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Abstract

I

In the framework of project Strength evolution of soft consolidating mud layers, financially
supported by the Netherlands Foundation of Technology, a literature survey on consolidation
theory and rheological modelling of mud was carried out.

A consolidation theory, focussed on the Gibson equation (Gibson et al., 1967), is presented.
The solution of Gibson's one-dimensional finite strain consolidation equation requires closure
relations for the effective stress and the permeability. It is assumed that both relations are
functions of the void ratio only.

However, the consolidation of soft soils cannot be modelled adequately with these assurnp­
tions, since effects as aging, channeling, creep, formation and break-up of flocs, for example,
are not taken into account. The incorporation of a rheological model into the consolidation
model can result in a better modelling of consolidating mud layers.

From this point of view, various rheological models are presented, starting with simple
models that become increasingly complex. The complex models incorporate thixotropy and
yield stress to describe rheolocial complex fluids as mud.

Experimental evidence of a relationship between effective stress and yield stress is pre­
sented. Topics for future research are indicated.
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I Chapter 1

Introduction

I
In the framework ofthe project Strength evolution of soft consolidating mud layers a literature
survey on sedimentation and consolidation as weIl as the rheological modelling of mud is
carried out.

The aim of this report is to gain insight into (the theoretical aspects of) the consolidation
of mud and its rheological modelling.I
Outline

I
In the second chapter attention is paid to the derivation of a one-dimensional finite strain,
self-weight consolidation equation in Eulerian coordinates. This equation is equivalent to
Gibson's consolidation equation (Gibson et al., 1967) written in material coordinates. Mate­
rial coordinates are more convenient with respect to solving the equation numerically. It is
shown that both Kynch's sedimentation equation (Kynch, 1952) and Terzaghi's consolidation
equation (Terzaghi, 1943) are special cases of this one-dimensional consolidation equation.

Pane and Schiffman (1985) modified Gibson's consolidation equation by generalizing the
effective stress principle in order to link sedimentation and consolidation.

From the linearized Gibson equation arelation between effective stress and void ratio is
obtained. With this relation the boundary conditions are specified, which are necessary to
solve the Gibson equation.

In Chapter 3 some principles of rheology are presented. Introducing various (empirical)
models, various types of rheological behaviour are illustrated. Special attention is paid to
thixotropie behaviour.

In Chapter 4 experimental evidence of arelation between yield stress and effective stress
is presented, linking consolidation and rheology. Some topics for future research are given
and the conclusions of this literature survey are drawn.
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I Chapter 2

I
Theory of sedimentation and
consolidation

2.1 Introduction

I

I

The process of soil formation consists of three stages. The first stage is the sedimentation of
a suspension. A suspension may he considered as a mixture of soil particles in water where
the dilution is such that the particles are fully supported by fluid, although the movement
of a certain partiele may he influenced by the proximity of other particles. With increasing
concentration the particles begin to support each other partialIy, which marks the transition
to the second stage: consolidation. In this phase the soil is formed and the effective stress
increases while the pore-water pressure and the void ratio decrease. This process proceeds
until the effective stress does not change anymore. However, during the third stage, the void
ratio may continue to decrease. This process is called creep or secondary consolidation.

This chapter is devoted to the modelling of the first two stages: sedimentation and conso­
lidation. First a general consolidation equation in a Eulerian coordinate system is discussed.
Transformation of this equation into a Lagrangian-like coordinate system, which is muchmore
convenient when solving the equation, yields the Gihson equation (Gibson et al., 1967). Sub­
sequently, it is shown that Terzaghi's classical theory of consolidation (Terzaghi, 1943) and
Kynch's theory of sedimentation (Kynch, 1952) are special cases of the Gibson equation. The
generalization of the effective stress principle in order to link sedimentation and consolidation
by Pane and Schiffman (1985) is discussed. From the linearized Gibson equation arelation
between the effective stress and the void ratio is ohtained. This relation is used to specify
the boundary conditions.

I

I
2.2 One-dimensional consolidation theory

I
A one-dimensional consolidation equation is derived in the Eulerian coordinate system (x,r).
The z-axis is taken positive in the upward direction. In the Eulerian coordinate system r
denotes time.

It is assumed that the soil is completely saturated and the mixture consists of asolid phase
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I and a liquid phase only. Moreover the mixture is considered to be incompressible. Therefore
the summation of the liquid fraction <1>1and the solid fraction <1>&equals unity. The fractions
are related to the void ratio e according to

1 e
<1>&=1+e and <1>1=1+e· (2.1)

I The vertical equilibrium of the two phase mixture can be written as

8(1' e 1
8x = -1+ePJg- 1+eP8g, (2.2)

I
where (1' is the total stress, 9 is the acceleration due to gravity and PI and Ps represent the
densities of the fluid and solids.

Conservation of mass reduces to conservation of volume occupied by particles, if it is
assurned that, in addition to incompressibility, the densities are constant in time and space.
Conservation of sediment volume yields the continuity equation

(2.3)

I which can be written as
8e 2 8 ( 1)
8T=(1+e) 8x V81+e ' (2.4)

I

where V8 is the velocity of the particles relative to the datum plane and it is taken the positive
in positive x direction, see Figure 2.1. Although a continuity equation can be formulated for
the pore fluid as weIl, no additional information is gained since the assumptions made above
result in dependent formulations.

The motion of the pore fluid relative to the particles is usuaIly modelled by Darcy's law,
which is written as

e 1 8Pe--(vI - v8) = -k--,
1+ e PJg 8x (2.5)

I
where vIis the velocity of the fluid, kis the permeability of the soil and Pe is the excess pore
pressure defined by the difference ofthe pore-water pressure and the steady-state (hydrostatic)
pore-water pressure:

p; = P - Pu· (2.6)

I
The velocity (v1-v&) is usuaIly called as the effective velocity. which is equal to the difference
in velocity between the particles and the fluid, see also Figure 2.1.

For reasens of continuity the volume flux of the mixture equals zero, sa that,

(2.7)

or,

I
1 e

--Vs + --vI = o.
1+e 1+e

Equation (2.8) can be rewritten to yield the relationship
e

--(vI - vs)= -V8•
1+e

(2.8)

(2.9)
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I VI veff

Vs
x

I

I Figure 2.1: Definition sketch of particIe and Huid veloeities

Substituting from (2.9) and using (2.6), equation (2.5) yields

I
(2.10)

Subsequently, using the effective stress principle

u = u' + p, (2.11)

equation (2.10) can be written as

I Vs = -.!5__ (OU _ OU') + k.
Pig OX OX

(2.12)

I
Here, urepresents the total stress, u' represents the effective stress, i.e. an interpartiele
stress. The effective stress is defined such that the deformations of the soil are determined
the effective stress determines (Terzaghi, 1943).

Combining equations (2.2), (2.4) and (2.12) results in a one-dimensional consolidation
equation in Eulerian coordinates for the void ratio e:

oe 2 (pS ) 0 [ k ] (1+ e)2 0 [ k ÖU']-+ l+e --1 - + -0OT ( ) PI OX (1+e)2 Pig OX (l+e) OX - . (2.13)

I The numerical solution of this non-linear partial differentlal equation is complex as a
result of moving boundaries. If, for exarnple, a consolidation experiment in a column is
simulated, the uppermost interface of the mixture drops when time increases and so does the
corresponding boundary in a numerical model. This problem can be avoided by introducing
Lagrangian coordinates. A coordinate system that is closely related to the Lagrangian system
is the material coordinate system, which appears to be more suitable to solve (2.13).

I
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I Material coordinate system

Consider a consolidation column with an initial height equal to xo, see Figure 2.2 (a), left
column. The right column in this figure represents the same column in material coordinates.
The material coordinate z indicates the volume of solids per unit area above the datum point.
It is therefore defined by

I (X dx'
z(x) = Jo 1+ e(x', T)'

The time t in the material coordinate system is equal to T, so that

(2.14)

t(T)=T. (2.15)

I After some time, at t = tI, the consolidation has proceeded, see Figure 2.2 (b), left column.
As a result of the consolidation process the top of the column has dropped to level Xl and
the original slice ha.s become thinner as water ha.s escaped, Since no solid material is added
or removed, the height of column in z space does not change and therefore the boundaries do
not move. However, the slice thickness does change a.s can be seen in the sketch. The ratio
oz/ox follows by rewriting (2.14):

I äz
äx

1
(2.16)1+e(x,T)"

For the transformation from the Eulerian coordinate system in the material coordinate
system the following transformation rules have to be obeyed:

I a f) OZ o ot
-=--+-­ox oz OX ot ox (2.17)

and

I

a a oz a Bt
OT = OZ OT + ot OT'

Substituting from (2.16) equation (2.17) becomes

(2.18)

o 1 a
(2.19)äx - 1+ e oz'

since ot/ox = O. Subsequently, substituting from (2.14) and interchanging differentiation and
integration, into (2.18) becomes

I a a (X ä [ 1 ] ,0
äT = ot + Jo OT 1+ e dz oz· (2.20)

Equation (2.20) can be simplified by substituting from the continuity equation (2.4), which
results in a o v" a

(2.21)

I OT
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(a) (b)

I x = Xo

I Gibson 's consolidation equation

The most straightforward method to obtain the consolidation equation in material coordina­
tes is by applying the transformation rules (2.19) and (2.21) to the Eulerian equation (2.13).
Elaborating the result in order to obtain a compact equation is quite cumbersome. Transfor­
mation of the continuity equation (2.4) in material coordinates, followed by substitution of the
(transformed) equations (2.2) and (2.12), simplifies the mathematical operations significantly.
The latter approach is taken in the following.

Applying the transformation rules (2.19) and (2.21) to (2.4) yields

8e _ 8vs = o.
8t 8z (2.22)

I

I Subsequently, substituting the vertical equilibrium equation (2.2) into the Darcy model (2.12)
yields, after applying the transformation rules

I
( Ps) k k Ba'

Vs = 1- PI 1+ e - P19(1 + e) àz '

Combining the equations (2.22) and (2.23) yields

(2.23)

ae (ps ) 8 [ k] 8 [ k au']at + PI - 1 8z 1+ e + az PI 9 (1+ e) az = o. (2.24)

I
Equation (2.24) still contains, additional to the variabie e, two unknowns, namely the

permeability k and the effective stress u'. In classical soil mechanics it is assumed that both
k and u' are a function of the void ratio only and that ernpirical forrnulations can be used.
With this assumption history effects, channeling and formation and break up of aggregates

8
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I are excluded from the model. Based on these assumptions equation (2.24) can be rewritten
as

I

ae + (p8 _ 1) .![k(e) ] ae + !_ [ k(e) d a' e oe]_ 0
at PI de l+eaz aZPI9(1+e)de[()]oz-'

which is known as the Gibson equation (Gibson et al., 1967).
Applying again the simplifications k, a' = f(e) to the consolidation equation (2.13) yields

the equivalence of the Gibson equation in Eulerian coordinates:

(2.25)

ae + (1+ e)2 (p8 _ 1) i_ [ k(e) ] oe + (1+ e)2 !_ [ k(e) .![ul(e)] ae] = O. (2.26)
OT PI de (1+ e)2 ax PI9 ax (1 + e) de ox

I A special case of the l-D consolidation equation: Terzaghi's consolidation theory

Terzaghi (1943) derived a theory of consolidation, based on a linear st ress-strain relation, a
continuity equation, Darcy's law and the infinitesimal deformation principle. Moreover the
theory neglects self-weight consolidation.

Terzaghi's consolidation equation is written in Eulerian coordinates as

I Oq' _ [k(l + e)] a2ql = 0,
OT PI9av ox2

(2.27)

where av is a coefficient of compressibility, defined as

I

ae
av = --.Ba'

In order to show the relationship between Terzaghi's equation and the 1-D consolidation
equation, the consolidation equation in Eulerian coordinates (2.26) will be rewritten and
compared with equation (2.27).

Self-weight consolidation can be neglected by taking Ps = PI, which eliminates the con­
vective term of (2.26), so that Gibson's equation in Eulerian coordinates reduces to

(2.28)

I

oe + (1+ e)2 !_ [ k(e) .![ql(e)] oe] = 0,
àr PI9 oX (1+ e) de OX (2.29)

I
In Terzaghi's theory it is assumed that the permeability k is constant during consolidation,
which simplifies (2.29). However, this equation is non-linear, which can be seen when the
equation is expanded. Neglecting this non-linear term yields

oe +k(l +e) a2q' = O.
OT P19 ax2

Substituting from (2.28), yields Terzaghi's equation (2.27).

(2.30)

I
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I A special case of the l-D consolidation equation: Kynch's sedimentation theory

Kynch's theory of sedimentation (Kynch, 1952), describes the process of hindered settling
during a one-dimensional sedimentation process. The main assumption is that at any point
in the dispersion the settling velocity v-' only depends on the local concentration by mass c.
The settling process is then determined entirely by a continuity equation, without knowing
the details of the forces on the particles.

Kynch 's sedimentation equation readsI
oc + W(c) oc = 0 (2.31)OT OX

where

I d
(2.32)W(c) = dc (v-,c).

In order to compare (2.31) with the 1-D consolidation equation (2.26), Kynch's equation
is written in void ratio rat her than in concentration. The relation between the concentration
by mass and the void ratio is given by

I (2.33)

I

Transformation of (2.31) yields

dc oe _ (1+ e)2i_ [~] dc oe = 0,
de OT de 1+ e de OX

which can be reduced to the continuity equation (2.4).
Where Darcy's law is used to model the particle-fluid interaction, Kynch assumes that

the settling velocity is determined by the concentration (or void ratio) only. The relation
between v-' and Darcy 's k is given by (2.12), and reads in more elaborated form

(2.34)

I [
1 P-, 1 oa/]vs=k -(1--)--- .

1+ e PI PI90X
(2.35)

I

Since in Kynch 's theory Vs is a function of e only, the derivative of the effective stress with
respect to x is discarded and therefore (2.35) reduces to (Been, 1980)

k P-,
v-' = -(1- -).

1+ e PI
(2.36)

Substituting (2.36) into the continuity equation (2.4) yields

oe + (1+ e)2 (p-, _ 1) i_ [ k(e) ] oe = o.
OT PI de (1+e)2 OX (2.37)

I This equation is obtained from the l-D consolidation equation (2.26) by leaving out the
diffusive (third) term. The assumption that no effective stresses exist during sedimentation
(a' = 0) is a sufficient condition to obtain Kynch's model.

10
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1 ~----------~-=--------~......................

··b aI
o e

I Figure 2.3: Forms of the constitutive relationship p(e)

2.2.1 Linking theory

I
Pane and Schiffman (1985) note that an 'intermediate region' of soil densities has been ob­
served in laboratory sedimentation experiments with remote-sensed density measurements
(Been, 1980). This intermediate region, which is characterized by rapid changes in concentra­
tion with depth, is associated with effective stresses which are not fully active yet. Therefore
Pane and Schiffman generalized the effective stress principle by postulating

a = {3(e)a' + p. (2.38)

I

I

According to Pane and Schiffman the generalized principle of effective stress substituted into
Gibson's consolidation equation (2.25), explains, from a mechanical point of view, the beha­
viour of soil-water mixtures. The resulting model makes possible the simultaneous modelling
of sedimentation and consolidation.

The interaction coefficient {3 is a monotonie function of the void ratio. In Figure 2.3 a
possible form of {3 is shown, however its real shape has never been investigated (Toorman,
1994).

The interaction coefficient is equal to zero for values of the void ratio greater than em.
In this case the particles or particIe aggregates are so distant that their interactions are
negligible and the mixture behaves as a dispersion. For values of the void ratio less than es
the interaction coefficient equals unity, indicating that the effective stress is fully developed
and the mixture behaves as a soil. For values of the void ratio between em and es the mixture
behaves neither as a dispersion nor as a soil, which is expressed by an interaction coefficient
that gradually varies from unity to zero. The classical effective stress principle (2.11) is
obtained by an abrupt change in {3 from unity to zero at e = em.

Assuming the validity of (2.38) the one dimensional consolidation equation (2.25}1 is

I

I
1For reasons of consistencywith the artiele of Pane and Schiffman, the consolidation equation in material

coordinates is used rather than its equivalenee in Eulerian coordinates.
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I extended to become

I

Oe + (ps _ 1) ~ [_k_] Oe + i_ [ k j3dCT' Oe] + i_ [ k CT,dj3 oe]_ 0
Ot Pj de 1+ e Oz Oz pjg(l + e) de Oz Oz pjg(l + e) de Oz - .

(2.39)
For e > em (2.39) reduces to an equivalence of Kynch's equation of sedimentation, as

shown in the previous subsection. For e < elJ the soil-water mixture is truly a soil: the
effective stresses are fully active. In this case (2.39) reduces to the Gibson equation (2.25).
For em < e < es the soil-water mixture is in a transitional phase. In this phase the pore fluid
velocity can be relatively high, so that the drag stresses are comparable with the effective
stress. For this case the complete equation (2.39) has to be used.

I Discussion

Pane and Schiffman generalized Terzaghi's effective stress principle, from a mechanical point
of view. Verruijt (1984) generalized the effective stress principle by taking into account a
small compressibility of the pore fluid and the particles.

He introduced a so-called intergranular stress, defined by

I ij = CT - p. (2.40)

The change of volume is given by

I
(2.41)

where ~ V is the change of volume, V is a control volume, K and KlJ are total compression
modulus and the particIe compression modulus, respectively.

Verruijt (1984) shows that the effective stress is generalized to

I
, ( K )CT= CT + 1- - p.

KlJ

This expression is also obtained by Biot and Willis (1957), Skempton (1960) and Tuncay and
Corapciglu (1995).

If the total compression modulus is much smaller than the compression modulus of the
particles, this is Kj KlJ -+ 0, (2.42) reduces to Terzaghi's effective stress principle. This is the
case when compression results in structural changes, due to sliding and rolling ofthe particles.

Especially in Pane and Schiffman 's interrnediate region, sliding and rolling of the particles
is likely to occur, so that Terzaghi's effective stress principle is valid. Besides, the reduction
factor multipIies the pore water pressure, rather than the effective stress. Thus the profit
of the interaction coefficient of Pane and Schiffman can only be seen in the perspective of
numerically solving the Gibson equation.

(2.42)

I

I
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I 2.3 The relationship between effective stress and void ratio

Gibson's consolidation equation (2.25) is written as

I
Be + (p8 _ 1) i_ [k(e) ] Be + !_ [G(e) Be] = 0,
Bt Pf de 1+ e àz Bz Bz (2.43)

where
G(e) - k(e) i_ [a/(e)]

- Pf9(1 + e) de (2.44)

I
It is likely that G(e) is much less sensitive to changes in void ratio than its constituent terms.
This suggests that taking G to be a constant may be a reasonable approximation for many
clays (Gibson et al., 1981).

A sensitivity arialysis can be carried out to assess the validity oftaking G to be a constant.
Widely used ernpirical forrnulations for the relations e - (1' and k - e are, see e.g. (Hu, 1990)

(al) -e;
and ar = 1 Pa (2.45)e= Ap -

(1r

I k
kr = Aker and k; = 1 mis (2.46)

Considering mud from Lake Ketel (The Netherlands), the empirical relations give reasonable
results for a small range of void ratios, i.e. 6 < e < 18. The corresponding coefficients are
tabulated in Table 2.1

I Table 2.1: Empirical parameters for Lake Ketel mud, (Cornelisse et al., 1993)

Ap 41.39
Bp - 0.416
Ak 7.09.10-9

I Bk - 2.767

I

With these values k(e), a/(e) and G(e) are plotted in Figure 2.4, norrnalized by the
corresponding values at e = 10.

For void ratios between 6 and 18 the variatien of G(e) with e seems to be acceptably
small, see Figure 2.4. Taking G to be a constant, (2.43) can be written as

(2.47)

This equation is still non-linear due to the variable coefficient

I d (de)>.(e) = -- -
de da' (2.48)
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I

If A is assumed to be a constant then (2.47) becomes a linear equation. However, this as­
sumption seems to be acceptable for low void ratios only, see Figure 2.4.

In the case that A is constant, (2.48) can be integrated with respect to e yielding

e = (eo - eoo) exp( -Au') + eoo, (2.49)

I

where eo is the void ratio for zero effective stress and eoo is the void ratio at the end of
consolidation (u' ~ 0).

The two-parameter relation (2.45) and the three-parameter relation (2.49) are plotted
together with results from experiments with consolidating Combwich mud (Bowden, 1988)
in Figure 2.5. In this figure the dotted line represents the two-parameter relation (2.45) and
the solid line represents the three-parameter relation (2.49). The parameters used in the
empirical relations are obtained by curve fitting and they are tabulated in Table 2.2. Notice
that specific volume in Figure 2.5 is defined as 1+ e.

I
Table 2.2: Empirical parameters fitted on results of experiments with Combwich mud (Bow­
den, 1988)

Two-parameter relat ion (2.45)
eo - 7.422
Three-parameter relation (2.49)

Ap 12.800 (-)
e, 0.153 (-) 4.64

4.811.10-3

(-)
(-)

(Pa-I)

I The correspondence between the experimental results and the empirical relations is quite
good, see Figure 2.5. Only for high void ratios the three-parameter relation starts to deviate.
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0.9 1.0

This is to be expected, since for high void ratios the parameter À, which is assumed to be
constant, changes rapidly with e, see Figure 2.4.

It is noted that the results of experiment RBI6, RB17 and RBI8 are obtained from one
experiment, but at different points of time, (Bowden, 1988). This explains the absence of
extreme scatter usually found in e - (7' plots.I
2.4 Initial and boundary conditions

I
In order to solve Gibson's consolidation equation, two boundary conditions and one initial
condition have to be specified. The problem considered here is consolidating mud in a column
with either a pervious or an impervious base.

2.4.1 Initia} conditions

I
The specification of the initial conditions is straightforward. The distribution of the void
ratio at t = 0 defines the beginning situation:

eini(Z) = e(z, 0).

15
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I
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Figure 2.6: Stress distributions for consolidating mud in a column with a pervious base.

I 2.4.2 Boundary conditions

In Section 2.3 it was shown that the three-parameter relation (2.49), from the linearized
Gibson equation (2.47), matches the experimental results of Bowden (1988) quite satisfactory.
Since a relationship between Cl' and e is necessary for the specification of the boundary
conditions, (2.49) is used (Gibson et al., 1981). However, other relations can be used as weIl.

I The upper boundary condition: the interface

At the interface it is assumed that there is no effective stress. Substituting Cl' = 0 into (2.49)
yields

einterface = eo·

I
(2.51)

Changes in void ratio at the interface are not accounted for in this formulation. It may
be expected that, when the consolidation process proceeds and thus the pore water flow
decreases, the permeability decreases. Since the void ratio and the permeability are strongly
related, the void ratio decreases during consolidation as weIl.

I
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I The lower boundary: pervious base

In Figure 2.6 the stress distributions are sketched of consolidating mud in a column with a
pervious base.

Vertical equilibrium reads, in material coordinates,

I (2.52)

This equation is obtained by transforming (2.2) to material coordinates according to (2.19).
Differentiating the effective stress expression (2.11) with respect to z yields

Ba' {}a {}Pss {}Pe
{}z = {}z - --a;- - {}z· (2.53)

Substituting from (2.52), equation (2.53) yields after integration with respect to z

a'(z) = -g(ps - PJ)z - Pe(z). (2.54)

As the base is pervious, the excess pore water pressure always equals zero at the base (z = -I),
thus

I:../ a'(-I,t)=g(ps-Pj)l. (2.55)

Combining (2.49) and (2.55) yields the lower boundary condition for a pervious base:

(2.56)

I
The lower boundary condition: impervious base

Now the mud is consolidating in a column with an impervious base. At the base of the column
Vs = Vj = O. Substituting Vs = 0 into (2.10) yields

{}p
- = -Pjg,{}x (2.57)

I so that at the base of the column
{}Pe = 0,
{}x (2.58)

and thus

I,
{}Pe = o.
{}z

Combining (2.52), (2.53) and (2.59) gives

àa' I-{} + 9 (Ps - Pj) = 0
z z=-/

(2.59)

(2.60)

I
Again assuming that a' is a function of the void ratio only, equation (2.60) can be written as

{}e de
{}z + si», - Pj) da' = 0, (2.61)

which is the boundary condition for an impervious base.
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I Chapter 3

Theory of rheology

I In this chapter some principles of the use of tensors are presented. Subsequently a number
of constitutive relations are described, starting with the simple model for Newtonian fluids.
The models become increasingly more complex in order to describe more complex materiais.
The ultimate goal is a rheological model for describing the complex behaviour of mud.

3.1 Deformation and stress tensors

I
Any material that is subjected to stresses deforms. How and how much it deforms depends
on material properties and the specific circumstances. This matter will be treated later.
Consider a cubic element, which has been deformed as a result of an arbitrary load.

The deformation or strain can be written in tensor notation:

[

Exx €xy
E = Eyx €yy

€zx Ezy

€xz 1
€yz .

€zz

(3.1)

I The elements €ij are given by

V (i,j) i{l, 2, 3}, (3.2)

I
where s is the displacement. Deformation can be decomposed into compression and distorsion.
In contrast with distorsion, compression changes the volume of an element. For compression
or volume strain we have

(3.3)
The deviatoric strain or distorsion is given by

I (3.4)

18

I



I

I When flowingmaterials are considered, it is more convenient to describe strain rates rather
than just strain, although both strain and strain rate play a role in the case of visco-elastic
materiais. The strain rate tensor is given by

I
a

D=-E=ot (3.5)

where the elements tij are given by

I
'V (i, j) f{1, 2, 3}, (3.6)

where u is the local velocity.
The deviatoric strain rate tensor is given by

I
(3.7)

Stresses can be written in tensor notation as weil. The stress tensor reads

S = [::: ::: ::: 1
{7zx {7zy {7zz

(3.8)

As with strains, stresses are decomposed into compressive stresses and distorsive stresses.
The compressive stress is defined as

I
1

{70= 3({7xx + {7yy + (7zz).

The isotropie stress {70 is the averaged normal stress.
The deviatoric stresses are given by the tensor

(3.9)

[

{7xx - {70 {7xy

Sd = {7yx {7yy - {70

{7zx {7zy

(3.10)

I Simplification by assuming incompressibility

In the case that the fluid is considered to be incompressible, the stress and strain tensors
simplify because the volumetrie strain vanishes,

Î
e" = Cxx + Eyy + Czz = O. (3.11)

With this condition the strain tensor E equals the deviatoric strain tensor Ed, and similarly,
the strain rate tensor D equals the deviatoric strain rate tensor Dd.

19

I



I

I Invariants of a tensor

I

Tensors used within this context describe strain (rate) or stress at an arbitrary point within the
mud layer. The magnitude and sign of the tensor elements depend on the spatial orientation
of the (orthogonal) coordinate system 1. However, the state at the point under consideration
is independent of the orientation of the coordinate system. A property of tensors is that they
have some special cornbinations of their elements (invariants), which values are independent
of the orientation of the coordinate system.

Let T be a second order tensor, describing either strain (rate) or stress, then T has three
invariants/ :

I
IT = trace(T)
UT =T: T
ruT = det(T)

(3.12)
(3.13)
(3.14)

The values of these invariants provide inforrnation about the local state of the material re­
gardless how the carthesian coordinate system is chosen. They may be used as parameters in
constitutive relations.

3.2 Constitutive relations

t

The stress and strain (rate) constitution in an arbitrary point within a soil layer is described
by the tensors given in the previous section. Viscosity relates stresses to deformations and vice
versa. The viscosity of a material may depend on many factors. The most important factor
is the material (composition) itself. Further temperature, history and the nature and magni­
tude of deformation may play a role. In order to describe the relation between stresses and
deformations (empirical) models can be formulated. The search for appropriate constitutive
models for fluids is the task of rheology.

With respect to viscous behaviour fluids can be classified as follows:

• Fluids of Pascal

f

• Newtonian fluids

• Non-Newtonian fluids

t
A Pascalian fluid is inviscid. As a result such a fluid is not subjected to internal friction,

and thus no momentum can be transferred. Therefore this type of fluids is irrelevant with
respect to rheology.

A Newtonian fluid is an idealized fluid. The viscosity is a material function that is inde­
pendent of the deformation (rate) and history of the material, but may vary with temperature
and possibly pressure. In practice water is most modelled adequately as a Newtonian fluid.

Fluids that have a more complicated behaviour are classified as non-Newtonian fluids.
This group can be divided in many subdivisions. This will be discussed later.

I 1Unless stated otherwise, all phenomena are described in a cartesian (orthogonal) coordinate system.
2See also Appendix B.
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I 3.2.1 Constitutive model for Newtonian fluids

The constitutive model for a Newtonian fluid is given by (Bird et al., 1960)

S = - [(K + ~1])V' . u] 1+ 21]D, (3.15)

I where 1] is the viscosity, K is the dynamic bulk viscosity or dynamic bulk modulus and I is
the unity tensor.

Equation (3.15) can be rewritten by subtracting the normal components

{Tol = -(KV' . u)1 (3.16)

yielding

I (3.17)

Notice that, if (3.17) is written in the deviatoric strain rate Dd, then the first term of the
right-hand side vanishes:

(3.18)

I
The magnitude of the dynamic bulk viscosity is material and process dependent. For

rarefied gases K approaches zero. For dense gases and even fluids the dynamic bulk viscosity
is probably not too important (Bird et al., 1960). Moreover, in the consolidation theory the
incompressibility assumption (\7" . u) is used. The incompressibility assumption reduces the
stress-strain rate relation to the deviatoric part., Flow curves

I

The relation between stress and strain rate is often presented graphically in a so-called flow
curve. In order to plot the results of a mathematical model it is convenient to rewrite the
mathematical model in terms of invariants. The most appropriate invariant is the second,
since the first invariant equals zero if incompressibility is assumed and the third invariant
is equal to zero for various viscometric flows, such as axial tube flow, axial and tangential
annular flow and flow in a film.

Equation (3.18), written in terms of second invariants, reads

(3.19)

I
Plotting this equation in (IlDd, lSd) space is not convenient, since most flow curves are obtained
from viscometric flow conditions and consequently plotted in (TyX' 1') space. For viscometric
flow the strain rate l' is defined by

. 8u
"(= -,8y (3.20)

where urepresents the x-component of the velocity u, and y is a coordinate normal to the
x-coordinate. For viscometric flow conditions the following relations hold:

I 1'=2~=~,
Tyx = JtiSd.

(3.21)

(3.22)
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I Correspondingly (3.19) is written as 3

(3.23)

I
and plotted in (2JtnDd' ~) space.

For Newtonian fluids, modelled by (3.18), the flow curve is a straight line through the
origin, see Figure 3.1.

3.2.2 Constitutive models for non-Newtonian fluids

Fluids that do not obey Newton's viscosity model are called non-Newtonian fluids. These
fluids can be c1assified into three subdivisions (Van Rijn, 1990):

• ftuids for which the shear stress depends only on the shear rate, and although the
relation between them is not linear, it is independent of the time the fluid has been
sheared,

I
• ftuids for which the shear stress depends not only on the shear rate, but also on the
time the ftuid has been sheared or its history, and

• visco-elastic ftuids which exhibit characteristies of both elastic solids and viscous ftuids.

, The first group can be characterized as the most simple form of non-Newtonian ftuids.
Now, the viscosity 1J is dependent on strain rate as weil. Objective information about strain
rate is obtained via the three strain rate tensor invariants introduced earlier. Hence, the
S - D relation becomes

(3.24)

where
(3.25)

I
From this point attention is paid to the deviatorie part of (3.24) only. If it is justified

to assume incompressibiIity, whieh is the case for saturated soils, the deviatoric part of the
stress-strain rate relation provides sufficient information to compute the stress-strain rate be­
haviour of the ftuid, otherwise the normal component has to be taken in account (separately)
as well, including the dynamic bulk viscosity.

I The deviatoric component of (3.24) reads

(3.26)

I
The first invariant of Dd represents the volumetrie strain rate of distorsion, which is equal
to zero by definition. Hence, the first invariant does not appear in (3.26). In many models

31n this form only the first quadrant is accounted for. The correct formulation would be ~ =
±2'1~.
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I found in the literature, the viscosity is only a function of the second invariant. Probably, the
influence of the third invariant is not understood, or considered to be of minor importance
(Bird et al., 1960). Moreover. in viscometric flow mDd =O. Consequently, the models, found
in the literature, are generally written with 1J as function of the second invariant of Dd:

I
(3.27)

Below some models based on the concept of (3.27) are discussed briefly.

I
Bingham model

The two-pararneter (1Jo, TO) Bingharn model extends the Newtonian model by introducing a
yield stress TO. As long as the applied shear stresses are smaller than the yield stress, no
deformation occurs. The mathernatical expression for the Bingham model reads

(3.28)

I It can be shown that, given a stress situation, the shear stress acting on the maximally sheared
plane equals ~, which explains the yielding conditioning.

I

Ostwald-de Waele model (powerlaw)

The two-pararneter (1Jo, n) Ostwald-de Wa.elemodel, sometimes referred to as the power law
model, is able to describe dilatant behaviour, i.e. increasing viscosity with increasing strain
rate, and pseudoplastic behaviour, which the opposite of dilatancy. The model incorporates
no yield stress. The mathernatical fotmulation reads

(3.29)

I Setting n = 1, the power law reduces to Newton's law of viscosity. For n greater than unity,
the behaviour is dilatant (shear thinning), whereas for values less than unity the behaviour
is pseudoplastic.

I
Reiner-Philippoff model

This model contains three adjustable parameters: 1Jo, 1Joo and TO. Since Newtonian behaviour
has often been observed both at very low and very high strain rates, the model has been set
up to reduce to Newton's law of viscosity with 1J= 1Jo and 1J= 1Joo, respectively, for these two
limiting cases. The rnathematical forrnulation of the Reiner-Philippoff model reads

I
(3.30)
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I Figure 3.1: Flow curves (quali tati vely)

At moderate strain rates the behaviour changes from pseudoplastic into dilatant with incre­
asing strain rates and for "'0 > ",=. The coordinates of the inflection point are

I (3.31)

I

see also Appendix A.
If the viscosity at low strain rates is very high, then the Reiner-Philippoff model can be

1
considered as the continuous form of the Bingham model. Then (!nSd)~flection= Tav3",a/",oo
corresponds to the Bingham yield stress.

I

3.2.3 Constitutive models for non-Newtonian fluids including thixotropy

The viscosity in the models discussed so far is not time dependent. It has been observed
that some materials are thinning or thickening during deformation. Various types of this
rheological phenomena can be discerned:

• Thixotropy, defined as the decrease in viscosity under stress, followed by gradual re­
covery when the stress is removed.

I
• Anti-thixotropy, the opposite of thixotropy.

• Rheopexy, defined as the acceleration of solidification of a material by gentIe regular
movements. The material has an enhanced rate of recovery at low shear rates compared
with that at rest. Sometimes the notion rheopexy is incorrectly used as synonymous to
anti-thixotropy.
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I • Partial thixotropy, defined as partially irreversible thixotropy. Materials that do not
reeover at all, are called rheomalaxis.

I
The cause of time dependent behaviour has to be sought in changes in the structure

of the fluid at microscale. In a dispersion for example, the structural formation is due to
interparticIe forces acting between the dispersed species in the fluid. The forces involved are
Van der Waals' forces and forces generated by electric interaction, double layers (Olphen &
Fripiat, 1979) and sterie interaction.

Depending on the interplay of attraction and repulsion, floes of different sizes, shapes and
strengths may be formed. The viscosity depends on the floc size and shape among other
things. The rate of formation and destruction of fiocs is governed by Brownian motion and
shear. A material shows thixotropie behaviour if the internal structure is built up in rest and
broken up by shear.

The modelling of thixotropie behaviour requires knowledge of interpartiele farces and
internal structures. Many different mieroscopie processes may result in time dependent beha­
viour. In the literature some theoretical models can be found, dealing with one aspect causing
the thixotropy. A comprehensive thixotropie model would have to account for many factors,
whieh is a complicated undertaking.

I

a

I

Lumped parameter models

In another, more global, approach to thixotropie modelling, the details of the structure, i.e.
concentration, shape and size distribution, and its internal constitution, are replaced by a
structure pararneter X. The viscosity is evaluated in terms of ..\ and the time dependent
behaviour is described by a rate equation for ..\.

The parameter ..\ quantifies the degree of structural formation. When the fluid is fully
built up, ..\ equals unity and when the fluid is fully broken up, ..\ equals zero. In the initial
(undisturbed) state ..\= "\0, where ..\0 is often taken equal to unity. However, WorraIl and
Tuliani (1964), who studied the effect of aging on the rheology of clay sus pensions, state that
..\ approaches unity rather than that it reaches unity. Hence, ..\= 1 refers to the maximal
possible structure measured during testing the sample, and not the maximal possible structure
the sample ever can get.

The parameter ..\ is a measure for structure, and hence, the structural parameter may be
related to the strength or yield stress. Billington (1960) proposed the following definition:

I

I
..\(t) = Ty(t) - Too ,

TO - Too
(3.32)

where TO refers to the yield stress at t = 0 and Too refers to the yield stress for shear rates
approaching infinity. Since Newtonian behaviour is often observed for high shear rates, Too is
assumed to be zero, so that (3.32) reduces to

I
..\(t) = Ty(t).

TO
(3.33)
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I Moore model

The simplest lumped parameter model is the Moore model (Moore, 1959). He postulated
that the viseosity of the thixotropie fluid ean be deseribed by

11= 11= + cÀ, À E [0,1]. (3.34)

I The eonstitutive equation is then

(3.35)

The rate equation for À is given by

I dÀ ~dt = a(1 - À) - bÀy2llDd· (3.36)

I

The first term of the right-hand side of (3.36) quantifies the build-up rate. It is assumed that
the build-up rate of the fluid depends on the amount of structure to be reeovered (1- À). The
seeond term of the right-hand side quantifies the break up rate, whieh is assumed to depend
on both the shear rate ~ and the eurrent strueture À.

The equilibrium value, Àe, of the struetural parameter Àe follows from dÀ/dt = 0, whieh
gives

a 1
Àe= a+b~= 1+.8J2llDd' (3.37)

where ó = bf a.

I Worrall and Tuliani model

WorraIl and Tuliani (1964) eombined the Moore model for equilibrium and the Bingham
model:

(
ÀOTO )Sd=2 ~+J1.=+CÀe Dd, (3.38)

I This model describes the behaviour in state of equilibrium of thixotropie materials that have
a yield stress.

I

~--

Toorman (1995) proposed a new rheological equation. He generalizes (3.38) by postulating
that all rheological parameters ean be a function of À:

T=
Toorman model

(3.39)

whieh is rewritten after substitution of (3.33) as

I (3.40)
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I For the state of equilibrium (3.40) gives

s, = 2 ('xe~ + 1Joo(~) +de) n.; (3.41)

I
whieh eorresponds to the Worrail and Tuliani model (3.38). Equating these two formulations
yields the relationship:

(3.42)

I
Substitution of (3.42) into (3.41) yields

s, = 2 ((,xo +,x - 'xe) ~ + J.Loo+ C'x) ti; (3.43)

Equation (3.43) is the new rheological model, expressed in equilibrium flow curve (EFC)
parameters, for a thixotropie yield stress fluid, proposed by Toorman (1995). Notiee that so
far no eonstraints have been made on the rate equation.

I

I

Super-struct ure

If the internal strueture of the material does not change, the relation between deformation
rate and stress, and stress and deformation rate is unique. Consequently, the relation between
deformation rate and stress must be either monotonie ascending or monotonie deseending.
Sinee at large deformation rates the stress inereases with inereasing deformation rates, the
relation is monotonie aseending, or in other words, the differential viseosity must always be
non-negative. However, during shearing experiments it is often observed that at low shear
rates the stress drops to a lower value when shear rate inereases, resulting in a flow curve with
a stress minimum, see Figure 3.2. This effeet ean only be explained by a ehanging intern al
strueture.

Cheng (1986) distinguishes between two yield stresses. The yield stress pertaining to the
equilibrium flow curve is ealled the dynamie yield stress Td (short time seale), whereas the
yield stress measured after a long storage is ealled the statie yield stress Ta (long time seale).
For simple thixotropie fluids the statie yield stress equals the dynamie yield stress, but for
many materials including mud, the statie yield stress is generally larger than the dynamie
yield stress.

A physieal explanation is that the material in rest builds up a seeondary strueture. The
formation of this strueture is usually a slow proeess, but the strueture rapidly breaks up when
shear is applied. The existenee of the seeond strueture or super-strueture in mud and clay
suspensions may be related to eoagulation and bacterial gluing.

The super-structure can be modelled by the introduetion of a seeond struetural parameter
,x" (Toorman, 1995). The thixotropie model (3.43) is modified by adding a term aceounting
for the super-strueture:

I

I

t (3.44)
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I Figure 3.2: Statie and dynamie yield stress for the equilibrium flow curve of a 4% aqueous
bentonite suspension. Symbols=experimental data (Coussot et al., 1993). Figure taken from
(Toorman, 1995)

The rate equation for Às may be of the same form as that of À (3.36). Consequently, the model
will be harder to calibrate, sinee three more parameters (À." as, bs) have to be determined.
But the model is able to reproduee the minimum in the flow curve (Toorman, 1995).I

I

I

I
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I Chapter 4

Discussion and conclusions

I

I

The consolidation equation contains two material dependent parameters, namely the hydraulic
conductivity k and the effective stress u'. Gibson et al. (1967) assumed that both parameters
depend on the void ratio only. However, many experiments proved that the assumption is
not satisfactory (Been, 1980; Bowden, 1988).

When a mud layer is consolidating, the structure is too weak to carry the imposed load, so
that its structure is collapsing continuously and therefore shows a fluid-like behaviour. Hence,
the strength of a mud layer, relative to the effective stress, governs the consolidation process.
Studying the rheological properties of the mud layer may result in a better modelling of the
consolidation process.

I 4.1 Yield stress versus effective stress

I

Been (1980) performed some experiments with consolidating mud and two of his conclusions
are that for void ratio's larger than approximately 6, the soil can have a range of effective
stress from 0-100 Pa and that zero effective stress at the soil surface can occur with a wide
range of void ratio's, but the spread of the values of the void ratio reduces significantly as the
effective stress increases.

In the Chapter 3 some rheological models have been discussed. The more sophisticated
models incorporate thixotropy and yield stress. Bowden (1988) studied experimentally the
relation between yield stress and effective stress. The behaviour of various compositions of
mud and saline water was investigated in settling columns. At various time points and levels
within the soft soil, both effective stress and yield stress were measured. The effective stress
was calculated by subtracting the pore water pressure from the total stress. The yield stress
is measured with a vane apparatus. The conclusions from these experiments are that there is
a remarkable linear relationship between yield stress and effective stress, see Figure 4.1. The
slope of the straight line depends on the material composition. From this figure it can be
seen that the straight line interpolation intersects the positive yield stress axis, which suggests
that at zero effective stress the soil has a shear strength. This shear strength is commonly
called true cohesion. From Bowden's (1988) experiments it is also found that both the yield
stress and the true cohesion increase with time, however this effect is more effective for lower

I

I
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I Figure 4.1: Yield stress versus effective stress. After (Bowden, 1988).

I

effective stress levels.
Van Kessel (1996) determined the yield strength of a consolidated bed of Caland mud by

means of a sounding test. In this experiment a geometry penetrates into the bed while the
bed is traversed upward, see Figure 4.2. The force acting on the geometry is recorded by a
balance.

From the recorded forces the cohesion c of the bed are calculated, taking into account the
contributions of the stresses at the tip of the geometry, the shear stress along the shaft, and
the shape of the geometry, see (Van Kessel, 1996) for details. The cohesion crelates to the
yield stress as

I Ty = C + C1n tan(4)), (4.1)
where C1n is the normal stress and 4> is the angle ofinternal friction. For undrained experiments
4> equals zero, so that (4.1) reduces to

Tv = C (4.2)

I
Before the sounding test was executed, the density profile was determined with a con­

ductivity probe. The effective stresses are calculated from the density profile. In Figure 4.3
the effective stress, here denoted by C1v,O, is plotted as function of the yield stress, for various
traversing speeds.

30

I



I

I

I

r-

balance

I--I--

- I-

/1 t

tJ
'--

water

I sediment

ravcrsing unit

I motor

Figure 4.2: Experirnental set-up (Van Kessel, }996)

I The traversing speed is quite important for the relation between yield stress and effective
stress, see Figure 4.3. Only for relatively high traversing speeds, in this case 0.5 mm/s, the
pore water cannot escape, resulting in an undrained condition. The plots for other traversing
speeds correspond to (partial) drained conditions and are not considered here.

A continuous increase in effective stress with increasing yield stress can be observed.
However, the relationship is not as Iinear as found by Bowden (1988), although the plot of
results follows the line Ty = ~<Tv,o quite weIl. This line follows from Mohr's circle and indicates
the (theoretical) maximum shear stress that can occur given the effective stress.

I
4.2 Topics for future research

I

Bowden (1988) and Van Kessel (1996) presented experimental evidence of a relationship bet­
ween the effective stress and the yield stress. Because of the assumption that the effective
stress and the permeability are a function of the void ratio only, aging, history effects, forma­
tion and break up of flocs, channeling and creep are neglected. In order to incorporate these
effects into a consolidation model, a rheological model, that is to be implemented in such a
consolidation model, has to be developed. To achieve this, the following items will be paid
attention to:

I

• Set-up of an experimental program me,
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I Figure 4.3: Yield strength versus initial vertical effective stress for Caland channel mud (Van
Kessel, 1996)

I
• Development of an effective stress relation, based on the void ratio and rheological

parameters,

• Development of an permeability relation, based on the void ratio and rheological para­
meters,

• Solving the one-dirnensional consolidation model

I 4.3 Conclusions

Consolidation

I

A one-dimensional non-linear finite strain self-weight consolidation equation is presented in
Eulerian coordinates. This equation is equivalent to Gibson's equation (1967) in Lagrangian­
like material coordinates. It is shown that both Kynch 's sedimentation theory (1952) and
Terzaghi's consolidation theory (1943) are special cases of the Gibson equation.

Pane and Schiffman (1985) generalized the effective stress concept in order to link the
sedimentation phase to the consolidation phase. However, generalized forms of the effective
stress principle, derived by taking into account a small compressibility of the pore fluid and
the particles. have a reduction factor multiplying the pore water pressure (Verruijt, 1984),
whereas Pane and Schiffman used the factor multiplying the effective stress. Moreover, it is
likely that in the intermediate region Terzaghi's effective principle is valid.

I
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I The solution of the consolidation equation requires, besides boundary conditions, two do­
sure relations for the effective stress and the permeability. The relation between the effective
stress and the void ratio is considered in some detail, whereas the relation for the permeability
is left for a later discussion.

Arelation for the effective stress is found from the linearized Gibson equation. This rela­
tion is compared with another commonly used empirical relation, see (Hu, 1990, for example),
and experimental results with consolidating mud (Bowden, 1988). The correspondence is quite
good .

. In order to specify boundary conditions a relationship between the void ratio and the
effective stress is needed. The boundary conditions for the interface, a pervious base and an
impervious base are given.

I

I

I

Rheology

Rheological models describe the relationship between stress and strain (rate). Starting with
simple rheological modeis, increasingly complex models to describe rheological complex fluids
as mud are discussed.

Special attention has been paid to the modelling of fluids that show time dependent be­
haviour (thixotropy) and have a yield stress. The Toorman model (Toorman, 1995), which
is a generalization of the WorraIl and Tuliani model (WorraIl & Tuliani, 1964), is presented.
This model incorporates two yield stresses: a dynamic yield stress and a static yield stress,
which is generally larger than the dynamic yield stress. The static yield stress represents aso­
called super-structure that breaks up easily under shear, and builds up slowly in the absence of
shear stresses. This model is able to represent the minima, that are often found in flowcurves.

I
Bowden (1988) and Van Kessel (1996) presented experimental evidence of a relationship

. between the effectivestress and the yield stress. This indicates that the incorporation of a rhe­
ological model into a consolidation model can result in a better modelling of the consolidation
process.

I

I

I
33

I



I

I

I Chapter 5

Acknowledgements

I
This literature survey is the first result of the Ph.D. project Strength euolution of soft conso­
lidating mud layers which is financed by Netherlands Foundation of Technology.

I thank Dr Cees Kranenburg for his suggestions, especially concerning the transformation
of the consolidation equation from Eulerian to material coordinates.

I

I

I

I

I
34

I



I

I

I Appendix A

I
Inflection point of the
Reiner-Philippoff model

The rnathematical formulation of the Reiner-Philippoff model reads

I (A.l)

which can be rewritten as

I (A.2)

Since (A.l) is symmetrical in the origin, it suffices to consider only the first quadrant. For
this quadrant (A.2) can be written as

I (A.3)

I
in which the substitutions IIsd = x2 and IIDd = y2 have been made. Differentiating (A.3)
twice with respect to x and equating the result to zero, yields a condition for the inflection
point. Solving for x and y gives

(x, y) = (v'6TO ~, v'6 (TJoo + 3TJO)TO)V TJoo 8 ";1]00 TJo
(AA)

or

I (A.5)
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I Appendix B

I
The invariants of a second order
tensor

I
In the present report, second order tensors are used to describe stress, deformation and
deformation rate of materials in three dimensions. For simplicity these tensors are represented
by one second order tensor T:

Tl2 Tl3]
T22 T23 .

T32 T33

(B.I)

I

For reasons of spin momentum equilibrium the stress tensor must be symmetrical and
with that the deformation (rate) tensor is symmetrical as weil. This implies that Tij = Tji.

The the value of the elements of the tensor depend on the orientation of the carthesian
coordinate system. However, for certain combinations of elements the value of these elements
does not depend on the orientation of the coordinate system. These combinations are called
the tensor's invariants. For the second order tensor T three invariants can be discerned. The
three invariants are given by

I

IT = Trace(T) = TH + T22+ T33= Cl,

HT = T : T = L L TijTji = Til + Ti2 + T~3+ 2Ti2 + 2Ti3 + 2Ti3 = C2,

(B.2)

(B.3)
J

fiT = Det(T) = TllT22T33 - TuTi3 - T22Ti3 - T33Ti2+ 2Tl2T23T13 = C3, (B.4)

I where C, are constants.
For the stress tensor the constants C, can be expressed in terms of principal stresses+.

The values of the invariants become then

(B.5)

I 1In an arbitrary stress situation, a elementary cube of material can positioned in such a way that on none
of its faces shear stresses are acting, but only normal stresses. In this situation the normal stresses are called
principal stresses. The relative magnitude is expressedby the adjectives major, interrnediate and minor.
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I n 2 2 2S = 0'1 + 0'2 + 0'3'

mS = 0'10'20'3,

(B.6)
(B.7)

I
where 0'1 represents the major principal stress, 0'2 represents the intermediate principal stress
and 0'3 represents the minor principal stress. Sirnilar expressions can be written for principal
strain [rates).

It is noticed that if only the deviatoric tensors are considered, as is the case when incom­
pressibility is assumed, th en the first invariant is equal to zero by definition.

Yield stress condition

I
An arbitrary stress situation is considered. The orientation of the coordinate system is chosen
such, that all norm al stress components equal zero and all shear stress components are zero,
but one. Then the shear stress is equal to the maximum shear stress r.max. From (B.3) it
follows that

(B.8)

All models that incorporate yield stress, have the condition that D = 01 when

I (B.9)

or, in terms of the second invariant
(B.IO)

I
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