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Abstract

High-strength steels (HSS) are increasingly used in advanced engineering applications due to their
exceptional mechanical properties. However, accurately predicting stress fields and localized yielding
in welded joints—especially at sharp geometric features such as weld toes and notches—remains
a significant challenge, particularly in the inelastic region. This thesis addresses this challenge by
developing and validating an analytical framework based on the Strain Energy Density (SED) method
for modeling localized structural behavior in HSS welded joints.

The foundational model extends a linear elastic formulation by den Besten to account for post-yield be-
havior. Three analytical approaches—Neuber’s rule, Stowell’s generalized approach, and Glinka’s
SED method—were critically assessed for the suitability of extending den Besten’s equation, with
Glinka’s method selected for its ability to capture localized plasticity while maintaining computational
efficiency. The model assumes localized plasticity surrounded by elastic behavior, and its predictions
were verified against two bounding solutions: Irwin’s ideal elastic–perfectly plastic lower bound and
an extended linear elastic upper bound. Results consistently fell within these bounds, supporting the
model’s physical accuracy.

Numerical validation was also carried out using finite element analysis (FEA) in ANSYS on a Partially
Penetrated Double-Sided (PPDS) T-joint configuration. Material modeling incorporated true stress–
strain data, realistic weld geometry, and boundary conditions representative of actual welded joints. The
simulation results showed strong agreement with the analytical predictions, particularly in the region of
localized plasticity near the weld toe where the error was limited to up to about 3%.

This study confirms that the SED-based analytical method offers a practical and accurate approach for
assessing welded joints with sharp notches—regions prone to stress singularities. The framework is
computationally efficient, physically grounded, and broadly applicable across welded structures. Aca-
demically, it supports future research into refining boundary definitions, material models, and mesh
optimization techniques. Practically, it enables safer and more efficient designs in HSS applications by
providing engineers with reliable tools for evaluating post-yield structural behavior.
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1
Introduction

1.1. Problem Definition and Background
The use of high-strength steels (HSS), with yield strengths exceeding 550 MPa (σy > 550 MPa), has
increased over the past two decades. This trend can be attributed to the rising financial considerations
within the engineering industry and the market demands for stronger and larger structures. These de-
mands necessitate the adoption of robust steels with reduced weight. In these applications, kilometers
of welds are essential to the design, making the understanding and analysis of welds a crucial aspect of
the construction process. Many of these large structures now utilize high-strength steels, underscoring
the importance of comprehending the welding processes and characteristics specific to HSS. However,
significant restrictions on the use of high-strength steels are imposed by design standards and codes,
particularly for steels with high yield-to-tensile (Y/T) ratios [1]–[4]. Specifically, because when both the
yield-to-tensile (Y/T) ratio and strain-hardening characteristics increase simultaneously, they raise the
likelihood of the steel deviating from the desired ductile behavior typically exhibited by lower-strength
steels.

Understanding the response of a structure when it undergoes local yielding is challenging, as it heav-
ily depends on many different mechanical and geometrical properties, making it difficult to specify a
general trend for the structure post yielding. Industry demands often focus on determining the highest
tolerable Y/T ratio at which high-strength steels (HSS) can be utilized safely. This is in contrast to
the limits set by design codes, which impose restrictions on the use of HSS due to their Y/T ratios [2].
These codes often limit the application of HSS based on potentially conservative Y/T ratio constraints.
Consequently, the relationship between the strength of steels and their Y/T ratios, which goes hand
in hand, complicates the unrestricted use of HSS without needing to comply with the design code lim-
itations. Since these codes are designed to be as general as possible to account for a wide range of
structural cases, they can be overly conservative in some scenarios. This highlights the importance
of analyzing the post-yielding behavior of materials and structures, particularly for high-demand steels
such as HSS. Therefore, outlining the following problem:

”How can the stress fields beyond the elastic limit be analyzed analytically while incorporat-
ing post yield hardening to describe the general behavior of high-strength steels with high
Y/T ratios in the vicinity of a weld toe?”

1.2. Problem Solution and Thesis Outline
To address this gap, this thesis develops an analytical formulation to describe the stress fields in ques-
tion. The objective is to investigate the local structural response in the plastic region and characterize its
behavior. The next chapter examines the current state of research on this topic, while subsequent chap-
ters outline the methodology used to tackle the problem. Chapter 2, the Literature Review, provides a
comprehensive overview of studies on high-strength steels (HSS), focusing on structural behavior in
the inelastic region. Special attention is given to local structural response and assessment methods.
The framework includes a detailed analysis of selected studies exploring the stress-strain behavior of

1



1.3. Significance and Contribution 2

HSS structures beyond the elastic limit, particularly in welded joints. It also aims to define the char-
acteristics of stress-strain fields and assess their implications for local integrity and structural design
efficiency.

Building on the literature reviewed, the method to develop a general analytical expression to describe
the plastic stress-strain field in high-strength steels (HSS) around weld toes becomes evident. While
many existing studies focus on representing stress-strain fields in less generalized trends, this thesis
aims to derive an analytical method that provides a more general and computationally friendly repre-
sentation. Chapter 3 will detail the derivation of this method, incorporating and evaluating different
approaches proposed in the literature to solve for stress-strain fields in elastic-plastic regions.

A numerical model, described in Chapter 4, will validate the analytical results and explore how different
modeling setups can lead to variations in outcomes for the same case. This comparison will investigate
the reasons behind potential differences between the models. Finally, the Conclusion (Chapter 5) will
synthesize key insights gained from the results, comparing the outcomes of the analytical and numerical
approaches and addressing possible sources of discrepancies.

1.3. Significance and Contribution
By optimizing the use of high-strength steel (HSS), significant financial benefits can be achieved—not
only by reducing the amount of material required but also by minimizing welding material and labor,
thereby decreasing the time needed to complete structures. Understanding the behavior of structures
welded with high-strength steels, particularly in the post-yielding region, is essential for optimizing the
use of these materials in various industries, such as the offshore and maritime industries. In steel
structures, the most stressed regions are typically those surrounding welds; therefore, comprehend-
ing material behavior beyond yielding in these areas is critical for designers. When local yielding is
anticipated, it is crucial to evaluate the structure’s performance and determine whether additional rein-
forcement or load-transferring components are needed in those areas. Analyzing the local response
beyond the yield limit, into the plastic region of the stress-strain curve, is fundamental for ensuring
structural reliability and more optimized designs.

A key aspect of analyzing welded steel structures is the examination of stress and strain fields in highly
localized regions. In welded joints, the area around the weld toe is particularly vulnerable to high
stress concentrations due to design geometry and discontinuities introduced by the welding process.
Academically, this study paves the way for further exploration into how different mechanical properties
of HSS, as well as weld characteristics, influence structural behavior and performance. Notably, the
proposedmethodology is not limited to welds but can also be applied to other highly localized structures,
such as notches or cracks. This approach eliminates the need for time-consuming experimental or
numerical tests, providing an efficient analytical alternative for evaluating these critical regions.



2
Literature Review

2.1. Literature Overview
The use of steel structures has thrived for the past two centuries, with increasing demands for higher
quality steel over time. In our current era, characterized by efficiency and economy, there is a height-
ened need for lightweight yet robust steel. This demand has led to the frequent adoption of high-
strength steels, particularly in offshore applications [3]. Initially, high-strength steels saw limited appli-
cation; for instance, in 2005, Eurocode 3 limited its scope to S460 [2]. However, in response to ad-
vancements in the industry, stronger steels like S960 are now being used [1]. This trend underscores
the increasing and continuous relevance of high-strength steels till this day.

Understanding the stress and strain fields around welds is important, especially with the extensive use
of welds in high-strength steels that have a high yield-to-tensile (Y/T) ratio, where material properties
such as strain hardening become more critical. Discussions on the plastic distribution of stress and
strains around welds, particularly at the weld toe, are often brief compared to other structural members
in the literature. Even when welds are directly addressed, the focus is on how they act in the elastic
region. However, the lack of comprehensive analytical research on stress-strain fields in the plastic
region highlights the importance of exploring welded joints beyond the elastic limit. Existing papers
that describe the plastic stress-strain fields around weld toes are often based on specific trends rather
than general principles [5], [6].The models typically employed for analysis are often numerical or ex-
perimental. These approaches are generally not preferred due to their high costs in terms of time and
effort, and their tendency to reflect on specific trends.

That is why initial efforts have focused on finding direct general analytical descriptions of plastic stress-
strain fields for weld toes in high strength steels or steels with high Y/T ratios. Another relevant area of
exploration is the analysis of notches, that is because they are also sensitive parts of the local structure
often described in literature. Various papers have described the stress-strain fields around notches,
specifically in the elastic-plastic region, making them fitting to this study [7]–[9]. Two methodologies
that directly describe the stress-strain fields in the plastic region for notches will be discussed in this
literature review to determine their applicability to welded joints, particularly weld toes. Although neither
include the effect of HSS having a high Y/T ratio, the material properties could later be integrated in
depth. The first and most common method is Neuber’s method, in which Seeger and Heuler related
nominal stresses and strains to local values and a generalized non-linear equation to determine actual
stress and strain beyond the elastic limit for notches [8]. The second methodology is the strain energy
density-based method, which assumes that plastic strain energy density can be calculated based on
elastic stress-strain relations [7]. Both methodologies and their applicability to the issue at hand will be
discussed further in the coming sections.

Another method mentioned in the literature, although it does not directly describe stress-strain fields
beyond the proportionality limit, is an analytical model demonstrating the derivation of a plastic stress-
strain field from an elastic one for a continuous plate with a circular hole [10]. Stowell, who had pre-
viously made the transition into the non-elastic region on a stress function, which is exactly what den

3



2.2. Selected Literature 4

Besten and Kaminski had used for their description of the stress distribution for a welded joint in the
elastic region [10], [11]. An analytical model proposing a descriptive elastic stress-strain field around
a weld toe [11] could very possibly be used to analyze the welded joints beyond the elastic limit. This
approach aims to transition the elastic stress-strain field around the weld toe to account for the inelas-
tic region, potentially yielding a generalized trend for stress-strain fields around the weld toe within the
plastic region of the stress-strain curve.

The following sections will provide detailed descriptions of selected literature and propose methodolo-
gies for further research in this thesis. A brief outline will demonstrate how the chosen literature will be
utilized to address the research question posed, highlighting its relevance to the research topic in the
next chapter.

2.2. Selected Literature
The literature search initially prioritized investigations into plastic stress-strain fields around weld toes.
The method of literature review can be seen as a process of progressively broadening the scope over
time, starting with a narrow focus and expanding to include more general studies on the topic. The
following sections discuss the various methodologies and leads relevant to the topic at hand. Important
questions such as the relevance and applicability of different methodologies to this literature review will
be addressed.

2.2.1. The Generalized Neuber Method
As mentioned in the literature overview 2.1, Neuber’s method is interesting because it is a commonly
used approach for analyzing stress-strain fields beyond the elastic limit. This is primarily due to its
accuracy in relation to computational cost. An article describing the generalized application of Neuber’s
method and how it can be correctly used to analyze notches in the net section with widespread plasticity
is provided by Seeger and Heuler [8]. The well-known Neuber method equation is given by:

σϵ = SeK2
t (2.1)

The equation can be easily visualized by the following figure showing the area under the graph that is
considered by Neuber and his law.

Figure 2.1: Illustration of Neuber’s concept for estimating local stress-strain behavior using his equation, as described in [12].

Seeger and Heuler proposed a generalized equation that describes the fundamental mechanics based
on simple formulations [8]. The authors believed that a generalized formulation of Neuber’s method,
which can be easily extended to accommodate specific cases, was the best solution. The generalized
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Neuber equation suggested by Seeger and Heuler to account for the elastic-plastic region is given by:

σϵ = K2
t

(
S2

E

)(
Eex
Sx

)
(2.2)

Where

• σ: Local notch stress.
• ϵ: Local notch strain.
• Kt: Elastic stress concentration factor, related to S.
• Ktx: Modified elastic stress concentration factor, related to Sx.
• E: Elastic modulus.
• e: Nominal strain.
• S: Nominal stress.
• ex: Modified nominal strain.
• Sx: Modified nominal stress.
• Syx Modified yield initiation nominal stress

The modified variables are to denote the incorporation of the inelastic behavior into the non-modified
elastic variables. The significance of using the modified nominal stress, which incorporates σy (yield
stress) and the fully plastic state of An (local notch area), arises when the material exceeds the yield
limit. When dealing with an inelastic material, the simple linear relation cannot be used to identify the
stress and strain since it no longer follows Hooke’s law. The following equations are used to identify
the nominal stress and the nominal strain, with g being a function of inelastic material behavior:

σ = g(ϵ) (2.3)

S = g(e) (2.4)

The modified nominal stress that accounts for plasticity is a factor of σy

Sp
multiplied by the theoretical

nominal stress:
Sx = S

(
σy

Sp

)
(2.5)

Where σy is the yield stress and Sp refers to the nominal stress producing general yielding derived from
Lp. Lp is defined as the plastic limit load for an elastic perfectly-plastic material law, and not the real
ultimate load. Lp is calculated independently from the local stress-strain behavior from a uniaxial yield
stress distribution in An, which is the area governing the fully plastic region with respect to equilibrium
conditions. Note that it only accounts for uniaxial stresses and does not consider biaxial stresses, such
as transverse stresses.

Lp = σyf(An) (2.6)

However, as mentioned before, extra alterations using finite element analysis to account for multiaxial
stresses are possible, which can provide Lp with good accuracy, even when Equation 2.6 cannot be
used.

σe = SKt = SxKtx (2.7)

Here, the modified nominal stress and the stress concentration factor are related to calculate the theo-
retical elastic notch stress σe. The stress concentration factor Kt is calculated as follows:

Spx = σy (2.8)

σy = SyxKtx (2.9)

Rearranging the terms and dividing equations 2.8 & 2.9, the modified stress concentration factor that
takes into account the plastic region is:

Ktx =
Spx

Syx
(2.10)
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The stress-strain relation following Neuber’s method can be written as:

σϵ = Sxex(Ktx)
2 (2.11)

Finally, this leads to:
σϵ = SxKtxexKtx

SxE

SxE
(2.12)

σϵ =
S2K2

t

E
· exE
Sx

(2.13)

This provides the modified version of Neuber’s formula to account for structural behavior post-yielding.
The modified elastic stress concentration factor is assumed to be elastic. However, to account for the
post-yielding material behavior, an additional factor is applied to address the yielding, in addition to the
well-known Neuber’s rule. If Hooke’s law still applies, then Eex

Sx is unity, which reduces to the well-known
Neuber’s equation.

2.2.2. The Strain Energy Density-Based Method
Glinka (1985) proposed an energy-basedmethod to account for elastic-plastic stress-strain fields. Glinka
assumed that the plastic energy could be described elastically. The validity of this assumption was dis-
cussed by comparing it to experimental test values [13]. The following assumptions were made by
Glinka when applying the energy-based method: uniaxial loading was considered, and it was assumed
that the material around the locally yielded region remained predominantly elastic. This assumption
is reasonable since the majority of the strained material is elastic relative to the total energy strain.
Therefore, the following relation can be applied for both the elastic region and the region where local
yielding occurs:

Kt =
σ

S
(2.14)

Wσ refers to the local strain energy per unit volume due to local stresses and WS refers to the elastic
energy strain due to the nominal stress S.

The stress concentration factor Kt with relation to the local energy stress and strains is:

Kt =

(
Wσ

Ws

)0.5

(2.15)

However, for the yielding region, a true stress-strain curve must be used to calculate the local strain
energy. In this case, Glinka (1985) selected the well-known Ramberg-Osgood relation to account for
the true stress-strain relationship [14]:

ϵ =
σ

E
+
( σ

K ′

)1/n′

(2.16)

Which is then used in and substitutedWσ to account for local yielding to get the true stress. That follows
:

Wσ =
σ2

2E
+

σ

n′ + 1

( σ

K ′

)1/n′

(2.17)

Substituting in the local energy strains into Equation 2.15 yields the final energy-based method relation
to account for the elastic-plastic region:

Kt =

 σ2

2E +
(

σ
K′

)1/n′
σ

n′+1

S2

2E


0.5

(2.18)

Which can also be rewritten as:

(KtS)
2

2E
=

σ2

2E
+

σ

n′ + 1

( σ

K ′

)1/n′

(2.19)
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In a study by Landgraf et al., the two methods for determining the elastic-plastic stress and strain
fields in notched structures—the Neuber method and the energy-based method—were compared with
calculated and measured results from various experiments [15]. The calculated results showed similar
outcomes when the considered area on the stress-strain curve was within the elastic region; however,
some discrepancies were observed between the different results.

Figure 2.2: Comparison using a keyhole specimen to compare the accuracy of local strains between experimental and
theoretical applications (Landgraf et al., 1975).

Glinka provided a brief introduction to the Neuber method and highlighted its differences from the
energy-based method [7]. The main difference in results was that Neuber’s method significantly overes-
timated the local plastic strains by approximately 30% compared to experimental results [7]. In contrast,
the energy-based method showed a maximum of 2% difference between calculated and measured val-
ues. Furthermore, the energy-based method offered better accuracy without increasing computational
effort compared to Neuber’s method [15]. However, limitations exist when using the energy-based
method. For this method to be applicable, the plastic yielding in the notch must be localized, with the
plastic region being small compared to the surrounding elastic region. Additionally, the plastic zone
depends on the nominal stress level, making the energy-based method applicable only when the nom-
inal stress level is less than the yield limit. Figure 2.2 illustrates the difference in the results between
experimental and calculated values.Up to the proportionality limit, the strain values showed minimal
differences when compared to the experimental results. However, beyond this point, the accuracy of
Neuber’s results diminished relative to those within the elastic range. The energy-based method, as
described in Equations 7 and 14, provided a good estimation of strain values even beyond the yield
limit. Equations 7 and 14 referred to in the graph correspond to the following equations [2.16] & [2.19]
respectively.

2.2.3. Stowell's Generalized Approach
A general transition method by Stowell [10] described the stress-strain field around a circular hole in a
continuous plate, and then the transition of stress-strain fields from an elastic to an inelastic one using
a function of the secant modulus. The secant modulus aids in characterizing the material’s behavior,
particularly within the nonlinear region. Figure 2.3 illustrates the secant modulus on a stress-strain
curve, where the slope of the line connecting a chosen point in the inelastic region and the origin
denotes the value of the secant modulus. Stowell used that concept to create a function that relates
the secant modulus of the material in the vicinity of a hole to the secant modulus of the structure’s
material stress-strain curve [10].



2.2. Selected Literature 8

Figure 2.3: Graphical representation of the secant and tangent moduli on a stress–strain curve. The slope tan−1 E denotes
the initial elastic modulus, tan−1 Esec represents the secant modulus between the origin and a point on the curve, and

tan−1 Et indicates the tangent modulus at a specific strain level.

Stowell initially applied the stress and strain distribution around a circular hole as described by Kirsch
[16], based on classical elasticity theory. This theory assumes the material obeys Hooke’s law, ex-
pressed as σ = Eϵ [17]. The model considers an infinite plate with a circular hole of radius a, subjected
to a uniform tensile stress σ∞ applied, as illustrated in Figure 2.4.

Figure 2.4: Idealized model of an infinite plate with a central hole of radius a, subjected to uniform tensile stress at infinity σ∞,
as used by Stowell (1950) for analytical calculations.
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To calculate the Stress Concentration Factor (SCF) necessary for describing the stress distribution
around the hole, the nominal stress must be related to the reference stress as follows: Kt = σ

S . In
this case, the stress in the vicinity of a hole which represents the reference stress, σ, was calculated
by summing up the normal tensile stress to the stress around a hole that was described by Kirsch
[16]. Where the nominal stress, S, was just taken to be the longitudinal tensile stress at the ends of
the plate. Stowell initiated the study by clarifying the phenomenon whereby the SCF of a continuous
plate featuring a hole remains constant at 3 within the elastic threshold, a finding corroborated through
experimental validation. However, by the definition of plasticity, it is expected for there to be a decrease
in the stresses when entering the plastic region and an increase in the plastic strain when exceeding
the elastic region due to the permanent deformation of the structure. The results of Stowell [10] were
compared to what was given in his referenced study [18] which experimentally discussed the plastic flow
of seven 24S-T4 Aluminum plates with a central circular hole. The experiments showed a decrease of
the SCF for the Aluminum plates when exceeding the elastic limit from 3 to a 1.8 and for the plastic strain
with an increase to 7.8 validating what Stowell had computed [18]. The analytical model proposed by
Stowell relied on the utilization of the secant modulus, as defined as previously, to make a transition into
the non elastic region. This transition facilitated the shift from the elastic field, previously established
in a continuous plate with a circular hole, to the plastic domain.

In order to apply the Secant modulus effectively, it is important to adopt a general analytical approach
to develop an expression capable of analyzing stresses and strains within the elastic region. A no-
table expression for such analysis was provided to evaluate the stress distribution across the width
of a plate adjacent to a weld toe [11]. This analytical formulation describes the elastic stress-strain
distribution field along the width of the base plate [11]. The geometrical symmetry of the weld could
be both symmetrical or non-symmetrical with respect to half the plate thickness ( tp2 ). Where the formu-
lation distribution of the weld toe across the thickness of the base plate was computed analytically by
considering the linear superposition of the far field stress σf (

r
tp
), the weld load carrying stress σbw(

r
tp
),

and the tangential notch stress σθθ(
r
tp
) (refer to Figure 2.5).

Figure 2.5: Stress contribution to a weld notch geometry based on the parameters defined by den Besten (2013).

Two of semi-analytical stress terms come due to the geometry of the welded joint, where the tangential
stress can be clearly seen in the figure above. The weld load carrying stress can be described by the
following formulation :

σsCbw = σmCbm + σbCbb = σs{Cbm − rs(Cbm − Cbb)} (2.20)
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With

Cbm =
mbm

(
6
t2p

)
σσs(1−rs)

and

Cbb =
mbb

(
6
t2p

)
σσsrs

where

• σs: Structural stress.
• α: Notch angle.
• β: Stress angle.
• rs: Structural bending stress ratio.
• mbb: Bending moment induced weld load carrying bending moments.
• mbm: Membrane force induced weld load carrying bending moments.
• σb: Bending stress.
• σm: Membrane stress.

and mbm and mbb are calculated using an FE beam model nodal forces. Where the final equation for
the non-symmetrical case is then given as :

σn

(
r

ttp

)
= σs

[
[

(
r

tp

)λs−1

µsλs(λs + 1) cos (λs + 1)β − χs cos (λs − 1)β

]

+

[(
r

tp

)λa−1

µaλa(λa + 1) cos (λa + 1)β − χa cos (λa − 1)β

]

+ Cbw

[
2

(
r

tp

)
− 1

]
− 2rs

(
r

tp

)
]

(2.21)

2.3. Discussion
This chapter provides a comprehensive exploration of the research and methodologies associated with
analyzing plastic stress and strain fields, particularly for high-strength steels and welded joints. The in-
creasing demand for high-strength steels, driven by financial considerations and the need for lightweight
yet robust materials in engineering applications, underscores the importance of understanding the be-
havior of these materials under various loading conditions, especially in welds around weld toes. The
review highlights the need for describing a general trend for the plastic stress-strain field around weld
toes.

In this chapter, various methodologies have been explored for analyzing plastic stress-strain fields
around local weld toe configurations, focusing primarily on the Neuber method and the SED (Strain
Energy Density) also known as the energy-based method. Additionally, the idea of trying to integrate
various methods to come up with a general analytical trend for plastic stress-strain fields was studied,
which involves transitioning from elastic to inelastic stress-strain fields utilizing Stowell’s generalized
approach. Neuber’s method, as discussed, is a widely used approach for analyzing stress-strain fields
beyond the elastic limit due to its balance between accuracy and computational cost. However, its
primary drawback lies in its tendency to overestimate local plastic strains. This overestimation, as
observed by Landgraf et al., can be as high as 30% compared to experimental results [15]. The fun-
damental Neuber equation σϵ = SeK2

t provides a straightforward calculation for the elastic region but
fails to accurately account for the complexities of the elastic-plastic transition. In contrast, the energy-
based method proposed by Glinka (1985) offers a more accurate representation of the elastic-plastic
stress-strain fields [14]. By assuming that the plastic strain energy density can be approximated fully
elastically, this method ensures that the local strain energy is a true reflection of the material’s behavior
at the notch root. The energy-based method demonstrated only a 2% difference between calculated
and measured values, significantly outperforming the Neuber method in terms of accuracy without in-
creasing computational effort. The integration of the Ramberg-Osgood relation into this method allows
for a precise calculation of the true stress-strain relationship in the yielding region.



2.3. Discussion 11

While the energy-based method offers advantages over the generalized Neuber method, it has limita-
tions in accurately predicting stresses and strains in plane stress conditions. Glinka (1985) observed
that the generalized Neubermethod performs best for thin-walled structures or those under plane stress,
but its accuracy significantly diminishes in plane strain scenarios [14]. Another key limitation is the as-
sumption that the plastic region is sufficiently small so that the total strain energy can be considered
as confined within the elastic region. In this study, the integrated method was applied to the elastic
stress–strain field described by den Besten (2013), which uses a stress function approach similar to
that developed by Stowell [10]. Stowell investigated steel sheets under tension with a central hole—a
scenario producing localized plasticity—which makes it relevant to explore how well a similar plastic
transition method could be incorporated into den Besten’s analytically defined stress–strain distribu-
tion [11].

In summary, this literature review lays the groundwork for further research into calculating and charac-
terizing stress and strain fields in high-strength steels and welded joints. The literature highlights the
importance of discussing how a welded joint behaves with high-strength steel after yielding, making use
of an analytical model. Although current literature provides some solutions, it does not specifically de-
scribe how a welded joint with high-strength steels and strain hardening effects behaves post-yielding.
This is a crucial point for designers to try and optimize their designs by analyzing fracture limits and
their potential occurrence. Which is why the same question persists:

”How can a general analytical expression be developed to describe stress fields in high-
strength steels with post-yielding strain hardening in the vicinity of weld toes?”

This subsequent chapters provide the framework required to address the central question at hand.



3
Analytical Model

3.1. Analytical Model Outline
This chapter provides a detailed description of the analytical model developed to solve for the post-
yielding material behavior in the region around a weld toe based on the suggested methods discussed
in the previous chapter. It also explains the rationale behind the chosen parameters, highlights the utility
of the analytical model, and outlines the results and how they will be verified. The analytically derived
method is intended to be broadly applicable, with the specific adaptation for including the inelastic
stress field near a weld toe achieved by modifying a general elastic analytical expression to account
for inelastic behavior.

This study focuses onwelded structures, specifically a partially penetrated double-sided (PPDS) welded
T-joint. Particular emphasis is placed on the weld toe, a critical region for designers, as it is the first area
likely to yield, especially under Mode-I type loading. Understanding both the yielding and post-yielding
phases around the weld toe is therefore considered the aim of the research.

In addition to the general analytical model to be developed, which aims to accurately represent the
structural behavior beyond the yield limit, two other stress fields will be presented as boundary cases:
one assuming fully elastic behavior even post yielding and the other assuming elastic-perfectly-plastic
behavior. These cases provide upper and lower bounds, respectively, establishing a range for the
results. The following sections of this chapter provide a more detailed explanation of these concepts
and the parameters used to describe the stress fields around weld toes. The three results will then be
compared to initially evaluate the effectiveness of the analytical method employed. These results will
subsequently be validated against the numerical method in later chapters to confirm the accuracy and
reliability of the analytical approach outlined in this chapter.

3.2. The Analytical Framework
3.2.1. Linear Elastic Stress Field Around a Weld Toe
The three analytical methods extracted from the literature were evaluated by the author to adjust a
purely elastic stress field to one that incorporates inelastic behavior. Each method starts with a linear
elastic stress–strain field, which is then extended to account for material yielding and post-yield effects.
In this study, the linear elastic formulation developed by den Besten [11]—which describes the stress
distribution near a weld toe as a function of the base plate thickness—was selected as the foundational
elastic expression. This formulation was integrated into each method to assess its effectiveness in
capturing the transition from elastic to inelastic behavior. The fundamental elastic equation is given by

12



3.2. The Analytical Framework 13

[11]:

σn

(
r

tp

)
= σs

[
[

(
r

tp

)λs−1

µsλs(λs + 1) cos (λs + 1)β − χs cos (λs − 1)β

]

+

[(
r

tp

)λa−1

µaλa(λa + 1) cos (λa + 1)β − χa cos (λa − 1)β

]

+ Cbw

[
2

(
r

tp

)
− 1

]
− 2rs

(
r

tp

)
]

(3.1)

A similar equation, also proposed by den Besten, describes the stress distribution at the weld root [11].
This equation can also be adapted and transitioned in the same manner as the primary equation men-
tioned above to account for yielding, as detailed in the following sections. However, the modifications
to the equation based on the weld root will not be addressed or described in detail in this study.

Equation 3.1 considers the linear superposition of the following three contributions:

• The far-field stress - σf

• The weld load-carrying stress - σbw

• The geometry notch-related stresses - σθθ

The T-joint, shown in Figure 3.1, was selected for analysis due to its widespread use as one of the most
common weld types. This configuration is particularly relevant for studying notches and the surrounding
material, which are critical concerns for structural engineers. These areas become especially impor-
tant in the post-yield phase, where accounting for the material’s nonlinear behavior adds significant
complexity to the overall structural response.

Figure 3.1: PP DS T-joint with Mode-I type loading [11]

The classification of welds is primarily based on four key factors:

• Weld type (groove or fillet)
• Geometrical Properties
• The HS (hotspot) classification
• The loading mode

The weld classifications outlined above are crucial for predicting the types of stresses that may arise
and identifying which part of the joint is most likely to yield first. This understanding is vital for accurately
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analyzing post-welding behavior. In the case under study, T-joints are fillet welds with a non-symmetric
geometry relative to tb

2 , the base plate thickness, as shown in Figure 3.1. Based on the classifications
above and considering Mode I loading, the joint is categorized as an HS (hotspot) type C, where stress
is distributed along the seam. Consequently, the primary stresses anticipated are those acting along
the thickness of the base plate, referred to as tb in Figure 3.1.

For this reason, the analytical Equation 3.1, which captures the stresses through the thickness of the
base plate, will serve as the foundation for testing the stress fields in this study. It is important to note
that the four weld classifications under consideration will remain constant throughout the analysis. This
consistency ensures that the comparison and evaluation of stress-strain fields are carried out within the
same classification framework, allowing for reliable and accurate comparisons in the following chapters.

The three stress contributions used in equation 3.1 far-field stress (σf ), notch geometry related stress
(σθθ), and weld-load carrying stress (σbw) can be calculated individually to determine their respective
contributions. These components are described as follows:

Far Field Stress

σf

(
r

tp

)
= σs

{
1− 2rs

(
r

tp

)}
∀
{
0 ≤

(
r

tp

)
≤ 1

}
(3.2)

Where σs represents the structural stress, rs denotes the structural bending stress ratio, and the r
tp
ratio

specifies the location being tested across the thickness of the base plate. The ratio r
tp

= 0 corresponds
to r being at the closest point to the weld toe (location zero relative to the base plate), while r

tp
= 1

indicates r = tp, which corresponds to the full thickness of the base plate or the point furthest from the
weld toe, i.e., the bottom of the base plate.

Weld Load Carrying Stress
The weld load-carrying stress (σbw) refers to the stress carried by the weld when the neutral axis shifts
due to the weld geometry.

σbw

(
r

tp

)
= σsCbw

[{
4

(
r

tp

)
− 1

}
+ 6

(((
r

tp

)
− 1

2

)2

− 1

12

)]
(3.3)

σsCbw is given by:
σsCbw = σmCbm + σbCbb = σs {Cbm − rs(Cbm − Cbb)} (3.4)

where,

Cbm =
mbm

(
6
tp

· 2
2

)
σs(1− rs)

, Cbb =
mbb

(
6
tp

· 2
2

)
σsrs

(3.5)

The mbm and mbb terms, represent the membrane bending moment and the bending moment, respec-
tively, are estimated through Finite Element (FE) analysis, as described by den Besten in equation 3.1
[11]. However, this estimation is not applicable to all geometries in general cases. To address this
limitation, Qin et al., utilized parametric equations to account for and calculate these terms, enabling a
more general trend for the weld load-carrying stress component of the equation [28]. The parametric
equations are given as:

Cbm = 0.117− 0.192 · e−0.494·W +
0.793 · P 3 + 1.113 · P 2 + 0.957 · P + 0.9

P 4 + 4.721 · P 3 + 13 · P 2 + 9.669 · P + 9.079
. (3.6)

Cbb = 0.123− 0.261 · e−0.712·W +
0.143 · P 4 + 1.007 · P 3 + 1.438 · P 2 + 1.674 · P + 1.578

P 4 + 3.892 · P 3 + 9.41 · P 2 + 7.57 · P + 8.118
. (3.7)

W =

(
hw

lw

)
. (3.8)

P = log

(
tc/2 + lw

tb

)
. (3.9)
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Notch Geometry Related Stress
Finally, the notch geometry-related stress is expressed as:

σθθ

(
r

tp

)
= σs

(
r

tp

)λs−1 [
µsλs(λs + 1) cos

(
(λs + 1)β

)
− χs cos

(
(λs − 1)β

)]
+

(
r

tp

)λa−1 [
µaλa(λa + 1) sin

(
(λa + 1)β

)
− χa sin

(
(λa − 1)β

)]
. (3.10)

The parameters µs and µa represent the stress amplitude of the symmetric and anti-symmetric compo-
nents, respectively, and are given by:

µs =
Cbw(λa + 1) + 3(λa − 1)

6(λa − λs)
[
cos
(
(λs + 1)β

)
− χs cos

(
(λs − 1)β

)]
µa =

−Cbw(λa + 1)− 3(λa − 1)

6(λa − λs)
[
sin
(
(λa + 1)β

)
− χa sin

(
(λa − 1)β

)] .
(3.11)

Here, β and α denote the stress and notch angles, respectively.

α =
1

2

{
π + arctan

(
hw

lw

)}
β = α− π

2

(3.12)

Linearly summing the three stress contributions yields equation 3.1, which is originally defined for elastic
stress fields.

The equation describing the notch stress along the plate thickness is particularly valuable because it
captures both plane stress and plane strain responses. This is achieved through a modern approach
using the Airy stress function, as implemented by den Besten [11]. The method simplifies the analysis
by expressing all boundary conditions consistently—either entirely in terms of forces and moments or
entirely in terms of displacements—allowing for a unified treatment of different structural states.

3.2.2. Different Transition Methodologies
As discussed in the literature review, the various transition methodologies from accounting for elastic
to elastic-plastic fields will be compared. The primary transition methodologies to be examined are as
follows:

• Generalized Stowell’s method
• Neuber’s method
• The SED (strain energy density) method as described by Glinka

3.2.3. Generalized Stowell's Method
The incorporation of the secant modulus, as introduced by Stowell, was implemented by applying a
function of the secant modulus to an elastic model. Stowell demonstrated this approach for the stress-
strain field described by Kirsch [16] in the case of a circular hole under uniaxial tension in an infinitely
long plate [10]. In this approach, the function of the secant modulus was applied to the analytical
expression for elastic stress components that explicitly presented elastic material properties, effectively
enabling the inclusion of yielding material behavior.

A similar adaptation was intended for equation 3.1, but it could not be directly applied. This limitation
arises because the material properties in equation 3.1 are implicitly embedded within the equation itself.
Den Besten employs a scalar stress function (Airy stress function) and Williams’ equation to address
the singularity at a notch radius of ρ = 0 in polar coordinates [11]. The resulting formulation is expressed
as follows:

φ = rλ+1 ·
[
C1 cos ((λ+ 1)θ) + C2 cos ((λ− 1)θ) + C3 sin ((λ+ 1)θ) + C4 sin ((λ− 1)θ)

]
(3.13)
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The governing equation for the Airy stress function in elasticity problems is the biharmonic equation. By
using this representation, determining stresses in an elastic body is reduced to solving (3.21), provided
that the derivatives meet the appropriate boundary conditions.

The Laplacian of a scalar function φ in polar coordinates is given by:

∇2φ =
∂2φ

∂r2
+

1

r

∂φ

∂r
+

1

r2
∂2φ

∂θ2
. (3.14)

The biharmonic equation arises in the theory of elasticity. The derivation starts from the compatibility
condition for plane strain:

∂2σxx

∂y2
− ν

∂2σyy

∂y2
− 2(1 + ν)

∂2σxy

∂x∂y
+

∂2σyy

∂x2
− ν

∂2σxx

∂x2
= 0, (3.15)

where ν is Poisson’s ratio.

The stress components can be expressed in terms of the Airy stress function ϕ(x, y) as:

σxx =
∂2ϕ

∂y2
, σyy =

∂2ϕ

∂x2
, σxy = − ∂2ϕ

∂x∂y
. (3.16)

Substituting (3.16) into (3.15) yields:
∂2

∂y2

(
∂2ϕ

∂y2

)
− ν

∂2

∂y2

(
∂2ϕ

∂x2

)
− 2(1 + ν)

∂2

∂x∂y

(
− ∂2ϕ

∂x∂y

)
+

∂2

∂x2

(
∂2ϕ

∂x2

)
− ν

∂2

∂x2

(
∂2ϕ

∂y2

)
= 0. (3.17)

Simplifying the derivatives:
∂4ϕ

∂y4
− ν

∂4ϕ

∂x2∂y2
+ 2(1 + ν)

∂4ϕ

∂x2∂y2
+

∂4ϕ

∂x4
− ν

∂4ϕ

∂x2∂y2
= 0. (3.18)

Combine like terms in (3.18):
∂4ϕ

∂x4
+ [−ν + 2(1 + ν)− ν]︸ ︷︷ ︸

=2

∂4ϕ

∂x2∂y2
+

∂4ϕ

∂y4
= 0. (3.19)

This reduces to:
∂4ϕ

∂x4
+ 2

∂4ϕ

∂x2∂y2
+

∂4ϕ

∂y4
= 0, (3.20)

which is equivalent to the biharmonic operator in Cartesian coordinates:(
∂2

∂x2
+

∂2

∂y2

)2

ϕ = ∇4ϕ = 0. (3.21)

As shown in the derivation of the biharmonic equation, the material properties are implicitly embedded
within the formulation through the constitutive relations. This complexity necessitates the development
of an entirely new equation that goes beyond purely elastic material behavior to include post-yield in-
elastic components. Instead of adapting the existing linear elastic formulation presented in Equation
3.1, this new approach requires deriving the governing equations directly from equilibrium and compat-
ibility conditions, thereby incorporating plastic strains from the outset.

In contrast, Stowell’s method takes a more direct route by explicitly embedding material-related terms
into the linear fundamental equation, simplifying the analysis. He introduced a secant modulus func-
tion, derived and integrated into the stress–strain field equation for circular geometries. By embedding
the secant modulus into the formulation at points where material properties are explicitly defined, the
method extends the analysis to capture both elastic and inelastic behavior within a linearized analytical
framework. However, this approach diverges from the original intent of preserving the analytical struc-
ture established by den Besten [11], which sought a more seamless transition from elastic to inelastic
behavior.
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Strain Energy Density and the Neuber's Method
In this section, the other two methods will be discussed together due to certain similarities within the
elastic region and other comparisons that call for evaluation. These comparisons will ultimately highlight
why the SEDmethod is chosen over Neuber’s method to describe the stress-strain fields around a weld
toe for plane strain conditions.

The SEDmethod, as introduced by Glinka, emphasizes how a notch effects cause significant variations
in stress-strain energies across different regions of the local structure [14]. This observation motivated
the consideration of stress-strain fields in terms of energy strain densities. To describe stresses and
strains in terms of energy densities, the following relations are derived to calculate the strain energy
density per unit volume due to local stresses and strains, as well as the elastic strain energy density
per unit volume due to nominal stresses, respectively:

Wσ =

∫ ϵ

0

σ(ϵ) dϵ =

∫ ϵ

0

Eϵ dϵ = E
ϵ2

2
=

σ2

2E
(3.22)

Ws =

∫ e

0

S(e) de =

∫ e

0

Eede = E
e2

2
=

S2

2E
(3.23)

The similarities mentioned earlier between Neuber’s Method and the SED method in the elastic region
can be observed in the following relation, which relates the theoretical stress concentration factor, Kt,
to the strain energy:

Kt =
σ

S
(3.24)

This relation can further be expressed as:

Kt =

(
Wσ

Ws

)0.5

(3.25)

Graphical representations of these relationships in the elastic and elastic-plastic ranges given by Glinka
are shown below:

(a) Elastic region representation. (b) Inelastic region with energy distribution.

Figure 3.2: Stress-strain diagrams illustrating the calculation of strain energy density (SED) areas before and after yielding,
based on the method by Glinka [14].

As illustrated in the stress-strain curve above, the strain energy density for any part of the elastic region
can be calculated with ease and is consistent with every method. However, challenges arise when
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attempting to account for the inelastic region, where discrepancies between different methods become
evident. Glinka, in addressing the effects of notches, proposed a reasonable assumption: the strain
energy density of a very localized area of the structure can be equated to the strain energy density
of the surrounding governing area. This assumption considers that the localized inelastic behavior is
governed by the elastic behavior of the larger bounded area around it as shown numerically below in
Equation 3.26.

WS = Wσ or
∫ eij

0

Sij dϵij =

∫ ϵij

0

σij dϵij . (3.26)

In this context, as a localized stress-strain field is being analyzed and the area around the notch is
predominantly governed by linear elastic behavior, Glinka introduced an assumption for cases involving
localized plastic yielding. Specifically, the plastic strain energy density in the plastic region of the stress-
strain field is assumed to be equal to, or approximately the same as, the strain energy density of the
linear elastic material in the surrounding region of the structure. This localized assumption implies that
the theoretical stress relation also holds in Equation 3.25, but with the material property modified to
account for inelastic behavior. To achieve this, Glinka [14] employed the well-known material property
described by the Ramberg-Osgood equation:

ϵ =
σ

E
+
( σ

K

)1/n
(3.27)

To apply the Ramberg-Osgood equation, as presented in Equation (3.27), to the strain energy density
Wσ, a mathematical manipulation of the integral is performed. The integrand of the equation can then
be rewritten as follows:

σdϵ = ϵdσ + σdϵ− ϵdσ. (3.28)

This formulation leads to the complete expression for the strain energy density Wσ:

Wσ =

∫
[d(σϵ)− ϵdσ] = σϵ−

∫ σ

0

ϵdσ. (3.29)

Substituting the material model from Equation (3.27) into the modified formulation of the strain energy
density given in Equation (3.29), we obtain:

Wσ =

∫ ϵ

0

σ(ϵ) dϵ =
σ2

2E
+

σ

n′ + 1

( σ

K ′

)1/n′

. (3.30)

To incorporate Glinka’s assumption of general elastic yielding [14] and apply her method, the following
expression is derived:

(
Wσ

Ws

)0.5

= kt =

{
σ2

2E + σ
K′

1/n′
σ/(n′ + 1)

S2/2E

}0.5

. (3.31)

Rearranging and simplifying, we obtain:

(ktS)
2

2E
=

σ2

2E
+

σ

n′ + 1

( σ

K ′

)1/n′

. (3.32)

Assuming that the nominal stress exceeds the yield stress of the material, the equation takes the fol-
lowing form:

K2
t

[
S2
n

2E′ +
Sn

n+ 1

(
Sn

K ′

)1/n′]
=

(σ′
y)

2

2E′ +
σ′
y

n′ + 1

(
σ′
y

K ′

)1/n

. (3.33)

In this case, the stress concentration factor Kt is assumed to be the theoretical elastic stress concen-
tration factor, derived from the full elastic solution in Equation (3.1). This assumption considers Kt as
the ratio of the reference stress to the structural stress at every point along the base plate thickness.
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Similarly, the nominal stress Sn varies the same way across the thickness of the base plate, following
a ratio of r

tb
, where a value of zero corresponds to the region closest to the notch, and a value of one

represents the region farthest away.

Here, apostrophes denote plane strain conditions, recognizing that material properties may differ be-
tween plane stress and plane strain states. The corresponding strain equation is given by:

ϵ′y =
σ′
y

E′ +

(
σ′
y

K ′

)1/n′

. (3.34)

• ϵ′y: Strain at yield, accounting for plane strain conditions.
• σ′

y: Local Stress, accounting for plane strain conditions.
• E′: Young’s modulus, accounting for plane strain conditions.
• K ′: Strength coefficient, accounting for plane strain conditions.
• n′: Strain hardening exponent, accounting for plane strain conditions.

3.2.4. Distinguishing Features of Energy Based Approach and Neuber Approach
The Strain Energy Density (SED) method was explained in the previous section, and not much differ-
ence can be observed between the energy-based approach and Neuber’s method in the elastic region.
In fact, within the linear elastic region, the equations are identical. However, significant differences
emerge when the inelastic region of the material is considered. This divergence arises because Neu-
ber simplifies the inelastic behavior of the material. Neuber’s expression is given as:

σϵ = SeK2
t (3.35)

This formulation implies that no integration is performed over the area under the inelastic portion of
the stress–strain curve. Instead, a constant value is assumed, and the inelastic region is represented
as the product of the stress concentration factor and the elastic stresses and strains. A graphical
representation by Glinka effectively illustrates the key differences between these two approaches:
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Figure 3.3: Graphical representation clarifying the differences between Neuber’s method and the energy-based approach [14]

Diving deeper into the mathematical formulation, Neuber’s method is expressed as :

K2
i = KσKϵ =

σN

Sn
· ϵN
en

, (3.36)

Simplifying further to put the local stress-strains on one side :

σN ϵN = K2
t (Snen) . (3.37)

Figure 3.3 demonstrates how the different approaches evaluate stress-strain fields in the elastic-plastic
region. Neuber’s method does not integrate the area under the curve to determine the true stresses
and strains but instead approximates these values. In contrast, Glinka’s energy-based approach incor-
porates the exact values derived from the stress-strain curve, as described by the well-known Ramberg-
Osgood equation. This approach provides a more accurate representation of material behavior beyond
the linear elastic limit compared to Neuber’s method.

In the purely elastic regime, the strain-energy-density (SED) approach states that

σ2
N

2E︸︷︷︸
local SED

= K2
t

S2
n

2E︸︷︷︸
nominal SED

,

Also considering that :
σ = Eϵ. (3.38)
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Sn = Eϵn. (3.39)

It can be clearly shown why Figure 3.3 gives the exact same results when comparing both Neuber’s
method and the strain energy method approach. Moving further when considering local plasticity Neu-
ber’s expression takes the following form :

K2
t · S

2
n

2E
=

1

2
σN ϵN =

σN

2

[
σN

E
+
(σN

K

)1/n]
, (3.40)

In which it can be seen that the right hand side of the equation had been shifted away from the strain
energy density since the strain energy density states that “local SED =K2

t × nominal SED”. Here, both
sides represent elastic strain-energy densities. In this region, Neuber’s rule coincides with the SED
approach.

Another notable difference between these approaches, which is not directly related to how each equa-
tion mathematically accounts for the elastic-plastic region, lies in the results produced by their respec-
tive formulations. Several studies have observed that Neuber’s method tends to exaggerate local plas-
tic strains [29]–[32]. Given that accurately describing the local plastic stress-strain field is the primary
objective of this study, the energy-based approach was ultimately adopted.

3.2.5. Extended Elastic Model for Post-Yielding Analysis at a Weld Toe
In this section, the upper limit of the analytical solution will be presented, extending den Besten’s formu-
lation Equation 3.1 to analyze stress distribution around a weld toe beyond yielding [11]. This approach
considers both the pre-yielding and post-yielding regions of the material’s stress-strain curve elasti-
cally. The consideration of upper and lower bounds adds an extra layer of validation to the analytical
approach.

Den Besten’s formulation [11], based on fully elastic material properties (Section 3.2.1), provides a
theoretical framework for understanding the maximum possible stress concentration at the weld toe
under idealized elastic conditions. While this formulation inherently leads to a highly exaggerated stress-
strain response due to its exclusion of inelastic material behavior, incorporating inelastic properties
allows for a more realistic representation of stress damping post-yielding. Which is why this extended
elastic stress field will be considered to be the upper bound of the verifying equations.

The fully elastic stress-strain field, as derived fromEquation 3.1, considers three key parameters: geom-
etry, far-field stress, and weld load-carrying stress. Elastic material properties are implicitly included in
the equation to comprehensively depict the stress distribution. The results of this extended fully elastic
analysis will be presented in Section 3.3 to illustrate its application and implications.

3.2.6. Irwin's Stress-Strain Field Around a Weld Toe
The lower bound of the is determined using Irwin’s method, which assumes an elastic perfectly plastic
stress-strain behavior. The elastic perfectly plastic stress-strain model features a linear slope in the
elastic region until the material reaches the yield point. Beyond this point, the material exhibits inelastic
behavior characterized by a tangent modulus that is constant and equal to zero at every point in the
inelastic region. This corresponds to a horizontal slope on the stress-strain curve. The behavior is
illustrated in Figure 3.4.
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Figure 3.4: Elastic-Perfectly Plastic Stress-Strain Curve based on Irwin’s method [27].

In this model, σ0 represents the yield limit, which defines the maximum stress the material can sustain.
As the material does not exhibit strain hardening, the inelastic region is characterized by a constant
stress, resulting in the horizontal slope observed in the curve, i.e the stress is capped at the proportion-
ality limit.

Irwin’s method assumes the following relationship:

σy ∗ rp =

∫
σdr (3.41)

Here, rp represents the size of the plastic zone. Solving for rp provides:

rp =
1

σy

∫
σdr (3.42)

This formulation relates the size of the plastic zone to the parameters already defined and identifies
the limit at which the stress-strain field is capped. Subsequently, the plastic field is determined by
solving based on the previously established linear elastic stress-strain field introduced by den Besten
[11], substituting it for σ in Equation 3.41. Once the plastic zone is identified, a corresponding plastic
stress-strain field is formulated. This formulation caps the stress value beyond the yield limit at the
point where the stress equals the specific value at the tip of the plastic zone, as calculated using rp.

3.3. Results
This section presents the analytical stress field results near the weld toe and evaluates them against
two reference models representing bounding conditions. These reference models define the upper and
lower bounds of material behavior: the upper bound assumes a fully elastic response, while the lower
bound incorporates a perfect elastic–plastic material behavior. To assess the validity of the adopted
analytical method, a comparative analysis is carried out between the proposed model and these two
bounding cases. The comparison is visualized in a single graph, illustrating the stress distribution in
MPa as a function of the normalized position along the base plate thickness (i.e., position divided by
total base plate thickness).

This approach allows for a comprehensive evaluation of the stress–strain behavior near the weld toe
and helps establish confidence in the proposed method’s predictive capabilities by confirming that it
consistently falls within physically realistic boundaries.
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Material Model
For consistency and clarity throughout this thesis, the same material and geometric configurations
are used in both the analytical and numerical models. The materials considered are S690QL and
AH36 steels. Their engineering stress–strain curves, derived from experimental data, are shown in
Figure 3.5a and Figure 3.5b.

(a) Engineering stress–strain curve from experimental data for
S690QL steel

(b) Engineering stress–strain curve from experimental data for
AH36 steel

The experimental data were sourced fromWei Jun et al. [26]. SinceGlinka’s strain energy density (SED)
method requires the true local stress–strain relationship, the Ramberg–Osgood equation was consid-
ered, curve fitting was applied to approximate the material constants K and n. The fitted Ramberg–
Osgood form is expressed as:

ϵ =
σ

E
+
( σ

K

)1/n
(3.43)

Initially, significant discrepancies were observed between the analytical stress–strain representation
(using the Ramberg–Osgood law) and the experimental data. For S690QL steel, the average discrep-
ancies between both post yielding were 7.19%, while for AH36 steel, it reached approximately 28%.

Despite these limitations, the Ramberg–Osgood model was adopted for both materials in the analytical
analysis to maintain methodological consistency with the SED approach.

Geometry of the Model
Moreover, the same geometric configuration is used for both the analytical and numerical models. The
joint considered is a Partially Penetrated Double-Sided (PPDS) T-joint, a common type of welded con-
nection. The geometry is shown in Figure 3.6.
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Figure 3.6: DSPP T-joint with asymmetric thickness in the base plate, as considered in this study [11].

The key dimensions of the model are summarized in Table 3.1.

Table 3.1: Geometric dimensions of the PPDS T-joint

Symbol Description
tb Thickness of the base plate: 100 mm
tc Thickness of the central plate: 100 mm
hw Height of the weld: 100 mm
lw Width of the weld: 100 mm
l Length of the weld: 1000 mm
ρ Radius of curvature at the weld toe: 0 mm

3.3.1. Linear Fully Elastic Solution - Upper Bound
The linear elastic solution considers only the equation as proposed in Equation 3.1 but exaggerates and
extends it to the point of failure, even though it is only true up to the proportionality limit. This approach
typically overestimates the stress and strain behavior and is, therefore, used as the upper bound. The
provided information includes the stress concentration factor across the base plate thickness, where
the ratio r

tb
is plotted to describe the considered location along the base plate. As r → 0, the position

closest to the weld toe is indicated, which is expected to be the most critically stressed location. Moving
further away from the weld toe, as r → 1, the ratio r

tb
→ 1 represents locations further along the base

plate.



3.3. Results 25

(a) Elastic notch stress (σn) along the thickness of base plate
through thickness for AH36 steel due to pure bending

(b) Elastic notch stress (σn) along the thickness of base plate
through thickness for S690QL steel due to pure bending

Figure 3.7: Elastic notch stress (σn) along the thickness of the base plate around a weld toe due to pure bending

(a) Elastic stress concentration (SCF) along base plate for AH36
steel

(b) Elastic stress concentration (SCF) along base plate for
S690QL steel

Figure 3.8: Elastic stress concentration factor (SCF) along the thickness of the base plate around a weld toe

The results are based on a pure bending case, where the structural bending ratio rs = 1.

3.3.2. Elastic–Perfectly Plastic Solution - Lower Bound
As referenced earlier in Section 3.2.6, Irwin’s method assumes elastic–perfectly plastic material be-
havior. Under this assumption, the maximum stress is capped at the yield strength, with no strain
hardening. Any stress beyond the yield point is entirely absorbed by plastic deformation, making it a
conservative model often used for initial plastic zone estimates.

In this section, results are presented for the two materials: the high-strength steel (S690QL) and the
lower-strength structural steel (AH36). The analysis focuses on the stress distribution along the base
plate thickness of the welded joint.
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(a) Notch stress (σn) along the thickness of the base plate
around a weld toe due to pure bending for S690QL steel

(b) Notch stress (σn) along the thickness of the base plate
around a weld toe due to pure bending AH36 steel

Figure 3.9: Notch stress (σn) distribution at the weld toe based on Irwin’s method for S690QL and AH36 steels

The capped stress predicted by Irwin’s method defines the onset of first-order plastic deformation. This
region is found to be highly localized at the weld toe, extending approximately 5% of the base plate
thickness for AH36 steel. For the higher-strength S690QL, the plastic zone is even more confined, due
to its higher yield strength and lower plastic strain capacity under the same loading conditions.

3.3.3. Strain Energy Density Approach
After introducing the upper and lower bounds for the transitioned analytical solution in the previous
sections, this section will present the results of the final and adopted approach. Additionally, the subse-
quent section of this chapter will briefly discuss the differences among the three results—upper bound,
lower bound, and the transitioned adopted solution—and evaluate whether the results exhibit a consis-
tent and expected pattern.

As with the previous analyses, comparisons will be made for both S690QL (a high-strength steel, HSS)
and AH36 (a lower-strength steel). The main parameter of comparison will include the distribution of
the stresses along the width of the base plate for both materials. These comparisons will follow the
methodology and parameters outlined in earlier sections.

(a) Notch (σn) and Farfield stress (σf ) distribution due to pure
bending along the thickness of base plate for a weld toe

considering S690QL steel

(b) Notch (σn) and Farfield stress (σf ) distribution due to pure
bending along the thickness of base plate for a weld toe

considering AH36 steel

Figure 3.10: Values of the notch stress (σn) and farfield stress (σf ) along the thickness of the base plate at the weld toe for
T-joint based on Glinka’s approach (SED method)
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3.4. Verification and Discussion
The results from the three different analytical stress-strain fields yielded highly positive and expected
outcomes. As anticipated, the linear fully elastic results, when extended into the inelastic region, were
significantly exaggerated due to their failure to account for plasticity or inelastic material behavior. In
contrast, the elastic-perfectly plastic method, acting as the lower bound, demonstrated capped stresses
once the plastic zone was entered, without exhibiting strain hardening, as previously explained. The
energy-based method produced results that were bounded between these upper and lower ranges,
effectively capturing the transitional behavior. These findings are illustrated in Figure 3.11.

(a) Stress distribution comparing the different analytical approaches to
verify the adopted analytical method for S690QL steel.

(b) Stress distribution comparing the different analytical approaches to
verify the adopted analytical method for AH36 steel.

Figure 3.11: Stress distribution comparing the different analytical approaches to verify the adopted analytical method for
S690QL and AH36 steels

These comparisons and positive results provide an initial indication that using strain energy densities as
a transitioning method performs as expected. Further discussions and final validation will be presented
in Chapter 4 with the numerical model. However, some differences are anticipated due to various
assumptions inherent in the analytical model. For instance, the model assumes that stresses and
strains are highly localized, allowing the relation:

WS = Wσ or
∫ eij

0

Sij dϵij =

∫ ϵij

0

σij dϵij . (3.44)



4
Numerical Model

4.1. Numerical Model
This chapter presents a detailed description of the numerical model developed for this study as val-
idation for the main analytical model. The numerical model was implemented using ANSYS APDL
Mechanical Enterprise Academic Research, 2022 R2, a Finite Element Analysis (FEA) software pack-
age. The numerical approach outlined here aims to validate the results obtained from the analytical
model expressions in the previous chapter. Each section in this chapter corresponds to different criteria
used to configure the numerical model.

4.2. FEA Considerations & Errors
This section provides insight into key considerations in finite element analysis (FEA). In this case, the
primary factors are discretization errors and numerical errors.

• Numerical errors arise from computational issues, such as rounding errors or unstable algo-
rithms that fail to converge during iterative solutions. These errors are common in all numerical
models but are particularly relevant when dealing with highly localized areas due to detailed mea-
surements. In such cases, rounding errors or other algorithmic inaccuracies can affect the results.

• Discretization errors stem from both the type of elements used in the model and the character-
istics of the mesh. An excessively fine mesh in areas with sharp corners can lead to unrealistic,
unbounded stress values, whereas an overly coarse mesh may fail to accurately capture local
structural behavior. In this case, the geometric structure involves a weld toe (i.e., a sharp V-notch),
which presents challenges in optimizing mesh size. Increasing the number of elements and refin-
ing the mesh can improve accuracy but also significantly increase computational time. Therefore,
errors associated with unbounded stresses in numerical models are particularly relevant and are
expected to impact the results.

4.2.1. Mitigation Strategies
Since these errors can cause discrepancies between simulation results and analytical expectations,
mitigation strategies were implemented, including:

• Validation and verification techniques to ensure the model behaves as expected under identical
loading conditions and geometric properties.

• Conducting convergence studies by refining the mesh or adjusting time steps to improve result ac-
curacy. In this case, a mesh density convergence technique was used to ensure results remained
within specified bounds.

28



4.3. The Numerical Framework 29

4.3. The Numerical Framework
The same considered structure as in the previous chapters will also be considered in the numerical
model. The T-Joint is subjected to Mode I loading, with stresses expected along the thickness of the
base plate. However, for simplicity, an L-Joint is analyzed, by making use of symmetry along the YZ
plane in this case. As a result, the L-Joint is modeled as a 2D structure under plane strain conditions,
with no deformation along the out-of-plane direction. Since the T-Joint is represented as a 2D structure
in the x-y plane, deformation along the z-axis is assumed to be zero, expressed mathematically as
ϵz = 0.

The primary objective of the numerical analysis is to validate the main analytical expression discussed
in the previous chapter. While the geometry of the L-Joint remains unchanged, two materials will be
considered: S690QL and AH36. Additionally, the loading conditions will also be the same for both
materials, where the load will be based on pure bending clockwise around the z-axis. The following
sections provide a detailed explanation of the criteria and configurations employed in the numerical
method.

4.3.1. Elements
The primary objective is to characterize the stress fields around weld toes for high-strength steels
beyond the elastic limit, necessitating the use of an element that aligns with the model’s criteria. In this
study, the PLANE182 element was selected as the most suitable. Only one type of element was used
since the objective of the study was to analyze the configuration of the welded T-Joint rather than the
material and mechanical properties of the weld. PLANE182 is a 2-D solid element with two translational
degrees of freedom in the x and y directions. This element is designed to accommodate plasticity, large
deflections, and large strain capacities, all essential for this analysis.

Table: Plane 182 Structural Features

Feature Description
Element Type 2D Structural Solid (PLANE182)
Nodes 4 nodes (quadrilateral) or 3 nodes (triangular).

Supports mid-side nodes for quadratic behavior.
Degrees of Freedom Translational (UX, UY)
Applications Used for 2D structural analysis, including linear,

nonlinear, and thermal-structural coupling.
Plasticity Supports isotropic and kinematic hardening

plasticity models.
Stress Stiffening Yes, supports stress stiffening effects for

geometrically nonlinear analysis.
Large Strain Behavior Supports large deformation analysis with

nonlinear material properties.
Element Shape Quadrilateral (4-node), Triangular (3-node)

shapes.
Nonlinear Capabilities Handles large strain, large displacement, and

nonlinear material properties.

Key Option Description
K1: Integration Option 1 (Reduced Integration): Reduced integration is used to avoid

shear locking in bending-dominated problems.
K3: Plane Stress/Strain Option 2 (Plane Strain): Plane strain is used for thick 2D structures

where out-of-plane deformation is negligible.
K6: Mixed Formulation Option 0 (Pure Displacement): Pure displacement formulation is the

default and suitable unless dealing with nearly incompressible
materials.
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4.3.2. Material Model
The material model is a critical component in the numerical analysis, as this study primarily focuses on
the post-yield behavior of high-strength steels (HSS) and how steels with lower strength respond under
the same loading conditions and configurations. As stated in the previous section, a homogeneous
material assumption is adopted, excluding the effects of material variation and the heat-affected zone
(HAZ), which are beyond the scope of this study. The numerical model is based on experimental data
provided by Wei Jun et al. [26], with additional approximations. Two types of steel are considered:
S690QL, a high-strength steel, and AH36, a lower-strength steel [26]. The material properties for both
steels are summarized in Table 4.1 below.

E [GPa] v [-] σy [MPa] ϵsh,p [-] ϵ0 [-] K [MPa] n [-]

S690QL 206.1 0.3 836 0.0438 0.0413 984.1 0.0192
AH36 208.8 0.3 381 0.0138 0.0077 794.0 0.0141

Table 4.1: Material properties for S690QL and AH36

The experimental specimens used in this study were identical for both AH36 and S690QL steels. The
specimens, designed to account for transverse material properties, are shown in Figure 4.1.

Figure 4.1: Dimensional drawing of the experimental tensile test specimen used for both AH36 and S690QL steels [26].

The dimensions of both specimens were determined in accordance with the standard sizes specified
by ship classification rules. ANSYS utilizes various inelastic material models, particularly those incor-
porating plasticity, to accurately represent stress-strain behavior beyond the yield point, which is a
primary focus of this study. In this context, the most suitable inelastic material model was identified as
the multilinear plasticity hardening model, which allows up to 100 data points to describe the post-yield
stress-strain behavior.
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The main limitation of this model is that it does not permit the input of a fully detailed material model
but rather a generalized stress-strain curve sample beyond the yield limit. Since 100 points beyond
the elastic limit were considered, true stresses and plastic strains were required as input for ANSYS.
Specifically, for this material model, beyond the elastic properties provided in Table 4.1, the experimen-
tal values for both materials had to be converted from engineering stresses and strains into the required
format to ensure ANSYS correctly accounts for plastic behavior. Consequently, the engineering val-
ues presented by Wei Jun et al. were converted into true stress and plastic strain using the following
relationships:

ϵtrue = ln(1 + ϵeng) (4.1)

σtrue = σeng · (1 + ϵeng) (4.2)

ϵp = ϵtrue −
σtrue

E
(4.3)

Furthermore, to comply with the 100-point limitation imposed by ANSYS, a sampling process was con-
ducted to ensure an accurate representation of the material behavior. The selected 100-point dataset
was carefully chosen to capture the stress-strain response between the yield point and the ultimate
tensile strength. The following Figures 4.2a and 4.2b illustrate the resulting stress-strain curve after
the sampling process, using the 100 chosen points to describe the plastic behavior of the material.

(a) Stress–strain data sampled from the experimental results for
S690QL steel.

(b) Stress–strain data sampled from the experimental results for
AH36 steel.

Figure 4.2: Sampled post-yield stress–strain data up to the ultimate tensile strength for both the S690QL and AH36 steels
based on experimental results.

It is evident from the figure above, and generally expected, that AH36 steel exhibits a smoother and
more ductile response compared to S690QL, which demonstrates a sharper transition post-yielding.
Due to the significant strain-hardening properties of AH36 steel, the Ramberg-Osgood equation is ex-
pected to describe its stress-strain curve less accurately than that of S690QL due to its formulation.
Consequently, discrepancies may arise between the analytical model, which utilizes the Ramberg-
Osgood equation, and the numerical model, which relies on experimental stress-strain data.
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4.3.3. Model Geometry and Dimensions
Since a 2D PPDS T-Joint can be simplified by assuming symmetry in the YZ plane at x = 0, the model
was limited to an L-Joint after symmetry to account for any reaction forces. Cartesian coordinates were
considered, with the local structural origin also being the global origin of the model, as visualized in
the figure. The model was 1 meter in the x-direction, with a sharp notch; in other words, ρ = 0, the
localized and most stressed region, potentially causing unbounded stresses.

Figure 4.3: Finite element model of the global structural geometry showing mesh discretization used for numerical simulation.

4.3.4. Mesh
In this case, the weld toe forms a sharp V-notch, making the region highly sensitive to stress variations.
As stress transitions from the continuous area to the notch, careful mesh selection is crucial for achiev-
ing accurate results. However, while a finer mesh improves accuracy, it also increases computational
time, necessitating a balance between refinement and efficiency. The mesh, element size, illustrated
in Figure 4.4a, was globally set to 0.04 mm, providing reliable results within a reasonable computa-
tional time. Mesh convergence was assessed using mesh density convergence, specifically around
the weld toe, by analyzing the peak expected stress for different element sizes until convergence was
observed. To enhance realism, model continuity was ensured by merging elements and nodes with a
maximum tolerance of 0.0001 mm. This step was essential to prevent artificially high stress concen-
trations, particularly in refined areas where geometric changes occur locally in the structure between
different modeled areas.

(a) Global mesh of the full structural domain. (b) Refined mesh near the weld toe, ensuring continuity across
regions with geometric transitions.

Figure 4.4: Mesh configuration applied to the PPDS T-joint model, highlighting both global and localized refinement strategies.
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4.3.5. Boundary Conditions
The boundary conditions for the numerical model, specifically for FEA, are used to approximate the true
physical behavior of the structure. While it is impossible to replicate the exact physical behavior, the
following section illustrates the chosen boundary conditions and the rationale behind them. At x = 0,
the displacement in the x-direction (UX) was restricted to enforce symmetry, as the geometry is based
on an L-Joint derived from a PPDS T-Joint. As previously discussed, symmetry boundary conditions
were applied to the model, assuming symmetry of the T-Joint with respect to the Y-Z axis to ensure
any reaction forces or displacements possible due to the availability of the other side of the T-Joint.
The displacement in the x-direction was also restricted at the left end of the L-Joint, as shown in the
following figure:

Figure 4.5: Symmetry boundary condition applied along the vertical edge of the model, constraining horizontal displacement
(UX = 0) to simulate half-geometry behavior.

The point of origin for the model was set at coordinates (0,0). Since the model is considered two-
dimensional (2D), the displacement in the x-direction (UX) was restricted, as well as the displacement
in the y-direction (UY ) only at the point of origin. This setup is illustrated in the following figure:

Figure 4.6: Applied boundary condition at the origin, constraining both horizontal and vertical displacements (UX = 0,
UY = 0) to eliminate rigid body motion and ensure simulation stability.

The constrained displacement in the y-direction (UY = 0) at the origin ensures that the model remains
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fixed and establishes the origin point. Without this constraint, the model would shift under applied loads.
Additional physical boundary conditions were not included because they are unnecessary and could
introduce high residual stresses when considering mechanical weld properties. Since mechanical weld
properties are not accounted for in this study, avoiding additional boundary conditions further simplifies
the analysis, even for possible further studies.

4.3.6. Applied Loads
Mode-I loading is considered for this structure, as discussed in previous chapters. This loading condi-
tion is expected to generate the highest stresses around the weld toe along the base plate of the T-joint.
Consequently, the analysis focuses on an HS Type C stress distribution, where the sharp V-notch at
the weld toe is anticipated to yield first.

Pure bending was applied to the model by setting a varying pressure on the right end of the model (the
free end of the base plate) to create a clockwise moment about the z-axis. In other words, the structural
bending ratio (rs) is 1, meaning the ratio between the bending stress and the structural stress is unity.

To directly apply a bending moment in ANSYS, a 3D element is typically required. However, since the
PLANE182 element (a 2D element) is used, two methods for simulating a moment were considered:
(1) applying a multi-point constraint (MPC), or (2) using a more straightforward and simpler approach
by applying a pressure along the thickness of the base plate. The latter approach involves varying the
pressure along the thickness to induce a bending moment about the z-axis and was used.

The applied loads were aligned with those used in the analytical model to ensure consistency in vali-
dation. The load values were selected to capture plasticity effects and the material behavior beyond
yielding.

The following sections present graphical and visual results for the numerical model, which are compared
to the proposed analytical method for validation. The differences between both methods are critically
evaluated, along with an assessment of any discrepancies in the numerical results.
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4.4. Results
In this section, the numerical model results are presented as both graphical plots and contour plots
to provide a detailed visual representation of the stress distribution along the thickness of the base
plate. All results are given as the X-component of stress along the ratio of the position of the base plate
thickness, as used for the transitioned analytical model. The stress values were extracted from nodes
around the notch along the base plate thickness for both S690QL and AH36 material models.

The contour plot is provided below to visualize the X-component of stress [MPa] throughout the base
plate, illustrating both the overall stress distribution due to pure bending and the localized stress con-
centrations along the thickness of the base plate. For both cases below, in Figures 4.7 and Figures 4.8
the local and global reactions of the structure are illustrated with a legend at the bottom to identify the
values of the X-component of stress in MPa along the base plate.

Figure 4.7: X-component of stress distribution in MPa due to pure bending on an L-joint for S690QL steel along the thickness
of the base plate

Figure 4.8: X-component of stress distribution in MPa due to pure bending on an L-joint for AH36 steel along the thickness of
the base plate

For both cases, as expected, the highest stresses were observed in the vicinity of the weld toe, away
from the regions where the loads were applied. This result aligns with expectations based on the
structural configuration and loading type.

After extracting the numerical results, a final validation of the analytical model is necessary. The reasons
behind the differences in values obtained from each model will be analyzed in the following section.
Additionally, a conclusion will be drawn on how the results andmethodologies of both models influenced
the study.
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4.5. Validation and Discussion
After verifying the analytical model against established analytical approaches, a finite-element (FE)
model was developed in ANSYS to provide an independent validation of the results. This section com-
pares the FE predictions with those obtained from the analytical formulation. Figures 4.9 and 4.10
demonstrate that the Strain Energy Density (SED) method proposed by Glinka reproduces the X-
component of stress from the FE model with good accuracy in the highly stressed region adjacent
to the weld toe. For consistency, the numerical results are plotted using the same axis scaling as
the analytical solution. In both figures, the ordinate represents the normalized through-thickness co-
ordinate r/tp, where r/tp → 0 corresponds to the weld toe and r/tp → 1 to the outer surface of the
plate.

Figure 4.9: Stress–distribution comparison between FE (X-component of stress) and the SED analytical model for S690QL
steel under pure bending.

Figure 4.10: Stress–distribution comparison between FE (X-component of stress) and the SED analytical model for AH36 steel
under pure bending.

Both models exhibit the same qualitative trend; however, the analytical curve is shifted relative to the
finite element (FE) results, particularly near the neutral axis. This discrepancy is most likely attributed
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to the material model description—specifically, the Ramberg-Osgood equation—and the experimental
material data used for the numerical model.

The analytical model, does not consider the shear component of stress. However, it contributes signif-
icantly to the overall equivalent stress distribution as illustrated in Figures 4.11 and 4.12 from the FE
model. Although this shear stress contributes significantly to the overall equivalent stress distribution,
it is not accounted for in the analytical model, which primarily considers the X-component of stress.
This is the second only significant contribution to the overall stress distribution. Nevertheless, the X-
component part of the distribution gives an adequate representation of the overall structural behavior by
focusing on the dominant stress components. Future work could simply consider both the shear stress
τxy and the X-component of stress, making a very representative contribution to the total equivalent
stress of real-life structural behavior.

Figure 4.11: Distribution of τxy along the L-joint predicted by ANSYS for S690QL steel under pure bending.

Figure 4.12: Distribution of τxy along the L-joint predicted by ANSYS for AH36 steel under pure bending.

As illustrated in Table 4.2, Glinka’s approach demonstrates high accuracy in the region closest to the
weld toe notch. The error percentage at the weld toe was about 3% for the higher strength steel and
about 11% for the steel with the lower strength.
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Material FEA [MPa] SED [MPa] Error [%]

S690QL 977.894 946.624 3.3
AH36 386.427 431.017 11

Table 4.2: Direct quantitative comparison of FEA and Glinka’s SED method results at the weld toe
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Conclusions

Understanding the behavior of high-strength steels (HSS) in welded structures is a critical area of
research, particularly due to its increasing adoption in demanding engineering applications. This thesis
addressed the challenges of accurately predicting stress fields around weld toes analytically in the
inelastic region, focusing on extending an elastic analytical methodology to account for post-yielding
behavior. The central research question—“How can a general analytical expression be developed to
describe stress fields in high-strength steels with post-yielding strain hardening in the vicinity of weld
toes?”—was thoroughly examined through a combination of analytical modeling, numerical simulations,
verification, and validation efforts.

After evaluating various potential analytical methodologies to address this question, Glinka’s method
was identified as the most relevant and was therefore utilized to model stress fields. The approach
was first verified against other analytical methods and subsequently validated using a robust numerical
model, yielding positive results. This, in turn, provides designers with an accurate and computation-
ally efficient method for analyzing sensitive structures—in this case, welded joints with sharp notches
lacking curvature, which result in stress singularities. The method has broad applicability, both in in-
dustrial practice and academic research. Academically, it opens up numerous opportunities for further
research and possible refinement of the current analytical framework.

5.1. Analytical and Numerical Work
The foundational elastic analytical model, based on den Besten’s formulation, was modified to extend
its applicability into the inelastic region. The Strain Energy Density (SED) method was chosen over
Neuber’s well-known method and Stowell’s generalized approach, resulting in an efficient and rela-
tively accurate technique for analyzing highly localized features such as weld toes, V-notches, and
cracks. The model captures localized plasticity while assuming the surrounding material behaves as
fully elastic—striking a balance between computational efficiency and practical engineering application.
This assumption holds when plasticity is highly localized; the more confined the plastic zone, the more
dominant the surrounding elastic region becomes in governing the material’s behavior. The method
was initially verified against two analytical models representing the lower and upper bounds: Irwin’s
method and an extended linear elastic model, respectively. The SED method’s results fell between
these bounds after yielding, confirming its credibility. Irwin’s method, which estimates the size of the
first-order plastic zone, also offers a potential approach for defining the extent of the localized region us-
ing an elastic–perfectly plastic stress–strain relationship. The upper bound, on the other hand, extends
the elastic solution to approximate structural behavior up to failure.

The numerical model was implemented using ANSYS and played a significant role in this study by
validating the analytical results. The same geometry and material properties used in the analytical
model were applied, as the primary goal was validation. The PP DS T-joint was numerically modeled
as an L-joint, assuming symmetry in the YZ plane. Boundary conditions and loading scenarios were
carefully selected to closely replicate the physical behavior observed in welded joints. These boundary

39
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conditions accounted for both symmetry and the point of origin. Thematerial model used true stress and
plastic strain values derived from existing engineering stress data, using materials consistent with those
in the analytical model. Mesh refinement was carefully managed to balance computational efficiency
and accuracy, especially in regions with sharp stress concentrations.

The FE results showed good agreement with the SED predictions in the highly stressed region near
the weld toe, particularly for the higher strength steel (S690QL), where the error was approximately
3%. For the lower strength steel (AH36), the deviation was higher, reaching 11%. The analytical
method successfully reproduced the overall stress distribution trend and provided a conservative es-
timate. However, some discrepancies were observed in the overall trend. Despite this limitation, the
validation confirmed that the SED approach remains a credible tool for capturing localized plastic effects
while maintaining practical accuracy for engineering assessments. The analytical model, which forms
the core of this study, was developed using a fitted stress-strain relationship based on the Ramberg-
Osgood equation. Because the study involves two different materials—S690QL and AH36—the accu-
racy of the analytical model varied between them, particularly in the region near the weld toe. While
both models showed generally good agreement with the numerical results, the differences in material
properties led to variation in accuracy, especially in the yielding region. As demonstrated in earlier chap-
ters, the Ramberg-Osgood equation provided a significantly better fit for the S690QL steel compared
to the AH36 steel. Consequently, the analytical model exhibited higher accuracy for S690QL when
compared to the numerical results, reinforcing the influence of the chosen material’s stress-strain fit on
the overall model performance.

5.2. Contributions and Practical Implications
This thesis contributes meaningfully to both academic research and practical engineering in the industry.
On the academic front, it demonstrates the feasibility of using an energy-based approach—specifically
the Strain Energy Density (SED) method—for analyzing localized stress in welded structures. It high-
lights the potential of this method to model stress concentrations at features such as weld toes and
notches with reasonable accuracy. One promising area for future research is defining the limits of
localized plasticity where Glinka’s method remains valid. Irwin’s method, used here for verification,
could help estimate the plastic zone size and establish the boundary conditions under which Glinka’s
energy equivalence assumption holds. The study also prompts questions about how different material
properties, geometries, and loading conditions influence localized stress behavior. While this thesis fo-
cused on a single loading case—pure bending—further work could explore additional load types, more
complex joint geometries, and the inclusion of full weld mechanical properties to broaden the method’s
applicability. Another potential direction involves incorporating shear stress effects, which were the
second and only most significant stress component effects on the total equivalent stress distribution.
Extending the analytical model to account for shear would improve its completeness and predict a
more real-life structural behavior. Practically, the proposed framework offers engineers a tool to de-
sign safer and more efficient structures by providing better insight into structural behavior and failure
mechanisms. The findings are especially relevant to the construction and offshore industries, where
high-strength steels (HSS) are widely used and stress hotspots often form in welded regions. Under-
standing the behavior of structures beyond the elastic limit—particularly whether failure is ductile or
brittle—is critical for reliable design and safety assessments.

This study also acknowledges certain limitations, particularly in the underlying assumptions of the an-
alytical approach. Although the method is not restricted to the Ramberg–Osgood equation and can
accommodate various material models, its effectiveness depends on the specific material and its post-
yielding behavior. In this regard, the Ramberg–Osgoodmodel provided amore accurate representation
of the stress–strain response for S690QL steel compared to AH36 steel. Furthermore, Glinka’s method
assumes that the yielding zone is highly localized, with the inelastic region governed predominantly by
the surrounding elastic material. This assumption holds when plastic deformation is confined near the
notch, as the elastic region dominates in both size and influence. However, when yielding extends
beyond the immediate vicinity of the notch, the predictive accuracy of the model diminishes.

Additional limitations stem from the numerical method itself. Mesh refinement was optimized within
the constraints of available time and computational resources. Although this resulted in a somewhat
rounded outcome, a sufficient level of convergence was observed prior to finalizing the selected mesh
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density, supporting the validity of the numerical predictions.

Future research should also consider the influence of additional factors such as residual stresses from
welding and temperature effects. Since the only aspect that was mainly taken into account was the
geometry of the weld and not the full mechanical properties of the weld, future studies can work fur-
ther on giving a more realistic description of the models. On the numerical side, enhancements in
meshing strategies and validation techniques could further improve simulation accuracy. Collabora-
tive efforts between academia and industry may lead to more comprehensive, real-world applicable
models. Lastly, future studies could investigate the level of localization required—using Irwin’s method
for Glinka’s energy density assumption to hold. This includes evaluating a range of notch geometries,
particularly blunt notches, where the radius (ρ) may determine the validity of the assumption. Although
the analytical comparisons used here do not provide specific accuracy percentages, they do confirm
that the SED method produces results within a reasonable range, establishing a solid foundation for
further development.

5.3. Closing Remarks
In conclusion, this thesis has successfully developed and validated an analytical methodology that
bridges the gap between elastic and inelastic stress-strain fields in high-strength steels. The results
underline the potential for broader adoption of HSS in critical engineering applications, offering a path-
way toward safer, more efficient, and cost-effective structural designs. While challenges remain, the
insights gained from this research lay the foundation for future advancements in the field, benefiting
both academic inquiry and practical implementation.
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