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Summary

In this dissertation, we study (projective) unitary representations of possibly infinite-
dimensional locally convex Lie groups, in the sense of Bastiani, that either satisfy a
positive energy condition, or a KMS(Kubo-Martin-Schwinger) condition. Both of
these are motivated by physics. The main purpose of this thesis is to gain general
understanding for these classes of representations, and more specifically to develop
general tools by which they can be studied in systematic fashion. These tools are
consequently applied to specific cases of interest, demonstrating that these condi-
tions are typically extremely restrictive, that the classification of these classes of
representations is feasible in various cases, and that these tools can be effectively
applied towards achieving such a classification.

We begin in Chapter 1 with a general introduction to the topic, placing it in con-
text and clarifying its relation to other aspects of mathematics and mathematical
physics. This also motivates the study of these classes of representations. Finally,
we explain how the various chapters fit into a larger story.

In Chapter 2, we introduce the positive energy condition and the class of semi-
bounded representations. These play a central role in the thesis. We also fix our
conventions and gather some preliminary definitions that are common to all sub-
sequent chapters. In detail, we introduce continuous Lie algebra cohomology and
recall its relation with projective unitary representations and central T-extensions.

In Chapter 3, we define the notion of a KMS-representation, which plays an impor-
tant role throughout the dissertation. We study its basic properties and provide
various interesting examples. We also introduce the so-called generalized positive
energy condition, which, as the name suggests, relaxes the positive energy condi-
tion. We show, perhaps surprisingly, that a KMS-representation naturally gives
rise to a representation that satisfies the generalized positive energy condition and
that carries a substantial amount of information about the original representation.
This observation plays a crucial role in the remainder of the dissertation, because
it effectively allows the classes of KMS- and positive energy representations to be
treated simultaneously. It also shows that these two classes, which on the face of
it appear to be unrelated, are actually quite similar in certain respects. For pro-
jective unitary representations satisfying a generalized positive energy condition it
is also shown that important information is carried by the class in H2(g,R) as-
sociated to it. This observation is exploited extensively in Chapter 4 and Chapter 5.

vi



In Chapter 4, we study projective unitary generalized positive energy representa-
tions of the group J§°(V, K) of oo-jets relative to the action of another Lie group
P, where V is a finite-dimensional real vector space and K is a compact simple Lie
group. This contributes to the understanding of such representations for the gauge
group associated to a principal K-bundle, by discussing those representations that
factor through the oco-jets at a single point. We determine sufficient conditions for
such representations of J§°(V, K) to factor through J2(V, K), or even through K,
in terms of natural non-resonance conditions. Additionally, we obtain normal form
results for the p-action on J§°(V, K), where p is the Lie algebra of P.

In Chapter 5, we consider projective unitary representations of the Lie group
Diff .(M) of compactly supported diffeomorphisms on a smooth manifold M. Pro-
vided that M is connected and that dim(M) > 1, we show that such a representa-
tion is necessarily trivial on the identity component Diff.(M)g if it is of generalized
positive energy with respect to the R-action on Diff.(M) induced by a non-zero and
complete vector field v on M. In order to establish this result, we first determine
the continuous second Lie algebra cohomology HZ2 (X.(M),R) of the Lie algebra
of compactly supported vector fields on M, equipped with the natural LF-topology.

In the context of possibly infinite-dimensional Lie groups, we extend in Chapter 6
the theory of holomorphic induction of unitary representations, by relaxing the
extremely restrictive assumption that the representation being induced is contin-
uous with respect to the norm topology on U(#H). We extend important known
results regarding holomorphic induction to this more general setting. In particu-
lar, we establish uniqueness of the holomorphically induced representation. Under
mild conditions, we also obtain an isomorphism of von Neumann algebras between
the commutant of the induced representation, and that of the representation from
which it is holomorphically induced. We also show that holomorphic induction is
closely related to the positive energy condition, clarifying their precise relationship.
These results make the powerful tool that is holomorphic induction available in a
much more general context.
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Samenvatting

In dit proefschrift bestuderen we (projectieve) unitaire representaties van een moge-
lijk oneindig-dimensionale lokaal convexe Lie-groep, in de zin van Bastiani, die ofwel
aan een positieve energievoorwaarde, of aan een KMS(Kubo-Martin-Schwinger)-
voorwaarde voldoen. Deze zijn beide gemotiveerd vanuit de natuurkunde. Het
hoofddoel van dit proefschrift is om beter algemeen begrip te ontwikkelen over
deze klassen van representaties, en om algemene methodes te ontwikkelen waarmee
ze systematisch bestudeerd kunnen worden. Deze worden vervolgens toegepast op
specifieke gevallen. Hiermee illustreren we dat deze voorwaarden typisch extreem
restrictief zijn, dat de classificatie van deze klassen van representaties in verschil-
lende gevallen mogelijk is en dat deze methodes effectief kunnen worden toegepast
om dergelijke classificaties te behalen.

We beginnen in hoofdstuk 1 met een algemene introductie van het onderwerp. We
verduidelijken de relatie met andere gebieden binnen de wiskunde en mathemati-
sche fysica en plaatsen het hiermee in context. Dit verheldert ook de motivatie
voor het bestuderen van deze klassen van representaties. We leggen daarnaast uit
hoe de verschillende hoofdstukken in een groter geheel passen.

In hoofdstuk 2 introduceren we de positive energievoorwaarde en de klasse van half-
begrensde representaties. Deze spelen een centrale rol in het proefschrift. Verder
specificeren we onze conventies en bespreken we enkele standaardbegrippen die in
alle daaropvolgende hoofdstukken terug komen. Concreet introduceren we continue
Lie-algebra cohomologie en haar relatie met projective unitaire representaties en
centrale T-uitbreidingen.

In hoofdstuk 3 definiéren we de zogenoemde KMS-representaties, die een een be-
langrijke rol spelen in dit proefschrift. We bestuderen hun basiseigenschappen en
bespreken verschillende interessante voorbeelden. Verder introduceren we de gege-
neraliseerde positieve energievoorwaarde. We laten daarbij zien dat men aan elke
KMS-representatie op een natuurlijke wijze een representatie kan associéren die aan
deze gegeneraliseerde positieve energievoorwaarde voldoet, en die veel informatie
bevat over de oorspronkelijke representatie. Deze observatie speelt een cruciale
rol in de rest van dit proefschrift, omdat het mogelijk wordt om de klassen van
KMS- en positieve energierepresentaties tegelijk te behandelen. Het laat ook zien
dat deze twee klassen, die in eerste instantie ongerelateerd lijken, zich in bepaalde
opzichten vergelijkbaar gedragen. Voor projectieve unitaire representaties die aan
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een gegeneraliseerde positieve energievoorwaarde voldoen laten we verder zien dat
belangrijke informatie herleid kan worden uit de bijbehorende klasse in H2 (g, R).
Deze observatie speelt een belangrijke rol in de hoofdstukken 4 en 5.

In hoofdstuk 4 bestuderen we projectieve unitaire gegeneraliseerde positieve ener-
gierepresentaties van de groep J§°(V, K) van oo-jets ten opzichte van de werking
van een andere Lie-groep P, waarbij V een eindig-dimensionale reéle vectorruimte
en K een compacte enkelvoudige Lie-groep is. Dit draagt bij aan het begrip van
dergelijke representaties voor de ijkgroep geassocieerd aan een K-hoofdvezelbundel,
door dié representaties van de ijkgroep te beschouwen die door de oo-jets in een
enkel punt van de basisruimte factoriseren. We bespreken voldoende voorwaarden
waaronder zulke representaties van J§°(V, K) door J3(V, K) of zelfs door K fac-
toriseren. Deze voorwaarden stellen dat bepaalde resonanties ontbreken. Verder
verkrijgen we normaalvormresultaten voor de p-werking op J§°(V, K), waarbij p
de Lie-algebra is van P.

In hoofdstuk 5 beschouwen we projectieve unitaire representaties van de Lie-group
Diff .(M) van compact gedragen diffeomorfismen op een differentiéerbare variéteit
M. Op voorwaarde dat M samenhangend is en dat dim(M) > 1, laten we zien
dat een dergelijke representatie noodzakelijkerwijs triviaal is op de identiteitscom-
ponent Diff .(M)y als deze van gegeneraliseerde positieve energie is ten opzichte
van de R-werking op Diff.(M) geassocieerd aan een volledig en niet-triviaal vec-
torveld v op M. Als tussenstap naar dit resultaat bepalen we de continue tweede
Lie-algebra cohomologie H2 (X,(M),R) van de Lie-algebra van compact gedragen
vectorvelden op M, uitgerust met haar natuurlijke LF-topologie.

In de context van mogelijk oneindig-dimensionale Lie-groepen breiden we in hoofd-
stuk 6 de theorie over holomorfe inductie van unitaire representaties uit, naar het
geval waarin de representatie die moet worden geinduceerd niet langer continu
hoeft te zijn ten opzichte van de normtopologie op U(#), een uiterst beperkende
veronderstelling die voorheen altijd vereist werd. We breiden belangrijke resulta-
ten over holomorfe inductie uit naar deze algemenere situatie. In het bijzonder
stellen we de uniciteit van de holomorf geinduceerde representatie vast. Onder
milde voorwaarden tonen we ook een isomorfisme van von Neumann-algebra’s aan
tussen de commutator van de geinduceerde representatie en die van waaruit wordt
geinduceerd. We tonen ook aan dat holomorfe inductie nauw verbonden is met
de positieve energievoorwaarde, waarbij hun precieze relatie wordt verduidelijkt.
Deze resultaten stellen het nuttige hulpmiddel holomorfe inductie beschikbaar in
een aanzienlijk algemenere context.
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Chapter 1

Introduction

1.1 General introduction

Symmetries are mathematically described by (Lie) groups and their actions. As
symmetries are ubiquitous in mathematics and physics, their importance is un-
surprising. It is substantiated by Emmy Noether’s celebrated theorem, which es-
tablishes a close correspondence between symmetries and conserved quantities in
physics, such as energy and momentum. Symmetries also play an essential role
in gauge theory, the mathematical framework underpinning the standard model of
elementary particle physics.

In the early to mid-20th century, it was realized that Lie groups acting on the phase
space of a classical system can also play a vital role in the task of quantizing it,
which is to say, describing it in a manner that is compatible with the laws enforced
upon us by quantum physics. As the state space of the latter is usually taken to
be a projective Hilbert space, symmetries are in the quantum setting understood
in terms of projective unitary representations of an appropriate Lie group G. For
example, the notion of spin in quantum mechanics is understood using the projec-
tive unitary representation theory of the group SO(3) of rotations on R?, and the
quantum harmonic oscillator is fully described using that of the group R? x T.

A remarkable amount of information of a physical system can be extracted from a
good understanding of the irreducible projective unitary representations of the cor-
responding symmetry group G. A good example is provided by a result of Wigner
[Wig39], who classified the projective unitary representations of the Poincaré group,
the symmetry group of special relativity, and showed that physical quantities such
as proper mass, spin and helicity admit a clear representation-theoretic interpre-
tation. They turn out to precisely label the irreducible projective unitary repre-
sentations of the relevant symmetry group, the Poincaré group. Bargmann and
Wigner further showed that the so-called Dirac equation, which describes the time
evolution of relativistic free fermions with non-zero proper mass, is fundamentally
related to the Poincaré group and its unitary representations, in a precise way
[BW48]. In fact, the Dirac equation can be recovered from the representation the-



ory of the Poincaré group alone, without any additional physical considerations. It
is therefore fundamentally tied to the Poincaré group and its representation theory.

The study of representations is also a tremendously interesting and useful endeavor
from a purely mathematical point of view. As symmetries are omnipresent, one
finds that most parts of mathematics have some relation with Lie groups, Lie alge-
bras and their actions. For example, they play a key role in the notion of a principal
bundle and their associated vector bundles, which in turn are important concepts
in differential geometry, particularly in gauge theory. Intriguing connections with
complex geometry can be established through results like the Borel-Weil Theorem
(cf. [DKOO, Sec. 4.12], [CG97, Nee00]). Actions of Lie groups play a role in symplec-
tic and Poisson geometry via momentum maps, symplectic reduction and Kirillov’s
orbit method [Kir04]. In Riemannian geometry they appear via groups of isome-
tries or conformal transformations, spin structures and associated spinor bundles.
Lie groups are directly related to operator algebras via group C*-algebras, which
also connects their respective representation theories (cf. [Dix77, Wil07]). Repre-
sentations also play a central role in the vast and rich field of abstract harmonic
analysis, which generalizes Fourier theory. It studies the decomposition of group
representations into irreducible pieces and is fundamentally related to analysis on
homogeneous and (locally) symmetric spaces. The theory of special functions is
also closely tied to Lie groups and their representations. Finally, quantum groups
arise as suitable deformations of (semisimple) Lie algebras. The above list of ex-
amples is nowhere near exhaustive, but let us stop here, having hopefully made
clear the ubiquity of symmetries throughout mathematics.

In both physics and mathematics, one frequently encounters symmetry groups that
are very large, in the sense that they are infinite-dimensional Lie groups. For exam-
ple, gauge theory admits the Lie group of compactly supported gauge transforma-
tions as infinite-dimensional symmetry group, because the Yang-Mills functional,
from which the Yang-Mills equations are derived, is invariant under the natural
action of this group on the space of connections on a principal bundle. As another
example, groups of diffecomorphisms appear in both general relativity and in fluid
dynamics. In the former, one observes that Einstein’s field equations are invari-
ant under the group of diffeomorphisms. In fluid dynamics, a diffeomorphism is
interpreted as describing the displacement of some initial configuration of a fluid,
so that the time evolution of a fluid can be interpreted as a path on the diffeomor-
phism group. Groups of unitary elements in a unital Banach x-algebra also provide
natural examples of infinite-dimensional Lie groups. In particular, the unitary
group U(H) of a Hilbert space H is a Banach-Lie group. Infinite-dimensional Lie
groups also occur in a wide variety of other contexts, some of which are described
in [KW09, AK98, Ott95, Sch04].

The preceding, and plain mathematical curiosity, lead us to consider the unitary
representation theory of infinite-dimensional Lie groups. This perspective, where
the symmetry group is placed in the center of study, may then lead to a bet-
ter understanding of related physical systems, and their possible quantizations. In



particular, if we are to be optimistic, the study of projective unitary representations
of gauge groups may lead to an increased understanding of quantum analogues of
gauge theory, whereas a consideration of groups of diffeomorphisms might provide
an illuminating perspective on some aspects of quantum gravity. Let us also men-
tion that unitary representations of groups of diffeomorphisms have been studied in
relation to quantum- and statistical physics in [GMS80, GMS81, GMS83, Gol04].
Representations of infinite-dimensional Lie algebras also occur in the context of
(geometric) quantization, where one is interested in representations of (Lie subal-
gebras of) the Lie algebra (C>°(M),{—, —}) associated to a symplectic manifold.

It should be mentioned at this stage that differential geometry in infinite dimen-
sions comes with numerous hurdles and subtleties. For example, Lie algebras need
not integrate to a Lie group [VEK64] (cf. [Nee06, Thm. VI.2.5 and VI.2.7]), and an
exponential map might not exist [Nee06, Ex. I1.5.5]. When it does, it could be nei-
ther locally injective, nor locally surjective ([Mil84, Warning 1.6] and [PS86, Prop.
3.3.1]). Beyond the context of Banach spaces, the Implicit and Inverse Function
Theorems are also no longer available [Nee06, Rem. 1.2.6]. As a consequence of
such difficulties, the infinite-dimensional context requires additional caution, and
one typically makes suitable assumptions to rule out certain unwanted phenom-
ena. We will in particular oftentimes assume that the Lie group G is regular in
the sense of Milnor [Mil84] (cf. [Nee06, Def. I11.5.2]). Another difference with the
finite-dimensional setting originates from the observation that infinite-dimensional
Lie groups are not locally compact, and therefore do not admit a left-Haar measure.
Consequently, there is no natural unitary regular representation, and one can no
longer associate a group C*-algebra to the group under consideration in a natural
way. This entails also that many standard techniques from the finite-dimensional
context break down, and that the rich results from operator algebras are not as
directly accessible.

One is also quickly faced with the realization that for most infinite-dimensional Lie
groups, a full classification of its irreducible (projective) unitary representations is
utterly intractable. It is therefore necessary to isolate a class of representations
that are both physically relevant and more susceptible to systematic study. This
thesis is mostly concerned with two such classes, namely positive energy- and KMS-
representations.

To describe these, let G be a regular locally convex Lie group with Lie algebra g. We
say that a unitary representation p of G' on the Hilbert space H, is smooth if it ad-
mits a dense set of smooth vectors, that is, vectors 1 € H, for which the orbit map
g — p(g)1 is smooth G — H,. Such a smooth unitary representation is said to be of
positive energy at § € g if (¢, —idp(£)y) > 0 for all smooth vectors 1) € H°. If we
think of the unitary 1-parameter group ¢ — p(e'¢) as representing time translation,
then its generator would be the Hamiltonian, whose spectrum admits an interpre-
tation in terms of energy levels. As the Hamiltonian is in quantum physics nearly
always assumed to be a self-adjoint operator with non-negative spectrum, physically
relevant representations typically reside in this class. It is then no surprise that



positive energy representations of Lie groups are abundant in mathematical physics
literature [SW64, Bor87, Bor66, Haa92, LM75, O'81, PS86, Seg81], thereby moti-
vating their study. As a consequence, they were subject to a substantial amount of
research [NR22, Was98, Tanll, NeeOla, Neelda, JN21, NS15, Neel7, TL99]. The
positive energy condition is typically also very restrictive, making classification re-
sults feasible.

A different way of isolating physically relevant representations resides in the operator-
algebraic approach to quantum statistical mechanics, where an equilibrium state
of the system is described by a state ¢ on a von Neumann algebra M that satisfies
a so-called Kubo-Martin-Schwinger (KMS) condition, relative to a specified group
of automorphisms on M. This condition appeared in [HHW67] and is named after
the authors of the papers [Kub57, KYN57, MS59]. Such a state may be thought of

as a generalization of the Gibbs states ¢(x) = m Tr(e=#Hx) on B(H), where

H is a Hilbert space and H is a self-adjoint operator for which e ## is trace-
class, to the setting where e #¥ is no longer required to be trace-class. These
Gibbs states play a fundamental role in statistical physics. In particular, the map
B+ Tr(ePH) is known as the partition function, whenever it makes sense. In this
context, the parameter 5 > 0 admits the interpretation of an inverse-temperature.
The aforementioned second class of representations are in a suitable sense compati-
ble with a KMS-state on the von Neumann algebra generated by the representation.

It is the purpose of this thesis to develop further understanding of the restrictions
imposed on a (projective) unitary representation of a possibly infinite-dimensional
Lie group G by either of these two conditions, the positive energy or KMS con-
dition. To understand these, we will occasionally take either a specialized or a
general perspective. On the one hand, we consider these classes for specific infinite-
dimensional Lie groups, such as gauge and diffeomorphism groups. On the other
hand, we collect and discern general facts regarding these representations, and
contribute to their theory in a more fundamental sense. In particular, an already
well-established and appealing relation between the positive energy condition and
holomorphic induction is extended to a more general setting than was previously
available. It is moreover shown that these two seemingly very different classes of
representations exhibit similar behavior in certain respects.

1.2 Outline of this thesis

1.2.1 Generalized positive energy and KMS representations

After introducing in Chapter 2 some preliminaries that are common to all other
chapters, we proceed in Section 3.1 with the study of KMS-representations. An
observation that is central to this chapter is that both the positive energy and the
KMS condition are encapsulated by a third one, the so-called generalized positive
energy condition, so that they can be studied using the same techniques. This
allows us in subsequent chapters to study these classes simultaneously.



Briefly, a smooth unitary representation p of the possibly infinite-dimensional Lie
group G with Lie algebra g is said to be of generalized positive energy at £ € g if
there exists a linear subspace D¢ C H7° that is dense in H, such that for every
1 € D¢ we have

inf (¢, —idp(Ady(§))Y) > —o0, (1.2.1)

9g€Go

where G denotes the identity component of G. It is apparent that this relaxes
the positive energy condition. Provided that (1.2.1) is valid, a simple observation
is made in Section 3.1 that can be used to identify elements 1 € g in the kernel of
the derived representations dp on H;°. This is used in later chapters for specific
Lie groups G to determine very large ideals in g on which dp must vanish.

Let us now introduce the KMS condition in a bit more detail. We consider it from
a few different perspectives, to clarify its role in various parts of mathematics and
mathematical physics. This should then serve as orientation and motivation for
the study of KMS representations, whose definition is presented shortly thereafter.

First, we recall the notion of a KMS state on a von Neumann algebra. We
refer to [Tak03a, Ch. VIII] and [BR97, Ch. 5.3] for more details. If M is a
von Neumann algebra, let S(M) denote the set of normal states on M. Define
St:={z:2€C, 0<Im(z) <1}. There are many equivalent formulations of the
KMS-condition, that we shall not restate, the most commonly encountered one
being the following ([HHW67]):

Definition 1.2.1. Let ¢ € S(M) be a normal state. Let o : R — Aut(M) be a
one-parameter group of automorphisms of M.

— ¢ is said to satisfy the modular condition for o if the following two conditions
are satisfied:

1. ¢ =¢ooy forall t € R.

2. For every z,y € M, there exists a bounded and continuous function
F, , : St = C which is holomorphic on St and s.t. for every ¢ € R:

Fx,y(t) = d)(o—t(x)y)a
Fpy(t +1) = d(yor(w)).

— ¢ is said to be KMS w.r.t. o at inverse temperature 3 > 0 if it satisfies the
modular condition for ¢t — o_g¢. In that case, we also say that ¢ is o-KMS
at inverse-temperature 5. If 5 =1 we simply say that ¢ is a 0-KMS state.

Although it is not at all obvious from this definition, the KMS-condition is consid-
ered to be a well-founded characterization of thermodynamical equilibrium states
in quantum statistical physics. In this regard, let us mention that if 5 > 0 and
H is a self-adjoint operator on the Hilbert space H for which e ## is trace class,
then the unique normal state ¢ on B(#H) that is KMS w.r.t. the automorphism
group o¢(z) := eHge=H at inverse temperature 8 > 0 is precisely the corre-
sponding Gibbs state ¢(z) = W Tr(e A x), which is characterized by the



fact that it satisfies a minimum free energy principle, also referred to as the maxi-
mum entropy principle at fixed energy ([BR97, Sec. 6.2.3] and [Haa92, Sec. V.1.3],
cf. [AS77a, AS77b, Ara74]). It was moreover shown in [PW78] that a o-KMS state
satisfies a condition that is suggested by the second law of thermodynamics, called
passivity. Suitable converse statements are also shown, under stronger assumptions.
Characterizations of equilibrium states in terms of certain stability properties were
considered in [HKTP74], which further motivate the KMS condition.

KMS states are also important in the modular theory of von Neumann algebras,
also known as Tomita-Takesaki theory. A detailed account of this can be found
in [Tak02, Tak03a, Tak03b]. The central result is the following. Suppose that
Q € H is a vector which is both cyclic and separating for the von Neumann algebra
M C B(H), meaning that MQ = H and zQ = 0 implies = 0 for all z € M.
Then there is a self-adjoint positive and invertible operator A, and a conjugate
linear involution J on H that fix the vector (2 and satisfy the following properties:

1. AYMA~® = M for all t € R.
2. JAJ =A"L
3. IMJT =M.
In particular, one obtains the one-parameter group
o :R = Aut(M), oi(z) = AzA™" (1.2.2)

and a linear isomorphism j : M — M’ defined by j(z) := Jz*J. Importantly,
the vector state (€2,+ Q) on M then satisfies the KMS-condition w.r.t. the auto-
morphism group o from (1.2.2) at inverse temperature 5 = 1, and o is uniquely
determined by this condition. As was observed by Alain Connes, the image of o
in the quotient Out(M) := Aut(M)/Inn(M) of outer automorphisms does not de-
pend on €, which leads to the observation that any o-finite von Neumann algebra
comes with a canonical homomorphism R — Out(M). In this sense, von Neumann
algebras are therefore intrinsically dynamical objects. This modular theory also
leads to two invariants of von Neumann algebras, which were essential for the study
of type III factors [Con73]. Modular theory also has other important consequences,
such as the existence of an essentially unique standard form of a von Neumann al-
gebra M, and a corresponding unitary representation of the automorphism group
Aut(M) [Haa75].

It is an absolutely stunning, and a somewhat mysterious fact that the KMS condi-
tion, which historically originates from quantum statistical mechanics, simultane-
ously plays a fundamental role in this seemingly unrelated abstract modular theory
of von Neumann algebras.

There is yet a third role to be played by the KMS-condition and by modular op-
erators, namely in certain aspects of the operator algebraic approach to quantum
field theory, in the sense of Haag-Kastler [HK64, Haa92]. Here, one considers von



Neumann algebras M(Q) C B(H) that are associated to certain regions O C M
of some Lorentzian manifold M, and the assignment O — M(0O), also called a
net of von Neumann algebras is required to satisfy a particular list of axioms
that we shall not repeat here [HK64]. Suppose that G is a Lie group acting on
M, with Lie algebra g. Suppose further that U : G — U(H) is a unitary G-
representation on H, that 0 € H is a G-invariant vector, and that the net is
G-covariant in the sense that U(g)M(O)U(g)~t = M(g.0O) for all g € G and all
regions O. If Q is additionally both cyclic and separating for every M(O), then
we obtain the associated modular unitary 1l-parameter groups A% on H. It is
now an interesting matter whether or not these modular operators are geometric,
in the sense that for every region O we have A(_Qit = U(et%) for some £p € g
and all ¢ € R. This is usually referred to as the Bisognano-Wichmann property
of the net O — M(O). The study of such nets is an active subject of research
[Bor00, Bor92, KW01, Mun01, BGL93, BDFS00, BY99, GL95]. To simplify the
study of such nets tremendously, one may forget most of the structure involved,
remembering only the real subspaces Vo := M(0)sQ C H. As it turns out, these
still provide enough information to define the modular operators Ay. For this rea-
son, so-called nets of standard subspaces are frequently studied as an intermediate
step [BGL02, NO21, Mor18, Lon08, MN21, LL15, NO17, MNO23, NO22, FNO23].

The preceding motivates study of the unitary representations of Lie groups that
are compatible with a KMS condition in a suitable sense, to be defined shortly. It
also provides context to some of the examples that are given in Section 3.2.2 below,
where it is also shown that in many cases, there is actually a smooth unitary rep-
resentation of a possibly infinite-dimensional Lie group that governs the modular
structure involved, in the sense that the Lie group representation generates the
respective von Neumann algebra and implements the modular flow.

Now that we have established some context for the KMS-condition, let us provide
the definition of a KMS-representation. For this introductory text, we will provide
a slightly simplified version (cf. Definition 3.2.6 and Remark 3.2.7 below). Let
a : R — Aut(G) be a smooth R-action on the possibly infinite-dimensional Lie
group GG. A unitary representation p of G xR is called smoothly-KMS if there is a
state ¢ on the von Neumann algebra M := p(G)” that is KMS with respect to the
automorphism group o : R — Aut(M), ¢t — Ad(p(t)) and for which the following
map is smooth:

6:G—=C,  dg) = d(ply)),

where we have considered G and R as subgroups of G x, R in the obvious fashion.

It is the purpose of Chapter 3 to establish a basic study of such representations.
We present various illustrative and non-trivial examples, and investigate the basic
properties of such representations. In particular, we relate KMS-representations to
the generalized positive energy condition.

To describe this relation, suppose that ¢ € S(M) is a o-KMS state. We then
naturally obtain a unitary representation py of G X, R on the corresponding GNS-



Hilbert space H, according to py(g,t) = 7T¢(p(g))A;it, where my : M — B(Hy)
is the GNS-representation of M associated to ¢, and where Ay is the modular
operator defined using the canonical cyclic and separating vector 2 € H4 for My, :=
ps(G)". The following now relates the KMS- and the generalized positive energy
conditions:

Theorem 1.2.2. Let p be a unitary representation of Gx R that is smoothly-KMS.
Let ¢ € S(M) be a 0-KMS state for which ¢ is smooth. Then the associated repre-
sentation py of G xo R on the GNS-Hilbert space Hy is smooth and of generalized
positive energy at (0,1) € g xp R.

1.2.2 Generalized positive energy representations of groups
of jets

Now that we have established that the positive energy and KMS representations
may be simultaneously studied using the generalized positive energy condition,
we proceed in Chapter 4 by studying the latter class of representations in the
projective context for a specific infinite-dimensional Lie group, namely the group
G = J§°(V, K) of co-jets of smooth maps V' — K, where V is a finite-dimensional
real vector space, and K is some simple 1-connected compact Lie group. Before
diving into the results of this chapter, let us explain the motivation for considering
this group in the first place.

Namely, representations of this group G fit into a much larger program, which
aims to study gauge theory from a representation-theoretic perspective. Gauge
fields are typically described by a connection on a principal K-bundle K over some
manifold M. The set of all connections on K carries a natural action of the group
G = Gau.(K) :=T'.(Ad(K)) of compactly supported gauge transformations of the
principal bundle. If P is a finite-dimensional Lie group with Lie algebra p, acting
smoothly on the principal bundle I, there is a corresponding smooth action « of
P on the gauge group G, and we can consider projective smooth unitary represen-
tations of the Lie group G x,, P that are of positive energy at all elements in some
P-invariant cone C C p.

These were studied in [JN21], where the case in which the P-action on M has no
fixed points was essentially fully solved (cf. [JN21, Theorem 7.19]). It therefore
remains to understand what happens if a does have fixed points. In Chapter 4,
the latter setting is studied by considering those projective unitary representa-
tions that are entirely localized at a single fixed point a € M, in the sense that
they factor through the germs at the fixed point. Choosing local coordinates near
a € M, this leads one to consider the projective unitary representations of the
group G = J§°(V, K), where V = T,(M).

Briefly, it is shown in Chapter 4 that the generalized positive energy condition im-
poses severe restrictions on the derived Lie-algebra representation dp of a projective
unitary representation p of G x P, leading in particular to sufficient conditions for
Pl to factor through the space J2(V, K) of 2-jets, or even through K. This reduces



the classification problem to much simpler, well-understood finite-dimensional Lie
groups. The main results, Theorem 4.4.1, Theorem 4.4.3 and Theorem 4.4.6 are
formulated in terms of natural non-resonance conditions for the p-action on g.
We also obtain certain normal form results for this p-action (Theorem 4.3.12 and
Theorem 4.3.13).

1.2.3 Central extensions and generalized positive energy rep-
resentations of the group of compactly supported dif-
feomorphisms

Let v € X(M) be a complete and non-zero vector field on a smooth manifold
M with flow h : R — Diff (M). Let Diff.(M) %, R be the semidirect product of
Diff.(M) and R relative to the R-action on Diff.(M) defined by a;(f) := hyo foh;*
for t € Rand f € Diff.(M). Its Lie algebra is X.(M) x Rv, where v acts on X.(M)
by the derivation [v, —]. Aiming to study the extent to which the classical sym-
metry group of general relativity can be implemented as symmetries of a quantum
system, we consider the projective unitary representations of Diff.(M) x, R that
are of generalized positive energy at v € X.(M) x Ro.

Assuming that M is connected and that dim(M) > 1, the main result of this chap-
ter (Theorem 5.3.2) asserts that any such representation is necessarily trivial on
the identity component Diff.(M)g. This naturally leads to asymptotic symmetry
groups, for if G is any Lie group of diffeomorphisms of M containing Diff.(M), as
Lie subgroup, then any such projective unitary G-representation necessarily factors
through the quotient G/ Diff .(M)g, and is in this sense ‘localized at infinity’. It now
becomes an interesting matter to determine this class of representations for groups
of diffeomorphisms having certain specified behavior at infinity. In particular, one
might wonder whether or not this class of representations, for suitable groups G,
naturally leads to the asymptotic symmetry groups that appear in general relativ-
ity in the context of asymptotically flat spacetimes [Pen64, Ash15, Wal84], such as
the BMS group (Bondi-Metzner-Sachs) [BvdBM62, Sac62, AE18, PS22, AS81], or
extensions thereof [NU62, Ruz20].

A noteworthy corollary of the aforementioned result is that any smooth repre-
sentation p : Diff. (M) — PU(H,) that is continuous w.r.t. the norm-topology
on PU(H,) is necessarily trivial on the identity component Diff.(M )y (Corol-
lary 5.3.4).

As an intermediate step towards this result, we determine for an arbitrary manifold
M the continuous second Lie algebra cohomology HZ (X.(M),R) with coefficients
in the trivial representation, where X.(M) denotes the Lie algebra of compactly
supported vector fields on M equipped with its natural locally convex LF-topology.
A crucial observation is that HZ (X.(M),R) = {0} for dim(M) > 1. We also obtain
that H2 (X.(R),R) is one-dimensional and is spanned by an analogue of the well-
known Virasoro 2-cocycle on X'(S'). Finally, we consider the relationship between
HZ2 (X.(M),R) and the continuous second Lie algebra cohomology HZ (X (M), R)



of the Lie algebra X (M) of all smooth vector fields on M, equipped with its
natural Fréchet topology. It should be remarked at this point that the Lie algebra
cohomology HS (X (M), R) is also known as Gelfand-Fuks cohomology in reference
to authors of the papers [GF68, GF69, GF70b, GF70c|, and is well-studied [Los98,
Gui73, BS77, Hae76, Fuk86, Bot73, Mia22].

1.2.4 Holomorphic induction beyond the norm-continuous
setting, with applications to positive energy represen-
tations

In Chapter 6, we consider the theory of holomorphic induction, a well-known con-
cept in representation theory which relates certain unitary G-representations to
those of a subgroup H of G, in such a way that properties such as irreducibility
are preserved. As it turns out, this concept is closely related to the positive energy
condition. It has proven to be a very powerful tool, in particular for obtaining clas-
sification results of positive energy representations. The availability of holomorphic
induction is an important reason that the class of positive energy representations
is susceptible to systematic study. In virtually all cases where a full classifica-
tion of irreducible positive energy representations was obtained, this was done
using holomorphic induction in a crucial way ([Neelda, Neel2, NeeOla, PS86]).
It is therefore vital to develop full understanding and applicability of this tool.
Holomorphic induction is already well-established, even in the infinite-dimensional
context [Neel3, Neelda]. However, the H-representation o : H — U(V,) being in-
duced is so far always required to be continuous w.r.t. the norm-topology on U(V,).
This is an extremely restrictive assumption which greatly limits the applicability
of holomorphic induction. It is the purpose of Chapter 6 to remove this assumption.

Roughly speaking, holomorphic induction attempts to generalize the picture por-
trayed by the Borel-Weil Theorem, which describes the irreducible unitary repre-
sentations of a compact simple Lie group K. Letting 7" C K be a maximal torus
with Lie algebra t, such a representation is fully characterized by the corresponding
lowest weight A € it*, and can be realized on the space of holomorphic sections
of an associated line bundle over the corresponding coadjoint orbit. Moreover,
to each A € it*, there exists up to unitary equivalence at most one irreducible
K-representation having A as its lowest weight. The unitary dual K is therefore
understood once it has been determined which weights are inducible to a unitary
K-representation, which is then necessarily irreducible and unique up to unitary
equivalence.

This can be generalized vastly, whilst retaining a similar picture. This was exploited
by Pressley and Segal in [Seg81, PS86] (cf. [NeeOla]) to obtain a classification of
the positive energy representations of loop groups, and was further developed in
the infinite-dimensional context by K.-H. Neeb [Neel3, Neel4a]. In particular, re-
turning to the infinite-dimensional Lie group G, the subgroup 7' is replaced by one
that is no longer required to be Abelian, say H C G. In all previous results, it
was required that the H-representation o : H — B(V,) being induced, which takes
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the role of the lowest weight A, is continuous with respect to the norm topology on
B(V).

A central component to the conventional approach towards holomorphic induction
is to equip the G-homogeneous vector bundle E, := G xpg V, over G/H with a
G-invariant complex-analytic bundle structure (cf. [Neel3, Thm. 2.6]). This con-
struction fails when o is not norm-continuous, so that a new approach is required
in order to go beyond the norm-continuous setting. This difficulty is overcome in
Chapter 6 by considering a suitable subspace of real-analytic functions G — V,
which corresponds to the space O(E,) of holomorphic sections of E — G/H when-
ever the latter makes sense. It is the main point of Chapter 6 that the theory of
holomorphic induction can be developed in its entirety without the need for an
explicit complex bundle structure on E,. This allows the theory to be formulated
in a significantly more general context, at the cost of a clear complex-geometric
interpretation.

Assuming that G is connected, two key results in Chapter 6 clarify the potential of
holomorphic induction. Firstly, there is up to unitary equivalence at most one uni-
tary G-representation p that is holomorphically induced from o (Theorem 6.4.21).
Secondly, under a mild assumption there is in that case an isomorphism of von Neu-
mann algebras B(H,)¢ = B(V,)# between the corresponding commutants (The-
orem 6.4.29 and Theorem 6.4.30). In particular, p is irreducible if and only if
o is so. The relation with the positive energy condition is furthermore clarified,
where we assume that G is regular. In particular, it is shown that if p is a uni-
tary positive energy representation of G ¥, R for which the “energy-zero” subspace
H,(0) := ker(dp(0,1)) C H, is cyclic for G and admits a dense set of G-analytic
vectors, then p|. is holomorphically induced from the unitary H-representation
o on H,(0), where H := (G%), is identity component of the group G of a-fixed
points. As a consequence, we obtain an isomorphism B(H,)¢ = B(H,(0)) be-
tween the corresponding commutants. In particular, p is irreducible of and only if &
is so. To classify such G-representations p, one would need to determine which uni-
tary H-representations are holomorphically inducible up to G, although it should
be mentioned that this task can be extremely difficult in general.

1.3 Further relevant literature

In this final section of the introduction, some additional related literature is gath-
ered for the interested reader.

Extensive surveys on infinite-dimensional Lie theory, in the sense of Bastiani, can
be found in [Mil84, Nee06, GN]. Various applications are discussed in [KWO09,
Ott95, Sch04]. A survey regarding infinite-dimensional Lie groups and their repre-
sentations is given in [Nee04].

A class of infinite-dimensional Lie groups whose unitary representation theory was
studied in detail involves various variants of infinite-dimensional unitary groups
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on a separable Hilbert space H. The smallest of these is the direct-limit Lie
group U(oo) = U, ey U(n), defined w.r.t. natural inclusions. Another option is
the Banach-Lie group U(#), which carries the operator-norm topology. There is a
range of intermediate Banach-Lie groups U,(#), indexed by p € [1,c0]. These are
defined as U,(H) := U(H) N (1 + B,(H)), where the Banach space B,(H) is the
Schatten p-class. In particular, B, (#H) consists of the compact operators. Finally,
one can consider U(H) as a topological group with the strong topology, denoted
U(H)s. These are all related by the continuous inclusions

U(co) 5 Ur(H) = - Up(H) -+ = Us(H) = U(H) = U(H)s.

The unitary representations of these groups, and of Banach analogs of certain
symmetric pairs (G, K), was studied in [Segh7, Pic88, Pic90, Kir73, 01’84, OI'78,
Boy88, Boy80, Boy93, SV75]. A streamlined survey of these results can be found
in [Neeldb]. The paper [SVT78] also considers KMS states on the group U(oco).
The papers [Wol05, Woll4, Wol13] moreover discuss analogues of principal series
representations of classical direct-limit Lie groups. Projective unitary representa-
tions of Uz(H) are considered in [Car84], and infinite-dimensional analogues of the
metaplectic and spin representations are considered in [SS65, NeelOb, Ott95] (cf.
[PRO4]).

With regards to holomorphic induction, it should be mentioned that various infinite-
dimensional analogues of the Borel-Weil Theorem have been achieved in [NRCWO01,
NS11, NeeOla, MNS10, PS86]. The paper [Neel3] later established holomorphic
induction in the context of of bounded representations of Banach-Lie groups, which
in turn was generalized to certain Fréchet-Lie groups in [Neel4a, Appendix C]. It
was applied for various infinite-dimensional Lie groups in [Neelda, Neel2, NeeOla,
PS86, NS15, Nee04], in order to obtain classification results for positive energy or
semibounded unitary representations.

Holomorphic induction and the positive energy condition are both closely related
to highest weight representations (cf. [Nee00, Thm. X.3.9]). The latter have been
considered in great detail for various infinite-dimensional Lie groups and algebras.
For example, [Kac90, KR87] consider these in the context of Kac-Moody Lie al-
gebras (cf. [NeelOc]), whereas [Nat94, DP99] do so for direct-limit Lie groups and
Lie algebras. The papers [Nee98a, N@98| study highest weight representations of
infinite-dimensional classical Lie algebras and their relation with holomorphic rep-
resentations of infinite-dimensional complex classical groups (cf. [MN16]).

Let us also mention some appearances of the KMS-condition in relation to uni-
tary representations of Lie groups. The paper [Sim23] fully characterizes KMS
representations of finite-dimensional Lie groups that generate a factor of type I.
Certain projective unitary KMS representations of groups of U(NNV)-valued func-
tions on S* and R were considered in [CH92, CH87, BMTS88]. Projective uni-
tary positive energy representations of loop groups have been studied in detail
in [PS86, Segh7, CR87, NeelOla, Neelda, TL99]. Other unitary representations of
groups of Lie-group valued maps were also considered in [GGVT7, GG68, Ism76,
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AHKM™93, AHK78, AHKTS81, PS76).

With regards the central extensions and projective unitary representations of dif-
feomorphism groups, the Lie group Diff(S!) has been subject to detailed study
[PS86, Seg81, GW84, GWS85, CDVIT21, NS15, JP04, Wit88, Kir81, LP76, AM22].
A survey regarding unitary representations of more general groups of diffeomor-
phism and currents be found in [Ism96]. In [Boy03], certain factor representations of
the Lie group Diff .,(R™) are constructed using inductive limits of finite-dimensional
unitary groups.
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Chapter 2

Common notation and preliminaries

In this brief chapter, we establish some notation and preliminary definitions that
are common to all chapters in the thesis.

2.1 Locally convex Lie theory

Let us first clarify how differential geometry can be extended to the infinite-
dimensional setting, in the sense of Bastiani [Bas64], where manifolds are con-
sidered that are modeled on a possibly infinite-dimensional locally convex real
vector space, rather than on R"™ for some n € N>g. For a more elaborate expo-
sition than the one presented below, we refer to [Bas64, Mil84, Nee06, Gl602b, GN].

In the following, all locally convex vector spaces are assumed to be Hausdorff
without further mention. The definition of a smooth manifold is readily established
once the notion of smoothness is clarified for a map between two locally convex
vector spaces. In the Bastiani approach, one considers the following definition
([Mil84, Sec. 3]):

Definition 2.1.1 ([Nee06, Def. 1.2.1)).

Let E, F be two locally convex vector spaces over R. Let U C E be open and let
f : U — F be a function. Then the derivative of f at x € U in the direction of
v € E is defined as

() = (D))= G| Jlo10) =i 5 (7o 1) — fia),

whenever it exists. The function f is called differentiable at x if d,(f)(v) exists
for all v € E. Tt is called continuously differentiable if it is differentiable at every
x € U, and the map

df :Ux E— F, df(z,v) :=d.(f)(v)

is continuous. We say that f is C* for k € N U {oo} if the iterated directional
derivatives

dg(f)(vla"' 7”“) = (‘Dvl Dvnf)(x>
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exist for all integers n < k, x € U and vy1,--- ,v, € F, and the map
d*(f):UxE" = F, d"(f)(x;v1,- ,0n) = dg(f)(v1, -+ vn)

is continuous for every integer n < k. We call f smooth if it is C*°, and we write
C>(U, F) for the space of all smooth maps U — F.

With this notion of smooth maps between locally convex vector spaces, the chain
rule holds as expected [Nee06, Prop. 1.2.3]. Considering Hausdorff topological
spaces that are locally homeomorphic to an open subset of a locally convex vec-
tor space, this allows the category of locally convex smooth manifold and smooth
maps between them to be defined in the usual way, in complete analogy with
the finite-dimensional case (cf. [Nee06, Def. 1.3.1]). It is then also straightfor-
ward to define the notion of a locally convex Lie group, which is defined to be a
group G which is also a locally convex smooth manifold, such that multiplication
GxG — G, (z,y) — xy and the inversion G — G,z + ! are both smooth maps.

Defining the tangent bundle T (M) of a locally convex manifold M in terms of
equivalence classes of smooth curves, as usual, one also readily defines the tangent
functor analogously to the finite-dimensional case (cf. [Nee06, Def. 1.3.3]). The
Lie algebra g of a locally convex Lie group G is then defined as the tangent space
g := T.(G) of G at the identity element e € G, which naturally comes equipped
with a Lie bracket (cf. [Nee06, Def. I1.1.5]). We also write L(G) := T.(G) for the
Lie algebra of G, and we write L(f) := T.(f) when f : G — H is a homomorphism
of Lie groups. In this setting, L(f) : L(G) — L(H) is a continuous homomorphism
of Lie algebras, and we call L the Lie functor.

Remark 2.1.2. An important reason for requiring local convexity of the model
space of a (possibly infinite-dimensional) smooth manifold is that the continuous
dual space E’ of a locally convex vector space E separates the points of E [Rud91, p.
60]. This ensures in particular that df = 0 implies that f is locally constant [Nee06,
Prop. 1.2.3], where U, E and F are as in Definition 2.1.1 and where f € CY(U, F).
This implication would generally not hold true if E is required to be a metric
topological vector space, for example, as [Nee06, Ex. 1.2.5] shows.

Let I :=[0,1]. If v € C*(I,G), we write §(y) : I — g for its left logarithmic
derivative, defined by 6(7)(t) == 4 ., V() 7"y(s) € g. An important concept in
locally convex Lie theory, especially in the context of integrability questions, is
Milnor’s notion of regular Lie groups [Mil84, Def. 7.6]:

Definition 2.1.3 ([Nee06, Def. I1.5.2]). A Lie group G with Lie algebra g is said
to be regular if the initial value problem
o) =¢,
7(0) =e,

has a solution v, € C™(I,G) for every { € C*°(I,g), and the corresponding
evolution map

(2.1.1)

evolg : C*(1,g) — G, & 7e(1)

is smooth.
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Some remarks are in order:

Remark 2.1.4.

1.

2.

Any Banach-Lie group is regular [Nee06, Rem. 11.5.4].

A regular Lie group G admits a smooth exponential map exp, : g — G,
defined by expg(z) := evolg (&), where &;(t) :=tax for x € gand ¢t € I. In
this regard, it is important to mention that beyond the Banach setting, the
exponential map exps need not be a local diffeomorphism in zero ([Mil84,
Warning 1.6] and [PS86, Prop. 3.3.1]). Also, a general locally convex Lie
group may not admit a smooth exponential function at all [Nee06, Ex. I1.5.5].

If G and H are Lie groups, with G 1-connected and H regular, then any
continuous homomorphism ¢ : L(G) — L(H) of Lie algebras integrates to a
unique smooth homomorphism f : G — H of Lie groups satisfying L(f) = ¢
[Mil84, Thm. 8.1].

If G; and G4 are two 1-connected regular Lie groups with L(G1) = L(G,) as
topological Lie algebras, then G; = G5 as Lie groups [Mil84, Cor. 8.2].

As illustrated by Remark 2.1.4, the concept of regularity saves various results that
are familiar from the finite-dimensional context, but which are not necessarily true
for general locally convex Lie groups.

In Remark 2.1.4, we noticed that any Banach-Lie group is a regular locally convex
Lie group. Some further illustrative examples are given below. Throughout this
thesis, we will also encounter various other examples.

Example 2.1.5.

1.

If M is a finite-dimensional compact smooth manifold, then the group Diff (M)
of diffeomorphisms on M is a regular Lie group with Lie algebra X(M), the
Fréchet space of smooth vector fields on M [Mil84, Sec. 6 and 7] (cf. [Nee06,
Ex. 11.3.14)).

. If M is a finite-dimensional smooth manifold and K is a finite-dimensional Lie

group with Lie algebra ¢, then the group C°(M, K) of compactly supported
smooth functions M — K, equipped with the pointwise product, is a regular
Lie group with Lie algebra C2°(M, £) [Nee06, Thm. IV.1.12].

If A is a unital C*-algebra, then the group A* of invertible elements is a reg-
ular Banach-Lie group with Lie algebra (A, [—, —]), equipped with the usual
Lie bracket [a,b] = ab — ba (a,b € A) [Nee06, Thm. IV.1.11]. Similarly, it
follows using [Nee06, Thm. IV.3.3] that group U(A) ={uve A : uv* =u"'}
of unitary elements is a Banach-Lie group whose Lie algebra u(.A) is the Lie
subalgebra u(A) = {x € A:z+2*=0} of (A4, [-,—]), cf. example 6.8.7
below.
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2.2 Continuous Lie algebra cohomology

We now briefly define continuous Lie algebra cohomology (cf. [Nee06, Def. V.2.2]):

Definition 2.2.1 (Continuous Lie algebra cohomology).

Let g be a locally convex Lie algebra and let E be a topological g-module. The
continuous Lie algebra cohomology Hg, (g, E) with coefficients in the g-module F
is the cohomology of the complex C& (g, E), where for ¢ € N>, the vector space
Cl (g, E) consists of continuous alternating multi-linear maps g? — E. The differ-
ential dg : C% (g, E) — C% (g, E) of this complex is given by

q

dgw(&o, - -+ &q) Z W0, &jr 1 Eq)
j=0 o (2.2.1)
Z l+]w 6276]] 507"')51'7"'76]'7"'75(1)'
<i<j

As usual, the arguments in (2.2.1) with a caret are to be omitted. Unless mentioned
otherwise, the vector space R is considered as trivial g-module.

2.3 Representations and central extensions

Throughout this section, let G denote a locally convex Lie group that admits an
exponential map. Let g be the Lie algebra of G.

Definition 2.3.1.

— A unitary representation of G is a homomorphism p : G — U(H,), where
H, is a Hilbert space and U(H,) denotes the group of unitary operators on
H,. Similarly, a projective unitary representation of G' is a homomorphism
p : G — PU(H,) :=U(H,)/Tidy,. Such a (projective) unitary represen-
tation of G is also denoted as a pair (p, H,)

— A (projective) unitary representation p of G on H, is said to be continuous
if it is so w.r.t. the strong topology on U(H,).

— Let (p,H,) be a unitary representation of G on H,. A vector ¢ € H, is
called smooth if the orbit map G — H,, g — p(g)¥ is smooth. We denote
by H7° C H, the subspace of smooth vectors. The representation p is called
smooth if H7° is dense in H,.

— Let (p,M,) be a projective unitary representation of G on #H,. We say that
a ray [¢] € P(H,) is smooth if the orbit map G — P(H,), g — p(g)[¢] is
smooth. Denote by P(#,)> the subspace of smooth rays. The projective
representation p is called smooth if P(H,)* is dense in P(H,).

Definition 2.3.2. If D is a complex vector space, denote by £(D) the algebra of
linear operators on D. If D is a pre-Hilbert space, we also define the algebra

LI(D):={X e L(D):3X' € L(D) : Vip,n €D : (X, n) = (¥, Xn) } .
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The element X' corresponding to X € £T(D) is unique, again an element of L (D)
and satisfies (XT)T = X, so (=)' endows £T(D) with an involution. We also define
the Lie algebra

uD)={Xell(D): XT+X=0}.

Definition 2.3.3. Let D be a complex pre-Hilbert space.

— A unitary representation of the locally convex Lie algebra g on D is a Lie
algebra homomorphism 7 : g — u(D). A projective unitary representation is
a Lie algebra homomorphism 7 : g — pu(D) := u(D)/iRI.

— A unitary representation 7 of g is called continuous if £ — 7(£)% is continuous
for any v € D. Similarly, a projective unitary representation 7 is continuous
if £ — w(&)[¢] is continuous for every [¢)] € P(D).

Remark 2.3.4. Any unitary G-representation on H, defines a unitary g-representation
dp =g — u(H;°) on He° by dp(§)y := %‘t:O p(e)y. We will always consider el-
ements of dp(g) as unbounded operators defined on the invariant domain H3°. If
G is finite-dimensional, then H?° is dense in H, for any continuous unitary repre-
sentation p of G, by a result of Garding [Gard7] (cf. [War72, Prop. 4.4.1.1]). The
analogous statement is generally false for infinite-dimensional Lie groups [BN08a].

A continuous projective unitary representation p : G — PU(H,) is equivalently
given by a continuous central T-extension G together with a unitary representation
p: G — U(H,) which satisfies p(z) = zI for z in the central T component. Of
course, (3 is the pull-back of the central T-extension U(H,) — PU(H,) along p. We
say that p lifts p. Suppose p; and p, are two projective unitary representations,
inducing by pull-back the lifts p; : G1 — U(H,,) and ps : Gy — U(H,,) of p; and
Do, respectively. Then p; and p, are unitarily equivalent if and only if there is an
isomorphism @ : G1 — Ga of central G-extensions and a unitary U : H,, — Hp,
such that po(®(z)) = Upy(z)U! for all x € G Analogously, any projective
unitary g-representation 7 with domain D can be lifted to a unitary representation
7 : g — u(D) of some central R-extension g of g. The continuous central extensions
of g by R are up to isomorphism classified by HZ(g,R), the continuous second
Lie algebra cohomology with trivial coefficients [JN19, Def. 6.2, Prop. 6.3]. To the
2-cocycle w € C%(g,R) is associated the Lie algebra R @, g, which as a vector
space is the direct sum R @ g, and whose Lie bracket is given by

[(aaf), (ba n)]REBu,g = (w(&??)a [Ea n]g)a a,beR, {neg.

Thus, to study the projective unitary representations of g up to equivalence, one
may first determine HZ (g, R), choose for each class [w] € HZ (g, R) a representative
w and then proceed to determine the equivalence classes of unitary representations
7 of R @, g satisfying w(1,0) = il. We will also write ¢ := (1,0) € R@,, g for the
central generator.

Remark 2.3.5. In the literature, one encounters the notion of the level of a unitary
representation m of Re@,, g, which is the number I € R such that 7(¢) = ilI (see e.g.
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[PS86, sec. 9.3]). Let us briefly clarify how such representations are included in the
program outlined above, even though m(¢) = iI is always assumed. Simply notice
that such a representation of level [ factors through the map Re®, g — Re @, g
induced by multiplication by [ on the central factor. The corresponding represen-
tation 7o of Re @y, g satisfies mo(c) = ¢I. Notice that Re @, g = R @, g is an
isomorphism of Lie algebras whenever [ # 0, but not of central extensions unless
I = 1, because a morphism of central extensions is required to be the identity on
the central component. For 1 # [ € R, the cocycles w and [ - w are not equivalent
unless [w] = 0 in H2(g,R).

Remark 2.3.6. If a projective unitary representation p of G is smooth, then the
corresponding central T-extension G is again a locally convex Lie group [JN19,
Thm. 4.3]. Moreover, there is a similar correspondence between smooth projective
unitary representations p of G and their lifts p : G — U(H,), which are then again
smooth [JN19, Cor. 4.5, Thm. 7.3]. We furthermore have P(#,)> = P(H;°) by
[JN19, Thm. 4.3].

2.4 Positive energy representations

Let us now introduce the class of positive energy representations. Let G be a locally
convex Lie group with Lie algebra g. We assume that G admits an exponential
map. If ¢ € R, D is a complex pre-Hilbert space and X € LT(D), we write X > ¢
if Xt =X and (¢, X¢) > ¢||1||? for every ¢ € D.

Definition 2.4.1. Let D be a pre-Hilbert space.

— A continuous unitary representation 7 of the locally convex Lie algebra g on
D is said to be of positive energy (p.e.) at £ € g if —im(€) > 0.

— Let 7 be a continuous projective unitary representation of g on D with lift
7:g— u(D). Then 7 is of p.e. at £ if 7 is of p.e. at some £ € § covering &.

— A smooth (projective) unitary representation of G on H, is said to be of p.e.
at & € g if the corresponding derived (projective) unitary representation of g
on H,° is so.

— We say that a (projective) unitary representation of G or g is of positive
energy at the convex cone C C g if it so at every & € C.

Remark 2.4.2. Let p be a smooth unitary representation of G. Then the set C :=
C(dp) :={&€g:dpisofpe. at £} is always a closed, G-invariant convex cone.
Consequently, C N —C and C — C are ideals in g, called the edge and span of C,
respectively. If £ € C N —C then £ € kerdp, so by passing to the quotient g/ ker dp
one may always achieve that C is pointed.
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2.5 Semibounded representations

We now introduce the class of semibounded representations, a ‘stable’ analogue of
the positive energy condition. This class has been extensively studied in [Nee0O0,
Neel7, NeelOb], and we collect some relevant results associated to such represen-
tations. Throughout the section, G continues to denote a locally convex Lie group
with Lie algebra g, and which admits an exponential map.

Definition 2.5.1. A smooth unitary G-representation p is said to be semibounded
if the set

W, = {{ € g : inf Spec(—idp(&)) > —oo}
contains an interior point.

Remark 2.5.2. For finite-dimensional Lie groups, the class of semibounded repre-
sentations has been subject to detailed study in [Nee00]. In particular, they are
highest weight representations [Nee00, Def. X.2.9, Thm. X.3.9]. For a consideration
of semibounded representations in the context of infinite-dimensional Lie groups,
we refer to [Neel7] and [NeelOb].

In the finite-dimensional context, the semiboundedness condition turns out to be
extremely restrictive, which in turn has consequences for arbitrary positive energy
representations. The following result, Theorem 2.5.3, is based on the results in the
monograph [Nee00]. We say that G is locally exponential if the restriction of its
exponential map to a small-enough open 0-neighborhood in g is a diffeomorphism
onto an open l-neighborhood of G.

Theorem 2.5.3. Assume that G is connected and locally exponential. Take d € g
and let a = (d)<g be the closed ideal in g generated by d. Assume that dim(a) < oo
and that a is stable, in the sense that Adg(a) C a. Let (p,H,) be a smooth unitary
G-representation which is of p.e. at d € g. Define h := a/kerdp. The following
assertions are valid:

1. a=C—C, where C C g is the closed G-invariant convexr cone in g generated
by d.

2. The closure of C+kerdp in by is a pointed, generating and G-invariant convex
cone. Thus CN —C C kerdp.

3. Let A< G be a connected normal Lie subgroup integrating a. Then p|, is
semibounded.

4. Let b, denote the mazimal nilpotent ideal of h. Then [b,, bn] C 35(h). More-
over, there exists a reductive Lie algebra | such that h = b, x [.

5. Let a,, denote the mazimal nilpotent ideal of a. Then [a, [a,,a,]] C ker dp.

Proof. For the first point, let a’ be the closure of C —C in g. As d is a closed ideal
in g containing d, we have a C a’. On the other hand, we know that Adg(d) C a
because a is stable. Thus C C a and hence a’ C a. So ¢’ = a. In particular
dim(a’) < oo and so C — C = o’ = a. Next we prove the second statement. Take
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£ € (C+kerdp) N —(C +kerdp). Then dp(§) > 0 and dp(§) < 0, in view of
Remark 2.4.2, and hence Spec(dp(§)) = {0}. As dp(§) is essentially skew-adjoint,
it follows that & € kerdp. Thus C + ker dp is pointed in h. As C is G-invariant and
convex, it is clear that the same holds for the closure of C + ker dp in . The latter
is also generating in h because a = C — C. Next we show that p|, is semibounded,
where A<G is a connected normal Lie subgroup integrating a<g. As a is spanned by
C and dim a < oo, it follows that C C a has interior points. As C C W, this implies
that W), has interior points. Hence p|, is semibounded. For the remaining points,
we use the results in [Nee00]. We first show that § is admissible, in the sense of
[Nee00, Def. VIL.3.2]. Using the second point, the convex cone (C + ker dp) PR in
h DR is closed, pointed, generating and Inn(h)-invariant. By [Nee00, Lem. VII.3.1,
Def. VII.3.2] this implies that b is admissible. By [Nee00, Thm. VIL.3.10], it follows
that [b,, bn] C 3(h) and that h contains a compactly embedded Cartan subalgebra t
(where as in [Nee00, Def. VII.1.1], a subalgebra t C b is called compactly embedded
if (e2d(V) is compact in Aut(h)). Using [Nee00, Lem. VII.2.26(iv)], we obtain that
there exists some reductive Lie algebra | with h = h,, x I. Since [, [hn,bs]] = 0
and b = a/ker dp, it follows in particular that [a, [ay, a,]] C ker dp. O

For projective p.e. representations, this leads to:

Corollary 2.5.4. Let G, d,a and a,, be as Theorem 2.5.3. Let (p,H,) be a smooth
projective unitary representation of G. Suppose that p is of p.e. at d € g. Then
[a, [0y, a,,]] C ker dp.

Proof. Let p : G — U(H,) be the lift of p to a central T-extension G of G. Let
g = Lie(G) There ex1sts some d € g s.t. dp is of p.e. at de g. Let a denote the
ideal in g generated by d and let a,, denote the maximal nilpotent ideal in a. Then
dp([a,[an,a,]]) = {0} by Theorem 2.5.3. Thus dp([ [an,a,]]) = {0}, where we
used that the quotient map g — g projects @ and d,, onto a and a,,, respectively. [

The following simple lemma will also be useful.

Lemma 2.5.5. Assume that dim(G) < co. Let p: G — PU(H,) be a continuous
projective unitary representation of G which is of p.e. at every element of g. Then
p is continuous w.r.t. the norm-topology on U(H,).

Proof. Let dp: g — u(H;°) be the lift of dp. Identify g = R@,, g for some 2-cocycle
w: g x g — R. The assumptions imply that for every £ € g there exists F¢ € R s.t.
—idp(§) > E¢. As this holds in particular for both & and —¢, dp(€) is a bounded
operator for any £ € g. As dim(g) < oo, one finds by choosing a basis (e,) of g
that there exists C' > 0 s.t. [|dp(§)|| < C[[]| where ||| :=sup,, €. €= D", Euep
Thus & — dp(§) is norm-continuous. This implies norm-continuity of p because
B(H,) — B(H,), T +— e” is norm-continuous and p(expg(€)) = [e%©)] € PU(H,,)
for £ € g. O
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Chapter 3

Generalized positive energy and KMS rep-
resentations

As explained in Chapter 1, the main purpose of this thesis is to develop further
understanding of positive energy and KMS representations. These two seemingly
different classes exhibit similar behavior in certain respects. In particular, we will
see that both give rise to so-called generalized positive energy representations, a
notion that is introduced in Section 3.1 below. Its utility lies primarily in the fact
that it unifies the positive energy and KMS conditions to some extent, thereby
allowing their simultaneous study. In Section 3.2, we briefly recall the modular
theory of von Neumann algebras and then proceed to define KMS representations.
We then consider a number of examples and discuss some of their properties, in
particular making the important observation that KMS representations give rise to
generalized positive energy ones.

This chapter is based on [Nie23a, Part IJ.

3.1 Generalized positive energy representations

Let G denote a regular locally convex Lie group with Lie algebra g. The class
of positive energy representations can be generalized by relaxing the condition
—idp(§) > 0 in Definition 2.4.1. We define a suitable relaxed notion, the gener-
alized positive energy condition, and show that it can still be very restrictive. In
particular, we show that for a projective unitary representation which of is general-
ized positive energy, its kernel is related to a particular quadratic form canonically
associated to the corresponding class in H% (g, R). This observation will play a key
role in Chapter 4 and Chapter 5.

Definition 3.1.1. Let D be a complex pre-Hilbert space with Hilbert space com-
pletion H. Let h be a locally convex topological Lie algebra.

— A continuous unitary representation m : h — u(D) is of generalized positive
energy (g.p.e.) at & € b if there exists a 1-connected regular Lie group H
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with Lie algebra h and a dense linear subspace D C D such that
W €D : By(m,€) = inf (i, —im(Adn(€))) > —oc. (3.1.1)

inf
heH

— Let 7 : h — pu(D) be a continuous projective unitary representation of h on
D with lift 7 : h — u(D). Then 7 is said to be of generalized positive energy
at £ € b if there is some £ € § covering & such that 7 is of g.p.e. at &.

— Let p: G — U(H,) be a smooth unitary representation of G. Then p is said
to be of g.p.e. at £ € g if its derived representation dp on H;° is so.

— Let p: G — PU(H,) be a smooth projective unitary representation of G with
lift p : G — U(H,). Let g be the Lie algebra of G. Then p is of g.p.e. at
€ € gif pis of g.p.e. at some £ € g covering €.

Remark 3.1.2. If (p,H,) is a smooth unitary G-representation, then

(W, dp(Ad, ()w) = {p(g)¥.dp(E)p(9)w), Vg €G, E€g, ¥ EHY.
This implies that any (projective) unitary representation of G that is of positive
energy at & € g is also of generalized positive energy at &.

Remark 3.1.3. A unitary representation (p,7,) of G is of generalized positive
energy at £ € g if and only if

inf (p(g)v, —idp(§)p(g)¢) > —o0

g€Go
for all ¢ in a linear subspace D¢ C H;° which is dense in H,,. A projective unitary
G-representation p with lift p is of g.p.e. at £ € g if and only if for some (and hence
any) £ € g covering &, the function

o

ITE P('H;o) =R, wp([¥]): (¢, —idp(&)Y)

1
Il
is bounded below on the Go-orbit Oy for all ¢ in a dense linear subspace Dg C H,°.

Remark 3.1.4. If 7 is a continuous (projective) unitary representation of g, then
the set

C(n):={&e€g:misofgpe. at £} Cg

is always an Adg,-invariant cone in g.

An important observation for the class of g.p.e. representations is the following one:

Lemma 3.1.5. Let 7 : g — w(D) be a continuous unitary representation of g on
the pre-Hilbert space D that is of g.p.e. at & € g. Suppose that n € g satisfies
[[€.m],m] € 3(g). Then for every v in a dense linear subspace De C D we have:

0 < (6 —im (€. m]),
(s —im([E.m0) < 20, —i([1€, ) m])oe) (<w, im(€)) — By, 5))).

In particular, if [[§,m],n] = 0 then w([&,n]) = 0.

(3.1.2)
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Proof. Let D¢ C D be a dense linear subspace for which (3.1.1) is valid. Let
¥ € De. Then (¢, —im(e*d&)p) > Ey(m, &) for all t € R. As [[€,n],1] € 3(g), the
third derivative ) : R — g of the smooth path v : R — g, ¢ — e®®dn¢ vanishes.
From Taylor’s formula (which holds for smooth maps between locally convex vector
spaces by [Nee06, Prop. 1.2.3]), it follows that e?*dn¢ = & + t[n, &] + %[[E,n], n] for
all ¢ € R. Thus

2

(3, ~im(€00) + t, ~im ([, DY) + 59, —im([[6, 7] 7)) > By(m8), Vi€ R
The equations (3.1.2) follows from the fact that at®> + bt +c¢ > 0 for all t € R if
and only if a,¢ > 0 and b? < 4ac. So if [[¢,n],7] = 0, then (¢, —iw ([, n])¥) = 0
for all ¢ € D¢. As D¢ is a complex vector space, this implies by the polarization
identity that (i1, —im([¢,n])2) = 0 for all ¥,92 € De. As D is dense and
7([¢,n))t = —7([&,n)), it follows that (£, n])1 = 0 for all ¢ € D. O

In the projective context, this sets up a relation between ker 7 and the class [w] €
H? (g;R) defined by the corresponding central R-extension g of g. This is exploited
in Section 4.4 and Chapter 5 below.

Proposition 3.1.6. Let T be a continuous projective unitary g-representation on
the pre-Hilbert space D with lift # : g — u(D) for some continuous central R-
extension g of g. Let w represent the corresponding class in H%(g,R). Assume
that 7 is of g.p.e. at & € g. Suppose that n € g satisfies [[£,n],n] = 0. Then
w([&,ml,n) = 0 and

w([&n],m) =0 < 7([&n]) =0.

Proof. Identify g with R @, g. Let £ € €(n) and 713 € g be lifts of & and n,
respectively. We have that [[{ nl,n] = w(&nln) € 3(8 ) because [[§,n],n] =
0. Using Lemma 3.1.5 it follows that w([£,n],n) > 0. If w([¢,n],n) = 0, then
[[g,n], ] = 0 and so Lemma 3.1.5 implies that ([fo,ﬁ]) = 0. Hence 7([£,n]) = 0.
Conversely, if 7([¢,n]) = 0, then iw([¢, n],n) = [7([¢,n]), 7(n)] — =([[§,n],n]) =0,
because [[£,n],n] = 0. O

Remark 3.1.7. Notice in Proposition 3.1.6 that whenever [[£,7)],n] = 0, the value
of w([¢,m],m) does not depend on the choice of representative w of [w] € HZ (g, R).

The following special case of Proposition 3.1.6 will be particularly useful:

Corollary 3.1.8. Let p and g be locally convex Lie algebras. Let D : p — der(g)
be a homomorphism for which the corresponding action p X g — g is continuous.
Let D be a complex pre-Hilbert space and let ™ : g xp p — pu(D) be a continuous
projective unitary representation of g Xp p on D that is of g.p.e. at p € p. Let
[w] € HZ (g xpp;R) be the corresponding class in H% (g xp p;R). Letn € g satisfy
[D(p)n;n] = 0. Then w(D(p)n,n) > 0 and

w(D(p)n,n) =0 <= 7T(D(p)n) = 0.
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3.2 KMS representations

In the following, we introduce the class of KMS representations. We will see in
particular that these give rise to generalized positive energy representations. Its
definition makes use of the modular theory of von Neumann algebras, which we
recall first.

3.2.1 Modular theory of von Neumann algebras

We recall the modular condition and the notion of a KMS state on a von Neumann
algebra M, whilst fixing our conventions and notation. We refer to [Tak03a, Ch.
VIII], [BR87, Ch. 2.5] and [BR97, Ch. 5.3] for a detailed consideration of the mod-
ular theory of von Neumann algebras and of KMS states.

If M is a von Neumann algebra, we write M, for its pre-dual, equipped with the
(M., M)-topology. We write S(M) C M, for the set of normal states on M.
Further, if ¢ € S(M), we write 7y : M — B(H,) for the GNS-representation of
M relative to ¢ and we define My := my(M)". Let Q4 € H, denote the canonical
cyclic vector satisfying ¢(z) = (Qp, mp(2)Qy) for all z € M. Whenever (2, is sepa-
rating for My, let Sy denote the unique closed conjugate-linear operator satisfying
Spxdy = x*Qy for all € My. Let Sy = J¢A§ be its polar decomposition, where
the operators Ay and Jg4 are positive and anti-unitary, respectively.

Definition 3.2.1. A map o : R — Aut(M) is said to be (M., M)-continuous if
for every x € M, the map R — M, ¢+ o4(z) is continuous w.r.t. the o(M., M)-
topology on M.

Definition 3.2.2. Let ¢ € S(M) be a normal state. Let o : R — Aut(M) be a
one-parameter group of automorphisms of M. Define St :={z : z€ C, 0 <Im(z) < 1}.

— ¢ is said to satisfy the modular condition for o if the following two conditions
are satisfied:

1. ¢ =¢ooy for all t € R.

2. For every z,y € M, there exists a bounded continuous function Fj , :
St — C which is holomorphic on St and s.t. for every ¢ € R:

Foy(t) = ¢(04(2)y),
Foy(t+1) = ¢(you(z)).

— ¢ is said to be KMS w.r.t. ¢ at inverse temperature S > 0 if it satisfies the
modular condition for ¢t — o_g¢. In that case, we also say that ¢ is o-KMS
at inverse-temperature 8. If 5 =1 we simply say that ¢ is a o-KMS state.

Remark 3.2.3.
1. Suppose that ¢ € S(M) is faithful. Then there exists a unique automor-
phism group ¢ : R — Aut(M) for which ¢ satisfies the modular condition
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[Tak03a, Thm. VIIL.1.2], [BR87, Thm. 2.5.14]. The automorphism group
0? is o(M,, M)-continuous. As ¢ is faithful, 74 : M — M, is injective
and hence a *-isomorphism between M and My [BR87, Thm. 2.4.24]. Thus
one may identify M with My via my : M — My C B(H,). Finally, there
is a unique conditional expectation £ : M — MR st. ¢ = ¢y o £, where
ME = {x eEM:ol(x)=2 Vie ]R} and where ¢g = ¢|r [Tak03a,
Thm. IX.4.2].

2. If ¢ is not necessarily faithful, then ¢ satisfies the modular condition for
some o(M,, M)-continuous 1l-parameter group o : R — Aut(M) of x-
automorphisms of M if and only if Qg € Hy is separating for My. In
that case, there is a central projection p € Z(M) such that ¢(1 —p) = 0 and
¢ is faithful on Mp. Moreover, o4(p) = p for all t € R and o]\, is uniquely
determined by the modular condition for ¢ [BR97, Thm. 5.3.10].

3. In particular, if M is a factor and ¢ is KMS w.r.t. o : R — Aut(M), then
necessarily p = I and whence ¢ must be faithful. Consequently o = af is
necessary.

4. In the converse direction, given a o (M., M)-continuous automorphism group
o : R — Aut(M), there may be no, precisely one, or multiple states in S(M)
that are KMS w.r.t. 0. The set of 0-KMS states in S(M) is considered in
[BR97, Ch. 5.3.2]. In particular, if ¢ € S(M) is a faithful o-KMS state and
P € S(M), then ¢ is o-KMS if and only if there is a (necessarily unique)
positive operator T affiliated to Z(M) such that ¢ (z) = ¢(T22Tz) for all z €
M [BR97, Prop. 5.3.29]. In [BEK80] and [BEKS86], the set Kz of normal o-
KMS states at inverse temperature S is studied in the setting of C*-dynamical
systems.

5. As a consequence of the previous items, if M is a factor and ¢, ¥ € S(M) are
both o-KMS, then ¢ = v, so that two distinct normal states can not share
the same modular automorphism group.

Remark 3.2.4. Suppose ¢ € S(M) is KMS w.r.t. o : R — Aut(M). Let 0% denote
the modular automorphism group of M, defined by the faithful state (4, Qg)

on M. It then holds true that ol (my(2)) = my(o_s(z)) for any z € M and t € R.
Indeed, by [BRI7, cor. 5.3.4], the state (Qy,+ Q) on M, is KMS w.r.t. the unique
automorphism group 7 : R — Aut(My) satisfying 7 (m4(x))Qy = me (0 ()82, for
all t € R. Then af = 7_; by the uniqueness of the modular automorphism group
(and the minus sign in the definition of KMS states). As €y is separating for M,
it follows that O'f(ﬂ'qg(l‘)) = my(0_i(2)).

Example 3.2.5 (Gibbs States). Let M = B(H) and o4(x) = e xe~"*H for some
self-adjoint operator H satisfying Z3 := Tr(e #H) < oo for some 3 > 0. Consider
the normal state ¢(x) = Z% Tr(e #7z) on M. The modular automorphism group
corresponding to ¢ is given by of (x) = e PH geifH — 55 () [BR87, Example
2.5.16]. Thus ¢ satisfies the modular condition for o_g; and is therefore KMS at
inverse temperature S w.r.t. oy.
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Gibbs states ¢(z) = ZiﬂTr(e’ﬁH x) constitute the simplest class of examples of

KMS states. We will encounter a variety of different KMS states in Section 3.2.2
below.

3.2.2 KMS representations

In the following, let G be a regular locally convex Lie group with Lie algebra g.
Let N C G be an embedded Lie subgroup.

Definition 3.2.6. Let (p, H,) be a unitary G-representation. Let N := p(N)"” C
B(H,) be the von Neumann-algebra generated by p(N). For ¢ € N, define the
function

6:N=C. 4(n) = d(p(n)).
Define N2° := {d) €N, : ¢ € C®(N;C) } and set S(N)> := S(N) NN>.

— Let £ € g and ¢ € S(N). We say that ¢ is KMS-compatible with (p,&, N)
if e Ne7* C N for all t € R and ¢ is KMS w.r.t. the automorphism group
R — Aut(N) defined by t — Ad(p(e'?)).

— Define KMS(p,&,N) :={¢ € S( ) : ¢ is KMS-compatible with (p,&, N) }.
Similarly, let KMS(p,f N)>® := KMS(p, &, N) NS(N)>

— pis said to be KMS at £ € g relative to N if KMS(p, &, N) # 0.
It is called smoothly-KMS at ¢ relative to N if KMS(p, &, N)>° # (.

If the subgroup N is clear from the context, we drop N from the notation and
simply write KMS(p, £) and KMS(p,£)>°. We then also say that p is KMS at & if
it is so relative to N.

Remark 3.2.7. For any fixed ¢ € g satisfying Ad(e’*)N C N for all t € R, one
may as well consider the semidirect product N x, R, where a : R — Aut(V) is
defined by ay := Ad(e'* )| - Definition 3.2.6 additionally allows for the situation
where p is KMS at multiple £; € g, relative to possibly distinct subgroups N; C G,
where I € 7 for some indexing set Z. We will see an example of this situation in
Example 3.2.22 below.

In the projective context, we make the following definition:

Definition 3.2.8. Let 5 : G — PU(#,,) be a smooth projective unitary represen-

tation with lift p : G — U(H,). Let g be the Lie algebra of G and let N C G be
the Lie subgroup coverlng N. We say that p is smoothly-KMS at § €g relatlve
to N if there exists 5 € g covering ¢ such that p is smoothly-KMS at 5 relative to N.

In the following, let (p,H,) be a unitary G-representation let N := p(N)"” be the
von Neumann-algebra generated by p(N). We denote by my : N' — B(H4) the
GNS-representation of A relative to ¢ € S(N). We also denote by Q4 € H, the
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canonical N-cyclic vector satisfying ¢(z) = (Qy, my(2)y) for all z € N, and we
write pg :=mg 0 p: N — U(H,) for the unitary N-representation on #H,. Finally,
define Ny := py(N)" C B(He).

Lemma 3.2.9. Let ¢ € S(N). Then (Z is smooth on N if and only if Qy € My
In this case, ’H;Z is dense, 50 pg is smooth.

Proof. Assume that ¢ is smooth. Then n (Qg, pp(n)Qy) is smooth. By [NeelOa,
Thm. 7.2], it follows n — py(n)Qy is smooth N — H4. The converse direction is
trivial. Assume that Q, € H22. As HJ° is N-invariant and g is cyclic for N, it
follows that H7° is dense in Hy. O

Consider the left action of G on S(N) defined by
(9-0)(x) = ¢(p(g)'xp(g)),  zEN, p€SW).
Notice that this action leaves S(N)* invariant.

Lemma 3.2.10. Let g € G and £ € g. Then
(b € KMS(p7£aN) — gqb € KMS(pa Adg(f),gNg_l)

Proof. Write N, = p(¢9)Np(g)~t. Let ¢ € KMS(p,&,N). As e*Ne ® C N
it follows that e*As(&) normalizes gNg~! for every t € R. Define the following
automorphism groups:

0% : R — Aut(\N), ot := Ad(p(e®)),
7 : R — Aut(N), n® = Ad(p(etAe%)).
In order to show g.¢ € KMS(p, Ady(€),gNg™ ), we must verify that g.¢ satisfies

the modular condition for the automorphism group nf_t of Ny. Notice that as
isomorphisms N, — N we have:

o7 o Ad(p(g)™") = Ad(p(g) ") omf,  VEER. (3.2.1)
As ¢ € KMS(p, &, N), we know that ¢ o 0 = ¢ for all t € R. It then follows
immediately from (3.2.1) that
(g-9)o; = ¢oAd(p(g)")ori; = goooAd(p(g) ") = doAd(p(g) ') = .6, VtER,

Next, take 2,y € Ny. Then = = p(g)a’p(g)~" and y = p(g)y'p(g)~" for some
«',y" € N. Let the function F,s , : St — C be continuous and bounded, holomor-

phic on St and satisfy Fy (t) = ¢(Uit(x’)y’) and Fy 0 (t+1) = ¢(y 05 (2")) for
all £ € R. Define Fx,y St — C by wy(2) = Fyr o (2). Then Fm,y satisfies the
conditions of Definition 3.2.2 for 7°,. Indeed, notice using Equation (3.2.1) that

a5 (z) = p(g)~'ns (x)p(g). Thus
Foyt) = Fur (1) = 6(0 (a')y') = <z>(p<g>1n5 (2)yolg >> (9:6) (1 (2)),

Foy(t18) = Fo oy (t 1) = d(y/0% () = ¢(p<g>1ynf_t<x>p<g>) = (9.6) (g1 (2)).
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Thus g.¢ € KMS(p, Ad,(¢),gNg™ ). =

Let ¢ € KMS(p, &, N). Let o denote the smooth R-action on N defined by
o (n) == e'Sne ¢, fort e Rand n € N.

We extend py to N x4 R by setting pg(n,t) = p¢(n)A;“. Define

NP =Lx e N i (n,t) = pg(n, t)my(x)Qy is smooth N xR — Hy },

3.2.2

Dy = 7T¢(NOO’¢)Q¢ - 'H;Z ( )
Notice that N°¢ and D, are invariant under the left N- and N x, R-actions,
respectively.

Lemma 3.2.11. If ¢ € KMS(p,&, N)>°, then N9 is dense in N w.r.t. the strong
operator topology, and Dy is dense in Hy. In particular, pg is smooth when con-
sidered as representation of N X, R.

Proof. Since ¢ € S(N)>, the vector Qg is smooth for the N-action pg by Lemma 3.2.9.
Let m € N. Then for every n € N ant ¢t € R we have:

po(n, t)ps(m)Qy = ps (M)A ps (M) AYQ = pe(n)o?,(pe(m)Qy = ps(neme™"€)Qy.

where the last equality follows by Remark 3.2.4. Thus (n,t) — pg(n,t)pe(m)Qy is
smooth N x, R — H, and so p(m) € N°?. Thus p(N) C N°? and pys(N)Qy C
Dy. Since p(N)” = N and py(N)Qy is total for He, it follows that N9 is
SOT-dense in N and that Dy is dense in Hy4. As Dy is contained in the set of
N X, R-smooth vectors by definition, the final observation follows. O

Restrictions imposed by the KMS condition

Let us next determine some consequences of the KMS condition. Most notably, we
will show that representations p which are smoothly-KMS give rise to generalized
positive energy representations pg on the GNS-Hilbert space H4 of the correspond-
ing state ¢.

We continue in the notation of Section 3.2.2. Fixing a Lie subgroup N C G and
some element & € g satisfying Ad(e’*)N C N for all t € R, we may as well sup-
pose that G = N x, R for some smooth R-action o« on N by automorphisms. Let
g := Lie(G), n := Lie(N) and write D € der(n) for the derivation on n correspond-
ing to a. Thus g = nxpRd, where d := 1 € R denotes the standard basis element.
Assume that p is KMS at d relative to N, and let ¢ € KMS(p,d, N). We extend
the N-representation py = 74 o p on the GNS-Hilbert space Hy to G = N x4 R by
setting pg(n,t) = p¢(n)A;”. Define further Hy := —log Ay = —idpy(d).

A first observation is the following:

29



Proposition 3.2.12. Let A be an Abelian Lie subgroup of N such that az(A) C A
for allt € R. Then py(ai(a)) = ps(a) for everyt € R and a € A. In particular, if
N is a factor then p(ay(a)) = p(a) for everyt € R and a € A.

Proof. Let Ay := py(A)”. Write again ¢ for the vector state (4, Q) on Ny. Let
Y= ¢|A¢ denote its restriction to A,. As A is R-invariant, so is Ay C Ny. Thus,

the modular automorphism group ¢ of N leaves A, invariant. As ¢ satisfies

the modular condition for o, so does v for the automorphism group ¢ af’

A

Recall from Remark 3.2.3(2) that Q, is separating for ;. Hence it is so for Ay.

In view of Remark 3.2.3(1) this implies that the modular automorphism group o¥

on Ay is uniquely determined by the modular condition. Thus O'zp = af 4 for
@

all t € R. As A, is Abelian, we know by [BR97, Prop. 5.3.28] that of = ida,-

Thus o) = id4,. We know from Remark 3.2.4 that py o oy = o o py.

¢
Thus pg(ai(a)) = pg(a) for all a € A and t € R. If N is a factor, then ¢ is

faithful and my is injective by Remark 3.2.3(1,3). Thus p(cau(a)) = p(a) follows
from py(cu(a)) = pe(a). O

Let us illustrate Proposition 3.2.12 with the following noteworthy consequence for
loop groups:

Corollary 3.2.13. Let K be a compact 1-connected simple Lie group with Lie
algebra £. Define LK := C>°(S; K) and Lt := C>(S';€). Let a denote the T-
action on LK by rotations, with corresponding derivation D = % on Lt. Consider
the Lie group G := LK x, T with Lie algebra g := Lt xp Rd, where d := 1 € R.
Suppose that the smooth unitary G-representation p is KMS at d € g relative to
LK. Assume that p(LK)" is a factor. Then LK C ker p.

Proof. Suppose T' C K is a maximal torus with Lie algebra t. Then LT C LK is an
Abelian a-invariant subgroup. By Proposition 3.2.12 it follows that dp(DLt) = {0}.
As any X € t is contained in a maximal torus, it follows that dp(% ® X) =0 for
any f € C°(S!) and X € €. Consequently dp(Dg) = {0} and hence Dgc C ker dp,
where we have extended dp : g — U(’HSO) C-linearly to the complexification
gc. As kerdp is an ideal in gc and Léc = DL¥c + [DLtc, DLEc], it follows that
Ltc C kerdp. Notice that LK is connected because K is 1-connected. It is also
locally exponential by [NeeOlb, Thm. II.1]. It follows that LK C ker p. O

Thus, one necessarily has to pass to a non-trivial central T-extension LK of LK x oT
to allow for interesting KMS-representations of LK that are smoothly-KMS at some

dec L covering d € Lt xp Rd, as one may have expected from the positive energy
analogue (which follows from [PS86, Thm 9.3.5]).

We now proceed with the observation that KMS representations give rise to gener-
alized positive energy representations on the GNS-Hilbert space corresponding to
the KMS state:
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Theorem 3.2.14. Let ¢ € KMS(p,d,N)>®. Let x € N*> and assume that
Y= my(x)Qy € Dy has unit norm. Then

(mp(2)Qg, —idpy(Ady(d))my(2)Qy) > —log (H7r¢(x)||2) Vn € N. (3.2.3)

In particular the representation py of N xR on Hy is of generalized positive energy
at d € n xp Rd.

Lemma 3.2.15. Let z € N be such that 0 # ¢ := 74(x)Qy € dom(Hy). Then
(¥, Hyp) (HSw?)
W20V > log . (3.2.4)
[12 [¥11?

Proof. In view of the correlation lower bounds satisfied by KMS states, see e.g.
[BR97, Thm. 5.3.15 (1) = (2)] or [FV77, Thm. I1.4, (i) = (iii)], we have:

||7T¢(x)*9¢||2)
17 (@) [12 /-

Since Hyy = 0, it follows that (7 (z)Qg, [He, (7)) = (74 (2)Qg, Hpme(2)Q4).
The assertion follows. O

(e (2) Q0 [Hp g (2)]2) > [0 ()2 log (

Proof of Theorem 3.2.1/:

Recall that Dy C H7° and that Dy C dom(Sy), because the stronger condi-
tion NVyQy C dom(Sy) is satisfied. Let n € N. Notice that |[Seps(n)y| =
176(x*)pe(n) 12| < ||mg(x)|. Recalling that D, is N-invariant, we can apply
equation (3.2.4) to the vector ps(n)y. Using —idpy(d) = —log Ay = Hy, it follows
that

(t, —idpg(Ady—1 (d))Y)) = (pg(n)1, —idpy(d)pe(n))
> —log (|Seps(n)y[)
> —log (||ms(x)]?) - H
As a consequence of Theorem 3.2.14, we find that the observations of Section 3.1

impose restrictions on KMS representations. Let us illustrate this with the following
immediate consequence:

Corollary 3.2.16. Let p be a smooth projective unitary representation of G on
H,. Assume that N :=p(N)" is a factor. Let p : G — U(H,) be the lift of p, for
some central T-extension G of G with Lie algebra §. Let N C G cover N. Let w
represent the class in H%(g,R) corresponding to §. Let & € g and suppose 50 €g
covers . Let ¢ € KMS(p, f, ]ff)oc’ Assume that n € n satisfies [[§,m],n] = 0. Then
w([&nl,n) 2 0 and

w([&n],m) =0 < dp([¢n]) = 0.

Proof. Consider the representation py of N % R on the GNS Hilbert space Hg,
where R acts on N by Ad(e') o and where py(1,t) = A;it for t € R. Let py
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be the corresponding projective unitary representation of N x R on Hg, where R
acts on N by Ad(et5)|N. By Theorem 3.2.14, py is of g.p.e. at d € n x Rd and
so p, is of g.p.e. at d. It follows from Proposition 3.1.6 that w([£,n],7) > 0 and
w([é,nl,m) =0 < dpy([¢§,n]) =0. As NV is a factor, the KMS state ¢ € S(N) is
faithful and the corresponding GNS-representation 7y : N' — B(H,) is injective, by
Remark 3.2.3(1,3). This implies that ker dpy = kerdp. Thus w([¢,n],n) =0 <=

dp([€,n]) = 0. 0

Remark 3.2.17. A related notation is that of a passive state, which is usually consid-
ered in the context of a C*-dynamical system (A, o), where A is a unital C*-algebra
and 0 : R — Aut(A) is a strongly continuous homomorphism. If ¢ is the generator
of o with domain D(d) C A, a state ¢ on A is said to be passive if

—ip(u*o(u)) >0, Vu € Up(A) ND(6), (3.2.5)

where Ug(A) denotes the identity component of the group U(A) of unitary elements
in A. In this case, ¢ is necessarily o-invariant [PW78, Thm. 1.1], so that o is canon-
ically implemented by a strongly-continuous unitary 1-parameter group t — e**H¢
on the GNS-Hilbert space Hy. Let my : A — B(H,) be the GNS-representation
of A associated to ¢ and let 24 € Hy be the corresponding cyclic vector. Then
(3.2.5) becomes

—i{Qg, Ty (u) T Hymg(u)Qp) >0, Yu € Ug(A) ND(6),

which is similar to equation (3.1.1). It was moreover shown in [PW78] that any
ground- or o-KMS state is necessarily passive (cf. [BR97, Thm. 5.3.22]), which is
analogous to the observation that both positive energy and KMS representations
provide examples of generalized positive energy ones, in view of Theorem 3.2.14.
We refer to [PW78] and [BR9I7] for more information on (completely) passive states.

Some examples of KMS representations

Let us consider a variety of examples of KMS representations, thereby showing in
various situations that a well-known o-KMS state ¢ on a von Neumann algebra
N admits some underlying smooth structure. More precisely, we construct a con-
tinuous unitary representation p of a (typically infinite-dimensional) Lie group G
such that N = p(N)", ¢ € KMS(p, &, N)*® and o, = Ad(p(e*?)) for some & € g and
Lie subgroup N of G. In particular, in this case the 1-parameter group ¢ on N
implements the R-action ¢ — Ad(e’®)| » on the Lie subgroup N of G.

Let us begin with the simplest class of examples, which correspond to Gibbs states,
as in Example 3.2.5:

Example 3.2.18. Take for N simply N = G. Let (p,H) be a continuous ir-
reducible unitary G-representation. Then N = B(H). Let £ € g and define
the self-adjoint operator H := —i %|t:0 p(e*). Let 8 > 0 and assume that

Zg = Tr(e ) < co. Define the Gibbs state ¢(z) := Ziﬁ Tr(e PHz) for z € N.
As in Example 3.2.5, we have 0%, (z) = ei#H geitBH — (et58)1p(e~15¢) for any
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x € N. Consequently, ¢ € KMS(p, 5¢) and so p is a KMS representation at
B€ € g. If in addition ¢ : G — C is smooth, then p is smoothly-KMS at ¢ € g. By
Lemma 3.2.10, p is also KMS at any element in the adjoint orbit of 8¢. In view of

Example 3.2.5, the representation py of G x R on Hy := B(Hp)<_’_>¢ is given by

po(9, )20y = p(g)p(eP)ap(e™P)Qy = p(g)0?,(2)Qy, where Qy =T € B(H,) C
Hy denotes the cyclic vector.

In fact, Proposition 3.2.19 below entails that any KMS representation p for which
N is a factor of type I is of the form described in Example 3.2.18. Moreover a
complete characterization of such representations was very recently obtained in
the context where N is a finite-dimensional Lie group [Sim23].

Proposition 3.2.19. Let £ € g and 5 > 0. Suppose that p|y is irreducible and
that ¢ € KMS(p, 8¢, N). Let H := —i 5|,_ p(e'). Then Zg := Tr(e™"") < oo
and ¢(z) = Ziﬁ Tr(e PHyz).

Proof. As p|y is irreducible, it follows that N = B(#,). Thus ¢(z) = Tr(oz)
for some § € L'(H,)+ satisfying Tr(d) = 1, where L'(#,) denotes Banach space
of trace-class operators on H,. Moreover, in view of Remark 3.2.3(3), we know
that ¢ is faithful on A. By assumption, ¢ satisfies the modular condition for the
automorphism group ¢ — Ad(p(e~*#¢)) =: o_g;. On the other hand, as ¢ is faithful,
there exists by Remark 3.2.3(1) a unique automorphism group of’ of N for which
¢ satisfies the modular condition. It follows that o_g, = o?. When N = B(H,)
and ¢(z) = Tr(dz), the modular automorphism group ¢! corresponding to ¢ is
ol (z) = 6"z~ In view of 0 = o_,, it follows that §*xd~ = p(e~1F¢)xp(e!P¢)
for every x € N. As Z(N) = CI and both t + 6" and t + p(e'P¢) are strongly
continuous unitary l-parameter groups, it follows that there is some continuous
homomorphism ¢ : R — T such that §* = c(t)p(e™#¢) = c(t)e "PH for all ¢ € R.
Thus there exists g € R such that 6% = e #FH+uD) for all t € R. So logd =
—(BH + pI). Since Tr(§) = 1, we have Zg = Tr(e ) = Tr(e~(PH+Merl) =
Tr(de#l) = et¢p(1) = e < 0. It follows for every x € B(H) that

Zi Tr(e PHz) = e # Tr(e PHz) = Tr(e=PHFW ) = Tr(6x) = ¢(x). O
B

For more interesting examples, one has to consider a Lie subgroup N of G which
is not of type I, so that the von Neumann algebra N need not be type L.

Example 3.2.20 (Powers’ factors). Define G,, := [[,_; SU(2) and let the inclusion
Nn : G, — Gp41 be defined by

M 2 Gy dxd, G, x SU(2) = Gpy1.
Write g,, := Lie(G,) and L(n,) := Lie(n,). The direct limit G := ligﬂn(Gn,nn)
consists of sequences (ux) in SU(2) with ur = 1 for all but finitely many val-
ues of k. It can be equipped with the structure of a regular Lie group that
is modeled on the locally convex inductive limit g := @n(gn,L(nn)) [G1605,
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Thm. 4.3] and has the exponential map exps = hgln expg, [Gl605, Prop. 4.6].
Let H := (é _01) and ¢ := iH € su(2). Consider the following R-action o
on G defined by (a;(u))r = eure™* for u € G. The corresponding action
R x G — G is smooth. Indeed, the restriction of a to R x G,, yields a smooth
action o™ : R x G,, — G,, for every n € N. Tt follows from [G1605, Thm. 3.1] that
lig | al™ lim (R x G,) — G is smooth. By [G1505, Prop. 3.7] we further have
hﬂn(R x Gp) = R x G as smooth manifolds. This shows that o : R x G — G is
smooth. Consider the Lie group G* := G x, R with Lie algebra g* := g xp Rd,
where d := (0,1). Using the so-called Powers’ factors, we define unitary represen-
tations p of G* which are smoothly-KMS at d relative to G < G* and for which
p(G)" is a factor of type 1T for arbitrary A € (0,1).

Define the finite-dimensional C*-algebra M,, :== @) _, B(C?) for every n € N. Let
> 0. Define the state ¢(z) := + Tr(e ?Hz) on B(C?), where Z := Tr(e #H) =
2cosh(B). Let ¢, be the state on M,, defined by

On(21® - Ray,) = H o(xp), z, € B(C?).
k=1

The GNS-representation of B(C?) defined by ¢ is H, := B(C?) equipped with left
B(C?)-action and the inner product (a,b) := % Tr(e ##a*b). Similarly the GNS-
representation of M,, corresponding to ¢, is He, = @Qp_; He. The isometric
inclusions

He, = Heppy1s T 1

define a directed system of Hilbert spaces, and the algebraic direct limit hénn He,
becomes naturally a pre-Hilbert space. Let H denote its Hilbert space completion.
Let v, : Hg, — H denote the canonical inclusion. For every n € N, there is a
x-representation m, of M,, on ‘H defined for x =z; ® --- ® x,, € M,, by

71—n(l.)bm(wl K- & wm) = Lm(xlwl & - xnwn ® ¢n+1 Q& wm)v m 2 n.

"

Let My = (UneN Wn(/\/ln)) . The vector  :=1®1®--- € H is cyclic and

separating for M, [Tak03b, XIV, Prop. 1.11], so H may be identified with the
GNS-representation of Mo, w.r.t. the state doo := (Q,+ Q) on M. Observe that
$oo satisfies ¢oo(tn(z)) = ¢ () for all n € N and x € M,,. The von Neumann alge-
bra (Mo, o) =t @1 (B(C?), ¢) is the so-called Powers’ factor with parameter

#h(ﬁ) € (0, %), which is a factor of type Il with A = e™2% = -2 € (0,1)
[Tak03b, XVIII, Theorem 1.1]. The modular automorphism group o{* on M, de-
fined by ¢o is given by ¥ = Qe Ad(e~P) [Tak03b, XIV, Prop. 1.11], where
Qi Ad(ePt) € Aut(Mo) satisties @pe; Ad(eP) 01y = 1y 0 @y Ad(ePH) for
all t € R and n € N and is defined from this condition by continuity, where we
used [Tak03b, XIV, Thm. 1.13] and that ¢ o Ad(e’*¢) = ¢ for all ¢t € R. Consider

a =
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the unitary representation p : G x4, R — U(H) defined by

oo

p(u, Bt) := <®uk) OA;Zf, u€G,teR

k=1

which is well-defined because u = (uy) € G is a sequence in SU(2) with uy = 1 for
all k sufficiently large. Since p(St) = A;;t and p(G)" = My, it follows that p is

KMS at d € g* relative to G aG*. To see that qgo\o : G — C is smooth, it suffices
to show that its restriction to G,, is smooth for every n € N, using the universal
property of the smooth manifold structure on G = h_H)ln G, [Gl605, Thm. 3.1]. This
is the case, as (Q, p(u)Q) = [[,_; ¢(ux) for any u € G,,, which is smooth G,, — C.
Thus © € H)® and so p is smoothly-KMS at gd € g¥ relative to G < G¥.

Example 3.2.21 (Standard real subspaces and Heisenberg representations). Let
H be a complex Hilbert space. Consider the real Heisenberg group G := H(H,w),
where w(v,w) = Im(v,w). An R-linear closed subspace K C H is called cyclic if
K 44K is dense in H. It is called separating if K Nk = {0}. A standard subspace
is a closed R-linear subspace I C ‘H which is both cyclic and separating. We show
that any standard real subspace gives rise to a smooth KMS representation. Let
K C H be a standard real subspace. Write dx for the corresponding modular oper-
ator on H, which is generally unbounded, positive and self-adjoint, see e.g. [NO17,
Sec. 3]. Then ¢t — &} is a strongly-continuous unitary 1-parameter group on H
satisfying in particular §%IC C K. We first pass to the R-smooth vectors K> to
obtain a regular Lie group H(KX>,w) xR. We then construct a KMS representation
thereof using second-quantization. The details are given below.

Let K denote the set R-smooth vectors in K. Then K is dense in K and
R-invariant. It moreover carries a Fréchet topology which is finer than the one
inherited as a subspace of K and for which the action R x I>° — K is smooth
[NeelOa, Thm. 4.4, Lem. 5.2]. Asw : K®x K> — R is bilinear and continuous w.r.t.
this topology, it is smooth. Thus the generalized Heisenberg group N := H(K*,w)
is a Lie group. (Notice that w|c.. may be degenerate.) It is as a subgroup of G
generated by K. As K> is a Frechet space, it is Mackey complete by [KM97,
Thm. 1.4.11], which implies using [Nee06, Thm. V.1.8] that N is regular. Write
n := Lie(N). By construction R acts smoothly on N by i, so that N* := N x R
is a regular Lie group. Let nf := n x Rd denote its Lie algebra. We construct a
representation of N* which is smoothly KMS at d € n® relative to N « Nt. Let
us recall the standard representation of H(#,w) on the Bosonic Fock space F(H).
Equip the symmetric algebra S®(?) with the inner product

(V1 Uy w1 - wy) = Z H<'Uj7wt7_7’>' (3.2.6)

€S, j=1

Let F(H) denote the Hilbert space completion of S®(H) and let 2 := 1 € H denote
the vacuum vector. Then #H contains (and is generated by) the vectors e’ :=

ZZO:O %v” € H for v € H. There is a continuous irreducible unitary representation
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W of H(H,w) on F(H) satisfying W (z,v)e®” = ze~zlvl’ =) eviw for o 4y € H
and z € T [PS86, Sec. 9.5]. Moreover, any unitary v € U(H) extends canonically
to a unitary F(u) € U(F(H)). We further have:

W (uv) = F(u)W (v)F(u)"?, Vue UH),veH (3.2.7)
In view of (3.2.7), W and F together define a representation p of the Lie group
N¥ by p(n,t) := W (n)F(0}). Let N := W(N)". As K is a standard real subspace
and K is dense in K, it follows that Q is cyclic and separating for A [NO17, Lem.

6.2]. Let ¢ denote the faithful vector state on N defined by ¢(z) = (Q, Q). Using
[NO17, Prop. 6.10] we have Alf = F(3¢) for all t € R. Consequently p is KMS at

—d € n relative to N < N* (notice the minus sign in Definition 3.2.2). To see it is
smoothly KMS, observe that ¢ : N — C is smooth because it is given by

b(z,0) = (Q,W(z,0)Q) = ze 2l (3.2.8)

The following provides an example where p is smoothly-KMS at various &; € g,
relative to distinct subgroups N; C G, where I € 7 for some indexing set Z:

Example 3.2.22 (Bisognano-Wichmann and SU(1, 1)-covariant nets).

Recall that SU(1,1) acts on S*. Explicitly, for g = (g g) € SU(1,1) with
a, B € C satisfying |a|? — |B]? = 1, define g(z) := % for z € C with |z] = 1.

With g as above, define the unitary action of SU(1,1) on the complex Hilbert
space L2(S1,C) by (u(g)f)() = (a — B2)~'f(g~\(2)) for f € L*(S1,C). Let
H?(S',C) be the closed subspace of L?(S*, C) spanned by the non-negative Fourier
modes. Let H2(S!,C) be its orthogonal complement in L?(S',C). Notice that
SU(1,1) leaves these subspaces invariant. Consider the complex Hilbert space
V= H3(S*, C)®H?(S',C), where H2 (S, C) denotes the Hilbert space complex-
conjugate to H? (S*,C). Let Vg = L?(S*,C) denote the real vector space underly-
ing V. Define the real Fréchet space Vg := C*°(S!,C) and consider the symplectic
vector space (Vg°,w), where w(v, w) := Im(v, w)y for v,w € Vg°. Let H(VE®,w) be
the corresponding real Heisenberg group. Consider the regular Fréchet-Lie group
G := H(Vg°,w) x SU(1,1). Let r := 1 <(1) _01) and d = 1 <(1) é) denote the
generators in su(1, 1) of the rotation and the dilation subgroups in SU(1, 1), respec-
tively. By an interval of S', we mean a connected, open, non-empty and non-dense
subset of S'. Write Z for the set of intervals of S, on which SU(1,1) acts natu-
rally, and let Iy € Z denote the upper-semicircle. For I € Z, define £; € su(1,1)
by &r := Ady(d), where g € SU(1,1) is any element satisfying g.Jo = I. Notice
that ¢; is well-defined. Define further the closed real subspace Vi := L?(I,C) of
Vr and set V° := VyNVE°. Let Ny := H(V;°,w) C G be the corresponding closed
subgroup of G. We construct a unitary representation p of G which is of p.e. at
r € su(l, 1) and which is KMS at & € su(1,1) relative to Ny, for every I € Z. The
details are given below.

As the SU(1, 1)-action u on L?(S*, C) leaves both H3 (S*,C) and H2 (S*, C) invari-
ant, we obtain a unitary representation @ of SU(1,1) on V = H2 (S*,C)®@H2 (S, C)
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which is by construction of p.e. at r € su(1,1). As in Example 3.2.21, let W
denote the standard representation of the real Heisenberg group H(V,Im(—, —))
on the Fock space F(V'). Letting SU(1,1) act on F(V) by second quantization,
we obtain a smooth unitary representation p of G on F(V) which is of p.e. at
r € su(l,1). Explicitly, p is given by p(v,g) = W(v)F(u(g)) for v € H(VE®,w)
and g € SU(1,1). It follows from [Was98, Sec. I1.14] that V; C V is a standard
real subspace for any interval I € Z. Let 0% denote the corresponding modular
l-parameter group, as in Example 3.2.21. The assignment I +— V7, called a net
of standard subspaces, satisfies Iy C I, = Vi, C Vi, (isotony), Vo1 = u(g)Vr
for g € SU(1,1) (SU(1,1)-covariance) and [; N Is = = Vi, C VIJI‘“ (locality).
It moreover follows from [Was98, Sec. I1.14] that §i = u(e=27%1) for all t € R
and I € Z (cf. [Lon08, Thm. 3.3.1] and [Bor92, Thm. I1.9]). Passing to the sec-
ond quantization, let N7 := p(Np)” = W(V7°)” denote the von Neumann algebra
generated by W (Vy°) for I € Z. By Example 3.2.21, we obtain that

p(ef%rtﬁz) _ ]_—(ﬂ(e—znt&)) = F(6) = A¥,

where A; denotes the modular operator on F (V') defined from N using the cyclic
and separating vector Q :=1 € F(V). Let ¢ = (€, Q) be the corresponding state
on Nj. Then (3.2.8) shows that ¢ : N; — C is smooth. Thus p is smoothly-KMS
at 2w&; € su(l,1) relative to Ny C G, for any I € Z. For more details on the
Bisognano-Wichmann property and nets of standard subspaces, see e.g. [Morl18] or
[Mun01].
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Chapter 4

Generalized positive energy representations
of groups of jets

Abstract

Let V be a finite-dimensional real vector space and K a 1l-connected com-
pact simple Lie group with Lie algebra £. Consider the Fréchet-Lie group
G := J§°(V,K) of oo-jets at 0 € V of smooth maps V' — K, with Lie algebra
g = J°(V,€). Let P be a Lie group and write p := Lie(P). Let o be a
smooth P-action on G. We study smooth projective unitary representations p
of G %, P that satisfy a generalized positive energy condition. We show that
this condition imposes severe restrictions on the derived representation dp of
g % p, leading in particular to sufficient conditions for p|, to factor through
J2(V,K), or even through K.

This chapter is based on [Nie23a, Part II].

4.1 Introduction

This chapter is concerned with projective representations of groups and Lie algebras
of jets. Let K be a 1-connected compact simple Lie group with Lie algebra ¢ and
let V' be a finite-dimensional real vector space. Then we consider the Fréchet-Lie
group G := J§°(V, K) with Lie algebra g := J3°(V, ) 2 R[V*] ® £. These consist
of co-jets at 0 € V' of smooth K- and ¢-valued functions, respectively. Let P be a
finite-dimensional Lie group with Lie algebra p, and assume that there is a smooth
action o of P on G. We are interested in smooth projective unitary representations
of G x, P that are of generalized positive energy at all elements p in some cone
C C p. Recall from Chapter 3 that both positive energy- and KMS representations
give rise to ones that satisfy the generalized positive energy condition.

The motivation for looking at the (generalized) positive energy representations
of the group G %, P originates in prior work by B. Janssens and K.H. Neeb,
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who studied in [JN21] a class of projective unitary representations of the group of
compactly supported gauge transformations G := I'.(M, Ad(K)) of a principal K-
bundle K over M, where Ad(K) denotes the corresponding adjoint bundle. Suppose
that the Lie group P acts smoothly on /C by automorphisms of the principal bundle
K. This induces a smooth action of P on the infinite-dimensional Lie group G.
Their main result is:

Theorem 4.1.1. ([JN21, Theorem 7.19]):

Let (p,H) be a projective unitary representation of G x P which has a dense set
of smooth rays and is of positive energy at the cone C C p. If the cone C has no
fixed points in M, then there exists a 1-dimensional P-equivariantly embedded sub-
manifold S C M s.t. on the connected component Gy of the identity, the projective
representation p factors through the restriction map r : Gy — I'c(S, Ad(K)).

Thus, if there are no fixed points in M for C, then the problem of classifying the
projective unitary positive energy representations of G x P is essentially reduced
to the one-dimensional case, which has been extensively studied, see for example
[PS86, Was98, Tanll, Kac90, KR87, GW84, TL99]. Moreover, if there are no
one-dimensional P-equivariantly embedded submanifolds in M, one is essentially
reduced to the case where p factors through the germs at the fixed point set ¥ C M
of the cone C C p. In this chapter, we address the setting where fixed points do
exist and where p actually factors through the germs at a single fixed point.

Thus, let @ € M be a fixed point of the P-action on M and let V := T,(M). If
a smooth projective unitary representation p of G factors through the germs at
a € M, then the continuity of p implies that it must further factor through the
oo-jets JP(AA(K)) = J3°(V,K) = G at a € M, as is shown in Section 4.5.1 of
the appendix. The brings us to groups of jets and motivates the study of smooth
projective unitary representations of G x, P. Clearly, any smooth projective uni-
tary representation of G X, P defines one of G x P via the jet homomorphism
J° G — J(Ad(K)) = G. In this way, the results of this chapter contribute to
the understanding of positive energy and KMS-representations of gauge groups.

In [Sim23], KMS-representations were very recently studied in the context of finite-
dimensional Lie groups, leading to full characterization of such representations that
generate a factor of type I. In relation to the unitary representation theory of gauge
groups, let us also mention the papers [GGV77, AHK78, PS76] and [Ism76], in
which unitary representations of gauge groups C°(M, K) are constructed which
are non-local in the sense that they do not factor through the restriction map
C*(M,K) — CX(N, K) for some proper submanifold N C M. When dim(M) >
3, these are irreducible ([Wal87] and [AHKTS81]). They are also considered in
[ADGV16] and [AHKM193|. Unitary representations of groups of jets have also
been considered in [GG68] and [AT94].

Structure of the chapter

After fixing our notation in Section 4.2, we discuss in Section 4.3 a normal-form
problem for the p-action on g = J°(V, ). Using the observations made in Sec-

39



tion 2.5 together with the normal-form results obtained in Section 4.3, we proceed
in Section 4.4 with the study of (generalized) positive energy representations of the
Lie algebra g xp p, where D : p — der(g) is the p-action on g corresponding to a.

Overview of main results

To describe the main results of Section 4.4, we first need to introduce some notation.
We write R := R[V*] := [~ , P"(V) for the ring of formal power series on V,
where P (V) denotes the set of degree-n homogeneous polynomials on V. Recall
that g := J§°(V,¢) 2 R®t. We write X} for the Lie algebra of formal vector fields
on V vanishing at the origin. The p-action D splits into a horizontal and a vertical
part according to D(p) = —Ly(p) + ad,(p), for some Lie algebra homomorphism
v:p— X" and a linear map o : p — g satisfying the Maurer-Cartan equation

—Loyp)(P2) + Loy(p)o(p1) — o([p1,p2]) + [0(p1), 0(p2)] = 0, Vp1,p2 € p.

For any p € p, the formal vector field v(p) splits further as

v(p) = vi(p) + Vio(p),

into its linearization v)(p), a linear vector field on V, and its higher order part
Vno(p), a formal vector field on V' vanishing up to first order at the origin. Let
oo(p) € € be the constant part of the formal power series o(p) € R ® .

Let ¥, C C denote the additive subsemigroup of C generated by Spec(vi(p)). Let
VE(p) denote the span in V¢ of all generalized eigenspaces of vj(p) corresponding to
eigenvalues with zero real part, and define V.(p) := V.C(p)NV. If € C p is a subset,
define V(&) := [, Ve(p), which we call the ‘center subspace of V' associated to
¢, in analogy with the center manifold of a fixed point of a dynamical system. Let

V,(€)+ C V* be its annihilator in V*.
If 7 is a continuous projective unitary representation of g X p p, we write
€(7) :={p€p : 7 is of generalized positive energy at p }.

The first main result concerns positive energy representations. It states that unless
the spectrum of v)(p) and og(p) happens to intersect non-trivially, any smooth
projective unitary representation p of G x, P which is of positive energy at p € p
factors through the 2-jets JZ(V, K) x4 P:

Theorem 4.4.1. Let p be a smooth projective unitary representation of G X, P
which is of p.e. at p € p. Assume that Spec(ady,(p)) N Spec(vi(p)) = 0. Then
p factors through J3(V,K) xq P. Moreover the image of —Lay,(p) + adyy(p) in
P2(V)®t C J3(V,K) is contained in ker p.

The second main result determines restrictions imposed by the generalized posi-
tive energy condition. If p € €(7), then unless possibly when the “non-resonance
condition” Spec(ady, ) NE, = () is violated, it suffices to consider the case where
all eigenvalues of v)(p) are purely imaginary. The precise statement is:
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Theorem 4.4.3. LetT be a continuous projective unitary representation of gxpp.
Let € C €(7). Assume that Spec(ady, () NE, =0 for all p € €.
Then RV.(¢)* ® & C ker 7 and hence |, factors through R[Ve(€)*] @ ¢.

Since R[V,(€)*] ® ¢ = £ whenever V.(€) = {0}, Theorem 4.4.3 in particular gives
sufficient conditions for 7 to factor through ¢, that depend only on the spectrum
of o¢ and v(p).

For the third main result, we consider the special case where p is non-compact and
simple:

Theorem 4.4.6. Assume that p is non-compact and simple. Suppose that v| de-
fines a non-trivial irreducible p-representation on V. Let T be a continuous projec-
tive unitary representation of g xp p. Let € C &(T) be a P-invariant convex cone.
FEither € is pointed or ﬁ|g factors through €.

Remark 4.1.2. If p is a smooth projective unitary representation of G x, P which
is of generalized positive energy at the cone C C p, then its derived representa-
tion dp on the space of smooth vectors H7° is so, too. Moreover, as we shall
see in Lemma 4.2.3 below, the exponential map of G = J§°(V, K) restricts to
a diffeomorphism from the pro-nilpotent ideal ker (evo IR (Ve — {?) onto
ker (evg : J§°(V,K) — K). Thus, the above results all have immediate analo-
gous consequences on the group level.

4.2 Notation

Let V be a finite-dimensional real vector space and K a 1-connected compact simple
Lie group with Lie algebra €. For any n € N>¢, we denote by P*(V) C R the space
of homogeneous polynomials on V' of degree n. Let R := R[V*] := [[>2, P™*(V)
denote the ring of formal power series on V' with coefficients in R, equipped with
the direct product topology. Let I = (V*) be the maximal ideal of R, containing
those elements with vanishing constant term. We write evg : R — R = R/I for the
corresponding quotient map. Let g be the R-module g := R ® ¢ of formal power
series on V with coefficients in €. Then g is a topological Lie algebra with the Lie
bracket defined by

[feXgeY]:=fga[X,Y], figeR, XY et

We also write fX instead of f ® X for f € R and X € £. Define Ry, := R/I*1,
Iy = I/I*1 and gy, = g/(I*"1.g) for k € N5g. Then R = lim Ry, and g = lim g
as topological vector spaces and Lie algebras, respectively. Let G = Jé“(V, K) be
the unique 1-connected Lie group integrating the finite-dimensional Lie algebra g
for any k € N>o. Let G := J§°(V, K) := lim G}, be the corresponding projective
limit, which is a pro-Lie group with topological Lie algebra g = @k gk- (See e.g.
[HMO7] for a detailed consideration of pro-Lie groups). We write X7 for the Lie
algebra of formal vector fields on V' vanishing at the origin. Identify X = der([)
using the Lie derivative v — L,. Notice further that der(I) = I ® V. Define
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similarly Xj, := X7 /(I*1 X)) = der(I,).

Let p be a finite-dimensional Lie algebra acting on g through the homomorphism
D : p — der(g). Using the fact that all derivations of £ are inner, by Whitehead’s
first Lemma [Jac79, II1.7. Lem. 3], it follows from [Kac90, Ex. 7.4] that D(p) splits
into a horizontal and vertical part according to

D(p) = —ﬁv(p) + adg(p) for pep,

where v : p — X is a homomorphism of Lie algebras and where o : p — gis a
linear map that necessarily satisfies the following Maurer-Cartan equation:

—Lop)0(P2) + Lo(py)o (1) —o([p1, p2]) +[0o(p1),0(p2)] =0, Vp1,p2 € p. (4.2.1)

Remark 4.2.1. As we shall see in Section 4.3.3 below, Equation (4.2.1) can be writ-
ten as 6o + 2[o, 0] = 0 in the differential graded Lie algebra (A®p*) ® g, whose
differential is that of the Chevalley-Eilenberg complex, where g is considered as

p-module according to p — —Ly(;)-

We will refer to D as a lift of the p-action on R to g, and we call o the vertical
twist of the lift D. We remark also that D(p) satisfies the following Leibniz rule:

D(p)(f€) = —Lom(N)E+ fD(p)E,  feR €y, Vpep. (4.2.2)

We will denote by j* various k-jet projections R — Ry, g — gx and X7 — X7,
It should be clear from the context which map is being used. Also, we will freely
identify the quotient gy = ¢ with the Lie subalgebra £ C g of formal power series
having only a non-trivial constant term. Similarly, we identify j'X; = X7, = gl(V)
with the subalgebra gl(V) C X of linear vector fields on V.

A first observation is the fact that G = J§°(V, K) is not just a pro-Lie group, but
actually a regular Lie group modeled on the Fréchet space g = J3°(V, £):

Proposition 4.2.2. Both G and G x4 P are reqular Fréchet-Lie groups.

Proof. 1t is clear that the Lie algebras g and g xp p are Fréchet. Notice for
n € N that the map G,, — G,_1 defines a fiber bundle whose typical fiber
P"(V) ® ¢ is contractible. It follows by considering the associated long exact se-
quence of homotopy groups that m4(Gy,) = 7 (Gr—1) for every k € N>q, and hence
7 (Gpn) = 7 (K) by induction on n. In particular, the Lie group G, = J§(V, K)
is 1-connected for every n, because K is so. Then also G is 1-connected, since
mw(G) = wk(l&nn Gn) = Hm 7k(Gy) for every k € N, by [Hat02, Prop. 4.67].
Thus G is the unique 1-connected pro-Lie group with Lie(G) = g, which is locally
contractible by [HN09, Theorem 1.2]. Then [HN09, Theorem 1.3, Prop. 5.7] entails
that G is a regular Lie group. As the action o : P X G — G is smooth, also G x4 P
is a Lie group and it is regular by [Nee06, Thm. V.L.8], because both G and P are
So. O

Moreover, we have the following useful fact:
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Lemma 4.2.3. The exponential map expg : g — G restricts to a diffeomorphism
from I Rt = ker(evo tg— {’) onto ker (evo G — K).

Proof. For k € N>, let Hy, := ker (evo G — K) < G be the maximal nilpotent
normal subgroup of Gj. Then by, := Lie(H}) = ker (evo DOk — E) = (I @) <gp.
Write H := lim,_ Hj for the corresponding normal subgroup of G and h = l'glhk
for its Lie algebra. Let k& € N. Notice that Hj is nilpotent and 1-connected.
Consequently, its exponential map is a diffeomorphism expy, : br — Hy [CGI0,
Thm. 1.2.1]. Write logg, : Hy — by for its inverse. If m > k, then expy, ojk =
j* oexpy : bm — Hjp and consequently logy, oj* = j* ology : Hy — by,
Passing to the projective limit, we obtain the inverse logy := lim, logy, of expy.
It is smooth because H = l'mk Hy, carries the projective limit topology and logy,
is smooth for every k € N. Thus expy : h — H is a global diffeomorphism. O

4.3 Normal form results

By choosing suitable local coordinates, one may attempt to simplify the vector
fields v(p) and the vertical twist o(p) of the lift D(p) = —Ly(p) +ad,(p) simultane-
ously. One might for example try to show that there are local coordinates in which
the formal vector fields v(p) are linear for every p € p simultaneously, thereby
linearizing the formal p-action. Similarly, one might aim to show that in suitable
coordinates, o(p) € £t C R® t is constant for all p € p, so that o is a Lie algebra
homomorphism p — €. In the following, this ‘normal form problem’ is considered.
The results of Section 4.4 will depend on the availability of suitable normal forms,
whose existence we study in the present section.

In Section 4.3.1, we briefly recall the transformation behavior of v and o under
suitable automorphisms of g. We proceed in Section 4.3.2 to recollect some known
results regarding normal forms for Lie algebras of vector fields with a common fixed
point. Finally, we consider in Section 4.3.3 the vertical twist o.

4.3.1 Transformation behavior

Definition 4.3.1.

— A formal diffeomorphism of V is an automorphism h of R. An automorphism
of g is said to be horizontal if it is of the form h ® ide for some h € Aut(R).
We write h.§ or h(€) instead of (h ® id¢)(€) for € € g.

— A gauge transformation is an automorphism of g of the form e3¢ for some
feg

Remark 4.3.2. Any formal diffeomorphism h € Aut(R) preserves the maximal
proper ideal I and is determined by its restriction hl;,., which can be regarded as

an element h of I®V for which j'h € V*@V 2 gl(V') is invertible. It is then a con-
sequence of Borel’s Lemma [H6r03, Thm. 1.2.6] and the Inverse Function Theorem
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that for any automorphism h of R, there exist 0O-neighborhoods U, U’ C V and a dif-
feomorphism hq : U — U’ satisfying ho(0) = 0 such that h(5§°(f)) = j§°(f o hg').
Similarly, for £ € g there exists n € C°(V, £) s.t. j5°(n) = &, where we have identi-
fied g = J5°(V,£). We then have ed¢ o jg© = j5° o e2dn,

To determine the transformation behavior of D : p — der(g), we have to consider
the adjoint action of Aut(g) on der(g). Instead of considering arbitrary automor-
phisms of g, we will specialize to horizontal ones and to gauge transformations. For
h € Aut(R) and v € X;”, we write h.v for the action of Aut(R) on X;? obtained
from the adjoint action of Aut(R) on der(R) = X; = X}”. The following two proofs
are due to K.H. Neeb and B. Janssens. They appear in the presently unpublished
article [JN].

Lemma 4.3.3 ([JN]). Let D € der(g) and { € g. Then
e oDoe "% = D+ ad(F(ade)DE),
where F(w) = — fol etdt = -3, ﬁw”

Proof. Let k € N be arbitrary. Consider the continuous path v : I — der(g) defined
by y(t) = et*de De~*ds. Notice that j* oy : I — der(gy) is smooth for all k and
consequently so is y. Moreover

’Y/(t) _ €tad§ [ad£7 D]e_tad5 _ _etad5 adDge—tadE — _ad(etadg Df),

where the last step uses that a o ad, = adq () o « for any a € Aut(g). Thus
1 1
ecoDoe e — D= / v (t)dt = —/ ad (e D¢) dt
0 0

= —ad( /0 1 etadadt) (D€) = ad(F(ad¢) DE). O

Proposition 4.3.4 ([JN]). Let h € Aut(R) C Aul(g), 0,£ €g and v € X.
Consider the derivation D := —L,, + ad, € der(g). Then

hoDoh™ =—L}.,+ ad(h.o),

4.3.1
e oDoe % = L, + ad(e“dfa—i-F(adg)(—Evf)). ( )

Proof. Tt is trivial that ho £, o h™! = L;,. Moreover, hoad, o ™! = adj.
is valid because a o ad, = ady,) o @ for any a € Aut(g). Notice next that
F(adg)([o,€]) = Y07 Hade"o = e*co — 0. It follows using Lemma 4.3.3 that

el oDoe ¢ = —L, +ad, + ad(F(ade)(—L,€)) + ad(F(ade)[o, €])

— a4 Pladg)(—£.6)). =
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Definition 4.3.5.

— Two homomorphisms v, w : p — X;” are said to be formally-equivalent if
there is a formal diffeomorphism h € Aut(R) such that h.v(p) = w(p) for all

pep.

— Two linear maps 0,7 : p — R ® ¢ satisfying the Maurer-Cartan equation
(4.2.1) are called gauge-equivalent if there is some £ € g such that

n(p) = e**o(p) + F(ade)(—Lopé),  VpEp. (4.3.2)

In this case, we write ¢ ~ 1 and say that ¢ and 7 are related by the gauge
transformation e®ds.

4.3.2 Lie algebras of formal vector fields with a common
fixed point

The normal form problem for vector fields near a fixed point has been subject to
extensive study. Let us first gather some relevant known results.

The case of a single vector field

Naturally, the special case which has been considered most is the case where p is
simply R, in which case one is looking for normal forms of dynamical systems near
a fixed point, in the formal context. This case is already quite interesting. Let us
recollect some relevant results. For more information, we refer to [Arn88g].

Let v be a vector field on V. Write v = v) + vy0, where v = j}(v) € gl(V) C A7
is the linearization of v at 0 € V and vy, € A2 is a vector field vanishing up to
first order at 0 € V. Let v; = v + v1,n be the Jordan decomposition of v; over
C, where v 5 is semisimple and vy, is nilpotent. Write V¢ := V ®g C. Let (ej)ff:l
be a basis of eigenvectors of v ¢ in V¢ with dual basis (xj)‘j:l of V*. Let (uj)?:l
denote the corresponding eigenvalues.

Definition 4.3.6. Let n € N‘éo be a multi-index. A monomial vector field z™0,,
with |n| > 2 is called resonant if (n,pu) = p;, where (n, u) := Zle nip;. Iden-

tifying vy ¢ with the linear vector field Zj:1 pjz;0p, on C?, this is equivalent to
[vis, 270, | = 0.

Theorem 4.3.7 (Poincaré-Dulac Theorem [Dul04] [Arn88, ch.5]).
There exists wy, € X2 which is a C-linear combination of resonant monomials s.t.
v is formally equivalent to w = vy + wyo € X7. In particular [V s, Who) = 0 in A;.

Corollary 4.3.8 (Poincaré [Poi79]). If there are no resonances, meaning that
(n,pm) # p; for allm € N%O with |[n| > 2 and j € {1,...,d}, then the vector
field v can be formally linearized, so that v is formally equivalent to the linear
vector field vy.
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The case of actions by a compact Lie group

For actions of compact Lie groups there is the following well-known result, see also
[DKO00, Ch. 2.2]:

Theorem 4.3.9 (Bochner’s Linearization Theorem [Boc45]).

Let G x M — M be a smooth action of compact Lie group on a smooth manifold
which has a fixed point a € M. Then, in suitably chosen smooth local coordinates
around the fixed point, the action is linear.

The case of actions by semisimple Lie algebras

Next, we move to Lie algebra representations by formal vector fields of semisimple
Lie algebras. As nicely explained in [FMO04]| and first observed by Hermann in
[Her68], in the formal setting the obstructions to being able to linearize a Lie algebra
of vector fields simultaneously lie in various first Lie algebra cohomology groups
H'(p,W) for suitable finite-dimensional p-modules W. In view of Whitehead’s
First Lemma [Jac79, II1.7. Lem. 3], this results in:

Theorem 4.3.10 ([Her68]). Let p be a semisimple Lie algebra and v : p — X[¥
be a Lie algebra homomorphism. Then v is formally equivalent to its linearization
jloip — gl(V) C X7 around the origin.

Remark 4.3.11. Corresponding statements of Theorem 4.3.10 in the setting of germs
of smooth/analytic vector fields and diffeomorphisms have been proven in [GS68]
and [FMO04] under additional assumptions. They are false in general without suit-
able extra conditions, as was shown in [GS68].

4.3.3 Normal form results for the vertical twist

Let us next consider the vertical twist o : p — g of the lift D(p) = —Lyp) + ady(p)
to g of the p-action —L,,(,y on R, which has to satisfy the Maurer Cartan equation
(4.2.1). We fix the horizontal part v : p — X;” and act by gauge transforma-
tions. The main results of this section are the following two theorems, whose proof
comprises the remainder of the section. The reader who is eager to consider the
projective unitary g.p.e. representations of g can proceed to Section 4.4 after read-
ing Theorem 4.3.12 and Theorem 4.3.13 below.

Let us also remark that the methods used in this section to prove Theorem 4.3.12
and Theorem 4.3.13 were communicated to the author by B. Janssens and K.H.
Neeb and appear in similar form in their presently unpublished work [JN], albeit
in a more specific context. The author has placed their approach in a more general
context and extracted the two theorems below.

Theorem 4.3.12. Assume that p is semisimple. Let the linear map o : p — g
satisfy the Maurer-Cartan equation (4.2.1). Then o is gauge-equivalent to oo :=
evgoo : p — £ If p has no non-trivial compact ideals, then o is gauge-equivalent
to 0.
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The next result concerns the case p = R, in which case we identify v with v(1) € X}
and o with (1) € g. In this case, the Maurer-Cartan equation (4.2.1) is trivially
satisfied for any o € g and v € A].

Theorem 4.3.13. Assume that p =R. Let 0 € g and v € X;. Let v := jlv €
gl(V) be the linearization of v at 0 € V. Assume w.l.o.g. that ¢ := evg(o) € t for
some maximal torus t C €. The following assertions hold true:

1. Assume that (n,p) # alog) for any root a € it* of € and n € N‘éo with
In| > 1.
Then o is gauge-equivalent to some o' € R® t.

2. If vy is semisimple, then o is gauge-equivalent to some v € R ® € satisfying
~Lov+[o0,¥] = 0.

3. Suppose that v = vy is linear. Assume that D = —L, + ad, integrates to a
continuous T = R/2nxZ-action on g. Then o is gauge-equivalent to og € t.
Moreover Spec(v)) U Spec(ad,) C 2miZ.

Remark 4.3.14. Suppose that  — M is a principal fiber bundle with compact
simple structure group K. Let a: T — Aut(K) be a smooth action on K by bundle
automorphisms. Suppose that a € M is a fixed point of the induced T-action on
M and set V :=T,(M). By Theorem 4.3.9, the T-action on M is linear in suitable
local coordinates around a € M. Passing to J°(M) = R and J°(Ad(R)) = g,
one obtains a T-action on both R and g. The corresponding derivations are given
by —L, and D = —L,, + ad, respectively, for some linear semisimple vector field
v on V and some o € g. This is the setting of the third item in Theorem 4.3.13,
according to which we may further assume that o € t, where t C £ is a maximal
torus, by acting with gauge transformations.

The remainder of this section is devoted to the proof of Theorem 4.3.12 and The-
orem 4.3.13.
Reformulation using differential graded Lie algebras

In order to classify the equivalence classes of vertical twists o : p — g, we in-
terpret equation (4.2.1) as the Maurer Cartan equation in the differential graded
Lie algebra (DGLA) L := Lg := (A°p*) ® g. As a cochain complex, L is the
Chevalley-FEilenberg complex associated to the p-module g, where p acts on g by
Py = — Ly Explicitly, the differential § is given by

@) Prs- s prs) = S (1) pra(pr, e Pive - Pis)

i
+ Z(*l)H»]OL([p“p]],pl’ s 71’)\1" s 713}7 e 7Pk+1)»
1<J

where as usual, the arguments with a caret are to be omitted. The graded Lie
bracket on L is the unique bilinear map [—, —] : L x L — L satisfying

[a®o, Y] :=(aAB)®[0,¢], VYa,B€ N p", o9¥eaq.
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We write LF := ( /\kp*) ® g for the degree k-elements in L. Interpreting o as
a degree-1 element of L, equation (4.2.1) can now equivalently be written as the
usual MC-equation do + %[o,0] =0 in L.

Let us next reformulate the gauge-action (4.3.2) of g on the set of vertical twists,
using the DGLA L. Consider the extended DGLA L x RD, where D is a degree-
1 element satisfying [D, o] = §(o) for any o € L. Notice for £ € g = LY that
5(§)(p) = —Lyp)&. We define the gauge-action of L =gon L by

(o= O(D+0) - D=e"(0) + Flade)(5(E)), €, (4.3.3)
considered as an expression in LxRD, where F(w) = — > > ﬁw” =- fol et dt.

Let us check that the above is indeed well-defined, even though L is not a nilpotent
DGLA. Since G = 1&11@ Gy is a Lie group, it has an exponential map and so the

automorphism e®d¢ := Ad(e®) on g is defined. Consequently, so is

1
Flade)(—LogpE) = /O e (£, €)dt

for any p € p. Thus the expression in equation (4.3.3) makes sense. Notice further
that for ¢ € L, the above reduces precisely to the transformation behavior (4.3.2)
of the vertical twist. In accordance with Definition 4.3.5, we say that the MC-
elements o,0’ € L' are gauge-equivalent if they satisfy o/ = £.0 for some ¢ € L9,
in which case we write o ~ ¢’. Our goal is to study the MC-elements in L' up to
gauge-equivalence.

Let n € N>¢. Define analogously the following DGLAs, where we consider P" (V) as
p-module by identifying P"(V') with I"/I"*! for n € N>, so that p.f = —Ly, ) f
forpepand f e P*(V):

Li=N\p eI, Lg, = N\"p"®@ (R, ®¥),
L, =N\p"®(,28), Lpn =\ p* @ (P"(V)®¢).

Shifted DGLAs

It will be beneficial to split off the constants terms of the £-valued formal power
series, because contrary to Ly, L; is a projective limit of nilpotent DGLAs. We
discuss next how this can be done.

For any MC-element x € L}% = p*®Et C Lg of degree 1, define the ”shifted” DGLA
L%, which agrees with Ly as a graded Lie algebra but has a shifted differential given
by 6y (o) := 6(c) + [x,0]. The differential ¢, agrees with the Chevalley-Eilenberg
differential of ( A° p*) ® g if g is considered as p-module with the twisted action
p.0 = —Lyp) + [x, —]. In particular, 2 = 0. Let us write R ®, ¢ for this module
structure to distinguish it form the usual one on g = R ® £, which was given by
p-£ = =Ly €. Define also the extended DGLA Lj; x RD,, where [D,, 0] = d,(0).
Define in analogous fashion L} , LT and L., where we have used that the p-action
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on R®, t leaves I,, ® ¢ invariant for every n, so that P*(V)®¢ = (I,,®¥¢) /(141 ®¥)
is naturally a p-module. The following is a standard result:

Lemma 4.3.15.

1. Let o € L. Then x + o is a MC-element in Ly if and only if o is a MC-
element in LY.

2. Let 0,0’ € LY, be degree-1 MC-elements. Then x + o ~ x + o’ in Ly if and
only if o ~ o' in LY.

3. Let € LY be a MC-element. Then ) = x+o for some degree-1 MC-elements
o€ LY and x € Lg,.

Proof.
1. As x is a MC-element and [0, x] = [, 0] we have
1 1 1
S(x+0) + 5lx +.x +0] = 8(0) + 0,01 + [x,0] = b (0) + 5[0 0]

2. Observe that —F(adg¢)([€, x]) = e*d(x) — x. Consequently

F(ade) (6, (€)) = F(ade)(3(€)) + F(ade)([x. €]) = F(ade)(3(€)) + €™ (x) — x-
Thus, for any £ € g we have

e (x + o) + F(ade) (35(6) = x + (d (0)+ F(ads)(5x(£))> .

3. Since R = Ry @ I as a vector space, we can write ¢» = x + o, where y =
j°(¥) € Lg, and o € LY. As j° is a morphism of DGLAS, it is clear that
x = 7°(%) is a MC-element in Lg, C Lg. By the first point it follows that o
is a MC-element in LY C LY. O

Study of MC-elements

In view of Lemma 4.3.15, let us first study the classification problem of gauge-orbits
of MC-elements in L}%U and then, for each MC-element x € L}%O consider the orbits
in L} under the gauge-action.

Lemma 4.3.16.

1. Let x : p — & be linear. Then x is a MC-element in L}% if and only if it s
a Lie algebra homomorphism. Thus if there are no homomorphisms p — €,
then any MC-element x € L}%O =p* Q¢ is trivial.

2. The gauge-action of X € t = LOR0 on Lg, is given by X.x = eXx.

Proof. Notice that §(X) = 0 for any X € £ C g, because —L,, )X = 0 for any
p € p. So p acts trivially on £ = go = j°g. Thus the Maurer-Cartan condition reads
simply x([p1,p2]) — [x(p1), x(p2)] = 0 for all py, ps € p, proving the first statement.
The second statement follows at once from the definition (4.3.3), using once more
that the p-action on ¢ is trivial. O
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Next, we fix a homomorphism x : p — € and turn to the MC-elements of the twisted
DGLAs LY. Consider the following diagram of DGLAs:

Ly \

Any MC-element in Ly projects to one in Ly, for any k € N, and all maps in the
above diagram are equivariant w.r.t. the gauge-actions. Notice further that each
L’I‘k is nilpotent. To study the MC-elements in L}, we consider lifts of MC-elements
from L’fk to L>I<k+1’ so as to solve the problem step-by-step. This can be done using

the following central extension of nilpotent DGLAs, where Ly = {0} is trivial:
0— Ly, — L}, — Ly —0, keN (4.3.4)

in combination with the following known result from deformation theory (cf. [Man04,

Sec. V.6]):

Lemma 4.3.17. Let 0 - K — L — M — 0 be a central extension of nilpotent
DGLAs. Let opr € M be a MC-element.

1. Suppose that o, € L projects to op;. Then h = dop + %[O’L,O'L] € K? is
closed and [h] € H*(K) is independent of the lift o1, of onr. Moreover, there
is somen € K1 such that o +n is a MC-element in L' if and only if [h] = 0
in H*(K).

2. If o, and o, are two lifts of oy that are both MC-elements in L', then
A =0 —op € K' is closed. Conversely, if A € K' is closed and oy, is a lift
of onm which is a MC-element, then o := or, + A is also a lift of oy which
is a MC-element. Moreover, the class [A] € HY(K) vanishes if and only if
o1, and op: are related by a gauge transformation of some element & € K°.

3. If o is any lift of opr which is a MC-element, then the map A — op +
A induces a bijection between H'(K) and K°-orbits of MC-elements in L'
lifting oy .

Proof.

1. Tt is clear that h € K? as it projects to zero in M2. Since §h = [6or, 0] (by
the graded Leibniz rule), we find using do;, = h — %[O'L, o] that

1
6h = [h,or] — 5[[0L,0LL0L] =0,
where the second term vanishes by the graded Jacobi identity and the first
term vanishes because h € K is central. Thus h is closed. Suppose that
o}, is some other lift of o and define b/ := do, + 1[0},07] € K2 Then
A := 0} — o, € K lies in the center, so that h’ = h + §A. It follows that
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[h] € H?(K) does not depend on the lift. If there is some n € K* such that
or +n is a MC-element in L', then

1
0:6(0L+T))+§[O’L+7],O’L + 1] =don+ h.

Hence [h] = 0. Conversely, if [h] = 0 € H?(K), then there exists n € K such
that h + én = 0. Then oy, + n is a MC-element, by the same computation.

2. Let o} and o7, be MC-elements in L! lifting o). We have already noticed
that B’ = h+0A, where A := o, —o, € K'. Since h = I/ = 0 by assumption,
it follows that A = 0. Conversely, suppose A € K is closed and that oy, is
a MC-element projecting to ops. Then o} := o, + A projects to o as well.
Also, o} is a MC-element, because §0 +3 [0, 07 ] = dop+3[or, 0] +6A = 0.
To see that [A] = 0 in H!(K) if and only if o7, and 0, = o, +A are related by
a gauge transformation by some element & € K°, observation that if £ € K©,
then as & is central we have

top=e(op + D)— D=0 —[D,£] = or, — 6¢.

3. This is immediate from the previous point. O
Next, we apply Lemma 4.3.17 to the exact sequences (4.3.4).

Lemma 4.3.18. For every sequence (§i)ken of degree-0 elements in LY with
& € PE(V) @, E for every k € N, there exists 1 € I ®, t such that j"(n.0) =
én-bn—1.--+ 1.0 for every o € LY and n € N.

Proof. Consider the Lie subgroup H := ker (evy : G — K) < G with Lie algebra
h = ker(evo g — E) = I ® ¢. Similarly, for n € N let H, := ker(evo :
G, — K) and b, := Lie(H,). Recall that the exponential map exp : h — H is a
global diffeomorphism, by Lemma 4.2.3. Write log : H — § for its inverse. From
j™oexp = expoj™ : h — H, we obtain that logoj™ = j"olog : H — b, for
any n € N. As [&,] ® €] C I*! @ ¢ and the &, are of increasing order, we claim
that the limit 1 := limy_, o log (H,If:l 65’“) exists in I ® ¢ w.r.t. the projective

limit-topology, where k increases from right to left in the expression. Indeed, to
see this it suffices to show that for each n € N the sequence (j"nn)¥_; stabilizes

for large enough values of N, where ny := log (Hi\;l 65k>. This is the case because
for N > n we have:

N N n
k=1 k=1 k—1

where it was used that j"(¢;) = 0 for all k > n, because &, € I*¥. Thus = limy ny
is well-defined and satisfies j"n = j™n, for all n € N. Let 0 € L¥. Using the fact
that

Eni10p.0 = eMenta (Mn.0 + Dy) — Dy

— ea‘d5n+1 eadﬂn (DX + 0—) — DX e eadnn+1 (DX —|— 0') — DX = ’r]n+1'0'7
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it follows by induction that for any n € N, the equality n,.c = &,.£n—1---&1.0 is
valid. We thus get:

J"(n.o) = j"(n.o) = i (&n-En-1 - £1.0), VneN. O

Proposition 4.3.19. Assume that H*(p, P*(V) ®, €) = 0 for every k € N. Then
every degree-1 MC-element in LY is gauge-equivalent to 0 in LY.

Proof. Fix a MC-element o € LY. Recall that j"(¢.0) is again a MC-element
in L} for any n € N and ¢ € L} of degree 0. Notice also that j°%c = 0. As
Hl(p, P*(V)®,t) = 0 for every k € N, it follows using Lemma 4.3.17 and the exact
sequences (4.3.4), by induction on n € N, that we can find a sequence of degree-0
elements (&x)ken in LY with & € P*(V) ® € such that j"(&£,.6, 1+ &1.0) = 0 for
every n € N. It follows from Lemma 4.3.18 that there is some n € I ®, £ such that
J"(n.0) =&nbp-1.--- .§&1.0 =0in L} for all n € N. Thus o ~ 0. O

Lemma 4.3.20. Let p be a semisimple Lie algebra with no nontrivial compact
ideals. If € is a compact semisimple Lie algebra, then there are mo non-trivial
homomorphisms p — €.

Proof. Let x : p — € be a homomorphism. Then p/ker x is isomorphic to a
subalgebra of ¢ and is therefore compact. As p is semisimple and has no nontrivial
compact ideals, it also has no non-trivial compact quotients. Thus p/ker y = {0}
or equivalently p = ker y, so x is trivial. O

Proposition 4.3.21. Assume that p is semisimple. Let x : p — € be a homomor-
phism and let o’ € LY. Suppose that o := x + o’ is a degree-1 MC-element in L.
Then o is gauge-equivalent to x in Lp.

Proof. Since H!(p, P*(V)®,€) = 0 for all k € N>o by Whitehead’s Lemma [Jac79,
II1.7. Lem. 3], Proposition 4.3.19 implies that o is equivalent to 0 in LY. Equiva-
lently x + o is equivalent to x in Lg. O

Theorem 4.3.12. Assume that p is semisimple. Let the linear map o : p — g
satisfy the Maurer-Cartan equation (4.2.1). Then o is gauge-equivalent to oo :=
evgoo : p — t. If p has no non-trivial compact ideals, then o is gauge-equivalent
to 0.

Proof. Since o € p*®g is a MC-element in Lg, there is some degree-1 MC-element
o’ € L7° such that 0 = 0p +¢’, by Lemma 4.3.15. Then Proposition 4.3.21 implies
that o is gauge-equivalent to og. By Lemma 4.3.16 we further know that gg : p — £
is a homomorphism of Lie algebras. Thus, if p has no non-compact ideals then oy
is trivial by Lemma 4.3.20. O

Remark 4.3.22. Alternatively, Theorem 4.3.12 also follows from the structure the-
ory of pro-Lie algebras, developed in [HMO07]. To see this, assume that p is semisim-
ple. Consider the pro-Lie algebra h xp, p, were h := I ® £ C g and where
Do : p — der(h) is given by Do(p) = —Lyp) + adgyp) for p € p. Since p is
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semisimple, the radical and Levi-factor of h xp, p are h and p, respectively. A Levi
subalgebra of (g X p, p) is equivalently given by a splitting of the exact sequence

0—=bh—=bxp,p—=p—0, (4.3.5)

which in turn is equivalently given by a linear map ¢’ : p — b satisfying the
Maurer-Cartan equation

o'([p1,p2]) = [0’ (p1), 0" (p2)] + Do(p1)o’ (p2) — Do(p2)o’ (p1), Vp1,p2 € P.

That is, by a degree-1 MC-element ¢ in the DGLA L7°. The splitting s,» and
Levi subalgebra [,/ corresponding to ¢’ are given by s,/ : p — § Xp, p, S/ (p) =
(o'(p),p), and I, := {(o'(p),p) : pE€ P} C bh Xp, p, respectively. Any two Levi
subalgebras in b x p, p are conjugate by an automorphism of the form e®d¢ for some
¢ € b, by [HMO7, Thm. 7.77(:)]. So if o’ € L7° is a degree-1 MC-element, there
exists £ € b such that e*¥¢(o’(p),p) = (0,p) for all p € p. Notice for p € p that

e (0’ (p),p) = ((§.07)(p), p), where
(£.0")(p) = %0’ (p) + F(ade) (Do (p)€) = %0’ (p) + F(ade)(0a, (€)(p))

is precisely the gauge action of the degree-zero elements (L7°)° = on L7°. We
thus find that £&.0’ =0, so 0/ ~ 0in L7°. By Lemma 4.3.16, this is equivalent with
g ~ 0 in LR.

We now prove Theorem 4.3.13.

Theorem 4.3.13. Assume that p =R. Let 0 € g and v € X;. Let v, := jlv €
gl(V) be the linearization of v at 0 € V. Assume w.l.o.g. that o := evg(o) € t for
some maximal torus t C €. The following assertions hold true:

1. Assume that (n,p) # a(og) for any root a € it* of € and n € N‘éo with
|n| > 1.
Then o is gauge-equivalent to some o’ € R® t.

2. If vy is semisimple, then o is gauge-equivalent to some v € R ® £ satisfying
—,Cvll/ + [O’(),I/] =0.

3. Suppose that v = v; is linear. Assume that D = —L,, + ad, integrates to a
continuous T = R/2xZ-action on g. Then o is gauge-equivalent to oo € t.
Moreover Spec(vy) U Spec(ad,) C 2miZ.

Proof.

1. Using Lemma 4.3.15, write ¢ = 09 + ¢/, where ¢’ € L{° is a degree-1 MC-
element in the shifted DGLA L7°. Passing to the complexification, observe
for n € N that

P"(Ve) @, (¢/t)c = ) P"(Ve) @0, (Ec)a
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as p-modules. The eigenvalues of —L,, + ad,, acting on P"(V) ®4, (c)a
are given by a(og) — (n,p), as n ranges over the multi-indices n € N2
with |n| = n, and a over the roots of &. Thus —L,, + ad,, is invertible on
P™"(V) ®g, (£c)a- Consequently

HC(p, P"(Vc) ®a, (kc)a) = H' (p, P (V) o, (Ec)a) =0
for any n € N and root «, which in turn implies that
HO(p, P"(V) @4, £/t) = H' (p, P"(V) ®4, £/t) = 0.

By the long exact sequence of cohomology groups associated to the short
exact sequence

0= (A*pH)@P*(V)&t— (A*p*)@P" (V)R = (A" p*)@P" (V)0 b/t — 0,

it follows that for every n € N, the inclusion p*@P"(V)®@t = p*@P" (V) R4,
induces an isomorphism H!(p, P*(V) @ t) = H!(p, P"(V) ®,, £). It then
follows using Lemma 4.3.17 by induction on n € N that we can find elements
& € PE(V) @4, Est. j(En-bn1 - &1.07) € I, @ t for every n € N, the gauge
action taking place in L7°. By Lemma 4.3.18 there exists 7 € I @, £ s.t.
i"(n.o’) = j"(€n-En—1. -+ £1.0") € I, ® t for every n € N. Hence ( :=1n.0’ €
I'®tand o’ is gauge-equivalent to ¢ in L7°. By Lemma 4.3.15 it follows that
o = 0g + ¢’ is gauge-equivalent to g +{ € R® t.

. As before, decompose 0 = 0y + ¢’ using Lemma 4.3.15, where ¢’ € L7°
is a degree-1 MC-element in the shifted DGLA L7°. Let n € N. Identify
p* @ P (V) ®4, & with P"(V) ®,, & by evaluating elements of p* at 1 € p = R.
This induces an isomorphism

H'(p, P (V) g, £) = (P™(V) g, 8)/ Tm(—Lyy, + ady,)

Since v is semisimple, so is —L,, + ad,, as operator on P™"(V) ®,, . Conse-
quently, the inclusion (P"(V)®g, £)? < P"(V)®,, t induces an isomorphism

(Pn(v) Qo E)p = (Pn(v) Do E)/Im(—ﬁvl + a‘dffo)'

So every element of H'(p, P"(V) ®,, £) admits a representative in p* ®
(P™"(V)®e, 8P, for any n € N. By a similar argument as in the previous item,
it follows that ¢’ is gauge-equivalent to some ¢ € I ®,, € in L]° that satisfies
—L4,(¢) + [00,¢] = 0. By Lemma 4.3.15 it follows that o9 + 0’/ ~ 09 + ¢ in
Lg. Notice that v := og + ¢ satisfies — Ly, v + [09, ] = 0.

. Observe first that any derivation D’ € der(g) satisfying D'(I @ ¢) C (I ® €)
integrates to a unique 1-parameter group t — e'” " of automorphisms on g
that leave the ideal I ® ¢t C g invariant. Indeed, this follows from fact that the
corresponding statement is true for the finite-dimensional Lie algebra der(g,,)

for every n € N, where we use that g is the projective limit g = lgln gn. In

tD

particular this applies to the T-action e*” on g, which therefore leaves I ® ¢
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invariant. It thus induces a continuous T-action on V* @t = (I®8)/(I? ®8),
which integrates the linear operator —L,, ® 1 +1® ad,, on V* ® £. This
implies that v; € gl(V') and ad,, € der(f) integrate to continuous T = R/27Z-
actions on V and ¢, respectively. As T is compact it follows in particular that
v is semisimple and that Spec(v)) U Spec(ady,) C 27iZ. By Lemma 4.3.15
we know that there is some degree-1 MC-element ¢’ € L7° such that o =
oo+ o’. By the previous item, it follows that we may assume that ¢’ satisfies
—Ly,0'+[00,0'] = 0, by acting with gauge transformations in L7° if necessary.
Let n € N. The T-action on g, = R,, ® £ must be unitarizable because T
is compact, so that its generator D,, := —L,, + [j"0, —] € der(g,) must be
semisimple. Notice further that —L,, + [00, —] is semisimple on g,, whereas
[7"0’, —] is nilpotent. Since —Ly, 0’ + [00,0'] = 0, the operators —L,, + [00,-
—] and [j"0’,—] on g, commute. Thus D,, = ( — Ly, + [00,—]) + ["0”, —]
is the Jordan decomposition of D,,. As D,, is semisimple, this implies that
[j"c’,—] = 0. Thus j"¢" € 3(gn), where 3(g,) denotes the center of g,,. As
t is simple, we know that 3(g,) = P*(V)® € C g,. Thus o/ € I""! @ ¢ for
every n € N, where I := R. As (), cy(I"" ' ®@%) = {0}, it follows that ¢’ = 0.
Hence 0 = 0( € t. O

4.4 Projective unitary generalized positive energy
representations

Having obtained the normal form results Theorem 4.3.12 and Theorem 4.3.13, we
now proceed with the study of continuous projective unitary representation of jet
Lie groups and algebras that are of generalized positive energy.

Let us begin by briefly recalling the setting and our notation. We have that V is a
finite-dimensional real vector space, R = R[V*] := [[°_, P*(V) is the ring of for-
mal power series on V' with coefficients in R and equipped with the direct product
topology. Moreover, g denotes the topological Lie algebra g = R ® €, where ¢ is a
compact simple Lie algebra and p is a finite-dimensional real Lie algebra acting on g
by the homomorphism D : p — der(g), which splits into a horizontal and a vertical
part according to D(p) = —Ly(p) + ady(p), Where v : p — X" is a homomorphism
and where the linear map o : p — g satisfies the Maurer Cartan equation (4.2.1).
Let P and K be the 1-connected Lie groups integrating p and K, respectively. For
n € N write G, = J§}(V,K), G = J&(V,K) x P and g, := g, xp p. Define
further G := J§°(V, K) = mn G, Gt :=GxyPand gt :=gxpp= mn af .

In the following, we are interested in understanding the extent to which the lin-
earization v) of v and the values of o(p) at the origin already determine properties
of the class of representations which are of g.p.e. at a given cone € C p. To describe
the main results, we first have to introduce some more notation.

Define oo := evgoo : p — £ and let v; = jlv : p — gl(V) be the linearization of
v at the origin. For p € p, the vector fields v(p) splits as v(p) = vi(p) + Vho(p)
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for some formal vector field vy, (p) € X7z vanishing up to first order at the origin.
Let vi(p) = vi(p)s + vi(p)n be the Jordan decomposition of vi(p) over C. Let
VE(p) denote the span in V¢ of all generalized eigenspaces of vj(p) corresponding to
eigenvalues with zero real part. Set V.(p) := V.C(p)NV. If € C p is a subset, define
Ve(€) == e Ve(p). We call V.(€) the ‘center subspace associated to €, in analogy
with the center manifold of a fixed point of a dynamical system. Let V,(€)* C V*
denote the annihilator of V,(€) in V*. For any p € p, let 3, C C denote the additive
subsemigroup of C generated by Spec(v(p)). For any continuous projective unitary
representation 7 of g X p p, we define

C(m) :={p€p : 7 is of generalized positive energy at p}.

Let us describe the main results of this section. In the context of positive energy
representations, we have:

Theorem 4.4.1. Let p be a smooth projective unitary representation of G X, P
which is of p.e. at p € p. Assume that Spec(ady,(p)) N Spec(vi(p)) = 0. Then
p factors through J2(V,K) x, P. Moreover the image of —Loy(p) + adgy(py 0
P3(V)®t C J3(V,K) is contained in ker p.

Remark 4.4.2. Notice that Spec(ad,,)) = {a(oo(p)) : « € A} U{0} is a finite
subset of iR. In particular, the condition Spec(wvi(p))NSpec(ady,(p)) = 0 is satisfied
if v; has no purely imaginary eigenvalues.

This is complemented by the following results, which in particular give sufficient
conditions for 7| to factor through €, as R[V.(€)*] ® £ = ¢ whenever V,(€) = {0}.

Theorem 4.4.3. Let T be a continuous projective unitary representation of gXpp.
Let € C &(7). Assume that Spec(ady, ) N, =0 for allp € €.
Then RV,.(€)* @€ C ker 7 and hence 7|, factors through R[Ve(€)*] @ ¢.

Theorem 4.4.4. Let t C € be a maximal Abelian subalgebra. Let T be a continuous
projective unitary representation of g*. Let € C €(T) and assume that o(p) € R®t
and [v1(p)s, Vho(p)] = 0 for every p € €. Then RV (€)+ @€ C ker T and hence 7,
factors through R[V.(€)*] @ ¢.

To prove these results, we consider in Section 4.4.1 the second continuous Lie
algebra cohomology HZ%(g xp p,R) so as to obtain particular representatives w
of cohomology classes therein. We proceed in Section 4.4.2 to show that any ir-
reducible smooth projective unitary representation G x, P factors through the
finite-dimensional G,, ¥ P for some n € N. This gives us access to techniques that
are available for finite-dimensional Lie groups, and in particular to Corollary 2.5.4,
which leads to Theorem 4.4.1. In Section 4.4.3 and Section 4.4.4 we study the
kernel of the quadratic form £ — w(D(p)¢, ). Recalling from Corollary 3.1.8 that

[D(p)n,n] =0 = (W(D(p)nm) =0 < 7(D(p)n) = 0), Vi € g,

this leads to an ideal in g contained in ker 7, and to the proof of Theorem 4.4.3 and
Theorem 4.4.4. These results are supplemented in Section 4.4.5 by a consideration
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of the special case where p is a simple non-compact Lie algebra, in which case
Theorem 4.3.12 is available. This leads to the following:

Theorem 4.4.5. Assume that p is non-compact and simple. Let T be a con-

tinuous projective unitary representation of g Xp p. Then ﬂg factors through
R[Ve(e(m)) ] @t

Theorem 4.4.6. Assume that p is non-compact and simple. Suppose that v de-
fines a non-trivial irreducible p-representation on V. Let T be a continuous projec-
tive unitary representation of g X p p. Let € C €(7) be a P-invariant convex cone.
Either € is pointed or ﬁ|g factors through .

4.4.1 The second Lie algebra cohomology HZ(g xp p,R).

We next determine suitable representatives of classes in the second continuous Lie
algebra cohomology HZ (g % p p,R), which classifies the continuous R-central ex-
tensions of g x p =: g* up to equivalence. As an intermediate step we first consider
H2 (g,R), which is completely understood.

Define Q’}i =R® /\k V*, equipped with projective limit topology obtained from
Qk = @n Q’f%n, where Q’f{n = Rn@)/\]C V*. This makes Q¥ into a Fréchet space. In

particular Qz;&: R. Since J§°(QF(V)) =2 Ok, we can define a continuous differential
R

d: Qk — QF by djga = ji°da € JR(QMHH(V)) =2 Q5L which is indeed well-
defined. Choosing a basis (e,)%_; of V with dual basis (dz,)%_, of V*, the above
differential d is on R given by df = Zu (0.f) ® dx,, for f € R.

Lemma 4.4.7. Let E be a topological R-module and let D : R — E be a continuous
derivation. Then there exists a unique continuous R-linear map D : QL — F such
that D = D od.

Proof. Let R[V*] denote the ring of polynomial functions on V. AsR[V*] C R, F is
also a R[V*]-module and D|gy,.; : R[V*] — E'is a derivation. Using the universal
property of the Kahler differential forms Qﬁ{[v*] >~ R[V*] ® V*, there is a unique
R[V*]-linear map D : Qﬂlg[v*] — F SECh that D o d|R[V*] = D|R[V*]. As QllR[V*] is
dense in Q}, it remains to extend D continuously to the Fréchet space },. Let
a € Q}z and let (ay,)nen be a sequence in Qﬂla[v*] s.t. o, = a'in Q}%. We show that
Da := lim,, o, Day, exists and is independent of the approximating sequence (c,).
Choose a basis (dz,,)1_; of V*. Write ay, = Y0_, fdz,, and o = S0y fudz, for
some unique f,(fl) € R[V*] and f, € R. Then ,E") — fu in R for every p and hence
limy o0 Doty = 30 limyyyoe £ Dy = Y0, f, D, which is independent of
the approximating sequence (). It follows that D extends to a continuous R-
linear map D : Q}, — F, which satisfies D o d = D by construction. It is unique

with these properties because its restriction to the dense subspace R[V*] C R is
SO. O
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Remark 4.4.8. Lemma 4.4.7 entails that d : R — QF is the universal differential
module R in the category of complete locally convex R-modules, in the sense of
[Mai02, Thm. 6]

Proposition 4.4.9. Any class [w] € HZ(g,R) has a unique representative of the
form w(&,m) = A(K(€,dn)), where X € QL" is closed and continuous functional on
QL and £ is the Killing form on €. (Closed meaning that A\(dR) = 0.) Conversely,
any such \ defines a 2-cocycle representing some non-zero class in H2 (g,R). Con-
sequently, the center of the universal central extension of g is (0% /dR).

Proof. This is a special case of [Mai02, Theorem 16], seeing as g = R ® ¢, where
R is a unital, associative and commutative Fréchet algebra and £ is a simple Lie
algebra. O

Lemma 4.4.10. Let w be an extension of the 2-cocycle M\(k(€,dn)) on g to a 2-
cocycle on g = g x p. Then X is p-invariant in the sense that )\(Ev(p)Q}%) =0 for
every p € p.

Proof. Take £ = f® X and n = g® X for f,g € R and 0 # X € £. Notice that
[€,m] = 0in R ® €. Using the cocycle identity, this implies

(D(p),[,n]) =0
(a(p),[&,m]) = 0.

w(D(p)§;n) +w(&, D(p)n)
w(lo(p),&lin) +w(& [o(p),nl)

Using D(p)§ = —Lyp)€ + [0(p),&] it follows that
0= W(‘C'v(p)fa 77) + w(fa ‘Cv(p)n) = /\(‘C'v(p)fdg)“q‘(Xa X)

As k(X, X) # 0 and RdR = QF, this shows the claim. O

w
w

Lemma 4.4.11. Let w : g* x g — R be a continuous 2-cocycle on g = g xp p.
Then there exists n € N and a 2-cocycle w,, on gb, such that w(¢,n) = w,(5€, i)
for all £,m € g*.

Proof. Let w : g¥ x g* — R be a continuous 2-cocycle on g*. Choose norms || — ||,
on the finite-dimensional Lie algebras g s.t. the quotient maps j™ : gf — gf
are contractive for any n,m € N with n < m. The topology on g¢ = @gﬂl is
specified by the seminorms & — ||j7¢||,, for n € N and ¢ € g*. As w is continuous
and the maps gf, — g are contractive for n < m, there exist n € N such that
lw(&,n)| < 17 |nlli™n]|n for all £n € g* (using e.g. [Tre67, Prop. 43.1 and Prop.
43.4]). As j" : g* — g? is surjective, it follows that w(&,n) = w,(§7¢, ™) for a
unique 2-cocycle w,, on ggl. O

4.4.2 Factorization through finite jets

In the context of smooth projective unitary representations p of the Lie group
G*, it is no loss of generality to consider the case where p factors through the
finite-dimensional Lie group G% for some n € N:

58



Theorem 4.4.12. Let 7 be a smooth projective unitary representation of G¥ with
lift p - G — U(H,) for some central T-extension G of G*. Then p decomposes as
a (possibly uncountable) direct sum p = @, pi .. for every i € I there exists
n € N s.t. the projective unitary representations p; associated to p; factors through
Gt . In particular, if p is irreducible then it factors through G for some n € N.

Proof. Define
N?, = ker <jm LR G§n> and
nt, :ker< gﬁ%gﬁ)

for any m € N>, so that G¥ = G*/Nf,. Notice that Nf C Nf whenever n < m.
Since p is a smooth projective representation, it follows from [JN19, Thm. 4.3] that
G is a Lie group. It is moreover regular by [Nee06, Thm. V.1.8], because both
G* and T are so. Let g := Lie(Cov'). Then g is a central R-extension of g* in the
category of locally convex Lie algebras. Let the continuous 2-cocycle w : gf x gt — R
represent the corresponding class in H2 (g%, R). By Lemma 4.4.11, there is some
ne N such that for all £ € g* we have j"{ =0 = w(&,n) =0 forall n € gf. Let

N be the closed normal subgroup of G covering N} and let n,, be its Lie algebra.
b scnt, = 0, the

central R-extension 1, is trivial. Hence fi,, = R @ n¥ as central R-extensions of n.
As N} is regular and 1-connected, it follows from [Nee06, Thm. I11.1.5] that there
is a commutative diagram

Then Nn is a central T-extension of N} i integrating ,,. Since Wl s

R —— Rx Nf —— N}

j Oﬁ lid

T N, Nt

of locally convex regular Lie groups. Observe that $ is surjective and that ker 5 =Z.
Thus N, = T x N} as central T-extension of Ni. Let ¢ : T x Nf — N realize
the isomorphism. For any integer m > n, let N, := ¢({1} x N¥) C N, C é,
which is a closed normal subgroup of G isomorphic to and covering N¥,. Then
N = {Np}m>n is a filter basis of (decreasing) closed normal subgroups of G
satisfying li lgnj\/‘ {1}, in the sense that for any 1-neighborhood U of G there exists
m > n such that AV;,, C U. Indeed, since G* = ]i— G*, carries the projective limit

topology and Gis a locally trivial principal T-bundle over G* [JN19, Thm. 4.3],
it follows that any l-neighborhood U C G contains (I x NE) for large enough
m and some open 1-neighborhood I C T. It now follows from [NeelOa, Thm.12.2]
that p decomposes as a possibly uncountable direct sum p = @, p; such that
for every i € Z there exists some m > n with p;(N,,) = {1}, which implies that

7(NE) = {1}, O

59



Theorem 4.4.12 gives us access to techniques that are available for finite-dimensional
Lie groups, and in particular to Corollary 2.5.4. This can be used to prove Theo-
rem 4.4.1.

Theorem 4.4.1. Let p be a smooth projective unitary representation of G X, P
which is of p.e. at p € p. Assume that Spec(ady, ) N Spec(vi(p)) = 0. Then
p factors through J3(V,K) xo P. Moreover the image of —Lay(p) + adyy(p) in
P2(V)®t C J3(V,K) is contained in ker p.

To prove Theorem 4.4.1, it suffices by Theorem 4.4.12 to consider the case where
p factors through the finite-dimensional Lie group G,ﬁC for some k£ € N, which

we thus assume. Write a for the ideal in g,ﬁf generated by p € p. Let a, C a
denote the maximal nilpotent ideal in a. According to Corollary 2.5.4 we have
[a, [an, an]] € ker dp. Recall that I, := I/IF+1.

Lemma 4.4.13. Suppose that V* @€ C jla,. Then I; ® € C a,,.
Proof. By assumption V* @ € C a,, + I? ® £. As ¢ is perfect it follows that

IMet=V'otleCa, +[[etllct=a,+I1"2t VicN

Thus it follows by induction that V* ® ¢ C a, + I,lj'1 Q¢ for all [ € N. As
M (an + I}jl ® t) = a,, it follows that V* ® £ C a,, and hence I @ ¢ C a,,. O

Proof of Theorem 4.4.1. We may assume that p factors through Gi for some k € N.
It suffices to show that dp factors through gg and that the image of —L, ) +
adgy(p) In P?(V) ® € C gy is contained in kerdp. By Corollary 2.5.4 we know
that [a, [a,,a,]] C kerdp. Moreover I} @ & = [, ® &, [I;, ® £, I;; ® ]], because t is
perfect. To see that dp factors through gg it thus suffices to show that I, @ ¢ C a,,.
By Lemma 4.4.13 it is further sufficient to show that V* ® & C j!(a,). Write
Di(p) := —Lup) + [00(p), —]. Notice that j'(D(p)¢) = Di(p)¢ for £ € V* @ &.
The assumption Spec(vi(p)) NSpec(ad,, () = @ implies that Dy (p) is invertible on
V*®¢e. Thusif n € V*®¢ is arbitrary, there exists £ € V*®¢ such that n = D1 (p)§.
Then

n=Di(p)é =7 (D(p)E) = j*([p,€]) € j* (an).
Thus V*®¢ C j!(a,). We obtain that I, ® € C a,, and I} @€ C ker dp, so dp factors
through gg. We may thus assume that k& = 2. We then obtain

Di(p)(P*(V)®t) = D(p)(I} @ t) = [p, [ © &, I © ¥]] C [a, [an, a,] C kerdp. O

4.4.3 The case where p =R

We proceed with the study of projective unitary representations 7 of gf = g xp p
which are of generalized positive energy. We first specialize to the case where
p = R, aiming to consider its consequences for the general case afterwards.

As p = R, we may as well identify v with v(1) € X}, D with D(1) and o with
(1) € g. Recall that the derivation D is given by D = —L, + [0,—]. Write
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v = V] + Vpo, Where v) := jlv € gl(V) is the linearization of v at 0 € V and where
Vho € Xp2. Let v; = v 5 + v, denote the Jordan decomposition of v; over C. We
write V.C for the span of the eigenspaces of v} whose corresponding eigenvalue has
zero real part. Set V. := VN V. Write d := (0,1) € g =g xpR. Let V- C V*
denote the annihilator of V. in V*, so VX = (V/V,)*.

Theorem 4.4.14. Let t C ¢ be a mazimal Abelian subalgebra. Assume that o €
R®t C g and [vis, V] = 0 in X;. Let ™ be a continuous projective unitary
representation of gt on the pre-Hilbert space D. Assume that 7 is of g.p.e. at
d € g xpRd. Then RV;* C kerw. Consequently, 7|, factors through R[V] @ ¢.
In particular, if V. = {0} then 7|, factors through .

Remark 4.4.15. By acting with formal diffeomorphisms if necessary, one may by
Theorem 4.3.7 always bring v into a normal form, in the sense that [vg, Vno] =0
in X7. Moreover, Theorem 4.3.13 provides sufficient conditions guaranteeing that
o is gauge equivalent to some element in R ® t.

Proof of Theorem 4.4.14

Let w be a continuous 2-cocycle on g that represents the class in H2(g* R)
corresponding to the central R-extension of g obtained from 7 by pulling back
u(D) — pu(D) along 7. In view of Proposition 4.4.9 and Lemma 4.4.10, we may and
do assume that w satisfies w(&,n) = A(x(€,dn)) for any £, 7 € g, where A : Qg — R
is continuous, p-invariant and closed. We write fX instead of f ® X for f € R¢
and X € tc. Let A C it* denote the set of roots of . Finally, write b := t¢ C ¢.
Recall from Corollary 3.1.8 that

[Dn,n) =0 = <w(Dn,77) =0 < 7(Dn) = 0), Vn € g. (4.4.1)

Moreover, w(Dn,n) > 0 whenever [Dn,n] = 0. In the present setting, this yields:
Proposition 4.4.16. Fiz f € R. Then T(RL,f ® t) = {0} < A(fdL,f) =0.

Proof. For any H € t, observe that DfH = —L,fH because ¢ € R® t, so
[DfH, fH| = —[LyfH, fH| = 0. Using (4.4.1) we obtain that

K(H, )NLo(f)df) =0 <= T(LofH) =0, VHEHt (4.4.2)

Assume that T(RL, f@t) = {0}. Then7(L, fH) = 0for any H € t, 50 A(Ly,(f)df) =
0 by (4.4.2). Conversely, suppose that A(L,(f)df) = 0. Then 7(L, fH) = 0 for all
H € t, by (4.4.2). Taking the commutator with 7(¢gX,), where g € R, « € A'is a
root and X, € (), is a corresponding root vector, it follows that

T(gLofXa) =0 VX4 € (E0)a, g € R. (4.4.3)

Take X, € (bc)o and Y_, € (Ec)_o. Write H, = [X,,Y_o]. By taking com-
mutators with 7(1 ® Y_,) in equation (4.4.3) we find that m(gL,fHy) = 0. As
h=>_l(tc)a, (tc)—a], this shows by linearity together with equation (4.4.3) and
the root space decomposition that T(RL,f ® €) = {0}. O
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Define the quadratic form q(f) := A(Ly(f)df) = —A(fdLsf) on R. Let N :=kergq
denote its kernel. By Proposition 4.4.16, A/ generates an ideal J ® € on which 7
vanishes, where J := RL, N

Corollary 4.4.17. Set J := RL,N. Then J ® t C ker(T).

Together with the fact that A\ vanishes on exact forms and is L,-invariant, this
puts severe restrictions on the representation 7 and leads to Theorem 4.4.14. Let
us also remark the following:

Lemma 4.4.18. The bilinear form B4(f,9) = MLy(f)dg) on R associated to q is
symmetric, the quadratic form q is positive semi-definite and

N={feR:B,f,9)=0VgeR}.

Proof. As X is closed and L,-invariant, it follows that £ is symmetric. To see that
q is positive semi-definite, let f € R and 0 #£ H € t. Write n := fH and notice that
[Dn,n] = 0. By Corollary 3.1.8 we have —x(H, H)A(Ly(f)df) = w(Dn,n) > 0. As
K is negative definite on £ we obtain that q is positive semi-definite. It follows that
1B4(f,9)1* < q(f)q(g), which implies N ={f € R : B,(f,9) =0 Vge R} O

The following observation is also noteworthy, although it will not be used:
Lemma 4.4.19. N C R is a subalgebra.

Proof. Let f,g € N. Then using the Leibniz rule and Proposition 4.4.16 we obtain
T(RLy(fg) @) CT(fRLyg @ t) + T(9RLLf @ F) C {0},

Applying Proposition 4.4.16 once more, we conclude that fg € N. O

Lemma 4.4.20. Ao L, = 0.

Proof. As X : Q}, — R is continuous, it factors through the finite-dimensional space
Q}%k_ = Ry ® V* for some k € N. Notice that both L, , and L, are nilpotent
on Qp ®g C, whereas Ly, is semisimple on it. Also [Lq,,, Loy, + Ly,,] = 0
because [v1s, Vno | = [V1s,V1,n] = 0. Thus Ly, = Ly, + (ﬁvl,n —i—ﬁvho) is the Jordan
decomposition of L, acting on Q ®g C. Thus Im(L,,,) € Im(L,) when L,
and L, are considered as operators on Q}{k Qr C. As X is L,-invariant, we know
Ao Ly =0. Thus Ao Ly, = 0. O

In particular, A vanishes on the eigenspaces in Q}:{C of L, , corresponding to non-
zero eigenvalues. We introduce some more notation. Let E¢ denote the span of
all eigenspaces in R¢ of Ly, . corresponding to eigenvalues with non-zero real part.
Define E := Ec N R and E™ := ENI"™.

Lemma 4.4.21. ECN.
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Proof. Let € Spec(Ly, ) with Re(u) # 0. Set E, := ker(L,,, — uI) € Rc.
Suppose first that 4 € R. If ¢p € E, N R then because L, leaves the eigenspaces of
Ly, , invariant, the 1-form 1d L, is an eigenvector of £, | with non-zero eigenvalue
2p1. By Lemma 4.4.20 it follows that ¢(¢)) = 0 and hence ¢ € N. Thus E,, C N.
Next, suppose that p is not real. Then also [z is an eigenvalue of L, .. Write
We := E, @ E; and W := W N R. Take ¢ € W arbitrary. Then ¢ = 1 +7
for some n € E, (and hence 7j € Ey). As p+ I = 2Re(p) # 0 and L, leaves
the eigenspaces of L, , invariant, each of the 1-forms ndL.,n, ndLy7, NdLy,n and
ndL,n are eigenvectors of L,, . with non-zero eigenvalue. Using Lemma 4.4.20 it
follows that ¢(¢)) = 0 and hence 1) € N. Thus W C N. As N is a linear subspace,
we have shown E C N. O

Lemma 4.4.22. RE C RL,FE.

Proof. Write J := RL,E. As J is an ideal in R it suffices to show £ C J. We claim
that E™ C J 4+ E"! for every n € N>g. Indeed, take 1) € E™. As L,, is invertible
on E™ (which is true because L,, is invertible on every finite-dimensional and L, -
invariant subspace E N P*(V) C E), there exists some n € E™ s.t. L,n = 1.
Observe that Ly, E C E because [Ly, , Ly,,] = 0. Also Ly, I" C I"*! since
Vho € Xp2. Thus L, E™ C E™L. In particular £,, n € E". Then

= Loyn = Lyn — Loy.n € J+ E"

as required. By induction it follows that £ = E° C J + E™ for every n € N. As
Mpen(J + E™) = J, this implies E C J. O

Proof of Theorem 4.4.14:

Using Lemma 4.4.21 we obtain E C N. By Corollary 4.4.17, this implies J ® € C
kerw, where J = RL,E. By Lemma 4.4.22, we know RE C J. Notice that
ENV* = V2 so in particular RV;: C J. Thus RV, ® € C ker7. Notice that
R/(RV:}) = R[V], because V* = V*/V:L. We conclude that 7 factors through
the quotient (R ® €)/(RV,* @ €) = (R[V] @ €). O

4.4.4 The case of general p

Let us return to the case where P is a 1-connected finite-dimensional Lie group
with Lie algebra p. Let us recall some of the notation introduced earlier in Sec-
tion 4.4.

Define o := evgoo : p — € and let v; = jlv : p — gl(V) be the linearization of
vat 0 € V. For p € p, the vector fields v(p) splits as v(p) = vi(p) + vno(p) for
some formal vector field vho(p) € XJ2 vanishing up to first order at the origin. Let
vi(p) = vi(p)s + vi(p)n be the Jordan decomposition of vi(p) over C. Let V.C(p)
denote the span in V¢ of all generalized eigenspaces of vi(p) corresponding to eigen-
values with zero real part. Set V.(p) := VS(p) NV. If € C p is a subset, define
Ve(€) == e Ve(p). Let V.(€)+ C V* denote the annihilator of V,.(€) in V*. Let
¥, € C denote the additive subsemigroup of C generated by Spec(vi(p)). For any
continuous projective unitary representation 7 of g X p p, let €(7) denote the set
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of all points p € p for which 7 is of generalized positive energy at p.

We use Theorem 4.4.14 combined with suitable normal form results to prove The-
orem 4.4.3 and Theorem 4.4.4.

Lemma 4.4.23. Let W be a finite-dimensional real vector space and let W; C W
be a collection of linear subspaces, where i € T for some indexing set Z. Then
(Niez Wi)L = Span;es Wit

Proof. Notice first that ;. W;- = [Span;c; W] . Applying this observation to
the subspaces W= C W*, we obtain that (,c.z Wi = (;ez(W;5)* = [Span;c W] +
where we also used that (W;-)1 = W, for any i € Z. Taking annihilators, this im-
plies (N;ez Wi)L = Span,; ., W;. O

Recall that €(7) denotes the set of all points p € p s.t. T is of generalized positive
energy at p.

Theorem 4.4.3. Let T be a continuous projective unitary representation of gXpp.
Let € C €(7). Assume that Spec(ady, () NE, =0 for all p € €.
Then RV.(€)* ® & C ker 7 and hence ﬂg factors through R[V,(€)*] @ &.

Proof. Let p € €. By Theorem 4.3.7, there is a formal vector field wy,(p) € X2
satisfying [vi(p)s, who(p)] = 0 s.t. v(p) is formally equivalent to w(p) := vi(p) +
Who(p). If b € Aut(R) C Aut(g) is a formal diffeomorphism s.t. w(p) = h.v(p),
then h leaves the constant part og(p) of o(p) fixed, so evo(h.o(p)) = evoo(p) =
oo(p). Thus, we may assume that [v(p)s, Vno(p)] = 0 and Spec(ady, () N X, = 0.
By acting with gauge transformations, we may by Theorem 4.3.13 further as-
sume that o € R ® t, where t is a maximal torus containing og(p). By Theo-
rem 4.4.14, it follows that RV.(p)* C kerm. The above holds for all p € €, so
Span,c¢ RV.(p)* C ker 7. By Lemma 4.4.23 we know Span,c¢ (Vo(p)*) = Vo(€)*,
so that R/(Span,ceRV.(p)*) = R[V.(€)*]. O

Theorem 4.4.4. Let t C € be a maximal Abelian subalgebra. Let T be a continuous
projective unitary representation of g*. Let € C &(T) and assume that o(p) € R®t
and [v1(p)s, Vho(p)] = 0 for every p € €. Then RV.(€)* @€ C ker 7 and hence 7,
factors through R[V,.(€)*] ® ¢.

Proof. By Theorem 4.4.14 it follows that Span,c¢ RV, (p)* = RV.(€)*" C ker7. O

4.4.5 The case where p is simple

Let us consider the special case where p is simple. Let P be a 1-connected Lie
group with Lie(P) = p. In this case, suitable normal form theorems for v and o
are available (see Theorem 4.3.10 and Theorem 4.3.12). We consequently know that
v:p — X;P is always formally equivalent to its linearization vy at 0 € V. Similarly
the vertical twist o : p — g is gauge-equivalent to some Lie algebra homomorphism
0p : p — & by Theorem 4.3.12. In particular, if p is not compact then we may and
do assume that o = 0 by acting with gauge transformations if necessary, for in that
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case there are no homomorphisms p — ¢ (because ¢ is compact, see Lemma 4.3.20).
Combined with Theorem 4.4.4 we immediately obtain Theorem 4.4.5 below, where
Ve(€) := e Ve(p) for a subset € C p. Recall also that €(7) denotes the set of
all points p € p for which 7 is of generalized positive energy at p.

Theorem 4.4.5. Assume that p is non-compact and simple. Let T be a con-
tinuous projective unitary representation of g Xp p. Then ﬂg factors through

RIVe(e(m) [t

Let p = £g®po be a Cartan decomposition of p, so that ¢y and pg are the +1 and —1
eigenspaces of a Cartan-involution 6, respectively [Kna96, cor. 6.18]. Let ag C pg
be a maximal Abelian subalgebra of py. According to the Iwasawa decomposition
[Kna96, Prop. 6.43], p decomposes as p = &, & ap $ ng, where ng C p is nilpotent.
For p € p we write p = p. +pn +py, for the corresponding decomposition of p, where
Pe € to,pp € ag and p,, € ng. Then Spec(ad,,) C iR, Spec(ad,, ) C R and ad,,, is
nilpotent [Kna96, Lem. 6.45]. Moreover, ag is contained in a Cartan subalgebra of
po [Kna96, cor. 6.47].

Proposition 4.4.24. Suppose that p is simple and that the p-representation v on
V' is non-trivial and irreducible. Let € C p be an Adp-invariant convexr cone and
let Ve(€) := yee Ve(p). Assume that € contains some non-zero py € ag. Then
Ve(€) ={0}.

Proof. Notice first that as P is 1-connected, the p-action v : p — gl(V') integrates
to a continuous representation of P on V. As € is Adp-invariant, the subspace
V.(€) is P-invariant. Thus either V.(€) = {0} or V.(€) = V, so it suffices to
show V,(€) # V. By assumption p, # 0. In view of Cartan’s unitary trick, see
e.g. [Kna0l, V. Prop. 5.3], the image of elements in g in any finite-dimensional
representation are semisimple and have real spectrum. Thus Spec(vi(pn)) C R.
As p is simple and wv) is a non-trivial p-representation by assumption, it follows
that vy is injective. As wvi(pp) € gl(V) is semisimple, there exists 0 # v € V s.t.
vi(pp)v = po for some 0 # p € R. Thus 0 # v ¢ V(). Hence V,(€) # V and so
V.(€) = {0}. O

Theorem 4.4.6. Assume that p is non-compact and simple. Suppose that v de-
fines a non-trivial irreducible p-representation on V. Let T be a continuous projec-
tive unitary representation of g xp p. Let € C €(7) be a P-invariant convex cone.
Either € is pointed or ﬁ|g factors through €.

Remark 4.4.25. Notice that if p is simple and C is a closed Adp-invariant convex
cone which is not pointed, then C N —C = p and hence C = p.

Proof of Theorem 4.4.6: The edge ¢ := € N —€ of the closure € of € is an ideal in
p. Assume that € is not pointed. Then neither is €. As p is simple, it follows that
¢ = p and hence € = p. Thus € is a dense convex cone in the finite-dimensional
real vector space p, which implies that € = p. As p is non-compact, it contains
some hyperbolic element. Thus, so does €. By Proposition 4.4.24 it follows that
V.(€) = {0} and hence Theorem 4.4.5 implies that 7 factors through €. O
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Thus if C is an Adp-invariant convex cone which is not pointed, then g admits no
continuous projective unitary representations which are of g.p.e. at C C p other
than those which factor through €. On the other hand, we know by [Pan81, cor.
2.3] that if p is simple, then a non-trivial pointed closed and P-invariant convex
cone exists in p if and only if p is of hermitian type, meaning that dim(3(¢y)) = 1,
where p = &5 P po is a Cartan decomposition of p and where ¥; is the Lie algebra
of a compact Lie group.

Let us shift our attention to positive energy representations, in which case a differ-
ent argument is available.

Lemma 4.4.26. Suppose that P is a non-compact simple connected Lie group. If
(0,H,) is a unitary P-representation that is norm-continuous, then o is trivial.

Proof. As p is simple, do is either injective or trivial. Assume that do is not
trivial. Let p = &y @ ap P ng be the Iwasawa decomposition of p. Take x € ag.
Then ad, is semisimple and Spec(ad,) € R. As o is unitary and do is injective,
z + ||do(2)||gx) defines a P-invariant norm on p. With respect to this norm,
et*ds is an isometry on p for every t € R. As ad, is semisimple, it follows that
Spec(ad;) C iR. So Spec(ad,) € RN iR = {0} and hence ad, = 0. Since p has
trivial center it follows that © = 0. So ag = {0} and hence p is compact. But P is
non-compact by assumption. So do must be trivial. As P is connected, it follows
that o is trivial. O

Proposition 4.4.27. Suppose that P is a non-compact 1-connected simple Lie
group. Assume that the P-action on V is irreducible and non-trivial. Let p be
a continuous projective unitary representation of G which is of positive energy at
C:=yp. Then p|g factors through K.

Proof. By Theorem 4.4.12 it suffices to consider the case where p factors through
Gy, for some k € N. From Whitehead’s Second Lemma, [Jac79, IT11.9. Lem. 6], we
know that H?(p,R) = {0}. Using in addition that P is simply connected, it follows
that p|p lifts to a continuous unitary representation o : P — U(H,) of P, so that
p(p) = [o(p)] in PU(H,) for all p € P. By Lemma 2.5.5, the fact that 5|, is of p.e.
at C = p implies that o is norm-continuous. It follows from Lemma 4.4.26 that o is
trivial. Thus p(ay,(g)) = p(g) for all g € G and p € P. It follows that dp vanishes
on D(p)g. As p acts irreducibly and non-trivially on V, it follows that the ideal in
g generated by D(p)g is I ® £. Thus I ® € C kerdp. This implies that pl|,, factors
through K. O

The following provides a simple example of a projective p.e. representation p of
G1 % P s.t. plg, does not factor through K.

Example 4.4.28. Let P = Mp(2,R) be the double-cover of SL(2,R). Let P act on
V := R? via the defining action of SL(2,R). We consider a trivial vertical twist, so
that the p-action on g = R®¢¥ is given by D(p) = —L,(p). In this case the generator
po of rotations generates the unique (up to a sign) pointed, closed and P-invariant
convex cone C in p. Explicitly, v(po) = y0, — 0,. Let us construct a non-trivial
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continuous projective unitary representation of G; x P = (V* ®@ £) x (K x P) that
is of p.e. at the cone C C p. Write W :=V* @ L.

p
We begin by specifying a suitable 2-cocycle on V*®¢€ C g;. Notice that (/\2 V) ~

p
R is one-dimensional. Let 0 # A € (/\2 V) and consider it as a p-invariant bilinear

map V* x V* — R. To be consistent with Proposition 4.4.9, let us write A(fdg)
instead of A(f,g) for f,g € V*. Let a2,y € V* be the usual basis of V*. Then A
is fully specified by the number A(ydz). If A(ydz) > 0, then the quadratic form
q(v) 1= MLy (p)vdv) is positive-definite, because g(az + by) = (a® + b*)A(ydz) for
a,b € R. Let w be the unique symplectic form on W satisfying w(vX,wY) :=
Avdw)k(X,Y) for XY € ¢ and v,w € V*. Then w(D(py)§,€) > 0 for every
¢ € W (recalling that x is negative definite). Let H(W,w) be the corresponding
Heisenberg group. Let L. be the +i-eigenspaces in W¢ of the complex structure
J := D(pg) on Wg, so that W = L_ @ L. The p-invariance of A ensures that
J*w = w. Indeed, extend w C-bilinearly to W¢. As ) is p-invariant, it follows that
w(JTEm) +w(& TIn) = 0 for all £&,n € W¢, which implies that Ly C W¢ are J-
invariant Lagrangian subspaces for w. Then J*w = w follows from J*w(w,w_) =
w(iwy, —iw_) = w(wy,w_) for wy € Li. Notice further that w(JE, &) > 0 holds
for all £ € W, by construction. Equip L with the positive definite hermitian
form defined by (v,w)r, := —2iw(v,w) for v,w € L. For each n € N, equip the
symmetric algebra S™(Ly) with the inner product satisfying

n
(V1 Uy Wy -+ W) = Z H<Uak7wk>L+7 Uk, w € Ly.
c€eS, k=1

Let F := S*(L; ) be the Hilbert space completion, where S*(Ly) = @, S"(L).
The metaplectic representation p of H(W,w) x Mp(W,w), with p(z) = zI on the
central T component, can be realized on the Fock space F, where Mp(W, w) denotes
the metaplectic group [Nee00, Thm X.3.3]. Notice that SL(2,R) — Sp(W,w)
because A is p-invariant. By pulling back the metaplectic representation we obtain
a continuous unitary representation of H(W,w) x P which is of p.e. at C and does
not factor through K.

4.5 Appendix

4.5.1 From germs to jets

Let X — M be locally trivial bundle of Lie groups with typical fiber a finite-
dimensional Lie group G with Lie algebra g. Write 8 — M for the corresponding
Lie algebra bundle. The following justifies the claim made in Section 4.1 that any
continuous projective unitary representation of T'.(K) which factors through the
germs at a point a € M actually factors through the co-jets J°(K) at a € M.
The group I'.(K) is a locally exponential Lie group modeled on the LF-Lie algebra
I'.(R) [JN17, Prop. 2.3].
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Let U C R? be an open neighborhood of the origin. Let C52, (U) denote the kernel
of the oco-jet projection

o CZ(U) = Jg(C2(U)) = Ry, . .. 2d]

at 0 € U. In the following we show known fact that the closure C°(U \ {0}) in
C>*(U) is C3,(U). As a consequence, we deduce that if a continuous projective
unitary representation of the Lie algebra I'.(8) factors through the germs at a point
a € M, then it factors through the co-jets J>°(8) at @ € M. In turn, this implies
a group level-analogue.

If K C U is a compact set, write C2(U) for the subspace of C*°(U) consist-
ing of functions on U with support in K. Then C$(U) is the projective limit
Cce(U) = @n C%(U) of the Banach spaces C%(U), which we equip with the
norm || fl[cn (U) = Sup|g|<n [|D* fllck (), where the supremum runs over all multi-
indices k € N¢ with |k| < n. Then C(U) := lim C(U) is the corresponding
locally convex inductive limit. See e.g. [Rud91, Theorem 6.5] for a description
of this topology. For r > 0, write B, := {x € R : |[z|| <r} for the closed ball
centered at 0 € R? with radius r.

Lemma 4.5.1. The closure of C°(U \ {0}) in C*(U) is C,(U).

Proof. As C32,(U) C C&(U) is closed and C°(U \ {0}) C Cg3,(U), it follows
that C°(U \ {0}) C C32,(U). It remains to show the reverse inclusion. Fix f €
Ce.(U) C C*(U). We show f € C*(U\{0}). Let Ky C M be a relatively
compact open subset such that supp f C Ky. Set K := Ky. We may assume that
0 € Ky, for otherwise f € C°(U \ {0}) and we are done. By [Mal67, Lem. 1.4.2],
we can find constants Cj, > 0 for k € N‘io, depending only on k, such that for any
0 < r < 1 with Bs, C K, there exists a smooth function P € C®(RY) s.t. 9, > 0,
el =0, wr\(Rd\B%) = 1 and sup,cga |DF,(2)] < Crr~I*l for every k € N‘éo.
In particular fi, € C*(U \ {0}) and supp fiu. € K. Moreover observe that
supp(1l — ?,) € Bs, and ||(1 — wr)”Cn NEORS < r~™ for some constant depending
on n € N>q, where we used that 0 < 7’ < 1. On the other hand, suppose that
a € N>o is a multi-index. Since j§°(D*f) = 0, it follows from Taylor’s Theorem
that [[Dfllc(B,) S r! for arbitrary | € N>q, with a constant depending on f, «
and [ but not on r. Thus || f|lcn(p,,) < ! for arbitrary n,l € N>q. In particular
[ fllcn(Byny S ™1 Combining the previous observations, we obtain that

Hf - f¢7|

cn) = [F A =dr)llonery = I1F(1 = wr>| C™(Bay)
5 £ llen (a1 wr)llm (Bar) ST

the constants depending only on f and n but not on r. This shows that fv, — f
in C¥(U) asr — 0. Thus f¢, — fin C2(U). Since ¢, f € C°(U\ {0}) for every
r, we conclude that f € C(U \ {0}). O
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If a € M, define the spaces of smooth section of K and K which are flat at a € M:
Fﬂat(a)(lc) := ker <j2° : FC(’C) — Jf(K)),

Pt o) (%) = ker (j;zo Do) - I <ﬁ>).

Proposition 4.5.2 below clarifies the apparent ambiguity in the topology on J2°(8),
for which two candidates are available.

Proposition 4.5.2. Leta € M. The projective limit topology on J°(8) = Hm, J*(R)
coincides with the quotient topology obtained from J°(R) = T'¢(R)/T fara)(R).

Proof. The continuous k-jet projections j¥ : I'.(&) — J¥(K) at a € M all descend
to continuous maps I'c(8)/Tfat(a) (R) = J¥(R). By the universal property of the
projective limit, they induce a continuous map @ : I'c(8)/Tqat(a)(R) — J°(R).
Using Borel’s Lemma [H6r03, Thm. 1.2.6], it is not hard to check that this map is
bijective. It remains to show it is an open map, which follows immediately from the
Open Mapping Theorem [Rud91, cor. 2.12] because I'c(R)/I'fat(q)(R) and JZ°(R)
are both Fréchet spaces and @ is bijective and continuous. O

Proposition 4.5.3. Let a € M.
— The closure of T'o(M \ {a}, &) in T'c(M, R) is T'qa40)(R).
— The closure of To(M \ {a},K) in T'c(M,K) is T gaua) ().

Proof. By a partition of unity argument, we may assume that the bundle & — M
is trivial, that M C R is open neighborhood of 0 € R? and that a = 0. Then
I'.(M,R) = C°(M,¥t). The claim now follows from Lemma 4.5.1. Notice for the
second assertion that I'gae(q) (M, K) is a locally exponential, being an embedded
closed Lie subgroup of the locally exponential Lie group T'.(M,K). The result is
then immediate from the previous point. O

Proposition 4.5.4. Let a € M.

1. Let 7 : To.(M,8) — LT(D) be a continuous projective unitary representation
on the pre-Hilbert space D. Assume that T vanishes on T.(M \ {a}, R). Then
T factors continuously through J2°(K).

2. Let p:To(M,K) — PU(H) be a continuous projective unitary representation
of To(M,K). Assume that p vanishes on To(M \ {a},K). Then p factors
through T gaya) (M, K).

Proof. For the first point, notice by continuity that 7 must also vanish on the clo-
sure of I'.(M\ {a}, &) in I'.(M, R), which by Proposition 4.5.3 equals I'gat(q) (M, R).
Thus T'.(M, K) factors continuously through the quotient space

Jlfo (ﬁ) = FC(M7 ﬁ)/rﬂat(a)(Ma ﬁ)7

where Proposition 4.5.2 was used. The second point is proven similarly using
Proposition 4.5.3. O
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Chapter 5

Central extensions and generalized posi-
tive energy representations of the group of
compactly supported diffeomorphisms

Abstract

We consider the projective unitary representations p of the Lie group Diff .(M)
of compactly supported diffeomorphisms of a smooth manifold M that admit
a dense set of smooth rays and satisfy a the generalized positive energy
condition. The latter in particular captures representations that are in a
suitable sense compatible with a KMS state on the von Neumann algebra
generated by p. We show that if M is connected and dim(M) > 1, then
any such representation p is necessarily trivial on the identity component
Diff.,(M)o. As an intermediate step towards this result, we consider the
continuous second Lie algebra cohomology HZ (X.(M),R) of the Lie algebra
of compactly supported vector fields with trivial coefficients, showing in
particular that it is trivial if dim(M) > 1, and comparing it to the second
Gelfand-Fuks cohomology HZ (X (M),R).

This chapter is based on [JN23], which is joint work with B. Janssens.

5.1 Introduction

Motivated by the aspiration for a suitable theory of general relativity that is com-
patible with the postulates of quantum physics, we study the extent to which the
classical symmetry group can be implemented as symmetries of a quantum sys-
tem. Classically, the symmetry group of general relativity contains the Lie group
Diff.(M) of compactly supported diffeomorphisms of a smooth manifold M, be-
cause the Einstein-Hilbert action is invariant under diffeomorphisms. On the other
hand, the state space of quantum physics is commonly taken to be a projective
Hilbert space. So we are interested in the study of projective unitary representa-
tions of the Lie group Diff.(M).
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Suppose that v € X(M) is a complete and non-zero vector field on a smooth mani-
fold M with flow h : R — Diff (M). Let Diff.(M) 1, R be the semidirect product of
Diff (M) and R relative to the R-action on Diff.(M) defined by ay(f) := hiofoh; !
for t € R and f € Diff.(M). Its Lie algebra is X.(M) x Rv, where v acts on X.(M)
by the derivation [v, —]. We consider those projective unitary representation of
Diff .(M) %, R that are of generalized positive energy at v. The following is our
main result:

Theorem 5.3.2. Suppose that M is connected and that dim(M) > 1. Consider a
complete vector field v € X(M)\ {0} on M. Let p: Diff (M) x, R = PU(H,) be
a smooth projective unitary representation that is of generalized positive energy at
v. Then Diff .(M)g C ker p.

This has the following consequence in the KMS-setting:

Corollary 5.3.3. Suppose that M is connected and that dim(M) > 1. Consider
a complete vector field v € X(M) \ {0} on M. Let p : Diff .(M) x, R — PU(H,)
be a smooth projective unitary representation that is smoothly-KMS at v relative to
Diff .(M). Assume that the von Neumann algebra p(Diff.(M))" is a factor. Then
Diff .(M)o C kerp.

Finally, Theorem 5.3.2 has the following consequence for norm-continuous projec-
tive unitary representations:

Corollary 5.3.4. Suppose that dim(M) > 1. Let p : Diff (M) — PU(H,) be a
smooth projective unitary representation that is bounded, i.e., continuous w.r.t. the
norm topology on PU(H,). Then Diff.(M)o C ker p.

It is important to mention that these results naturally lead to asymptotic symmetry
groups, for if G is any Lie group of diffeomorphisms of M containing Diff.(M) as
Lie subgroup, then any such projective unitary G-representation necessarily factors
through the quotient G/ Diff .(M )y, and is in this sense ‘localized at infinity’. It now
becomes an interesting matter to determine this class of representations for groups
of diffeomorphisms having certain specified behavior at infinity. In particular, one
might wonder whether or not this class of representations, for suitable groups G,
naturally leads to the asymptotic symmetry groups that appear in general relativ-
ity in the context of asymptotically flat spacetimes [Pen64, Ash15, Wal84], such as
the BMS group (Bondi-Metzner-Sachs) [BvdBM62, Sac62, AE18, PS22, AS81], or
extensions thereof [NU62, Ruz20]. In this context, the group G could for example
reflect the freedom in the choice of a conformal completion of an asymptotically
flat spacetime (cf. [Ash15, Def. 1 and section B]). This line of reasoning, for which
Theorem 5.3.2 provides a key first ingredient, constitutes the main motivation of
this chapter.

Although interesting in its own right from a mathematical perspective, one might
wonder about the physical relevance of the generalized positive energy condition,
as it singles out a distinguished vector field v on M that is to serve as the generator
of time translation, which seems opposed to the spirit of general relativity. Notice
in this regard that the (generalized) positive energy and the KMS conditions are
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invariant under the adjoint action of Diff .(M) on X.(M) x Ruv, in the sense that
if p satisfies any of these conditions relative to the vector field v, then it also does
so relative to Ady(v) := T(f)ovo f~! for any f € Diff.(M). So the choice of v is
only significant up to the action of Diff.(M). In general, these conditions depend
only on the choice of an adjoint orbit (cf. [Nie23a, Lem. 5.9] for the KMS case), so
if p extends to a smooth representation of a larger Lie group G x R, the choice of
v is only significant up to the adjoint action of G.

As an intermediate step towards Theorem 5.3.2, we consider the continuous second
Lie algebra cohomology HZ (X.(M),R) with coefficients in the trivial representa-
tion, where X.(M) denotes the Lie algebra of compactly supported vector fields
on M, equipped with its natural locally convex LF-topology. The cohomology
HZ2 (X.(M),R) labels the equivalence classes of continuous central extensions of
X.(M) by R. Our main result in this regard is Theorem 5.2.1 below:

Theorem 5.2.1. Let M be a smooth manifold.
1. If dim(M) > 1, then H2 (X.(M),R) = {0}.

2. If dim(M) = 1, then H%(X.(M),R) = H{, (M) is the de Rham cohomology
of M in degree 0.

We also consider the relationship between HZ (X.(M),R) and the continuous sec-
ond Lie algebra cohomology HZ% (X (M),R) of the Lie algebra X (M) of all vec-
tor fields on M, equipped with its natural Fréchet topology. In particular, we
show that the canonical linear map HZ (X (M),R) — HZ(X.(M),R) is injec-
tive (Proposition 5.2.11). Combined with Theorem 5.2.1, it follows at once that
HZ(X(M),R) = {0} whenever dim(M) > 1.

For M = R we find that HZ (X.(R),R) = R is spanned by the class of the Virasoro
2-cocycle

V(O 902) / F(@)g(@)dr,  f.g € CZ(R).

This is analogous to the well-known Virasoro 2-cocycle on X (S'), whose class spans
HZ(X(SY),R) [KW09, Prop. 2.3]. It is also noteworthy that HZ (X (R),R) = 0,
unlike its compactly supported sibling HZ(X.(R),R) = R (Lemma 5.2.9 and
Corollary 5.2.12). This shows that the cohomology theories HS (X.(M),R) and
H2.(X(M),R) differ for non-compact manifolds.

Let us mention here that the cohomology HS (X (M),R) of the Lie algebra of all
smooth vector fields, also known as Gelfand-Fuks cohomology in reference to au-
thors of the papers [GF68, GF69, GF70b, GF70c], has been extensively studied
[Los98, Gui73, BS77, Hae76]. This is in contrast to its compactly supported sib-
ling. The latter was considered in [Shn76], where a certain spectral sequence is
associated to the cohomology H& (X.(R™),R). Some expositions of Gelfand-Fuks
cohomology can be found in [Fuk86, Bot73, Mia22]. In particular, the vanishing of
HZ2(X(M),R) is well-known for all compact manifolds with dim(M) > 1 ([Mia22,
Thm. 4.13 and Cor. 4.25]). Nevertheless, Theorem 5.2.1 seems to be a new result if
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M is a non-compact manifold. Its proof is moreover quite brief, in contrast to the
more demanding methods commonly employed in Gelfand-Fuks cohomology, and
is therefore of independent interest.

For some further related literature, we mention the paper [Sim23], which fully
characterizes KMS representations of finite-dimensional Lie groups that generate
a factor of type I. Certain projective unitary KMS representations of groups of
U(N)-valued maps on S* and R were considered in [CH92, CH87, BMT88|. The
unitary representations of the BMS group were studied in [McC72, McC73, MC73,
McC78, Pia77a] (cf. [Pia77b]). Gelfand-Fuks cohomologies with non-trivial coeffi-
cient modules have been considered in [Tsu81, GF70a, BN08b, LO00, AAL04]. In
[JV16], the continuous central R-extensions are classified for the Poisson Lie alge-
bras C*°(M) and C2°(M), associated to a connected symplectic manifold (M,w),
and for the Lie algebra Sp(M,w) of symplectic vector fields. Related integrability
questions are addressed in [JV19, Viz09] (cf. [NV03] and [DJNV21]).

In Section 5.2, we consider in detail the continuous second Lie algebra cohomol-
ogy HZ2(X.(M),R), in particular proving Theorem 5.2.1. We also consider its
relation with the second Gelfand-Fuks cohomology HZ (X (M), R). We proceed in
Section 5.3 with the proofs of Theorem 5.3.2 and Corollary 5.3.3.

5.2 The second Lie algebra cohomology HZ(X.(M),R)

In the following, we determine the continuous second Lie algebra cohomology
HZ2,(X.(M),R) for manifolds of positive dimension. This classification will play
a crucial role in Section 5.3 below. The main results of this section are summarized
in Theorem 5.2.1 below.

Theorem 5.2.1. Let M be a smooth manifold.
1. If dim(M) > 1, then HZ (X.(M),R) = {0}.

2. If dim(M) = 1, then H%(X.(M),R) = H{, (M) is the de Rham cohomology
of M in degree 0.

In Section 5.2.1 and Section 5.2.2, we consider the proof of Theorem 5.2.1 for the
cases dim(M) > 1 and dim(M) = 1 separately. We will see in particular that
HZ(X.(R),R) = R is spanned by the class of the Virasoro cocycle

Voie (fOns 902) / f(@)g@)de,  Vf.g e CF(R),

which is analogous to the well-known Virasoro 2-cocycle on X (S!) (cf. [KWO09,
Prop. 2.3]). In Section 5.2.3, we clarify the relationship between HZ (X.(M),R) and
the second Gelfand-Fuks cohomology HZ (X (M), R), in particular showing that the
canonical map H% (X (M),R) — HZ (X.(M),R) is injective (Proposition 5.2.11). Tt
then follows from Theorem 5.2.1 that HZ (X (M), R) = {0} whenever dim(M) > 1.
We will also show that H%(X(R),R) = {0} (cf. Corollary 5.2.12), contrary to its
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compactly supported counterpart.

We now proceed with the proof of Theorem 5.2.1. After making some general ob-
servations, we will consider the two cases dim(M) > 1 and dim(M) = 1 separately.
In the following, we will make use of the Einstein summation convention, so that
repeated indices are summed over.

Definition 5.2.2. A 2-cochain t: X,(M) x X.(M) — R is called diagonal if
supp(v) Nsupp(w) =0 =  P(v,w) =0, Yo, w € X, (M).
Lemma 5.2.3. Every 2-cocycle on X.(M) is diagonal.

Proof. Let v,w € X.(M) have disjoint support. Then we can find open subsets
Uy, Us € M with Uy NUy = () such that supp(v) C U and supp(w) C Us. Since
the Lie algebra X.(U;) is perfect ([Ban97, Thm. 1.4.3] or [Janl6, Cor. 1]), there
exist v, v € Xa(Uy) s.t. v =1 [vl,v4]. Since ¢: Xo(M) x Xo(M) — R satisfies
the cocycle identity

1/J([U7U]»w) :w([uv w],v) +1/J(U» [v7w]>7 (5'2'1)

and since w has support disjoint from that of v{ and v}, we have

Zdj 1)17”2 ZC ”1» Uz +c(v1,[02,w])20.
i=1

O

If ¢ € C2(X.(M)) is a 2-cochain on X, (M), then the functional ¢(v): X.(M) — R
defined by 1[)( N (w) == (v w) is continuous for any v € A, (M). The corresponding
linear map v: X, (M) — X.(M)' is continuous w.r.t. the strong dual topology on
X.(M)'. Equation (5.2.1) is moreover equivalent to the cocycle equation

b([v, w]) = v - P(w) —w - P (v) (5.2.2)

for 1-cochains in the Chevalley-Eilenberg complex C& (X, (M), X.(M)") with coeffi-
cients in the continuous coadjoint representation X,(M)’, so v-h(w) = 9 ([—v, w]).
Thus, if ¢ is a 2-cocycle, then ) is a 1-cocycle in CL (X.(M), X.(M)'). If K € M
is a compact subset, let X (M) denote the set of smooth vector fields v on M with
supp(v) C K.

Proposition 5.2.4. Let ¢ € C2(X.(M)) be a 2-cocycle. Then ) € CL(X.(M), X.(M)')
extends to a continuous 1-cocycle 1 € CL(X (M), X.(M)).

Proof. Let K; be an exhaustion of M by compact subsets. Let v € X(M). Define
Ui(v) € Xg, (M) by 1;(v)(w) := ¥ (fx,v,w) for an arbitrary fr, € C°(M) that
satisfies fx, (z) = 1 for all z in some open neighborhood U; of K;. This is indepen-
dent of fx, by Lemma 5.2.3. The various ¢;(v) define an element ) (v) of X.(M)’,
because X.(M) is the locally convex inductive limit X.(M) = lim, Xg, (M ) and
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the various t;(v) are compatible in the sense that 1;(v) e on) i (v) whenever
K;

K; C K;. The linear map 1 : X(M) — X.(M)' obtained in this way clearly ex-
tends the original map ¢ : X.(M) — X.(M)" and because v is diagonal, it satisfies
the cocycle identity R A R

(o, 0]) = v w) —w - () (5.23)
for the action of X'(M) on X.(M) by (v-¢)(u) = ¢([—v,u]). It remains to show
that ¢ : X(M) — X.(M)’ is continuous w.r.t. the strong dual topology on X, (M)’
To see this, observe that X.(M) = lim Xk, (M) is the strict inductive limit of the
Fréchet spaces Xg, (M) (cf. [Rud91, Thm. 6.5]). So any bounded set of X.(M) is
contained in some Xy, (M). This implies that X.(M) = Jim, Xk, (M) as topo-
logical vector spaces. It therefore suffices to show that the composition of 1& with
the projection X.(M) — Xk, (M) is continuous. Choosing fx, with support in
the interior of K11, we notice that the latter composition factors through a lin-
ear map Xg,,, (M) — Xk, (M)" that is continuous because the original 1-cocycle
¥ e CL(X(M), X(M)') is so. O

Remark 5.2.5. The map ) : X(M) — X.(M)' from Proposition 5.2.4, associ-
ated to the 2-cocycle ¥ € C%(X.(M)), is support decreasing in the sense that
supp(¢(v)) C supp(v) for any v € X' (M), because the original 2-cocycle ¥ is diag-
onal (Lemma 5.2.3). This implies by Peetre’s Theorem that ¢ : X(M) — X.(M)’

is a differential operator of locally finite degree [Pee60].

5.2.1 Manifolds M of dimension dim(M) > 1

We now proceed with the proof of Theorem 5.2.1 for manifolds of dimension
dim(M) > 1.

The local setting

We begin with the case where M = R" for some integer n > 1. This should be
regarded as the local analog of Theorem 5.2.1 for dim(M) > 1. The following is
an adaptation of a result in [JRV23], and we thank Cornelia Vizman and Leonid
Ryvkin for illuminating discussions on this topic. The analogous statement in
Gelfand-Fuks cohomology for n > 1 follows e.g. from [Mia22, Thm. 3.12].

Proposition 5.2.6. Let n > 1 be an integer. Then HZ(X.(R™),R) = {0}.

Before proceeding with the proof of Proposition 5.2.6, we make some preliminary
observations. The Lie algebra W,, C X'(R") of vector fields with polynomial coeffi-
cients is Z-graded, with W’ being the vector fields with homogeneous polynomial
coefficients of degree k + 1. Since [WF W!] C Wkl the constant vector fields
W,~! decrease the degree by 1. Also, every WF is a representation of the Lie alge-
bra WP of linear vector fields, which we identify with gl(n,R) via the isomorphism
gl(n,R) — W,) that maps (A%)" ,_; to the linear vector field aiz"d,, with constant
coefficients a# = —A”. Under this identification, we have WF = S¥+1(R9)* @ R? as

gl(n, R)-representation for every k € Nxq, where S¥+!(R%)* denotes the space of
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homogeneous polynomials on R™ of degree k + 1. The Euler vector field £ = z#d,,
acts on v € Wk by [E,v] = kv.

Lemma 5.2.7. The translation-invariant subspace of X.(R™)" is equivalent to
(R™M)* @ A™(R™)* as representation of gl(n,R). In particular, the Euler vector
field E € W2 acts on a translation-invariant ¢ € X.(R™)" by

E-¢=(n+1)¢. (5.2.4)

n

Proof. The linear vector field ajx”d,, corresponding to A = (AL)]} ,_

¢ € X(R™) according to

1 acts on

(afa” 0y - ¢)(u705) = ¢(—ap[z" 0y, u’ O5))
= —o¢(abz” (0,u’)0,) + ¢(akiu®0,,) (5.2.5)
= —tr(A)p(u?5) + plabu0y) + (O - ¢)(ayz"u’9;),
where in the last equality we used that
(0 - ¢)(apa"u®95) = —d(afu’d5)8, — Pplayx” (0,u”)0s).

Assume now that ¢ is translation-invariant. Then (9, - ¢)(akz"u’0,) = 0 and
$(u”dy) = boI(u”) for some vector b = (bs)2_; € R", where I(f) := [p, fdz for
f e CX(R™). It follows using (5.2.5) that

(abz¥ 8y, - ) (u70s) = (— Tr(A)by + akb,)I(u”) = b, 1(u?),

where b’ := — Tr(AT)b — ATb. This corresponds to the natural action of gl(n,R)
on (R™)* @ A"(R™)* under the isomorphism gl(n,R) & W) specified above, so the
assertion follows. O

Proof of Proposition 5.2.6.

Let 1) be a continuous 2-cocycle on X,(R™), and let ¢ € CL (X (R™), X,(R™)) be
the corresponding 1-cocycle obtained using Proposition 5.2.4. By Remark 5.2.5,
we can expand 1[) into a locally finite sum as

b)= Y (g;lv”) 7, (5.2.6)

FeNz,

where (bfz € X.(R™)’. We show for any integer k > —1 that 12] is cohomologous to
a l-cocycle that vanishes on the subspace W,=F of vector fields with polynomial
coeflicients of degree at most k + 1.

The case k = —1. The cocycle identity (5.2.3) for constant vector fields v = d,,
and w = 0, yields ) )

Oy ¢y — 0y - ¢, =0. (5.2.7)
We identify X (R™)" ~ D'(R™) ® (R™)* with n copies of the distributions D’'(R™)
by setting

(Co ® dz?)(vH0,) = Co(V7), for (, € D'(R™) and v" € C°(R").
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The action of 9, on A, (R")’ 1s then simply given by dlfferentlatmg the components

in D'(R™), so that for ¢§ - ® dx? we have 0, ¢0 u¢ ® dx?. Indeed, we
compute that

(B - ) (X78,) = ¢0(—[0,, X70,)) = ¢, ® da” (—(9, X 7))
= 00, (—(8,X7)) = (8,9%,)(X7) = (8,60, @ da”)(X7 ).

Equation (5.2.7) therefore yields for each o that 9, - 0. —0,- (bg[, = 0 for all
integers 1 < u,v < n. With respect to the differential

d: QPR = QU PTUR"YY, (dT, ) = (-1)P T, da)

on the space of currents (cf. [dR84, III§11], this means precisely that the current
= ¢ dxt € QP71 (R™)" is closed, because

des =Y (860, — 0,60, )dz" Ndz¥ = 0.
1<p<v<n
(Identifying D'(R™) = Q*(R™)’ using the volume form dz' A --- A dz™ on R™,
for any T € D'(R") and « € QP(R"), we interpret T as element of Q2P (R™)
via the pairing (T, 8) := T(a A B) for 8 € QF7P(R™), cf. [dR84, p. 36].) By the
Poincaré Lemma for currents [dR84, TV§19], it follows that there exist distributions
ne € D'(R™) with Oun, = qsga for all integers 1 < p,0 < n. The l-coboundary
dg(ne ® dz”) in CL(X(R™), X.(R™)') thus agrees with ¢ on 9, € W, 1

dg(no ® dz?) () = O, - (1, ® da”) = By @ da” = 63, @ da” = ¢) = 1(9),)

Replacing ¥ by the 1-cocycle 9 — dg(n, ® dz?), we assume from now on that 0
vanishes on W, 1.

The case 0 < k < n. Suppose that ¢ vanishes on Wy SED et o e WE. Since
[0,,,v] € WF1, the cocycle identity (5.2.3) yields ), - ¢)(v) = 0 for all y, so that
¥ (v) is translation invariant. So E - ¢(v) = (n 4 1)¢(v), in view of Lemma 5.2.7.
From the cocycle identity ¥ ([E,v]) = E - ¢(v) — v - {)(E), we find for any v € W¥
that

(n+1—k))(v) = v P(E). (5.2.8)
We consider separately the cases k = 0 and 0 < k < n. Suppose that k = 0.
The preceding then shows that ¢ (v) = %Hv -p(E) for all v € W2. The 0-cochain
n= n%_lzﬁ(E) therefore satisfies (dgn)(v) = 1h(v) for any v € W2. Since E € W2, we
know that 1(E) is translation-invariant, so we also have (dgn)(v) = n_Hv O(E) =
for v € W, 1. Replacing 1/3 by the cohomologous cocycle 1/; — dgn if necessary, we
may assume that zﬁ vanishes on W=, Suppose next that 0 < k < n. Then
E e wek- 1), SO 1/1( ) = 0. Consequently, (5.2.8) implies that 1[)( ) = 0 for any
v € WF and hence w vanishes on W,=F. Inductively, we thus find that 1/) vanishes
on Wn<", and that w( ) is translation invariant for any v € W2+,
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The case k = n+ 1. The cocycle identity (5.2.3) for A € W? and v € W +!
reads ¥([A,v]) = A - (v), because (A) = 0. Since ¥(v) is translation invariant
for any v € W2, we conclude using Lemma 5.2.7 that the linear map

w . W:Jrl N (Rn)* ® /\n(Rn)* g XC(Rn)/

1 1
wpt

is an intertwiner of gl(n, R)-representations. The action of sl(n,R) on A™(R™)* is
trivial, and we notice that

Homginz) (W; !, (R")") & Homgi(o,z) (S™42(R™)", (R")" @ (R")") =0,

because (R™)* @ (R™)* = S2(R")* & A’(R™)* does not contain the irreducible
sl(n, R)-representation on S"+2(R")* (cf. [FH91, Prop. 15.15]). So ¥ (v) = 0 for
any v € W +HL

The case k > n+ 1. Suppose that w vanishes on Wy <D for k> n + 1. Then
(5.2.8) implies that 1/3( ) =0 for any v € WF, so ¢ vanishes on WS=F. Inductively,
we thus find that ) vanishes on W=* for any integer k& > —1. This implies that all
the coefficients ¢i in equation (5.2.6) are zero, so ﬁ = 0 and hence ¥ = 0. O

A local-to-global argument

Having established that HZ (X.(R"),R) = {0}, we employ a local-to-global argu-
ment to determine HZ (X.(M),R) for general manifolds M with dim(M) > 1.
We let X’ denote the presheaf defined by U — X, (U)" and the natural restriction
maps. This is in fact an acyclic sheaf by Proposition 5.4.1.

Theorem 5.2.8. Assume that dim(M) > 1. Then HZ,(X.(M),R) = {0}.

Proof. Let n := dim(M). The continuous Chevalley-Eilenberg cochains define a
presheaf U — C (X, (U),R) for any m € N, that we denote by C(X,). We denote
by ZI}(X.) C CT(X,) its sub-presheaf consisting of cocycles. Let U = {U; : i € S}
be an open cover of M such that every U; is dlffeomorphlc to R™, and consider
the (augmented) double complex C*(U,C% (X)) for the Cech-cohomology with
coefficients in the presheaf C% (X.). Restricted to cocycles in Chevalley-Eilenberg
degree 2, the left lower portion looks as follows:

i !

R‘)O

0 —— Z2(X(M)) — [Les Z2(Xe(U) —2 T, jes Z2(X(UiNU;))
d

T e .
|

o —

0 —— Og(Xe(M)) — [Lies Coo(Xe(Us)) — Hi,jeS Cai

|
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The middle column is exact by Proposition 5.2.6, as every U; € U is diffeomorphic
to R™, and the column on the right is exact at [[; ;. g CL(X.(U; N Uj)) because
X.(U;NU;j) is perfect for any 4,5 € S [Ban97, Thm. 1.4.3]. The bottom row is exact
because C}, (X,.) = X! is an acyclic sheaf, by Proposition 5.4.1. Lemma 5.2.3 further
guarantees that the map &: Z2(X.(M)) — [[;cs C%(X.(U;)) is injective. Indeed,
suppose that (X, (U;), X.(U;)) = {0} for all ¢ € S. Then (X .(U;), X.(M)) = {0}
for any ¢ € C4(X.(M)) and i € S, because v is diagonal. So ¢ = 0, by a
partition of unity argument. A straightforward diagram chase now shows that
HZ2 (X.(M),R) vanishes. O

5.2.2 Manifolds M of dimension one

We proceed with the continuous second Lie algebra cohomology HZ (X.(M),R) for
1-dimensional manifolds. In the connected case, M must be diffeomorphic to either
R or S*. It is well-known that HZ(X(S'),R) = R is spanned by the class of the
Virasoro cocycle (cf. [KW09, Prop. 2.3]):

vl f00.900) = [ 1"O)90)d0.  f.g€C(S").

A slight adaptation of the proof of Proposition 5.2.6 allows us to prove the analo-
gous result on the real line:

Lemma 5.2.9. The second Lie algebra cohomology H% (X,(R), R) is 1-dimensional.
It is spanned by the class of the Virasoro cocycle

i (f02, 902) / F(@)g(@)de, g€ CE(R). (5.2.9)

Proof. Let us first observe that the cocycle

boie(FOr, g0) / (e

is not a coboundary. Indeed, if n € CL(X.(R),R) is a 1-cochain, then the map
dgn : X(R) — X.(R)" obtained using Proposition 5.2.4 is the first-order differential
operator dgn(fd,) = f(95 - n) + 2f'n. Indeed, this follows from the calculation

dgn(£0,)(90,) = —n([f 0 904]) = n(F'90s — £9'0x) = 20(f'90) — n((£9) D)

for f € C®(R) and g € C°(R). On the other hand, ¢y, is the third-order differen-
tial operator Yy (f0;) = f"'I, where I € X.(R) is defined by I(f9,) = [, f(x)dx
So ¥yir can not be a coboundary.

Let ¢ be a continuous 2-cocycle. Let ¢) € CL(X(R), X.(R)') be the correspond-
ing 1-cocycle obtained using Proposition 5.2.4. We show that i is cohomologous
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to a 1-cocycle in CL (X (R), X.(R)') that vanishes on the subspace W; ' = RJ,.
Choose X 6 C’°°( ) with fo(x)d:c = 1. For any f € C°(R), the smooth func-
tion P(f f f(s) = I(f0x)x(s)ds is smooth and compactly supported.
We moreover have P( 1 ) = f, because I(f'd,) = 0. Observe that the 0-cochain

n e X.(R) = C%(X(R), X.(R)') defined by n(fd,) = ¥(0)(P(f)d,) satisfies
¥(0z) + (dgn)(0z) = 0, because

(dgn) (0:)(f0s) = —n(f'02) = —0(02)(P(£)0z) = —(0:)(f0:),  Vf € C°(R).

Replacing zﬁ by zﬁ + dgn, we assume from now on that 1& vanishes on Wy~ L~ Ro,.
Following the case 0 < k < n in the proof of Proposition 5.2.6, we may then
further assume that ¢ vanishes on W=" and that ¢(z39,) € X.(R)’ is translation
invariant. The latter implies that ¢(z38,) = ¢l for some constant c € R. It follows
that the 1-cocycle ¥ — ciyir € CL (X (R), X,(R)') vanishes on W1 - Following the
case k > n+1 in the proof of Proposition 5.2.6, this implies that w — ¢tbyir vanishes
on W * for any integer k > —1 and therefore that ¥ = ciyir. S0 ¥ = cthyiy. O

We have thus shown that H2(X.(M),R) = R for any connected 1-dimensional
manifold. Combined with Proposition 5.2.6, the following now completes the proof
of Theorem 5.2.1.

Theorem 5.2.10. Let M be a smooth manifold of dimension 1. Then
Hg, (Xo(M),R) = Hdg (M).

Proof. Let {M,}act be the set of connected components of M, where Z is some
countable indexing set. (Here we used that M is second-countable.) As the support
of a compactly supported vector field on M intersects only finitely many M, non-
trivially, X.(M) is isomorphic to the locally convex direct sum

M) = P Xo(M.)
aEcl

So Xe(M) = [],cz Xe(My)'. Furthermore, any 2-cocycle ¢ : X (M) x X.(M) — R
is diagonal by Lemma 5.2.3, and therefore decomposes as ¢ =) 1, for some 2-
cochains ¥, on X.(M,). Moreover, 1 is a cocycle, resp. a coboundary, if and only
if every v, is so. It follows that

HE(Xe = [ #Ha&(X(Mo),R) = [] R = Hgr (M)

o€l acl

O

5.2.3 Relation between H2(X.(M),R) and the second Gelfand-
Fuks cohomology

Finally, let us consider the relationship between HZ(X.(M),R) and the Gelfand-
Fuks cohomology HZ2 (X (M),R). The continuous injection X.(M) < X (M) in-
duces a natural morphism C% (X (M),R) = C&(X.(M),R) of cochain complexes,
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which descends to a linear map HS (X (M),R) — HS(X.(M),R) on cohomology.
If v € C%(X.(M),R) is a diagonal 2-cochain, its support supp() is the set of
points x € M with the property that for any neighborhood U of z, there exist
v,w € X(U) with ¢(v,w) # 0. If ¢ supp(¢)) and U is a neighborhood with
Y(X(U), X (U)) = {0}, then ¢(X.(U), X.(M)) = {0}, because 1 is diagonal. The
following is a straightforward adaptation of [JV16, Lem. 4.19] to the present setting:

Proposition 5.2.11.

1. A continuous 2-cocycle 1 € C2(X.(M),R) extends to a continuous 2-cocycle
on X(M) if and only if it has compact support.

2. Assume that the 2-cocycle ¢ € C%(X.(M),R) has compact support and sat-
isfies 1 = dgn for some n € X.(M)'. Then supp(n) = supp(y)) and n extends
to a continuous linear map X (M) — R.

3. The canonical linear map HZ (X (M),R) — HZ (X.(M),R) is injective.
Proof.

1. Assume that ¢ has compact support, say supp(v)) = K. Counsider the
l-cocycle ¢ € CL(X(M),X,(M)') obtained from Proposition 5.2.4. Let
X € Cg(M) satisfy x|, = 1 for some open neighborhood U of K. De-
fine the bilinear map

XM x X(M) 2R, (v,w) = P(v) (xw),

which extends v and is independent of the choice of x, because 1 has sup-
port K. It is moreover continuous, in view of the continuity of both 1& and
the map X(M) — X.(M),w — xw. We next show that 1 is a 2-cocycle.
Observe that ¢ (u)(x[v, w]) = 1 (u)([v, xw]) for any u,v,w € X (M), because
Ly(x)w € X.(M) vanishes on a neighborhood of K, so that ¢ (u)(£,(x)w) = 0.
Using (5.2.3), we therefore have

([, v, w) + (v, [u,w]) =

([u, o]) (xw) + ¢ (v) (x[u, w])

(u) ([, xw]) = () (fu, xw]) + () (x[u, w])
(

(

) (x[v, w])
u, [v, w]).

Conversely, assume that ¥ extends to a continuous 2-cocycle on X' (M), again
denoted . Suppose that K := supp(v) is not compact. Then we can find
a countably infinite sequence (z;);en in K of distinct points which has no
convergent subsequence. Let {U; };en be a collection of pairwise disjoint open
subsets of M so that x; € U; for all 7+ € N. Since z; € K, there exist for every
i € N some v;, w; € X.(U;) satisfying ¢ (v;, w;) = 1. Notice that v =32 v;
and w := ) .o, w; are well-defined smooth vector fields on M, because the

g( <, <, €>
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open sets U; are pairwise disjoint. Since ¢ € C2 (X (M),R) is diagonal and
continuous, we obtain the evident contradiction that

N N N
ngnooN - ngnoozlw(vzawz) - 1\}5%01/} (Zvi’zwi> = ’(/J(’U,’LU) < 0.

i=1  i=1
So supp(t)) must be compact.

. Let ¢ supp(¥)). Then there exists an open neighborhood U of = s.t.
V(X (U), X (U)) = {0}. Let u € X.(U). Since X.(U) is perfect ([Ban97,
Thm. 1.4.3]), there exist N € N and v;,w; € X.(U) for i € {1,...,N} s.t.
w =N [vi,w]. Then n(u) = XN n([vi, wi]) = = S, ¥(vi,w;) = 0. So
n vanishes on X, (U). So = ¢ supp(n). It follows that supp(n) C supp(¢)).
Conversely, suppose that ¢ supp(n). Then there exists an open neigh-
borhood U of z such that n(X.(U)) = {0}. Then ¢ = dyn implies that
Y(X(U), X (U)) = {0} as well. So x ¢ supp(¢). So supp(n) = supp(¢)) =:
K. As n has compact support K, it admits a continuous linear extension 7
to X(M) by setting 7(v) := n(xv) for any x € C°(M) satisfying x|, = 1 for
some open neighborhood V' of K. Notice that 7 is indeed well-defined and
continuous.

. Let ¢ € C4(X(M),R) be a 2-cocycle and assume that n € X.(M)’ satisfies
P(v,w) = —n([v,w]) for all v,w € X.(M). The previous items ensure that 7
extends to a continuous functional on X'(M). As X.(M) is dense in X (M)
and ¥ is continuous on X(M) x X (M), it follows that ¢ (v, w) = —n([v, w])
for all v,w € X(M). So ¢ = dgn. Hence [¢)] = 0 in H% (X (M),R). O

Proposition 5.2.11, Theorem 5.2.8 and Lemma 5.2.9 have the following consequence
for Gelfand-Fuks cohomology:

Corollary 5.2.12.

1. Assume that dim(M) > 1. Then HZ(X(M),R) = 0.

2. Assume that dim(M) = 1. Then HZ (X(M),R) = Hyp (M) is the compactly
supported de Rham cohomology of M in degree 0. In particular, we have
Hgt(X(R),R) =0.

Proof.

1. Assume that dim(M) > 1. Then HZ(X.(M),

R) = 0 by Theorem 5.2.1.
Since linear map HZ(X(M),R) — HZ(X.(M),R) is injective, by Proposi-
tion 5.2.11, it follows that HZ (X (M),R) = 0.

. By reasoning similar to that in the proof of Theorem 5.2.10, it suffices
to consider the case where M is connected, so that M is either S' or R.
Since HZ(X(S1),R) = R, it remains to show that HZ (X (R),R) = 0. By
Lemma 5.2.9 we know that HZ(X.(R),R) = R, which by Proposition 5.2.11
implies that HZ (X (R),R) is at most one-dimensional. The non-trivial class
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in H2(X.(R),R) is spanned by the cocycle tyi,, defined by (5.2.9). Assume
that ¢ € CZ(X(R),R) is a 2-cocycle on X(R) whose restriction 7(1) to
Xe(M) x X, (M) is cohomologous to ¢iy. Then (1)) = ¢yir + dgn for some
n € X.(R). By Proposition 5.2.11, we know that r(¢)) has compact support.
Consider the associated map @) : X(R) = X.(R). We saw in the proof of
Lemma 5.2.9 that 3;77( f0u) = f(Ds - m) + 2f'n, and that du(f0.) = f"'1,
where I(f0,) := [, f(x)dz. So r(w) is the differential operator given by

r(0)(f0:) = "1 + £(9s - m) +21". (5.2.10)
Since r( )(fO:) € X:(R) has compact support for any f € C*®(R), we

obtain by taking f = 1in (5.2.10) that d, - has compact support. Choosing
subsequently f ( ) =  in in (5.2. 10) it follows that n has compact support, and

hence so does 1/Jv1r = T(w) dgn But the support of wm is all of R, which is
not compact, a clear contradiction. O

5.3 Generalized positive energy representations

Let M be a smooth manifold of dimension dim(M) > 1. If v € X(M) is a com-
plete vector field on M with flow h : R — Diff (M), we write Diff .(M) x,, R for the
semidirect product of Diff.(M) and R relative to the smooth R-action on Diff.(M)
defined by a4(f) = hso foh ! for s € R and f € Diff.(M). The corresponding
Lie algebra is X.(M) x Rv, where v acts on X.(M) by the derivation Dw := [v, w].

The fact that H2 (X.(M),R) is trivial for dim(M) > 1 puts severe restrictions on
the class of projective unitary representations of X.(M) xRuv that are of generalized
positive energy at v. The following result is the crux of the matter, from which
group-level analogues immediately follow:

Theorem 5.3.1. Suppose that dim(M) > 1. Let 7 : X.(M) — pu(D) be a contin-
uous projective unitary representation of X.(M) on the complex pre-Hilbert space
D. Let C C X (M) be a cone of complete vector fields on M, and define the open
set
U:= U{pGM cvu(p) #0}.
veC
Suppose that for every v € C the representation T extends to a continuous projective

unitary representation of X.(M) x Ru that is of generalized positive energy at v.
Then X.(U) C ker 7.

Before proving Theorem 5.3.1, let us mention some important consequences:

Theorem 5.3.2. Suppose that M is connected and that dim(M) > 1. Consider a
complete vector field v € X(M)\ {0} on M. Let p: Diff (M) x, R — PU(H,) be
a smooth projective unitary representation that is of generalized positive energy at
v. Then Diff .(M)g C ker p.
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Proof. Since the derived representation dp : X.(M) x Rv — pu(H;°) is of gen-
eralized positive energy at v, it is so at every v’ in the cone C generated by the
adjoint orbit of v in X.(M)xRuv. Since v is non-zero, there exists some open subset
Up € M on which v is non-vanishing. Then Ady(v) is non-zero on f(Up) for every
f € Diff.(M). Since M is connected, Diff .(M) acts transitively on M (because all
orbit are open, and therefore also closed). Hence J,,co {p€ M : v'(p) #0} = M.
We obtain using Theorem 5.3.1 that X.(M) C kerdp. Corollary 5.4.4 now implies
that Diff .(M)o C ker p. O

Corollary 5.3.3. Suppose that M is connected and that dim(M) > 1. Consider
a complete vector field v € X(M) \ {0} on M. Let p : Diff (M) x, R — PU(H,)
be a smooth projective unitary representation that is smoothly-KMS at v relative to
Diff .(M). Assume that the von Neumann algebra p(Diff.(M))" is a factor. Then
Diff .(M)o C kerp.

Proof. Let p : G — U(H,) be the lift of p, where the Lie group G is a central T-
extension of Diff .(M) x,R. Let H C G be the Lie subgroup covering Diff.(M). Let
h and g denote the Lie algebras of H and G, respectively. Let N := p(H)" be the
von Neumann algebra generated by p(H). As p is smoothly-KMS at v relative to
Diff .(M), there is some & € g covering v s.t. p is smoothly-KMS at £ € g relative
to H. Let ¢ € KMS(p,&, H)*> and let py : H xR — U(H4) be the associated
unitary representation of H x R on the GNS-Hilbert space Hg. According to
Theorem 3.2.14, the representation pg on He is smooth and of generalized positive
energy at (0,1) € hxR. It follows from Theorem 5.3.2 that py(Ho) C Tidy,,, where
Hy denotes the identity component of H. Because the von Neumann algebra N is
a factor, the GNS-representation N' — B(H) is injective (see e.g. [Nie23a, Rem.
5.3 items 1 and 3]). It follows that p(Hy) C Tidy,. Since Hy covers Diff.(M)o,
this implies that Diff.(M )y C ker p. O

Corollary 5.3.4. Suppose that dim(M) > 1. Let p : Diff (M) — PU(H,) be a
smooth projective unitary representation that is bounded, i.e., continuous w.r.t. the

norm topology on PU(H,). Then Diff (M) C kerp.

Proof. Let p : G — U(H,) be the lift of p, where G is a central T-extension of
Diff.(M) with Lie algebra g. Let p € M. Take v € X.(M) with v(p) # 0 and let
&€ € g cover v. Notice that p is continuous w.r.t. the norm-topology on U(H,), so
that the self-adjoint operator —i | o P(expg (t€)) is bounded. It follows that p is
of (generalized) positive energy at v € X.(M). Using Theorem 5.3.2, this implies
that v" € ker dp for any v’ € X, (M) for which supp(v’) is contained in the connected
component of p in M. As p € M was arbitrary, we find that X.(M) C kerdp. We
conclude using Corollary 5.4.4 that Diff .(M)o C ker 5. O

We now proceed with the proof of Theorem 5.3.1.
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5.3.1 Ideals of the Lie algebra of compactly supported vector
fields

Let M be a smooth manifold. For any =z € M, let I, C X.(M) denote the
closed ideal of vector fields that are flat at . So v € I, <= j>(v) = 0 for
v € X.(M). The proof of Theorem 5.3.1 uses a particular observation concerning
ideals in X.(M), namely Proposition 5.3.7 below.

Definition 5.3.5. If J C X (M) is an ideal, define its hull by
hMJ)={xeM :vx)=0forallveJ}.

Remark 5.3.6. The set of maximal ideals in X.(M) is given by {I, : = € M}
[SP54, Thm. 1] (cf. [Ban97, prop. 7.2.2] or [Janl6, Prop. 1]). Moreover, if x € M
and J C X.(M) is an ideal, then z € h(J) if and only if j2°(v) = 0 for all
v € J. Indeed, if z € h(J), then for any wy,...,wy, € X.(M) and v € J we have
Lo+ Lo, v € J, as J is an ideal, and so (Ly, -+ Ly, v)(z) = 0. Consequently
j2°(v) = 0. We thus see that h(J) = {x € M : J C I} corresponds to the set of
maximal ideals of X.(M) containing J.

Proposition 5.3.7. Let J C X.(M) be an ideal and let © € M. Then either
x € h(J), or there is an open neighborhood U C M of = such that

Xe(U) € [J, Xe(M)] € J.

Proof. This is immediate from the proof of [Janl6, Lem. 2.1], which does not
require the ideal J C X.(M) to be maximal. O

Although X.(M) is not simple, the following related result does hold true:

Corollary 5.3.8. Assume that M is connected. Suppose that J C X.(M) is an
ideal that is stable, in the sense that Adg(J) C J for all g € Diff.(M). Then either
J=X.(M) or J={0}.

Proof. That J is stable implies that its hull A(J) C M is Diff .(M)-invariant. Since
M is connected, Diff .(M) acts transitively on M. It follows that either h(J) = ()
or h(J) = M. Using a partition of unity argument, Proposition 5.3.7 implies that
either J = X (M) or J = {0}. O

Remark 5.3.9. Suppose that M is connected. Let p : Diff (M) — PU(H,) be
a smooth projective unitary representation. Let dp : X.(M) — pu(H°) be its
derived representation. Its kernel J := kerdp is a closed ideal in X.(M) that
satisfies Ad,(J) C J for all g € Diff.(M). So dp is either trivial or injective by
Corollary 5.3.8.
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5.3.2 The proof of Theorem 5.3.1

We now proceed with the proof of Theorem 5.3.1. Let n := dim(M) > 1. We start
with a lemma that concerns the local situation near a regular point of a vector field
v € C. We thus consider the following setting:

Let I C R be an open interval containing zero. Let Uy C R"~! be an open subset
that is diffeomorphic to R®~!. Define U := I x Uy, which is then diffeomorphic
to R™. We consider the locally convex Lie algebra X.(U) of compactly supported
smooth vector fields on U. We write (¢,21,...,2,-1) € R™ for the coordinates on
R™, and (0, Oz, ..,04,_,) for the corresponding basis of X'(R™) over C'*°(R™).
Notice that the derivation [9;, —] on X.(U) does not necessarily integrate to a 1-
parameter group of automorphisms of X, (U), because the open set U need not be

invariant under the flow of 9;.

Lemma 5.3.10. Let 7 : X (U) x R — pu(D) be a continuous projective unitary
representation on the pre-Hilbert space D. Assume that

[v,Dv] =0 = 7(Dv) =0, Yo € X (U). (5.3.1)
Then X.(U) C kerT.

Proof. Let pg = (to,x0) € U = I xUy be arbitrary. Let f € C°(I) and w € X.(Up)
be s.t. f'(to) # 0 and w(xg) # 0. Define v € X.(U) by v(t,z) := f(t)w(z) for t € I
and z € Up. Observe that Du(t,z) = f'(t)w(z). In particular, Dv(pg) # 0 and
[v, Dv](t,z) = f(t) f'(t)[w, w](xz) = 0. Tt follows using (5.3.1) that Dv € ker 7. Let
J C X.(U) be the closed ideal generated by Dv. Since T is a strongly continuous
homomorphism of Lie algebras, we have J C ker . As Duv(pg) # 0, it follows using
Proposition 5.3.7 that X.(V) C J for some open neighborhood V' C U of py. So
we have X,.(V) C ker7m. We have thus shown that any p € U has a neighborhood
V C U for which X.(V) C kerw. Consequently, if K C U is a compact subset,
we can find a finite open cover {Ui,...,U,} of K with X.(U.) C kerdp for all
k € {1,...,m}. Using a partition of unity argument, it follows that X5 (U) C ker dp
for any compact set K C M, so that X.(M) C ker dp. O

We now return to the setting of Theorem 5.3.1.

Proof of Theorem 5.5.1:

Let p € U and let v € V satisfy v(p) # 0. By assumption, 7 extends to a continuous
projective unitary representation of X.(M) x Ruv that is of generalized positive
energy at v, again denoted 7. Since v(p) # 0, we can find an open neighborhood
U, C M of p, an open interval I C R containing zero, an open subset Uy C R"~1
that is diffeomorphic to R"~!, and a diffeomorphism ¢ : I x Uy — U, such that
¢+ ([0, w]) = [V, p«(w)] for all w € X (I x Uy) [Leel3d, Thm. 9.22]. So ¢. defines an
isomorphism

o4 Xe(I x Up) xR, — X (U,p) x Ru.

In view of Theorem 5.2.8, we know that H2 (X.(M),R) = 0. As 7 is of generalized
positive energy at v, it follows using Corollary 3.1.8 that [w, Dw] = 0 implies
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7(Dw) = 0 for any w € X.(M). As a consequence, the pull-back of 7 along the
composition

X.(I x Up) x R9y 25 X.(U,) x Rv < X,(M) x Rv

satisfies the conditions of Lemma 5.3.10, from which it subsequently follows that
X.(Up) C kerm. So any p € U has an open neighborhood U, C M satisfying
X.(Up) C ker7. This implies that X.(U) C ker7. O

5.4 Appendix

5.4.1 Sheaves of distributions

Let £ — M be a smooth vector bundle over the smooth manifold M. If U C
M is an open subset, we denote by T'.(U, E) the locally convex vector space of
smooth compactly supported sections of E|;, — U, equipped with the natural
LF-topology. Let I'.(U, E)" denote its continuous dual space. It is clear that the
assignment U +— T'.(U, E')" defines a presheaf I/, w.r.t. the natural restriction maps.
In the following, we show that T, actually defines an acyclic sheaf. Since we are
considering the continuous dual space, we have to slightly extend the usual sheaf-
theoretic arguments (such as [Bre97, §V.1 Prop. 1.6 and 1.10]).

Proposition 5.4.1. T", is an acyclic sheaf.

Proof. Let {Uq}acz be a collection of open subsets of M and define U := | J,,c7 Ua.
Let {Xa}acz be a partition of unity subordinate to the open cover {U, }qaez of U
[Leel3, Thm. 2.23]. Notice for s € T'.(U, E) that xs is non-zero for only finitely
many o € Z, because {Supp Xa },c7 is locally finite. To see that I', satisfies
the locality axiom, suppose that A € ['.(U, E)’ satisfies A, := )\|FC(UME) = 0 for
all @« € Z. Then A(s) = > c7Aa(Xas) = 0 for any s € T'(U,E), so A = 0.
For the gluing axiom, take A\, € T'(U,, E)’ for all @ € Z and suppose for any
a, f € T that the restrictions of A\, and Ag to I'c(Uy N Ug, E) coincide whenever
Ua NUg # 0. Define A € T (U, E)" by A(s) := > cr Aa(Xas) for s € T (U, E).
Notice that A does indeed define a continuous functional on the LF-space I'.(U, E)
because {Supp Xa }qc7 18 locally finite. If s € T'.(Ug, E) for some 8 € Z, then
Xas € T'e(Ua NUg, E) and consequently Ao (xaS) = Ag(Xas) for any o € Z. Hence
A(s) =20 AalXas) = 224 As(Xas) = As(s). So Alp , gy = A for any B € T. It
follows that I', is a sheaf. We show next that it is fine (cf. [Wel80, Def. 11.3.3]).
Assume henceforth that U = M. Define for any open set V.C M and a« € 7
the linear map 71y : (V. E) — T(V, E) by 1a(A)(s) := A(xas). This defines
a morphism 7, : I', — T', of sheaves. Since ) 7a(N)(s) = >°, AMXas) = A(s)
for any s € I'.(V,E)’, the sum being finite, we have ) _ 7, = 1. Additionally,
7)o vanishes on the stalk of the sheaf I/, at « for any z in the open neighborhood
M \ supp xo of M \ U,. So I'” is fine and therefore acyclic [Wel80, II. Prop. 3.5
and Thm. 3.11]. O
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5.4.2 Unitary equivalence of projective representations

Let G be a locally convex Lie group with Lie algebra g and exponential map
exps 9 — G.

Definition 5.4.2. Suppose for k € {1,2} that Dy, is a complex pre-Hilbert space,
and let Ty, : g — pu(Dy) be a projective unitary representation of g on Dy. We say
that 7, and 7, are unitarily equivalent if there is a unitary operator U : D; — Do

such that m2(¢) = Um (&)U " for all ¢ € g, where U : P(D;) — P(Ds) is the
descent of U to the projective spaces. In this case, we write T = To.

The following is the projective analogue of [JN19, Prop. 3.4]:

Proposition 5.4.3. Assume that G is connected. For k € {1,2}, let (py,H,,)
be a smooth projective unitary representation of G with derived representation
dpr, g — pu(H;?) on Hyo. Then

PLEpy = dp =dp,.

Proof. Passing to the universal cover of G, which is a Lie group by [Nee06, Cor.
I1.2.4], we may and do assume that G is l-connected. Let U : H,, — H,, be a
unitary map, and let U : P(H,,) — P(#,,) be its descent to the projective spaces.
Assume first that Up, (g)U_1 = py(g) for all g € G. Then by [IN19, Cor. 4.5], we
know that p; and p, correspond to the same central T-extension G of G, up to iso-
morphism of central extensions. Let g denote the Lie algebra of G. Let the smooth
unitary é—representations p1 and po be lifts of p; and p, respectively. Then there
exists a smooth character ¢ : G — U(1) such that pa(§) = ¢(§)Up1(§)U ! for all
g€ G. This implies in particular that UH )7 = H7;. Differentiating the preceding
equation at the identity of CO}', it also follows that dpg(fo) =Udp, (fO)U*1 —|—d§(§o)I for
all € € §, where T denotes the identity on H52. Hence dpy(€)[] = U dp, (§)U71[w]
for all £ € g and [¢)] € P(H7). So dp; = dp,.

Assume conversely that UHS® = H3° and that U dp, (€) Uﬁl[w] = dp,(€)[¢] for
all § € g and [¢] € P(Hp5). This implies that dp; and dp, induce isomorphic
central R-extension of g, up to isomorphism. Since G is 1-connected, it follows
using [Nee02, Cor. 7.5(i)] that p; and p, induce the same central T-extension G of

G, up to isomorphism. Let the smooth unitary é—representations p1 and p2 once
again be lifts of p; and p,, respectively. As U is equivariant w.r.t. the projective
g-actions dp, and dp,, there exists a continuous linear map A : § — R such that

dpa(§) = Udp (U +iNEI,  VEe g, (5.4.1)

where I denotes the identity on H;7. Let ¢ € H7Y and x L ¢. Let v : R — G

be a smooth path in G with Yo = 1 the identity of Cov’, and let ¥ : R — G be its
projection to G. Consider the smooth function f : R — C defined by

f() == (Ux, p2(7)Up1(ve) "),
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Notice that f(0) = 0. Let 7' : R — g be the left-logarithmic derivative of v, defined
by 7 = & |,_. 7 'yt for s € R. Observe using equation (5.4.1) that the derivative
f of f satisfies

F'(s) = (Ux, p2(7s)dp2 (Vo) U pr(vs) ~ ) — (U, p2(vs)Udpr(v2) p1(7s) ')

= IAY)UX p2(7:)Up1 (vs) "))
=iX(v.) f(s), Vs € R.

The unique solution of the ODE f’(s) = iA(7%) f(s) with initial condition f(0) =0
is given by f(t) = 0 for all t € R. So (Ux, p2(7:)Up1(v:)~19) = 0 for every x L o
and t € R. Thus [pa(v)Up1(y) '] = [Ut] for all t € R and ¢ € H°. Hence

Up,(7;) = p2(7;) U for all £ € R. Since G is a path-connected principal T-bundle
over G, it follows that U py(g) = py(g) U for all g € G. Thus p; = 5,. O

Corollary 5.4.4. Let p: G — PU(H,) be a smooth projective unitary representa-
tion with derived representation dp : g — pu(’HZo). Let H be a connected Lie group
with Lie algebra by, and let f : H — G be smooth homomorphism of Lie groups. If
T.(f)(h) C kerdp, then f(H) C kerp.

Proof. By considering the pull-back of p along f, it suffices to consider the case
where H = G and f = idg. Thus, assume that G is connected and that g C ker dp.
Then Proposition 5.4.3 implies that G C ker p. O
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Chapter 6

Holomorphic induction beyond the norm-
continuous setting, with applications to pos-
itive energy representations

Abstract

We extend the theory of holomorphic induction of unitary representations
of a possibly infinite-dimensional Lie group G beyond the setting where the
representation being induced is required to be norm-continuous. We allow
the group G to be a connected BCH(Baker-Campbell-Hausdorff) Fréchet-Lie
group. Given a smooth R-action a on G, we proceed to show that the
corresponding class of so-called positive energy representations is intimately
related with holomorphic induction. Assuming that G is regular, we in
particular show that if p is a unitary ground state representation of G x, R
for which the energy-zero subspace #,(0) admits a dense set of G-analytic
vectors, then p|. is holomorphically induced from the representation of the
connected subgroup H := (G%)¢ of a-fixed points on #,(0). As a consequence,
we obtain an isomorphism B(H,)¢ = B(H,(0))" between the corresponding
commutants. We also find that any two such ground state representations
are necessarily unitary equivalent if their energy-zero subspaces are unitarily
equivalent as H-representations. These results were previously only available
under the assumption of norm-continuity of the H-representation on #,(0).

This chapter is based on [Nie23b].

6.1 Introduction

This chapter is concerned with unitary representations of a possibly infinite-dimensional
connected Lie group G that is modeled on a locally convex vector space. Given a
smooth action a of R on GG, we consider those G-representations that extend to a
unitary representation p of G X, R which is smooth, in the sense that it admits a
dense set of smooth vectors, and which is of positive energy, meaning that the self-
adjoint generator —i %‘t:o p(lg,t) of the unitary 1-parameter group ¢ — p(lg,t)
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has non-negative spectrum.

For infinite-dimensional Lie groups, a full classification of all irreducible represen-
tations is typically not tractable, and even less so for factor representations. The
positive energy condition serves to isolate a class of representations that are more
susceptible to systematic study. It is also quite natural from a physical perspec-
tive, because the Hamiltonian in quantum physics is nearly always required to be
a positive self-adjoint operator. It is then no surprise that positive energy repre-
sentations of Lie groups are abundant in physics literature [SW64, Bor87, Bor66,
Haa92, LM75, OI'81, PS86, Seg81].

Holomorphic induction has proven to be a particularly effective tool in the study
of positive energy representations. Let us first describe the main idea of holomor-
phic induction in the case where G is finite-dimensional. Let H := (G%)( be the
connected subgroup of a-fixed points in G, with Lie algebra h = L(H). A unitary
G-representation p is typically called holomorphically induced from the unitary H-
representation o on V, if the homogeneous Hermitian vector bundle V := G x g V,,
over G/H can be equipped with a G-invariant complex-analytic bundle structure,
with respect to which the Hilbert space H, can be G-equivariantly embedded into
the space of holomorphic sections O(G/H,V) of V, in such a way that the corre-
sponding point evaluations &, : H, — V, are continuous and satisfy £,&; = idy,
for every x € G/H. In particular, these conditions imply that #, is unitarily
equivalent to the G-representation on a reproducing kernel Hilbert space, and that
‘H, contains V, as an H-subrepresentation.

An important special case is obtained when V,, is one-dimensional. If p is holomor-
phically induced from o, we may identify V,, with a cyclic ray [vg] in H,, whose
G-orbit in the projective space P(#,) is a complex submanifold. This means that
p is a so-called coherent state representation [Nee00, Def. XV.2.1]. In this case,
the G-homogeneous line bundle V is the pull-back of the tautological line bundle
over P(H,) along the map G/H — P(H,), gH — [p(g)vo], and elements in the
image of the corresponding map V — H, are usually called coherent states. This
is also the setting of the well-known Borel-Weil Theorem [DKO00, Thm. 4.12.5].
Such representations have been studied extensively [Per86, Nee00, Lis95], and are
known to be tightly related to highest-weight representations [Nee00, Def. X.2.9,
Ch. XV]. In particular, every unitary highest weight representation of G is a co-
herent state representation [Nee00, Prop. XV.2.6]. The converse is not true. The
Schrédinger representation of the Heisenberg group Heis(R?, w) provides a coun-
terexample [Nee00, Ex. XV.3.5].

Holomorphic induction, defined as above, was studied in [Neel3] in the context
where G is a Banach-Lie group and where o is bounded, meaning that it is continu-
ous with respect to the norm-topology on B(V,). Writing g for the Lie algebra of G
and g¢ for its complexification, invariant complex structures on G/H correspond
to closed Lie subalgebras b C gc satisfying b +b = gc, bNb = hc and Ady,(b) C b
for all h € H [Bel05, Thm. 15] (cf. [Kir76, p. 203] for the case where G is finite
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dimensional). The corresponding G-invariant holomorphic bundle structures on
V then turn out to be parametrized by extensions of do : h — B(V,) to a Lie
algebra homomorphism x : b — B(V,) satisfying x(Adx(£)) = a(h)x(&)o(h)~!
for all £ € b and h € H [Neel3, Thm. 2.6], as is to be expected from the finite-
dimensional setting [TW71, Thm. 3.6]. The holomorphic structure is used to relate
various important properties of the G-representation p with those of . For ex-
ample, [Neel3, Thm. 3.12] entails that the commutants B(H,)¢ = B(V,)HX are
isomorphic as von Neumann algebras if V,, C H, is invariant under B(’HP)G, which
implies in particular that p is irreducible, multiplicity-free or of type I,II or III
if and only if this is true for o [Neel3, Cor. 3.14]. Moreover, [Neel3, Cor. 3.16]
states that there is up to unitary equivalence at most one unitary G-representation
p that is holomorphically induced from a given pair (o, x). The relation between
holomorphically induced representations and the positive energy condition is then
explained by [Neel3, Thm. 4.12, 4.14], which essentially state that in the above
context, and under suitable assumptions, holomorphically induced representations
correspond to so-called semibounded ones, the semiboundedness condition being a
‘stable’ and stronger version of the positive energy condition (cf. [NeelOb]). These
observations suggest that the class of holomorphically induced representations may
well admit a fruitful classification theory of its factor representations. This line of
reasoning was pursued in [Neelda, Thm. 5.4, 5.10] and [Neel2, Thm. 6.1, 7.3, 8.1],
resulting in a classification of the irreducible semibounded unitary representations
of certain double extensions of Hilbert Loop groups and of hermitian Lie groups
corresponding to infinite-dimensional irreducible symmetric spaces.

In [Neelda, Appendix C], the theory of holomorphic induction was further devel-
oped, allowing G to be a connected BCH Fréchet-Lie group, under certain addi-
tional assumptions. (Recall that G is BCH if it is real-analytic and has an analytic
exponential map which is a local diffeomorphism in 0 € g.) Still, o was required to
be norm-continuous. Let us mention that a particular and well-known special case
of such a situation had already appeared in the study of smooth positive energy
representations of loop groups. In fact, these had been completely classified using
holomorphic induction [PS86] (cf. [NeeOla]).

Still, the assumption of norm-continuity of ¢ is too restrictive in numerous exam-
ples, some of which we encounter in Section 6.8 below. It is typically only suitable
for describing the class of semibounded unitary representations of G. In order to
obtain a theory that can be used to describe the possibly larger class of all positive
energy representations, one must go beyond the norm-continuity of o.

The purpose of this chapter is to remove this assumption of norm-continuity of
the representation o being induced, whilst still allowing G to be a connected BCH
Fréchet-Lie group. A main difficulty in this direction is that of equipping the
homogeneous vector bundle G x g V,, with a G-invariant complex-analytic bundle
structure. The proof of [Neel3, Thm. 2.6] breaks down beyond the norm-continuous
setting, so a new approach is required.
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We provide two possible solutions to this problem. As in [Neel4a, Appendix C], we
assume that gc admits a triangular decomposition of the form gc =n_ & hc B ny,
where ny and he are closed Lie subalgebras of gc satisfying ny C n4, and where
b = bc & n_. In the first, which we call the general approach, we avoid speci-
fying a complex-analytic vector bundle altogether. Instead we replace the space
of holomorphic sections by a suitable subspace C¥(G, V, )X of the space of real-
analytic H-equivariant maps C¥ (G, V, ), defined directly in terms of an extension
X : b — L(D) of do to b with some domain D C V¥ consisting of analytic vectors.
This also avoids the need for a G-invariant complex structure on the homogeneous
space G/H. In the second, which we call the geometric approach, we define a
stronger notion of holomorphic induction. In this case, H;° actually embeds into a
space of holomorphic mappings on a homogeneous vector bundle. It therefore re-
quires complex geometry. A significant drawback of this approach is that it requires
a dense set of so-called b-strongly-entire vectors, whose availability is usually not
known, unless G happens to be finite-dimensional, in which case it is completely
understood by the results of [Goo69] and [PenT74], see also Theorem 6.3.6 below.

Let us also mention that the results presented in this chapter do not complete
the story of holomorphic induction. The developed theory still excludes Fréchet-
Lie groups that are not BCH, such as the Virasoro group. Yet, it is known that
holomorphic induction can be used to obtain a complete classification of the posi-
tive energy representations of the Virasoro group [NS15]. Nevertheless, the present
chapter makes substantial progress towards a more complete understanding of holo-
morphic induction in the infinite-dimensional context. In relation to positive energy
representations, progress was made in a different direction in [NR22|, where the
class of ground state representations is studied in the setting of topological groups.

Structure of the chapter

— In Section 6.2, we first recall some preliminaries regarding analytic functions
on locally convex spaces. We proceed to define smooth, analytic and strongly-
entire representations, which are increasingly regular. We also recall some
important results related to positive energy and ground state representations.

— We proceed in Section 6.3 to define and study the spaces 7—[29 and H?” of
so-called strongly-entire and b-strongly-entire vectors, respectively. We equip
these spaces with a locally convex topology, and extend the results of [Goo69]
from the setting of finite-dimensional Lie groups to the present one, where
G is allowed to be infinite-dimensional. In particular, if G¢ is a complex 1-
connected regular BCH Fréchet-Lie group with Lie algebra gc, we obtain that
both 'Hf? and 7—[?‘7 carry a representation of G¢ that has holomorphic orbit
maps. The space Hf?b plays an important role in the geometric approach to
holomorphic induction.

— In Section 6.4.2 we present the general approach towards holomorphic induc-
tion. After determining a useful equivalent formulation, we characterize the
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inducibility of pairs (o, x) in terms of positive definite functions on G, which
leads to the uniqueness of the holomorphically induced representation up to
unitary equivalence. We then proceed to show that there is an isomorphism
of von Neumann algebras B(H,)¢ = B(V,)"X between the commutants,
provided that V,, C H,, is invariant under B(H,)“, in complete analogy with
the previously described norm-continuous setting. We also briefly discuss
holomorphic induction in stages.

— After equipping the G-homogeneous vector bundle V, := G xyz VO with a
complex-analytic bundle structure, using a suitable extension x of do with
domain V%% and under certain assumptions, we define in Section 6.5.4 the ge-
ometric notion of holomorphically induced representations. We also compare
the geometric notion to the one presented in Section 6.4.2.

— In relating holomorphic induction with the positive energy condition, we shall
have need for a suitably general notion of Arveson spectral subspaces. We
therefore generalize in Section 6.6 the results of [NSZ15, Sec. A.3] and [Neel3,
Sec. A.2] to the level of generality needed in the next section.

— In Section 6.7 we study the relation between holomorphic induction and the
positive energy condition, under the additional assumption that G is regu-
lar. In particular, we show that if p is a unitary ground state representa-
tion of G x4 R for which the energy-zero subspace H,(0) admits a dense
set of G-analytic vectors, then p|, is holomorphically induced from the
H-representation on ’HP(O). As a consequence, we obtain an isomorphism
B(H,)¢ = B(H,(0)) of von Neumann algebras between the corresponding
commutants. We also find that any two such ground state representations
are necessarily unitary equivalent if their energy-zero subspaces are unitarily
equivalent as H-representations.

— In Section 6.8, we consider numerous interesting examples of unitary rep-
resentations that are holomorphically induced from representations that are
not norm-continuous.

6.2 Preliminaries

6.2.1 Analytic functions on locally convex vector spaces

Let us recall some definitions and properties of analytic functions between locally
convex vector spaces. The main references are [BS71b], [BS71a] and [Gl602b].
Throughout the following, fix locally convex vector spaces F and F' over the field
K that both are complete and Hausdorff, where K is either R or C. Define

Ay : E — E* Ap(h) = (h,...,h).
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Homogeneous polynomials

Definition 6.2.1. Suppose U C E is open and f € C*°(U,F). For any z € U
and k € N, define 02(f) : E — F and §%(f) : E — F by §2(f)(v) := f(z) and
GG () = d* f(z30,...,0).

Definition 6.2.2. Let £ € N. A map f : E — F is called a homogeneous poly-
nomial of degree k if there exists a k-linear symmetric map f : E* — F such that

f = foAy. Let P*(E, F) denote the space of continuous homogeneous polynomials
E — F of degree k. For k =0, we set P°(E,F) :=F.

Set EY := K. For k € N3¢, we write Mult(E*, F) for the space of continuous k-
linear maps E*¥ — F, equipped with the topology of uniform convergence on prod-
ucts of compact sets in E. For the case k = 1, we also write B(E, F') := Mult(E, F).
Let Sym”(E, F) C Mult(E*, F) denote the closed subspace of continuous symmet-
ric k-linear maps E¥ — F. Let E®F denote the completed projective tensor
product of E and F [Tre67, Def. 43.2, 43.5]. Define E®* := E®---®F (k times).
The topology on E®* is defined by the seminorms ¢; ® --- ® qr, where each g¢; is
a continuous seminorms on E, see also [Tre67, Def. 43.3]. On algebraic tensors
t € E®* this seminorm is given by

(1 --©q)(t) = inf Zquf(” t—Zg &), with &V € B

j =1
(6.2.1)

On simple tensors we have (¢1 ® - ®qx)(§1® - Q&) = Hle qi (&), where §; € B
[Tre67, Prop. 43.1].

Proposition 6.2.3 ([Tre67, Prop. 43.4, Cor. 3 on p. 465]).

There is a canonical linear isomorphism Mult(E*, F) = B(E@’k, F). It is a home-
omorphism if E is Fréchet.

Equip P*(E, F) with the topology of uniform convergence on compact sets. If p is
a continuous seminorm on F, B C F is a subset and f : E — F' is a function, we

write pB(f) ‘= SUPgepB p(f(x))

Proposition 6.2.4. Let k € N>o. Then P*(E, F) = Sym*(E, F) as locally convex
vector spaces.

Proof. If f: E* — F is a symmetric k-linear map and f = fo Ay is the cor-
responding homogeneous polynomial, then f can be recovered from f using the
formula [BS71b, Thm. A]:

1

f(xl,...wk):% S (FFET R flemy 4 -+ ). (6.2.2)

€1,...,6,=0

This formula moreover shows that f is continuous if and only if f is so, and there
is a linear isomorphism Sym”(E,F) — P*(E, F) given by f — folAy = f. It
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remains to show that this map is also a homeomorphism. Suppose that f = fo Ag
for some f € Symk(E,F). If B C E is a compact subset and p is a continuous
seminorm on F, then pp(f) < ka(f). Hence Sym*(E, F) — Pk(E,F),fNI—> fis
continuous. For the continuity of the inverse, we use (6.2.2), from which it follows
that if B; C E are compact subsets for ¢ € N and p is a continuous seminorm on
F', then
~ ok
sup p(f (@1, ax)) < 27pp(f), (6.2.3)
z; €B; :

where
B={eaw1+ - +ez : 6€{0,1}, z; € B; forie{l,...,k}},

which is a compact subset of E. Consequently the map f +— f is continuous
P*(E,F) — Sym*(E, F). O

Define the locally convex space P(E,F) := [[r—, P*(
product topology. If F' = K, we simply write P"*(E) :=

,F), equipped with the

E
P"(E,K).

Analytic functions

Let U C E be open and let f: U — F be a function.
Definition 6.2.5.

— Suppose K = C. The function f: U — F is called complex-analytic or holo-
morphic if it is continuous, and for every x € U there exists a 0 neighborhood
V in E with 2 +V C U and functions f, € P*¥(E,F) for k € N> such that:

f(x+h)= ka Vhe V.

— Suppose K = R. The function f: U — F is called real-analytic if it extends

to some complex-analytic map fc : Uc — F¢ for some open neighborhood
Uc of U in Eg.

— Suppose K = C and U = E. The function f : E — F is called entire if it
is continuous and there exist functions fy € P*(E, F) for k € N>q such that

flz) =332, fu(z) for all z € E.

Remark 6.2.6. The above definition of a real-analytic map differs from the one used
in [BS71al, where a function f : U — F is called real-analytic if it is continuous
and for every z € U there exists a 0-neighborhood V in U with x +V C U and
homogeneous polynomials fj, : E — F such that f(z + h) = >, fx(h) holds for
all h € V. The two notions are equivalent if F and F are Fréchet spaces [Gl602b,
Rem. 2.9], [BS71a, Thm. 7.1].
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Proposition 6.2.7 ([BS71a, Prop. 5.1]).

Suppose K = C. Let fy € P*(E,F) for every k € Nxo. Let U C E be a 0-
neighborhood s.t. f(h) := 3, fu(h) is convergent for every h € U. Assume that
f:U — F is continuous at 0 € U. Then, for every continuous seminorm p on F,
there exists a 0-neighborhood V.C U such that Y, o pv (fi) < co.

Lemma 6.2.8. Suppose K = C. Let f,, € P"(E,F) for every n € N>g. Consider
the following assertions:

1. f:=37° fn defines an entire function E — F.

2. ZZOZO pB(fn) < 0o for any compact subset B C E and continuous seminorm
p on F.

We have that (1) = (2). If E is a Fréchet space, then also (2) = (1) holds
true.

Proof. Assume that f = >~ , f, defines an entire function E — F. Let B C E
be a compact subset and let p be a continuous seminorm on F. We may assume
that B is balanced. As f is continuous, f(2B) C F is compact and hence bounded.
So M, := pap(f) < oo. As f is entire, we have f(zz) = Y oo fn(z)z" for any
xz € Eand z € C. Let © € 2B. Then also zz € 2B for any z € C with |2| < 1, as
B is balanced. Applying [BS71a, Cor. 3.2] to the holomorphic map

g:C— F, 9(z) = f(zx),

we find that f,(z) = 5 f‘ %dz and moreover that

2mi J|z|=1 z

p(fn(2)) < sup p(g(2)) < p2s(f) = My,  Yn € Nxo.

Hence pap(fn) < My, so that pp(f,) < Mp2~" for all n € N>¢. Thus

ZpB(fn) < MPZ27” < 0.
n=0

n=0

Suppose that F is a Fréchet space. Assume that (2) holds true. Then in particular
the series >~ fn(z) is convergent for any z € E. So f := > >~ f, defines a
function F — F. To show f is entire, it remains only to show that it is continuous.
The condition (2) implies that sy — f uniformly on compact subsets, where sy :=
ZTILO fn for any N € N. As sy is continuous for every N € N and E is Fréchet by
assumption, this implies that f is continuous (by a standard 3e argument). O

Proposition 6.2.9 ([Gl602b, Prop. 2.4]).
Every real- or complez-analytic map is smooth.

Proposition 6.2.10 ([BS71a, Prop. 5.5]).

Suppose K = C. If f : U — F is complez-analytic, then f(z+h) = > 1, %5’;(f)(h)
for all h € V', where V is the maximal balanced 0-neighborhood of E such that
r+V CU.
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Proposition 6.2.11 ([G1602b, Lem. 2.5]).
Suppose K = C. Then f is complex-analytic if and only if f is smooth and the map
8L =df (x;—) : E — F is complex-linear for every x € U.

Proposition 6.2.12 ([Gl602b, Lem. 2.6]).
Suppose K=C. If f:U — F is complez-analytic, then so isdf : U x E — F.

With these definitions, the chain rule holds for both real- and complex-analytic
mappings. One proceeds to define real- and complex- analytic manifolds and Lie
groups, see e.g. [Mil84] and [Nee06] for more details.

Definition 6.2.13. If M is a real-analytic manifold and V is a locally convex
vector space, we write C¥(M, V') for the set of analytic functions M — V. If M is
a complex-analytic manifold and V' is complex, we write O(M, V) for the space of
complex-analytic mappings M — V.

Proposition 6.2.14 (Identity Theorems [BS71a, Prop. 6.6]).

1. Suppose that E and F are complex. Let f : U — F be complex-analytic and
assume that U is connected. If f(x) = 0 for all x € V for some open and
non-empty V. C U, then f = 0.

2. Suppose that E is real and F' is complex. Let f : Uc — F be complex-analytic,
where Uc C E¢ is open and connected. If Uc contains a mon-empty subset
V C E that is open in E and f(x) =0 holds for every x € V, then f = 0.

Proposition 6.2.15. Let x € U. The following linear map is continuous:

J COO(U, F) — P(E,F),
=1
fHZHfS’;(f)
k=0

If U is connected, then its restriction to C¥ (U, F) is injective.

Proof. The map j&° is linear, as each 6% : C®(U,F) — PY(E,F) is so. As
P(E,F) = [, P"(E,F) carries the product topology, to see j5° is continu-
ous it suffices to show that 6% is continuous for every k € N>q. This is immediate
from the definition of the compact-open C'*°-topology on C*(U, F') [Nee06, Def.
1.5.1(d)], and the topology of uniform convergence on compact subsets carried by
PY(E,F). Assume that U is connected. Let f € C*(U,F) and suppose that
J2°(f) = 0. Using Proposition 6.2.10 it follows that f(z 4+ h) = 0 for all h in some
0-neighborhood of E. By Proposition 6.2.14 this implies that f = 0. O
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6.2.2 Smooth, analytic and strongly-entire representations

Let G be a BCH(Baker-Campbell-Hausdorfl') Fréchet-Lie group with Lie algebra
g. We write g¢ for the complexification of g.

Let us first recall some notation, introduced earlier in Chapter 2. If D is a pre-
Hilbert space, we write £(D) for the set of linear operators on D. We further define
the algebra

LY(D):={X e L(D):3X' € L(D) : Vip,n €D : (X, n) = (¥, Xn) }.

Then (—)' is an involution on £T(D), turning it into a *-algebra. We will also have
need for various involutions on the universal enveloping algebra U(gc) of ge. Let
0 : gc — gc be defined by 6(§ +in) := & —in for {,n € g.

Definition 6.2.16. Extend the conjugation 6 on g¢ to a complex conjugate-linear
automorphism of U(gc). Let 7 denote the involutive anti-automorphism of U (gc)
extending £ — —& on gc. Define z* := 7(0(x)) for x € U(gc). Explicitly, 6,7 and
(—)* satisfy the following relations, where §; € gc for j € N:

( fn) = ( 1)n€n E 1
(& fn)* = (=1)"0(&) - - 0(&).

If (p, H,) is a unitary G-representation, we say that it is continuous if it is so with
respect to the strong operator topology on U(HP).

Definition 6.2.17. Let (p,H,) be a continuous unitary representation of G. A
vector ¢ € H,, is called smooth, resp. analytic, if the orbit map G — H,, g9 — p(g)v
is smooth, resp. analytic. We write H7° and H, for the linear subspaces of smooth
and analytic vectors, respectively. We say that the representation p is smooth if
H;° is dense in H, and analytic if H) is dense in H,,.

Remark 6.2.18. If p is a smooth unitary representation of G, then the derived
representation dp of gc on H,° extends to a homomorphism dp : U(gc) — Lt (H°)
satisfying dp(z)" = dp(z*) for any x € U(gc).

Definition 6.2.19. Let (p,,) be a smooth unitary representation of G.
— Following [JN19, Def. 3.9], we define two locally convex topologies on Mo

— The weak topology on H;° is defined by the seminorms
pe(¥) := lldp(&1---&)¥ll,  where n € N>g and § = (&1,...,6n) € 9
— The strong topology is defined by the seminorms

pB(¥) = sup [|dp(&1 - - &),
£eB

where B C g" is bounded and n € Nx.
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If G is regular, then the space H;° is complete w.r.t. to either of these topolo-
gies [JN19, Prop. 3.19], where we also used that G is a Fréchet-Lie group.

— A vector ¢ € H;° is called entire if
(o] 1 N
S L sup fldp(e™) ] < o0
oo 'V ¢eB

for every compact B C gc.

— It ¢ € H7® and B C gc, we define

pp(W) = sup |dp(&1--- &)Yl

£1,.-,6n€B
and
oo 1 .
a5(¥) =D —pp(¥).
n=0 "

— A vector ¢ € H° is called strongly-entire if qp(1)) < oo for every compact
subset B C gc. It is said to be b-strongly-entire if qp(v) < oo for every
bounded subset B C g¢.

— We write "Hf? C H,® and ’H,?b for the linear subspace of strongly-entire and
b-strongly-entire vectors, respectively. Equip ’H? (resp. Hf?b) with the locally
convex topology defined by the seminorms ¢p for compact (resp. bounded)
subsets B C gc.

— We say that the representation p is strongly-entire if 7—[,()9 is dense in H,, and
that it is b-strongly-entire if 7-[,?" is dense in H,.

If ¢ € HP, we write f¥ : G — H, for the orbit map f¥(g9) = p(g)v. As f¥
is smooth, the homogeneous polynomial f¥(£) := Ldp(¢")y is continuous as a
map gc — Hp, so f¥ € P"(gc,H,). Notice further that ji°(f¥) = Yoo f¥ €
P(gc,H,). Let 8Y be the unique element of Sym™(gc, H,,) satisfying f = BY o A,,.

Explicitly, 8% (¢1,...,&,) = ﬁ Zaesn dp(&y, -+ &g, 0.

Lemma 6.2.20. Let ¢ € H;°. Assume that qs (V) < oo for every compact subset
B Cg. Then qg(¥) < oo for every compact subset B C gc.

Proof. Let Bc C gc be compact. Replacing B by its balanced hull, we may
assume that Bc is balanced. Let B := {5 +¢: &€ Be } C g, which is compact in
g. Then Bec C B+ 4B and so ¢, (¥) < ¢25(¢) < oo. O

100



Proposition 6.2.21. Let (p,H,) be a smooth unitary representation of G. Let
Y € H®. The following assertions are equivalent:

1 e HE.

2. There exists a 0-neighborhood V. C g such that En 0 n,dp(f”)z/) converges
for every € € V and the map V- — H,, £~ 300 Sdp(E™)Y is continuous.

n=0 n!

3. 322 Ldp(€™)h converges for every & in a 0-neighborhood g.

n=0 n!

4. There is a 0-neighborhood V C g such that Y-, _, =pf (1) < oc.

5. There is a 0-neighborhood V C g such that > o (¢, dp(§")Y) converges
forallE € V.

6. The map G — C, g — (¥, p(g)¥) is analytic on a neighborhood of 1 € G.

Proof. Assume that ¢ € H. Then the orbit map f V.G — 'H, is real-analytic, and
hence so is f¥oexp : g — H,. Notice that f¥(e®) = p(ef)y, so that 5 (f¥ oexp) =
dp(§™)4. Using Proposition 6.2.10, it follows that f¥(ef) = >°°7 n,dp(f")w on
some balanced 0-neighborhood V' C g. So (1) = (2).

We show that (2) = (1). Let V C gbe a 0-neighborhood such that Y7 ) Ldp(£™)y
converges for every £ € V and s.t. the map & — >~ 0 n,dp(f")z/J is continuous on
V. Replacing V by some smaller balanced open set, we may assume that V is
balanced. Define h¥ (§) := 37 ) Ldp(£™)1. In view of Remark 6.2.6, the assump-

tions imply that h¥ is real-analytic on V, where it was used that g is Fréchet and
H, is a Hilbert space. Then h¥ is smooth by Proposition 6.2.9. Let £ € V. We

show that h¥ (&) = p(e®)y. Let s € I := [—1,1]. Then s¢ € V, because V is
balanced. Notice that
d d
o P =dp(h"(s¢),  and | P = dp(€)p(e*).
t=s t=s

Let n € H5°. Using dp(€)*n = —dp(&)n it follows that £|,__(p(e")n, h¥ (t€)) = 0
for all s € 1. Hence (n, p(e”*)hY (t£)) = (n,¢) for all t € I. As this is valid for
any 7 in the dense set H7° it follows that p(e ¥YRY (t€)yp = ) or equivalently that
Y (té)y = p(et)p for all t € I. In particular, taking ¢ = 1 we conclude that
h¥ (&) = p(ef)y for all € € V. As hY is real-analytic on V, so is & = p(e®)1). Since
G is BCH, this implies that g — p(g)¥ is analytic on a neighborhood of 1 € G.
In turn, this implies that it is analytic everywhere, where we have used that G is
a real-analytic Lie group and that the composition of real-analytic maps is again
real-analytic [G1602b, Proposition 2.8]. Thus 9 € H}.

The implication (2) = (3) is trivial whereas (3) = (4) follows from [BS71a,
Prop. 5.2] because V is absorbing and g is a Baire space, as it is Fréchet. To see
that (4) = (2), assume that V C g is a O-neighborhood s.t. > Lp (¥) < oo.

For £ € V, we write sy (&) := Y0l Hdp(€")¢ and s(€) = 302 Hdp(E)y. 1
remains only to prove that s is continuous on V. Let £ € V. Suppose that (fk)
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a sequence in V with & — & Let € > 0. Let N € Nbes.t. Y07 v Lph (1) < e
Then for any n € V we have [|s(n) —sy(n)[l < >0 i1 Lpl(¥) < e. Using that
sy is continuous, let N’ € N bes.t. |[sy(§) —sn(&k)|| < eand & € V forall k > N'.
Then

15(€)=s(&)l < [Is(€)=sn ()l +lsn (§)=sn (&) I +]sn (§k)—s(&r)Il < e, VE = N".

Thus s(&) — s(§). Hence s is sequentially continuous at 0. As g is Fréchet, this
implies that s is continuous at £&. Thus (1) <= (2) <= (3) < (4). Itis
trivial that (3) = (5) whereas (5) = (3) follows immediately from [Neell,
Prop. 3.4, 6.3] (by considering D := H3° and v := ¢). Finally, (6) <= (1) is
precisely [Neell, Thm. 5.2]. This completes the proof. O

Let us consider an analogous statements for entire vectors:

Proposition 6.2.22. Let ¢ € Hi°. The following assertions are equivalent:

1. The series > oo fY(€) = Y02y 2dp(£M)Y defines an entire function

n=0 n!

gc — Hp, 5’_>Zf:f)(f)
n=0

2. 1 is an entire vector for p, i.e., Y. o %SUPgeB ldp(§™) Y|l < oo for every
compact B C gc.

3. The map g — H,, &~ p(eS)y extends to an entire function gc — H,.

4o >0, SUpg, c 18Y (&1, - -, &0)|| < oo for every compact B C g.

Proof. As gc is Fréchet by assumption, we know using Lemma 6.2.8 that the series
S o (&) =007 ) Ldp(€M)y defines an entire function on gc if and only if

n=0 n!

oo

1
S = sup [dp(€M)ul] < 0, VB C g compact.
n' geB

n=0

That is, if and only if (2) holds true. Thus (1) <= (2). Assume next that
(2) is valid. As singletons are compact, it follows in particular that Y., _, f¥(€)
converges for every { € gc. By Proposition 6.2.21, this implies that ¢ € H;. Hence
the orbit map f¥ : G — H, is real-analytic. As G is BCH, the exponential map
exp : g — G is real-analytic and hence & — f¥(ef) = p(e)1) is a real-analytic map
g — H,. Since 65 (f¥oexp; £) = dp(£m)y for every n € N, Proposition 6.2.10 implies
that f¥(e®) = > 0" Ldp(£™)¥ on some O-neighborhood in V. As (2) and hence
(1) hold by assumption, it follows that Y - f¥ is an entire function extending
¢ +— p(e®)y. Thus (3) holds true. Suppose conversely that (3) is valid, so that
f¥oexp extends to an entire function F : gc — ‘H,. By Proposition 6.2.10 and using
that 6§ (f¥ o exp; &) = dp(£™)y for n € N, we find that F(§) = > 0" Ldp(¢")v

for every £ € gc. Thus (1) holds true. We have shown (1) < (2) < (3).
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Next we show (2) = (4). Let B C g¢ be compact. As g¢ is complete, the
closed convex hull of B is again compact [Tre67, p. 67]. Thus we may assume that
B is convex. Replacing B further by its balanced hull, we may assume that B is
balanced. Then B +---+ B (n times) C nB. From equation (6.2.3) it follows that

swp 18261, &l < 2 sup 172©0 = 22 sup £ @)1
&EB N ¢enB n: ¢eB

Choose some t > 2e. Since Y " supgcp 1 £4(€)]| < oo for every compact B, it
follows (by considering ¢B) that there exists some C' > 0 s.t. supgep [ f¥ (€] <
Ct™" for every n € N>(. Then

Z sup Hﬁ;f(gl,’gn)n < CZOT;(QZI) -~

n=0 iEB
The implication (4) = (2) is trivial. O

Remark 6.2.23. The characterization (4) of entire vectors in Proposition 6.2.22
makes the difference between entire and strongly-entire vectors clear, namely whether
one considers the symmetric n-linear maps 8% or their non-symmetric analogues
(&1, &) = Sdp(&r -+ &)1, Analogous to [Neell, Rem. 3.7], it is in general not
known whether or not any entire vector is in fact strongly-entire. In the case where
g is finite-dimensional, this follows immediately from [Pen74, Thm. 1.3, Rem. 1.7].

Corollary 6.2.24. 7—[/()9 CHS CHY.

Proof. Any strongly-entire vector is entire. Consequently, the first inclusion follows
by combining Proposition 6.2.22 and Proposition 6.2.21. The second one follows
from the fact that if the orbit map f¥ : G — H, is real-analytic, then it is smooth
by Proposition 6.2.9. O

The space ’HS) of strongly-entire vectors will be considered in more detail in Sec-
tion 6.3 below.

6.2.3 Positive energy and ground state representations.

Let G be a locally convex Lie group with Lie algebra g. If H is a Hilbert space and
S C H is a subset, we write [S] C H for the closed linear span of S.

Theorem 6.2.25 (Borchers-Arveson [BR87, Thm. 3.2.46], [BGN20, Lem. 4.17]).
Let M C B(H) be a von Neumann algebra on the Hilbert space H. Let (Up)ier
be a strongly continuous unitary one-parameter group satisfying Ut/\/lU[1 cM
for allt € R. Assume that U; = e with H > 0. Define a : R — Aut(M) by
() := Ady, () == UyzU " for t € R and x € M. Denote by M*(S) C M the
Arveson spectral subspace for S CR. Then
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1. There exists a strongly continuous unitary one-parameter group V; = e*Ho in
M with Hy > 0 and Ady, = a4 for every t € R.

2. NyoM“[t,00)H] = {0}.

3. Vi is uniquely determined by the additional requirement that for any other
such V] = e'Ho we have H, > Hy. In this case, the spectral projection P
corresponding to V; is determined uniquely by

Plt,00)H = [ |[M®[s, 00)H].

s<t

Definition 6.2.26. Consider the setting of Theorem 6.2.25. A unitary one-
parameter group V; = e!*f0 satisfying the conditions of Theorem 6.2.25(1) is called
a positive inner implementation of o : R — Aut(M) on H. If V; additionally sat-
isfies the condition in Theorem 6.2.25(3) then it is said to be the minimal positive
inner implementation of o on H.

Definition 6.2.27.
A smooth unitary representation (p,H,) of G is of positive energy (p.e.) at & € g if

—iSpec(dp(§)) > 0. If additionally H,(0) := ker dp(§) is cyclic for G, then (p,H,)
is said to be ground state at & € g.

Definition 6.2.28. Let o : R — Aut(G) be a homomorphism for which the
corresponding action Rx G' — G is smooth. Define G* := Gx,R and g := L(G*) =
g xp Rd, where d :==1 € R. Let (p, H,) be a smooth unitary representation of G.
We write M := p(G)” for the von Neumann algebra generated by p(G).

1. An estension of p to G* is a smooth unitary representation 5 of G* on H,
such that p|, = p.

2. We say that p is of positive energy w.r.t. « if there exists an extension p of p
to G* which is of p.e. at d € g*. In this case p is called a positive extension
of p.

3. Assume that p is of positive energy w.r.t. a. A minimal positive extension p
of p is a positive extension p of p to G* such that V; := ple, t) is the minimal
positive inner implementation of the automorphism group R — Aut(M), ¢ —
Ady,. Then in particular V; € M for every ¢t € R.

4. A unitary representation p of G that is of p.e. w.r.t. « is said to be ground
state if it has a minimal positive extension that is ground state at d € g*.

Definition 6.2.29. Let a : R — Aut(G) be an R-action on G for which the
corresponding map R x G — G is smooth. Let G denote the set of equivalence
classes of irreducible unitary representations of G that are smooth. Define

~

Gpos(a) = {p €q : p is of p.e. w.r.t. a} .
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Proposition 6.2.30.
Consider the setting of Definition 6.2.28. Assume that p is of p.e. w.r.t. .

1. There exists a unique minimal positive extension py of p to G¥.

2. If p is any other positive extension of p to G*, there exists a strongly contin-
uous unitary 1-parameter group (Uy) in M’ such that p(t) = po(t)Uy. In this
case po(G*)" = p(G)". In particular, p is irreducible if and only if po is.

3. Assume that ar = idg for some T > 0. Then po(T) = idy, and p is ground
state w.r.t .

4. Let P denote the spectral measure associated to t — po(t). Let € > 0. Then
the projection P[0, €) has central support 1y = idy, € Z(M). In particular
P[0, e)H,, is cyclic for M.

Proof. The first three assertions follow by [JN21, Cor. 3.9] and the last by [BGN20,
Lem. 4.17). O

6.3 The space ”H/? of strongly-entire vectors

Let G be a BCH Fréchet-Lie group with Lie algebra g. Let (p,#,) be a smooth
unitary representation of G. In this section, we extend some results of [Goo69]
concerning the space of strongly-entire vectors ”Hf? from the case where G is finite-
dimensional to the present setting.

6.3.1 Necessary conditions for the existence of strongly-entire
representations

We first show that when dim(g) < oo, the definition for H$ (Definition 6.2.19)
agrees with the one used in [Goo69, p.61]. The existence of a dense set of strongly-
entire vectors is well-understood for continuous unitary representations of finite-
dimensional Lie groups, yielding immediate necessary conditions for the existence
of strongly-entire representations in the infinite-dimensional setting. This will turn
out to be quite restrictive.

Assume that dim(g) < oco. Let us recall the definition used in [Goo69, p.61]. Let
{e,}i_, be a basis of g. For v € H5°, we define

oo n

s
Es(v) = ; oS ldp(ep, - - ew,)oll € [0, 00].

Set HY* == {veH? : Ey(v) <ooforall0<s<t} fort > 0. Wenow define

7-[29/ = M=o H*. Equip H?/ with the locally convex topology defined by the
seminorms FE, for s > 0.

Lemma 6.3.1. Hf?b = Hf = ”Hf,?/ as an equality of locally convex vector spaces.
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Proof. Define for s > 0 the compact subsets

d

Bs = {Zcue# i, €C, eyl <s Vue {L...,d}} Cgc.
pn=1

Let s > 0. As se;, € B, for any 1 € {1,...,d}, it is immediate that E,(v) < gp, (v).

Conversely, take ; € B, for j € {1,...,n}. Then§; = Zﬁjzl Cu,eu; € Bs for some

cu; € C with |c,,| < 5. So

d
dp(&jy -+ &G, v = Z Cpuy = Cpun dp(€py ~ €11, )V
H1yee b =1
Consequently
d
ldp(&), -+~ & )0l < 8" Y7 lldp(en, e, )oll < ™™ sup |dp(eg, =€, )0l
[ty pin =1 Ispr=d

Hence Ey(v) < gp,(v) < Ega(v) for any s > 0. This shows that HS = HS'
as locally convex vector spaces. Since dim(gc) < oo, it is moreover clear that
’H?b = 7—[?, because the closure of any bounded set in g¢ is compact. O

Following [AMG66, p. 128], [Jen73, p. 115] and [Pen74], we define:
Definition 6.3.2.

— A finite-dimensional Lie group G is said to be of type R if Spec(Ad,) C T for
every g € GG, where T C C is the unit-circle.

— A finite-dimensional Lie algebra g is said to be of type R if Spec(ade) C iR
for every & € g.

Remark 6.3.3. Lie algebras of type R are by some authors also called weakly elliptic
[Nee98b, Def. I1.1].

Proposition 6.3.4 ([Jen73, Prop. 1.3]).
Let G be a finite-dimensional connected Lie group with Lie algebra g. Then G is
of type R if and only if g is of type R.

Proposition 6.3.5 ([Pen74, Lem. on p. 120]).

A finite-dimensional Lie algebra g is of type R if and only if it is the semi-direct
product s X € of a compact semisimple Lie algebra € and a solvable Lie algebra s
that is of type R.

Theorem 6.3.6 ([Pen74, Cor. IL.5]).
Let G be a finite-dimensional Lie group and p a continuous unitary representation
of G. Then 7—[,()9 is dense if and only if p factors through a Lie group of type R.

In the setting where G is a possibly infinite-dimensional BCH Fréchet-Lie group,
this yields:
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Corollary 6.3.7. Let G be a possibly infinite-dimensional BCH Fréchet-Lie group.
Suppose that (p, H,) is a strongly-entire unitary representation of G. If p is injec-
tive, then any finite-dimensional Lie subgroup of G is of type R.

Proof. Let H be a finite-dimensional Lie subgroup of G. Then 7 := p|, is a
continuous unitary H-representation on H, := H, =: H. Since ’Hf C HO, HO is
dense in H. As p is injective, it follows by Theorem 6.3.6 that H is of type R. [

As an illustration: If p is injective and 7—[? is dense, then G can not contain
a single copy of the ax 4+ b group. On the other hand, Theorem 6.3.6 provides
ample examples of continuous representations that admit a dense set of strongly-
entire vectors. Indeed, simply take any continuous unitary representation of a
finite-dimensional Lie group of type R. The following examples show that also
infinite-dimensional Lie groups may admit a dense set of strongly-entire vectors.

Example 6.3.8 (Norm-continuous representations).

Let G be a BCH Fréchet-Lie group and let p : G — U(#,) a unitary representation
of G which is continuous w.r.t. the norm-topology on U(H,). Equipped with the
norm topology, U(#,) is a Banach-Lie group with Lie algebra

w(H,) ={T eB(H, : T"=-T},

and the continuous homomorphism p : G — U(H,) is automatically analytic by
[Nee06, Thm. IV.1.18]. This implies that Hj = H,. Let us show that we even
have ’Hf” = H,. As the representation dp : g — u(#,) is continuous, there exist
a continuous seminorm p on g s.t. ||[dp(§)| < p(§) for all £ € g [Tre67, Ch. 1.7,

Prop. 7.7]. So [|dp(&1) -~ dp(&n)¥ll < p(&1) -+ - p(En) Y]], where &; € g for j € N
and ¢ € H,. So if B C g is bounded, then with M :=supp(B) < oo we get that

o0 o0

M’n
Z S ldp(€0) - dp(En)ull < D —llwll = e [[w]] < co.

= n=0
Using Lemma 6.2.20, this proves that Hfogb =H,.

Example 6.3.9 (Positive energy representations of Heisenberg groups).

We recall the construction of positive energy representations of Heisenberg groups,
and show that they admit a dense set of b-strongly-entire vectors. Let V be a real
Fréchet space and w a non-degenerate continuous skew bilinear form V x V' — R.
Let G := Heis(V,w) be the corresponding Heisenberg group, so its underlying set
is T x V and it has multiplication (z1,v1) - (22,v2) = (zlzge*i“’(““),vl + vg).
As V is a Frechet space, it is Mackey complete by [KM97, Thm. 1.4.11]. Using
[Nee06, Thm. V.1.8], this implies that G is regular. Let G¢ := Heis(V¢,w) be the
corresponding complexification. Let J be a compatible positive complex structure
on V, meaning that J*w = w and w(v,Jv) > 0 for any non-zero v € V. The
positive-definite sesquilinear form (v, w) := w(v, Jw) + iw(v,w) makes V into a
complex pre-Hilbert space, whose completion we denote by V7. Notice that the
inclusion V' — V7 is continuous. Equip the symmetric algebra S®(V.7) with the
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inner product satisfying

<U1"'Un;w1"'wn>: Z H<Uj7w0j>7 for Uj7wj€VJ' (631)
oceSy j=1

Let H, be the corresponding Hilbert space completion of S' (Vj) Then H, contains
and is generated by the “coherent states” e¥ := "> 0 n,v € H, for v € V7, and

there is a unitary representation p of Heis(V,w) on H, satisfying ([P886 Sec. 9.5)):
p(z,v)e" = ze~ g VP = {vw) gotw for v,w €V and z € T.

A direct computation verifies the equation p(vi)p(ve) = e~ ¥1:92) p(vg 4 wy) for
v1,v2 € V. Let Q € H, be the vacuum vector. The map

II?

G — C, (Z,'U) > <Q,p(z,v)Q> = Zefé”'“

is smooth, so it follows from [NeelOa, Thm. 7.2] that H,° contains the cyclic vector
2 and is therefore dense in H,. So p is smooth. The infinitesimal g-action dp sat-
isfies dp(v)y = (c(v) — a(v))y for any v,w € V and ¢ € S*(V7), where ¢(v)y) = vp
is the creation operator with core S®(Vy) and a(v) := ¢(v)* is its adjoint, the an-
nihilation operator. From ¢(Jv) = ic(v) and a(Jv) = —ia(v) we obtain that the
C-linear extension of dp to gc¢ satisfies dp(v + iw) = ¢(v + Jw) — a(v — Jw) for
v,we V.

To see that 'Hf?b is dense in H,,, it suffices to show that it contains the cyclic vector
Q, because ”Hf?b is G-invariant (cf. Lemma 6.3.19 below). Let B be the open unit-
ball in V7. Let K C V be a bounded subset of the real Fréchet space V. Then K
is also bounded as subspace of V7, and is thus contained in sB for some s > 0. If
v € B, then ([BR97, p. 9])

Ie(@)lgn vy | = 11 a@)lgnaqv,) | < VR + 1.
So if (vj)jen is a sequence in B, then sup,, , cplldp(v,)---dp(v1)Q < 2"v/n!

for any n € N. Consequently,

oo TL o0

(25)"
Q) < gs sup ||dp(vy,) - - dp(v1)Q < < 00
qr () < gsB( 2 , up [dp(vn) - - dp(v1)S2| nEZO T

It follows using Lemma 6.2.20 that Q2 € "Hf*’. Hence Hf?” is dense in H, and p is
b-strongly-entire.
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6.3.2 Properties of ”Hf? and holomorphic extensions

Let (p,H,) be a smooth unitary representation of G. Throughout this section, we
assume in addition that G is a regular Lie group. Our goal is to determine various
properties of the locally convex space ”Hf?. These are summarized below:

Theorem 6.3.10. The locally conver space ’Hf has the following properties:

1. The inclusion 7-[,? = H° is continuous w.r.l. the weak topology on Hp°.

2. 7—[? is Hausdorff and complete.
3. 7-[,? s both G- and g-invariant.
4. The series Y #dp(nm)w converges in 'H[(? for every ¢ € ’Hg) andn € gc.
The corresponding map
) 1 . N
go X H) S HT )= Y —dp(n™)Y = ey (63.2)
m=0

is separately continuous and extends the map g x 7-[[(,9 — ’HS, (n, ) — p(eM)p.
In particular, the function gc — Hf?, 1+ pc(n)y is entire for every ¢ € 7-/,29.

5. For any ¢ € ’H?, the orbit map G — ’Hg, g — p(g) is real-analytic.

Before proceeding with the proof of Theorem 6.3.10, we first mention some impor-
tant corollaries and related remarks.

Corollary 6.3.11. Assume that ’Hf is dense in H,. Define the map

_ _ 1 .
pe:gec = BHS),  pe(nv =) —dp(in" Ju. (6.3.3)
n=0

Let U C gc be open and convex. Assume that U N g is non-empty and open in
g. Suppose that the BCH series defines a complez-analytic map x : U x U — gc.

Then pc(& +n) = pc(§)pe(n) for any (§,n) € U x U.

Proof. Define Ug :=UNg. Let v,w € 'Hf? C H,°. Recall from Remark 6.2.18 that
dp(x)t = dp(z*) in ET("HZO) for any = € U(gc). Using Theorem 6.3.10(4) and the
fact that compositions of analytic maps are again analytic [BS71a, Thm. 6.4], it
follows that the two maps U? — C given by

(&,m) = (v, pc(§)pe(n)w) = (pc(§)v, pc(n)w),
(&;m) = (v, pc(§ * n)w)

are both complex-analytic. They agree on the real subspace UZ, on which they both
equal (&,n) — (v, p(ef)p(eMw) = (v, p(eSe")w). Tt follows using Proposition 6.2.14
that they must be equal everywhere. Since 'Hf is dense in H,, we find with

&,n € U that pc(&)pc(n)w = pe(€ * n)w for every w € 7—[?7 and therefore that

pc(§)pe(n) = pc(€ *n). =
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Corollary 6.3.12. Let (p,H,) be a strongly-entire unitary G-representation and
define pc : gc — B(’H?) by equation (6.3.3). Let G¢ be a regular 1-connected
complex BCH Fréchet-Lie group with L(Gc) = gc. Then there is a representation

pcC . G(C — B(’H/?)X

of G¢ on 7-[[(,9 satisfying pc(eS) = pc(€) for all € € gc, and for which the orbit map
Ge — ’Hf?, g+ pclg)yY is complex-analytic for every ¢ € ’HE?.

Proof. As G¢ is a complex BCH Lie group, there are open symmetric convex 0-
neighborhoods U, U’ C gc¢ such that U C U’, U N g is open in g and the BCH
series x defines a complex-analytic map * : U x U — U’ C g¢. Shrinking U
and U’ if necessary, we may further assume that the restriction of expg. to U’
is biholomorphic onto some open 1-neighborhood V of G¢. Define the function
[V = B(HS) by f(e®) := pc(€). In view of Corollary 6.3.11, f satisfies

f(efen) = f(e5) = pe(Exn) = pe(E)pe(n) = f(e5)f(e"),  VeEneU, (6.3.4)

where the first equality follows from [Nee06, Thm. IV.2.8] and Proposition 6.2.15.
In particular f(ef) € B(HS)* and f(ef)™' = f(e%) for any & € U. As G¢
is a l-connected topological group, (6.3.4) further implies that there is a group
homomorphism p¢ : Ge — B(HS)* extending f (cf. [GN, Proposition C.2.1]). Let
P € 7—[29. As expg, restricts to a biholomorphic map U’ — V, it follows using
Theorem 6.3.10(4) that the map

VU, e pe(ef) = fe ) =pc)y, el

is complex-analytic. As G¢ is a complex-analytic Lie group and V C G¢ is an
open l-neighborhood, this implies that orbit map g — pc(g)¥ is complex-analytic
Ge — Hf?. The map gc — ’Hf?, € = pc(ef)y is therefore complex-analytic, and it
agrees by construction with the entire map £ — p(§)1 on the open 0-neighborhood
U’ of gc. It follows by Proposition 6.2.14 that they are equal everywhere, so
pc(ef) = p(€)y for every & € ge. Since this holds for all ¢ € ’HS, we conclude

that pc(ef) = p(€) for all £ € ge. O

One might wonder whether or not the map in equation (6.3.2) is also jointly con-
tinuous. The following example shows that this is generally false:

Example 6.3.13. Consider the Frechet-Lie group G = RY, equipped with the
product topology. Let g = RY be its Lie algebra. Notice that G is also regu-
lar and BCH. Consider the unitary representation of G on H, := (*(N,C) de-
fined by (p(9))(k) := e9®(k) for g € G and ¥ € (*(N,C). Letting C™
denote the space of sequences in C with only finitely many non-zero components,
the space H7° of smooth vectors is H° = CM™ [Neel0a, Ex. 4.8]. Notice that
(dp(&)) (k) = i&(k)p(k) for € € ge and ip € CV. The weak and strong topolo-
gies on H° agree, and they both coincide with the locally convex inductive limit
topology on C(™) [JN19, Ex. 11]. This is the strongest locally convex topology on
C®™ for which the inclusion CN < C™ is continuous for every N € N. We claim
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in addition that HS» = HS = C™ as locally convex spaces.

Let 7 : CN — C, 9 + 9(k) be the projection onto the k-th component for k € N.
Let ¢ € C™N. Then there exists N € Ns.t. 1)(k) =0forallk > N. Let B C gc bea
compact subset, and notice that B is contained in the compact set B" := [, By,
where By, := m(B). Set M := sup{|{(k)| : £ € B', 1 <k < N} < oco. Then

N
ldp(€1---E)pllfe = D L1 (k) -~ Ealh)P(R)* < M| @l[7,  V&r,--- . &n € B,

We thus obtain that

oo

1

() < () = ot S lldp (€ Ea)ie < Mgl < oo (6.3.5)
n=0 i€

Hence ¢ € Hf. So CV C ’Hﬁ?. We also have ’Hf - 7—[,0)0 = (C(N), SO 7—[29 =CcWm,

Noticing that the constant M in (6.3.5) depends only on N and B, the estimate

(6.3.5) moreover shows that the inclusion CV < 7—[? is continuous for every N € N.

The locally convex inductive limit topology on C™) is therefore finer than that of
’Hf. As the inclusion H,? = HF = C®™ is moreover continuous w.r.t. the weak

topology on H5°, by Theorem 6.3.10(1), it follows that Hg) =Hy = CM as locally
convex vector spaces. Since H,;“;l By, C RN is bounded whenever every By, C R is
S0, it is similarly shown that 7—[?” = CM as locally convex vector spaces.

Now, it is shown in [NeelOa, Ex. 4.8] that the action
gxCW = A(N,C), (&) = dp(€)y

is not jointly continuous (w.r.t. any locally convex topology on (C(N)). This also
implies that the map

gex CO 5™, () Y Ldp(€)y
k=0

can not be jointly continuous.

Remark 6.3.14. Replacing ‘compact’ by ‘bounded’ and HS by HS* in the proof of
Theorem 6.3.10 (given shortly), one verifies that all statements in Theorem 6.3.10
remain true if 'Hf? is replaced by the locally convex space ’H?b. The inclusion
'Hf?b < H,° is moreover evidently continuous w.r.t. the strong topology on H;°.

Remark 6.3.15. Tt may in certain situations be desirable to consider ’Hf’? instead
of 7—[29. For example, if G is a Banach-Lie group, then the locally convex topology
on ’H?b is Fréchet. Since the map

o0

ge x HY = A, =

m=0

") = pE)Y (6.3.6)

1
m!
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is separately continuous and linear in the Hf?b—variable, this implies using [NeelOa,
Prop. 5.1] that the function in (6.3.6) is jointly continuous, and is therefore entire.

In this case we consequently obtain a stronger analogue of Corollary 6.3.12. Indeed,
take U C g¢ as in Corollary 6.3.11, and suppose that the BCH series defines
a complex-analytic map x : U X U — g¢. The functions (£,7) — pc(€)pc(n)v
and (£,m) — pc(€ *n)v are then both complex-analytic U x U — ’Hf?b for every
v E H[(?b. As they agree on Ugr x Ug, the must be equal on U x U. Consequently,
with G¢ as in Corollary 6.3.12, we obtain a representation pc : G¢ — B(?—Lf?b)x
that satisfies pc(e) = pe(€) for all € in some 0-neighborhood of gc, and for which
the corresponding action G¢ X ’Hf” — 7—[,?1’ is complex-analytic. We will come back
to this point in Section 6.5 below. Notice also that Example 6.3.13 above shows
that (6.3.6) need not be jointly continuous if G is only assumed to be Fréchet.

The proof of Theorem 6.3.10

Lemma 6.3.16. Let B C gc be compact and let ) € "Hf?. Then Lp%(¥) < q5(¥)
for any n € N. In particular, the inclusion 7—[;9 <= H° is conlinuous w.r.t. the
weak topology on H,°.

Proof. Let 9 € ’H?. It is trivial that %p%(z/}) < gg(¥). For the final statement,

consider the continuous seminorm pg(v)) := [|dp(§1 -+ §,)3p|| on Hi® for some & =
(&1,...,&,) € g™. Taking for B the finite set B := {&1,...,&,} C gc, we obtain
that 5rpe(v) < 7P () < 5 (). N

Lemma 6.3.17. Hf? is both Hausdorff and complete.

Proof. 1t is clear that ’Hf is Hausdorff, because H7° is so. Let us show that it is
complete. Let (1)acr be a Cauchy net in ’H,f. Then it is also a Cauchy net in
H,°. The latter is complete [JN19, Prop. 3.19], where we use that G is a regular
Fréchet-Lie group. Thus ¢, — ¢ in H)° for some ¢ € H°. We must show that
(NS 7—[29 and ¢, = ¢ in 7—[0 Fix a compact set B C g Let € > 0. Choose ¢y > 0
such that eg(1 + €) < e. Let t > 1 be such that =5 < 1+ €. As (Ya)acr is
a Cauchy net in 7—[?, there exists v € I such that th(wa 1) < €y whenever
a, > ~. In particular %p%(z{;a —1g) < eot ™ for any o, > v and k € N>g.
Consequently, for any & € B with ¢ € {1,...,k} we have (using that ¢, — ¢ in
H;O):

Sldn(er €)W — )l = 2 Hm ldp(Er - 66) (e — )| S ot ™ for B2,

Thus 25p% (¥ — 1) < egt~F for any 3 > . Hence

B(V—vs) = Zkl (V—vp) <eozt_
k=0

This shows that ¢g(¢) < gg(¥ —v¥3) +¢p(¥5) < oo and that ¢ (¥ — 1) < € for all
B >~. As B and € were arbitrary, we conclude (using the proof of Lemma 6.2.20)
that 1) € HS and 1o — ¢ in HY. O

t
160 < ep(l+eg) <, VB >y
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Lemma 6.3.18. Let B, By C gc be compact subsets and let t > 1. Then there
exists a compact subset B’ C gc and some C > 0, both depending on B, By and t,
such that B C B’ and

m,Z ; sup Ph(dp(nn -1 )) < CF"am (V) (6.3.7)

for every m € N>g and ¢ € Hf. In particular, we have

—an(dpl™ ) < Ot a (0)

for any ¥ € 7—[?, 1 € By and m € Nxg.

Proof. We may assume that By and B are both balanced. Define B” := B U By,
which is again compact and balanced in gc. For any 71,...,7, € By and 9 € "Hf?
we have

P (dp(m - nm) ) < L () = LT ().
Hence sup, ¢ g, PE(dp(n1 -+ nm)¥) <t (ntm)pn e (). It follows that

o0

1
;n! mS_telgopB( (s -+ ZO o LS
—m — 1 n+m
<t (zt )(znm; @)
n=0

§ n+m
11 n' Pepr

Let s > 2. Notice that Y~ WS_(”H_W) < o0, and that

o0 jo%s) '
Z 1'p?§-/7n(w) = Z (mm)'s(mrm) . 1pn+m(w))

stB!
o o n! (n+m)!
= (n+m)
< (Z(n')s (n+ )) s (V).

Consequently, with C,, := "7 (ntm)! s—(n+m) 5 0 and B’ := stB”, we have:

n=0 m!n!

1 t—m

0 . n e < o, . N
ml 2= 7 Sup pi(dp(n -1 )¥) < Con—=5 45 (¥) (6.3.8)

Using Sn, (V) = 2%, notice that 3°0°_ Gy = Sy (2 ) < 00, and hence the
sequence (C’m)meN>0 is bounded. So there exists C' > 0 with C,, < (1 —¢~1)C for
all m € Nx>q. Now simply observe using (6.3.8) that (6.3.7) holds for this C' and
B’. Notice also that B C B’. O
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Lemma 6.3.19. 7—[? is both G- and g-invariant.

Proof. Let ¢ € 7—[,()9 and let B C g¢ be compact. As the adjoint action of G on
gc is continuous, Ad,(B) is again compact in g¢ for every g € G. Since p(g) is
unitary, we find that qg(p(g)y) = qAd,—(B) (¥) < oo. Thus p(g)y € ’Hf? and so

’H? is G-invariant. The g-invariance of /H? is immediate from Lemma 6.3.18. [

Lemma 6.3.20. Define for every m € N> the function

ftoox HS 5 HS, ful6w) = o€

The series Y o fm(&, 1) converges in Hg) for every £ € gc and Y € H,?. It
defines a separately continuous map

froex M = HS,  FE0) =D fml(& ). (6.3.9)

m=0
In particular, the map gc — ’Hf?, & f(&,) is entire for every ¢ € Hf.

Proof. Let & € gc, t > 1 and let B C g¢ be a compact subset. According to
Lemma 6.3.18, there is a constant C' > 0 and a compact subset B’ C gc¢ s.t.
Lgp(dp(§™)y) < Ct=™qp () for every m € N>q and ¢ € ’Hg). So for 1) € 7-[/(,9
we have

> Lanld(e" ) < C< 3 tm>fo<w> = ) <o
m=0 m=0

We thus find that the series > °_ fm (&, 1) converges in 7-[5,9, and that
C
ap(f(§)) < 119 (), Vi € HS-
In particular, the linear map Hf — 7—[,?, Y = f(&,1) is continuous.

We now show that f is also separately continuous in the &-variable. Take ¢ € 7—[?
and define f¥(£) := f(&,1) for € € ge. Let By C g(c be a compact subset. Consider

the functions h,, : By — Hf? defined by b (€) == -Ldp(€™)9 for m € N>g. Define
also h := fw‘BO. So k(&) = Do o hm(§) = fw(f) for £ € By. We show that

hm is continuous for every m € N> and that Zm:O hp, — h uniformly on By as
N — oo. This will imply that h is continuous.

Let m € N>q. Assume that (,)nen is & sequence in By with n, — 7 for some
n € By. Let B C gc be a compact subset and let ¢ > 1. Using Lemma 6.3.18,
there exists a constant C' > 0 and a compact subset B’ C g¢ containing B such
that (6.3.7) holds true. Let m € N>¢. Notice that

05 (10) — o (1)) = s (o — 7)) = >
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Since the multilinear map

o = H (&) = dp(Er, e Em)Y

is continuous w.r.t. the strong topology on Hy° [JN19, Lem. 3.22] and Pk is a
continuous seminorm on H;°, it follows that the function

oo oo '
S 5 sup A (dp(€™ — ™)) <23 1 sup ph(dp(CT ) < 20T g () < ov.

k=0 k! £€By k—o " C€Bo
t follows that the continuous functions 7 converge uniformly to
= 1
. — m
T : By — [0, 00), —;k— —n")Y).

It follows that 7 is continuous. In particular we obtain that 7(n,) — 7(n) = 0 as
n — oo, which in view of equation (6.3.10) implies that

4B (hm (M) — hm(n)) = 0 as n — oo.

We can thus conclude that h,, is continuous for every m € N>q.

With ¢ > 1, B, B’ and C > 0 as above, notice using Lemma 6.3.18 that

su = — su d m v ) < .
2 sup an(n(€) = 3 7 sup an(dpl€” ) < T gran (V)

Hence Z7Nn:0 hy — h uniformly on By as N — co. Thus h = f"/’|B0 is continuous.

We have shown that f| 5, ¢ Bo — HS is continuous for every compact subset
By C gc. Since gc is Fréchet and thus first-countable, it is compactly generated
in the sense that a set S C gc¢ is open if and only if S N By is open in By for
every compact By C gc. From the fact that f¥ | Bo is continuous for every compact

subset By C gc, it therefore follows that f¥ is continuous. So f is indeed separately
continuous. O

Lemma 6.3.21. Consider the function f in (6.3.9). For any £ € g and ¢ € 7—[?,
we have f(&,) = p(e€)p.

Proof. Let ¢ € 7—[}?. Then 1 is an analytic vector for p, by Corollary 6.2.24. In
view of Lemma 6.3.20, we find that the two maps & + p(e®) and & — f(&, 1)) are
both real analytic as maps g — H,. They moreover have the same image under the
jet-projection j5° : C¥(g,H,) — P(g,H,). Using Proposition 6.2.15, we conclude
that p(ef) = f(&,%) for all € € g. O
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Lemma 6.3.22. The orbit map G — 7—[?, g — p(g)v is analytic for any ¢ € "Hf?.

Proof. Let ¢ € ”H,[(?. As the Lie group G is BCH, Lemma 6.3.20 and Lemma 6.3.21
together imply that the map G — ”Hf?, g — p(g)Y is analytic on U for some
1-neighborhood U C G, which implies the assertion. O

6.4 A general approach to holomorphic induction

In this section, we define and study a notion of holomorphic induction for unitary
representations of Lie groups. The presented definition and results extend that
of [Neel3], by removing the requirement of norm-continuity of the representation
being induced. The precise setting we consider is as described below.

Let G be a connected BCH Fréchet-Lie group with Lie algebra g. Let H C G be
a connected and closed subgroup of G, and assume that H is a locally exponential
Lie subgroup of G (cf. [Nee06, Def. IV.3.2]). Let h := L(H) be its Lie algebra,
which we identify as Lie subalgebra of g using the pushforward of the inclusion
H — G. We then have exps(§) = expy () for all £ € h C g. We furthermore have:

Lemma 6.4.1. There exists an open neighborhood U of g s.t. expg|y s an analytic
diffeomorphism onto an open neighborhood in G and s.t.

expa(UNh) = expe(U)NH.
In particular, H is BCH and an analytic embedded Lie subgroup of G.

Proof. Since H is a locally exponential Lie subgroup of G by assumption, it follows
using [Nee06, Thm. IV.3.3] that there exists an open neighborhood U C g such that
expg |y is a diffeomorphism onto an open 1-neighborhood in G' and expg (U Nh) =
expo(U) N H. Consequently, H is an analytic embedded Lie subgroup of G, and
the exponential map exps can be used to obtain analytic slice charts for H. Since
G is BCH, it follows that also H is BCH. O

Let 6 : gc — gc be the conjugation defined by 0(€ + in) = £ —in for £,n € g. We
assume given a triangular decomposition

gc=n_®bcdny,

where ny and hc are closed Lie subalgebras of gc satisfying 8(n4) C n+, 6(he) C he
and [hc,ne] Cny. Set by :=ny x be.

The structure of this chapter is as follows. In Section 6.4.1 we establish some nota-
tion and preliminary definitions, in particular specifying a certain space of functions
on G that takes the role usually taken by the holomorphic sections of a complex
homogeneous vector bundle over G/H. In Section 6.4.2 we present the definition
of holomorphically induced representations and establish an equivalent characteri-
zation. We then proceed in Section 6.4.3, Section 6.4.4 and Section 6.4.5 to study
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the most important properties enjoyed by holomorphically induced representations.

As the theory of this section no longer has a clear interpretation in terms of holo-
morphic maps, we present in Section 6.5 a stronger notion that involves complex
geometry. The approach presented there depends crucially on the availability of a
dense set of b-strongly-entire vectors in the representation being induced.

6.4.1 A substitute for holomorphic sections

Let (0,V,) be an analytic unitary representation of H. Let us establish some
notation and preliminary definitions.

Definition 6.4.2. For ¢ € g, define the differential operators L) and Ly ¢)- on
C>=(G,V,) by

d

L, -2 1€y

(Lo f)(9) p tzof(ge )

(Logeyrf)(g) = % fle™®g), VgeG, feC™(G,V,).
t=0

Extend both § +— L) and § — L) C-linearly to gc and further to algebra
homomorphisms on U(gc), so we have e.g. Loy¢,...c,)r = Lo(e)r - Lo, for all
& €gcand ke {1,...,n}.

Remark 6.4.3. We thus adopt the convention that for £ € g, v(£) denotes the
left-invariant vector field on G associated to £ € g whereas v(£)" denotes the right-
invariant one.

Definition 6.4.4. Let D C V¥ be a subspace that is dense in V.

— An extension of do to by with domain D is a Lie algebra homomorphism
X : by — L(D) such that x(&§) = do(§)|p for all £ € he. We call (o, x) an
(H,b_)-extension pair with domain D.

— The trivial extension of do to by with domain D is defined by letting ni act
trivially on D.

Definition 6.4.5. For k € {1,2}, let (og, xx) be an (H,b_)-extension pair with
domain Dy. We say that (o1, x) and (o2, x2) are unitarily equivalent if there is a
unitary isomorphism U : V,, — V,, of H-representation such that UD; = D, and
Ux1(&)v = x2(§)Uv for all £ € b_ and v € Dy. In this case we write (o1, x1) =

(02, x2)-

Definition 6.4.6. For k € {1,2}, let (oy, xx) be an (H,b_)-extension pair with
domain Dj. Define the direct sum (o1, x1) ® (02, x2) := (01 B 02, X1 D X2), where
X1 D X2 is defined by

X1 @ x2: b — L(D; @ Dy), (x1 ® x2)(€)(v1,v2) = (x1(§)v1, x2(§)v2)-
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Definition 6.4.7. Let (o,x) be an (H,b_)-extension pair with domain D. We
say that (o, x) is decomposable if (o,x) = (01, x1) @ (02, x2) for some non-trivial
(H,b_)-extension pairs (o1, x1) and (o2, x2). We say that (o, x) is indecomposable
if it is not decomposable.

Recall the definition of the involutions 7,6 and (—)* on U(gc), specified in Defini-
tion 6.2.16. Recalling that 6(£ +in) = 6( —in) for £,n € g, the involutions 7 and
(—)* satisty 7(§) = =€ and £€* = —6(¢) for £ € gc. Extensions are used to specify
a suitable G-subrepresentation of C* (G, V, )

Definition 6.4.8. Let (o, x) be an (H, b_)-extension pair with domain D. Define

CH(G, Vo) i= { f € CH(G,Va) + f(gh) = alh) " flg),  VgeGheH)
CW(vazf HX = {f € CW(G’ VU)H : <U"Cv(£)f> = _<X(£*)’U’f>a V€ € b-HU € D}

Let us next record an important property regarding C* (G, V,, )X

Proposition 6.4.9. Let (0,x) be an (H,b_)-extension pair with domain D. Let
f€C¥(G, V)X, Then

f(g) € dom(x(z*)*) and  (Ly(r@)f)9) = x(x*)" f(9), Vr e U(by), Vg € G.

Proof. Let v € D. Suppose that ¢ = & ---&, for n € N and & € by. Observe

that f(g) € dom(x(n*)*) and (Lyf)(9) = —x(n*)*f(g) for any g € G and
1 € by, as a consequence of Definition 6.4.8. It follows by induction on n € N that

<Uv ‘Cv(flﬁn)f> = (_1)H<X(£f e 57*1)1)? f> This imphes <Ua ‘Cv(‘r(z))f> = <X($*)U, f>

for any x € U(by) and v € D. The assertion follows. O

6.4.2 Holomorphically induced representations

We now define holomorphically induced representations. Fix throughout the sec-
tion an (H, b_)-extension pair (o, x) with a domain D, C V' that is dense in V.
Let (p,H,) be a unitary representation of G.

Remark 6.4.10. The theory of holomorphic induction presented in the upcoming
section makes use of reproducing kernel Hilbert spaces. For more details thereon,
one may refer e.g. to [Nee0O, Ch. I-IT]. The most relevant properties are recalled
in Section 6.9.1 below.

Definition 6.4.11. We say that (p,H,) is holomorphically induced from (o, x) if
there exists a G-equivariant injective linear map ® : H, < Map(G, V,,) satisfying
the following conditions:

1. The point evaluation &, : H, = V,, £;(¢¥) := @y () is continuous for every
x€G.

2. £,&; =1idy, for every x € G.
3. Dy={veV,: ®Ew) € CG,V,)Tx}.
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Remark 6.4.12. The first condition entails that (p,#,) is unitarily equivalent to
the natural G-representation on the reproducing kernel Hilbert space Hqg, where
Q € C(G x G,B(V,))H*H is the positive definite and G-invariant kernel defined
by Q(z,y) := E.&;, cf. Theorem 6.9.3 and Proposition 6.9.5 below.

We have the following equivalent characterization, whose proof comprises the re-
mainder of the section:

Theorem 6.4.13. The following assertions are equivalent.

1. The G-representation (p,H,) is holomorphically induced from the (H,b_)-
extension pair (o, x).

2. There is a closed H-invariant subspace V- C H, with the following properties:

(a) V is cyclic for the G-representation H,.
(b) Dx :==V NHY satisfies dp(n_)Dg C Dx.

(¢) (o,x) is unitarily equivalent to (¢, X), where (7,X) is the (H, b_)-extension
pair defined by

g:H—TU(V), X:b_ — L(Dy),
5= oy, X(E) = Aol

In particular, Dy is dense in V.

If these equivalent assertions are satisfied, then p is an analytic G-representation.

We proceed with the proof of Theorem 6.4.13. We have the following simple but
important observation:

Lemma 6.4.14. Let ® : H, — Map(G, V,) be a G-equivariant injective linear
map. Assume that the point evaluation E,(¢) = ®y(x) is continuous for every
z € G. Define f, := ®(Ev) € Map(G, V,)" forv e V,. Then:

1. & =Ecp(g)™t for any g € G.

2. @y(g9) = Eep(g)~ 0 for any € H,. In particular, f,(g) = Eplg)~tEv for
veV,.

3. Letv e V,. Then
Ev e Hy) < f, € Cc*(G, VJ)H — (v, fy) € C¥(G,C).

Proof.

1. As ® is G-equivariant, we have Eg1p = Dy (g) = P,(g)-14(e) = Eep(g) ™14 for
any v € H,.

2. This is immediate from the first assertion.
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3. Let v € V,. If &v € Hy, then the orbit map g — p(g)& v is analytic
G — H,. It follows that f,(g) = E.p(g)~1E v is analytic G — V,,, which in
turn implies that (v, f,) € C“(G,C). Assume that (v, f,) € C¥(G,C). Then
g (Exv,p(9)€iv)n, = (v, fo(g™"))v is analytic. As G is a BCH Fréchet-Lie
group, this implies using [Neell, Thm. 5.2] that £Xv € 1. O

We first prove that (1) = (2) in Theorem 6.4.13. Assume that p is holomor-
phically induced from (o,x). Let the map ® : H, — Map(G,V,)? satisfy the
conditions in Definition 6.4.11. Let &, := ev, o® be the point evaluation at z € G.
We write f, :== ®(Ev) € C¥(G, V)X for v € D,.

We show that the H-invariant subspace W := £XV,, C H, satisfies the conditions
in Theorem 6.4.13. Define Dy := £D,, € W. By Theorem 6.9.3 we know that
p(G)W = U,eq Vo is total in H,, so that W is cyclic for p. It is moreover
immediate from Lemma 6.4.14 that Dy C HZJ. Because Dy is dense in the cyclic
subspace W and H is G-invariant, we obtain that H, is dense in H,. Hence p is
analytic.

Lemma 6.4.15. Let v € D,.. The following assertions hold true:

1. Eep(g)Eiv € dom(x(x*)*) and E.dp(x)p(g)Eiv = x(x*)*Eep(g)Eiv for any
x €U(by) and g € G.

2. dp(b_)Dg C Dy and dp(x)E v = EXx(x)v for any x € U(b_).
Proof.

1. Let x € U(b,). Since f, € C¥(G, V, )X, we obtain from Proposition 6.4.9
that f,(e) C dom(x(z*)*) and that Lyr(z))fo = x(z*)*f,. On the other
hand, notice using the formula f,(g) = E.p(g) "' Ev that (Ly(r)) fo)(9) =
E.dp(x)p(g)~LE v holds true for any g € G, say by induction on the degree of
x. We thus obtain that E.dp(z)p(g) " 1EXv = x(z*)* f,(g) = x(x*)*Eep(g)LE v
for any g € G.

2. Let x € U(b_). Recall from Lemma 6.4.14 that Dy C HY. Let ¢ € p(G)Dx.
Using the first assertion, observe that

(Ex(@)v, ¥) = (v, x ()" Eeth) = (v, Eedp(x7)Y) = (dp(x)ELv, ).

As Dy is cyclic for G in H,,, it follows that £ x(x)v = dp(x)EFv. In particular
dp([]_)'D; Q D;. O

Define the unitary H-action o on W by &(h) = p(h)|;;,. Consider the extension
X&) = dp(£)|Di of do to b_, whose domain is Dy. By Lemma 6.4.15, £ defines

a unitary equivalence between (o, x) and (o,X). In particular, it follows that Dg
is dense in W, because D, is dense in V,; by assumption.

Lemma 6.4.16. Dy =W N /Hf,j.
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Proof. The inclusion Dy € W NH{ follows from Lemma 6.4.14. Let w € WNH].
Then w = EJv for some v € V,,. We must show that v € D,,. Lemma, 6.4.14 implies
that f, € C¥(G,V,)". Let vy € D, and ¢ € b;. Using Lemma 6.4.15 and the
formula f,(g) = E.p(g) 1€ v we obtain:

(v2, (Lo fo)(9)) = —{dp(€7)E vz, plg) T ELV) = — (X (E")v2, Ecplg) T Elv)
= —(x(&")v2, fu(9))-

It follows that f, € C¥(G,V,)#:X. By the third property in Definition 6.4.11, this
means that v € D,. 0

This completes the proof of (1) = (2) in Theorem 6.4.13. The converse is
Lemma 6.4.17 below:

Lemma 6.4.17. Let (p,H,) be a unitary representation of G. Let V. C H, be
a closed H-invariant subspace. Define an H-representation o on V by o(h) :=
p(h)|y. Set Dy =V NHY. Assume that p(G)V is total in H,, that Dy is dense
in V, and that dp(n_)D, C D,. Define the extension x(&)v := dp(§)v of do to b_
with domain Dy, where { € b_ and v € D,. Then p is holomorphically induced
from (o,x).

Proof. Let py : H, — V, denote the orthogonal projection onto V. For v € H,,
define @ (g) := pvp(g) 1. Consider the linear map

d:H, = CG, V), s Dy

It is clear that ® is G-equivariant and that the point-evaluation &, = prp(g)~t
is continuous for any g € G. The map @ is injective because ®,, = 0 is equiva-
lent to ¢ L p(G)V and p(G)V is total in H,, by assumption. Notice next that
Exv = p(g)v for any v € V and so £, = idy. Define V? := {v € V : &, €
C¥(G,V,)HX}. Tt remains to show that D, = V0. It is immediate from the
third assertion in Lemma 6.4.14 that V° C D,. Suppose conversely that v € D,.
By Lemma 6.4.14, we have &, € C¥(G,V,). Let £ € by and w € D,. Using
L)@y (9) = —pvdp(§)p(g)~'v, we find that

(W, Loe)Pu(9)) = —(dp(&)w, p(9) ™ v) = —(x(§)w, p(g) "0} = —(x(§")w, Bu(9)).
Thus @, € C*(G, V, )X, which means that v € V0. Thus V° = D,. O

6.4.3 Uniqueness

In the following, we determine that there is up to unitary equivalence at most one
unitary G-representation that is holomorphically induced from a given (H,b_)-
extension pair. Let (o, x) be such an (H, b_)-extension pair, whose domain D, C V¥
is dense in V. Let (p, H,) be a unitary representation of G.

Definition 6.4.18. We say that (o, x) is holomorphically inducible to G if there
is a unitary G-representation which is holomorphically induced from (o, x).
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Proposition 6.4.19. Assume that p is holomorphically induced from (o,x). Let
the map ® : H, — Map(G, V) satisfy the conditions in Definition 6.4.11 and let
Ey = evyod be the point evaluation at x € G. Define:

F:G—=B(Vs), Flg):=E&plg)é.
Then F satisfies the following properties:
1. F(e) = idy,.
2. The function Q : G x G — B(V,), Q(z,y) := F(x~y) is positive definite (cf.
Definition 6.9.2).

3. Dy={veV,: g (v,F(g)v) is real-analytic G — C }.
4. For allv,w € Dy and g € G, £ € by we have:

[Loe)r (w, Fv)] (9) = —(x(£)w, Fg)v). (6.4.1)

Finally, p is unitarily equivalent to the G-representation on the reproducing kernel
Hilbert space Hq.

Proof. Define the Q:GxG — B(V,) by @(x,y) = &,&,, which is positive-
definite by Theorem 6.9.3. In view of the first assertion in Lemma 6.4.14, we have
Q(z,y)v = Eep(x™1y)EXv = F(z~ y)v = Q(x,y)v for any v € V. Thus Q = Q. In
particular, @ is positive definite and F'(e) = Q(e,e) = idy,. Let v € V. Writing
fv = ®(EFv), notice that f,(g) = F(g~")v for g € G. We find that v € HY if
and only if (v, Fv) € C¥(G,C), using Lemma 6.4.14. Then

Dy={veV,: &veHy}={veV,:(v,Fv)eC¥G,C)},
where we used Lemma 6.4.16 in the first equality. Finally, notice that
(w, F(g)v) = (£ w, p(g)€iv)  for v,w € D, and g € G.

It thus follows from Lemma 6.4.15 that F satisfies (6.4.1) for all g € G and £ € b,..
The final statement is immediate from Proposition 6.9.5. O

The next result, Theorem 6.4.20, gives a characterization of (o, x) being holomor-
phically inducible in terms B(V)-valued positive-definite functions on G.

Theorem 6.4.20. The following assertions are equivalent:
1. (o,x) is holomorphically inducible.

2. There is a function F : G — B(V,) satisfying the properties in Proposi-
tion 6.4.19.

Assume that these assertions are valid. Let F : G — B(V,) satisfy the conditions
in Proposition 6.4.19. Then F(g)* = F(g™') for all g € G. Moreover, for v € Dy,
and w € V, we have:
[‘Cv(m+)T£v(zf)<w7FU>} (g) = <waX(T(‘T+)*)*F(9)X('r—)v>a (642)
[ﬁv(z+z,)<wa F’Uﬂ (6) = <’LU, X(.Z‘j_)*X($_)U>, (643)
for all g € G and x4 € U(by). Finally, the function F : G — B(V,) is unique.
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Proof. The implication (1) = (2) is immediate from Proposition 6.4.19. Con-
versely, let F' : G — B(V,) be a function satisfying the conditions in Propo-
sition 6.4.19. Define Q(z,y) := F(x~'y) for z,y € G. Let H, be the corre-
sponding reproducing kernel Hilbert space. Using Proposition 6.9.5 we obtain a
unitary representation p of G on H, and a G-equivariant injective linear map
@ : H, — Map(G, V) for which the point evaluation &, := ev, o® is continuous
and satisfies &, = E.p(x)~! for every z € G. From F(e) = idy, it follows that
Q(z,z) =idy, for every x € G. Define f, := ®(EXv) for v € V.

To see that (1) holds true, it remains only to show that
={veV,: f, e C¥G,V,)"x}.

Let z € G and v € V,. From the equations f,(z) = £,£Xv = Q(x,e)v = F(z~1)v
and E,.Ev = E.p(x)Ev, we conclude that F(z)v = Ep(x)Eiv = fo(z71). Tt
follows that

={veV, : (v,Fv) € C¥(G,C)} ={veV, : f, € C¥G,V,)"},

where Lemma 6.4.14 was used in the second equality. Assume that f, € C*(G, V, ).
Let w € Dy and £ € by. From the equation F(g)v = f,(97') we obtain that
Loye) fo(9) = [Lo@)rFo](g~") for any g € G. Using Equation (6.4.1) we find:

<w75v<5>fv(g)> [Logeyr(w, F)](g71) = —(x(&")w, F(g~")v)
< ( *)wafv(g»v Vg € G.

Hence f, € C*(G,V,)"X. Thus D, = {v €V, : f, € C¥(G,V,)Hx } We con-
clude that (p, H,) is holomorphically induced from (o, x). So (1) < (2).

Assume these equivalent assertions are satisfied. From F(g) = E.p(g)ES it is im-
mediate that F'(g—!) = F(g)* for all g € G. We next show (6.4.2) and (6.4.3). Let
v € D,. Notice using F(g) = E.p(g)EX that for any z,y € U(gc) we have

[ﬁv(y)'cv(z)FU] (g) = gedp(T(y))p(g)dp(x)g:v (644)

for all g € G. Thus, for zx € U(by) we obtain using (6.4.4) and Lemma 6.4.15
that

Loy Lo Fo](9) = Eedp(r(x4))p(g)dp(x-)Elv (6.4.5)
= X(1(x4))* Eep(9)Ex ()0,
[LoasoF0)(€) = Ecdp(asa-)Elv (6.4.6)
= x(@})" x(z-)v.

From (6.4.5) we conclude that Ly, )rLo@ Fo](9) = x(T(z4)*)*F(g)x(z-)v
for all ¢ € G, which implies (6.4.2). On the other hand, (6.4.3) is implied by
(6.4.6). Finally, assume that F; and F5 are two functions satisfying the conditions
in Proposition 6.4.19. Let v € D,. The functions g — Fi(g9)v and g — Fy(g)v
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are both analytic and satisfy (6.4.6). As U(gc) is spanned by U(ny)U(b_) by the
PBW Theorem, it follows that jo°(Fiv) = j°(Fav). As G is connected, it follows
from Proposition 6.2.15 that Fi(g)v = Fa(g)v for all g € G and v € D,. For any
fixed g € G, the map v — (F1(g) — F2(g))v is continuous and vanishes on the dense
subset Dy, C V,,. Hence F; = F5. O

Combining Proposition 6.4.19 with the uniqueness of F : G — B(V,) in Theo-
rem 6.4.20, we obtain the desired uniqueness of the holomorphically induced rep-
resentation up to unitary equivalence:

Theorem 6.4.21. Let p; and ps be unitary G-representations which are both holo-
morphically induced from (o,x). Then p1 = ps as unitary G-representations.

Finally, we focus our attention on the important special case where y is a triv-
ial extension. Using the PBW Theorem, notice that we have the vector space
decomposition U(gc) = U(he) & (nU(gc) +Ulge)n-).

Definition 6.4.22. Let Ey : U(gc) — U(he) = U(ge)/(n+U(ge) + U(ge)n-) be
the quotient map.

Lemma 6.4.23. Assume that p is holomorphically induced from (o, x), where x is
the trivial extension of do to b_ with domain D C V,. Let v € D and = € U(gc).
Then do(Eo(z*))v = do(Eg(x))*v. Moreover for all w € V2° we have

(w, dp(x)v) = (w,do(Ey(z))v), and

{dp(a”)v, w) = (v, do(Eo(x))w).
Proof. By Theorem 6.4.13 we may assume that V, C H, is a closed subspace,
that D, = V.NH;, o(h) = p(h)ly, and x(§) = dp(f)\px for every h € H and

£ e€b_. Let pv : H, = V, be the orthogonal projection onto V,,. Take v € Dy,
& € ny,xz €U(ge) and £ € n_. From Lemma 6.4.15 we obtain pydp(zé_)v =

pvdp(z)x(§-)v =0 and pydp(§sx)v = x(§1) pvdp(z)v = 0. Thus
pvdp(x)v = pvdp(Eo(z))v = do(Eo(z))v, Vo € U(ge).
Let w € Dy,. Recall from Lemma 6.4.16 that D, C 7—[‘;;. We have:

{do(Eo(x7))v, w) = {dp(z")v,w) = (v, dp(x)w) = (v, do(Eo(x))w)
= (do(Ey(z))* v, w).

As D, is dense in V,, we conclude do(Ey(z*))v = do(Ey(x))*v. Consequently, if
w € V> then

{dp(z*)v, w) = (do(Eo(z7))v, w) = (do(Eo(x)) v, w) = (v, do(Eo(z))w).
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We complement Theorem 6.4.20 with the following result, regarding the uniqueness
of the domain:

Proposition 6.4.24. Let o be an analytic unitary representation of H. Assume
that there exists a subspace Dy, C V¥ dense in 'V, for which (o, x) is holomorphically
inducible, where x b_ — L(D,) is the trivial extension of do to b_ with domain
Dy.. Then D, is unique with this property.

Proof. Suppose that D; and D5 are two such domains. For k € {1,2}, let i de-
note the trivial extension of do to b_ with domain Dj. By assumption (o, x) is
holomorphically inducible. Let F}, : G — B(V,) satisfy the conditions in Propo-
sition 6.4.19 for (o, xx). Let vy € Di. Observe using Lemma 6.4.23 that for
any k € {1,2}, x € U(b_) and v € Dy we have xi(x)v = do(Eg(x))v and
Xk(x)*v = do(Eo(x))*v = do(Eo(xz*))v. Consider the functions a,b : G — C
defined by a(g) := (v, F1(g)v2) and b(g) := (v, Fa(g)va). Notice that both a and
b are analytic, where we remark that a(g) = (Fi(g7')v1,v2). Let 2+ € U(bs).
Using (6.4.3) we obtain:

(Lo(zyz yb)(e) = (v1, x2(27) X2 (x-)v2) = (v1,do(Eo(2+))do(Eo(z-))va)
= (do(Eo(x7}))v1, do(Eo(x_))vz).

We next compute (Ly(,,._)a)(e). Let ¢ : G = G, g+ g~ ! denote the inversion on
G and ¥ : C — C, z — Z the conjugation on C. Define

h:G —C, h(g) = (va, F1(g)v1),
so that e =X o ho. For any x € U(gc) and f € C(G,C), we have
[Lo@) (fo)](€) = (Lo f)le),
[Lo@) (B0 f)](e) =2 [Log) f] (e)-

Using these equations we obtain that (L (5)a)(€) = X [Lyz-)h] (¢) forany z € U(ge).
By equation (6.4.3) we have

{‘Cv(zimi)h} (e) = (v2, x(z-)"x(z)v1) = (v2, do(Ep(z-)) " do(Ep(z7))v1)
= (do(Eo(z-))va, do(Eo(z7))v1).
Thus
(Lot 1)(€) = = [Loar asyh] () = (dor(Bo(w))or, dor(Bo(w-))vs)
= (Loera b)),

As U(gc) is spanned by elements in U(ny)U(b_) by the PBW Theorem, it follows
that j°(a) = j°(b). Since G is connected, it follows from Proposition 6.2.15 that
a =b. Thus (vy, F1(g)ve) = (v1, Fa(g)ve) for all g € G, v; € Dy and vy € Da. As
both Dy and D, are dense, it follows that Fy = F» =: F'. From the third property
in Proposition 6.4.19, we conclude that

Di=Dy={veV,: g~ (v,F(g)veC’GC)}.
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Theorem 6.4.21 and Proposition 6.4.24 justify the following notation:

Definition 6.4.25. We write p = HolIndg(a, x) if p is holomorphically induced
from (o, x). If additionally x is the trivial extension of do to b_ on some necessarily
unique domain D, C V¥, we simply write p = Hollnd$ ().

Remark 6.4.26. For k € {1,2}, let (ok, xx) be an (H,b_)-extension pair and let
pr be a unitary G-representation with pr = Hollnd g (ok, xx). In view of Theo-
rem 6.4.21, one might wonder whether or not p; & po implies (o1, x1) = (02, X2)-
This turns out to be false. For an explicit and simple counterexample, consider
G = SU(3). Let H C G be the subgroup consisting of diagonal matrices and let
b_ C sl(3,C) consist of upper-triangular matrices. The defining representation p of
G on C3 is holomorphically induced from the two (H, b_)-extension pairs obtained
by restricting p|, and dp|, to either V,, := Ce; or V,, := Ce; ®Cey, as is quickly
verified using Theorem 6.4.13. These are not unitary equivalent.

6.4.4 Commutants

Suppose that p = Hollnd% (o, x).

Definition 6.4.27. Let T € B(V,). We say that T commutes with (o,x) if
T € B(V,)", TD, C Dy and Tx(&)v = x(€)Tw for every £ € b_ and v € D,.
Define the *-closed commutant B(V,)™:X of (o,x) by

B(V,)"x:={T € B(V,)" : both T and T* commute with (o,x) } .

Remark 6.4.28. Orthogonal projections in B(V, )X correspond to direct sum de-
compositions of (o, x). To see this, suppose p; € B(V,, )X is an orthogonal projec-
tion. Let py := 1—p;. For k € {1, 2}, define V}, := p;V, and Dy, := pp D, C D,. De-
fine the (H, b_)-extension pair (0%, xx) by ox(h) := o(h)]y, and xx(§) == x(§)lp,
where h € H and £ € b_. Then (o, x) = (01, x1) ® (02, X2)-

The main results of this section are Theorem 6.4.29 and Theorem 6.4.30 below:

Theorem 6.4.29. Suppose that p = HolIndg(a, X). Let V,, be a closed subspace of
H, satisfying the conditions in Theorem 6.4.13.2. Let qv € B(#,) be the orthogonal
projection onto V. Then

1. B(V,)™X is a von Neumann algebra.
2. Assume that qv € p(G)"”. Then
r:B(H,)Y = B(Vy)"X, r(T) =T,

defines a x-isomorphism of von Neumann algebras. In particular, p is irre-
ducible if and only if (0,x) is indecomposable.
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Theorem 6.4.30. Consider the setting of Theorem 6.4.29. Let x : b_ — L(D,)
denote the trivial extension of do to b_ with domain D,. The following assertions
are valid:

1. B(V,)x = B(V,)H.

2. Assume that qy € p(G)". Then B(H,)¢ = B(V,)®. In particular, p is
irreducible if and only if o is.

Remark 6.4.31. In the context of positive energy representations, the case where
X is a trivial extension is of central importance. In that setting we can typically
guarantee that gy € p(G)”. The relation between positive energy representations
and holomorphic induction is considered Section 6.7.

Proof of Theorem 6.4.29 and Theorem 6.4.30

Assume throughout the following that p is holomorphically induced from (o, ).
In view of Theorem 6.4.13, we may and do assume that V, C H, is a closed
subspace, a(h) = p(h)|;, for all h € H, that D, = V, NHY, dp(b_)Dy C Dy
and that x(&)v = dp(§)v for all £ € b_ and v € D,. We may further assume that
the map ® : H, — Map(G, V,)¥ satisfying the conditions in Definition 6.4.11 is
given by ®4(g) = pyp(g) 1. In particular & = py is the orthogonal projection
pv : Hp — Vy and £ = vy is the inclusion vy : V; — H,. We also have gy = typy.

Lemma 6.4.32. Let T € B(H,)"X, z € U(gc) and v,w € Dy. Then
(v, Tdp(z)w) = (v, dp(x)Tw).

Proof. Using the PBW Theorem, it suffices to consider the case where z = z x_
for some x4 € U(ny) and x_ € U(b_). In that case we obtain using Lemma 6.4.15
and the fact that T' € B(H,)x:

(v, Tdp(z)w) = (x(&)T™ v, x(z-)w) = (x(§3)v, Tx(z-)w)
= (x(&)v, x(z-)Tw) = (v, dp(z)Tw). O

Lemma 6.4.33. Let T € B(V,). Assume that (v, Tp(e$)w) = (v, p(e$)Tw) for all
v,w € Dy and all  in some 0-neighborhood in g. Then TD, C D, and

(w, Tp(g)v) = (w, p(g)Tw), Vg € G, Yv,w € V,. (6.4.7)

Proof. Let v,w € D,. Both g — (w,Tp(g)v) and g — (w,p(g)Tv) are real-
analytic G — C. As G is BCH, so in particular locally exponential, these functions
agree on some l-neighborhood in G by assumption. As G is connected, it follows
from Proposition 6.2.14 that they are equal everywhere. We thus obtain that
(w, Tp(g)v) = (w, p(g)Tv) for all g € G. As D, is dense, equation (6.4.7) follows.
Let v € Dy. Then using (6.4.7) we find that (Tv,p(g)Tv) = (Tv,Tp(g)v) for
all ¢ € G. The right-hand side defines a real-analytic function G — C because
v € Hy. Thus also g — (T'v, p(9)T'v) is real-analytic. Recalling that G is a BCH
Fréchet-Lie group, we conclude using [Neell, Thm. 5.2] that Tv € H,. Thus
TveH NV, =D,. O
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Lemma 6.4.34. B(H,)X is a von Neumann algebra. Moreover we have
(w, Tp(g)v) = (w, p(g)Tv), VT € B(H,)™"x, Vg € G, Vv,w € V,. (6.4.8)

Proof. Let N C B(V,)H denote the von Neumann algebra in B(V,,) generated by
B(H,)"X. We show N = B(H,)™X. It only remains to show N C B(H,)Tx. As
N is -closed, it suffices to show that TD, C D, and that Tx(§)v = x(§)Tv for all
TeN,E€b_andveD,. Let T € N. Let (Ty) be a net in B(H,)X such that
Ty — T strongly. Let v,w € Dy, and = € U(gc). Using Lemma 6.4.32 we have:

(v, Tdp(x)w) = liin (v, Thdp(x)w) = liin (v, dp(z)Thw) = 11)1\11 {dp(x*)v, Thw)

= (dp(a*)v, Tw)
(6.4.9)

As v,w € Dy C Hy, the orbit maps g — p(g)v and g — p(g)w are both real-
analytic G — H,. We obtain using (6.4.9) for all { € g in a small-enough 0-
neighborhood in g that:

(. Tp(eSy) = 3 (o, Tap(e)e) = 3 = ol 1) = (e, 70)
n=0 " n=0 :
= (w, p(e)T)

(6.4.10)

It follows from Lemma 6.4.33 that TD, C D, and that equation (6.4.7) is valid
for T. Thus N'D, C D,,. Differentiating (6.4.7) at the identity e € G we find that
(w, Tdp(§)v) = (w,dp(§)Tv) for all £ € gc and w € D,. Suppose £ € b_. Using
that TD, C D,, we obtain

(w, Tx(§)v) = (w, Tdp(§)v) = (w,dp(§)Tv) = (w,x(§)Tv),  Vw € Dy,

where Lemma 6.4.15 was used in the first and last equality. As D, is dense in V;, it
follows for every £ € b_ and v € D, that T'x(§)v = x(§)Tv. Thus T € B(H,)™x.
Hence N = B(H,)"x. O

Combined with Lemma 6.4.34, Lemma 6.4.35 below completes the proof of Theo-
rem 6.4.29.

Lemma 6.4.35. Assume that qv € p(G)"”. Then the map
T B(’Hp)G = B(V,)Hx p(T) = Ty,
defines an isomorphism of von Neumann algebras.

Proof. We know using Lemma 6.4.34 that B(V,)#X is a von Neumann algebra.
Notice that the assumption gy € p(G)” is equivalent with TV, C V, for every
T € B(H,)¢. Let T € B(H,)“. Then TH% C H% and TV, C V,. Recalling
that D, = V, N ’H:j, it follows that 7Dy, C D,. Since both 7" and T* are in
B(H,)¢, it follows that r(T) € B(V,)™X, where we recall that p(h)|,, = o(h) and
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dp(§)|DX = x(§) for h € H and € € b_. Tt is clear that r is a weakly-continuous
unital *-preserving homomorphism. It is also injective, because r(T) = 0 implies
Tp(G)V, = p(G)TV, = {0}, which in turn implies that T' = 0 because V, is cyclic
for the G-representation H,. As r is weakly continuous, its image is weakly closed
[Mur90, Thm. 4.3.4]. Thus, to see that r is surjective, it suffices to show that its
image contains all orthogonal projections in B(V, )#:X. Let p; € B(V,)¥X be an
orthogonal projection and let py := 1 — py. For k € {1,2}, define Vi, Dy, o and
Xk as in Remark 6.4.28, so that (o, x) = (01, x1) ® (02, x2). Let H1 and Hy be the
closed G-invariant subspaces of H, generated by V; and V3, respectively. It suffices
to show that Hi L Hy. Let v; € V3 and vy € Vo, Aspy € B(VU)H’X7 it follows from
equation (6.4.8) that

(v, p(g)v2) = (v1,p1p(g)v2) = (v1, p(g9)Pr1v2) =0, Vg €G.
It follows that Vi L p(G)Va, which in turn implies H; L Ho. O
Finally, it remains to prove Theorem 6.4.30:

Proof of Theorem 6.4.30: It remains only to prove the first item. The second will
follow using Theorem 6.4.29. Tt is clear that B(V,)HX C B(V,)H. Conversely, take
T € B(V,)". Let v,w € D,. Then in particular the orbit maps G — H,, g — p(g)v
and g — p(g)w are real-analytic. Notice that TD, C V2° and similarly T*D, C
Ve, Using Lemma 6.4.23, we obtain for all £ in a small-enough 0-neighborhood
that

(0, Tp(e€)0) = 3 = (w, Tdp(€")0) = 3 = (w, Tdo (Ep(€"))u)

n'

n=0 n=0 n!
oo 1 n o0
= " (w,do(Ey(£"))Tv) Yw, Tv)

n=0 n=0

= (p(e™*)w,Tv) = (w, p(e*)Tv).

Using Lemma 6.4.33, it follows that TD, C D,. Hence B(VU)HDX C D, and in
particular T*D, C D,. Suppose that v € Dy, & € bhc and {_ € n_. Then

Tx (& + & )v = Tdo(&)v = do(€0)Tv = x(& + E-)Tw

Hence T'x(§)v = x(§)Tv for all £ € b_ and v € Dy. We conclude that T' €
B(V,)2:x. Thus B(V,)x = B(V,)H. O

6.4.5 Holomorphic induction in stages

Let us next consider holomorphic induction in stages. We specialize to the context
of trivial extensions. Recall from Section 6.4.5 that gc = n_ @ hc @ ny and that
H C @ is a connected Lie subgroup with L(H) = h. Assume similarly that
be = a_ @ t¢ ® ay, where ay and t¢ are closed subalgebras with 6(t¢) C tc,
6(as) C ax and [tc,a+] € ai. Let T be a connected and closed locally exponential
Lie subgroup of H integrating t C §. Using the notation of Definition 6.4.25:
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Proposition 6.4.36 (Induction In Stages). Let (p,H,), (0, Hs) and (v,H,) be
analytic unitary representations of G, H and T, respectively. Then

1. p = Hollnd%(v) and o = Hollnd% (v) = p = Hollnd$ (o).

2. Suppose that o = Hollnd¥ (v) and p = Hollnd% (0). Assume w.lo.g. that
H, € Ho € H, using Theorem 6.4.13, the inclusions being T- and H-
equivariant, respectively. If H, NH} is dense in H,, then p = HolInd?(u).

Proof. These observations follow from a repeated application of Theorem 6.4.13.

1. In view of Theorem 6.4.13, we may assume that H, C H, as T-representations
and that H, NHy is dense in #H, and killed by dp(n— ® a_). Let (m,Hx)
denote the unitary H-representation in H, generated by H, N H; C H,.
Using Theorem 6.4.13 it follows that = = Hollnd% (v). By Theorem 6.4.21,
it follows that m = o as unitary H-representations. Thus we may assume
Ho = Hr € H,, the last inclusion being H-equivariant. The H-orbit of
H, NHy under ply in H, is contained in Hy N H; and is trivially total for
Hy. Thus Ho NHS is dense in H,. As H, NH} is already cyclic for (p,H,),
so is the larger space H, NH,. To see that p = Hollnd (o), it just remains
to show that H, NHy is killed by dp(n_). As H, NH is killed by dp(n_) and
Adg(n_) Cn_, it follows that dp(n_)p(H)y C p(H)dp(n_)y = {0} for any
Y € Hy, NHY. Thus dp(n_) kills p(H)(H, NHY). As p(H)(H, NHY) is total
in H,, it follows that dp(n_) kills H, NH,. Having shown all conditions of
Theorem 6.4.13, we conclude that p = Hollnd% (o).

2. As ¢ = Hollnd¥ (v) we may assume that H, C H, as T-representations and
that H¥ NH, is dense in H,, cyclic for the H-representation H,, and killed
by do(a_). Similarly, as p = Hollnd% (o) we may assume that H, C Hp
as H representations and moreover that H,; N H, is dense in H,, cyclic for
the G-representation #, and killed by dp(n_). Then H, C H, C H, the
inclusions being T- and H equivariant, respectively. By assumption H, NH}
is dense in H,. Since H, is cyclic for (0, H,) and H, for (p,H,), it follows
that H, N H‘;’ is cyclic for (p, ’H,,). For any v € H, N H;’ C Hs N ’H“; we
have dp(a_ &n_)y C do(a_)y +dp(n_)y = {0}. Thus H, NH} is killed by
dp(a_ @n_). By Theorem 6.4.13 it follows that p = Hollnd$ (v). O

6.5 A complex-geometric approach

In this section, a definition of holomorphically induced representations is presented
which ensures that #7° embeds in a space of holomorphic mappings. Contrary to
Section 6.4, this approach involves complex geometry. It is not as generally appli-
cable, and in particular requires access to a dense set of b-strongly-entire vectors
in the representation being induced, a condition that is well-understood for finite-
dimensional Lie groups but barely studied for infinite-dimensional ones.
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We begin in Section 6.5.1 and Section 6.5.2 with a detailed consideration of ana-
lytic manifold structures on the homogeneous space G/H. The results in these two
sections are not original, as they are mentioned in [Neel4a, Appendix C]. Rather,
it is the purpose of these sections to provide detailed proofs. In Section 6.5.3,
we consequently equip the homogeneous vector bundle G x g V.9 with a suitable
complex-analytic bundle structure. Here, we closely follow the construction of
[Neel3d, Thm. 2.6]. We then proceed in Section 6.5.4 to define geometric holomor-
phic induction and compare the notion with the one studied in Section 6.4.

6.5.1 Real-analytic manifold structure on G/H

Let G be a BCH Fréchet-Lie group with Lie algebra g. Let H C G be a closed
locally exponential Lie subgroup of G, in the sense of [Nee06, Def. IV.3.2]. In
this case, H is necessarily BCH and an analytic embedded Lie subgroup of G (cf.
Lemma 6.4.1). Let h := L(H) be the Lie algebra of H, which we identify as Lie
subalgebra of g using the pushforward of the inclusion H — G.

Theorem 6.5.1 below is the main result of this section. Its proof follows that of the
Quotient Manifold Theorem in the finite-dimensional context, replacing the use of
the Inverse Function Theorem by (Al).

Theorem 6.5.1. Let p C g be a closed complement of b in g. Assume that U, C p
and Uy C b are open 0-neighborhoods for which

Uy xUy =9, (z,y) = z*y, (A1)

is an analytic diffeomorphism onto an open subset Uy C g, where x*y is defined by
the BCH series. Then M = G/H carries a unique real-analytic manifold structure
satisfying the following properties:

1. The left G-action G x G/H — G/H ‘s real-analytic.
2. q: G — G/H is a real-analytic principal H-bundle.

Moreover, if N is a real-analytic manifold, then a map f : G/H — N is real-
analytic if and only if its lift f : G — N 1is so.

Notice that the uniqueness of the analytic structure follows immediately from the
second property in Theorem 6.5.1. Indeed, for k € {1,2}, let M}, denote the space
G/H equipped with a real-analytic manifold structure for which the quotient map
qr : G — My, is a real-analytic principal H-bundle. The identity on G/H defines
a diffeomorphism [ : M1 — M. If 07 : U — G is a real-analytic local section of
¢1 : G — My, defined on some open set U C My, then I|;, = g200; is real-analytic.
It follows that I is an analytic diffeomorphism, so M; = Mo.

Before diving into analytic manifold structures on the homogeneous space G/H,
let us verify that it is indeed a Hausdorff space.

Lemma 6.5.2. The quotient space G/H is Hausdorf}.
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Proof. The map
f:GxH<=GxG, (g,h)— (g,9h)

is closed, because it is the composition of the inclusion G x H — G x G, which is
a closed map because H C G is closed, and the map

GxG—=GxG, (z,y)— (z,zy),

which is closed because it is a diffeomorphism with inverse (z,%) — (z,27'y). It
follows that the equivalence relation R := f(G,H) C G x G is closed in G x G.
Since ¢ : G — G/H is an open map, and the image of the open set (G x G) \ R
under ¢ x q is the complement of A(G/H) in G/H x G/H, it follows that A(G/H)
is closed in G/H x G/H. We conclude that G/H is Hausdorff. O

We proceed with the proof of existence in Theorem 6.5.1, which requires some
preparatory lemmas. Throughout the following, we denote the multiplication of G
by p:GxG— G.

We first show that for any point g € G, there exists an analytically embedded
submanifold S C G that contains g, is analytically diffeomorphic to an open subset
of p, and for which pu|g, 1 S x H — G is an analytic diffeomorphism onto some
open subset of G. In this case, we call S a transversal (through g).

Lemma 6.5.3. Let S C G be a transversal. Then q(S) C G/H is open and q|q is
a homeomorphism onto q(S) C G/H.

Proof. The map ¢|g : S — ¢(S) is injective because p|g, .y : S x H — G is
injective, so if g1,g2 € S and go = g1h for some h € H, then g1 = go and h = e is
the identity. It also an open map, because ¢~ !(¢(W)) = WH = u(W, H) is open
in G for any open set W C S. Hence q|g is a homeomorphism. O

Transversals thus define charts for the quotient space G/H. For these to define a
manifold structure on G/H, there should exist a transversal through any g € G.

Lemma 6.5.4. If there exists a transversal through e € G, then there exists a
transversal through any g € G.

Proof. If S, is a transversal through e and g € G, then S, := ¢S is a transversal
through g, because

MngH — lg o M‘SexH o (l;l X idH)
is an analytic diffeomorphism onto its image, where l4(z) = gz for z € G. O

We show next that there exists a transversal through the identity e € G. As-
sume that U, C p and Uy C b are open 0O-neighborhoods for which (Al) is an
analytic diffeomorphism onto an open subset Uy of g. Shrinking these open sets,
we may furthermore assume that expG|Ug is an analytic diffeomorphism onto an

open 1-neighborhood Ug of G. Define also the open sets Up := exp(U,) C G and
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Un :=expg(Uy) C H.
Define the map

¢:Up x Uy — Ug, P(z,y) = expg(x) expg(y) = expg( * y).

Notice that the assumptions on U, and Uy imply that both /,L|prUH and ¢ are
analytic diffeomorphisms. Notice also that ¢ is a foliated chart for the foliation on
G defined by the right H-action. The analytic submanifolds ¢({n} x Uy) of Ug are
plaques of the foliated chart defined by ¢, where n € U,.

Lemma 6.5.5. There exist open 0-neighborhoods V, C U, and Vy C Uy such
that for any right H-orbit O in G, there exists at most one n € V, satisfying

o({n} x Vy) NO # 0.

Proof. Assume that there exist no open subsets V, C U, and Vi C Uy as in the
assertion. Since g is metrizable, we can find a countable and decreasing neigh-
borhood basis {V;};en of the identity e € G, where the open 0-neighborhoods V;
are of the form V; = ¢(V; , x V; ) for some open 0-neighborhoods V; , C U, and
Vijy C Uy and distinct points g;, g, € Vi p := ¢(V;, x {0}) lying in the same H-
orbit, for every ¢ € N. Then g, = g;h; for some h; € H. The construction of
{V;}ien ensures that g; — e and g/ — e in G. We then also have h; = g; 'g} — e.
Notice that (g}, e) = (g, h;) for all ¢ € N. Since g; # g; for i € N and h; € Uy
for large-enough i € N, this contradicts the injectivity of [, .. - O

By Lemma 6.5.5, we may and do assume that for any right H-orbit O in G, there
exists at most one 7 € Uy, satisfying ¢({n} x Uy) N O # 0, by shrinking U, and Uy,
if necessary.

Lemma 6.5.6. Up is a transversal through e € G.

Proof. We must show that M|pr y is an analytic diffeomorphism onto its image.
To see that uly;, . is injective, let x,y € Uy, and assume that expg(y) = expg(w)h
for some h € H. Since expg(x) = ¢(x,0) and exps(y) = ¢(y,0) lie on the same
right H-orbit in G, and any right H-orbit intersects Ug in at most one plaque of
the foliated chart defined by ¢, we must have x = y. Hence p| Upx H 18 injective.
We already know that ,u|prUH is an analytic diffeomorphism onto Ug. Since
Mlpr(UH~h) =740 |y, v, for any h € H, where rj,(g) = gh for g € G, it follows
that pf;,, ; is an analytic local diffeomorphism. Since it is also injective, we are
done. O

Proof of Theorem 6.5.1:

The quotient space is Hausdorff by Lemma 6.5.2. Combining Lemma 6.5.4 with
Lemma 6.5.6, it follows that there exists a transversal through any point in G. In
particular, the set { ¢(S) : S is a transversal } is an open cover of G/H. Suppose
that S1, 8> C G are two transversals and assume that Ug, g := q(S1) N q(S1) # 0.
Let Ug := ¢ '(Ug/u) € G. For k € {1,2}, let ¢ : Vi — Sj be an analytic
diffeomorphism for some open neighborhood Vj, C p. Consider the charts

ok = (alg, o)™ q(Sk) = Vi (6.5.1)
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of G/H, let Wy, := ox(Ug/r) € Vi be the domain of the transition function, and
let Zy := (W) € Sg. The maps u|leH and u|szH are both real-analytic
diffeomorphisms onto Ug, because Ug = Z1H = ZyH. We thus have commutative
diagrams

Wy x H2X9Y 7w 0 1,
rrwk l lq for k € {1,2}. (6.5.2)
\
Wy D Zy, T Uc/u

Notice that the upper horizontal arrows in (6.5.2) are analytic H-equivariant dif-
feomorphisms. Define

Uy = (ply g © We x idg))™':Ug — Wi x H, ke {1,2}

and Wig := W 0 \112_1. It follows from the commutativity of (6.5.2) that the transi-
tion function 019 = oy 002_1 is given by o12(x) = 7w, (V12(x, €)) for z € W, which
is real-analytic because both 7y, and ¥, are so. It follows that charts of the form
(6.5.1) equip G/H with the structure of a real-analytic manifold. Moreover, taking
S1 = Ss in the preceding argument, the diagram (6.5.2) shows that ¢ : G — G/H
is an analytic principal H-bundle. This in turn implies for a real-analytic man-
ifold N that a map G/H — N is real-analytic if and only if its lift to G is so.
Similarly, the action map G x G/H — G/H, (g,q(z)) — q(gz) is real-analytic be-

cause G x G 497 G /H is a principal H-bundle and the group multiplication

G x G — @ is real-analytic. O

6.5.2 Complex-analytic manifold structure on G/H

As in Section 6.4, we let 0 : gc — gc denote the conjugation 6(§ + in) = & — in for
&,m € g. Throughout this section, we continue in the setting of Section 6.5.1 and
assume in addition that we have a decomposition

gc =n_ D hc Dny, (6.5.3)

where ny and hc are closed Lie subalgebras of g¢ satisfying 8(ny) C nz, 6(he) C he
and [hc,nt] € ny. We assume further that G is a complex-analytic BCH Fréchet-
Lie group with Lie algebra L(Gc) = gc. We also assume the existence of a real-
analytic embedding G — G¢ whose pushforward is the inclusion g — g¢. Fi-
nally, we assume that Adgy(ny) C ny. Let by := he @ ny and define the closed
complement p := (n_ ®ny ) Ngof h in g. Notice that (6.5.3) induces an iso-
morphism gc/b_ = n,y, and that the inclusion g < g¢ descends to an isomor-
phism g/h = g¢/b_ of real topological vector spaces. As in Section 6.5.1, we let
q : G — G/H denote the quotient map.

The main result of this section is the following complex analogue of Theorem 6.5.1:
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Theorem 6.5.7. Assume that there exist open 0-neighborhoods Uy C b, U, C p,
Un, Cuy and Us_ C b_ such that the maps

UP X Uh — 9, (xvy) = Xk Y, (Al)
Uy xUs_ = gc, (z,y)—zxy, (A2)
Un, xUs_ = gc, (2,y) = xxy, (A3)

are analytic diffeomorphisms onto an open subset in their codomain, where x xy is
defined by the BCH series. Then G/H carries a unique complex-analytic manifold
structure compatible with the real-analytic structure obtained from Theorem 6.5.1,
and which satisfies the following properties:

1. The left G-action ly : G/H — G/H is complex-analytic for any g € G.
2. The C-linear extension of the map

d
0= Tu(G/H), €= | q(e")
t=0

descends to a C-linear isomorphism gc/b— = T.(G/H) of topological complex
vector spaces.

Moreover, if Q is a complez-analytic manifold, then a smooth map f: G/H — Q
is holomorphic if and only if its lift f : G — Q satisfies TgC(f)(vg(f)) =0 for all
g € G and & € b_, where T;C(f) : T;C(G) — Tf(g)Q is the C-linear extension of

Tg(f) and where v(€) is the left-invariant TCG-valued vector field on G satisfying
ve(§) =¢.

Remark 6.5.8. In [Neelda, Example C.4], sufficient conditions are discussed that
guarantee that (A1), (A2) and (A3) are satisfied. Using the Inverse Function The-
orem, this is in particular the case if G is a simply connected Banach-Lie group
and G/H is a Banach homogeneous space. In [Neelda, Sec. 5.2], these conditions
are also shown to be satisfied in the context where G is (a central T-extensions of)
a (twisted) loop group, and where H C G is the subgroup of fixed points under a
particular R-action on G.

We proceed with the proof of Theorem 6.5.7. Its proof will parallel that of The-
orem 6.5.1. Throughout, we let p : G¢ X G¢ denote the multiplication of Gc.
As (A1) is satisfied, we equip G/H with the corresponding real-analytic manifold
structure obtained from Theorem 6.5.1. So ¢|g : S — ¢(S) € G/H is a real-
analytic diffeomorphism for any transversal S C G.

Let us first prove the uniqueness assertion. Suppose that M; and My are two com-
plex manifolds that are equal to G/H as real-analytic manifold, and which both
satisfy the two conditions in Theorem 6.5.7. Then the identity map on G/H defines
a real-analytic diffeomorphism I : M; — Mj. The two conditions in Theorem 6.5.7
moreover ensure that its tangent map T'(I) is fiber-wise C-linear. It follows using
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Proposition 6.2.11 that I is holomorphic, and consequently that M; = M, as com-
plex manifolds.

We next introduce some terminology. If A and B are topological spaces, we let w4
and mg denote the canonical projections of A x B onto A and B, respectively. We
also write c,(z) := gzg~" for x,g € Gc.

Definition 6.5.9. A good triple (S,N,Ug) consists of:

1. A transversal S C G.

2. An embedded complex submanifold N C G¢ that is biholomorphic to an
open 0-neighborhood of n.

3. An embedded complex submanifold Ug C G¢ of the form Up = exp¢,. (Us_),
where U,_ C b_ is a symmetric 0-neighborhood such that eXpGj is

biholomorphic onto Up, and such that the BCH series of g¢ defines a holo—
morphic map Up_ x Up_ — b_,

such that:
— u sxUy 18 a real-analytic diffeomorphism onto an open set in Gc.
— u|NxUB is biholomorphic onto an open set in G¢.
— SNNUp #0.
— The implication
niby = nobocp(bs) = ni=mny (6.5.4)
holds true for every ny,no € N and by,bs,b35 € Ug and h € H.

We call the (non-empty) open subset Sy := SN NUg of S the real domain of the
good triple, and we say that the open subset Ny := N N SUp of N is its complex
domain. We say that (S, N,Ug) contains g if g € Sp.

Lemma 6.5.10. Assume that (S, N,Ug) is a good triple with real and complex
domains Sy and Ny, respectively. Let  be the inverse of ,u|NxUB :NxUp — NUp.
Then 7 o <|So is a real-analytic diffeomorphism Sy — Np.

Proof. Let x be the inverse of g, ;. : S x Up — SUp. Write v(p) := nn(((p))
for p € Sp. It is clear that v : Sy — N is real-analytic, being the composition of
(|g and 7. Notice for p € S, n € N and b € Ug that p =nb <= n = pb L.
Since Up is symmetric, these equivalent conditions imply that p € Sy and n € Np.
It moreover follows that the image of v is precisely Ny. With p,n and b as above,
it also follows that p = wg(x(n)), so that v is bijective onto Ny, with inverse given
by the real-analytic map v~1(n) = ws(x(n)) for n € No. O
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In view of Lemma 6.5.10, notice in the notation of Definition 6.5.9 that ¢(Sy) =
So =2 Ny are diffeomorphic as real-analytic manifolds. Since Ny is a complex
manifold, we can use this isomorphism to turn ¢(Sp) into a complex manifold,
yielding candidates for complex charts of the homogeneous space G/H. We first
have to verify that there are sufficiently many good triples, which is our next aim.

Lemma 6.5.11. Let (S,N,Ug) be a good triple containing e € G, and let g € G.
Then (gS,gN,Ug) is a good triple containing g.

Proof. Notice that ¢S is a transversal by the proof of Lemma 6.5.4. Moreover,
#1718 biholomorphic onto its image because

’LL|9N><UB =lgo M|N><UB ° (lg_l x idyy ),

where ly(z) := gz for z € Gc. It similarly follows that [, g, is a real-analytic
diffeomorphism onto its image. Assume next that ni,ne € Uy, b1,b2,b3 € Up
and h € H are s.t. gniby = gnabacy(bs). Then niby = nabacy(bs), so ny = ng by
(6.5.4). Finally, from e € SN NUg we find g € gSNgNUp. Hence (95,9N,Ug) is
a good triple containing g. O

We show next that there exists a good triple containing the identity e € G. Let
Up €p, Un, Sny, Up_ € b_ and Uy C bh be open 0-neighborhoods s.t. (A1),
(A2) and (A3) are analytic diffeomorphisms onto an open 0-neighborhood in their
codomain. In view of Lemma 6.5.6, we may assume that Up := expg(U,) is a
transversal in G, by shrinking U, if necessary. Define Ug, := (Un, *Uys_ )U(UpxUy_ ),
which is open in g¢. Shrinking all these sets further, we may additionally assume
that eXch‘UW is biholomorphic onto some open subset of G¢, that the BCH se-

ries defines a holomorphic map Uy, x Uy, — gc, (@,y) — x *y, and that Up_ is
symmetric.

Recall that Up := expg (Uy). Define also Uy := expg, (Un, ) and Up := expg,. (Up_ ).
By construction, all desired properties for (Up, Uy, Ug) to be a good triple are sat-
isfied, except for (6.5.4).

Lemma 6.5.12. There exist open 1-neighborhoods Viy C Uy and Vg C Ug s.t.
niby = ngbgch(bg) — ny = nq (655)
for all ny,ne € Vi, b1,ba,b3 € Vg and h € H.

Proof. Assume that there exist no open 1-neighborhoods Vy C Uy and Vg C Up
as in the assertion. Since g¢ is metrizable, we can find a countable and decreasing
neighborhood basis {V;};en of the identity e € G¢, where each V; C G¢ is of the
form V; = V; vV, p for some open 1l-neighborhoods V; y € Uy and V; 5 C Ug,
elements 5" S0 € Vi p, h; € H and distinct n{” n{) € V; y, such that
ngi)bgi) = néi)bgi)chi (béi)) for every i € N. The construction of {V;};cn ensures that
the sequences (ngi)), (ng)), (bgi)), (bg)) and (b:(;)) all converge to e € G¢. Hence
Ch, (béi)) — e in Gc.
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The map H x G¢ — G¢ X Gc, (h,g) — (g,¢cn(g)) is proper, because it equals
the composition of the inclusion H X G¢ — G¢ X Ge and the diffeomorphism

Gc x Gec — G x G, (x,y) = (y, ¢cx(y)). Since cp, (béi)) — e and bgi) — e, we may
therefore assume, after passing to a subsequence, that (h;) is convergent in H.

Notice that there exists an open neighborhood Op C Ug of e € Upg such that
Op0Op C Up, because the BCH product * on Uy, is continuous, b_ is a closed
subalgebra in gc and expGC’ U is a homeomorphism onto Up. Notice similarly

that cp, (bgi)) € Op for large-enough i € N, because Adg(b_) C b_ and the adjoint
action of H on b is jointly continuous. Thus bg)chi(bgi)) € Up for large-enough
i € N. Since ngi) # ngi) and u(ngi),bgi)) = u(ngi),bgi)chi(bgi))) for all ¢ € N, this
contradicts the injectivity of uly; .- O

We may thus assume that (6.5.5) holds true for Vy := Uy and Vp := Up, by

shrinking Uy and Up further if necessary. Then (Up,Un,Ug) is a good triple
containing e € G. We therefore have shown:

Lemma 6.5.13. There exists a good triple (S, N,Ug) containing e € G.

Proof of Theorem 6.5.7:

By Lemma 6.5.13, there exists a good triple (S(e), N, U,(;)) containing the iden-
tity e € G. By Lemma 6.5.4, we then find that for any ¢ € G, there ex-
ists a good triple of the form (S, N, U](;)) containing g. Consequently, the set

{q(S) : (S, N, Ug)) is a good triple} is an open cover of G/H. Henceforth, we
write Up := U](;). Let Uy_ C b_ be a symmetric 0-neighborhood such that
eXch‘Ub is biholomorphic onto Ug, and such that the BCH series defines a

holomorphic map * : Uy_ x Up_ — b_.

For k € {1,2}, let (S®), N®) Up) be a good triple with real and complex domains

S(()k) and Nék), respectively. Denote the inverse of |y ) wUp N®xUg - N®Ug

by (x. Let vg := mnm © Ck|s(k) be the associated real-analytic diffeomorphism
0

Sék) — Nék) (cf. Lemma 6.5.10). Concretely, for gi € S(()k) there exists unique

(ng,by) € Nék) x Up s.t. g = niby, and then vg(gr) = ng. Denote the associated

chart of G/H by o := vy, o q|;(lk,> : q(S(()k)) — Nék). (We avoid choosing concrete
0

charts of the complex manifold Nék)7 to avoid unnecessary notation.) The situation
is depicted in the diagram below:

Crel (k)
S — 20, N x U

o | \ [ra -

st —2 NP
Suppose that Vg g = q(SSl)) N q(S(gz)) # (). For k € {1,2}, define the open set
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ZM0 = q| b (Vaym) € S and let DO = 04 (Veyp) © N be the domain of
0]

the transition function. Notice concretely that
neD® — J(g,b) e ZW x Up : g =nb.

Notice that the transition function o3 := o7 0 02_1 . D@ — D) i real-analytic.
We must show that it is also holomorphic. To determine o5 explicitly, observe
that o192 = v 0 q\§<11) 0 qlge ovy . Take ng € D@ and let go := v '(n2) € Z?
be the corresponding element in the transversal, so that go = nsbs for a unique
by € Up. There exists unique h € H such that

(dlgt © alge)(g2) = goh € 21
Letting (ny,b1) € DM xUp bes.t. goh = nyby, we have vy (goh) = ny = Ty (C1(g2h)),
and o12(ng) is explicitly given by
g12(n2) = (110 dlg) © qlg@)(g2) = vi(gah)
=N1 = TN (Cl (’ngbzh)).

Let us henceforth write ga(n2),n1(n2), b1 (n2), b2(n2) and ha(ne) instead of g, n1, by, be
and hsg, to emphasize their (real-analytic) dependence on ns. We thus have

o12(n2) = n1(n2) = Ty (Ci(g2(n2)h(n2))) = my@ (CL(n2bz(nz)h(nz2))). (6.5.6)
We must show that oj2 is holomorphic near any point. Let n§ € D®). Define
b3 = b1 (n3), by := ba(ns), h* := h(n$) and ha(ng) := (h*)"'h(ny). Using the
continuity of the BCH product * : U,_ x U,_ — b_, observe that we can find open
neighborhoods Op C Ug and Oy C H of b € Up and e € H, respectively, such
that OOy C Up. Now, from

n1(n2)bi(n2) = g(n2)h(n2) = g(n2)h*ha(ne),

we obtain that g(na)h® = n1(n2)bi(n2)ha(na)~t. Since ny(na), by (ng) and ha(ng)=*
depend continuously on ny, we have by(n2) € Op and ha(ng)~! € Og for all ngy
in some open neighborhood (953) C D@ of ns, so that by(ng)ha(ng)~' € Ug. We
then have g(n2)h® € S’él) and

G (g(n2)h®) = (n1(na), bi(n2)ha(ne) ™) € DY x Up, Yngy € (91(3). (6.5.7)

We thus see for any ng € Og\?) that g(n2)h(n2) and g(nz)h® have the same N)-
component, namely nj(nz2). Using (6.5.6) we therefore find that

0'12(’17/2) = 7TN<1)(C1(n2b2(n2)h°)), Vng (S 053)

Shrinking Oﬁ) if necessary, we may further assume that by(no) =103 € Up (using
the continuity of the BCH product * : Uy_ xUp_ — b_), and that nyb3h® € PDUR

(because n$bsh® € DWUR and DM Up is openin N(DUp C G¢), for any ny € Og\?).
We show that we then have

0'12(712) = TTn() (C1 (ngbgh.)), Vngy € Og\?) (658)
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Take ny € (91(3)~ Suppose that (n1, 81) = (1(n2b2(n2)h®) and (n7, B1) = (1(n2b3h*®)
for some ny,n} € DM and By, 3] € Up, 50 1181 = naba(na)h® and n) B = nyb3h®.
(In fact, notice that 81 = by(na)ha(nz)~! by (6.5.7).) Then

n B8] = n1Bicye (ba(nz)”'b3).

Using that ba(ng) =13 € Ug, this implies by (6.5.4) that ny = n}. Thus (6.5.8)
holds true. Since my), Theps and ¢; are all holomorphic, it follows from (6.5.8)
that 012|O§3> is so, too. As the point n3 € D®) was arbitrary, we conclude that
012 is holomorphic.

The charts defined by good triples (S, N, Ug) therefore turn the real-analytic man-
ifold G/H into a complex manifold modeled on n;, that has the same underlying
real-analytic structure.

Let us show next that the C-linear extension of the map

o= T.(G/H), € 5| qlexpglie)) (65.9)
t=0

descends to a C-linear isomorphism gc/b_ = T.(G/H) of topological complex
vector spaces. Consider the good triple (Up,Uy,Ug) defined in the proof of
Lemma 6.5.13, with associated real and complex domains Sy C Up and Ny C Uy,
respectively. Let o : ¢(Sp) — Ny be the associated chart of G/H. Let ¢ be the
inverse of u|UNxUB :Unv xUp — UnUp, and let v := 7y, o C|SO be the corre-
sponding map Sy — Ny (cf. Lemma 6.5.10). Finally, let Uy C Ug N H be an open
1-neighborhood of H.

Let £ € g. Using (Al), there exist smooth paths p(t) and h(t) in Sy and Uy
respectively, both defined for all ¢ in some interval I C R containing zero, such
that expg(t€) = p(t)h(t) for all ¢ € I. Then q|§01 (q(exp(t€))) = p(t) for t € I.
Letting (n(t),b(t)) = ((p(t)), so that p(¢t) = n(t)b(t) for ¢ € I, we have that
v(p(t)) = n(t). The smooth path g(exps(t€)) in G/H is in the local coordinates
defined by o therefore represented by the path n(t) in Ng C Uy. Since

expg (t€) = p(t)h(t) = n(t)b(t)h(t)
and b(t)h(t) € Up for all ¢ € I with |¢| small-enough, we also have
n(t) = 7oy (C(expg (i)
for all ¢ in some interval Iy C I containing zero. We thus find that
d d

G| 0= | e tlepali) =, (T.O©) (6.5.10)

t=0
Since both 7y, and T,(¢) are C-linear, we see using (6.5.10) that the C-linear

extension of the map in (6.5.9) is in these local coordinates of G/H represented by
the map

gc =y, g, (Te(O)()- (6.5.11)
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Notice that T.({) : gc — ne @ b_ is simply the inverse of the linear isomorphism

T(e,e)(M‘UNxUB):nJr@b*%gCa (£+7£*)’_>£++€*'
It is therefore clear that the kernel of the map in (6.5.11) is precisely b_. Con-

~

sequently, (6.5.11) induces a C-linear isomorphism gc/b_ = T.(G/H) = ny of
topological complex vector spaces.

We verify next that I, : G/H — G/H is complex-analytic for any ¢ € G. In
the charts defined by the good triples (S, N,Ug) and (¢S, gN,Ug), the map [, is
simply represented by Nyg — gNy, n +— gn, where Ny is the complex domain of
(S, N,Ug). This map is holomorphic because G¢ is a complex Lie group.

Finally, suppose that @ is a complex manifold and that f : G/H — @ is a smooth
map with lift f : G — Q. By Proposition 6.2.11, f is holomorphic if and only
if T'(f) is fiberwise C-linear. Identifying T,(G/H) = T.(G/H) = gc/b_ for any

g € G using the left G-action, this is the case if and only if T;C(f)(vg(f)) = 0 for
allge Gand £ € b_. O

6.5.3 Complex bundle structures on E, = G xy V.

Throughout the following, we continue in the setting of Section 6.5.2 and assume in
addition that the assumptions of Theorem 6.5.7 are satisfied. We write M for the
homogeneous space G/H, endowed with the unique G-invariant complex manifold
structure satisfying the conditions in Theorem 6.5.7.

Fix a unitary H-representation (o,V,). Recall from Definition 6.2.19 that V.
denotes the space of b-strongly-entire vectors for the H-representation o on V.
Assume that the H-action o on VO is real-analytic H x V9 — VO Since
G — G/H is a real-analytic principal H-bundle, by Theorem 6.5.1, we have in
this case that the G-homogeneous vector bundle E, := G x g V. over G/H with
typical fiber is V.9 carries a natural real-analytic bundle structure.

Remark 6.5.14. If H is actually a Banach-Lie group, so that § is a Banach space
w.r.t. the subspace topology inherited from g, then the H-action on V.9 is always
real-analytic H x V.9 — V.9 cf. Remark 6.3.15.

In the following, we adapt the proof of [Neel3, Thm. 2.6] to endow E, with a
complex-analytic bundle structure, using the notion of entire extensions y : b_ —
B(VE) of do to b_, see Definition 6.5.17 below. We write L, : E, — E, for the
left G-action on E,.

Definition 6.5.15. Let W be a complete Hausdorff complex (resp. real) locally
convex vector space and let F' : W — B(V.) be a function. We say that F is
complex-analytic (resp. real-analytic, smooth) if the corresponding map

FV:W x VO — Vo

is complex-analytic (resp. real-analytic, smooth).
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Lemma 6.5.16. Consider the setting of Definition 6.5.15. If F' is smooth then F
is complex-analytic if and only if the map T,(F) : W — B(V.) is C-linear for
every v € W, where Ty (F)(w)v := %|t=0 F(x + tw)v

Proof. By Proposition 6.2.11, the map FY : W x V. — V.9 is complex-analytic if
and only if it is smooth and T'(FV) is fiber-wise C-linear. FV is smooth by assump-
tion and v — T, (F")(0,v) is trivially C-linear. Thus F is complex-analytic if and
only if w — T, (FV)(w,0) is C-linear for any z, w € W, which is the statement. O

Definition 6.5.17. An entire extension x of do : hc — B(V.?) to b_ is a homo-
morphism x : b_ — B(V.9) of Lie algebras such that:

L. x|y, =do.
2. x(Ady(€)) = a(h)x(&)o(h)~ L forallh € H and £ € b_.

3. The series Yo7 o Lx(€)"v converges in V.7 for all £ € b_ and v € V., and
defines an entire map

NE

b x V2 5 V2, () Y —x(©)".

n=0

In this case, we write eX($)y) 1= 37" "Ly (&)mp.

Notice that an entire extension is in particular an extension in the sense of Defini-
tion 6.4.4.

The following example and the discussion in Remark 6.3.15 reflect the main reason
for working with the space V.9 of b-strongly-entire vectors, instead of V.©:

Example 6.5.18. Assume that H is a Banach-Lie group. In view of Remark 6.3.15,
we then know that the following map is entire:

1
bhe x VO = VO, (n,v) — Z ;dd(n”)v (6.5.12)
n=0

Consequently, the trivial extension x : b_ — B(V,2*) of do to b_ with domain V,©
is an entire extension.

Using the notion of entire extensions, [Neel3, Thm. 2.6] adapts straightforwardly
to the present setting:
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Theorem 6.5.19. Let x : b_ — B(V.9%) be an entire extension of do to b_. Then
E, = G xg VO carries a unique complex-analytic bundle structure satisfying the
following properties:

1. The left G-action Ly is complez-analytic for any g € G.
2. The quotient map G x V, — E, is real-analytic.

3. LetU C G be a neighborhood of g € G. A smooth function f € C°(UH, V)"
corresponds to a local holomorphic section of B, if and only if

Loy f=—x&)f,  VEen_.

If the two entire extensions x1 and x2 of do to b_ define the same complex-bundle
structure, then x1 = Xa2.

Definition 6.5.20. Let x : b_ — B(V,°%) be an entire extension of do to b_.
We denote by E(, ) — M the vector bundle E, — M equipped with the unique
complex-analytic bundle structure satisfying the conditions in Theorem 6.5.19.

Proof of Theorem 6.5.19: This proof essentially follows from trivial adaptations of
[Neel3, Thm. 2.6]. Let us indicate the required changes and recall the construction
of the local charts, for later use.

Let gpr : G — G/H denote the quotient map. Let U; C g and Ug C G be
neighborhoods of 0 € g and e € G, respectively, s.t. expG|Ug : Uy — Ug is an

analytic diffeomorphism. Shrinking U, if necessary, there exists by (Al) some
0-neighborhoods U, C p and Uy C b s.t. the BCH series defines an analytic dif-
feomorphism U, x Uy — Uy. Define Up := expg(U,) and Uy = expg(Uy), so
Us = UpUpg. (Comparing with the proof of [Neel3, Thm. 2.6], Up takes the role
of Uz.) Define for any = € G the open subsets

Uy :=2qu(Up) CM and U, :=2UpH C G. (6.5.13)

Using (A3), and replacing 8 : b_ — B(V,) in steps 2 — 4 of the proof of [Neel3,
Thm. 2.6] by the entire extension y : b_ — B(V,%), we obtain after shrinking U,

if necessary for each € G' a smooth function F, : U, — B(V,°%)* satisfying the
following properties:

1. Fy(gh) = o(h)"*F,(g) for all g € U, and h € H.
2. Ly@eyFe = —x(§)Fy forall { €b_.
3. F’E(I) = idVob'

Moreover, using (A1), (A3), that eX : b_ — B(V.9?) is complex-analytic and that
the action H x V.9 — V.9 is real-analytic, in view of Remark 6.3.15, observe from
its construction that both Fj, and F, ! are actually real-analytic. These functions
moreover satisfy Fy,(yg) = Fy(g) for any z,y € G and g € U,, as is immediate
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from their construction. As in [Neel3, Thm. 2.6], we now define for each z € G
the trivialization

Gp U x VI = Bl (gH,v) — [g, Fx(g)v], (6.5.14)

so that the transition function ¢ o ¢, : U, NU, x VO — U, NU, x V.2 is given
by (gH7 ’U) — (gH7 ¢ry(9H)U)7 Where

bay U N U, = BV, uy(gH) = Fo(g) " F,(9).

Let us check as in [Neel3, Thm. 2.6] that these transition functions are complex-
analytic. It suffices by Lemma 6.5.16 to show that the lift ¢, : U, NU, — B(V,2)

of ¢,y satisfies L:,,(f)aw =0 for all £ € b_. This follows from the three properties
of the functions F, mentioned above:

Lo(e)bay = (Lo Fy 1) Fy + Fy (Lo Fy)
= —F;l([,,,(g)Fz)F;le + Fm_l(cv(ﬁ)Fy)
= F, 'X(OF, — F, 'x()F,
—0.

Thus the trivializations {¢, }zecq define a complex-analytic bundle structure on E, .
Let E(4,y) denote the corresponding complex-analytic bundle. We show that the
properties 1 — 3 in Theorem 6.5.19 are satisfied:

1. Let z,g € G. In the local charts defined by ¢, and ¢4;, L, is represented
by Iy x id,,0,, which is complex-analytic from the corresponding property of
lg: M — M.

2. Let z € G. Consider the local coordinates of E(, ,) defined by ¢,. In these
local coordinates, the quotient map G x V.9 — E(s,y) is represented by the
real-analytic function

Uy x VO = U, x VO, (9,v) — (gH, Fy(9)" ).

3. Take f € C>®°(UH,VP")". The corresponding local section of E(,. ) is ob-
tained by descending the function f : UH — E,, f(g) = [g, f(g)] to the

quotient ¢pr(U). Let € U and define W, :=U, NU and W, := U, NUH.
Using the local chart ¢,,, the map ﬂﬁ is represented by the smooth function

FiWe 5 U x V2, Flg) = (gH, Fu(9) ™ £(9)),
which is complex-analytic if and only if £,)h = 0 for any £ € b_, where h

is given by
h:W,— VO, hig):=Fu(g) " flg).
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We compute that

Lyeyh = (Lo Fy )+ Fy (Lo f)
= —F,  (Log)Fe)Fy ' f 4+ Fy (Lo f)
=F, ') f + Fy (Lo f).-

Thus L, )h = 0if and only if L) f = —x(§) f for any £ € b_. Consequently
f corresponds to a holomorphic local section of E, — M if and only if
Lye)f = —x(&)f for every £ € b_. The equation is automatically satisfied
for any £ € hc by the H-equivariance of f. The conclusion follows.

Step 5 in [Neel3, Thm. 2.6] shows that if the two entire extensions x; and x2 define
the same complex bundle structure, then x; = x2. To see that the complex-bundle
structure is unique, we simply remark that if E! and E2 denote the vector bundle
E, equipped a priori with possibly different complex-analytic bundle structures
satisfying the properties 1 — 3 in Theorem 6.5.19, then by the third property they
have the same holomorphic local sections. This implies E! = E2 as complex-
analytic vector bundles over M. O

6.5.4 Geometric holomorphic induction

Having the complex-analytic G-homogeneous vector bundles E(, ,) at hand, we
are now in a position to define a stronger notion of holomorphic induction, which
guarantees that 7, ° actually embeds into a space of holomorphic mappings. We
continue under the assumptions of Section 6.5.3. In particular, o is a unitary
representation of H on V,, for which the H-action on V. is real-analytic H x V. —
VO, Let x : b_ — B(V,2%) be an entire extension of do : hc — B(V.) to b_, and
let (p,H,) be a unitary G-representation.

Definition 6.5.21. We say that (p, H,) is geometrically holomorphically induced
from (o, x) if o is b-strongly-entire and there exists a G-equivariant injective linear
map @ : H, — Map(G, V) satisfying:

1. The point evaluation &, : H, — V,, £;(¢¥) := @y (x) is continuous for every
red.
2. £;&; =idy, for every z € G.

3. For every w € VC,O”7 the following function is holomorphic:
fw :E(U,X) —>(Ca fw([g7v]) = <5:w,p(g)5:U>

Remark 6.5.22. The first condition in Definition 6.5.21 entails that (p,H,) is
unitarily equivalent to the natural G-representation on the reproducing kernel
Hilbert space Hg, where Q € C(G x G, B(V,))* is the positive definite and G-
invariant kernel defined by Q(x,y) := £,€,;. Combined with the second property,
we additionally have that £ is an H-equivariant isometry and that the subspace
E:Vy C H, is cyclic for G, cf. Theorem 6.9.3 and Proposition 6.9.5 below.
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We start with a lemma:

Lemma 6.5.23. Assume that V, C H, as unitary H-representations and that
Vo is cyclic for G in H,. Assume further that o is b-strongly-entire. Then the
following assertions are equivalent:

1. VO C H® and dp(§)v = x(§)v for all§ € b_ and v € VO,

2. fuw € O(E(s,y)) for every w VO where fu,([g,v]) = (w, p(g)v).

If these assertions are satisfied, then we even have Vaob C H,. Moreover, we have

f € OBo) for any b € H?, where fy([g,v]) == (¥, p(g)v).

Proof. Let ¢ € H7® and consider the function
fo B = C fullgv]) = (&, p(g)v).

Consider its lift to G’ x V.9, defined by ﬁp CG X VO 5 C, fulg,v) = fullg, ).
Let z € G. Define the open sets U, C Gand U, C M as in (6.5.13), so U, is an
open neighborhood of zH € M. Let F, : U, — B(V.2")* be defined as in the proof
of Theorem 6.5.19. In particular, F, satisfies L) Fy = —x(§)F, for any £ € b_.
Let ¢ : U, X Vaob — E(U,X)|UI be the corresponding chart of the holomorphic
vector bundle E(, ), defined in (6.5.14). In these local coordinates, fy and fw are
represented by hy , and %w@, respectively, where

hw,x 1 Ug X VUOb — C, hw@(gH,v) = (p(g)flzb,Fr(g)v),
hypo i Up x VO — C, hyo(g.v) = (p(g) "0, Fy(g)v).

As F is smooth, and because ¢ € H7°, this shows in particular that fy is smooth
for the underlying real manifold structure. Then hy , is complex-analytic if and
only if Lo e)hy. = 0 for any € € b_. Let & € b_. Using Loy Fy = —x(€)Fy, we
compute for any (g,v) € U, ¥ VO that

(Lo(eyhas ) (9,v) = (dp(&7)p(g) ", Fulg)v) — (p(9) ", x(€) Fa(g)v).  (6.5.15)

Thus if (1) holds true, then (6.5.15) shows that Ev(g)ﬁw@ =0 for any £ € b_, so
that hy . is complex-analytic for any € G. We then conclude that f;, € O(E(q,y))
for any ¢ € H7°. Since VO C H;° by assumption, we in particular notice that (2)
holds true.

Assume conversely that f,, € O(E(,,y)) for any w € VO . Let v € VO Then the
function g — (v, p(g)v) = f»([g,v]) is real-analytic G — C, where we have used
that the quotient map G x V.9 — E(5,y) is real-analytic. As G is a BCH Fréchet-
Lie group, this implies by [Neell, Thm. 5.2] that v € Hj. Hence VO C H;. We
know from Corollary 6.2.24 that H}; C H,°, so we also obtain that VO C Hoe.
To see that (1) holds true, it remains to show that dp(§)v = x(&)v for all £ € b_
and v € V9. Consider the set D := {1/) EHYX : fy € O(E(s,y)) } The preceding
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shows that V.9 C D. The set D is moreover G-invariant. Indeed, if ¢ € D and
g € G, then f,5y = fy © Ly-1 defines a holomorphic map on E(, ,), because
Ly :E(y) — E(s,y) is holomorphic. As VO is dense in V, and V, is cyclic for
G, it follows that D is dense in H,. Let £ € b_, ¥ € D and v € VO, Recall that
F.(e) = idj0,. As fy € O(E(s,y)), we know that (Ly¢)hy,c)(e) = 0. Using that

v € HP, it follows by evaluating (6.5.15) at (e,v) € U, x VO that

(¥, dp(&)v) = (dp(§* )Y, v) = (b, x(E)v).

As D is dense, it follows that dp(&)v = x(&)v for all € € b_ and v € V.9, so that
(1) holds true. We have also shown that if these equivalent conditions are satisfied,
then V2 C HY and fy € O(E(,,y) for any ¢ € H5°. O

The following entails that H7° can be seen as a space of of holomorphic functions
on the complex-analytic bundle E(o,x) — M conjugate to E(y) — M:

Proposition 6.5.24. Assume that p is geometrically holomorphically induced from
(0,x). Then there is an injective G-equivariant C-linear map Hy° < O(E(, ) for
which all point evaluations are continuous.

Proof. Assume that p is geometrically holomorphically induced from (o,x). In
particular, this implies that o is b-strongly-entire. Let ® : H, < Map(G, V,)?
satisfy the conditions in Definition 6.5.21. We may consider V, as a subspace
of H, using the H-equivariant isometry £;. We know by Theorem 6.9.3 that
Vo € H, is cyclic. From Lemma 6.5.23 we obtain that f, € O(E(, ) for any
Y € Hp°. The map ¢ — fy defines a G-equivariant C-linear map H3° — O(E(,,y))
that has continuous point evaluations, where O(E, ) denotes the vector space
complex conjugate to O(E,,,)), which may be identified with O(E(,,y)). This map
is injective because f,, = 0 implies that ¢ L p(G)V.€, which in turn implies 1) = 0
because V.2 is cyclic for H,,. O

Let us next compare the notion of geometric holomorphic induction with Defini-
tion 6.4.11. Recall that x is an entire extension of do : he — B(V.9") to b_. We
assume in the following that G and H are both connected.

Theorem 6.5.25. Assume that o is b-strongly-entire. The following assertions
are equivalent:

1. (p,H,) is geometrically holomorphically induced from (o, x).

2. There is a subspace Dy C V¥ containing VO and an extension’y : b_ — L(Dy)
of do to b_ such that x(&§) = X(£)|,,0, for every & € b_, and such that

v
p = Hollnd% (s, ).

Suppose that x is the trivial extension of do to b_ with domain V.. Then these
assertions are equivalent to:

3. p= HolInde(a) and V.2 C H°, where we considered V, as a subspace of
H, using Theorem 6.4.13.
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Proof. Assume that (p,H,) is geometrically holomorphically induced from (o, x).
Let ® : H, — Map(G, V,,)! satisfy the conditions in Definition 6.5.21. Identify V,
with a cyclic subspace of H,, using £7. Define Dy := V, N'H. From Lemma 6.5.23
we obtain that V,%* C Ds and that dp(£)v = x(&)v for all € € b_ and v € V0.
As VP is dense in V,, the latter in particular implies that dp(b_)Dg C V,,
which in turn implies dp(b_)Dy C Dy. From Theorem 6.4.13 it follows that
p = Hollnd% (0, ), where ¥ : b_ — L(Dg) is the extension of do to b_ with
domain Dy, defined by X(&)v = dp(§)v. This extension satisfies §(§)|Vaob =x(§)
for any £ € b_, as required.

Conversely, let ¥ : b_ — L(Dy) satisfy the conditions in (2), so in particular
p= HolIndg(a7 X). By Theorem 6.4.13 we may assume that V, C H, as unitary
H-representations, that Dy = V, N Y and that X(§)v = dp(§)v for all § € b_
and v € Dg. As Dy contains V[,Ob by assumption, it follows in particular that
VO C H. From Lemma 6.5.23, we obtain that f,, € O(E(,y)) for any w € VO,
where f,([g,v]) = (w, p(g)v). So the map

®:H, — Map(G,V,)", @y(9) :=pvplg) "¢

satisfies the conditions in Definition 6.5.21, where py : H, — V,; is the orthogonal
projection.

Assume that  is the trivial extension of do to b_ with domain V.. Assume that
(2) holds true. Let the subspace Dy C V, and the extension X : b — L(Dy)
satisfy the conditions in (2). We may consider V,, as a closed H-invariant linear
subspace of H, satisfying the conditions in Theorem 6.4.13. In particular, we have
VO C Dy = Vo NH}, so certainly VO C V. As x is the trivial extension on V.0
and x(§) = X(§)l,,0, for every £ € b_, we also have dp(n_)VO = {0}. As VO is
dense in V, this further implies that dp(n_)Ds = {0}, so X is the trivial extension
on Dg. Hence (3) holds true. Assume conversely that (3) is valid. Let X denote
the trivial extension of do to b_ on the domain Dy := V, NH}. By assumption
p = Hollnd§; (0, X) and V. C H°. As Dy is killed by dp(n_) and dense in V,, it
follows that dp(n_)V,?» = {0}. Thus (1) in Lemma 6.5.23 is satisfied, from which
we obtain that V. C H;. This means that VO C Dg. So (2) is satisfied using
the trivial extension X on the subspace Dy C V. O

6.6 Arveson spectral theory

In Section 6.7 below, we shall have need for a suitably general notion of Arveson
spectral subspaces. As such, we extend the already existing notion to a more
general setting. Let V' be a complete locally convex vector space over C that is
Hausdorff. We define Arveson spectral subspaces of V' associated to a strongly
continuous R-representation o on V' that satisfies a suitable condition, using the
convolution algebra S(R) of C-valued Schwartz functions on R. The results are
adaptations of those in [Arv74, Sec. 2], [NSZ15, Sec. A.3] and [Neel3, Sec. A.2].
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6.6.1 Certain classes of R-representations

Throughout the section, let @ : R — B(V)* be a strongly continuous representation
of R on V. In [NSZ15, Sec. A.3], the R-action « is required to be polynomially
bounded (see Definition 6.6.1 below). It will however be convenient to define both a

stronger and a weaker notion, that in turn are both still weaker than equicontinuity,
which is used in [Neel3, Sec. A.2].

Definition 6.6.1. Let o : R — B(V)* be a strongly continuous representation of
Ron V.

— « is said to be equicontinuous if there is a basis of absolutely convex a-
invariant O-neighborhoods in V. Equivalently, if the topology of V' is defined
by a family of a-invariant continuous seminorms.

— « is said to have polynomial growth if there is a basis B of absolutely convex
0-neighborhoods in V such that for every U € B there is a monic polynomial
r € R[t] such that oy (U) C r(|t|)U for all ¢ € R. Equivalently, if there is a
family P of defining seminorms on V such that for every p € P there exists
a monic polynomial r € R[t] such that p(a;(v)) < r(|¢t|)p(v) for all t € R and
velV.

— a: R = B(V)* is called polynomially bounded if for every continuous semi-
norm p on V, there is a 0-neighborhood U C V' and some N € N such that

sup sup p(at (U))

— = <X
vet ter 1+ [t|Y

— a : R — B(V)* is said to be pointwise polynomially bounded if for every
v € V and continuous seminorm p on V, there exists NV € N such that

plai(v))

sup

— < 0
ter 1+ [tV

Remark 6.6.2. Notice that we have the following implications:

« is equicontinuous = « has polynomial growth =— « is polynomially bounded.

If V is a Banach space, then a has polynomial growth if and only if it is polynomially
bounded.

Example 6.6.3.

1. The R-representations on both L?(R) and C°°(T) by translation are equicon-
tinuous.

2. The R-action o on S(R) by translation is not equicontinuous but does have
polynomial growth. Indeed, one checks that the open set

U:= {f € S(R) : suplzf(x)| < 1} C S(R)

z€R
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satisfies [,cg @¢(U) = {0}. By [Neel3, Prop. A.1], this implies that « is not
equicontinuous. It does have polynomial growth, because the topology on
S(R) is generated by the seminorms

Prm(f) = szg(l + |z))™[(0™ f) ()], for n,m € N>,

which satisfy pr, m (af) < [ZZ_O ) t|”k} Pnm(f) for t € Rand f € S(R).

3. The action of R on C°°(R) by translations is not pointwise polynomially
bounded. For example, the smooth function f(z) = e* satisfies

lae(f)llcoay = 1 leperg = €, vt € R.

Let P denote the set of continuous seminorms on V. For p € P, let

Ny ={veV :pw)=0}

denote its kernel. Let V), := V/N,, be the corresponding Banach space. If p,q € P
and p < ¢, then Ay C NV, and hence there is a canonical contraction 1, 4 : Vg — V).

Lemma 6.6.4. Assume that « is strongly continuous and has polynomial growth.
Then « descends for each p € P to a representation of R on V), with polynomial
growth. Moreover V = @ﬂ/;, as R-representations.

Proof. Let p € P. Since « has polynomial growth, we have a;(N,) C N, for every
t € R. Consequently, o descends to a strongly continuous R-representation a®) on
V,, that again has polynomial growth. If p,q € P and ¢ € R, then 7, , oa§q> = agp).
We thus obtain an R-action on the projective limit 1&1 V, for which the canonical

isomorphism V' = lim V), is R-equivariant. O

Proposition 6.6.5. Assume that a is strongly continuous and has polynomial
growth. Then the action o : R x V — V is continuous.

Proof. By Lemma 6.6.4 it follows that V = T&nVP as R-representation on locally
convex space. If p € P, then since V), is a Banach space and the R-representation
on V, is strongly continuous, it follows from [NeelOa, Prop. 5.1] that the action
map R x V,, — V,, is jointly continuous. Using that V' = limV,, as topological
representations of R, it follows that the action o : R x V' — V 1s jointly continuous.

O

6.6.2 Arveson spectral subspaces

Let V be a complete locally convex vector space over C that is Hausdorff. Let
a:R — B(V)* be a strongly continuous representation of R on V. Assume that «
is pointwise polynomially bounded. In the following, we define the Arveson spectral
subspaces of V' associated to subsets E of R. We extend the results in [NSZ15,
A 3] to the case where « is only required to be pointwise polynomial bounded. We

will use the convention that the Fourier transform f — fon S(R) is given by

Fp) ::/Rf(t)e“pdt. (6.6.1)
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Definition 6.6.6.
— If I C S(R) is an ideal, define its hull h(I) C R by

h(I) ::{pER : ]?(p):OforalleI}.
— If E C R is a closed subset, define the ideal Iy(F) of S(R) by
Iy(FE) := {f €S(R) : supp(f)NE =0 }

Lemma 6.6.7 ([NSZ15, Prop. A.g]).
1. If E CR is a closed subset, then h(Iy(E)) = E.
2. If I C S(R) is a closed ideal, then Io(h(I)) C I.

Corollary 6.6.8. Let I C S(R) be a closed ideal with h(I) = 0. Then I = S(R).
Proof. Since Iy(0)) = S(R) it follows using Lemma 6.6.7 that

S(R) =1Io(0) = Ip(h(I)) € 1. O
We proceed by defining a representation of the convolution algebra (S(R), ) on V.

Lemma 6.6.9. Let f € S(R) and v € V. Then the weak integral [, f(t)oy(v)dt
exists in V.

Proof. For any a > 0, the weak integral ffu f()ar(v)dt exists in V' because
R — V, t = f(t)ay(v) is continuous and V is complete (cf. [Mil84, p. 1021]
or [GN, Prop. 1.1.15]). As « is pointwise polynomially bounded and f € S(R)
is a Schwartz function, the limit v, = lim,—o0 [, f(t)ou(v)dt exists in V, and
v, = [ f(t)ar(v)dt € V. O

Definition 6.6.10. For any Schwartz function f € S(R), define the linear operator
ay € L(V) by

af(v) ::/Rf(t)at(v)dt.

Then f +— ay defines a strongly continuous representation of the convolution alge-
bra (S(R),*) on V.

Remark 6.6.11. If « is polynomially bounded, then ay € B(V) is a continuous
operator for every f € S(R).

Definition 6.6.12.
— Let Spec,, (V) := h(ker @) C R be the hull of the closed ideal ker @ in S(R).

— Forv eV, let S(R), :={f € S(R) : ar(v) =0} denote the annihilator of v
in S(R), which is a closed ideal in S(R), and let Spec, (v) := h(S(R),) C R
be its hull.
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— If F C R is a subset, define
Va(E)o:={v eV : Spec,(v) CE}
and let V,(E) := V,(E)o be its closure in V. Define moreover

VA (E) = ValE+N),
N

where N runs over all O-neighborhoods in R.

If the action « is clear from the context, we drop a from the notation and simply
write V(E)o, V(E) and VT (E) instead of V,(F)o, Vo (E) and V1 (E).

Example 6.6.13. Let U : R — U(H) be a strongly continuous unitary repre-
sentation of R. Then U, = ' for some self-adjoint operator H on H. Sup-
pose that U; = fR e'™?dP(p) is the corresponding spectral decomposition of U,
for some projection-valued measure P on R. With the convention (6.6.1) we
have Uy := [ f(t)Updt = [ f(p)dP(p) for f € S(R). The Arveson spectrum
Specy (H) coincides with Spec(H), the spectrum of the self-adjoint operator H.
Moreover, for a closed subset E C R, the corresponding spectral subspace is given
by HU(E) = P(E)H

Remark 6.6.14. Let {F;}icz be a family of closed subsets of R. Observe that
ﬂiez V(Ei)o = V( ﬂieI Ei)o'

Remark 6.6.15. Notice for any v € V that ker o C S(R),, so Spec, (v) C Spec, (V).
Thus
V =V (Spec,(V))o = V(Spec,(V)) = VT (Spec, (V)).

Combining this with Remark 6.6.14, we obtain for any closed subset £ C R that
V(E)o = V(E N Spec, (V))o.

~

Lemma 6.6.16. Let f € S(R) and v € V. Then Spec,(ayf(v)) C supp(f).

~

Proof. Let p € R\ supp(f) and choose g € S(R) s.t. g(p) # 0 and §|Supp(f) =0.

Then g * f = 0, because §f = 0. It follows that g0 fv = af,gv = 0. Since we also
have g(p) # 0 it follows that p ¢ Spec, (o sv). O

Proposition 6.6.17. Let v € V. Then S(R), = S(R) implies v = 0. Moreover
v # 0 implies Spec,, (v) # 0.

Proof. Assume that S(R), = S(R). If A € V' is a continuous functional, it follows
that [, f(t)A(owv)dt = 0 for any f € S(R). As t — A(ayv) is continuous, this
implies that A(azv) = 0 for all ¢ € R. In particular A(v) = 0. As V' separates the
points of V' by the Hahn-Banach Theorem [Rud91, Thm. 1.3.4], it follow that v = 0.
Finally, if Spec, (v) = ( then by Corollary 6.6.8 it follows that S(R), = S(R) and
hence v = 0. O

152



Corollary 6.6.18. If E1, Es C R are two disjoint closed subsets, then
V(E1)o NV (Es)y = {0}.

Proof. We have V(E1)o NV (E2)o = V(E1 N E2) = V(0) = {0} by Remark 6.6.14
and Proposition 6.6.17. O

If E C R is a subset, recall from Definition 6.6.6 that Io(E) C S(R) denotes the

ideal of functions f € S(R) whose Fourier transform f vanishes on a neighborhood
of E C R. Proposition 6.6.19 below provides a convenient characterization of
V(E)p in terms of Iy(FE), which will be used repeatedly.

Proposition 6.6.19 ([NSZ15, Prop. A.8]).
For any subset E C R we have
V(B ={veV : I(E)C SR), |
= {v €V :VfeSM) :supp()NE =0 = af(v) :0}.

In particular V(E)o, V(E) and VT (E) are linear subspaces of V.

Proof. The proof of [NSZ15, Prop. A.8] continues to hold when « is only pointwise
polynomially bounded. O

Corollary 6.6.20. Assume that « is polynomially bounded. Then for any E C R
we have

V(E)y = V(E) = V*(E).

Proof. Let EE C R be a subset. By Remark 6.6.11 we know that o is a continuous
linear operator for every f € S(R). It then follows from Proposition 6.6.19 that
V(E) is closed, so V(E)y = V(E). Using Remark 6.6.14, we further obtain that

VHE)=(V(E+N)=V(E+N), = v(ﬂE+N> =V(E)y=V(E). O
N N N 0
The following will also be used frequently:
Corollary 6.6.21. Let E C R be a subset. The following assertions are equivalent:
1. Spec,,(V)C E
2. VCV(E).
3. Iy(E) C kera.
Proof. Assume that Spec, (V) C E. Then for any v € V we have
Spec,, (v) C Spec, (V) C E,

by Remark 6.6.15. This means that V' C V(E). Assume next that V' C V(E)o.
By Proposition 6.6.19, this means that Io(#£) C S(R), for all v € V. So elements
of Iy(E) annihilate every v € V. Thus Io(E) C kera. If Io(E) C kera, then
Spec,, (V) = h(kera) C h(Io(E)) = E, where the last equality uses Lemma 6.6.7.

O
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Corollary 6.6.22. Spec,, (V) = U,cy Spec, (v).

Proof. Define E := J, ¢y Spec, (v). By Remark 6.6.15 we have Spec,, (v) C Spec,, (V')
for any v € V. As Spec, (V) is closed, it follows that E C Spec, (V). Conversely,
recall that V(E)o = {v €V : Spec,(v) € E'}. So from our definition of E, we
trivially have V' C V(E)o. Then Spec, (V) C E follows by Corollary 6.6.21. O

Let us next record the behavior of spectral subspaces under continuous linear and
multi-linear maps:

Proposition 6.6.23. For j € {1,2}, let oj : R — B(V;)* be a strongly continuous
representation of R on the complete and Hausdorff complex locally convexr vector
space V. Assume that o is pointwise polynomially bounded. Let T : Vi — Vo
be a continuous R-equivariant linear map. Then for every subset E C R we have
T(Vi(E)) C Va(E). If T is injective, then Spec, (V1) C Spec,, (V2).

Proof. Let v € V. As T is equivariant, we have that S(R), € S(R)r,. Hence
h(S(R)r,) € h(S(R),), which is to say that Spec,,(Tv) C Spec,, (v). Thus if
E C R is a subset then TVi(E)g C Vo(E)g. As T is continuous, it also follows that
TVi(E) C Va(E). If T is injective, we have S(R), = S(R)r, for any v € V;. Conse-
quently, Spec,,, (v) = Spec,, (T'v) C Spec,,, (V2). As Spec,, (V2) is closed, it follows

using Corollary 6.6.22 that Spec,, (V1) = U, ¢y, Spec,, (v) C Spec,, (Va). O

In the multi-linear context, we have the following analogue of [NSZ15, A.10]:

Proposition 6.6.24. For j € {1,2,3}, let oj : R — B(V;)* be a strongly continu-
ous representation of R on the complete and Hausdorff complex locally convex vector
space Vj. Assume that o is pointwise polynomially bounded. Let 5 : Vi x Vo — V3
be a continuous R-equivariant bilinear map. Let E1,Ey C R be closed subsets.
Then

BVA(E) x Va(E)) C V5" (B1 + Ea).
In particular, if ag is polynomially bounded then S(V1(E) x Va(E)) C V3(Ey + E2).

Before proceeding to to proof of Proposition 6.6.24, let us mention the following
immediate consequence:

Corollary 6.6.25. Consider the setting of Proposition 6.6.24. Assume addition-
ally that 8 has dense span and that as is polynomially bounded. Then

Spec,,, (V3) C Spec,,, (V1) + Spec,, (V2).

Proof. We know by Proposition 6.6.24 that 3(V, V) C V5" (Spec,, (V1)+Spec,, (V2)).
In view of Proposition 6.6.19 and Corollary 6.6.20, we further know that

Vv3+ ( Specal (Vl) + Specag (‘/'2)) = VS ( Specal (Vl) + Specaz (‘/2))07
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and this is a closed linear subspace of V3. As 8(V1, V) has dense linear span in V3,
it follows that
V3 C V3 (Spec,, (V1) + Spec,, (Vg))o.

According to Corollary 6.6.21, this equivalent with

Spec,,, (V3) C Spec,,, (V1) + Spec,,, (V2). O

The proof of Proposition 6.6.24 requires some preparation. It closely follows that
of [Arv74, Prop. 2.2] and [Neel3, Prop. A.14]. We first introduce some additional
notation:

Definition 6.6.26. For a subset E C R, define the ideal J(E) C S(R) and the
subspace Ry (E)o CV by
J(E) := {f € S(R) : fe C°(R) and supp f C E},
Ry(E)o :={apv: feJE),veV}CV

Let Ry (E) := Ro(E)o be its closure. If a is clear from the context, we write simply
R(E)o and R(F) instead of Ry (F)o and R, (E), respectively.

If E C R is a subset, recall from Definition 6.6.6 that Io(E) consists of all Schwartz

functions f whose Fourier transform fvanishes on a neighborhood of E C R. On
the other hand, J(E) is the ideal in S(R) generated by those f € S(R) for which

fhas compact support contained in F.

Lemma 6.6.27. Let E C R be a closed subset and let N C R be a 0-neighborhood.
Then

Iy(E)+ J(E+ N) =S(R).

Proof. Let Jy := J(E+ N)o + Ip(E) be the closed ideal of S(R) generated by
J(E + N) and Iy(E). Observe that h(J(E + N)) C R\ E. On the other hand,
h(Io(E)) C E by Lemma 6.6.7. We thus find that

h(J2) € h(Io(E)) Nh(J(E+ N)) C 0
and hence h(J2) = (). It follows using Corollary 6.6.8 that J, = S(R). O

Lemma 6.6.28. Let v € V and N C R be a 0-neighborhood. Assume that
J(Spec,, (V) + N) C S(R),. Then v =0.

Proof. Let E := Spec, (V). Assume that J(E + N) C S(R),. Recall from Re-
mark 6.6.15 that V = V(E)g. By Proposition 6.6.19, this means that Io(E) C
S(R),. On the other hand, J(E + N) C S(R),, by assumption. Since S(R), is
closed we obtain using Lemma 6.6.27 that S(R) = Iy(E) + J(E + N) C S(R),. By
Proposition 6.6.17, this implies that v = 0. O

Lemma 6.6.29. Let E C R be closed. Then V(E) C (\y R(E+ N) C VT (E),
where N runs over all open 0-neighborhoods in R.
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Proof. This proof follows that of [Arv74, Prop. 2.2]. Lemma 6.6.16 entails that
Spec,, (afv) C supp(f) for any f € S(R) and v € V. If N C R is a 0-neighborhood
and f € J(E + N), then by definition supp f € E + N and hence Spec, (afv) C
E+ N for any v € V. Recalling that R(F + N)g is the subspace of V' generated by
J(E+N), we obtain that R(E+N)o C V(E+N)o. Consequently (| R(E+N) C
Ny V(E+ N) =VT(E). Next, take v € V(E)y. We show that v € (| R(E+ N).
Let N be a 0O-neighborhood in R. Let A € V'’ be a continuous functional with
AMR(E 4+ N)) = {0}. Trivially, ay(v) € R(E 4+ N)g for any f € J(E + N), and
hence A(afv) = 0. We further have Iy(E) C S(R),, by Proposition 6.6.19, and
consequently A(a,v) = 0 for any g € Io(E). Thus A(ayv) = 0 for any f in the
closed ideal Jy := Iy(E)+ J(E+ N) Of S(R) spanned by Io(E) and J(E + N).
By Lemma 6.6.27 this ideal equals S(R), so [, f(t)A(owv)dt = A(agv) = 0 for any
feSMR). Ast — A(ayv) is contlnuous it follows that A(azv) = 0 for all t € R.
In particular A(v) = 0. Using the Hahn-Banach Theorem [Rud91, Thm. 1.3.5], it
follows that v € (| R(E + N). Thus V(E), C (\y R(E + N) and consequently
also V(E) C Ny R(E+ N). O

Proof of Proposition 6.6.24: Having Lemma 6.6.29 at hand, we proceed as in [Neel3,
Prop. A.14]. Let N C R be an open 0-neighborhood. Let Ni, No C R be open
0-neighborhoods s.t. Ny + No C N. We show that

5<Ra1(E1 + Ni)o X Ra, (B2 + N2)0> CV(E1+ E;+N),. (6.6.2)

As such, for k € {1,2}, take vy, € V and fj, € J(Ej+ Nyi), meaning that supp(ﬁg) -
E; + Ni. We show that ﬂ(al(fl)vl,ozg(fQ)vg) € V(El + Ey + N)O' In view of
Proposition 6.6.19, we must show that it is annihilated by Iy(E; + F2 + N). Let
f3 € Io(Er + B2 + N), so supp(f3) NEy + E3 + N = (. Then

af, Blay, (v1), af,(v2)) //fl (t1) f2(t2) f3(t3) (1t + t3)v1, aa(ta + t3)ve)dt 1 dtadts,

:/R/]RF(tl’wm(al(tl)vl’0‘2(t2)U2)dt1dt2,
(6.6.3)

where F' € S(R?) is defined by
F(t1,t2) = / fa(ts) f1(ty — t3) fa(t2 — t3)dts.
R

The Fourier transform F € S (R?) of F is given by

F(p1,p2) = f1(p1) f2(p2) f(p1 + p2).-

Observe that supp(ﬁ)—i—supp(fg) C (E/l\—i—Nl) +(E2+N2) C E1+E>+ N. Since s
vanishes on Ey + E2+ N, we find that F' = 0. Hence F' = 0. From Equation (6.6.3)
we obtain that a3 (f3)8(a1(f1)v1, a2(f2)ve) = 0. By Proposition 6.6.19 we conclude
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that B(aq1(f1)v1, ae(fa)ve) € V(E1 + By + N)O. Thus (6.6.2) is valid. As S is
continuous, it follows that

BV (E) x Va(E)) C ﬁ(Ral(El N X Ry (Ea + Nz)) CV(Ey+ B + N),

where the first inclusion uses Lemma 6.6.29. Thus

BVA(E) x Va(E)) € (\V(E1 + B2+ N) = VI (Ey + Ey).
N

Assume next that as is polynomially bounded. Then «; is continuous for every
f € S(R), by Remark 6.6.11. By Corollary 6.6.20 it follows that

VHEL + By) = V(B + Ey). O

Let us next consider the behavior of spectra under tensor products and spaces of
continuous linear maps:

Proposition 6.6.30. Let a and o be R-representation on the complete and Haus-
dorff locally convex vector spaces V. and W over C, respectively. Assume that «
and o are strongly continuous and have polynomial growth. Let n € N.

1.

The R-representation a&o on the completed projective tensor product VW
has a continuous action R x VW — VW, polynomial growth and satisfies

Speca@)o_(V@W) C Spec, (V) + Spec,, (W). (6.6.4)

Equip B(V,W) either with the strong topology or that of uniform convergence
on compact sets. The R-representation v on B(V, W) defined by

Wl =00l oay

is strongly continuous, pointwise polynomially bounded and satisfies

Spec., (B(V,W)) C Spec,, (W) — Spec, (V). (6.6.5)

Proof. Notice by Proposition 6.6.5 that the actions o : RxV — Vand o : RxW —
W are continuous.

1.

We write y; 1= ;@0 for t € R. We first show that the R-representation v on
V&W has polynomial growth. Let p and ¢ be continuous seminorms on V' and
W respectively. Assume that p(oyv) < ro([t])p(v) and ¢(orw) < ro(|t])g(w)
forallt € R, v € V and w € W, where r,, 7, € R[t] are monic polynomials.
Using this inequality, it follows from the definition of the seminorm p ® ¢ on
VW (see Equation (6.2.1)) that (p® q)(vth) < ra(|t))rs(|t)(p @ q)(1)) for
all t € R and ¢ € V&W. Thus a®oc has polynomial growth.

To see that a®c has a continuous action, it suffices by Proposition 6.6.5
to show it is strongly continuous. Let ¢p € VQW. It suffices to show that
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t — v is continuous at ¢ = 0. Assume first that v € V ® W, so that
Y= ZZ=1 v @ wy for some v € V and wy, € W. Let p and ¢ be continuous
seminorms on V and W, respectively. Let r,,7, € R[t] be as above. Let
€ > 0. As a and o are strongly continuous, we can find § > 0 s.t. p(azv —
vp)g(owwy) < € and p(vg)q(orw, — wg) < € for all t € (=6,0) and k €
{1,...,n}. Writing azvg @ orwy, — vk @ Wi = (VK — V) ® orwy + vk ®
(oywy — wg), we obtain for any t € (—4,9) that

(P @) (u — ) <Y plorwr — vi)g(orwr) + p(ok)g(orwy — wy) < 2ke.
k=1

This proves that v;9 — 1 as t — 0, for any v in the dense subspace V & W.
Let us next consider general ¢ € V®W. Let n € V ® W be such that
(p®q)(» — n) < e. For small enough § > 0 we have r,([t|)ro(|t]) < 2 and
(p®q)(yen—n) < eforall t € (—6,0). Using

(P @ q) (v (v —m) < ral[thre([t)(p ® @) (¥ —n) < 26
we find for all ¢t € (—6,0) that

rPeg)ny—¢)< @)@ —m)+ @@ —n) + @ q)(vun—mn)
< 4e

Thus R — VAW, t — v is continuous.

As the canonical bilinear map ® : V x W — V®W is continuous, R-
equivariant and has dense span in V®W, the remaining assertion is immedi-
ate from Corollary 6.6.25.

. It suffices to consider only the topology of uniform convergence on compact
sets. Let T € B(V,W). Let ¢ be a continuous seminorm on W and let
K C V be compact. Consider the continuous seminorm on B(V, W) defined
by gr (T) := sup,cx ¢(Tv). As T is bounded, there is a continuous seminorm
ponV s.t. ¢(Tv) < p(v) for all v € v. Let ry, 1o € R[t] be monic polynomials
s.t. g(orw) < ro([t])g(w) and p(azv) < ro(Jt))p(v) for all t € R, v € V and
w € W. Then

qx (7(T)) = sup q(orTa—tv) <1y ([t))ra([t]) sup p(K).

This implies that « is pointwise polynomially bounded.

We next show that v is strongly continuous. Let T € B(V,W), ¢ > 0 and
O :=q '([0,¢)) € W. The map

O:RxV W, O,v):=%T)v—Tv=0cTa_v—Tv
is continuous, because the map 7' : V' — W and the actions o« : R x V — V

and o0 : R x W — W are all continuous. Since {0} x K C ®~1(0) and K
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is compact, it follows from the Tube Lemma (cf. [Mun00, Lem. 26.8]) that
there is an interval I C R containing 0 s.t. ®(I x K) C O. This means that
g (v(T) —T) < eforall t € I, so y is strongly continuous.

It remains to show (6.6.5). Define Ey := Spec, (V) and Ew := Spec,(W).
Let N C R be a 0-neighborhood. Let T' € B(V, W) and f5 € In(Ew — Ev + N),
so f3 € S(R) satisfies supp(fs) N Ew — By + N = (. We show v (T) = 0.
Let N1, N5 C R be symmetric 0-neighborhoods such that N1 + Ny C N. Let
veV, fi € J(Ey + Ny) and fo € J(Ew + Na). So f1 and f2 have compact
support contained in Ey + Ny and Eyw + N, respectively. One verifies that

Ufzfyfs(T>af1’U:///fl(tl>f2(tQ)f3(t3)o-t2+t3Tat1*t3v dtydtadts
RJRJR

://F(tl,tQ)UtzTatldtldtQ,
RJR

where F' € S(R?) is given by

(6.6.6)

F(t1,t2) = / Ji(ty + t3) fa(t2 — t3) f3(ts)dts.
R
The Fourier transform F € S(R2) of F is given by

F(p1,p2) = fi(p1) f2(p2) f3(p2 — p1).-

Recalling that N7 is symmetric, notice that

bupp(fg) - supp(fl) (Ew + N2) — (Ev + Ny) C Ew — Ey + (N1 + N3)
C Ew — Ey + N.

As ]?3 vanishes on Ey — FEy + N, it follows that F =0 and hence F = 0.
From (6.6.6) we conclude that of,vs, (T)asv = 0 for all fo € J(Ew + Na).
This implies vy, (T)os,v = 0, by Lemma 6.6.28. Consequently, if A € W’ is
any continuous functional, then [ f1(t1)(A, v, (T)ay, v)dt = 0. As the map
t — (A, vp,(T)oy,v) is continuous it follows that (A, vs, (T)ay,v) = 0 for all
t € R. In particular (X, v, (T)v) = 0. As W’ separates the points of W by
the Hahn-Banach Theorem [Rud91, Thm. 1.3.4], it follows that s, (T)v = 0.
As v € V was arbitrary we find that v, (7) = 0. We have thus shown
that In(Ew — Ev + N) C kery. By Corollary 6.6.21, this is equivalent to
Spec.,(B(V,W)) C Ew — Ev + N. Hence

Spec, (B(V,W)) € (\Ew — BEv + N = Ew — By.
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Recall from Section 6.2.1 that P(V,W) = [[;—, P*(V,W) is equipped with the
product topology, where each P*(E, F') carries the topology of uniform convergence
on compact sets. We will have need for the following result in Section 6.7 below:

Corollary 6.6.31. Consider the setting of Proposition 6.6.30. Assume that V is
Fréchet. Define the representationy of R on P(V,W) by v:(f)(v) := o+ (f(a—¢(v))).
Then ~y is strongly continuous and pointwise polynomially bounded. Moreover, if
Spec,, (V) C (—00,0], then

inf Spec, (P(V,W)) = inf Spec, (W) € {—oc} UR.

Proof. Let n € N>¢. Notice that 7 leaves the homogeneous component P™(V, W) C
P(V,W) invariant. Recall from Proposition 6.2.4 and Proposition 6.2.3 that

P (V,W) = Sym™(V, W) C Mult(V"™, W) = B(V®", W)

as locally convex vector spaces. The thus-obtained continuous linear embedding
®, : P"(V,W) < B(V®" W) is R-equivariant when B(V®" W) is equipped
with the R-action defined by % (T) := o, Ta_;. By Proposition 6.6.30, this ac-
tion is strongly continuous and pointwise polynomially bounded. Consequently,
also 7 is strongly continuous and pointwise polynomially bounded on P™(V, W).
As P(V,W) carries the product topology, the same holds for the R-action 7 on
P(V,W).

For the final statement, notice that W = P°(V,W) C P(V,W). By Proposi-
tion 6.6.23 it follows that Spec, (W) C Spec, (P(V,W)), thereby showing

inf Spec, (P(V,W)) < inf Spec, (W)

Conversely, let n € N. As ®,, is continuous, injective and R-equivariant, we know
that Spec. (P™"(V,W)) C Specs (B(V®", VV))7 by Proposition 6.6.23. Furthermore,
using Proposition 6.6.30 we notice that Spec,gn (V®") C (—o0, 0] and therefore also
that Specs (B(V®"™, W)) C Spec, (W) +[0,00) =: E. Thus Spec, (P"(V,W)) C E
for any n € N>o. By Corollary 6.6.21 this means that v, = 0 for any f € Io(E),
¢, € P*(V,W) and n € N. Consequently, ys¢0 = 0 for any f € Iy(E) and
v € P(V,W). So Iy(E) C kery. By Corollary 6.6.21, this is equivalent with
Spec., (P(V,W)) C E. Hence inf Spec, (W) = inf E' < inf Spec, (P(V,W)). O

Finally, we record some useful facts regarding the space of smooth vectors of a
unitary G-representation:

Proposition 6.6.32. Let G be a reqular locally convex Fréchet-Lie group. Let
d € g and assume that the R-action & : R — Aut(g) defined by & := Ad(exp(td))
is polynomially bounded. Let (p,H,) be a smooth unitary representation of G. Let
E CR be a closed subset. Then the following assertions are valid:
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1. The R-representation t — p(exp(td))|y on H° is strongly continuous and
P
pointwise polynomially bounded, where Hy° is equipped with the strong topol-
0gy.

2. The operator n(f) := [ f(t)p(exp(td))dt on H, leaves HE® invariant for any
f € SR).

8. HP(E) = Hy(E) NHY®
4. For any open subset U C R, Hi*(U) is dense in H,(U).
5. If Ev, Ea C R are closed subsets then dp(gc(E1))H™ (E2) C H* (B + Ea).

Proof. The second item follows from [NSZ15, Thm. 2.3], the fourth from [NSZ15,
Prop. 3.2] and the fifth from [NSZ15, Thm. 3.1]. We provide an alternative proof
of the second assertion and prove the first and third.

By [JN19, Prop. 3.19], the locally convex space M, is complete. Let n € N and
B C g™ be a bounded subset. Consider continuous seminorm

pa(¥) = sup |ldp(&1 - - &)Yl
ceb

on HX. Let ¢ € H. By [JN19, Lem. 3.24], the orbit map p? : G — H°, g —
p(g) is smooth. It follows in particular that the R-representation t — p(exp(td))
on H;° is strongly continuous. It follows moreover that the multi-linear map
0" = M2, (€1, -5 €n) = dp(§1 -+ - €n) is continuous. Using Proposition 6.2.3, we
find that there exists a continuous seminorm p on g such that ||dp(&1 -« &) <
[Tr, p(&) for every € € g". Let N € N and the O-neighborhood U C g be s.t.
C 1= Supgcp SUP;eg Wp(dt(f)) < 0o0. As B C g" is bounded, so is its projection
By, C g onto the k'" factor for every k € {1,...,n}. Thus there exists s > 0 such
that B C sU for all 1 < k < n. We obtain that

1
sup sup ———=p(& (&) < sC
¢veBy ter 1+ [N (6e{&)

for every 1 < k < n. Using that p is unitary we find for all ¢ € R that

pa(pe™ ) = sup ||dp(6(&1) - - (&) 0] < sup [ plee (&) < C™s™(14[t[Y)".
£eB §€B L5

This implies that the R-action ¢ — p(exp(td)) on H5° is pointwise polynomially
bounded. As in Definition 6.6.10, we conclude that 7°°(f)v := [, f(t)p(exp(td))dt
defines a representation 7 : S(R) — L(H;°) of S(R) on H7° by linear oper-
ators. It is clear that 7°°(f) := 7T(f)|7—t;°’ so this proves that 7(f) leaves H:°
invariant for every f € S(R). It is further immediate from Definition 6.6.12 that
HO(E) =Hy(E) NH®. O
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6.7 Positive energy representations and holomor-
phic induction

In this section we explore the connection between positive energy representations
and holomorphic induction. It is shown in Theorem 6.7.6 and Theorem 6.7.17 that
these two are intimately related, as is to be expected from similar known results in
more restrictive settings, such as [PS86, Thm. 11.1.1], [Neel3, Sec. 4] and [Neel4a,
Thm. 6.1]. This is used to transfer various results from holomorphic induction to
the context of positive energy representations, under suitable assumptions. Before
proceeding to the main results, let us clarify the setting and make some preliminary
observations.

Notation and preliminary observations

Let G be a connected regular BCH Fréchet-Lie group with Lie algebra g. Let
a : R — Aut(G) be a homomorphism having a smooth action Rx G — G and let &
be the corresponding R-action on g¢, defined by &4(€) := L(a,)€ = %|t=0 as(e')
for s € R. Let D¢ := % o @s(§) be the corresponding derivation on gc. Assume
that & has polynomial growth, in the sense of Definition 6.6.1. Define the Lie
group G¥ := G x4 R, which has Lie algebra gf := g xp Rd, where we have written
d:=1¢c R C g for the standard basis element. Then G* is again a connected
regular Fréchet-Lie group, using [Nee06, Thm. V.1.8], but not necessarily BCH.

As & is assumed to have polynomial growth, we can define the Arveson spectral
subspaces of gc¢ as in Definition 6.6.12. If £ C R is any subset, we write gc(E)
for the spectral subspace of g¢ associated to E. Define he := ker D C gc({0}),
h:=bhcNgand

o= Jocl-oo—d),  nei= Joe(ld).

6>0 6>0

We assume that (gc, ) satisfies the so-called splitting condition, meaning that
gc=n_@hcdny.

Define by := hec ®ny C ge. Let H := (G%)p C G be the connected subgroup of
a-fixed points in G. Let us first establish that the assumptions on H, ny and h¢
made in Section 6.4.2 are presently satisfied.

Lemma 6.7.1. H is a locally exponential Lie subgroup of G with Lie algebra .

Proof. Since G is locally exponential, we can find a 0-neighborhood Uy C g s.t.
expg restricts to a diffecomorphism on Uy. Let § € Uy arbitrary. Using the fact
that as(expa(€)) = expg (@ (§)) for all t € R, observe that

EekerD < expg(€) € G“.
This implies that expg(Ug Nh) = expg(Ug) N H. We also obtain that

h={{cg: expg(RE) CH}.
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It follows that H is a locally exponential Lie subgroup with Lie algebra b, by
[Nee06, Thm. IV.3.3]. O

Lemma 6.7.2. The subspaces ny, hc and by are Lie subalgebras of gc and we have
[hc,ns] € ny. Moreover, Adg(ny) C ny. Finally, 0(ny) C ng and 6(bc) C be.

Proof. The Lie bracket [—,—] : gc X gc — gc is bilinear, continuous and R-
equivariant, meaning that &4([¢,n]) = [&s(€),ds(n)] for all s € R and &,7 € gc.
Using Proposition 6.6.24 we obtain for any two closed subsets E1, Fs; C R that
[9c(E1), gc(E2)] € ge(Ey + E3). This implies that ny, he and by are Lie subalge-
bras of g¢ and that [hc,ne] C ny. We next show that Adg(ny) Cny. Let h € H.
Then &, and Ad, commute for any s € R, so Ady : gc — gc is a continuous equiv-
ariant linear map. It follows using Proposition 6.6.23 that Ady(gc(E)) C ge(E)
for any closed subset £ C R. Hence Adgy(ny) € ny. Let us next consider
the conjugation 6. Using that ¢; commutes with 6 for any ¢ € R, observe that
0cf0 = G for any f € S(R). Consequently, S(R)ge) = {f fe S )e } Using
that F(f)(p) = Ff(—p) for p € R, we obtain for any ¢ € gc that

Specy (0(€)) = MSR)a(e) = —h(S(R)e) = — Specy (€).

So we have 0(gc(E)) = gc(—F) for any closed E C R. This implies that §(ny) C
ng. Since he = ker D and 6 commutes with D, we also have 6(hc) C he. O

As the Lie group G* = G x, R need not be analytic, we only have access to the
analytic structure of G:

Definition 6.7.3. If (p,#,) is a unitary representation of G*, we write Hpe for
the space of G-analytic vectors in H,. We further define

HOM = { Y e HP : dp(n_)yp = {0} }

and we write V(p) := H,""~ for its closure.

Let us first clarify that V(p) can equivalently be defined as the closure of the set of
G-smooth vectors in H, that are killed by n_, as opposed to the G*-smooth ones:

Lemma 6.7.4. Let p be a unitary G*-representation. Let W (p) C H, be the closed
linear subspace generated by the set of G-smooth vectors in H, that are killed by
dp(n_). Then W(p) =V (p).

Proof. Tt is trivial that V(p) € W(p). Let ¢» € H, be a G-smooth vector s.t.
dp(n_)y = {0}. Let f € C*(R) and define 7s1) := fR p(t)dt € H,. Then
71 is a smooth vector for G*, e.g. using [NSZ15, Lem. A. 4] Let £ € n_. Then
a—t(€) € n_ and hence dp(a—+(§))y = 0 for every t € R. Using [NSZ15, Lem. A.4]
to differentiate under the integral, we obtain:

&) = /R F(t)dp(E)plt)bit = / F(0)p(t)dplG i (€))ybit = 0.

So wpp € Hy" for any f € C°(R). Approximating ¢ by vectors of the form
71, we conclude that ¢ € V(p). So V(p) = W(p). O
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To keep a uniform notation for G- and G¥-representations, we complement Defini-
tion 6.7.3 with:

Definition 6.7.5. If (p,#,) is a smooth unitary representation of G, we write
H}e =M, for the space of G-analytic vectors in H,. Define

HOM = { Y e HP : dp(n_)yp = {0} }

and let V(p) := H,"~ denote its closure.

Let us proceed with the task of relating the positive energy condition with holomor-
phic induction. Notice that V(p) C H, is H x R-invariant for any smooth unitary
G-representation p, because n_ is invariant under &; and Ady for any ¢t € R and
h € H. The following makes use of the notation specified in Definition 6.4.25:

Theorem 6.7.6. Let (p,H,) be a smooth unitary representation of G* and let o be
the unitary representation of H xR on Vi := V (p) defined by o(h,t) := p(h,t)]y(,-
The following assertions are equivalent:

1. p is of positive energy at d, V(p) is cyclic for p and V(p) NH;S is dense in
Vi(p)-

2. 7 is of positive energy at d and p|, = Hollnd (o).

If these conditions are satisfied, then inf Spec(—idp(d)) = inf Spec(—ido(d)) > 0.
We start the proof of Theorem 6.7.6 with two lemmas:

Lemma 6.7.7. Let W C V(p) be a H-invariant closed linear subspace that is cyclic
for G and contains a dense set of G-analytic vectors. Then W =V (p).

Proof. Let W+ be the orthogonal complement of W in V(p), so V(p) = W @& W+
as unitary H-representations. It suffices to show that W+ L p(G)W. Define
Wwe .= WNHe. Let w € W and v € W C V(p). Consider the analytic
function f: G — C, f(g) := (v, p(g)w). Let Ey : U(gc) — U(be) be defined as in
Definition 6.4.22. As dp(n_) kills both H,”"~ and W“¢ observe that (v, dp(x)w) =
(v,do(Eo(z))w) = 0 for any = € U(ge). It follows that jo°(f) = 0. As G is
connected and f is analytic, we conclude using Proposition 6.2.14 that f = 0.
Because W¥¢ is dense in W, it follows that W+ L p(G)W. O

Lemma 6.7.8. Let D C M} be a linear subspace. Then dp(U(gc))D is the closed
G-invariant linear subspace of H, generated by D.

Proof. Define F := dp(U(gc))D and let F' denote the closed G-invariant linear
subspace generated by D. The inclusion F C F' is clear. Let v € F+ C H, and
take ¢ € D. Consider the analytic function f: G — C, f(g) := (v, p(g9)¥). Notice
for z € U(gc) that (v, dp(x)yp) = 0, because dp(x)y € F. It follows that j>°(f) = 0.
As G is connected and f is analytic, we conclude using Proposition 6.2.14 that
f = 0. We therefore find that v L p(G)D, so in fact v 1. F'. Hence F*+ C (F')*,
which is equivalent to F' C F. O
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Proof of Theorem 6.7.6: Define Dy := V(p) N H;¢. Assume that (1) holds true.
Then in particular, o is of positive energy at d. Let x : b_ — L(D,) be the
trivial extension of do to b_ with domain D,. By definition of V(p), D, is killed
by dp(n_). The conditions for V, in Theorem 6.4.13 are satisfied for the (H,b_)-
extension pair (o] ,x), so (2) follows from Theorem 6.4.13.

Conversely, assume that p|, = HolInd% (o|,;) and that o is of p.e. at d. Tt follows
from Theorem 6.4.13 that there is a H-invariant closed linear subspace W C H,
s.t. W is cyclic for p and W NH¢ is both dense in W and killed by dp(n_). The
last condition implies using Lemma 6.7.4 that W C V(p). By Lemma 6.7.7 we
obtain that W = V(p). To see that (1) holds true, it only remains to show that p
is of positive energy at d. Define

HE = CF(G, V)T, Bylg) = pvple) ¢

for ¢ € H°, where py : H, — V(p) is the orthogonal projection. Using the expo-
nential map as a local chart, identify JC*(G,V,) = P(gc, V,) G-equivariantly.
Let A denote the composition

AHE 2 0%(G, V) 25 Pge, V) 0 P(n_, V).

Observe that

D)5 (9) = pvplg) " o) = pyp(t)pla—i(9)) " = o(t)pvpla—i(g)) '
= o (t)Py(a—(9))-

Consequently, A is R-equivariant if we equip P(n_,V,) with the R-action de-
fined by (v:f)(§) = o(t)f(a—¢(§)) for t € R and f € P*(n_,V,). Equip H}°
with the strong topology (cf. Definition 6.2.17), with respect to which it is com-
plete because G is a regular Fréchet-Lie group [JN19, Prop. 3.19]. Recall that
Pn_,V,) =112, P"(n_,V,) carries the product topology and each P™(n_, V)
carries the topology of uniform convergence on compact sets. We show that
A is continuous with respect to these topologies. For any ¢ € H;°, let fy €
C>*(G,H,), fu(g):= p(g)y denote the orbit map. Using that p is unitary, observe
that the linear map H3° — C*(G,H,),¢ + fy is continuous w.r.t. the smooth
compact-open topology on C*°(G,H,). This implies that ® is continuous. As j2°
is continuous by Proposition 6.2.15, the continuity of A follows. We remark further
that the R-representation ¢ +— p(t) on H° is strongly continuous and pointwise
polynomially bounded by Proposition 6.6.32, so that its Arveson spectrum can
be defined according to Definition 6.6.12. Similarly, because the R-actions on n_
and V, both have polynomially growth and are strongly continuous, it follows from
Corollary 6.6.31 that the R-action v on P(n_,V,) is strongly continuous and point-
wise polynomially bounded. Since n_ and V, have non-positive and non-negative
spectrum, respectively (relative to the R-actions ¢&; and o(t), respectively), we
further obtain from Corollary 6.6.31 and Example 6.6.13 that

inf Spec,, (P(n_,V,)) = inf Spec(V,) = inf Spec(—ido(d)) > 0
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We show next that A is injective. Let ¢ € HJ° and suppose that A(y) = 0.
Then pydp(U(n_))y = {0}, which implies ¢ L dp(U(n))Dy. Since D, is dp(b_)-
invariant, notice that dp(U(ny))D, = dp(U(gc))Dy by the PBW Theorem. By
Lemma 6.7.8, this is the closed G-invariant subspace of H, generated by D, , which
equals all of 7, because D, is dense in V(p) and V' (p) is cyclic for p. Thus ¢ L H,
and so ¥ = 0. Hence A is injective, continuous and R-equivariant. It follows by
Proposition 6.6.23 that Spec(#;°) C Spec, (P(n_,VU)), where we consider the
R-action ¢+ p(t) on Hp°. Thus

inf Spec(H5°) > inf Spec,, (P(n_,V,)) = inf Spec(—ido(d)),

Notice that H, and H;° have the same spectrum, because H° is dense in H,. So

inf Spec(—idp(d)) = inf Spec(H,) = inf Spec(H,") > inf Spec(—ido(d)) > 0.

Thus, p is of positive energy at d. So (1) holds true. Finally, the inclusion
V(p) € H, is R-equivariant, so by Proposition 6.6.23 we also have the reverse

inequality inf Spec(—idp(d)) < inf Spec(—ido(d)).
O

Let us state some important immediate consequences of Theorem 6.7.6.

Lemma 6.7.9. Let (p,H,) be a smooth unitary G-representation. Let qv € B(H,)
denote the orthogonal projection onto V(p). Then qy € p(G)".

Proof. Let T € p(G)' = B(H,)“. Then TH® C H° and
dp(m_)TH "~ = Tdp(n_)H,>"~ C {0}.

Thus TH,"~ C H, ", Tt follows that TV (p) C V(p). As B(H,)¢ is *-closed, we
have also shown that T*V (p) C V(p). Thus gy T = Tqy, and so gy € p(G)"'. O

Corollary 6.7.10. Suppose that the unitary G*-representation p satisfies the equiv-
alent conditions of Theorem 6.7.6. Then T +— T|V(p) defines isomorphisms of von
Neumann algebras

BH,)C =BV (o) and  B(H,) = B(V(p)"*F.

Proof. That T'+ Ty, defines an isomorphism B(H,)¢ — B(V(p))H is immedi-
ate from Lemma 6.7.9 and Theorem 6.4.30. Consequently, it suffices to show that
any T € B(H,) with Tly(,) € B(V(p))#*® automatically commutes with the
R-action ¢ — p(t) on H,. Consider such 7" and let ¢ € R. Then

p(t)Tp(g)v = p(t)p(9)Tv = p(ai(g))p(t)Tv = p(as(g))Tp(t)v
= Tp(u(g))p(t)v = Tp(t)p(g)v

for any g € G and v € V(p). As V(p) is cyclic for G, it follows that Tp(t) = p(¢)T
for all t € R. O

(6.7.1)
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Corollary 6.7.11. Suppose that the unitary G*-representations p1 and py satisfy
the equivalent conditions of Theorem 6.7.6. Then the following assertions are valid:

1. If V(p1) = V(p2) as unitary H-representations, then pi1|s = p2|e-
2. If V(p1) 2 V(p2) as unitary H x R-representations, then p1 = pa.

Proof. The first assertion is immediate from Theorem 6.4.21. Assume that the
unitary u : V(p1) — V(p2) intertwines the H x R-actions. Consider the unitary
G*-representation p = p; @ py on H,, & H,p,. Notice that

Vipr@p2) =V(p1) ®V(p2) == W

and that p satisfies the conditions in Theorem 6.7.6. Define S € B(W)#*E by
S(v1,v2) := (0,uvy). By Corollary 6.7.10, there is some T' € B(H,, & ’HM)Gn s.t.
T|y = S. As V(p1) and V(pg) are cyclic for G in H,, and H,,, respectively,
T is of the form T'(¢1,12) = (0,Ut1) for some U : H,, — H,, intertwining the
G*-actions. Notice that S*S and SS* are the orthogonal projections onto V(py)
and V(p2), respectively. By Corollary 6.7.10 it follows that T*T and TT* are the
orthogonal projections onto H,, and H,,, respectively. This implies that U is
unitary. O

The spectral gap condition

We will next assume that the so-called spectral gap condition is satisfied, a stronger
variant of the splitting condition. We show that in this case, V(p) is always cyclic
for positive energy representations.

Definition 6.7.12. We say that the spectral gap (SG) condition is satisfied if there
is some § > 0 such that

gc = gc((—00, —0]) ® be @ ge ([0, 0)). (6.7.2)

If p is a smooth unitary representation of G* and E C R is a subset, we write H,(E)
and ’H;o(E) for the closed spectral subspaces associated to the R-representation
t > p(t) on H, and H°, respectively, where we recall that the R-action on H° is
pointwise polynomially bounded by Proposition 6.6.32. Recall also from Proposi-
tion 6.6.32 that H°(E) = H,(E) NH°.

Lemma 6.7.13. Assume that (SG) is satisfied. Let p be a smooth unitary repre-
sentation of G* which is of p.e. at d € g*. If H, # {0}, then V(p) # {0}.

Proof. Let § > 0 be such that (6.7.2) is satisfied. Set Ey := —iinf Spec(dp(d)).
Let 0 < ¢ < ¢ and define U := [Ey, Ey + €). By definition of Ey, the spectral
subspace H,(U) is nonzero. By Proposition 6.6.32(4), H°(U) is dense in H,(U) =
H,y((Eo — €, Eg + €)). Since H,(U) is nonzero, so is H°(U). By the last point in
Proposition 6.6.32, we obtain that dp(n_)H>(U) C H°((—o0, Eo + € — d]) = {0}.
Hence H>®(U) C H,”" C V(p). Tt follows that V(p) # {0}. O

Proposition 6.7.14. Assume that (SG) is satisfied. Let p be a smooth unitary
representation of G* which is of p.e. at d € g*. Then V(p) is cyclic for p.
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Proof. Let W be the closed G*-invariant subspace of H, generated by V' (p). Then
W carries a smooth representation of G* that is of positive energy at d € g.
From (W+)>n= C H,7" C V(p), we obtain that (W+)>"- C W+nV(p) = {0}.
Using Lemma 6.7.13 we conclude that W+ = {0}, so W = H,,. O

Ground state representations

We now shift our attention to ground state representations, where Theorem 6.7.6
simplifies somewhat. If p is a smooth unitary representation of G¥ on H,, we define
H,(0) = kerdp(d), H°(0) := H,(0) N H® and H<(0) := H,(0) N HE<. Tt will be
convenient to make the following definition:

Definition 6.7.15. Let (p,H,) be a smooth unitary representation of G¥ that is
ground state at d € g'. We say that p is analytically ground state at d € gt if
HS(0) is dense in H,(0).

Lemma 6.7.16. Let (p,H,) be a smooth unitary representation of G* that is of
positive energy at d € g*. Then 'H;O(O) - Hzo’n_. If p is analytically ground state
at d, then V(p) = H,(0).

Proof. Using Proposition 6.6.24, we obtain that

dp(ge((—o0, =6]))H"(0) € H((—00, —6]) = {0}, V6 >0.

Hence ’HZO(O) C V(p). If p is analytically ground state at d, the preceding implies
H,(0) € V(p). Using Lemma 6.7.7 we conclude that #,(0) = V(p). O

The following clarifies the tight relation between unitary representations of G X, R
that are analytically ground state at d € g* and holomorphic induction:

Theorem 6.7.17. Consider the setting of Theorem 6.7.6. The following assertions
are equivalent:

1. p is analytically ground state at d € gt.
2. plg = Hollnd% (o) and V(p) = H,(0).

Proof. Assume that (1) is valid. Then V(p) = #,(0), by Lemma 6.7.16, so (2)
follows from Theorem 6.7.6. Suppose conversely that (2) holds true. Theorem 6.7.6
then yields that p is of positive energy at d, that #,(0) is cyclic for G and that
H4<(0) is dense in H,(0). Thus (1) is valid. O

Let us complement Theorem 6.7.17 with the following observation:

Proposition 6.7.18. Let p be a smooth unitary p.e. representation of G. Let pg
denote its minimal positive extension to G. Assume that py satisfies the equivalent
conditions of Theorem 6.7.6. If p is irreducible, then pg is analytically ground state
and V(p) = HPO (0)
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Proof. Define V, := V(p), ao(h,t) := po(h,t)|y, and o(h) := p(h)|y, . Let M =
p(G)"” be the von Neumann algebra generated by p(G). By Corollary 6.7.10 we
have B(V,)f = Cidy,. Thus o¢(t) = €*Pidy, for some p € R. As oy is of p.e., we
have p > 0. By Theorem 6.7.6 we know that inf Spec(—idpo(d)) = p, so p1(t) :=
po(t)e~ % defines a positive inner implementation of R — Aut(M), t — Ad(po(t)).
As po(t) is minimal, it follows that p < 0. Hence p = 0, and so V(p) C H,,(0). On
the other hand, we know from Lemma 6.7.16 that H:°(0) C V(p). Since H2(0)
contains all vectors of the form [, f(t)po(t)v for f € C°(R) and v € V(p) NHYS,

H50(0) contains V(p) N H4<, which is dense in V(p). So H2(0) = V(p) = H,, (0).
This implies that pg is analytically ground state. O

Strongly-entire ground state representations for T-actions

The preceding results become particularly applicable for representations p which
are both strongly-entire and ground state w.r.t. a T-action. In this case, we can
always guarantee that they are analytically ground state:

Lemma 6.7.19. Suppose that o descends to a T-action. Let p be a unitary p.e.
representation of G X, T. We write ’HSG for the vectors in H, that are strongly-
entire for the G-action. Let P : H, — H,(0) denote the orthogonal projection.
Then P’Hf?G - ’H,?G, In particular, if p| is strongly-entire then H,(0) N 'HEG 18
dense in H,(0).

Proof. For a compact subset B C gc and i € H°, we write

() = sup [[dp(&1 -+ &)Y

§EB

for n € N>g and set gg(v)) = Yoo, ZpB(¥). Let ¢ € ’HSG and let B C gc be

n=0 n!

compact. Then B’ := o(T x B) C gc¢ is compact, T-invariant and satisfies B C B’.
Observe that

PE(p(O)Y) <pp (p()Y) = ps_,5n (V) =PE(¥),  VEeT.

Identifying T = R/27Z, recall that P = ;- 027r p(t)dt. Notice using e.g. [NSZ15,
Lem. A.4] that PH2° C H;°, and moreover that

27
PhPo) < o [ PR <P (w), Y0 € MR n e Noo.
0

We thus find that qg(Py) < gp/(¢). So PHSS CHIe. O
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Combining Theorem 6.7.17 and Lemma 6.7.19 we obtain the following:

Theorem 6.7.20. Assume that o is a T-action. Let (p,H,) be a unitary repre-
sentation of G X, T. Assume that p|g is strongly-entire. Let o be the unitary
representation of H X T on V(p). The following are equivalent:

1. p is ground state at d € g*.
2. plg = Hollnd% (ol|,;) and V(p) = H,(0).
In this case, also o is strongly-entire.

By Proposition 6.2.30(3), we know that any smooth unitary representation p of G
which is of p.e. w.r.t. a smooth T-action « is automatically ground state, and also
that the minimal positive extension py of p to G descends to G X, T. Combining
Theorem 6.7.20, Corollary 6.7.10 and Corollary 6.7.11, we obtain:

Corollary 6.7.21. Assume that « is a smooth T-action and that every irreducible
unitary representation of G thatAis of posizzve energy w.r.l. o s strongly—entire.
Then there is an injective map Gpoga) — H, obtained by sending p € Gpos(a) to
the irreducible unitary H-representation on V(p).

Remark 6.7.22. Recall from Theorem 6.3.6 that if G is a finite-dimensional Lie
group of type R, then every continuous unitary G-representation is in fact strongly-
entire.

It would be beneficial to obtain sufficient conditions for V(p) V1% to be dense in
V(p). We state the following related open problem:

Problem 6.7.23. Assume there are 0-neighborhoods U C g¢, U- Cn_, Uy C b
and Uy C ny for which the map

Up xUyxU- = U, (€+,80,6-) = &+ Lo &

is biholomorphic, where * is defined by the BCH series. We write & — (£4,&0,&-)
for its inverse. Let p be a unitary representation of G that is of positive energy. Set
Vy := V(p), considered as a unitary H-representation. Assume that V, is cyclic
for p. Is it true that V;7 C H,¢7? Taking v € V;’, the assumptions imply that the
map U — C, & +— (v,0(e%)v) is analytic on some 0-neighborhood. If it can be
shown to locally extend the map g — C, & — (v, p(e®)v) on some 0-neighborhood
in g, then it would follow from [Neell, Thm. 5.2] that v € H}¢.

6.8 Examples

Example 6.8.1 (Finite-dimensional Lie groups of type R).

Let G be a connected finite-dimensional Lie group of type R and let a be a T-action
on G. Let H := (G%)y be the connected subgroup of a-fixed points. In view of
Theorem 6.3.6 and Theorem 6.7.20, any continuous ground state representation p
of G is holomorphically induced from V(p). According to Corollary 6.7.21, this
defines an injection CAv'pOS(a) — H.
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Example 6.8.2 (Holomorphically induced, but not geometrically).

1. Consider G = SL(2,R) and let p be any non-trivial continuous unitary rep-
resentation. Trivially, we have p = Hollnd&(p). However, as p admits no
non-trivial strongly-entire vectors by Theorem 6.3.6, it is not geometrically
holomorphically induced from itself.

2. For a slightly less trivial example, consider the group G = K x SL(2,R),
where K is a connected compact simple Lie group. Let T C K be a max-
imal torus and set t := L(T). Pick a regular element H € t.., and let
Ay :={a €A : —ia(H) > 0} be the corresponding system of positive roots,
where A C it* denotes the set of all roots of ¢. Consider the T-action on G
defined by oy (k,z) = (e ket ). Let (p,H,) be a continuous irreducible
unitary representation of G. Then p decomposes as H, = H, ® H, for some
irreducible unitary K- and SL(2, R)-representations (v, H,) and (o, H,), re-
spectively. Then p is of positive energy w.r.t. « and V(p) = Cy ® H,, where
Cyx C H, is a lowest-weight subspace. Since ’H;‘j =H, ®HY, Theorem 6.4.13
implies that p is holomorphically induced from the T'x SL(2, R)-representation
on C) ® H,. The latter admits no strongly-entire vectors by Theorem 6.3.6,
so p is not geometrically holomorphically induced from the T' x SL(2,R)-
representation on Cy ® H,.

Example 6.8.3 (Positive energy representations of Heisenberg groups).

Let V be a real Fréchet space equipped with a non-degenerate continuous skew-
symmetric bilinear form w. Let 8 : T — Sp(V,w) be a homomorphism with smooth
action T x V' — V. Then § is equicontinuous by [Neel3, Lem. A.3]. Define

Dv = %’t:o B:v and consider the closed subspaces

Vo:=kerD={veV:pw=v VteR},

i (6.8.1)
Vegg := Span{ v —v : t e Riw € V' }.

As Bfw = w for all t € R, notice that Vp and Veg are symplectic complements, so
(V,w) = (Vo, wo)® (Vesr, w1 ), where wg and wy are the restrictions of w to Vp and Ve,
respectively. Assume that (Veg)c decomposes as (Veg)c = Ly @ L_ into the posi-
tive (L) and negative (L_) Fourier modes of the T-action 8. Let heis(V,w) xpRd
be the Lie algebra of Heis(V,w) xg T. By Theorem 6.7.17, we know for any unitary
representation p of Heis(V,w) xg T which is analytically ground state at d that
p|Heis(V’w) is holomorphically induced by some analytic unitary representation of
Heis(Vh, wp)-

Let us consider a concrete example. Assume that wq(v, Dv) > 0 for every nonzero
v € Vog. Let J7 be the complex structure on V defined by J1(v + w) := iv — iw
forve Ly and w € L_. Then Jffwy = wy and wy (v, J1v) > 0 for every v € Vg, so
J1 defines a compatible positive polarization on Veg. If Jy is a compatible positive
polarization on Vj, then J = Jy ® J1 defines one on V. As in Example 6.3.9,
we equip the (now complex) vector space V' with the inner product (v,w)s :=
w(v, Jw) + iw(v, w), making V into a complex pre-Hilbert space, on which 5; acts
unitarily for any ¢t € T. Let H be its Hilbert space completion, and let Hy and H; be
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the closures in H of V and Vg, respectively. Consider the unitary representation
u: T — U(H) of T on H defined by ¢ — u;, where wu; is the unitary operator on H
extending ;. Notice that as unitary T-representations, we have

(chﬁ'v <7’ 7>t71) = (L+7 <77 *>L+)a

where (v,w)r, = 2iw(v,w) for v,w € L. The unitary T-representation u on
‘H is therefore of positive energy. Let F(H) be the Hilbert space completion of
the symmetric algebra S®(H) w.r.t. the inner product (6.3.1), and let p be the
b-strongly-entire unitary representation of Heis(V,w) on F(H) constructed in Ex-
ample 6.3.9. Similarly, we write pp and p; for the representations of Heis(Vp, wp)
and Heis(Veg, w1) on F(Ho) and F(H1), respectively. Letting T act on F(H) ac-
cording to the second quantization F(u) of u, we obtain an extension of p to a
smooth representation of Heis(V,w) xg T on F(H), which we denote again by p.
Explicitly, we have p(g,t) = p(g)F (u) for (g,t) € Heis(V,w) xg T. This extension
is ground state w.r.t. 8. We have F(H) = F(Hy) ® F(H1) and

V(p) = F(Ho) @ U C F(H),

where 0y € F(H,) is the vacuum vector. Theorem 6.7.20 implies that plieisv.)

is holomorphically induced from the representation py of Heis(Vh,wp) on F(Hy).
Moreover, we have F(H)>® ® 1 C Hpo. Indeed, the vacuum vector 2y is smooth
for Heis(Vest, w1 ), so if ¥ € F(Hp)® is a smooth vector for Heis(Vp,wp) then

(2,v) = p(2,v)¢ = zpo(vo)ho @ p1(v1)h

is a smooth map Heis(V,w) — F(H). So provided that Vj is a Banach space, it fol-
lows using Theorem 6.5.25 and Example 6.5.18 that p|Heis(V,w) is also geometrically
holomorphically induced from pyg.

Example 6.8.4 (Metaplectic representation).

We continue in the notation and setting of Example 6.8.3. Let Hr be the real
vector space underlying H. The symplectic form w on V' extends to Hg by setting
w(v,w) :=Im({v,w) 7 for v,w € Hg. Define

Bres(Hr) :={ A € B(Hr) : [J,A] € Ba(H) },

whose elements are ‘close’ to being C-linear. It is a real Banach algebra with norm
|Allres := |4l + [T, A]|l2, where B2(H) denotes the space of Hilbert-Schmidt
operators on H. The restricted symplectic group is defined by

Spres (HR? OJ) = Sp(HR7 UJ) N BreS(HR)v
equipped with the subspace topology. Being an algebraic subgroup of Byes(Hr)™,
we obtain using [Nee04, Prop. IV.14] that Sp,..(Hr,w) is a Banach-Lie group

modeled on the Banach-Lie algebra

5Pres (H]R, o‘}) = SP(HR, W) N Bres(HR)~
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By Example 6.8.3, there is an irreducible projective unitary representation p of the
Abelian Banach-Lie group (Hg,+) on the symmetric Fock space F(#), which is
well-known to extend to the semi-direct product HSp, . (Hg, w) := Hr XSp,os(HRr, w)
[NeelOb, Rem. 9.12]. We denote this extension again by p. Let é\};rcs(’HR,w) and
HSp, (Mg, w) be the central T-extensions of Sp,..(Hg,w) and HSp, .. (Hr,w), re-
spectively, obtained by pulling back the central T-extension U(F(H)) — PU(F(H))
along p. Let .
p : HSp,es (Hr, w) = U(F(H))

be the corresponding lift of p. It is proven in [NeelOb, Thm. 9.3, Rem. 9.12]
that both ﬁSJpres('HR,w) and é?)res(HR,w) are again Banach-Lie groups, and that
the (cyclic) vacuum vector Q € F(H) is smooth for p, which implies that p is a
smooth representation of I-/I\S/pres(Hmw). Identify F(Ho) as a subspace of F(H)
via F(Ho) — F(H), o — 1ho ® Q1. We observe first that p is in fact analytic, and
that F(Ho) contains a dense set of I-/I\Sjpres(?‘-lmw)—analytic vectors. To see this,
notice using equation (35) and the subsequent remarks in the proof of [NeelOb,
Thm. 9.3] that Q is not just a smooth-, but even an analytic vector for the action
of Sp,o.(Hg,w) on F(H). We furthermore know from Example 6.8.3 that € is
analytic for Heis(Hg,w) (and even b-strongly-entire), so the function

Heis(Hg, w) X Spres(Hr,w) — C,
(v, 4) = (2, p(v)p(A)Q) = (p(v) ™12, p(A)Q)

is real-analytic. This implies using [Neell, Thm. 5.2] that  is an analytic vector
for the representation p of HSp,.,(Hg,w) on F(H). As € is cyclic for the action po
of Heis((Ho)r,wo) on F(Hg), it follows that the set of vectors in F(Hg) C F(H)
that are analytic for the action of HSp,..(Hg,w) is dense in F(Ho). It also follows
that p is analytic, because € is cyclic for p.

Now, suppose that G is a connected regular BCH Fréchet-Lie group with Lie algebra
g, and that the homomorphism « : T — Aut(G) defines a smooth T-action on G.
Assume that « satisfies the assumptions made in Section 6.7. Let H := (G%)q
be the connected subgroup of a-fixed points in G. Consider the T-actions on
HSD, o (Hr,w) and U(F(H)) defined by t - (v,z) := (upv,wpru; ') and t - U :=
F(ug)UF (ug) ™t respectively, where (v,z) € HSp,o(Hr,w), U € U(F(H)) and
t € T. This also equips the T-invariant subgroup

HSD,es (Hi, w) C HSp,e(Hr, w) x U(F(H))
with a T-action. Assume that
n : G % I—/I_SE)I'GS(HR7W)

is a continuous and T-equivariant homomorphism. Then 7 is automatically analytic
by [Nee06, Thm. IV.1.18]. Letting T act on F(H) by ¢t — F(ut), notice that pon
extends to a smooth unitary representation of G x4, T which is of positive energy
at (0,1) € g x R. Moreover, it follows from the preceding that F(H) contains
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a dense set of vectors that are analytic for the G-action p on on F(H). Letting
K C F(H) be the closed (G X, T)-invariant linear subspace generated by F(Ho),
it follows that the unitary representation of G x4 T on K is analytically ground-
state at (0,1) € g x R. According to Theorem 6.7.17, it further follows that the
G-representation p on on K is holomorphically induced from the H-representation
on .7:(7'[0)

Example 6.8.5 (Groups of jets).

Let K be a 1-connected compact simple Lie group with Lie algebra €. Let V' be a
finite-dimensional real vector space. We consider the Lie group J§ (V, K) of n-jets at
0 € V of smooth maps V — K. Let v : R — GL(V) be a continuous representation
of R on V and let ¢ € €. Assume that the R-action ay(f)(z) := e!® f(y_¢(z))e
on C*(V,K) factors through T := R/Z. As + fixes the origin, & descends to
a smooth T-action on J§(V,K), denoted . Let D := %L:O ¢y be the corre-
sponding derivation on the Lie algebra JJ(V,#). Let G be a central T-extension of
JE(V,K) %, T, and let d € g := Lie(G) cover (0,1) € J3(V,€) xp R. As usual, we
write H := (G%)y C G for the connected Lie subgroup of a-fixed points in G, whose
Lie algebra is h = ker D. As G = N x K for some nilpotent Lie group N, it follows
from Proposition 6.3.5 that G is of type R. By Example 6.8.1, we thus obtain
that any continuous unitary G-representation which is of positive energy w.r.t. o
is holomorphically by some unitary H-representation. A classification of G oe(a)

amounts to determining the holomorphically inducible elements in H. Unitary pos-
itive energy representations of groups of jets are studied in more detail in Chapter 4.

To make the preceding concrete, suppose that V = R?, n = 2k for some k € N,
that +y is the action of T on R? by rotations and that ¢ = 0. Then

h 2RO, (Rp[z? + %] @),

where Ry [c] denotes the polynomial ring in ¢ truncated at the k*" degree, and where
w is a 2-cocycle on the Lie algebra R[22 +y%]@¢€ (which in this case actually must be
a coboundary). Every continuous unitary representation p of G that is of positive
energy w.r.t. « is holomorphically induced from the H-representation on V(p).

Example 6.8.6 (Gauge groups).

Let M be a compact manifold and let P — M be a principal bundle with structure
group K, a simple compact Lie group with Lie algebra . Consider the group of
gauge transformations Gau(P) = T'(M, Ad(P)), where Ad(P) = P xaq K is the
adjoint bundle. This group is a regular BCH Fréchet-Lie group with Lie algebra
gau(P) = T'(M, P X aq t) [Nee06, Thm. IV.1.12]. Suppose that v : T — Aut(P) is
a smooth T-action on P by automorphisms of P. Let n : T — Aut(Ad(P)) and
5 : T — Diff (M) denote the induced T-actions on Ad(P) and M, respectively.
Explicitly, 7 is given by n:([p, k]) := [%(p), k] for p € P, k € K and t € T. Then
T acts smoothly on Gau(P) by ay(s) := nroso7_, for s € Gau(P) and t € T.
The paper [JN21] studies projective unitary representations of Gau(P) which are
smooth in the sense of admitting a dense set of smooth rays. According to [JN19,
Cor. 4.5, Thm. 7.3], these correspond to smooth unitary representations of a central
T-extension of Gau(P). One of the main results of [JN19] is the full classification of
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smooth projective unitary of the identity component Gau(P)o which are of positive
energy w.r.t «, provided that M has no T-fixed points for 7 [JN21, Thm. 8.10].
Let us consider a central T-extension G of the connected component Gau(P)g
of the identity. Suppose that « lifts to a smooth T-action @ on G. In view of
[JN21, Prop. 8.6], a consequence of the classification [JN21, Thm. 8.10] is that
every smooth unitary representation p of G which is of positive energy w.r.t. o
is holomorphically induced from the corresponding representation of H := (G%)
on V(p). The more general case where M is allowed to have T-fixed points is not
yet fully understood. One approach would be to determine, in specific cases, the
irreducible unitary factor representations of H that are holomorphically inducible
to G, as an intermediate step towards the classification of the possibly larger class
of all p.e. factor representations of G.

Example 6.8.7 (Unitary groups of CIA’s).

An interesting class of examples to which the theory of Section 6.7 applies can be
obtained using so-called continuous inverse algebras (CIAs). Suppose that A is
a unital complex Fréchet algebra that is a CIA, meaning that its group of units
A is open in A and that the inversion a + a~! is continuous A — A. Let
us suppose further that A carries a continuous conjugate-linear algebra involution
A — A, a+— a*. In this setting, A* is a complex BCH Fréchet-Lie group modeled
on A [Gl602a, Thm. 5.6]. Assume that the Lie group A* is moreover regular. A
sufficient condition for this is provided in [GN12]. The unitary subgroup

UA) ={aceA* :a"=a"}

is a real Lie subgroup of A, so that it is an embedded submanifold. It is modeled
on the Lie algebra
uA):={acA:a" =-a},

equipped with the commutator bracket. To see this, let U C A be a 0-neighborhood
s.t. exp4 maps U diffeomorphically onto its image in A*. We may assume that
U = —U and that U* = U, by shrinking U if necessary. By [Gl602a, Cor. 4.11] we
know that exp 4(a) = > o La" for all a € A. Using that both a — a~! and a —
a* are continuous, it follows that exp 4(a)* = exp(a*) and exp 4(a) ™! = exp 4(—a)
for all @ € U. This implies that exp (U Nu(A)) = exp,(U) NU(A). As U(A) is
a closed subgroup of the locally exponential Lie group A*, it follows from [Nee06,
Thm. IV.3.3] that U(A) C A* is a locally exponential Lie subgroup. It is there-
fore a regular BCH Fréchet-Lie group. Notice further that u(A)c = (A, [—, —]) as
complex Lie algebras.

Suppose that a : R — Aut(A) is a homomorphism that has a smooth action
R x A — A and that has polynomial growth. Assume further that the splitting
condition

A=A_ As® Ay

is satisfied. Setting G := U(A)p and H := U(Ag)o = (G%)o, all assumptions of
both Section 6.4.2 and Section 6.7 are satisfied.
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Typically, such triples (A, R, a) can be obtained as the set of smooth points of a
C*-dynamical system (B, G,~), where B is a unital C*-algebra, G is a Banach-Lie
group and v : G — Aut(B) is a strongly continuous G-action on B by automor-
phisms. By [NeelOa, Def. 4.1, Thm. 6.2], we know in this setting that the set of
smooth points A := B> is a G-invariant and *-closed subalgebra which naturally
carries a Fréchet topology. Moreover, A is a CIA and the G-action y: G x A — A
is smooth w.r.t. this topology. If G is finite-dimensional, then this topology coin-
cides with the one obtained from the embedding A — C*°(G, B), where C*>(G, B)
carries the smooth compact-open topology [NeelOa, Prop. 4.6]. If . : R — G is a
one-parameter subgroup of G for which the corresponding R-action « := o on
A has polynomial growth and satisfies the splitting condition A = A_ ® Ay ® AL,
then the triple (A, R, «) satisfies all the above assumptions.

As a concrete example, let Ag := C5°(T?) be the smooth non-commutative 2-torus

with parameter 6 € [0, 1]:

Ay = Z A mu" V™ Z (14 [n| 4+ |m)¥|anm| < oo for all k € N 3,
n,mez n,mezZ

where © and v are unitary operators satisfying uv = e>™vu, and where Ay is
equipped with the seminorms pg(a) := 3, e, (1 + [n] + [m|)*|an,m| for k € Nxo.
This is a unital Fréchet CIA carrying a continuous involution, obtained as the
smooth points of the natural T2-action on the ‘continuous’ non-commutative 2-
torus Cy(T?) with parameter 6. It is moreover shown in [GN] that the Lie group
A is regular. Consider the smooth and equicontinuous T-action « on Cg°(T?)
satisfying ., (u™v™) := 2™u"v™ for all n,m € Z and 2z € T. Define G := U(Ap)o.
Then for any unitary representation p of G %, T that is analytically ground state
w.r.t. o, we obtain from Theorem 6.7.17 that p|. is holomorphically induced from
the corresponding unitary representation of the connected Abelian group H :=
(U(Agp)¥)o = C°(T, T)g on H,(0). In particular, if p(G)” is a factor, then as H is
Abelian, we obtain with Corollary 6.7.10 that p|, is holomorphically induced from
a character of H. By Corollary 6.7.10 this implies that p|. is irreducible.

6.9 Appendix

6.9.1 Representations on reproducing kernel Hilbert spaces

In the following we summarize relevant properties concerning reproducing kernel
Hilbert spaces in the context of unitary group representations. Let H and V be
Hilbert spaces and let G' be a group. We write V& or Map(G, V) for the space of
functions G — V and V(&) for the space of finitely-supported functions G — V.

Definition 6.9.1. Suppose that # C V&. Then H is said to have continuous
evaluation maps if for every x € G the linear map &, : H — V ¢ — ¢(x) is
bounded.
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Definition 6.9.2. A function Q : G x G — B(V) is said to be positive definite if

I =Y (. Q@ vy >0, Vve V.

z,y€supp(v)

Theorem 6.9.3 ([Nee00, Thm. 1.1.4]).
Let Q : G x G — B(V) be a function. The following assertions are equivalent:

1. Q is positive definite

2. There exists a Hilbert space Hg C VG with continuous point-evaluations
&+ Ho =V st Q(z,y) = EE,; for all (z,y) € G x G.

In this case Hg is unique up to unitary equivalence and {Ev : v € Gv € V' } is
total in Hq.

Definition 6.9.4. A function @ : Gx G — B(V) is said to be a reproducing kernel
for the Hilbert space H if @) is positive definite and H = Hq.

Proposition 6.9.5. Let G be a topological group and H C G be a closed sub-
group. Let (0,V;) be a strongly continuous unitary H-representation. Let @ €
C(G x G, B(V,))T*H 50 Q(xhy,yhs) = o(h1)~*Q(x,y)o(he) for all x1,22 € G
and hi,ho € H. Assume that Q is positive definite.

1. The left-regular action of G on VU(G) induces a unitary G-action ™ on Hq if
and only if Q is G-invariant. In this case, there is a function F : G — B(V,)
such that Q(x,y) = F(z™1y).

2. Assume that Q is G-invariant. There exists a G-equivariant linear map
Ho — Map(G, V)5 with continuous point-evaluations &, for v € G. These
satisfy the equivariance condition E,m(g) = Eg-1, for all x,y € G.

3. Assume that Q : G x G — B(Vy) is G-invariant and strongly continuous.
Then the unitary G-representation Hqg is strongly continuous.

4. Suppose that (p,H,) is a unitary G-representation and that there is a G-
equivariant injective linear map ® : H, — Map(G, V) having continuous
point evaluations &, := ev, o® for x € G. Then the corresponding kernel @
is G-invariant, and H, = Hg as unitary G-representations.

Proof. Let I, denote the left G-action on itself by left-multiplication. Recall that
— (=)
Ho = Vi NG , where Ng := {f eV 1 fllo = O}. For any = € G we

have a map 6, : V, — VU(G) defined by considering elements of V, as functions on
G with support {z}. Let g, : V, = Hg,v > [65(v)] be its composition with the
quotient map VU(G) — Hg. We then have &, = ¢ (cf. [Nee00, Thm. I.1.4] for more
details). The embedding Hg < V.& is defined by f ~— fy, where fy(z) = E,(1).

1. For g € G and f € VA%, we write g.f :== fo 1;" for the left-regular ac-
tion of G on V9. Let z,y € G. Take v,w € V,. Then 9.62(v) = 0g2(v)
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and g.6,(w ) 0gy(w) have support on {gz} and {gy}, respectively. Thus
(9.0.(v). 9 Oy (w )>Q = (v, Q(gz, gy)w) whereas (¢ (v), ¢, (w))q = (v, Q(z, y)w).
The first assertlon follows. If @ is G-invariant, then F(z) := Q(e, z) satisfies

F(z™'y) = Q(z,y).

.Let z € G and h € H. From Q(zh,y) = o(h)~'Q(z, y) it follows that
Exn€gv = a(h) 1 EE v for any y € G and v € V. As {E;v - y € G,v € V,}
is total in Hg by Theorem 6.9.3, it follows that & = U(h)_lé'l.. Thus
fy € Map(G, V) for any ¢ € Hg. We show that ¢ — f,, is G-equivariant.
We have 7(9)&;v = m(9)q:(v) = qgu(v) = &, (v) for every z,9 € G and
v € V,. Hence 7(g)&; = &, and E,m(g) = &1, for every x,g € G. Thus for
¥ € Hg we obtain fy (g7 x) = Eg-1,00 = E,m(9) 1) = fr(g)p(T), 80— fy is
G-equivariant,.

. As G acts unitarily on H, it suffices to show that G — C g — (¢, 7(g)¥)q is
continuous for any ¢ in some total subspace. Consider 1) = £v for arbitrary
z € G and v € V,. Such vectors form a total set in Hg by Theorem 6.9.3.
For g € G, we have

W, m(9)d)q = (v, E&m(g)E vy = (v, E€gpv)v = (v, Q(z, gz)v)v.  (6.9.1)

As Q : G x G — B(V,) is continuous w.r.t. the strong topology, the map
g — (¥, m(g)Y)o is continuous.

. As ® is G-equivariant, we have £,p(g) = £,-1,, for every x, g € G. As p is uni-
tary this implies that the corresponding kernel Q(z,y) := &.&; is G-invariant.
This kernel is also positive definite by Theorem 6.9.3, so H¢ is a unitary G-
representation by the first item. We already know from Theorem 6.9.3 that
Hg = H, as Hilbert spaces. The unitary isomorphism U : Hg — H, is on

the dense subspace VU(G)/J\/Q given by Uq(f) = 3, caupp(s) Ea f (@), where

q: VU(G) — Hg denotes the quotient map. Write 7 for the unitary G-action
on Hq. Using ¢, = &, qge = 7(9)qz and p(g)E; = &, we obtain that

Un(9)qz(v) = Ugga(v) = E,v = p(9)€5v = p(9)Uqs(v), Vv eV, O
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