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4VIJEGI

7KLV ZRUN VHHNV WR UHVROYH DQ RXWVWDQGLQJ SUREOHP LQ WKH XVH RI UHLQIRUFHPHQW�OHDUQLQJ PHWKRGV IRU
WKH VLPXODWLRQ RI HFRQRPLFDOO\�UDWLRQDO DJHQWV� :H GLVFXVV WKH SUREOHP RI QRQ�VWDWLRQDULW\� DQG KRZ
WKLV VXEVHTXHQWO\ OLPLWV PDUNHW VLPXODWLRQ FDSDELOLWLHV� $IWHU H[SOLFDWLQJ DQG LVRODWLQJ WKH VRXUFH RI WKH
SUREOHP IRU D GD\�DKHDG HOHFWULFLW\ PDUNHW� ZH GHPRQVWUDWH WKH DSSOLFDWLRQ RI PHWKRGV ZKLFK UHVROYH
WKLV SUREOHP LQ VLPSOH WHVW�FDVHV� DQG SURYH FRQGLWLRQV XQGHU ZKLFK VLPLODU PHWKRGV ZLOO ZRUN LQ JHQ�
HUDO� 6XEVHTXHQWO\� ZH LOOXVWUDWH KRZ WKHVH WHFKQLTXHV FDQ EH XVHG WR VROYH D UHVWULFWHG PDUNHW�GHVLJQ
SUREOHP� LQ WKH SURFHVV LQWURGXFLQJ D IUDPHZRUN IRU GLVFXVVLQJ DGYHUVDULDO PDUNHW�GHVLJQ IRU HOHFWULFLW\
PDUNHWV LQ JHQHUDO� ,W LV KRSHG WKDW� LQVRIDU DV WKH\ SURYLGH D QHZ IHHGEDFN�ORRS IRU PDUNHW�GHVLJQ�
WKHVH UHVXOWV ZLOO IDFLOLWDWH WKH GHVLJQ RI PRUH FRPSOH[ HOHFWULFLW\�PDUNHWV VXLWDEOH IRU WKH HQHUJ\ WUDQ�
VLWLRQ�

7KLV ZRUN ZDV FRQGXFWHG XQGHU WKH RYHUDOO VXSHUYLVLRQ RI 3URIHVVRUV /DXUHQV GH 9ULHV DQG -RFKHQ
&UHPHU RI 7�8� 'HOIW� LQ DGGLWLRQ WR WKH GDLO\ VXSHUYLVLRQ RI 3K'&DQGLGDWH 9LNWRU =REHUQLJ RI WKH $XVWULDQ
,QVWLWXWH RI 7HFKQRORJ\� 7KH DXWKRU H[SUHVVHV KLV JUDWLWXGH WR WKHVH VXSHUYLVRUV� DV ZHOO DV WR KLV IULHQGV
DQG IDPLO\� ZKRVH VXSSRUW HQDEOHG WKH FRPSOHWLRQ RI WKLV ZRUN�

&KDUOHV 5HQVKDZ�:KLWPDQ

'HOIW� $XJXVW ����
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� ,QWURGXFWLRQ DQG /LWHUDWXUH 5HYLHZ �

��� ,QWURGXFWLRQ� 0DUNHW 'HVLJQ DQG 5HLQIRUFHPHQW /HDUQLQJ IRU WKH (QHUJ\ 7UDQVLWLRQ � � � �
����� 3UREOHP DQG 5HVHDUFK &RQWULEXWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � �
����� 3ODQ RI WKH :RUN � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

��� /LWHUDWXUH 5HYLHZ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
����� (QHUJ\ 7UDQVLWLRQ DQG (OHFWULFLW\ 0DUNHWV � � � � � � � � � � � � � � � � � � � � � � �
����� 0$5/ 0HWKRGV LQ *DPH 7KHRU\ DQG $OWHUQDWLYH $SSURDFKHV � � � � � � � � � � � �
����� 5/ ,Q (OHFWULFLW\ 0DUNHW 'HVLJQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

��� *DPH 7KHRU\ DQG 1DVK (TXLOLEULD � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
��� 5HLQIRUFHPHQW /HDUQLQJ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

����� 5/ $OJRULWKPV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
����� 7KH &RQQHFWLRQ %HWZHHQ (FRQRPLFV DQG 5/ � � � � � � � � � � � � � � � � � � � � �

� 7KHRUHWLFDO 'HYHORSPHQWV �

��� 1RQ�6WDWLRQDULW\ DQG WKH )DLOXUH RI ,QGHSHQGHQW /HDUQLQJ � � � � � � � � � � � � � � � � � �
����� ,QGHSHQGHQW /HDUQLQJ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
����� ([DPSOHV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

��� &RQYHUJHQFH &ULWHULD DQG 'HILQLWLRQ RI WKH 2SWLPDOLW\�'HILFLW � � � � � � � � � � � � � � � � ��
����� 7'�(UURU DQG WKH 2SWLPDOLW\�'HILFLW � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� )RUPXODWLRQ RI WKH 2SWLPDOLW\�'HILFLW IRU *HQHUDO 0'3V � � � � � � � � � � � � � � ��
����� 7KH 2SWLPDOLW\�'HILFLW LQ WKH &RQWLQXRXV &DVH � � � � � � � � � � � � � � � � � � � � ��

��� &RQYHUJHQFH 3URRIV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� $GYHUVDULDO 0DUNHW�'HVLJQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

� 6LPXODWLRQ 6HWXS DQG 0HWKRGRORJ\ ��

��� 7DEXODU 'D\�$KHDG 0DUNHW � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� 'HVFULSWLRQ RI WKH (QYLURQPHQW � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� 7UDLQLQJ 3URFHGXUH � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� 2YHUYLHZ RI ''3* DQG 0$''3* � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� ''3* � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� 0$''3* � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� ([WHQVLRQ WR WKH &RQWLQXRXV 'D\�$KHDG 0DUNHW � � � � � � � � � � � � � � � � � � � � � � ��
����� 1HXUDO 1HWZRUN 7HFKQLFDOLD � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� 3ULFH�2QO\ �%HUWUDQG�� +\SHUFRPSHWLWLYH � � � � � � � � � � � � � � � � � � � � � � � ��
����� $VLGH� %HUWUDQG $QDO\WLFDO 6ROXWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� 4�3 %LGGLQJ� &RPSHWLWLYH � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� $GYHUVDULDO 0DUNHW�'HVLJQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� 'HVFULSWLRQ RI WKH (QYLURQPHQW � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� 3ULFH�&DS $QDO\WLFDO 6ROXWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

� 5HVXOWV ��

��� 7DEXODU 4�OHDUQLQJ 5HVXOWV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� ,QWHUSUHWLQJ WKH 7DEXODU ([SHULPHQWV � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� ([DPSOH �� 6LQJOH $JHQW 0RQRSROLVW� 6WDWHOHVV � � � � � � � � � � � � � � � � � � � ��
����� ([DPSOH �� 7KUHH $JHQWV� 6WDWHIXO � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� &RQWLQXRXV (QYLURQPHQW 5HVXOWV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� &RQWLQXRXV (QYLURQPHQW� %HUWUDQG &RPSHWLWLRQ � � � � � � � � � � � � � � � � � � � ��
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����� &RQWLQXRXV (QYLURQPHQW� 4�3�%LGGLQJ � � � � � � � � � � � � � � � � � � � � � � � � ��
��� $GYHUVDULDO 0DUNHW�'HVLJQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

����� ([DPSOH �� 2QH )LUP� α = 0.25 � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� ([DPSOH �� )LYH $JHQWV� α = 0.75 � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� 9DU\LQJ WKH 1XPEHU RI )LUPV DQG WKH $GYHUVDULDOLW\ � � � � � � � � � � � � � � � � ��

� 'LVFXVVLRQ DQG &RQFOXVLRQ ��

��� 'LVFXVVLRQ RI 5HVXOWV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� 7DEXODU ([SHULPHQW 5HVXOWV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� &RQWLQXRXV (QYLURQPHQW ([SHULPHQW 5HVXOWV� %HUWUDQG &RPSHWLWLRQ � � � � � � � ��
����� &RQWLQXRXV (QYLURQPHQW ([SHULPHQW 5HVXOWV� 4�3�%LGGLQJ � � � � � � � � � � � � ��
����� 1RWHV RQ WKH 7DEXODU DQG WKH &RQWLQXRXV (QYLURQPHQW 5HVXOWV � � � � � � � � � � ��
����� $GYHUVDULDO 0DUNHW 'HVLJQ ([SHULPHQW 5HVXOWV � � � � � � � � � � � � � � � � � � � ��

��� 5HFDSLWXODWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� /LPLWDWLRQV DQG 'LUHFWLRQV IRU )XWXUH :RUN � � � � � � � � � � � � � � � � � � � � � � � � � � ��

5HIHUHQFHV ��

$ 6XSSOHPHQWDU\ 'DWD IRU 1XPHULFDO ([SHULPHQWV ��

$�� 7DEXODU ([SHULPHQWV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
$�� &RQWLQXRXV (QYLURQPHQW � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

$���� &RQWLQXRXV (QYLURQPHQW� %HUWUDQG &RPSHWLWLRQ � � � � � � � � � � � � � � � � � � � ��
$���� &RQWLQXRXV (QYLURQPHQW� 4�3�ELGGLQJ � � � � � � � � � � � � � � � � � � � � � � � � ��

$�� $GYHUVDULDO 0DUNHW 'HVLJQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
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0& 0DUJLQDO &RVW
0'3 0DUNRY 'HFLVLRQ 3URFHVV
03(& 0DWKHPDWLFDO 3URJUDP ZLWK (TXLOLEULXP &RQVWUDLQWV
5/ 5HLQIRUFHPHQW /HDUQLQJ
7' 7HPSRUDO�'LIIHUHQFH

7]QFSPW

6\PERO 'HILQLWLRQ 8QLW �LI DSSOLFDEOH�

A $FWLRQ
c 0DUJLQDO FRVW >86'@
&6 &RQVXPHU VXUSOXV >86'@
N 1XPEHU RI DJHQWV
O 2EVHUYDWLRQ
P 3ULFH >86'@
36 3URGXFHU VXUSOXV >86'@
Q 4XDQWLW\ >0:� 0:K@
Q 6WDWH�DFWLRQ YDOXH� 5HZDUG�SUHGLFWLRQ >86'@
R 5HZDUG >86'@
S 6WDWH
6: 6RFLDO ZHOIDUH >86'@
U 8WLOLW\� 5HZDUG >86'@
V 6WDWH YDOXH� 5HZDUG SUHGLFWLRQ >86'@

α $GYHUVDULDOLW\ FRHIILFLHQW >8QLWOHVV@
β %ROW]PDQQ H[SORUDWLRQ SDUDPHWHU >1�$@
γ 7LPH GLVFRXQW IDFWRU >8QLWOHVV@
δ 7HPSRUDO GLIIHUHQFH �7'� HUURU >86'@
ǫ (SVLORQ H[SORUDWLRQ SDUDPHWHU >8QLWOHVV@
λ 2SWLPDOLW\ GHILFLW >86'@
µ 'HWHUPLQLVWLF SROLF\
Π 3URILW >86'@
π 3ROLF\
ρ 6RIW�XSGDWH FRHIILFLHQW >8QLWOHVV@
τ 7UDMHFWRU\
Θ 6HW RI KLGGHQ�LQIRUPDWLRQ
θ 3DUDPHWHU�YHFWRU
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6\PERO 'HVLJQDWLRQ 0HDQLQJ

A,S,O &DSLWDO OHWWHU 5DQGRP YDULDEOH RI FRUUHVSRQGLQJ OHWWHU
A,S,O &DOOLJUDSKLF /HWWHU 6HW RI DOO �MRLQW� REMHFWV RI FRUUHVSRQGLQJ OHWWHU
a, s, o /RZHU�FDVH OHWWHU 3DUWLFXODU UHDOL]DWLRQ RI UDQGRP YDULDEOH RI FRUUH�

VSRQGLQJ OHWWHU
E[·|·] %ODFNERDUG ´(´ ([SHFWDWLRQ RI TXDQWLW\ OHIW RI SLSH ZLWK UHVSHFW WR

SUREDELOLW\ GLVWULEXWLRQV ULJKW RI SLSH
∆S &DSLWDO GHOWD $FWLQJ RQ DUELWUDU\ VHW S� 7KH VSDFH RI SUREDELOLW\

GLVWULEXWLRQV RYHU WKH DUELWUDU\ VHW S
(·)−i 6XSHUVFULSW ´−i´ 2EMHFW FRUUHVSRQGLQJ WR DOO DJHQWV H[FHSW DJHQW i
(·)i 6XSHUVFULSW ´i´ 2EMHFW FRUUHVSRQGLQJ WR DJHQW i
(·)θ 6XEVFULSW θ )XQFWLRQ SDUDPHWHUL]HG E\ SDUDPHWHU�YHFWRU �XVX�

DOO\ QHXUDO�QHWZRUN ZHLJKWV� θ
(·)t 6XEVFULSW ´t´ 2EMHFW FRUUHVSRQGLQJ WR WLPH�VWHS t

L[·] &DOOLJUDSKLF ´/´ /RVV�IXQFWLRQ RI VRPH SDUDPHWHUL]HG IXQFWLRQ �W\SL�
FDOO\ D QHXUDO�QHWZRUN�



�
-RXVSHYGXMSR ERH 0MXIVEXYVI 6IZMI[

���� -RXVSHYGXMSR� 1EVOIX (IWMKR ERH 6IMRJSVGIQIRX 0IEVRMRK JSV
XLI )RIVK] 8VERWMXMSR

7KH GHVLJQ RI HOHFWULFLW\ PDUNHWV LV ERWK LQFUHDVLQJO\ LPSRUWDQW DQG LQFUHDVLQJO\ FRPSOH[ DV WKH ZRUOG
XQGHUWDNHV WKH WUDQVLWLRQ WR D ORZ�HPLVVLRQV SRZHU V\VWHP� ,QFUHDVLQJ SHQHWUDWLRQ RI LQWHUPLWWHQW UH�
QHZDEOHV HQVXUHV WKDW VHFRQGDU\ PDUNHWV LQ� L�D�� LQHUWLD� EDODQFLQJ� DQG FDSDFLW\� SOD\ DQ HYHU PRUH
LPSRUWDQW UROH LQ JHQHUDWRUV¶ SRUWIROLRV� )URP D VRFLHWDO SHUVSHFWLYH� PRUH FRPSOH[ PDUNHWV LPSRVH D
JUHDWHU GLIILFXOW\ RQ PDUNHW GHVLJQHUV ZLVKLQJ WR HQVXUH WKH V\VWHP¶V VRXQGQHVV DJDLQVW H[SORLWDWLYH
ELGGLQJ VWUDWHJLHV � DQG WKXV HQWDLO D ULVN WKDW JHQHUDWRUV ZLOO DEXVH WKHLU PDUNHW SRZHU DW FRQVXPHUV¶
H[SHQVH�

&RPSOH[ SK\VLFDO FRQVWUDLQWV DQG PXOWLSOH FRXSOHG PDUNHWV PDNH GLIILFXOW WKH DSSOLFDWLRQ RI WUDGL�
WLRQDO RSWLPL]DWLRQ PHWKRGV IRU GHWHUPLQLQJ WKH 1DVK HTXLOLEULXP ELGGLQJ VWUDWHJLHV >�@� 5HFHQW ZRUN
KDV DSSOLHG WHFKQLTXHV IURP VLQJOH�DJHQW >�@ DQG PXOWL�DJHQW >�@>�@ UHLQIRUFHPHQW OHDUQLQJ �5/� WR DG�
GUHVV WKLV LQFUHDVH LQ FRPSOH[LW\�

'HVSLWH WKLV LQFUHDVHG LQWHUHVW LQ 5/ WHFKQLTXHV� WKH DSSOLFDWLRQ WR PDUNHW VLPXODWLRQ �DQG LQ WXUQ
WR PDUNHW GHVLJQ� LPSRVHV QHZ FRQVWUDLQWV RQ WKH DOJRULWKPV XVHG WR VLPXODWH ELGGHU EHKDYLRU� ,Q WKLV
ZRUN� ZH VHHN WR DGGUHVV WKH SUREOHP RI QRQ�VWDWLRQDULW\ � WKH HIIHFWLYH FKDQJH LQ HQYLURQPHQW IDFHG E\
DQ DJHQW GXH WR RWKHU DJHQWV¶ OHDUQLQJ QHZ VWUDWHJLHV � IRU PXOWL�DJHQW UHLQIRUFHPHQW OHDUQLQJ �0$5/�
DOJRULWKPV LQ WKH FRQWH[W RI HOHFWULFLW\ PDUNHWV� 7KLV GRQH� ZH JR RQ WR VKRZ KRZ0$5/PHWKRGV SHUPLW
WKH DGYHUVDULDO GHVLJQ RI HOHFWULFLW\ PDUNHWV� VHOHFWLQJ DQ DSSUR[LPDWHO\ RSWLPDO PDUNHW�GHVLJQ IURP D
SUH�VSHFLILHG IDPLO\ RI GHVLJQV�

,Q WKLV ZRUN� ZH H[DPLQH GLIIHUHQW UHLQIRUFHPHQW OHDUQLQJ PHWKRGV LQ DQ DWWHPSW WR GHWHUPLQH ZKHQ
WKH\ DUH FDSDEOH RI UHDOLVWLFDOO\ VLPXODWLQJ VWUDWHJLF EHKDYLRU� DQG VXEVHTXHQWO\ H[DPLQH WKH LPSDFW
RI VXFK FDSDELOLWLHV RQ PDUNHW GHVLJQ� :H DQDO\]H WKUHH 5/ DOJRULWKPV� 7DEXODU 4�OHDUQLQJ� 'HHS
'HWHUPLQLVWLF 3ROLF\ *UDGLHQW �''3*�� DQG LWV PXOWL�DJHQW FRXQWHUSDUW� 0XOWL�DJHQW 'HHS 'HWHUPLQLVWLF
3ROLF\ *UDGLHQW �0$''3*�� :H SURYH UHVXOWV DERXW ZKHQ YDOXH�OHDUQLQJ PHWKRGV ZLOO FRUUHFWO\ VLP�
XODWH VWUDWHJLF EHKDYLRU LQ PXOWL�DJHQW VFHQDULRV� )ROORZLQJ WKLV� ZH LQWURGXFH WKH UHODWHG FRQFHSW RI
DGYHUVDULDO PDUNHW�GHVLJQ� D QRYHO SURFHGXUH WR GHVLJQ HOHFWULFLW\ PDUNHWV ZKLFK PLWLJDWH WKH QHJDWLYH
HIIHFWV RI VWUDWHJLF EHKDYLRU DQG PD[LPL]H VRFLDO ZHOIDUH�

������ 4VSFPIQ ERH 6IWIEVGL 'SRXVMFYXMSR
5HLQIRUFHPHQW /HDUQLQJ PHWKRGV VKRZ PXFK SURPLVH� KDYLQJ EHHQ GHYHORSHG RQ WKH EDVLV RI WKH
VDPH WKHRU\ RI UDWLRQDO DJHQF\ DV PRGHUQ HFRQRPLFV� WKH\ DUH D QDWXUDO PHWKRG IRU VLPXODWLQJ DJHQWV¶
EHKDYLRU LQ FRPSOH[ PDUNHW VLWXDWLRQV� +RZHYHU� SUHVHQW PHWKRGV VWUXJJOH WR REWDLQ FRQYHUJHQFH WR
SURSHU 1DVK�HTXLOLEULD GXH WR PLV�DSSOLFDWLRQ RI WKH DOJRULWKPV XVHG� DGGLQJ D IXUWKHU VRXUFH RI GLIILFXOW\
WR WKH XVH RI DOUHDG\ QRWRULRXVO\ ILQLFN\ 'HHS5/ PHWKRGV�

7KH FRUH UHVHDUFK TXHVWLRQ RI WKH SUHVHQW ZRUN PLJKW EH VXPPDUL]HG ´XQGHU ZKDW FRQGLWLRQV FDQ
0$5/ PHWKRGV EH SURGXFWLYHO\ XVHG WR VLPXODWH UDWLRQDO DJHQWV¶ EHKDYLRXU IRU WKH SXUSRVHV RI

HOHFWULFLW\�PDUNHW GHVLJQ"´

�



���� 0MXIVEXYVI 6IZMI[ �

7KLV ZRUN XOWLPDWHO\ VHHNV WR FRQWULEXWH WR WKH ILHOG RI HOHFWULFLW\ PDUNHW GHVLJQ RQ WZR IURQWV� )LUVW�
ZH RIIHU D PHWKRGRORJLFDO FRQWULEXWLRQ� LQGLFDWLQJ D SULQFLSOHG ZD\ WR VHOHFW 0$5/ DOJRULWKPV LQ RUGHU WR
VLPXODWH HFRQRPLF DJHQWV¶ VWUDWHJLF EHKDYLRU� DQG H[SOLFDWH WKH FRQGLWLRQV XQGHU ZKLFK FRQYHUJHQFH
FDQ EH H[SHFWHG� 6HFRQG� ZH GHYHORS QHZ PHWKRGV WR GHVLJQ PDUNHWV ZKLFK H[SOLFLWO\ UHO\ RQ WKH
DIRUHPHQWLRQHG FRQYHUJHQFH SURRIV� 7KLV QHZ WRRO RIIHUV D SHUVSHFWLYH FRPELQLQJ LGHDV IURP PHFK�
DQLVP GHVLJQ ZLWK WKRVH RI '5/� LQ WKH KRSHV WKDW LW ZLOO DLG FRPSXWDWLRQDO PDUNHW GHVLJQHUV LQ PRUH
HIIHFWLYHO\ HQVXULQJ VRFLDOO\ EHQHILFLDO PDUNHW RXWFRPHV�

������ 4PER SJ XLI ;SVO
7KH SODQ RI WKH ZRUN SURFHHGV DV IROORZV� LQ WKLV &KDSWHU � ZH KDYH RIIHUHG DQ LQWURGXFWLRQ WR WKH
SUREOHPV ZLWK ZKLFK ZH DUH FRQFHUQHG� ZKLFK ZLOO EH IROORZHG VXEVHTXHQWO\ E\ D OLWHUDWXUH UHYLHZ
KLJKOLJKWLQJ GLIIHUHQW ILHOGV IURP ZKLFK WKH SUHVHQW ZRUN GUDZV� 7KH VXFFHHGLQJ WZR VHFWLRQV ZLOO RIIHU
DQ RYHUYLHZ RI JDPH WKHRU\ DQG UHLQIRUFHPHQW OHDUQLQJ� UHVS�� VXIILFLHQW WR DFTXDLQW WKH UHDGHU ZLWK
WKH DSSURSULDWH WHUPLQRORJ\ DQG WKH QRWDWLRQ XVHG LQ WKLV ZRUN� ,Q WKH ODWWHU VHFWLRQ� ZH DOVR RIIHU D
IHZ UHPDUNV RQ UHLQIRUFHPHQW OHDUQLQJ DOJRULWKPV� DV ZHOO DV WKH FRQQHFWLRQ EHWZHHQ UHLQIRUFHPHQW�
OHDUQLQJ DQG HFRQRPLF WKHRU\�

&KDSWHU � IRFXVHV RQ WKHRUHWLFDO PHWKRGV XVHG WR DWWDFN WKH SUREOHP RI QRQ�VWDWLRQDULW\� 6HFWLRQ ���
RSHQV E\ GLVFXVVLQJ WKH SUREOHP RI QRQ�VWDWLRQDULW\ LQ UHIHUHQFH WR LQGHSHQGHQW�OHDUQLQJ DOJRULWKPV�
DOVR SURYLGLQJ VRPH H[DPSOHV ZKLFK LOOXVWUDWH WKH SUREOHP LQ D WUDGLWLRQDO FR�RSHUDWLYH VHWWLQJ� 6HFWLRQ
��� LQWURGXFHV WKH 7'�HUURU DQG WKH RSWLPDOLW\�GHILFLW� WZR NH\V ZHZLOO XVH WR WHVW IRU FRQYHUJHQFH WR WUXH
1DVK HTXLOLEULD� 6HFWLRQ ��� SURYLGHV SURRIV IRU ZKHQ FHUWDLQ 4�OHDUQLQJ DOJRULWKPV ZLOO EH JXDUDQWHHG
WR FRQYHUJH WR WUXH 1DVK�HTXLOLEULD �L�H� WR E\SDVV QRQ�VWDWLRQDULW\�� )LQDOO\� 6HFWLRQ ��� LQWURGXFHV WKH
FRQFHSW RI ´$GYHUVDULDO 0DUNHW 'HVLJQ´� D QHZ WHFKQLTXH IRU GHVLJQLQJ FHUWDLQ W\SHV RI PDUNHWV ZKLFK
XWLOL]HV RXU HDUOLHU FRQYHUJHQFH UHVXOWV�

&KDSWHU � RXWOLQHV WKH IRUP RI WKH H[SHULPHQWV ZKLFK ZH ZLOO SHUIRUP LQ RUGHU WR H[DPLQH WKH QRQ�
VWDWLRQDULW\ SKHQRPHQRQ LQ GLIIHUHQW HQYLURQPHQWV DQG VKRZ KRZ LWV VROXWLRQ PDNHV SRVVLEOH QHZ
PDUNHW�GHVLJQ WHFKQLTXHV� :H UXQ WKUHH VHWV RI H[SHULPHQWV� WKH ILUVW� LQ D VWULFWO\ GLVFUHWH HQYLURQ�
PHQW� LV GLVFXVVHG LQ ���� WKH VHFRQG� LQ DQ DQDORJRXV HQYLURQPHQW ZKHUH WKH ELG�VSDFH LV FRQWLQXRXV
LV RXWOLQHG LQ ���� WKLV VHFWLRQ LV SUHFHGHG E\ D EULHI GLVFXVVLRQ RI WKH 'HHS5/ DOJRULWKPV ZH ZLOO XVH�
''3* DQG 0$''3*� LQ 6HFWLRQ ���� 7KH WKLUG H[SHULPHQW VHW� VSHFLILHG LQ ���� LV DLPHG DW WHVWLQJ WKH
FRQFHSW RI DGYHUVDULDO PDUNHW GHVLJQ LQ D VLPSOH� LOOXVWUDWLYH FDVH�

&KDSWHU � VKRZFDVHV WKH UHVXOWV RI HDFK RI WKH DERYH H[SHULPHQW FODVVHV� )RU HDFK H[SHULPHQW�
WZR H[DPSOHV DUH VKRZQ� IROORZHG E\ D ILJXUH VXPPDUL]LQJ WKH UHOHYDQW GDWD�

&KDSWHU � GLVFXVVHV WKH UHVXOWV RI WKH DIRUHPHQWLRQHG H[SHULPHQWV� VHSDUDWHO\� DQG WKHQ FRPSDU�
DWLYHO\� $IWHU D UHFDSLWXODWLRQ RI WKH ZRUN DQG LWV FRQWULEXWLRQ WR WKH H[LVWLQJ OLWHUDWXUH� ZH FORVH ZLWK D
GLVFXVVLRQ RI WKH DSSOLFDELOLW\ DQG OLPLWDWLRQV RI WKH PHWKRGV HPSOR\HG� VXJJHVWLQJ GLUHFWLRQV IRU IXWXUH
ZRUN DFFRUGLQJO\�

$V WKLV ZRUN IRFXVHV LQ SDUW RQ 5/PHWKRGRORJ\� WKHUH ZLOO EH RFFDVLRQ WR HPSOR\ VRPHPDWKHPDWLFV
ZKLFK PD\ DW ILUVW EOXVK DSSHDU VRPHZKDW LQWLPLGDWLQJ� D W\SLFDO H[DPSOH LV DQ H[SHFWDWLRQ ZLWK UHVSHFW
WR VRPH GLVWULEXWLRQV ZKLFK UHTXLUH PXOWLSOH V\PEROV WR VSHFLI\� :KLOH WKLV LV QHFHVVDU\ IRU SUHFLVLRQ�
ZH DOVR ZLVK WR LOOXVWUDWH WKH IXQGDPHQWDO HFRQRPLFV DW LVVXH DV PXFK DV SRVVLEOH � DFFRUGLQJO\ ZH
KDYH PDGH HYHU\ HIIRUW WR HQVXUH WKDW D UHDGHU XQLQWHUHVWHG LQ GLVHQWDQJOLQJ PDWKHPDWLFDO IRUPXODWLRQV
FDQ FRPIRUWDEO\ IROORZ WKH ZRUN DW WKH FRQFHSWXDO OHYHO�

���� 0MXIVEXYVI 6IZMI[
+HUH ZH SUHVHQW D EULHI VXPPDU\ RI UHODWHG UHVHDUFK ZKLFK LQIRUPV WKH SHUVSHFWLYH RI WKH SUHVHQW
ZRUN� :H ILUVW GLVFXVV WKH SUREOHPV IDFHG E\ HOHFWULFLW\�PDUNHW GHVLJQHUV ZLWK D IRFXV RQ UHVHDUFK LQ
FRXSOHG PDUNHWV DQG WUHQGV UHODWHG WR WKH HQHUJ\ WUDQVLWLRQ� 6XEVHTXHQWO\� ZH RIIHU D EURDG RYHUYLHZ
RI VRPH QRWDEOH DSSOLFDWLRQV RI 0$5/ PHWKRGV LQ VROYLQJ JDPH�WKHRUHWLF SUREOHPV� DQG FRQWUDVW WKHVH
ZLWK RWKHU PHWKRGV RI FRPSXWDWLRQDO JDPH�WKHRU\� )LQDOO\� ZH GLVFXVV VRPH UHFHQW DSSOLFDWLRQV RI 5/
�VLQJOH� DQG PXOWL�DJHQW� LQ WKH ILHOG RI HOHFWULFLW\ PDUNHW�GHVLJQ�

������ )RIVK] 8VERWMXMSR ERH )PIGXVMGMX] 1EVOIXW
7KH FODVVLF SHGDJRJLF WH[W RQ HOHFWULFLW\ PDUNHWV LV >�@� >�@ RIIHUV DQ RYHUYLHZ RI WKH ILHOG� GLVFXVVLQJ
WKH NH\ LVVXHV DQG WKH FULWHULD E\ ZKLFK VXFFHVV LV WR EH MXGJHG � QDPHO\� WKH DELOLW\ WR ´>SURYLGH@ UHOL�



���� 0MXIVEXYVI 6IZMI[ �

DEOH HOHFWULFLW\ DW OHDVW FRVW WR FRQVXPHUV´� ,Q DGGLWLRQ WR WKHVH WUDGLWLRQDO HFRQRPLF DVSHFWV� PDUNHW
GHVLJQHUV PXVW LQFUHDVLQJO\ GHVLJQ IRU DQ HQHUJ\ V\VWHP PDNLQJ KHDY\ XVH RI UHQHZDEOHV� DQ H[�
FHOOHQW GLVFXVVLRQ RI WKH HFRQRPLF DVSHFWV RI LQWHUPLWWHQW UHQHZDEOH HQHUJ\ VRXUFHV LV RIIHUHG E\ >�@�
0DQ\ RI WKH NH\ LQVLJKWV DQG GLIILFXOWLHV RI HOHFWULFLW\ PDUNHW�GHVLJQ UHODWH WR WKH LQWHUDFWLRQ EHWZHHQ
WKH VKRUW�WHUP SRZHU� DQG DQFLOODU\� PDUNHWV DQG WKH ORQJHU�WHUP LPSDFW RQ JHQHUDWLRQ FDSDFLW\� DQ
H[SOLFDWLRQ RI WKH UHOHYDQW FRQVLGHUDWLRQV LV RIIHUHG LQ >�@ LQ WKH FRQWH[W RI IRUZDUG PDUNHWV� ,W LV QRWH�
ZRUWK\ WKDW PXFK RI WKH ZRUN LQ WKLV DUHD LV UHDVRQHG DERXW FRQFHSWXDOO\� DV RSSRVHG WR PDWKHPDWLFDOO\�
7KLV VHHPV� LQ SDUW� D UHVXOW RI WKH IDFW WKDW� ZKLOH SKHQRPHQD VXFK DV H�J�� ULVN DYHUVLRQ� SROLWLFDO XQ�
FHUWDLQW\ ZLWK UHVSHFW WR SHUPLWWLQJ� HIIHFWV RI VKRUW�WHUP PDUNHWV RQ ORQJ�WHUP LQYHVWPHQW HWF� FDQ
EH KDQGOHG PDWKHPDWLFDOO\� WKLV PD\ EH GRQH RQO\ DW WKH FRVW RI LQWURGXFLQJ FRPSOH[ PRGHOV ZKLFK
WKHPVHOYHV HQWDLO PDQ\ DVVXPSWLRQV� ,GHDOO\� PDWKHPDWLFDO IUDPHZRUNV OLNH WKDW RI PHFKDQLVP GHVLJQ
ZRXOG FRPSOHPHQW DQG V\QHUJL]H ZLWK WKH LQWXLWLRQV RI HFRQRPLVWV DQG SROLF\PDNHUV�

������ 1%60 1IXLSHW MR +EQI 8LISV] ERH %PXIVREXMZI %TTVSEGLIW
2QH RI WKH FRUH SHUVSHFWLYHV IURP ZKLFK WKLV ZRUN GUDZV LV WKDW RI JDPH WKHRU\� ,Q SDUWLFXODU� RQH XQ�
GHUVWDQGLQJ RI 0$5/ PHWKRGV LV DV D JHQHUDO VROXWLRQ WHFKQLTXH IRU JDPHV� 2QH FODVV RI DOJRULWKPV
ZLWK ZKLFK 0$5/ PHWKRGV EHDU FRPSDULVRQ LV GLUHFW�RSWLPL]DWLRQ PRGHOV� ZKLFK VHHN WR H[SOLFLWO\ IRU�
PXODWH DQG VROYH WKH PDWKHPDWLFDO FRQGLWLRQV JRYHUQLQJ RSWLPDO DJHQW�EHKDYLRU� DQ LQWURGXFWLRQ WR
VXFK HTXLOLEULXP VROXWLRQ PHWKRGV LQ HOHFWULFLW\�PDUNHW FRQWH[WV LV RIIHUHG LQ >�@� %URDGO\ VSHDNLQJ� 5/
PHWKRGV PD\ EH WKRXJKW RI DV YHU\ JHQHUDO DSSUR[LPDWH RSWLPL]DWLRQ DOJRULWKPV � W\SLFDOO\� EHVSRNH
RSWLPL]DWLRQ DOJRULWKPV SHUIRUP EHWWHU WKDQ 5/ ZLWKLQ D OLPLWHG GRPDLQ� DQG IDLO HQWLUHO\ ZKHQ FHUWDLQ
DVVXPSWLRQV DUH QRW PHW �H�J�� FRQYH[LW\ RI D UHZDUG IXQFWLRQ�� E\ FRQWUDVW� 5/ DOJRULWKPV VXIIHU IURP
D YDULHW\ RI UHOLDELOLW\ LVVXHV� DQG GR QRW DOZD\V KDYH SUDFWLFDO JXDUDQWHHV RI DFKLHYLQJ WKH WUXH RSWL�
PDO VROXWLRQ� EXW FDQ EH UHDGLO\ HPSOR\HG LQ FRPSOH[ GRPDLQV ZKHUH ´JRRG�HQRXJK´ VROXWLRQV FDQ EH
KLJKO\ YDOXDEOH�

*DPH�WKHRU\ SURYLGHV DQ HIIHFWLYH IUDPHZRUN IRU GLVFXVVLQJ SUREOHPV LQ 0$5/ � ZKHQ DJHQWV GR
QRW VKDUH D FRPPRQ UHZDUG IXQFWLRQ� WKH ODQJXDJH RI JDPHV RIIHUV D XVHIXO ZD\ WR XQGHUVWDQG WKH
LQFHQWLYHV IDFLQJ DQ DJHQW� $ JHQHUDO GLVFXVVLRQ RI WKH UHODWLRQVKLS EHWZHHQ 0$5/ DQG JDPH�WKHRU\
FDQ EH IRXQG LQ >��@ � WKH MRLQW�SROLF\�FRUUHODWLRQ�PDWULFHV LQWURGXFHG E\ WKH DXWKRUV¶ RIIHUV D GLIIHUHQW
SHUVSHFWLYH RQ YHU\ VLPLODU LVVXHV WR WKRVH ZKLFK ZH GLVFXVV KHUH� IRFXVLQJ RQ WKH SHUIRUPDQFH RI
LQGHSHQGHQW�OHDUQHUV WUDLQHG LQ GLIIHUHQW H[SHULPHQWV� $ EURDG RYHUYLHZ RI FODVVLFDO 0$5/ PHWKRGV
LV RIIHUHG LQ >��@� DQG D PRUH VSHFLILF WUHDWPHQW RI WKH QRQ�VWDWLRQDULW\ SUREOHP ZLWK ZKLFK ZH DUH FRQ�
FHUQHG KHUH LV RIIHUHG LQ >��@� 7KHVH ZRUNV LQWURGXFH PDQ\ WHFKQLTXHV ZKLFK KDYH EHHQ XVHG WR FRD[
0$5/ DJHQWV LQWR VROYLQJ JDPHV WR 1DVK�HTXLOLEULD� WKH PRVW SULQFLSOHG EHLQJ WKH XVH RI RWKHU�DJHQW�
PRGHOOLQJ� ZKLFK LQHYLWDEO\ OHDGV WR YLRODWLQJ WKH DVVXPSWLRQ RI K\SRWKHVLV�UHDOL]DELOLW\ XQGHUO\LQJ 5/
�WKRXJK� DV GLVFXVVHG EHORZ� IUDPHZRUNV OLNH ,QIUD�%D\HVLDQ SUREDELOLW\ KDYH EHHQ VHW RXW WR FRXQWHU�
DFW WKLV LVVXH��

$V JDPH� DQG GHFLVLRQ�WKHRULVWV¶ PRGHOV ZRUN E\ PDNLQJ DVVXPSWLRQV DERXW DJHQWV¶ EHKDYLRU� RQH
RI WKH JUHDW SUREOHPV RI PXOWL�DJHQW WKHRU\ LV KRZ WR PRGHO DJHQWV UHDFWLQJ WR RWKHU DJHQWV � H[RWLF
SUREOHPV LQ WKLV GRPDLQ LQFOXGH WKH ´2SHQ�VRXUFH SULVRQHU¶V GLOHPPD´ �LQ ZKLFK DJHQWV DUH SRVVLEO\
LGHQWLFDO $,V ZLWK DFFHVV WR HDFK RWKHUV¶ VRXUFH�FRGH� DQG PXVW FKRRVH WR FR�RSHUDWH DFFRUGLQJO\�� DV
ZHOO DV 1HZFRPE¶V SUREOHP �LQ ZKLFK D VXSHULQWHOOLJHQW RUDFOH SODFHV �� LQ WKH ILUVW RI WZR ER[HV� DQG
����� LQ WKH VHFRQG LI DQG RQO\ LI LW SUHGLFWV WKH DJHQW ZLOO WDNH RQO\ WKH VHFRQG ER[� RWKHUZLVH OHDYLQJ
WKH VHFRQG ER[ HPSW\� >��@� $V QRWHG DERYH� RQH DSSURDFK LV WR PRGHO DJHQWV DV KDYLQJ PRGHOV
RI RWKHU DJHQWV �KDYLQJ PRGHOV RI RWKHU DJHQWV KDYLQJ ��� DG LQILQLWXP�� VXFK DQ DSSURDFK KDV EHHQ
FRPELQHG ZLWK PRGHUQ '5/ PHWKRGV LQ >��@� 7KLV QHFHVVDULO\ HQWDLOV WKDW DQ DJHQW PRGHO VRPHWKLQJ
DW OHDVW DV FRPSOLFDWHG DV LWVHOI � DQ LPSRVVLELOLW\ NQRZQ DV ´K\SRWKHVLV QRQUHDOL]DELOLW\´� $ IDVFLQDWLQJ�
LI LQVFUXWDEOH� DOWHUQDWLYH LV WKDW RI ,QIUD�%D\HVLDQ GHFLVLRQ�WKHRU\ >��@� ZKLFK H[SOLFLWO\ XQGHUVWDQGV
ERWK DJHQWV DQG RSSRQHQWV DV SK\VLFDO VXEVHWV RI WKH HQYLURQPHQW� DQG DOVR SURYLGHV DQ H[WHQVLYH
PDWKHPDWLFDO IUDPHZRUN IRU GHFLVLRQ�PDNLQJ LQ QRQ�UHDOL]DEOH K\SRWKHVLV VSDFHV� *LYHQ WKH GLYHUVLW\
RI WKH ZRUN LQ WKLV GLUHFWLRQ� ZH DWWHPSW LQ WKLV ZRUN WR GHDO DV PXFK DV SRVVLEOH ZLWK VLWXDWLRQV LQ ZKLFK
DJHQWV QHHG QRW GLUHFWO\ UHVSRQG WR RQH DQRWKHU� LQ RUGHU WR KLJKOLJKW WKH FRUH DVSHFWV RI WKH SUREOHP�

5HFHQW KLJK�SURILOH DSSOLFDWLRQV RI 0$5/PHWKRGV WR JDPH�WKHRUHWLF SUREOHPV LQFOXGH >��@� LQ ZKLFK
LV LQWURGXFHG WKH 0$''3* DOJRULWKP ZKLFK SOD\V DQ LPSRUWDQW UROH LQ WKH SUHVHQW ZRUN� DV ZHOO DV
>��@� ZKLFK FRPELQHV 'HHS5/ ZLWK JDPH�WKHRUHWLF PHWKRGV WR VROYH WKH LPSHUIHFW�LQIRUPDWLRQ JDPH
RI 6WUDWHJR�



���� +EQI 8LISV] ERH 2EWL )UYMPMFVME �

8OWLPDWHO\� MXVW DV HFRQRPLVWV XVH JDPH WKHRU\ WR PRGHO HFRQRPLF DJHQWV DV DSSUR[LPDWHO\ UDWLRQDO�
0$5/PHWKRGV LQ VRPH VHQVH JHQHUDOL]H WKLV WR RIIHU DQ DFFRXQW RI KRZ UDWLRQDO DJHQWV FDQ OHDUQ DERXW
D PXOWL�DJHQW HQYLURQPHQW ZHOO HQRXJK WR SOD\ HIIHFWLYHO\� 7KLV HQWDLOV WZR SRVVLEOH XVH�FDVHV� 0$5/
PHWKRGV FDQ EH XVHG WR VLPXODWH WKH OHDUQLQJ SURFHGXUH RI DFWXDO DFWRUV IDFLQJ DQ XQFHUWDLQ VWUDWHJLF
HQYLURQPHQW �WKLV LV D UHODWLYHO\ UDUH DSSURDFK� EXW VHH >��@ IRU D UHOHYDQW GLVFXVVLRQ� DOEHLW RQO\ ZLWK
PRVWO\ LPSOLFLW FRQQHFWLRQV WR 5/�� $OWHUQDWLYHO\� WKH\ PD\ EH XVHG WR JHQHUDWH SRVVLEOH �DSSUR[LPDWH�
HTXLOLEULXP VWUDWHJLHV LQ HQYLURQPHQWV ZKLFK DUH WRR FRPSOH[ WR ´VROYH´ ZLWK WKH WRROV RI JDPH WKHRU\�
LW LV WKH ODWWHU XVH�FDVH ZLWK ZKLFK ZH SULQFLSDOO\ FRQFHUQ RXUVHOYHV LQ WKLV ZRUN�

������ 60 -R )PIGXVMGMX] 1EVOIX (IWMKR
:LWKLQ WKH ILHOG RI HOHFWULFLW\ PDUNHW�GHVLJQ� WKH PRVW FRPPRQ XVH RI 5/ DQG 0$5/ PHWKRGV LV IRU
WKH VLPXODWLRQ RI HFRQRPLF DJHQWV¶ VWUDWHJLF EHKDYLRU � D FRPPRQ XVH�FDVH LV WR EXLOG D PRGHO RI
VRPH SRUWLRQ RI DQ HOHFWULFLW\ PDUNHW DQG WKHQ DOORZ 5/ DJHQWV WR RSHUDWH RQH RU PRUH RI WKH PDUNHW�
SDUWLFLSDQWV� ZLWK WKH DLP RI GHWHUPLQLQJ KRZ YXOQHUDEOH WKH PDUNHW LV WR VWUDWHJLF EHKDYLRU�

$Q RYHUYLHZ RI WKH VWDWH RI 5/PHWKRGV LQ HOHFWULFLW\ PDUNHWV LV SUHVHQWHG LQ >��@� WKH DXWKRUV GLVFXVV
D QXPEHU RI VLQJOH� DQG PXOWL�DJHQW DOJRULWKPV IRU GRLQJ 5/�EDVHG DQDO\VLV RI HOHFWULFLW\ PDUNHWV�

0RUH GLUHFWO\ DQWHFHGHQW WR WKH SUHVHQW ZRUN� >�@ FRPSDUH WKH SHUIRUPDQFH RI EL�OHYHO RSWLPL]DWLRQ
DOJRULWKPV ZLWK D 'HHS5/ ''3* DJHQW� $ FRPSDULVRQ RI YDULRXV ELGGLQJ VWUDWHJLHV� ''3*� DQG 0$'�
'3* LV SHUIRUPHG LQ >��@� ZKLFK ILQGV0$''3* WR ZHOO�DSSUR[LPDWH WKH H[DFW VROXWLRQ RI D JLYHQ03(&�
ZKLOH JHQHUDOO\ OHDUQLQJ PRUH HIILFLHQWO\ WKDQ ''3*� >�@ SUHVHQWV D FDVH VWXG\ XWLOL]LQJ 0$5/ PHWKRGV
WR LGHQWLI\ FDVHV LQ ZKLFK DJHQWV DUH DEOH WR H[HUFLVH PDUNHW SRZHU WKXV LQIRUPLQJ WKH GHVLJQ RI D
EDODQFLQJ�PDUNHW � QRWDEO\� LQ WKLV FDVH� WKH DXWKRUV DXJPHQW WKH VWDWH�VSDFH RI OHDUQLQJ DJHQWV ZLWK
SDVW PDUNHW�FOHDULQJ GDWD � ZKLFK GDWD SHU VH� E\ WKH 0DUNRY DVVXPSWLRQ� FDQQRW EH GHFLVLRQ�UHOHYDQW
IRU WKHVH DJHQWV� LQVWHDG� WKLV DXJPHQWDWLRQ DUWLILFLDOO\ HQODUJHV WKH VWDWH�VSDFH� LPSOLFLWO\ SHUPLWWLQJ
DGDSWDWLRQ WR RWKHU DJHQWV¶ FKDQJLQJ SROLFLHV �F�I� WKH WKHRUHPV SURYHG LQ 6HFWLRQ ��� RI WKH SUHVHQW
ZRUN�� :KLOH WKHVH DXWKRUV YHULI\ WKHLU DOJRULWKP UHSURGXFHV WKH %HUWUDQG VROXWLRQ� DQ H[SODQDWLRQ IRU
KRZ RU ZKHQ VXFK DUWLILFLDO DXJPHQWDWLRQV ZRUN ZRXOG EH YDOXDEOH LQ GHVLJQLQJ 5/ VHWXSV IRU VLPLODU
DSSOLFDWLRQV� )LQDOO\� >�@ SURYLGHV DQ DQDO\VLV RI WKH SHUIRUPDQFH RI WKH ''3* DOJRULWKP LQ D PDUNHW LQ
ZKLFK WKH DQDO\WLFDO�VROXWLRQ LV NQRZQ� KLJKOLJKWLQJ� L�D�� WKH LVVXH RI QRQ�VWDWLRQDULW\ ZKLFK ZH GLVFXVV
LQ WKH SUHVHQW ZRUN�

���� +EQI 8LISV] ERH 2EWL )UYMPMFVME
2QH RI WKH PRVW IUXLWIXO PHWKRGV RI HFRQRPLF DQDO\VLV LV WKH WKHRU\ RI JDPHV� *DPH WKHRU\ GHVFULEHV
WKH VWUDWHJLHV RI UDWLRQDOO\�DFWLQJ DJHQWV VHHNLQJ WR PD[LPL]H D ´XWLOLW\�IXQFWLRQ´� SRWHQWLDOO\ LQ FRQIOLFW
ZLWK RWKHU DJHQWV VHHNLQJ WR GR WKH VDPH� 7KH DSSOLFDWLRQ RI JDPH WKHRU\ WR HFRQRPLFV ZLOO EH FHQWUDO
WR WKLV WKHVLV� DV UDWLRQDO DJHQWV DUH DOVR WKH QDWXUDO FRPSDULVRQ SRLQW IRU DQ\ WUDLQHG DJHQWV� ,Q WKLV
VHFWLRQ� ZH LQWURGXFH VRPH RI WKH FRUH SULQFLSOHV DQG VRPH RI RXU QRWDWLRQ�

)RU WKH SXUSRVHV RI WKLV WKHVLV� ZH GLVFXVV WKH DFWLRQ RI HQHUJ\�SURGXFHUV ZLWKLQ DQ HQHUJ\�PDUNHW
DV UDWLRQDO DFWRUV VHHNLQJ WR PD[LPL]H WKHLU SURILW� KHUH� WKH PRGHOLQJ DVVXPSWLRQ RI UDWLRQDOLW\ LV MXVWL�
ILHG E\ DQ DSSHDO WR FRKHUHQFH WKHRUHPV DQG PRQH\�SXPS DUJXPHQWV� VXFK DV >��@� WR WKH HIIHFW WKDW
D IDLOXUH RI UDWLRQDOLW\ �WR RYHUVLPSOLI\� D IDLOXUH WR DFW DV LI DQ DJHQW ZDV D %D\HVLDQ H[SHFWHG�XWLOLW\
PD[LPL]HU� ZRXOG DPRXQW WR EHKDYLRU ZKLFK FRXOG EH H[SORLWHG WR WDNH DUELWUDU\ DPRXQWV RI XWLOLW\ IURP
WKH DJHQW� 7KLV ZRUN ZLOO QRW GLVFXVV WKH ZD\V LQ ZKLFK WKLV PRGHO IDLOV WR DFFXUDWHO\ PRGHO UHDOLW\�
HYHQ DV WKHVH DUH RI SULPH LPSRUWDQFH LQ HQHUJ\�PDUNHW GHVLJQ� SULPDULO\ EHFDXVH WKHLU PDWKHPDWLFDO
PRGHOOLQJ LV D FRPSOLFDWHG DQG GHOLFDWH PDWWHU ZKLFK ZRXOG WDNH XV WRR IDU DILHOG�

:H PRGHO D �VLQJOH�VWDJH� GHWHUPLQLVWLF� VLPXOWDQHRXV� SHUIHFW�LQIRUPDWLRQ� JDPH G DV D VHW RI
DJHQWV A1���AN � WR HDFK RI ZKLFK LV DYDLODEOH D VHW RI DFWLRQV Ai� ZH GHQRWH WKH &DUWHVLDQ SURGXFW RI
DOO DFWLRQV A =

⊗N
i=1 A

i� (DFK DJHQW KDV D XWLOLW\ IXQFWLRQ U i : A → R � D IXQFWLRQ ZKLFK� IRU DQ\ MRLQW
DFWLRQ� DVVLJQV WKH DJHQW¶V YDOXDWLRQ RI VXFK DQ RXWFRPH�

$ MRLQW DFWLRQ a∗ ∈ A LV VDLG WR EH DQ HTXLOLEULXP LI QR DJHQW FDQ LQFUHDVH LWV H[SHFWHG XWLOLW\ E\ D
XQLODWHUDO GHYLDWLRQ�

∀i ∈ {1, ..., N}, ∀ai ∈ Ai,

U i(a−i∗, ai) ≤ U i(a−i∗, ai∗)
�����

�ZKHUH WKH ´−i´ LV D FRPSDFW ZD\ RI UHSUHVHQWLQJ DOO DFWLRQV RWKHU WKDQ WKDW RI DJHQW i��
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,Q JHQHUDO� QRW DOO JDPHV KDYH VXFK DQ HTXLOLEULXP LI ZH UHTXLUH DQ DJHQW WR FKRRVH D VSHFLILF DFWLRQ
LQ DGYDQFH �D ´SXUH VWUDWHJ\´� � WKH\ PD\ LQVWHDG FKRRVH D SUREDELOLW\ GLVWULEXWLRQ RYHU SRVVLEOH DFWLRQV�
NQRZQ DV D ´PL[HG�VWUDWHJ\´� ,Q FDVHV ZKHUH DJHQWV HPSOR\ D PL[HG VWUDWHJ\� WKH HTXLOLEULXP LV NQRZQ
DV D ´1DVK HTXLOLEULXP´� ,W LV D ZHOO�NQRZQ WKHRUHP >��@ WKDW DOO JDPHV RI WKH W\SH ZH FRQVLGHU KHUH
KDYH DW OHDVW RQH PL[HG�VWUDWHJ\ 1DVK HTXLOLEULXP�

$ PL[HG VWUDWHJ\ IRU DQ DJHQW i LV D SUREDELOLW\ GLVWULEXWLRQ RYHU SRVVLEOH DFWLRQV σi ∈ ∆Ai �∆S

GHQRWLQJ WKH VHW RI SUREDELOLW\ GLVWULEXWLRQV RYHU HOHPHQWV RI D VHW S�� 7KH FULWHULRQ IRU D VHW RI PL[HG
VWUDWHJLHV σ∗ �QRWH WKDW WKURXJKRXW WKLV ZRUN� XQLQGH[HG TXDQWLWLHV UHIHU WR WKH &DUWHVLDQ SURGXFW RI WKH
UHOHYDQW TXDQWLW\ RYHU DOO DJHQWV� XQOHVV RWKHUZLVH QRWHG� WR EH D 1DVK HTXLOLEULXP LV� VLPLODU WR WKH
DERYH�

∀i ∈ {1, ..., N}, ∀σi ∈ ∆Ai,

E[U i(a−i∗, ai)|a−i∗ ∼ σ−i∗, ai ∼ σi] ≤ E[U i(a−i∗, ai∗)|a−i∗ ∼ σ−i∗, ai∗ ∼ σi∗]
�����

�E GHQRWHV WKH H[SHFWDWLRQ YDOXH� ZKLOH WKH WLOGH PD\ EH UHDG DV ´GLVWULEXWHG DFFRUGLQJ WR´� 7KLV LV WKH
QDWXUDO H[WHQVLRQ RI WKH FRQFHSW RI D 1DVK (TXLOLEULXP DV DERYH WR WKH FDVH RI SUREDELOLVWLF SROLFLHV�

)LQDOO\� LQ VRPH JDPHV� DJHQWV KDYH DFFHVV WR KLGGHQ LQIRUPDWLRQ ZKLFK PD\ LQIRUP WKHLU DFWLRQV�
,Q WKLV FDVH� LW LV QHFHVVDU\ WR LQWURGXFH WKH FRQFHSW RI D %D\HV�1DVK HTXLOLEULXP� ,Q WKLV JHQHUDOL]DWLRQ�
HDFK DJHQW i LV LQ SRVVHVVLRQ RI VRPH KLGGHQ LQIRUPDWLRQ θi ∈ Θi� GLVWULEXWHG � ZH ZLOO DVVXPH LQGHSHQ�
GHQWO\ � DFFRUGLQJ WR D SXEOLFO\�NQRZQ GLVWULEXWLRQ pi(θi)� WKH DJHQWV¶ XWLOLW\ IXQFWLRQV U i DQG VWUDWHJLHV
σi DUH WKHQ SHUPLWWHG WR EH IXQFWLRQV RI WKLV KLGGHQ LQIRUPDWLRQ DV ZHOO� ,Q WKLV FDVH� D %D\HV�1DVK
HTXLOLEULXP LV GHILQHG DV D IDPLO\ RI VWUDWHJLHV σi : Θi → ∆Ai >��@

∀i ∈ {1, ..., N}, ∀σi : Θi → ∆Ai,

E[U i(a−i∗, ai|θi)|a−i∗ ∼ σ−i∗(θ−i∗), θ−i ∼ p−i, ai ∼ σi(θi), θi ∼ pi]

≤E[U i(a−i∗, ai∗|θi)|a−i∗ ∼ σ−i∗(θ−i), θ−i ∼ p−i, ai∗ ∼ σi∗(θi), θi ∼ pi]

�����

7KHVH DUH WKH FULWHULD E\ ZKLFK ZH VKDOO HYDOXDWH RXU UHLQIRUFHPHQW OHDUQLQJ DJHQWV � WKHVH HTXLOLEULD
DUH WKH VWUDWHJLHV WR ZKLFK D 0$5/ WUDLQLQJ SURFHVV VKRXOG FRQYHUJH�

���� 6IMRJSVGIQIRX 0IEVRMRK
5HLQIRUFHPHQW /HDUQLQJ �5/� LV D SDUDGLJP IRU PDFKLQH OHDUQLQJ� LQ FRQWUDVW WR WKH RWKHU PDMRU GLYL�
VLRQV RI PDFKLQH OHDUQLQJ� VXSHUYLVHG RU XQVXSHUYLVHG OHDUQLQJ� UHLQIRUFHPHQW OHDUQLQJ IRFXVHV QRW
RQ VWDWLVWLFDO SUHGLFWLRQ EDVHG RQ GDWD� EXW LQVWHDG RQ WKH PD[LPL]DWLRQ RI D ´UHZDUG IXQFWLRQ´� 7KH
PDWKHPDWLFDO IUDPHZRUN IRU XQGHUVWDQGLQJ 5/ LV WKDW RI 0DUNRY 'HFLVLRQ 3URFHVVHV �0'3V�� WKH PRVW
EDVLF W\SH RI 0'3 LV GHILQHG E\ IRXU PDLQ REMHFWV� S� WKH VHW RI DOO SRVVLEOH VWDWHV RI WKH HQYLURQPHQW�
A WKH VHW RI DFWLRQV DYDLODEOH� r : S × A → R� WKH UHZDUG IXQFWLRQ �WKH TXDQWLW\ WR EH RSWLPL]HG� DQG
T : S × A → ∆S� WKH WUDQVLWLRQ IXQFWLRQ� ZKLFK GHWDLOV WKH SUREDELOLW\ RI DUULYLQJ DW D SDUWLFXODU QHZ
VWDWH JLYHQ WKH SULRU VWDWH DQG DQ DFWLRQ WDNHQ� 7R WKHVH LV RIWHQ DSSHQGHG D WLPH�OLPLW T �VXFK WKDW
DW PRVW T DFWLRQV PD\ EH WDNHQ FRQVHFXWLYHO\� DQG D GLVFRXQW�IDFWRU 0 ≤ γ ≤ 1� UHSUHVHQWLQJ WKH UDWH
DW ZKLFK UHZDUGV REWDLQHG DW ODWHU WLPHV DUH GLVFRXQWHG FRPSDUHG WR WKRVH DW HDUOLHU WLPHV �L�H�� WKH
UHZDUG DW WLPH t LV GLVFRXQWHG E\ D PXOWLSOLFDWLYH IDFWRU γt�� :H UHIHU WR RUGHUHG OLVWV RI VWDWH�DFWLRQ SDLUV
(s0, a0, s1, a1, . . . sT , aT ) DV ´WUDMHFWRULHV´ �RIWHQ GHQRWHG E\ WKH OHWWHU τ �� 6RPHWLPHV DJHQWV GR QRW NQRZ
WKH WUXH VWDWH RI WKH HQYLURQPHQW st� EXW LQVWHDG PXVW LQIHU LW EDVHG RQ REVHUYDWLRQV ot ZKLFK FRQWDLQ
LQFRPSOHWH LQIRUPDWLRQ DERXW WKH IXOO VWDWH� XQOHVV RWKHUZLVH QRWHG� ZH ZLOO JHQHUDOO\ HOLGH VWDWHV DQG
REVHUYDWLRQV RI VWDWHV� DV WKH GLVWLQFWLRQ LV XVXDOO\ FOHDU IURP FRQWH[W�

7KH FRUH RI WKH 5/ SUREOHP LV WR ILQG D �SRVVLEO\ SUREDELOLVWLF� ´SROLF\´ π : S → ∆A ZKLFK PD[LPL]HV
WKH H[SHFWHG FXPXODWLYH UHZDUG R[π]�

R[π] = E

[

t=T
∑

t=0

γtr(St, At)|At ∼ π(St), St+1 ∼ T (St+1|St, At), t ≥ 0

]

�����

�IRU VLPSOLFLW\� ZH FRQVLGHU WKH LQLWLDO VWDWH S0 = s0 WR EH IL[HG�� )ROORZLQJ �WKH ILUVW HGLWLRQ RI� >��@� ZH XVH
FDSLWDO OHWWHUV WR LQGLFDWH UDQGRP YDULDEOHV� DQG ORZHU�FDVH OHWWHUV WR LQGLFDWH D SDUWLFXODU LQVWDQWLDWLRQ
RI WKH FRUUHVSRQGLQJ UDQGRP YDULDEOH�
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$V WKLV QRWDWLRQ LV TXLWH FXPEHUVRPH� LW LV FXVWRPDU\ WR VXSSUHVV WKH GLVWULEXWLRQV IURP ZKLFK WKH
UDQGRP YDULDEOHV DUH GUDZQ� LQVWHDG LQGLFDWLQJ WKDW WUDMHFWRULHV τ DUH GUDZQ DFFRUGLQJ WR WKH SROLF\ π�
IRU D TXDQWLW\X� E[X(τ)|τ ∼ π] RU Eπ[X]� ,Q RUGHU WR EULHIO\ GLVWLQJXLVK LW IURP WKH UHZDUG DW D SDUWLFXODU
WLPHVWHS� R[π] LV W\SLFDOO\ FDOOHG WKH ´UHWXUQ´� 7KH SROLF\ VKRXOG FKRRVH DFWLRQV ZKLFK� LQ H[SHFWDWLRQ�
\LHOG WUDMHFWRULHV DORQJ ZKLFK WKH PRVW SRVVLEOH UHZDUG LV JDWKHUHG� :KHQ WKH SROLF\ LV FKRVHQ IURP D
IDPLO\ RI SROLFLHV GLFWDWHG E\ VRPH SDUDPHWHUV θ� WKH FRUUHVSRQGLQJ SROLF\ LV GHQRWHG πθ� LQ ZKLFK FDVH
WKH UHWXUQ PD\ EH FRQVLGHUHG D IXQFWLRQ R[θ]�

6RPH DOJRULWKPV� VXFK DV WKH HSRQ\PRXV 5(,1)25&( >��@� GLUHFWO\ RSWLPL]H WKLV SROLF\ E\ HVWL�
PDWLQJ ∇θR[θ] DQG XVLQJ WKLV TXDQWLW\ WR SHUIRUP JUDGLHQW GHVFHQW� 6XFK WHFKQLTXHV DUH NQRZQ DV
´SROLF\ OHDUQLQJ´� $OWHUQDWLYHO\� PDQ\ DOJRULWKPV VHHN WR OHDUQ D YDOXH IXQFWLRQ ZKLFK DSSUR[LPDWHV
WKH UHWXUQ� DQG WR VXEVHTXHQWO\ RSWLPL]H WKH SROLF\ ZLWK UHVSHFW WR WKLV � ZKLFK DOJRULWKPV DUH FDOOHG
´YDOXH�OHDUQLQJ´� 7KHUH DUH WZR FRPPRQ YDOXH IXQFWLRQV� WKH ´VWDWH�YDOXH IXQFWLRQ´ V π

t (s) DQG WKH ´VWDWH�
DFWLRQ�YDOXH IXQFWLRQ´ Qπ

t (s, a)� 7KH GHILQLWLRQV RI WKHVH DUH DV IROORZV�

V π
t0
(s) = E

[

t=T
∑

t=t0

γtr(St, At)|τ ∼ π, St = s

]

Qπ
t0
(s, a) = E

[

t=T
∑

t=t0

γtr(St, At)|τ ∼ π, St = s,At = a

]
�����

7KXV Qπ
t (s, a) PD\ EH LQWHUSUHWHG DV ´WKH H[SHFWHG UHWXUQ RI WDNLQJ DFWLRQ a ZKLOH LQ VWDWH s DW D WLPH t�

DQG RSHUDWLQJ DFFRUGLQJ WR WKH SROLF\ π WKHUHDIWHU´� DQG DQDORJRXVO\ IRU V π
t �

7KH IXQFWLRQV JLYHQ DERYH DUH W\SLFDOO\ QRW IRXQG E\ GLUHFWO\ FRPSXWDWLRQ �QRW OHDVW EHFDXVH WKLV
UHTXLUHV WKH HYDOXDWLRQ RI |S||A|t WUDMHFWRULHV�� EXW DUH LQVWHDG HVWLPDWHG RQ WKH EDVLV RI WKHLU YDOXHV
RYHU D VPDOO IDPLO\ RI VDPSOHG WUDMHFWRULHV� 7KH VHOHFWLRQ RI WKHVH WUDMHFWRULHV UHTXLUHV EDODQFLQJ WKH
GHVLUH WR FRQVLGHU RQO\ D OLPLWHG VHW RI ´SURPLVLQJ´ WUDMHFWRULHV �´H[SORLWDWLRQ´ DFFRUGLQJ WR WKH SRVVLEO\
LQDFFXUDWH YDOXH IXQFWLRQ� ZLWK WKH QHHG WR FDOLEUDWH WKH YDOXH IXQFWLRQ RYHU D ZLGH IDPLO\ RI WUDMHFWRULHV
�´H[SORUDWLRQ´�� 7KLV LV FRPPRQO\ UHIHUUHG WR DV WKH ´H[SORUH�H[SORLW´ WUDGHRII� ,Q JHQHUDO� WKLV PHDQV
WKDW� LQ VDPSOLQJ WUDMHFWRULHV� WKHUH LV FDXVH WR� VRPH IUDFWLRQ RI WKH WLPH� WDNH DQ DFWLRQ GLVWLQFW IURP WKDW
ZKLFK WKH SROLF\ ´JXHVVHV´ LV RSWLPDO� 7KH SDUWLFXODU WHFKQLTXHV XVHG LQ WKLV ZRUN ZLOO EH GLVFXVVHG LQ
WKH FRUUHVSRQGLQJ VHFWLRQV� >��@ GLVFXVVHV D ZLGH YDULHW\ RI H[SORUDWLRQ WHFKQLTXHV� ZLWK PRUH FUHDWHG
UHJXODUO\�

������ 60 %PKSVMXLQW
1RZ WKDW ZH KDYH FRYHUHG WKH IUDPHZRUN DQG QRWDWLRQ� D EULHI GLVFXVVLRQ RI WKH UHOHYDQW DOJRULWKPV
LV DSSURSULDWH� 0RUH LQIRUPDWLRQ FDQ EH IRXQG LQ >��@� 7KH JRDO RI UHLQIRUFHPHQW OHDUQLQJ LV WR ILQG
SROLFLHV π ZKLFK DUH RSWLPDO LQ WKDW WKH PD[LPL]H WKH H[SHFWHG UHWXUQ R[π]� :KLOH VRPH DSSURDFKHV�
VXFK DV ´G\QDPLF SURJUDPPLQJ´� GR HVVHQWLDOO\ FRQVLGHU DOO SRVVLEOH SROLFLHV DQG VLPSO\ VHOHFW WKH
RSWLPDO RQH� WKHVH DUH RI OLPLWHG XWLOLW\� DV WKH QXPEHU RI SRVVLEOH SROLFLHV VFDOHV GRXEOH�H[SRQHQWLDOO\
|S||A|t � ,QVWHDG� WKH WUDGLWLRQDO IRFXV RI UHLQIRUFHPHQW OHDUQLQJ KDV EHHQ WR ILQG PHWKRGV ZKLFK DFKLHYH
DV PXFK UHWXUQ DV SRVVLEOH� HYHQ LI WKHVH SROLFLHV GR QRW UHVHPEOH WKH RSWLPDO SROLF\� )RU 5/ WR EH
SUDFWLFDOO\ XVHIXO� WKH SUREOHP PXVW KDYH D VWUXFWXUH ZKLFK LV OHDUQDEOH� RIWHQ GXH WR VLPSOLFLW\ RU
PRGXODULW\ RI D JLYHQ WLPH�VWHS � VFKHPDWLFDOO\� WKLQJV OLNH PHFKDQLFDO�V\VWHPV FRQWURO� ZKLFK KDYH
IUHTXHQW DQG LQIRUPDWLYH IHHGEDFN� DUH PXFK PRUH DPHQDEOH WR 5/ WKDQ VRPHWKLQJ OLNH JXHVVLQJ WKH
SDVVZRUG WR D VDIH �LQ ZKLFK 5/ FDQQRW SHUIRUP EHWWHU WKDQ EUXWH IRUFH��

+HUH ZH ZLOO GLVFXVV RQO\ WKH DOJRULWKPV XVHG LQ WKLV ZRUN� LQ KRSHV RI LOOXVWUDWLQJ WKH UHDVRQ IRU
WKHLU VHOHFWLRQ�

8EFYPEV 5�0IEVRMRK
:H EHJLQ ZLWK ´WDEXODU 4�OHDUQLQJ´� DPRQJ WKH VLPSOHVW YDOXH�OHDUQLQJ DOJRULWKPV� 7DEXODU 4�OHDUQLQJ
FDQ EH XVHG ZKHQ WKH VWDWH DQG DFWLRQ VSDFHV DUH GLVFUHWH DQG ILQLWH� WKDW LV� RQH FDQ UHDGLO\ ZULWH
GRZQ D �SRVVLEO\ YHU\ ODUJH� WDEOH LQGH[HG DORQJ WKH FROXPQV E\ VWDWHV� DQG DORQJ WKH URZV E\ DFWLRQV�
7DEXODU 4�OHDUQLQJ VLPSO\ UHFRUGV WKH H[SHFWHG 4�YDOXH IRU HDFK RI WKHVH WDEOH�HQWULHV EDVHG RQ LWV
H[SHULHQFHV �KHUH ZH GR QRW FRQVLGHU WKH LPSRUWDQFH RI WKH WLPH�YDULDEOH IRU FODULW\¶V VDNH��

$V DQ H[DPSOH� OHW XV FRQVLGHU D PDUNHW ZLWK WZR ´VWDWHV´ � FDVHV RI ´+LJK´ DQG ´/RZ´ GHPDQG� D
VLQJOH PRQRSROLVW DJHQW LV DOORZHG WR ELG HLWKHU �� RU �� 0HJD :DWWV RI FDSDFLW\� DW HLWKHU �� RU ��
86'�0:K �D WRWDO RI IRXU DFWLRQV�� 3HUKDSV DW VRPH SRLQW LQ WLPH� WKH ILUP KDV WKH IROORZLQJ 4�WDEOH�
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V ´/RZ´ V ´+LJK´
D ´��0: DW ��86' � 0:K´ �� ��
D ´��0: DW ��86' � 0:K´ �� ��
D ´��0: DW ��86' � 0:K´ � ���
D ´��0: DW ��86' � 0:K´ �� ���

7DEOH ���� ([DPSOH 4�WDEOH SULRU WR XSGDWH � TXDQWLW\ WR EH XSGDWHG EROGHG

1RWH WKDW WKHVH HQWULHV QHHG QRW EH FRUUHFW DW DQ\ SDUWLFXODU PRPHQW LQ WLPH � WKH\ DUH OHDUQHG
JUDGXDOO\� 7R LOOXVWUDWH WKH XSGDWH�UXO� VXSSRVLQJ WKH DJHQW VHHV D VWDWH RI ´+LJK´ GHPDQG� DQG LQ WXUQ
GHWHUPLQHV WR ELG ��0: DW ��86'�0:K� LW VHHV D SURILW RI� VD\ ���� 7KLV ZRXOG FDXVH DQ XSGDWH RI
WKH IRUP

V ´/RZ´ V ´+LJK´
D ´��0: DW ��86' � 0:K´ �� ��
D ´��0: DW ��86' � 0:K´ �� ��
D ´��0: DW ��86' � 0:K´ � ���
D ´��0: DW ��86' � 0:K´ �� ���

7DEOH ���� ([DPSOH 4�WDEOH DIWHU VRIW XSGDWH � XSGDWHG TXDQWLW\ EROGHG

1RWH QRZ WKDW WKH HQWU\ LV QRW RYHUZULWWHQ E\ WKH QHZ REVHUYDWLRQ� EXW LQVWHDG LV VKLIWHG LQ WKDW
GLUHFWLRQ � LQ JHQHUDO� UHZDUGV PLJKW QRW DOZD\V EH WKH VDPH IRU HYHU\ VWDWH�DFWLRQ SDLU� ZKLOH ZH ZDQW
WR NHHS WUDFN RQO\ RI WKH DYHUDJH UHZDUG IRU D JLYHQ SDLU�

$IWHU DQ DJHQW KDV FROOHFWHG GDWD WKURXJK VRPH IRUP RI H[SORUDWLRQ� WKH 4�WDEOH GHWHUPLQHV WKHLU
SROLF\� IRU DQ\ VWDWH� SOD\ WKH DFWLRQ ZKLFK� IRU WKDW VWDWH� \LHOGV WKH PD[LPXP UHZDUG�

'SRXMRYSYW 'EWI
:K\ WKHQ LV LW QHFHVVDU\ WR XVH VRPHWKLQJ OLNH QHXUDO QHWZRUNV RU GHHS OHDUQLQJ� LI WDEXODU 4�OHDUQLQJ�
IRU VXIILFLHQWO\ ODUJH WDEOHV� FDQ KDQGOH WKH SUREOHP DGHTXDWHO\" )LUVW� WKLV WDEXODU DSSURDFK GRHVQ¶W
WDNH DGYDQWDJH RI DQ\ SDWWHUQV ZKLFK H[LVW LQ WKH HQYLURQPHQW� D WDEXODU DSSURDFK ZRXOG WUHDW VWDWHV
OLNH ´([WUHPHO\ /RZ 'HPDQG´ DQG ´9HU\ /RZ 'HPDQG´ DV GLVWLQFWO\ DV LW ZRXOG HLWKHU RI WKRVH DQG
´([WUHPHO\ +LJK 'HPDQG´ � HDFK VLPSO\ KDV WKHLU RZQ VHW RI WDEOH HQWULHV� 6HFRQG� DV WKH QXPEHU RI
WDEOH�HQWULHV LQFUHDVHV� VR WRR PXVW WKH QXPEHU RI VDPSOHV� LQ RUGHU WR FRQYHUJH WR WKH FRUUHFW YDOXH LQ
HDFK FDVH� 7KLUG� LI WKH HQYLURQPHQW LV WUXO\ FRQWLQXRXV �H�J�� LI WKH YDOXHV ´GHPDQG´ FDQ WDNH PD\ OLH
DQ\ZKHUH ZLWKLQ VRPH LQWHUYDO�� GLVFUHWH DSSUR[LPDWLRQV PD\ LQWURGXFH PXFK HUURU� DQG LPSURYH RQO\
DW JUHDW FRPSXWDWLRQDO H[SHQVH� 7KXV� WKH VZLWFK IURP WDEOHV OLNH Qsa WR IXQFWLRQV Q(s, a)� 7\SLFDOO\
WKHVH IXQFWLRQV DUH SDUDPHWHUL]HG E\ D IDPLO\ RI SDUDPHWHUV θ �LQ RXU FDVH� WKHVH ZLOO EH QHXUDO QHWZRUN
ZHLJKWV�

)LQDOO\� W\SLFDO DSSOLFDWLRQV RI 5/ WR HFRQRPLF SUREOHPV DQG PDUNHW GHVLJQ DUH IRFXVHG RQ GHWHU�
PLQLQJ WKH LQFHQWLYHV RI DFWRUV ZLWKLQ WKH PDUNHW � LW LVQ¶W JHQHUDOO\ UHOHYDQW WKDW WKH 5/ DJHQW GRHV
UHODWLYHO\ ZHOO� EXW LQVWHDG WKH GHVLGHUDWXP LV WKH H[WHQW WR ZKLFK LW OHDUQV JDPH�WKHRUHWLF HTXLOLEULXP
EHKDYLRU ZKHQ RWKHU PHWKRGV RI WKHLU FDOFXODWLRQ IDLO� %HFDXVH WKLV LV PRVW OLNHO\ WR KDSSHQ LQ PRUH
FRPSOH[ HQYLURQPHQWV� SRVVLEO\ FRQVLVWLQJ RI PXOWLSOH LQWHUFRQQHFWHG PDUNHWV RU PXOWLSOH LQWHUUHODWHG
WLPHVWHSV� WDEXODU PHWKRGV EHFRPH LQHIILFLHQW DQG LPSUDFWLFDO� WKXV� QHXUDO QHWZRUNV DUH WKH JR�WR VR�
OXWLRQ IRU GLVFRYHULQJ FRPSOH[ EHKDYLRU � QRW QHFHVVDULO\ RQO\ LQ WKH FRQWLQXRXV FDVH� :H OHDYH RII
GLVFXVVLRQ RI WKHVH QHXUDO�QHWZRUN PHWKRGV IRU 6HFWLRQ ���� WKDW ZH PD\ GLVFXVV WKHP LQ WKH FRQWH[W
RI WKH QRQ�VWDWLRQDULW\ SUREOHP�

������ 8LI 'SRRIGXMSR &IX[IIR )GSRSQMGW ERH 60
:KDW UHOHYDQFH KDV 5HLQIRUFHPHQW /HDUQLQJ WR HFRQRPLFV DV D ZKROH� OHW DORQH WR WKH GHVLJQ RI HOHF�
WULFLW\ PDUNHWV" $V QRWHG SUHYLRXVO\� HFRQRPLFV LV� DW OHDVW LQ SDUW� WKH WKHRU\ RI VR�FDOOHG ´UDWLRQDO
DFWRUV´� ZKRVH UDWLRQDOLW\ LV GHILQHG� ZLWK UHIHUHQFH WR� H�J�� WKH YRQ�1HXPDQQ�0RUJHQVWHUQ D[LRPV
>��@� DV WKH PD[LPL]DWLRQ RI VRPH H[SHFWHG�XWLOLW\ IXQFWLRQ� :KLOH WKLV PRGHO LV JHQHUDOO\ UHJDUGHG
RQO\ DV DQ DSSUR[LPDWLRQ WR WKH EHKDYLRU RI LQGLYLGXDOV ZLWK SRWHQWLDOO\ FRQIOLFWLQJ SUHIHUHQFHV RU RWKHU
LUUDWLRQDOLWLHV� WKH UHODWLRQ WR ILUP�EHKDYLRU LV� LI LPSHUIHFW� PXFK PRUH GLUHFW � WKH QRPLQDO SXUSRVH RI



���� 6IMRJSVGIQIRX 0IEVRMRK �

D IRU�SURILW ILUP LV WKH PD[LPL]DWLRQ RI SURILW� 7KXV WKH ILUP PD\ EH PRGHOHG DV DQ DJHQW DWWHPSWLQJ WR
PD[LPL]H H[SHFWHG SURILWV LQ WKH IDFH RI XQFHUWDLQW\�

5HJDUGLQJ PDUNHW�GHVLJQ PRUH VSHFLILFDOO\� WKHUH DUH WZR SULQFLSOH UHDVRQV WR VSHDN RI 5/ PHWKRGV�
7KH ILUVW LV SUDFWLFDO� LI PDUNHW�GHVLJQ LV WR EH UHJDUGHG DV VRPH VRUW RI JDPH EHWZHHQ DJHQWV� WKLV JDPH
PXVW DW VRPH SRLQW EH VROYHG� ZKLOH WUDGLWLRQDO RSWLPL]DWLRQ VROYHUV �H�J�� (3(& PRGHOV >�@� SURYLGH
H[DFW DQVZHUV IRU D OLPLWHG FODVV RI PRGHOV� DV WKH FRPSOH[LW\ RI WKH JDPH LQFUHDVHV� SRVVLEO\ YLRODWLQJ
WKH DVVXPSWLRQV RI VROYHUV EDVHG RQ� VD\� FRQYH[LW\� VXFK GLUHFW VROXWLRQ EHFRPHV LQWUDFWDEOH� 2Q
WKH RWKHU KDQG 5/ DOJRULWKPV DUH UHDGLO\ DGDSWHG WR DQ\ HQYLURQPHQW LQ ZKLFK WKHUH LV D ZHOO�GHILQHG
UHZDUG IXQFWLRQ� :KLOH 5/ ZLOO QRW� LQ JHQHUDO� GHWHUPLQH WKH RSWLPDO VROXWLRQ LQ ILQLWH WLPH� LW FDQ RIWHQ
UHDGLO\ DUULYH DW UHDVRQDEOH VWUDWHJLHV �DQG WKXV� KRSHIXOO\� DSSUR[LPDWH WKH DFWXDO EHKDYLRU RI ILUPV
ZLWK VXIILFLHQW ILGHOLW\ WR GUDZ FRQFOXVLRQV DERXW WKH VXLWDELOLW\ RI D SDUWLFXODU PDUNHW UXOH��

7KH VHFRQG UHDVRQ LV WKHRUHWLFDO� ILUPV LQ UHDOLW\ H[KLELW EHKDYLRU ZKLFK ZRXOG EH LUUDWLRQDO ZHUH
WKHLU REMHFWLYH VROHO\ WKH PD[LPL]DWLRQ RI H[SHFWHG SURILW� LQVWHDG� FRQVLGHUDWLRQV VXFK DV ULVN�DYHUVLRQ
>��@� DQG PDQDJHULDO VKRUW�WHUPLVP FDQ EH FRQVLGHUHG UDWLRQDO RQO\ ZLWK UHVSHFW WR XWLOLW\ IXQFWLRQV
PRUH FRPSOH[ WKDQ WKH VWULFW H[SHFWHG�SURILW� 5/ PHWKRGV H[WHQG WR VXFK PRGHOV PHUHO\ E\ FKDQJLQJ
WKH UHZDUG�IXQFWLRQ DSSURSULDWHO\� )XUWKHU� LQ JDPHV ZLWK PXOWLSOH HTXLOLEULXP VROXWLRQV� DFWRUV PXVW
HYHQWXDOO\ FR�RUGLQDWH WR DUULYH DW RQH SDUWLFXODU VROXWLRQ� D SURFHVV NQRZQ LQ HFRQRPLF WKHRU\ DV
´WkWRQQHPHQW´ >��@ � PRGHOLQJ DJHQWV DV UHLQIRUFHPHQW�OHDUQHUV SURYLGHV DQ DFFRXQW RI KRZ� VXEMHFW WR
DSSURSULDWH DVVXPSWLRQV� UDWLRQDO DJHQWV VKRXOG OHDUQ�

7KH H[WHQW WR ZKLFK OHDUQLQJ SURYLGHV D UHDOLVWLF PRGHO RI EHKDYLRU LQ RXW�RI�HTXLOLEULXP JDPHV LV
GLVFXVVHG LQ >��@ �WKRXJK ZLWK UHVSHFW WR LQGLYLGXDOV UDWKHU WKDQ ILUPV�� 7KH FHOHEUDWHG 6RQQHVFKHLQ�
0DQWHO�'HEUHX WKHRUHP >��@ GHPRQVWUDWHV WKDW PDUNHWV FRPSRVHG RI UDWLRQDO DFWRUV QHHG QRW� LQ JHQ�
HUDO� FRQYHUJH WR D XQLTXH DQG VWDEOH HTXLOLEULXP YLD WKH WkWRQQHPHQW� WKH QRQ�VWDWLRQDULW\ SUREOHP LV
LQ PDQ\ UHJDUGV DQDORJRXV WR WKH IDLOXUH RI WkWRQQHPHQW� H[FHSW IRU RFFXUULQJ EHWZHHQ OHDUQLQJ DJHQWV
WDNLQJ PXOWLSOH DFWLRQV RYHU WLPH� ,Q WKLV VHQVH� RXU ZRUN ZLWK UHVSHFW WR QRQ�VWDWLRQDULW\ ZLOO EH DQ DW�
WHPSW WR HOLPLQDWH DOO WKHVH WkWRQQHPHQW�IDLOXUH�DQDORJXHV ZKLFK DUH GXH VROHO\ WR WKH OHDUQLQJ SURFHVV
DQG QRW WKH XQGHUO\LQJ JDPH VWUXFWXUH�



�
8LISVIXMGEP (IZIPSTQIRXW

7KLV FKDSWHU GLVFXVVHV WKH WKHRUHWLFDO EDFNJURXQG IRU XQGHUVWDQGLQJ WKH QRQ�VWDWLRQDULW\ SUREOHP� 6HF�
WLRQ ��� LQWURGXFHV QRQ�VWDWLRQDULW\ LQ WKH FRQWH[W RI LQGHSHQGHQW�OHDUQLQJ� 6HFWLRQ ��� LQWURGXFHV UHDG�
HUV WR WKH 7'�HUURU DQG GHYHORSV WKH RSWLPDOLW\�GHILFLW� DQG GLVFXVVHV KRZ WKHVH WZR PHDVXUHPHQWV ZLOO
EH XVHG WR HYDOXDWH VLPXODWLRQV RI ILUP EHKDYLRU� 6HFWLRQ ��� SURYHV FRQGLWLRQV XQGHU ZKLFK FHQWUDOL]HG�
DOJRULWKPV OLNH 0$''3* ZLOO FRQYHUJH� LQ WKH SURFHVV LOOXVWUDWLQJ ZK\ GHFHQWUDOL]HG�DOJRULWKPV FDQQRW�
LQ JHQHUDO� FRQYHUJH WR FRUUHFW EHKDYLRU� )LQDOO\ VHFWLRQ ��� LQWURGXFHV WKH LGHD RI ´DGYHUVDULDO PDUNHW�
GHVLJQ´� FRQWH[WXDOL]LQJ LWV QLFKH ZLWKLQ WKH OLWHUDWXUH� DQG UHODWLQJ LW WR WKH RWKHU SDUWV RI WKH SUHVHQW
ZRUN�

���� 2SR�7XEXMSREVMX] ERH XLI *EMPYVI SJ -RHITIRHIRX 0IEVRMRK
������ -RHITIRHIRX 0IEVRMRK
7UDGLWLRQDO 5/ DVVXPHV WKDW WKH HQYLURQPHQW ZLWKLQ ZKLFK DQ DJHQW RSHUDWHV LV 0DUNRYLDQ � WKDW LV� WKDW
VWDWH�WUDQVLWLRQ DQG UHZDUG SUREDELOLWLHV� P(St+1, Rt|St, At) DUH LQGHSHQGHQW RI WLPH >��@� ,QGHSHQGHQW
OHDUQLQJ �,/� UHIHUV WR DQ\ 0$5/ VFKHPH LQ ZKLFK DJHQWV DUH WUDLQHG XVLQJ VLQJOH�DJHQW 5/ WHFKQLTXHV�
WDNLQJ WKH EHKDYLRU RI RWKHU DJHQWV WR EH LPSOLFLW LQ WKH HQYLURQPHQW� 7KDW LV� WKRXJK WKH VWDWH�WUDQVLWLRQV
RU UHZDUGV PD\ GHSHQG RQ DOO DJHQWV¶ DFWLRQV� DQ ,/ DJHQW ZLOO OHDUQ DV WKRXJK LWV DFWLRQ DORQH GHWHU�
PLQHG WKHVH SUREDELOLWLHV� ,Q WKH FDVH ZKHUH RQO\ RQH DJHQW LV OHDUQLQJ �RWKHUV UHPDLQLQJ IL[HG�� WKH
0DUNRYLDQ DVVXPSWLRQ KROGV� DV WKH RWKHU DJHQWV¶ DFWLRQV PD\ EH XQGHUVWRRG DV SDUW RI D VWRFKDVWLF
HQYLURQPHQW� 2Q WKH RWKHU KDQG� ZKHQ PXOWLSOH DJHQWV DUH OHDUQLQJ VLPXOWDQHRXVO\� WKH 0DUNRYLDQ
DVVXPSWLRQ LV� LQ JHQHUDO� YLRODWHG� 7KLV LQ WXUQ PHDQV WKDW VWDQGDUG JXDUDQWHHV RI FRQYHUJHQFH QR
ORQJHU DSSO\�

5HFHQW ZRUN LQ WKLV YHLQ KDV IRFXVHG RQ DSSOLFDWLRQV WR FRRSHUDWLYH 5/� LQ ZKLFK DJHQWV OHDUQ VHS�
DUDWHO\ EXW VKDUH DQ RYHUDOO UHZDUG IXQFWLRQ� ,Q WKLV FDVH� WHFKQLTXHV VXFK DV GHFRPSRVLWLRQ QHWZRUNV
>��@� FRRUGLQDWLRQ JUDSKV >��@� DQG RSWLPDOLW\�JDS IRUPXODWLRQV >��@ KDYH EHHQ XVHG�

%\ FRQWUDVW� ZKHQ DJHQWV GR QRW VKDUH D UHZDUG�IXQFWLRQ �L�H�� LQ PL[HG�VXP HQYLURQPHQWV�� WKH
SUREOHP FHDVHV WR EH RQH RI FUHGLW�DVVLJQPHQW� LQ VXFK FDVHV� DOJRULWKPV VXFK DV ILFWLWLRXV SOD\ >��@�
DORQJ ZLWK WHFKQLTXHV OLNH OHDJXHV >��@ KDYH EHHQ XVHG� 7KH DOJRULWKP ZH IRFXV RQ KHUH� 0$''3*�
KDV EHHQ XVHG VXFFHVVIXOO\ LQ JHQHUDO 0$5/ HQYLURQPHQWV >��@ DQG LQ HOHFWULFLW\ PDUNHW EHKDYLRU LQ
SDUWLFXODU >��@� $W WKH HQG RI &KDSWHU �� ZH GLVFXVV JHQHUDO FULWHULD IRU YDOXH�OHDUQLQJ FRQYHUJHQFH�

7KH SUREOHP RI QRQ�VWDWLRQDULW\ LQ 0$5/ XOWLPDWHO\ HQWDLOV D IDLOXUH RI DJHQWV WR FRQYHUJH WR D 1DVK�
HTXLOLEULXP� LQ ZKLFK FDVH WKH\ FDQQRW EH XVHG WR PHDQLQJIXOO\ LQIHU WKH SURSHUWLHV RI HOHFWULFLW\ PDUNHWV
ZLWK UHVSHFW WR VWUDWHJLF EHKDYLRU�

������ )\EQTPIW
)ROORZLQJ >��@� FRQVLGHU WKH FR�RSHUDWLYH VLPSOH PDWUL[ JDPH GHVFULEHG E\ WKH XWLOLWLHV�

U =





10 0 0
0 5 6
0 6 7



 �����

�



���� 'SRZIVKIRGI 'VMXIVME ERH (IhRMXMSR SJ XLI 3TXMQEPMX]�(IhGMX ��

�HOHPHQW Uij FRUUHVSRQGV WR DJHQW � WDNLQJ DFWLRQ L ZKLOH DJHQW � SOD\V DFWLRQ M�� 1RZ� LI ERWK DJHQWV
EHJLQ E\ H[SORULQJ UDQGRPO\ DQG LQGHSHQGHQWO\� HDFK RXWFRPH ZLOO RFFXU ZLWK SUREDELOLW\ 1/9� (�J��
DJHQW � OHDUQV WKDW DFWLRQ � KDV YDOXH Q1(3) = (0 + 6+ 7)/9 = 13/9� 7KXV� HDFK DJHQW¶V OHDUQHG �DIWHU
WUDLQLQJ WR FRQYHUJHQFH� 4�YDOXHV ZLOO EH 10/9� 11/9 DQG 13/9 IRU DFWLRQV �� �� DQG �� UHVSHFWLYHO\� 7KXV
VXSSRVLQJ WKH DJHQWV LPSOHPHQW D JUHHG\ SROLF\ DIWHU WUDLQLQJ� WKH\ ZLOO ERWK FKRRVH DFWLRQ �� UHFHLYLQJ
� UHZDUG UDWKHU WKDQ WKH RSWLPDO ���

7KLV H[DPSOH LOOXVWUDWHV WKH SKHQRPHQRQ RI UHODWLYH RYHUJHQHUDOL]DWLRQ IRU FR�RSHUDWLYH JDPHV� )LJ�
XUH ���� UHSURGXFHG IURP >��@� LOOXVWUDWHV WKH VDPH SUREOHP JUDSKLFDOO\ IRU D GLIIHUHQW FR�RSHUDWLYH JDPH�
LQ VXFK FDVHV ZKHUH WKHUH LV D VKDUHG UHZDUG IXQFWLRQ� WKHUH H[LVW D QXPEHU RI WHFKQLTXHV ZKLFK IDFLO�
LWDWH FR�RSHUDWLYH OHDUQLQJ� DV GLVFXVVHG DERYH� 7KHVH WHFKQLTXHV� KRZHYHU� GR QRW UHDGLO\ DSSO\ LQ
WKH FDVH RI PL[HG�VXP JDPHV VXFK DV WKH HFRQRPLF GLVSDWFK SUREOHP�

)LJXUH ���� 3D\RII�IXQFWLRQ IRU D FRRSHUDWLYH JDPH ZKLFK LOOXVWUDWHV WKH UHODWLYH RYHUJHQHUDOL]DWLRQ SDWKRORJ\� 7KH FDSLWDO
OHWWHUV ´0´ DQG ´1´ UHSUHVHQW MRLQW DFWLRQV� ZKLOH WKH iM DQG iN LOOXVWUDWH WKH VXUIDFH DORQJ ZKLFK DQ DJHQW HVWLPDWHV WKH

DYHUDJH UHZDUG IRU LWV WDNLQJ WKH FRUUHVSRQGLQJ DFWLRQ� :KLOHM LV WKH RSWLPDO DFWLRQ� WKH DJHQWV HVWLPDWH WKDW iN LV EHWWHU WKDQ
iM � DQG WKXV SOD\ VXERSWLPDOO\� 5HSURGXFHG IURP )LJXUH � RI >��@�

7KH UHDVRQ WKLV SKHQRPHQRQ LV UHOHYDQW LV WKDW PDQ\ 5/ DOJRULWKPV VXFK DV WDEXODU 4�OHDUQLQJ DQG
''3* PLVWDNHQO\ FRQIODWH WKH DYHUDJH UHZDUG RI DQ DFWLRQ ZLWK WKH UHZDUG RI D SDUWLFXODU MRLQW DFWLRQ�

���� 'SRZIVKIRGI 'VMXIVME ERH (IhRMXMSR SJ XLI 3TXMQEPMX]�(IhGMX
������ 8(�)VVSV ERH XLI 3TXMQEPMX]�(IhGMX
:H ZLVK WR VWXG\ ZKHQ 5/ DOJRULWKPV FRQYHUJH WR DQ HTXLOLEULXP VROXWLRQ WR WKH HFRQRPLF GLVSDWFK
SUREOHP� WKXV ZH PXVW GHILQH VRPH QRWLRQ ZKLFK PHDVXUHV WKH GLVWDQFH RI DQ DJHQW¶V SROLF\ IURP
HTXLOLEULXP� 7KLV VHFWLRQ GHILQHV VXFK D QRWLRQ ZKLFK ZLOO EH XVHG WKURXJKRXW RXU H[SHULPHQWV� ZKLFK
ZH FDOO WKH ´RSWLPDOLW\�GHILFLW´� DORQJ ZLWK WKH ZHOO�NQRZQ 7'�HUURU� HDFK IXOILOOV D GLVWLQFW IXQFWLRQ�

)RU VLPSOLFLW\� ZH ZLOO EHJLQ E\ GLVFXVVLQJ WKH LOOXVWUDWLYH� VLPSOLILHG FDVH LQ ZKLFK WKH HQYLURQPHQW
LWVHOI KDV QR VWDWH� DQG DOO DFWLRQV DUH VHOHFWHG IURP D GLVFUHWH VHW RI DFWLRQV �WKH VDPH IRU DOO DJHQWV��
:H ZLOO UHVWULFW RXUVHOYHV DOVR WR WKH FDVH ZKHUH WKHUH DUH RQO\ WZR ELGGLQJ DJHQWV�

/HW XV FDOO WKH SROLFLHV SOD\HG E\ HDFK DJHQW π1 DQG π2� UHVSHFWLYHO\ �KHUH� LQWHUSUHWHG DV YHFWRUV
GHVFULELQJ SUREDELOLW\ GLVWULEXWLRQV RYHU WKH GLVFUHWH DFWLRQ�VSDFH�� 7KHQ WKH H[SHFWHG UHWXUQ RI DJHQW
i LV JLYHQ E\ WKH VLPSOH PDWUL[�YHFWRU PXOWLSOLFDWLRQ

π1,TU iπ2 �����



���� 'SRZIVKIRGI 'VMXIVME ERH (IhRMXMSR SJ XLI 3TXMQEPMX]�(IhGMX ��

:LWK U i WKH XWLOLW\ PDWUL[ RI SOD\HU i �ZKRVH HOHPHQWV� U i
mn DUH WKH SURILW REWDLQHG E\ DJHQW i ZKHQ DJHQW

i SHUIRUPV DFWLRQ m DQG WKHLU FRXQWHUSDUW DFWLRQ n�
7KH 1DVK HTXLOLEULXP FRQGLWLRQ DVVHUWV WKDW HDFK SOD\HU LV SOD\LQJ D EHVW�UHVSRQVH WR WKH RWKHU� )RU

DJHQW �� WKLV WDNHV WKH IRUP
π1 ∈ DUJPD[π1π

1,T (U1π2) �����

�7KH EUDFNHWV HPSKDVL]H WKDW IL[LQJ WKH FRXQWHUSDUW\¶V SROLF\ HQWDLOV DQ HIIHFWLYH VLQJOH�SOD\HU XWLOLW\��
7KH 1DVK�HTXLOLEULXP FRQGLWLRQ FRUUHVSRQGV WR UHTXLULQJ WKDW WKLV FRQGLWLRQ DWWDLQV VLPXOWDQHRXVO\ IRU
DOO ELGGHUV�

:KLOH LW LV QRW QHFHVVDULO\ HDV\ WR FDOFXODWH 1DVK HTXLOLEULD� LW LV VLPSOH HQRXJK WR YHULI\ ZKHWKHU D
JLYHQ VHW RI SROLFLHV FRQVWLWXWHV DQ HTXLOLEULXP �DW OHDVW LQ WKLV GLVFUHWH FDVH�� $ EHVW�UHVSRQVH LV RQH LQ
ZKLFK WKH UHZDUG LV WKH HTXDO WR WKH UHZDUG REWDLQHG E\ SOD\LQJ WKH GHWHUPLQLVWLF SROLF\ ZKLFK DOZD\V
SOD\V WKH PD[LPXP YDOXH RI �WKH YHFWRU� U iπj �WKLV VWUDWHJ\ PD\ QRW LWVHOI EH WKH HTXLOLEULXP� DV LW ZRXOG
QRW QHFHVVDULO\ VDWLVI\ WKH FULWHULRQ IRU WKH UHPDLQLQJ DJHQW��

7KXV� ZH FDQ TXDQWLI\ KRZ IDU D JLYHQ SROLF\ LV IURP D 1DVK�HTXLOLEULXP EDVHG RQ LW¶V ORVV RI SRWHQWLDO
SURILWV�

λi = ||U iπj ||∞ − πi,TU iπj �����

+HUH ||·||∞ GHQRWHV WKH LQILQLW\�QRUP RI D YHFWRU �HTXDO WR WKH YDOXH RI WKH YHFWRU¶V PD[LPXP HQWU\�� ,QWX�
LWLYHO\� WKLV GHILFLW LV WKH SURILW ZKLFK DJHQW i IDLOV WR REWDLQ E\ IDFW RI SOD\LQJ VXERSWLPDOO\� DVVXPLQJ WKH
EHKDYLRU RI WKH RSSRQHQWV DUH IL[HG� 7KLV λi ZH FDOO DJHQW i¶V ´RSWLPDOLW\�GHILFLW´� :KHQ WKH RSWLPDOLW\�
GHILFLW RI HYHU\ DJHQW LV ]HUR� WKH RXWFRPH SOD\HG LV D 1DVK�HTXLOLEULXP �DV HYHU\ DJHQW LV SOD\LQJ D
EHVW�UHVSRQVH JLYHQ WKHLU RSSRQHQWV¶ VWUDWHJLHV�� 7KH DSSURSULDWH JHQHUDOL]DWLRQ WR PL[HG�VWUDWHJLHV
VLPSO\ HQWDLOV WDNLQJ H[SHFWDWLRQ�YDOXHV DSSURSULDWHO\�

+DYLQJ GHYHORSHG D FULWHULRQ E\ ZKLFK WR JDXJH ZKHWKHU D WUXH HTXLOLEULXP KDV EHHQ UHDFKHG� ZH
QRZ ZLVK WR GHILQH D PHDVXUH WKDW GHVFULEHV ZKHQ D WUDLQLQJ SURFHGXUH KDV FRQYHUJHG �QRW QHFHVVDULO\
WR D FRUUHFW HTXLOLEULXP�� $ FRPPRQO\ XVHG PHDVXUH� WKH 7'�HUURU� IHOLFLWRXVO\ IXOILOOV WKLV IXQFWLRQ� 7KH
7'�HUURU LV HTXDO WR WKH GLIIHUHQFH EHWZHHQ WKH DJHQW¶V H[SHFWHG UHZDUG DQG LWV DFWXDO UHZDUG� :KHQ
WKHVH WZR DUH DSSUR[LPDWHO\ HTXDO IRU HYHU\ VWDWH�DFWLRQ SDLU� WKH YDOXH�IXQFWLRQ KDV FRQYHUJHG� LQ
WKH IROORZLQJ VHFWLRQ� ZH FRQVLGHU VWDWHOHVV HQYLURQPHQWV� ZKHUH WKH SROLF\ LV WKH DUJPD[ RI WKH YDOXH
IXQFWLRQ� 8QGHU RXU VLPSOLI\LQJ DVVXPSWLRQV WKH IRUPXOD IRU WKH 7'�HUURU δt DW WLPH t LV�

δt = Q(at)− rt �����

ZKHUH at LV WKH DFWLRQ WDNHQ DW WLPH t� rt WKH UHZDUG UHFHLYHG� DQG Q(at) WKH DJHQW¶V SUHGLFWHG UHZDUG�
1RWH WKDW WKLV GHILQLWLRQ DSSOLHV RQO\ WR D VLQJOH� LQGHSHQGHQW OHDUQHU � LW GRHV QRW DGPLW LQWURGXFLQJ
WKH HIIHFWV RI RWKHU DJHQWV¶ DFWLRQV� ,QWXLWLYHO\� ZKHQ WKH 7'�HUURU KDV JRQH WR ]HUR IRU DOO DJHQWV RYHU
DOO DFWLRQV �RU DW OHDVW RYHU DOO DFWLRQV ZKLFK DUH SOD\HG�� WKH DJHQW LV QR ORQJHU ¶VXUSULVHG¶� DQG ZLOO
FRQWLQXH WR DFW DV LW WKLQNV EHVW DFFRUGLQJ WR LWV Q�IXQFWLRQ� 1RWH DOVR WKDW D ]HUR 7'�HUURU ZLOO RQO\
QHFHVVDULO\ FRUUHVSRQG WR DQ XQFKDQJLQJ ILQDO SROLF\ LQ VRPH FLUFXPVWDQFHV� FRPPRQO\ DQ DUJPD[
SROLF\ LV XVHG LQ YDOXH�OHDUQLQJ π(s) = DUJPD[aQ(s, a) � LQ ZKLFK FDVH D ]HUR 7'�HUURU GRHV LQGHHG
HQWDLO D VWDWLF SROLF\�

������ *SVQYPEXMSR SJ XLI 3TXMQEPMX]�(IhGMX JSV +IRIVEP 1(4W
)RU UHIHUHQFH� ZH IRUPXODWH WKH DERYH�GHILQHG RSWLPDOLW\�GHILFLW ZLWKRXW WKH VLPSOLI\LQJ DVVXPSWLRQV RI
VWDWHOHVVQHVV� REVHUYDELOLW\� GLVFUHWH DFWLRQ VSDFH� RU KDYLQJ RQO\ WZR DJHQWV� +HUH ZH OHW τ it GHQRWH
WKH REVHUYDWLRQ�DFWLRQ KLVWRU\ RI DJHQW i DW WLPH t� DV RSSRVHG WR D IXOO WUDMHFWRU\�

7KH %HOOPDQ�HTXDWLRQ GHILQLQJ WKH RSWLPDO VWDWH�YDOXH IXQFWLRQ LV

V ∗,i(τ it ) = PD[
a

E
[

Ri(St, A
−i
t , a) + γV ∗,i(τ it+1)

]

�����

$V QRWHG EHIRUH� DOO FDSLWDO OHWWHUV DUH XQGHUVWRRG WR EH UDQGRP YDULDEOHV RYHU ZKLFK H[SHFWDWLRQV DUH
WDNHQ �DOEHLW ZLWK τ EHLQJ LQIHUUHG IURP FRQWH[W LQ WKH DEVHQFH RI DQ HDVLO\ LGHQWLILDEOH FDSLWDO�� $V PXFK
DV SRVVLEOH� ZH ZLOO VXSSUHVV GLVWULEXWLRQV ZKLFK DUH REYLRXV IURP FRQWH[W� /LNHZLVH� WKH REVHUYDWLRQV
RI RWKHU DJHQWV DUH VXSSUHVVHG IRU QRWDWLRQDO VLPSOLFLW\� EXW PXVW DOVR EH LQWHJUDWHG RYHU�

7KH H[SHFWHG SURILW RI DQ DJHQW REH\LQJ VWUDWHJ\ πi LV VLPLODUO\

V πi,i(τ it ) = E

[

Ri(St, A
−i
t , Ai

t) + γV πi,i(τ it+1)|π
i
]

�����



���� 'SRZIVKIRGI 'VMXIVME ERH (IhRMXMSR SJ XLI 3TXMQEPMX]�(IhGMX ��

'LIIHUHQW JHQHUDOL]DWLRQV RI WKH RSWLPDOLW\�GHILFLW FDQ EH REWDLQHG E\ FKRRVLQJ ZKHWKHU WKH DJHQW
VXEVHTXHQWO\ REH\V VRPH RULJLQDO SROLF\ RU LWV RSWLPDO SROLF\� $V ZH GR QRW� LQ JHQHUDO� KDYH DFFHVV
WR WKH RSWLPDO SROLF\ RU YDOXH IXQFWLRQ� WKH YHUVLRQ IRU ZKLFK ZH ZLOO KDYH WKH PRVW XVH LV WKH GHILFLW
ZLWK UHVSHFW WR DQ DJHQW VXEVHTXHQWO\ SOD\LQJ LWV RULJLQDO SROLF\� WKLV FRUUHVSRQGV WR WKH H[SHFWHG SURILW
VXERSWLPDOLW\ LQ D VLQJOH WLPHVWHS�

λi(τ it ) = Qπi,i(τ it , a
i,∗)− V πi,i(τ it ) �����

,Q WKH XSFRPLQJ VHFWLRQ� ZH ZLOO KDYH RFFDVLRQ WR UHIHU WR WKH FDVH LQ ZKLFK DJHQWV ELG IRU D VLQJOH
FOHDULQJ RI D PDUNHW� DQG LQ ZKLFK HDFK KDV KLGGHQ LQIRUPDWLRQ DERXW LWV JHQHUDWLRQ FDSDFLW\ DQG
PDUJLQDO FRVWV� IRU WKLV FDVH� WKH LGHD LV WKH VDPH EXW IRU WDNLQJ WKH H[SHFWDWLRQ RYHU WKH FRXQWHUSDUWLHV¶
SROLFLHV �RQFH DJDLQ VSHFLDOL]LQJ WR D VLQJOH�WLPHVWHS HQYLURQPHQW��

λi(oit) = PD[
a

{

E
[

Ri(St, A
−i, a)|A−i ∼ π−i(O−i)

]}

− E
[

Ri(St, A
−i, Ai)|A−i ∼ π−i(O−i), Ai ∼ πi(oi)

]

�����
,QWXLWLYHO\� WKH GHILFLW UHSUHVHQWV WKH H[SHFWHG ORVV LQ SURILW � FRPSDUHG WR ZKDW LW ZRXOG DFKLHYH SOD\�

LQJ RSWLPDOO\ � RI DQ DJHQW ZLWK JHQHUDWLRQ SDUDPHWHUV τ it � VXSSRVLQJ WKDW LWV RSSRQHQWV ELG DFFRUGLQJ
WR IL[HG SROLFLHV� ZLWK WKHLU RZQ KLGGHQ JHQHUDWLRQ SDUDPHWHUV GUDZQ IURP VRPH NQRZQ GLVWULEXWLRQ�

$QG RI FRXUVH� LI RQH FRQVLGHUV WKH FDVH QRW IRU RQH WLPHVWHS� EXW IRU WKH RYHUDOO RSWLPDOLW\�GHILFLW RI
D SROLF\� RQH ILQGV D QDWXUDO PXOWL�DJHQW JHQHUDOL]DWLRQ RI WKH FRQFHSW RI ´UHJUHW´ IURP WUDGLWLRQDO OHDUQLQJ
WKHRU\�

2QH LPSRUWDQW IHDWXUH RI WKH GLVFUHWH HQYLURQPHQW LV WKH DELOLW\ WR GLUHFWO\ FRPSXWH WKH RSWLPDOLW\�
GHILFLW� IL[LQJ WKH DJHQW ZKRVH RSWLPDOLW\�GHILFLW ZH ZLVK WR FDOFXODWH� WKH UHPDLQLQJ DJHQWV PD\ EH DV�
VXPHG �RQFH H[SORUDWLRQ KDV EHHQ GLVDEOHG� WR SOD\ D JUHHG\ SROLF\ ZKLFK DOZD\V VHOHFWV WKHLU JXHVVHG�
RSWLPDO DFWLRQ � WKXV� WKH JLYHQ DJHQW¶V RSWLPDO DFWLRQ PD\ EH REWDLQHG E\ EUXWH�IRUFH VHDUFK� UHTXLULQJ
RQO\ |Ai| �WKH QXPEHU RI DFWLRQV DYDLODEOH WR WKH DJHQW XQGHU FRQVLGHUDWLRQ� PDUNHW FOHDULQJV�

������ 8LI 3TXMQEPMX]�(IhGMX MR XLI 'SRXMRYSYW 'EWI
,Q FRPSDULVRQ WR WKH WDEXODU FDVH� FDOFXODWLQJ WKH RSWLPDOLW\�GHILFLW LQ FRQWLQXRXV VSDFHV FDQ EH TXLWH
GLIILFXOW� ,Q SDUWLFXODU� RQH PXVW FDOFXODWH� IRU HDFK SRVVLEOH KLGGHQ�VWDWH� WKH H[SHFWHG UHWXUQ RI DQ
DJHQW¶V RSWLPDO DFWLRQ� 7KLV HQWDLOV� IRU HDFK FDQGLGDWH IRU WKH RSWLPDO DFWLRQ� VDPSOLQJ RYHU KLGGHQ�
VWDWHV DQG RSSRQHQWV¶ SRVVLEO\ VWRFKDVWLF SROLFLHV � D VFDOLQJ WKDW TXLFNO\ EHFRPHV LQWUDFWDEOH� ,Q WKLV
VHFWLRQ� ZH GHVFULEH RQH DSSURDFK WR DSSUR[LPDWHO\ FRPSXWH WKH RSWLPDOLW\�GHILFLW IRU ''3* XVLQJ DQ
0$''3*�DJHQW WUDLQHG LQ SDUDOOHO�

2XU JRDO LV WR NQRZ� IRU D JLYHQ DJHQW� DQG IL[LQJ WKH RWKHU DJHQWV¶ SROLFLHV� WKH H[SHFWHG SURILW RI
DFWLQJ RSWLPDOO\� 6XSSRVLQJ WKDW WKH JLYHQ DJHQW LV WUDLQHG XVLQJ ''3*� DQG WKXV LV DVVRFLDWHG ZLWK
ERWK D SROLF\ µi(oi) DQG D FULWLF IXQFWLRQ� Qi(oi, ai)� :H WKHQ LQWURGXFH D ´VXSHUYLVRU´ FRXQWHUSDUW RI
WKLV DJHQW �WUDLQHG RQ WKH VDPH URXQGV DV WKH DFWLQJ DJHQWV ZLWK DSSURSULDWHO\ DXJPHQWHG GDWD� DQG
XVHG RQO\ IRU GHILFLW HVWLPDWLRQ � QHYHU DFWLQJ� ZLWK DVVRFLDWHG µi

S(o
i) DQG Qi

S(o
i, ai, o−i, a−i) �WKH ´6´

VXEVFULSW GHQRWLQJ WKH VXSHUYLVRU�� )XUWKHU� DV WKH VXSHUYLVRU SROLF\ LV PHDQW WR GHWHUPLQH WKH EHVW�
UHVSRQVH� LW PD\ EH PDGH PRUH DFFXUDWH E\ JLYLQJ LW DFFHVV WR RWKHU DJHQWV¶ DFWLRQV DQG REVHUYDWLRQV�
L�H� µi

S(o
i, o−i, a−i) �WKLV JHQHUDOL]DWLRQ PD\ RU PD\ QRW EH WKH PRVW VHQVLEOH GHSHQGLQJ RQ FRQWH[W �

RQH PD\ ZLVK WR PHDVXUH GHILFLW ZLWK UHVSHFW WR RSWLPDO�RXWFRPH EHKDYLRU RU ZLWK UHVSHFW WR RSWLPDO�
LQ�H[SHFWDWLRQ EHKDYLRU��

,Q WKH OLPLW RI ´SHUIHFWO\ HIIHFWLYH´ WUDLQLQJ� ZH DQWLFLSDWH WKDW WKH VXSHUYLVRU VKRXOG \LHOG WKH DFWLRQ
ZKLFK PD[LPL]HV WKH H[SHFWHG FHQWUDOL]HG 4�YDOXH� WKDW LV� µi

S(o
i) → PD[aiE

[

Qi
S(o

i, ai, O−i, A−i)
]

�
7KLV LV SUHFLVHO\ WKH ¶RSWLPDO DFWLRQ¶ ZH ZRXOG OLNH WR XVH LQ IRUPXODWLQJ WKH GHILFLW �LQGHHG� WKHUH LV QR
SDUWLFXODU QHHG WR XVH UHLQIRUFHPHQW�OHDUQLQJ WR ILQG WKLV DFWLRQ � RWKHU VWRFKDVWLF RSWLPL]DWLRQ PHWKRGV
PD\ EH XVHG WR GHWHUPLQH WKH RSWLPDO DFWLRQ� LI GHVLUHG��

7KHQ� WKH DSSUR[LPDWH YDOXH RI WKH GHILFLW LV�

λi(oi, µi
S(o

i), o−i, a−i) ≈ PD[aiQi
S(o

i, aio−i, a−i)−Qi(oi, µi(oi), o−i, a−i) ������

8QIRUWXQDWHO\� WKH SULPDU\ DOJRULWKPV ZH GLVFXVV KHUH� ''3* DQG 0$''3* DUH RQ�SROLF\ DOJR�
ULWKPV � WKDW LV� WUDLQLQJ WKH VXSHUYLVRU SROLF\ EDVHG RQ WKH DFWRU¶V DFWLRQV ZLOO QRW ZRUN� ZKHUH SRV�
VLEOH� LQVWHDG PDGH WR DQDO\WLFDO VROXWLRQV� )XWXUH ZRUN PLJKW H[DPLQH DOWHUQDWLYH H[WHQVLRQV RI WKH
RSWLPDOLW\�GHILFLW DQG RWKHU ZD\V WR FRPSXWH LW�



���� 'SRZIVKIRGI 4VSSJW ��

���� 'SRZIVKIRGI 4VSSJW
:H DUH QRZ LQ D SRVLWLRQ WR GLVFXVV PDWKHPDWLFDOO\ WKH PDQLIHVWDWLRQ RI WKH QRQ�VWDWLRQDULW\ SUREOHP
DV D FRQYHUJHQFH WR LQFRUUHFW HTXLOLEULD�

,Q ZKDW IROORZV� ZH VHHN WR SURYH VXIILFLHQW FRQGLWLRQV IRU FRQYHUJHQFH WR D FRUUHFW HTXLOLEULXP� WR
PDNH WKLV VLPSOHU� ZH FRQVLGHU WKH GLVFUHWH FDVH ZLWK RQO\ WZR DJHQWV� WKH JHQHUDOL]DWLRQ WR PDQ\
DJHQWV LV VWUDLJKWIRUZDUG� ZKLOH FRQYHUJHQFH WKHRUHPV DUH LPSUDFWLFDO WR SURYH IRU WKH FRQWLQXRXV
FDVH LQ ZKLFK Q�IXQFWLRQ XSGDWHV UHO\ KHDYLO\ RQ WKH FRPSOLFDWHG QHXUDO QHWZRUN SDUDPHWHUL]DWLRQ
DQG VSHFLILFV RI WKH RSWLPL]HU XVHG IRU JUDGLHQW�GHVFHQW�

)LUVW ZH FRQVLGHU WKH FHQWUDOL]HG SROLF\� /HW Qi
t EH D PDWUL[ ZKRVH HQWU\ i, j UHSUHVHQWV WKH DJHQW¶V

4�YDOXH HVWLPDWH RI WKH UHZDUG REWDLQHG IRU LWVHOI DQG LWV RSSRQHQW WDNLQJ DFWLRQV ai DQG aj � UHVSHFWLYHO\�
8SRQ WKH DFWLRQ�SDLU (ai, aj) RFFXUULQJ� DQ XSGDWH UXOH GLFWDWHV WKDW DJHQW k XSGDWHV DV

Qk
t+1 = f(Qk

t , R
k
ijδij) ������

�ZKHUH δij LV WKH PDWUL[ ZKLFK LV 1 LQ HQWU\ i, j DQG 0 LQ DOO RWKHUV� )RU LQVWDQFH� WKH VRIW�XSGDWH UXOH
KDV WKH IRUP f(A,B) = A(1 − δij) + δij(ρA + (1 − ρ))B� 7KLV LV VLPSO\ WR VD\ WKDW WKH XSGDWH UXOH
XSGDWHV RQO\ WKH HQWU\ IRU WKH DFWLRQ�SDLU ZKLFK LV REVHUYHG� ZKLFK XSGDWHV WR D ZHLJKWHG DYHUDJH RI
WKH HVWLPDWHG DQG REVHUYHG YDOXH�

7KH IROORZLQJ FRQGLWLRQ VXIILFHV WR VKRZ WKDW DQ XSGDWH UXOH IRU Q LV QRQ�LQFUHDVLQJ� LI ZH KDYH IRU
VRPH PDWUL[�QRUP || · || WKDW IRU DQ\ REVHUYDWLRQ (ai, aj)

||Qk
t+1 −Rk|| ≤ ||Qk

t −Rk|| ������

WKHQ WKH XSGDWH�UXOH LV QRQ�LQFUHDVLQJ DQG ERXQGHG DERYH E\ ||Q0 − R||� DQG ERXQGHG EHORZ E\ 0 �
WKXV WKH VHTXHQFH FRQYHUJHV �QRW QHFHVVDULO\ WR 0��

7KHQ� UHTXLULQJ WKDW� IRU HDFK SRVVLEOH REVHUYDWLRQ�SDLU� (ai, aj)�Qk
t+1,ij = Rk

ij RU WKDW WKH REVHUYDWLRQ�

SDLU RFFXU ZLWK QRQ�]HUR SUREDELOLW\� DQG XSRQ RFFXUULQJ� FDXVH |Qk
t+1,ij −Rk

ij | ≤ ρ|Qk
t,ij −Rk

ij | IRU VRPH
0 ≤ ρ < 1� 7KDW WKLV FULWHULRQ LV VXIILFLHQW IRU FRQYHUJHQFH IROORZV IURP FRQVLGHULQJ DQ\ REVHUYDWLRQ�SDLU
(ai, aj) ZKHUH |Qk

t,ij − Rk
ij | = ct > 0 IRU VRPH YDOXH ct� /HW WKH VWRSSLQJ�WLPH τ1 = t GHQRWH WKH HYHQW

WKDW t LV WKH ILUVW WLPH VXFK WKDW ct < ct−1� %\ K\SRWKHVLV� τ1 LV ILQLWH ZLWK SUREDELOLW\ RQH� 7KHQ OHW τ2 EH
WKH VWRSSLQJ�WLPH DVVRFLDWHG ZLWK WKH VHFRQG VXFK GHFUHDVH � FRQGLWLRQLQJ RQ t ≥ τ1 �D VHW ZKLFK LV
QRQHPSW\ DV τ1 LV ILQLWH�� τ2 LV OLNHZLVH ILQLWH� HWF� 7KXV� IRU DQ\ LQWHJHU N � WKHUH H[LVWV� ZLWK SUREDELOLW\
RQH� D WLPH tN VXFK WKDW (ai, aj) KDV EHHQ GUDZQ N WLPHV� LQ HDFK FDVH� WKH PLVPDWFK |Qk

t,ij − Rk
ij |

GHFUHDVHV E\ DW OHDVW D IDFWRU RI ρ < 1� DV WKLV LV WUXH IRU HDFK SDLU RI LQGLFHV DQG IRU DOO N � %URXZHU¶V
IL[HG�SRLQW WKHRUHP >��@ LPSOLHV WKDW WKH 4�HVWLPDWH FRQYHUJHV HOHPHQW�ZLVH DQG DOPRVW�VXUHO\ WR WKH
WUXH UHZDUG� 7KXV ZH KDYH�

7KHRUHP� /HW Qk
t GHQRWH DJHQW k¶V HVWLPDWHG Q�IXQFWLRQ DV D PDWUL[ ZKRVH HQWULHV FRUUHVSRQG WR SRV�

VLEOH DFWLRQ SDLUV RI DOO DJHQWV� 6LPLODUO\� OHW Rk EH D PDWUL[ GHQRWLQJ WKH DFWXDO UHZDUG REWDLQHG� DQG
f(Qk, Rk

ijδij) EH DQ XSGDWH UXOH ZKLFK DOWHUV WKHQ�HVWLPDWH XSRQ REVHUYLQJ D UHZDUGR
k
ij FRUUHVSRQGLQJ

WR WKH DFWLRQ SDLU i, j� 7KHQ� LI WKHUH H[LVWV D PDWUL[�QRUP ||·|| VXFK WKDW DOZD\V ||Qk
t+1−Rk|| ≤ ||Qk

t −Rk||�
WKHQ WKH HUURU ||Qk

t −Rk|| FRQYHUJHV WR D FRQVWDQW c DV t → ∞�

7KHRUHP 6XSSRVH WKH IROORZLQJ WKUHH FRQGLWLRQV RQ DUH PHW�

� 6HHLQJ WKH i, j�DFWLRQ SDLU� WKH XSGDWH UXOH DOWHUV RQO\ Q¶V i, jWK HQWU\

� )RU HDFK i, j WKHUH H[LVWV D ρ� 0 ≤ ρ < 1� |Qk
t+1,ij −Rk

ij | ≤ ρ|Qk
t,ij −Rk

ij |

� $OO DFWLRQ�SDLUV (ai, aj) IRU ZKLFK Qk
ij 6= Rk

ij RFFXU ZLWK QRQ�]HUR SUREDELOLW\

7KHQ Qk
t FRQYHUJHV HOHPHQW�ZLVH DQG DOPRVW�VXUHO\ WR Rk DV t → ∞�

$ VWDWHIXO PXOWL�DJHQW 0'3 ZLWK PXOWLSOH WLPHVWHSV FDQ DOZD\V EH WUDQVIRUPHG LQWR D PXOWL�DJHQW� VWDWH�
OHVV� WLPHOHVV 0'3 VXFK DV WKH RQH GLVFXVVHG DERYH� HDFK DJHQWV¶ WUDQVIRUPHG DFWLRQ LV D SROLF\ RYHU
DOO SDUWLDO�WUDMHFWRULHV� 7KXV�

&RUROODU\ 7KH FRQYHUJHQFH WKHRUHP VWDWHG DERYH DSSOLHV WR VWDWHIXO 0'3V ZLWK PXOWLSOH WLPHVWHSV
LI D QRQVWDQGDUG Q�IXQFWLRQ RYHU WUDMHFWRULHV LV XVHG�



���� %HZIVWEVMEP 1EVOIX�(IWMKR ��

/HW XV QRZ WXUQ WR WKH LQGHSHQGHQW FDVH� DQDORJRXV WR ''3*� ,Q WKLV FDVH� WKH Q�HVWLPDWH FDQ EH
ZULWWHQ DV D YHFWRU qkt �RU DV D PDWUL[ ZKRVH FROXPQV DUH DOO q

k
t � RQH IRU HDFK RI WKH RSSRQHQWV¶ DFWLRQV��

7KH DQDORJRXV XSGDWH UXOH LV� IRU DQ REVHUYDWLRQ RI WKH i, j DFWLRQ�SDLU�

qkt+1 = f(qkt , R
k
ijδ

i)

[qkt+1, q
k
t+1, . . .] = [f(qkt , R

k
ijδ

i), f(qkt , R
k
ijδ

i), . . .]
������

�WKH VHFRQG�OLQH LV WKH PDWUL[�UHSUHVHQWDWLRQ� IRU PRUH GLUHFW FRPSDULVRQ�
,W LV LPPHGLDWHO\ FOHDU WKDW WKH WKHRUHPV DERYH ZLOO QRW DSSO\ LQ JHQHUDO� 7KH FRQWUDFWLRQ SURSHUW\

FDQQRW EH DVVXPHG ZLWKRXW IXUWKHU DVVXPSWLRQV� DQG IXUWKHU� VXFK DQ XSGDWH UXOH QHFHVVDULO\ HQWDLOV
DOWHULQJ HQWULHV RI WKH Q PDWUL[ ZKLFK KDYH QRWKLQJ WR GR ZLWK WKH REVHUYDWLRQ� ,QWXLWLYHO\� SURYLGHG WKDW
WKH VHFRQG DJHQW¶V DFWLRQV HIIHFW WKH ILUVW¶V UHZDUG� LW FDQ FDXVH WKH ILUVW DJHQW¶V Q�IXQFWLRQ WR RVFLOODWH
PHUHO\ E\ FRQVLVWHQWO\ SOD\LQJ RQH DFWLRQ IRU D ORQJ WLPH� DQG WKHQ SOD\LQJ D GLIIHUHQW DFWLRQ IRU D ORQJ
WLPH� DQG VR RQ�

:KHWKHU RU QRW WKLV PLV�JHQHUDOL]DWLRQ RFFXUV LQ SUDFWLFH WKXV FOHDUO\ GHSHQGV RQ WKH XSGDWH UXOH
DQG WKH EHKDYLRU RI WKH RWKHU DJHQW�

���� %HZIVWEVMEP 1EVOIX�(IWMKR
,Q JHQHUDO� PDUNHW�GHVLJQ LV WKH GLVFLSOLQH RI WUDQVODWLQJ REMHFWLYHV LQWR PDUNHW�GHVLJQ SDUDPHWHUV� ,I
WKHVH REMHFWLYHV FDQ EH WUDQVODWHG LQWR VRPH JHQHUDOL]DWLRQ RI WKH ´VRFLDO�ZHOIDUH´ IXQFWLRQ IURP HFR�
QRPLFV� DQG WKHVH SDUDPHWHUV FDQ EH TXDQWLILHG� LW LV SRVVLEOH WR SKUDVH WKH SUREOHP RI PDUNHW GHVLJQ
LWVHOI LQ WHUPV RI UHLQIRUFHPHQW OHDUQLQJ�

$V DQ H[DPSOH� FRQVLGHU WKH FDVH RI DQ ROLJRSROLVWLF PDUNHW ZLWK NQRZQ VXSSO\ DQG GHPDQG FXUYHV�
D PDUNHW�GHVLJQHU PLJKW WDNH WKHLU JRDO WR EH WKH PD[LPL]DWLRQ RI WKH VRFLDO�ZHOIDUH IXQFWLRQ� DQG DLP
WR VHW ELGGLQJ UXOHV DFFRUGLQJO\� 1RWH WKDW� PDQ\ PDUNHW�GHVLJQ TXHVWLRQV HQWDLO GHFLGLQJ EHWZHHQ WZR
GLVFUHWH DOWHUQDWLYHV �H�J�� D QRGDO YV� D ]RQDO SULFLQJ�VFKHPH� LQ VXFK FDVHV� LW LV SRVVLEOH WR HPSOR\
WDEXODU PHWKRGV� WKRXJK WKLV LV OLNHO\ QRW DQ HIIHFWLYH PHWKRG IRU SHUIRUPLQJ VXFK DQDO\VHV�

,Q WKH ODQJXDJH RI �VLQJOH�SDUDPHWHU� PHFKDQLVP�GHVLJQ� D PDUNHW UXOH FRQVLVWV RI DQ RXWFRPH�UXOH
x(b) PDSSLQJ D VHW RI ELGV b WR D VHW RI JRRG DOORFDWLRQV� DQG D SD\PHQW�UXOH p(b) PDSSLQJ D VHW RI ELGV
WR SD\PHQWV H[DFWHG XSRQ HDFK ELGGHU� 2QH PXVW IXUWKHU VSHFLI\ WKH ELGGHUV¶ XWLOLW\ IXQFWLRQV� u(b)
>��@� (DFK ELGGHU YDOXHV D JRRG GLIIHUHQWO\� PRGHOHG DV FRUUHVSRQGLQJ WR D YHFWRU RI UDQGRP YDOXHV V

�UHDOL]HG YDOXHV DUH NQRZQ RQO\ WR WKHLU ELGGHU�� 1RZ� IRU D JLYHQ PDUNHW� LW LV SUREDEO\ WKH FDVH WKDW
ELGGHUV¶ XWLOLW\ IXQFWLRQV DUH QRW VXEMHFW WR PDUNHW�GHVLJQ� RQ WKH RWKHU KDQG� WKH DOORFDWLRQ DQG SULFLQJ
UXOH OLNHO\ DUH� 7KH UHYHODWLRQ SULQFLSOH >��@ LPSOLHV WKDW IRU DQ\ PHFKDQLVP� WKHUH H[LVWV D PHFKDQLVP
VXFK WKDW LW LV D ZHDNO\ GRPLQDQW VWUDWHJ\ IRU DOO DJHQWV WR VXEPLW WKHLU ELGV DV WUXWKIXO UHSRUWV RI WKHLU
RZQ YDOXHV� VXFK PHFKDQLVPV DUH NQRZQ DV ´GRPLQDQW VWUDWHJ\ LQFHQWLYH FRPSDWLEOH´ �'6,&��

,Q WKH FDVH RI DQ HOHFWULFLW\ PDUNHW� WKHQ� ELGGHUV DUH SRZHU�SURGXFLQJ ILUPV ZKLOH PDUNHW�GHVLJQ
SDUDPHWHUV PLJKW LQFOXGH WKLQJV VXFK DV D SULFH�FDS DQG�RU IORRU� RU PRUH FRPSOLFDWHG WLHUHG SULFH�
UHVWULFWLRQV ZKLFK VHW D G\QDPLF SULFH�FDS DFFRUGLQJ WR GHPDQG� 0HDQZKLOH� WKH ELGV FRUUHVSRQG WR
DJHQWV¶ VXEPLWWHG (Q,P ) SDLUV� $ PDUNHW ZLWK IL[HG GHPDQG�IXQFWLRQ PD(Q)� DFFRUGLQJ WR WKH UHYHODWLRQ
SULQFLSOH� KDV VRPH FOHDULQJ�UXOH VXFK WKDW WUXWKIXOO\ UHSRUWLQJ (QPD[,MC) LV D GRPLQDQW VWUDWHJ\ IRU
WKH SURGXFLQJ ILUPV � WKLV FDQQRW EH WKH VWDQGDUG PHULW�RUGHU FOHDULQJ�UXOH� DV WKLV UXOH LQ JHQHUDO DOORZV
DJHQWV WR SURILW E\ H�J�� VWUDWHJLFDOO\ ZLWKKROGLQJ FDSDFLW\�

+HUH ZH LQWURGXFH WKH FRQFHSW RI DGYHUVDULDO PDUNHW�GHVLJQ� ,Q WKLV PHWKRG� DQ ´DGYHUVDU\´ DJHQW LV
WUDLQHG WR VHOHFW DPRQJVW WKH SRVVLEOH PDUNHW�GHVLJQV� ZKLOH ILUP DJHQWV DUH WUDLQHG WR DFW VWUDWHJLFDOO\
ZLWKLQ WKH VHOHFWHG GHVLJQ� 8QOLNH WKH VWDQGDUG SURFHGXUH RI PHFKDQLVP GHVLJQ� WKLV PHWKRG GRHV
QRW IRFXV RQ SURGXFLQJ '6,& PHFKDQLVPV� EXW LQVWHDG RQ FKRRVLQJ WKH RSWLPDO PHFKDQLVP ZKHQ
SUHVHQWHG ZLWK D SDUDPHWHUL]HG IDPLO\ RI SRVVLEOH PDUNHW�GHVLJQV� ,Q DGYHUVDULDO PDUNHW�GHVLJQ� ZH
LQWURGXFH DQ DJHQW ZKRVH SXUSRVH LV WR VHOHFW WKH RSWLPDO PDUNHW�GHVLJQ � L�H�� WKDW ZKLFK PD[LPL]HV
VRPH VRFLDO�ZHOIDUH IXQFWLRQ� 1R ORQJHU DVVXPLQJ KRQHVW ELGV� ILUPV DUH VLPXOWDQHRXVO\ WUDLQHG WR
EHKDYH VWUDWHJLFDOO\ XQGHU WKLV PDUNHW�GHVLJQ� 6XFK DQ DSSURDFK LV JHDUHG WRZDUGV FDVHV ZKHUH� H�J��
D UHJXODWRU KDV GHFLGHG WR LPSOHPHQW D SDUWLFXODU UXOH� VD\� D SULFH�FDS� DQG ZLVKHV WR NQRZ ZKDW YDOXH
LW VKRXOG EH VHW DW�

7UDGLWLRQDO PHFKDQLVP GHVLJQ DSSURDFKHV FDQQRW VROYH WKLV SUREOHP� DV WKH PHFKDQLVP JXDUDQ�
WHHG E\ WKH UHYHODWLRQ�SULQFLSOH ZLOO� LQ JHQHUDO� QRW EH D PHPEHU RI WKH IDPLO\ RI SDUDPHWHUL]HG PDUNHW�



���� %HZIVWEVMEP 1EVOIX�(IWMKR ��

GHVLJQV� )RU H[DPSOH� RQH PLJKW GHWHUPLQH WKH RSWLPDO SULFH�FDS JLYHQ KRQHVW ELGV� RQO\ WR ILQG WKDW
WKH RXWHU PHFKDQLVP QHFHVVLWDWHG E\ WKH UHYHODWLRQ�SULQFLSOH FDQQRW EH LPSOHPHQWHG XVLQJ D SULFH�FDS
DORQH�

:H LOOXVWUDWH WKH GLIIHUHQFH LQ SURFHGXUH LQ )LJXUHV ��� DQG ���� )LJXUH ��� LOOXVWUDWHV D SURFHGXUH
ZKLFK D PDUNHW�GHVLJQHU PLJKW XVH WR HYDOXDWH GLIIHUHQW PDUNHW�GHVLJQV YLD VLPXODWLRQ � WKH GHVLJQHU
EHJLQV E\ VHOHFWLQJ VRPH QXPEHU N RI GHVLJQV WR FRPSDUH� WKHVH PLJKW EH� VD\� PDUNHWV ZLWK RQH�
SULFH DQG WZR�SULFH LPEDODQFH VHWWOHPHQW UXOHV� )LUP EHKDYLRU LV VLPXODWHG LQ HDFK FDVH� DQG WKH UHVXOWV
FRPSDUHG E\ KDQG� RI FRXUVH� DOO VWHSV DUH PRGHUDWHG E\ WKHRUHWLFDO DQDO\VLV DQG WKH GHVLJQHU¶V JRRG
MXGJHPHQW� XOWLPDWHO\ OHDGLQJ WR D GLVFXVVLRQ RI UHVXOWV� DQG LI DSSURSULDWH� D UHFRPPHQGDWLRQ DV WR
ZKLFK GHVLJQ LV ´EHWWHU´�

%\ FRQWUDVW� DGYHUVDULDO PDUNHW�GHVLJQ DSSURDFKHV WKH SUREOHP GLIIHUHQWO\� LQVWHDG RI VWDUWLQJ ZLWK D
GLVFUHWH QXPEHU RI FRQFHSWXDO GHVLJQV� WKH PDUNHW�GHVLJQHU OD\V RXW D SDUDPHWHUL]HG IDPLO\ RI PDUNHW�
GHVLJQV � WKHQ WKH DGYHUVDULDO DJHQW FKRRVHV DPRQJVW WKLV IDPLO\ ZKLOH ILUPV VLPXOWDQHRXVO\ OHDUQ WR
DGMXVW WKHLU VWUDWHJLHV LQ WKH QHZ HQYLURQPHQW�

)LJXUH ���� 6FKHPDWLF LOOXVWUDWLRQ RI WKH WUDGLWLRQDO XVH RI VLPXODWLRQ LQ PDUNHW�GHVLJQ� VWDUWLQJ ZLWK N GLVFUHWH FDQGLGDWH
GHVLJQV� D PDUNHW GHVLJQHU VLPXODWHV HDFK LQ RUGHU WR JDWKHU LQIRUPDWLRQ DERXW VWUDWHJLF EHKDYLRU� DQG FRPSDUHV WKH UHVXOWV E\

KDQG� 8VLQJ WKHRUHWLFDO DQDO\VLV WR LQIRUP WKHLU MXGJHPHQW DW HDFK VWDJH� WKH GHVLJQHU HYDOXDWHV HDFK RI WKH N GHVLJQV
DFFRUGLQJ WR VRPH FULWHULD� DQG� RIWHQ� PDNHV D UHFRPPHQGDWLRQ DV WR ZKLFK LV ´EHVW´�



���� %HZIVWEVMEP 1EVOIX�(IWMKR ��

)LJXUH ���� 6FKHPDWLF LOOXVWUDWLRQ RI WKH UROH RI DGYHUVDULDO PDUNHW�GHVLJQ LQ HYDOXDWLQJ PDUNHWV� ,Q FRQWUDVW WR WKH WUDGLWLRQDO
FDVH� WKH PDUNHWV XQGHU FRQVLGHUDWLRQ PXVW EH D SDUDPHWHUL]HG IDPLO\� ,QVWHDG RI UXQQLQJ PDQ\ VLPXODWLRQV WR HYDOXDWH WKH
LQFLGHQFH DQG LPSDFW RI VWUDWHJLF EHKDYLRU� WKH DGYHUVDU\ DJHQW LV WDVNHG ZLWK PLWLJDWLQJ VWUDWHJLF EHKDYLRU IURP ZLWKLQ WKH

VLPXODWLRQ�ORRS� 7KH RXWSXW LV D VHOHFWLRQ RI RQH SDUWLFXODU PHPEHU RI WKH SDUDPHWHUL]HG IDPLO\� ZKLFK KRSHIXOO\ RSWLPL]HV WKH
DGYHUVDU\¶V VHOHFWHG VRFLDO�ZHOIDUH IXQFWLRQ�



�
7MQYPEXMSR 7IXYT ERH 1IXLSHSPSK]

,Q WKLV FKDSWHU� ZH RXWOLQH WKH WKUHH FODVVHV RI H[SHULPHQW ZH VKDOO UXQ� 6HFWLRQ ��� GLVFXVVHV WKH VHWXS
RI WKH PDUNHW DQG WKH WUDLQLQJ SURFHGXUH SHUWDLQLQJ WR WKH WDEXODU H[SHULPHQWV� 6HFWLRQ ��� LQWURGXFHV
WKH ''3* DQG 0$''3* DOJRULWKPV DW OHQJWK� 6HFWLRQ ��� GLVFXVVHV WKH UHOHYDQFH RI DQDO\]LQJ DQ
HQYLURQPHQW ZLWK D FRQWLQXRXV ELG�VSDFH� DQG LQWURGXFHV WKH WZR FDVHV ZH ZLOO H[DPLQH ZLWKLQ WKLV
HQYLURQPHQW� DGGLWLRQDOO\ SURYLGLQJ D GHVFULSWLRQ RI WKH WUDLQLQJ SURFHGXUH DQG K\SHUSDUDPWHUV� )LQDOO\�
VHFWLRQ ��� H[SOLFDWHV WKH WKH IRUP RI WKH H[SHULPHQWV LOOXVWUDWLQJ WKH XVH RI DGYHUVDULDO PDUNHW�GHVLJQ�

���� 8EFYPEV (E]�%LIEH 1EVOIX
,Q OLJKW RI WKH WKHRU\ SUHVHQWHG SUHYLRXVO\� ZH ZLVK WR LQYHVWLJDWH WKH FLUFXPVWDQFHV XQGHU ZKLFK LQGH�
SHQGHQW OHDUQHUV ZLOO FRQYHUJH WR DQ LQFRUUHFW ELGGLQJ VWUDWHJ\� 7R WKLV HQG� ZH VLPXODWH D VLPSOH GD\�
DKHDG PDUNHW� GHVFULEHG LQ GHWDLO EHORZ� ZLWK DJHQWV WUDLQHG LPSOHPHQWLQJ VLPSOH WDEXODU 4�OHDUQLQJ�
7KH RSWLPDOLW\�GHILFLW LV FDOFXODWHG� DQG H[DPSOHV DUH VKRZQ LQ ZKLFK FRQYHUJHQFH RFFXUV ZKLOH DJHQWV
PDLQWDLQ D QRQ�]HUR RSWLPDOLW\ GHILFLW�

������ (IWGVMTXMSR SJ XLI )RZMVSRQIRX
)RU WKH VDNH RI FODULW\� ZH PRGHO D VLPSOH GD\�DKHDG HOHFWULFLW\ PDUNHW� &RQVXPHU GHPDQG LV WDNHQ
WR EH OLQHDU DV D IXQFWLRQ RI WKH HOHFWULFLW\ �LQ 0:K� GHPDQGHG� $ VLQJOH PDUNHW�FOHDULQJ LV VLPXODWHG
� WHFKQLFDO RSHUDWLRQ FRQVWUDLQWV DUH QRW FRQVLGHUHG� $JHQW REVHUYDWLRQV DUH JLYHQ E\ IRXU SDUDPHWHUV�
HDFK VHOHFWHG IURP D GLVFUHWH OLVW RI SRVVLEOH FDQGLGDWH YDOXHV� WZR SDUDPHWHUV GHVFULEH WKH GHPDQG
IXQFWLRQ �L�H� D VORSH DQG DQ LQWHUFHSW�� ZKLFK DUH YLVLEOH WR DOO DJHQWV� 7KH UHPDLQLQJ WZR SDUDPHWHUV
GHVFULEH DQ DJHQW¶V PD[LPXP JHQHUDWLRQ FDSDFLW\ �LQ 0:K�� DQG WKH PDUJLQDO RSHUDWLQJ FRVW RI WKHLU
JHQHUDWRU �LQ 86' � 0:K� � WKHVH JHQHUDWLRQ SDUDPHWHUV DUH YLVLEOH RQO\ WR WKH JHQHUDWRU¶V RZQHU �H�J�
DJHQW � LV QRW SHUPLWWHG WR VHH DJHQW �¶V PDUJLQDO RSHUDWLQJ FRVW�� 2I FRXUVH� WKLV LV QRW HVSHFLDOO\
UHDOLVWLF JLYHQ WKDW ILUPV FDQ UHDVRQDEO\ LQIHU VXFK LQIRUPDWLRQ DERXW WKHLU RSSRQHQWV � WKH SRLQW LV WR
SURYLGH WKH JURXQGV WR LOOXVWUDWH WKH RSWLPDOLW\�GHILFLW LQ D JDPH ZLWK KLGGHQ LQIRUPDWLRQ�

,Q HDFK URXQG� DJHQWV VHOHFW D SDLU RI DFWLRQV (a, b) FRUUHVSRQGLQJ WR WKH IUDFWLRQ RI WKHLU WRWDO JHQ�
HUDWLRQ FDSDFLW\ WR ELG� DQG WKH IUDFWLRQ RI WKHLU PDUJLQDO FRVW WR ELG � L�H�� WKH DFWLRQ VHOHFWLRQ (a, b)
FRUUHVSRQGV WR D ELG WR VHOO aQi

max XQLWV RI HOHFWULFLW\ DW D SULFH bP i
MC � $OORZHG YDOXHV RI a DQG b DUH

WKH VDPH IRU DOO DJHQWV DW DOO WLPHV� DQG DUH HDFK GUDZQ IURP D GLVWLQFW GLVFUHWH VHW� 7KLV VHW LV D OLQHDU
VSDFLQJ EHWZHHQ D PLQLPXP DQG PD[LPXP YDOXH ZLWK D FKRVHQ QXPEHU RI VDPSOH SRLQWV� 8QOHVV RWK�
HUZLVH QRWHG� QPD[ IUDFWLRQV ZHUH SHUPLWWHG WR JR IURP 0.5 WR 1.0� ZKLOH PMC IUDFWLRQV ZHUH SHUPLWWHG
WR UDQJH IURP 0.5 WR 10� WKHUH � FKRLFHV IRU TXDQWLW\ ELGGLQJ� DQG �� IRU SULFH�ELGGLQJ� UHVXOWLQJ LQ ��
WRWDO SDLUV�

7KH PDUNHW FOHDUV LQ DV�ELG PHULW�RUGHU� ZLWK D XQLIRUP FOHDULQJ SULFH VHW WR EH WKH PLQLPXP SULFH DW
ZKLFK VXIILFLHQW ELGV DUH DFFHSWHG WR VDWLVI\ GHPDQG DW WKDW VDPH SULFH OHYHO� ,Q FDVH RI VKRUWDJH� WKH
FOHDULQJ SULFH LV WKH ZLOOLQJQHVV�WR�SD\ RI GHPDQG IRU WKH WRWDO RIIHUHG TXDQWLW\� 7LHV DUH UHVROYHG LQ QR
SDUWLFXODU RUGHU� DQG WKH DFFHSWDQFH RI D IUDFWLRQ RI D ELG¶V TXDQWLW\ LV SHUPLWWHG�

��



���� 3ZIVZMI[ SJ ((4+ ERH 1%((4+ ��

������ 8VEMRMRK 4VSGIHYVI
$JHQWV ZHUH LQLWLDOL]HG ZLWK DQ HPSW\ 4�WDEOH� $IWHU HYHU\ URXQG� DQ DJHQW OHDUQV IURP DQ REVHUYDWLRQ�
7KLV OHDUQLQJ WDNHV RQH RI WZR IRUPV� RQH LQ ZKLFK DOO UHZDUG�REVHUYDWLRQV DUH VWRUHG� DQG WKHLU DYHUDJH
YDOXH XVHG DV WKH HVWLPDWHG 4� DQG RQH LQ ZKLFK 4 ZDV XSGDWHG VXFK WKDW QQHZ = ρQROG + (1 − ρ)r
�ZLWK ρ D ´OHDUQLQJ�UDWH´ SDUDPHWHU�� :H FDOO WKH IRUPHU WKH ´DYHUDJH UHZDUG´ VFKHPH� DQG WKH ODWWHU
WKH ´VRIW�XSGDWH´ VFKHPH�

'LIIHUHQW W\SHV RI H[SORUDWLRQ ZHUH H[DPLQHG � ǫ�H[SORUDWLRQ� LQ ZKLFK DJHQWV VHOHFW WKH DFWLRQ ZLWK
WKH KLJKHVW Q YDOXH ZLWK SUREDELOLW\ 1 − ǫ� DQG DFW UDQGRPO\ ZLWK SUREDELOLW\ ǫ� 7KXV� WKH H[SORUDWLRQ
PHWKRG GLVFXVVHG LQ WKH H[DPSOH LQ WKH SUHYLRXV VHFWLRQ LV ǫ�H[SORUDWLRQ� ZLWK ǫ = 1� $OWHUQDWLYHO\�
%ROW]PDQQ H[SORUDWLRQ ZDV DOVR XVHG LQ VRPH H[SHULPHQWV� LQ WKLV PHWKRG DQ DFWLRQ LV VHOHFWHG DV WKH
VRIWPD[ SUREDELOLW\ GLVWULEXWLRQ RYHU DOO 4�YDOXHV >��@� %ROW]PDQQ H[SORUDWLRQ HPSOR\V D SDUDPHWHU β
�WKH ´LQYHUVH WHPSHUDWXUH´� JRYHUQLQJ WKH DPRXQW RI H[SORUDWLRQ � β → ∞ FRUUHVSRQGV WR FKRRVLQJ WKH
JXHVVHG�RSWLPDO DFWLRQ ZLWK SUREDELOLW\ 1� ZKLOH β = 0 FRUUHVSRQGV WR DFWLQJ XQLIRUPO\ UDQGRPO\�

)RU WKH VDNH RI SUHYHQWLQJ D SURIXVLRQ RI JUDSKV DQG WHVW�FDVHV� LQ WKH H[SHULPHQWV EHORZ� ZH
HPSOR\ WKH VRIW�XSGDWH UXOH ZLWK ρ = 0.99� DQG HSVLORQ H[SORUDWLRQ ZLWK ǫ = 1 ,Q WKH SORWV VKRZQ�
H[SORUDWLRQ ZDV� XQOHVV RWKHUZLVH QRWHG� HPSOR\HG IRU KDOI RI DOO WLPH�VWHSV� 8QOHVV RWKHUZLVH QRWHG�
DJHQWV FRQWLQXHG WR OHDUQ �L�H� WR XSGDWH WKHLU Q�WDEOHV� DIWHU H[SORUDWLRQ ZDV GLVDEOHG�

���� 3ZIVZMI[ SJ ((4+ ERH 1%((4+
7KH SXUSRVH RI WKLV VHFWLRQ LV WR EULHIO\ LQWURGXFH WKH ''3* DQG 0$''3* DOJRULWKPV DV DSSURDFKHV
WR 4�OHDUQLQJ LQ FRQWLQXRXV VSDFHV � WKHVH ZLOO EH XVHG IRU WKH H[SHULPHQWV GHVFULEHG VXEVHTXHQWO\�

������ ((4+
7KH ''3* DOJRULWKP LV DQ DOJRULWKP IRU GRLQJ GHHS UHLQIRUFHPHQW OHDUQLQJ WKDW SHUPLWV RQH WR PDNH
XVH RI D GHWHUPLQLVWLF SROLF\ � WKDW LV� DQ DFWRU¶V SROLF\ LV DVVRFLDWHG ZLWK D IXQFWLRQ �WUDGLWLRQDOO\ GH�
QRWHG µ UDWKHU WKDQ π� µ : S → A� DV FRPSDUHG WR SUREDELOLVWLF SROLFLHV ZKLFK KDYH WKH W\SH VLJQDWXUH
π : S → ∆A� :H IRFXV RXU DWWHQWLRQ RQ WKH ''3* DOJRULWKP IRU WZR SULQFLSOH UHDVRQV� ILUVW� WKH IDFW WKDW
WKH SROLF\ LV GHWHUPLQLVWLF PDNHV WKHRUHWLFDO FRPSXWDWLRQV PXFK VLPSOHU� DV QR GLVWULEXWLRQ�VDPSOLQJ
LV UHTXLUHG� VHFRQG� LW IRUPV WKH EDVLV RI WKH SRSXODU FHQWUDOL]HG�WUDLQLQJ GHFHQWUDOL]HG�H[HFXWLRQ DOJR�
ULWKP� 0$''3*� DQG WKXV SURYLGHV DQ HVSHFLDOO\ DSSURSULDWH EDVLV IRU FRPSDULVRQ� ,W LV ZRUWK QRWLQJ
WKDW GHWHUPLQLVWLF SROLFLHV DUH ´XQLYHUVDO´ LQ WKH VHQVH WKDW DQ\ SDUDPHWHUL]HG SUREDELOLVWLF SROLF\ PD\
EH PRGHOHG DV D GHWHUPLQLVWLF SROLF\ RYHU WKH GLVWULEXWLRQV¶ SDUDPHWHUV �H�J�� D SROLF\ ZKLFK GHWHUPLQLV�
WLFDOO\ FKRRVHV WKH PHDQ DQG YDULDQFH RI D QRUPDO GLVWULEXWLRQ�� RQ WKH RWKHU KDQG� WKH VWDQGDUG YHUVLRQ
RI ''3* FDQ RQO\ EH GHSOR\HG RQ SUREOHPV ZLWK D GLVFUHWH VWDWH�VSDFH DQG FRQWLQXRXV DFWLRQ�VSDFH�

:H ZLOO GHVFULEH WKH ''3* DOJRULWKP IRU WKH FDVH RI D VLQJOH�DJHQW� DV� ZLWKRXW WKH PRGLILFDWLRQV
LQWURGXFHG LQ 0$''3*� WKH VLPSOHVW H[WHQVLRQ WR WKH PXOWL�DJHQW FDVH LV PHUHO\ WR LQVWDQWLDWH DQ LQGH�
SHQGHQW ''3* OHDUQHU IRU HDFK DJHQW�

7KH DJHQW LV UHSUHVHQWHG E\ D SROLF\ µθ : S → A� D IXQFWLRQ SDUDPHWHUL]HG E\ SDUDPHWHUV UHSUH�
VHQWHG E\ θ� 8QOLNH SUREDELOLVWLF SROLFLHV� JUDGLHQW�GHVFHQW RQ GHWHUPLQLVWLF SROLFLHV UHTXLUHV PRGHOOLQJ
D UHZDUG IXQFWLRQ �VRPHWLPHV WKLV UHZDUG PRGHO LV FDOOHG WKH ´FULWLF´� LQ ZKLFK FDVH WKH SROLF\ LV NQRZQ
DV WKH ´DFWRU´� DQG WKH DOJRULWKP LV VDLG WR EH RQH DPRQJVW D FODVV RI ´DFWRU�FULWLF´ DOJRULWKPV�� 7KH
VLPSOHVW WDUJHW WR PRGHO LV WKH Q�IXQFWLRQ GLVFXVVHG SUHYLRXVO\� ZKLFK ZH DVVRFLDWH ZLWK SDUDPHWHUV
φ� Q LV D IXQFWLRQ Q : S × A → R� ,Q WKLV DOJRULWKP� JUDGLHQW�GHVFHQW RQ Q VHHNV WR PLQLPL]H WKH
GLIIHUHQFH EHWZHHQ WKH SUHGLFWHG Q IRU D JLYHQ VWDWH�DFWLRQ SDLU DQG WKH REVHUYHG UHZDUG� WKH SROLF\ µ

LV RSWLPL]HG WR PD[LPL]H WKLV PRGHO�UHZDUG IXQFWLRQ� 7KDW LV� LGHDOO\ ZH ZRXOG KDYH�

Q
µ
φ(st, at) → E

[

R(st, at) + Σt′≥t+1γ
t′R(St′ , µ(St′))

]

µθ(st) → DUJPD[µE
[

R(st, µ(st)) + Σt′≥t+1γ
t′R(St′ , µ(St′))

] �����

$FFRUGLQJO\� ZH FDQ FRQVLGHU WKH %HOOPDQ HTXDWLRQV� DQG WDNH WKH DSSUR[LPDWLRQV�

Q
µ
φ(st, at) ≈ E

[

R(st, at) + γQ
µ
φ(St+1, µ(St+1))

]

µ(st) ≈ DUJPD[aQ
µ
φ(st, a)

�����



���� )\XIRWMSR XS XLI 'SRXMRYSYW (E]�%LIEH 1EVOIX ��

�WKHVH DUH DSSUR[LPDWLRQV EHFDXVH FKDQJHV WR RQH IXQFWLRQ DUH RQO\ JUDGXDOO\ SURSDJDWHG WR WKH RWKHU�
:KLFK LQ WXUQ DOORZV XV WR GHILQH WKH DSSURSULDWH ORVV IXQFWLRQV�

LQ [φ] = E

[

(

Rt + γQ
µ
φ(St+1, At+1)−Q

µ
φ0
(St, At)

)2
]

Lµ [θ] = E

[

Q
µ
φ(St, µθ(St))|

]

�����

7KH VXEVFULSW φ0 LQGLFDWHV WKDW WKH IXQFWLRQ�SDUDPHWHUV XVHG DUH WKRVH FRUUHVSRQGLQJ WR φ� EXW JUDGL�
HQWV DUH QRW WDNHQ ZLWK UHVSHFW WR WKHP �RWKHUZLVH JUDGLHQWV IORZ LQ DQ DFDXVDO PDQQHU ZKLFK JLYHV ULVH
WR LQVWDELOLWLHV�� 7KH TXDQWLWLHV VKRZQ DUH DOO GLIIHUHQWLDEOH DQG PD\ EH HVWLPDWHG IURP HQYLURQPHQWDO
GDWD� WKXV WKH JUDGLHQWV PD\ EH HVWLPDWHG IRU JUDGLHQW�GHVFHQW�

������ 1%((4+
0$''3*� LQWURGXFHG LQ >��@� LV DQ H[WHQVLRQ RI WKH ''3* DOJRULWKP WR WKH PXOWL�DJHQW FDVH� 7KH
FRUH SUREOHP DGGUHVVHG LV WKDW LQGHSHQGHQW OHDUQLQJ GRHV QRW DOZD\V FRQYHUJH FRUUHFWO\� 0$''3* LV
GLIIHUHQW IURP ''3* LQ WKDW WKH ´FULWLF´ IXQFWLRQV DUH SHUPLWWHG DFFHVV WR WKH GDWD IURP WKH ZKROH HQYL�
URQPHQW �LQFOXGLQJ GDWD ZKLFK LV KLGGHQ IURP WKH DJHQW�� WKXV WKH DFWRU� ZKLFK ZH ZLVK WR KDYH DFFHVV
RQO\ WR GDWD DYDLODEOH WR LW DW H[HFXWLRQ WLPH� LV VWLOO DEOH WR OHDUQ WR EHKDYH LQWHOOLJHQWO\ LQ UHVSRQVH WR
RWKHU DJHQWV¶ FKDQJLQJ SROLFLHV�

7KH UHDVRQ IRU JLYLQJ HDFK SDUW RI WKH DOJRULWKP DFFHVV WR GLIIHUHQW GDWD LV WKDW ZH XOWLPDWHO\ ZLVK
WKH DFWRU¶V WR EHKDYH ZLWKRXW NQRZLQJ DQ\ KLGGHQ LQIRUPDWLRQ IURP WKHLU RSSRQHQW � KRZHYHU� DV ZH
KDYH GHPRQVWUDWHG� LW LV QHFHVVDU\ WR WDNH VRPH DFFRXQW RI RSSRQHQWV¶ EHKDYLRU LQ RUGHU WR DFKLHYH
DQ HTXLOLEULXP� 7KH FRPSURPLVHV VROXWLRQ LV WR DOORZ WKH FULWLF IXQFWLRQ Q WR DFW DV D ´FRPSXWDWLRQDO
PLGGOHPDQ´ � WKDW LV� LW LV DOORZHG DFFHVV WR GDWD LQ WUDLQLQJ ZKLFK LW¶V DJHQW VKRXOG QRW DFWXDOO\ NQRZ�
+RZHYHU� WKH SROLF\¶V JUDGLHQW�VWHS WDNHV DQ H[SHFWDWLRQ RYHU WKLV KLGGHQ LQIRUPDWLRQ DQ\ZD\V � LQ WKH
LGHDO FDVH� WKH JUDGLHQW�VWHS ZRXOG EH WKH VDPH DV LQ ''3*� %HFDXVH DOO DJHQWV DUH OHDUQLQJ DW RQFH�
KRZHYHU� WKH ''3* Q�IXQFWLRQ ZLOO IOXFWXDWH DV DJHQWV FKDQJH WKHLU SROLFLHV � WKH 0$''3* Q�IXQFWLRQ
ZLOO DVVLJQ GLVSDUDWH DFWLRQV WR GLIIHUHQW ´ELQV´ LQVWHDG RI OXPSLQJ WKHP WRJHWKHU �ZKLFK ELQV GR QRW
GHSHQG RQ DJHQWV¶ SROLFLHV�� 7KXV� ZKHQ RSSRQHQWV FKDQJH WKHLU SROLF\� 0$''3* PXVW DFFRXQW IRU
WKLV LQ WKH SROLF\ ORVV � KRZHYHU LW GRHV QRW QHHG WR VLPXOWDQHRXVO\ UH�OHDUQ WKH Q�IXQFWLRQ�

0DWKHPDWLFDOO\� HDFK DJHQW LV GHILQHG� DV EHIRUH� E\ DQ DFWRU µθi DQG D FULWLF Qφi WKH RQO\ FKDQJH

LV WKDW WKH Qφi QRZ KDYH WKH W\SH VLJQDWXUH Qφi : S ××N

j=1
Oj × Aj � 7KH DSSURSULDWHO\ DOWHUHG ORVV

IXQFWLRQ IRU WKH Q LV

LQi

[φi] = E

[

(

Ri
t + γQφi(St+1, O

i
t+1, A

i
t+1, O

−i
t+1, A

−i
t+1)−Qφ0

(St, O
i
t, A

i
t, O

−i
t , A−i

t )
)2
]

�����

�,W LV RI QRWH WKDW WKLV Q�IXQFWLRQ PDNHV XVH RI DOO WKH DJHQWV¶ REVHUYDWLRQV o DQG WKH IXOO KLGGHQ VWDWH�
2I SDUWLFXODU LQWHUHVW WR WKH FDVHV ZH GLVFXVV EHORZ� ZKHQ WKH HQYLURQPHQW LV VWDWHOHVV� WKH Q

IXQFWLRQ LV WKHQ WRWDOO\ LQGHSHQGHQW RI DOO DJHQWV¶ SROLFLHV �EHFDXVH LQ WKH JHQHUDO FDVH� Q GHSHQGV
RQO\ RQ DJHQWV¶ SROLFLHV WKURXJK WKH VWDWH�WUDQVLWLRQ GLVWULEXWLRQ�� 7KDW LV� IRU WKH VLPSOH GD\�DKHDG
FOHDULQJ PDUNHW GHVFULEHG SUHYLRXVO\ DQG EHORZ� WKH Q�IXQFWLRQ KDV D JOREDO PLQLPXP LQGHSHQGHQW RI
DOO DJHQWV¶ SROLFLHV � WUDLQLQJ DJHQWV ZLWK UHVSHFW WR LW� WKHQ� LI LW FRQYHUJHV� PXVW FRQYHUJH WR D YDOLG
1DVK�(TXLOLEULXP� )RU D IRUPDO VWDWHPHQW RI WKH FRQGLWLRQV DQG SURRI� VHH 6HFWLRQ ����

:H QRWH WKDW WKH SX]]OH RI QRQ�VWDWLRQDULW\ LV WKDW ERWK ''3* �VXEVFULSW '� DQG 0$''3* �VXEVFULSW
0� SROLFLHV� VKRXOG LGHDOO\ EH WKH VDPH� LI HYHU\WKLQJ FRQYHUJHV SHUIHFWO\� ZH KDYH�

πi
M = DUJPD[aiQM (ai, π−i

M ) = DUJPD[air(ai, π−i
M )

πi
D = DUJPD[aiQD(ai) = DUJPD[air(ai, π−i

D )
�����

7KDW LV� WKH SROLFLHV DUH� LQ WKHRU\� WKH VDPH� 7KH SUREOHP LV D FRPELQDWLRQ RI WKH HVWLPDWLRQ RI WKH
Q�IXQFWLRQV ZLWK WKH H[SORUDWLRQ SROLFLHV�

���� )\XIRWMSR XS XLI 'SRXMRYSYW (E]�%LIEH 1EVOIX
������ 2IYVEP 2IX[SVO 8IGLRMGEPME
)RU WKH VDNH RI WUDQVSDUHQF\ ZH QRWH KHUH VRPH RI WKH SDUDPHWHU YDOXHV XVHG LQ WUDLQLQJ� $OO QHXUDO
QHWZRUNV XVHG LQ WKLV ZRUN KDYH WZR KLGGHQ OD\HUV RI ��� QRGHV� ZLWK /D\HU�1RUP DQG 5H/8 DFWLYDWLRQV�



���� )\XIRWMSR XS XLI 'SRXMRYSYW (E]�%LIEH 1EVOIX ��

7KH $GDP RSWLPL]HU ZDV XVHG� )RU H[SORUDWLRQ� WKH SROLF\�JHQHUDWHG DFW ZDV DGGHG WR ]HUR�PHDQ
*DXVVLDQ QRLVH ZLWK VWDQGDUG�GHYLDWLRQ ���� $OO DFWV ZHUH VFDOHG VXFK WKDW 1.0 FRUUHVSRQGHG WR QPD[

RU MC� 5HZDUGV XVHG IRU OHDUQLQJ ZHUH VFDOHG GRZQ E\ D IDFWRU RI ����� ,Q DOO FDVHV LQ WKLV ZRUN�
H[SORUDWLRQ RFFXUV IRU WKH ILUVW KDOI RI WKH UXQ RQO\� ZKLOH OHDUQLQJ RFFXUV WKURXJKRXW� $ UHSOD\ EXIIHU ODUJH
HQRXJK WR VWRUH RQH TXDUWHU RI WKH WRWDO HSLVRGHV IRU OHDUQLQJ ZDV XVHG �VWRULQJ LQ ),)2 RUGHU�� EDWFKHV
RI VL]H ��� ZHUH GUDZQ DW UDQGRP IURP WKLV EXIIHU� OHDUQLQJ XSGDWHV RFFXUUHG HYHU\ ��� WLPHVWHSV�

������ 4VMGI�3RP] �&IVXVERH
� ,]TIVGSQTIXMXMZI
7KH ILUVW VHW RI FRQWLQXRXV H[SHULPHQWV FRQVLVWV RI WHVWLQJ WKHVH 'HHS5/ DOJRULWKPV LQ D FRQWLQXRXV
HQYLURQPHQW XQGHU %HUWUDQG FRPSHWLWLRQ� 7KH UHDVRQ IRU WKLV LV WR KLJKOLJKW WKH FRQQHFWLRQ EHWZHHQ
WKH WDEXODU H[SHULPHQWV � UHVWULFWLQJ WR %HUWUDQG FRPSHWLWLRQ DOORZV WKH FDOFXODWLRQ RI WKH EHVW�UHVSRQVH
IXQFWLRQ� DQG WKXV WKH RSWLPDOLW\�GHILFLW� WKLV LV QRW UHDGLO\ GRQH ZKHQ DJHQWV DUH DOORZHG WR VXEPLW ERWK
TXDQWLW\� DQG SULFH�ELGV�

:H DUH LQWHUHVWHG LQ YHULI\LQJ WKH DGHTXDWH LPSOHPHQWDWLRQ RI WKH 'HHS5/ DOJRULWKPV� DQG LQ LOOXV�
WUDWLQJ WKH FRQWLQXHG IDLOXUH RI LQGHSHQGHQW OHDUQLQJ GXH WR QRQ�VWDWLRQDULW\� $V LQ WKH WDEXODU FDVHÄ
ZH H[DPLQH D VLPSOH GD\�DKHDG FOHDULQJ PDUNHW� IRU WKLV FDVH� ZH UHVWULFW RXUVHOYHV WR SULFH�RQO\ ELG�
GLQJ LQ WKH K\SHUFRPSHWLWLYH UHJLPH �LQ ZKLFK HDFK DJHQW FDQ XQLODWHUDOO\ PHHW DOO GHPDQG�� DV WKLV
DOORZV FRPSDULVRQ RI DJHQW SHUIRUPDQFH WR WKH H[SHFWHG DQDO\WLFDO VROXWLRQ RI WKH %HUWUDQG PDUNHW
GLVFXVVHG DERYH� $OO DJHQWV¶ PDUJLQDO FRVWV DUH c = 4086'/0:K� ZKLOH GHPDQG �LQ 86'� LV JLYHQ
E\ PD(Q) = 500 − 2Q� &OHDULQJ RFFXUV LQ DV�ELG PHULW�RUGHU XQWLO WKH SULFH DW WKH TXDQWLW\ FRQWUDFWHG
HTXDOV WKH GHPDQG DW WKDW SULFH� 1HJDWLYH TXDQWLWLHV DQG QHJDWLYH SULFHV DUH IRUELGGHQ� WKRXJK DJHQWV
DUH H[SHFWHG WR OHDUQ WR ELG DERYH WKHLU PDUJLQDO FRVWV UDWKHU WKDQ EHLQJ KDUG�FRGHG WR GR VR� 6KRUWDJH
LV LPSRVVLEOH DV WKH %HUWUDQG PRGHO DVVXPHV QRQ�ELQGLQJQHVV RI FDSDFLW\ FRQVWUDLQWV�

:H H[DPLQH IRXU FDVHV LQ ZKLFK DJHQWV FRPSHWH RQO\ ZLWK UHVSHFW WR SULFH �D OD %HUWUDQG FRPSH�
WLWLRQ�� LQ WKH ILUVW� WKH ''3* DJHQW LV D PRQRSROLVW �DQG VR LV H[SHFWHG WR FRQYHUJH WR WKH PRQRSRO\
SULFH�� WKLV SURYLGHV HYLGHQFH DV WR ZKHWKHU WKH OHDUQHUV KDYH EHHQ LPSOHPHQWHG FRUUHFWO\� ,Q WKH VHF�
RQG� D ''3* DJHQW FRPSHWHV ZLWK D QDLYH PDUJLQDO�FRVW ELGGHU �WKH PD[LPXP SURILW LV WKXV ]HUR�� WKLV
VKRXOG LOOXVWUDWH WKDW WKH QRQ�VWDWLRQDULW\ SUREOHP GRHV QRW RFFXU ZKHQ WKH RWKHU DJHQWV DUH IL[HG� ,Q WKH
WKLUG� WZR ''3* DJHQWV DUH SLWWHG DJDLQVW RQH DQRWKHU LQ KRSHV RI LOOXVWUDWLQJ WKH IDLOXUH WR FRQYHUJH WR
D 1DVK HTXLOLEULXP� DQDORJRXV WR WKH GLVFUHWH FDVH� )LQDOO\ WKHVH WZR ''3* OHDUQHUV DUH UHSODFHG ZLWK
0$''3* OHDUQHUV� ZKLFK LW LV K\SRWKHVL]HG ZLOO VXIILFH WR HQVXUH WKDW D FRUUHFW HTXLOLEULXP LV OHDUQHG�

������ %WMHI� &IVXVERH %REP]XMGEP 7SPYXMSR
:H EHJLQ RXU H[SHULPHQWV E\ VHHNLQJ WR UHSOLFDWH WKH ZHOO�NQRZQ DQDO\WLFDO VROXWLRQ IRU %HUWUDQG FRP�
SHWLWLRQ� %HUWUDQG FRPSHWLWLRQ PRGHOV ILUPV ZKLFK SURGXFH DW WKH VDPH� FRQVWDQW PDUJLQDO FRVW VXEMHFW
WR QR FDSDFLW\ FRQVWUDLQW IRU D IL[HG� GRZQZDUG VORSLQJ GHPDQG�FXUYH� 7KLV VROXWLRQ LV XVHIXO EHFDXVH
LW LV SRVVLEOH WR GHULYH ERWK WKH 1DVK HTXLOLEULD DQG WKH EHVW�UHVSRQVH IXQFWLRQV RI WKH ILUPV LQYROYHG�

6XSSRVHZH KDYH D GHPDQG IXQFWLRQQD(P ) �ZLWK FRUUHVSRQGLQJ LQYHUVHPD(Q)�� DORQJ ZLWKN ILUPV
VHOHFWLQJ VHOOLQJ�SULFHV pi DQG SURGXFLQJ DW FRQVWDQW PDUJLQDO FRVW c� :H DVVXPH WKDW DOO SURGXFWLRQ LV
DZDUGHG WR WKH ILUP ZLWK WKH ORZHVW ELG� ZLWK WLHV EHLQJ EURNHQ HYHQO\� )L[ D SDUWLFXODU DJHQW i� ZKHQ
DQ\ RWKHU DJHQW ELGV DW RU EHORZ WKH FRPPRQ PDUJLQDO FRVW c� WKH DJHQW¶V EHVW�UHVSRQVH LV WR OLNHZLVH
ELG c� ,I WKH PLQLPXP RI RWKHU DJHQWV¶ ELGV LV EHWZHHQ c DQG WKH PRQRSRO\ SULFH� WKH EHVW UHVSRQVH LV WR
ELG WKLV VDPH PLQLPXP SULFH OHVV DQ DUELWUDULO\ VPDOO SRVLWLYH QXPEHU ε �LQ RUGHU WR HQVXUH LW LV DZDUGHG
WKH IXOO DPRXQW UDWKHU WKDQ WLH�� )LQDOO\� ZKHQ DOO RWKHU ILUPV KDYH ELG DERYH WKH PRQRSRO\ SULFH� WKH
EHVW�UHVSRQVH LV WR ELG WKH PRQRSRO\ SULFH� )RUPDOO\� LI QRW LOOXPLQDWLQJO\� ZH PD\ ZULWH WKLV

pi%5(p
−i) = PLQ(pPRQRSRO\,PD[(c,PLQ

i
(p−i)− ε)) �����

&OHDUO\� IRU DQ\ QXPEHU RI DJHQWV N > 1� WKH RQO\ 1DVK�HTXLOLEULXP LV IRU DOO SOD\HUV WR ELG WKH PDUJLQDO
FRVW� 7KH SULQFLSDO UHDVRQ IRU FRQVLGHULQJ %HUWUDQG FRPSHWLWLRQ LQ WKLV VHFWLRQ RI WKH ZRUN LV WKDW LW
DGPLWV D VLPSOH UHIRUPXODWLRQ RI WKH GHILFLW IRUPXODWHG LQ WKH SUHYLRXV FKDSWHU� 7KH GHILFLW LV VLPSO\ WKH
DJHQW¶V EHVW�UHVSRQVH SURILW OHVV LWV UHDOL]HG SURILW�

λi(p−i) = Qi
D(piBR(p

−i), p−i)(piBR(p
−i)− c)−Qi

D(pi, p−i)(pi − c) �����

:KHUH WKH FRQWUDFWHG TXDQWLW\Qi
D(pi, p−i) LV WKH DPRXQW DZDUGHG WR DJHQW i JLYHQ RWKHU DJHQWV¶ DFWLRQV

� 0 LI DQRWKHU DJHQW XQGHUFXWV LW� DQG RWKHUZLVH WKH ZKROH GHPDQG QD(pi)�



���� %HZIVWEVMEP 1EVOIX�(IWMKR ��

$V EHIRUH� WKLV SURILW GHILFLW PD\ EH FRQVLGHUHG D PHDVXUH RI KRZ ZHOO DJHQWV FRQYHUJH WR 1DVK
HTXLOLEULD�

������ 5�4 &MHHMRK� 'SQTIXMXMZI
7KH SXUSRVH RI WKH VHFRQG VHW RI FRQWLQXRXV�HQYLURQPHQW H[SHULPHQWV LV WR LOOXVWUDWH WKDW WKH VDPH
SUREOHPV RI QRQ�VWDWLRQDULW\ RFFXU DV SUHYLRXVO\ ZKHQ DJHQWV SDUWLFLSDWH LQ D PRUH FRPSOH[ PDUNHW� ,Q
WKLV FDVH� WKH DFWLRQ�VSDFH RI WKH DJHQWV LV H[WHQGHG WR SHUPLW DQ DJHQW WR FKRRVH ERWK WKH SULFH DQG
TXDQWLW\ RI LWV ELG� )XUWKHU� WKH FDSDFLW\ RI HDFK DJHQW LV ORZHUHG WRQPD[ = 2000: VR WKDW QR LQGLYLGXDO
DJHQW FDQPHHW DOO GHPDQG DORQH� %HFDXVH ERWK TXDQWLW\ DQG SULFH DUH VHW LQGHSHQGHQWO\� WKH DQDO\WLFDO
VROXWLRQ LV IDLUO\ FRPSOLFDWHG FRPSDUHG WR WKH %HUWUDQG FDVH� LQVWHDG ZH UHSRUW SURILWV DV D SUR[\ IRU
UHODWLYH SHUIRUPDQFH� 7KLV LQFUHDVH LQ FRPSOH[LW\ LV PHDQW WR LOOXVWUDWH WKDW ''3* OHDUQHUV DUH FDSDEOH
RI RSHUDWLQJ LQ �VOLJKWO\� PRUH FRPSOH[ HQYLURQPHQWV� ZKLOH VWLOO IDLOLQJ ZKHQ SLWWHG DJDLQVW RQH DQRWKHU�
,Q VXFK D FDVH� LW LV K\SRWKHVL]HG WKDW WKH FHQWUDOL]HG 0$''3* ZLOO EH FDSDEOH RI FRQYHUJLQJ ZKHUH
LQGHSHQGHQW�OHDUQLQJ DOJRULWKPV OLNH ''3* IDLO WR GR VR�

$V LQ WKH SUHYLRXV FDVHV� DJHQWV KDYH D XQLIRUP PDUJLQDO FRVW c = 4086'/0:K� ZKLOH GHPDQG
�LQ 86'� LV JLYHQ E\ PD(Q) = 500− 2Q� &OHDULQJ LV DJDLQ LQ DV�ELG PHULW�RUGHU� ZLWK SD\PHQW VHW DW D
XQLIRUP FOHDULQJ SULFH� ,Q FDVH RI VKRUWDJH� WKH FOHDULQJ SULFH LV WKH ZLOOLQJQHVV�WR�SD\ RI GHPDQG IRU
WKH WRWDO RIIHUHG TXDQWLW\�

���� %HZIVWEVMEP 1EVOIX�(IWMKR
������ (IWGVMTXMSR SJ XLI )RZMVSRQIRX
+DYLQJ H[DPLQHG WKH EHKDYLRXU RI YDULRXV DOJRULWKPV LQ WKH VLPSOH GD\�DKHDG PDUNHW� H[SHULPHQW
WKUHH WR DQDO\]LQJ PRUH FRPSOH[ PRGHOV RI WKH HOHFWULFLW\ PDUNHW ZKLFK DOORZ IRU WKH IUXLWIXO DSSOLFDWLRQ
RI 0$5/ PHWKRGV� 7KLV WKLUG VHW RI H[SHULPHQWV LV FRQGXFWHG DFFRUGLQJ WR &RXUQRW FRPSHWLWLRQ � ILUP¶V
VXEPLW TXDQWLW\�ELGV RQO\� ZLWK WKH SULFHG GHWHUPLQHG DFFRUGLQJ WR WKH WRWDO TXDQWLW\ RIIHUHG� 7KH NH\
GLIIHUHQFH LV WKH LQWURGXFWLRQ RI DQ DGYHUVDU\�DJHQW ZKR VHWV D PDUNHW SULFH�FDS� 7KH UHDVRQ IRU VH�
OHFWLQJ &RXUQRW FRPSHWLWLRQ LV WKDW LW DOORZV IRU UHDG\ FRPSXWDWLRQ RI WKH EHVW�UHVSRQVH IXQFWLRQ� DQG
UHTXLUHV IHZHU PRGLILFDWLRQV WR DFFRPRGDWH WKH DGYHUVDULDO SULFH�FDS WKDQ ZRXOG WKH %HUWUDQG VROXWLRQ�
7KH JRDO RI WKLV H[SHULPHQW LV WR H[DPLQH WKH SHUIRUPDQFH RI DQ DGYHUVDU\ WDVNHG ZLWK RSWLPL]LQJ WKH
PDUNHW WR PD[LPL]H D FHUWDLQ VRFLDO ZHOIDUH�IXQFWLRQ� ZKLOH OHDUQLQJ DJHQWV VLPXOWDQHRXVO\ OHDUQ WR
EHKDYH VWUDWHJLFDOO\ DV WKH DGYHUVDU\ DGMXVWV WKH PDUNHW�UXOHV�

)RU HDVH RI FRPSDULVRQ EHWZHHQ RXU H[SHULPHQWV� ZH PDLQWDLQ DV PDQ\ RI WKH VDPH SDUDPHWHUV
DV SRVVLEOH� WKH QRWHV LQ 6XEVHFWLRQ ����� SHUWDLQ WR WKH QHXUDO QHWZRUNV XVHG KHUH DV ZHOO� IRU ERWK
WKH DGYHUVDU\ DQG WKH ILUPV� 7KH DGYHUVDU\¶V DFWLRQ�VSDFH LV D VLQJOH FRQWLQXRXV VFDODU� WKH SULFH�FDS�
ILUPV¶ DFWLRQV DUH TXDQWLW\�RQO\ ELGV RI WKH VDPH IRUP DV EHIRUH� $V SUHYLRXVO\� QR DJHQWV REVHUYH DQ\
VWDWH�LQIRUPDWLRQ � LQVWHDG WKH FKDQQHO IRU LQIRUPDWLRQ WR IORZ LV WKH DJHQWV¶ FULWLF IXQFWLRQV� $OO DJHQWV
XVH 0$''3* WR OHDUQ�

$V LQ WKH SUHYLRXV FDVHV� ILUPV KDYH D XQLIRUP PDUJLQDO FRVW c = 4086'/0:K� ZKLOH GHPDQG �LQ
86'� LV JLYHQ E\ PD(Q) = 500− 2Q� 7KH FOHDULQJ SULFH LV VHW DFFRUGLQJ WR WKH WRWDO TXDQWLW\ ELG �DJDLQ�
DJHQWV VXEPLW RQO\ TXDQWLW\ ELGV� � WKH SULFH FDS LV LPSOHPHQWHG DV QRWHG LQ 6HFWLRQ ��� DV� LQ HIIHFW�
DQ DOWHUDWLRQ WR WKH GHPDQG�FXUYH�

7KH SXUSRVH RI WKLV H[SHULPHQW LV QRW� RI FRXUVH� WR SUHVHQW SROLF\�DGYLFH EDVHG RQ VXFK D VLPSOLVWLF
PRGHO� LQVWHDG� LW LV KRSHG WKDW WKH VLPSOLFLW\ RI WKH PRGHO ZLOO UHQGHU WKH DSSOLFDWLRQ DQG LWV OLPLWDWLRQV
PRUH OHJLEO\ WKDQ D IXOO\ UHDOLVWLF HQYLURQPHQW� $ UHDO DSSOLFDWLRQ RI WKLV WHFKQLTXH ZRXOG HQWDLO FDUHIXO
VHOHFWLRQ RI PDUNHW�GHVLJQV VXFK WKDW WKH\ FDQ EH XVHIXOO\ UHSUHVHQWHG DV WKH RXWSXW RI D QHXUDO QHWZRUN�
DV ZHOO DV D PRUH WKRURXJKJRLQJ FRQVLGHUDWLRQ RI WKH DSSURSULDWH VWDWH� DQG DFWLRQ�VSDFHV�

������ 4VMGI�'ET %REP]XMGEP 7SPYXMSR
,Q ZKDW IROORZV� ZH ZLOO FRQVLGHU D PDUNHW�GHVLJQHU DWWHPSWLQJ WR RSWLPL]H WKH VRFLDO�ZHOIDUH IXQFWLRQ

6: = 2

∫ Q∗

0

dq(αPD(q)− (1− α)PS(q)) + (1− 2α)P ∗(Q∗) �����

�D VRFLDO ZHOIDUH�IXQFWLRQ ZKLFK �GLV��SULYLOHJHV FRQVXPHU ZHOIDUH UHODWLYH WR SURGXFHU ZHOIDUH DFFRUGLQJ
WR D IDFWRU α �0 ≤ α ≤ 1���



���� %HZIVWEVMEP 1EVOIX�(IWMKR ��

)RU HDVH RI UHIHUHQFH� ZH FDOO α WKH ´DGYHUVDULDOLW\´� DV LW GLFWDWHV KRZ VWURQJO\ ´DGYHUVDULDO´ WKH
PDUNHW DJHQW LV WR WKH ILUP DJHQWV�

,Q FRQWUDVW WR WKH W\SLFDO PHFKDQLVP�GHVLJQ DSSURDFK ZKLFK VHHNV '6,& SD\PHQW UXOHV IURP WUXWKIXO
ELGV� RQH PD\ ZLVK WR ILQG WKH RSWLPDO SDUDPHWHU�YDOXH IRU D JLYHQ IDPLO\ RI PDUNHW�GHVLJQV� 7KLV PLJKW
EH RI XVH LQ� VD\� VHWWLQJ DQ RSWLPDO SULFH�FDS� DV LQ WKH H[DPSOH ZH ZLOO FRQVLGHU� LW DJDLQ EHDUV QRWLQJ
WKDW WKH SUHVHQW H[DPSOH LV PHDQW DV DQ LOOXVWUDWLRQ RI WKH WHFKQLTXH UDWKHU WKDQ DQ DWWHPSW WR VROYH
DQ\ SDUWLFXODU PDUNHW�GHVLJQ SUREOHP�

7KH IDFW ZKLFK PDNHV WKLV H[DPSOH LQWHUHVWLQJ LV WKDW� UDWKHU WKDQ UHTXLULQJ WUXWKIXO ELGGLQJ� 0$5/
PHWKRGV DOORZ XV WR WUDLQ D PDUNHW�GHVLJQHU VHHNLQJ WR PD[LPL]H VRFLDO�ZHOIDUH ZKLOH VLPXOWDQHRXVO\
WUDLQLQJ DJHQWV WR VLPXODWH VWUDWHJLF EHKDYLRU XQGHU D JLYHQ PDUNHW UXOH� 7KH ZRUN LQ SUHYLRXV VHFWLRQV
DOORZV XV WR EH FRPIRUWDEOH WKDW WKH FHQWUDOL]HG�GHFHQWUDOL]HG WUDLQLQJ �D OD 0$''3*� UHJLPHQ VKRXOG
DOORZ WKH FRUUHFW GHULYDWLRQ RI HTXLOLEULD� DW OHDVW LQ SULQFLSOH�

7KH VHWXS LV DV IROORZV� N SURGXFHU ILUPV DUH LQ SRVHVVLRQ RI LGHQWLFDO JHQHUDWRUV ZLWK MC =
4086'� )RU WKH VDNH RI FULVSO\ KLJKOLJKWLQJ WKH HIIHFW RQ VWUDWHJLF EHKDYLRU� ZH FRQVLGHU D &RXUQRW
PRGHO LQ ZKLFK DJHQWV FRPSHWH VROHO\ RQ TXDQWLW\ ZLWKRXW FDSDFLW\ FRQVWUDLQWV� ZLWK WKH FRUUHVSRQGLQJ
SULFH GHWHUPLQHG E\ WKH PDUNHW� 7KH GHPDQG LV PRGHOOHG DV D VLPSOH OLQHDU IXQFWLRQ PD(Q) = b−mQ =
500 − 2Q� :KHQ GHPDQG H[FHHGV VXSSO\� WKH SULFH LV VHW WR WKH GHPDQG¶V SULFH RIIHU IRU WKH VXSSOLHG
TXDQWLW\�

7KH SULFH�FDS WR EH VHW E\ WKH PDUNHW�GHVLJQHU DJHQW� p̄� LPSOHPHQWHG E\ UHSODFLQJ WKH FRQVXPHU�
GHPDQG ZLWK DQ HIIHFWLYH GHPDQG�FXUYH PD,HII

PD,HII(Q) =

{

p̄ PD(Q) ≥ p̄

PD(Q) PD(Q) ≤ p̄
�����

7KLV VDLG� ZH PD\ IL[ WKH SULFH�FDS LQ RUGHU WR ILQG WKH ROLJRSRO\ ELGV �DV D IXQFWLRQ RI p̄�� WKHQ� ZH
PD\ GHULYH DQ DQDO\WLFDO H[SUHVVLRQ IRU WKH RSWLPDO SULFH FDS IURP WKH VRFLDO�ZHOIDUH IXQFWLRQ�

'HQRWH WKH WRWDO TXDQWLW\ ELG E\ Q� DQG LQGLYLGXDO DJHQWV¶ ELGV E\ qi� 1RZ IRU D JLYHQ DJHQW� WKH
SURILW REWDLQHG LV

Πi = (PD(Q)− c)qi ������

,Q WKH DEVHQFH RI DQ\ SULFH�FDS� WKH DJHQW¶V EHVW UHVSRQVH WR D VHW RI RWKHU DJHQWV¶ ELGV Q−i ZRXOG
EH WR ELG

qi%5(Q
−i) =

1

2m
(b− c−mQ−i) ������

:KLFK� DSSOLHG WR DOO DJHQWV� \LHOGV WKH HTXLOLEULXP ELG�

qiROLJ =
b− c

m(N + 1)
������

ZLWK FRUUHVSRQGLQJ SULFH DQG LQGLYLGXDO ILUP SURILW

pROLJ =
b+Nc

N + 1

Πi
ROLJ =

1

m

(

b− c

N + 1

)2 ������

2QFH WKH SULFH FDS LV LQ SODFH �DVVXPLQJ LW LV DERYH WKH PDUJLQDO FRVW� DV WKH RSWLPDO ELG LV RWKHUZLVH
WULYLDOO\ ]HUR�� WKH DERYH VROXWLRQ LV QR ORQJHU QHFHVVDULO\ DQ HTXLOLEULXP � ZKHUH D GHFUHDVLQJ GHPDQG
ZRXOG KDYH RIIVHW WKH JDLQV IURP LQFUHDVLQJ TXDQWLW\� QRZ WKLV GHPDQG LV� IRU VRPH UDQJH RI TXDQWLWLHV�
IL[HG� ,I WKH SULFH�FDS LV DERYH WKH ROLJRSRO\�SULFH� WKH ROLJRSRO\ VROXWLRQ PDLQWDLQV� DV LW UHPDLQV WKH
SRLQW DW ZKLFK DQ\ XQLODWHUDO FKDQJH LQ D TXDQWLW\ LV SHQDOL]HG�

2Q WKH RWKHU KDQG� LI WKH SULFH�FDS LV EHORZ WKH ROLJRSRO\�SULFH� WKH ´FURVVRYHU�SRLQW´ �WKH TXDQWLW\
GHPDQGHG E\ FRQVXPHUV DW WKH SULFH�OHYHO VHW E\ WKH SULFH�FDS� PD(Q) = p̄� LV WKH HTXLOLEULXP VROXWLRQ�
7R VHH WKLV� QRWH WKDW� ZKLOH EHORZ ERWK WKH ROLJRSRO\ SULFH WKH SULFH�FDS� DQ\ XQLODWHUDO UHVWULFWLRQ LQ
TXDQWLW\ LQFUHDVHV D ILUP¶V SURILW� 7KLV SURILW LQFUHDVHV XQWLO WKH SULFH�FDS LV KLW� DW ZKLFK SRLQW D GHFUHDVH
LQ TXDQWLW\ QR ORQJHU FKDQJHV GHPDQG� VR WKDW GHFUHDVLQJ TXDQWLW\ LV QRZ SHQDOL]HG�

7KH EHVW�UHVSRQVH ELG FDQ EH FDOFXODWHG E\ H[DPLQLQJ WKH VLJQ RI WKH FDS�PRGLILHG SURILW �DJDLQ
FRQVLGHULQJ RQO\ WKH FDVH ZKHUH WKH FDS LV DERYH WKH PDUJLQDO FRVW�� 7KH GHULYDWLYH RI WKH SURILW LQ WKH
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SULFH�FDSSHG UHJLRQ LV SRVLWLYH E\ DVVXPSWLRQ� DW WKH FURVVRYHU SRLQW� WKLV HLWKHU EHFRPHV QHJDWLYH� VR
WKDW WKH FURVVRYHU SRLQW LV RSWLPDO� RU UHPDLQV SRVLWLYH� VR WKDW WKH FDSOHVV EHVW�UHVSRQVH PDLQWDLQV�
7KH SRVW�FURVVRYHU SURILW GHULYDWLYH LV SRVLWLYH DV ORQJ DV WKH FDSOHVV EHVW�UHVSRQVH LV JUHDWHU WKDQ WKH
FURVVRYHU TXDQWLW\�

7KHQ
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7KH HTXLOLEULD DUH QRZ VOLJKWO\ PRUH GLYHUVH � ZKHQ WKH ROLJRSRO\ SULFH LV UHDOL]DEOH� WKLV LV WKH
VROH HTXLOLEULXP� +RZHYHU� LI WKH SULFH�FDS SUHYHQWV WKLV� WKHQ DQ\ VHW RI ELGV ZKLFK VXP WR b−p̄
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7KH FRQVXPHU VXUSOXV LV WKHQ
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7KXV� IRU RXU PDUNHW GHVLJQHU �ZKR ZHLJKV FRQVXPHU VXUSOXV E\ D IDFWRU 2α DQG SURGXFHU VXUSOXV
E\ D IDFWRU 2(1− α)�� WKH VRFLDO ZHOIDUH IXQFWLRQ LV

6: =
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2 (b−c)2

m(N+1)2 (αN + (1− α)N2), b+Nc
N+1 ≤ p̄

b−p̄
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(p̄(3α− 1) + (b(1− α)− 2cα)), HOVH
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%HFDXVH RI WKH PDQ\ RYHUODSSLQJ FRQVWUDLQWV� WKH LQYHUVLRQ WR REWDLQ WKH RSWLPDO SULFH FDS LV QRW UHDGLO\
DWWDLQDEOH RU VLPSO\ H[SUHVVHG� LQVWHDG� ZH QRWH D IHZ SRLQWV WR JXLGH WKH UHDGHU¶V LQWXLWLRQ LQ LQWHUSUHW�
LQJ WKH H[SHULPHQWDO UHVXOWV EHORZ�

)LUVW� LQ JHQHUDO� WR WKH H[WHQW WKDW WKH\ DUH IUHH WR FKRRVH WKHLU SULFHV� WKH VWUDWHJLFDOO\ DFWLQJ ILUPV
VKRXOG FDXVH D GHDGZHLJKW ORVV� &OHDUO\� ZKHQ α = 1� WKH RSWLPDO SULFH FDS LV WKH PDUJLQDO FRVW �SOXV
DQ DUELWUDULO\ VPDOO UHDO QXPEHU� � WKLV PD[LPL]HV QRW RQO\ WKH FRQVXPHU ZHOIDUH� EXW WKH WRWDO VRFLDO
ZHOIDUH IRU DQ\ α > 1/2 � VLQFH ORZHULQJ WKH FDS LQ WKLV UHJLPH FRQYHUWV SURGXFHU ZHOIDUH LQWR D VWULFWO\
JUHDWHU DPRXQW RI FRQVXPHU ZHOIDUH �ZKLFK LV DOVR YDOXHG PRUH�� :KHQ α < 1/2� WKH SULFH FDS FDQ
IRUFH WKH ROLJRSROLVWV WR SURGXFH D TXDQWLW\ JUHDWHU WKDQ WKH ROLJRSRO\ TXDQWLW\� EXW QRW OHVV � WKXV WKH
RSWLPDO FDS LQ WKLV UHJLRQ LQYROYHV WUDGLQJ RII �UHODWLYHO\ PRUH YDOXDEOH� SURGXFHU ZHOIDUH WR FRQVXPHU
ZHOIDUH LQ DQ DWWHPSW WR UHFRXS E\ GHFUHDVLQJ WKH GHDGZHLJKW ORVV�



�
6IWYPXW

,Q WKLV FKDSWHU� ZH SUHVHQW WKH UHVXOWV RI WKH H[SHULPHQWV FDUULHG RXW DV GHVFULEHG LQ &KDSWHU �� (DFK
VHFWLRQ FRUUHVSRQGV WR RQH RI WKH WKUHH H[SHULPHQW FODVVHV GLVFXVVHG SUHYLRXVO\� SUHVHQWLQJ WZR H[�
DPSOHV RI WKH IXOO UHVXOWV SORWV� IROORZHG E\ D VXPPDU\ ILJXUH �WKH UHPDLQLQJ UHVXOWV SORWV DUH WR EH
IRXQG LQ WKH DSSHQGL[�� 6HFWLRQ ��� GHDOV ZLWK WKH WDEXODU H[SHULPHQWV� 6HFWLRQ ��� ZLWK WKH FRQWLQXRXV
ELG�VSDFH DQDORJXH� DQG 6HFWLRQ ��� ZLWK WKH DGYHUVDULDO PDUNHW�GHVLJQ H[SHULPHQWV� :KLOH DEEUHYL�
DWHG UHPDUNV DUH RIIHUHG WR KLJKOLJKW WKH UHOHYDQW IHDWXUHV RI WKH UHVXOWV� DOO LQWHUSUHWDWLYH GLVFXVVLRQ LV
FDUULHG RXW LQ &KDSWHU �� WKH UHDGHU LQWHUHVWHG SULPDULO\ LQ WKH LQWHUSUHWDWLRQ RI WKH UHVXOWV LV HQFRXUDJHG
WR JR WR WKLV VHFWLRQ GLUHFWO\ DIWHU IDPLOLDUL]LQJ WKHPVHOYHV ZLWK WKH VXPPDU\ ILJXUHV�

���� 8EFYPEV 5�PIEVRMRK 6IWYPXW
7KH IRXU H[SHULPHQWV SHUIRUPHG LQ WKH WDEXODU HQYLURQPHQW H[DPLQH WKH EHKDYLRU RI HLWKHU RQH RU WKUHH
DJHQWV� ZKLFK HLWKHU GR RU GR QRW KDYH DFFHVV WR KLGGHQ LQIRUPDWLRQ �L�H�� HDFK FRPELQDWLRQ RI WKHVH
FRQGLWLRQV LV WHVWHG DQG VKRZQ LQ WKH VXPPDU\ ILJXUH��

������ -RXIVTVIXMRK XLI 8EFYPEV )\TIVMQIRXW
�1RWH WKDW WKHVH LQWHUSUHWDWLYH JXLGHV KROG DOVR IRU WKH FRQWLQXRXV�VSDFH H[SHULPHQWV ZKLFK XVH WKH
%HUWUDQG VROXWLRQ XSRQ LQWHUFKDQJLQJ ´7'�HUURU´ IRU ´&ULWLF�/RVV´�

+HUH ZH SUHVHQW WZR VFKHPDWLF LOOXVWUDWLRQV RI WKH W\SH RI SORWV ZKLFK DUH WR IROORZ� ,Q WKLV H[SHULPHQW�
WKH SULPDU\ TXHVWLRQ ZH ZLVK WKH GDWD WR DQVZHU LV ´'RHV WKH DJHQW DUULYH DW D SHUVLVWHQW ILQDO VWUDWHJ\�
DQG LI VR� LV LW D EHVW�UHVSRQVH JLYHQ RWKHU SOD\HUV¶ EHKDYLRU"´�

7KH ILUVW RI WKHVH FRQMXQFWV LV DQVZHUHG ZLWK UHIHUHQFH WR WKH 7'�HUURU� :KHQ WKH DJHQW�DYHUDJHG
7'�HUURU JRHV WR ]HUR� WKH DJHQWV DUH QR ORQJHU VXUSULVHG E\ WKH RXWFRPH RI WKHLU DFWLRQV� DQG� EHFDXVH
WKH\ SOD\ WKH DUJPD[�SROLF\� WKHLU SROLF\ FHDVHV WR FKDQJH� 7KLV LV LOOXVWUDWHG VFKHPDWLFDOO\ LQ ILJXUH
���� 7KH ILQDO SROLFLHV WKHVH DJHQWV SOD\ QHHG QRW EH FRUUHFW 1DVK�HTXLOLEULD�

��



���� 8EFYPEV 5�PIEVRMRK 6IWYPXW ��

)LJXUH ���� 6FKHPDWLF JXLGH WR WKH LQWHUSUHWDWLRQ RI 7'�HUURU SORWV VKRZQ IRU ([SHULPHQW �� )LUPV DUULYH DW D FRQVLVWHQW SROLF\
RQO\ LQVRIDU DV WKHLU 7'�HUURU WHQGV WRZDUGV ]HUR� 7KHVH SROLFLHV QHHG QRW EH EHVW�UHVSRQVHV�

7KH VHFRQG VHW RI GDWD ZH DUH FRQFHUQHG ZLWK LV WKH RSWLPDOLW\�GHILFLW� 7KLV TXDQWLW\ PHDVXUHV KRZ
IDU DQ ILUP¶V SROLF\ LV IURP EHLQJ D EHVW�UHVSRQVH� ZKHQ LW LV ]HUR� DOO DJHQWV DUH SOD\LQJ D EHVW�UHVSRQVH�
DQG WKXV KDYH DUULYHG DW D FRUUHFW 1DVK�HTXLOLEULXP� 7KLV LV LOOXVWUDWHG LQ )LJXUH ���� 7KLV TXDQWLW\ PDNHV
VHQVH RQO\ LI ILUPV¶ SROLFLHV KDYH FHDVHG WR FKDQJH VXEVWDQWLDOO\� DV LQGLFDWHG E\ WKH 7'�HUURU� LI WKH
7'�HUURU UHPDLQV TXLWH KLJK GHVSLWH WUDLQLQJ� WKLV PHDVXUHPHQW LV QRW HVSHFLDOO\ PHDQLQJIXO�

)LJXUH ���� 6FKHPDWLF JXLGH WR WKH LQWHUSUHWDWLRQ RI RSWLPDOLW\�GHILFLW SORWV VKRZQ IRU ([SHULPHQW �� 3URYLGHG WKDW WKH 7'�HUURU
WHQGV WR ]HUR �VR WKDW ILUPV SOD\ D SHUVLVWHQW ILQDO SROLF\�� WKH RSWLPDOLW\�GHILFLW ZLOO WHQG WR ]HUR LI DQG RQO\ LI WKHVH ILQDO SROLFLHV

DUH D 1DVK HTXLOLEULXP�























�
(MWGYWWMSR ERH 'SRGPYWMSR

7KLV FKDSWHU GLVFXVVHV WKH UHVXOWV RI WKH H[SHULPHQWDO UHVXOWV VKRZQ LQ &KDSWHU �� VXPPDUL]HV WKH
DUJXPHQW RI WKLV ZRUN� DQG KLJKOLJKWV OLPLWDWLRQV RI WKH PHWKRGRORJ\ XVHG� SRLQWLQJ RXW SRWHQWLDO GLUHF�
WLRQV IRU IXWXUH ZRUN� 7KH GLVFXVVLRQ RI UHVXOWV LV LQ 6HFWLRQV ���� 7KH VXPPDU\ LV LQ 6HFWLRQ ���� 7KH
ILQDO UHPDUNV RQ DSSOLFDELOLW\ DQG GLUHFWLRQV IRU IXWXUH ZRUN DUH LQ ���

���� (MWGYWWMSR SJ 6IWYPXW
������ 8EFYPEV )\TIVMQIRX 6IWYPXW
7KH UHOHYDQW GDWD DUH VXPPDUL]HG LQ ILJXUH ����

7KLV GDWD UHYHDOV WKDW ZKHQ WKHUH LV RQO\ D VLQJOH DJHQW� WKH\ DUH HQWLUHO\ FDSDEOH RI OHDUQLQJ WR SOD\
RSWLPDOO\ �PRQRSROLVWLFDOO\�� ERWK ZKHQ WKHUH LV QR UHOHYDQW VWDWH�LQIRUPDWLRQ� DQG ZKHQ LW PXVW DGDSW
GLIIHUHQW EHKDYLRUV WR GLIIHUHQW PDUNHW VFHQDULRV� 7KLV VKRXOG QRW EH VXUSULVLQJ � WKH ZKROH SRLQW EHLQJ WR
H[DPLQH QRQ�VWDWLRQDULW\� D SKHQRPHQRQ XQLTXH WR VLWXDWLRQV ZLWK PXOWLSOH DJHQWV� 7KLV GRHV KRZHYHU�
LQFUHDVH RXU FUHGHQFH WKDW WKH HQYLURQPHQW PRGHO DQG OHDUQLQJ DOJRULWKPV KDYH EHHQ LPSOHPHQWHG
FRUUHFWO\�

%\ FRQWUDVW� DV H[SHFWHG� WKH FDVH ZLWK WKUHH FRPSHWLQJ ILUPV VKRZV D GHILFLW IURP RSWLPDO�SOD\
LQ ERWK FDVHV� :KHQ WKHVH DJHQWV FRPSHWH ZLWK RQH DQRWKHU� WKH OHDUQLQJ G\QDPLFV SUHYHQW WKHP
IURP DFFXUDWHO\ DVVHVVLQJ DQG FRXQWHULQJ RSSRQHQWV¶ VWUDWHJLHV� 7KH FDVH ZLWK WKUHH ILUPV DQG QR
KLGGHQ VWDWH�LQIRUPDWLRQ LOOXVWUDWHV WKLV PRVW FOHDUO\ � WKH DJHQW�DYHUDJHG 7'�HUURU LV H[WUHPHO\ ORZ�
7KLV PHDQV WKDW WKH DJHQWV KDYH DOO OHDUQHG WR JXHVV SHUIHFWO\ WKH SURILW WKH\ FDQ H[SHFW RQ SHUIRUPLQJ
D SDUWLFXODU DFWLRQ� DQG ZLOO FRQWLQXH WR ELG KRZHYHU WKH\ HVWLPDWH ZLOO PD[LPL]H WKLV YDOXH� <HW WKHVH
DJHQWV DUH SOD\LQJ VXERSWLPDOO\ � D PDUNHW�GHVLJQHU DWWHPSWLQJ WR XVH WKLV VLPXODWLRQ WR DVVHVV WKH
SRVVLELOLW\ IRU VWUDWHJLF EHKDYLRU ZRXOG GUDZ LQFRUUHFW FRQFOXVLRQV�

:H QRWH DOVR WKDW� DV H[SHFWHG� WKH LQWURGXFWLRQ RI KLGGHQ�LQIRUPDWLRQ LQ WKH IRUP RI GLIIHULQJ JHQHUDWRU�
FDSDFLWLHV LQFUHDVHV WKH 7'�HUURU � ILUPV ZLOO OHDUQ WKH DYHUDJH UHZDUG WKH\ JHW IRU ELGGLQJ D FHUWDLQ ZD\
XSRQ VHHLQJ WKH\ KDYH D FHUWDLQ JHQHUDWRU�FDSDFLW\ DQG URXWLQHO\ EH VXUSULVHG WR ILQG WKDW WKH RXWFRPH
LV QRW DV WKH\ H[SHFWHG� 7KH SRLQW LV� DJDLQ� QRW WKDW WKLV LV HVSHFLDOO\ UHSUHVHQWDWLYH RI D UHDO�ZRUOG
VFHQDULR �DV HVWLPDWLQJ DQ RSSRQHQW¶V JHQHUDWRU FDSDFLW\ DQG FRVWV LV KDUGO\ GLIILFXOW� HVSHFLDOO\ JLYHQ
DFFHVV WR ELGGLQJ�KLVWRULHV�� EXW LQVWHDG WKDW WKH OLPLWHG H[SUHVVLYHQHVV RI W\SLFDO 4�OHDUQLQJ DOJRULWKPV
ZLOO FDXVH WKHP WR IDLO ZKHQ DSSOLHG LQ FRPSOH[ VLWXDWLRQV�

7KH NH\ WR XQGHUVWDQGLQJ KRZ WKLV FDQ RFFXU LV WR QRWH WKDW WKH DJHQWV KDYH OHDUQHG D ´VHOI�IXOILOOLQJ
SURSKHF\´� LQ WKH H[SORUDWLRQ�SKDVH� HDFK DJHQW OHDUQV WKH YDOXH RI D ELGGLQJ VWUDWHJ\ DYHUDJHG RYHU
WKH RWKHU DJHQWV¶ SRVVLEOH ELGGLQJ VWUDWHJLHV � DIWHU H[SORUDWLRQ KDV HQGHG� LW ZLOO SOD\ WKH ELG ZLWK
WKH KLJKHVW DYHUDJH YDOXH� DQG RWKHU DJHQWV ZLOO GR WKH VDPH� 3HUKDSV WKLV WKHQ UHVXOWV LQ VRPH
PRUH OHDUQLQJ DQG VRPH VZLWFKLQJ RI VWUDWHJLHV� EXW HYHQWXDOO\ WKH DJHQWV ZLOO DUULYH DW D SRLQW ZKHUH
WKH\ DUH DOO SOD\LQJ DFWLRQV ZKLFK WKH\ HVWLPDWH WR EH WKH EHVW� WKH\ ZLOO FHDVH WR SOD\ RWKHU DFWLRQV
�ZKRVH HVWLPDWHG YDOXHV ZLOO QRW EH XSGDWHG WR DFFRXQW IRU WKH FXUUHQW RSSRQHQWV¶ SROLFLHV��� 7KXV
RQFH H[SORUDWLRQ KDV HQGHG� WKH DJHQWV KDYH WUDSSHG WKHPVHOYHV LQWR ´OHDYLQJ PRQH\ RQ WKH WDEOH´�

1RZ LQ ��� ZH GLVFXVV FRQGLWLRQV XQGHU ZKLFK WKLV LV JXDUDQWHHG QRW WR KDSSHQ� 7KH UHDVRQ WKHVH
JXDUDQWHHV GR QRW KROG LV WKDW WKH DJHQWV¶ 4�WDEOHV DUH QRW ´H[SUHVVLYH´ HQRXJK � WKH\ VLPSO\ GRQ¶W KDYH

��



���� (MWGYWWMSR SJ 6IWYPXW ��

HQRXJK HQWULHV RU GLPHQVLRQV WR VDWLVI\ WKH FRQGLWLRQV RI WKH WKHRUHPV� LQGHHG WKHVH FRQGLWLRQV PLJKW
EH UHIHUUHUHG WR DV ´QR VHOI�IXOILOOLQJ SURSKHF\´ FRQGLWLRQV� :H VKDOO GLVFXVV EHORZ WKH UHOHYDQFH RI
GLIIHUHQW PHWKRGV RI H[SORUDWLRQ� EXW IRU QRZ QRWH RQO\ WKDW D VXIILFLHQWO\ H[SUHVVLYH 4�WDEOH DQG VRPH
H[SORUDWLRQ LV VXIILFLHQW WR DYRLG QRQ�VWDWLRQDULW\ � LW LVQ¶W FOHDUO\ WKH FDVH WKDW OHQJWKLHU RU PRUH FRPSOH[
H[SORUDWLRQ�UXOHV ZLOO JXDUDQWHH FRQYHUJHQFH LI WKH 4�WDEOH LV VWLOO UHVWULFWHG�

:KLOH ZH KDYH VKRZQ WKDW ´H[SUHVVLYHQHVV´ RI WKH DJHQWV¶ OHDUQHG 4�WDEOHV PXVW EH VXIILFLHQW LQ
RUGHU WR OHDUQ FRUUHFWO\� LW UHPDLQV XQFOHDU ZKDW WKLV ZRXOG ORRN OLNH LQ WKLV GLVFUHWH VHWWLQJ� :H KDYH
VHHQ WKDW WKH DJHQWV PXVW OHDUQ EDVHG RQ DFWLRQ WXSOHV� QRW MXVW WKHLU RZQ DFWLRQV� ZKLOH D WDEXODU OHDUQHU
FDQ OHDUQ D Q�WDEOH WKLV ZD\ ZLWK QR GLIILFXOW\� WKLV WDEOH PXVW EH LQGH[HG E\ LQIRUPDWLRQ WR ZKLFK D ILUP
GRHV QRW KDYH DFFHVV �L�H�� WKH RWKHU ILUPV¶ DFWLRQV� � WKXV WKHUH LV QR QDWXUDO DQDORJXH RI WKH DUJPD[�
SROLF\ �PRGHOOLQJ RWKHU DJHQWV LV QHFHVVDU\ LQ WKLV FDVH� EXW WKH GLIILFXOWLHV GLVFXVVHG LQ ��� PDLQWDLQ��
:KLOH H[SHULPHQW WZR H[WHQGV WKLV H[SHULPHQW LQWR D PRUH FRPSOLFDWHG� FRQWLQXRXV ELG�VSDFH� WKLV
LV HVVHQWLDOO\ D WHFKQLFDO DFKLHYHPHQW� RQ WKH RWKHU KDQG� WKH VHSDUDWLRQ RI WKH OHDUQLQJ DOJRULWKP
LQWR ´DFWRU´ DQG ´FULWLF´ DOORZV DQ HIIHFWLYH FRPSURPLVH�SRVLWLRQ RQ ZKDW LQIRUPDWLRQ LV DYDLODEOH� DV
GLVFXVVHG LQ ���� :H ZLOO HODERUDWH RQ WKH FRQVHTXHQFHV RI WKLV EHORZ�

,Q VXP� WKH GLVFUHWH�HQYLURQPHQW ZLWK WDEXODU OHDUQHUV FOHDUO\ H[KLELWV SDWKRORJ\ GXH WR QRQ�VWDWLRQDULW\�
SUHYHQWLQJ WKH UHDOLVWLF VLPXODWLRQ RI VWUDWHJLF EHKDYLRU� IXUWKHU� WKHUH LV QRW D QDWXUDO ZD\ WR DOWHU WKH
WDEXODU�OHDUQLQJ DOJRULWKP ZKLFK UHVROYHV WKLV SUREOHP� 2WKHU DOJRULWKPV H[LVW ZKLFK GR DGGUHVV WKLV
SUREOHP� EXW WKHVH DUH EH\RQG RXU VFRSH KHUH DQG WR WKH H[WHQW WKH\ VXFFHHG� WKH\ GR VR IRU WKH VDPH
UHDVRQV ZKLFK ZH ZLOO RXWOLQH EHORZ�

������ 'SRXMRYSYW )RZMVSRQIRX )\TIVMQIRX 6IWYPXW� &IVXVERH 'SQTIXMXMSR
7KH UHOHYDQW GDWD DUH VXPPDUL]HG LQ ILJXUH �����

7KH SXUSRVH RI WKLV ILUVW FDVH LV WR SHUIRUP H[SHULPHQWV DV FORVHO\ DQDORJRXV DV SRVVLEOH WR WKRVH
SHUIRUPHG LQ WKH WDEXODU HQYLURQPHQW� :H UHLWHUDWH WKDW WKH FULWLF�ORVV LQ WKH FRQWLQXRXV�GRPDLQ LV D
FORVH DQDORJXH WR WKH 7'�HUURU LQ WKH WDEXODU FDVH � WKH\ PD\ EH LQWHUSUHWHG DV PHDVXUHV RI D ILUP¶V
GHJUHH RI ´VXUSULVH´ XSRQ UHFHLYLQJ VRPH RXWFRPH�

$V H[SHFWHG� ZH VHH WKDW WKH ''3* DJHQW LV FDSDEOH RI OHDUQLQJ PRQRSROLVW EHKDYLRU� DQG RI FRP�
SHWLQJ WR HTXLOLEULXP ZLWK DQRWKHU QRQ�OHDUQLQJ DJHQW � DV LOOXVWUDWHG E\ WKH ORZ FULWLF�ORVV DQG GHILFLW�
7KLV SURYLGHV HYLGHQFH WKDW WKH IDLOXUH WR ILQG D EHVW�UHVSRQVH LQ WKH PXOWL�OHDUQHU FDVHV LQGLFDWHV D
IDLOXUH GXH WR QRQ�VWDWLRQDULW\�

:H WKHQ H[DPLQH WKH FDVH RI FRPSHWLWLRQ EHWZHHQ WZR DJHQWV � LQ WKH ILUVW FDVH� XVLQJ ''3*� DQG LQ
WKH VHFRQG� XVLQJ 0$''3*� $V ''3* LV D FORVH DQDORJXH RI WKH WDEXODU 4�OHDUQLQJ GLVFXVVHG DERYH�
ZH VHH� DV H[SHFWHG� WKDW LW GRHV QRW OHDUQ WR SOD\ D EHVW�UHVSRQVH DJDLQVW LWVHOI� 7KH GHILFLW UHPDLQV
ODUJH� ZKLOH WKH FULWLF�ORVV LV DOVR ODUJH� LQ WKH WDEXODU FDVH� ZH ZRXOG KDYH H[SHFWHG WKLV WR JR WR ]HUR
IRU D ´VHOI�IXOILOOLQJ SURSKHF\´� EXW LQ WKH FDVH RI WKH QHXUDO QHWZRUN� WKLV FULWLF�ORVV GHFD\V PRUH VORZO\
GXH WR WKH XVDJH RI D PHPRU\�EXIIHU � L�H�� WKH DJHQW OHDUQV IURP WKH ODVW KDQGIXO RI HSLVRGHV� UDWKHU
WKDQ WKH ODVW PHUHO\� 1RQHWKHOHVV� 0$''3* H[KLELWV D ORZHU FULWLF�ORVV DQG DJHQW�DYHUDJHG GHILFLW
�WKHVH DUH QRW ]HUR� WKRXJK D ORRN DW WKH DSSURSULDWH SORWV LQ WKH DSSHQGL[ ZLOO VKRZ WKHP WR EH PDNLQJ
D SHUKDSV PRUH FRQYLQFLQJ DSSURDFK WKDQ WKRVH IRU ''3*��

$V GLVFXVVHG DERYH� WKH UHDVRQ WKDW 0$''3* VXFFHHGV ZKHUH ''3* IDLOV LV WKDW WKHQ�IXQFWLRQ LV
PRUH H[SUHVVLYH � LW KDV HQRXJK GLPHQVLRQDOLW\ WR VDWLVI\ WKH WKHRUHPV LQ ���� 7KH UHDVRQ WKLV VROXWLRQ
LV DFFHSWDEOH KHUH ZKHUH LW ZDV QRW LQ WKH GLVFUHWH�FDVH LV WKDW� ZKLOH WKH Q�IXQFWLRQ LV JLYHQ DFFHVV WR
KLGGHQ�LQIRUPDWLRQ� WKH SROLF\ WUDLQHG IURP LW LV QRW� )RU WKH SUDFWLFDO SXUSRVHV RI PDUNHW�GHVLJQ� WKLV
PHDQV WKDW ILUPV ZLOO QRW EHKDYH DV LI WKH\ KDG DFFHVV WR KLGGHQ LQIRUPDWLRQ� EXW ZLOO VWLOO EH DEOH WR
OHDUQ UHVSRQVHV WR RSSRQHQWV¶ DFWLRQV UHOLDEO\�

������ 'SRXMRYSYW )RZMVSRQIRX )\TIVMQIRX 6IWYPXW� 5�4�&MHHMRK
7KH UHOHYDQW GDWD DUH VXPPDUL]HG LQ )LJXUH �����

7KH SXUSRVH RI WKLV VHFRQG FDVH LV WR H[WHQG WKH SUHYLRXV HQYLURQPHQW VOLJKWO\� $JHQWV EHLQJ
DOORZHG WR ELG LQ (Q,P ) SDLUV� WKH UDQJH RI VWUDWHJLF EHKDYLRU EHFRPHV FRQVLGHUDEO\ PRUH FRPSOH[�
HVSHFLDOO\ DV WKH ILUPV QR ORQJHU PDLQWDLQ VXIILFLHQW FDSDFLW\ WR XQLODWHUDOO\ PHHW GHPDQG� )XUWKHU� QRWH
WKDW� DV WKH DQDO\WLFDO VROXWLRQ WR WKH SUREOHP EHFRPHV FRQVLGHUDEO\ PRUH FRPSOH[� ZH SURYLGH UHVXOWV
LQ WHUPV RI DJHQW�DYHUDJHG SURILWV� UDWKHU WKDQ GHILFLW IURP WKH RSWLPDO SURILW�

:H REVHUYH WKDW LQ WKH ILUVW FDVH� WKH ''3* DJHQW OHDUQV WR PDNH D VPDOO SURILW � WKLV LV WR EH
H[SHFWHG� LQ WKDW WKH QDLYH RSSRQHQW LV KDSS\ WR PHHW PRVW RI GHPDQG DW�FRVW� OHDYLQJ RQO\ D IHZ



���� (MWGYWWMSR SJ 6IWYPXW ��

WHQV RI MW RI GHPDQG� ZKLFK� KRZHYHU� WKH OHDUQHU LV IUHH WR VHW WKH SULFH IRU �ZLWKLQ GHPDQG�
FRQVWUDLQWV�� /LNHZLVH� WKH FULWLF�ORVV JRHV WR ]HUR� DV WKHUH DUH QR RWKHU OHDUQLQJ DJHQWV� QRU LV WKHUH
KLGGHQ�LQIRUPDWLRQ�

%\ FRQWUDVW� ZH FRPSDUH DJDLQ WKH ''3* DQG0$''3* OHDUQHUV FRPSHWLQJ� &OHDUO\� WKH0$''3*
OHDUQHUV GR PXFK EHWWHU ZLWK UHVSHFW WR FULWLF�ORVV � DV H[SHFWHG� WKH\ DUH PXFK OHVV UHJXODUO\ VXUSULVHG
WKDQ WKHLU ''3* FRXQWHUSDUWV� ,QWHUHVWLQJO\� WKH 0$''3* DJHQWV DWWDLQ OHVV DYHUDJH�SURILWV WKDQ WKH
''3* OHDUQHUV� 7KDW LV� ZHUH D PDUNHW�GHVLJQHU HYDOXDWLQJ WKLV PDUNHW IRU VWUDWHJLF EHKDYLRU XVLQJ
''3* RU RWKHU LQGHSHQGHQW�OHDUQHUV� WKH\ ZRXOG EH VXEVWDQWLDOO\ PLVHVWPDWLQJ D NH\ GHVLJQ PHWULF�
,QVWHDG� ZKHQ WKH0$''3*DOJRULWKP LV XVHG� ZH VHH WKDW ILUPVPDNHPXFK OHVV RYHUDOO SURILW �ZLWK KLJK
YDULDWLRQ EHWZHHQ UXQV� QRWH WKDW WKH TXDQWLWLHV VKRZQ DUH DYHUDJHG RYHU DJHQWV LQ DOO FDVHV� DQG WKH
XQFHUWDLQW\ EDUV LQ )LJXUH ���� FRUUHVSRQG WR WKH VWDQGDUG GHYLDWLRQ EHWZHHQ UXQV�� &RUUHVSRQGLQJO\�
WKH PDUNHW�GHVLJQHU REWDLQV PRUH DFFXUDWH LQIRUPDWLRQ DERXW WKH GHVLJQ�

������ 2SXIW SR XLI 8EFYPEV ERH XLI 'SRXMRYSYW )RZMVSRQIRX 6IWYPXW
:H RIIHU KHUH D IHZ UHPDUNV SHUWDLQLQJ WR WKH UHVXOWV REWDLQHG LQ WKH ILUVW WZR H[SHULPHQWV� DV WKH\ DUH
RI D VLPLODU FKDUDFWHU�

)LUVW ZH QRWH WKDW WKH UHVXOWV REWDLQHG DOO XVHG D SDUWLFXODU H[SORUDWLRQ�UXOH� ZKLFK FRXOG UHDG�
LO\ EH VXEVWLWXWHG IRU RWKHUV� :KLOH WKHVH UXOHV ZHUH QRW H[DFWO\ DQDORJRXV EHWZHHQ WKH WZR H[SHU�
LPHQWV �XQLIRUP�UDQGRP LQ WKH WDEXODU FDVH� JDXVVLDQ LQSXW�QRLVH LQ WKH FRQWLQXRXV�� WKH HVVHQWLDO
QRQ�VWDWLRQDULW\ SUREOHP UHPDLQV WKH VDPH� 7KH FRQYHUJHQFH WKHRUHPV SURYHG GR SHUPLW D UHODWLYHO\
ODUJH UROH IRU WKH H[SORUDWLRQ UXOH� DQG QR GRXEW� VRPH PLJKW FDXVH OHDUQHUV WR EH OHVV SURQH WR WKH
QRQ�VWDWLRQDULW\ SUREOHPV LOOXVWUDWHG DERYH WKDQ RWKHUV� HVSHFLDOO\ LI WKH\ WDSHU JUDGXDOO\ LQ HIIHFW UDWKHU
WKDQ WXUQLRQJ RII DIWHU D VHW WLPH� :H GR QRW FODLP WKDW WKH VLPSOH H[SORUDWLRQ SURWRFRO XVHG ZDV WKH
PRVW HIIHFWLYH IRU PLWLJDWLQJ QRQ�VWDWLRQDULW\� PHUHO\ WKDW WKH VZLWFK WR D VXIILFLHQWO\ H[SUHVVLYH�LQIRUPHG
Q�IXQFWLRQ LV VXIILFLHQW WR VROYH WKH SUREOHP�

$ VLPLODU UHPDUN SHUWDLQV WR WKH QHXUDO QHWZRUN WHFKQLFDOLD DV VSHFLILHG LQ ������ DQG LQGHHG IRU WKH
XVH RI ''3* DQG 0$''3* LQ JHQHUDO� RI ZKLFK WKH ODWWHU LV PRUH LQWHUHVWLQJ WR GLVFXVV� WKH IRUPHU
EHLQJ WKH VXEMHFW RI HQJLQHHULQJ WKDW HYHU\ SURMHFW PXVW FRPSOHWH IRU LWVHOI UHJDUGOHVV� ''3* DQG
0$''3* ZHUH VHOHFWHG DV DOJRULWKPV EHFDXVH RI WKHLU FORVH UHODWLRQVKLS WR WKH WDEXODU 4�OHDUQLQJ
PHWKRG� ZKLFK DOORZV IRU D FRQFHSWXDOO\ FOHDUHU FRPSDULVRQ RI WKH WZR H[SHULPHQWV¶ RXWFRPHV� 7KH
NH\ GLIIHUHQFH EHWZHHQ ''3* DQG 0$''3* LV WKH H[SUHVVLYHQHVV RI WKH Q�IXQFWLRQ� DQG LQ WXUQ WKH
DFFHVV �GXULQJ WUDLQLQJ RQO\� WR QRUPDOO\ KLGGHQ�LQIRUPDWLRQ � ''3* GRHV QRW VDWLVI\ WKH FRQYHUJHQFH
WKHRUHPV SURYHG� ZKLOH 0$''3* GRHV� :H H[SHFW D VLPLODU GLVWLQFWLRQ WR KROG EHWZHHQ DQ\ SDLU
RI DOJRULWKPV ZKLFK DUH GLIIHUHQWLDWHG E\ WKH LQIRUPDWLRQ JLYHQ WR WKH FULWLF� 2Q WKH RWKHU KDQG� LW LV
ZRUWK QRWLQJ WKDW WKH LQGHSHQGHQFH RI WKH SROLF\ RI KLGGHQ�LQIRUPDWLRQ LV D GHVLJQ�GHVLGHUDWXP� QRW D
WKHRUHWLFDO FRQVWUDLQW � ZH GR QRW WKLQN DJHQWV ZLOO DUULYH DW UHDOLVWLF VWUDWHJLF EHKDYLRU LI WKH\ DUH JLYHQ
DFFHVV WR KLGGHQ�LQIRUPDWLRQ VXFK DV DQ RSSRQHQW¶V ELGGLQJ VWUDWHJ\�

������ %HZIVWEVMEP 1EVOIX (IWMKR )\TIVMQIRX 6IWYPXW
7KH UHOHYDQW GDWD DUH VXPPDUL]HG LQ )LJXUH �����

7KH TXDOLWDWLYH DQDO\VLV RI WKH SULFH�FDS VHWWLQJ SUREOHP SUHVHQWHG LQ ��� ZLOO JXLGH RXU GLVFXVVLRQ
KHUH� 2YHUDOO� ZH FDQ VHH WKDW WKH ILQDO SULFH�FDS VHW FDQ EH XQUHDVRQDEO\ KLJK� ZKLOH WKH DFWXDOO\
DFKLHYHG FOHDULQJ�SULFHV DUH PRUH UHDVRQDEOH� 7KLV PD\ EH H[SODLQHG E\ QRWLQJ WKDW WKH KLJK SULFH�
FDS YDOXHV DUH REVHUYHG IRU YHU\ ORZ DGYHUVDULDOLWLHV� DQG WKHVH WHQG QRW WR EH UHIOHFWHG LQ WKH FOHDULQJ
SULFH � WKDW LV� ZKHQ WKH PDUNHW LV GHVLJQ WR IDYRU SURGXFLQJ�ILUPV� WKH PDUNHW GHVLJQHU VLPSO\ VWHSV
RXW RI WKH ZD\ DQG DOORZV WKH ROLJRSRO\ RXWFRPH WR RFFXU� 7KLV EHLQJ WKH FDVH� PRVW RI RXU GLVFXVVLRQ
ZLOO IRFXV RQ REVHUYDWLRQV UHODWLQJ WR WKH SULFH�FDS� ZKLFK PRUH FOHDUO\ LOOXVWUDWHV WKH RXWFRPHV� HYHQ
DV LW LV QRW WKH GHVLJQ�YDULDEOH�

:H DOVR REVHUYH D PDUNHG VSUHDG LQ WKH ILQDO FOHDULQJ�SULFHV� HYHQ EHWZHHQ UXQV ZLWK WKH VDPH
SDUDPHWHUV� $ ORRN DW WKH UHODWHG ILJXUHV LQ WKH DSSHQGL[ ZLOO FRQILUP WKDW WKH WUDLQLQJ�SURFHVV LV TXLWH
HUUDWLF� DQG GLG QRW DOZD\V FOHDUO\ DUULYH DW DQ XQDPELJXRXV ILQDO UHVXOW� 7KLV ZRXOG VHHP WR UHIOHFW
WKDW WKH DGYHUVDULDO PDUNHW�GHVLJQ SURFHVV LV PXFK KDUGHU WR WUDLQ IRU WKDQ VLPSOH VWUDWHJLF EHKDYLRU
� WKRXJK WKLV LV UHDVRQDEOH WR H[SHFW LI RQH FRPSDUHV WR WKH FORVH DOWHUQDWLYH RI VHWWLQJ WKH DGYHUVDU\
DV DQ RXWHU�ORRS RSWLPL]HU� ZKRVH VLQJOH�WLPHVWHS ZRXOG FRUUHVSRQG WR D IXOO UHWUDLQLQJ RI WKH VWUDWHJLF
DJHQWV� 1RQHWKHOHVV� WKLV VHHPV WR EH D OLPLWDWLRQ RI WKH PHWKRG DV DSSOLHG LQ WKLV VLPSOH IRUP �F�I�
UHPDUNV EHORZ RQ OLPLWDWLRQV DQG IXWXUH ZRUN��



���� 6IGETMXYPEXMSR ��

7KDW VDLG� WKH SDUDPHWHU�VZHHS GRHV \LHOG VRPH LQIRUPDWLRQ� UHFDOO WKDW ZH SUHGLFWHG IURP WKH
DQDO\WLFDO VROXWLRQ WKDW WKH SULFH�FDS VKRXOG EH HTXDO WR WKH PDUJLQDO FRVW IRU DGYHUVDULDOLW\ α > 1/2� DQG
VKRXOG LQWHUSRODWH WR EHLQJ WKH ROLJRSRO\ SULFH �RU KLJKHU� DV WKH RXWFRPHV DUH WKH VDPH� DV alpha JRHV
WR ]HUR �DV SURGXFHUV DUH PRUH IDYRUHG�� ,QGHHG� ZH ILQG WKDW� ZKHQ WKH DGYHUVDULDOLW\ LV RQH � L�H� ZKHQ
WKH PDUNHW�GHVLJQHU LV WRWDOO\ XQFRQFHUQHG ZLWK SURGXFHU ZHOIDUH� WKH SULFH FDS LV FRQVLVWHQWO\ VHW WR EH
DSSUR[LPDWHO\ WKH SURGXFHUV¶ PDUJLQDO FRVWV� DV H[SHFWHG� %\ FRPSDULVRQ� DV WKH OHYHO RI DGYHUVDULDOLW\
GHFUHDVHV� ZH VHH WKDW WKH FOHDULQJ SULFHV WHQG WR LQFUHDVH � WKRXJK� FRPSDUHG WR SUHGLFWLRQV� WKHVH
FDVHV GR QRW DOO VKRZ D FOHDU WUHQG RI FRQYHUJHQFH WR WKH ROLJRSRO\ RXWFRPH�

,Q VXP� ZH VHH WKDW DGYHUVDULDO PDUNHW GHVLJQ KDV D PRGHUDWH DELOLW\ WR ILQG WKH RSWLPDO RXWFRPH
DV LQWHQGHG� WKRXJK WKLV LV VWURQJO\ UHVWUDLQHG E\ WKH UHOLDELOLW\ RI WKH WUDLQLQJ PHWKRG� :H ZLOO GLVFXVV
WKLV SUREOHP DQG FRQFRPLWDQW UHFRPPHQGDWLRQV EHORZ�

���� 6IGETMXYPEXMSR
:H UHLWHUDWH WKH FRUH UHVHDUFK TXHVWLRQ ZH ZLVK WR DQVZHU LQ WKLV ZRUN� ´XQGHU ZKDW FRQGLWLRQV FDQ
0$5/ PHWKRGV EH SURGXFWLYHO\ XVHG WR VLPXODWH UDWLRQDO DJHQWV¶ EHKDYLRXU IRU WKH SXUSRVHV RI

HOHFWULFLW\�PDUNHW GHVLJQ"´
:H DUH QRZ LQ D SRVLWLRQ WR RXWOLQH KRZ RXU WKHRUHWLFDO ZRUN DQG H[SHULPHQWV DQVZHU WKLV TXHVWLRQ�

,Q SDUWLFXODU� WKH DUJXPHQW PD\ EH VXPPDUL]HG DV IROORZV�

� &ODLP� 3URYLGHG WKH 7'�HUURU � &ULWLF�ORVV �DQG FRQFRPLWDQW FKDQJH LQ SROLF\� YDQLVK� DQ DJHQW
LV SOD\LQJ D EHVW�UHVSRQVH JLYHQ LWV RSSRQHQWV¶ SROLFLHV LI DQG RQO\ LI WKH RSWLPDOLW\�GHILFLW LV ]HUR�
:KHQ DJHQWV¶ 7'�HUURUV � FULWLF�ORVVHV YDQLVK DQG WKH RSWLPDOLW\�GHILFLW GRHV QRW� WKH DJHQWV KDYH
DUULYHG DW DQ LQFRUUHFW HTXLOLEULXP GXH WR QRQ�VWDWLRQDULW\�
(YLGHQFH� 7KH ILUVW VHQWHQFH LV WUXH E\ GHVLJQ� DV JLYHQ LQ ���� 7KH VHFRQG VHQWHQFH LV LPSOLHG
E\ FRQWUDGLFWLRQ RI FRQYHUJHQFH WKHRUHPV IRU VLQJOH�DJHQW 4�OHDUQLQJ �F�I�� H�J�� >��@��

� &ODLP� ,QGHSHQGHQW�OHDUQLQJ 0$5/ PHWKRGV DUH QRW� LQ JHQHUDO� FDSDEOH RI VLPXODWLQJ UHDOLVWLF
VWUDWHJLF EHKDYLRU LQ PDUNHWV �LQ WKH VHQVH RI DUULYLQJ DW 1DVK�HTXLOLEULD��
(YLGHQFH� 6XFK IDLOXUH LV LPSOLHG E\ QRQ�]HUR RSWLPDOLW\ GHILFLWV LQ WKH WDEXODU DQG LQ WKH FRQ�
WLQXRXV� %HUWUDQG FRPSHWLWLRQ H[SHULPHQWV� LQ WKRVH VLWXDWLRQV ZLWK PXOWLSOH FRPSHWLQJ DJHQWV
�H[FHSW ZLWK 0$''3*� ZKLFK LV QRW DQ LQGHSHQGHQW�OHDUQLQJ DOJRULWKP�� HTXLYDOHQWO\� WKH ILUPV
GR QRW OHDUQ WR SOD\ EHVW�UHVSRQVHV JLYHQ HDFK RWKHUV¶ SROLFLHV�

� &ODLP� )RU YDOXH�OHDUQLQJ PHWKRGV� WKH QRQ�VWDWLRQDULW\ SUREOHP PD\ EH VROYHG LI WKH DOJRULWKP
PHHWV WKH FRQVWUDLQWV LPSRVHG E\ WKH WKHRUHPV LQ ����
(YLGHQFH� VHH SURRIV LQ ���� WKH VXSHULRU SHUIRUPDQFH �L�H� ORZHU RSWLPDOLW\�GHILFLW� RI 0$''3*
RYHU ''3* RXWFRPHV LQ WKH FRQWLQXRXV HQYLURQPHQWV LV DOVR HYLGHQFH IRU WKLV FODLP�

� &ODLP� 3URYLGHG WKDW OHDUQHUV DUH NQRZQ WR FRQYHUJH WR FRUUHFW 1DVK HTXLOLEULD� WKH\ PD\ EH
XVHG WR LQIHU WKH SRVVLEOH VHYHULW\ RI VWUDWHJLF�EHKDYLRU LQ D JLYHQ PDUNHW�GHVLJQ� HYHQ ZKHQ WKH
1DVK HTXLOLEULD DUH QRW NQRZQ LQ DGYDQFH�
(YLGHQFH� WKH FRQWLQXRXV 4�3�%LGGLQJ H[SHULPHQWV VKRZ 0$''3* DJHQWV WR HDUQ OHVV SURILW �D
SUR[\ IRU PDUNHW YXOQHUDELOLW\ WR VWUDWHJLF�EHKDYLRU� WKDQ ''3* DJHQWV� SUHYLRXV FODLPV VXSSRUW
WKH DVVHUWLRQ WKDW WKH 0$''3* RXWFRPH LV PRUH OLNHO\ WR EH FRUUHFW WKDQ WKH ''3* RQH�

� &ODLP� ,QVRIDU DV OHDUQHUV UHOLDEO\ OHDUQ FRUUHFW VWUDWHJLF�EHKDYLRU ZLWKLQ D PDUNHW�GHVLJQ� WKLV
SHUPLWV WKH XVH RI DGYHUVDULDO PDUNHW�GHVLJQ � WKH RSWLPL]DWLRQ RI PDUNHW�GHVLJQ FRQVWUDLQHG E\
WKH RSWLPL]DWLRQ RI DJHQWV¶ VWUDWHJLF EHKDYLRU�
(YLGHQFH� VHH WKH DGYHUVDULDO PDUNHW GHVLJQ H[SHULPHQWV GLVFXVVHG DERYH� WKLV FODLP LV DOVR
VXSSRUWHG E\ WKH WKHRUHPV SURYHQ LQ ��� ZKHQ WKH DGYHUVDU\ LV WDNHQ WR EH RQH RI WKH DJHQWV�

7KH ILUVW WKUHH RI WKHVH FODLPV WHOO XV ZKHQ DJHQWV PD\ EH WDNHQ DV DSSUR[LPDWLQJ UDWLRQDO EHKDYLRU�
7KH ILQDO WZR UHODWH WKHVH FRQVWUDLQWV WR WKH XVH RI 5/ VLPXODWLRQV IRU SUDFWLFDO PDUNHW�GHVLJQ�

���� 0MQMXEXMSRW ERH (MVIGXMSRW JSV *YXYVI ;SVO
:H FORVH ZLWK UHPDUNV KLJKOLJKWLQJ WKH UDQJH RI DSSOLFDELOLW\ RI WKH SUHVHQW ZRUN� SODFHV ZKHUH LW LV
OLPLWHG LQ DSSOLFDWLRQ� DQG KRZ LW PLJKW EH H[WHQGHG LQ IXWXUH ZRUN�

7KH SUHVHQW ZRUN KDV VHYHUDO VKRUWFRPLQJV UHJDUGLQJ WKH VLPSOLFLW\ RI WKH PRGHOV XVHG� )LUVW� WKH
VLPSOH GD\�DKHDG PDUNHW VLPXODWHG LV FOHDUO\ QRW RI PHDQLQJIXO LQWHUHVW WR PDUNHW�GHVLJQHUV� 7KH NH\



���� 0MQMXEXMSRW ERH (MVIGXMSRW JSV *YXYVI ;SVO ��

FODVV RI SUREOHPV IRU ZKLFK 5/ VLPXODWLRQ LV XVHIXO LV ZKHQ FRPSOH[LW\ RI WKH PDUNHW LV KLJK HQRXJK
WKDW RSWLPL]DWLRQ DQG DQDO\WLFDO PHWKRGV EHFRPH LQWUDFWDEOH� )XWXUH ZRUN PLJKW DSSO\ WKH PHWKRGRORJ\
XVHG KHUH WR PXFK PRUH FRPSOH[ FDVHV RI FRXSOHG PDUNHWV� PDUNHWV ZLWK PXOWLSOH WLPHVWHSV� RU FDVHV
ZKHUH DFWRUV FRQWURO PXOWLSOH DVVHWV RU KDYH WKH DELOLW\ WR VXEPLW ELG�FXUYHV UDWKHU WKDQ ELG�SDLUV �
WKH NH\ LV WKDW ZKLOH RSWLPL]DWLRQ PHWKRGV PD\ EHFRPH LPSUDFWLFDO� 5/ PHWKRGV UHPDLQ DSSOLFDEOH
SURYLGHG WKH SUREOHP FDQ VWLOO EH IUDPHG DV DPXWL�DJHQW 0'3� ,W LV KRSHG WKDW WKH SUHVHQW ZRUN SURYLGHV
WKH PHWKRGRORJLFDO IRXQGDWLRQ IRU VXFK H[WHQVLRQV�

)XUWKHU� LW LV XQUHDOLVWLF WR DVVXPH WKDW DJHQWV DUH WRWDOO\ XQDZDUH RI HDFK RWKHUV¶ DFWLRQV DQG RI WKH
RXWFRPH RI D ELGGLQJ�URXQG� OLNHZLVH LW LV XQUHDVRQDEOH WR DVVXPH WKDW DJHQWV¶ JHQHUDWRU FDSDFLWLHV
DUH UHDOO\ KLGGHQ�LQIRUPDWLRQ� ,Q WKH IRUPHU FDVH� DFFHVV WR PRUH LQIRUPDWLRQ SHUWDLQLQJ WR WKH RXWFRPH
RI SUHYLRXV ELGV ZRXOG FOHDUO\ EH PRUH UHDOLVWLF� WKXV IXWXUH ZRUN PLJKW IRFXV RQ ZD\V WR SURGXFWLYHO\
XVH VXFK GDWD DV LQSXW WR WKH DJHQWV �WKRXJK LW VKRXOG EH QRWHG WKDW WKLV H[WHQVLRQ LV RQO\ MXVWLILHG IRU
WKH FDVH RI SUREOHPV ZLWK PXOWLSOH WLPHVWHSV � LW LV QRW LQ WKH FDVH RI WKH VLQJOH�WLPHVWHS HQYLURQPHQWV
FRQVLGHUHG KHUH� LQVRIDU DV WKH SUREOHP E\ WKH 0DUNRYLDQ DVVXPSWLRQ FDQQRW GHSHQG DW DOO RQ VXFK
GDWD�� 6LPLODUO\� LI RQH LV LQWHUHVWHG LQ VWUDWHJLF EHKDYLRU� LW ZRXOG SHUKDSV EHKRRYH D PDUNHW�GHVLJQHU
WR LQYHVWLJDWH WKH UROH RI SRVVLEOH FRPPXQLFDWLRQ DPRQJ DJHQWV � L�H� WKH H[SOLFLW IRUPDWLRQ RI FDUWHOV�
PDUNHW PRGHOV PLJKW EH H[WHQGHG WR LQFOXGH VXFK FRQVLGHUDWLRQV�

7KHUH DUH OLNHZLVH D QXPEHU RI FRQVWUDLQWV IDFHG E\ WKH VLPSOLFLW\ RI WKH WUDLQLQJ SURWRFROV RI WKH
FXUUHQW ZRUN� IRU RQH� WKH HSVLORQ�H[SORUDWLRQ XVHG LQ WKH WDEXODU�OHDUQLQJ VHFWLRQ LV FHUWDLQO\ DPRQJ
WKH PRUH DSW WR FDXVH QRQ�VWDWLRQDULW\ SUREOHPV� VR IXWXUH ZRUN PLJKW LQYHVWLJDWH LI DQ\ H[SORUDWLRQ
SURWRFROV PLJKW SURYDEO\ VDYH LQGHSHQGHQW 4�OHDUQLQJ RU RWKHUZLVH UHQGHU WKH SURFHVV PRUH HIILFLHQW�
$QRWKHU JODULQJ FRQVWUDLQW RI WKH VHFWLRQ RQ DGYHUVDULDO PDUNHW GHVLJQ LV WKH FOHDU GLIILFXOW\ RI REWDLQLQJ
FRQYHUJHG UHVXOWV � KHUH ZRUN PLJKW LQYHVWLJDWH GLIIHUHQW 5/ VHWXSV �OHDUQLQJ DOJRULWKPV� H[SORUDWLRQ
UXOHV� HWF�� ZKLFK PLJKW VWDELOL]H WKLV SURFHGXUH DQG WKXV UHQGHU LW PRUH SUDFWLFDOO\ XVHIXO�

6LPLODUO\� WKH DGYHUVDULDO PDUNHW�GHVLJQ SURFHGXUH LV IXQGDPHQWDOO\ OLPLWHG E\ LWV QHHG WR KDQGOH D
SDUDPHWHUL]HG IDPLO\ RI PDUNHW GHVLJQV �DQ H[WHQVLRQ WR GLVFUHWH FKRLFHV LV LQ SULQFLSOH SRVVLEOH� EXW
ZRXOG VHHP WR QRW SOD\ WR 'HHS5/¶V VWUHQJWKV H[FHSW SHUKDSV DV DQ DG KRF PHWKRG RI FRPELQDWRULDO
RSWLPL]DWLRQ RYHU PDQ\ GLVFUHWH GHVLJQ FKRLFHV�� 7KRXJK WKLV LV D VHULRXV OLPLWDWLRQ� IXWXUH ZRUN PLJKW
SURGXFWLYHO\ DSSO\ LW WR VLWXDWLRQV FRPSOH[ HQRXJK WR EH RI SUDFWLFDO XWLOLW\ WR GHVLJQHUV H�J�� D GHPDQG�
VFKHGXOH IRU FDUERQ�FUHGLW UHVHUYHV�
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?iiT,ff2#QQF+2Mi`�HXT`Q[m2biX+QKfHB#f/2H7if/2i�BHX�+iBQM\/Q+A.4kRNdd8 �YLVLWHG RQ
������������

>�@ 3HWHU &UDPWRQ� ³(OHFWULFLW\ PDUNHW GHVLJQ´� HQ� ,Q� 2[IRUG 5HYLHZ RI (FRQRPLF 3ROLF\ ���� �1RY�
������ SS� ���±���� ,661� ��������;� ���������� '2,� RyXRyNjfQt`2Tf;`ty9R� 85/� ?iiT,

ff�+�/2KB+XQmTX+QKfQt`2Tf�`iB+H2fjjf9f83Nf983dNjN �YLVLWHG RQ ������������

>�@ /LRQ +LUWK� ³7KH PDUNHW YDOXH RI YDULDEOH UHQHZDEOHV´� HQ� ,Q� (QHUJ\ (FRQRPLFV �� �-XO\ ������
SS� ���±���� ,661� ��������� '2,� RyXRyRefDX2M2+QXkyRjXykXyy9� 85/� ?iiTb,ffHBMFBM;?

m#X2Hb2pB2`X+QKf`2i`B2p2fTBBfayR9yN33jRjyyyk38 �YLVLWHG RQ ������������

>�@ /DZUHQFH 0� $XVXEHO DQG 3HWHU &UDPWRQ� ³8VLQJ IRUZDUG PDUNHWV WR LPSURYH HOHFWULFLW\ PDUNHW
GHVLJQ´� HQ� ,Q� 8WLOLWLHV 3ROLF\ ���� �'HF� ������ SS� ���±���� ,661� ��������� '2,� RyXRyRef

DXDmTXkyRyXy8Xyy9� 85/� ?iiTb,ffHBMFBM;?m#X2Hb2pB2`X+QKf`2i`B2p2fTBBfayN8dRd3dRyy

yyjee �YLVLWHG RQ ������������

>�@ 6WHYHQ $� *DEULHO HW DO� &RPSOHPHQWDULW\ 0RGHOLQJ LQ (QHUJ\ 0DUNHWV� HQ� *RRJOH�%RRNV�,'�
/X�/�Z8HD�,&� 6SULQJHU 6FLHQFH 	 %XVLQHVV 0HGLD� -XO\ ����� ,6%1� ������������������

>��@ 0DUF /DQFWRW HW DO� ³$ 8QLILHG *DPH�7KHRUHWLF $SSURDFK WR 0XOWLDJHQW 5HLQIRUFHPHQW /HDUQLQJ´�
,Q� $GYDQFHV LQ 1HXUDO ,QIRUPDWLRQ 3URFHVVLQJ 6\VWHPV� 9RO� ��� &XUUDQ $VVRFLDWHV� ,QF�� �����
85/� ?iiTb,ffT`Q+22/BM;bXM2m`BTbX++fT�T2`fkyRdf?�b?fjjkj72RR2N8N8+yN�7j372ed8ed�

NjN9@�#bi`�+iX?iKH �YLVLWHG RQ ������������

>��@ /XFLDQ %XVRQLX� 5REHUW %DEXVND� DQG %DUW 'H 6FKXWWHU� ³$ &RPSUHKHQVLYH 6XUYH\ RI 0XOWLDJHQW
5HLQIRUFHPHQW /HDUQLQJ´� HQ� ,Q� ,((( 7UDQV� 6\VW�� 0DQ� &\EHUQ� & ���� �0DU� ������ SS� ���±
���� ,661� ���������� ���������� '2,� RyXRRyNfhaJ**XkyydXNRjNRN� 85/� ?iiTb,ffB222tTH

Q`2XB222XQ`;f/Q+mK2Mif9998d8df �YLVLWHG RQ ������������

>��@ *HRUJLRV 3DSRXGDNLV HW DO� 'HDOLQJ ZLWK 1RQ�6WDWLRQDULW\ LQ 0XOWL�$JHQW 'HHS 5HLQIRUFHPHQW
/HDUQLQJ� HQ� DU;LY����������� >FV� VWDW@� -XQH ����� 85/� ?iiT,ff�`tBpXQ`;f�#bfRNyeXy9djd

�YLVLWHG RQ ������������

>��@ 3DXO :HLULFK� ³&DXVDO 'HFLVLRQ 7KHRU\´� ,Q� 7KH 6WDQIRUG (QF\FORSHGLD RI 3KLORVRSK\� (G� E\
(GZDUG 1� =DOWD� :LQWHU ����� 0HWDSK\VLFV 5HVHDUFK /DE� 6WDQIRUG 8QLYHUVLW\� ����� 85/� ?

iiTb,ffTH�iQXbi�M7Q`/X2/mf�`+?Bp2bfrBMkykyf2Mi`B2bf/2+BbBQM@ +�mb�Hf �YLVLWHG RQ
������������

��



6IJIVIRGIW ��

>��@ 5LFKDUG (YHUHWW� ³/HDUQLQJ $JDLQVW 1RQ�6WDWLRQDU\ $JHQWV ZLWK 2SSRQHQW 0RGHOOLQJ 	 'HHS 5H�
LQIRUFHPHQW /HDUQLQJ´� HQ� ,Q� ��� S� ��

>��@ ,QIUD�%D\HVLDQLVP � $, $OLJQPHQW )RUXP� HQ� 85/� ?iiTb , f f rrr X �HB;MK2Mi7Q`mK X Q`; f b f

*K`q37*KaGEd1k8b� �YLVLWHG RQ ������������

>��@ 5\DQ /RZH HW DO� 0XOWL�$JHQW $FWRU�&ULWLF IRU 0L[HG &RRSHUDWLYH�&RPSHWLWLYH (QYLURQPHQWV� HQ�
DU;LY����������� >FV@� 0DU� ����� 85/� ?iiT , f f �`tBp X Q`; f �#b f Rdye X ykkd8 �YLVLWHG RQ
������������

>��@ -XOLHQ 3HURODW HW DO� 0DVWHULQJ WKH *DPH RI 6WUDWHJR ZLWK 0RGHO�)UHH 0XOWLDJHQW 5HLQIRUFHPHQW
/HDUQLQJ� HQ� DU;LY����������� >FV@� -XQH ����� 85/� ?iiT,ff�`tBpXQ`;f�#bfkkyeXR8jd3

�YLVLWHG RQ ������������

>��@ ,GR (UHY HW DO� ³/HDUQLQJ DQG HTXLOLEULXP DV XVHIXO DSSUR[LPDWLRQV� $FFXUDF\ RI SUHGLFWLRQ RQ
UDQGRPO\ VHOHFWHG FRQVWDQW VXP JDPHV´� HQ� ,Q� (FRQRPLF 7KHRU\ ���� �-XO\ ������ SS� ��±
��� ,661� ���������� ���������� '2,� RyXRyydfbyyRNN@ yyd@ ykR9@ v� 85/� ?iiT,ffHBMFX

bT`BM;2`X+QKfRyXRyydfbyyRNN@yyd@ykR9@v �YLVLWHG RQ ������������

>��@ =LTLQJ =KX HW DO� ³5HLQIRUFHPHQW OHDUQLQJ LQ GHUHJXODWHG HQHUJ\ PDUNHW� $ FRPSUHKHQVLYH UH�
YLHZ´� HQ� ,Q� $SSOLHG (QHUJ\ ��� �-DQ� ������ S� ������� ,661� ��������� '2,� Ry X RyRe f

D X �T2M2`;v X kykk X RkykRk� 85/� ?iiTb , f f HBMFBM;?m# X 2Hb2pB2` X +QK f `2i`B2p2 f TBB f

ayjyekeRNkkyR9eNe �YLVLWHG RQ ������������

>��@ <DQ 'X HW DO� ³$SSUR[LPDWLQJ 1DVK (TXLOLEULXP LQ 'D\�DKHDG (OHFWULFLW\ 0DUNHW %LGGLQJ ZLWK 0XOWL�
DJHQW 'HHS 5HLQIRUFHPHQW /HDUQLQJ´� HQ� ,Q� -RXUQDO RI 0RGHUQ 3RZHU 6\VWHPV DQG &OHDQ (Q�
HUJ\ ��� ������� SS� ���±���� ,661� ���������� '2,� Ry X j83jj f JS*1 X kyky X yyy8yk� 85/�
?iiTb,ffB222tTHQ`2XB222XQ`;f/Q+mK2MifN9ye8dk �YLVLWHG RQ ������������

>��@ .DWLH 6WHHOH DQG +� 2UUL 6WHIiQVVRQ� ³'HFLVLRQ 7KHRU\´� ,Q� 7KH 6WDQIRUG (QF\FORSHGLD RI 3KL�
ORVRSK\� (G� E\ (GZDUG 1� =DOWD� :LQWHU ����� 0HWDSK\VLFV 5HVHDUFK /DE� 6WDQIRUG 8QLYHUVLW\�
����� 85/� ?iiTb,ffTH�iQXbi�M7Q`/X2/mf�`+?Bp2bfrBMkykyf2Mi`B2bf/2+BbBQM@i?2Q`vf

�YLVLWHG RQ ������������

>��@ <RDY 6KRKDP� ³0XOWLDJHQW 6\VWHPV� $OJRULWKPLF� *DPH�7KHRUHWLF� DQG /RJLFDO )RXQGDWLRQV´� HQ�
,Q� ���

>��@ 5LFKDUG 6� 6XWWRQ DQG $QGUHZ *� %DUWR� 5HLQIRUFHPHQW OHDUQLQJ� DQ LQWURGXFWLRQ� HQ� 6HFRQG
HGLWLRQ� $GDSWLYH FRPSXWDWLRQ DQG PDFKLQH OHDUQLQJ VHULHV� &DPEULGJH� 0DVVDFKXVHWWV� 7KH 0,7
3UHVV� ����� ,6%1� ������������������

>��@ 5LFKDUG 6 6XWWRQ HW DO� ³3ROLF\ *UDGLHQW 0HWKRGV IRU 5HLQIRUFHPHQW /HDUQLQJ ZLWK )XQFWLRQ $S�
SUR[LPDWLRQ´� HQ� ,Q� ��� S� ��

>��@ 6YHQ 2YH +DQVVRQ� ³5LVN´� ,Q� 7KH 6WDQIRUG (QF\FORSHGLD RI 3KLORVRSK\� (G� E\ (GZDUG 1� =DOWD
DQG 8UL 1RGHOPDQ� 6XPPHU ����� 0HWDSK\VLFV 5HVHDUFK /DE� 6WDQIRUG 8QLYHUVLW\� ����� 85/�
?iiTb,ffTH�iQXbi�M7Q`/X2/mf�`+?Bp2bfbmKkykjf2Mi`B2bf`BbFf �YLVLWHG RQ ������������

>��@ +XJR 6RQQHQVFKHLQ� ³0DUNHW ([FHVV 'HPDQG )XQFWLRQV´� ,Q� (FRQRPHWULFD ���� �0D\ ������
S� ���� ,661� ��������� '2,� RyXkjydfRNRjR39� 85/� ?iiTb,ffrrrXDbiQ`XQ`;fbi�#H2f

RNRjR39\Q`B;BM4+`Qbb`27 �YLVLWHG RQ ������������

>��@ )UDQV $� 2OLHKRHN DQG &KULVWRSKHU $PDWR� $ &RQFLVH ,QWURGXFWLRQ WR 'HFHQWUDOL]HG 320'3V�
HQ� 6SULQJHU%ULHIV LQ ,QWHOOLJHQW 6\VWHPV� &KDP� 6SULQJHU ,QWHUQDWLRQDO 3XEOLVKLQJ� ����� ,6%1�
����������������� ������������������ '2,� RyXRyydfNd3@ j@ jRN@ k3NkN@ 3� 85/� ?iiT,ff

HBMFXbT`BM;2`X+QKfRyXRyydfNd3@j@jRN@k3NkN@3 �YLVLWHG RQ ������������

>��@ 7DELVK 5DVKLG HW DO� ³:HLJKWHG 40,;� ([SDQGLQJ 0RQRWRQLF 9DOXH )XQFWLRQ )DFWRULVDWLRQ IRU
'HHS 0XOWL�$JHQW 5HLQIRUFHPHQW /HDUQLQJ´� ,Q� $GYDQFHV LQ 1HXUDO ,QIRUPDWLRQ 3URFHVVLQJ 6\V�
WHPV� 9RO� ��� &XUUDQ $VVRFLDWHV� ,QF�� ����� SS� �����±������ 85/� ?iiTb,ffT`Q+22/BM;bX

M2m`BTbX++fT�T2`fkykyf?�b?fdj�9kd#�/2#2y2jk+��k2R7+d8jy#d7j@�#bi`�+iX?iKH �YLVLWHG
RQ ������������

>��@ :HQGHOLQ %RHKPHU� 9LWDO\ .XULQ� DQG 6KLPRQ :KLWHVRQ� ³'HHS &RRUGLQDWLRQ *UDSKV´� HQ� ,Q�
3URFHHGLQJV RI WKH ��WK ,QWHUQDWLRQDO &RQIHUHQFH RQ0DFKLQH /HDUQLQJ� ,661� ���������� 30/5�
1RY� ����� SS� ���±���� 85/� ?iiTb,ffT`Q+22/BM;bXKH`XT`2bbfpRRNf#Q2?K2`ky�X?iKH

�YLVLWHG RQ ������������



6IJIVIRGIW ��

>��@ .\XQJKZDQ 6RQ HW DO� ³475$1� /HDUQLQJ WR )DFWRUL]H ZLWK 7UDQVIRUPDWLRQ IRU &RRSHUDWLYH 0XOWL�
$JHQW 5HLQIRUFHPHQW /HDUQLQJ´� HQ� ,Q� 3URFHHGLQJV RI WKH ��WK ,QWHUQDWLRQDO &RQIHUHQFH RQ
0DFKLQH /HDUQLQJ� ,661� ���������� 30/5� 0D\ ����� SS� ����±����� 85/� ?iiTb,ffT`Q+22

/BM;bXKH`XT`2bbfpNdfbQMRN�X?iKH �YLVLWHG RQ ������������

>��@ 'UHZ )XGHQEHUJ DQG 'DYLG .� /HYLQH� ³/HDUQLQJ DQG (TXLOLEULXP´� HQ� ,Q� $QQX� 5HY� (FRQ� ���
�6HSW� ������ SS� ���±���� ,661� ���������� ���������� '2,� RyXRR9ef�MMm`2pX2+QMQKB+bX

y8ydy3XR9kNjy� 85/� ?iiTb,ffrrrX�MMm�H`2pB2rbXQ`;f/QBfRyXRR9ef�MMm`2pX2+QMQKB+bX

y8ydy3XR9kNjy �YLVLWHG RQ ������������

>��@ 2ULRO 9LQ\DOV HW DO� ³*UDQGPDVWHU OHYHO LQ 6WDU&UDIW ,, XVLQJ PXOWL�DJHQW UHLQIRUFHPHQW OHDUQLQJ´�
HQ� ,Q�1DWXUH �������� �1RY� ������ 1XPEHU� ���� 3XEOLVKHU� 1DWXUH 3XEOLVKLQJ *URXS� SS� ���±
���� ,661� ���������� '2,� RyXRyj3fb9R83e@yRN@Rdk9@x� 85/� ?iiTb,ffrrrXM�im`2X+QKf

�`iB+H2bfb9R83e@yRN@Rdk9@x �YLVLWHG RQ ������������

>��@ (UPR :HL DQG 6HDQ /XNH� ³/HQLHQW /HDUQLQJ LQ ,QGHSHQGHQW�/HDUQHU 6WRFKDVWLF &RRSHUDWLYH
*DPHV´� HQ� ,Q� ���

>��@ %URXZHU WKHRUHP � (QF\FORSHGLD RI 0DWKHPDWLFV� 85/� ?iiTb,ff2M+v+HQT2/B�Q7K�i?XQ`;f

BM/2tXT?T\iBiH24"`Qmr2`ni?2Q`2K �YLVLWHG RQ ������������

>��@ 7LP 5RXJKJDUGHQ� ³&6���$� $OJRULWKPLF *DPH 7KHRU\ /HFWXUH ��� 0HFKDQLVP 'HVLJQ %DVLFV´�
HQ� ,Q� ���

>��@ ³0HFKDQLVP 'HVLJQ DQG WKH 5HYHODWLRQ 3ULQFLSOH´� HQ� ,Q� ���

>��@ 1LFROz &HVD�%LDQFKL HW DO� ³%ROW]PDQQ ([SORUDWLRQ 'RQH 5LJKW´� ,Q� $GYDQFHV LQ 1HXUDO ,QIRU�
PDWLRQ 3URFHVVLQJ 6\VWHPV� 9RO� ��� &XUUDQ $VVRFLDWHV� ,QF�� ����� 85/� ?iiTb,ffT`Q+22/

BM;bXM2m`BTbX++fT�T2`n7BH2bfT�T2`fkyRdf?�b?f#kNN�/3ek#e7Rk+#8dedN7y8j32+�8R9@

�#bi`�+iX?iKH �YLVLWHG RQ ������������




























