Communications in

Physics

© Springer-Verlag 1988

Commun. Math. Phys. 114, 549-552 (1988)

On the Uniqueness of the Infinite Cluster in the
Percolation Model

A. Gandolfi!, G. Grimmett? and L. Russo?

! Department of Mathematics and Informatics, Delft University of Technology, Delft, The Netherlands
2 School of Mathematics, University of Bristol, Bristol, England
3 Department of Mathematics, University of Rome II, Rome, Italy

Abstract. We simplify the recent proof by Aizenman, Kesten and Newman of
the uniqueness of the infinite open cluster in the percolation model. Our new
proof is more suitable for generalization in the direction of percolation-type
processes with dependent site variables.

1. Introduction

It has long been conjectured that the infinite open cluster of the percolation
model is unique (almost surely) whenever it exists. This conjecture was verified
affirmatively in the recent paper of Aizenman, Kesten and Newman [1], which is
couched in the context of (possibly long-range) percolation on any lattice .#. Their
proof utilizes several distinct ideas and techniques, some of which have their origins
in statistical mechanics. Furthermore, the proof has certain consequences for the
“thermodynamic functions” of percolation theory, such as the number of clusters
per site and the connectivity functions. On the other hand, there are certain
miraculous aspects to the method of proof in [1], and it was in attempting to
understand this proof that the ideas of this note evolved. In this note, we present
a proof of the uniqueness of the infinite open cluster which uses essentially only
one of the main ingredients of [1], namely a large-deviation estimate for a certain
random variable defined on large but finite open clusters.

The principal motivation for this work was to understand how one may prove
the uniqueness theorem for more general processes than “Bernoulli” percolation.
Such a generalization to a class of Gibbs measures will appear in [3]. In addition,
we hope that our argument may be useful in approaching the question of the
uniqueness of the “incipient infinite cluster” of the percolation process; see [2] and
[8]. In related work, Gandolfi, Keane and Russo [4] have shown that the infinite
cluster is unique for a certain class of two-dimensional models; their techniques are
similar to those of Harris [6] for Bernoulli percolation, and are quite different
from the general arguments of [1] and the present paper.

We refer the reader to [1] and [4] for motivation and background.
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2. The Result

We state and prove the result for site percolation on Z¢, where d 2 2, but the same
proof is valid for all bond, site, and mixed bond/site models as well as long-range
bond models. .

Let 11, be the Bernoulli product measure on the configuration space { — 1,1}
with density p, where 0 < p < 1. We denote by E, the expectation operator related
to u,, and we call a site open if its state is 1 and closed otherwise. Writing I for
the event that there exists an infinite open cluster, we shall prove the following result.

Theorem. If p is such that p,(I) >0, then there exists almost surely a unique infinite
open cluster.

Proof. We fix a large positive integer n, and let A be the box {xeZ*:|x;| <n for
all i}. Later we shall take the limit as n— oo; we express this limit as the limit “as
A—0”. For xeA, we write C(x) for the open cluster of A containing x, and %,
for the set of all open clusters of A which intersect the internal boundary
{xeZ*:|x;| = n for some i} of A. We consider the following random subsets of A:

Fy@)= | G Gyw)= | oG;
Ce%, Ce%y
Hyw)= ) {0C,naC,}.
Cy,Coe% 4
C1#Cy

Here, 0C represents the external boundary (in A) of C, being the set of sites of A
which do not belong to C but which are adjacent to some site in C. Thus F , is
the set of sites which are joined by open paths to the internal boundary of A, G ,
is the set of closed sites which are adjacent to sites in F ,, and H , is the set of
closed sites which are adjacent to sites in two or more of the clusters in ¥ ,. We
write L, for the event that the site x belongs to the external boundary of two or
more infinite open clusters of the lattice. It is easy to see that

1
,lxlfr:olAlE (1Hal) = pp(Ly), 1)

where |A] is the cardinality of the set 4. On the other hand (see [1] and [9]), the
number of infinite open clusters equals 0 or 1 almost surely if u,(L,) =0, and so
it suffices to prove that

imsup ! FECAEL @

the remainder of the proof is devoted to showing this.
From the definition of G, and H,, we have that

IHA(w)I§< ) |5C1>—IGA(60)I. G

Ce%,

On the other hand,
tp(XEFA|xeFyU Gy) =p
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if x is not a boundary vertex of A, so that

Ep( > |C|> E,|Fsl= E L1 Gal + 0(] A, )

Ceby

giving from (3) that

1 1 1—p
A B EAD = <C;A{|aa —T|C|}>+om ©)

In order to estimate the right-hand side here, we require (as in [1]) the
large-deviation estimate

_ ke2
1, (h(C(x)) = ek, | C(x)| = k) < exp ( —L) (©6)

valid for all xeA,k>=1, and &>0, where h(C(x))=|3C(x)|—p (1 — p)|C(x)|,
C(x) = C(x)udC(x), and a = a(p) is a function of p which is strictly positive on
(0,1). For the convenience of the reader we include a proof of (6), although this
proof differs only slightly from the corresponding step in [ 1]; these differences arise
from the facts that we are considering clusters of A only, and we need only an
estimate which is one-sided in h(C(x)). Let q,,,(x) be the number of connected
subgraphs of A with m sites in their interiors and / sites in their external boundaries
and which contain x. For any r = 0, we have that

1 ((C(x)) Z ek, | C(x)| = k) < e~ * E ,(e™ ;| C(x)| = k)
— g ekr Z m[( )(pe rp '(l—p))m{(l —p)e'}/

mf:
m+£=k

Se M f(r, pY (| C(x)| = k),
where
fop)=pe ™ P +(1—p)e,
and = pe " P/ f(r,p). Now f(r,p) =1+ O(r?) as r |0, so that
1, (h(C(x)) = ek, | C(x)| = k) S e~ +akr? ()

for some function a = a(p) which is strictly positive and finite on (0, 1). We choose
¥ to minimize the right-hand side of (7) and obtain (6).

Finally we show that (5) and (6) imply (2). We fix ¢>0 and ¢ such that
0<d < 1/d, and we write

) = {CeB,(w):|C| = |A|°}

and B, for the event that h(C)=|0C| —p (1 —p)|C| <&|C| for all Ce%,. From
(6),

k 2
-, BY<IAl S exp(—%)—»O as Ao, 8)

k= |A\

since, if B, does not occur, then there exists a site x in A such that h(C(x)) > &| C(x)|
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and |C(x)| = |A|°. Thus

1 1
WEP(CEZ%{'ac"*’C'}) (1% ZS'C'>””’“‘“I"BA’}*°
)

as A— oo and ¢]0. On the other hand, any cluster in %,(w)\ %,(w) is contained
in a d-dimensional “annulus” of A with thickness of order |A|’, giving that

1 1—-p
lim —E |oC| ————|C }>=0. 10
Ao | Al <Ce‘§\@,"{ | 14 €] 10

We combine this with (5) and (9) to deduce (2), and the proof is complete.
We note that similar calculations appear in [5], and a related approach to the
large-deviation argument may be found in [7].
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