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Abstract

In this article, we obtain explicit bounds on the uniform distance between
the cumulative distribution function of a standardized sum S, of n indepen-
dent centered random variables with moments of order four and its first-order
Edgeworth expansion. Those bounds are valid for any sample size with n~ /2
rate under moment conditions only and n~! rate under additional regular-
ity constraints on the tail behavior of the characteristic function of S,. In
both cases, the bounds are further sharpened if the variables involved in
S, are unskewed. We also derive new Berry-Esseen-type bounds from our
results and discuss their links with existing ones. Following these theoretical
results, we discuss the practical use of our bounds, which depend on possibly
unknown moments of the distribution of S,,. Finally, we apply our bounds to
investigate several aspects of the non-asymptotic behavior of one-sided tests:
informativeness, sufficient sample size in experimental design, distortions in
terms of levels and p-values.

AMS (2000) subject classification 62E17, 60F05, 62F03.
Keywords and phrases. Berry-Esseen bound, Edgeworth expansion, Normal
approximation, Central limit theorem, Non-asymptotic tests.

1 Introduction

As the number of observations n in a statistical experiment goes to infinity,
many statistics of interest have the property to converge weakly to a N (0,1)
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distribution, once adequately centered and scaled, see, e.g., van der Vaart
(2000, Chapter 5) for a thorough introduction. Hence, when little is known
on the distribution of a statistic for a fixed sample size, a classical approach
to conduct inference on the parameters of the statistical model amounts to
approximating that distribution by its tractable Gaussian limit. A recurring
theme in statistics and probability is thus to quantify the distance between
those two distributions for a given n.

In this article, we present some refined results in the canonical case of a
standardized sum of independent random variables. We consider independent
but not necessarily identically distributed random variables to encompass a
broader range of applications. For instance, certain bootstrap schemes such
as the multiplier ones (see Chapter 9 in van der Vaart (1996) or Chapter 10 in
Kosorok (2006)) boil down to studying a sequence of mutually independent
not necessarily identically distributed (i.n.i.d.) random variables conditional
on the initial sample.

More formally, let (X;)i=1,..n be a sequence of i.n.i.d. random vari-
ables satisfying for every i € {1,...,n}, E[X;] =0 and ~;:=E[X}] < +oc.
We also define the standard deviation B, of the sum of the X;’s,
e, By:=y/> i E[X?], so that the standardized sum can be written
as Sp:=>_" | X;/B,. Finally, we define the average individual standard
deviation B,:=B, /+/n and the average standardized third raw moment

Agni=130 E[Xf’}/ﬁi The main results of this article are of the form

A3n
sup |P(S,, < z) — ®?(z) — —

= A, E

(1 —2)p(2)| < bn, (1)

where @ is the cumulative distribution function of a standard Gaussian
random variable, ¢ its density function and 6, is a positive sequence
that depends on the first four moments of (X;);=1,. , and tends to zero
under some regularity conditions. In the following, we use the notation
G (2):=(z) + A3, (6y/n) 71 (1 — 22) ().

The quantity G, (x) is usually called the one-term Edgeworth expansion
of P (S, < ), hence the letter E in the notation A,, i. Controlling the uni-
form distance between P (S, < -) and G,,(+) has a long tradition in statistics
and probability, see for instance Esseen (1945) and the books by Cramer
(1962) and Bhattacharya and Ranga Rao (1976). As early as in the work
of Esseen (1945), it was acknowledged that in independent and identically
distributed (i.i.d.) cases, A, g was of the order n=1/2 in general and of the
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order n~1 if (Xi)i=1,...,n has a nonzero continuous component. These results
were then extended in a wide variety of directions, often in connection with
bootstrap procedures, see for instance Hall (1992) and Lahiri (2003) for the
dependent case.

A one-term Edgeworth expansion can be seen as a refinement of the so-
called Berry-Esseen inequality (Berry (1941), Esseen (1942)) which goal is
to bound

Ay pi=sup [P(S, < 2) - d(a)]. (2)
z€R

The refinement stems from the fact that in A, g, the distance between
P (S, <) and @ is adjusted for the presence of non-asymptotic skewness
in the distribution of S,,. Contrary to the literature on Edgeworth expan-
sions, there is a substantial amount of work devoted to explicit constants
in the Berry-Esseen inequality and its extensions, see, e.g., Bentkus (2003),
Bentkus and Gétze (1996), Chernozhukov et al. (2017), Pinelis and Molzon
(2016), Raic¢ (2018, 2019). The sharpest known result in the 4.n.4.d. univari-
ate framework is due to Shevtsova (2013), which shows that for every n € N*,
if E[|X;[%] < 400 for every i € {1,...,n}, then A, g < 0.5583 K3 ,,/+/n where
Kpni=n"13""  E[|X;[P]/(B,)P, for p € N*, denotes the average standard-
ized p-th absolute moment. K, measures tail thickness, with K5, normal-
ized to 1 and Ky, the kurtosis. An analogous result is given in Shevtsova
(2013) under the i.i.d. assumption where 0.5583 is replaced with 0.4690. A
close lower bound is due to Esseen (1956): there exists a distribution such
that Anp = (Cp/v/n) (n—l S E[ X /Ef;) with C'p ~ 0.4098. Another
line of research applies Edgeworth expansions in order to get a bound on
A, g that contains higher-order terms, see Adell and Lekuona (2008), Bout-
sikas (2011) and Zhilova (2020).

Despite the breadth of those theoretical advances, there remain some
limits to take full advantage of those results even in simple statistical appli-
cations, for instance, when conducting inference on the expectation of a real
random variable.! If we focus on Berry-Esseen inequalities, we show in Sec-
tion 5.2 that even the sharpest upper bound to date on A, g can be uninfor-
mative when conducting inference on an expectation even for n larger than

1 In this article, we only give results for standardized sums of random variables, i.e., sums
that are rescaled by their standard deviation. In practice, the variance is unknown and has to
be replaced with some empirical counterpart, leading to what is usually called a self-normalized
sum. This is an important question in practice that we leave aside for future research. There exist
numerous results on self-normalized sums in the fields of Edgeworth expansions and Berry-Esseen
inequalities (de la Pefia et al. (2009), Hall (1987)). However, the practical limitations of existing
results that we point out in our work still prevail.
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59,000. Therefore, it is natural to wonder whether bounds derived from a
one-term Edgeworth expansion could be tighter in moderately large samples
(such as a few thousands). In the i.i.d. case and under some smoothness con-
ditions, Senatov (2011) obtains such improved bounds. To our knowledge,
the question is nevertheless still open in the i.n.7.d. setup, as well as in the
general setup when no condition on the characteristic function is assumed.
In particular, most articles that present results of the form of (1) do not
provide a fully explicit value for d,,, that is, d,, is defined up to some “uni-
versal” but unknown constant, see for instance Cramer (1962) and Bentkus
and Gotze (1996), among others.

In this article, we derive novel inequalities of the form of (1) that aim
to be relevant in practical applications. Such “user-friendly” bounds seek to
achieve two goals. First, we provide explicit values for d,,, which are imple-
mented in the new R package BoundEdgeworth Derumigny et al. (2023) using
the function Bound_EE1 (the function Bound BE provides a bound on A, ).
Second, the bounds d,, should be small enough to be informative even with
small (n ~ hundreds) to moderate (n ~ thousands) sample sizes. We obtain
these bounds in an ¢.i.d. setting and in a more general ¢.m.i.d. case only
assuming finite fourth moments.

We give improved bounds on 4A,, g under some regularity assumptions on
the tail behavior of the characteristic function fg, of S,,. Such conditions are
related to the continuity of the distribution of S, and the differentiability of
the corresponding density (with respect to Lebesgue’s measure). These are
well-known conditions required for the Edgeworth expansion to be a good
approximation of P(S,, < -) with fast rates. Our main results are summed
up in Table 1.

In the rest of this section, we introduce notation used in the rest of the
paper. Section 2 presents our bounds on A,, g under moment conditions only
in 4.n.i.d. or i.i.d. settings. In Section 3, we develop tighter bounds under
regularity assumptions on the characteristic function of 5,,. They rely on an
alternative control of A, g that involves the integral of fg,, enabling us to
use additional regularity assumptions on the tails of that function. In Sec-
tion 4, we discuss practical aspects related to our bounds: how to choose or
estimate the moments of the distribution of S,, involved in order to com-
pute our bounds. We also perform numerical comparisons between our and
existing bounds for some particular distributions (Student and Gamma).
In Section 5, we apply our results to analyze several aspects of one-sided
tests based on the normal approximation of a sample mean. In particu-
lar, based on our bounds, we propose a new method to compute sufficient
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Table 1: Summary of the new bounds on A, g under different scenarios

Setup General case Under regularity assumptions
on fs,
inid. 0.39?/05(3," L0 0.195K4,n:{0.038>\3,n n
O(n=5/* 4 n=p/2)
(Theorem 1) (Corollary 3)
. 0.1995(Ks5 ., +1 - 0.195 K4,,40.038 A3 , —
i.i.d. % +0(n1h) - o O(n~o/%)
(Theorem 1) (Corollary 4)

We use the notation O(n™%) to indicate terms that are smaller than Cn~% for some
constant C'. All these terms are given with explicit expressions for any sample size and
most of them are significantly reduced when there is no skewness. p > 0 is a constant
depending on the tail decay of the characteristic function fg,. Note that the corresponding
term is dominant if p < 2 (see Section 3 for additional discussions). For this application
of Corollary 4, we impose an alternative tail decay condition, namely sup,, £, < 1 (see
Section 3 for the definition of k)

sample sizes for experimental design with given effect size to be detected
and nominal power. All proofs are postponed in the appendix. The proofs of
the main results are gathered in Appendix A, relying on the computations
of Appendix B. Useful lemmas are given in Appendix C.

Additional notation. V (resp. A) denotes the maximum (resp. mini-
mum) operator. For a random variable X, we denote its probability distri-
bution by Pyx. For a distribution P, let fp denote its characteristic function;
similarly, for a random variable X, we denote by fx its characteristic func-
tion. We recall that fa,1)(t) = e t*/2. We denote the (extended) lower
incomplete Gamma function by v(a,z):= [ |u|*te “du (for a > 0 and
x € R), the upper incomplete Gamma function by I'(a, x):= f;oo u* e udu
(for @ > 0 and x > 0) and the standard gamma function by I'(a):=I"(a,0) =

0+°° ute~vdu (for a > 0). For two sequences (ay), (b,), we write a, =

O(by,) whenever there exists C' > 0 such that a,, < Cb,; a,, = o(b,) when-
ever a,/b, — 0; and a,, < b, whenever a, = O(b,) and b, = O(ay,).
We denote by x1 the constant yi1:=sup,-ox 3| cos(x) — 1 + 22/2| ~ 0.099
(Shevtsova, 2010), and by 6] the unique root in (0,27) of the equation
0? + 20sin(6) + 6(cos(f) — 1) = 0. We also define #:=0;/(2m) ~ 0.64
(Shevtsova, 2010). For every i € N*, we define the individual standard
deviation o;:=+/E[X?]. Henceforth, we reason for a fixed arbitrary sam-
ple size n € N*. Densities and continuous distributions are always assumed
implicitly to be with respect to Lebesgue’s measure.
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For clarity, we define below the concept of an explicit expression. In
the rest of the article, the goal is to find bounds on A, g that are explicit
expressions in the sense of Definition 1.

Definition 1 An expression is called explicit if it can be written as a finite
sequence of terms. A term is defined as

e cither a numerical constant (i.e. a computable real number),

e or one of the parameters of the framework (such as n, A3, K4, and so
on),

e or one of the standard functions (rational functions, exponential func-
tions, logarithmic functions, incomplete Gamma functions, indicator
functions, absolute value, maximum or minimum) applied to a finite
set of terms,

e or, recursively, as an explicit expression itself.

2 Control of A, y under moment conditions only

We start by introducing two versions of our basic assumptions on the distri-
bution of the variables (X;)i=1, .. n.

Assumption 1 (Moment conditions in the i.n.i.d. framework) (Xj)i=1,.n
are independent and centered random variables such that for every i =
1,...,n, the fourth raw individual moment ~;:=E[X}] is positive and finite.
Assumption 2 (Moment conditions in the i.i.d. framework) (X;);=1, ., are
i.i.d. centered random variables such that the fourth raw moment 7,,:=E[X}]
is positive and finite.

Assumption 2 corresponds to the classical i.i.d. sampling with finite
fourth moment while Assumption 1 is its generalization in the i.n.i.d. frame-
work. Those two assumptions primarily ensure that enough moments of
(Xi)i=1,..n exist to build a non-asymptotic upper bound on A, . In some
applications, such as the bootstrap, it is required to consider an array of
random variables (Xj,)i=1,.n instead of a sequence. For example, Efron
(1979)’s nonparametric bootstrap procedure consists in drawing n elements
in the random sample (Xip,..., X, ) with replacement. Conditional on
(Xin)i=1,...n, the n values drawn with replacement can be seen as a sequence
of n i.i.d. random variables with distribution % oy dx,..}, denoting by g4y
the Dirac measure at a given point a € R. Our results encompass these sit-
uations directly. Nonetheless, we do not use the array terminology here as
our results hold non-asymptotically, i.e., for any fixed sample size n.



BOUNDS FOR THE DISTANCE TO THE FIRST-ORDER EDGEWORTH EXPANSION

To state our first theorem, remember that Bj,:=(1/y/n)\/> i, 02, for
p € N*, K, ,:=n"' 3" E[|X;[P]/BY, and let us introduce Ks,:=K3,, +

n’

%Z?ZlE‘XZ"U?/Ei, A:=(1 —4x1 — /Ky n/n)/2, and the terms rifrild’SkeW,

inid,noskew iid,skew d iid,noskew
1,n s Tln an rl,n .
These remainder terms are defined by:

(14.1961 + 67.0415) K% 4.3394|\3,| K3,  1.0435K.""
9 _|_ ) 9

inid,skew ,
Ln o 1674n2 8m3n2 nb/4
LIL0LKS]? +31.9921 Ay | x Ky, 0.6087K("!  9.8197K3,
+ n3/2 ni/4 n2
N sl (1(3/2,7V/0.2(n/ Kun) VA 2y/0/ K3.0)—T'(3/2,2y/n/K3.0))
NG
1.0253K3.,, _ -
TN {0‘5|A‘ 2 ag0y x |7(3/2,44n/K3,)

—(3/2,24(0.1(n/K42)"/? A2/ K3 )|

o VIR~ (/020 K A2y K )
{a=0} 3 }
(3)

nidnoskew (141961 4 67.0415) K5, 0.66611(2/,3 6.1361K73,
1m . 16m4n2 T n2

1.0253K, B _
n W’”{o.mm 20 as0y % |1(2,4An/K2,)

—7(2,2A(0.1(n/K4.0)"* A 20/ K3,)))|
(2v/n/K30)* = (V0.2(n/Ky )" N2y /K3 )" }

+1ga—) i
(4)
dsken (141961 4+ 67.0415) K4, 4.3394 |3, | K3,
L 1674n?2 - 8m3n2 7 €2n
1.306(eg,n — 1.006792) A3,
+ 36n
N Aol (1(3/2,V0.2(n/Kan)/* N 2y/n/K30) = T'(3/2,2y/n/K3,0))

\/ﬁ
(1 (3/2, {V0.2(n/Kyn)* A2yn/ K3, )2 /8)

1.0253 x 2°/2 K3,
3my/n
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and
dnoskew (14.1961 + 67.0415) K,
Ln T 167402 + ez
16 x 1.0253K. .
IR (P2, (V0.2 )V A 20/ B} f8)
—I'(2,4n/(8K3,,))), (6)
where

Tl skew ~0.06957| X3, ~ 0.6661Ky4y N 0.4441)3 , 0 6087|A3.| X Ky

n T n1.5 n2 n2 7”L2 5
+0.22213Kin
n
0.1088K2,, 1332160, | 03972\snl x K70
+eap X < 57— T 7 2.25
n n n
0.04441K2  0.02961K( x A%m 0.006620|A3,| x K720
n2-o n2o + n2-7
0.0003701K3,  4.0779 ~ 2.4316[A3,| x K3 % 02719K97
+ n3 + n2 + n2 25 + n2.5
0.1813K, % x A}, 0 1216 X3, X K2 0.002266 K,
+ n25 n2.75 + n3
0 3625|A3n|? x K, 07 0 05404| A3 0| x K07 x A3,
n2-5 n2-7
0.01209| A |2 x Kff’n 0.002027| A3 | x K§:7° | 0004531K,
+ 3 1325 n3
0.006042K79 ,, x Agn 7.552 x 107K}
+ 3 9 9 3 5
n n
0.002014K ;) x Agm 0.0009006|A3.n| x K% x A3,
n3 1325
5.035 x 107°K92 x A2
+ 3 5 I I
n
00001007\)\3n\2x }32 1.126 X 107°| A3 | x K} -2
n3o n3-7
3.147x10~ 7K4?n 0.2983|\3.| X Kap
v n nls
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n
nlo nl.75 n2

L L8261 Asn] 0.5445| A3 [% x K, % . 0.06087|Ag | x K93

0.04058| A3, | x K 0% x A2
+ 5 )

2
n
0.009074[ A3, |* X K§2°  0.0005073|A3.0| X Kyn 7
+ n225 + n25 ’ (7)
i 6661K 0.2221K7 0.1088K7
de,noskew::() 6662 an . A | e x ( ; in
n n n
1.3321K,,,  0.04441K;7
+ 2 + 2.5
n ne
. 0.0003701K%,, L 40779 0.2719K79; . 00022664,
n3 n2 n2.5 n3
0.004531K,,, 7552 x 109K 7  3.147 x 107"K} .
+ nS + n3.5 + n4 : ( )

and

42.9326/\ K\ 2
€2.ni= €XP (0.0119 +0.000071 x (# 1+ 48 <4”>
(K4,n n1/4) n

3202,  0.7156K, A3l . 0.04K4,n))
(K47nn)1/2 n3/4 n ’

The following theorem is proved in Sections 1 (“i.n.i.d.” case) and Sec-
tion 1 (“4.7.d.” case).
Theorem 1 (Control of the one-term Edgeworth expansion with bounded

moments of order four) If Assumption 1 (resp. Assumption 2) holds and
n > 3, we have the bound

0.1995 K3 ,, L 0031 K2, +0.195 Ku , + 0.054 |3 | K3, + 0.03757 A2 ,,

An,E S + Tin
Vi n
(9)
. . . inid,skew inid,noskew
where 11, s one of the four possible remainders ry,, s Tin ,
iid,skew iid,noskew . . @ . 2
™ or ry, , depending on whether Assumption 1 (“i.n.i.d.” case)

or Assumption 2 (“i.i.d.” case) is satisfied and whether E[X?] = 0 for every
i=1,...,n (“noskew” case) or not (“skew” case).
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Remark 1 Assume that there exists a constant K4 such that Ky, < Ky
for all n > 3 (this is the case, for example, if the data is an i.i.d sam-
ple from a given infinite homogeneous population). Then there exist con-
stants C, C, C3,Cy > 0 such that the remainder terms can be bounded in
the following way: \rllrj;d’Skewl < Cyn~5/4, |Tﬁd’5kew| < Cyn=3/2, \rllrj;d’SkeW] <
Csn~/4, and \rﬁd’Skew| < Cyn~2, for every n > 3. This can be seen directly
from the previous equations, as it is always possible to find the main term,
and then bound all the others by the required powers.

Remark 2 In the regime where Ky, tends to infinity faster than /n, our
bounds do not tend to 0. This is the case in particular for the term that
is multiplied by 1;a0y. In this case, the bounds given by Theorem 1 are
still valid; in some cases, the right-hand side will be larger than 1 and there-
fore the inequality trivially still holds. This can be interpreted in the fol-
lowing sense: the average kurtosis of the distribution increases too fast for
the distance to the first-order Edgeworth expansion to be controlled by our
techniques.

Note that it is possible to replace K 3,n by the simpler upper bound 2K3 ,,
under Assumption 1 (respectively by K3, + 1 under Assumption 2). This
theorem displays a bound of order n~1/2 on A, g in the regime where Ky,
is bounded by a fixed constant. The rate n=/2 cannot be improved when
only assuming moment conditions on (X;)i=1, . (Esseen (1945), Cramer
(1962)). Another nice aspect of those bounds is their dependence on As,,.
For many classes of distributions, A3, can, in fact, be exactly zero. This is
the case if for every i = 1,...,n, X; has a non-skewed distribution, such as
any distribution that is symmetric around its expectation. More generally,
|A3,n| can be substantially smaller than K3 ,,, decreasing the related terms.

As mentioned in the Introduction, we are not aware of explicit bounds
on A, g under moment conditions only. It is thus difficult to assess how
our bounds compare to the literature. On the other hand, there exist well-
established bounds on A,, p. Using Theorem 1, the bound (1 — 22)p(z)/6 <
©(0)/6 < 0.0665 for all x € R, and applying the triangle inequality, we can
control A, g as well. More precisely, for every n > 3, we have

0.1995K3 5, + 0.0665| A3 | e

App <
n,B > \/’ﬁ n’

(10)

for some constant C5 > 0. Under Assumption 1, f(gm < 2K3,. Combined
with the refined inequality |A3,| < 0.621K3,, (Pinelis, 2011, Theorem 1), we
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can derive a simpler bound that involves only K3,

0.1995 K3, + 0.0665As| _ 0.4403K,,
vn RV

The bound A, p < 0.4403K3,/y/n + Cs/n is already tighter than the
sharpest known Berry-Esseen inequality in the i.n.i.d. framework, A, p <
0.5583K3,,/+/n, as soon as the remainder term Cs/n is smaller than the dif-
ference 0.118 K3 ,,/v/n. This bound is also tighter than the sharpest known
Berry-Esseen inequality in the i.i.d. case, A, p < 0.4690K3,/\/n, up to a
Cs/n term. We recall that the sharpest existing bounds (Shevtsova, 2013)
only require a finite third moment while we use further regularity in the
form of a finite fourth moment. We refer to Example 1 and Fig. 1 for a
numerical comparison, showing improvements for n of the order of a few
thousands. The most striking improvement is obtained in the unskewed case
when E[X}] = 0 for every integer 4. In this case, Theorem 1 and the inequal-
ity f(gm < 2K3,, yield A, g < 0.3990K3 ,,/v/n + C5/n. Note that this result
does not contradict Esseen (1956)’s lower bound 0.4098K3 ,,/+/n as the dis-
tribution he constructs does not satisfy E[X}] = 0 for every i.

Under Assumption 2, K3, < K3, + 1 and we can combine this with (10)
and the inequality |A3,| < 0.621K3,, so that we obtain

0.1995(K3,, + 1) 4+ 0.0665 x 0.621K3,,  Cs
An B < : — + —

- 0.2408K3 5, + 0.1995 n %
- vn n

As in the i.n.i.d. case discussed above, the numerical constant in front
of K3, in the leading term is smaller than the lower bound constant
Cp:=0.4098 derived in Esseen (1956). The point is addressed in detail in
Shevtsova (2012), where the author explains that the constant coming from
Esseen (1956) cannot be improved only if one seeks control of A,, p with a
leading term of the form ¢ K3 ,,/+y/n for some ¢; > 0. In contrast, our bound
on A, p exhibits a leading term of the form (¢ K3, + c2)/+/n for positive
constants ¢; and co.

Example 1 (Implementation of our bounds on A, ) Theorem 1 provides
new tools to control A, p, and we compare them with existing results. To
compute our bounds, we need numerical values for l~(3,n, A3, and Ky, or
upper bounds thereon. As discussed in Section 4.1, controlling Ky, is in
fact sufficient to bound A,, g and A,, p. In that section, we also explain that
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Number of observations

Figure 1: Comparison between existing (Shevtsova, 2013) and new (The-
orem 1) Berry-Esseen upper bounds on A, g:=sup,cp [P(S, < z) — &(z)|
for different sample sizes under moment conditions only (log-log scale). As
remarked by a reviewer, we note that the improvement we obtain should
not come as a surprise since our results require boundedness of 4th order
moments while Shevtsova (2013)’s bounds remain valid under boundedness
of 3rd order moments only. In that respect, the comparison is somewhat
unfair

the choice Ky, < 9 is reasonable in practice as it covers a wide range of
commonly encountered distributions. Consequently, we stick to this value in
our numerical examples.

The different bounds, without or with the assumption of an unskewed
distribution (A3, = 0), are plotted as a function of n in Fig. 1:

e Shevtsova (2013) i.n.i.d.: L\/S}?K&n

e Shevtsova (2013) 4.i.d.: %Kg,n

e Theorem 1 i.n.i.d.: 0'?‘/453}(3@ +7r1n
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e Theorem 1 i.n.i.d. (unskewed): 0'\?’/9;?01(3,” +7in

. 2408K.,40.1
e Theorem 1 i.i.d.; %2408Ks..+0.1995 +71n

n
e Theorem 1 i.i.d. (unskewed): %j{ﬁ““) + 71,

where the explicit expressions of r ,, according to the set-up, are given in
Egs. 3, 4, 5, and 6.

As previously mentioned, our bound in the baseline i.nm.i.d. case gets
close to and even improves upon the best known Berry-Esseen bound in the
i.i.d. setup (Shevtsova, 2013) for n of the order of tens of thousands. When
A3, = 0, our bounds are smaller, highlighting improvements of the Berry-
Esseen bounds for unskewed distributions. In parallel, the bounds are also
reduced in the i.4.d. framework.

3 Improved bounds on A, g under assumptions on the tail
behavior of fg,

In this section, we derive tighter bounds on 4,, g under additional regularity
conditions on the tail behavior of the characteristic function of S,,. They
follow from Theorem 2, which provides an alternative upper bound on A,,
that involves the tail behavior of fg . To state this theorem, let us introduce

the t inid,skew inid,noskew iid,skew d iid,noskew
e terms ry s Tom, s Tom and 5

1.2533 K3, 0.3334 K3 |Aan| 141961 K35, 4.3394|X3 [ K32

inid,skew _
2,n ’ 167402 1674n5/2 (2m)16n8 (2m)12n13/2
N 3,0l (1(3/2,V/02(n/Kan)/* AN16302 /K3 ) — T'(3/2, 16730 /K3 )
NG
1.0435K5/  1.1101K;/? +8.2383|A3,n| X K. 0.6087K /!
nb/4 n3/2 n7/4
9.8197K2
n2
1.0253K3, . _
+Tﬁ"{o.5m| 3120 psgy X |1(3/2, 2575 Ant /RS )
—7(3/2, A(0.2(n/Kan)'/? A 287502 /K5 )|
1 (167302 /K3 )3 — (V0.2(n/Ka,n)V/* A67%02 /K4 )3 }
{A=0} 3
1.0253 . N
+ (I (0, (4n*n/ K3, A 144780t /K )(1 — dmxat})/(272))
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—I (0, (4t7*n°n/ K3 ,, AN144n5n* /K5, )(1 — 4mxat])/2))

10253 1 (0, (4x2n/ B2, A 144nnt RS,/ (25%)) — T (0, 14470%/RS,.)), (11)

1.2533 K4,  14.1961 K16,

inid,noskew ,__

2 T 167in? (27)16n8
1.0253 K4 n _ -
n T‘L{O.SM\ Lagoy X |7(2,2°87°An" /K3 )

— (2, A(0.2(n/Ksn)"? A 2570 /K ) |

(167°n% /K3 ,)* — (V0.2(n/Kan)Y* Al67°0? /K3 ,,)*
+ Lia=oy n }

1.02 ) ) )
+ % (I (0, (4w /K30 A 14"/ RS,)(1 — dma )/ 2n%))

-r (0, (4t3%7°n/ K2, A 14470 /KS.,) (1 — 47rX1t*;)/2))

1.0253
+

(r (o, (4n’n/ K32, A 144n°n* /K3 ) /(278))
- (014470 /K5, ) ) (12)

fdskew  1.2533K3, 03334 K3, [Asn| | 141961 K35, = 4.3394 |As | K32,

2,n T 16mAn2 1674n5/2 (2)1678 (27)12n13/2
N As,n| (1(3/2,V/0.2(n/Kan)/* AN 167°07 /K3 ,,) — T'(3/2,167°n% /K3 ,,))
Vn
+§iid,skew
1.02 25/2 Kq ) N
n 0253 x 3, |F(3/2, 257T67’L4/K§7n)

3myv/n

—I'(3/2, 0.1mA 2’70t /K3 )|

1.306(e2,,(0.1) — e3(0.1)) A3,
+
36n

i 1.07353 ([‘ (O7 (47r2n/f('327n A 1447T87L4/R'§7n)(1 _ 47TX1tT)/(27r2))
- (07 (4t7%7%n/ K3 , A 14470 /K5 ) (1 — 47rx1t’{)/2))

n 1-07353 (1 (0. (am*n/ 3 A 1447%0 RS, 2%)) = I (0, 14470 /K, ) )

and (13)
i moskew 12533 K3, | 14.1961 K35, | pidmoskew
2 T 16mtn? (27)16n8 "

N 16x1.0253 K3, | (2, 2°7n* /K5 ,,) = '(2,0.1y/n /(16 K4.) A 2°75n* /KS )|
3mn
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10253( ( (4n n/KSn/\144#8714/[(;”)(1—47Tx1ti)/(27r2))

—1 (0, (4t;2x%n/ K2, A 144n%n* /K5 ,) (1 — 47TX1£;)/2))

(
(

| 1.0253 ( (07 (4nn/ K3, A 14470 /f(éf,n)/(%Q))
(

—1 (0,1447%n* /K. n)) , (14)

Recall also that @ ~ 0.64 and let a,:=2ti7/n/Ks, A 167r3n2/[~(§’n
and b,:=167n?/ f(én. In practice, even for fairly small n, a, is equal to
2tT7T\/ﬁ/K3’n.

Theorem 2 If Assumption 1 (resp. Assumption 2) holds and n > 3, we
have the bound

0.195 K4, +0.038X2,  1.0253 [ t
nE < - 0 / foul )‘dt t T2 (15)
n us an t
. . . inid,skew inid,noskew
where oy 1s one of the four possible remainders 1y, s Tom ,
ré“ifkew or rSﬁ;nOSkew, depending on whether Assumption 1 (“i.n.i.d.” case)

or Assumption 2 (“i.i.d.” case) is satisfied and whether E[X}] = 0 for every
i=1,...,n (“noskew” case) or not (“skew” case).

Remark 3 Assume that there exists a constant K4 such that Ky, < Ky
for all n > 0 (this is the case, for example, if the data is an i.i.d sample
from a given infinite homogeneous population). Then there exists constants
Cs,C7,Cs,C9 > 0 such that the remainder terms can be bounded in the
fOHOWlIlg way: |T1n1d skew, < 0672_5/4, |T12r’1111d,noskeW’ < C7n_3/2, |T121’(i1,skeW| <
Cgn~5/4, and \r;iHOSkew| < Cyn~2, for every n > 3.

This theorem is proved in Section A.4 under Assumption 1 (resp. in
Section A.5 under Assumption 2). The first term contains quantities that
were already present in the term of order 1/n in the bound of Theorem 1:
0.195K4 ,, and 0.038)\?,)7”. On the contrary, the other terms are encompassed
in the integral term and in the remainder. Indeed, a careful reading of the
proofs (see notably Section A.1 that outlines the structure of the proofs of
all theorems) shows that the leading term 0.1995 K3 ,,//n in the bound (9)
comes from choosing a free tuning parameter T of the order of \/n. Here, we
make another choice for T" such that this term is now negligible. The cost of
this change of T' is the introduction of the integral term involving fg . The
leading term of the bound thus depends on the tail behavior of fg .
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Note that the result is obtained under the same conditions as Theorem 1,
namely under moment conditions only. Nonetheless, it is mainly interesting
combined with some assumptions on fg, over the interval [a,, b,], otherwise
we do not have an explicit control on the integral term involving fs . In the
rest of this section, we present two possible assumptions on fg that yield
such a control.

3.1 Polynomial tail decay on |fs, |. As a first regularity condition on
fs., we can assume a polynomial rate decrease. Corollary 3 presents the
resulting bound in the 4.m.i.d. case. In fact, a similar condition could be
invoked with i.7.d. data by requesting a polynomial decrease of the charac-
teristic function of X, /o,,. However, we present in the next paragraph milder
assumptions in the 4.i.d. case that remain sufficient to obtain an explicit con-
trol of the tails of fg, .

Corollary 3 Let n > 3. If Assumption 1 holds and if there exist some posi-
tive constants Co,p such that for all |t| > ap, |fs, (t)] < Co|t|™P, then

0.195 K4, +0.038 A3, | 10253 Coan”

n ™

nE < T3n
where 13 p:=r92., — 1.0253 Cob,” /7.

Besides moment conditions, Corollary 3 requires a uniform control of fg,
outside the interval (—ay,a,). When K3z, = o(y/n), a, goes to infinity. In
this case, the condition is a tail control of the characteristic function of S,
in a neighborhood of infinity, thus making the condition weaker to impose.

Placing restrictions on the tails of fg is not very common in statistical
applications. However, this notion is closely related to the smoothness of the
underlying distribution of S,,. Proposition 21 in the Appendix (which builds
upon classical results such as (Ushakov, 2011, Theorem 1.2.6)) shows that
the tail condition on fg, is satisfied with p > 1 whenever Pg_has a density
gs, that is p—1 times differentiable and such that its (p—1)-th derivative is of
bounded variation with total variation Vn::Vari[gk(gI: :1)] uniformly bounded
in n. In such situations, we can take Cp = 1V sup,,en- Va.

Although Corollary 3 is valid for every positive p, it is only an improve-
ment on the results of the previous section under the stricter condition p > 1,
a situation in which Pg admits a density with respect to Lebesgue’s mea-
sure (second part of Proposition 21). In particular when p = 2, a,,” is exactly
proportional to n~! and we obtain

0.195 Ky, + 0.038 A3, + 1.0253 Cor ™"

nE < + Cion~
n

5/4
9
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for every n > 3 and for some constants Cy > 0. When p > 2, a,,” becomes
negligible compared to n~>/4 so that there exists a constant Ci1 > Cho
satisfying

0.195 Ky, + 0.038 A3,

nE < " + C11n

—5/4
?

Combining these bounds on A, r with the expression of the Edgeworth
expansion translates into upper bounds on A,, p of the form

_ 0:0665 | \sn| | Cro _ 00413 Ky | Cip

A, )
B = Vn n - N4D n

for some constant Cia > 0. As soon as the term Cia/n gets smaller
than 0.0413K3,/\/n, the bound on A, p becomes much better than
0.5583K3,,/+4/n or 0.4690K3 ,,/+/n. This can happen even for sample sizes n
of the order of a few thousands, assuming that K3, and K4, are reasonable
(e.g. Kin < 9). When E[X?] = 0 for every i = 1,...,n, we remark that
A, B = A, g, meaning that we obtain a bound on A, g of order nt.

We confirm these rates through a numerical application in Example 2
for the specific choices Cy = 1 and p = 2. These choices are satisfied for
common distributions such as the Laplace distribution (for which these val-
ues of Cy and p are sharp) and the Gaussian distribution. This actually
opens the way for another restriction on the tails of fg : we could impose
|fs, (t)] < maxi<,<pr|pr(t)| for all [t| > a, and for (p,)r=1,.m a family
of known characteristic functions. This second suggestion boils down to a
semiparametric assumption on Pg : fg is assumed to be controlled in a
neighborhood of 00 by the behavior of at least one of the M characteristic
functions (pr)r=1,..m, but fs need not be exactly one of those M char-
acteristic functions. This semiparametric restriction becomes less and less
stringent as n increases since we need to control fg on a region that van-
ishes as n goes to infinity. Since 5, is centered and of variance 1 by definition,
the choice of possible p, is naturally restricted to the set of characteristic
functions that correspond to such standardized distributions.

3.2 Alternative control of |fs,| in the i.i.d. case. ~We state a second
corollary that deals with the i.i.d. framework. We define the following quan-
tity Kn:=SUDy. ¢>a, /@ [[x, /0, (1) and let c,:=by/a;,. Under Assumption 2,
we remark that supy. 4>q, |fs, (t)| = 5.
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Corollary 4 Let n > 3. Under Assumption 2,

_ 0.195 K4, +0.0383,,  1.0253 57 log(cy,)
nE < + ™2mn .

n T
Furthermore, kn, <1 as soon as Px, ., has an absolutely continuous com-
ponent.

Note that for any given s > 0 and any random variable Z, supy. ;> [ fz(t)]
= 1if and only if Py is a lattice distribution, i.e., concentrated on a set of the
form {a 4+ nh,n € Z} (Ushakov, 2011, Theorem 1.1.3). Therefore, k, < 1 as
soon as the distribution is not lattice, which is the case for any distribution
with an absolute continuous component.

In Corollary 4, the first term on the right-hand side of the inequality as
well as 73, are unchanged compared to Theorem 2 and Corollary 3. The
second term on the right-hand side of the inequality, (1.0253/7)x log(cy,),
corresponds to an upper bound on the integral term of Eq. 15 in Theo-
rem 2. Imposing K4, < K4, we can only claim that 1.0253 £} log(c,)/m <
Ci3k logn for some constant Cy3 > 0 which does not provide an explicit
rate on A, g. If we also assume sup,,~3 ~, < 1 then we can write

0.195 K4, + 0.038 \2
nE < n " 3m +Cyn

—5/4
)

for some constant Cq4 > 0, and

00665 Mgl | C15 00413 Ky | Cis

A < L
w8 = NG n NG n’

for some constant Cq5 > 0.

When is the assumption sup,,~3 k, < 1 reasonable? First, it always holds
in the i.7.d. setting with a distribution of the (Xi)i=1,..n independent of n
and continuous. By definition of a, and by the fact that ngn > 1, ap/v/n
is larger than 2¢j7 for n large enough. Consequently, x, is upper bounded
by = supy, jy>o:x [fx, /0, (t)] for n large enough. In this case, if Py, /;, has
an absolutely continuous component, £ < 1. For smaller n, we use the fact
that x, < 1 for every n as explained right after Corollary 4. The value of k
depends on the distribution Py, /,,. The closer to one r gets, the less regular
Px, /o, 18, in the sense that the latter becomes hardly distinguishable from
a lattice distribution.

Second, we could impose that the characteristic function fx 5 be con-
trolled by some finite family of known characteristic functions p1,...,pum
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(independent of n) beyond a,/y/n. This follows the suggestion men-
tioned after Corollary 3, except that we now obtain an exponential upper
bound instead of a polynomial one. Indeed, for n large enough, x, <
K= SUD ¢ >2¢1 7 MaX1<m< M |pm(t)] and £ < 1 provided that (pm)m=1,...m
are characteristic functions of continuous distributions.

In Example 2, we plot our bounds on A,, p by imposing the restriction
Kkn < 0.99 which we argue is a very reasonable choice. To justify this claim, we
compare our restriction to the value of k,, we would get if X,, /o, were stan-
dard Laplace, a distribution whose characteristic function has much fatter
tails than the standard Gaussian or Logistic for instance. In fact, if we were
to compute supy.;>ap: |p(t)| with p the characteristic function of a standard
Laplace distribution, we would get k,, < 0.11. Despite our fairly conservative
bound on k,,, we witness considerable improvements of our bounds compared
to those given in Section 2.

Example 2 (Implementation of our bounds on A, ) We compare the
bounds on A, p obtained in Corollaries 3 and 4 to 0.5583K3,,/y/n and
0.4690K3,,/y/n. As in Example 1, we fix K4, < 9, which is enough to
control K3, (see Section 4.1). As explained above, we set p =2 and Cy = 1
to apply Corollary 3 and x = 0.99 for Corollary 4.

0.0413K3,,,+0.195K4,n+0.0147K§,n+1_0253a

e Corollary 3 i.n.i.d.: A, p < Tn — = —24

3n

195 Ky 4, —
0 95;1 an 4 1.0253 =2

e Corollary 3 i.n.i.d. unskewed: A, g < =2a,,

+7r3n

0.0413 K3, + 0.195 K4 ,+0.0147 K3 , + 1.0253 k7 log(c,)
N n ™

e Corollary 4 i.i.d.: Ay, p<
+7ron

1.0253 k7 log(c,,)
™

+

e Corollary 4 i.i.d. unskewed: A, g < O'IQE;K‘M

+ron
Figure 2 displays the different bounds that we obtain as a function of the
sample size n, alongside with the existing bounds (Shevtsova, 2013) that
do not assume such regularity conditions. The new bounds take advantage
of these regularity conditions and are therefore tighter in all settings for n
larger than 10,000. In the unskewed case, the improvement arises for much
smaller n and the rate of convergence gets faster from 1/y/n to 1/n.

4 Practical considerations
4.1 Default value Ky, <9 or “Plug-in” approach
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Figure 2: Comparison  between existing (Shevtsova, 2013) and
new (Corollaries 3 and 4) Berry-Esseen upper bounds on
Appi=sup,ep |[P(S, < z) —P(z)| for different sample sizes with addi-
tional regularity assumption on fg, (log-log scale). Note that, compared to
existing ones, the new bounds make use of the regularity assumption and of
the boundedness of the 4th order moments

As seen in the previous examples, explicit values or bounds on some func-
tionals of Pg, are required to compute our non-asymptotic bounds on a stan-
dardized sample mean. This phenomenon is not unique to our bounds, and
arises for any Berry-Esseen- or Edgeworth-type bounds. A value or a bound
on K3, is indeed required to compute existing Berry-Esseen bounds as in the
seminal works of Berry (1941) and Esseen (1942) and its recent improvement
(e.g. Shevtsova (2013)). Similar to us, recent extensions to these bounds pro-
posed in Adell and Lekuona (2008), Boutsikas (2011) and Zhilova (2020) also
depend on several (potentially unknown) moments of the distributions.

Under moment conditions only, the main term and remainder ry, of
Theorem 1 solely depend on A3 ,,, K35, or I~(37n, and K4 . As a matter of fact,
a bound on Ky, is sufficient to control all those quantities: Pinelis (2011)
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ensures |A3,| < 0.621K3,, and a convexity argument yields K3, < KZ”/:
(and remember that Kgm is lower than 2K3 ;, in the i.n.i.d. case and K3, +1
in the i.i.d. case). Having access to a bound on Ky ,, is thus crucial to compute
our bounds in practice.

First, in some situations, one may rely on auxiliary information about
the distribution. In the 4.7.d. case in particular, we note that imposing the
bound Ky, <9 allows for a wide family of distributions used in practice:
any Gaussian, Gumbel, Laplace, Uniform, or Logistic distribution satisfies
it, as well as any Student with at least 5 degrees of freedom, any Gamma or
Weibull with shape parameter at least 1. In this case, remember that Ky,
is the kurtosis of X,,, a natural and well-studied feature of a distribution.

In the i.n.i.d. case, K4, can be rewritten as a weighted average of individ-
ual kurtosis. In that respect, the bound K4, <9 indicates that, on average,
the individual kurtosis are lower than 9.

Second, if a bound on K4 ,, is not available, a “plug-in” approach remains
applicable. The idea is to estimate the moments A3 ,,, K3, and K4, by their
empirical counterparts in the data (method of moments estimation), and
then compute J,, by replacing the unknown needed quantities with those
estimates. We acknowledge that this type of “plug-in” approach is only
approximately valid, although somewhat unavoidable when bounds on the
unknown moments are not given to the researcher.

In addition to the dependence on these moment bounds, Theorem 2
involves the integral fab fs, (t)|/tdt that depends on the a priori unknown
characteristic function of S,,. The application of the resulting Corollaries 3
and 4 requires a control on the tail of this characteristic function through
the quantities Cp and p in the i.n.i.d. case (respectively k,, in the i.i.d. case),
which can be given using expert knowledge of the regularity of the density
of Sy, as discussed in Section 3. It is also possible to estimate the integral
directly, for instance using the empirical characteristic function (Ushakov,
2011, Chapter 3).

4.2 Numerical comparisons of our bounds on P(S, < z) and ezist-
ing ones To give a better sense of the accuracy of our results, we per-
form a comparison between our bounds on z +— P(S, < z) and the
existing ones (Shevtsova, 2013). Indeed, a control 6,, on A, g (respectively
A, p) naturally yields upper and lower brackets on P(S,, < z) of the form
[B(x) + A3,/ (6y/n) x (1 —2?)p(x)] + b, (respectively P(z) £ 6,), for any
real . We plot those upper and lower brackets in the 4.i.d. framework for
three distinct distributions: Student distributions with 5 (Figure 3) or 8
(Figure 4) degrees of freedom and an Exponential distribution with expec-
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tation equal to 1, re-centered to fall in our framework (Figure 5). These
three distributions are continuous with respect to Lebesgue’s measure which
allows us to resort to our sharpest i.7.d. bounds, namely those presented in
Corollary 4 (compared to Figures 1 and 2, we only report those improved
bounds here). On the contrary, remember that the existing bounds (Shevtsova,
2013) assume finite third-order moments only; hence, they do not leverage
the additional information about skewness and regularity of the considered
distributions.

The bound §,, depends on various features of the distribution of S,,. In
line with Example 2, we set k = 0.99, which happens to be a conservative
choice with those distributions as k = 0.42 for a Student(df = 8), 0.54 for a
Student(df = 5), and 0.63 for the Exponential distributions we consider. In
the following comparisons, we focus on the impact of the unknown moments
Ky, K3,, and A3, on the accuracy of our bounds.

The Student distributions illustrate the unskewed case, where our bounds
use the information A3, = 0. Figures 3 and 4 report several bounds con-
trasting the suggested practical choice Ky, <9, to deal with the fact that
moments are unknown, with the “oracle” bounds where we use the true val-
ues of A3, K35, and Ky, (computed or approximated by Monte-Carlo). As
a comparison, we also report two versions of the existing bound: a “practi-
cal” one using K3, < Ki’ff < 93/ 4, and an “oracle” version using the true
value of K3 ,,. The kurtosis of a Student distribution is equal to 3+6/(df —4)
with df > 4 its degree of freedom. Therefore, for any Student with at least
5 degrees of freedom, the upper bound K, <9 is valid, but all the more
conservative as df is large. We consider two different values of df to assess
the loss of accuracy of our bounds when the discrepancy between the actual
K, ,, and our suggested default choice of 9 increases.

In Fig. 4, we choose df = 8 so that the true value is K4, = 4.5 and the
proposed bound Ky, < 9 is thus conservative. On the contrary, in Figure 3,
because df = 5, the true value of K, , is equal to the suggested choice
of 9, which becomes sharp. In that respect, it is a more favorable situation.
Nonetheless, remark that there remains a difference between the “practical”
and “oracle” versions of our bounds: the latter uses the true value of K3,
(here, approximately equal to 1.8) while the former controls K3, by 93/4
5.2.

The Exponential distribution displayed in Figure 5 illustrates our bounds
for a skewed distribution. We choose an Exponential distribution with expec-
tation equal to 1. This distribution has a kurtosis K4, = 9 so that the
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Existing bounds
— New bounds

~— True probability

Oracle
— FALSE
--- TRUE

0.92-

1,50 175 2.00 225 250
X

Figure 3: Setting: 4.i.d. unskewed (A3, = 0) with X,, ~ Student(df = 5)
and n = 5,000.

Blue line: P(S,, < z) as a function of z.

Continuous green lines: bounds &(z)+0:°" where 62°" denotes the right-
hand side of Corollary 4 with &, = 0.99, K4, <9, and K3, < 93/4,
Dashed green lines: bounds @(z) & 65" % where 62" ! denotes
the right-hand side of Corollary 4 with ,, = 0.99 and using the true (oracle)
values of Ky, =9 and K3, ~ 2.1.

Continuous red lines: bounds &(z) £ 0.4690K3,,/y/n using the bound
K3, <94 ~5.2.

Dashed red lines: bounds &(z) £+ 0.4690K3,/+/n using the true value
Kgm ~ 2.1

main difference with Figure 3 can be expected to stem from the pres-
ence of skewness. In line with the Student case, we report two versions of
Shevtsova’s bounds and ours, a practical version which uses only the infor-
mation Ky, <9 and an “oracle” one based on knowledge of A3, K3, and
K,y . Werecall that A, g # A, g when A3, # 0. What is more, the existing
bounds (plotted in red) are bounds on A,, p whereas ours (in green) originate
from a control of A, g.

The “oracle” version can be interpreted as a noise-free implementation
of the plug-in approach. We remark that oracle versions of existing bounds
and ours are twice as accurate as their counterparts which rely on Ky, <9.
These oracle bounds use by definition the true values of the moments, and
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1.00-

Existing bounds
— New bounds

— True probability

Oracle

— FALSE
---- TRUE
0.94-

0.92-

1.50 1.75 2.00 225 2.50
X

Figure 4: Setting: i.i.d. unskewed (A3, = 0) with X,, ~ Student(df = 8)
and n =5,000.

Blue line: P(S,, < z) as a function of z.

Continuous green lines: bounds ®(x) £J,°" where §,°V denotes the right-
hand side of Corollary 4 with &, = 0.99, K4, <9, and K3, < 93/4,
Dashed green lines: bounds @(z) £ 65" % where 62 ! denotes
the right-hand side of Corollary 4 with x, = 0.99 and using the true (oracle)
values of Ky, = 4.5 and K3, ~ 1.8.

Continuous red lines: bounds &(z) £ 0.4690K3,,/y/n using the bound
K, <9%%~5.2.

Dashed red lines: bounds ¢(z) £+ 0.4690K3,/y/n using the true value
Ky, ~ 18

therefore correspond to the most favorable case, in the sense of the tightness
of the bounds.

5 Non-asymptotic behavior of one-sided tests

We now examine some implications of our theoretical results for the non-
asymptotic validity of one-sided statistical tests based on the Gaussian
approximation of the distribution of a sample mean using i.7.d. data.

Let (Y;)i=1,..n be an i.i.d. sequence of random variable with expecta-
tion 4, known variance o2 and finite fourth moment with Ky := E [(V,, — )%
/o* the kurtosis of the distribution of Y,,. We want to conduct a test of
the null hypothesis Hy : p < pg, for some fixed real number pg, against the
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1.00-

Oracle
0.99- — FALSE

-+ TRUE

type
~— True probability

P(S,<x)

— New bounds

0.98-

Existing bounds

0.97-

2.0 21 22 2.3 24 25
X

Figure 5: Setting: i.i.d. skewed (A3, # 0) with X,, ~ Exp(1) — 1 and n =
100,000.
Blue line: P(S,, < z) as a function of z.

Continuous green lines: bounds &(z) £ (0.621 x 93/4/(6y/n) x (1 —

2?)p(r) + 526‘”) where d2°V denotes the right-hand side of Corollary 4 with
kn =0.99 and K4, <9 (as in Example 2).

Dashed green lines: bounds @(z) + 3.,/ (61/12) x (1—22)p(z) + o™ 2
where 62" 9 Jenotes the right-hand side of Corollary 4 with r, = 0.99
and using the true (oracle) values of Ky, K3, and Az ,.

Continuous red lines: bounds @(z) £ 0.4690K3,,/+/n using the bound
K3n, <9/4x52.

Dashed red lines: bounds &(z) £+ 0.4690K3,/y/n using the true value
Kg’n ~ 2.45

alternative Hy : u > po with a type I error at most o € (0,1), and ideally
equal to a.. The classical approach to this problem (Gauss test) amounts to
comparing S, = > | X;/v/n, where X;:=(Y; — pio) /o, with the 1 — a quan-
tile of the NV(0,1) distribution, gr,1y(1 — a), and reject Hy if Sy, is larger.
We study this Gauss test in the general non-asymptotic framework without
imposing Gaussianity of the data distribution, and we control the differ-
ence with respect to normality using the bounds developed in the previous
sections.
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5.1  Computation of sufficient sample sizes In certain fields such as
medicine or economics, researchers routinely set up experiments that seek
to answer a specific question on an explained variable Y. The number of
individuals included in the experiment has to be carefully justified as large-
scale analyses are very costly. This is typically done through the construction
of a so-called “pre-analysis plan” which presents the sample size needed to
detect a given effect with a pre-specified testing power 3 € (0,1).

In the Gauss test setting considered here, the researcher determines the
effect of interest by fixing a particular alternative hypothesis Hy, : p =
to+on (with u > pg). The quantity n:=(u—pup) /o is a positive number called
the effect size that indicates how far away (in terms of standard deviations)
the alternative hypothesis is, compared to the null hypothesis Hy : p < pp.
Remark that in our framework, H; , is formally the set of all distributions
with mean y, variance o2, that satisfy our additional moment and regularity
conditions. Hi, can be seen as a nonparametric class of distributions at a
fixed distance 1 of the null hypothesis.

Researchers usually rely on an asymptotic normal approximation to infer
the sample size needed to detect a given effect at power (. Our results allow
us to bypass this asymptotic approximation and to propose a procedure to
choose the sample size n of the experiment such that

n

P(Rejection of H())::]P’(Z(Y; — 110)/Vno? > an(0,1) (1 — a)) >3, (16)

i=1

for any distribution belonging to the alternative hypothesis space. Any n that

satisfies Eq. 16 for all distributions in the alternative hypothesis is called a

(non-asymptotic) sufficient sample size for the effect size n at power 3.
Observe that

n

P (Rejection Ho) = P( S (Y — i+ — o) [v/no? > ao (1 — )

i=1

P(ﬁjxi/ﬁ>xn),

where X;:=(Y; — p)/o are centered with mean 0 and variance 1 and
T =qn(0,1)(1 — ) —ny/n. We remind the reader that the general result from
Theorem 1 or Corollary 4 implies the following upper and lower bounds for
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every x € R and n > 3,

)\3,71

(1= )ola) — by < P(S, < 0) = Bla) < 221~ 2)p(o) + 5,

(17)

where 0, is the corresponding bound on A,, . From Eq. 17, we thus obtain

>\3,n
6v/n

1 —IP(ZXZ-/\/H> xn> — B(an) < 2301 22)p(an) + O
=1

Therefore,

= )‘Sn 2
P Xi/Vn>xn) >1—®(z,) — —=(1—2)p(Tn) — On.
(; > NG 4

As a consequence, the sample size n = n, g defined as the solution of the
following equation

- o) — nm)?
1= (ano(1 =) =nvn) - a1 (ng;g )= nvi)’)

X so(qmo,l)(l —a)— nﬁ) —0n =0,

is a non-asymptotic sufficient sample size. Note that the same reasoning can
be also applied if we only impose an upper bound on A3 ,. In particular, if

we only know Ky ,, we can use the bound O.621Ki/n4 and then a sufficient
sample size n can be found as the solution to

0.621K7) x (1= (avo) (1 — @) =nvn)*)
1—@(61/\/(0,1)(1—04)—77\/ﬁ>— 6vn

X SO(QN(O,l)(l - a)—nﬁ) —0p = . (18)

Numerical applications can be found in Table 2 which displays the com-
puted sample sizes for different choices of effect sizes n and of power 5. In
this experiment, we choose K4, <9 and x < 0.99, as before. We can observe
that, as expected, n, g increases with 3 and decreases with 7. For n large
enough, n, 3 becomes approximately constant in 7 as Eq. 18 simplifies to
1 — 8, = B. Conversely, it is also possible to use directly Eq. 18 to compute
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Table 2: Sufficient sample sizes for the experiment to be well-powered for a
nominal power 3 for the detection of an effect size 7

B(%) n=00l 5n=002 n5=005 n=01 n=02 n=05

50 27,993 7,489 1,463 501 280 265

80 62,597 16,237 2,988 967 549 548

85 72,686 18,841 3,490 1,176 789 789

90 86,507 22,462 4,255 1,636 1,469 1,469

95 109,374 28,665 5,976 4,070 4,070 4,070

99 161,151 45,735 27,946 27,946 27,946 27,946

We use the bound from Corollary 4 (i.i.d. case with additional regularity assumption). As
3/4

in Examples 1 and 2, we use K4, <9, A3,n < 0.621K47n7 and xk < 0.99 to compute n, g
(see Eq. 18)

the power for different effects and sample sizes. The results are displayed in
Table 3.

5.2 Assessing the lack of information As explained below, the non-
asymptotic bounds introduced in Sections 2 and 3 can be used to evaluate
the actual (for a finite sample size) level of our one-sided test of interest.

Recall that Berry-Esseen-type inequalities aim to bound A,, p, defined
in (2), the uniform distance between P(S,, < -) and @(-). In particular, for a
nominal level «, we thus have

P(Sn < anon(1 - ) = (1 - a)| < A,

Table 3: Lower bound (18) on the power 5 (%) as a function of the effect
size 77 and sample size n, with our bounds from Corollary 4, K4, <9, and
Kk <0.99

n n=001 n=002 n=005 n=01 n=02 n=0>
200 0.0 0.0 0.0 0.0 15.8 27.3
500 0.0 0.0 7.4 49.9 78.0 78.1
800 0.0 0.0 25.3 73.5 85.1 85.1
1,000 0.0 2.8 34.0 81.0 87.2 87.2
2,000 3.5 14.3 63.9 91.7 91.8 91.8
5,000 13.1 36.3 92.9 95.7 95.7 95.7
10,000 23.3 61.2 97.4 97.5 97.5 97.5
50,000 71.7 99.2 99.5 99.5 99.5 99.5

100,000  93.3 99.8 99.8 99.8 99.8 99.8
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where the probability operator is to be understood under any data-
generating process such that p = ug, to be as close as possible to the alter-
native hypothesis H;. Either “classical” Berry-Esseen inequalities or ours
obtained through an Edgeworth expansion provide bounds on A, p (see
the different bounds displayed in Examples 1 and 2 in the i.i.d. case). In
this context, a bound on A,, p is said to be uninformative when it is larger
than a. Indeed, in that case, we cannot exclude that P(S, < qro,1)(1 — a))
is arbitrarily close to 1, or equivalently, that the probability to reject Hy
is arbitrarily close to 0, and therefore that the test is arbitrarily conserva-
tive (type I error arbitrarily smaller than the nominal level o). We denote
by nmax(a) the largest sample size n for which the bound is uninformative.
Intuitively, nmax() indicates the sample size above which the asymptotic
normal approximation to the distribution of S;, becomes sensible under the
assumptions used to bound A, p. Indeed, nmax(a) is specific to the bound
0, used, which itself depends on various features of the distribution: num-
ber of finite moments, (lack of) skewness, regularity, etc. Table 4 reports
the value of nyax(«) for different Berry-Esseen bounds and usual nominal
levels o € {0.10,0.05,0.01}.

For each bound, npax(a) is decreasing in «. For o = 0.01 in particu-
lar, the situation deteriorates strikingly except in the most favorable case
of a regular and unskewed distribution. With our bounds, the presence or
absence of skewness strongly influences nyax (o). We also remark that impos-
ing the additional regularity assumption introduced in Section 3 significantly
lowers npax ().

Table 4: npax(a), for different assumptions and Berry-Esseen bounds:
Shevtsova (2013)’s bound with finite third moment (Existing), our bound
with finite fourth moment (Thoerem 1), our bound with additional regular-
ity condition on fx /. (Corollary 4)

Bound on A, a=0.10 a=0.05 a=0.01
Existing 593 2,375 59,389
Theoerem. 1 2,339 6,705 55,894
Theorem. 1 unskewed 443 1,229 17,934
Corollary. 4 1,468 4,069 27,945
Corollary. 4 unskewed 375 474 1,062

We impose the same restrictions as in Examples 1 and 2, namely K4, <9 and x < 0.99
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5.8 Distortions of the level of the test and of the p-values ~We explain
now that our non-asymptotic bounds on the Edgeworth expansion can be
used to detect whether the test is conservative or liberal. This goes one step
further than merely checking whether it is arbitrarily conservative or not.
Eq. 17 shows that P(S,, < z) belongs to the interval

Inai= [qs(x) + Agn(l — 332)90(55)/(6\/ﬁ) + 5n] )

which is not centered at @(x) whenever A3, # 0 and x # =+ 1. The length of
the interval does not depend on x and shrinks at speed J,. On the contrary,
its location depends on z. For given nonzero skewness A3 , and sample size n,
the middle point of Z, , is all the more shifted away from the asymptotic
approximation @(x) as (1 — 22)p(x) is large in absolute value. The function
x — (1 — 22)p(z) has global maximum at x = 0 and minima at the points
x ~ £ 1.73. Consequently, irrespective of n, the largest gaps between P(S,, <
x) and @(z) may be expected around x = 0 or x = £ 1.73. &(z) could even
lie outside Z,, ;, in which case P(S,, < x) has to be either strictly smaller
or larger than @(x). More precisely, P(S,, < z) is all the further from its
normal approximation ®(z) as the skewness A3, is large in absolute value;
whether P(S,, < x) is strictly smaller or larger than &(z) depends on the
sign of 1 — 22 as developed in Table 5.

These observations allow us to quantify possible non-asymptotic distor-
tions between the nominal level and actual rejection rate of the one-sided
test we consider. Let us set x = quro,1)(1 — @) (henceforth denoted q1—q
to lighten notation), which implies that ®(z) = 1 — «. Here, we focus
solely on the case |qg1—o| > 1 to encompass all tests with nominal level
a < 0.15, thus in particular the conventional levels 10%, 5%, and 1%. When

Table 5: Cases and conditions on the skewness Az, under which P(S,, < z)
is either strictly smaller or larger than its normal approximation @(x) for
any given sample size n > 3

P(S, < z) < &(x) P(S, < z) > &(x)
Iflz| <1 Agpn < Azn >
6v/non/((2% = Dp(x)) <0 6y/ndy/((1—2?)p(x)) > 0
Iflz| >1  Agp > Az <

6v/mon/ (22— Dplx) >0 6y/mda/((1—2?)p(x)) <0
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Mg > 6y/n6n/ (47— —1)9(q1-a)), we conclude that P (S, < q1—o) < 1—a.
Since the event {S,, < q1_4} is the complement of the rejection region, the
probability of rejecting Hy under the null exceeds «; in other words, the test
cannot guarantee its stated control a on the type I error and is said lib-
eral. Conversely, when A3, < 6y/nd,/((1 — ¢i_,)¢(q1—a)), the probability
P (S, < q1—a) has to be larger than 1 — «; equivalently, the probability to
reject under the null is below « so that the test is conservative.

The distortion can also be seen in terms of p-values. In the unilat-
eral test we consider, the p-value is pval:=1—P(S,, <s,) with s, the
observed value of S, in the sample. In contrast, the approximated p-value is
pval:=1 — ®(s,). Setting x = s, in Eq. 17 yields

A3,n 2 — A3 2

S (1= )¢(s0) = 80 < (1 pral) = (1= pral) < 2221 = s2)p(on) + 0
Therefore,

T )\Sn 2 T )\3,n 2

pval — (1—5s2)p(sn) —6n < pval < pval — (1—s;)p(sn) +0n. (19)

6y/n 6y/n

In line with the explanations preceding Table 5, ]QAUEZ is strictly smaller or
larger than pval when the skewness is sufficiently large in absolute value
relative to d,. Indeed, if A3, # 0, the interval from Eq. 19 that contains

the true p-value pval is not centered at the approximated p-value pfv\gl.
Under additional regularity assumptions (see Corollary 4 in the i.i.d. case),
the remainder term &, = O(n~!) whereas the “bias” term involving A3,
vanishes at rate n=1/2. As a result, the interval locates closer to pfv\c;l as n
increases and its width shrinks to zero at an even faster rate.

Finally, we stress that such distortions regarding rejection rates and p-
values are specific to one-sided tests. For bilateral or two-sided tests, the
skewness of the distribution enters symmetrically in the approximation error

and cancels out thanks to the parity of z — (1 — 22)¢(z).
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Appendix A: Proof of the main theorems

A.1 Outline of the proofs of Theorems 1 and 2 We start by presenting
a lemma derived in Prawitz (1975), which is central to prove our theorems.
This result helps control the distance between the cumulative distribution
function F' of a random variable with skewness v and its first order Edge-
worth expansion Gy (z):=®(x) 4+ ¢(1 — 2?)¢(z) in terms of their respective
Fourier transforms.

Lemma 5 Let F' be an arbitrary cumulative distribution function with char-
acteristic function f and skewness v. Let 7,7 > 0. Then we have

sup |F(z) — Go(2)| < (T, v,7) + 22(T) + 25(T, v, 7) + 2u(r AT/, T/7,T), (Al)
z€R

where

T/7 1
0 (T,v, 1) = 2/0 TLU

(u/T) — QL e /2 <1 + |Ul3u > du

U
1 [0 —uP/2 3
+/ c <1 + |U|u> du
T J1/x U 6

T/m 11 |v|u?
— —u?/21717
+2/r/\T/7r Tu'/(u/T)‘ e G du,
0Ty =2 / W(u/T)| |f(w)]du,
T/\T/7r , ;03
23(T,v,7) :2/ u/THf “/2(1—1”;>’du,
Ob .
24(a,b,T) _2/ Tu‘/u/T“f _“/Q‘du,
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and W(t):=1 (1 —Jt| +i [(1 —Jt]) cot(nt) + %@D 1{]t| < 1}.

For the sake of completeness, we give a proof of this lemma in Section 1. We
also use the following properties on the function ¥ (Prawitz, 1975, Equations
(1.29) and (1.30))

1.0253
<

POl = 5

i 1 2 5

Lemma 5 is valid for any positive values T and 7. The latter are free param-
eters whose values determine which terms are the dominant ones among (2,
to f24.

Theorem 1 written in the body of the article synthesizes Theorems 6
and 7 stated and proven below respectively in the i.n.i.d. and the i.i.d.
cases. Likewise, Theorem 2 corresponds to Theorems 8 (i.n.i.d. case) and
Theorem 9 (i.i.d. case). The four proofs start by applying Lemma 5 with F
the cdf of S;, and thus v = A3,,/y/n. Then, for specific values of T and 7, we
derive upper bounds on each of the four terms of Eq. Al.

In all our theorems, we set

T =V2e(n/Kyn)/4, (A3)

where € is a dimensionless free parameter. It is not obvious to optimize our
bounds over that parameter. Consequently, Theorems 6 to 9 are proven for
any € € (0,1/3) and, in the body of the article, we present the results with
e = 0.1, a sensible value according to our numerical comparisons.

Unlike 7, we vary the rate of 1" across theorems. In Theorems 6 and 7, we

choose
2m\/n
R&n

T= .
The resulting bound is interesting under moment conditions only (Assump-
tion 1 for i.n.i.d. cases and 2 for i.i.d. cases).

In Theorems 8 and 9, we make a different choice, namely

1674n?

K3,n
These last two theorems present alternative bounds, also valid under moment
conditions only. They improve on Theorems 6 and 7 under regularity condi-
tions on the tail behavior of the characteristic function fg of S,. Examples
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of such conditions are to be found in Corollaries 3 (i.n.i.d. case) and 4 (i.i.d.
case).

A.2 Proof of Theorem 1 under Assumption 1 In this section, we state and
prove a more general theorem (Theorem 6 below). We recover Theorem 1
when we set € = 0.1.

Theorem 6 (One-term Edgeworth expansion under Assumption 1)
(i) Under Assumption 1, for every e € (0,1/3) and every n > 1, we have
the bound

0.1995 K3 ,,
NG

nE <
Anp S 12 " 4(1 — 3¢)2

+0.054| A3, | K3, +0.037 el,n(e)/\ﬁ,n} opimdskew (o) (A4)

1 ~ 1 1
T f{0.031 K2, +0.327 Kun (— + 7)
n ’ 4

inid,skew
1,n

where ey ,(€) is given in Eq. C32 and r (€) is given in Eq. AG6.

(ii) If we further impose E[Xf’] =0 for everyi =1,...,n, the upper bound
reduces to

0.1995K3, 1 ~, 1 1 inid noskew
DI RSn 2L 0.031K2, 40.32TK g | — 4+ —— : ,
o {o 031K3,,+0.327K,, <12 + 4(136)2>}+r1’n (6)
(A5)
where A5V (¢) is given in Eq. A7,

inid,skew (E) _

(iii) Finally, when Ky, = O(1) as n — oo, we obtain 1y,

O(n_5/4) and rif,libd’nOSkeW(e) = O(n_3/2).
Using Theorem 6, we can finish the proof of Theorem 1 by plugging-in
our choice € = 0.1 and computing the numerical constants. In particular, the
computation of e; ,(0.1) gives the upper bound e; ,,(0.1) < 1.0157.
In the general case with skewness, using the computations for R:l iCl(0.1) car-

inid,skew
1,n

ried out in Section 1, the rest r (0.1) is bounded by the explicit expres-
sion given in Eq. (3).

In the no-skewness case, the rest rifid’nOSkew(O.l) is bounded by the explicit
expression given in Eq. 4, where we use the expression of R, 1d(e) in Eq. C48
and the computations when € = 0.1 that follow Eq. C48.

Proof of Theorem 6. We first prove (i). We apply Lemma 5 with F' denoting

the cdf of \S,, and obtain

Ap g < 2 (T,0,7)+ 2(T) + 25(T,v,7) + 24(7 NT /70, T /7, T).
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Let T:=2my/n/ K3, v:=X3,,/v/n and 7:=v/2¢(n/K4,,)"/*. We combine now
Lemma 10 (control of 21), Eq. B25 (control of £23), Lemma 12 (control of
23), and Lemma 13(i) (control of {24) so that we get

1.2533  0.3334|Asn|  14.1961  4.3394 |A3.,|
+ + +

Anp <
F="r Tn T T3n
Asin| (£(3/2,7 AT /) — I'(3/2,T /7))
_|_
NG
L 670415 12187 0327 Kay (1 1 1.306 1,1 (€)| As.n|?
T4 E n 12 4(1 — 3¢)? 36n

T/\T/7r
+ 1'0253/ e " /QR””d(u €)du + KS" J(3, 7 ANT/n,T/7, T/, T).
m 0 \F

Bounding (1.0253/x) x [T/ ue=*/2 Rinid (y, €) by Ry (€):=(1.0253/7) x
0+°O e~ %/2Rmid(y ¢) bounding J, by Lemma 19, and replacing T’ and 7

by their values, we obtain

1.2533 K3,  0.3334|Agn|Ks,n 1.2187TK3,  0.327Ksn [ 1 1
App < ’ aduia : S (T —
EE T m 2rn R T - 12 i 302
1306 el,n (E))‘g,n inid,skew
+T+ 1,n (E)
where

(14.1961 + 67.0415) K4.,, | 43394 Manl K3, —inid

Tllr’);‘dyskew(e).: 16min2 8m3n2 + B (0
N sl (1(3/2,V2€(n/Kan)'/* N2y/n/K30) = I'(3/2,2¢/n/Ks.n))
Jn
1.0253 K.,

e (05141771 (a g0y x |7(3/2,44n/K3,)

—(3/2,2A(e(n/ Kun)* A 20/ K3 )|
(2v/n/K3n)® = (V2e(n/Kapn)"'* N 2v/n/ Ky n)® }

3
(AG)

+ Lia=oy

and A:=(1 —4x1 — /Kan/n)/2.

We obtain the result of Eq. A4 by computing all numerical constants; for
instance, 1.0253/(27) ~ 0.19942 < 0.1995.
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We now prove (ii). In the no-skewness case, namely when E[X?] = 0 for
every i = 1,...,n, the start of the proof is identical except that Lemma 13(ii)
is used in lieu of Lemma 13(i) to control £24. This yields

A < 12533 141961  67.0415 12187 0327Kyn (1 1
wE =T T4 T4 T2 n 12 7 4(1 = 3¢)2
—sini K n
+ RO + =2 o (4,7 AT /7, T/m, T/, T).

3n

Bounding J5 by Lemma 19 and replacing 1" and 7 by their values, we obtain

A< 1.2533 K3, | L2187 K3, | 0327Ka < 1 1 )Minid,noskew(e)

2m\/n 4mn n 12 4(1-3¢)2) "Lr

where

(14.1961 + 67.0415) K3,,  —inia
1674n? + R (€)

1.0253K4,,, o ~2
* 67r7n{0'5|A‘ Lyazoy X |7(2,44n/K5 )

ill?’ind,noskew (E) —

—7(2,2A(e(n/Kan)"? A2/ K3 )|
(2v/n/Ksn)* — (V2e(n/Kan)'/* A2yn/K30)* }

1
(A7)

+ Lia=oy

We obtain the result of Eq. A5 by computing all the numerical constants.
We finally prove (iii). When Ky, = O(1), we remark that A3 ,, K3,

and K 3., are bounded as well. Given the detailed analysis of R 1d(e) carried
out in Section 1 (in particular Egs. (C47) and (C48)), boundedness of the
former moments ensures that Rgud(e) = O(n=°/*) in general and Egud(e) =
O(n~3/2) in the no-skewness case.

We can also see (remember that x1 ~ 0.099) that A > 0 for n large enough
when Ky, = O(1). Consequently, for n large enough, we can write in the

general case

1.0253 K3, - - -
6“/53’ {05141 a0y % [1(3/2, 440/ K3 1) = (3/2, 2A(e(n/ Kan) /> A 20/ K3 )
(2vn/Ksn)® — (V2e(n/Kan)* N2y/n/Ks.0)°
+ 1ia=o} 3 }
 1.0253K3,,

1/2 =2 2
= W{F@/Qﬂﬂ(ﬁ(nﬂﬁ,n) A2n/K3,)) — I'(3/2,4An/K3,) },
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and, in the no-skewness case,

1.0253K,4.,

S 05| A] L agoy x [1(2,440/ K3 ) = 7(2, 2A(e(n/Kan)'/* A 20/ K3,

(2v/n/Ks.n)* = (V2e(n/Kan)'* A 2y/0/Ks.0)* }
4

{F(Z, ZA(E(TL/KAL,n)l/Z A zn/f(g,n)) - F(2, 4An/f(§m)}

+1ia=0}

 1.0253K4,,
- 6mn

This reasoning enables us to obtain a difference of Gamma functions and
therefore apply the asymptotic expansion I'(a,z) = 2% e %(1 + O((a —
1)/z)) which is valid for every fixed a in the regime z — oo, see Equa-
tion (6.5.32) in Abramowitz and Stegun (1972). We also use this asymptotic
expansion for the term

ol (1(3/2, V2e(n/ Kam)/* A 2y/0) K3) — I'(3/2,2y/n/ Ks,n))
NG :

Consequently, we get the stated rate rllmd SkeW () = O(n=5/4) in the general

inid,skew

case and 77, (€) = O(n~?/?) in the no-skewness case.

A.8 Proof of Theorem 1 under Assumption 2 We present and prove a
more general result, Theorem 7, and choose ¢ = 0.1 to recover Theorem 1
under Assumption 2
Theorem 7 (One-term Edgeworth expansion under Assumption 2)

(i) Under Assumption 2, for every e € (0,1/3) and every n > 3, we have
the bound

0.1995K5, 1 —, 1 )
App <20 4 Z{0.031K 0327TK, [~ 4+ -~
n,E > \/ﬁ + { 3,n + 4,n 12 + (1 — 36>2
+0054’A37’L’K3n+003763 )\Sn} + Hlldskew(e)7
(A8)

where rlln:ld KW (€) is given in Eq. A10 and es(e) = € /6+¢*/(2(1=3)*

(ii) If we further impose B[X3] = 0, the upper bound reduces to

0.1995K3.,,

1 = 1 1
— 0031K2 0.327K. B T iid,noskew
\/ﬁ +n{ 3,n+ 4,n (12 4(1 3 >}+ (6),

(A9)



A. Derumigny et al.

iid,nosk o
where "N n(€) is given in Eq. All.

inid,skew (6) _

(ii1) Finally, when Ky, = O(1) as n — oo, we obtain 1y,

O(n*5/4) and rﬁd’nOSkeW(e) =0(n7?).

1,n
We use this result to finish the proof of Theorem 1, which corresponds to
the case € = 0.1, by computing the numerical constants. In particular, the
computation of e3(0.1) gives the upper bound e3(0.1) < 1.0068. Note that
in the statement of Theorem 1, to obtain a more concise presentation, we
control e3(0.1) from above by the slightly larger bound 1.0157 used in the

i.n.i.d. case to upper bound e ,,(0.1).
inid,skew inid,skew
1,n n 1n

In this case, we obtain the bound r (0.1) which is given

—=iid,noskew

in Eq. 5, where R, is defined in Eq. 8.

Proof of Theorem 7

The overall scheme of the proof is similar to that of Theorem 6 except for
some improvements obtained in the i.i.d. set-up.

We first prove (i). We apply Lemma 5 with F' the cdf of S, and obtain

App < (T, v,7) 4+ 2(T) + 25(T,0,7) + 24 (t ANT /7, T /7, T).

Let T = 2ny/n/K3n, v = A3n/v/n and 7 = 2e(n/Ky,)Y*. We combine
Lemma 10 (control of 21), Eq. B25 (control of £23), Lemma 12 (control of
23), Lemma 13(iii) (control of {24) to get

1.2533  0.3334 | A3 L 141961 4.3304 A3.0]
T Tn T4 T3\/n
N (Nanl (I(3/2,7 ANT/m) = T'(3/2,T /7)) | 67.0415 | 12187
Vn T4 T2
+ 0.327K47n ( 1 1 ) 1.306 62771(6))\%7”

An,E <

n 12 7 4(1 — 3¢)2 36n

10253 [Ty K
+ - /0 ue™ 2R (y, ) du+ 337%]3 (3,7AT/m,T /7, T/m,T).

Bounding (1.0253/7) x [T/ ue="*/2Rid(u, &) by R (e):=(1.0253/) x

f0+°o ue‘“2/2RiiLd(u, €), bounding J3 by Lemma 20, and replacing 7" and 7
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by their values, we obtain

1.2533K3., | 0.3334Asn|Ks,. | 1.2187K3, | 0.327Ky, [ 1 1
Anp < 2m/n + 21n + 47n + n (E + m)
1.30663(6))\371 inid,skew
—gen T ()
where
midskew, . (141961 +67.0415) K, 4.3394|\3,| K3, i
" (€):= 1674n2 * 8m3n2 T ()
) 1.306 (e2,n(€) — e3(€)) A3,
36m
| Panl((3/2V2e(n/ Kan) VN2V Ky) = 1'(3/2, 2/ /K 0)
Jn
1.0253 x 2°/2 K. %
2B (1 (32 (VB KV 2 R )
— I'(3/2,4n/(8K3,))). (A10)

We obtain the result of Eq. A8 by computing the numerical constants.

We now prove (ii). In the no-skewness case, namely when E[X3] = 0,
the start of the proof is identical except that Lemma 13(iv) is used in lieu
of Lemma 13(iii) to control £24. This yields

A, < 12533 141961  67.0415 12187  0327Kain (1 . 1
mE =" T4 T4 T2 n 12 7 4(1 = 3¢)2
—ii Kan
+ R + 347; J3(4,7 ANT/7,T /7, T /7, T).

Bounding J3 by Lemma 20 and replacing 1" and 7 by their values, we obtain

A <
= 2my/n 4mn n

12 741 =30

1.2533 K3, 12187 K2, 0.327Ks, [ 1 1 id noskew
dn oy SRS 4"( )+r1i; kew (¢
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where

(14.1961 + 67.0415) K3, pild

Tif,dﬁnOSkew&):: 67002 n (6)
16 x 1.0253K 4., K
e 3On53 S (0(2, {V2e(n/Kup) Y N2/ Ky} /8)
T
~ I'(2,40/(8K3,.))). (ALD)

We obtain the result of Eq. A9 by computing all the numerical constants.

We finally prove (iii). Following the line of proof as in Section 1, we can
prove that Ky, = O(1) ensures the standardized moments /\3n7 K3, and
K 3.n are bounded as well. Given the detailed analysis of R ( ) carried out
in Section 1 (in particular Eq. C49), boundedness of the former moments
ensures that de(e) = O(n%?) in general and Rud( ) = O(n™2) in the
no-skewness case.

From the definitions of e, and e3 in Eqs. C43 and C44, we note that the
term

1.306 (e, (€) — es(e)) )‘g,n
36n

Applying the asymptotic expansion I'(a,z) = 2% e *(1+O0((a —1)/z)),
we can claim

= O(n=5/).

As.nl(1'(3/2,vV2e(n/Kan)"* AN2yn/Ksn) — I'(3/2,2y/n/Ksn))
Jn

(I(3/2,{V2e(n/Kn)"* A 2v/n/ K0 }" /8) —1'(3/2,4n/(8K3 )

1.0253 x 252 K.,

3my/n

—5/4)

= o(n ,

and

16 x 1.0253K4,n
3mn

(2, {V2e(n/Ksn)"* A2vn/K3,,}2/8) — T'(2,4n/(8K3,))) = o(n?).

As a result, we obtain rllrj;d’SkeW (6) = O(n~%/%) in general and ri4mY ()

= O(n~2) in the no-skewness case, as claimed.

A.4 Proof of Theorem 2 under Assumption 1 We use Theorem 8, proved
below, with the choice € = 0.1. Recall that ¢ = 0] /(27) ~ 0.64 where 607 is
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the unique root in (0,27) of the equation 62 + 26 sin(6) + 6(cos(f) — 1) = 0.
Recall also that an::2t{7r\/ﬁ/.f(3,n A 167r3n2/f(§7n, and bn::167r4n2/K§7n.
Theorem 8 (Alternative one-term Edgeworth expansion under Assump-
tion 1)

(i) Under Assumption 1, for every e € (0,1/3) and every n > 1, we have
the bound

1 1 1
App < =90327TKyp (= + o5 ) +0.037 A3
™= { o <12 AT 36)2> - €1.n(€) 37”}

1.0253 [ t
N / fs. (1)
us a t

n

dt + ridskev oy, (A12)

2n

where rizifin’SkeW(e) is given in Eq. A14.

(ii) If we further impose E[X3] = 0, the upper bound reduces to

0.327K 1 1 1.0253 [t ¢ Cids
74’” < + ) + / va;;( )|dt + T27nd7bkew(6),
an

n 12 4(1 — 3¢)? T
(A13)
where riQIj;d’SkeW(e) is given in Eq. A15.
(iii) Finally, when K4, = O(1) as n — oo, we obtain r;if:fkew(e) =
O(n=5%) and ry\™"(e) = O(n=3/?).

Using Theorem 8, we can finish the proof of Theorem 1 by setting e = 0.1,
computing the numerical constants and using the upper bounds on Eji“d(o.l)
computed in Section 1. In particular, riQIj;d’HOSkeW(O.l) is bounded by the
explicit expression given in Eq. 11.

Proof of Theorem 8 We first prove (i). We apply Lemma 5 with F' the cdf
of S, and obtain

Ap g < (T,0,7)+ 2(T) + 25(T,v,7) + 24(7 NT /70, T /7, T).

Let T' = 167T4n2/.f(§’n, v = Agn/v/n and T = V2e(n/Ky,)' 4 We com-
bine Lemma 10 (control of £2;), Lemma 12 (control of (23), Lemma 14 and
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then Lemma 13(i) (control of £24) to get

1.2533  0.3334|X3|  14.1961  4.3394|Ag,|
+ + +

Anp <
F="r Tvn Tt T3/n
Nanl(I'(3/2,7 AT/m) — I'(3/2,T/7)) | 1.0253 /T |fs,. (u)]
+ + du
\/ﬁ i T/m u
n 0.327 K (1 N 1 1.306 e1,n,(€) 3.,
n 12 7 4(1 — 3¢)2 36n

TAT /™ .
+ %/ uefuz/QRl,?ld(u,e)du
0 0

+ (94(\/2?(71/1(4,”)1/4 AT/m,T"* )7 AT/, T)‘

1.0253 1/2 * 2 %2711 /2 *
: (F (o,T (1 — dmyat])/ (27 )) -r (o,t1 TV (1 - 47rx1t1)/2))
1.02 T/m 1.02
+ 10258 53/ |5 (“)|du+ 0 53[F(0, T?/2m) — (0, T2 )2%)|
m 3 TVANT /n U 4am
o 12533 0.3334[\s| | 141961  4.3394 N,
=T TVn T4 T3\/n
N |As.n| (I(3/2,7 AT /) — I'(3/2,T /7)) L 1.0253 /T /50 (W] 5.,
vn T Jurvasre U
N 0.327 K4, i+ 1 1.306 €1, (€)A3 ,,
n 12 4(1 —3¢)? 36n
TAT /™ .
+ 1.0253/ u67u2/2R2“d(u,e)du
T 0
+ % Jo (3,7 ANT/m, TV Jw AT/, T /7, T)‘

+ % (F (o, (T2 AT?)(1 - 47rX1t;)/(27r2))
-r (0, 2T AT J7%) (1 — 47rX1tI)/2))

(F (o, (1% A TQ)/(%Z)) -r (O,T2/(27r2))) .

1.0253
+
i

Bounding (1.0253/7) x fOTAT/ﬂ ue~ % /2Ry ¢€) by Eglid(e)::(l.0253/7r) X
0+°° ue_“2/2R2“id(u, €), bounding Jo by Lemma 19, and replacing 7" and 7

by their values, we obtain

0.327Kan [ 1 1 1.306e1.,(e)A3,,  1.0253 /b | fs., (u)]
An < Yeoaliftdn - k) 3y n d
= n (12 + 4(1 — 36)2) 36n + ™ an u “
+ T;iﬁlyfkew(e)y
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where a,:=2t5m\/n/K3, N 167r3n2/f(§m and bn::1671'4n2/f(§’n,

C1.2533K3, | 0.3334 K3, [As.| 141961 K35, | 4.3394|X\s .| K32,

iid,skew .
ran (€)= 16m4n?2 16m4ns/2 (2m)16n8 (2m)12n13/2
N N3l (1'(3/2,V2e(n/ Kan)'/* AN167°02 /K3 ,,) — ['(3/2,167°n% /K3 ,,))
NG
+ R
1.0253K3.,, _ _
%ﬁ{o.sm\ 821 a0y % |7(3/2,2°7° An* /K3 )
—7(3/2, A(2e(n/Kun)"?* A2°7n" /K3.,)|
+1 (167°n° / K3.)° = (V2e(n/Kun)/* N67°0% K3 ,,)° }
{A=0} 3
1.02 _ 3 )
+ ? (F (o, (4n°n/ K2, A1ddn®n*/KS ) (1 — 47rX1t1)/(27T2))
-r (0, (4t32%n /K2, A 144750 /KS ) (1 — 47rX1t’{)/2))
+ @ (F (0, (4r*n/ K32, A 1447r8n4/f(§7n)/(27r2)> -r (0, 1447r6n4/f<§,n)),

(A14)

and A:=(1 —4x1 — /Kan/n)/2.
We now prove (ii). The proof is exactly the same as the one we have used
in (i) just above, except that Lemma 13(i) is replaced with Lemma 13(ii).

Consequently,

0.327K4, [ 1 1 1.0253 [ |fs, (u)| inid skew
A < 5 . n d bl
mEST (12+4(1—36)2>Jr - /a 0 dutran (),

n

where

 1.2533K3,, 141961 K35,  —inia

inid,skew
T2,n (¢) 1674n2 (27)16n8 + 8, (€)
1.0253K4,n _ =
OB L 514121 ey x 1(2,2°7° Ant/RE)
(2, AQe(n/Ka ) A 270" RS,0))|
e (167r3n2/f(§1,n)4—(\/ﬂ(n/Kzl,n)lMA16773n2/f(§1,n)4}
{A=0} 4
1.0253

+

(F (o, (An’n/ K2, Addr*n® /RS, (1 — dmxat]) /(2772))

—1 (0, (4677 n/ K3, A 1447°n* K5,) (1 — dmxat) /2))
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L0253 (1 (0 (o At )/ 25)

= 1 (014470 /K5, )) (A15)

We finally prove (iii). The reasoning is completely analogous to the
proof of Theorem 6.(iii). Leading terms in rgiSkeW(e) (resp. rlzn;d SkeW () stem

iid,skew

inid, bkeW(6> and plid,

from le (€). This term appeared in 77,

showed led( ) = O(n~%/*) in the general case and Rmd( ) =032 in
the no-skewness case.

(e) and we

A.5 Proof of Theorem 2 under Assumption 2 We use Theorem 9, proved
below, with the choice e = 0.1. Recall that t] = 0] /(2m) ~ 0.64 where 67 is
the unique root in (0,27) of the equation 62 + 26 sin(6) + 6(cos(f) — 1) = 0.
Recall also that a,:=2t7 W\f/Kgn A 167r3712/K3 s and by:=16m7 n2/K§7n.
Theorem 9 (Alternative one-term Edgeworth expansion under Assump-
tion 2)

(i) Under Assumption 2, for every e € (0,1/3) and every n > 3, we have
the bound

1 1
Anp < — {0 327Ky, (12 + 4(136)2> + 0.03763(6)A§,n}
1.0253 fid skew
+ = / s, ()|dt+ (e, (A16)

where r?igkew( ) is given in Eq. A18 and e3(e) = e /0+¢*/(2(1=3)*

(ii) If we further impose E[X3] = 0, the upper bound reduces to

0.327Kypn 1 1 1.0253 b |fS (t)| inid,noskew
L dt
n (12+4(1—36)2>+ 5 /a t e (€)
(A17)
where rgn;d noskew () is given in Eq. A19.
(111) Finally, when Ky, = O(1) as n — oo, we obtain r;iLSkew(e) =

O(n=>/) and """ (&) = O(n~?).
We can use this result to wrap up the proof of Theorem 2. We set € = 0.1,
use the upper bound de(o.l) < ey, in the general case (resp. de(o.l) <

—iid,noskew . .
R, in the no-skewness case) and compute all the numerical constants
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depending on e. This gives us the explicit expression written in Eq. 13 as an
upper bound on rud Lskew .1).

Proof of Theorem, 9 We first prove (i). The proof is similar to that of
Theorem 8 except that we use Lemma 13(iii) instead of Lemma 13(i) (and
the second part of Lemma 12). This leads to

1.2533 N 0.3334 | A3 | N 14.1961 N 4.3394 | A3 |
T T\/n T4 T3\/n
N s |(I(3/2,7 NT/m) — I'(3/2,T/)) N 1.0253 /T |fs, (“)|du
TYAAT /7

An,E S

Vn T U
N 0.327Kyn (1 1 1.306 €2, (€)A3 ,,
n 12 4(1 — 3¢)? 36n

1. TAT /™ .
+ 0253 / u67"2/2R2d(u, €)du
0

s

Ko
3V
+ BB (1 (0,12 AT (1 - ) /(27

(3,7 AT/, TY* )7 AT /7, TY* /7, T)‘

r (o, E2TY? AT J7%) (1 — 47rX1t;)/2))

(r (o, (T A T2)/(27r2)) -r (o, T2/(27r2))) .

1.0253
+
m

Using Lemma 20 instead of Lemma 19, we arrive at

2 bn,
A, p < 0327Kun ( 1 1 ) 1.306 e3(€) A3 n L 10253 / [fsu (@] 4,

’ n 12 * 4(1 — 3¢)? 36n v u

n

i),

where
fdskew, . 1:2533K3 . 0.3334K3, [Asa| 141961 K35, 4.3394|X3n| K32,
2,n T 1674n2 1674n5/2 (27)16n8 (27r)12n13/2
Xa.nl(I(3/2,V2e(n/Kan)/* A16m°0° /K3 ) — 1(3/2,167°n% /K] ) ia
+ T + R, (€)
N 1.0253 x 2%/2 K3 | 1'(3/2,257%n% /K§ ) — I'(3/2,ey/n/(16K4,n) A 2°7%n% /K5 )]
3my/n

1.306(e2,n () — e3(€)) A3,
. :
36n
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1.0253
J’_
s

(r (0, (4n’n /K3, A14dn®n® /RS ,)(1 - 4nx1t{)/(2w2))
=1 (0, (46?720 /K3, A 1447508 /RS,)(1 — dmxath) /2) )

(F (0, (4n2n/K3 , Addn®nt/KS )/ (2n )) (0 144750 / K8 n)) (A18)

1.0253
+
™

We now prove (ii). The proof is the same as that of Result (i), except
that we use Lemma 13(iv) instead of Lemma 13(iii). We conclude

0. 327]<4 n 1 1.0253 bu ’fS ( )’ inid,noskew
A _ z du
nES (12+4(1 3)2>+ /a S (€)

™ U
where
o4 16
inid,noskew(e)'71'2533 K3,n + 14.1961 K3,n 7Ud(€)
Zin T 167in? (27) 1678 B
n 16 x 1.0253 K3 | I'(2, 257r6n4/f(§’n) —I'(2,e\/n/(16K4n) A 257r6n4/f(§’n)}
3mn
1.0253 2 o2 8 4 /718 * 2
+— (I (0, (47°n/K3 , AN1447°n* /K5 )(1 — dmxat])/(27%))

—I (0, (4t1%n°n/K3 ,, A 144n5n* /KS )(1 — dmxat})/2))

+ 023 (1 (0, (4n2n/R2,, A 144nSnt /RS, /(202)) — T (0, 144750 /KS..)) .
s

(A19)

We finally prove (iii). Eﬂ (¢) is the leadmg term in both T;iSkew( ) and

inid,noskew

Ton (¢). In the proof of Theorem 7, Rn (e) was shown to be of order
n~5/% in general and n~2 in the no-skewness case.

A.6 Proof of Lemma 5 Let us denote by “p.v [ 7 Cauchy’s principal value,
defined by

af(u)du:: lim f du—l—/ flu

z—0,x>0

where f is a measurable function on [—a,a]\{0} for a given a > 0. In the
following, we use the following inequalities, which are due to Prawitz (1972)

lim  F(y) < L, /T —iza Ly <E> Flu)d
e 5 p.v L e 7Y\ T u)du,
1 T 1 (—u
lim F : —iru d
ym_ Fly) = 2+p”/_Te T (T)f(“)“
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Note that these inequalities hold for every distribution F' with characteristic
function f, without any assumption. However, they only involve values of
the characteristic function f on the interval [—7,T] (independently of the
fact that f may be non-zero elsewhere).

Therefore,

F(z) — Gy(z) <35+pu f_TT el (&) f(u)du — Gy(z)  (A20)
F(x) — Gy(z) > 5 +pao [T e Lw (22) f(u)du — Gy(z).  (A21)

Note that the Gil-Pelaez inversion formula (see Gil-Pelaez (1951)) is valid for
any bounded-variation function. Formally, for every bounded-variation func-
tion G(x) = [*__ g(t)dt, denoting the Fourier transform of a given function

g by g:= fjoio e g(u)du, we have

I too
G(x) = 3 + 2. bV /_Oo e U g(u)du. (A22)
Therefore, applying Eq. A22 to the function G, (z):=®(z) +v(1 — 2?)p(x)/6
whose (generalized) density has the Fourier transform (1—wviz?/6)e™*"/2, we
get

1 i too v, _y2/2du
Gy(z) = 3 + 27Tp.v/ e (1 - gzu3) e /2?.
—0o0

Combining this expression of G, (z) with the bounds Eqs. A20 and A21, we
get,

|F(z) — Gy(z)]|
< |pv /_:O e lru {;ﬂ{luST}W (%) f(u) — i (1 - %zu?’) 67: " } du
<o [ e () 70— o (1 ) G
[ e () 500 o (1 ) S

where we resort to the triangle inequality and to the fact that the principal
value of the integral of a positive function is the (usual) integral of that
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function. Combining ¥(—u) = ¥(u) and f(—u) = f(u) with basic properties
of conjugate and modulus, so that

1 —U 7 v, 3 e~ (—u)?/2
7Li-u<ny? < T ) f(—u) — - (1 - 61(—”@) ) —_—

1 —/u
— |21 7 <f
T {lul<T} T

1 U
= |7 Lu<ry¥ (f

) (1+5)
= | guiery? () F0) = o (1= Ziw?) e
) (-5m)

Using this symmetry with respect to u, we obtain

’F(x)—Gv(x)\=2/0+oo 7lusry? (%) f(u)—i (1—%zu3> e du.
By distinguishing the cases u < T and u > T', we obtain
[F(z) — Go(a)]|
<o [ () - 52 (- )
+2/T+oo = (1= Ziu?) S
<o 7| () - 5 (1 )
w2 ) e (F) s g (1 )
+ /+OO 1 (1 + Mzﬁ) e/ du
- 6
<2 [ () s (1= 20?) S a1 Lo (2 0]

1 4 v e‘“z/2
u

+oo 1 —u2/2
du +/ —(1+ Mus eidu.
6 T s 6 u
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We merge the last two terms together as they correspond to the same inte-
grand, integrated from 7'/ to +oc.

Lo (B) ) - o (1 D)

du
2 6 U
T
+ 2/
T/m

T/m
F(z) - Gy(x)] < 2 /0

du

7 () 10

—+o00 1 —u2/2
+/ — <1 + |U|u3> e7du.
T/7r T 6 u

We use the triangle inequality to break the first integral into two parts

|F(z) — Gu(2)|

gz/OT/” %w(;) F(u) - %g (2 (14 Lin®) emoor
+ 2/0T/’T 1o (g) (1 " %w3> gz (1 N Eiu?’) /2

T T
T +o0 —u?/2
+2/ du+/ (1+Mu3>edu.
T/m T/ T 6 u

7 (7)1

We successively split the first term into two integrals, and apply the triangle
inequality to break the first integral into two parts

%Jl <;> (f(u) - (1 + @u?’) e_”2/2>
T/n
2

T/m
+ 2/
AT /m

AT /7
F(z) — Gu(a)] < 2/ du
0

o (3) (1 ) o
77 (3) (s -7
w2 [ ()| () S
2 f |7 (F) e

+o00 1 —u?/2
—I—/ — <1 + ’v|u3> Y ) O
Tix T 6 U

du

du

du
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Appendix B: Control of (£2,);_,

B.1 Control of the term £21 The following lemma enables to control the
term (2;. The same control is used in all cases (i.i.d. and i.n.i.d. cases,
Theorems 1 and 2).

Lemma 10 For every T > 0, we have

1.2533  0.3334|A3,,| 14.1961 = 4.3394|\3 |
4T, Panl V7, 7) < : ,
l( a| 3, |/\/ﬁ T) T + T\/ﬁ + T4 + T3\/ﬁ

| Panl(D3/2,7 £ T/m) = 0372, /)
2 |

(B23)

Proof We can decompose 21(T,v,7) as
I 3(T) I 4(T)

I (T I o(T
_ha(T) | ha(D) | s

21(1/m, T, v): T T T4 73

+ v X 1175(T)

where

1/
11,1(T);:T/
0

nay=rt [y - Ll ety
’ 0 mt 6

+oo _—(Tt)%/2 4 2
Il,g(T)::T‘ll/ € it= L p (0, T—)

T Ji/x t "o 2m?2

1 +o0 2 TS +oo TS T2
11,4(T)::T67/ e~ T0?/2t gy / e “Vudu = —— r(i 72>
T J1/x 6 3v27 Jr2 /202y 3v2m 2 2w

T/m 3
llI/(u/T)’ 67”2/2%du

W(t) — L |e TV /2,

s

2 t

I 5(T, T)I:2/

TAT /™

To compute I1 3 and I 4, we used the change of variable u = (¢tT)?/2
and the incomplete Gamma function I'(a,z):= f;oo u?te~*du which can
be computed numerically using the package expint (Goulet, 2016) in
R. We estimate numerically the first two integrals using the R package
cubature (Narasimhan et al., 2020) and optimize using the optimize func-
tion with the L-BFGS-B method, we find the following upper bounds:

sup I1 1(T") < 1.2533,
>0

sup I1 3(T") < 14.1961,
T>0

sup I1 2(T") < 0.3334,
>0

sup [14(T) < 4.3394,
T>0
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which can be used to bound the first four terms.
By Lemma 18, we obtain

1
Li5(T, 1) = 7J1 (3,7 AT/m,T/m,T)

1 0253
?m[ (I'(3/2,7 NT/m) = I'(3/2,T/m)),

as claimed.
Note that

Lis(T, )= %Jl(?),T/\T/?T,T/?T,T)
< L0253 (r@/2.rnt/m) - r(3/2,7/7))

~ 3nv2
- o<n1/4€—sﬁ/\/E)7

where we apply the asymptotic expansion I'(a,z) = 2% te™®(1 4+ O((a —
1)/x)) which is valid for every fixed a in the regime z — oo, see Equa-
tion (6.5.32) in Abramowitz and Stegun (1972).

Note that the first term on the right-hand side of (B23) is of leading
order as soon as |A3p|/v/n = o(l) and T = T'(n) = o(1). Our approach
is related to the one used in Shevtsova (2012), except that we do not
upper bound §2; analytically, which allows us to get a sharper control on
this term. To further highlight the gains from using numerical approxi-
mations instead of direct analytical upper bounds, we remark that from

}Ll'/(t) - ﬁ! <3 (1 —|t| + %) and some integration steps, we get

1/m 2 ,
I 1(T)§T/ <1—|t|+7T ! )e_(Tt) 2t
’ 0 18

=V2r (@ ( (T/7) — 1) + = (e—<T/7r>2/2 1)

2
5/2

R,
9fT2 U~N (0,1

<vas L (e ) T

whose main term is approximately twice as large as the numerical bound
1.2533 that we obtained before.

+ U?1{0<U < T/x}]

5/2
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B.2 Control of the term 22 In this section, we control (2%(T) =
2 fll/ﬁ [@(t)||fs, (Tt)|dt. The control used in Theorem 2 comes directly from
the upper bound on the absolute value of ¥ (Eq. A2):

1
oy(7) < 1025 / s, (T0)
7T 1/x

In Theorem 1, we derive a bound based on the following lemma.
Lemma 11 Let t] = 07/(2m) where 07 is the unique root in (0,2m) of the
equation 6% + 20 sin(0) + 6(cos(0) — 1) = 0 and &,:=K3,,/+/n. We obtain

21 tr 2
(1) / W ()] fs, (2mt/&n)|dt < / | (t)]e~ (2rt/8n) 1-dmat)/2 gy
1= 1/m
1
(12) W) | fs, 2nt/e)|dt < [ [@(t)|e”LmeosCmI/E gt

t i

Proof of Lemma 11 Applying Theorem 2.2 in Shevtsova (2012) with 6 = 1,
we get for all u € R

| fs. (w)] < exp (=¥(u, €)),
where en::n_l/Qk&n, and, for any real u,e >0

u?/2 — xyelul®,  for |u| < @Fe L
1—
Y(u, €)= ci(zs(eu)’ for 0fe ! < |u| < 2me 1,
€
0, for |u| > 2me~1L.

Therefore,

exp (—u?/2 + x1&nlul®),  for |u| < 07/&n,

ol < fexp (CEIEN 0 or /6 < ful <21/, (B22)
1, ! for |u| > 27 /&,.

Choosing v = 27t/,, multiplying by |¥|, integrating from 1/7 to 1 and
separating the two cases yields the claimed inequalities. [
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Recall that under moment conditions only, we choose T" = z—” = 2}(“/5.
n 3.n

Combining this with the two inequalities (i) and (ii) of Lemma 11 yields

La(T)  I2o(T)
oT4 oT2

1
/ ()| fs, (Tt)|dt =
1

where

t (rt)?
2

IQJ(T)Z—TZL/I Q‘W(t)’e_ (1_4“X1‘t|)dt’
1/m

1

Lo (T):=T" / | (1) =T (1=cos(zmt)/4m) g

a1

Note that the difference in the two exponents of T in the above definitions
may seem surprising as these two integrals look similar. However they have
very different behaviors since the first one decays much faster than the second
one. In line with Section 1, we compute numerically these integrals using the
R package cubature (Narasimhan et al., 2020) and optimize them using the
optimize function with the L-BFGS-B method. This gives

sup Io1(T) < 67.0415, and suplo(T) < 1.2187.
T>0 T>0

Finally, we arrive at

67.0415  1.2187
+ .

- - (B25)

1
2(T) =2 / 155, (Tt <

B.3 Control of the term $23 We recall that 7 is defined as 7 =
V2e(n/Kyn)'/* (see Eq. A3).
Lemma 12 Under Assumption 1, we have for any ¢ € (0,1/3) and any
T>0,

0.327TKyp (1 1 1.306 €1, (€) | A3.0|?
25(T, A3 p, T < ——20 [ — : )
3(Ts Agn/ Vo) (12+4(1_36)2)+ 36n
1.02 TAT /7 , o
4 10253 / ue™ ™2 RIM (4, €)du, (B26)
T 0

where the functions RMY and e1,n are defined in Eqs. C31 and C32 respec-
tively.
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Under Assumption 2, we have

0.327 Ky, [ 1 1 1.306 €2, (€)|A3.0|?
0237, \ <—| = ’ ’
10253 (TN
+ / ue™ 2 Rid (y, €)du, (B27)
n 0

where the functions R and ean are defined in Eqs. C41 and C43 respec-
tively.

Proof of Lemma 12 First, assume that Assumption 1 holds. Lemma 15
enables us to write

AT/ vi
(T s/ Vir) = [ WO |5, (70 = TP (1_<?‘°’>'dt

Ky, (1 1 T/m,1
< I - .l_i 4
- n (12 4(1_36)2>J1( Ot
A3.nl?
61,??6(6” 3.0 J1(6,0,7 ANT/m,T)

9 TAT /7 , o
b [ /T PR o
0

where the function .J; is defined in Eq. C50. Using Eq. 18, we obtain the
bounds Ji (4,0, +00,T") < 0.327 and J; (6,0, +00,7T") < 1.306. Besides, by the
first inequality in Eq. A2, we get

0.327K4, (1 1 1.306e1 1, (€) | A3.n]?
02:(T, X\ < —— | = : :
10253 [T
+ / ue™ 2R (4, ¢)du.
T 0

showing Eq. B26 as claimed.
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Assume now that Assumption 2 holds. The integrand of I ;(T") can be
upper bounded thanks to Lemma 16. We obtain

Kyn (1 1
Q(T Agn /7)< —2n (o p 2

52,71(6) ’)‘3,71 ’2
36m

) J1(4,0,7 ANT/7,T)
+ J1(6,0,7 ANT/7,T)
9 TAT/m ) B
+ 7 / @ (u/T)|e”™ /2R (y, €)du.
0

This completes the proof of Eq. B27. [J

B.4 Control of the term {24 In this section, we bound the fourth term of
Eq. Al, which is

b
Q4<CL, b, T)2—2/

;wum] £w) = 72 .

for f = fg,.
We prove a bound on £24(v2e(n/Kyn)'* AT /7, T /7, T) under four dif-
ferent sets of assumptions.

Lemma 13 Let —co < a # b < 400 and T > 0. Then

(i) Under Assumption 1, we have

K3,n
’Q4(Cl,b,T)‘ S 3\/ﬁ

where Jo is defined in Eq. C51.

JQ (37 a, b7 2\/ﬁ/f{3,n7 T) )7

1. Under Assumption 1 and assuming E[X?] =0 for alli=1,...,n, we
get the improved bound

Kyp
}(24(6% b7 T)| < 3;;;

J2 (4a a, ba 2\/’71/-[%3,71, T) )

2. Under Assumption 2, we have

K3,n
‘.Q4((L,b,T)‘ < 3\/ﬁ

where Js is defined in Eq. C52.

J3(3> a, ba 2\/ﬁ/k3,n7 T) )
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(i4) Under Assumption 2 and assuming E[X}] =0 for alli=1,...,n, we
get the improved bound

‘Q4(CL, baT)‘ < ﬁ

(4,a,b,2v/n) K3, T)|.

Remark that if a < b, the four inequalities hold without absolute values
since {24 and Jy are then non-negative.

Proof of Lemma 13(i). Let t € R. As in the proof of Lemma 2.7 in Shevtsova
(2012) with § = 1, using the fact that for every i = 1,...,n, we have

2,2 2,2 3 13 162
max{|fpxi (t)], exp (-L 2UZ>} < exp (—L ;71 + xat (EHXJBJS_ EHXJ]UZ)),

so that
o, )2
202 | 202 2 xalt]? XL, (El1Xi°] + E[| Xy]]o7)
n . -~ i U =1 ?f L™
< fo,. (?)_e 2B2 623%e 2 By
=1 n

t202| 2 xi|t]’Ks, tio?
Py

_ 7

- +
_ fPX.(Bi)—e 2B2|, 2 Yn  2B2
n

By Eq. C34, we have maxi<;<, 07 < B2 (K4,n/n)1/2 so that we obtain

t2 2 _ﬁ+X1|t|3K3,n+ﬁ K4,n
fo.(5) - —”2)< feo () —¢ 2B} | 2 i 2J "
TL

=1

Applying Lemma 2.8 in Shevtsova (2012) we get that for every variable X
such that E[|X|%] is finite, |f(t) — e~7""| < E[|X|?] x [t|3/6. Therefore,

42 X‘ ] X1|t|3K3n t2 K4n
¢ /2‘ < E[] 3 I ;
fs, () - *63% i exp (L + e h r

1=
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K xiltPKs, t? Ky,
~Gyall e (‘ﬂm”g . ) B

Integrating the latter equation, we have

—u2/2
’(habT 77’/ |&Du/T|’fs ) — e ’du’

Ksn 3 _u’ wx1Ksn u® [Kyn

< 3nT /a ¥ (u/T)|u exp< 5 +7\/ﬁ +3 o du’

_ Ksn b 3 _ﬁ 4uX1f(3,n Kyn

=3/t /a ¥ (u/T)|u exp< 3 (l—i— NG + . ) du‘
K3n
= 5 a] (3,00 1), (B29)

as claimed.

Proof of Lemma 13(ii). This second part of the proof mostly follows the rea-
soning of the first one, with suitable modifications.

First, using a Taylor expansion of order 3 of fp, around 0 (with explicit
Lagrange remainder) and the inequality |e=® — 1 4 z| < 22/2, we can claim
for every real t

2 2 t4 ; 0'4t4 ;
ot /2’ < i it~ ’71'

Reasoning as in the proof of Lemma 2.7 in Shevtsova (2012) with § = 1, we
obtain

n 4 2 30 2
_ )2 Vi _E xaltPKsn 7 [ Kan
fs.(t) —e }2634‘3@( >t m 2V

=1

K. t2 tPK t? |K
< 64,nt4 exp (_ + Xl‘ ‘ 3,n + = 4,n )
n

2 vn 2 n

Plugging this into the definition of I3 2(7), we can write

24(a,b,T) = / 4 u/T|‘f5 —e_“2/2’du
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K4n X1|u|3K3n u? [Kyn
W(u)T W xR U [ g
3 / @ (u/T)| u exp( Jn 5 . u

(4,a,0,T), (B30)

as claimed.

Proof of Lemma 13(iii) Under the i.i.d. assumption, we can prove that, for
every real t,

_ 42 Kg t2 X1|t|3K3 t2
1) — e P2 < 2313 oAl e 7
fs. () = e s g plilee | =5+ 75 ta,

following the method of Lemma 13(i). Multiplying by | (¢)| and integrating
this, we get the claimed inequality.

Proof of Lemma 13(iv) This can be recovered using the same techniques as
in the proof of Lemma 13(ii). O

In Section 3, we want to give improved bounds that uses the tail behavior
of fs, via the integral [ |fs, (u)|u~'du. Therefore, the following lemma is
used to control 24 in Theorem 2.

Lemma 14 Let T = 167r4n2/l~(§,n. Then,

24(V2e(n)Kan)V4 AT/, T/7, T) < (94(\/2?(71/1(4,”)1/4 AT/, T /7 A T/W,T)’
" 1.0253

(r (o, (T2 AT2)(1 - 47TX1t;)/(27r2)) -r (0, (272 A T2 /2 (1 — 47TX1t;)/2))

+ —1'0:53 (1 (0.2 AT?)j(20%)) = I (0,7%/(212)) ) + 10253 /Tﬁr Fsa @l 4,

T tyTV/ANT /7 u

Note that the first term of this inequality will be bounded by Lemma 13.
The second and fourth terms decrease to zero faster than polynomially with
n (see Abramowitz and Stegun (1972) and the discussion at the end of Sub-
section 1). Finally, the term containing the integral of u~!|fs, (u)| is the
dominant one and allows us to use the assumption on the tail behavior of
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fs, to obtain Corollaries 3 (i.n.i.d. case) and 4 (i.i.d. case).

Proof of Lemma 14 We decompose (24 in two parts

Q24(V2e(n)Kan)'* NT /7, T/, T)

L w(u/m) du

T

T/m 5
:2/ ‘fsn(u)—e_“ /2
V2e(n/Kan)Y/ANT /7

< |2u(vV2e(n/ Kan) /AT /7, T fw AT/, T). + (T /e NT )7, T )7, T).
Note that the second term of this inequality can be bounded as

QT4 e NT 7, T/, T) < Ju(T) + J5(T) + J1(0,TY* ), T/, T),

where
2 tiTYANT /7
= | (/D) |fs, ()] ds
T4 /7NT /7

9 tENT3/ 4 [ 3/4 14
= — Y(v/T fs, (T v)| do,

JwAT3/4 )
2) T/7
J(T)i=— / 2 (u)/T) | fs, ()] du,
5 TVANT
9 T/7 ,
Jl(O,T1/4/7T,T/7T,T)::/ W (u/T)|e™ /2 qu.
T Jr1/jant/x

By the first inequality of Eq. B24 and our choice of T, we know | fs (T/4v)|
can be upper bounded by exp(—=T"?v%(1 — 4mx1|v|)/2) when v € [1/m,t1].
Using the properties of u — ¥(u) in Eq. A2, the fact that 1 — 4myit] > 0
and a change of variable, we get

o [EATAR r1/22
Ji(T) / (o) T3 555 (=4mak) g,
1

< =
= T3/4 /7r/\T3/4/7l'
t*/\T3/4
- 1.0253/1 I T ) g
™ 1/7NT3/4 /7

_ M2
v eV 2qy

1.0253 [VIZAmti (T AT /)
™ /Wlm(Tl/“/\T)
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ute "du

1.0253 /(tIQT”QAT?/ﬂZ)(l—LiwxltI)/2
(

@ TY/2AT?)(1—47mx1t])/(272)

_ 1.0253 <F (0’ (T1/2 A T2)(1 . 47[-X1t>{)/(2ﬂ-2)>

™

-r (o, (E2TY2 A T2 /22) (1 — 4y th) /2)) .

To control J5(T'), we use Eq. A2 to write

1.0253 [T/m B
J5(T) < / | s, ()| du.
t

T sTVANT /7

To control J1(0,TY*/m, T /7, T), we use Eq. A2 and a change of variable

T/m
JL(0, TV e, T/, T) < 10253 / e 2y

™ TY/4 /2 AT /7
2 2
_ 1.0253 /T /277 e —
™ (TY/2AT2)/(272)

= 25 (r (o, ar?)2a")) - 1 (0.7%/ %)) O

Appendix C: Technical lemmas

C.1 Control of the residual term in an Edgeworth expansion under
Assumption 1 For € € (0,1/3) and ¢t > 0, let us define the following quanti-
ties:

_ Uran(t) +Uian(t)

Rirflid(ta €): 2(1 — 3¢)2
+ e1,4(€) <t82Kn§’n <214 + 2(?’_“(;2)2>2
Pyn(e)

144 4 48¢ + 4% + {96/2€ + 326 + 16v2¢/2 } 1{3i € {1,..,n} : BX]] £ 0}
- 576 ’
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. 2 1 2P1,n (6)
e1,n(€):=exp (e (6 + (i-302))

Uin(y=ls (Kan ) 2 (Kan)*
L moa e 242 \ '

(C32)
Ui 2.n(t)
5 5/4 .6 3/2 7 7/4
= <|tﬁ (KZ"> +;—6 (KZ‘") + % (KZ") ) 1 {Hi €{1,..,n}: E[X?] £ 0}.
(C33)

We want to show the following lemma:
Lemma 15 Under Assumption 1, for every ¢ € (0,1/3) and t such that
It] < V2e(n/Kyn)"*, we have

it3 A3
t)—e” 1-— :
fs.(£) —e ( 6v/n )‘
o [t1 Ky, (1 1 er (Ot Nsnl> i
<p—t?/2 ]2 An (2 1 N inid )
= { < * (1-— 36)2> " (e

m‘"w

8n 3 2n

Proof of Lemma 15 Remember that Wj::IE[X;-l], 0ji= /E[Xj?], B,:=
VYl EX?2] and Kypi=n"'3"0 E[Xf]/(n‘lel)2. Applying Cauchy-

Schwartz inequality, we get

n
2 1/2 N\L/2 2 1/2
< sl (S L
J:
/ - 3/4
13 3/4 , _ p3 3/4
max E[IX;["] < max 77" < (le) = By(Kun/n)**,  (C35)
J:
and
n
4
max ;< > 7 = ByKan/n. (C36)

J=1
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Combining (C34), (C35) and (C36), we observe that for every € € (0,1)
and t such that [t| < v2e(n/Ky,)Y4,

2,2
o;t E[| X, x |t? = 4t
J J J
< Je.
1555 { 552 T 63 Taapi( = (C37)
As we assume that X; has a moment of order four for every j =1,...,n,

the characteristic functions (fp, )j=1,...n are four times differentiable on R.
Applying a Taylor-Lagrange expansion, we get the existence of a complex
number 6y ;,,(t) such that [0 ;,(¢)] <1 and

_0'32'752 B ZE[XJ?)] t* + 01 ()5t
2B2 6B} 1B,

Ujn(8):=1py (t/By) — 1

for every t € R and j = 1,...,n. Let log stand for the principal branch
of the complex logarithm function. For every € € (0,1/3) and ¢ such that
It] < V2e(n/Ky )Y, Equation (C37) shows that |U;,(t)| < 3¢ < 1, so that
we can use another Taylor-Lagrange expansion. This ensures existence of a
complex number 65 ;,(t) such that [0 ;,(t)| < 1 and

Ujn(t)?
2(1 402, (0)U;jn(t))?*

log(fry, (t/Ba)) = og(1 + Uja(t)) = Uy () -

Summing over j = 1,...,n and exponentiating, we can claim that under the
same conditions on t and e,

t2 ’Lt3>\3 n 4 91 Iy n n U]' n(t)z
t) = - = - * .
fSn( ) exp ( 2 Z 24B4 ; 2(1 + 927j7n(t)Uj7n(t))2

A third Taylor-Lagrange expansion guarantees existence of a complex num-

ber 03 ,,(t) with modulus at most exp (tzfi;" +2 51 2|1+92|l1]] Té))‘ (t)|2) such
that

_ e, it >\3 N4 Grin ) _ N Uion ()
fsn(t) =e (1 Z 2434 Z 2(1 + 02,j,n ()Uj n(t))2
Jj=1 e ’

2
Gg’n (t) Zt )\3 n 4 01 0y n _ Uj"ﬂ (t)2
T Z 2434 ; 214+ 02,50 (0)Uj,n(1))? ’
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Using the triangle inequality and its reverse version, as well as the restriction
on [t| < v2e(n/Ky,)Y*, we can write

—2/2 it A3 .n —12/2 t' Kan 1 S 2
‘fsn(t) - (1 " T6yn ‘ se X ( 2an T 2(1— 3c)? 4 Z Uz (®)

2

1
4>7exp(€ 2Z‘U]n

>\3n 4,n 2\ 2
(Ma'f | tzliﬁ n 2(1736)2 ;wj,n(t)\ ) ) (C38)

We now control > %, U n(t)]?. We first expand the squares, giving the
decomposition

n 4 n 4 n
Z 1o 2 _ t Zj:l Jj t° Zj:l ‘E[ngHQ t* J 1 'YJ
»n 4B4 3688 242 B8

P E XGNP o T B
6B5 24B¢ 72B]

(C39)

Using Egs. C34-C36, we can bound the right-hand side of Equation (C39)
in the following manner

4 4
t Z] 1 U] < t4K4,n
4B = dn 7

0oy s <P 6 Ky \*? 18 (Kin\? .
6 + 2pRs = oz —
2488 242 B3 24\ n 24

and

1t 327, oF [E[X7]] +t62?:1 X[ 20, [E[XS]
683 3688 72B7

° Ko\ 8 (Kan \*? 1t (Kan )" , 3
<|—|— — | — — : 1<4 1,.. : ELX;
_<6 n 36\ n T\ Th {3i € (1, n} :ELXI) £ 0}

::U1,2,n(t). (040)
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Moreover, we have 3 7, Ujn(t)? < %Pl,n(é) under our conditions on €
and t. Combining Equation (C38), the decomposition (C39) and the previous
three bounds, and grouping similar terms together, we conclude that for
every e € (0,1/3) and t such that [t| < v2e(n/Ky,)'4,

22 it A3 n
o - (1- 222

< 122 t*Kay, 1 1 n e1.(6) 1% Aa,n]? " Uijin(t) + Ui2n(t)
- 8n n 2(1 — 3e)?

3T 1302
+ern() t*Ki, (1 n Pia(e) \° . [t A3, | K4 i+ Pi o (e) }
i Tonz \ 24 T 2(1 - 3¢)2 6n3/2 24" 2(1—3¢)2) ) )’

where e ,,(€):=exp (62 (% + ?i&()?)) . Combining this with the definition

of RMd(¢ ¢) finishes the proof. O

C.2 Control of the residual term in an FEdgeworth expansion under
Assumption 2 Lemma 15 can be improved in the 4.i.d. framework. To do
so, we introduce analogues of RIM4(¢ €), Py ,,(€), e1.n(€) and Uy 9., (t) defined
by

iid Us,2,n(t) 8 [ Kun 1 Py (€) 2
€)= 2 e () oy [ —m ’
Rn ( 76) 2(1—36)2 +62, (6)(8712 12 + 4(1—36)2 + 576(1—35)2
|t|7|/\3,n| K4,n 1 P2,n(€)
towsr (12 Taa =302 T 576(1 — 32 ):
(C41)
1/2 2e\2 16v/2K 1/ Ag,n |3/
Pzn(e)::w + 48¢ Kan + 32eA3 V2 a/n [ X3nle
’ (Ky/nt/) (Kann)'/? nd /A
2
¢ 2K (C42)
— 2 1 1 2P2,n(6) 4
e2,n(€):=exp (e (6 + 51— 302 + 57601 32 ) ) (C43)
[t Asn]  t°Kan N3, |t KanAsa|  °KZ,
Uz,2,n(t):= 2 2 . ik "
6n3/2 24n? 36m2 72n5/2 576n3
Note that ,
2¢° Py, (€)
eanle) =ez(€)exp | ———————=
200 = sty (72405 )
where

g (€)1 /€ /(20130 (Caa)
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Lemma 16 Under Assumption 2, for every e € (0,1/3) and t such that
[t] < V2e(n/Kun)'*,

_t2 it3)\3 n _12/2 t4K4n 1 1
— 2 1— > < g ? —
fsu(8) e ( 6vn )‘— © { 8n (3+(1—3e)2)

e2.1.(€)[t|%|A3,n|? iid }
—_— ¥ 1 t .
+ o + R, (t,€)

Proof of Lemma 16 This proof is very similar to that of Lemma 15. We
note that B, = oy/n. As before, using two Taylor-Lagrange expansions
successively, we can write that for every e € (0,1/3) and ¢ such that |¢| <

\/26n/Ki/f

U n(t)?
2(1 + ez,n(t)Ul’n(If))2 ’

log(fpy, (t/Bn)) = Urn(t) —

where
12 i)\37nt3 (91771 (t)K4,nt4

Ul’"(t)::_% 6n3/2 24n2

and 0y ,(t) and 63, (¢) are two complex numbers with modulus bounded by
1. Using a third Taylor-Lagrange expansion, we can write that for some com-
plex B3, () with modulus bounded by exp (K;;i;f + "2‘@115(32‘2) , the following

holds

2 P43 4 2
fS,, (t) _ 67% (1 . it A3’n t K47n917n(t) . nUl,n(t)
: 6vn 24n 2L + 02 (O)Urn (1))
4 G () it g N Ky nbin(t) nUy n(t)? 2)
2 6v/n 24n 21+ o (U n(0)2) /)

Using the triangle inequality and its reverse version in addition to the con-
dition [t| < v2e(n/Ky,)'4, we obtain

-3 4 2
—t2/2 it )\3,n —t2/2 t K4’n TLULn(t)
- 1— <
[f5n(8) — e ( 6vn ) < m 2(1 — 3¢)2

2 2 3 4 2\?
¢, U OF) (|t| Mool | t'Kan nUl,n(t)Q) L (C45)

1
+aew (gt 2(1 — 3¢)2 6vn 24n " 2(1 — 3¢)
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We can decompose nlUj ,,(t)? as

P sal | Ky N [ EaalAsal | R,

2 _
W= 0+ Tena T oan? T 3en? 7205/ 57613
Uz (1)
t4 1 P, n(e)
< |z ] . C46
= (4 T 576 )

Combining Eqgs. C45 and C46 and grouping terms, we conclude that for
every € € (0,1/3) and t such that [t| < v/2e(n/K)"4,

2 43
[fou®) = <1 i A) |

6v/n
< e,ﬂ/g{ t4K4,n 1 1 e2,n(€)t6)\§7n Ugyz,n(t)
= 8n \3 ' (1—3¢)2 72n 2(1 — 3¢)2
ts K4,n 1 ngn(E) 2
+eza(c) [8? ( 12 T A1 =307 T 576(1 —3¢)

|t|7|>\3,n| K4,n 1 P2,n(€)
T e \ 12 T a1 =302 T 576(1 — 32 [}
O

C.8 Bound on integrated R™Y and R4
C.3.1 Bound on integrated RI™d Our goal in this section is to compute a
bound on

—inj 1.0253 [*° 2 .
R, d(6):: - / ue™ 2Ry )du = Ay(n,€) + - -+ A7(n,€),
0
where
1.0253 © aeu® (Kan \Y?
Al(n, E)I:m/o ue /2% (%) d’LL,

1.0253 [ _2pud (Kon)?
A m—— w2 2 : d
2(n =35 —36)%/0 e op ( n > “

10253 [ e’ (Kan ! ‘ T
AS(n,E),,m/O ue 7(7) dux]l{ﬂze{1,...,n}.E[Xi]7é0},

1.0253 ©epu (K \*? . 3
et iy dux1{3ie{1,...n}:E[X:
At =gy s [T ue i (K ) 1 {3 € (1) s BIX £ 0],
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oo 7 7/4
Adn’e)::%/o ue_uz/zui<&) dux 1{3i € {1, ...,n} - BX?] £ 0},

2(1— 3¢) 2\ n
1.0253¢1.n (€) /°° —u22WKS 1 Piale) 2
Ag(n, €)i=——=22knlS) (o7 : d
6(7’L, E) = 0 ue 2n2 (24 + 2(1—36)2) ?
1.0253e1,5 (€) /°° —u2y2 Az n|Kam (1 Pin(e)
A = — (= s d ’
7(n,€) p o ue 6n3/2 (24 + 2(1 - 36)2)
where

144 + 48¢ + 4> + {96\/Z+ 32¢ + 16\/563/2} 1{3i € {1,..,n} : E[X?] # 0}

Prn(e):= 576 ’

e (- 25

Lemma 17 For any p > 0, f0+°° wPe 2 dy = 2(p_1)/2f((p + 1)/2).

Proof We use the change of variable v = u?/2, u = /2v, dv = udu, du =
dv/\/2v, so that

B —+oo —+oo
/ uP e /2 gy — / o(P—1)/2,)(p—1)/2,—v gy _ o(p—1)/2 / W =D/2g=v gy
0 0 0

and, by definition of I'(-), this is equal to 2P~1/21"((p +1)/2) as claimed.
By Lemma 17, we get the following equalities

1.0253 K4 n 8/2 (7—-1)/2
A - ’ 2 r(8/2
1(n,€) 48(1735)%( n ) % (8/2),
1.0253 Kin\° jo0-1)2
A - ) g r(10/2
29 = 35 ><2(173e)27r( n ) (10/2),

1.0253 Ki\*"* 6-1)2 . 3
A = : 2 rv/2)x144 1,... c E[X;
3(n,e) 12(1 = 3¢)2r ( n ) (7/2) x { ie{l,...,n} (Xi]# 0}7

1.0253 Kin \*? e ‘
Ag(n,e) = 30 397 ( ; ) 2=D/2(8/2) x 1 {Elz €{1,..,n}: E[X}] 7&0}7
1.0253 Kin N s :
As(n,e) = 144(1736)%( ; ) 2(® 1>/2F(9/2)xIL{Hze{1,...,n}:IE[Xf’]7£0},
_1.0253e1m(e) (Kan\° 1 | Pin(e) \2.(0-1)2
As(n,€) = o ( p” ) (24+72(1_36)2) 2 r(10/2),
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_ 1.025361,71(6) |)\3m,|K47n( 1 le,(e)

67 n3/2 "

A
7(n,€) 24 7 2(1 - 3¢)2

12072 P(10/2).

When skewness is not ruled out, Eznd(e) can be written as a polyno-
mial in n with coefficients ay, ,, that still depend on n but only through the
moments A3, and Ky, (and are therefore constant when the distribution of
the observations is fixed with the sample size)

—inid al,n(€> a2,n(€) a3,n(€) a4,n(€)
Ry (e) = n5/4 1372 e T T2

(C47)

1.0253 x 26-D/20(7/2) 54
a1n(€) = 12(1 — 3¢)21 Kin

if e=0.
ain(e) = 1.0435K !

1.0253K;/" 1.0253K;/"

agn(€) = m2(7_1)/zf(8/2) + m2(7—1>/2r(8/2)
N 1_0253@1771((;)\)\3,71\[(47” (i N 2(?1f§2)2)2(91)/2p(10/2)
asn(e) R LII01KY? + 82383 Ag ] x K
7/4
az.n(€) = mwlwr(g/z)
azn(e) " = 0.6087K
2an() 1.0253K7% ,, 29-1/2(10/2)

T 242 x 2(1 - 3¢)21
1 Pia(e)

1.0253¢1 ,,(e) K2 9
’ (= )20 02 P (102
* 2m (24 - 2(1 — 36)2) (10/2)

if e=0.1
asa(e) = 9.819TK3,.

When E[X?] = 0 for every i, which implies A3, = 0, simplifications occur
so that we get

(C48)
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= 2 I'(8/2
aan(E) 48(1 _ 36)27T 4,TL X ( / )7
if e=0.
ain(e) = 0.6661K7/
1.0253
az.n(€) 2 20-1D/2p(10/2)

T 242 < 2(1— 3e)2m A"
1.0253e1,n(€) .0 1 Pin(e) \2.09-1)2
1.0253¢1 . (¢) 1 i) 2, I(10/2

+ o 47n(24 2(1 _ 36)2) ( / )

if e=0.1
asn(€) = 6.1361K%,.

C.3.1 Bound on integrated RIYOur goal in this section is to compute a
bound on

Ri,id(e):: 1'0:53 /OO we™ 2RIy, €)du = Ay (n,€) + - - + Az(n,e),
0
where
Ay (n, e)::% /000 ue %Sg/zldu,
Z2(n’6):2(11£)23532w /OOO e_uzm%du’
As(n, E)::2(11?235:))27r /O°° e f?jﬁ(:jgl .
Ao(n, E)::1.07353 /O°° ue_“2/2ez,n(e)% (K142,n n o _136)2 . 57(5??756?36)2)2 du,
Ar(n, E)::1.0:53 /O°° ue™ ean (o) ufz‘ig/g <K142n taa _135)2 * 576?21771—(26)2) du.
By Lemma 17, we get
At = g1 T 2T 012)
Ao(m.6) = 5 gy 5 a2V T8/2)
Aa(ne) = 1.0253 A3, 21/ (g 9.

2(1 — 3e)?7 36n2
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1.0253 K4,n|)\3,n|2(s—1)/zp

As(n,e) = 31— 3e)°7 720572 (9/2),

As(n,€) = 2(111)235:))% 5[7(5’;32@7”/2”10/2)’

Ao(n,e) = 1.025362,n(6)8% (K14Qn T 7136)2 57(%,,:(26)2)2 200-1/21(10/2),
A = 22 0k (B it + e ) 24O/,

(C49)

When skewness is not ruled out and Ky, = O(1), the previous equalities

show that E;;d(e) is of order n=3/2 for any € € (0,1/3). When A3, = 0, we
get an improved rate equal to n 2.

In our main theorems, we set € = 0.1. In that case, we can get two explicit
bounds? on Ezd (0.1). When skewness is not ruled out, the bound es,, can be
written as in Eq. 7. The quantity ez ,(0.1) that appears in the two previous

expressions can be upper bounded by
€2,,(0.1) < exp (0.0119 + 0.000071 x P5,(0.1)),

where P ,,(0.1) itself satisfies

P, (0.1) <

42.9326 5| o Kan 1/2+ 3.2)%, 0.7156[(;/,?\)\3,”\+0,04K4,n
iy ) Wy 72 o/ no

C.4 Bounding incomplete Gamma-like integrals For every p > 1, 0 <
Il,m < qand T > 0, we define Ji, Jo, and J3 by

Ji(p,1,m, T)::% / /) e du (C50)
!
71 m U2 4X1 K4,n
Ja2(p,l,m, q, T).—T/l | (u/T)|u” exp ( - ?(1 - Tu - - ))du. (Ch1)
m 2
Js(p,l,m,q, T)::%/l |¥(u/T)|u? exp ( — %(1 — %u — %))du (C52)

We show now that all these integrals can be bounded by differences of
incomplete Gamma functions.

2 Bounds instead of equalities in the sense that we round up to the fourth digit the obtained
numerical constants.
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Lemma 18 We have

1.0253 x 2P/272|I"(p/2,m?/2) — I'(p/2,12/2)|

s

|J1(p,1,m, T)| <

Proof of Lemma 18 Without loss of generality, we assume [ < m. By the
first inequality in (A2), we get

1.0253 [™ ) 1.0253 (™2 1 do
Ji(p,l,m,T) < / uP e 2y = / V2u el —=
1(p ) - 2T 1 2T l2/2 v 2v

1.0253 x 2p/2-2 /mQ/2
l

T 2/2

VP2 le gy,

where we used the change of variable v = u?/2, dv = udu, so that du =
dv/+/2v. The proof is completed by recognizing that the last integral can be
written as a difference of two incomplete Gamma functions. O

Lemma 19 Let Ai=(1—4x1 — /Ky /n)/2 and v(a,z):= [; |v|*"* exp(—v)
dv. We have

: A7 |y(p/2, Am®) =~ (p/2, AI® if A A
ooy 1y, g, )] < 20258 LA 12 (p/2, Am®) = (p/2, A, if A >0 or A<,
dr |\ @/p) - (m = 1), if A=0.

Proof of Lemma 19 Without loss of generality, we assume | < m. Using the
first inequality in (A2) and the fact that 0 < u/q < 1 when u € [I,m], we
get

1.0253 [™ u? [Kyn
JQ(]?,Z,TR,(],T) < ot /l u? eXp<_?(1_4X1_ n ))du

We can then write

1.02 m
Jo(p,l,m,q,T) < (2)53/ up_lexp(—UQA)du
T Ji
1.0253

= /l P~ exp ( - u2|A\sign(A))du.
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If A # 0, we do the change of variable v = u?A, dv = 2Audu, u = \/v/A,
du = (2v/vA)~'dv, and get

Ja(p,1,m, q,T) < L0253 / (v/A) P~ exp ( - v) (2VoA)~tdv
[Al2, Am?]

2m
1.0253 _ _
=S [ a2 exp( <o) (VIRTAD e
47 [Al2 , Am?)
_ yA|—p/21'0253

/ v|P/2 e dw,
4 (A2, Am?]

where we remarked that v/A > 0 in the sense that either A > 0 and in this
case v > 0 as well; or A < 0 and v < 0 as well. Finally, we get

|A|7P/2 x fAAlTQ lo[P/2~le~vdv  if A>0

|A|7P/2 x fAATl; lo[P/?~le=vdv  if A <0
2 [Py if A=0

1.0253
X

JQ(palvmaan> S Ar

If A # 0, the bound can be rewritten as

—p/2 1.0253
47

Ja2(p,1,m, q,T) < |A| 1v(p/2, Am®) — y(p/2, AP%)|. O

Lemma 20 If n > 3, then

1.0253 x 23P/272|[(p/2,m?/8) — I'(p/2,12/8)|

‘J3(p7lamaq7T)‘ < = .

Proof of Lemma 20 Without loss of generality, we assume | < m. Using the
first inequality in (A2), we get

1.0253 [m™
Js(p, Lm, g, T) < [Futen (<5
27 i

We bound u/q, by 1, so that

1.0253 [™ u? 1
Ja(p,1,m, q,T) < p-1 (—71—4 ——)d.
3(plmy g, T) < —— /lu exp (= 5 (1 —4x1 — ) )du
Note that 1 —4x; —1/n > 1/4 when n > 3. When this is the case, using the
same change of variable and computations, we get the same result as for the
previous lemma. O
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C.5 Statement and proof of Proposition 21 A bound on the tail of the
characteristic function is nearly equivalent to a regularity condition on the
density. We detail this in the following proposition. The first part of this
proposition is taken from (Ushakov, 2011, Theorem 2.5.4) (see also Ushakov
and Ushakov (1999)).

Proposition 21 Let p > 1 be an integer, (Q be a probability measure that
admits a density g with respect to Lebesgue’s measure, and fq its correspond-
ing characteristic function.

1. If ¢ is (p—1) times differentiable and ¢~ is a function with bounded
variation, then

Vari[q®—1)]

< —

[fo()] < PTE

where Vari[y)] denotes the total variation of a function 1.

2. If t — [t|P=Y fo(t)| is integrable on a neighborhood of +oc, then q is
(p — 1) times differentiable.

Remark that the existence of C' > 0 and § > 1 such that |fg(t)] <
C/([t[P log([t])?) is sufficient to satisfy the integrability condition in the sec-
ond part of Proposition 21.

Proof of Proposition 212. The assumed integrability condition implies that
fq is absolutely integrable, and therefore we can apply the inversion formula
(Ushakov, 2011, Theorem 1.2.6) so that for any = € R,

+o00
q(z) = / r(x,t)dt.

—0o0

1 .
where r(x,t)::?e_ltzfp(t). Note that r is infinitely differentiable with
7r

respect to x, and that

or(x,t)
Qxp—1

) | 1
- ‘%(—it)p‘le"mfcg(t)‘ = 51t fa®)

)

which is integrable with respect to ¢, by assumption. This concludes the
proof that ¢ is (p — 1) times differentiable, as r is measurable.
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