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Summary

Transfer function noise (TFN) modelling is a form of time series analysis which reg-
ularly uses the recharge as a stress to explain the groundwater table fluctuations.
Often the recharge flux is estimated as a linear combination of the precipitation and
the (potential) evaporation. However, this is a simplification of the actual hydrologi-
cal processes in the unsaturated zone. This is tried to be overcome by implementing
a nonlinear recharge model in TFN time series models. Additionally, TFN models can
use different impulse response functions, where some of them account for dispersion
and retardation due to the unsaturated zone.

In this report the performance of a linear and nonlinear recharge model, inside the
TFN model, are tested against synthetic time series of the groundwater table. These
time series for the groundwater table are created with the unsaturated/saturated
zone model HYDRUS-1D. With HYDRUS-1D, thirty-five synthetic time series are cre-
ated for five different soil types and seven different unsaturated zone thicknesses
(up to 5 m). The three most commonly used response functions, exponential, gamma
and four-parameters are also tested for these thirty-five time series.

The results show that TFN models using the nonlinear recharge model are almost al-
ways better in estimating the groundwater table time series than the linear recharge
model. This is confirmed in both the calibration and validation period. The common
disadvantage of the linear recharge model, undershooting the groundwater table in
(dry) summers, is not observed for the nonlinear recharge model. This can improve
the forecasting abilities of TFN models during droughts.

Additionally, the nonlinear recharge model gives a more realistic representation of
the fluxes in the root zone. This is confirmed goodness-of-fit parameters when com-
paring of the recharge flux and evaporation reduction calculated by HYDRUS-1D and
the nonlinear recharge model. Especially when using the exponential response func-
tion, the recharge flux can be estimated quite well by the nonlinear recharge model.
However, the nonlinear recharge model is currently not able to estimate groundwa-
ter uptake (upwards recharge) while it is observed in the HYDRUS-1D simulations.

The linear model does perform decently for shallow groundwater tables down to a
depth of 150 cm since that is where large groundwater fluctuations and more days
with groundwater uptake (upward recharge) are observed. The use of the gamma
and four-parameter response functions significantly improves the performance of the
linear recharge model. This can be explained by the compensation of these response
functions for dispersion and retardation in the root zone. Nevertheless, when per-
forming groundwater table time series analysis on synthetic time series created with
HYDRUS-1D, the nonlinear recharge model is preferred to simulate the groundwater
table.
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u Effective Propagation Velocity of a Pressure Wave

v Innovations of the noise model

x Position

z Elevation
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1 | Introduction

Describing groundwater table fluctuations is a challenging task in hydrology that
is often done with groundwater models. There are different types of models to do
this. White box models describe the physical processes using deterministic equa-
tions. These kind of models often need detailed knowledge of both the subsurface
and the physical boundary conditions. Additionaly, they need extensive parameteri-
sation and are time consuming to develop (Bakker & Schaars, 2019).

In contrast to white box models there are black box models which are entirely data-
driven. Black box models try to determine a relation between input and output series
without any physical understanding of the system (Bakker & Schaars, 2019). In the
current age of big data these black box models are becoming increasingly popular.
However it can be argued that black box models ”neglect centuries of scientific un-
derstanding of physical processes to empirically look for relationships among data
that underlie all natural phenomena” - Siegel & Hinchey (2019).

In between these white and black box models is a wide range (shades) of grey box
models. In hydrology, time series analysis is becoming a popular grey box model to
analyse groundwater table measurements in an observation well. The Python pack-
age Pastas (Collenteur et al., 2019) applies time series analysis with transfer function
noise (TFN) modelling using predefined impulse response functions (von Asmuth; et
al., 2002). The models are still data driven but they are often much simpler and
faster using a relatively low amount of parameters. To make a good TFN model,
the response function of each stress has to be estimated, including the uncertainty
(Bakker & Schaars, 2019).

The most commonly used stress in TFN models to explain groundwater table fluc-
tuations is the recharge flux. The recharge flux can be approximated by a linear
combination of precipitation and (potential) evaporation. With this simple linear
recharge model, often remarkably good fits are obtained (Collenteur et al., 2019).
However, the linear recharge model is a simplification given that soil water flow can
be highly nonlinear, since the hydraulic conductivity and the pressure head depend
on the soil water content (Feddes et al., 1988).

The lack of incorporation of these nonlinear processes is often observed with linear
TFN models, resulting in bad fits and predictions, especially for deeper groundwater
systems (Zaadnoordijk et al., 2019). Also for climate forecasting it is a big disad-
vantage that (multiyear) droughts are not able to be simulated well with the linear
recharge model due to undershooting of the groundwater table (Peterson &Western,
2014).

Research has been done to implement nonlinear recharge models in time series mod-
els. For instance, the model of Berendrecht et al. (2006) introduced nonlinearity by
modelling the degree of water saturation of the root zone. Peterson &Western (2014)
added a flexible vertically integrated soil moisture module to account for nonlinear
processes. Recently, Collenteur; et al. (2021) tested a nonlinear recharge model
loosely based on the FLEX conceptual modelling framework (Fenicia et al., 2006)
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Figure 1.1: Grey Scale of Model Types

and compared the estimated recharge flux to independent lysimeter seepage data.
The estimate of the recharge from the nonlinear recharge model was in reasonably
good agreement with the lysimeter data.

According to the authors of these three publications, all these nonlinear TFN mod-
els showed a better performance compared to the linear model. This theory here is
that using some physical knowledge of the system, as advocated by Siegel & Hinchey
(2019), can lead to a better understanding model of the system.

However, Peterson & Western (2014) invite others to develop and test nonlinear
transfer function noise models. Collenteur; et al. (2021) call for additional research
using larger groundwater table data sets to investigate the general applicability of
nonlinear root zone models in time series analysis under different hydrogeological
settings.

1.1 Research Questions

The aim of this study identify how the nonlinear recharge model proposed by Collen-
teur; et al. (2021) performs in the TFN modelling. The performance of the nonlinear
recharge model is compared to the linear recharge model and tested with synthetic
time series for the groundwater table. The synthetic time series are created created
with a one-dimensional unsaturated zone model under different hydrogeological set-
tings.

HYDRUS-1D is used as the unsaturated zone model, because it is a physically based,
white box model that numerically solves the deterministic equations which describe
the unsaturated zone processes. The idea is that by using this physical model, we
can create relatively realistic time series for the groundwater table and can say some-
thing about the physical conditions under which the grey box TFN model works. To
do this we have the following research questions for this study:

R.Q. 1 What lower boundary condition can be used for a one-dimensional model
to generate realistic synthetic time series of the groundwater table?

R.Q. 2 How does the unsaturated zone affect the nonlinear behaviour of the
groundwater table?

R.Q. 3 How does the TFN model, using the linear or nonlinear recharge model,
perform in modelling synthetic groundwater table time series created
with an unsaturated zone model?

R.Q. 4 When is it recommended to use the linear or nonlinear recharge model
when doing groundwater table time series analysis using TFN modelling?
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1.2 Methodology and Outline

To answer the research questions we split the thesis into three main chapters which
all contain some results and answer the research questions.

Chapter 2 discusses the basics of time series analysis using transfer function noise
modelling. Here the concepts of input stresses and response functions are explained
which are needed later when incorporating the unsaturated zone in time series anal-
ysis. Chapter 2 also discusses the responses of some elementary groundwater sys-
tems. We create some synthetic time series without an unsaturated zone and see
that the performance of the TFN model is very good in these situations. From the
comparison between the elementary groundwater systems, we learn what boundary
condition to use for the one-dimensional unsaturated zone model. This way we do
not limit the answers on the research questions only to one-dimensional domains or
systems that are not realistic.

In chapter 3 we discuss the equations that describe the unsaturated zone which are
also used by the unsaturated zone model HYDRUS-1D. In this chapter we run some
simulations with HYDRUS-1D to demonstrate the nonlinear effects that the unsatu-
rated zone has on the groundwater table to answer research question 2.

Chapter 4 first discusses how the TFN model Pastas tends to deal with the unsat-
urated zone effects with the use of response functions and recharge models. Next up
we follow the procedure in Figure 1.2. We test themethods of the TFNmodel to incor-
porate the unsaturated zone when modelling synthetic time series from HYDRUS-1D.
In total thirty-five synthetic time series for the groundwater table and recharge are
made with five different soil types and seven unsaturated zone thicknesses. All pro-
files are homogeneous and the soil types range in permeability from 83.2 cm/d down
to 0.9 cm/d. The thickness of the unsaturated zone ranges from 100cm up to 500cm.
With the results of the TFN model we want to answer research question 3. For the
nonlinear recharge model an extra comparison for the evaporation reduction is done.

In chapter 5, the conclusions and discussion, we go over on the answers on research
question 1 to 3. Then we answer the last research question 4, when to use the lin-
ear or nonlinear recharge model and how the different response functions affect the
choices.

Chapter 6 discusses the limitations of this research and offers some recommenda-
tions for future research.
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Input: Precipitation & Pot.
Evaporation Time Series

Unsaturated/Saturated Zone Model (HYDRUS-1D)

Output: Synthetic GWT
& Recharge Time Series

Time Series Analysis (Pastas)

Linear or Nonlinear Recharge Model

Exp., Gamma or 4P. Response Function

Output: Simulated GWT
& Recharge Time Series

Compare Results

Figure 1.2: Methodology Flowchart for Chapter 3. Blue cells indicate time series.
Orange cells indicate models. Yellow cells indicate model options.
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2 | Time Series Analysis with
Transfer Function NoiseMod-
elling

This chapter gives an introduction on time series analysis using transfer function
noise modelling in Section 2.1. Section 2.2 discusses TFN modelling on elementary
groundwater systems without an unsaturated zone. In the last subsection 2.3 the
impulse response functions of the elementary groundwater systems are compared.
This way we want to determine if we can use a one-dimensional model to simulate
the groundwater table (research question 1) and what boundary conditions to use if
so.

2.1 Transfer Function Noise Modelling with Pastas

A time series is a set of chronologically arranged observations, mainly of a dynamic
system. The order of occurrence is a crucial part of the observations containing much
information (Hipel & McLeod, 1994). Time series analysis is a form of data-analysis
to find a relation between input and output time series.

Transfer function noise (TFN) modelling is a form of time series analysis that es-
timate an output series using one or multiple input time series. TFN models can be
called grey box models since they are semi-physical (Bakker & Schaars, 2019), hav-
ing both a deterministic and stochastic process (Hipel & McLeod, 1994). The Python
package Pastas implements transfer function noise models to simulate a time series
of observed heads using predefined, physically realistic response functions (Collen-
teur et al., 2019). The basic model structure can be written as:

h(t) =

M∑
m=1

hm(t) + d+ r(t) (2.1)

where h(t) are the observed heads [L], hm(t) is the contribution of stress m to the
head [L], d is the base elevation (or drainage level) of the model [L] and r(t) are the
residuals [L].M is the number of stresses that contribute to the head variation such
as precipitation, evaporation, river levels and pumping wells. The contribution of a
stress m to the head is calculated through convolution:

hm(t) =

∫ t

−∞
Sm(τ)ϑm(t− τ)dτ (2.2)

where Sm is a time series of stress m , and ϑm is the impulse response function for
stress m (von Asmuth; et al., 2002).

A stress Sm can be a combination of multiple stresses, for instance the precipita-
tion surplus N [L/T]. In this case the potential evaporation Ep [L/T] is multiplied by a
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factor f [-] and then subtracted from the precipitation P [L/T] such thatN = P −fEp.
The combined stress is then added as Sm in Equation 2.2 to obtain the effect on the
head.

2.1.1 Response Function

A simple impulse response function is the exponential impulse response function (von
Asmuth et al., 2021):

ϑm(t) =
A

a
e
−t
a (2.3)

where only two parameters A and a have to be estimated by fitting Equation 2.1 to
the measured heads.

The step response Θ(t) is the change in head due to a constant unit of stress starting
at t = 0. The step response can be derived from integrating the impulse over time
(Collenteur et al., 2019):

Θ(t) =

∫ t

0
ϑ(τ)dτ (2.4)

For the exponential response function, the step response becomes:

Θ(t) = A(1− e
−t
a ) (2.5)

If t → ∞, the head reaches a steady state which is called the gain of the response
function (Bakker & Schaars, 2019). For the exponential response function the gain
is equal to A.

In the discrete time domain, where a uniform stress is only present for one time
interval ∆t, we use the block response, which is obtained by superposition of two
unit step responses (Bakker & Post, 2021):

θb(t) =
{
Θ(t) 0 ≤ t < ∆t
Θ(t)−Θ(t−∆t) t ≥ ∆t

(2.6)

Pastas computes the contribution of a stress (equation convolution with the block
response.

2.1.2 Residuals

The residuals r(t) in Equation 2.1 of the TFN model often show strong autocorrela-
tion. A noise model with exponential decay of the residuals is used of the following
form (von Asmuth & Bierkens, 2005):

r(ti) = v(ti) + r(ti−1)e
−∆ti/α (2.7)

where α [T−1] is the decay parameter, ∆ti is the timestep between observations at ti
and ti−1 and v(ti) is the (hopefully) white noise resulting from a random process.

2.1.3 Metrics

To quantify the performance of a TFN model, goodness-of-fit metrics are used. These
metrics help to compare and quantify the different outcomes. Since all metrics have
their strengths and weaknesses, two metrics are used which both evaluate the model
performance differently. The metrics that are used are the root mean squared error
(RMSE) and the explained variance percentage (EVP). Both indicate a goodness-of-fit
for simulation of the time series mode as compared to the original time series.
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Root Mean Squared Error

The root mean squared error [L] is (Jackson et al., 2019):

RMSE =

√√√√ 1

N

N∑
i=1

r2i (2.8)

where ri are the model residuals calculated from equation 2.1 and N is the number
of residuals. The range is 0 ≤ RMSE < ∞ with the smaller the RMSE, the better the
fit. The RMSE cannot indicate model bias and highlights larger errors.

Explained Variance Percentage

The explained variance [-] is (von Asmuth;, 2012):

EV =
σ2h − σ2r

σ2h
= 1− σ2r

σ2h
= 1−

1
N

∑N
i=1 (ri − r̄)2

1
N

∑N
i=1

(
hi − h̄

)2 = 1−
∑N

i=1 (ri − r̄)2∑N
i=1

(
hi − h̄

)2 (2.9)

where σ2h is the variance of the observations hi and σ2r is the variance of the residuals
ri. The variance indicates the squared average distance of the values from the mean.
In this case the mean is r̄ and h̄ for the residuals and observations respectively. The
EVP is fairly similar to the coefficient of determination R2 [-] which is calculated from
the residual and total sum of squares (Field, 2017):

R2 = 1−
∑N

i=1 r
2
i∑N

i=1

(
hi − h̄

)2 (2.10)

Note that if the mean of the residuals r̄ is equal to zero, the EV is equal to the R2.
Both the EVP and R2 give an indication of the goodness of fit of the model compared
to using the mean to predict the outcome variable (Field, 2017). If the value of the
EVP is large, the model is very different from using the mean to predict the outcome
variable, in this case the groundwater table. If the explained variance is small then
using the model is little better than using the mean of the observations. This usually
indicates that the model is missing one or more predicting variables. (von Asmuth;,
2012). Since the EVP is more commonly used in time series analysis in the Nether-
lands, we do not use the R2 in this thesis. The range is −∞ ≤ EV P < 100% with the
closer to 100%, the better the fit. In Pastas the minimal value for the EVP is set to 0%.

2.2 TFN Modelling on Synthetic Time Series without an Un-
saturated Zone

In this section first the behaviour of a linear reservoir groundwater system is dis-
cussed in subsection 2.2.1. In the next subsection 2.2.2 a TFN model is tested on a
head time series from this linear reservoir system. In subsection 2.2.3 the Kraijen-
hoff van de Leur groundwater system is described and in the last subsection 2.3 the
behaviour is compared to the linear reservoir system including a TFN model.

2.2.1 Response of a Linear Reservoir System Groundwater System

A one-dimensional soil column can be modelled as a simple linear reservoir system
(Knotters & Bierkens, 2000) as seen in Figure 2.1. The water balance of this simple
linear reservoir system can be written as:

S
dh

dt
= R− q (2.11)
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where q is the discharge [L/T], h is the head [L] with respect to a vertical axis z, S
is the storativity [-] and R is the recharge [L/T]. The storativity defines the rise in
head due to a unit N of recharge. A unit of N recharge results in an instantaneous
head rise of SN (von Asmuth;, 2012). The relationship between the discharge and
the head for this system is:

q =
h− d

c
(2.12)

where c is the drainage resistance [T] and d is the drainage level [L] (outside of the
one-dimensional soil column). This equation can be substituted in for q in Eq. 2.11
such that:

S
dh

dt
= R− h− d

c
(2.13)

When this differential equation is solved for a unit N(= 1) impulse of recharge, the
impulse response function ϑ(t) can be written as (von Asmuth;, 2012):

ϑ(t) = h(t)− d =
N

S
e
−t
cS =

1

S
e
−t
cS (2.14)

The impulse response function is an exponential function dependent on the storativ-
ity and the drainage resistance. Note that this is basically the same response func-
tion as the exponential response function (Eq. 2.3) present in the TFN model only
with a different way of writing the parameters as A and a. This response function
completely ignores the effect of an unsaturated zone and assumes that the recharge
reaches the saturated zone instantly. In other words the impulse response function
only represents the response of the groundwater table. The step response function
of this system, for N = 1, is written as:

Θ(t) =

∫ t

0

1

S
e
−τ
cS dτ = c(1− e

−t
cS ) (2.15)

Figure 2.1: Linear Reservoir System according to Knotters & Bierkens (2000) and
von Asmuth; (2012)

2.2.2 TFN Modelling of a Linear Reservoir Groundwater System

A head time series is simulated with the response function for a linear reservoir sys-
tem (Eq. 2.14) and a time series of a stress. We obtain a time series for the stress by
calculating the precipitation surplus from the precipitation and potential evaporation
data from KNMI weather station De Bilt in The Netherlands. The parameters used
for the response function are S = 0.04, c = 46.82 d and a base elevation d of 1 m is
added to the head time series. After convolution (Eq. 2.2) of the precipitation surplus
and the response function, the resulting head time series can be seen in Figure 2.2.
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A TFN model is built with Pastas to test the performance on this head series. The re-
sults are shown in Figure 2.3. The obtained fit is perfect with an explained variance
percentage (EVP) of 100% and a root mean square error of 0 m. The residuals of this
system are negligible at an order of magnitude 10−15 m. The TFN model also returns
three optimal parameter values for A, a and d where we find A = 46.82, a = 1.8728
and d = 1.00 m respectively. The parameters can be used to calculate S and c for
which c = A = 46.82 d and S = a

A = 0.04. These values are exactly the same values
as the ones used for the original input variables of the impulse response function of
the linear reservoir system (Eq. 2.14).

From this analysis we can conclude that if we have a linear reservoir system, the
original system parameters can be found using TFN modelling. Provided that the
original input recharge time series is known exactly and there are no unsaturated
zone effects or noise.

0.00

0.01

0.02

0.03

0.04

[m
/d

]

Precipitation Surplus and the Calculated Head for a 
 Linear Reservoir System (with S=0.04, c=46.82 d and d=1 m)

Precipitation Surplus

2018-01 2018-05 2018-09 2019-01 2019-05 2019-09 2020-01 2020-05 2020-09 2021-01

0.8

1.0

1.2

1.4

1.6

[m
]

Head

Figure 2.2: The precipitation surplus from De Bilt and the obtained head after con-
volution for a linear reservoir system. The time series for the precipitation surplus
is originally from 1981 till 2020 but here only the last three years are shown.

2.2.3 Response of a Kraijenhoff van de Leur Groundwater System

Now we know that the behaviour of a linear reservoir system (without an unsatu-
rated zone) can be described with a TFN model, we want to do the same for the
Kraijenhoff van de Leur domain. We obtain the system from Kraijenhoff van de Leur
(1958) for an idealised two dimensional situation as shown in Figure 2.4. Since the
flow in this system is dependent on only one spatial coordinate (x), it is actually a
one-dimensional system. However there are many domains in the Netherlands for
which the equations of this system hold.

In a groundwater system with a horizontal head gradient the water balance Equation
can be written as a partial differential Equation (von Asmuth;, 2012):

S
∂h

∂t
= R+

∂qx
∂x

(2.16)
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Figure 2.3: Transfer Function Noise Model for the linear Reservoir System

where qx can be written with Darcy’s law as:

qx = −KH
dh

dx
(2.17)

where K is the hydraulic conductivity [L/T] and H is the saturated thickness [L]. H
is approximated as constant such that we have a constant transmissivity KH(= T )
[L2/T]. The term qx can be substituted in Equation 2.16:

S
dh

dt
= R+KH

∂2h

∂x2
(2.18)

This equation can be solved analytically for a unit N = 1 impulse of recharge (Krai-
jenhoff van de Leur, 1958):

ϑ(t) = h(t)− d =
4

πS

∞∑
n=1,3,5...

(
1

n
exp

(
−n2π2KHt

SL2

)
sin

(nπx
L

))
(2.19)

where L is the length of the domain between surface waters [L]. This expression is
simplified with a reservoir coefficient ω [T]:

ω =
SL2

π2KH
(2.20)

such that Equation 2.21 becomes:

ϑ(t) =
4

πS

∞∑
n=1,3,5...

1

n
e−n2 t

ω sin
(nπx

L

)
(2.21)

The step response for this system can be described by:

Θ(t) =
4

πS

∞∑
n=1,3,5...

1

n3

(
ω − ωe−n2 t

ω
)
sin

(nπx
L

)
(2.22)
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This equation is based on four main approximations namely (Kraijenhoff van de Leur,
1958; von Asmuth;, 2012):

• The storativity S and the hydraulic conductivity K of the aquifer are constant;

• The resistance to vertical flow is neglected (Dupuit approximation);

• The change in head h(t) is small with regards to the saturated thickness of the
aquifer such that H can be approximated as constant;

• The water level of the surface water is constant (d), and fully penetrates the
aquifer at the boundaries (x = 0 & x = L).

Figure 2.4: Homogeneous Kraijenhoff van de Leur Domain With a Horizontal Head
Gradient (Kraijenhoff van de Leur, 1958)

2.2.4 TFN Modelling of a Kraijenhoff van de Leur Groundwater System

We perform the same exercise as in Section 2.2.2 where a synthetic time series for
the head was obtained. This is done for a Kraijenhoff van de Leur system with pa-
rameters from a Dutch polder (J25) near Swifterbant in the province of Flevoland.
The parameters are obtained from Ven (1979) with ω = 1.92 days, S = 0.04 and we
take x = L

2 such that we are in the middle between the surface water.

For this (relatively) fast responding system we see in Figure 2.5 that the TFN model
gives a good fit on this system. The EVP is 99.97% and the RMSE is 0.00294 m. We
see larger residuals, up to a few centimetres, but all of the residuals can be explained
by the noise model. Figure 2.5 also shows the block and step response from Krai-
jenhoff van de Leur and the TFN model. Contrary to the linear reservoir system the
response functions (Fig. 2.3) do not overlap perfectly anymore.

This shows that we can use the exponential response function (which is related to
a the linear reservoir system) to create a very accurate TFN model on a synthetic
time series of a Kraijenhoff van de Leur system. However the model is not exact
anymore and compared to the linear reservoir system the residuals are a bit larger
and the EVP & RMSE are slightly worse.

2.3 Relating the Impulse Responses of the Elementary Ground-
water Systems

From the previous subsection we saw that a Kraijenhoff van de Leur system can be
analysed by the TFN model using the exponential response function. However this
was only at one location in the middle of the domain. The question rises how the two
impulse responses for the linear reservoir system and the Kraijenhoff van de Leur
domain compare in all the places within the domain domain. If we are able to obtain
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Figure 2.5: Transfer Function Noise Model for the domain from Kraijenhoff van de
Leur (1958) with a horizontal head gradient at x = L

2 .

a value for the drainage resistance c, we might be able to relate that to an actual Krai-
jenhoff van de Leur system. This way we can obtain an answer to our first research
question what bottom boundary condition to use in the one-dimensional unsaturated
zone model to create synthetic time series.

Our goal is then to compare the impulse responses of the two groundwater systems
and to see at which locations, x

L , the impulse responses are most similar. Both the
Kraijenhoff van de Leur and the linear reservoir system make use of the storativity S,
so that parameter is the same for both systems. For the Kraijenhoff van de Leur sys-
tem we have the reservoir coefficient ω and the length L of the domain. We can then
run through x along the length of the domain L and calculate the impulse response
with Equation 2.21. This Kraijenhoff van de Leur impulse response can then be com-
pared with the linear reservoir systems impulse response to find the parameter for
the drainage resistance c in Eq. 2.14, which gives the best fit of the two response
functions.

To make sure that we do not draw a conclusion which is only applicable to one domain
we use two Kraijenhoff van de Leur parameter sets. Kraijenhoff van de Leur (1958)
gives information on a drainage area between small rivers in the Netherlands. The
distance between the two small rivers is 3000 m and the soil is a coarse grained soil.
The second domain is the same Dutch polder as used previously. The Kraijenhoff van
de Leur parameters for these two systems are given in Table 2.1.

The best value of the drainage resistance c is found using least squares on both the
impulse responses. The total time on which the impulse responses are fitted is five
times the reservoir coefficient ω, because after that duration, the impulse has almost
dissipated. The optimal values found for the drainage resistance c can be seen in Fig-
ure 2.6 for the Kraijenhoff van de Leur river system and in Figure 2.7 for the Dutch
polder.
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Table 2.1: Kraijenhoff van de Leur parameters for two drainage areas in the Nether-
lands.

Kraijenhoff van
de Leur Parameters

Diluvial Soil between Rivers
(Kraijenhoff van de Leur, 1958)

Flevoland Polder
J25 (Ven, 1979)

L [m] 3000 300
T [m2/d] 500 190 (calculated)
S [-] 0.2 0.04
ω [d] 365 (calculated) 1.92

Figure 2.7 and 2.6 shows the drainage resistance c versus the location x along the
domain length. In the same Figure the root mean square error is shown for the re-
sponse functions. The RMSE shows that we always make an error when comparing
the linear reservoir system and kraijenhoff van de leur impulse response. There are
however locations within both the domains where the root mean square error is rela-
tively small (when x

L = 11
40 or

29
40 ). This can also be seen in from the impulse response

at x
L = 11

40 where the Kraijenhoff van de Leur impulse response shows the same ex-
ponential decay as the linear reservoir impulse response. Near the outflow channels
(at x

L = 5
1000 or

995
100 ) the responses of the two systems are also similar but so fast that

the drainage resistance is very low.
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Figure 2.6: The best fit based on the impulse response of the drainage resistance
c for a location x in a river drainage area with a diluvial soil (blue line) and the
corresponding root mean square error (orange dots)

As expected with the Kraijenhoff van de Leur response the response at the centre
of the domain shows some delay at first because the initial head gradient is zero.
At the boundaries of the domain the water level drains quickly at first but stabilises
due to the water coming through from the centre. The linear reservoir systems re-
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Figure 2.7: The best fit based on the impulse response of the drainage resistance c
for a location x in a polder in Flevoland (cyan line) and the corresponding root mean
square error (orange dots)

sponse is not able to capture these processes with the exponential response function.

We go back to the TFN model for the Dutch polder with the Kraijenhoff van de Leur
equations. If we now use the location where x

L = 11
40 the TFN model should improve

since the responses are most similar at this location. The model results can be seen
in Figure 2.8. The model has a high EVP of 99.993% and a RMSE of 0.0011 m which
is better than the model at x

L = 1
2 .

Since Figure 2.7 shows that the location x
L = 11

40 for the polder corresponds to a
drainage resistance c of 46.82 days and storativity S of 0.04, these parameters should
also be obtained from the TFN model. However a value of 47.07 d is found for A
which relates to a value of c = 47.07 d. The value of the parameter a = 1.8676 d,
which can is related to S = a

A = 0.0397 in a linear reservoir system. These values
come close to the original values found in Figure 2.7 but are not exactly the same.
This is due to the difference in the response functions used.

2.4 Findings of Chapter 2

Two things are shown in this chapter. First that the TFN model, using an exponential
response function, can be used for a Kraijenhoff van de Leur groundwater systems at
the cost of a slightly higher error. Second it can be reasoned the other way around
that a system with certain drainage resistance c can be related to a realistic Krai-
jenhoff van de Leur system with certain properties at location x

L = 11
40 . For this case
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Figure 2.8: Transfer Function Noise Model for the domain from Kraijenhoff van de
Leur (1958) with a horizontal head gradient at x

L = 11
40 .

specifically that would mean that a drainage resistance of 46.82 days can be related
to the J25 polder in Flevoland at x = 82.5 m. This all comes at the cost of very small
error which is made in using the exponential response for system that behaves with
a Kraijenhoff van de Leur response.

This answers research question 1 such that we can now use a drainage resistance of
46.82 days as a bottom boundary condition for our one-dimensional unsaturated zone
model. This way our time series will be as realistic as possible and the conclusions
can be related to the polder Kraijenhoff van de Leur domain.
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3 | Unsaturated Zone

The unsaturated zone, also referred to as the vadose zone, is the portion of the sub-
surface above the groundwater table. The soil and rock in this zone contains air as
well as water in its pores. The unsaturated zone is the main factor controlling water
movement from the land surface to the groundwater.

This chapter looks at the processes concerning water in the unsaturated zone. First
by looking at (the flow of) water in the unsaturated zone, second by how water move-
ment is modeled in the unsaturated zone with a one-dimensional model (HYDRUS-
1D). The third section describes some nonlinear processes in the unsaturated zone
modelled with HYDRUS-1D to answer research question 2.

3.1 Water in the Unsaturated Zone

In the unsaturated zone the pore water pressure P [F/A] is less than the atmospheric
pressure. The pressures in the unsaturated zone are always taken with respect to
the atmospheric pressure. Forces such as the attraction between water and the soil
matrix play a significant role here. The water content θ [-] in the unsaturated zone
is defined as the volume of water over the total volume. The lower the water con-
tent, the lower the pore water pressure. As θ decreases, flowing water must navigate
through a smaller, more tortuous network of water passageways in the soil. As a re-
sult, the hydraulic conductivity K [L/T] decreases as θ decreases (Fitts, 2013).

Since the pore water pressure above the water table is negative, the pressure head
P

ρwg [L] is also negative negative, where ρw is the density of water [M/L
3] and g is

the gravitational constant [L/T2]. There is a capillary fringe above the water table
where the soil is saturated (θ ≃ porosity = θs) and the pressure is less than atmo-
spheric (P < 0). The saturation of the soil θ as a function of the pressure head is
often approximated by the van Genuchten equation (van Genuchten, 1980):

θ(ψ) = θr +
θs − θr

[1 + (α|ψ|)n]m
(3.1)

where ψ = P
ρwg [L], θr is the residual saturation (field capcity), α is a shape parameter

[L−1] related to the inverse of the air suction, n is a dimensionless measure of the
pore size distribution and m = 1 − 1

n . All these parameters are dependent on the
soil type and properties. For each soil type’s specific parameters, the pressure head
against the water content can then be plotted. The resulting curve is called the water
retention curve which can be seen in Figure 3.1 for five different soil types.
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Figure 3.1: The soil water retention curve (left) based on the van Genuchten equation
3.1 for different soil types. On the right the hydraulic conductivity for the same soil
types.

3.1.1 Vertical Flow

Vertical discharge qz [L/T] can be described with Darcy’s law as (Fitts, 2013):

qz = −Kz

(
∂ψ
∂z

+ 1

)
(3.2)

where Kz [L/T] is the vertical hydraulic conductivity. In the unsaturated zone the
vertical hydraulic conductivity can be described as a function of the relative Kr and
saturatedKs hydraulic conductivity [L/T]. The relative hydraulic conductivity is then
a function of the water content such that the vertical hydraulic conductivity becomes
(van Dam & Feddes, 2000):

Kz(θ(ψ)) = KsKr(θ(ψ)) = Ks

(
θ(ψ)− θr
θs − θr

)l
1−

1− (
θ(ψ)− θr
θs − θr

) 1
m

m2

(3.3)

where l is the pore connectivity parameter [-]. θ(ψ)−θr
θs−θr

is the same as Se [-], the
effective saturation:

Se =
θ(ψ)− θr
θs − θr

(3.4)

Combination of Darcy’s law (Eq. 3.2) and the principle of mass conservation results
in the Richards equation for vertical flow (as soil moisture) in the unsaturated zone
(Simunek et al., 2009):

∂θ
∂t

=
∂

∂z

(
Kz(θ(ψ))

(
∂ψ
∂z

+ 1

))
−Q(ψ) (3.5)

where Q(ψ) [T−1] is the sink term, for example root water extraction.

The water content θ in the unsaturated zone is time-dependent. A precipitation event,
and the infiltration thereafter, increases θ,P,ψ, and K in the soil, increases pore wa-
ter pressures and results in downward flow. The water from a precipitation event
migrates downward vertically as a pulse of higher water content. This pulse sinks
through the unsaturated zone, ultimately adding to the saturated zone and raising
the groundwater level (Fitts, 2013). Evaporation decreases the water content in the
soil, the near surface soil develops lower θ,P, h and K and upward flow may result.
The soil moisture content of the unsaturated zone has both influence on the amount
of infiltration after a precipitation event and the amount of the evaporation (Mays,
2010).
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3.1.2 Groundwater Table or Head

The groundwater table is the location where the pressure head ψ is equal to zero.
At this point the water content θ is equal to the saturated water content θs (=poros-
ity). Full saturation can occur above the groundwater table. This zone is called the
capillary fringe. The pressure at the top of the capillary fringe is called the air entry
pressure.

The head is the pressure head plus the elevation at which the pressure head is mea-
sured.

3.2 Saturated / Unsaturated Zone Model

For the purpose of this research, synthetic time series for the groundwater table
are generated. HYDRUS-1D is used to simulate a profile with physically realistic
processes in the unsaturated zone. HYDRUS-1D computes the infiltration, recharge,
actual soil evaporation, actual transpiration fluxes as well as the saturation (and pres-
sure head) for a one-dimensional soil profile. The computation is done by solving the
Richards Equation (3.5) (Simunek et al., 2009). HYDRUS-1D is run using pHydrus
which is a Python package to create, run, optimise and visualise HYDRUS-1D models
(Collenteur et al., 2020).

The 1D model of HYDRUS-1D is based on a number of approximations. Most im-
portant of which is that the Richards Equation (3.5) is valid. This implies that the air
phase and thermal gradients play an insignificant role in the process of water flow
(Simunek et al., 2009). Changes in the volume of water in the soil profile caused by
water flow are matched immediately by changes in gas volume. This can result in
unrealistic simulations especially when the soil is very dry. For the models of this
research the profiles are always relatively wet so this is not an issue.

HYDRUS-1D has been extensively used for the simulation of one-dimensional ver-
tical flow. Less frequent is the simulation of the groundwater table with the use
of HYDRUS-1D (Wang & Pozdniakov, 2014; Neto et al., 2016). This is due to the
model limitation that the groundwater is only dependent on vertical flow. This is
an approximation because in reality flow in the unsaturated and saturated zones is
three-dimensional.

3.2.1 HYDRUS-1D Model Description

A one-dimensional vertical saturated-unsaturated profile was modeled in HYDRUS-
1D. The profile has two layers with the lower layer always as a 2 cm thick, low per-
meable clay soil (Ks = 0.0427 cm/d, θr = 0.07, θs = 0.36, α = 0.005 cm−1, n = 1.09,
λ = 0.5). This way the drainage resistance c is 46.82 days from which it is known
that it can be related to a 2D polder domain as explained in section 2.3. The upper
layer is homogeneous and no hysteresis is present in the system. Each model starts
at hydrostatic conditions with the groundwater table within the domain of the model.
The groundwater table is taken at the elevation where the pressure head ψ is equal
to zero.

Boundary Conditions

The lower boundary is located below the low permeable clay layer. The lower bound-
ary condition is a Dirichlet-type boundary condition with a constant pressure head.
The constant pressure head is set to 20 cm such that the drainage level is always cm
above the lowest cell.
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The upper boundary of the profile is the soil surface. The upper boundary condi-
tion is set to an atmospheric boundary condition with a surface layer with no runoff.
At the surface layer the precipitation and soil evaporation flux is applied. The flux
across the top boundary is controlled by the externally applied fluxes but is depen-
dent on the prevailing soil moisture conditions near the surface. The soil surface
boundary condition may change from a prescribed flux to a prescribed head type
condition (and vice-versa). Water that ponds on the surface will infiltrate according
to the hydraulic conductivity and pressure head gradient (Simunek et al., 2009).

Soil Hydraulic Properties

For the soil hydraulic model, the van Genuchten model with air-entry pressure of
-2cm is used. The model has six soil hydraulic parameters which are taken from the
Staring series. The most recent version (2018) of this database is used, which con-
tains the soil physical properties for common top- and subsoils in the Netherlands
(Heinen et al., 2020). A topsoil can be distinguished from a subsoil due to a differ-
ence in physical characteristics and texture. A topsoil usually contains more organic
material and has a larger saturated conductivity. A topsoil always lies on top of a
subsoil. From this database five different topsoils are chosen with a wide range in
saturated conductivity Ks. The soil hydraulic parameters of these soil types can be
found in Table 3.1.

Table 3.1: Staring Series Soil Hydraulic Parameters

Soil Sample θr [−] θs [−] α [cm−1] n [−] Ks [
cm
d ] l [−] Description

B02 0.02 0.434 0.0216 1.349 83.24 7.202 Loamy Sand
B05 0.01 0.381 0.0428 1.808 63.65 0.024 Sand
B07 0.00 0.401 0.0183 1.248 14.58 0.952 Sandy Silt
B10 0.01 0.448 0.0128 1.135 3.83 4.581 Clay
B14 0.01 0.417 0.0054 1.302 0.90 -0.335 Silty Loam

Temporal and Spatial Discretization

The time discretization associatied with the implementation of boundary conditions,
model output and t boundary conditions is with a daily time step. The internal time
discretization associated with the numerical solution of HYDRUS-1D is done accord-
ing to the notes on discretization (Simunek, 2009).

For the spatial discretization an finite element mesh is constructed by dividing the
soil profile into elements whose sizes are defined by the z-coordinates of the nodes
that form the element corners (Simunek, 2009). The nodes in the root zone (upper
cells) are relatively much smaller since there the hydraulic gradients are expected
to be largest. The hydraulic gradients at the bottom of the soil profile are expected
to be smaller and thus the size of the elements is larger.

With coarse-textured soils, having relatively high n and a van Genuchten parame-
ters, the discretization needs to be finer than finer-textured soils. That is because
soil hydraulic functions are more nonlinear and thus the numerical solution may be
less stable.

In practice all the simulations used a 0.5 cm mesh size for the root zone. Below the
root zone the mesh size increased up to 2 cm, but so that the ratio of the sizes of two
neighbouring elements would not exceed 1.5. If the simulations did not converge,
the mesh size below the root zone would increase up to 1 cm.
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Atmosphere

Themeteorologic data is preprocessed according to theHYDRUS-1Dmanual (Simunek
et al., 2009) and Sutanto et al. (2012). This means that, based on the vegetation
properties, interception takes place and potential evaporation is split into potential
soil evaporation and potential transpiration. In the research of Sutanto et al. (2012)
this way of partitioning of potential evaporation was tested against isotope measure-
ments. Approximately the same values of this research, which looked at the vegeta-
tion properties of grass, were also used for this research.

Interception in HYDRUS-1D is modeled with a daily threshold. The threshold Ei
[L/T] is a function of the amount of precipitation P [L/T], the leaf area index LAI [-],
the soil cover fraction SCF [-] and a constant a [L]:

Ei = aLAI

1− 1

1 +
SCFP
aLAI

 (3.6)

where the LAI = 0.24 ·hgrass (hgrass = crop height = 15 cm), SCF = 1− e−k·LAI and a
= 0.4 mm. The constant k corrects for the radiation extinction by the canopy and is
equal to 0.463. The net precipitation reaching the top cell of the model ismax(P −Ei,
0).

The potential transpiration (Et,p [L/T]) and potential soil evaporation (Es,p [L/T]) are
partitioned according to Beer’s law (Simunek et al., 2009) using the soil cover frac-
tion:

Et,p =max
(
Ep − Ei, 0

)
· SCF (3.7)

Es,p =max
(
Ep − Ei, 0

)
· (1− SCF ) (3.8)

whenEp [L/T] is the PenmanMonteith potential evaporation calculatedwith the equa-
tion from Allen et al. (1998). We use Penman Monteith instead of Makkink evapora-
tion since the Penman Monteith equation takes into account both the radiation and
aerodynamic aspects of evaporation. The Makkink evaporation does not incorporate
the aerodynamic aspects which results in a lower estimate for the potential evapora-
tion, especially in winter (Schuurmans & Droogers, 2010).

Based on the available water in the profile, HYDRUS-1D calculates the actual fluxes
of transpiration Et and soil evaporation Es. The potential transpiration flux is used
for the root water uptake in the root zone, the potential soil evaporation is extracted
from the top node of the profile if there is enough water available.

The data for calculating the meteorological fluxes are used from the Royal Nether-
lands Meteorological Institute (KNMI) weather station in De Bilt. This station is
chosen since it has the longest time series in the Netherlands with evaporation data
reaching back to 1957 and precipitation data up to 1906. The four years preceding
2021 are visualised in Figure 3.2.

Root Water Uptake

The sink termQ(ψ) [T−1] in the Richards equation (Eq. 3.5) is taken as the root water
uptake in the HYDRUS-1D model. The root water uptake is described by:

Q(ψ) = a(ψ)Sp (3.9)

and is taken as a function of the pressure head instead of the soil water content.
Sp is the potential water uptake rate [T−1] and a(ψ) is the dimensionless root-water
uptake stress response function with 0 ≤ a ≤ 1. This function is described by an
S-shaped formula proposed by van Genuchten (1987):

a(ψ) =
1

1 +
(

ψ
ψ50

)p (3.10)
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Figure 3.2: The atmospheric fluxes for the HYDRUS-1D model. Note that that the
actual time series are longer. The average flux per year is calculated for the years
1980-2020.

where p is the shape parameter and ψ50 [L] is the pressure head at which the extrac-
tion rate is reduced by 50%. This method has significant numerical advantages over
the Feddes root uptake model due to its shape and characterisation by only two pa-
rameters (van Genuchten, 1987). It does however not consider near-saturation tran-
spiration reduction but that is justified when near-saturation conditions only occur
for short periods of time. The determination of ψ50 is a bit ambiguous and depends on
the soil type. However from Grinevskii (2011) we can see that for grassy vegetation
on different soil types, a value of -4000 cm for ψ50 is acceptable for the purpose of
this research.

The potential water uptake Sp can be distributed over the root zone with a func-
tion b(z) [L−1] which is the normalized water uptake distribution. The function b(z)
describes the spatial variation over the root zone and is related to the root distribu-
tion. The potential water uptake is a function of b(z) and the potential transpiration
rate Et,p:

Sp = b(z)Et,p (3.11)
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The root distribution for theHYDRUS-1Dmodel is described by the function (Simunek
et al., 2009):

b(z) =


5/3
Lr

z > −0.2Lr
25/12
Lr

(
1 + z

Lr

)
−Lr ≤ z ≤ −0.2Lr

0 z < −Lr

(3.12)

where Lr is the maximum root depth [L], z [L] is the elevation with the soil surface
always at the zero-datum.

3.3 Nonlinear Groundwater Behaviour due to the Unsatu-
rated Zone

Before we look at nonlinear behaviour is, we first define what linear behaviour of the
groundwater table is. With linear behaviour, one expects that if twice the amount
of water precipitates (and fully infiltrates), the response of the groundwater table is
twice as large (e.g. Peterson & Western, 2014).

Many nonlinear processes are present in the unsaturated zone. For instance the
nonlinear relation between degree of saturation and the hydraulic conductivity. As
a result the percolation to the water table in the root zone is highly nonlinear (Fed-
des et al., 1988). Another source of nonlinearity is the actual evaporation since the
degree of saturation influences the water uptake by roots (Berendrecht et al., 2006).

In this section some aspects of the nonlinearity due to the unsaturated zone are de-
scribed. The first section describes the groundwater response with changing precip-
itation amounts. The second section looks at the how the initial groundwater table
and saturation changes the effect for the same precipitation event. In the third sec-
tion the impact of a precipitation event under normal weather conditions is assessed.

3.3.1 Groundwater Response to Different Precipitation Events

In Figure 3.3 the effect of an infiltration event of 10 mm of precipitation in one day
is shown. The drainage level is located at -100 cm. No evaporation or transpiration
is simulated during this simulation. Each model starts from hydrostatic conditions.
The only real difference between the soils is that the wetting front is smoother. De-
pendent on the soil type the system has a fast or slow response, where the silty loam
has the fastest response. The sand and loamy sand soils have the slowest response.
This may sound counter intuitive but the saturation under hydrostatic conditions for
a sandy soil is relatively low, resulting in a low hydraulic conductivity.

The precipitation amount is changed for each model and the results are shown in
Figure 3.4. In this figure there are five different precipitation amounts modelled; 1,
3, 5, 10, 15 and 20 mm of precipitation in one day. For each precipitation amount
and soil type the modelled response of the groundwater table is shown.

Two clear trends are observed in the responses. The first trend is that the response of
the groundwater table becomes more than twice as large if the precipitation amount
doubles. This is a clear sign of non-linearity. The second trend is that not only does
the size increase, also the peak of the response shifts to an earlier moment if the
precipitation amount increases. Note however that the model has a daily time-step.

Figure 3.5 shows the same modelled responses as Fig. 3.4, but then focused on the
B10 clay soil type. In this Figure the linear response is shown for the system. The
linear response is based on multiplication of the the response of 1mm precipitation
in one day. Here the big discrepancy is observed between the modelled and linear
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response, especially for the larger precipitation amounts. The response of 1mm pre-
cipitation in one day is also what Pastas uses as the block response for convolution.

It is concluded that both the shape and the magnitude of the response of the ground-
water table can significantly differ when the precipitation amount is doubled. The
fact that the maximum response of the groundwater table is not doubled after dou-
bling in the precipitation amount demonstrates that the unsaturated zone behaves
non-linearly for this model setup.
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Figure 3.3: Infiltration of a 10 mm precipitation amount over time and the corre-
sponding groundwater table for a groundwater depth of 100 cm.

3.3.2 Groundwater Response to Wetter Conditions

For this subsection the state of the unsaturated zone is changed by applying different
amounts of precipitation until the profile reaches an equilibrium state. The higher
the amount of this ’base’ precipitation, the higher the groundwater table and water
content of the unsaturated zone. On top of this constant precipitation, every 300 days
10 mm of extra precipitation is applied. The drainage level is located at -100cm. No
evaporation or transpiration occurs during this simulation.

The results of this simulation are shown in Figure 3.6. The response of the ground-
water table to the 10mm extra precipitation can be seen more closely in Figure 3.7.
This figure also shows the saturation profile and initial water table before the pre-
cipitation infiltrates. As the profile becomes more saturated and the groundwater
level rises, the response of the groundwater table becomes higher and quicker. This
demonstrates that not just the amount of precipitation, but also the state of the unsat-
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urated zone affects the response of the groundwater table. Note that this simulation
again does not incorporate evaporation and transpiration.

3.3.3 Groundwater Response under Normal Conditions

To take into account the groundwater response under normal conditions two simula-
tions are run for a model with precipitation, soil evaporation, and transpiration (Fig.
3.8). For this simulation every 180 days 10 mm precipitation is added in one day
on top of the normal precipitation series (so once in summer and once in winter).
The two groundwater table time series simulated are subtracted from one another
to asses the impact of the extra precipitation.

Figure 3.9 shows the change in the groundwater response after the 10 mm of ex-
tra precipitation in one day. It is observed that when the soil is dry and a lot of
evaporation and transpiration occurs (in summer) the response of the groundwater
is very small. Almost all the water that enters the soil profile evaporates and does
not flow as recharge towards the groundwater table. In winter, when the profile is
wet and transpiration rates are low, the response is larger and more similar to what
was observed for a single precipitation event in the previous experiment (Fig. 3.6 &
3.7. Do note that the shape of the response can have two peaks. This means that
more water, from a later precipitation event, flows towards the water table than in
the first simulation.

For soil types with relatively fast responses there is a smaller impact of precipita-
tion events that occur later. However for silty loam, where ponding can occur due to
the low permeability, large changes are observed in the groundwater table response.
In this specific case even a negative response is observed due to the groundwater
level dropping sooner after full saturation and ponding occurs. This can be seen in
Figure A.1.

3.4 Findings of Chapter 3

To conclude this chapter we answer research question 2: How does the unsaturated
zone affect the nonlinear behaviour of the groundwater table? It is seen from sec-
tion 3.3 that the unsaturated zone causes for highly nonlinear behaviour. When the
amount of precipitation doubles, the response does not become twice as large. Also
the state of the unsaturated zone is of a large influence. When the unsaturated zone
is more wet, the response is larger. In the last simulation it is seen that there can
even be no response at all to 10mm of precipitation if the conditions are dry.
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Figure 3.7: The response of the groundwater table
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4 | Unsaturated Zone in Time
Series Analysis

In chapter 2 the unsaturated zone was completely ignored in the time series analy-
sis. However in the previous chapter, as an answer to research question 2, it was
shown that the unsaturated zone has a large effect on the groundwater table. The
saturation degree of the unsaturated zone has a large effect on the evaporation and
recharge fluxes in the system. Especially the root zone is a large cause of this non-
linear behaviour.

To get an answer to research question 3 this chapter focuses on the ways time series
models try to tackle this problem of non-linearity. TFN models have two methods to
account for the unsaturated zone. The first is changing the impulse response func-
tion ϑ(t) (of the recharge flux) which is discussed in section 4.1. The second method
uses the recharge as the main stress. In this case the time series model is coupled
with an unsaturated zone model to estimate the recharge which is discussed in 4.2.
The third section answers research question 3 and compares the performance of
the linear and nonlinear recharge models for synthetic time series created with the
HYDRUS-1D unsaturated zone model.

4.1 Response Functions and the Unsaturated Zone

If the unsaturated zone’s main effect is retardation and dispersion of infiltration, then
the convection-dispersion equation can be used to describe the ’average’ effect of the
unsaturated zone. A solution for the impulse response from the convection-dispersion
equation can be derived from linearization of the Richards’ equation (Eq. 3.5) around
some constant water content using Taylor expansion (von Asmuth;, 2012):

ϑ(z, t) =
z

4
√

πDt3
exp

(
−(z − ut)2

4Dt

)
(4.1)

D is the dispersion coefficient [L2/T] and z is the elevation [L] (with the top of the
unsaturated zone at z=0). u is the effective propagation velocity [L/T] of the pressure
wave (pulse). This effective velocity of the water is much smaller. We can use this es-
timate for the unsaturated zone impulse response function to estimate the combined
response function ϑc(t). This is done by convolution of the two separate responses of
the saturated zone ϑsz and the saturated zone:

ϑc =

∫ t

−∞
ϑsz(t− τ)ϑuz(τ)dτ (4.2)

This process of combining the responses is shown visually in Figure 4.1. The resulting
combined response has the shape of a skewed distribution function. That is why in
Pastas there is a response function that uses the scaled gamma distribution (which is
also a skewed distribution). This function is a continuous function and is described
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as (Collenteur et al., 2019):

ϑ(t) = A
tn−1

anΓ(n)
e
−t
a , t ≥ 0 (4.3)

where A is the scaling factor, a and n are shape parameters and Γ(n) is the Gamma
function. Note that the last response function is similar to the exponential response
function (Eq. 2.3) but with one extra parameter n, where if n = 1 the exponential
response function is obtained.

Another response function that is available in Pastas is the four-parameters function:

ϑ(t) = A
tn−1

anΓ(n)
e−

t
a−

ab
t , t ≥ 0 (4.4)

where there is an extra shape parameter b (Bakker et al., 2008). This parameter de-
lays the response and if its equal to zero, the gamma response function is obtained.

The three response functions; exponential, gamma and four-parameters are shown in
Figure 4.2. In this Figure both the gamma and four-parameters function have a peak
of the response that is delayed. Both functions, but especially the four-parameters
function show approximately the same shape as the combined response found in Fig-
ure 4.1. So by using the four-parameters or gamma response function we incorporate
an effect of the unsaturated zone in the TFNmodel, assuming that the effect is linear.

uz
(t)

Unsaturated Zone
Convection-Dispersion equation

sz
(t)

Saturated Zone
Linear Reservoir System - 1D Impulse Response Function

0 1 2 3 4 5
Time

c(t
)

Combined Response
Convolution of C-D equation and 1D Impulse Response Function

Figure 4.1: The combined impulse response computed by convolution as a function
of the unsaturated zone response (Eq. 4.1) and the saturated zone (1D) response
(Eq. 2.14).

4.2 Recharge Models

A TFN model can have multiple stresses as input to create an output for the head.
In theory, if the actual recharge is used as a input stress for the TFN-model and the

Delft University of Technology 31



4. Unsaturated Zone in Time Series Analysis

0 5 10 15 20 25 30
Time [d]

0

2

4

6

8

10

[m
m

]

Step response (t)
Exponential, A=10 & a=5 Gamma, A=10, a=5 & n=2 Four Parameters, A=10, a=5, n=2 & b=2

0 5 10 15 20 25 30
Time [d]

0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75

[m
m

]

Block response b(t)

Comparison between three response functions in Pastas

Figure 4.2: The exponential, gamma and four-parameters response functions avail-
able in the TFN model Pastas with some random parameters. Note that the parame-
ters are used for the step response function, not the block response.

response function of the can take the exact shape, the fit of the TFN model should
be perfect (as shown in section 2.2.2) if there is no noise. To achieve the same effect
of a good fit, the recharge can be modelled and used as an input stress in the TFN
model. In Pastas there are two options to estimate the recharge, a linear model and
a nonlinear model which are described in subsections 4.2.1 and 4.2.2 respectively.

4.2.1 The linear model

The linear model approximates the groundwater recharge R as the precipitation sur-
plus. The recharge is a linear combination of the rainfall P (t) and potential evapora-
tion Ep(t):

R(t) = P (t)− fEp(t) (4.5)

where f is called the evaporation factor (Collenteur et al., 2019). This parameter is
optimised between 0 and 2 and determines the ratio between the effect of the pre-
cipitation and potential evaporation.

Writing the recharge as a linear combination of the precipitation and evaporation
comes from the water balance of the unsaturated zone where the recharge can be
formulated from all the other fluxes in the unsaturated zone (de Ridder & Boonstra,
1994):

R = P −Ro − Es − Et − Ei −
∆Su
∆t

(4.6)

where R is the recharge, P is the precipitation, Ro is the amount of runoff, Es is the
soil evaporation, Et is the transpiration, Ei is the interception evaporation and

∆Su
∆t

is the change in storage in the unsaturated zone. All dimensions are [L/T]. The linear
recharge model is based on the following approximation: there is no runoff, all the
evaporation fluxes can be summed and reduced by a constant (f ) and, there is no
storage in the unsaturated zone.

4.2.2 The nonlinear (FLEX) model

The FLEX model, as described by Collenteur; et al. (2021), is a nonlinear recharge
model with two storage zones as seen in 4.3. The two storage zones are an intercep-
tion zone and a root zone reservoir. The water balance for the interception reservoir
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is written as:
∆Si
∆t

= P − Ei − Pe (4.7)

where Pe is the effective precipitation that goes to the root zone. The interception
evaporationEi is equal to the maximum potential evaporation kvEp(= Emax) (energy-
limited) or the amount of water available Si (water-limited). The water balance for
the unsaturated zone reservoir is written as:

dSr
dt

= Pe − Es,t −R (4.8)

where Es,t is the combined evaporation flux constituting of both soil evaporation and
transpiration which is:

Es,t = (Emax − Ei)min
(
1,

Sr
lpSr,max

)
(4.9)

The recharge from the root zone is calculated as:

R = Ks

(
Sr

Sr,max

)γ
(4.10)

The nonlinear FLEX recharge model has six parameters of which three are commonly
estimated. The fixed values or the boundaries for the parameters are presented in
Table 4.1. The list below describes the (physical) meaning of each of the parameters.

• Sr,max is the maximum storage capacity of the root zone reservoir [L]

• lp determines at what fraction of Sr,max the evaporation flux is limited by the
availability of soil water [-]

• γ is a parameter that determines how nonlinear the recharge is with respect to
the saturation of the root zone [-]

• Si,max is the maximum storage capacity of the interception zone reservoir [L]

• Ks is the saturated hydraulic conductivity [L/T]

• kv is the vegetation coefficient for the maximum evaporation [-]

Figure 4.3: FLEX model systematisation of the groundwater system according from
Collenteur; et al. (2021)
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Table 4.1: The parameters in the FLEX model and their fixed values or the range of
possible values.

Parameter Fixed Value (range)

Sr,max [mm] No 1e-5 - 1e3
lp [-] Yes 0.25
γ [-] No 1e-5 - 50
Si,max [mm] Yes 2
Ks [mm/d] No 1 - 1e4
kv [-] Yes 1

4.3 TFN Modelling on Synthetic Time Series with an Unsat-
urated Zone

Synthetic time series with HYDRUS-1D are created for the five different soil types:
Loamy Sand, Sand, Sandy Silt, Clay and Silty Loam. Seven increasingly deeper
drainage levels d are considered: -100, -150, -200, -250, -300, -400, -500cm. All sim-
ulations have a surface layer boundary condition at the top with no runoff. The bot-
tom boundary condition is set to a constant pressure head (of 20 cm) with a drainage
resistance of 46.82 days. The synthetic time series for the groundwater table are
modelled for 1999-2020 (22 years) with 1999 to 2001 the warm-up period, 2002 till
2017 the calibration period and 2018 till 2020 the validation period.

The synthetic time series for the groundwater table can be seen in C.1. The maximum
water balance error calculated by HYDRUS-1D for the simulations is 30cm which
relates to an average error 14mm per simulation year. Some of these time series
can be deemed more realistic than others. Especially for the Silty Loam time series
a lot of ponding is observed. For the Silty Loam HYDRUS-1D simulations runoff was
allowed if more than 2cm of ponding occurred. These groundwater table time series
are highly variable and additionally three clear outliers were removed and filled with
interpolated values. Even though the time series for Silty Loam are questionable,
we do take them into account since they might still give information on the highly
variable groundwater tables in low permeable soils.

The TFN model is varied in the selection of the recharge model (linear or nonlinear)
and the three response functions (exponential, gamma or four-parameters). The TFN
model uses nonlinear least squares as an objective function to calibrate the modelled
groundwater table to the synthetic groundwater table during the calibration period.
Least squares finds a local minimum of a cost function with bounds on the parame-
ters (Table 4.1) (Virtanen et al., 2020).

The calibration is done in two runs. In the first run the parameters for the response
function and recharge model are optimised without the noise model. The optimal
parameters found in this run are then fed back as initial values into a second run
with noise model. This way we improve the initial parameters for the second run,
increasing the final model fit. The value for the parameter Sr,max of the FLEX model
is fixed after the first optimisation without the noise model. All the other parameters,
including the drainage level d, are again optimised in the second run.

In the following subsections the results are discussed of the TFN models using the
linear and nonlinear recharge model. The results discussed below are based on Ta-
bles 4.2 - 4.7 which show the EVP and RMSE for the linear and nonlinear recharge
models on both the calibration and validation period.
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Table 4.2: The EVP [%] for five soil profiles using the exponential response function
with the linear and FLEX recharge model. Both the calibration and validation period
are shown and the rows indicate the drainage level d [cm]. The text in blue is the
best fit per the soil profile.

Profile B02 LoamySand B05 Sand B07 SandySilt B10 Clay B14 SiltyLoam
Recharge Linear FLEX Linear FLEX Linear FLEX Linear FLEX Linear FLEX
Cal/Val Cal Val Cal Val Cal Val Cal Val Cal Val Cal Val Cal Val Cal Val Cal Val Cal Val
-100cm 60.6 71.9 91.1 90.5 32.1 46.1 92.5 93.9 67.2 81.1 87.7 85.8 44.4 42.9 86.2 88.5 40.2 44.1 74.0 76.3
-150cm 29.9 42.7 91.3 93.7 9.7 15.9 75.7 74.3 59.8 74.0 88.8 89.7 34.1 31.3 80.9 71.9 27.0 30.1 55.7 44.7
-200cm 17.8 27.5 75.0 77.7 4.3 6.7 67.1 70.5 25.9 37.3 90.2 92.7 27.5 47.7 68.1 83.7 20.2 23.3 53.4 61.4
-250cm 7.9 12.1 73.4 77.5 6.5 9.2 70.9 80.9 10.7 15.3 78.5 78.7 34.3 15.0 65.0 28.2 19.9 20.8 50.4 58.5
-300cm 4.3 6.0 72.9 79.2 9.9 12.6 72.1 83.4 7.1 9.5 79.8 84.0 35.1 29.5 63.0 52.7 18.9 13.7 42.4 37.2
-400cm 12.6 15.1 69.0 80.2 16.6 19.0 76.0 81.5 16.2 18.0 84.0 87.9 11.3 14.3 74.1 79.7 21.8 12.7 74.4 51.8
-500cm 14.1 16.2 69.3 73.8 14.5 15.9 72.9 74.1 17.7 18.9 84.2 80.2 10.5 12.3 68.6 77.3 16.0 21.4 69.7 80.0

Table 4.3: The EVP [%] for five soil profiles using the gamma response function with
the linear and FLEX recharge model. Both the calibration and validation period are
shown and the rows indicate the drainage level d [cm]. The text in blue is the best fit
per the soil profile.

Profile B02 LoamySand B05 Sand B07 SandySilt B10 Clay B14 SiltyLoam
Recharge Linear FLEX Linear FLEX Linear FLEX Linear FLEX Linear FLEX
Cal/Val Cal Val Cal Val Cal Val Cal Val Cal Val Cal Val Cal Val Cal Val Cal Val Cal Val
-100cm 77.9 77.2 91.0 89.9 60.9 59.6 85.3 83.9 81.3 86.5 87.6 85.4 53.3 49.3 86.2 88.6 49.5 50.2 74.3 76.4
-150cm 42.3 43.8 95.6 96.6 52.8 59.6 93.6 94.4 70.7 78.4 88.8 89.8 38.5 29.4 80.7 69.5 32.0 34.0 59.6 43.2
-200cm 30.5 36.9 92.9 94.9 47.5 61.1 94.2 95.9 36.9 42.5 92.4 93.1 28.7 40.1 71.4 83.1 20.0 23.7 56.0 65.0
-250cm 21.4 30.6 88.9 91.5 63.2 71.4 93.2 96.3 26.2 36.7 92.5 92.7 35.7 14.3 61.0 25.6 18.7 17.8 53.2 59.3
-300cm 25.2 36.5 86.5 91.8 65.5 67.4 91.6 95.7 38.2 49.1 92.4 92.6 37.2 26.9 65.0 52.7 18.9 12.7 43.3 37.4
-400cm 39.8 41.0 81.3 89.5 66.1 61.1 89.0 92.4 61.0 53.3 92.4 93.9 36.6 36.4 77.6 82.8 49.6 25.3 74.0 53.6
-500cm 47.9 45.2 75.6 84.5 65.2 61.6 87.7 81.6 68.6 55.8 88.0 88.7 34.0 33.8 75.1 80.6 52.4 43.1 71.0 88.4

Table 4.4: The EVP [%] for five soil profiles using the four parameters response func-
tion with the linear and FLEX recharge model. Both the calibration and validation
period are shown and the rows indicate the drainage level d [cm]. The text in blue is
the best fit per the soil profile.

Profile B02 LoamySand B05 Sand B07 SandySilt B10 Clay B14 SiltyLoam
Recharge Linear FLEX Linear FLEX Linear FLEX Linear FLEX Linear FLEX
Cal/Val Cal Val Cal Val Cal Val Cal Val Cal Val Cal Val Cal Val Cal Val Cal Val Cal Val
-100cm 82.2 82.5 91.1 90.2 90.6 90.7 93.1 93.4 83.7 89.4 86.4 85.4 57.5 52.0 86.2 88.6 51.9 52.8 74.3 76.5
-150cm 63.2 67.6 96.1 96.9 56.3 72.2 97.0 98.0 73.0 81.5 88.8 89.8 41.6 32.9 81.0 71.5 34.7 37.0 59.7 44.7
-200cm 37.2 55.2 93.3 95.1 58.2 75.6 94.7 96.8 73.0 76.7 93.8 95.2 31.3 45.0 72.4 84.0 23.1 27.8 56.8 65.2
-250cm 37.5 56.0 88.2 91.6 65.6 77.0 92.2 96.5 44.5 63.2 95.8 97.1 37.5 15.7 59.8 24.7 21.5 23.5 53.3 59.8
-300cm 45.9 58.3 86.7 92.4 67.3 74.2 90.8 96.2 59.5 70.5 95.4 97.1 38.9 29.6 66.1 53.2 19.4 14.7 43.6 38.0
-400cm 51.0 55.9 80.6 91.1 67.5 68.5 90.8 90.9 65.5 65.3 94.0 96.4 47.4 50.5 78.3 85.8 49.5 27.6 75.7 52.2
-500cm 48.3 53.3 75.6 84.5 64.4 65.6 89.6 82.0 65.5 61.6 92.2 91.7 46.3 50.1 76.0 83.6 52.1 44.9 71.6 86.1

4.3.1 Different Recharge Models

The FLEX recharge model almost always leads to a better fit in terms of RMSE and
EVP. The validation period is often even better for the than the calibration period.
This is remarkable but can be explained by the long calibration period and the gener-
ally good model structure. Especially the nonlinear recharge model performs better
during the validation periods.

Figure 4.5 shows TFN model simulation for the groundwater table of the silty loam
soil with a drainage level of -200cm. It shows a good performance of the nonlinear
recharge model (EVP = 90 %) and is typical for the general appearance. The nonlin-
ear recharge model performs well since the root zone storage becomes zero during
summer. This results in zero recharge and no further drop in the head. Most of the
peaks are captured better by the nonlinear recharge model as well. For the expo-
nential response function, adequate TFN models are already obtained compared to
the four parameters response function which has two more parameters.

The linear recharge model does not give a good model for this scenario with the
exponential response function (EVP = 36 %). The linear recharge model with the
four parameters response function gives a much better model (EVP = 73 %) than the
one with the exponential response function. However the linear TFN model obtained
is still worse than the nonlinear recharge model. This can be explained by the better
model structure of the nonlinear recharge model. The linear recharge model keeps
applying a recharge flux therefore undershooting the groundwater table in the sum-
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Table 4.5: The RMSE [mm] for five soil profiles using the exponential response func-
tion with the linear and FLEX recharge model. Both the calibration and validation
period are shown and the rows indicate the drainage level d [cm]. The text in blue is
the best fit per the soil profile.

Profile B02 LoamySand B05 Sand B07 SandySilt B10 Clay B14 SiltyLoam
Recharge Linear FLEX Linear FLEX Linear FLEX Linear FLEX Linear FLEX
Cal/Val Cal Val Cal Val Cal Val Cal Val Cal Val Cal Val Cal Val Cal Val Cal Val Cal Val
-100cm 33.7 28.2 16.0 17.0 32.8 32.0 10.9 11.1 40.1 29.1 24.6 26.2 86.5 80.2 43.2 36.6 197.0 181.5 129.8 119.2
-150cm 29.1 27.2 10.3 9.0 26.9 28.8 13.9 15.9 32.1 26.0 17.0 16.9 66.9 74.4 36.0 47.4 210.0 207.3 163.5 183.8
-200cm 24.8 24.7 13.7 13.7 22.7 26.1 13.2 14.5 30.5 30.9 11.1 10.6 58.3 37.0 38.6 20.6 181.8 185.1 138.9 130.7
-250cm 22.6 24.4 12.2 12.3 21.1 24.9 10.8 10.7 26.8 29.9 13.1 14.9 39.6 84.3 28.9 77.1 183.7 197.5 144.6 142.3
-300cm 20.7 23.8 11.0 11.2 20.6 24.3 9.7 9.6 23.6 27.7 10.8 11.4 32.9 46.4 24.8 37.6 104.2 173.6 87.8 147.2
-400cm 18.9 22.2 10.0 10.2 14.4 19.3 7.7 9.2 21.9 25.5 7.6 8.7 26.4 31.7 14.2 15.4 40.4 80.0 23.1 59.3
-500cm 14.6 19.9 8.6 11.1 13.0 18.5 7.3 10.3 14.1 19.2 6.1 9.6 22.6 29.1 13.3 14.8 31.6 33.7 19.0 21.6

Table 4.6: The RMSE [mm] for five soil profiles using the gamma response function
with the linear and FLEX recharge model. Both the calibration and validation period
are shown and the rows indicate the drainage level d [cm]. The text in blue is the
best fit per the soil profile.

Profile B02 LoamySand B05 Sand B07 SandySilt B10 Clay B14 SiltyLoam
Recharge Linear FLEX Linear FLEX Linear FLEX Linear FLEX Linear FLEX
Cal/Val Cal Val Cal Val Cal Val Cal Val Cal Val Cal Val Cal Val Cal Val Cal Val Cal Val
-100cm 25.3 25.4 16.2 17.4 24.9 28.0 15.2 17.9 30.3 24.6 24.7 26.6 79.3 75.5 43.2 36.5 181.1 171.1 129.2 118.9
-150cm 26.4 26.9 7.3 6.7 19.4 19.9 7.2 7.4 27.4 23.7 16.9 16.8 64.6 75.3 36.2 49.4 202.6 200.8 156.1 186.1
-200cm 22.8 23.1 7.3 6.5 16.7 16.6 5.5 5.4 28.1 29.8 9.8 10.6 57.8 39.4 36.6 20.9 181.9 184.0 135.0 124.5
-250cm 20.9 21.6 7.9 7.6 12.4 13.1 5.2 4.7 24.3 25.9 7.7 8.9 39.2 84.6 30.5 78.5 185.0 200.7 140.3 140.9
-300cm 18.3 19.4 7.7 7.0 11.5 13.4 5.3 4.8 19.0 20.4 6.6 7.9 32.4 47.2 24.2 37.6 104.1 174.4 87.1 147.1
-400cm 14.6 17.6 7.7 7.4 9.2 14.1 5.3 6.0 13.0 17.0 5.2 6.1 22.3 27.4 13.3 14.2 32.4 74.8 23.3 58.2
-500cm 11.2 16.4 7.7 8.5 8.6 14.0 4.9 8.4 8.6 15.1 5.3 7.1 19.3 25.2 11.8 13.7 23.8 30.0 18.6 13.5

Table 4.7: The RMSE [mm] for five soil profiles using the four parameters response
function with the linear and FLEX recharge model. Both the calibration and valida-
tion period are shown and the rows indicate the drainage level d [cm]. The text in
blue is the best fit per the soil profile.

Profile B02 LoamySand B05 Sand B07 SandySilt B10 Clay B14 SiltyLoam
Recharge Linear FLEX Linear FLEX Linear FLEX Linear FLEX Linear FLEX
Cal/Val Cal Val Cal Val Cal Val Cal Val Cal Val Cal Val Cal Val Cal Val Cal Val Cal Val
-100cm 22.7 22.3 16.1 17.2 12.2 13.5 10.4 11.6 28.3 21.8 25.8 26.6 75.6 73.5 43.2 36.5 176.7 166.7 129.1 118.8
-150cm 21.1 20.6 6.9 6.3 18.7 16.5 4.9 4.4 26.3 22.0 16.9 16.8 62.9 73.5 35.9 47.7 198.5 196.5 155.9 183.7
-200cm 21.6 19.5 7.1 6.5 14.8 13.3 5.3 4.7 18.4 19.1 8.8 9.0 56.7 37.9 36.0 20.3 178.4 180.0 133.7 124.1
-250cm 18.6 17.3 8.1 7.6 11.9 12.0 5.6 4.6 21.1 19.5 5.8 5.8 38.6 84.0 31.0 78.9 181.7 195.6 140.1 140.0
-300cm 15.5 16.0 7.7 6.8 10.9 11.9 5.5 4.6 15.3 15.6 5.2 5.1 31.9 46.5 23.8 37.4 103.8 172.9 86.9 146.3
-400cm 12.9 15.5 7.9 6.8 9.0 13.3 4.8 6.4 12.0 14.6 4.6 4.8 20.3 25.1 13.0 12.9 32.5 74.4 22.5 59.2
-500cm 11.2 17.0 7.7 8.5 8.6 13.6 4.5 8.3 9.0 15.6 4.3 6.1 17.4 23.2 11.6 12.6 23.9 30.0 18.4 16.1

mers.

There is one groundwater table time series where the EVP and RMSE give a better
performance for the linear recharge model. This is the case for the sandy silt profile
at a shallow drainage level of -100cm. In Figure 4.4 the TFN model is shown for
the sandy silt profile with the shallow drainage level of -100cm. The linear recharge
model performs about the same as the FLEX recharge model. For this simulation in
the dry summer of 2018 the head is estimated significantly better by the linear model
than the nonlinear model. That is because the drop in head during this summer is
significant.

All the simulations for the groundwater table (between 2016 and 2019) can be found
in appendices D - H.

4.3.2 Difference in Soil Type

For the coarser grained, higher permeable soils loamy sand, sand and sandy silt the
FLEX model performs relatively well. Also the linear model with the four-parameters
response function can give decent results for these models. The finer grained, low
permeable soil types, clay and silty loam are more difficult to simulate. Silty loam
shows the worst results for both recharge models. An important factor for this is the
limited infiltration capacity of these soils. In the synthetic time series for these soil
types we observe ponding and large fluctuations in the groundwater table. Also the
behaviour of the silty loam groundwater time series can be disputed for not being
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realistic enough. Both the linear and nonlinear recharge model do not account for
ponding.

4.3.3 Difference in Unsaturated Zone Thickness

The drainage level is the level to which the head returns under hydrostatic, equilib-
rium conditions without any fluxes from the top or bottom of the profile. Vice versa
the thickness of the unsaturated zone is the negative value of the drainage level since
the surface is taken at 0 cm. For the simulations the drainage levels were between
-100 cm and -500 cm. Simulations with a drainage level above -100 cm were not
done since HYDRUS-1D has convergence problems for those models. The deeper
simulations at -400 and -500 cm show a low variation in the groundwater table.

If the drainage level increases, the RMSE generally decreases. However this does
not necessarily mean that the fit is better, because the EVP generally decreases with
a deeper drainage level. The decrease in RMSE with a deeper drainage level can be
explained with the lower variation of the groundwater table time series.

In Figures B.1, B.2, B.3 the EVP is plotted against the drainage level for the ex-
ponential, gamma and four-parameters response function respectively. The EVP of
the nonlinear recharge model generally decreases a little bit with increasing depth
of the drainge level but maintains a relatively high EVP of > 70%. The EVP of the
linear recharge model is still high for a shallow drainage level but with increasing
depth the EVP is low. The use of the gamma and four-parameters response functions
increase the EVP of the linear recharge model with depth. This confirms the expla-
nation of section 4.1 that the response function can account for the dispersion effect
in the unsaturated zone.

In general we see the same trends between the response functions. However, for
both recharge models, the four-parameters function response function almost always
gives the best value for the RMSE and EVP for both the linear and nonlinear model.
The differences generally small for the nonlinear recharge model. The question is
if two extra of the four parameters response function, compared to the exponential
response function, are proportional to the small increase in the goodness-of-fit.

4.3.4 Difference in Estimating Recharge Flux

The performance of the recharge models in estimating the recharge flux is discussed
in this subsection. This comparison is the same as Collenteur; et al. (2021). Note
that the model is still calibrated on the groundwater table, but from the optimal pa-
rameters found for the recharge model we obtain an estimate of the recharge. We
can compare the modelled recharge to the recharge found with HYDRUS-1D. In the-
ory we can take the recharge flux from any discretised cell, at any depth in our 1D
soil column from HYDRUS-1D as the recharge flux. The vertical flux varies in the
HYDRUS-1D soil column but, the recharge flux is relatively constant for the deeper
cells, so the recharge flux is taken from the bottom cell in the soil column.

The values for the EVP and RMSE for the linear and nonlinear recharge fluxes during
the calibration period are presented in Tables 4.8 - 4.10. From these tables we see
that the linear recharge model has a EVP of zero for the estimation of the recharge.
The EVP is always zero which means that the mean of the synthetic recharge would
be a better estimate. Also the RMSE is generally bad for the linear recharge model.
The highly variable pattern of the linear recharge model dos not correspond to the
more smooth recharge found in the HYDRUS-1D. The nonlinear rechargemodel gives
a better estimate for the daily recharge flux.

In Figure B.4 we do see that the yearly cumulative recharge can also be estimated
relatively well by the linear recharge model for the shallow drainage levels for some
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Nonlinear Recharge Model
Calibration - EVP:86.39%, RMSE:25.83mm
Validation  -  EVP:85.38%, RMSE:26.55mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:83.66%, RMSE:28.31mm
Validation  -  EVP:89.39%, RMSE:21.80mm

B07_SandySilt_100 Groundwater Table Time Series from
TFN model (with Noise Model and Four Parameters Response)

Figure 4.4: Model for which the linear recharge model performs good. 2016-2017
are part of the calibration period, 2018-2019 are part of the validation period.

soil types. For the deeper drainage levels, most models using linear recharge give
a poor estimate for the recharge due to the f parameter hitting the optimisation
bound of -2. This gives a negative yearly sum of recharge which does not happen in
the HYDRUS-1D simulations. When using another response function than the expo-
nential response function this problem disappears as can be seen in Figures B.5 and
B.6.

The nonlinear recharge model performs better than the linear model in estimating
the recharge flux. For deeper drainage levels the nonlinear recharge model does not
perform that well anymore due to a variation which is too low. However the cumula-
tive recharge is in the same range as the HYDRUS-1D.

Interesting is the fact that, in order to get the best estimate of the recharge flux,
the exponential response function gives the best RMSE and EVP. This corresponds
to the theory that the gamma and four-parameters response functions incorporate
some unsaturated zone process. If one would want to obtain the actual recharge, the
response of the saturated zone would is exponential response function as shown in
section 2.2.1. Note that this is then at the location of x

L = 11
40 .

4.3.5 Difference in Estimating the Actual Evaporation Flux

In this subsection we to compare the ability of the rechargemodels to simulate evapo-
ration reduction. This is done by looking at the ratio between the potential and actual
evaporation, Ea/Ep which is always between 0 and 1. From HYDRUS-1D we do not
take into account the interception evaporation since it is modelled as a threshold.
To obtain the actual evaporation flux from HYDRUS-1D we add soil evaporation and
transpiration. The potential evaporation is the sum of Et,p and Es,p from Equations
3.7 and 3.8.

The linear recharge model has a factor f which is multiplied with the potential evap-
oration flux. This constant is sometimes referred to as the evaporation factor since it
limits the effect of the potential evaporation flux for the entire simulation. However,
since the parameter is constant it does not take into account the seasonal depen-
dence (Obergfell et al., 2019). Furthermore, the main purpose of this parameter is
to determine the ratio between the effect of precipitation and evaporation, instead
of identifying the evaporation reduction. That is why we omit this parameter from
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Linear Recharge Model
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TFN model (with Noise Model and Exponential Response)
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Validation  -  EVP:95.17%, RMSE:8.97mm
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Figure 4.5: TFNmodel for which the nonlinear recharge model performs good. 2016-
2017 are part of the calibration period, 2018-2019 are part of the validation period.
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Table 4.8: The RMSE [cm] and EVP for the comparison of the synthetic recharge
with the linear and FLEX recharge. The TFN model uses the exponential response
function. The metrics are computed on the calibration period. The rows indicate the
drainage level from the soil profile.

Profile B02 LoamySand B05 Sand B07 SandySilt B10 Clay B14 SiltyLoam
Recharge Linear FLEX Linear FLEX Linear FLEX Linear FLEX Linear FLEX
Metric EVP RMSE EVP RMSE EVP RMSE EVP RMSE EVP RMSE EVP RMSE EVP RMSE EVP RMSE EVP RMSE EVP RMSE
-100cm 0.0 4.9 73.2 1.3 0.0 5.9 79.2 1.0 0.0 4.8 50.3 2.0 0.0 4.7 46.4 1.8 0.0 4.9 63.4 1.3
-150cm 0.0 5.6 82.0 0.6 0.0 6.0 70.0 0.7 0.0 5.1 52.4 1.4 0.0 5.0 0.0 1.9 0.0 5.1 71.5 0.9
-200cm 0.0 6.0 70.5 0.6 0.0 6.1 61.2 0.6 0.0 5.9 76.3 0.8 0.0 5.1 0.0 2.5 0.0 5.1 73.1 0.7
-250cm 0.0 6.1 54.4 0.7 0.0 6.1 54.7 0.6 0.0 6.0 72.7 0.6 0.0 5.1 0.0 1.5 0.0 5.1 69.6 0.6
-300cm 0.0 6.1 39.2 0.7 0.0 6.1 50.1 0.5 0.0 6.0 69.3 0.5 0.0 5.1 50.3 0.8 0.0 5.2 49.8 0.7
-400cm 0.0 6.1 35.6 0.6 0.0 6.2 7.5 0.7 0.0 6.1 46.0 0.5 0.0 6.1 42.8 0.7 0.0 6.1 25.6 0.6
-500cm 0.0 6.2 0.0 0.7 0.0 6.2 0.0 0.7 0.0 6.1 11.8 0.6 0.0 6.1 30.9 0.6 0.0 6.1 23.6 0.5

Table 4.9: The RMSE [cm]and EVP for the comparison of the synthetic recharge with
the linear and FLEX recharge. The TFN model uses the gamma response function.
The metrics are computed on the calibration period. The rows indicate the drainage
level from the soil profile.

Profile B02 LoamySand B05 Sand B07 SandySilt B10 Clay B14 SiltyLoam
Recharge Linear FLEX Linear FLEX Linear FLEX Linear FLEX Linear FLEX
Metric EVP RMSE EVP RMSE EVP RMSE EVP RMSE EVP RMSE EVP RMSE EVP RMSE EVP RMSE EVP RMSE EVP RMSE
-100cm 0.0 4.9 73.2 1.3 0.0 5.3 13.5 1.7 0.0 4.8 50.2 2.0 0.0 4.7 46.4 1.8 0.0 4.9 60.7 1.3
-150cm 0.0 5.2 38.6 1.2 0.0 5.2 0.0 1.8 0.0 5.1 53.1 1.4 0.0 5.0 6.5 1.8 0.0 5.1 62.5 1.0
-200cm 0.0 5.2 0.0 1.6 0.0 5.1 0.0 1.7 0.0 5.3 20.1 1.3 0.0 5.1 0.0 1.7 0.0 5.1 62.8 0.8
-250cm 0.0 5.2 0.0 1.6 0.0 5.0 0.0 1.6 0.0 5.2 18.2 1.0 0.0 5.1 0.0 1.8 0.0 5.1 66.3 0.7
-300cm 0.0 5.1 0.0 1.1 0.0 5.0 0.0 1.1 0.0 5.1 5.5 0.9 0.0 5.1 0.0 1.5 0.0 5.1 48.3 0.7
-400cm 0.0 5.0 0.0 1.1 0.0 5.1 0.0 1.1 0.0 5.1 0.0 0.9 0.0 5.1 0.0 0.9 0.0 5.1 26.3 0.6
-500cm 0.0 5.1 0.0 1.2 0.0 5.1 0.0 3.5 0.0 5.1 0.0 1.0 0.0 5.0 0.0 1.0 0.0 5.2 0.0 0.6

Table 4.10: The RMSE [cm] and EVP for the comparison of the synthetic recharge
with the linear and FLEX recharge. The TFNmodel uses the four parameter response
function. The metrics are computed on the calibration period. The rows indicate the
drainage level from the soil profile.

Profile B02 LoamySand B05 Sand B07 SandySilt B10 Clay B14 SiltyLoam
Recharge Linear FLEX Linear FLEX Linear FLEX Linear FLEX Linear FLEX
Metric EVP RMSE EVP RMSE EVP RMSE EVP RMSE EVP RMSE EVP RMSE EVP RMSE EVP RMSE EVP RMSE EVP RMSE
-100cm 0.0 4.9 73.0 1.3 0.0 5.1 4.8 1.8 0.0 4.8 49.9 2.0 0.0 4.7 46.3 1.8 0.0 4.9 61.1 1.3
-150cm 0.0 5.1 32.8 1.2 0.0 5.2 0.0 1.8 0.0 5.1 52.5 1.4 0.0 5.0 6.4 1.8 0.0 5.1 67.7 1.0
-200cm 0.0 5.2 0.0 1.6 0.0 5.1 0.0 1.7 0.0 5.1 5.1 1.4 0.0 5.1 0.0 1.8 0.0 5.1 63.2 0.8
-250cm 0.0 5.1 0.0 1.7 0.0 5.0 0.0 1.7 0.0 5.2 0.0 1.4 0.0 5.1 0.0 2.0 0.0 5.1 63.3 0.7
-300cm 0.0 5.1 0.0 1.6 0.0 5.0 0.0 1.2 0.0 5.1 0.0 1.0 0.0 5.1 0.0 1.7 0.0 5.1 44.5 0.7
-400cm 0.0 5.0 0.0 1.1 0.0 5.1 0.0 2.7 0.0 5.1 0.0 1.0 0.0 5.0 0.0 1.0 0.0 5.1 3.5 0.7
-500cm 0.0 5.1 0.0 1.2 0.0 5.1 0.0 3.6 0.0 5.1 0.0 1.1 0.0 5.0 0.0 1.1 0.0 5.2 0.0 0.6

the linear recharge model from this comparison.

For the nonlinear model we take the actual evaporation flux from the root zone stor-
age as calculated with Equation 4.9. The potential flux for the root zone storage is
Emax − Ei from this equation.

Figure B.7 and B.8 show the results for a dry and wet year respectively for all the
soil types. It is observed in general that HYDRUS-1D is able to handle sharper drops
in evaporation since the evaporation only takes place from the upper 15 cm (root
depth) of the soil profile. If there is enough water present in the upper 15 cm the
ratio between Ea and Ep is 1. This is easier to achieve than for the root zone storage
of the FLEX model to fill up entirely, especially if it is empty. The bucket framework
of the FLEX model is a bit slower in that sense, compared to the HYDRUS-1D model.

Between the soil types we see that, especially for the Silty Loam, with a low per-
meability and a lot of ponding, the estimates for the evaporation reduction are the
worst, mainly during the wet years. This is confirmed by the EVP which shown in the
Figures as well.

In general the EVP is relatively low (maximum of 66%). However we do see that,
especially in the dry year, the FLEX model does show some of the same behaviour as
found in HYDRUS-1D. For the gamma and four-parameters response functions, we
generally see the same performance.
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4.4 Findings of Chapter 4

The nonlinear rechargemodel almost always performs better than the linear recharge
model when prediction synthetic groundwater table time series createdwithHYDRUS-
1D for all our soil types and drainage levels. The fluctuations of the groundwater sys-
tem are captured well by the nonlinear recharge model. The undershooting of the
groundwater table plateau is not observed during the summer since the nonlinear
recharge model stops applying a recharge flux due to the root zone storage.
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5 | Conclusions & Discussion

Themain goal of this researchwas to assess the performance of the nonlinear recharge
model in the TFN model and compare it to the linear recharge model. Additionally,
the conditions under which the nonlinear recharge model performs better needed to
be defined. The research questions were:

R.Q. 1 What lower boundary condition can be used for a one-dimensional model
to generate realistic synthetic time series of the groundwater table?

R.Q. 2 How does the unsaturated zone affect the nonlinear behaviour of the
groundwater table?

R.Q. 3 How does the TFN model, using the linear or nonlinear recharge model,
perform in modelling synthetic groundwater table time series created
with an unsaturated zone model?

R.Q. 4 When is it recommended to use the linear or nonlinear recharge model
when doing groundwater table time series analysis using TFN modelling?

First a summary is given to the answers on the first two research questions which
were answered in Chapters 2 and 3.

In section 2.3 we saw that a one-dimensional model can be used for creating syn-
thetic time series if we use a drainage resistance as a boundary condition that is
plausible in relation to a two-dimensional domain. A one-dimensional model of a soil
profile will be most similar to a Kraijenhoff van de Leur system at distance fraction
of 5

1000 and
11
40 (and due to symmetry at

29
40 &

995
1000 ) of a domain length. When cre-

ating time series for the groundwater table using HYDRUS-1D we use a boundary
condition with a constant pressure head and a drainage resistance of 46.82 days.
This is because we find this drainage resistance gives the most similar response for
the Kraijenhoff van de Leur polder system at x

L = 11
40 in Swifterbant, Flevoland. This

way we can make time series which are relatively realistic with a one-dimensional
unsaturated zone model.

In section 3.3 we saw that the water content of the unsaturated zone can have a
large influence on the recharge and eventually the behaviour of the groundwater ta-
ble. A change in the saturation degree of the unsaturated zone has a large effect on
the (amount of) water that flows to the groundwater table, but also on the amount
of water that is evaporated. Additionally, doubling the amount of precipitation does
not mean that the response of the groundwater table doubles. This is because water
flows faster through the unsaturated zone if the unsaturated zone becomes more wet
in the case of a larger precipitation event.

A large assumption of this research is that our one-dimensional unsaturated zone
model is a good and realistic enough, white box model to obtain an answer on the
third and fourth question. We know that 2D or 3D unsaturated zone models would be
give more realistic groundwater simulations than the one-dimensional model used in
this study. Horizontal flow, which plays an important role in groundwater systems,
would be taken into account with 2D and 3D models. However, all of the unsaturated
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zone models solve Richards’ equation since it is known to describe variably saturated
flow. And we know from section 3.3 that we can simulate the nonlinear processes
present in the unsaturated zone with the 1D model. That is why we think the findings
of this study are adequate to answer the third and fourth research question.

To answer the third research question, 35 different synthetic time series for the
groundwater table were created using HYDRUS-1D. These time series weremodelled
using the transfer function noise model using both the linear and nonlinear recharge
model. The danger of the nonlinear recharge model is that the larger number of pa-
rameters may lead to to overparameterisation compared to the linear model (which
in turn may be oversimplified with only one parameter). A model with more param-
eters and flexibility has a behaviour which is less dependent on the model structure.
This makes it more difficult to check whether we are getting the right answer for
the right reason (Kirchner, 2006). From Perrin et al. (2001) we know that a model
with a higher number of parameters generally performs better during the the cali-
bration phase. But during the validation phase the model shows results which are
as good as the models with a lower number of parameters. This can be explained by
the complex models tending to be less robust for different scenarios. That is why we
split the resulting time series in a calibration and validation period. This is done in
accordance with the statement of Kirchner (2006) that the calibration and validation
data sets should represent conditions which are different enough. The different con-
ditions are ensured by enclosing the relatively dry summer of 2018 in the validation
period. With all this in mind we draw the three main conclusions.

The first conclusion is that the TFN model that uses the linear recharge model per-
forms virtually always worse (34/35 validation period and 35/35 calibration periods)
than the nonlinear recharge model when estimating synthetic groundwater table
time series created with HYDRUS-1D. However, when the drainage level is shallow
(in our case -100 down to -150cm), the linear recharge model can give a good EVP
(>70%) for coarser, more permeable soils. This can be explained by the observation
that groundwater uptake (upwards recharge) is a more important process when the
unsaturated zone is shallow, compared to deeper drainage levels. Even though the
linear recharge model can give sufficient goodness-of-fit values, it still undershoots
the groundwater table levels in summer which is one of the common issues raised by
(Peterson & Western, 2014). The incorporation of the dispersion of the unsaturated
zone with the gamma and four-parameters significantly improves the performance
of all TFN models using the linear recharge model.

The second conclusion is that the TFN model with the nonlinear recharge model
shows a better EVP and RMSE than the linear model for 34 out of 35 of the HYDRUS-
1D. The fluctuations of the groundwater system are captured well by the nonlinear
recharge model. The undershooting of the groundwater table plateau is not observed
during the summer since the nonlinear recharge model stops simulating an evapora-
tion and recharge flux. This is because the actual evaporation simulated by the model
is limited by the availability of soil moisture. There is a decrease in the performance
of the nonlinear recharge model visible with decreasing saturated conductivity and
grain size. This can be attributed to ponding and the largely fluctuating behaviour
of the groundwater table in these soils.

The third conclusion is that the nonlinear recharge model is able to simulate the
recharge flux and evaporation reduction relatively well. These two processes are the
main source of non-linearity in the HYDRUS-1D simulations. As an estimator of the
recharge, the nonlinear recharge model describes the fluctuations of the recharge
better than the linear rechargemodel. Even though it is currently a limitation that the
nonlinear rechargemodel does not simulate groundwater uptake (upwards recharge).
To get an accurate estimate of the recharge flux when using the nonlinear recharge
model it is advised to always use the exponential response function. From a theoreti-
cal point of view this would be better because the response of the groundwater table
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to recharge should be instantaneous. Also the goodness-of-fit metrics are better for
the exponential response function compared to other response functions when esti-
mating the recharge flux.

To give an answer on research question 4, the nonlinear model is always the best op-
tion when modelling synthetic groundwater table time series created with HYDRUS-
1D. The addition of the nonlinear recharge model to the TFN model creates better
estimates for the groundwater tables from an unsaturated zone models. Moreover,
the complex unsaturated zone processes and fluxes are described relatively well by
the nonlinear recharge model.

It is known that many heterogeneous and complex processes in watersheds can be
described by incorporating a simple model for the collection, storage and release of
water (McDonnell et al., 2007). In this study we also find that these concepts work
when using the FLEX nonlinear recharge model in our grey box TFN model. Shifting
the TFN model a bit more to white in the grey scale of models (Fig. 1.1), allows us to
describe the non-linearity, introduced by Richards’ equation in HYDRUS-1D, better.
This way we find a better alternative to the linear recharge model in describing the
complexity of the groundwater system, enabling us in making the right predictions
for the right process reasons (Collenteur; et al., 2021; McDonnell et al., 2007). We
do find however that upwards recharge due to groundwater uptake plays an impor-
tant role in HYDRUS-1D soil profile models with a groundwater table shallower than
200cm. This is currently not implemented in the nonlinear recharge model and is an
omission of a process found in the unsaturated zone model.
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dations

In this chapter some of limitation and the subsequent recommendations are men-
tioned. These recommendations would improve the answers on the research ques-
tions of this research and could lead to new research topics.

6.1 Unsaturated Zone Model HYDRUS-1D

In this research, the time series for the head are created with HYDRUS-1D which is a
one-dimensional model. The one-dimensional model is not able to incorporate multi-
dimensional processes that affect the groundwater such as horizontal flow. In chap-
ter 2 we showed that a one-dimensional model can be related to a two-dimensional
model, but there is always an error while doing this. A two- or three-dimensional
model should be able to incorporate groundwater processes more realistically. To
include horizontal groundwater flow, in future research it would be better to use
HYDRUS-2D or HYDRUS-3D.

A simplification currently is the use of a homogeneous soil profile in the HYDRUS-1D
model. In reality, soils always consist of multiple layers. With the large range of soil
types from the Staring series in Heinen et al. (2020) it is relatively simple to imple-
ment non-homogeneous soils in HYDRUS-1D. Two approaches could be used. The
first approach would be to add more layers to the HYDRUS-1D profile such that we
obtain a profile with two or three layers (excluding the bottom clay layer). The second
approach would be to recreate a soil sample from the field. If there is a groundwater
measurement location nearby, the time series for the head created could be cali-
brated.

The first approach is the simplest since it does not account for the complexity of
the subsurface. The problem however would be still the same as the current re-
search with the question how accurate a one-dimensional homogeneous model is to
test these performance of the recharge models. The second approach could give a
more satisfactory answer given that it can be calibrated to a measured time series.
However to calibrate this model and can be a lot of trouble, not to mention the nu-
merical complexity of a multilayered model. Even though this would be solved by
HYDRUS-1D.

HYDRUS-1D also gives the option to simulate dual-porosity and dual-permeability
to simulate preferential flow. Dual-porosity models assume that there is no water
flow in the matrix, such that water flow is restricted to the macro-pores (Simunek et
al., 2003). Dual-permeability models allow for water flow in the matrix as well, solv-
ing two flow equations separately (Simunek et al., 2009). The main disadvantage
of dual-porosity and dual-permeability models is that they require many more input
parameters to characterise the soil system than for instance the van Genuchten soil
model. Generally, these parameters are not known and difficult to measure. From
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field observations we do know that preferential flow does occur so it would be good to
test the performance of time series models on time series created with dual-porosity
or dual-permeability models.

Additional options available in the HYDRUS-1D model would be to incorporate hys-
teresis. Hysteresis would add the effect of wetting and draining on the relationship
between the water content and pressure head. If this option does not give additional
numerical complexity it could be useful to test the effect on the time series for the
groundwater table.

Another option would be to change the root uptake with a root growth model. This
way the root depth increases in summer and decreases in winter. Another change
would be to use the Feddes root uptake model. Even though it gives more numerical
complexity than the van Genucten root uptake model, during near saturation situa-
tions the Feddes model would give more realistic values for the root uptake (Simunek
et al., 2009).

6.2 Improving the Nonlinear Recharge Model

From the HYDRUS-1D recharge simulation, and from reality we know that ground-
water uptake (upwards recharge) is possible. It would be a valuable addition to the
nonlinear recharge model to implement this process. This could be done in a few
ways:

• Subtracting the ’unused’ part of the potential evaporation from the recharge
flux. A possible pitfall however would be that the nonlinear model starts to
show the same problem as the linear model where during summers too much
evaporation is possible. To avoid this we could use a parameter to introduce
evaporation reduction in time. However this parameter would be constant for
the simulation period.

• Creating a groundwater reservoir in the FLEX model from which water can flow
towards the root zone reservoir. This way the amount of groundwater uptake
through time would be limited by the amount of water available in the ground-
water reservoir.

6.3 Improving the Linear Recharge Model

What is observed in summer, is that the linear recharge model estimates the ground-
water head to drop lower than is observed in reality. A possible solution for this
would be to make the parameter f time dependent such that during these period the
parameter becomes smaller and the effect of evaporation becomes lower. This could
be done by estimating it on a seasonally or monthly basis. This would not be too
difficult to test since the observed head time series do carry information of time. An
alternative would be to estimate the parameter f after the groundwater head passes
a certain threshold value.

Estimate the actual evaporation instead of using the potential evaporation with a
crop factor. Radar soil moisture data should make it easier to estimate reliable time
series for evaporation (and groundwater recharge) (Bouaziz et al., 2020).

6.4 Using HYDRUS-1D as a Recharge Model

HYDRUS-1D itself could also be used as a recharge model. This model would have
a twelve parameters that have to be estimated (for a homogeneous soil). The van
Genuchten soil parameters, the drainage resistance of the bottom clay layer and
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the parameters for root depth and uptake. However due to the added numerical
complexity and number of parameters this option would not have the preference.

6.5 Measured Time Series

The groundwater table in the Netherlands, especially in the western part, is most of
the time relatively shallow, within 1.2m below the surface (Dufour, 2000). For the
rest of the Netherlands it is usually within 4m below the surface. Research from Za-
adnoordijk et al. (2019) showed that with a linear recharge model, most of the time a
potentially useful TFN model can be constructed. The research also showed that in
areas in the Netherlands with a deeper groundwater table, most linear recharge time
series models are rejected. It would be useful to investigate the use of the nonlinear
recharge model on a large scale with measured time series, similar to the research
from Zaadnoordijk et al. (2019). That could give a more comprehensive answer on
the general applicability of the nonlinear recharge model in time series analysis.

In reality, groundwater measurements are time series for the hydraulic head. There
can be differences between the groundwater table and the head. In HYDRUS-1D we
generally find a groundwater table that is higher than the head, especially in finer-
grained soils. The head in this case is taken above the bottom clay layer. When taking
the head as input for our time series model the TFN model performance generally
improves, especially for finer grained soils.

6.6 Objective Function

For this report the nonlinear least squares is used as an objective function in the
solver. Without the noise model the residuals are minimised by the solver. With the
noise model the noise is minimised by the solver.

When using another objective function than nonlinear least squares the goodness-
of-fit metrics as reported in Tables 4.3 - 4.7 could be slightly different. However the
answers on the research questions would not be very different. The fact that the
goodness-of-fit metrics do not become much worse when optimising the model while
applying a noise model confirm this thought.

It could be wise however to use different objective functions to solve the model to
see how the outcome changes. Goodness-of-fit metrics such as the AIC and BIC could
also be used in the future. These metrics give an indication of both the fit and the
model complexity (in terms of model parameters) (von Asmuth et al., 2021). How-
ever, before these can be interpreted you need to comply with the assumptions of
white noise (υ(t) N(0, σ2)).
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Figure B.1: The average EVP for all soil types against the drainage level for the
calibration, validation period. The values for the soil types are visualised as dashed
lines. The bandwidth shows the maximum and minimum EVP for any soil type for
the specific recharge model. The exponential response function is used in the TFN
model.
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Figure B.2: The average EVP for all soil types against the drainage level for the
calibration, validation period. The values for the soil types are visualised as dashed
lines. The bandwidth shows the maximum and minimum EVP for any soil type for the
specific recharge model. The gamma response function is used in the TFN model.
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Figure B.3: The average EVP for all soil types against the drainage level for the
calibration, validation period. The values for the soil types are visualised as dashed
lines. The bandwidth shows the maximum and minimum EVP for any soil type for the
specific recharge model. The four-parameters response function is used in the TFN
model.
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Figure B.4: Yearly Cumulative Recharge. This simulation uses the exponential re-
sponse function.
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Figure B.5: Yearly Cumulative Recharge. This simulation uses the gamma response
function.
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Figure B.6: Yearly Cumulative Recharge. This simulation uses the four parameters
response function.
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Figure B.7: Actual Evaporation over the Potential Evaporation for HYDRUS-1D and
the FLEX Model for a Relatively Dry Year. For every subplot the soil profile, drainage
level and EVP is shown. This simulation uses the exponential response function.
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Figure B.8: Actual Evaporation over the Potential Evaporation for HYDRUS-1D and
the FLEX Model for a Relatively Wet Year. For every subplot the soil profile, drainage
level and EVP is shown. This simulation uses the exponential response function.
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Figure B.9: Actual Evaporation over the Potential Evaporation for HYDRUS-1D and
the FLEX Model for a Relatively Dry Year. For every subplot the soil profile, drainage
level and EVP is shown. This simulation uses the gamma response function.
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Figure B.10: Actual Evaporation over the Potential Evaporation for HYDRUS-1D and
the FLEX Model for a Relatively Wet Year. For every subplot the soil profile, drainage
level and EVP is shown. This simulation uses the gamma response function.
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Figure B.11: Actual Evaporation over the Potential Evaporation for HYDRUS-1D and
the FLEX Model for a Relatively Dry Year. For every subplot the soil profile, drainage
level and EVP is shown. This simulation uses the four parameters response function.
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Figure B.12: Actual Evaporation over the Potential Evaporation for HYDRUS-1D and
the FLEX Model for a Relatively Wet Year. For every subplot the soil profile, drainage
level and EVP is shown. This simulation uses the four parameters response function.
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Groundwater Table Time Series created with HYDRUS-1D

Figure C.1: Groundwater Table Time Series created with HYDRUS-1D
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Figure D.1: Loamy Sand -100cm
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Figure D.2: Loamy Sand -150cm
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Figure D.3: Loamy Sand -200cm
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Figure D.4: Loamy Sand -250cm
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Figure D.5: Loamy Sand -300cm

Delft University of Technology 73



D. TFN Models Loamy Sand

2016-01 2016-07 2017-01 2017-07 2018-01 2018-07 2019-01 2019-07 2020-01

400

398

396

394

392

390

388
Gr

ou
nd

wa
te

r T
ab

le
 [c

m
]

Nonlinear Recharge Model
Calibration - EVP:69.00%, RMSE:10.02mm
Validation  -  EVP:80.21%, RMSE:10.17mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:12.56%, RMSE:18.92mm
Validation  -  EVP:15.11%, RMSE:22.24mm

B02_LoamySand_400 Groundwater Table Time Series from
TFN model (with Noise Model and Exponential Response)

2016-01 2016-07 2017-01 2017-07 2018-01 2018-07 2019-01 2019-07 2020-01

400

398

396

394

392

390

388

Gr
ou

nd
wa

te
r T

ab
le

 [c
m

]

Nonlinear Recharge Model
Calibration - EVP:81.34%, RMSE:7.73mm
Validation  -  EVP:89.49%, RMSE:7.39mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:39.76%, RMSE:14.55mm
Validation  -  EVP:41.03%, RMSE:17.64mm

B02_LoamySand_400 Groundwater Table Time Series from
TFN model (with Noise Model and Gamma Response)

2016-01 2016-07 2017-01 2017-07 2018-01 2018-07 2019-01 2019-07 2020-01

402

400

398

396

394

392

390

388

Gr
ou

nd
wa

te
r T

ab
le

 [c
m

]

Nonlinear Recharge Model
Calibration - EVP:80.60%, RMSE:7.88mm
Validation  -  EVP:91.09%, RMSE:6.81mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:51.03%, RMSE:12.88mm
Validation  -  EVP:55.88%, RMSE:15.54mm

B02_LoamySand_400 Groundwater Table Time Series from
TFN model (with Noise Model and Four Parameters Response)

Figure D.6: Loamy Sand -400cm
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Figure D.7: Loamy Sand -500cm
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Figure E.1: Sand -100cm

Delft University of Technology 77



E. TFN Models Sand

2016-01 2016-07 2017-01 2017-07 2018-01 2018-07 2019-01 2019-07 2020-01

150

145

140

135

Gr
ou

nd
wa

te
r T

ab
le

 [c
m

]
Nonlinear Recharge Model
Calibration - EVP:75.73%, RMSE:13.92mm
Validation  -  EVP:74.28%, RMSE:15.86mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:9.74%, RMSE:26.88mm
Validation  -  EVP:15.92%, RMSE:28.78mm

B05_Sand_150 Groundwater Table Time Series from
TFN model (with Noise Model and Exponential Response)

2016-01 2016-07 2017-01 2017-07 2018-01 2018-07 2019-01 2019-07 2020-01

150

145

140

135

130

Gr
ou

nd
wa

te
r T

ab
le

 [c
m

]

Nonlinear Recharge Model
Calibration - EVP:93.57%, RMSE:7.16mm
Validation  -  EVP:94.42%, RMSE:7.44mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:52.77%, RMSE:19.43mm
Validation  -  EVP:59.56%, RMSE:19.92mm

B05_Sand_150 Groundwater Table Time Series from
TFN model (with Noise Model and Gamma Response)

2016-01 2016-07 2017-01 2017-07 2018-01 2018-07 2019-01 2019-07 2020-01

150

145

140

135

130

Gr
ou

nd
wa

te
r T

ab
le

 [c
m

]

Nonlinear Recharge Model
Calibration - EVP:97.00%, RMSE:4.90mm
Validation  -  EVP:98.04%, RMSE:4.39mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:56.32%, RMSE:18.68mm
Validation  -  EVP:72.18%, RMSE:16.49mm

B05_Sand_150 Groundwater Table Time Series from
TFN model (with Noise Model and Four Parameters Response)

Figure E.2: Sand -150cm
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Figure E.3: Sand -200cm
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Figure E.4: Sand -250cm
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B05_Sand_300 Groundwater Table Time Series from
TFN model (with Noise Model and Gamma Response)
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Nonlinear Recharge Model
Calibration - EVP:90.82%, RMSE:5.49mm
Validation  -  EVP:96.17%, RMSE:4.58mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:67.29%, RMSE:10.88mm
Validation  -  EVP:74.18%, RMSE:11.93mm

B05_Sand_300 Groundwater Table Time Series from
TFN model (with Noise Model and Four Parameters Response)

Figure E.5: Sand -300cm
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E. TFN Models Sand
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Nonlinear Recharge Model
Calibration - EVP:75.95%, RMSE:7.70mm
Validation  -  EVP:81.54%, RMSE:9.21mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:16.62%, RMSE:14.40mm
Validation  -  EVP:18.98%, RMSE:19.34mm

B05_Sand_400 Groundwater Table Time Series from
TFN model (with Noise Model and Exponential Response)
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Nonlinear Recharge Model
Calibration - EVP:89.00%, RMSE:5.32mm
Validation  -  EVP:92.35%, RMSE:5.98mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:66.10%, RMSE:9.17mm
Validation  -  EVP:61.07%, RMSE:14.10mm

B05_Sand_400 Groundwater Table Time Series from
TFN model (with Noise Model and Gamma Response)
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Nonlinear Recharge Model
Calibration - EVP:90.81%, RMSE:4.78mm
Validation  -  EVP:90.92%, RMSE:6.44mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:67.54%, RMSE:8.99mm
Validation  -  EVP:68.48%, RMSE:13.29mm

B05_Sand_400 Groundwater Table Time Series from
TFN model (with Noise Model and Four Parameters Response)

Figure E.6: Sand -400cm
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Nonlinear Recharge Model
Calibration - EVP:72.94%, RMSE:7.30mm
Validation  -  EVP:74.09%, RMSE:10.32mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:14.46%, RMSE:12.97mm
Validation  -  EVP:15.89%, RMSE:18.47mm

B05_Sand_500 Groundwater Table Time Series from
TFN model (with Noise Model and Exponential Response)
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Nonlinear Recharge Model
Calibration - EVP:87.69%, RMSE:4.94mm
Validation  -  EVP:81.58%, RMSE:8.37mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:65.24%, RMSE:8.58mm
Validation  -  EVP:61.56%, RMSE:14.01mm

B05_Sand_500 Groundwater Table Time Series from
TFN model (with Noise Model and Gamma Response)
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Nonlinear Recharge Model
Calibration - EVP:89.60%, RMSE:4.53mm
Validation  -  EVP:82.03%, RMSE:8.27mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:64.42%, RMSE:8.57mm
Validation  -  EVP:65.60%, RMSE:13.62mm

B05_Sand_500 Groundwater Table Time Series from
TFN model (with Noise Model and Four Parameters Response)

Figure E.7: Sand -500cm
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Nonlinear Recharge Model
Calibration - EVP:87.71%, RMSE:24.55mm
Validation  -  EVP:85.82%, RMSE:26.20mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:67.20%, RMSE:40.10mm
Validation  -  EVP:81.13%, RMSE:29.08mm

B07_SandySilt_100 Groundwater Table Time Series from
TFN model (with Noise Model and Exponential Response)
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Nonlinear Recharge Model
Calibration - EVP:87.56%, RMSE:24.70mm
Validation  -  EVP:85.35%, RMSE:26.63mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:81.30%, RMSE:30.28mm
Validation  -  EVP:86.50%, RMSE:24.61mm

B07_SandySilt_100 Groundwater Table Time Series from
TFN model (with Noise Model and Gamma Response)
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Nonlinear Recharge Model
Calibration - EVP:86.39%, RMSE:25.83mm
Validation  -  EVP:85.38%, RMSE:26.55mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:83.66%, RMSE:28.31mm
Validation  -  EVP:89.39%, RMSE:21.80mm

B07_SandySilt_100 Groundwater Table Time Series from
TFN model (with Noise Model and Four Parameters Response)

Figure F.1: Sandy Silt -100cm
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Nonlinear Recharge Model
Calibration - EVP:88.78%, RMSE:16.95mm
Validation  -  EVP:89.71%, RMSE:16.86mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:59.76%, RMSE:32.10mm
Validation  -  EVP:73.96%, RMSE:26.04mm

B07_SandySilt_150 Groundwater Table Time Series from
TFN model (with Noise Model and Exponential Response)

2016-01 2016-07 2017-01 2017-07 2018-01 2018-07 2019-01 2019-07 2020-01

160

140

120

100

80

60

40

20

Gr
ou

nd
wa

te
r T

ab
le

 [c
m

]

Nonlinear Recharge Model
Calibration - EVP:88.80%, RMSE:16.93mm
Validation  -  EVP:89.78%, RMSE:16.81mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:70.67%, RMSE:27.40mm
Validation  -  EVP:78.41%, RMSE:23.68mm

B07_SandySilt_150 Groundwater Table Time Series from
TFN model (with Noise Model and Gamma Response)
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Nonlinear Recharge Model
Calibration - EVP:88.80%, RMSE:16.93mm
Validation  -  EVP:89.78%, RMSE:16.81mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:72.96%, RMSE:26.31mm
Validation  -  EVP:81.54%, RMSE:22.01mm

B07_SandySilt_150 Groundwater Table Time Series from
TFN model (with Noise Model and Four Parameters Response)

Figure F.2: Sandy Silt -150cm
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Nonlinear Recharge Model
Calibration - EVP:90.18%, RMSE:11.08mm
Validation  -  EVP:92.67%, RMSE:10.64mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:25.85%, RMSE:30.47mm
Validation  -  EVP:37.28%, RMSE:30.91mm

B07_SandySilt_200 Groundwater Table Time Series from
TFN model (with Noise Model and Exponential Response)
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Nonlinear Recharge Model
Calibration - EVP:92.38%, RMSE:9.76mm
Validation  -  EVP:93.15%, RMSE:10.62mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:36.87%, RMSE:28.11mm
Validation  -  EVP:42.47%, RMSE:29.75mm

B07_SandySilt_200 Groundwater Table Time Series from
TFN model (with Noise Model and Gamma Response)
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Nonlinear Recharge Model
Calibration - EVP:93.84%, RMSE:8.78mm
Validation  -  EVP:95.17%, RMSE:8.97mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:72.98%, RMSE:18.39mm
Validation  -  EVP:76.71%, RMSE:19.15mm

B07_SandySilt_200 Groundwater Table Time Series from
TFN model (with Noise Model and Four Parameters Response)

Figure F.3: Sandy Silt -200cm
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F. TFN Models Sandy Silt
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Nonlinear Recharge Model
Calibration - EVP:78.45%, RMSE:13.13mm
Validation  -  EVP:78.69%, RMSE:14.88mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:10.68%, RMSE:26.78mm
Validation  -  EVP:15.28%, RMSE:29.94mm

B07_SandySilt_250 Groundwater Table Time Series from
TFN model (with Noise Model and Exponential Response)
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Nonlinear Recharge Model
Calibration - EVP:92.51%, RMSE:7.73mm
Validation  -  EVP:92.71%, RMSE:8.91mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:26.25%, RMSE:24.32mm
Validation  -  EVP:36.71%, RMSE:25.87mm

B07_SandySilt_250 Groundwater Table Time Series from
TFN model (with Noise Model and Gamma Response)
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Nonlinear Recharge Model
Calibration - EVP:95.83%, RMSE:5.77mm
Validation  -  EVP:97.14%, RMSE:5.80mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:44.46%, RMSE:21.07mm
Validation  -  EVP:63.25%, RMSE:19.54mm

B07_SandySilt_250 Groundwater Table Time Series from
TFN model (with Noise Model and Four Parameters Response)

Figure F.4: Sandy Silt -250cm
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Nonlinear Recharge Model
Calibration - EVP:79.79%, RMSE:10.80mm
Validation  -  EVP:84.04%, RMSE:11.35mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:7.09%, RMSE:23.55mm
Validation  -  EVP:9.47%, RMSE:27.72mm

B07_SandySilt_300 Groundwater Table Time Series from
TFN model (with Noise Model and Exponential Response)
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Nonlinear Recharge Model
Calibration - EVP:92.35%, RMSE:6.63mm
Validation  -  EVP:92.59%, RMSE:7.85mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:38.16%, RMSE:18.98mm
Validation  -  EVP:49.11%, RMSE:20.37mm

B07_SandySilt_300 Groundwater Table Time Series from
TFN model (with Noise Model and Gamma Response)
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Nonlinear Recharge Model
Calibration - EVP:95.37%, RMSE:5.17mm
Validation  -  EVP:97.07%, RMSE:5.06mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:59.51%, RMSE:15.29mm
Validation  -  EVP:70.49%, RMSE:15.62mm

B07_SandySilt_300 Groundwater Table Time Series from
TFN model (with Noise Model and Four Parameters Response)

Figure F.5: Sandy Silt -300cm
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F. TFN Models Sandy Silt
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Nonlinear Recharge Model
Calibration - EVP:84.00%, RMSE:7.60mm
Validation  -  EVP:87.86%, RMSE:8.73mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:16.17%, RMSE:21.92mm
Validation  -  EVP:18.03%, RMSE:25.51mm

B07_SandySilt_400 Groundwater Table Time Series from
TFN model (with Noise Model and Exponential Response)
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Nonlinear Recharge Model
Calibration - EVP:92.35%, RMSE:5.19mm
Validation  -  EVP:93.88%, RMSE:6.13mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:61.01%, RMSE:12.96mm
Validation  -  EVP:53.31%, RMSE:16.97mm

B07_SandySilt_400 Groundwater Table Time Series from
TFN model (with Noise Model and Gamma Response)
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Nonlinear Recharge Model
Calibration - EVP:94.01%, RMSE:4.59mm
Validation  -  EVP:96.39%, RMSE:4.78mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:65.53%, RMSE:12.02mm
Validation  -  EVP:65.27%, RMSE:14.65mm

B07_SandySilt_400 Groundwater Table Time Series from
TFN model (with Noise Model and Four Parameters Response)

Figure F.6: Sandy Silt -400cm
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Nonlinear Recharge Model
Calibration - EVP:84.16%, RMSE:6.13mm
Validation  -  EVP:80.24%, RMSE:9.58mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:17.69%, RMSE:14.07mm
Validation  -  EVP:18.86%, RMSE:19.22mm

B07_SandySilt_500 Groundwater Table Time Series from
TFN model (with Noise Model and Exponential Response)
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Nonlinear Recharge Model
Calibration - EVP:87.99%, RMSE:5.34mm
Validation  -  EVP:88.67%, RMSE:7.13mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:68.60%, RMSE:8.64mm
Validation  -  EVP:55.82%, RMSE:15.06mm

B07_SandySilt_500 Groundwater Table Time Series from
TFN model (with Noise Model and Gamma Response)
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Nonlinear Recharge Model
Calibration - EVP:92.20%, RMSE:4.31mm
Validation  -  EVP:91.69%, RMSE:6.10mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:65.55%, RMSE:9.03mm
Validation  -  EVP:61.58%, RMSE:15.58mm

B07_SandySilt_500 Groundwater Table Time Series from
TFN model (with Noise Model and Four Parameters Response)

Figure F.7: Sandy Silt -500cm
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Nonlinear Recharge Model
Calibration - EVP:86.16%, RMSE:43.15mm
Validation  -  EVP:88.48%, RMSE:36.59mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:44.39%, RMSE:86.51mm
Validation  -  EVP:42.90%, RMSE:80.22mm

B10_Clay_100 Groundwater Table Time Series from
TFN model (with Noise Model and Exponential Response)
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Nonlinear Recharge Model
Calibration - EVP:86.16%, RMSE:43.16mm
Validation  -  EVP:88.55%, RMSE:36.49mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:53.26%, RMSE:79.31mm
Validation  -  EVP:49.34%, RMSE:75.50mm

B10_Clay_100 Groundwater Table Time Series from
TFN model (with Noise Model and Gamma Response)
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Nonlinear Recharge Model
Calibration - EVP:86.16%, RMSE:43.17mm
Validation  -  EVP:88.55%, RMSE:36.48mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:57.52%, RMSE:75.61mm
Validation  -  EVP:52.00%, RMSE:73.50mm

B10_Clay_100 Groundwater Table Time Series from
TFN model (with Noise Model and Four Parameters Response)

Figure G.1: Clay -100cm
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Nonlinear Recharge Model
Calibration - EVP:80.86%, RMSE:36.03mm
Validation  -  EVP:71.85%, RMSE:47.43mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:34.11%, RMSE:66.85mm
Validation  -  EVP:31.33%, RMSE:74.39mm

B10_Clay_150 Groundwater Table Time Series from
TFN model (with Noise Model and Exponential Response)
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Nonlinear Recharge Model
Calibration - EVP:80.65%, RMSE:36.22mm
Validation  -  EVP:69.48%, RMSE:49.39mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:38.49%, RMSE:64.59mm
Validation  -  EVP:29.37%, RMSE:75.28mm

B10_Clay_150 Groundwater Table Time Series from
TFN model (with Noise Model and Gamma Response)
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Nonlinear Recharge Model
Calibration - EVP:80.98%, RMSE:35.92mm
Validation  -  EVP:71.48%, RMSE:47.75mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:41.62%, RMSE:62.92mm
Validation  -  EVP:32.90%, RMSE:73.53mm

B10_Clay_150 Groundwater Table Time Series from
TFN model (with Noise Model and Four Parameters Response)

Figure G.2: Clay -150cm
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Nonlinear Recharge Model
Calibration - EVP:68.12%, RMSE:38.65mm
Validation  -  EVP:83.66%, RMSE:20.57mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:27.46%, RMSE:58.30mm
Validation  -  EVP:47.70%, RMSE:36.98mm

B10_Clay_200 Groundwater Table Time Series from
TFN model (with Noise Model and Exponential Response)
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Nonlinear Recharge Model
Calibration - EVP:71.37%, RMSE:36.62mm
Validation  -  EVP:83.15%, RMSE:20.89mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:28.68%, RMSE:57.81mm
Validation  -  EVP:40.12%, RMSE:39.39mm

B10_Clay_200 Groundwater Table Time Series from
TFN model (with Noise Model and Gamma Response)
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Nonlinear Recharge Model
Calibration - EVP:72.36%, RMSE:35.99mm
Validation  -  EVP:84.00%, RMSE:20.34mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:31.32%, RMSE:56.73mm
Validation  -  EVP:45.04%, RMSE:37.90mm

B10_Clay_200 Groundwater Table Time Series from
TFN model (with Noise Model and Four Parameters Response)

Figure G.3: Clay -200cm
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G. TFN Models Clay

2016-01 2016-07 2017-01 2017-07 2018-01 2018-07 2019-01 2019-07 2020-01

250

200

150

100

50

0
Gr

ou
nd

wa
te

r T
ab

le
 [c

m
]

Nonlinear Recharge Model
Calibration - EVP:65.01%, RMSE:28.90mm
Validation  -  EVP:28.16%, RMSE:77.12mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:34.29%, RMSE:39.60mm
Validation  -  EVP:14.97%, RMSE:84.29mm

B10_Clay_250 Groundwater Table Time Series from
TFN model (with Noise Model and Exponential Response)
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Nonlinear Recharge Model
Calibration - EVP:60.96%, RMSE:30.53mm
Validation  -  EVP:25.55%, RMSE:78.50mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:35.67%, RMSE:39.19mm
Validation  -  EVP:14.27%, RMSE:84.56mm

B10_Clay_250 Groundwater Table Time Series from
TFN model (with Noise Model and Gamma Response)
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Nonlinear Recharge Model
Calibration - EVP:59.80%, RMSE:30.98mm
Validation  -  EVP:24.73%, RMSE:78.92mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:37.50%, RMSE:38.63mm
Validation  -  EVP:15.74%, RMSE:84.03mm

B10_Clay_250 Groundwater Table Time Series from
TFN model (with Noise Model and Four Parameters Response)

Figure G.4: Clay -250cm
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Nonlinear Recharge Model
Calibration - EVP:63.05%, RMSE:24.83mm
Validation  -  EVP:52.75%, RMSE:37.61mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:35.12%, RMSE:32.91mm
Validation  -  EVP:29.52%, RMSE:46.44mm

B10_Clay_300 Groundwater Table Time Series from
TFN model (with Noise Model and Exponential Response)
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Nonlinear Recharge Model
Calibration - EVP:65.02%, RMSE:24.16mm
Validation  -  EVP:52.72%, RMSE:37.61mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:37.24%, RMSE:32.36mm
Validation  -  EVP:26.90%, RMSE:47.16mm

B10_Clay_300 Groundwater Table Time Series from
TFN model (with Noise Model and Gamma Response)
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Nonlinear Recharge Model
Calibration - EVP:66.13%, RMSE:23.78mm
Validation  -  EVP:53.23%, RMSE:37.40mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:38.92%, RMSE:31.93mm
Validation  -  EVP:29.56%, RMSE:46.51mm

B10_Clay_300 Groundwater Table Time Series from
TFN model (with Noise Model and Four Parameters Response)

Figure G.5: Clay -300cm
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G. TFN Models Clay
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Nonlinear Recharge Model
Calibration - EVP:74.14%, RMSE:14.23mm
Validation  -  EVP:79.73%, RMSE:15.41mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:11.30%, RMSE:26.36mm
Validation  -  EVP:14.25%, RMSE:31.68mm

B10_Clay_400 Groundwater Table Time Series from
TFN model (with Noise Model and Exponential Response)
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Nonlinear Recharge Model
Calibration - EVP:77.57%, RMSE:13.25mm
Validation  -  EVP:82.84%, RMSE:14.17mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:36.59%, RMSE:22.28mm
Validation  -  EVP:36.36%, RMSE:27.36mm

B10_Clay_400 Groundwater Table Time Series from
TFN model (with Noise Model and Gamma Response)
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Nonlinear Recharge Model
Calibration - EVP:78.29%, RMSE:13.04mm
Validation  -  EVP:85.80%, RMSE:12.89mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:47.38%, RMSE:20.29mm
Validation  -  EVP:50.45%, RMSE:25.12mm

B10_Clay_400 Groundwater Table Time Series from
TFN model (with Noise Model and Four Parameters Response)

Figure G.6: Clay -400cm
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Nonlinear Recharge Model
Calibration - EVP:68.61%, RMSE:13.31mm
Validation  -  EVP:77.30%, RMSE:14.79mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:10.53%, RMSE:22.63mm
Validation  -  EVP:12.30%, RMSE:29.05mm

B10_Clay_500 Groundwater Table Time Series from
TFN model (with Noise Model and Exponential Response)
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Nonlinear Recharge Model
Calibration - EVP:75.10%, RMSE:11.84mm
Validation  -  EVP:80.55%, RMSE:13.67mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:33.97%, RMSE:19.35mm
Validation  -  EVP:33.83%, RMSE:25.22mm

B10_Clay_500 Groundwater Table Time Series from
TFN model (with Noise Model and Gamma Response)
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Nonlinear Recharge Model
Calibration - EVP:75.96%, RMSE:11.64mm
Validation  -  EVP:83.56%, RMSE:12.57mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:46.35%, RMSE:17.40mm
Validation  -  EVP:50.08%, RMSE:23.19mm

B10_Clay_500 Groundwater Table Time Series from
TFN model (with Noise Model and Four Parameters Response)

Figure G.7: Clay -500cm
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Nonlinear Recharge Model
Calibration - EVP:74.03%, RMSE:129.82mm
Validation  -  EVP:76.28%, RMSE:119.21mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:40.16%, RMSE:197.04mm
Validation  -  EVP:44.08%, RMSE:181.50mm

B14_SiltyLoam_100 Groundwater Table Time Series from
TFN model (with Noise Model and Exponential Response)

2016-01 2016-07 2017-01 2017-07 2018-01 2018-07 2019-01 2019-07 2020-01

125

100

75

50

25

0

25

50

75

Gr
ou

nd
wa

te
r T

ab
le

 [c
m

]

Nonlinear Recharge Model
Calibration - EVP:74.26%, RMSE:129.24mm
Validation  -  EVP:76.41%, RMSE:118.90mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:49.47%, RMSE:181.07mm
Validation  -  EVP:50.19%, RMSE:171.09mm

B14_SiltyLoam_100 Groundwater Table Time Series from
TFN model (with Noise Model and Gamma Response)
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Nonlinear Recharge Model
Calibration - EVP:74.29%, RMSE:129.15mm
Validation  -  EVP:76.47%, RMSE:118.76mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:51.85%, RMSE:176.75mm
Validation  -  EVP:52.79%, RMSE:166.68mm

B14_SiltyLoam_100 Groundwater Table Time Series from
TFN model (with Noise Model and Four Parameters Response)

Figure H.1: Silty Loam -100cm
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Nonlinear Recharge Model
Calibration - EVP:55.73%, RMSE:163.47mm
Validation  -  EVP:44.66%, RMSE:183.78mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:26.96%, RMSE:209.97mm
Validation  -  EVP:30.14%, RMSE:207.29mm

B14_SiltyLoam_150 Groundwater Table Time Series from
TFN model (with Noise Model and Exponential Response)
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Nonlinear Recharge Model
Calibration - EVP:59.64%, RMSE:156.07mm
Validation  -  EVP:43.24%, RMSE:186.12mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:31.97%, RMSE:202.64mm
Validation  -  EVP:34.00%, RMSE:200.84mm

B14_SiltyLoam_150 Groundwater Table Time Series from
TFN model (with Noise Model and Gamma Response)

2016-01 2016-07 2017-01 2017-07 2018-01 2018-07 2019-01 2019-07 2020-01

150

100

50

0

50

100

Gr
ou

nd
wa

te
r T

ab
le

 [c
m

]

Nonlinear Recharge Model
Calibration - EVP:59.73%, RMSE:155.91mm
Validation  -  EVP:44.70%, RMSE:183.71mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:34.71%, RMSE:198.52mm
Validation  -  EVP:36.99%, RMSE:196.53mm

B14_SiltyLoam_150 Groundwater Table Time Series from
TFN model (with Noise Model and Four Parameters Response)

Figure H.2: Silty Loam -150cm
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Nonlinear Recharge Model
Calibration - EVP:53.41%, RMSE:138.86mm
Validation  -  EVP:61.39%, RMSE:130.68mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:20.19%, RMSE:181.75mm
Validation  -  EVP:23.34%, RMSE:185.11mm

B14_SiltyLoam_200 Groundwater Table Time Series from
TFN model (with Noise Model and Exponential Response)
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Nonlinear Recharge Model
Calibration - EVP:55.99%, RMSE:134.96mm
Validation  -  EVP:64.99%, RMSE:124.47mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:20.02%, RMSE:181.94mm
Validation  -  EVP:23.72%, RMSE:183.99mm

B14_SiltyLoam_200 Groundwater Table Time Series from
TFN model (with Noise Model and Gamma Response)
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Nonlinear Recharge Model
Calibration - EVP:56.78%, RMSE:133.75mm
Validation  -  EVP:65.20%, RMSE:124.07mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:23.09%, RMSE:178.41mm
Validation  -  EVP:27.78%, RMSE:180.05mm

B14_SiltyLoam_200 Groundwater Table Time Series from
TFN model (with Noise Model and Four Parameters Response)

Figure H.3: Silty Loam -200cm
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Nonlinear Recharge Model
Calibration - EVP:50.35%, RMSE:144.57mm
Validation  -  EVP:58.52%, RMSE:142.29mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:19.87%, RMSE:183.68mm
Validation  -  EVP:20.83%, RMSE:197.50mm

B14_SiltyLoam_250 Groundwater Table Time Series from
TFN model (with Noise Model and Exponential Response)
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Nonlinear Recharge Model
Calibration - EVP:53.25%, RMSE:140.30mm
Validation  -  EVP:59.32%, RMSE:140.88mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:18.74%, RMSE:184.96mm
Validation  -  EVP:17.77%, RMSE:200.72mm

B14_SiltyLoam_250 Groundwater Table Time Series from
TFN model (with Noise Model and Gamma Response)
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Nonlinear Recharge Model
Calibration - EVP:53.35%, RMSE:140.15mm
Validation  -  EVP:59.83%, RMSE:139.98mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:21.55%, RMSE:181.74mm
Validation  -  EVP:23.53%, RMSE:195.58mm

B14_SiltyLoam_250 Groundwater Table Time Series from
TFN model (with Noise Model and Four Parameters Response)

Figure H.4: Silty Loam -250cm
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Nonlinear Recharge Model
Calibration - EVP:42.41%, RMSE:87.76mm
Validation  -  EVP:37.25%, RMSE:147.20mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:18.85%, RMSE:104.18mm
Validation  -  EVP:13.70%, RMSE:173.56mm

B14_SiltyLoam_300 Groundwater Table Time Series from
TFN model (with Noise Model and Exponential Response)
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Nonlinear Recharge Model
Calibration - EVP:43.26%, RMSE:87.11mm
Validation  -  EVP:37.36%, RMSE:147.11mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:18.94%, RMSE:104.12mm
Validation  -  EVP:12.70%, RMSE:174.40mm

B14_SiltyLoam_300 Groundwater Table Time Series from
TFN model (with Noise Model and Gamma Response)
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Nonlinear Recharge Model
Calibration - EVP:43.57%, RMSE:86.88mm
Validation  -  EVP:38.00%, RMSE:146.32mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:19.44%, RMSE:103.80mm
Validation  -  EVP:14.65%, RMSE:172.91mm

B14_SiltyLoam_300 Groundwater Table Time Series from
TFN model (with Noise Model and Four Parameters Response)

Figure H.5: Silty Loam -300cm
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Nonlinear Recharge Model
Calibration - EVP:74.40%, RMSE:23.12mm
Validation  -  EVP:51.81%, RMSE:59.30mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:21.85%, RMSE:40.44mm
Validation  -  EVP:12.66%, RMSE:79.99mm

B14_SiltyLoam_400 Groundwater Table Time Series from
TFN model (with Noise Model and Exponential Response)
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Nonlinear Recharge Model
Calibration - EVP:73.95%, RMSE:23.33mm
Validation  -  EVP:53.56%, RMSE:58.19mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:49.61%, RMSE:32.45mm
Validation  -  EVP:25.25%, RMSE:74.81mm

B14_SiltyLoam_400 Groundwater Table Time Series from
TFN model (with Noise Model and Gamma Response)
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Nonlinear Recharge Model
Calibration - EVP:75.72%, RMSE:22.52mm
Validation  -  EVP:52.23%, RMSE:59.19mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:49.47%, RMSE:32.49mm
Validation  -  EVP:27.63%, RMSE:74.40mm

B14_SiltyLoam_400 Groundwater Table Time Series from
TFN model (with Noise Model and Four Parameters Response)

Figure H.6: Silty Loam -400cm
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Nonlinear Recharge Model
Calibration - EVP:69.71%, RMSE:19.01mm
Validation  -  EVP:80.01%, RMSE:21.58mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:16.04%, RMSE:31.59mm
Validation  -  EVP:21.39%, RMSE:33.75mm

B14_SiltyLoam_500 Groundwater Table Time Series from
TFN model (with Noise Model and Exponential Response)
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Nonlinear Recharge Model
Calibration - EVP:70.99%, RMSE:18.60mm
Validation  -  EVP:88.38%, RMSE:13.54mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:52.36%, RMSE:23.80mm
Validation  -  EVP:43.09%, RMSE:30.02mm

B14_SiltyLoam_500 Groundwater Table Time Series from
TFN model (with Noise Model and Gamma Response)
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Nonlinear Recharge Model
Calibration - EVP:71.63%, RMSE:18.40mm
Validation  -  EVP:86.11%, RMSE:16.06mm
HYDRUS-1D Synthetic Groundwater Table
Linear Recharge Model
Calibration - EVP:52.14%, RMSE:23.86mm
Validation  -  EVP:44.85%, RMSE:29.95mm

B14_SiltyLoam_500 Groundwater Table Time Series from
TFN model (with Noise Model and Four Parameters Response)

Figure H.7: Silty Loam -500cm
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