is suffices
to use (4.41) with g9 = (2¢1)~! in (4.39). Note that on the RHS of the correspond-
ing estimate the term %f; fw l[s,Tk]xp|VuQ|2dx dr can be absorbed on the LHS as
f;k Jps [Vuz|?dzdr <k a.s. on T by the definition of 7. This completes the proof of
(4.37). 0
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After these preparations, we now estimate the ugly part needed for the proof of
Theorem 4.11.

Boundedness of the ugly part. We show that for all 0 < s <T < o0,

oNT
(4.43) Eag:= sup |jua(t)||3s —|—/ / [ug||Vuz|*dzdr < oo a.s. on {0 > s},
te(s,oNT) s Td

and for all v >0,
(4.44) P(1réx(s,T) >7) < () (ELr[lu(s)|ze +1).

Indeed, we will deduce this from Lemma 4.3 with ( =3 and j = 2.
First observe that by Assumption 4.10(4) on (s,0) x {o > s} x T it holds that

2

uz f2(+,u) 1 1 2
2 1= | 2o el lnalol |+ 5 gnaCo )z

n>1

< u2f2('7u)
- 2

1
< 3 [urud + Brurus + Bouj + Baus| + M1+ (1 + uf)uj +uyuj + uf]
< My + My|ul?,

+ Na(u)

where we take My := C1{, oa7)(uf 4+ 1) and My := C1j, oa7)(urug + 1) for a suitable
constant C' depending on (3; and M.

We claim that M; € L' (s, T; L3/?(T?%)) and My € L?(s,T; L*(T%)). The assertion
for M is equivalent to uy € L*(s,0 AT; L5(T?)) a.s., which is clear from the bound-
edness of the good part (see (4.31)), and moreover by (4.33) with n = 2/3, we see
that

(4.45) Elr||M; ||L1(s,T;L3/2(T3)) S+ ]ElFHUI(S)Hits)-
The required integrability of My follows from

(4.46) luruz | p2(s,7;08) < Liossylluall Lo (s,onm;noy [uzll L2 (s,ont;Lo)
(1) ii)

S 1{0’>s}||u1||L°°(s,a/\T;L6)HUQHL?(S,J/\T;Hl) < o0 a.s.,

where in (i) we used the Sobolev embedding H!(T?) < L°(T?), and in (ii) we used
(4.31) and (4.35). Moreover, using (4.33), and (4.36) with n=2/3 in (4.46), we find
that

(4.47)  Elp||Moalp2(sr.rs(rsyy S 1+ Elp te[suli . |t (8)] 36 + E1F||u2||j/2§5MT;H1)

S1+E1p|u(s)|7e-
From the above, Lemma 4.2, and Assumption 4.10(4), we see that Assumption 4.1

holds for ¢ = 3 and j = 2 with Ry = 0. Therefore, by Lemma 4.3, (4.43) holds.
Moreover, from (4.2), (4.45), and (4.47), we obtain that for all v >0, R > max{4C,1}
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P(lrgQQ(S T) > ’)/)

Ref?
< N +P(1rfluz(s)l7s + C1rl|Mil pa (s 1052y > R)

+ P(O1p|| M| g1 575 1072) + Cr || Ma| 126 105y > R)
ﬁ—k Elpluz(s)|3s N ELp|| Myl g1 (s m:n5/2) n Elr|| Mol L2(s 1;19)

<
~ oy R R R
< & 1+ Elrflus(s) |
~ ’y R N
Taking R = max{log(y'/*),4C, 1}, this gives (4.44). |

Proof of Theorem 4.11. By (4.31), (4.32), and (4.43), it holds that, for all 0 < s <
T < oo and i€ {1,2},

o AT
Ei(s,T):= sup |lu;(t)||3s +/ / |ui| [ Vu;|* dzdr < oo a.s. on {o > s}.
s Td

te(s,oNT)

For i =1, note that we used |u;| < |u|* + 1.

Next, we will apply Theorem 2.5(2) with d = 3 and hg = h = 3 (and thus (s =
@ = 3) similarly as in Step 2 of Theorem 3.2. We first claim that for all 5 € [0, 1],
s>0 and a.s.

(4.48) w; € L (s,0 NT; LY G=2)) e {1,2}.

Fix i € {1,2}, and observe that from (4.43) we see that v; 1= 1(5 oa1)|us|®/? €
L*>(s,T;L?) N L?(s,T; H') a.s. By interpolation and the Sobolev embedding H! —
LS, we find that

v; € L®(s,T; L) N L*(s,T; L5) — L*/"(s,T; L% B=2M)  for ne[0,1],

which implies the claim by rewriting the integrability in terms of u; again.

Now let &g € (1, 2) be such that Assumption 2. 1( ) holds. Then one can readily
check that there ex1st q € (3, 5= 5 ) and pg > 57 V such that = + 3 =1
and Assumptions 2.1(po, o, ho, o) and 2. 2(p07q0,h0,50) hold. Observe that by the
restriction on §p we have g € (3,9). Hence, there exists 7o € (0,1) such that go = 3792770
and therefore % =1- q% = 21 and thus py = n% From (4.48) with n € {0,790} it
follows that

P(s<o<T)= IP’(S <o <T, sup |lu(t)|rs + |lullLro(s,o;ra0) < oo) =0,
t€ls,o)

where in the last equality we applied Theorem 2.5(2) with Ay = d = 3 (and thus
W = 3). Letting s ] 0 and using o > 0 a.s., we find that P(c <T) =0. Letting
T — 00, we get 0 =00 a.s.

Finally, note that (4.28) follows from (4.33) and (4.44). Similarly, (4.29) for i =2
follows from (4.44). For ¢ = 1, it follows from (4.33) and (4.34) and the estimate
[ua] < fua|* + 1. O

Ezample 4.12 (stochastic Gray—Scott model). In the deterministic setting, the
Gray—Scott model has been proposed by P. Gray and S. Scott in [35, 36, 37] in the
study of autocatalytic reactions. Taking into account spatial diffusivity and small-
scale fluctuations, stochastic perturbations of the Gray—Scott model are of the form
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(2.1) with £=2, F =0, and f1(-,u) = —u1ud+~y1u; +m and fo(,u) = uju3 +y2us+ns.
Here u; and us denote the concentration of reactants in certain chemical reactions.
Finally, v;,n; are & @ %(T%)-measurable maps to be determined experimentally.

It is easy to see that the stochastic diffusive Gray—Scott model is a special case
of the Brusselator system (4.18). Hence, under suitable assumptions on (a,b, g,u),
global well-posedness for this model in d € {1, 2,3} follows from Theorems 4.9 and 4.11
as well.

5. Continuous dependence on initial data. The aim of this section is to
prove the continuity of global solutions of reaction-diffusion equations with respect
to wp assuming (relatively weak) energy estimates. As we have shown in sections
3—4, the validity of such energy estimates depends on the fine structure of the SPDE
under consideration. However, they hold in many situations as we have seen in the
applications of sections 3—4.

As in section 2, let us consider the following system of SPDEs on T% with initial
data at time s > 0:

du; — div(a; - Vug) dt = [div(Fi(-,u)) + fi(~7u)} dt

(5.1) +y° [(bn,i -V)ui + gn,i(~,u)] dwy,

n>1

ui(8) = s,

where s € {1,...,¢} and £ >1 is an integer. Note that (5.1) coincides with (2.1) in the
case s =0.

5.1. Main results. We start by formulating the main assumption used in this
section.

Assumption 5.1 (global energy estimate). Suppose the assumptions of Theo-
rem 2.4 are satisfied for (p,q,h,d) and with k. as in Assumption 2.2. Set g :=
@ V2. Let (o € [qo, 00] be such that 2 —§ — g > —go, and let sg > 0. We say that
Assumption 5.1 (sg,(p) holds if we have the following.

For all initial data such that
Usy € L}SO(Q;CG(TCI;RZ)) for some 6 >0 and u,, € L°(Q x T4 RY),

there exists a global (p, k¢, 9, ¢)-solution to (5.1), and for all T'> sg and v >0

P( sup |[u(t)]|Ta >7> < oo (N (L + Elug [ 5% ),

tE(SO 7T]

T
|q0—2 12 > < Co
P (ggg\ge | et arar 7) < Yoo (1) (14 Ellueg [, ).
where 9 does not depend on v and u and satisfies lim_, o 95, () =0.

Moreover, given S C R’ we say that Assumption 5.1(sg,(p) holds for S-valued
functions if the above is satisfied for all u,, with values in S.

Due to the estimates proved in sections 3—4 and a translation argument, all (sys-
tems of ) SPDEs analyzed in these sections satisfy Assumption 5.1(sg, (o) for all so >0
and some (y € [go, 00|, where in some cases we need to take S = [0,00)’. Moreover,

in all but one case, one can take (j = qg. The exception is the 3D Brusselator of
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subsection 4.3.2, where we need 6 = (o > go = ¢ =3 (see (4.28)—(4.29)). In the latter
case, 2 — 9 — g > _g% still holds, where without loss of generality, we can restrict
ourselves to § < % In particular, the results below apply to all SPDEs considered in
the paper. Finally, an inspection of the following proofs shows that in Assumption 5.1
we may replace E||lusg, H%’CO by El[us, | 7%, » where 79 € (0,00) is an additional parameter
which can be chosen independently of (j.

Next, we formulate the main results of this section.

THEOREM 5.2 (continuous dependence on initial data). Let the assumptions of

Theorem 2.4 be satisfied with q,p > @ V2 and p > q. Let Assumption 5.1(so, (o)

be satisfied for all so € (0,00) and some S CRY. Let ug and (uén))nzl be S wvalued
and such that

d__2
u§” sy in L%, (9B, " (THRY).

Then there exist global (p, ke, 9, q)-solutions u and u™ to (5.1) with initial data ug
and uén) at time s =0, respectively, and for all T € (0,00),

d__2
u™ S in LO9QC([0,T); Bey ™ (T4 RY)).

Note that the assumption g > dh=1) o implies that the critical space considered

2
in Theorem 5.2 has smoothness < 0. It is likely that the restriction p > @ V2 can
be removed, but it does not lead to any serious limitations.

Next, we state a similar result for critical Lebesgue spaces under the further
restriction that Assumption 5.1(sg, (o) holds for sg = 0 as well (which is the case in

all applications). Recall that Theorem 2.4 applies for p large enough (see [7, Remark
2.8(c))).

PROPOSITION 5.3 (continuous dependence on initial data in L?). Let Assump-
tions 2.1(p,q, h,d) and 2.2(p,q, h,0) be satisfied with ¢ = @ V2 and for some § > 1,
p>qV 235. Set k= K, ::p(l — %) — 1. Assume that Assumption 5.1(s,() holds and
for all s > 0 and for some ¢ € [g,¢], S C RY. Let uo,uén) € Lf)% (Q;LC(’JI‘d;RZ)) be
S-valued and such that

u(()")%u() mn LO(Q;LC(Td;Re)).

Then there exist global (p, ke, d,q)-solutions w and u™ to (5.1) with initial data ug
and ué") at time s =0, respectively, and for all and T € (0, 00),

u™ = LO(Q;C([0,T); LY(T% RY))).

Let us stress that u(™ u € C([0,T); LY(T%RY)), a.s. is part of the assertion in
the above. It does not follow from Theorem 2.4 because we only have L7 C Bgm for
p>gq.

In particular, Proposition 5.3 implies that limg o u(t) = ug in LO(Q; L9(T?;R")).
As a consequence, the energy estimates of sections 3 and 4 extend to s =0 for initial
data in LS.

COROLLARY 5.4. The following energy estimates extend to s =0 for the initial
data as stated:

(1) (3.1) and (3.2) with T = for ug € L*(T%;R").

(2) (4.19) and (4.20) with T =Q for up € LS (T4 R?).
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(3) (4.28) and (4.29) with T' =Q for ug € LS(T?;R?).
Before turning to the proofs of the above results, we collect some observations.

Remark 5.5 (more on continuity in Lebesgue spaces). Suppose that the conditions
of Proposition 5.3 are satisfied (in particular, ¢ = d(h Dy 2). Let T >0 and ¢ €
{1,...,£}. Proposition 5.3 implies that lim,jou;(t) = ug; in LO(Q; LI(T?)). As a
consequence, the following improvement can be obtained under further restrictions:

(a) If ro > 0 and sup,¢o 1) E||ui(s)||20q(w) < 00, then

lgfglu(t) =uy in L"(£; L9(T?)) for all r € (0,7).

(b) If limsupg o Eflu;(s)]|%

HLq('[[‘d) < EHUO,Z'”%(I(W) <00, then

lig)lui(t) =ug,; in L9(Q; LI(TY)).
t
Part (a) follows from [44, Theorem 5.12]. The condition is satisfied in many of the
applications.
To prove (b), note that by Fatou’s lemma and the convergence in probability,
E||uo,; <limﬁ)nfEHul( s)

HLq (Td) =

q q
- < WD B ()] iy < Bl L gy

HLq(Td = Elluo, qu(Td)
from [44, Theorem 5.12]. The condition in (b) is satisfied in the case of fully dissipative
systems discussed in section 3 in the case where Assumption 3.1(¢) holds; cf. (3.32)

and Step 6 in the proof of Lemma 3.12 since 0 = 0o a.s. by Theorem 3.2.

5.2. Proofs of Theorem 5.2, Proposition 5.3, and Corollary 5.4. We
begin by proving the following key lemma. The following should be compared with
[4, Proposition 4.5].

Hence, limgjoE| u;(s) and the required result follows again

LEMMA 5.6. Let the assumptions of Theorem 2.4 be satisfied; in particular, let
(p,9,q) satisfy Assumption 2.2 and ke ::p(% — %(5+ %)) —1. Set qp:= @ V2.
Let so > 0 be fized, and suppose that Assumption 5.1(sg,Cy) holds for some S C R®.
Fiz

Usy, Vsy € L?g'so (Q; CY(T%RY))  for some 0 >0 such that u,,vs, € L% (Q x T4 RY).

Let w and v be the (p, ke, 0,q)-solution to (5.1) with S-valued initial data us, and vs,,
respectively. Then, for all T > s, R > 0, there are constants Cr and Cr such that
v >0:

5.2 P max sup |[|u(t)— 0
6:2)  B( max, sup () - )] 29)

2eR ~
< TEHusO Vs [ %0 + Wso (R) (1 + Elus, |5, + Ellvsg [15%, ),

where IZSO only depends on s,, T, qo, Vi and d and satisfies limp_, oo 1;30 (R)=0.

The tail estimate (5.2) is only useful if E|lus, — v, ||%%, is very small. For instance,
this is the case if v, = u(gﬁ) converges to u,, in L%(Q x T%). After letting n — oo, we

can let R — oo to obtain a convergence result for the corresponding solutions.
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Proof. By a translation argument, we can suppose so =0. From Assumption 5.1
and arguing as in Step 2 of Theorem 3.2, we obtain global existence and uniqueness
for (5.1) with initial data ug and vg. Moreover, by [7, Proposition 3.1], with large
integrability parameters (p,q), 6 =1, and x =0, we find that v and v are in C([0,T] x
TR N LP(0,T; H-9(T%R")) a.s. Note that here we also used the compatibility
result [7, Proposition 3.5].

Let w; = u; — v; and wog,; 1= ug,; — vo,; for all 4 € {1,...,¢}. By It&’s formula
applied to w; — ||Jw;||%%,, (and an approximation argument as in (3.28)), we have, a.s.
for all t €[0,T],

(5.3) fws(l|2e, + 2% =1 / / i 02 Vo, ? dr s

< ol + oY / 7 ds + M(0),
j=0"0

where M is a continuous local martingale such that M (0) = 0, Cy is a constant
independent of ug,vg, and J; : [0,T] x @ =R for j € {0,1,2} are given by

D= [ A i

7 —/ IFy(-w) — Fi(0)| |2 | V| de,
Ja 72/ |w |qO 2|gn z(, )*gn,i(',vﬂzdx'
n>1

Here and below we omitted the (¢, z)-dependency for notational brevity.
Step 1: For all € > 0 there exists C; > 0 such that a.s. pointwise in [0,T],

2
Z i <e max/ lw; |72 | Vw,|? dz
Td

1<i<t
+ho—1 +ho—1
+C:(1+ ||u|‘%0qo+20—1(qrd;ﬂy) + ||UHqLoqo+r?o—1(Td;Re))||w||qLOqo(Td;Rz)a

where hg:=1+ 2¢o > h and 110:@\/2.
We begin by estimating Jy. Assumption 2.1(4) and Holder’s inequality give

64) oS [ @l el do
Td
S+ |‘U||]£2;+1h0—1 + ||U‘|}£Z;+1ho—1)”w| %OQO‘FhU 1
ho— ho—
S+ Hu||L?m+1h0_1 + ||U‘|L?zo+1h0—1)( H<1aé<€ [|w HqLOqOJrho—l)-

Note that ¢o + hg — 1 = (%)(ho —-1) = Mqo Fix ¢ € {1,...,£}. By Sobolev
embedding and interpolation estimates, we find that with 6 = d%‘f_g,

(5:5) il 7

2
Lao+h—1(Td) = H |wi|q0/2HL2(dI2)

< ||lewil /2|2,
< [llwal 202|357 s /2|37

20
1-0) _
S T U T A O

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/04/24 to 154.59.124.113 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

4916 ANTONIO AGRESTI AND MARK VERAAR

Since }110:91 = qo + ho — 1, the Jy-part of Step 1 follows by combining (5.5) in (5.4)
with Young’s inequality. To estimate Jq, Jo, note that by Assumption 2.1(4) and the

Cauchy—Schwarz inequality we have

J1+J2§Z/ |wi|q°’2|Vwi\2dx+Cs/ (1 + Ju|to=t 4 |p|ho=1) w|® de.
Td Td

Hence, we can apply the previous argument to estimate the last term in the above
estimate.

Step 2: Let (10, (o) be as in Assumption 5.1(sg, (o) with so =0. Then there exists
a constant K > 0 depending on qo, ho,d such that for each z € {u,v} and all r >0,

ho—
]P)(HZ||%Oq—:')_+20—11((0)T)><']I‘d,;RZ) > r) S Kwo( )(1 + ]E”ZOHLC())

where 0 = m We argue as in (5.5) with an additional integration in time and use

Young’s inequality to obtain

4] a1 0 mysmsy = el 2z L ((0,7)xT9)
(1-0)
S H|“Z (IO/QHi;(o,T;LZ H‘ il 0/2HL2 (0,T;H1)

< M| % .20 +/0 /T i 02|V, |2 dards.

Now the claim of this step follows from Assumption 5.1(0,y) and ‘104';7001 %

Step 3: Conclusion. Combining the estimates of Step 1 in (5.3) and choosing
€ > 0 small enough, we find that

w . iq@(qO — 1) ¢ qo—2 2
XU(0)= e () + o PSR a0 Vo dwds

< [lwoll T +Cs/0 (1+a"(s) +a"(s)) X (s)ds + M(1),

where a* = HZHqLOqurfE;—ll(Td.th for z € {u,v}. Therefore, by the stochastic Gronwall

lemma [32, Corollary 5.4b)] we obtain that for all v >0, A >0, R>0

R
e
P(X¥(t) >7) < TE(”wO”(IZJO‘ZO AN) + P([[wol Zoo > A)

T
+P (c/ (1+a"(t) +a* (1)) dt > R) .
0

By Step 2 and Assumption 5.1 for each z € {u,v} and all r > 0, we can estimate

T
IP’(/ az(t)dt>r><K¢o( )(1+El|z0]l%%,)-
0

After setting r = % — L we obtain that
P C/T(1+a“(t)+a()dt>R P / (t) kT
“Jo o 2C. 2

< Ko (r?) (1 + Elluoll$%, + Ellvol|%, ).
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Therefore, taking A = /e we can conclude that
w 2¢eft
P(X™(t) >~) < TEHU}OH%OQO + Ko (r®) (1 + Eluo| %, +Ellvoll$, ).

Hence, the required assertion is proved with 1o (R) = Ko (r?) = K’L/JQ((QgE —L1y%) for

R>C.T and ¢(R) =1 otherwise. d

We are ready to prove Theorem 5.2. The main idea is to combine local well-
posedness, say on [0,Ty] for Ty > 0 (see, e.g., [7, Proposition 2.9]), and then to use
Lemma 5.6 on the time interval [¢,T] where 0 < t < Ty. The advantage is that on [¢, Tp]
we may use the instantaneous regularization of anisotropic weighted function spaces
(see, e.g., [2, Theorem 1.2]dwit§1 positive weights) to go from the (possible) negative

smoothness of the space By, "' if ¢ > @ to a space with positive smoothness so

that Lemma 5.6 is applicable.
d 2

Proof of Theorem 5.2. To economize the notation, we let ), := By, " '. Let
us begin by noticing that, as Assumption 5.1(s, (o) holds for all s > 0, the SPDE
(5.1) has a global (p, ke, 9, q)-solution u for all ug € LoyO (€;Y,). To see this, recall
that the existence of a (p, k¢, 0, ¢)-solution (u, o) follows from Theorem 2.4 with o > 0
a.s. and that (2.4) holds. In particular, 11,-u(s) € L% (©;C%) for all § € (0,1).
Now Assumption 5.1(s,{p) for all s> 0 and the proof of Step 2 of Theorem 3.2 show
that there exists a global (p, ke, d,q)-solution v to (5.1) on [s,00) with initial data
14> s3u(s). Moreover, v has the regularity stated in (2.3)(2.4). Clearly, (ul{sssy,0V
s) is a (p, ke, 0, q)-solution to (5.1) on [s,00) as well. By maximality of the (p, ke, 9, q)-
solution v, we have v =w on [s,0). Let By = g - % and vg = g + % — hzl. Then,
using the regularity of v and w=wv on [s,0), we find that

]P’(8<0<T):]P’(S<U<T, sup Hv(t)||L<0<oo)
tel0,0)

< IP(S <o <T, sup [u(t)]c < oo) =0,
tes,o)
where in the last step we used [7, Theorem 2.10(1)]. Letting T'— oo and s | 0, we
find that P(0 < 0 < 00) =0. Since o >0 a.s., we can conclude that o = co.

Step 1: Reduction to the case where (u(()n))nzl are uniformly bounded as YV,-valued
random variables. In this step, we assume the statement of Theorem 5.2 holds for
bounded initial data. Let (u(()n Jn>1 be as in the statement of Theorem 5.2. Let n > 0.
Using Egorov’s theorem, one can see that there exist an Qg € %y and a constant K
such that P(€p) > 1 —n and Huén)Hyp < K on Q. In particular, [[uo|y, < K a.s. on
Q.

Let @ and (™ be the global (p, ke, ,q)-solution to (2.1) with data 1o,uo and

190uén), respectively. By localization (see [5, Theorem 4.7(4)]),

t=u and "™ =4 as. on [0,00) x Q.

Thus,

P ( sup lu(t) —u™(t)[ly, = 5) <P ( sup a(t) —a™ (1), 26) + P2\ Qo)

te[0,T] t€[0,T7]

<P ( sup [[u(t) — ™ (t)|]y, 26) +1.
t€[0,T]
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Since (190u(()n))n21 is uniformly bounded, the assumption of Step 1 implies

limsupP< sup [u(t) —ul™ (t)||y, >e> <.
n— 00 te[0,T]
Since 1 > 0 was arbitrary, this completes Step 1.

Step 2: Splzttmg argument. By Step 1, we may suppose that there is a constant
K such that Huo lly, <K a.s. Therefore, ug — ug in L"(£2;),) for all r € [1,00).

By [7, Proposition 2.9] with parameters (p, ke, 0,q), there exist Ty, Co, Ng > 0 and
stopping times og, o1, J(()") € (0,00) such that for all v >0, n > Ny, and t € [0, Tp],

(5.6) P<SI[1Op]|u( ) —ud(5)ly, =7, oo Aol )>t) EHu 0 —ul >|\p
se|(0,t

(5.7) P(oo Aoy <t) < Co[Ellug — u” |15, +P(or <1)].

To exploit instantaneous regularization results for anisotropic spaces (see, e.g., [2,
Theorem 1.2]), we also use [7, Theorem 2.7] in another situation. Fix r > pV{y so large

that 2—§— 2 — g > —gio (recall that 2—§ — ¢ > - by Assumption 5.1). The choice

of r and Sobolev embedding yield Bg; 3 — LCO. Let p:=r(;25 — (6 + g)) —1.
By Theorem 2.4 and [7, Remark 3.4 and (3.31)] with parameters (r,u,d,q) and [2,
Theorem 1.2], there exist T7,C1, N1 > 0 and stopping times To,Tl,Tén) € (0,00) such
that for all v >0, n > Ny, and t € [0,Ty],

(5.8) E[1,050 s (5" 6 ($)].0) | < 1,
(5.9)
(L pnfr5ey 0P, (57 0(o) = 0 (5)550)| < CaBlun — w5,
(5.10) P(ro A7y™ <t) < C1 [Ellug — ul” |13, +P(r <1t)].

Although the estimate (5.8) is not contained in the statement of [7, Theorem 2.7], it
readily follows from the choice of 7q in its proof and the fact that sup,,~, E||u(()") 13, <
oo. Note also that we used the compatibility result of [7, Proposition 3.5] to ensure
that the solution provided by Theorem 2.4 applied with (r, x1,d,q) coincides with u.

With the above-introduced notation, we can now give the assertion of the theorem.
To begin, let us set Ty :=To ATy and @; :=0; A7; for i € {0,1} and o™ = O'(n) /\T(")
for all n > 1. Fix ¢t € (0,T%], v > 0, and n > Ny V Nj. F0r0§t1§t2§Tand
Y e{o, 1,0}, we write

1 =P sup [luls) = u™(s)ly, 27, vo Aug” > t).

s€[t1,t2]

If ) <ty <ty, then I}, < I}, +1I}
from (5.6)—(5.7) and (5. 10) we obtain

s and TP <min{I7 . IT . }. Therefore,

P( sup [[u(t) —u™(®)]y, >7) <Plpo Ay <t)+ 15,
te[0,T]
<P(og A J(”) <t) Jr]P’(TO /\T(") <t)+ 15, + 1/ r
< Co(1+77P)El|ug —u” |15, + CaEl|uo — ul” 5,
+P(or <t) +P(my <t) + I] 7.
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Step 3: Estimating I] 7. Let u and 7™ be the global (g, ke, 6, ¢)-solution to (5.1)
with initial data 1{7‘0/\7‘én)>t u(t) and 1{7—0/\Tén)>t}u(n) (t) at time t, respectively. By
localization (see [5, Theorem 4.7(4)]),

u=7 and u™ =7 both a.e. on [t,00) x {9 A Tén) >t}

Recall also that u(s),u(™ (s) € C? a.s. for all 6 € (0,1) and s >0 by Theorem 2.4. Let
C' be the embedding constant of L% — ), (here we used that p > qg). Then we can
write, for all R > 0,

T < 7(s) — () >
I <P( sup fa(s) -7 (s) e 2 )

(5.2) 2eF (120 "
. e ORI Ol Y
+(R) (T E[L,, o IOl | FE[1, oy [ @15, ])
(5.8)—(5.9) 2R (%0 N , L (9}
< T [ s 00 P Oll) |+ R+ 2077)

2¢11C™ ’ sy ] @
< e B, (09 ]t 2

(5:9) 2RO/ 090 (n)r 7% 0
S W[EHUO — Ug ||y7} " +\Ilt(R)(1+2017 ),
where W, (R) :=t—(©m)/7),(R) for R,t> 0.
Step 3: Conclusion. Collecting the previous estimates and letting n — oo, we
obtain

limsup P ( sup [lu(t) —ul™(t)||y, > 7) <P(o1 <t)+P(r1 <)

n— 0o te[0,T]

So
™

+ U (R)(1+2C,7).

Now first using limptee {/Jvt(R) =0, and then lim; o P(o1 <t) =lim; o P(m <t) =0, we
obtain the desired convergence in probability. ]

Proof of Proposition 5.3.

Step 1: Continuity of u. We first prove that u € L°(Q;C([0,T]; L9)). By localiza-
tion (see [5, Theorem 4.7(4)]), we may suppose that ug € L1(Q; L7). Let (u(()n))nzl be
such that u(()") — ug in L¢(Q x T%RY) and u(()") € Lf% (;C1) for all n > 1. Let u(™
be the solution corresponding to initial value u(()").

By Assumption 5.1(0,¢) and Lemma 5.6, we find that

lim P ( sup_|u™ (t) —u"™ (1) L0 > 7) St ¢o(R)(1+2E|luo .-
m,n—o0 t€[0,T]

Letting R — oo, it follows that (u(™),>; is a Cauchy sequence in L°(Q;C([0,T]; L9))
and therefore it converges to some u € L°(Q;C([0,T];L9)). Since u(™ — u in
L°(Q;C([0,T); B ,)) by Theorem 5.2, it follows that @ = u. This proves the required
continuity.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/04/24 to 154.59.124.113 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

4920 ANTONIO AGRESTI AND MARK VERAAR

Step 2: For all ug,vg € ngo(Q;Lq(']I‘d;Re)) and T, R > 0, the following estimate
holds:

C
(5.11) P( sup ||U(t)—v(t)||LqZW> St Z2El|uo — vo |4
te[0,7) Y

+0(R)(1+ Elluo | .c + Ellvol|%),

where 1 is as in Assumption 5.1(0, ().

The estimate (5.11) is an extension of part of the estimate (5.2). To prove it, we
need to get rid of the Hélder continuity assumption via an approximation argument.
Let (ul)p>1 and (v{™)n>1 be such that ul — ug and v — vg in L9(€Q; L9(T% RY))
and u(()n),v(()n) € LQL% (Q;C1). Let u(™ and v(™ be the solutions corresponding to the
initial data uén) and v(()n).

By Lemma 5.6, estimate (5.11) holds for s =0 with (u,v) replaced by (u(™,v(™),
From the proof of Step 1, we obtain that u(™ — u and v — v in L0(Q; C([0,T]; L9)).
Therefore, (5.11) follows by taking limits n — oo.

Step 3: The convergence assertion. As in Step 1 of Theorem 5.2, we may assume
ug and ué") in LP(Q x ’H‘d;RZ). To prove the convergence assertion, we can argue
similarly to Step 1 but now using (5.11). d

It remains to prove Corollary 5.4.

Proof of Corollary 5.4. We only prove (1), as the others follow similarly. More
precisely, we only prove the following estimate:

T

(5.12) sup Elu(t)]|5 +E/ / [ul=2|Vul? dz dt < No(1+Eluoll5)-
te[0,T] 0 JTd

The estimate (3.2) follows similarly. Recall that £=¢=1 in the setting of (1).

Fix ug € LF%(Q x T%). Choose (u{™)n>1 C L;O(Q;C’l('ﬂ‘d)) such that u{"™ — ug
in L$(Q x T4). Let «™ be the global (p, ke, d, q)-solution to (5.1) with i =¢=1. By
the last assertion of Theorem 3.2, one sees that (5.12) holds with (u,ug) replaced by
(u("),u(()n)). From Proposition 5.3, we see that up to extracting a subsequence, we
have u(™ — u a.s. in C([0,T]; LY(T%)), and in particular in L°(Q x (0,T) x T%).

Since |V|u(”)\</2|2 = %|u(”)|4*2|Vu(")\2, by the above we see that v, = |u,|*/?
is a bounded sequence in L2(Q x (0,T) x T%). Therefore, it has a subsequence such
that v, — v weakly in L2(Q x (0,T) x T%). Since we already know that u(™ — u
in measure, it follows that v = |u|/2. By lower semicontinuity of the L?-norm in the
topology of weak convergence, we see that

T T
E/ / |V|u\</2|2dxdtgliminf]E/ / |V w672 Az dt
0o Jra k—roo o Jrd

<liminf No(1+ ElJuf™[[§¢) = No(1 +Elluo| 5. ).

This gives the required estimate for the second term on the LHS of (5.12). For the
proof, for the first term fix ¢ € [0,7]. Since (u(™(t)),>1 is bounded in L¢(Q x T%), it
has a subsequence such that u(™ (t) — & weakly L¢(Q x T%). Since u(™ (t) — u(t) in
LO(Q; L9(T?)), it follows that u(t) = £. Therefore, as before,

Ellu(t)[c <Eliminf [Ju™) (0)]|§; < liminf No(1+E[lug™ [|5.) = No(1 + Ellug[$). I
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Appendix A. Generalized It6’s formula. The next version of It6’s formula
will be applied several times. The proof is analogous to the one of [21, Proposition
A.1], and it is omitted for brevity.

LEMMA A.1 (generalized 1to’s formula). Let £ : R — R be a C?-function with
bounded derivatives up to second order. Fiz 0 <T < oo, and let T be a stopping time
with values in [0, T). Assume that vy : Q — L?(T%) is F#y-measurable and the following
hold:

o &:=(®;)9_, € L2(0,T; L*(T4R")) and ¢ € L'(0,T; L*(T%));
e (Vn)n>1 € L2(0,T; L%(T% %)) a.s
e ¢, P, and v, are progressively measurable.
Suppose that, a.s., v € C([0,T]; L?(T%)), v € L?(0,7; H'(T)), and v satisfies

dv = ¢(t) dt + Lo div(®(t)) dt + Y o (t)dwf  on [0,T] x Q,  v(0) =1y,

n>1

both in H=Y(T%). Then, a.s. for all t €[0,T],

dx—/ &(vo) dx—i—/ / & (v s)dxds
// 10,1 (v(s))Vu(s) - ®(s)dxds

+Z/ $)) o dzdw? + = Z//g" N|tn(s)|? dz ds.

T d

Note that Vv -® e L'((0,7) x T%) a.s. due to the assumptions of Lemma A.1.

Appendix B. Proof of Lemma 3.5.

Proof of Lemma 3.5. Since all arguments are pointwise in (¢,w), we omit it from
the notation for convenience and just write - instead.

Step 1: Estimate for F. Set F(-,x,u) := [, [y|*"2F(-,x,y)dy for u € R. Since
(z,y) = F(-,x,y) and (z,y) = Oy, F(-,x,y) are continuous, by the Leibniz integral
rule we have, for u € C(T%),

dive [F(,z,u(z))] = \U|<72F(',$7U(I))'VU+/ ly|* 2 div, F (-2, y) dy.
0

Since F and u are periodic, the integral over T¢ of the LHS vanishes, and therefore

u(x)
:‘ / / 6 div F (-, 2, y) dyde
T JO

lu(z)|S™r sup |div,F(-,z,y)|dz

[ et

T =1 Jqa Iyl <|u(=)|
<o @2 sup |diva(.,a:,y)|2da:+CE/ ()| da,
T i< lu@)] e

where we used Young’s inequality with € > 0 arbitrary and C; > 0.
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Step 2: Estimate for the product of b and g. Next, we estimate the product term

involving b,, and g,, using a similar idea. Set G, (-,x,u) := fou 1y 2, (-, 2, y) dy for
u € R. Then the Leibniz integral rule gives that

u(t,z)
Bz, (G (2, u(@))] = Ju(@) |2 gu (-, 2, ul@))Oju() +/0 Y| 200, 9n (-, 7, y) dy.

Integrating by parts and arguing as before using the periodicity of b, G,,, and u, we
find that

- [u(@)|* 2 [(bn (-, 2) - V)u(z) gn (-, z, u(2))] do

u(t,z)
= v u(x))dx LT (-2 T xT.
| avntg, o)t [ b [ gy

Thus,

IS¢ Yu() g (-, u(x))] da

n>1
|u(z)|
< / / 912 37 [div(ba) (> 2)llgn (- 2,)] dy d
Td —|u(x)| n>1
[u(z)]
[ S )l Vg )]y
T [u(z)] n>1

[u(z)]
< (v (b)) | e s / / o Tzl

u x
|
0 mleae || / o T2 )y
ulxr
To estimate the last two terms for k € {0,1} and any d > 0, we can write
[u(2)] )
L] w105 o dy s
T4 \u(m

\(:'J)IC Posup [[(VEga(z.y))nslle dz

B C— 1 ly|<|u(z)|
<5 / |u<x>\<—2 sup  (V5gn (2, ))s1 % dz + Cs / ()¢ da,
T4 ly|<|u(z)| T4

where C5 > 0 depends on §. Therefore, multiplying by the L*°-norm of the b term or
its derivative, we can conclude that for every € >0

/ |u(x |C 22 V)ugn (-, z,u(z)) dz

n>1

<e Z / lu(x)|* sup ||(V§gn(-,x,y))n21||§2dx+C’b,g/d lu(x)[* dz.
T

ke{0,1} lyl<|u()]
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Step 3: Conclusion. Therefore, we find that

aVu-Vu+ F(-,u)-Vu— ug(_,lu) - % Z [(bn ~V)u+gn(~,u)]2
n>1
27’L>1 n>1
> |Vl - “Cf(’ — 21wzl — RO

where R(-,u) = —F(-,u) - Vu+3_ o [(bn - V)ugy(-,u)]. Therefore, to check Assump-
tion 3.1 we multiply by |u(z)|*~2 and integrate over T¢ to obtain

/Td [ul*=% | aVu - Vu+ F(-,u) - Vu — u‘cﬂ_’lu) - % Z [(by, - V)u+gn(',u)]2 dz
n>1
> [ 12 (9 = 2L s [ - RO ) di

Now note that for every ¢ >0

/|u|C*2R(~,u)dx§C{),s/ \u(x)|<dx+€/ lu(x)|*™? sup |divF(-,x,y)|*dz
T4 T4 T4

ly|<|u(z)]

e Y / w(@)2 sup [[(VEga(2,))ns1 |2 da.

ke{0,1} ly|<|u(z)]|

Using this together with the pointwise condition (3.9), Assumption 3.1 follows.
The final assertion concerning S-valued functions follows in the same way. 0
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