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Layman’s Summary

Many real-world and theoretical phenomena can be modelled by a multivariate normal distribu-
tion, so understanding how to make reliable statements about its unknown mean vector 8 € R¥ is a
central problem in statistics. Traditionally we tackle this in three stages:

1. Estimation: choose a rule (an estimator) that produces an educated guess for 8 based on our
data.

2. Hypothesis testing: decide whether the data provides enough evidence to reject a given hy-
pothesis about 6.

3. Confidence sets: construct a region in R* that, with probability 1 — @, contains the true 6.

A surprising result by Charles Stein shows that when k = 3, the usual sample mean is inadmissible
under mean-squared error: by shrinking the raw data vector toward a fixed point (typically the ori-
gin), one can obtain strictly smaller average squared error (Stein, 1954). James and Stein made this
concrete with the (positive-part) James—Stein estimator (Baranchik, 1964, James and Stein, 1961),
which multiplies the data vector X by

a
R
HX1=/ 4

Although this introduces some bias, it cuts variance enough to improve overall accuracy whenever
k=3.

This thesis explores using that same shrinkage idea not just for point estimation, but for building
better hypothesis tests and confidence sets:

e Chapter 1: Derive the sampling distribution of T(X) = (1 - alll X1+ X — 0)>. We give
closed-form expressions for any spherically symmetric distribution centred around 8.

¢ Chapter 2: Use this distribution to perform

— Simple tests: testing 8 = 0,

— Composite tests: testing whether 0 lies in a region,
at a chosen significance level a.

e Chapter 3: Construct (1 — a)-confidence sets for 6 centred at the positive-part James—Stein
estimator by

1. the plug-in method (estimating ||0|| via various rules and solving for the radius), and

2. test-inversion (collecting all y not rejected by the James-Stein test of “0 = y” at level a).

Numerical approximations show that the quantiles of the positive part James-Stein test statistic are
smaller than that of the usual chi-squared test statistic.



2 Contents

Abstract
We study the problem of constructing confidence sets for the mean vector 8 of a k-variate spheri-
cally symmetric distribution by centring them at the positive-part James-Stein estimator. Exploiting
its superior risk properties whenever k = 3, we first derive in Chapter 2 the exact sampling law of the
test statistic

T(X) = 1055-017

showing it consists of a point mass at |0 |2 and a continuous density component valid for any spheri-
cally symmetric model. In Chapter 3, we develop level-a procedures for both simple and composite
hypotheses about 6, illustrated by a worked example with k = 4, @ = 0.05. Chapter 4 then inverts
these tests to form (1 — a)-confidence sets via two approaches: (i) a plug-in method using vari-
ous norm estimators (including the James-Stein shrinkage itself) and (ii) a test-inversion principle
guaranteeing exact coverage. Numerical comparisons confirm that the plug-in method produces
smaller radii than classical sample-mean—centred sets. Our work thus extends classical multivari-
ate inference by integrating shrinkage estimation into confidence-set theory for spherical distribu-
tions.



Introduction

It is well known that many processes tend to follow a normal distribution, thanks in large part to
the Central Limit Theorem, and thus properties of this distribution are of high importance within
mathematical statistics. One such property we are often times interested in estimating is its mean
6 € R. Since the normal distribution is a symmetric distribution it would be reasonable to assume
that the sample mean would be the best estimator for 6 but Charles Stein showed in 1954 that this
estimator is actually inadmissible in 3 or more dimensions (Stein, 1954). In a later paper in collab-
oration with Willard James a concrete estimator with a lower mean squared error was introduced
which dubs the name the James-Stein estimator (James and Stein, 1961). In the same paper a slight
modification was conjectured to perform even better and this was shows to be true by Baranchik,
this estimator is known as the positive part James-Stein estimator (Baranchik, 1964).

Whilst a lot of excellent research has been done with respect towards the positive part James-Stein
estimator an area that remains to be explored more are confidence sets centred around this estima-
tor. Samworth showed some promising work regarding such confidence sets using the bootstrap
method and also provided some analytical results which involved finding the first few terms of the
Taylor series of the law of the test statistic centred around the origin (Samworth, 2005).

In this work we are mainly concerned with analytical results. Chapter 2 starts by formally defin-
ing the problem at hand followed by some properties of the defined quantities. Next the chapter
focusses on the problem of finding a general density function for the norm of X for arbitrary spher-
ically distributed random variables centred at 8. The chapter closes with its main result, the law of
the positive part James-Stein test statistic, and some of its properties. At the end some validation is
performed by taking the limit of a ¢-distribution and showing that this converges to a normal distri-
bution as expected.

Chapter 3 elaborates on classical hypothesis testing. It starts with an exploration of some of the
properties of the previously investigated positive part James-Stein test statistic with regards to hy-
pothesis testing. This is followed by a small discussion on simple and general hypothesis testing.
The chapter closes with a worked example.

The final chapter, Chapter 4, applies previously found results to construct confidence sets for 6.
It starts of by showing how classic confidence sets are constructed after which we will try to gener-
alise this to our estimator. We do this by estimation of the norm of the parameter 6 for which we
have selected several candidates. The chapter also discusses the process of constructing confidence
sets by, in some sense, inverting the hypothesis tests.

3






The Law of the positive part James-Stein
Test Statistic

In this section we will be exploring the distribution of the distance between the true mean of some
spherically distributed probability distribution and the positive part James-Stein estimator. We first
formalise these concepts and from there build towards the main result of this section.

2.1. Notation and Core Concepts
As stated before we focus on spherically distributed random variables of which we now give a formal
definition.

Definition 2.1.1. A k-dimensional random variable X with mean 6 € R¥ is said to be spherically
symmetric around 8, spherically distributed for short, if for all orthogonal matrices Q we have

(X-0)~Q(Xx-0),

where ~ denotes equal in distribution.

Intuitively this can be interpreted as that the probability of X taking some value in R¥ only depends
on the distance from its true mean 6. Mathematically this means that we can write fx(x) = g(||x —
01/2) for some function g : 10,00) — [0,00) where fx denotes the probability density of X. We take
k = 3 and note it is tempting to say that whenever a random variable is spherically distributed,
then its entries must be independent. This is not only false but actually characterises the k-variate
normal distribution.

Theorem 2.1.2. Let X be a k-dimensional spherically distributed random variable with mean 0
and mutually independent components X1, ... Xi.. Then X ~ N.(0,0°I}) for some o = 0.

Proof. Define Y := X —0. Let ¢(t) = ]_[j?zl ¢;(t;) be its characteristic function and note that
for all orthogonal matrices Q we have ¢(¢) = ¢(Q¢?). Since ¢ only depends on the norm of its
argument we can write ¢ () = (|| ¢||) for some function . If we set t3 = ... = £ = 0 then we get

k
y(\V &+ ) =112 [] ¢10) = 1 (1)1 (),
j=3

in which we used that all marginal characteristic functions are equal. Take the natural log on
both sides, define f(s) := In¢;(s) and u(s) := f(v/s). Then

f(x)+f(y)=f(\/x2+y2) = u(r)+u(s) =u(r+s).

5



6 2. The Law of the positive part James-Stein Test Statistic

The functional equation for u is known as Cauchy’s equation and has unique solution of the
form u(r) = cr for some real constant c. This implies that we have ¢, (t) = exp{f ()} = exp{u(tz)} =
exp{ct?}. Finally since |¢:(#)] < 1 we have ¢ < 0 so we can write ¢, (1) = exp{-30?t?} for some
0? = 0 which uniquely defines a normal distribution.

O

Note that Theorem 2.1.2 also allows the variance of our normal distribution to be equal to zero. In
this case we say that X is degenerate and thus by definition assumes one value with probability one.

Charles Stein showed that for k-variate normal distributions the sample mean is inadmissible (Stein,
1954). An estimator with alower mean squared error was found in a later paper in collaboration with
Willard James together with an estimator which was conjectured to perform even better. This was
shown to be true by Baranchik (Baranchik, 1964).

Definition 2.1.3. (Baranchik, 1964, James and Stein, 1961) Let X be a k-variate spherically dis-
tributed random variable with true mean 6. The positive part Stein estimator for 8, denoted by
87 is defined by

N a
0f.=(1-—| X,
s ( DSE )
in which (-); = max{0, -}, || X|| the usual euclidean norm and a the shrinkage factor.

Since the positive part James-Stein estimator performs better than the sample mean under the
mean squared error it makes sense to use it for other purposes than estimation. Later chapters
will elaborate on this but for now, we need one more definition.

Definition 2.1.4. Let X be a k-variate spherically distributed random variable around 6. The
positive part James-Stein test statistic is given by

T(X) = ||(1— IIJ?IIZ)+X_6||2.

Note that this is a one-dimensional random variable.

Considering the form of the positive part James-Stein test statistic it seems reasonable to assume
that its probability distribution only depends on 8 through its norm, ||@]|. It turns out that this is a
general result for test statistics centred around estimators of a certain form.

Proposition 2.1.5. (Samworth, 2005) For a € (0,1), the upper a-point of the sampling distribu-
tion of ||y ([1X1) X — 01|? depends on 0 only through its norm |||.

A consequence of this is that regardless of how the length of 8 is distributed among its entries the
distribution of the positive part James-Stein test statistic will behave the same way. It also gives us a
quick way to check whether or not our found distribution functions are plausible or not.

2.2. Distribution of || X]||

In the previous section we stated that if X is spherically distributed around 8, then there must exist
some function gx such that we have fx(x) = gx(|/|x — 6|[>) but one might ask how we would find
such a function. This question is equivalent to asking what is the density of the radius of X from the
origin. In some cases these functions can easily be derived from their k-variate counterparts. When
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we have X ~ Ni(0, I) this function is given by

l(x—e)T[k(x—H)} = gx(u) x exp{—%u},

[x(x) x exp{— 3

The problem of finding such a function gx becomes quite a bit more difficult when we drop the
centrality condition. For the norm of X as defined above its distribution is actually known as the
non-central chi distribution, beware that this is the root of the non-central chi-squared distribution.
Its density is given by

292
—(x"+A )/Zxk/l

(Ax)kIZ

e

Jix(x) = Ir2-1(Ax), 2.2.1)

in which we used A = ||0|| and I, (z) is the modified Bessel function of the first kind.

Though the normal distribution is perhaps the most common it would be preferable if we had a
general expression for the distribution of R = || X|| for arbitrary spherically distributed random vari-
ables. It turns out there exists such a form.

Lemma 2.2.1. Let X be a k-variate spherically distributed random variable around 0 with den-
sity function fx(x) = gx(||x—0||?) and let A denote the norm of 0. The density of R = || X|| is given

by
1 o
fr(r) = rk’1|Sk’2|f (1- )2 g(r2+A2—2rAt)dt.
-1

Where |S¥~2| denotes the surface area of a (k — 2)-dimensional sphere.

Proof. To find the probability that R = r we integrate over the sphere with radius r. This gives

fu)= [ pedsw= | gllix-eiP)ase,

x||=r
where dS(x) denotes the k — 1)-dimensional surface element. We substitute polar coordinates
along 0 which gives us x-0 = r||0]|cos(¢) and ||x — 0||* = r? +|0||> — 2r||0]| cos(¢p). Write x =
ru,u€ S¥~! « R¥ then we have
ds) = rFlds) = rk_1|Sk_2|(sin((p))k_2d(p
hence we can write

3
falr) = r¥1| 552 fo g(r2 + 110112 - 271101 cos(¢)) (sin(g)) 2 dep.

Finally let ¢ = cos(¢) and we have
1 .
futry = 1552 [ 1= gl 01 ~2rlolIr)dr

as desired.
O

Even though this integral cannot always be solved analytically it does provide us with a closed form
expression for the density of R provided we know gx. This integral may be approximated using a
number of numerical methods which are beyond the scope of this work.
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Lemma 2.2.1 does allow us to verify some previous results, let X ~ Ni(8, I) then we have

k-1

fr(r) = ’Sk_z‘f_ll(l - exp{ - %(r2 +A? —2r/1t)}dt.

r
(27'[)k/2

Simplifying by taking out all the non ¢-dependent parts and substituting the surface area of a (k—2)-
dimensional unit sphere we get

(2292 _ _
e (x +/1)/2rk 1 27[k/2 1

2m)ki2 (F((k— 1)/2)

1 k-3
fa(r) = ) f (1-A)'7 e ™My,
-1

The integral in this expression is a result known as the Beta integral and evaluates to

f -5 My _\/‘r«k 1)/2)

( AR Iijo—1 (A1),

of which the derivation can be found in Appendix A. When we combine all this we get exactly Equa-
tion 2.2.1 as desired.

Before we close this subsection we introduce one final seemingly unrelated result. Provided we
know the distance of X from the origin we still need more information to uniquely determine the
actual point X in space where we by uniquely mean unique in probability, i.e. two points A and B
are equivalent if they have equal probability. There are of course several ways to do this but we will
be using the angle between 6 and X.

Lemma 2.2.2. Let X be a k-variate spherically symmetric distributed random variable with ra-
dial density function g(||1x—0||?), define V as{X/||X||,0/Ay and take R to be the radius of X. Then
the joint density of V and R is given by

fav(rv) =11 - 03 T 1552 1g(r2 + A2 - 2r Av).

Note that V is the cosine of the angle between 0 and X with respect to the origin.

Proof. Since our random variable is spherically distributed we may assume that 6 is aligned
with the first coordinate axis. We write all x € R¥ in polar form x = ru where r = ||x|| > 0 and
u € S¥~1. Provided we know its spherical density function we may write

fx(x) = gx(lx—011%) = gx(r* + A* = 2Aruy).

In polar coordinates we have dx = r*ldrdo(u) where o(u) is the surface-area measure on
$*=1. The joint density of U = X/||X|| and R = || X|| is then

fur(u,r)= rk_lg(r2 +A2=2Aruy).

We now introduce
B < X 0
X1 11611
For a fixed v the set {u € S¥2: uy = v} is (k — 2)-dimensional sphere with radius v'1 — v? with
surface area

)=, en=uel-1,11.

’s"‘2|(1—u2)%

Combining all gives the density.
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Since by definition if R and V have joint density fg v the densities of R and V may be found by
integrating out the other. Since V is the cosine of some real angle we have that V € [-1,1] and by
integrating over that interval we get back Lemma 2.2.1. Though not necessarily useful we also state
the following Corollary without proof.

Corollary 2.2.3. Let X be a k-variate spherically symmetric distributed random variable with
mean 0 and density function g(llx—@llz). LetY = X/|1X|| and A = 110||. Define V =(Y,0/1), then
V has the following density

frw)=1-v)7

(0]
Sk_z‘fo pk_lg(p2 +A2-2Apv)dp.

Where |S*~2| denotes the surface area of a (k — 2)-dimensional unit-sphere.
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2.3. The Law of the positive part James-Stein Test Statistic

In Definition 2.1.4 we introduced the shrinkage factor a. In many works this factor is taken to be
equal to k —2 or is adjusted depending on the known (or estimated) variance of the distribution
at hand. We will assume arbitrary strictly positive a. For convenience we restate the positive part
James-Stein test statistic

TOO =y UIXIDX =01, yUIxID=(1- ) . (2.3.1)

1 X177+
The first observation we can make is that y(||X||) = 0 when we have that 1 — a/||X||*> < 0 which in
turn implies || X|| < y/a. This is exactly our first result.

Proposition 2.3.1. The positive part James-Stein test statistic is equal to||0| 12 ifand only if |1 X|| <

Vva,ie.
p{T(0) =110} = P{IXI s\/E}=f0ﬁfR(s)ds.

In which fr is the density of the radius || X||.

If X follows a central k-variate normal distribution we have that by definition ||X||* ~ x4 (A?) and
then this integral simplifies to the a-quantile of the non-central chi-squared distribution. Similar
statements can be made for several known distributions, one of which was covered in the previous
section. Another observation that may be made from Proposition 2.3.1 is that since the probability
that T'(X) assumes the singular value ||6||? is not equal to zero we are dealing with a mixed density
with continuous part and a point mass. We are now ready to state the main result of this section.

Theorem 2.3.2. Let X be a k-variate spherically distributed random variable around 8. The pos-
itive part James-Stein test statistic as defined in Definition 2.1.4 has probability density function

r+ (6 A)

Vva
fT(t)=(f fR(s)ds)é(t AZ)+—f 5 fvr(v(r,0,n)dr,
0 _(;A) r?

in which
(r* —a)* - (1—A*)r?
2r(r2—a)A

fv.r asin Lemma 2.2.2, § the Dirac-Delta function and the lower and upper bounds are given by

re(tA) = %(mi VIl + /1A £V +4a),

v(r,t) =

)

respectively.

The proof can be found in Appendix B. This is a very powerful result because it allows us to calcu-
late actual quantiles of our test statistic T(X) provided we know A. Similar to before if we restrict
ourselves to the normal distribution we can perform some simplifications. When X ~ Ni(0, I) the
distribution of V is actually known as the von Mises-Fisher distribution and we get the following
form.

Corollary 2.3.3. Let X ~ Nr(0,I}). Then the positive part James-Stein test statistic has the fol-
lowing density

L
2

r+ (1) I‘k { rz(/lz -0

207~ }(1— v (r, 1))

frin=P(R=<Va)s(1-A1%)+ ckf

r_(t;A) r’—a
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with
e—(A2+a)/2 r2—a)? —(t-A*)r?
= 1 v = 5
VAl (5(k—1))A2k2 2r(re—ad
inwhich r_,r, are as defined in Theorem 2.3.2 and R follows a non-central chi-squared distribu-
tion. When A = 0 then the density is given by

Ck

’

27K2 k() r2 ()
[0 =80Fg(@)+ s e exp{ = =,

with

r(t):%(ﬁ+\/t+4a).

Corollary 2.3.3 follows from a straight substitution in Theorem 2.3.2. The zero-mean case can be
found using a limit, or more easily by modifying the proof of Theorem 2.3.2 as below.

Proof. Let X ~ Ni(0, I;). Then we can write

o0 0, if 1 X112 < a,
= 2_ )2 .
Ual=a, i 11X > a.

Which then implies we have
P(T(X)=0)=P(IX|*<a) = Fyel(a).

Let u = || X||? and for values of > 0 introduce the function

2
u—a
( ) :t:>u2—(t+2a)u+a2:0.

glw) =

In the region u > a and positive r this has one solution, namely

e (t+2a)+Vivi+da
- 5 -

r2(6), r(t)z%(\/f+\/t+4a)

The Jacobian is given by

du_ 2r(Or' (1) = 1
dtr T4

1 1 r(t)
(Vesviria 7+ )= v

Recall that U ~ )ﬁc and let fyy denote its density, we have

r2 ()

fr =fU(u(t))|%| - m(rzm)?—lexp{_ rzzm}ﬁm'
Combining yields
fr)=6(0F; @+ Fz(_kk//; ﬁi;(i)_m exp{ - rzz(t)},
with :
r(p) = 5(\/?+ Vi+ia),
as desired.
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2.3.1. Some results related to the ¢-distribution

Theorem 2.1.2 showed that if X is spherically distributed with independent components then it
follows a normal distribution. A natural next question would be to ask about other distributions,
here we will consider the ¢-distribution often used in hypothesis testing.

Definition 2.3.4. Arandom variable X is said to follow a non-central multivariate ¢-distribution
with v degrees of freedom and non centrality parameter 6 if X has the same law as

W+6
vUlv

where W ~ Ni.(0, I;) and U ~ y2.

Note that for general 8 the multivariate ¢-distribution is actually not spherically distributed and this
is only the case when 6 = 0. Recall that for spherically distributed random variables we can write
fx(x)=gx(lx- 01|2) so when 6 = 0 we may write

)—%(v+k) u)—%(v+k)

1
fx(x) o (1 o2 I — gx(u) (1 -
The distribution of the norm of X when X follows a multivariate ¢-distribution can actually be found
with a little effort. First we need one more definition.

Definition 2.3.5. A random variable X is said to follow a F-distribution with v and k degrees of

freedom if X has the same law as
U1 /v

Ux/k

where Uy ~ x5 and Uz ~ 5.

Recall that we can calculate the norm of a vector by taking the root of the dot product with itself.
Proposition 2.3.6. Let X follow a k-variate (central) t-distribution with v degrees of freedom and
scale matrix I.. Then || X||?/k follows an F -distribution with k and v degrees of freedom.

Proof. From Definition 2.3.4 we know we can write X as a ratio of a multivariate normal distri-
bution and the root of a scaled chi-squared distribution. This implies that we have

XTX 10 W \T( W \ [[W]P?/k
k ‘E(m) (m)‘ Ulv -

Recall that ||W|[* ~ y7 and thus by definition || X|[*/k follows an F-distribution with k and v

degrees of freedom.
O

In the same setting as Proposition 2.3.6 the actual distribution of R = || X|| follows through a simple
transform, or more precisely. Let f be the density of an Fy ,-distribution. Then the density of R,
denoted ff is given by

) = 2L F( 5 ,9)

Since the central multivariate z-distribution is actually spherically distributed it might make sense
to use the positive part James-Stein test statistic.
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Corollary 2.3.7. Let X ~ t,(0, I}). Then the positive part James-Stein test statistic has the follow-
ing density

r2(t)
\/—W [>0}:

in which fr is the density of an F-distribution with k,v degrees of freedom.

fT(t)szyv(%)a(t) _fF( 2(t) )

Proof. Similar to as in Corollary 2.3.3 we split the two cases for T(X). We know that || X| 12/k ~
Fy. from which it follows

P{T(X) =0} = IP{“);“Z %}:Fk,v(a/k).

And for the same function g we get

o _1 du _ %)
u=r°(1), r(t)—z(\/f+\/t+4a), ar ——ﬁm.

Let U = || X||? then we have

fU(u):%fF(%;k,v) and fr(n) = fu(ri@) |dt|:—fp(r (t)’ ,v) \/Ei/zzf?—m'

Combining everything gives us

2(1) (1)
(E kv )fi/ti_4 (00

in which fr is the density of an F-distribution with k, v degrees of freedom.

fr(® =Fk,v(%)6(t)+%f

The density function of an Fy , -distribution actually has a closed form, it is given by

:Lﬂ;)(k)klz . 1(1+Ivcx) oz

Plugging this in the continuous part of our density for when X follows a central ¢-distribution we
get

1 (k_) kr2 Z(I) 31 2(1;) (k+v)/2 2(t)
k(m(v) ( k ) (1+ v ) )m

which may be simplified to

(2.3.2)

M 2w, Loy
T(5r(%) Vivi+ia

It is a well known fact that as v — oo that we have that the law of #, converges to the law of a normal
distribution, so it makes sense this expression in the limit converges to the one we found for the
normal distribution. To show that this works we approximate the Gamma function using Stirling,
which yields

v

(kg )y-ke ks 2) (L) ket
Jim Ry = e
® F(E)F(E) ool“(%) n(v—z)("z—“f)v k2
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Letting v — oo is equivalent to letting (v—2) — oo so after combining terms and substituting v/ = v—2

we get
—k/2 v ;1 k
(26)1C lim ,1+£,(1+£,)2(1+k/v,)2~
F(E) V=00 % 1% 1+2/v

Now if we exponentiate and take the natural logarithm of this expression we can apply the Taylor
series on the separate limits to get

lim —,ln(1+ E/) = ]—C,
v'—o0 v 2
Jim X1+ 5 {1+ 2)) <0

Substituting these results back into our original limit gives us

rEv ™

A, T(5)r(y) _r(g)(z_e) :r(k/z)

g 2—k/2

For the term that looks a lot like the definition of the exponential it turns out to be exactly that in
the limit

e R e R

V—00 Vv V—00 2

Combining all of this we get that Expression 2.3.2 is equal to

2702 r2(1)
Jr@0 =0 (@ s g exp{ - T}

in the limit, exactly the expression we found for the central normal distribution.



Hypothesis testing

We now shift our focus to the subject of hypothesis testing using the positive part James-Stein test
statistic. Recall that in hypothesis testing we are interested whether or not the parameter is with
some probability not contained in a specified set. Whether or not the set contains the parameter is
formulated as a null-hypothesis and alternative-hypothesis.

Let 8 be the parameter of interest, © be the set of all possible values of 8 and consider the two
hypothesises

H()ZQE@Q and H129€@1=®\®0

Let Kt be the set of all value of T'(X) for which we reject the null-hypothesis, when testing at signif-
icance level a@ we want

sup Pg{T(X) € KT} <a

6€®0
This means we want the probability of us falsely rejecting the null-hypothesis to be at most «, often
taken to be 0.05.

3.1. Behaviour of the law of T (X) with respect to 1

Recall that from Proposition 2.1.5 we know that the distribution of the positive part James-Stein test
statistic depends solely on 8 through A = ||0]|. Intuitively, if the distance of the true mean were to
increase with respect to the origin we would expect the density of the observed norm, R, to shift
its mass away from the origin and thus it would be fair to assume that we have that the integral of
fr over some interval (0, r) to be decreasing with respect to A. Recall that when X ~ Ni(0, I}) that
R=1XII~ xx ().

Proposition 3.1.1. Let ] ~ Poisson(u) and {a,}n=o0 be a decreasing sequence. Then the Poisson
mixture

Pw=) P,(J=nay,
n=0

is a decreasing function with respect to .

Proof. Taking the derivative of the infinite sum, which is valid since the sum converges, we get

d _oo nun—l _‘un L _oo o ~ _
d,up('u)_n;o(n(n—l)! n!)e an_n;o(um(]_n 1)-P(J=1)|a,.

15
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With some index shifting, and applying that P(J = —1) = 0 we get

go(p(;: n=1)=P{J = n))a, = go(a,m —an)P(J = n).

Since {an}n=0 is a decreasing sequence we have (a,+1 — a,) < 0 so this entire sum is negative
and thus our Poisson mixture is decreasing with respect to p.
O

Let X,Y ~ N(0,1) then we have

2 2 1 —1(x2+y?) i BTN
P(X“+Y°<t)=— e 2 )dydx=| =—e z%ds.
27 Jx2 y2<t 0 2
So X2+Y? ~ Exp(%). It can easily be shown, using characteristic functions for example, that the sum
of exponential distributed random variables follows a Gamma distribution. I.e. Let Z; ~ Exp(%) then

k
)" Zi ~Gamma(k, l)
n=1 2

and thus we have that the chi-squared distribution with k degrees of freedom and Gamma distri-
bution with parameters % and % are equivalent in distribution. From this follows a closed form
expression for the cumulative density function of a chi-squared random variable from which it can
be derived that this is a decreasing function with respect to k. Alternatively an intuitive argument,
which can be made formal, is that when we increase the parameter k we are adding more strictly
positive random variables and thus the probability of this distribution assuming a value smaller or
equal to some fixed ¢ decreases.

Lemma3.1.2. Let R follow a non-central chi distribution with k degrees of freedom, non-centrality
parameter A and Fg(r; k, L) its cumulative distribution function. Then Fg(r; k, A) is a decreasing
function with respect to A.

Proof. We know R* ~ y5(A%). Let J ~ Poisson(A?/2), the cumulative probability function of a
non-central chi-squared distribution may be written as Poisson mixture as follows

(o) _222 ) (AZ/Z)VL
Fre(r;k,A)= ) P(J=n)Fe(r;k+2n)=e —F(r;k+2n)
n=0 n=0 n.

where F,:(r;v) denotes the cumulative probability function of a central chi-squared distribu-
tion with v degrees of freedom (Johnson et al., 1995). We know that sz(r; v) is a decreasing
function with respect to v. By increasing A we are also increasing 12/2. Applying Proposition
3.1.1 then gives us that Fg. is a decreasing function with respect to A, the result for Fy follows
from a simple transform.

O

In Chapter 2 it was shown that the density of T'(X) has a point mass, this point mass means that the

cumulative function has a discontinuity at A%. Or more precisely, let I(t; k, 1) denote the continuous
part of the density of T'(X) then we have

t
Fr(t;k,A) = FR(\/E)I]{tEAz} +f I(s;k,AN)ds.
0

Furthermore, Lemma 3.1.2 showed that for at least the normal distribution the point mass portion
of this cumulative function is decreasing with respect to A so for the behaviour of the full density we
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are also interested in the behaviour of the continuous part.

Due to the complicated nature of the analytic density it is challenging to prove that this cumula-
tive density is either increasing or decreasing with respect to A. Numerical simulations suggest that
Fr is a decreasing function with respect to A but this remains an open problem.

Empirical CDF of T (Normal), t from 0 to 30

F_Tit; &)

— A=05
A=1.0
A=20

— h=40
h=8.0

Figure 3.1: Empirical CDF of T(X)

To close this section we introduce one final proposition.

Proposition 3.1.3. Let X ~ N¢(0, ). Thenlimy_,o, T)(X) ~ )(i

Proof. Write X = Z +6 where Z ~ Ni(0, I;) and set Sj, = a/||X||?>. As A — co we have for all € > 0
that P(a/||X||? < €) = 1. This in turn implies that we have P(1=(1-S)) >1—-¢) =1foralle > 0.
So for large 1 we may write

Ty(X) = H(1—SA)+X—9||2= H(I—SA)(Z+9)—9||2: ||(1—S,1)Z—S;L(9H2.

Since (1-S,) LA 1 we have by Slutsky’s lemma that (1-S5,)Z 4, Z and sinceSj LA 0 we have by

the same lemma that S, 60 2, 0and 1-83)Zz-S,6 4, Z. Finally, since the norm of a vector is a

continuous mapping we conclude T, (X) 4, 11 Z]]1% ~ xi
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3.2. Hypothesis testing

In classical hypothesis testing we want to test whether or not a parameter of interest, in this case @,
is contained in some set g or its complement with respect to the full parameter space ©. We call
0 € ©g the null-hypothesis and 8 € ©; = ©/0 the alternative hypothesis. Then for some test statistic
T(X) and significance level a we are looking for a critical region Kt such that if T'(X) € K1 we reject
the null-hypothesis. Formally we require

sup P(T(X) € KT) <a.

HEG‘)()
I.e. we want to find a set of values that T'(X) may attain such that if we reject the null hypothesis for
those values there is at most a a probability of us falsely doing so.

As test statistic we will be using the positive part James-Stein test statistic which is given by

o0 =]~ gz), <l

and whose density we will denote fr. We divide the problem of hypothesis testing into two sub-
problems. In the first case the set associated to the null-hypothesis only contains one value, in the
second case this may be a general set.

3.2.1. Simple null-hypothesis
The term simple hypothesis testing refers to the case where O is a singleton and thus the supremum
no longer needed in the argument. More formally consider

H()ZG:HQ and H1:0;£00

at significance level a. Let
t
Fr(1) =f fr(s)ds and gr(a) =inf{t: Fr(t) = a}
0

and since Fr(?) is an increasing function we can write Kt = [ci,oo) for some ci € Rso. If we let
c2 = gr(1 - a) then we have

Po,{T(X) = 2} <a

as desired.

3.2.2. Connected region hypothesis testing

In the first part of this subsection we covered the somewhat trivial case of hypothesis testing with
a simple null-hypothesis. We are now ready to cover the more complicated case where our set ©p
contains more than one value. Recall that in general hypothesis testing we split our parameter space
O in two sets, one corresponding to the null-hypothesis, ®g, and the other to the alternative hypoth-
esis, ©;. Let @ denote our significance level which is the maximum probability we accept of a false
rejection. Formally we have

H()ZQE@() and H120€@1=®\®0

Let K7 be the set of all value of T'(X) for which we reject the null-hypothesis, when testing at signif-
icance level @ we want

sup PQ{T(X) € KT} <a.

0e®y

To be able to calculate this we need to know for which value of 8 € @ this expression obtains its
supremum. If we choose to make the assumption that Fr is a decreasing function with respect to 1
this supremum is obtained at the 6 € ©y for which we have the smallest norm.
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3.2.3. Worked example

Let X follow a 4-dimensional normal distribution with unknown mean 6 and known variance matrix
14, the identity matrix. We want to test whether or not the true mean of this distribution is equal to
the zero vector or not at significance level a = 0.05. We formalise this as the two hypothesises

Hy:0=0 and H;:0 #0.
Under the null hypothesis the density of the positive part James-Stein test statistic was given by

(\/f+\/t+8)4ex {_(\/?+\/t+8)2}
64\ 1VI+8 P 8 ’

in which we used k = 4 and a = k-2 = 2. Numerically integrating this quantity gives us the following
cumulative density function.

Jrt)=6(0F2(2)+

CDF of T with Jump at 0 and 0.95 Quantile

1.0 1

0.8

0.6 1

Fr(t)

0.4 1

0.2 1

— Fr0)
m— Jump att=0

== toos

0.0

Figure 3.2: CDF of T'(X) when X ~ Ny (0, I4)

The jump at ¢ = 0 is the point mass part of our density which is located at the mean, we numerically
find that the probability of 7'(X) attaining a value less that roughly 6 is 0.95 and thus if T (X) were to
exceed this value we would reject the null-hypothesis.

Since we have 8 = 0 we may write the positive part James-Stein test statistic as

Ty = (1- ) 11
old)=1-—== .
1X112 )+

We have that this test statistic is less than or equal to the previously found quantile of roughly 6 when
[|X]| < 3.094 which makes the volume of the critical region for X that of a 4-dimensional sphere with
radius 3.094. When using the standard chi-squared test we would reject H if we have || X||? > 9.488
which is equivalent to when || X|| > 3.080. Since the distribution of X is the same in both cases it is
expected that the volume of the critical regions for X are the same .






Constructing Confidence Sets

In the classic setting we construct an analytical confidence set using a pivot, a statistic that is a func-
tion of our desired parameter but whose distribution does not depend on said parameter. Common
examples of such pivots are the Z test statistic for a one-dimensional normal distribution. We have

X-0
o

Z=vin

~N(0,1)

which may then be used to construct a confidence interval of any desired level as follows

X-0
o

P{'fa/Z <vn

o o
<<¢1- /2} =[F°{X—517 pP——=<0=X+{- /2—} =l-a
a a \/ﬁ a \/ﬁ
in which we used the symmetry of the standard normal distribution. This is also where we run into
our first issue. The distribution of our positive part James-Stein test statistic depends on the param-
eter we are trying to construct an interval for through A = [|0]| so we need a different approach.

4.1. The Quantiles of the positive part James-Stein test statistic

Before we look at techniques to approximate the quantiles using estimators for A = ||0|| we consider
the, unrealistic, case where A is known. When A is known we can calculate the true quantiles of the
positive part James-Stein test statistic, they are approximately given by

Ak 3 4 5 6 7 8 9 10

1.0 | 6.10 | 6.16 | 6.25 | 631 | 6.34 | 6.37 | 640 | 6.43
20 | 643679 | 7.09 | 733 | 751 | 766 | 7.78 | 7.90
30 | 745|835 | 898 | 9.01 | 9.04 | 934 | 9.61 | 9.85
40 | 7.66 | 889 | 9.88 | 10.69 | 11.38 | 11.98 | 12.49 | 12.94
5.0 | 7.72 | 9.10 | 10.30 | 11.32 | 12.25 | 13.06 | 13.78 | 14.44
6.0 | 7.75 | 9.22 | 10.51 | 11.68 | 12.76 | 13.72 | 14.62 | 15.47
7.0 | 7.78 | 9.28 | 10.66 | 11.92 | 13.09 | 14.17 | 15.20 | 16.13
8.0 | 7.78 | 9.34 | 10.75 | 12.07 | 13.30 | 14.47 | 15.56 | 16.61
9.0 | 7.81 | 9.37 | 10.84 | 12.19 | 13.45 | 14.68 | 15.83 | 16.94
10.0 | 7.81 | 9.40 | 10.87 | 12.25 | 13.57 | 14.83 | 16.04 | 17.18

Table 4.1: True, approximated, 0.95 Quantiles (A, k)

These, and the following, values were obtained using python code provided as an appendix. In the
usual case when X ~ N.(6, I;.) we know that || X — 0] ~ X% and thus we can construct a confidence

21



22 4. Constructing Confidence Sets

set for O using the (1 — a)-quantiles of the )(?C distribution. The corresponding quantiles can be
approximated and are equal to

k | 3| 4] 5 | 6 | 7 | 8 | 9 |10
\ 7.81 \ 9.49 \ 11.07 \ 12.59 \ 14.07 \ 15.51 \ 16.92 \ 18.31

2
Xk,0.95

Comparing these values we can see that in all cases the quantiles of the positive part James-Stein
test statistic are smaller.

4.2, Estimation of 1

Now that we have shown that when we know A we can calculate the quantiles of the positive part
James-Stein test statistic. We now consider some techniques of estimating these quantiles when A1
is not known. Note that due to computational constraints a small sample size was used.

4.2.1. Naive MLE

First we consider the maximum likelihood estimator for 8 from which we can estimate A = ||0||. The
maximum likelihood estimator is well known and given by Ovie = X. Though it might be tempting
to say that 1100LEll is an unbiased estimator for A this is actually not the case. 10 pLEll actually
always over estimates the parameter A. To see this note that we have X = 0 + Z where Z ~ Ny(0, I;)
and define the function f : R* — Rby f(u) = ||ul|. Note that the Euclidean norm is a convex function
and thus by Jensen’s inequality we have

E(IIXI) =E(f @+ 2)) = f(E@ + 2)) = 116 +E(2)|| = 1161,

and since Z non-degenerate and thus P(Z = 0) = 0 we have E(||X]||) > A. When using the naive MLE
we get the following quantiles.

Ak 3 4 5 6 7 8 9 10 | Average
1.0 +0.41 | +0.74 | +0.72 | +2.43 | +2.16 | +2.99 | +4.88 | +5.31 2.46
2.0 +0.52 | +0.93 | +0.82 | +1.97 | +3.10 | +3.33 | +2.57 | +5.00 2.28
3.0 +0.10 | +0.37 | +0.71 | +1.03 | +1.78 | +2.24 | +2.86 | +3.89 1.62

4.0 -0.40 | -0.17 | +0.40 | +0.31 | +0.78 | +0.98 | -0.06 | +1.04 0.52
5.0 +0.04 | +0.09 | +0.21 | +0.00 | +0.30 | -0.03 | +0.24 | +0.37 0.16
6.0 -0.01 | +0.05 | +0.14 | +0.12 | +0.24 | -0.16 | +0.32 | +0.19 0.15
7.0 -0.02 | -0.02 | +0.05 | -0.02 | +0.19 | +0.16 | +0.22 | +0.42 0.14

8.0 +0.00 | -0.01 | +0.02 | -0.02 | +0.14 | +0.26 | -0.06 | +0.00 0.06
9.0 +0.00 | -0.01 | -0.01 | +0.00 | -0.05 | -0.06 | +0.11 | +0.03 0.03
10.0 +0.00 | -0.01 | -0.02 | -0.04 | -0.03 | +0.03 | +0.12 | +0.16 0.05
Average | 0.15 | 0.24 | 0.31 0.59 | 0.88 1.02 1.14 1.64 0.75

Table 4.2: Difference between true quantiles and estimated quantiles using the naive MLE together with their absolute
error and averages.

4.2.2. An unbiased estimator for 1°
We have shown that the norm of the most likelihood estimator turns out to be positively biased so a
reasonable next step would be to consider an unbiased estimator for A. It turns out that in the non-

trivial case finding such an estimator is quite hard but there does exist an easy unbiased estimator
for A%. Consider A2 = || X||* — k, we know || X[|* ~ x4 (A?)

E(IX|1> - k) =E(IX|*) —k=A*+k—k = A?
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and thus a reasonable estimator for A might be ;1UB =/ (I1X||2 - k)+. When using this estimator we
get the following quantiles.

Mk 3 4 5 6 7 8 9 10 | Average
1.0 +0.95 | +1.67 | +2.02 | +1.27 | +1.05 | +2.24 | +2.92 | +1.52 1.71
2.0 +0.07 | +0.54 | +0.00 | +1.18 | +1.43 | +0.32 | +0.56 | +0.86 0.62

3.0 -0.21 | -0.23 | -0.44 | +0.22 | -0.55 | -0.65 | +0.10 | +1.04 0.43
4.0 -0.59 | -041 | +0.17 | -0.50 | -0.08 | -0.26 | -1.20 | -1.02 0.53
5.0 +0.03 | +0.05 | +0.11 | -0.39 | -0.13 | -1.22 | -1.11 | -1.09 0.52
6.0 -0.03 | +0.03 | +0.08 | -0.02 | +0.03 | -0.70 | -0.24 | -0.62 0.22
7.0 -0.02 | -0.05 | +0.02 | -0.12 | +0.10 | -0.04 | -0.03 | +0.07 0.06

8.0 +0.00 | -0.01 | +0.01 | -0.07 | +0.06 | +0.18 | -0.30 | -0.29 0.11
9.0 +0.00 | -0.02 | -0.02 | -0.03 | -0.12 | -0.16 | +0.00 | -0.17 0.07
10.0 +0.00 | -0.02 | -0.05 | -0.07 | -0.07 | -0.03 | +0.04 | +0.06 0.04
Average | 0.19 | 030 | 029 | 039 | 036 | 0.58 | 0.65 | 0.67 0.43

Table 4.3: Difference between true quantiles and estimated quantiles using the unbiased estimator for A2 together with
their absolute error and averages.

4.2.3. Positive part James-Stein estimator
A final obvious contestant is the norm of the positive part James-Stein estimator, i.e.
is = |01 = ) | = (- )
= - X 2
||X||2 1=

When using this estimator we get the following quantiles.

Mk 3 4 5 6 7 8 9 10 | Average
1.0 +0.12 | +1.16 | +0.80 | +1.20 | +1.19 | +1.62 | +1.41 | +0.55 1.01
2.0 +0.24 | +0.15 | -0.42 | +0.48 | +0.63 | -0.06 | -0.28 | +0.05 0.29

3.0 -0.09 | -0.11 | -0.48 | -0.46 | -0.80 | -1.09 | -0.66 | -0.44 0.52
4.0 -0.52 | -0.37 | +0.14 | -0.66 | -0.37 | -0.89 | -2.24 | -1.93 0.89
5.0 +0.03 | +0.05 | +0.09 | -0.52 | -0.30 | -1.61 | -1.53 | -2.32 0.81
6.0 -0.02 | +0.03 | +0.08 | -0.06 | -0.06 | -0.98 | -0.55 | -1.10 0.36
7.0 -0.02 | -0.05 | +0.01 | -0.15 | +0.05 | -0.14 | -0.19 | -0.13 0.09

8.0 +0.00 | -0.01 | +0.01 | -0.08 | +0.04 | +0.13 | -0.44 | -0.48 0.15
9.0 +0.00 | -0.02 | -0.02 | -0.05 | -0.15 | -0.22 | -0.06 | -0.29 0.10
10.0 +0.00 | -0.02 | -0.05 | -0.09 | -0.10 | -0.06 | +0.02 | +0.01 0.04
Average | 0.10 | 0.20 | 0.21 038 | 037 | 068 | 0.74 | 0.73 0.43

Table 4.4: Difference between true quantiles and estimated quantiles using the positive part James-Stein estimator to-
gether with their absolute error and averages.

4.2.4. Performance

To compare the three estimators for A we computed, for each pair (k, 1), the average absolute error
in the 95th-percentile of the test statistic centred around the positive part James-Stein test statis-
tic. The naive maximum likelihood estimator appears to systematically overshoot when A is small
and becomes less biased for larger A. This can intuitively explained by the steep derivative of the
square root function for small values and the almost linear behaviour for large values. The unbi-
ased A2 estimator tends to overshoot for very small A, then mildly underestimates at moderate A,
before approaching negligible bias once A is large. In contrast, i}rs pulls the estimate closer to zero
enough to reduce the overshoot of the naive most likelihood estimator when A small, yet does not
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introduce severe undershoot at moderate A. Overall, the James—Stein approach achieves the lowest
average absolute error, closely followed by the unbiased-A? method, whereas the naive most like-
lihood estimators error is larger larger unless ||@] is known to be large. Consequently, if one seeks
to minimize average radius-error, and thus mis-coverage, across a range of (k, 1), the positive-part
James-Stein estimator is recommended. The unbiased A? estimator is a viable alternative once ||0||
is not extremely small, and the naive most likelihood estimator should only be used for settings in
which [|0]] is known to be large.

4.3. Hypothesis testing Inversion
Another approach is to in some sense inverse the hypothesis testing process. This idea is based on
theory from a textbook by Schervisch.

Proposition 4.3.1. (Schervish, 2012) Let g : QO — G be a function.
For each y € G, let ¢y be a level-a non-randomised test of Hy : g(0) = y. Let R(x) = {y:
¢y (x) =0}. Then R is a level (1 — a) confidence set for g(0).

e Let R be a level-(1 — a) confidence set for g(8). For each y € G define
¢y () =liyeRr)-
Then, for each y, ¢ has level a as a test of Hy : g(0) = y.
In our case we take g(6) = 6 and G = © = R¥. Thus, for each fixed candidate point y € R¥, we wish

to test Hp : 6 = y at level @. Under the null hypothesis we have X ~ Ni(y, Ix). Let Ty, (X) denote the
positive part James-Stein test statistic under this mean and define

ci—o(lyl) =inf{t:Py(Ty(X) < t) = 1—-a}

This gives us
L, Ty(X) > c1-a(lyID,

(x) =
Py {o, Ty(X) < ci—a (Y1)

Now Proposition 4.3.1 states that the set
R(X) = {yeRF:¢,(X) =0}

which may be written as
R(X)={ye RF: Ty(X) < c1-a(lyID}

is a (1 — a)-confidence set for 0.



Conclusion

We set out to investigate the properties of test statistics centred around the positive part James-Stein
estimator and potential applications within the landscape of hypothesis testing and the creation of
confidence sets.

In Chapter 2 Theorem 2.1.2 showed that if we are working with a k-variate spherically distributed
random variable around 6 with independent components then it follows a normal distribution. Ad-
ditionally formal definitions of the positive part James-Stein estimator and test statistic were given
and their properties were studied. Subsection 2.2 found closed form expressions for the distribution
of the radius of some spherically distributed random variable and Subsection 2.3 gave the density
for the positive part James-Stein test statistic. The chapter also states the normal distribution case
as a separate result and shows the link between the central ¢-distribution and normal distribution.

Chapter 3 sets out to apply the distribution found in Theorem 2.3.2 for simple and composite hy-
pothesis testing. The behaviour of the positive part James-Stein test statistic was studied in Subsec-
tion 3.1 we showed that the point mass part of the density of T'(X) is decreasing with respect to A.
It it conjectured that the cumulative density of T'(X) is a decreasing function with respect to A for
which numerical motivation is provided. The subsection ends by showing that the distribution of
T(X) converges to that of a chi-squared distribution when A tends to infinity. Subsection 3.2 goes
over the process of applying these concepts to hypothesis tests and it is shown that at least in the
4-dimensional normal distribution case there is no advantage to using the positive part James-Stein
test statistic over the classic chi-squared test statistic.

Finally Chapter 4 briefly goes over the construction of confidence sets using the positive part James-
Stein test statistic. Section 4.1 approximates the true quantiles of the positive part James-Stein test
statistic and compares them with the quantiles of a chi-squared distribution from which it is con-
cluded that the positive part James-Stein test statistic allows for smaller radii. Section 4.2 uses a
variety of estimators for A to estimate these quantiles based on simulated samples. The subsec-
tion closes with a short conclusion in which is it concluded that the best estimator is based on the
unbiased estimator for A2. Subsection 4.3 briefly goes over how one can apply hypothesis testing
inversion to construct confidence sets using the positive part James-Stein test statistic.
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Discussion and Further Research

Chapter 2 introduces a closed form expression for the law of the positive part James-Stein test statis-
tic but in its current form it is not very practical. Perhaps utilising the fact that the boundaries of
the integral in Theorem 2.3.2 are chosen such that v € [-1, 1] would allow for a cleaner formula. The
chapter additionally places a large focus on the multivariate normal distribution but the class of
spherical distributions is of course significantly larger.

Chapter 3 studies the behaviour of the previously found law but fails to make any formal conclu-
sions about under what conditions this law attains its maximum. It also briefly considers hypoth-
esis testing but there is still a lot to be said about the general case where the null-hypothesis might
not be a singleton or neatly defined convex set.

In Chapter 4 it was shown that when A is known that we can improve on the classic confidence
set but in practice this is not the case. The chapter attempts to mediate this by introducing several
estimators for A but due to small sample size and computational constraints there is still work to be
done here.
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Derivation of the Beta integral

We want to find a closed form expression for

1 _ 1 _ n [e's) n 1 ~
fl(l—tz)%e’“dmfl(l—tz)k* y (rit) =y M') fl(l—tz)% Mdt
- - n=0 . n=0 -

in which the swapping of the order of integration and summation is justified by dominated conver-
gence theorem. Let u = 2, then

du
dr

n ks sl k-1 n+1
=2t = (l—t)tht— (l—u)z S du=B(——,~——)
2 2
in which B(z;, z2) denotes the Beta function. Additionally note that when 7 is odd the original in-
tegral in the summation is the product of an even and odd function and is therefore equal to zero

which implies we may write

(rA)Z" 2n (ra)%n -1 1
)2 0 o f a-F 2rdr = nzo o B(T,n+5).

Recalling the identities for the Beta and modified Bessel functions

2

. r(5hr(n+ 1) o0 rAy2n+(5-1)
o) Ty Y (e

we can write

M)Z” T( +3)
I(n+%

in which we used I'(n + %) =/7(2n)!/ (4" n!). Collecting terms we get

e 2n 1
=T((k-1)/2) (rd) \/E(zn).k
) n=o 2m! 47pIl(n+ %)

I((k-1)/2) i

N (O Val((k-1)/2) & 1 ra2n+(5-1)
\/_ (k 1)/2 Z - 1 k/2—-1 Z k (7)
=04mnil'(n +5) (3r1) n=o n'I'(n+ %)

and thus finally we have

fl (- )2 ity = YLK D12)
-1

Gy
2

which was what we wanted to show.
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Proof of Theorem 2.3.2

Proof. We consider the two cases separately, Proposition 2.3.1 covers the case where we have
|1 X]|?> < a so we now consider its complement, || X||? > a. Define A(r) = r —a/r,R = || X|| and
Y = X/||X]||. We maywrite

T(X) = Hx a— —9” HA(R)Y—HHZ=AZ(R)IIYIIZ+/12—2A(R)<Y,9>.

1112
Y lies on the unit sphere and thus its length is always one. Let V = (Y,0/A) then we can write

T(X) = A*>(R) + A2 = 2A(RAV = m— bV

which implies that we have

P{T(X)st’R:r}:n»{Vz mb_t|R:r}:1—[P{Vs m

-t
[#=r}
The distribution of T|R follows from Lemmas 2.2.2 and 2.2.1 which gives us

Az(r)+)L2—t| )
2A(NA

frin(tn) = foie(

2A( A
which then gives us
va o0 A2(r) +11011* -~ t
£) = dr|s(t-11011° f
fr(® (fo fr() r) (t—116117) + f2A(T)||9||fV|R( A0l

Recall that since we have v € [-1,1] we can actually swap the bounds of the integral for finite
values. We require that

‘r)fR(r)dr.

A2+ A% -t 2 2
—liwil - (A(T)—/l) StS(A(r)"'/l) .

Working out these inequalities we get the bounds

A=Vt +\/IA-Vi?+4a

r-(t,A,a) = > )
2
A @) = ()L+\/?)+\/(2)L+\/?) +4a
Finally, combining the densities we get
va ™+ fvr((r),1) A2(r)+ A% -t
1) = ds|é(t—A*? 2, =
fro (fo fr@ds)o =A%+ | TEES—dn v =

as desired.
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10
11
12

13

14

15
16
17

18
19
20
21
22
23
24

25
26
27
28
29
30
31
32
33
34

Python code

import numpy as np

import pandas as pd

from scipy.stats import ncx2, chi2
from scipy.special import gamma
from scipy.integrate import quad

def theoretical_cdf_T(lam, k=5, a=None, t_min=0.0, t_max=30.0, n_points
=300) :

nnn

Compute the theoretical CDF of

T = [|X_shrink I1-2
when X ~ N_k( , I_k), |/ /] = lam, and a = k 2 (shrinkage
factor).
Special case: ©f lam == 0, then X ~ N_k(0, I_k) and one obtains the
closed form
density
foT(t) = (t) » P( _k a)
+ (2°{-k/2}/ (k/2)) * [r(t)"k / ( t (t + 4a))] +
excp( v (t) /2),
with r(t) = [ t + (t + 4a ) 1 / 2.
Returns

t_grid : ndarray, shape (n_points,)
F_theor: ndarray, shape (n_points,)
Theoretical CDF walues F_T(t; lam) evaluated at every point in
t_greid.
nnn
if a is None:
a =k - 2

# 1) Build a uniform grid of t-values

t_grid = np.linspace(t_min, t_max, n_points)
dt = t_grid[1] - t_gridl[o]

# Special case: lam == 0
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C. Python code

B o o o
if lam == O:
# (a) The pointmass at t = 0 is P( [/X/]] a ) for X ~
N_k(0,I) <=> _k a
p_atom = chi2.cdf (a, df=k)
# (b) The continuous denstty for t > 0 is
# focont(t) = [ 2°{-k/2} / (k/2) ] * [ r(t)"k / ( t
(t + 4a) ) 1 * ezxp( r(t)"2 / 2 ),
# where r(t) = [ t + (t + 4a ) 1 / 2.
#
# We will fill f_cont_wals[t] only for t_grid[s] > 0. At t
0, set f_cont = 0,
# since the del tamass at 0 is handled by p_atom.
# Precompute the constant 2°{-k/2} / (k/2)
prefactor = (2.0 **x ( -k/2 )) / gamma(k/2)
f_cont_vals = np.zeros_like(t_grid)
for i, t in enumerate(t_grid):
if t <= 0:
# At exzactly t = 0, the continuous part wvanishes; the
deltamiass handles 2t.
f_cont_vals[i] = 0.0
else:
# compute 7(t)
sqrt_t = np.sqrt(t)
sqrt_tp4a = np.sqrt(t + 4.0 * a)
r_.t = 0.5 x (sqrt_t + sqrt_tp4a)
# density at t > 0
# f_cont(t) = prefactor * [ r(t) "k / ( sqrt(t) * sqrt
(t + 4a) ) 1 * exp(-r(t)-2 / 2)
f_cont_vals[i] = (
prefactor
* (r_t **x k)
/ ( sqrt_t * sqrt_tp4a )
* np.exp(-0.5 * (r_t **x 2))
)
# (c) Build continuousCDF by Riemann sum ( 1l e f t Riemann /
trapezoid omitted, but dt s small)
F_cont = np.cumsum(f_cont_vals) * dt
# (d) Add the poimntmass at t = 0 for all t >= 0
F_theor = F_cont.copy()
idx0 = np.searchsorted(t_grid, 0.0, side=’left’)
if idx0 < len(F_theor):
F_theor [idx0:] += p_atom
return t_grid, F_theor
B o e o o o oo

# General case: lam > 0
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# (1) Pointmass at t = lam~2 from R"2 [1X]] - _nc (k,
lam )
p_atom = ncx2.cdf(a, df=k, nc=lam**2)

# (2) Continuowusdensity prefactor

prefac_denominator = np.sqrt(np.pi) * gamma((k - 1) / 2) * (2 **x (k
/ 2))

C_k = np.exp(-(lam**2 + a) / 2) / (prefac_denominator * lam)

# (3) Loop owver t_grid, tintegrate from r to r
f_cont_vals = np.zeros_like(t_grid)
for i, t in enumerate(t_grid):

sqrt_t = np.sqrt(t)

diff = lam - sqrt_t
# r (t) = [ | t o/ o+ {( t ) + 4a } ]/ 2
# 0r (t) = [ ( ot )+ { ( + t ) + 4a } ]/ 2
r_minus = (np.abs(diff) + np.sqrt(diff**2 + 4.0 * a)) / 2.0
r_plus = ((lam + sqrt_t) + np.sqrt((lam + sqrt_t)**x2 + 4.0 * a
)) / 2.0
if r_minus >= r_plus:
f_cont_vals[i] = 0.0
continue
def integrand(r):
# v =1[(r a) (t ) r 1/ [ 27 (r
a) ]
num_v = (r*x*2 - a)*x2 - (t - lam**2) * (r*x2)
denom_v = 2.0 * r * (r**2 - a) * lam
v = num_v / denom_v
base = (1.0 - v*x2)
if base < 0:
base = 0.0
exponent = (r**2 *x (lam**2 - t)) / (2.0 * (r*x*2 - a))
return (r**k / (r**2 - a)) * np.exp(exponent) * (base *x ((
k - 3) / 2))
integral_val, _ = quad(integrand, r_minus, r_plus, epsabs=le-9,
epsrel=1e-9)
f_cont_vals[i] = C_k * integral_val

# (4) Build continuousCDF by Riemann sum
F_cont = np.cumsum(f_cont_vals) * dt

# (5) Add the jump of size p_atom at t = lam~2
F_theor = F_cont.copy()
idx_jump = np.searchsorted(t_grid, lam#**2, side= )
if idx_jump < len(F_theor):
F_theor[idx_jump:] += p_atom

return t_grid, F_theor
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36 C. Python code

# --- Compute only the 0.95 quantile of T for each (lam, k) patr ----

lam_list = np.linspace(l, 10, 10) # 10 wvalues from 1 to 10
k_1list = np.linspace(3, 10, 8) # 8 walues from 3 to 10
N 5

# P r e allocate a 2D array for the 0.95 quantiles
quantile_T = np.zeros((len(lam_list), len(k_list)))

# Use the first (lam, k) pair to get the t_grid length
t_vals_sample, _ = theoretical_cdf_T(lam_1list[0], k=int(k_list[0]), a=

int(k_1list [0]) - 2,
t_min=0, t_max=100, n_points=1000)

for i, lam in enumerate(lam_list):
print (f"finding theoretical quantiles for lambda = {lam}")
for j, k_val in enumerate(k_list):
k_int = int(k_val)
a_int = k_int - 2

# Compute the full theoretical CDF on the grid
t_vals, F_vals = theoretical_cdf_T(lam,
k=k_int,
a=a_int,
t_min=0,
t_max=30,
n_points=len(t_vals_sample))

# Find the smallest t such that F_T(t) >= 0.95
# If no wvwalue reaches 0.95, assign Nal
if np.any(F_vals >= 0.95):
idx_095 = np.argmax(F_vals >= 0.95)
quantile_T[i, j] = t_vals[idx_095]
else:
quantile_T[i, j] = np.nan

# Now quantile_T[t1, 7] holds the 0.95 quantile for lam_list[<],
k_list[j].

# Create DataFrame with as rows and k as columns
df _quantiles = pd.DataFrame (
quantile_T,
index=np.round(lam_list, 2),
columns=np.round(k_list, 2)
)
df _quantiles.index.name = ’ ~’
df _quantiles.columns.name = ’k’

print (df _quantiles.round (2))

np.zeros ((len(lam_list), len(k_list)))
np.zeros ((len(lam_list), len(k_list)))

quantiles_naive
quantiles_unbiased
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quantiles_stein

for i, lam in enumerate(
print (f
for j, k_val in enum

int (k_va
k_int

]

k_int
a_int

# Construct
theta
theta [0]

v

np.zeros
lam

# Simulate N sam
X = np.random.no
# Compute morms

norms np.linal

# Estimator 1:

np.zeros ((len(lam_list), len(k_list)))

lam_list):

erate(k_list):
1)

2

ector of morm coordinate
(k_int)

along first

N_k( , I_k)
k_int)) + theta

ples X
rmal (size=(N,

[1x1]

g.norm (X, axis=1)

Naive MLE [[X]]

est_naive_lambda = norms

q_naive = np.zeros(N)

# Esttimator 2: Unbiased for “2: sqrt ((1I1X]]°2 - k)_+)

est_ub_lambda = np.sqrt(np.maximum(norms**2 - k_int, 0))

g_unbiased = np.zeros (N)

# Estimator 3: Positive part James-Stein: ([[X|] - o/llX/]) I
{/11x/1~2 > a}

est_js_lambda = np.where(norms**2 > a_int, norms - a_int /

0)
np.ze

norms ,
q_stein

for I in range(N
t_vals_1, F_

t_vals_2,

F_

t_vals_3, F_

ros (N)

)

vals_1 = theoretical_cdf_T(est_naive_lambdalI],
k=k_int ,
a=a_int,
t_min=0,
t_max=30,
n_points=1len(
t_vals_sample))
vals_2 = theoretical_cdf_T(est_ub_lambdalIl],
k=k_int,
a=a_int,
t_min=0,
t_max=30,
n_points=1len(
t_vals_sample))
vals_3 = theoretical_cdf_T(est_js_lambdal[I],

k=k_int,
a=a_int,
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38 C. Python code
t_min=0,
t_max=30,
n_points=1len(

t_vals_sample))
# Find the smallest t such that F_T(t) >= 0.95
# If no walue reaches 0.95, assign Nal
if np.any(F_vals_1 >= 0.95):
idx_095 = np.argmax(F_vals_1 >= 0.95)
g_naive[I] = t_vals_1[idx_095]
else:
print (F_vals_1[-1])
q_naive[I] = np.nan
if np.any(F_vals_2 >= 0.95):
idx_095 = np.argmax(F_vals_2 >= 0.95)
g_unbiased[I] = t_vals_2[idx_095]
else:
print (F_vals_2[-1])
g_unbiased[I] = np.nan
if np.any(F_vals_3 >= 0.95):
idx_095 = np.argmax(F_vals_3 >= 0.95)
gq_stein[I] = t_vals_3[idx_095]
else:
print (F_vals_3[-1])
g_stein[I] = np.nan
quantiles_naive[i, j] = np.mean(q_naive)
quantiles_unbiased[i, j] = np.mean(q_unbiased)
quantiles_stein[i, j] = np.mean(q_stein)
print ((quantiles_naive - quantile_T).round (2))

print (quantiles_unbiased.round (2))
print (quantiles_stein.round(2))
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