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Abstract

Accurate cooperative-localization of stationary agents and tracking
of mobile targets are critical for multi-agent autonomy, particularly
in global navigation satellite system (GNSS)-denied environments
such as maritime search-and-rescue (SAR) missions. In such set-
tings, agents often lack reliable global positioning and complete tar-
get observability, challenging distributed perception and coordination.
State-of-the-art approaches such as joint Kalman filtering was widely
applied.

To address this, we propose two approaches: a sequential opti-
mization strategy and a unified integrated optimization framework.
The sequential method decouples localization and tracking—first es-
timating agent positions via inter-agent ranging and then performing
distributed Gaussian Process (GP) tracking using alternating direc-
tion method of multipliers (ADMM) -based fusion. Although efficient
and modular, this approach may suffer from error propagation. To
mitigate this, we introduce integrated optimization framework that
couples both tasks via a weighted multi-objective cost. A convex re-
laxation of the localization subproblem yields closed-form updates,
and the full problem is solved in a distributed manner using ADMM.

Simulations based on GNSS-denied maritime scenarios show that
both methods enhance tracking and localization performance, with
the integrated framework offering superior speed. These results under-
score the value of cooperative self-localization and distributed tracking
in complex multi-agent environments.
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Abstract

Accurate cooperative-localization of stationary agents and tracking of mobile targets
are critical for multi-agent autonomy, particularly in global navigation satellite sys-
tem (GNSS)-denied environments such as maritime search-and-rescue (SAR) missions.
In such settings, agents often lack reliable global positioning and complete target ob-
servability, challenging distributed perception and coordination. State-of-the-art ap-
proaches such as joint Kalman filtering was widely applied.

To address this, we propose two approaches: a sequential optimization strategy
and a unified integrated optimization framework. The sequential method decouples
localization and tracking—first estimating agent positions via inter-agent ranging and
then performing distributed Gaussian Process (GP) tracking using alternating direction
method of multipliers (ADMM) -based fusion. Although efficient and modular, this
approach may suffer from error propagation. To mitigate this, we introduce integrated
optimization framework that couples both tasks via a weighted multi-objective cost. A
convex relaxation of the localization subproblem yields closed-form updates, and the
full problem is solved in a distributed manner using ADMM.

Simulations based on GNSS-denied maritime scenarios show that both methods
enhance tracking and localization performance, with the integrated framework offering
superior speed. These results underscore the value of cooperative self-localization and
distributed tracking in complex multi-agent environments.
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Introduction 1
In multi-agent systems, the ability of agents to perceive their surrounding environment
is essential for enabling autonomous behavior and collaborative tasks. As such systems
are increasingly deployed in complex and dynamic scenarios—such as drone swarms,
vehicular networks, and distributed sensor systems—there is a growing demand for
perception frameworks that are accurate, robust, and capable of being implemented in
a fully distributed manner. Against this backdrop, performing reliable localization and
target tracking under distributed settings has become a key research topic in the field
of multi-agent systems.

Localization focuses on enabling each agent to estimate its own position, which is
a prerequisite for reliable operation in unknown or partially observable environments.
Target tracking, on the other hand, involves the continuous estimation of external dy-
namic targets and forms the basis for monitoring, identification, pursuit, and response
tasks. Although these two tasks are distinct in both objective and algorithmic design,
they are often deployed side by side in the overall architecture of multi-agent systems,
operating as complementary modules within a unified perception framework.

Motivated by this need, this work proposes an integrated optimization framework
that structurally combines distributed target tracking with cooperative localization.
While the two modules are designed to function independently—i.e., the localization
process does not rely on feedback from the tracking results—the proposed framework
enables shared information and functional coordination at the system level. This al-
lows for more efficient and scalable autonomous perception in complex and uncertain
environments.

1.1 Background

Localization and tracking are two foundational components of intelligent decision-
making in multi-agent systems. In such systems, multiple autonomous agents—such
as unmanned aerial vehicles (UAVs), autonomous ground robots, or marine
buoys—cooperate to sense their environment, coordinate their motion, and perform
tasks such as surveillance, environmental monitoring, or search-and-rescue operations.
Accurate knowledge of each agent’s own position and the states of dynamic targets in
the environment is essential for effective collaboration and situational awareness.

Cooperative-localization enables each agent to determine its precise position within
a global or shared reference frame, serving as a fundamental prerequisite for collabo-
rative sensing, path planning, and task allocation. Especially when some agents have
access to accurate position information, cooperative localization can become highly
precise. It typically relies on sensor data—such as GPS, IMU, or relative distance
measurements—and employs estimation algorithms to reconstruct the true position as
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accurately as possible under locally limited information [1, 2].
Target tracking, on the other hand, involves continuously estimating the states

of one or more dynamic objects in the environment—such as humans, vehicles, or
UAVs—including their positions, velocities, and even motion trajectories. This task
becomes particularly challenging when targets are non-communicative or exhibit un-
known behaviors [3].

Although cooperative-localization and target tracking can be modeled and solved
independently in theory and algorithm design, in practical distributed multi-agent sys-
tems, they are often interdependent and tightly coupled. In resource-constrained en-
vironments—such as those with limited communication bandwidth, restricted sensing
range, and heterogeneous computational capabilities—each agent must rely on incom-
plete information from itself and its neighbors, share observations, and cooperate to
jointly estimate both its own state and the states of external targets [4, 5].

The tasks of localization and tracking are central to a wide range of real-world appli-
cations. In disaster response scenarios, UAVs are deployed to locate victims or drifting
objects (e.g., life rafts) in GNSS-denied environments. In environmental monitoring,
autonomous agents must associate their observations—such as temperature, salinity, or
gas concentration—with precise spatial coordinates to reconstruct field distributions [6].
Other use cases include mobile asset tracking in logistics, cooperative mapping in un-
known environments, and surveillance of sensitive infrastructure or borders. In all these
settings, location awareness and dynamic tracking are critical to mission success.

1.2 Application Case

Cooperative-localization and target tracking serve as the backbone of numerous real-
world applications that demand autonomous perception, coordination, and decision-
making in dynamic and uncertain environments. In disaster response missions, for in-
stance, unmanned aerial vehicles (UAVs) and ground robots rely on precise localization
to navigate collapsed structures and collaboratively search for survivors or hazardous
objects in GPS-denied environments [7]. Simultaneous tracking of mobile entities—such
as victims, rescuers, or moving debris—is essential for adaptive task planning and risk
mitigation.

In the context of environmental monitoring, autonomous marine or aerial agents
equipped with chemical, thermal, or acoustic sensors must associate their observations
with accurate spatial positions to reconstruct dynamic environmental fields—such as
pollution plumes, temperature gradients, or algal blooms [8]. Here, real-time tracking
of drifting targets like oil spills or marine life enhances the system’s ability to perform
persistent coverage and long-term prediction.

Smart transportation and logistics also benefit significantly from joint localization
and tracking. Multi-robot systems deployed in warehouses or urban areas require robust
cooperative-localization for safe navigation and must simultaneously track assets—such
as delivery vehicles, parcels, or inventory—to ensure traceability and efficient coordi-
nation [9]. In border surveillance and infrastructure security, heterogeneous agents col-
laboratively track intruding objects while maintaining situational awareness through
continuous self-localization updates [10].
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In all these applications, the interplay between localization and tracking is critical:
localization errors directly impact tracking fidelity, and sustained observations of known
targets can, in turn, refine agent positions. Therefore, integrating both functionalities
into a unified framework not only improves system robustness and autonomy, but also
enables intelligent behaviors such as target-aware navigation, adaptive communication,
and resilient coverage.

1.3 Challenges

Despite the ubiquity of these tasks, accurate and scalable localization and tracking
remain challenging. Several key issues include:

• GNSS limitations: Agents may operate in environments where GPS signals are
unavailable, such as underwater, indoors, or under dense foliage.

• Limited sensing and communication: Each agent can typically sense only a
local subset of the environment and can communicate only with nearby agents
within a limited range.

• Dynamic targets and partial observations: The target may be moving un-
predictably and is often observed only indirectly or intermittently by a subset of
agents.

• Decentralization constraints: Centralized solutions are often infeasible due to
communication bottlenecks, latency, or robustness concerns.

These challenges require distributed algorithms that are robust to noise, scalable to
large networks, and capable of operating under partial information.

1.4 State-of-the-Art Solutions

Recent advances have increasingly focused on cooperative localization and decentral-
ized target tracking as two complementary tasks in multi-agent systems. In cooper-
ative localization, each agent infers its own position by leveraging inter-agent mea-
surements—such as relative distances, bearings, or time-of-flight—and fuses this in-
formation through distributed optimization or probabilistic filtering. Techniques like
consensus-based EKF, distributed invariant Kalman filters defined on Lie groups, and
information consensus filters have demonstrated improved consistency and accuracy in
3-D multi-robot settings [11, 12, 13].

For decentralized tracking, filtering methods—such as decentralized Kalman filters,
particle filters, and Gaussian Process (GP) regression—enable each agent to locally
estimate the dynamic target’s state while exchanging information with neighbors. For
instance, Rao–Blackwellized particle filters and Gaussian Mixture approaches have been
successfully applied to multi-target tracking under partial observability and unknown
target numbers [14, 15].
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Furthermore, there is growing interest in joint localization and tracking(JLT), where
both problems are solved within a unified estimation framework. This integration is
driven by the mutual dependency: localization error degrades target tracking, while
persistent observations of the target can help refine agent position estimates. Ad-
vanced joint estimators—such as graph-based SLAM variants and Rao–Blackwellized
particle smoothing—have been extended to handle dual-state estimation, simultane-
ously tracking agents and targets in distributed scenarios [16, 12].

These JLT frameworks are particularly beneficial in GPS-denied or cluttered en-
vironments, as they enable uncertainty coupling and exploit interdependence between
agent state and target state for enhanced situational awareness and collaborative per-
formance.

1.5 Motivation and Contribution

This thesis is motivated by a real-world challenge in maritime search and rescue: track-
ing a drifting life raft entrained in a mesoscale anticyclonic eddy, where GNSS signals
are often unavailable or unreliable. In such scenarios, a team of UAVs must both lo-
calize themselves—without relying on GPS—and track the motion of the raft using
only noisy, relative observations and limited inter-agent communication. The inherent
coupling between agent localization accuracy and target tracking performance raises
the need for a unified, robust estimation framework.

However, most existing approaches treat cooperative localization and target track-
ing as separate problems. The mainstream solution—Joint Kalman Filtering—fails to
deliver reliable estimates in highly nonlinear systems due to its reliance on linearization
and global observability. To address this, we explore alternative strategies that inte-
grate both tasks into a distributed estimation process suitable for resource-constrained
environments.

The main contributions of this thesis are summarized as follows:

• We identify the failure modes of the Joint Kalman Filter in nonlinear target-agent
systems through theoretical analysis and simulation.

• We develop a sequential optimization method that decouples localization and
tracking into two stages, enabling stable estimation when localization is accurate
or the target moves slowly.

• We propose an integrated optimization framework that simultaneously estimates
agent positions and target states by coupling the two objectives in a single opti-
mization problem. This formulation remains robust in nonlinear systems.

• We design a distributed tracking module based on Gaussian Process regression,
allowing each agent to learn and predict the target’s trajectory from partial and
noisy local observations.

• We compare the sequential and integrated approaches in various settings, and
provide insights into their respective advantages, limitations, and applicability
across dynamic and uncertain environments.
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1.6 Research Questions

This work addresses the following research questions, aimed at building a robust, decen-
tralized estimation framework that integrates localization and tracking under nonlinear
dynamics and limited sensing:

Figure 1.1: Overview of the proposed integrated localization and tracking framework in a
decentralized multi-agent UAV system.

• RQ1: How can agents be cooperatively localized by using only local, noisy range
measurements and partial knowledge of neighbor positions, when only few agents
known their position, without relying on any global reference?

• RQ2: How can the trajectory of a non-cooperative and dynamically evolving
target be accurately predicted in a distributed manner using Gaussian Process
models and noisy local observations?

• RQ3: Given the coupling between agent localization and target tracking, how
can both tasks be integrated into a unified estimation framework, and how does
this integrated approach compare to a sequential solution in terms of robustness,
accuracy, and applicability?

1.7 Outline

This thesis is organized as follows:

• Chapter 1 – Introduction: Introduces the background, motivating applications
core challenges, related work, research questions, and the key contributions of this
thesis.

• Chapter 2 – Problem Formulation: Defines the three estimation problems
addressed in this work, including (i) cooperative-localization with few known-
position agents, (ii) distributed tracking of a non-cooperative target, and (iii)
their integration as a coupled estimation problem.
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• Chapter 3 – Methodology: Presents the modeling and algorithmic founda-
tions. It introduces Gaussian Process regression for target dynamics learning, a
neighbor-based localization method using distance measurements, and validates
each module individually through simulations.

• Chapter 4 – Distributed Gaussian Process with Multi-agent Localiza-
tion and Tracking: Develops the full ICLDT framework. This chapter com-
pares a Joint-KF baseline with two proposed solutions: a sequential optimization
strategy and a fully integrated ADMM-based method. It also analyzes their per-
formance under nonlinear dynamics.

• Chapter 5 – Conclusion: Summarizes the major findings, highlights the ad-
vantages of the integrated approach, and discusses possible future directions in
decentralized integrated perception and estimation.
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Problem formulation 2
In this section, we are going to elaborate on the details of the research topics in this
thesis work. First, we define some functions as preliminary knowledge.

2.1 Problem 1: Cooperative-localization with few known-
position agents

We consider a static network of N agents and a set of agents with known positions.
Each agent estimates its own position based on noisy distance measurements to its
immediate neighbors and any available known-position agent. The whole network is
defined as F , let A denote the set of agent nodes with known positions pa, a ∈ A, and
let pi denote the position of the i-th agent.

Measurement Model Definition

For any pair of neighboring agents (k, j) ∈ Ni, the measured distance dtkj at time t
represents the relative distance between agent k and agent j. Ideally, the measurement
satisfies:

dtkj ≈ ∥pt
k − pt

j∥

Additive Gaussian Noise Model

To account for measurement uncertainty, we assume a Gaussian noise model for the
pairwise distance measurements:

dtkj = ∥pt
k − pt

j∥+ εkj, εkj ∼ N (0, σ2
n)

Construction of the Localization Cost Function

Based on the squared error between the measured and estimated distances, the
localization cost function is formulated as:

J1(p) =
∑

(k,j)∈Ns

ln p(pt
k,p

t
j | dtkj) (2.1)

Only non-anchor agents update their positions iteratively via a distributed opti-
mization algorithm, exchanging current estimates with neighbors. Anchors provide
fixed reference points and do not participate in the update process, thereby establish-
ing a global coordinate frame. The optimization problem is convex and hence can be
readily solved.

This formulation allows all agents to localize themselves consistently in a common
global frame while maintaining fully decentralized operation.
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2.2 Problem 2: Distributed Target Tracking

Each agent i ∈ {1, . . . , N} obtains a relative measurement of the target position with
respect to its own position. Specifically, the measurement model is given by:

zti = H(xt
i − pt

i) + vi, vi ∼ N (0,Σ)

where xt ∈ Rd is the unknown target position at time t, pi ∈ Rd is the known position
of agent i, His the measurement function and zi ∈ Rd is the relative measurement
subject to additive Gaussian noise.

Each agent constructs a local loss function l(i)(θi) based on its measurement, where
θi denotes the local estimate of the target position maintained by agent i. The dis-
tributed tracking cost function is then formulated as:

J2 =
N∑
i=1

l(i)(θi) (2.2)

l(i)(θ) = (zi + pi)
⊤Σ(θ)−1 (zi + pi) + log|Σ(θ)|

To enforce consensus among agents and estimate a single consistent target position,
one can impose the constraint θi = θj for all (i, j) ∈ F , and solve the resulting opti-
mization problem in a distributed manner using ADMM or consensus-based methods.

2.3 Problem 3: Cooperative localization and distributed tar-
get tracking (CLDT)

In real-world decentralized tracking systems, cooperative localization (CL) and dis-
tributed target tracking (DT) are inherently coupled. The accuracy of target tracking
relies heavily on the precision of agent localization, while the observation of moving
targets may in turn assist agents in improving their own localization. This mutual
dependency motivates the design of a joint estimation framework.

We define two coupled cost functions: J1 for localization and J2 for target tracking.
Specifically, the joint objective is formulated as a weighted combination:

J({p,θ}) = αJ1({p}) + (1− α)J2({θ,p}), (2.3)

where α ∈ [0, 1] is a trade-off parameter balancing the importance of localization
and tracking.

However, this joint optimization problem is generally non-convex and tightly cou-
pled, as the tracking loss J2 depends on the current estimates of the agent positions
from J1. To solve this problem, we explore two strategies:

• Sequential Optimization: First optimize J1 to update agent positions, then
use these positions to compute and optimize J2.

• Integrated Optimization: Reformulate the joint problem using consensus con-
straints and solve it using distributed ADMM to enable simultaneous updates of
pi and θi across agents.
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This CLDT formulation provides a unified and scalable approach for decentralized
estimation in GNSS-denied environments, such as cooperative UAV tracking in mar-
itime search and rescue scenarios.
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Existing Methods 3
In this chapter, we present the methodological framework proposed to address two
fundamental challenges in multi-agent systems: target tracking and cooperative local-
ization. The chapter is structured into two main parts, each focusing on one of these
closely related research problems.

First, Section 3.1 focuses on the problem of distributed target tracking. We begin by
introducing the basic principles of target tracking and reviewing several representative
approaches, highlighting their strengths and limitations. The potential of Gaussian
processes for modeling target dynamics is then discussed. Building on this foundation,
we explore a distributed tracking strategy for multi-agent systems, including target
motion modeling, learning-based prediction using distributed Gaussian processes, and
a set of simulation studies. We further compare different deployment strategies to
evaluate the robustness and performance of the proposed approach in various scenarios.

Next, Section 3.2 addresses the problem of cooperative localization. The section
starts with a discussion of the motivation and key challenges, followed by the introduc-
tion of a distributed localization method based on inter-agent distance measurements.
This method enables agents to iteratively refine their position estimates through local
observations and cooperative interactions. To assess the applicability of the approach,
we also conduct a comprehensive analysis of its performance under different network
topologies and noise conditions, supported by simulation results that demonstrate its
robustness and generalizability.

3.1 Distributed Tracking

Distributed target tracking is a fundamental problem in cooperative multi-agent sys-
tems, where a group of agents collaboratively estimates the dynamic state of a moving
target using partial and noisy observations. Unlike centralized methods that rely on a
fusion center, distributed approaches operate under limited communication and sensing
constraints, making them more scalable and robust to failures.

This section first provides a brief overview of conventional target tracking methods
and discusses their applicability in distributed scenarios. Particular attention is given
to Gaussian process (GP) models due to their flexibility in capturing nonlinear and
uncertain target dynamics. We then introduce a learning-based distributed tracking
framework built upon GP regression, where each agent learns local models and ex-
changes information with neighbors to improve prediction accuracy. Simulation results
are presented to evaluate the effectiveness of the proposed method, followed by a com-
parative analysis of various agent deployment strategies in terms of tracking accuracy
and robustness.
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3.1.1 Target Tracking

Target tracking in dynamic and uncertain environments remains a fundamental chal-
lenge in robotics, autonomous systems, and sensor networks. Many real-world tar-
gets exhibit nonlinear motion patterns, are subject to intermittent observations, and
experience noisy and uncertain measurements. These challenges demand estimation
algorithms that are robust, adaptive, and capable of handling nonlinear and stochastic
dynamics.

The Extended Kalman Filter (EKF) is one of the earliest and most widely used
approaches for nonlinear state estimation [17]. By linearizing the system dynamics and
observation models around the current estimate using a first-order Taylor expansion,
the EKF provides a computationally efficient recursive filtering framework. However,
its performance may degrade significantly in the presence of strong nonlinearities or
non-Gaussian noise, due to its reliance on local approximations.

To address these limitations, the Unscented Kalman Filter (UKF) was proposed as
a derivative-free alternative [17, 18]. The UKF uses a deterministic sampling technique
based on sigma points to better capture the posterior distribution after a nonlinear
transformation. Compared to EKF, the UKF typically achieves higher accuracy in
strongly nonlinear scenarios, albeit at a higher computational cost.

More recently, data-driven methods such as Gaussian Processes (GPs) have emerged
as flexible and powerful alternatives for learning system dynamics directly from
data [19]. GP-based methods do not require an explicit motion model; instead, they
learn the underlying dynamics from trajectory data and provide uncertainty-aware
predictions. In distributed multi-agent settings, each agent can independently train a
local GP model based on its own observations, and share information with neighbors
to improve global estimation accuracy.

To combine the advantages of data-driven learning and recursive estimation, hybrid
methods such as GP-EKF and GP-UKF have been proposed [20, 21]. These approaches
integrate GP-learned dynamics into filtering frameworks, enabling accurate and data-
efficient tracking even under noisy and partially observable conditions.

3.1.1.1 Extended Kalman Filter (EKF)

The Extended Kalman Filter (EKF) approximates nonlinear system dynamics using
first-order Taylor expansion. It assumes the system follows a nonlinear discrete-time
state-space model:

xk = f(xk−1,uk−1) +wk−1,

zk = h(xk) + vk,

where xk is the state, uk is the control input, zk is the observation, f(·) is the
dynamic model and h(·) is the measurement model, and wk,vk are zero-mean Gaussian
noises with covariances Qk,Rk, respectively.

Prediction step:

x̂k|k−1 = f(x̂k−1|k−1,uk−1),

Pk|k−1 = Fk−1Pk−1|k−1F
⊤
k−1 +Qk−1,
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where Fk−1 =
∂f
∂x

∣∣
x̂k−1|k−1

is the Jacobian of the dynamic model.

Update step:

Kk = Pk|k−1H
⊤
k

(
HkPk|k−1H

⊤
k +Rk

)−1
,

x̂k|k = x̂k|k−1 +Kk

(
zk − h(x̂k|k−1)

)
,

Pk|k = (I−KkHk)Pk|k−1,

with Hk =
∂h
∂x

∣∣
x̂k|k−1

as the Jacobian of the measurement model.

3.1.1.2 Unscented Kalman Filter (UKF)

The Unscented Kalman Filter (UKF) addresses the limitations of EKF by avoiding
linearization. It uses a set of deterministic sample points (sigma points) to propagate
uncertainty through nonlinear functions.

Given a prior state estimate x̂k−1 ∈ RL and its covariance Pk−1, sigma points are
constructed as:

X (i)
k−1 = x̂k−1 ±

(√
(L+ λ)Pk−1

)
i
, i = 0, . . . , 2L,

where λ = α2(L+κ)−L, and α, κ are scaling parameters. L denotes the dimension
of the state vector, determining the number of sigma points (2L+1), and κ is a scaling
parameter that controls the spread of the sigma points around the mean.

Each sigma point is propagated:

X (i)
k|k−1 = f(X (i)

k−1,uk−1)

Then, the predicted mean and covariance are:

x̂k|k−1 =
2L∑
i=0

W
(m)
i X (i)

k|k−1,

Pk|k−1 =
2L∑
i=0

W
(c)
i

(
X (i)

k|k−1 − x̂k|k−1

)(
X (i)

k|k−1 − x̂k|k−1

)⊤
+Qk.

The same procedure is applied for the measurement update using transformed sigma
points.

3.1.1.3 Gaussian Process Regression (GP)

Gaussian Process (GP) regression is a non-parametric Bayesian approach for learning
dynamic models directly from data. A GP defines a distribution over functions:

f(x) ∼ GP(m(x), k(x,x′)),

where m(·) is the mean function (often set to zero), and k(·, ·) is a positive-definite
kernel function. The kernel function k(·, ·) is a key component of Gaussian processes,
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used to characterize the similarity between inputs. There is a wide variety of kernel
choices, such as linear kernels, polynomial kernels, Matérn kernels, and the commonly
used Radial Basis Function (RBF) kernel. Different kernels encode different prior as-
sumptions and smoothness properties of the function.

In our experiments, we adopt the RBF kernel due to its smoothness and good
generalization capability, which is expressed as

kRBF(x,x
′) = σ2

f exp

(
−∥x− x′∥2

2ℓ2

)
,

where σ2
f controls the output variance and ℓ is the length-scale hyperparameter that

determines the smoothness of the function.

Given training data D = {X,y}, the predictive distribution for a test input x∗ is
Gaussian with:

µ(x∗) = k⊤
∗
(
K+ σ2

nI
)−1

y,

σ2(x∗) = k(x∗,x∗)− k⊤
∗
(
K+ σ2

nI
)−1

k∗,

where K is the Gram matrix with entries Kij = k(xi,xj), and k∗ is the covariance
vector between x∗ and training points.

GPs are especially valuable when the system dynamics are partially unknown or
affected by unmodeled disturbances, which is common in oceanic environments.

Kernel Interpolation for Scalable Structured GP (KISS-GP) Despite the flexibil-
ity of standard Gaussian Processes, their computational cost scales cubically with the
number of training points n, due to the inversion of the n × n kernel matrix. This
makes GP impractical for large-scale datasets or online learning scenarios typical in
multi-agent tracking systems.

KISS-GP addresses this issue by introducing a scalable approximation framework
that exploits structured kernel interpolation and sparse inducing points placed on a
regular grid [22]. It approximates the full kernel matrix K as:

K ≈WKuW
⊤,

where: - Ku is a structured (e.g., Kronecker or Toeplitz) kernel matrix computed
over grid-based inducing points, - W is a sparse interpolation weight matrix that maps
training inputs to nearby grid points.

This decomposition enables:O(n) memory complexity, O(n) matrix-vector multipli-
cation for inference, Scalability to datasets with millions of points.

In the context of distributed target tracking, KISS-GP allows each UAV to efficiently
learn and update local GP models from high-rate observations, while maintaining pre-
dictive accuracy comparable to full GP. It is especially suitable for embedded platforms
with limited memory and compute resources.
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3.1.1.4 Motivation

To better select the most suitable algorithm for the search and rescue scenario, we first
evaluate target tracking under the ideal condition where each agent has access to all
data points. To evaluate the performance of different tracking algorithms under realistic
nonlinear dynamics, we simulate the motion of a drifting life raft whose behavior is
approximated by a weakly nonlinear unicycle model. The target state at time step k
is represented by

xk+1 = f(xk,uk) +wk, wk ∼ N (0,Q) (3.1)

xk = [xk, yk, θk]
⊤, which corresponds to its 2D position and heading angle. The state

evolves according to the following discrete-time nonlinear dynamics:

xk+1 = xk + v cos(θk) ·∆t+ wx (3.2)

yk+1 = yk + v sin(θk) ·∆t+ wy (3.3)

θk+1 = θk + ω ·∆t+ wθ (3.4)

The control input is fixed as uk = [vk, ωk]
⊤ = [1.0, 0.1]⊤, representing constant

linear and angular velocities. The process noise wk ∼ N (0,Q) models environmental
disturbances, with covariance matrix Q = diag(0.01, 0.01, 0.0005). The simulation
starts from the initial state [x0, y0, θ0]

⊤ = [0, 0, π/4]⊤, and runs for T = 100 seconds
with a time step of ∆t = 0.1 seconds, resulting in 1000 discrete steps.

In this experiment, we assume that all local measurements from agents are centrally
collected and used, i.e., the system has full global access to the target’s observations at
each time step.

We compare the performance of several tracking algorithms, including standard
Gaussian Process (GP), KISS-GP with varying numbers of inducing points, and clas-
sical filtering methods such as the Extended Kalman Filter (EKF) and Unscented
Kalman Filter (UKF). The comparison results in Figure 3.1 and Table 3.1 show the
mean squared errors (MSE) in X, Y , and θ, as well as the computation time of each
method. The results are summarized as follows.

Table 3.1: Comparison of Tracking Accuracy and Runtime for Different Estimation Methods

Method MSEX MSEY MSEθ Time (s)

GP 1.1e-4 4.1e-5 7.8e-6 565.79
KISSGP-10 0.47 1.2 6.5e-4 82.43
KISSGP-25 1.9e-3 1.8e-3 6.5e-4 82.41
KISSGP-50 4.4e-4 3.7e-4 3.6e-4 82.68
KISSGP-100 1.3e-4 2.0e-4 4.6e-5 80.35
KISSGP-200 1.2e-4 2.0e-4 4.4e-5 82.78
KISSGP-500 1.1e-4 1.8e-4 4.0e-5 82.13
EKF 1.1e-3 9.9e-3 1.3e-3 486.89
UKF 1.2e-3 1.0e-2 1.2e-3 458.68
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Figure 3.1: Comparison of MSE and computation time across different tracking methods.
The MSE values are shown on a log scale (left axis), and computation time is plotted on the
right axis.

As shown in Table 3.1 and Figure 3.1, GP method exhibits superior performance in
target tracking tasks. It consistently achieves the lowest mean squared errors across all
state dimensions (x, y, and θ), highlighting its strong capability in modeling nonlinear
dynamics. This advantage is particularly critical in maritime search and rescue (SAR)
scenarios, where drifting targets such as life rafts are often influenced by mesoscale
anticyclonic eddies, resulting in quasi-periodic, nonlinear, and uncertain trajectories.
In such cases, conventional filtering methods like EKF and UKF exhibit significantly
larger errors, making it difficult to maintain accurate tracking performance.

Furthermore, the results indicate that GP-based methods not only provide consis-
tently low error levels but also demonstrate strong scalability through their structured
variants, such as KISS-GP. As the number of inducing points increases, the estimation
accuracy of KISS-GP approaches that of the full GP, validating its potential for use in
large-scale distributed systems. This scalability is especially important in multi-agent
tracking frameworks where each agent has limited observation and communication ca-
pacity.

In summary, this study adopts the Gaussian Process (GP) framework as the core
methodology due to its high accuracy, robustness to environmental uncertainties, and
good scalability in complex tracking tasks. One major advantage of GPs is their abil-
ity to flexibly learn system dynamics directly from data without relying on predefined
motion equations, which enables the model to handle arbitrarily complex target be-
haviors based solely on observational data. This property makes GP models particu-
larly well suited for ocean environments where drift patterns are partially known and
continuously evolving. With the integration of structured kernel methods, GP-based
approaches show great potential for improving real-time coordination and estimation
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accuracy in multi-UAV search-and-rescue (SAR) systems.

3.1.2 Distributed Gaussian Process

Despite the strong accuracy and modeling advantages of Gaussian Processes, directly
applying standard GP methods in multi-agent systems presents several challenges. In
practical maritime search and rescue missions, unmanned aerial vehicles (UAVs) are
spatially distributed and constrained by factors such as limited communication range,
bandwidth, and onboard energy resources. These limitations prevent the centralized
collection and processing of all sensor observations in real time. Furthermore, the
dynamic evolution of target states and environmental uncertainties demand that infor-
mation be collaboratively fused across agents in a distributed manner to ensure both
tracking performance and system robustness.

To address these constraints without compromising estimation accuracy, this re-
search introduces the Distributed Gaussian Process (DGP) framework. DGP enables
each UAV to construct local surrogate models based on partial observations and to per-
form cooperative modeling and inference through limited inter-agent communication.
This decentralized learning approach preserves the expressive power of GPs while en-
suring scalability and resilience, making it a promising solution for complex multi-agent
tracking tasks in ocean environments.

3.1.2.1 Traditional Distributed Gaussian Process

An alternative to sparse approximations is distributed Gaussian processes, where inde-
pendent local “expert” models operate on subsets of the data to distribute computation.
These local models typically require stationary kernels to define concepts of “distance”
and “locality.” Shen et al. (2006) [23]used KD trees to recursively partition the data
space into a multi-resolution tree structure, allowing GPs to scale up to O(104) training
points. However, this approach does not provide variance prediction solutions and is
limited to stationary kernels.

Along the lines of exploiting locality, mixture-of-experts (MoE) models (Jacobs et
al., 1991)[24] have been applied to GP regression (Rasmussen & Ghahramani, 2002[25];
Meeds & Osindero, 2006[23]; Yuan & Neubauer, 2009[26]). However, these models are
primarily used to enhance model expressiveness, such as by allowing heteroscedasticity
and non-stationarity, rather than to accelerate GP regression. Each local model has its
own set of hyperparameters that need to be optimized. Predictions are made by aggre-
gating the predictions of all local expert models, weighted by responsibilities assigned
by a gating network. Closed-form inference in such models is intractable and typically
requires MCMC approximations. Nguyen & Bonilla (2014) [27]avoided MCMC infer-
ence and accelerated the GP-MoE model by (i) fixing the number of GP experts and (ii)
combining it with the pseudo-input sparse approximation by Snelson & Ghahramani
(2006)[28]. This approach assigns data points probabilistically to experts using prox-
imity information provided by stationary kernels, enabling GPs to scale up to O(105)
data points.

Product-of-GP-experts models (PoEs) bypass the weight assignment problem in
mixture models: since PoEs obtain the overall prediction by multiplying predictions
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made by independent GP experts, each expert’s contribution is naturally weighted.
However, this model tends to be overconfident (Ng & Deisenroth, 2014[29]). Cao and
Fleet (2014)[30] recently proposed a generalized PoE-GP model in which each expert’s
contribution to the overall prediction can be individually weighted. This model is often
too conservative, i.e., it overestimates variances. Tresp’s Bayesian Committee Machine
(BCM) [31] can be considered a PoE-GP model that provides a consistent framework
for combining independent estimators within the Bayesian framework, but it suffers
from the “weak experts” problem.

3.1.2.2 Scalable GP framework with ADMM

Early distributed GP models were either trained with the full dataset or entirely in
a computing center [32]. In [33], the computational load was distributed to multiple
agents by formulating the problem as a consensus optimization problem, which was
solved using the Alternating Direction Method of Multipliers (ADMM). Specifically, the
framework consists of a central node and multiple local nodes running independently
on parallel agents.

During the training phase, each local node trains a GP model based on a subset of
the data split from the training set and performs joint optimization with the central
node via the ADMM algorithm. During the prediction phase, each local node per-
forms predictions on validation points and test points based on its trained GP model.
Subsequently, the central node first calculates the optimal fusion weights based on pre-
diction performance on validation points, and then combines the local predictions on
test points using the calculated weights to produce a better and more robust global
prediction.

In general, the main responsibilities of the central node include:

1. Distributing subsets of the full dataset to non-central nodes at the initial stage;

2. Updating global ADMM parameters based on the local ADMM parameters re-
ceived from other non-central nodes during the training phase;

3. Deriving fusion weights based on the local prediction results from other non-
central nodes during the prediction phase.

Thus, by simply redirecting the data flow from other non-central nodes to a newly
selected central node, the functionalities of the central node can be transferred to any
non-central node, and the global ADMM parameters and fusion weights can be fully
recovered. On the other hand, a failure in a non-central node only results in the loss of
information for one subset rather than a total failure. However, it should be noted that
the centralized scheme can be transformed into a fully distributed scheme by allowing
each local node to individually select data subsets, update global parameters, and fuse
weights. For example:

1. Each local node can independently select its subset from the full dataset;

2. Each local node can broadcast its local ADMM parameters, enabling all nodes to
individually compute the global ADMM parameters;
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3. Each local node can broadcast its local prediction results, enabling all nodes to
independently output the final prediction result.

Learning objectives
In general, when predicting different data profiles, the hyper-parameters can be

initialized with a set of universal default values. However, specifying the initial hyper-
parameters according to the observed primary patterns can help the tuning process
start from a better initial point, thereby improving learning efficiency.

After initialization, the dominant method for tuning model parameters is to maxi-
mize the marginal likelihood function, which can be expressed in closed form as:

ℓ(y;θ) = −1

2
(log |K(θ)|+ yTK−1(θ)y + n log(2π)),

where | · | denotes the determinant of a matrix. The model hyper-parameters θ can
equivalently be tuned by minimizing the negative log-likelihood function. Therefore,
the learning objective of our prediction model can be written as:

P0 min
θ

ℓ(θ)

s.t. θ ∈ Θ,
(3.5)

It is noteworthy that for most kernel functions, whether standalone or compos-
ite, the problem P0 is non-convex and often lacks favorable structures with respect
to the hyper-parameters. Consequently, classical gradient descent methods, such as
the limited-memory Broyden-Fletcher-Goldfarb-Shanno (L-BFGS) algorithm and con-
jugate gradient methods, can be used to solve for the hyper-parameters, but they do
not guarantee finding the global minimum of P0.

The workflow of gradient descent-based methods is as follows. At each iteration,
the hyper-parameters are updated according to the formula:

θr+1
i = θr

i − η · ∂l(θ)
∂θi

∣∣∣∣
θ=θr

, ∀i = 1, 2, · · · , p,

where η is the step size. The derivative of the i-th hyper-parameter is computed as:

∂l(θ)

∂θi

= Tr
(
K−1(θ)− γγT

) ∂K(θ)

∂θi

, (3.6)

where Tr(·) represents the trace of a matrix, and γ ≜ K−1(θ)y. Note that K−1(θ)
must be re-evaluated at each gradient step. Such matrix inversion requires O(N3)
computations, where N is the number of training data points. This dominates the
computational complexity of the standard GP.

ADMM-Based Scalable Training Framework
We aim to distribute the computation cost of solving problem P0 evenly across a set

of parallel sensors to accelerate training. Given the full training dataset D ≜ {X, y},
we define a set of N training subsets, denoted as S ≜ {D(1), D(2), · · · , D(N)}. Each
subset D(i) ≜ {X(i), y(i)} is sampled from the full dataset D, and each local GP model
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is trained on its respective subset D(i). The standard parallel hyper-parameter training
of the PoE can be expressed as

P1 : min
θ

N∑
i=1

ℓ(i)(θ), s.t. θ ∈ Θ, (3.7)

where
ℓ(i)(θ) = y(i)⊤

(
K(i)(θ)

)−1
y(i) + log

∣∣K(i)(θ)
∣∣ . (3.8)

Thus, each local GP model only needs to optimize its own cost function with respect to
the hyper-parameters. This optimization only requires operations on a small covariance
matrix K(i) of size mi × mi, where mi denotes the number of data points in subset
D(i), and mi ≪M . Therefore, using standard GP implementation, the computational
complexity for each local GP model is reduced to O(m3

i ). Note that in this paper, all
local GP models use equal-sized subsets, i.e., mi =

M
N
, ∀i = 1, 2, · · · , N , which could

be further optimized in future work.
The core idea of PoE is to approximate the covariance matrix of the full dataset

with a block-diagonal matrix of the same size. Each block corresponds to its respective
subset. Therefore, ideally, the well-trained local hyper-parameters should be the same,
i.e., θi−θj = 0,∀i, j, to ensure that the block-diagonal approximation is consistent with
the full matrix. Hence, existing PoE-based methods [34], [29], [30] assume that all local
GP models are trained jointly and share the same set of global hyper-parameters θ.
However, such joint training can only be realized through rigorous gradient consensus.
Specifically, for each gradient step in Eq.3.6, the local cost and derivative information
must be collected and coordinated to form the global cost and derivative. This global
information is then used to update the globally shared hyper-parameters θ, which are
subsequently sent back to each local GP model. However, the gradient consensus steps
require ngrads · (2 · dim(θ) + 1) communication overheads, where ngrads is the number of
gradient steps and dim(θ) is the number of hyper-parameters to optimize. Moreover,
the strict synchronization required for each gradient step limits its practical application
in real systems.

The aim is to empower the distributed GP model with the powerful ADMM al-
gorithm to develop a principled parallel training framework. The ADMM-enabled
framework allows each distributed unit to train independently and coordinate with
much lower communication overhead. The proposed training framework could lay the
foundation for future scalable GP system design.

In general, ADMM takes the form of a decomposition-coordination procedure, where
the original large problem is decomposed into smaller local subproblems that can be
solved in a coordinated manner [35]. Based on ADMM, problem P1 can be equivalently
reformulated by introducing local variables θi and a common global variable z as:

P2 : min
θi

N∑
i=1

ℓ(i)(θi),

s.t. θi − z = 0, θi ∈ Θ, i = 1, 2, . . . , N.

(3.9)

Note that the above problems P1 and P2 are equivalent. However, with this new
formulation, each local GP model is free to train its local hyper-parameters θi based
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on the local subset D(i), and the local hyper-parameters will eventually converge to the
global hyper-parameters z after a few ADMM iterations.

To solve problem P2 using ADMM, we define the augmented Lagrangian as:

L(θ1, · · · ,θN , ζ1, · · · , ζN , z) ≜
N∑
i=1

[
ℓ(i)(θi) + ζT

i (θi − z) +
ρ

2
∥θi − z∥22

]
. (3.10)

where ζi is the dual variable, and ρ > 0 is a fixed augmented Lagrangian parameter.
The sequential updates of the ADMM parameters at the (r + 1)th iteration can be

expressed as:

θr+1
i := argmin

θi

[
ℓ(i)(θi) + ζT

i (θi − z) +
ρ

2
∥θi − z∥22

]
, (3.11)

zr+1 :=
1

N

N∑
i=1

θr+1
i +

1

ρ
ζr
i , (3.12)

ζr+1
i := ζr

i + ρ
(
θr+1
i − zr+1

)
. (3.13)

The ADMM-based consensus only requires ncons · (2 · dim(θ) + 1) communication
overheads, where ncons is the number of ADMM iterations, and ncons ≪ ngrads. Another
advantage of the ADMM-based consensus is that if a local GP model gets stuck in a
bad local minimum, the global consensus can restart from a more reasonable point to
achieve better convergence in the next iteration.

The optimality conditions for the ADMM solution are determined by the primal
residuals ∆p and dual residuals ∆d [35]. For each local GP model, these residuals can
be expressed as:

∆r+1
i,p = θr+1

i − zr+1, i = 1, 2, · · · , K, (3.14)

∆r+1
d = ρ(zr+1 − zr). (3.15)

These residuals will converge to zero as ADMM iterates. Thus, the stopping criteria
for our problem include ∥∆r

p∥2 ≤ pri and ∥∆r
d∥2 ≤ dual, where pri and dual are feasi-

bility tolerance constants for the primal and dual residuals, respectively. As suggested
in [35], they can be set as:

ϵpri =
√
pϵabs + ϵrel max {∥θr

i∥2, ∥zr∥2} , (3.16)

ϵdual =
√
pϵabs + ϵrelρ∥ζr∥2, (3.17)

where p is the dimension of θ in l2 norm.
The ADMM-based GP training procedure is summarized in Algorithm 1. It should

be noted that even for convex problems, the convergence of ADMM can be slow [35].
However, in practical applications, a few iterations are often sufficient to achieve an
acceptable accuracy level.
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Algorithm 1 ADMM GP Training

1: Initialization: r ← 0, N , θ0i , ζ
0
i , ρ, z

0 ← 1
N

∑N
i=1

(
θ0i +

1
ρ ζ

0
i

)
, tolerances ϵabs, ϵrel.

2: Iteration:
3: while ∥∆ r

i,p∥2 ≥ ϵpri ∨ ∥∆ r
d∥2 ≥ ϵdual do

4: r ← r + 1
5: for i← 1 to K do
6: Obtain the parameters for local GP i by Eq. (3.11).
7: end for
8: Obtain the global parameters by Eq. (3.12).
9: Obtain the dual variable by Eq. (3.13).

10: Calculate the primal residuals ∆ r+1
i,p and the dual residuals ∆ r+1

d by Eq. (3.14) and
Eq. (3.15), respectively.

11: Update the feasibility tolerances ϵpri and ϵdual by Eq. (3.16) and Eq. (3.17).
12: end while
13: Output: Global parameter zr.

3.1.3 Simulation

3.1.3.1 simulation setup

To better investigate the problem of cooperative perception and tracking in multi-agent
systems, we design our simulation scenario based on a widely studied and practically
significant application: Search and Rescue (SAR) operations at sea. In such tasks,
the target (e.g., a life raft or a person in the water) typically loses active control and
drifts passively under the influence of ocean currents and wind. Previous studies have
shown that these targets often exhibit nearly circular trajectories with approximately
constant speeds [36, 37].

Target Dynamic Model

Motivated by these characteristics, we model the target as a weakly nonlinear system
moving at a constant linear and angular velocity, which approximates the drifting
behavior of a life raft in a marine environment. The target state is defined as xk =
[xk, yk, θk]

⊤, representing its 2D position and heading angle. Its motion is governed by
the following discrete-time nonlinear dynamics:

xk+1 = xk + v cos(θk) ·∆t+ wx (3.18)

yk+1 = yk + v sin(θk) ·∆t+ wy (3.19)

θk+1 = θk + ω ·∆t+ wθ (3.20)

The control input is fixed as uk = [vk, ωk]
⊤ = [1.0, 0.1]⊤, corresponding to constant

forward and angular velocities. The process noise wk ∼ N (0,Q) models environmental
disturbances, with covariance matrix Q = diag(0.01, 0.01, 0.0005). The initial state is
set to [x0, y0, θ0]

⊤ = [0, 0, π/4]⊤, and the simulation runs for T = 100 seconds with a
time step of ∆t = 0.1 seconds, resulting in 1000 discrete steps.

22



This model realistically simulates the weakly controlled drifting motion of rescue
targets in SAR scenarios, providing a reliable basis for evaluating distributed tracking
algorithms.

Agent Measurement Model
To observe the target, multiple cooperative agents are deployed, representing UAVs

or floating sensors. Each agent is capable of measuring the full target state, and the
observation model is given by:

zk = Hxk + vk (3.21)

Here, H = I3×3 indicates that all state components (position and heading) are
directly observable, and the measurement noise is modeled as vk ∼ N (0,R). This
simplified linear measurement model enables tractable simulation of multi-agent infor-
mation fusion and collaborative estimation.

Besides, to better simulate realistic conditions in maritime search and rescue mis-
sions, we designed and evaluated two representative distributed tracking scenarios.

In the first scenario, eight unmanned aerial vehicles (UAVs) are evenly spaced
around the drifting target in a structured formation. Each UAV is equipped with
an inertial measurement unit (IMU) and is capable of directly observing the target
whenever it is within its communication radius. The UAVs are allowed to exchange in-
formation with neighboring agents and collaboratively estimate the target’s state using
a distributed tracking algorithm. This setup mimics a well-coordinated UAV fleet with
organized deployment and stable inter-agent communication.

In the second scenario, the eight UAVs are randomly deployed within a predefined
area, simulating an unstructured and reactive response to a rescue mission. Each UAV
still has onboard IMU sensing and can measure the target when within communication
range, but the network topology is randomly determined based on initial positions,
introducing higher variability and potential challenges for collaborative estimation.

In both settings, we tested the performance of a distributed Gaussian Process
(DGP)-based tracking algorithm and quantitatively evaluated its estimation accuracy.
We also analyzed how varying the communication radius impacts the overall tracking
performance. This comparative study aims to reveal how communication constraints
and agent deployment strategies influence distributed tracking outcomes, providing in-
sights for the design and optimization of UAV coordination strategies in real-world
SAR applications.

3.1.3.2 Scenario 1: Uniform UAV Deployment

In this scenario, eight UAVs are placed at equal intervals around the target. Each UAV
has the same measurement range and is able to communicate with its neighboring
UAVs within a predefined communication radius. The network thus forms a symmetric
topology suitable for cooperative distributed tracking.

In practical applications, an agent’s sensing or communication radius is often con-
strained by sensor performance, energy budget, and environmental occlusions, making
global or unlimited observation impossible. Consequently, each agent can only collect
local information about the target within a limited area around its position, and the
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Figure 3.2: Uniform UAV Deployment

tracking accuracy inevitably depends on the size of this measurement radius. A ra-
dius that is too small leads to incomplete network coverage and sparse observations,
hindering high-precision estimation; conversely, a radius that is too large increases the
amount of observation data but incurs higher energy consumption and hardware costs.
Therefore, this study systematically investigates the effects of different measurement
radii—ranging from R = 2.0 to 8.0—on distributed tracking performance (RMSE) and
sample size, aiming to provide quantitative guidance for designing sensor networks un-
der resource constraints and to identify the optimal trade-off between accuracy and
cost.

Table 3.2: Effect of Communication Radius R on Distributed Tracking Accuracy

R RMSEX RMSEY RMSEθ Overall RMSE Sample Size

2.0 4.214 3.498 0.066 3.162 461
2.5 3.215 2.857 0.022 2.483 628
3.0 0.739 0.700 0.129 0.592 774
3.5 0.631 0.649 0.409 0.574 913
4.0 0.647 0.688 0.029 0.546 1051
4.5 0.413 0.504 0.011 0.376 1178
5.0 0.717 0.690 0.023 0.575 1327
5.5 0.827 0.569 0.010 0.580 1462
6.0 0.497 0.299 0.019 0.335 1596
7.0 0.381 0.268 0.010 0.269 1886
8.0 0.189 0.220 0.009 0.168 2200
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(a) R=0.8 (b) R=4.5

(c) R=6.5 (d) R=8

Figure 3.3: Scenario 1: Uniform UAV Deployment

Table 3.2 reports the influence of the communication/measurement radius R on
the tracking accuracy and the total number of valid observations (sample size) in the
distributed estimation network. Here,

• R is the maximum distance within which each agent can directly measure the
target.

• RMSEX , RMSEY , and RMSEθ denote the root-mean-square errors in the X, Y ,
and orientation θ components, respectively.

• Overall RMSE is the combined root-mean-square error over all state dimensions.

• Sample Size is the total number of valid measurements collected by all agents at
the given radius R.

As R grows from 2.0 to 4.5, the overall RMSE steadily decreases (from approximately
2.93 to 2.04) while the sample size increases (from 334 to 1163). Beyond R = 4.5,
although sample size continues to grow (up to 2248 at R = 8.0), the reduction in
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overall RMSE becomes marginal, indicating diminishing returns: once network connec-
tivity and coverage approach saturation, further increases in R mainly add redundant
observations without significant accuracy gains.

Figure 3.4: Top: RMSE of different state dimensions (X, Y, θ) and overall RMSE as a function
of communication radius R. Bottom: Corresponding number of valid samples observed by
the uniform UAV network.

As illustrated in Figure 3.9, the RMSEs of target state estimation across all di-
mensions (x, y, and θ) generally decrease as the communication radius R increases. A
significant drop in error occurs around R = 3, indicating that when the communication
range is limited, each UAV has access to only a small number of observations, which
restricts the effectiveness of local modeling and distributed information fusion. As R
increases, the number of valid samples per agent rises considerably (as shown in the
bottom plot), enabling better learning of the target dynamics and thereby improving
tracking accuracy.

Interestingly, beyond R = 4.5, the RMSE does not continue to decrease. Instead,
it fluctuates or even slightly increases. This suggests that an overly large communica-
tion radius may introduce redundant or noisy observations, or potentially disrupt the
sparsity structure that benefits local fusion. Such over-communication could lead to
degraded estimation performance or inefficient resource usage.

Overall, the effect of communication radius on distributed tracking accuracy is non-
linear. There exists an optimal range in which estimation performance is maximized.
In this experiment, the lowest overall RMSE is achieved at R = 4.5, indicating that a
moderate communication range strikes a balance between data availability and network
efficiency. This insight is highly relevant for real-world maritime UAV deployments,
where communication constraints and estimation accuracy must be carefully balanced.
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Table 3.3: Coverage, Overlap and RMSE vs Measurement Radius(Scenario 1)

Radius Uncovered Points Overlap (≥ 2 Agents) RMSE

2.0 538 0 4.214076
2.5 371 0 3.215460
3.0 242 17 0.739453
3.5 172 86 0.631314
4.0 94 146 0.647200
4.5 61 240 0.413160
5.0 39 367 0.717163
5.5 26 489 0.827449
6.0 11 608 0.496550
6.5 1 734 0.495950
7.0 0 859 0.381459
7.5 0 915 0.188687
8.0 0 938 0.188687

(a) Number of Points Measured vs Radius (b) Number of Unmeasured Points vs Radius

Figure 3.5: Coverage Analysis with Varying Measurement Radius

Then we focus on the influnce of measurement radius to the performance.The ex-
perimental results (Table 3.3 and Figure 3.4) show that as the measurement radius R
increases from 2.0 to 4.0, the number of uncovered points rapidly decreases from 538
to 94, shifting network coverage from sparse to near-global, while the overall RMSE
decreases from 4.21 to 1.78; meanwhile, the overlap count rises from 0 to 146, indi-
cating the onset of redundant observations that enhance robustness against noise and
single-point failures. Further increasing R to the 4.5–6.0 interval eliminates nearly all
uncovered points and boosts overlap to 608, reducing the RMSE to its minimum of
0.413; beyond R = 6.5, both coverage and redundancy saturate (uncovered ≈ 0, over-
lap ≈ 938) and RMSE reduction plateaus at 0.189, demonstrating diminishing returns.
Therefore, choosing R ≈ 4.5–6.0 balances global coverage and sufficient redundancy for
high-precision tracking while avoiding unnecessary energy and hardware costs, making
it the ideal design range for resource-constrained distributed tracking systems.
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Figure 3.6: Stacked bar chart showing how many data points are covered by 0 to 8 agents at
different measurement radii. The bottom segments represent uncovered points, while upper
segments indicate increasing overlap.

Figure3.6 stacked bar chart illustrates how the number of data points covered by
0–8 agents evolves as the measurement radius R varies, and explains its direct link
to tracking accuracy (RMSE). At small radii (R = 2.0–3.0), the chart is dominated
by blue and light-blue segments—538 and 371 uncovered points at R = 2.0, 242 and
740 at R = 3.0—indicating sparse coverage and many singly observed or unobserved
points; correspondingly, the RMSE remains high (4.21 at R = 2.0, 3.22 at R = 2.5).
As R grows to 4.0–4.5, uncovered points plunge (to 94 and 61), and moderate overlap
(146–240 multi-agent overlaps) appears, coinciding with the lowest RMSE values (0.647
at R = 4.0, 0.413 at R = 4.5). Beyond R = 5.0, overlap segments swell—reaching 608 at
R = 6.0 and 938 at R = 8.0—but RMSE improvements taper off (0.496→0.381→0.189),
revealing diminishing returns: excessive redundancy no longer yields meaningful accu-
racy gains yet incurs extra energy and communication costs. Thus, an intermediate
radius (R ≈ 4.0–5.5) optimally balances full coverage, beneficial overlap, and minimal
RMSE for resource-constrained distributed tracking systems.

3.1.3.3 Scenario 2: Random UAV Deployment

In this scenario, eight UAVs are randomly deployed within the area surrounding the
target. Each UAV has the same measurement range and is able to communicate with
neighboring UAVs within a predefined communication radius. Since the spatial po-
sitions of the UAVs are no longer regularly arranged, the resulting network topology
is asymmetric and varies with deployment configuration. This setup more closely re-
flects the distributed nature of multi-agent systems in real-world search and rescue
missions and is well-suited for studying the robustness and adaptability of cooperative
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distributed tracking under uncertain conditions.

Figure 3.7: Random UAV Deployment

Table 3.4: Distributed Tracking RMSE Under Varying Communication Radius R (Scenario
2)

R RMSEX RMSEY RMSEθ Overall RMSE Sample Size

2.0 4.059 3.017 0.082 2.920 334
2.5 2.296 2.284 0.062 1.870 498
3.0 8.193 4.855 0.039 5.498 649
3.5 0.631 0.649 0.409 0.574 913
4.0 2.079 2.272 0.076 1.778 1006
4.5 6.383 2.857 0.060 4.038 1163
5.0 10.829 6.209 0.031 7.207 1292
5.5 1.896 1.263 0.013 1.315 1462
6.0 1.525 1.113 0.015 1.090 1623
7.0 0.194 0.223 0.012 0.171 1941
8.0 0.191 0.218 0.010 0.167 2248

As shown in Figure 3.9 and Table 3.4, the influence of communication radius R
on distributed tracking performance exhibits greater fluctuation and uncertainty under
randomly deployed UAV networks. When the communication radius is small (e.g.,
R = 2.0 ∼ 2.5), the number of available observations is limited, resulting in relatively
high overall RMSE and restricted estimation performance.

At R = 3.5, the estimation accuracy improves significantly, suggesting a favorable
balance between network connectivity and sample coverage. However, as R increases
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(a)R=2 (b) R=2.5

(c) R=4 (d) R=7

Figure 3.8: Scenario 2: Random UAV Deployment

further to 4.5 and 5.0, the RMSE spikes sharply—especially in the x and y dimen-
sions—indicating that in random topologies, excessive communication or unbalanced
connectivity may introduce redundant or conflicting information, leading to instability
in local learning models.

Beyond R = 6.0, the RMSE drops again and stabilizes, implying that the system
gradually regains cooperative estimation capability as the network becomes more fully
connected.
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Figure 3.9: Top: RMSE of different state dimensions (X, Y, θ) and overall RMSE as a function
of communication radius R. Bottom: Corresponding number of valid samples observed by
the random UAV network.

Radius Uncovered Overlap (≥ 2 Agents) RMSE

2.0 673 8 2.920
2.5 558 57 1.870
3.0 456 106 5.498
3.5 358 174 0.574
4.0 295 283 1.778
4.5 236 352 4.038
5.0 190 418 7.207
5.5 135 475 1.315
6.0 98 515 1.090
7.0 3 579 0.171
8.0 0 722 0.168

Table 3.5: Coverage, Overlap and RMSE vs Measurement Radius(Scenario 2)

(a) Number of Points Measured vs Radius (b) Number of Unmeasured Points vs Radius

Figure 3.10: Coverage Analysis with Varying Measurement Radius(with randomly placed
agents)

31



Figure 3.11: Stacked bar chart showing how many data points are covered by 0 to 8 agents at
different measurement radii. The bottom segments represent uncovered points, while upper
segments indicate increasing overlap.

Next, we analyze the effect of the measurement radius on the performance of the
distributed tracking algorithm. Specifically, we focus on how the measurement coverage
and observation redundancy (i.e., the number of target points simultaneously observed
by multiple agents) jointly influence the error trends, and what underlying factors may
explain the observed behaviors.

As shown in Figure 3.10 and the accompanying table, increasing the measurement
radius R significantly enhances the system’s coverage of the target space: the number
of unmeasured points decreases from 673 at R = 2.0 to 0 at R = 8.0, indicating that
the target area becomes fully observable. This expansion in coverage correlates with a
substantial reduction in the overall RMSE, which drops from 2.920 to 0.168, suggesting
that broader spatial observability leads to more accurate state estimation. In addition,
the number of points observed by each individual agent also increases with R, reflecting
a global increase in available information. This growing coverage is a primary driver
of performance improvement, especially in the range R = 2.0 ∼ 4.0, where the system
transitions from sparse to near-complete measurement.

However, the error trend is not strictly monotonic. At certain measurement
radii—particularly R = 3.0 and R = 5.0—the RMSE unexpectedly spikes to 5.498
and 7.207, respectively, despite a clear reduction in unmeasured points and an increase
in overlapping observations (106 and 418 points observed by at least two agents). This
indicates that while coverage and redundancy are necessary, they are not sufficient
to guarantee consistent estimation performance. A deeper investigation reveals that
changes in measurement radius not only affect whether a target point is observed,
but also alter the spatial distribution of those observations. At certain values of R,
observation points may become heavily concentrated in specific local regions, while
distant areas remain sparsely measured, leading to imbalanced information and esti-
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mation bias. Furthermore, when redundant observations are primarily concentrated
in regions with high measurement noise or systematic bias, they may amplify errors
rather than suppress them. This is particularly critical when the fusion model lacks
robustness against correlated or skewed inputs. Therefore, even under high coverage
and redundancy, estimation performance may degrade due to poor spatial distribution
or low-quality overlapping measurements. These findings highlight the importance of
not only increasing coverage and redundancy, but also ensuring balanced spatial sam-
pling and stable fusion processes to achieve robust and accurate multi-agent tracking
performance.

In contrast to structured deployments, randomly placed UAV networks are more
sensitive to the selection of communication radius, facing dual risks of “Measurement
overload” and “insufficient observations.” This highlights the need for communication
strategies that balance robustness with efficiency in decentralized tracking systems.

3.1.4 Comparative Discussion and Analysis of Deployment Strategies

By comparing the experimental results under the two UAV deployment strategies, we
observe that the uniformly distributed UAV network demonstrates more stable and
controllable estimation performance in distributed target tracking tasks. As the com-
munication radius R increases, the overall RMSE shows a monotonic decrease, reaching
its minimum around R = 4.5. This indicates that the symmetric spatial layout and
balanced network structure facilitate consistent information fusion and local modeling,
thereby improving the performance of the distributed Gaussian process framework in
cooperative tracking.

In contrast, the random deployment scenario exhibits significantly greater fluctua-
tions in RMSE, especially in the mid-range values of R (e.g., R = 3 ∼ 5), where sudden
spikes in estimation error are observed. Although the RMSE tends to decrease again as
R ≥ 6, the overall performance remains highly sensitive to the choice of communication
radius and lacks robustness compared to the uniform case.

The underlying reason for this performance difference lies in the structural properties
of the network topology. In the uniform deployment, UAVs are symmetrically spaced,
ensuring evenly distributed connections and continuous coverage of the target area.
This facilitates efficient information sharing and stable inference. In contrast, random
deployment leads to potential clustering and sparse zones within the network. Under
certain communication ranges, this irregular connectivity may result in redundant or
conflicting observations, degrading local estimation and increasing global RMSE.

These findings suggest that structured deployment offers a more robust founda-
tion for collaborative estimation and is well-suited for predefined mission formations.
Meanwhile, random deployment better reflects realistic emergency scenarios and poses
higher demands on algorithmic adaptability and robust communication strategies. Our
study highlights the critical impact of deployment geometry on distributed tracking
performance and emphasizes the need for careful balance between topological control
and environmental adaptability in multi-agent system design.
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3.2 Cooperative Localization

In this section, we investigate cooperative self-localization in multi-agent systems where
reliable GNSS is unavailable. To address the limitation that individual agents can only
obtain noisy relative observations, we propose a neighbor-distance-based localization
model that formulates position estimation as an optimization problem minimizing the
discrepancy between measured and estimated inter-agent distances, and implement a
decentralized iterative update algorithm. Through simulations, we analyze the impact
of communication radius and measurement noise on localization performance, show-
ing that network connectivity is the key to ensuring convergence, while measurement
noise primarily determines the achievable accuracy. Overall, the results demonstrate
that the proposed method enables robust self-localization in infrastructure-free, decen-
tralized environments, thereby providing reliable position information for subsequent
cooperative target tracking and formation control.

3.2.1 Cooperative-localization

In the previous section, we described an idealized scenario in which each agent has
access to the complete trajectory of the target within its measurement range, including
full-state information such as position and orientation. However, such an assumption
is rarely met in real-world multi-agent systems. In practice, due to distance mea-
surement errors, sensor field-of-view limitations, occlusions, and environmental inter-
ference—especially in challenging maritime conditions—agents typically only observe
partial aspects of the target state, most commonly relative quantities such as direction
or distance, rather than full absolute coordinates in the global frame [38, 39].

This limitation places higher demands on the system’s ability to infer global tar-
get dynamics from decentralized and noisy local observations. In maritime search and
rescue (SAR) scenarios, for example, the sea surface environment is highly dynamic,
communication is often intermittent, and GNSS signals may be unreliable or completely
denied due to interference or terrain masking [40]. Under these conditions, single-agent
observations are often sparse, noisy, and time-varying, making it difficult to construct a
reliable target trajectory without multi-agent cooperation. Therefore, efficient informa-
tion fusion among agents becomes essential for improving the robustness and accuracy
of distributed target tracking [41, 42].

More critically, when an agent lacks access to the absolute position of the target, it
becomes essential that the agent has accurate knowledge of its own location. Other-
wise, the relative observations it collects are rendered meaningless in a global context,
degrading the consistency and reliability of the overall tracking framework. This inter-
dependence highlights the importance of agent self-localization in cooperative tracking
tasks. A poorly localized agent introduces uncertainty not only into its own observa-
tions, but also into the global tracking estimate [43].

This motivates our focus on cooperative self-localization, wherein agents iteratively
estimate their own positions based on inter-agent communication and local ranging. Ac-
curate self-localization establishes a shared spatial reference frame across the network,
thereby enabling consistent data association and improving overall tracking fidelity.
The following section presents the modeling assumptions, simulation framework, and

34



performance analysis of the proposed self-localization system, which forms a critical
backbone for subsequent distributed perception and coordination tasks.

3.2.2 Motivation

In practical scenarios, GNSS signals are often rendered unreliable due to multipath
effects, occlusions, or intermittent loss, necessitating that agents rely on onboard sensors
and relative measurements for state estimation. In open environments without fixed
infrastructure, centralized localization systems or pre-deployed anchors are generally
infeasible. This motivates the development of self-localization capabilities in multi-
agent systems, wherein each agent autonomously estimates its position through local
observations and inter-agent communication.

This process typically involves two stages: a measurement phase and a state update
phase. Under conditions of limited communication range and sparse anchor availabil-
ity, cooperative self-localization has been widely recognized as an effective strategy to
enhance both localization accuracy and system robustness, and it has emerged as a
central research problem in distributed multi-agent systems.

3.2.3 Neighbor-Distance-Based Cooperative Localization

In distributed multi-agent systems, where global positioning infrastructure such as
GNSS is unavailable or unreliable, agents must estimate their positions using local
sensing and inter-agent ranging. To address this challenge, we develop a neighbor-
based cooperative self-localization method that enables decentralized position estima-
tion through iterative distance-based optimization among agents.

3.2.3.1 Problem Formulation

We consider a two-dimensional network of N agents, the whole network is defined as
F , among which a subset A ⊂ {1, 2, ..., N} are anchors with known positions. The
remaining agentsM = F \A must estimate their positions p̂i ∈ R2 using noisy relative
distance measurements with their neighbors. Each agent i communicates with agents
j within a communication radius Rc, defining its neighbor set as:

Ni = {j ∈ {1, . . . , N} \ {i} : ∥p̂i − p̂j∥ ≤ Rc} . (3.22)

The distance measurement between agents i and j is modeled as:

dij = ∥pi − pj∥+ εij, εij ∼ N (0, σ2), (3.23)

where pi denotes the true position of agent i, and εij is zero-mean Gaussian mea-
surement noise.

3.2.3.2 Optimization-Based Localization

Each non-anchor agent i estimates its position by minimizing the discrepancy between
the measured and estimated distances to its neighbors. The local cost function is
defined as:
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J(p̂i) =
∑
j∈Ni

(∥p̂i − p̂j∥ − dij)
2 . (3.24)

This objective penalizes inconsistencies between the estimated positions and noisy
measurements. Agents minimize Ji using local solvers such as quasi-Newton methods.
Anchors do not update their positions and act as reference nodes.

3.2.4 Iterative Localization Scheme

The cooperative-localization algorithm proceeds iteratively as follows:

1. Initialize all agent positions with random offsets; anchor positions remain fixed.

2. For each iteration t = 1, 2, . . . , T :

• Each non-anchor agent i exchanges its estimated local positions of its current
neighbors Ni.

• True inter-agent distances are computed and corrupted with Gaussian noise
to simulate measurements.

• Agent i minimizes J(p̂i) to obtain an updated position estimate.

3. Repeat until convergence or maximum iteration count is reached.

Algorithm 2 Iterative Cooperative-Localization Algorithm

Require: Anchor positions {pa}a∈A; max iterations T ; noise variance σ2; convergence
threshold ϵ

Ensure: Estimated positions {p̂i}i∈N for non-anchor agents
1: Initialize p̂i with random offsets for all i ∈M
2: for t← 1 to T do
3: for all i ∈ N do
4: Retrieve neighbor estimates {p̂j}j∈Ni

5: Measure distances dij ← ∥pi − pj∥+N (0, σ2) for j ∈ Ni

6: Store p̂prev
i ← p̂i

7: Update estimate: p̂i ← argminp J(p; {dij}, {p̂j})
8: end for
9: Compute ∆←

∑
i∈F ∥p̂i − p̂prev

i ∥
10: if ∆ < ϵ then
11: break ▷ Convergence reached
12: end if
13: end for

3.2.5 Simulation

For a comprehensive evaluation of the algorithm’s performance in complex network
environments, we first fixed the ranging noise at σ2 = 0.1 and increased the commu-
nication radius from 5m to 30m. The results exhibited a pronounced “peak–valley”
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effect, with large error fluctuations in the critical connectivity region and rapid conver-
gence once the network became fully connected. Next, under a communication radius
sufficient to guarantee global connectivity (e.g., rc = 30m), we gradually increased the
ranging noise intensity from noiseless to σ2 = 0.5. We observed that the localization er-
ror increased monotonically with noise level, yet remained relatively stable under low to
moderate noise. These two complementary experiments clearly reveal the distinct roles
of network connectivity and measurement uncertainty in distributed self-localization,
and provide intuitive guidance for subsequent investigations.

3.2.5.1 Cooperative-localization performance under different communicational
radius

In this experiment, we investigate how the cooperative-localization performance varies
with different communication radii. Specifically, we fix the measurement noise at a
constant level (σ2 = 0.1) and progressively increase the communication radius from
5m to 30m. By analyzing the average localization error and the network connectivity
at each radius, we aim to reveal the critical relationship between communication range
and localization accuracy. This evaluation provides insights into how the cooperative
localization transitions from local, loosely-connected clusters to a globally connected
network, highlighting the trade-off between communication costs and positioning pre-
cision.

Rc A1 A2 A3 A4 A5 A6 A7 A8 Avg Error (m)

5.0 0 0 0 0 0 0 0 0 4.2317
6.0 1 1 1 0 1 1 1 0 4.2742
7.0 1 1 1 1 1 1 1 1 5.6557
8.0 1 1 2 1 1 1 1 2 4.7698
9.0 2 2 2 1 1 2 2 2 3.2684
10.0 2 2 2 1 1 2 2 2 4.4638
11.0 2 2 2 1 1 2 2 2 4.7229
12.0 2 2 2 1 1 2 2 2 9.1719
13.0 2 3 4 3 3 3 3 3 8.6574
14.0 3 4 4 3 3 3 3 3 7.8351
15.0 3 4 4 3 3 4 4 3 4.8025
16.0 3 4 4 3 3 4 4 3 3.9122
17.0 3 5 5 4 5 5 5 4 0.3624
18.0 4 6 5 5 5 5 5 5 0.2169
19.0 5 6 6 5 6 5 6 5 0.3005
20.0 7 7 7 7 7 7 7 7 0.2062
30.0 7 7 7 7 7 7 7 7 0.2062

Table 3.6: Number of neighbors per agent and average localization error under various com-
munication radii.
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Figure 3.12: Combined plot of the number of neighbors per agent and the average localization
error as a function of the communication radius.

The observed non-monotonic relationship between communication radius rc and
average localization error arises from the interplay of network connectivity and noisy
distance measurements. When rc is very small (below approximately 6m), most agents
have few or no neighbors, so each non-anchor agent relies solely on its random initial off-
set; as a result, the error remains at roughly the magnitude of that initial perturbation
(around 4m).

As rc increases into the mid-range (6–12m),local clusters begin to form but the
network is not yet globally connected. In this regime, agents receive more range con-
straints—each corrupted by Gaussian noise—but these constraints are still confined to
small, disjoint subgraphs. The conflict among noisy, locally consistent measurements
leads the optimizer to different local minima, causing the average error to rise and
fluctuate, peaking near 9–10m.

Beyond a critical threshold (around 13–16m), the communication graph undergoes
a phase transition from disconnected or weakly connected fragments into a single con-
nected component. Once every non-anchor agent has at least one path to an anchor,
true anchor positions propagate through multiple hops, imposing a coherent global
constraint. Consequently, the collective optimization aligns all estimates with the true
trajectory, driving the average error sharply down to near zero for rc ≳ 17m.

3.2.5.2 Cooperative-localization Performance under Varying Noise Levels

To evaluate the proposed method, we simulate a scenario with N = 8 UAV agents,
randomly initialized within a bounded region. Two agents are selected as anchors. All
agents use the same communication radius Rc = 30 meters, and Gaussian noise with
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standard deviation σ2 = 0.1 is added to simulate measurement uncertainty.

After 500 iterations, the algorithm achieves stable convergence with an average lo-
calization error below 1 kilometer. These results confirm the robustness and scalability
of the proposed method in decentralized settings. More importantly, it demonstrates
that in GNSS-denied maritime environments, such as UAV-based search and rescue
missions, reliable agent localization can be achieved solely through local ranging and
communication.

(a) Noiseless case, RMSE = 0 (b) σ = 0.1, RMSE = 0.2062

(c) σ = 0.2, RMSE = 0.3890 (d) σ = 0.5, RMSE = 0.6190

Figure 3.13: Self-localization results under different noise levels: (a) noiseless case, (b) σ2 =
0.1, (c) σ2 = 0.2, and (d) σ2 = 0.5. The figures show estimated agent positions versus ground
truth.

Figure 3.13 illustrates the spatial self-localization results of the UAV agents under
different levels of distance measurement noise. In the noiseless case (Figure 3.13a), the
algorithm achieves perfect reconstruction of the true positions, resulting in zero RMSE.
This confirms the correctness of the underlying optimization model and validates the
consistency of the algorithm when ideal measurements are available.

As the measurement noise increases, the localization accuracy gradually degrades.
When σ = 0.1 (Figure 3.13b), the agents can still approximate their true positions with
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relatively small errors (RMSE = 0.2741), indicating that the algorithm maintains good
robustness under mild noise. However, with σ = 0.2 (Figure 3.13c), estimation errors
become visibly larger and more unevenly distributed across agents, especially those
located at the periphery of the communication network. In the high-noise scenario (σ =
0.5; Figure 3.13d), some agents show significant deviation from their true positions,
leading to an overall RMSE of 0.6190.

These results suggest that the performance of the neighbor-based self-localization
algorithm is sensitive to the accuracy of pairwise distance measurements. Nevertheless,
even in moderately noisy environments, the algorithm is able to maintain a sub-meter
average error in estimating each agent’s own position. This level of accuracy provides
a reliable basis for subsequent tasks such as cooperative target tracking and formation
control, where knowing the agent’s own position is essential.

3.3 Conclusion

This chapter reviews and compares existing localization and tracking methods and
distills key insights for distributed settings. For tracking, we assess EKF/UKF versus
GP/KISS-GP: under strong nonlinearity and uncertainty, GP-based approaches offer
superior accuracy and uncertainty quantification, while KISS-GP achieves large-scale
scalability via structured kernel interpolation. In distributed learning, we summarize
the strengths and limitations of expert-fusion models (PoE, gPoE, BCM) and present
an ADMM-based scalable training framework that reduces the communication cost of
strict per-step gradient consensus.

Through simulations with two UAV deployment topologies (uniform and random)
and varying communication and measurement radii, we systematically analyze the re-
lationships among coverage, neighbor count, and estimation error. The results show
that reasonably increasing the measurement radius substantially boosts the number of
observable samples and the stability of information fusion, but with diminishing returns
and rising cost.

For cooperative localization, we construct a neighbor–distance–based objective and
update only non-anchor nodes to align to a global frame. Simulations indicate that
enlarging the communication radius significantly improves coverage and the number of
observable samples, thereby reducing localization error. The average localization error
decreases as the number of neighbors increases, and higher noise levels require stronger
consensus and priors to maintain stability.
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Distributed Gaussian Process
with Multi-agents Localization
and Tracking 4
In the previous chapter, we examined two fundamental components in distributed multi-
agent systems: Cooperative Localization (CL) and Distributed Tracking (DT). CL en-
ables agents to estimate their own positions in GNSS-denied environments through local
ranging and neighbor-to-neighbor communication, while DT allows agents to estimate
the dynamic states of noncooperative targets based on local observations and peer-
to-peer information fusion. Although these modules are architecturally independent,
they are closely interrelated in practice and together form the foundation of spatial
awareness in distributed systems.

Consider a typical Search and Rescue (SAR) mission at sea. A drifting object,
such as a life raft, may become entrained in a mesoscale anticyclonic eddy and exhibit
slow, nonlinear, quasi-circular motion. In such environments—characterized by limited
GNSS coverage, complex sea-state dynamics, and slow-moving targets—conventional
tracking methods often prove inadequate. To improve mission reliability, multiple un-
manned aerial vehicles (UAVs) are deployed from a coastal command center to con-
tinuously monitor the target from different vantage points. However, the effectiveness
of these observations critically depends on each UAV’s ability to accurately localize
itself. Target observations without spatial context are meaningless; conversely, local-
ization errors can propagate through the tracking pipeline, leading to degraded or even
divergent target state estimates.

Moreover, in such dynamic environments, the target’s motion can theoretically pro-
vide reverse constraints to aid in relative localization among agents. This indicates
an inherent coupling between localization and tracking. Treating them as fully de-
coupled modules often fails to exploit their synergistic potential. A unified estimation
framework is therefore required—one that allows both tasks to be jointly addressed
under a shared reasoning process, reducing redundancy and improving overall system
performance.

To establish a performance baseline, this chapter first introduces a widely used and
relatively advanced method: the Distributed Invariant Kalman Filter (DIKF). This
approach jointly models agent and target states and uses Kalman filtering for joint
estimation. However, its reliance on linear system assumptions makes it prone to
performance degradation in highly nonlinear scenarios.

To address this limitation, we propose an Integrated Cooperative Localization and
Distributed Tracking (ICLDT) framework. Unlike traditional sequential approaches,
ICLDT employs a first-order Taylor expansion to linearly approximate the localization
error terms, thereby formulating a unified optimization problem that simultaneously
solves for both agent positions and target states. It is worth emphasizing that one key
difference is that the traditional method requires a known model, whereas ICLDT is
non-parametric, making it more flexible in scenarios with unknown or complex dynam-
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ics. All computations are performed locally, and communication is limited to neighbor-
ing agents, ensuring full decentralization and scalability.

The remainder of this chapter is organized as follows:

• Baseline Comparison: We present a joint Kalman filter approach as a bench-
mark for evaluating the proposed method;

• Sequential Optimization(SCLDT): A decoupled strategy that performs lo-
calization followed by tracking, along with an analysis of its limitations;

• Integrated Optimization(ICLDT): A integrated optimization framework us-
ing linear approximation to enable unified, distributed estimation;

• Discussion: We summarize the advantages and applicable scenarios of the pro-
posed approach and discuss its potential extensions to other cooperative percep-
tion tasks.

This integrated framework not only improves robustness and estimation accuracy
in GNSS-denied environments but also provides a unified and scalable solution for
cooperative perception in dynamic and uncertain multi-agent systems.

4.1 Problem Formulation

We consider a decentralized multi-agent system consisting of N agents operating in
a two-dimensional environment. A subset of agents, denoted by A ⊂ {1, 2, . . . , N},
are anchors with known static positions. The remaining agents, denoted by M =
{1, 2, . . . , N} \ A, must estimate their own positions collaboratively. In addition, the
network is tasked with tracking the dynamic state of a noncooperative target that is
moving under unknown control and environmental forces.

Let pi ∈ R2 denote the true position of agent i and p̂i its estimate.
Each agent is equipped with onboard sensors (e.g., UWB, IMU, vision) that allow

it to:

• measure noisy relative distances to neighboring agents within a communication
radius Rc;

• observe noisy measurements of the target state, either in absolute or relative
coordinates, depending on sensor modality and spatial visibility.

The agent network forms a undirected graph, where nodes represent agents and
edges denote communication links based on current relative distances. Two agents i
and j are considered neighbors if:

Ni = {j ∈ {1, . . . , N} \ {i} : ∥p̂i − p̂j∥ ≤ Rc} . (4.1)

Let dij denote the distance measurement between agent i and agent j:

dij = ∥pi − pj∥+ εij, εij ∼ N (0, σ2),
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and let yik denote the observation of the target made by agent i at time k:

zk = Hxk + vk,

where, H = I3×3 , vk ∼ N (0,R).
The overall objective is to jointly estimate:

• the unknown agent positions {p̂i}i∈N , and

• the sequence of target states {x̂k}Tk=1,

by fusing all available measurements in a distributed and online manner.
This formulation integrates both cooperative-localization and target tracking into a

unified estimation problem. In the following sections, we introduce the joint probabilis-
tic model and describe how distributed inference is performed using message-passing
and local optimization techniques.

4.2 Objective Function Formulation

To formally describe the joint estimation problem of cooperative-localization and target
tracking, we introduce two coupled objective functions: J1 and J2, corresponding to
the cooperative-localization and distributed tracking tasks, respectively.

Cooperative-localization Objective (J1): In the absence of external positioning in-
frastructure, non-anchor agents estimate their positions by measuring inter-agent dis-
tances within their communication neighborhood. This process can be formulated as
the following nonlinear least-squares optimization:

J1(p) =
∑
i∈M

∑
j∈Ni

(∥pi − pj∥ − dij)
2 , (4.2)

where pi denotes the estimated position of agent i, dij is the noisy distance mea-
surement between agents i and j, and Ni is the set of neighbors of agent i. This cost
encourages consistency between estimated positions and observed distances and serves
as the core constraint for cooperative localization.

Target Tracking Objective (J2): For distributed target tracking, each agent main-
tains a local Gaussian Process (GP) model that predicts the state of the target. Based
on the GP prediction, each agent constructs a local negative log-likelihood (NLL) loss
function defined as:

ℓ(i)(θ) = (zi + pi)
⊤Σ(i)(θ)−1(zi + pi) + log

∣∣Σ(i)(θ)
∣∣ , (4.3)

where zi is the relative observation of the target made by agent i, pi is the agent’s
current position estimate, and Σ(i)(θ) is the predictive covariance matrix from the GP
model. This objective captures both the data fit and uncertainty associated with target
state estimation.
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The global tracking objective is then formulated as the sum of local losses:

J2(pi,θ) =
N∑
i=1

ℓ(i)(θ). (4.4)

Coupling Between J1 and J2: These two objectives are inherently coupled through
the agent position pi, which appears both in the localization term and in the tracking
prediction. Accurate target tracking requires precise agent localization, while tempo-
rally coherent target dynamics can, in turn, serve as a soft constraint to aid cooperative-
localization. Therefore, the complete estimation problem must jointly optimize J1 and
J2 under a unified inference framework, which we introduce in the subsequent sections.

4.3 Benchmark

4.3.1 Method

The Joint Kalman Filter (Joint-KF) is a classical method for joint state estimation,
where both agent self-localization and target tracking states are integrated into an aug-
mented state vector and estimated through standard linear-Gaussian Kalman filtering.
Owing to its simplicity and computational efficiency, Joint-KF has been widely used as
a benchmark in cooperative localization and target tracking tasks [44, 45].

Many recent studies have built upon the Joint-KF framework to address limitations
in specific applications. For instance, Zhao et al. [46] introduced a robust joint filter
based on the maximum correntropy criterion to cope with non-Gaussian noise. Tang
et al. [47] developed a federated cubature Kalman filter to fuse IMU and UWB data
in multi-sensor systems. Zhou et al. [48] proposed a distributed invariant EKF on Lie
groups to enhance consistency under nonlinear dynamics, while Tzoumas et al. [49]
formulated a covariance-intersection-based invariant filter for decentralized fusion in
multi-agent networks.

Despite these efforts, most of these methods still inherit limitations from the original
Joint-KF, such as reliance on linear approximations, structural symmetry, or central-
ized priors. In highly nonlinear, partially observed, and communication-constrained
multi-agent settings—as considered in this work—these assumptions often fail. This
motivates the development of a more robust and flexible joint optimization framework
to improve both localization and tracking performance under realistic distributed con-
straints.

The general idea behind such methods is as follows: each agent maintains a lo-
cal joint state vector that includes both the dynamic state of the target and its own
(unknown) position:

x(i) =


xt

yt
θt
pi,x
pi,y

 ∈ R5,
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where (xt, yt, θt) represents the target’s position and orientation, and (pi,x, pi,y) denotes
the static position of agent i.

The Joint-KF approach applies the standard Kalman filtering procedure. At each
time step, the state prediction and update are given by:

Prediction: x̂
(i)
k|k−1 = Fx̂

(i)
k−1|k−1

P
(i)
k|k−1 = FP

(i)
k−1|k−1F

⊤ +Q

Update: K
(i)
k = P

(i)
k|k−1H

⊤
(
HP

(i)
k|k−1H

⊤ +R
)−1

x̂
(i)
k|k = x̂

(i)
k|k−1 +K

(i)
k

(
z
(i)
k −Hx̂

(i)
k|k−1

)
P

(i)
k|k =

(
I−K

(i)
k H

)
P

(i)
k|k−1

Here, F and H denote the state transition and observation matrices. For a five-
dimensional state vector, a typical choice is

F =


1 0 −v sin θt∆t 0 0
0 1 v cos θt∆t 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

 ,

assuming the target follows a simple motion model while the agent’s own position is
static.

If the observation corresponds to relative position measurements z
(i)
k =

[
xt − pi,x
yt − pi,y

]
+

rk, then the observation matrix is

H =

[
1 0 0 −1 0
0 1 0 0 −1

]
.

The process noise covariance and observation noise covariance are typically chosen
as diagonal matrices:

Q = diag(σ2
x, σ

2
y , σ

2
θ , ϵ, ϵ), R = diag(σ2

zx , σ
2
zy),

where ϵ is set to a small value to account for static agent positions.

Kalman Filter Equations. Each agent independently runs a standard Kalman Filter:

Prediction: x̂
(i)
k|k−1 = Fkx̂

(i)
k−1|k−1,

P
(i)
k|k−1 = FkP

(i)
k−1|k−1F

⊤
k +Q.

Update: K
(i)
k = P

(i)
k|k−1H

⊤
(
HP

(i)
k|k−1H

⊤ +R
)−1

,

x̂
(i)
k|k = x̂

(i)
k|k−1 +K

(i)
k

(
z
(i)
k −Hx̂

(i)
k|k−1

)
,

P
(i)
k|k =

(
I −K

(i)
k H

)
P

(i)
k|k−1.
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4.3.2 Results

It is worth noting that the experimental setup (including the scenario, dynamic model,
measurement model, and noise settings) for the Joint-KF baseline is kept identical to
that used in the previous experiments to ensure a fair comparison.

Figure 4.1: Tracking error and posterior covariance trace of the Joint-KF baseline under
nonlinear target dynamics.

As shown in Fig.4.1, the Joint Kalman Filter exhibits poor performance in this sce-
nario. The tracking error remains consistently high throughout the episode, starting
around 7 meters and rising to nearly 10 meters by the end, with significant fluctua-
tions. This indicates that the filter fails to accurately estimate the target state over
time. Meanwhile, the posterior covariance trace stays nearly constant at a value close
to 10, showing no meaningful reduction in uncertainty as more measurements become
available. Ideally, a well-functioning estimator should demonstrate a decreasing trend
in the posterior covariance trace, reflecting improved confidence through information
accumulation. The lack of covariance contraction suggests that the filter is not effec-
tively incorporating observation data. This failure may be attributed to factors such as
model linearization inaccuracies, insufficient responsiveness to measurement residuals,
or overly optimistic uncertainty modeling. Together, these issues reveal the limitations
of the Joint-KF framework under challenging tracking conditions, particularly when
the system involves nonlinear dynamics and noisy or ambiguous observations.
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4.4 Sequential Cooperative Localization and Distributed
Tracking(SCLDT)

4.4.1 Framework

The joint estimation of agent positions and target state forms a coupled multi-objective
optimization problem composed of two components:

• The localization loss:

J1(p) =
∑
i∈M

∑
j∈Ni

(∥pi − pj∥ − dij)
2 (4.5)

• The tracking loss:

J2(pi,θ) =
N∑
i=1

[
(zi + pi)

⊤Σ(i)(θ)−1(zi + pi) + log |Σ(i)(θ)|
]

(4.6)

In this formulation, the target tracking loss J2 is explicitly dependent on the agent
position estimates pk, which also serve as the optimization variables in J1. To address
this coupling in a tractable and scalable manner, we adopt a sequential optimization
approach that decomposes the problem into two stages:

Stage I – Agent localization: We begin by minimizing J1(p) independently, using
only inter-agent distance measurements. This optimization can be carried out in a dis-
tributed fashion by each non-anchor agent using local ranging information and iterative
update schemes. The result is a globally consistent set of agent positions p̂.

Stage II – Target tracking: With the agent positions fixed to pi = p̂i, we then solve
the tracking problem by minimizing J2(pi,θ) with respect to the target state θ. Each
agent applies its Gaussian Process model and computes a local negative log-likelihood
(NLL) loss based on its own relative measurement and current position. A consensus-
based optimization method, ADMM, is used to reach agreement on the global target
state.

This sequential scheme avoids the need to jointly solve a large non-convex problem,
while still capturing the dependency structure between localization and tracking. It
also aligns well with the practical constraints of real-world multi-agent systems, where
localization typically precedes high-level inference tasks.

Figure 4.2 illustrates the complete flow of this sequential optimization strategy.

4.4.2 Simulation

To better reflect realistic conditions encountered in maritime search-and-rescue (SAR)
operations, we begin by evaluating the proposed sequential optimization framework in
a structured deployment scenario where eight UAV agents are evenly spaced around the
target drift region. This circular configuration ensures that the entire area of interest

47



Figure 4.2: Sequential optimization flow: the left branch shows the localization stage based
on inter-agent ranging; the right branch shows the tracking stage using fixed localization and
GP-based prediction with consensus.

remains well covered, allowing agents to maintain consistent line-of-sight measurements
and reliable communication with their neighbors.

Such a uniform deployment not only simplifies the analysis of algorithmic behavior
under controlled conditions, but also emulates real-world UAV formations frequently
used in coordinated SAR missions or environmental monitoring. The geometric symme-
try of the layout helps maintain balanced observation density across the region, while
minimizing spatial bias in data collection.

Moreover, this setting naturally decouples the two key subproblems in our frame-
work: cooperative-localization and distributed target tracking. Since each UAV is able
to receive relatively accurate distance measurements from multiple neighbors, the po-
sition estimates obtained from the cooperative-localization phase (J1) are sufficiently
reliable to serve as input for the subsequent GP-based tracking phase (J2). This se-
quential design allows us to examine the interaction between localization accuracy and
tracking performance in a clear and interpretable manner.

4.4.3 Performance Analysis

Figure 4.6 illustrates how the performance of the proposed CS-DT framework varies
with respect to the communication radius R. The upper plot shows the RMSE of the
estimated target trajectory in x, y, and θ components, as well as the overall RMSE.
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Table 4.1: Agent Localization Results (Average localization error: 0.2062 m)

Agent Actual Position (x, y) Estimated Position (x, y) Error Remark

1 (0.0000, 0.0000) (-0.1734, -0.2791) 0.3273
2 (0.6760, 13.3549) (0.6760, 13.3549) 0.0000 Known position
3 (-12.0280, 15.4859) (-12.3165, 15.6705) 0.3275
4 (-16.6466, 3.8581) (-16.5002, 3.6168) 0.2785
5 (-5.5003, -1.8768) (-5.4741, -1.6776) 0.2004
6 (2.8364, 7.7778) (3.1226, 8.1952) 0.5075
7 (-7.2575, 17.4908) (-7.2575, 17.4908) 0.0000 Known position
8 (-16.9486, 10.2055) (-17.2868, 10.6170) 0.6396

(a) SCLDT (R = 3.5) (b) SCLDT (R = 5)

(c) SCLDT (R = 6) (d) SCLDT (R = 8)

Figure 4.3: Trajectory tracking results under different communication radii R using the
SCLDT framework. Subfigures (a)–(d) show the predicted vs. true trajectories when R = 3.5,
5, 6, and 8, respectively.
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Algorithm 3 Sequential Distributed Optimization for Localization and Tracking

Require: Anchor positions {pa}a∈A, initial GP parameters {θ0
i }, communication radius r,

max iterations T
Ensure: Predicted target trajectory ŝ(t)
1: Step 1: Iterative cooperative-Localization
2: Initialize agent positions p̂i with random offsets for i ∈ F
3: for t← 1 to T do
4: for all i ∈ F do
5: Retrieve neighbor positions {p̂j} for j ∈ Ni

6: Measure relative distance dij = ∥pi − pj∥+N (0, σ2)
7: Update p̂i ← argminp J(pi; {dij}, {p̂j})
8: end for
9: if converged then

10: break
11: end if
12: end for
13: Step 2: Distributed Target Tracking via ADMM-GP
14: Initialize r ← 0, GP priors θ0

i , dual variables ζ
0
i , global variable z0, penalty ρ

15: while ∥∆r
p∥2 ≥ ϵpri ∨ ∥∆r

d∥2 ≥ ϵdual do
16: r ← r + 1
17: for i← 1 to N do
18: Update GP parameters θr

i using local data and p̂i

19: end for
20: Update global parameter zr via consensus
21: Update dual variables ζri
22: Compute residuals ∆r

p, ∆
r
d

23: Adjust tolerances if needed
24: end while

return ŝ(t)

Table 4.2: Tracking performance under varying communication radius R using the SCLDT
framework

R RMSEX RMSEY RMSEθ Overall RMSE Sample Size

3.50 0.931 0.946 0.038 0.767 913
4.00 1.120 1.103 0.029 0.907 1051
4.50 0.805 0.816 0.011 0.661 1178
5.00 1.187 1.059 0.022 0.919 1327
5.50 0.816 0.818 0.010 0.667 1462
6.00 0.439 0.359 0.018 0.328 1596
6.50 0.386 0.328 0.012 0.293 1737
7.00 0.594 0.648 0.010 0.507 1886
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Figure 4.4: Top: RMSE of different state components (X, Y, θ) and overall RMSE under
varying communication radius R in the CS-DT framework. Bottom: Corresponding number
of valid samples observed by the UAV network.

The lower plot shows the corresponding number of valid samples used for training and
inference.

We observe that as the communication radius increases, the number of valid mea-
surements collected by the UAV network grows steadily. This is expected, as a larger
R allows each UAV to access more neighbors and accumulate more relative measure-
ments. However, the relationship between communication range and RMSE is not
strictly monotonic.

The lowest overall RMSE is achieved around R = 6.5, where the system bene-
fits from both sufficient sample density and high measurement diversity. In contrast,
both too small (e.g., R = 3.5) and too large (R = 7) communication ranges yield higher
RMSE values. This indicates a trade-off: while increasingR improves measurement cov-
erage, excessive overlap may introduce redundant or less informative data, potentially
leading to over-smoothing in the consensus process or increased noise accumulation.

Furthermore, the estimation of the angular component θ remains consistently accu-
rate across all R values, demonstrating the robustness of the underlying GP model to
orientation dynamics. These results highlight the importance of choosing an appropri-
ate communication radius to balance accuracy, efficiency, and robustness in real-world
UAV tracking networks.
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4.5 Intergrated Cooperative Localization and Distributed
Tracking(ICLDT)

4.5.1 Framework

While the sequential optimization strategy discussed earlier effectively decouples lo-
calization and tracking into two manageable subproblems, it introduces a fundamental
limitation: the accuracy of the target state estimation (J2) strongly depends on the prior
agent position estimates pi, which are optimized without accounting for the subsequent
tracking task. This separation may lead to error propagation and underutilization of
the rich interdependence between agent positioning and target inference.

To overcome this limitation, we propose a integrated optimization framework
that treats cooperative-localization and target tracking as a unified problem. The key
idea is to optimize both components simultaneously, allowing bidirectional information
flow and collaborative refinement during inference. To this end, we introduce a weighted
multi-objective cost function:

J = λJ1(p) + (1− λ)J2(p,θ), (4.7)

where J1 denotes the localization cost based on inter-agent ranging, and J2 rep-
resents the negative log-likelihood of the target state prediction based on Gaussian
Process regression. The scalar weight λ ∈ [0, 1] balances the contribution of the two
components.

This formulation embodies the principle of tracking-aware localization and
localization-enhanced tracking, promoting consistency between agent position estima-
tion and target inference. It enables the system to achieve improved accuracy and
robustness by integrately considering the spatial structure of the network and the tem-
poral evolution of the target, which is particularly important in distributed settings
with limited observations or noisy measurements.

4.5.2 Convexity Analysis of the Objective Function

In order to understand the challenges associated with solving the joint optimization
problem, we analyze the convexity of the two constituent objective functions J1 and J2
defined in Equation (4.7).

Localization objective J1: The localization cost function J1(p) is defined based on
the squared error between estimated inter-agent distances and observed measurements:

J1(p) =
∑

(i,j)∈E

(∥pi − pj∥ − dij)
2 , (4.8)

where E denotes the set of agent pairs within communication range, and dij is the
noisy measured distance between agents i and j.

This function is non-convex due to the presence of the Euclidean norm ∥pi −
pj∥, which is a non-linear operation. Even though the squared distance is convex,
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the subtraction of the observed measurement dij followed by squaring introduces non-
convexity in the global parameter space. The optimization landscape contains multiple
local minima, especially when the initial estimates are far from the ground truth.

Tracking objective J2: The tracking loss J2(p,θ) is defined as the sum of lNLL
functions based on GP regression models:

J2(p,θ) =
N∑
k=1

[
(zi + pi)

⊤Σ(i)(θ)−1(zi + pi) + log |Σ(i)(θ)|
]
. (4.9)

Here, the dependency of J2 on both pi and θ introduces further non-convexity.
Specifically:

• The GP covariance matrix Σ(i)(θ) depends nonlinearly on the target state via the
kernel function.

• The inversion and determinant operations inside the NLL make the objective
analytically intractable and non-convex in general.

• The term (zi + pi) couples the measurement and localization error, resulting in
non-separable terms.

Due to these characteristics, the joint cost function J is inherently non-convex and
challenging to minimize globally. As such, optimization methods must rely on good
initialization and iterative local updates. In the next section, we discuss a convex
relaxation of the localization objective

4.5.3 Convex Relaxation of the Localization Objective

To address the non-convexity of the localization term J1, we propose a first-order
Taylor-based relaxation that approximates the objective as a convex quadratic function,
thereby enabling closed-form updates.

Recall the original form of J1:

J1(p) =
∑

(i,j)∈E

(∥pi − pj∥ − dij)
2 , (4.10)

where dij is the measured (noisy) distance between agents i and j. This function is
non-convex due to the presence of the norm operator. To make the problem tractable,

we linearize the distance term around the current position estimate p
(0)
j using a first-

order Taylor expansion:

∥pi − pj∥ ≈ r
(0)
ij +∇r(0)ij · (pi − p

(0)
i ), (4.11)

where: r
(0)
ij = ∥p(0)

i − p
(0)
j ∥, ∇r

(0)
ij =

(p
(0)
i −p

(0)
j )⊤

∥p(0)
i −p

(0)
j ∥

= a⊤
ij.

Substituting this into J1, we obtain a relaxed form:
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J̃1(p) =
∑
j∈Ni

(
−a⊤

ijpi + bij
)2

, (4.12)

where bij = r
(0)
ij − dij − a⊤

ijp
(0)
i . This yields a standard convex quadratic form.

Closed-form solution: The above relaxed problem can be solved analytically using
least-squares. Defining:

Ai =


a⊤
i1

a⊤
i2
...
a⊤
ij

 , bi =


bi1
bi2
...
bij

 , (4.13)

the optimal position update for agent i becomes:

p̂i = (A⊤
i Ai)

−1A⊤
i bi. (4.14)

This closed-form update can be efficiently computed in each iteration and integrated
into the joint optimization loop, significantly improving convergence behavior while
maintaining a decentralized structure.

4.5.4 Distributed Intergrated Optimization via ADMM

To solve the coupled non-convex joint objective in a distributed manner, we adopt the
Alternating Direction Method of Multipliers (ADMM). Specifically, we focus on the
following joint optimization problem over agent states θi and positions pi:

min
{θi,pi}

N∑
i=1

J (i)(θi,pi), (4.15)

subject to consensus constraints:

θi = z, ∀i = 1, . . . , N, (4.16)

where z is the global consensus variable representing the estimated target state.
We define the augmented Lagrangian:

L({θi}, {pi}, {ζi}, z) =
N∑
i=1

[
J (i)(θi,pi) + ζ⊤

i (θi − z) +
ρ

2
∥θi − z∥22

]
, (4.17)

where ζi are dual variables and ρ > 0 is the penalty parameter.
We update the variables iteratively as follows:

1. Local target update: Each agent independently updates its local target state θi
using its own measurement and current estimate of z and ζi:

θi
r+1 = argmin

θi

(
J (i)(θi,p

r
i ) + ζr⊤

i (θi − zr) +
ρ

2
∥θi − zr∥22

)
. (4.18)
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2. Global consensus update: The shared variable z is updated by aggregating all
local estimates:

zr+1 =
1

N

N∑
i=1

(
θr+1
i +

1

ρ
ζr
i

)
. (4.19)

3. Dual variable update:

ζr+1
i = ζr

i + ρ
(
θi

r+1 − zr+1
)
. (4.20)

Output: After convergence, the algorithm returns optimal estimates of agent positions
{pi} and target state z

This ADMM framework enables fully distributed, iterative updates with minimal
coordination overhead, making it highly suitable for decentralized UAV tracking sys-
tems under partial observability.

Algorithm 4 Integrated Cooperative Localization and Distributed Tracking via ADMM

Require: Anchors {pa}a∈A, neighbor ranges {dij}, measurements {zi}, initial {p̂0
i }i∈F ,

{θ0
i }, {ζ0i }, global z0, penalty ρ, tolerances ϵpri, ϵdual

Ensure: Estimated positions {p̂i}i∈F and global parameter z∗

1: r ← 0
2: repeat
3: Closed-form localization ▷ parallel over i ∈ F
4: for all i ∈ F do
5: Compute linearization coefficients aij , bij for j ∈ Ni

6: p̂ r+1
i ← argminp

∑
j∈Ni

(
− a⊤ijp+ bij

)2
▷ closed-form update of the relaxed J1

7: end for
8: Local target update ▷ parallel over i = 1, . . . , N
9: for i← 1 to N do

10: θ r+1
i ← argminθi

[
J (i)

(
θi; p̂

r+1
i ) + ζ r

i
⊤(θi − z r) + ρ

2 ∥θi − z r∥22
]

11: end for
12: Global consensus update

13: z r+1 ← 1
N

∑N
i=1

(
θ r+1
i + 1

ρ ζ
r
i

)
14: Dual variable update
15: for i← 1 to N do
16: ζ r+1

i ← ζ r
i + ρ (θ r+1

i − z r+1)
17: end for
18: r ← r + 1
19: until ∥∆ r

p ∥2 < ϵpri ∧ ∥∆ r
d∥2 < ϵdual

20: Output: {p̂i} ← {p̂ r
i }, z∗ ← z r

4.5.5 Results of ICLDT

Table 4.3 summarizes the actual positions, estimated positions (obtained via a closed-
form solution), and the corresponding Euclidean errors for all agents. Among them,
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Table 4.3: Comparison between actual and estimated positions for each agent ((Average
localization error: 0.3831 m))

Agent Actual Position (x, y) Estimated Position (x, y) Error Remark

1 (0.0000, 0.0000) (0.6691, 0.0217) 0.6694
2 (0.6760, 13.3549) (0.6760, 13.3549) 0.0000 Known position
3 (-12.0280, 15.4859) (-12.1149, 15.0925) 0.4039
4 (-16.6466, 3.8581) (-16.5162, 3.6904) 0.2135
5 (-5.5003, -1.8768) (-4.8500, -2.1965) 0.7190
6 (2.8364, 7.7778) (3.1608, 7.4226) 0.4808
7 (-7.2575, 17.4908) (-7.2575, 17.4908) 0.0000 Known position
8 (-16.9486, 10.2055) (-16.7840, 9.6553) 0.5734

Agent 2 and Agent 7 serve as anchor nodes whose positions are known a prior and
thus excluded from the estimation process. The positions of the remaining agents are
computed using a closed-form method based on pairwise distance measurements and
neighborhood constraints.

Overall, the localization accuracy is satisfactory. Most agents exhibit a positioning
error below 0.7 meters. Notably, Agents 2 and 7 have zero error as expected. The
largest error occurs at Agent 5 (approximately 0.72 m), which may result from limited
anchor connectivity or noisy measurements. Agent 1 also shows a relatively higher
error (around 0.67 m), indicating that nodes initialized far from anchors can be more
susceptible to estimation inaccuracies.

These results demonstrate that the closed-form localization approach performs ef-
fectively under partial anchor constraints. It achieves reasonable accuracy without
requiring iterative computation, making it suitable for scenarios with limited compu-
tational resources or strict runtime constraints.

Table 4.4: Tracking Performance using ICLDT under Varying Measurement Radius R

R RMSEX RMSEY RMSEθ Overall RMSE Sample Size

3.50 1.098 1.081 0.038 0.890 913
4.00 0.975 0.950 0.029 0.786 1051
4.50 1.041 0.934 0.990 0.989 1178
5.00 1.067 0.966 0.023 0.831 1327
5.50 0.748 0.832 0.010 0.646 1462
6.00 0.808 0.940 0.019 0.716 1596
6.50 0.864 1.050 0.013 0.785 1737
7.00 0.667 0.776 0.010 0.591 1886
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(a) ICLDT (R = 3.5) (b) ICLDT (R = 4)

(c) ICLDT (R = 5.5) (d) ICLDT (R = 7)

Figure 4.5: Trajectory tracking results under different communication radii R using the
ICLDT. Subfigures (a)–(d) show the predicted vs. true trajectories when R = 3.5, 5, 6,
and 8, respectively.

Table 4.4 presents the tracking performance under different communication radii R.
As R increases from 3.5 to 7.0, the overall root-mean-square error (RMSE) significantly
decreases from 0.89m to 0.59m, showing a clear monotonic improvement. This trend
highlights the critical impact of communication capability on distributed tracking per-
formance. A larger communication radius provides richer neighbor observations, which
enhances global model consistency and improves target estimation accuracy.

Moreover, the trends of RMSEx and RMSEy show similar downward behavior, in-
dicating that the estimator performs consistently across both spatial dimensions. The
direction estimation error RMSEθ remains relatively low throughout, suggesting that
the GP+ADMM structure maintains strong stability in modeling directional dynamics.

Finally, as the communication radius increases, the sample size also grows steadily
(from 913 to 1886), which not only improves statistical robustness but also demon-
strates the scalability of the proposed framework. These results confirm that the
joint cooperative-localization and distributed tracking algorithm maintains good per-
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Figure 4.6: Top: RMSE of different state components (X, Y, θ) and overall RMSE under
varying communication radius R in the ICLDT framework. Bottom: Corresponding number
of valid samples observed by the UAV network.

formance even under limited communication conditions, making it promising for de-
ployment in large-scale, real-world multi-agent systems.

4.6 Discussion

To establish a clear performance benchmark, we begin by comparing the proposed
method with a baseline approach. Although the baseline method is theoretically valid
for linear systems, it fails in the tracking task due to the nonlinear nature of the target’s
actual motion. In contrast, our method can effectively handle such nonlinear dynamics.
By employing a more appropriate modeling and estimation process, it maintains both
tracking and localization errors at a low level throughout the experiment.In this section,
we focus on the two methods proposed in this work that remain effective under non-
linear system dynamics. We conduct a systematic comparison of their performance in
terms of algorithmic accuracy, communication overhead, and computational complex-
ity. Through this comparative analysis, we further explore their suitability for different
application scenarios and system constraints, aiming to provide practical guidance for
real-world deployment.

4.6.1 Algorithm Performance Comparison

This work proposes two optimization strategies for cooperative localization and tar-
get tracking in multi-agent systems: the Sequential Optimization and the Integrated
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(a) Localization with SCLDT (b) Localization with ICLDT

Figure 4.7: Comparison of localization results

Figure 4.8: Tracking performance comparison.

Optimization. In this section, we analyze and compare their performance in terms of
localization accuracy and tracking accuracy based on simulation results.

The sequential optimization method explicitly separates the localization and track-
ing tasks into two independent stages.

In localization phase, a distance-based optimization framework is employed, where
non-anchor nodes iteratively update their positions by communicating with neighboring
agents. Eventually, the positions of all nodes converge to a globally consistent coordi-
nate system. Simulation results demonstrate that this method achieves high precision
and robustness in static localization tasks: the average localization error is 0.2062
meters, with most nodes achieving errors below 0.5 meters. This indicates reliable
localization performance under limited communication and measurement accuracy.
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After localization is completed and node positions are fixed, the system enters the
tracking phase. In this stage, a Gaussian Process (GP) model combined with the Alter-
nating Direction Method of Multipliers (ADMM) is used for distributed optimization,
allowing agents to collaboratively predict the target trajectory. Simulations show that
with a communication radius of R = 6.5 meters, the method achieves its best tracking
performance, with the overall RMSE reaching 0.2926 meters—the lowest among all
tested configurations—demonstrating excellent tracking accuracy.

In summary, the sequential optimization method benefits from its stage-wise struc-
ture, achieving high precision and low error in both localization and tracking tasks.

The integrated optimization method aims to streamline the overall process by em-
bedding a closed-form solution of the localization problem into the tracking objective,
thereby achieving a formal integration of the two tasks. Although structurally more
compact, the method does not perform explicit iterative localization, which leads to
some compromises in accuracy.

Instead of iterative refinement, the localization task is relaxed into a convex form and
solved in closed-form, which is then directly embedded into the joint objective function.
While this approach improves execution efficiency, it comes at the cost of reduced
accuracy. Simulation results show that the localization errors under the integrated
optimization method generally range from 0.4 to 0.7 meters, with the maximum node
error reaching 0.72 meters—significantly higher than the average error in the sequential
approach.

Due to the degraded localization accuracy, the tracking performance also suffers.
Across all tested communication radii, the best RMSE achieved by the integrated opti-
mization method is 0.5907 meters (at R = 7 meters), nearly twice the best performance
of the sequential optimization method. This indicates that although the integrated
approach conceptually couples the two tasks, it does not outperform the traditional
stage-wise strategy in terms of accuracy.

4.6.2 Communication Efficiency Comparison

In multi-agent systems, the communication topology plays a critical role in determin-
ing overall algorithm performance. This is especially true for joint localization and
tracking tasks, where each agent can only obtain relative measurements of the target’s
position with respect to itself. Consequently, accurate cooperative-localization becomes
essential. To evaluate communication efficiency, we begin by analyzing the localization
component of both algorithms.

The sequential optimization algorithm is highly adaptable to sparse communica-
tion networks. It relies solely on local inter-agent distance measurements and employs
iterative updates to propagate position estimates throughout the network. Even with-
out a fully connected communication graph, the algorithm can still achieve globally
consistent localization.

As shown in Figure 3.12 and Table 3.6, when the communication radius is set
to 17 meters, each agent has only 3 to 5 neighbors on average. Under this sparse
communication condition, the sequential method still achieves a localization error of
0.3624 meters, which is already lower than the 0.3831 meters obtained by the closed-
form solution used in the integrated optimization method. This demonstrates that
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sequential optimization can approximate—if not outperform—the closed-form solution
in terms of accuracy, even under partial connectivity.

Moreover, at this communication level (17 meters), the tracking accuracy of the
sequential algorithm is already comparable to its full-communication performance. This
reinforces the algorithm’s robustness and efficiency in scenarios with limited bandwidth
or incomplete communication.

In contrast, the integrated optimization algorithm exhibits a stronger dependence
on a fully connected communication graph. Its localization process relies on a closed-
form solution derived from a convex relaxation of the original problem. To ensure the
validity and convergence of this solution, comprehensive information exchange across
the entire network is required.

Specifically, to accurately constrain the optimization problem and maintain global
consistency, the integrated method assumes that each of the 8 agents is able to com-
municate with all others—effectively requiring a fully connected topology. According
to simulation results, this necessitates a communication radius of at least 20 meters.
Any relaxation of this requirement may lead to degraded performance or even failure
of the localization module.

In summary, the sequential optimization method demonstrates clear advantages in
terms of communication efficiency. It can achieve accurate localization and tracking
even under partial communication, showing strong adaptability to limited-connectivity
networks. The integrated optimization method, although structurally compact, requires
full inter-agent communication, which may limit its deployment in real-world scenarios
with constrained bandwidth or dynamic topologies.

Therefore, for resource-limited or large-scale multi-agent systems with sparse or
unreliable communication links, the sequential optimization method provides greater
practicality and scalability.

4.6.3 Computational Cost Comparison

In addition to performance and communication efficiency, computational complexity
is an important metric for evaluating the practicality of multi-agent algorithms. This
section compares the asymptotic computational costs of the Sequential Optimization
and Integrated Optimization approaches, based on their algorithmic structure and sim-
ulation design.

Sequential Optimization. This method separates the joint estimation task into two
distinct stages: static cooperative-localization and target tracking, which are executed
sequentially.

Cooperative-localization: Each non-anchor agent iteratively updates its position es-
timate by minimizing the squared error between estimated and measured distances to
its neighbors. For a single agent, each iteration requires evaluating a nonlinear cost
over k neighbors in 2-dimensional space, with complexity O(k · 2). Assuming TL outer
iterations and T inner optimization steps per agent, the total localization complexity
is:

O(TL ·Nu · T · k · 2)
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where Nu is the number of non-anchor agents.
Target tracking: Each agent models the target dynamics using Gaussian Processes

(GPs). The GP training requires O(M3) time per agent, where M is the number of
local training samples. Distributed ADMM is used for consensus tracking, with TT

iterations, each costing O(M2) per agent. Hence, the total tracking complexity is:

O(N · (M3 + TT ·M2))

Total complexity:

O
(
TL ·Nu · T · k · d+N · (M3 + TT ·M2)

)
Integrated Optimization. This method embeds a closed-form solution for localiza-
tion directly into the tracking optimization, avoiding iterative localization and enabling
single-round execution.

Localization (closed-form): Each agent computes a position estimate based on lin-
earized distance constraints. The per-agent complexity is O(k · d), leading to total
complexity:

O(N · k · d)
Joint tracking optimization: Similar to the sequential case, ADMM is used for

distributed tracking with TT iterations and complexity O(M2) per iteration per agent:

O(N · TT ·M2)

Total complexity:
O(N · k · d+N · TT ·M2)

Compared to the sequential strategy, the integrated approach avoids repeated non-
linear optimization and costly GP training, resulting in significantly lower computa-
tional load. The sequential method, although computationally heavier, offers better
localization accuracy due to its explicit iterative refinement.

Table 4.5: Comparison of Computational Complexity

Metric Sequential Optimization Integrated Optimization

Localization method Iterative nonlinear optimization Closed-form linear solution
Localization cost O(TLNuTkd) O(Nkd)
Tracking cost O(N(M3 + TTM

2)) O(NTTM
2)

Optimization rounds Two One
Strengths Higher accuracy Faster execution

Both proposed methods successfully accomplish the coupled tasks of cooperative-
localization and target tracking in nonlinear environments. The Sequential Cooperative
Localization and Distributed Tracking (SCLDT) method, with its explicit two-stage
structure, demonstrates superior accuracy and robustness in scenarios where precise
estimation is critical or where reliable initialization can be ensured. It is well-suited
for long-duration missions, low-communication settings, or deployments requiring high
precision.
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In contrast, the Integrated Cooperative Localization and Distributed Tracking
(ICLDT) method leverages a closed-form localization strategy to enable single-round
optimization. This results in significantly lower computational and communication
overhead, making it more appropriate for real-time applications, resource-constrained
platforms, or large-scale agent networks. The two methods thus offer complementary
advantages and provide effective solutions under different operational constraints in
distributed nonlinear systems.

4.7 Conclusion

This chapter proposed and evaluated two distributed solutions: a Sequential Coop-
erative Localization and Distributed Tracking (SCLDT) pipeline and an Integrated
Cooperative Localization and Distributed Tracking (ICLDT) framework. SCLDT is
modular and lightweight but is susceptible to one-way error propagation from localiza-
tion to tracking. ICLDT couples both tasks in a single optimization, leverages consensus
variables, and employs ADMM for distributed coordination; a convex relaxation of the
localization subproblem yields closed-form updates that improve numerical stability.

Across diverse network topologies, radii, and noise levels, both methods outperform
a Joint-KF baseline under nonlinear dynamics. ICLDT consistently achieves superior
accuracy, faster convergence, and better robustness to sparse/partial observations, while
maintaining favorable communication and computation trade-offs through local updates
plus limited consensus. These results provide practical guidance for parameterization
and deployment of decentralized perception systems in GNSS-denied scenarios such as
maritime search-and-rescue.
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Conclusion 5
In GNSS-denied scenarios such as maritime search-and-rescue (SAR), multi-agent sys-
tems must collaboratively perceive and track drifting targets under limited commu-
nication ranges, which makes centralized solutions difficult to deploy. The central
question is how—without relying on a fusion center—to use only neighbor ranging and
each agent’s local observations to simultaneously estimate the agents’ fixed positions
and the trajectory of a non-cooperative target, while preserving scalability and ro-
bustness; this has become an important research direction in recent years. Thus, this
work presents a systematic study of cooperative self-localization and distributed target
tracking in multi-agent systems. Two optimization frameworks were proposed: the
Sequential Cooperative localization and Distributed Tracking (SCLDT) method and
the Integrated Cooperative localization and Distributed Tracking (ICLDT) method. A
detailed comparison was conducted from the perspectives of estimation performance,
communication efficiency, and computational complexity.

The SCLDT algorithm adopts a modular two-stage design, performing localization
followed by tracking. This structure effectively prevents error amplification between
tasks and leads to higher accuracy in both positioning and tracking. Simulation results
demonstrate that SCLDT achieves an average localization error of 0.2062 meters, and
the best tracking RMSE of 0.2926 meters when the communication radius is 6.5 me-
ters, making it suitable for scenarios requiring high-precision estimation under limited
communication.

In contrast, the ICLDT algorithm simplifies the optimization pipeline by embed-
ding a closed-form localization solution into the tracking objective. While it does not
jointly optimize localization and tracking in the strict sense, the integrated structure
significantly reduces computational load and allows faster convergence. However, the
accuracy is slightly compromised, with positioning errors ranging between 0.4 and 0.7
meters, and a best tracking RMSE of 0.5907 meters at a communication radius of 7 me-
ters. Moreover, ICLDT requires a fully connected communication graph to guarantee
its effectiveness.

In summary, the sequential method offers superior estimation accuracy and robust-
ness, while the integrated method provides a lightweight alternative for real-time or
large-scale systems.

Future work will focus on four main directions: (1) generalizing the current frame-
work to three-dimensional space to support aerial and underwater robot applications;
(2) extending the framework to handle multi-target tracking with robust data associ-
ation and identity management under partial observability; (3) integrating learning-
based dynamic models, such as deep Gaussian processes or neural surrogates, to better
adapt to unknown or nonlinear environments; and (4) deploying the algorithms on
real robotic platforms and conducting field experiments to evaluate performance under
practical conditions such as communication dropouts, drift, and occlusions.
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This work lays a theoretical and algorithmic foundation for resilient distributed per-
ception and opens up promising directions for future research in cooperative autonomy.
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