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Abstract 

The image system of s i n g u l a r i t i e s of an a r b i t r a r y e x t e r i o r 

p o t e n t i a l f i e l d w i t h i n a t r i ~ a x i a l e l l i p s o i d i s derived. I t i s found t h a t 

the image system consists of a source and doublet d i s t r i b u t i o n over the 

fundamental e m p s o i d . The present c o n t r i b u t i o n i s a g e n e r a l i z a t i o n o f 

previous t h e o r i e s on the image system of an e x t e r i o r p o t e n t i a l f i e l d w i t h 

i n a sphere and spheroid. A pro o f of Havelock's spheroid theorem which 

apparently i s not a v a i l a b l e i n the l i t e r a t u r e i s also given. 

The knowledge of the image system i s r e q u i r e d , f o r example, when 

hydrodynamical forces and moments a c t i n g on an e l l i p s o i d iirniiereed i n a 

p o t e n t i a l flow are computed by the L a g a l l y theorem. 

• The two examples given consider the image system of s i n g u l a r i t i e s 

of an e l l i p s o i d i n a u n i f o r m t r a n s l a t o i y motion and i n pure r o t a t i o n . 

The author i s indebted t o Professor L. Landweber f o r 

s t i m u l a t i n g discussions. 

This r e p o r t i s based upon research sponsored by the F l u i d 

Mechanics Branch, O f f i c e of Naval Research under Contract NO0Oll+»-68-

A.^0196~OOOIK 
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THE ULTIMATE IMAGE SINGU.LARITIES FOR 

EXTERWAL SPHEROIDAL AND ELLIPSOIDAL HARIvIOWICS 

l j _ _ _ I n t r o du c t i o n 

The L a g a l l y theorem [ l ] together w i t h i t s recent g e n e r a l i z a t i o n s 

[ 2 , 3] yields exact expressions f o r the forces and moments on Rankine bodies 

immersed i n a r b i t r a r y i n v i s c i d , p o t e n t i a l flows. The main d i f f i c u l t y w i t h 

the a p p l i c a t i o n of the Lagally theorem i s t h a t i t i s necessary t o know t h e 

image system of s i n g u l a r i t i e s associated w i t h the a n a l y t i c c o n t i n u a t i o n of 

the e x t e r n a l p o t e n t i a l f l o w i n t o the body. 

The sphere i s the only three-dimensional shape f o r which t h e r e 

e x i s t s a "sphere theorem" [4,5,6] y i e l d i n g the disturbance p o t e n t i a l due 

t o the presence o f the sphere i n terras o f the undisturbed p o t e n t i a l . Also 

a theorem due t o Hobson [7] (p. 13^+) provides an expression f o r any s p h e r i c a l 

harmonic i n terms of s i n g u l a r i t i e s ( sources.;doublets or m a l t i p o l e s ) a t the 

center o f the sphere, 

' ' n Ü ± ! Ü - (-1)1 ill a , . A^ll 

where (R, 6, (j)) are s p h e r i c a l coordinates, y = cose, P^^^(M) i s the Legendre 

f u n c t i o n o f the f i r s t k i n d d e f i n e d by (5), and n and s are p o s i t i v e i n t e g e r s . 

An i n v e r s i o n theorem s i m i l a r t o the sphere theorem, i s not a v a i l 

able f o r a spheroid. However, a most u s e f u l r e l a t i o n was given w i t h o u t 

proof by Havelock [8]. This r e l a t i o n expresses an e x t e r i o r spheroidal har

monic i n term.s of s i n g u l a r i t i e s d i s t r i b u t e d on the major axis of the spheroid 

between the two f o c i . I f the f o c i are chosen t o be at (±1,0,O) i n Cartesian 

n o t a t i o n , the Havelock formula may be w r i t t e n as 



s 

v/here are spheroidal coordinates defined by {h), and Q^^(?) i s 

the Legendre f u n c t i o n of t h e second k i n d given by (7). 

A proof o f the Havelock fonnula (2) i s not a v a i l a b l e i n the l i t e r a 

t u r e . However proofs of (2) are given i n an unpublished t h e s i s [9] and i n 

class notes of Professor L. Landweber, These proofs are based on a suggestion 

of Havelock t o expand the f u n c t i o n l/R i n terms of an i n f i n i t e series of 

spheroidal.harmonics. A b r i e f e r proof o f the Havelock formula w i l l be 

presented i n s e c t i o n 2. This proof i s based on a n a l y t i c c o n t i n u a t i o n 8,pplied t o 

a g e n e r a l i z a t i o n of bhe Neumann formula f o r the Legendre f u n c t i o n of the second 

k i n d Q^'^(C) • 

Equations ( l ) and (2) provide exact expressions f o r the image system 

w i t h i n a sphere or spheroid of an a r b i t r a r y undisturbed e x t e r n a l p o t e n t i a l f l o w . 

Once the image system of s i n g u l a r i t i e s i s known w i t h i n the body j the d i s t u r 

bance p o t e n t i a l may be w r i t t e n iraraediately i n terms of these s i n g u l a r i t i e s . 

According t o Morse and Feshbach [ l O j the most general coordinates 

f o r the s e p a r a b i l i t y o f the Laplace equation are the e l l i p s o i d a l or the f o c a l 

coordinates. The e l l i p s o i d a l harmonics are also the most general harmonics 

which are a s o l u t i o n of the three-dimensional Laplace equation. I n f a c t the 

t r i - a x i a l e l l i p s o i d i s a t r u l y three-dimensional form, w h i l e both the sphere 

and the spheroid are axisynmietrical forms. 

An e l l i p s o i d theorem, s i m i l a r t o the sphere ( l ) and the spheroid 

(2) theorems, would be most important i n ship hydrodynamics since ship forms can 

be b e t t e r approximated by a t r i - a x i a l e l l i p s o i d than by a spheroid. Such a 

theorem, which y i e l d s the s i n g u l a r i t y system w i t h i n the e l l i p s o i d of an 
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a r b i t r a r y e x t e r n a l p o t e n t i a l f u n c t i o n , . w i l l be developed i n se c t i o n 3. 

2.__JIhe Image System f o r a Spheroid 

A sp h e r o i d a l harmonic of degree n and order s , which vanishes 

at i n f i n i t y , i s of the form 

H^"(l-i, 4.) = P^'(y) Q / ( d ê "'̂  • (3) 

where (p, t,, tf)) are spheroidal coordinates defined by 

X =̂  yc; y + i z = >/U^2)(c2„i^ e^* ^ ik) 

and the two f o c i o f the spheroid are at (± 1 , 0, O) i n Cartesian representa

t i o n , 

s 
The Legendre f u n c t i o n s of the f i r s t k i n d , P _̂  , and of the second 

k i n d , Q̂ ", are defined by [ l l ] (p. 1^2). 

s_ 
2 ,n+s 

P ""(y) = - ^ 1 7 ( M ^ - I ) " , V<1 (5) 

" 2''n! dM̂ """̂  
_s 

•1 2 -,n+s 

2 n! etc" • 

dC^ I " [ P ^ ( d ] ^ 

The f o l l o w i n g r e l a t i o n i s given by Hobson (p, 97): 

s_ s_ 
2 , "2 

c ? n\ ,n+s / o T X ^n~s 
Üi!zi) ( 2 _ i ) n ( i ^ L i ) f i (^2„i)n. 
/- , ^ I . n+s / N , , n.-s 
(n+s)! dp ( n - s ) ! dy 

(8) 

The above r e l a t i o n together w i t h the Rodriguez formula (,5) y i e l d the 

f o l l o w i n g expression f o r P ^ ( i j ) : 



s_ 

(9 ) 

ïn a d d i t i o n , the well-known Netimann formula f o r Q (x) , 
' n 

1 P J C ) 

x-5 
d5 

-1 

(10) 

i s a v a i l a b l e . 

When equation (9) i s s u b s t i t u t e d i n t o ( l O ) , and when the l a t t e r 

i s I n t e g r a t e d by p a r t s s times, equation (lO) becomes 

s 

s!( n - s ) ! 
2(n+s)! 

1 ( l - ? 2 ) 2 p ^ ( 5 ) df. 

-1 
s+1 

(11) 

The above r e l a t i o n may be considered as a g e n e r a l i z a t i o n of the 

Neumann formula ( l O ) , which corresponds t o the case s - 0. 

Equations (H), (5), and (6) imply t h a t the e x t e r i o r s p h eroidal 

harmonic (3) mav also be w r i t t e n i n the form 

^n ^1^^ 

. ^ d̂ P̂ (u) d̂ Q ( d 
l y + i ^ ; 

dy dc 

On the p a r t of the x~axis where | x | > l , y = 1 and 

(12) 

d ^ d ) (n+s)! 

dy'' 2''.s!(n~s)! 

(13) 

S u b s t i t u t i n g equations ( l l ) and ( l 3 ) i n t o ( l 2 ) y i e l d s 

l i m 

1 ( l - f . 2 ) 2 p S^^) 

y->l 
(y+iz/ ;x-c) 

2s+l 
d5 ( l U ) 



A n a l y t i c c o n t i n u a t i o n arguments a p p l i e d t o {ik) imply t h a t f o r 

po i n t s o f f the x axis 

s_ 
, 2 s / ̂  s, . . _ x s 

. , ( (o U n ( 1-^2)- P^ - ( 0 ( y+iz)° dK 

" " 2^ . s! 
(15) 

The f o l l o w i n g r e l a t i o n i s e a s i l y v e r i f i e d by mathematical induc

t i o n , 

( 1 . . , i X ) B , y 2 , , 2 ] ^ % . d l ) ! . i 2 s ) ! . „ i j ü ^ : (16) 

9y 2 ^ s ! [(x-.5)2+y2+.^]"'^'^ 

Wlien the above r e l a t i o n i s s u b s t i t u t e d i n t o ( l 5 ) , the l a t t e r y i e l d s the 

Havelock formula ( 2 ) . 

_3. _The Jmag_e System f o r an E l l i p s o i d 

Let the equation of the e l l i p s o i d be given by 

r2 ,r2 „2 

•1- H-
a2 b2 c2 

1 i a>b>c (17) 

The e l l i p s o i d a l coordinates ( p , u, v) are defined by the s o l u t i o n o f the 

cubic equation i n A, 

x i + = 1 (18) 

f o r f i x e d values of ( x , y, z) where 

k^ = a-'-c 

The t h r e e roots of ( l 8 ) are chosen so t h a t 

co>p2>k2 ;, k2>y 2>h2 i h2>_v2>0 (20) 

The t h r e e surfaces, p = const ( e l l i p s o i d s ) , y - const (hyperboloids 

of one sheet) and v const (hyperboloids of two sheets) then fona a t r i p l y -

orthogonal coordinate system i n space. 

2-c2 • h2 = a2-b2 (19) 



The transforiTiation between the Cartesian and the e l l i p s o i d a l 

coordinates i s given by (Hobson p. '+55) 

2,,2,,2 
9 I . 

X 
2 = p ^ j ^ ' j : (21) 

and 

h2k2 

= (p2-h2)(p2-.h2)(t,2._^2) ^^^^ 

h2(k,2-h2) 

,2 ^ (p2-k2)(k2-y2)(i,2„^2) ^ ^ 

k2(k2-h2) 

An e l l i p s o i d a l harmonic which i s regu l a r at i n f i n i t y i s defined 

as 

H^'^p,P,v) - F^"(p) E;"(P) E^*"(V) {2k) 

where n and m are j p o s i t i v e i n t e g e r s such t h a t m <̂  2n + 1. Here E^''^ denotes 

the Löiué f u n c t i o n o f the f i r s t k i n d which i s regulai' a t the o r i g i n , and 

F^™ i s the Lamé f u n c t i o n of the second k i n d which i s regular ad: i n f i n i t y . 

The Lame f u n c t i o n of the second k i n d F^"\p) i s defined i n terms of E^^'^( p) 

(Hobson p. »+72), 

F ^ p ) = (2n+l) E "\p) _____ • (25) 

[ [E^™(p)]2/(PThT(7^k2) 

Following Hobson (p. ^6o) , there e x i s t f o u r d i f f e r e n t classes of Lamë func

t i o n s given by P ( p ) , / p ^ ^ 2 " p ( p ) ^ v^^r^^"^ p(p) ^^^1 ŷ 'p̂ -̂k̂ H'p"2'-ï?T p ( p ) , 

where P(p) denotes a polynomial i n p. Using Hobson's n o t a t i o n , the f o u r classes 

of the Lame f u n c t i o n s w i l l be denoted by K ( p ) , L ( p ) , M(p) and N (p) r e s 

p e c t i v e l y . The normal f u n c t i o n s K(p ) K(ii) K(v) and L(p ) L(y ) L ( v ) then 

y i e l d i n t e r i o r e l l i p s o i d a l harmonics which are even w i t h respect t o z, w h i l e 



Proof of Theorem 1. 

Let us assume t h a t the image system of an even e x t e r i o r elli^DSoidal 
gP+q+2r 

harmonic consists o f m i i l t i p o l e s of t h e order ~ —~ d i s t r i b x i t e d over 
3x^9y^9z2^ 

the fundamental e l . l i p s o i d where p, q and r are p o s i t i v e i n t e g e r s . The 

aboA^e d i f f e r e n t i a l operator operates on l/R, where R denotes the distance 

between the p o i n t ( 5 , n, O) on the fundamental e l l i p s o i d and a f i e l d p o i n t 

( x , y, z ) . Since l/R i s an harmonic f m i c t i o n , we have 

9xP9y^9z2^^ ^ ~ Sx^Sy^ 9x2 3^2^ 

= ^ i - i i - . ( 3 1 ) 

The i n t e g r a t i o n of (27) i s ca,rried out over both f; and n hence 

the m u l t i p o l e s given by ( 3 l ) may be reduced by an. i n t e g r a t i o n by p a r t s t o 

simpJ.e source-sink d i s t r i b u t i o n over the fundamental e l l i p s o i d and a. l i n e 

d i s t r i b u t i o n of m u l t i p o l e s over the contour of the e l l i p s e given by ( 2 6 ) . 

The p o t e n t i a l of a l i n e m u l t i p e l e d i s t r i b u t i o n i s s i n g u l a r at p o i n t 

of the d i s t r i b u t i o n . On the other hand, the S t i e l t j e s theorem i m p l i e s t h a t 

(25) i s a convergent i n t e g r a l f o r p=k f o r a l l p o i n t s on the fundamental e l l i p 

s o l d . Hence we exclude the p o s s i b i l i t y of a contour d i s t r i b u t i o n of m u l t i -

poles on the e l l i p s e ( 2 6 ) . 

I n order t o determine the source s t r e n g t h , use w i l l be made of the 

Gaxiss f l u x theorem which, since we are dealing w i t h a plane d i s t r i b u t i o n , 

y i e l d s the f o l l o w i n g r e l a t i o n f o r the source d i s t r i b u t i o n ; 

s ( p > . ) = i l l m ^ _ ^ [ f ^ - H ^ ^ x , y , z ) ] [i3^H„°(p.„,v)] (32) 



where h^ i s the l i n e a r i z i n g f a c t o r i n the p d i r e c t i o n given by 

P (p2-h2)(p2_k2) 

S u b s t i t u t i n g . e g u a t i o n s {2h) , (25) and (33) i n t o (32) y i e l d s 

( 2 n+l) E " A i ' ) E '""(v-) 
s ( y ' , v ' ) = - - -^^^-^ (31,) 

2TT E^™(k) >/rk^C,7^2^)TPC7r?y 

Por the case where p=k eqi.iations ( 2 l ) and (22) raa.y be solved 

e x p l i c i t l y f o r i j ' ( x , y ) and v ' ( x , y ) . The r e s u l t i n g expi'essions are given by 

(29) and (30) r e s p e c t i v e l y . S i m i l a r l y , the denominator of (3!!-) i s given i n 

Cartesian r e p r e s e n t a t i o n 'by 

(k2.= y'2)(k2_v'2) = k2(k2--h2)(l - A„ _ïi_ ) (35) 
k2 k2-h2 

S u b s t i t u t i n g (35) i n t o (3^) y i e l d s ( 2 8 ) , and the proof of Theorem 1 i s 

completed. 

Theorem 2 

An odd ( i n z) e x t e r i o r e l l i p s o i d a l harmonic m̂ ay be generated by 

a normal doublet d i s t r i b u t i o n i n the z - d i r e c t i o n over the fundamental e l l i p * 

s o l d , 

\ (p) l y ) \ ( v ) - ^ - ^ 
d(g ,n)dCdn _„ 3̂ 

/ /(--fp̂ (7:.-̂ 7pTz2'' 
s 

O 

where 
(2n+ l ) E '""(y-) E "'( v ' 

n n 

and 

d(x,y) ^ (37) 
2frk E '"(k) y'k^ 

n 

E"^(p) 
f ( k ) = l i m , . (38) 
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Proof of Theorem 2, 

By t h e same argrmients as were used t o prove Theorem 1 , one can 

show t h a t an odd e x t e r i o r e l l i p s o i d a l harmonic may be generated by a d i s t r i b u 

t i o n of doublets o r i e n t e d i n the z - d i r e c t i o n over the fundamental e l l i p 

s oid 

An odd e x t e r i o r e l l i p s o i d a l harmonic may be w r i t t e n as 

H "'(p,P,v) = (2n-M) Ë ™(p) E "^(y) E ™(v) 

______.___JJ3 _ _ _ _ 1 (39) 

J [E^^"^(p)]2 (p2-k2)^/2 (p2„h2)l/2 j 

P 

The d i s c o n t i n u i t y i n the p o t e n t i a l across a normal doublet d i s t r i b u t i o n then 

im p l i e s t h a t t h s normal doublet d i s t r i b u t i o n over the fundamental e l l i p s o i d , 

which i s the image system o f an odd e x t e r i o r e l l i p s o i d a l harmonic, i s given by 

. d(y' ,v') = ^ l i m H '"(p,y,v) (l+o) 

"̂"̂  p->k " 

By the S t i e l t j e s theorem, the only s i n g u l a r i t y of the integrand of (39) as 

p approaches k i s (p2_k2) . I n t e g r a t i o n by p a r t s of (39) y i e l d s 

H^"^(p,y,v) = (2nH-l) i^"^(p) E^™(y) E^"^(v) 

p[E^"^(p)]2 >/j2r)?- J 'ip I p[E^^^(p)]2 ƒƒ 

Applying the l i m i t p->k t o H^"^(p , j i , v ) , equations {ko) and (l+l) 

y i e l d the doublet d i s t r i b u t i o n given by (3 7 ) , and the proof of Theorem 2 i s 

completed. 



_it_j____ExaD2]Dles_ 

Let (j)(p,y,v) be a given p o t e n t i a l f u n c t i o n f r e e of s i n g u l a r i t i e s 

i n the region P £ a.' I n t r o d u c i n g an e l l i p s o i d d i s t u r b s the f l o w and the 

v e l o c i t y p o t e n t i a l i n the region p >_ a i s then given by 

#^,(p,y,v) = (j) (p,y,v) + <i>^(p,y,v) {k2) 
X Ï J O e 

where cf^CpsP^v) i s the v e l o c i t y p o t e n t i a l due t o the image system w i t h i n the 

e l l i p s o i d . 

Since both * and i) are harmonic f u n c t i o n s , they may be expanded 
o e 

i n terms o f e l l i p s o i d a l harmonics i n the form 

2n+l 

cl, (p,y,v) = J I A ''(p) E " A ) E "^(v) p < a (^3) 
n=0 m=l " " 

and 

<̂  2n+l 

(t, (p,y,v) ' ^ 1 1 •̂V"'̂'̂'* ̂ n"^'"*^ ^n"^^^'^ P 1 -̂
^ n=0 m=l 

where A and B ^ are constants t o be determined. For the Neumann problem, the 
n n 

normal d e r i v a t i v e of must vanish on the e l l i p s o i d p = a. Since the normal 
E 

derivatiA'^e on the el3-ipsoi .d i s that w i t h resnect t o p , we then o b t a i n from. 

(i+2), {k3) and {kk) the f o l l o w i n g expression i n the r e g i o n e x t e r i o r t o the 

e l l i p s o i d p = a: 

«> 2n+l A 

, J p , y , v ) ^ - . I I F ; ( P) E > ) EJ^V) {k3) 
n--0 m=l p ̂  ^ 

where . 
F "'(a) 

C = - i ^ {k6) 

^ Ê;(a) 

Here the dot denotes d i f f e r e n t i a t i o n vrith respect t o the argument. 
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Equation (k^) i s an expression f o r the disturbance v e l o c i t y poten

t i a l when an e l l i p s o i d i s introduced i n a p o t e n t i a l flow f i e l d given by (^3). 

l?§?iple. L u L ' S _ ? L 3 n s l a t i o n _ ^ 

Let (j)^(x,y,z) be given by 

^J^,J,z) = Ux + Vy + Wz (ll7) 

which represents a uniform stream w i t h v e l o c i t i e s U, V and W i n the x,y and 

z d i r e c t i o n s r e s p e c t i v e l y . 

As already mentioned there e x i s t s t h r ee Lame f u n c t i o n s of the f i r s t 

order ( n = l ) . These three f u n c t i o n s are of the class K, L and M defined e a r l i e r 

and w i l l be denoted h e r e i n as , L^ and M_̂. I n terms of these f u n c t i o n s , 

equation (hi), m \ i t t e n i n e l l i p s o i d a l coordinates, i s of the form 

Consider now the case-where a s o l i d e l l i p s o i d i s introduced i n t o the stream. 

The disturbance v e l o c i t y p o t e n t i a l at p o i n t s i n the e x t e r i o r r e g i o n may be 

considered t o be given by a c e r t a i n s i n g u l a r i t y d i s t r i b u t i o n over the funda- ' 

mental e l l i p s o i d . 

Equations (3'-0, (37) and (i+5) then imply t h a t the image system 

c o n s i s t s o f a source d i s t r i b u t i o n of s t r e n g t h 

2ïïhv/(k2rp'-2)(]-Z„^,7y k2c^(K) (k2-h2) C^(L) 

and a doublet d i s t r i b u t i o n i n the z - d i r e c t i o n of s t r e n g t h 



Here G^(K) , C^(L) and C^(M) denote the three values of Ĉ " defined i n (^+6) 

corresponding t o the three p o s s i b l e forms o f E ™, i,e.,K , L and M . 

I t i s more convenient t o use Cartesian r e p r e s e n t a t i o n . The source 

d i s t r i b u t i o n (k^) i s then given by 

2uk ./p-h^ k2 k2-h2 k2 C^(K) (k2.-h2) C ^ ( L ) 

and the doublet d i s t r i b u t i o n (50) i s 

d(x,y) --^.^^^-^^^.^^ ( 1 - ^ - -^-1 (52) 
2iTk C^(M) /k^--h^ k2 k2-h2 

The above expressions are a reduced form of Havelock's [ l 3 ] r e s u l t s f o r the 

image system of an e l l i p s o i d i n a uniform stream. 

The c o e f f i c i e n t s C ^ ( K ) , C ^ ( L ) and C^(M) are given i n the Appendix 

i n terms of t a b u l a t e d e l l i p t i c i n t e g r a l s . 

Example 2: Pure Rotation 

Let us assume t h a t the e l l i p s o i d i s r o t a t i n g about i t s p r i n c i p a l 

axes i n an i n f i n i t e i n v i s c i d f l u i d otherwise at r e s t w i t h angular v e l o c i t y , 

^ (W 5 w s w ) (53) 

The boundary c o n d i t i o n t o be s a t i s f i e d on the e l l i p s o i d i s 

- (w X ?) . n (5^0 

where r i s a u n i t vector from the o r i g i n t o a p o i n t ix,j^z) on the e l l i p s o i d 

and n denotes a u n i t nox-mal vector t o the surface of the e l l i p s o i d . Following 

Lajnb (p. ikT) the i n t e r i o r v e l o c i t y p o t e n t i a l i s 

li2_^Z c2-a2 a2-b2 
<!>^(x,y5z) = ™- w yz + Ui zx + — — w xy (55) 

° b2+c2 c2+a2 y a2-!-b2 ^ 
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\Then n=2 there e x i s t f i v e Lame f u n c t i o n s , two of class K, and one f u n c t i o n 

each of classes L, M and N (Hobson p. ^t65). These f i v e f u n c t i o n s w i l l be 

T 2 

denoted-as K^, K^, U^, and r e s p e c t i v e l y . The i n t e r i o r v e l o c i t y p o t e n t i a l 

expressed i n terms of e l l i p s o i d a l coordinates i s then given by 

Ü) (b2-c2) N (p) N„(M) N^(V) CÜ (c2-a2) M„(p) MAM) UJV) 
<f.^(p,y,v) = 2____2 2 _ _ .̂ „X ^ 2 _ 2 , 2 _ _ 

hll(b2-l-c2) (k2_h2) hi2(c2+a2) ^^-T'^T-

0) (a2-b2) L (p) LJU) LAV) 
+ 2 _ _ „ ^ 2 ^^g, 

h2k(a2+b2) v^^h"^' 

Again equations (^5) and {k6) y i e l d the expansion i n e l l i p s o i d a l harmonics 

of the e x t e r i o r v e l o c i t y p o t e n t i a l i n terras of the e l l i p s o i d a l harmonic 

expansion of the i n t e r i o r p o t e n t i a l . The image system of the e x t e r i o r poten

t i a l i s given by Theorems 1 and 2. This system c o n s i s t s of source d i s t r i b u t i o n 

5(.> (a2.-b2 )p 'v ' / (u°^'2 :dTT(h^ ' '^) 

s (u ' , V • ) = • • ^^^^-.^^ . ( 5 J) 
2ïïk2h2(a2-i-b2)(k2-h2) C^{L) / ( k - ^ I ^ ' " ? ' 

and normal double t d i s t r i b u t i o n 

d(y M _ M i E Z i ) i l ? L L l i r r • V(c2-a2 ) p ' v ' 

2-rThk2(k2-h2) k2(c2+ a2) C,^{M) 

a)^(b2-c2) ./(^n^2)-(^7::^T2-) 

(b2-t-c2)(k2-h2) C^^W 
(58) 

Here the c o e f f i c i e n t s C^{L) , C^^iu) and C^(H) are the three values o f defined 

i n (kS) , which correspond t o the replacement of Ê "̂  by L^, and H^ r e s p e c t i v e l y . 

The equivalent expressions i n Cartesian represent8,tion are 

501 (a2-b2)xy 2 2 
s(x,y) = - x__ ̂_ ^ -

2-,Tk3(a2+b2)(k2-h2)-^/2 C (L) k2 k2-h2 
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and 

2 , , 2 . % 

d(x,y) = - ( 1 - ^ -

(60) 

UJ {c^-8,^)x CO ( b 2 . ^ c 2 ) y 

k 2 ( c 2 + a 2 ) C2(M) ( k 2 - h 2 ) ( b 2 - l - c 2 ) 0^(1^) 

Expressions f o r C ^ ( L ) , C,^{M) and C^(w) i n terms of e l l i p t i c i n t e g r a l s 

are given i n the Appendix. 

6 

J 
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Appendix 

Expressions f o r the c o e f f i c i e n t s i n terms of e l l i p t i c i n t e g r a l s , 

Since K^(p) = Ps equation (25) y i e l d s 

F_^(p) = 3p 

Hence (hS) i m p l i e s t h a t 

dp 

p - p 2 / ( p 2 - k 2 ) C p 2 i h 2 ) 
( 1 ) 

C^(K) = 3 
p 2 ,rp"rpy( p^-b 27 abc 

The above equation may be expressed i n teimis o f ta.bulated e l l i p t i c i n t e 

g r a l s [ 1 ^ ] as 

C (K) = -3_ [ F ((l,,t) - I E ( ( j . , t ] - (3) 
kh2 abc 

where IF and IE denote the Legendre incomplete e l l i p t i c i n t e g r a l s of the f i r s t 

and second k i n d r e s p e c t i v e l y , and 

h . . -1 k /), \ 
t = ; ^ = sm- ^ . ( 4 ; 

S i m i l a r l y , the r e s t o f the c o e f f i c i e n t s may be expressed i n terms of the tabu

l a t e d incomplete e l l i p t i c i n t e g r a l s [l^+J. Here we w i l l g i v e only the f i n a l 

r e s u l t s ; 

3k r-n./, h2 , ̂ , l£ s i n i . cosA_-, 3 
C (L) = A>^. [ F (<f,,t) - (1 - ~ ) E {i>,t) - — 

1 -u2\ 1,2 v 2 Jl h2(k2~h2) k2 k2 / I - i l l 3in-^ abc 

(5) 

k2 

C (M) = [tg<j, vTTTI sin2(j, - ]E ( * , t ) ] - - — (6) 
^ k (k2 -h2 ) k2 abc 
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Appendix (con t inued) 

C (L) = -^-^-5 r j , ( ^ , , ) „ - j j i n l ^ e o g i L ^ ] „ 5 _ _ „ 

I .h2(k2-h2) / T ^ . i n ^ , abc(a2.,-b2) 

k2 

C (M) = [ t g ^ v^lT sin2,j, 
2 k3(k2-h2) k2 

k 2 k 2 
- (^"~ 1) F ( < l ) , t ) + 2) 1^ (<^ , t ) ] - (8) 

h2 h2 atic(a2-)-c'^) 

h2 
tgf |>(l - —y sin2(f)) + sincj) cos<|) 

C J N ) - — ^ [ : (k2-h2)2 ^ 
1 - — sin'-ij) 

k2 

-i- - 2 ) I E ( ^ , t ) - ^-W ( ( } , , t ) ] ^ 
h2 h2 abc(b2+c2; 


