
CoA REPORT AERO No. 199 

/. t9B8 

THE COLLEGE OF AERONAUTICS 

CRANFIELD 

AN EXTENDED CLASS OF SUBHARMONIC SOLUTIONS 

TO DUFFING'S EQUATION 

by 

P . A. T. Chr i s topher 



CoA REPORT AERO No. 199 

October , 1967 

THE COLLEGE OF AERONAUTICS 

CRANFIELD 

An Extended Class of Subharmonic Solutions 

to Duffing's Equation 

by 

p . A. T . Chr i s topher , D . C . A e . , A . F . I . M . A , 

SUMMARY 

In Ref. 1 the author establ ished the exis tence of a new c lass of exact 
subharmonic solutions to Duffing's equation, without damping, i. e . , the t e r m 
in X is absent. The p re sen t study is concerned with the full equation of 
Duffing, with damping p resen t , and it is shown that, provided the damping 
coefficient, b, is sufficiently smal l , t he re exis ts a c l a s s of exact subharmonic 
solut ions which s tem from a sub -c l a s s of exact pu re - subharmonic solut ions. 



CONTENTS 

Page 

1. Introduction 1 

2 . An Extended Class of Subharmonic Solutions 1 

3. The Exis tence Theorem 6 

4. Some N o r m s and Pseudo-no rms 11 

5. Conditions for T to be a Contract ion Mapping in S* 13 

6. Es t ima te s for I Ö - a j 1/3 - ^ J, 22 

7. An Es t ima te for lub | (u ,v ) - o | , 30 

8. The Proof of Exis tence When | g - ll or h a r e Small 38 

References 43 



- 1 -

Introduction 

The equation 

X + bx + c^x + e x = Q Sin ut, b ^ 0, (1.1) 

is known as Duffing's equation, with damping. The only known broad c lass 
of subharmonic solutions to th is equation is that re la ted to the condition 
c <<c , in which the solution takes the form of a r ea l F o u r i e r s e r i e s whose 

leading t e r m is the dominant subharmonic . See for example Stoker, Ref. 2, 
pp. 103-109. S toker ' s account is concerned with subharmonics of o rde r 
1/3 and it is demons t ra ted that these do not occur when w^ = 9c . F u r t h e r , 

the conclusion is drawn that these subharmonics cannot occur unless the 
damping coefficient, b , is of the s ame o r d e r as c , i . e . b « c ^ . 

In an e a r l i e r pape r , Ref. 1, the author established the existence of a 
new c lass of pure subharmonic solutions of o rde r 1/3 ( i . e . with t e r m s in 

Sin — ut and Cos — ut p re sen t , only) for Duffing's equation with b = 0 and 
o o 

went on to demons t ra te the exis tence of an associa ted , b roade r , c lass of 
solutions which could be r ep re sen ted by a F o u r i e r s e r i e s v/hose minimum 
frequency was u / S . These solutions were shown to exist in in tervals 

2 2 
-1^9c / w < l , l<9c / w < 3 , with c un re s t r i c t ed . That no subharmonic 

1 i o „ 
solution of o r d e r 1/3 could be shown to exist when u = 9c agreed with 
S toker ' s f i rs t conclusion. However, ne i ther of the two t r ea tmen t s can be 

2 
taken as proof that no subharmonic of o r d e r 1/3 exis ts when w = 9c . 

The present study is a na tura l continuation of the work in Ref. 1. 
Start ing from a pure subharmonic solution of o r d e r 1/3 of equation (1 .1) , 
b = 0, the combined functional analyt ic , topological, method will be used to 
explore the exis tence of associa ted subharmonic solutions r ep resen tab le by 
F o u r i e r s e r i e s of minimum frequency UJ /3 . 

2. An Extended Class of Subharmonic Solutions 

By writ ing 30 = wt, equation (1. 1) may be reduced to 

X" + hx' + g^x + g^x - r Sin 36 = 0, (h, g / 0) (2.1) 

where 

and 

h = 3b/u 

g^ = 9Cj^/w 

gg = gcg/u;^ 

r = gQ/w" 

( 2 . 2 ) 
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Start ing with the case h = 0, F = F ^ the re exist cer ta in subharmonic 

solutions descr ibed in Ref, 1, equation (2. 5). It should be noted that in Ref. 1, 
2 

equation (2. 16) should read g = 1 - 3g a . The family of s t ra ight l ines in 

the g , g plane a r e then as shown in Fig. 1. With g g and F = F 

fixed and h > 0 it is anticipated that the re will exist a subharmonic solution 
of (2. 1) of the form 

00 
E 

n=0 
X = E_ {ag^^^ Sin (2n+l)0 + b^^^^^ Cos (2n+l)e] (2.3) 

As before tlie f i rs t approximation will be the pure-subharmonic solution 

X = a Sin 0 + b Cos 0, (2. 4) 
e e \ • / 

whilst the second approximation will be 

X = a Sin 0 + b Cos 0 + a Sin 30 + b Cos 0 (2. 5) 
1 A. O O 

It then follows that 

x^ = a Sin 0 + JS^^ Cos 0 + a Sin 30 + + jS Cos 90, (2.6) 

where 

'̂ lO = 1 ^ ^ ^ ^ '̂ 1* - f ^3^^ - ^^ - l ^ ^ ^ 3 ̂  h^S "- ^3) 

^ 0 = f ^ f " ? "- '^ï' - ! ^ ' " l - '^1^ ^ l " l ^ l " 3 ^ l ^ ( ^ 3 + ^ 3 ' 

«30 = ^ l ( 3 b ^ - a 2 ) . | a 3 ( a ^ . b 2 ) . | a 3 ( a 2 . b 3 ^ ) 

3̂0 = - ^ l ( 3 ^ - ^ l ) ^ I V ^ ^ ^ ? ) ^ ! v 4 - ^ ' ^ 3 ) 

5̂0 = - I ^3(''l - ^1) + I ^ ^ ^ 3 ^ I ^1^4 - 3̂) + I ^ V 3 

'̂ SO = - 1 ^ 3 ^ ^ - ^1^ - I ^ N ^ 3 - f ^ < 4 - "̂ Ŝ  + I ^ ^ 3 

^0 = -h^S - 4^ + l^l^3^3 

^0 = - f ^ ' ^ - 3̂̂  - I ^ V 3 

^90 = hs^^^ - 4^ 

^0 - - -4 S^^4 - 4^ 
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Also 

x ' = a Cos 0 - b Sin 0 + 3a Cos 30 
X i- o 

3b Sin 30 

and 

-a . Sin 0 - b , Cos 0 - 9a„ Sin 3 0 - 9b„ Cos 3 0 

(2.7) 

Approximately x by 

X = a Sin 0 + j3 Cos 0 + a Sin 3 0 ^ l3 Cos 3 0 

3 
and substi tuting for x, x , x' and x" in (2. 1) and equating coefficients of the 
dist inct term.s, i. e. Sin 0, Cos 0, Sin 30 and Cos 30, respect ively , to zero , 
gives r i s e to the following simultaneous equat ions: 

(g^ - l)a^ - hbj + gga^Q 

(g^ - l)b^ + ha^ + g3/3^Q 

0 

0 

(Si - 9)̂ 3 - 3hb3 + ggago = r^ 

(ĝ  - 9)b3 + Shag + g3^3Q = 0 

(2.8) 

(2.9) 

(2. 10) 

(2.11) 

The corresponding equations defining the pure subharmonic solution a r e , from 
Ref. 1. 

(g 1 
l )a + | g , a (a^ + b^) = 0 

e 4 ^3 e e e ' 

(̂ 1 - 'K ' hs'^e^^ ' "^l^ O 

i g - a (3b^ - a^) = F 
4 " 3 e e e e 

•J-g_b (3a^ - b^) = O 
4 "3 e e e 

(2. 12) 

(2. 13) 

(2.14) 

(2. 15) 

Writing a^ = (1 + e^)a^. ^^ = (k^ + e^)a^. ^^ - e^a^. h^ - e^a^ and 

subtrac t ing (2.12) from (2.8) , (2.13) from (2.9) , (2.14) from (2.10) and (2.15) 
from (2. 11) gives , after division by a / 0 and the substi tution 

^ 3 ^ = s '^S^Sl - 1)' 

where k = -4 or - 1 , 

(̂ 1 - 'K - h^ ^ i S ^ ^ l - l)t(^ ^ ^?K ^ ^k.e^ + (k2 . 1)^ . 2k̂ e4 

+ | G ^ ( )1 = hk^ (2.16) 
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(g^ - 1)62 + he^ + I k3(g^ - l){2k^e^ + (1 + 3k^)e2 ^ ^^ 1^ 

+(k^ - 1) ^4 + ^G^{ )]= -h (2.17) 

(g^ - 9)63 - 3he^ + ^ k 3 ( g ^ - l){(k^ - l )e^ '+ 2k ^e^ + ^(1 + k^)£3 + ^^i)]- O 

(2.18) 

(g^ - 9)e^ + 3he3 + j k^ig^ - l ) [ -2k^e^ + (k^ - lU^ + 2(1 + kl)e^ + | G ^ ( )]= O 

(2. 19) 
where 

+ l ^ l K "" ^̂ 1̂ 2 - % - ^1^4^ -̂  f ^2(''l^3 - 4̂ - V4^ 

+ fe3(k^e^ - el) (2.20) 

S ^ 4̂) = l^'^l -̂  2̂̂ ^̂ ? ^ 4^ ^h^l^ '2^^4 ^ 4̂) ^1^1(^2 ^ V 3 - 4̂̂  

-̂  §^2(̂ 1^2 ^ 3̂ ^ "^1% ^ h'3^ ^ h A - 'l^ (2.21) 

03(^1' •••'^4) = h i - ^^ + I %^h + 2̂̂  "" f (̂̂ 3 "*" ̂ 4) 

"-bl^'i - ^ ^ ^ I V 3 ^ 3k^.2^ (2.22) 

^4(̂ 1 4̂' = f 1̂(̂ 2 - 4^ ^ I "4̂ 4 ^ 4̂̂  "̂  I 4̂(̂ 3 ^ ̂ 4̂  

^^2^4 •' ^h^ - l ^ l ^ 2 ^ ^ ^ ^ 4 ^ 3k^^^4 (2.23) 

The task of determining e , . . . , e in term^s of h from these four simultaneous 

cubic equations would be formidable, this, however, is not required. The 
reason for deriving this system of equations is firstly that they define a 
mapping M , used in the existence theorem, and secondly they provide a guide 

to the choice of a four-cell A, also used in the existence theorem. For the 
latter purpose let e ,̂ . . . , e. be of the first order of small quantities compared 

with unity, then G , . . . , G. contain terms of the second and higher orders of 

small quantities only. Under these conditions equations (2. 16) to (2. 19) may 
be adequately approximated by the linear equations 

ll + i k3(3 + k^)],^ . [ i k^k3 - n^]e^ . i k3(k2 . 1)̂ 3 - i k^k3e4 = k^«^ (2. 24) 
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( i k^kg + fi^].^ + (l + I k3(l + 3k2)]e2 4 "̂ 1 3̂̂ 3 4 S^'4 ' ^̂ 4̂ = ""l 
(2. 25) 

i k3(k? - 1)̂ 1 + i k^k3e2 +[ | kgd . k^) + f22\c3 - 3̂ 2̂ ^̂  = O (2. 26) 

fij = h/(gi - 1) 

(2. 27) 

where 

and 
(2. 28) 

^2 = (^1 - 9V(gi - 1) 

Consider the solution of these equations for e , . . . , e in the two cases, 
separately 

Case (i) k^ = O, k^ = 1, k3 = -4 

The equations become 

-2^1 - "l^2 ^ % 

" l^ l + e, •f2, 

-^(S - 2)̂ 3 - '"l^4 

'2 "- 3"l^3 ^ ("2 - 2)^4 = °' J 

with solutions 

^1 = - ^ l / V 2̂ = ^ / V ^ '- - ^ / V 4̂ = " l^ l - ^1) 

where 

A^ = 2(^2 - 2) + (1 + 3fi^)2 - n^iQ^ - 2)2 

and 

A^ = -U^iiU^ - 2)2+ 9i^2 _ 35^^^ 

A2 = -n^iiCi^ - 2) + 2(^2 - 2)2 + 9S^2^ 

Ag = -«21^6+ («2 - 2) + 6n2(s7^ _ 2)} 

(2. 29) 
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This means that e , . . . , e may be expressed in the form 

^1 = «1 $ i ( " i ' S ^ ' ^4 " " l ^ 4 * " l ' "2^ (2. 30) 

where the ^ . ( f i - , U ) , i = 1, . . . , 4 all tend to finite values as « —»0. 

Thus e^.. . . . e.—»0 as fi-^0 or h -^0 . 

Case (ii) k^ = 3 ^ k2 = -2 , k3 = -1 

The equations become 

^h - (i ^ 3 ' " "1)^2-^3 4 ^ ^% = ^̂ "1 

(-|X 3' + «̂ )ê  - i^2 -i>< ^ S -1^4 = -"1 

- i ^ l - i ^ 3^e2 + ( - 2 + fi^^e3 - Sfi^e^ = 0 

| X 3^c^ - 1 ^ 2 + 3 n ^ e 3 + [ - 2 + r2 ]̂ e^ = 0, 

which again have solutions in the form 

e. = n^ ^ . ( n ^ , fig) 

and, the re fore , e , . . . , e ,—*0 as J i - ^ 0 or h—>0. 

3. The Exis tence Theorem 

The exis tence t heo rem, which will be used to prove the exis tence of 
the solution (2.3) of equation (2 .1) , is essent ia l ly the s ame as that descr ibed 
in Ref. 1. However, because of the p resence of the t e r m hx' in (2. 1) it is 
now n e c e s s a r y to formulate the proof in ternjS of vectors and this gives r i s e 
to important differences of detail from the sca la r technique set out in Ref. 1. 

Consider the function space S of all r ea l periodic vector functions 
x(0) = (X j^ , . . . , x ,x ) defined by F o u r i e r s e r i e s of the form 

"'Z®^ " 1=0 ^ ^ ' 2 6 + 1 ^ ^ <2s+l)0 + b .2g^^ Cos (2s+l )0} , ( 3 . I ) 
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and having a norm v(x) defined by 

i/(x) = max j/(x.) , j = 1 n, (3,2) 

where 

27r 

i/(x.) ={(27r)"V x^0)d0}^ . (3.3) 

A projection opera to r P may be defined in S by the re la t ions 

Px = (P.x^ P X ). (3.4) 
1 1 n n 

m 
P.x . = E „ f a . , ^ , , Sin (2s+l)0 + b . , ^ ^, C o s ( 2 s + 1 ) 0 ] , (3.5) 

3 J s=0 "- ] 2s+l 3 2 s+1 
2 

and, by definition, P = P . 

The subspace S of S is defined by 

S ={ X : xeS, Px = o } , (3.6) 

and, thereby , if xeS then 

x.(6) = §" ^1 ( a. „ , Sin (2s+l)0 + b . ^ . Cos (2s+l)0} (3.7) 
] s=m+l j , 2 s + l ] ,2s+l 

Define the opera to r H on ^ by the re la t ion 

Hx. = E ^ . (2s+l) {-a. „ , Cos (2s+l)0 + b . „ , Sin (2s+l )0} , 
J s = m + 1 J ,2s+l ] ,2s+l -" 

(3 .8) 

which cor responds to the integrat ion of x.eS with the constants of integration 
taken to be z e r o . 

Write equation (2.1) in the sys tem form 

^ ' = 'll<''2) = ^2 

(3.9) 

Xg = q2(x^,X2,0) = -g^Xj - ggxj - hx^ + r Sin 30, 



where q, , q_ a r e the components of the vector <.)perator q on S. F u r t h e r , 

consider the ope ra to r s f, F and T on S defined by 

fx = qx - Pqx (3.10) 

F x = Hfx (3.11) 

and 

y = Tx = Px + Fx; (3.12) 

o r , in more deta i l , 

fx 

(fx), 

(fx)„ 

^2 - P^2 
• • " 

-g^x^ - ggX^ ' ^^2 ^ •"" ^ ' " ^^ ^ ^(S^x^ + ggxj + hxg - rS in 30) 

(3.13) 

F x = Hfx 
H(X2 - PX2) 

Hl-g^x^ -ggxj - hx2 + F Sin 30 + P(g^x^ + ggX^ f hx2 - FSin 30} 

(3.14) 

and 

y = 
(Tx ) i 

(Tx) , 

PXj + (Fx)^ 

PX2 + (Fx)2 

Px^ + «(Xg - Pxg) 

Pxg + H{-g^x^ - ggX^ - hxg + r Sin 30 + P(g^x^ + g3xj + hXg -FS in 30)i 

(3.15) 

By placing cer ta in bounds on v(x), l x | , i/(x - Px) and |x - Px! it is possible 
to define a subspace S* of S and, provided cer ta in inequali t ies a r e sat isfied, 
it will be shown that T : S*—=>S* and is also a contraction mapping. Because 
T is a contract ion in S*, Banach ' s fixed point theorem (See Ref. 5, p . 141) 
may be invoked to conclude that y(0) exis ts uniquely in S* and is continuously 
dependent on the approximate solution (2 .5 ) . This means that a b a 

0 D I 
a r e uniquely de termined by and continuously dependent on a . . . , b . 

J. o 
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If y(e)eS* i s a fixed e l e m e n t of T in S*, t h e n 

y = Py + F y 

o r 

y - P y = 
^1 - P ^ i 

^2 ' ^^2 

I my^ - Py )̂ 

H[-g,^yj - ggyj - hy^ + r sin 36 + P(gjyj + g^y^ + hy^ - F S i n 30)] 

Dif f e r en t i a t i ng t h i s e x p r e s s i o n with r e s p e c t to 6 g ive s 

Yi = y2 + P ( y i - Yg) 

T h u s y(e) wil l s a t i s fy ( 3 . 9 ) p r o v i d e d 

P (y^ - yz ' = 0 

P (yg ' g j y i + ggyj + hyg - r Stn 30) 

( 3 . 1 6 ) 

(3 .17 ) 

If y(0) is t he f ixed e l e m e n t d e s c r i b e d , then y = x and y.(0) will be given 

by ( 3 . 1 ) . C h o o s i n g m = 1, then 

P y . = a . . Sin 0 t̂  b . , Cos 0 + a.^ Sin 30 + b . , C o s 36 
J Jl Jl J3 33 

(3 .18 ) 

and 

P y . = a . , C o s 0 - b . , Sin 0 + 3a.^ C o s 39 - 3 b . , Sin 30 ( 3 . 1 9 ) 
J Jl Jl J3 J3 

A l s o , w r i t i n g 

3 
y (0) = a Sin 0 + /3 C o s 0 + o Sin 30 + /3 C o s 39 + a Sin 59 + . . . 

( 3 .20 ) 

then 

Pyi(O) = a^ Sin 0 + /3^ C o s 6 + a Sin 36 + fi Cos 39 (3 .21 ) 
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Substituting from (3.18) and (3.19) into (5.16) and equating the coefficients 
of the dist inct t e r m s to ze ro then gives the re la t ions 

^ 1 ' ^ 1 ' ^ 1 ' " ^ 2 1 ' ^=^13 = *̂ 23 ^"^ ^ ^ 3 ' -^23 (3.22) 

A s i m i l a r p r o c e s s , using (3 .18) , (3.19) and (3 .21) , applied to (3.17) then 
yie lds the r e l a t ions 

^ 1 ^ 1 • ^ 1 ^ ^^21 ^ ^ ' ^ l 
= 0 

^ 1 ^ 1 ^ ^21 ^ ^^21 ^ ^3^1 = ° 

% ^ 3 - ^^23 -̂  ^^23 ^ ^3^3 " ^ = ° 

^ 1 ^ 3 ^ 3^23 ^ ^^23 ^ ^3^3 = ° 

Substituting f rom (3.22) into (3.23) then gives the exact set of de termining 
equations 

= 0 

(3.23) 

V^ = (g , - D a ^ i - hb^^ ^ g g ^ ^ 

^ 1 ^ % - 1 ^ 1 + h a ^ l ^ g s ^ l = « 

V 3 = < g l - ^ ^ 3 - 2 ^ ^ 3 ^ ^ 3 ^ 3 - ^ '-' 

The cor responding approximate set of de te rn ining equations (2.8) to (2 .11) 
n a y be r e -wr i t t en in a s i m i l a r form 

(3.24) 

<% - ^ > ^ i • ^ ^ 1 ^ ^'^lO 

<% - ^ ^ ^ 1 ^ h ^ l ^ ^3^10 
(3 .25) 

3 — <% - ^ ^ 3 - 2 ^ ^ 3 " gs'^SO - ^ e 

(g^ - 9)bi3 + 3ha^g . gg^ 
30 

where a^^ = a^. b^^ = b ^ . a^g = ag and b^g = bg. 

Denote by A the fou r -ce l l defined by la | ^ u | a | , |b | ^ JLL |a | , 

^ 3 ' ^ ' ^ 3 ' % ' ' '^3^ ^ ^J'^J' ^ • ^ ' ^ - ' ^ 4 > ° ' ^" "̂̂ ^ Euclidf, n fou r - space of 
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C a r t e s i a n co -o rd ina t e s a b a b . Let M and M be ir,appings, 

descr ibed by equations (3.24) and (3 .25) , respec t ive ly , f rom the vec tor 
space of conponents (a , b a b ) to the space of con.ponents (V , U., , 

V , U ) and (v , u , v , u ). These mappings a r e s ingle-valued and 

continuous. Define C and C as the closed t h r e e - c e l l s descr ibed by MA„ 
o -̂  B 

and M A respec t ive ly , where A is the boundary of A. It riiay be 
o B iS 

verif ied d i rec t ly whether , or not, the origin of the image four - space l ies in 
C , whether C has non-ze ro o r d e r , v(C ,0 ) , with respec t to the origin 

o o o I 

(See Ref. 5, p . 15 and p. 30), and the d is tance | (u,v) - ol of the or igin from C 

may be de te rmined . F u r t h e r , using cer ta in e s t ima te s for | a - o, „I . 

I j3 " i3 I , I o - Oor.' ^^^ ll^o ' i^onl' ^^^ Eucl idean dis tance between the 

t h r e e - c e l l s C and C is given by 

|(U,V) - (u,v) | =1 1(V^ - v^)2 + (U^ - u^)^ + (Vg - Vg)^ + (Ug - Ug)^l^| 

= Ih^^^l - - l o ' ' .̂  <% - ^10>' ^ <'̂ 3 - '^30>' ^ <^3 - '^30>'^'l 

(3.26) 

If it can be es tabl ished that 

g lb | (U,V) - ( u , v ) | < l u b | ( u , v ) - o| (3.27) 

then by Rcuche ' s t h e o r e m (See Ref. 7, Vol. 3 , p . 103) it follows that 

v(C,0) = v(C ,0) ^ 0 (3.28) 

o 

or that 

7 ( M , A , 0 ) =->(M ,A,0) ^ 0. (3.29) 
o 

where Y ( M , A, 0) i s the local topological deg ree of M at the or igin re la t ive to 
A. It then follows from Ref. 5, p . 3 2 , Theo rem 6.6 that t h e r e i s a point in 
the in t e r io r of A for which v = u = v = u .= 0, and another point in the 

1. ± Ó Ó 

i n t e r io r of A for which V = U. = V = U = 0. This impl ies that the exact 
sy s t em of de te rmin ing equations (3.24) a r e sat isf ied for ce r ta in values of 
a ,b a b contained in the cell A and, t h e r e f o r e , y = x, a s given by 

equation (2 .3 ) , is an exact solution of (3.9) and, the reby , equation (2 .1 ) , for 
ce r t a in va lues a , b . , a , b contained in A. 
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4 . Some N o r m s and P s e u d o - n o r m s 

F r o m (3.1) and (3.3) the norm 

. ( x . ) = ( 2 - V ^ . b ^ . a ^ . b ^ . a ^ . . . . . ) ] ^ (4.1) 

Thus for the components x and x descr ibed in (3.9) 

1 

2" (a^^ + b^^ + a^g + b^g + )}^ (4.2) 

and 

^ < V = ^ 2 ' ^ a 2 ^ 4 .b2^ + a^g + b^g + . . . . ) ] ^ 

Now from (3.1) 

^1<^) = s"=0 ^ \ 2 s + l ^ ^ <2s+l)e + b^^ 2S+1 ^ ° " < ' "^ '>^^ ' 

V ^ ^ = s"=0 ^ ^ 2 , 2 s . l ^ ^ <2s+l)0 + b 2 ^ 2 s + l ^ ° ^ <2s+^)^l 

and upon differentiation with r e spec t to 0 

x,(0) = E ^ (2s+l){a Cos (2s f l )0 - b , „ ^ Sin (2s+l)0] 
1 s=0 l,2s-i-l l , 2 s + l -• 

I 

F r o m (3 ,9 ) , x = x and, t h e r e f o r e , it mus t follow that 

^ 2 , 2 s . l = -<2s . l )b^_2s . l ^" ' ^ ^^2, 2S+1 = ^ ^ ^ ^ l ^ ^ . 2s+l ^^'^^ 

Substituting (4,3) into the express ion for ^(x ) then gives 

1/(X2) = {2"Na2^ + b2^ + 9a23 + 9b23 + 25a2^ + , , . . ) } ^ (4.4) 

It follows that 

iy(x2) > i^(x^) 

and, t h e r e f o r e , 

Also , 

v(x) = i/(x ) (4 .5) 

i/(Px) = 1/(PX2), 

y(x - Px) = v(x - Px ) 
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[ 2 ' \ 2 5 a ^ g + 25b2^ + 49a2^ + . . . .)\ (4 ,6) 

t he re fo re 

i/(Px) ^ i/(x) 

and 

i/(x - Px) $ i/(x) 

for al l xeS. 

Now 

H(x - Px ) = - 5 " a Cos 50 + 5 b Sin 50 - ^ ' ^ a Cos 70 + 
A A XO X D X / 

and 

(4 .7) 

H(x„ - Px„) = X, - Px , = a, ^ Sin 50 + b, ^ Cos 50 + a, ^ Sin 70 
Z Z 1. i i O I D 1 7 

thus 

i/H(x^ - Px^) = { 2 " ^ 5 ' 2 a 2 ^ + 5"2b^_ + l'^a^ 
5 - -15 • "17 " • • • • ) ]==< - « ( - 2 - ^ V 

and 

i/H(x - Px) = vH{x ' P x ) 
£1 u 

_ I - 1 , 2 
2 < ^ 5 ^ ^ 5 ^ ^ 7 ^ • • • • ) ) '- -^(-l - l^-<t) 

It follows that 

i/H{x - Px) $ 5 ^y(x - Px) < 5 ^v(x) (4 .8 ) 

In addition to the no rm v, u se will be made of the pseudonorm 

I x . ( e ) | , 0 < 0 < 27r, 

and the r e su l t that 

X.I = I E^ fa . , Sin (2s+l)0 + b . , Cos (2s-H)0] 
J s = 0 J,2s-tl ] , 2S+1 ^ 

<i=0 ^ l \ 2 s + l ' -̂  ' \ 2 s + l l i (4,9) 

will be used . Thus 
CO 

| H ( X - Px ) I = I E (26+1) ' [-a. Cos (2s+l)0 + b Sin ( 2 s + l ) e } | 
J J B-^ J , Z S + i J,.4b + 1 
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< 1=2 <^-^>" '^ l^ j .2s+l ' ^ ' ^ . 2 s . l l ^ 

4 [^ n ( 2 s + l ) " ^ ] ^ { * „ ( a ^ „ , + b^ )] 
s=2 ' -̂  '•s=2 j , 2s+l j , 2 s + l ' - ' 

^2^ iE_„ (2s+l) r v{x. - Px.) 
^=2 

1 00 

« 2 ^ ['£^2 (2B+1)~^]K(X) 

Now 

«o 
E (2s+l )"^ = 1 + a ' ^ + 5"^ + 7 ' ^ + = w^l8. (See Ref. 3 , p .219 , or 

Ref. 4, p . 1 6 7 . Example 5 with x = O,) the re fore 

I H ( X . - P x . ) | <2^ ( ; r^ /8 - 1 - 3~^)^v(x. - Px.) 
3 J 3 ] 

^ 0 . 4 9 5 1 6 v(x. - Px.) $ 0 . 4 9 5 1 6 v(x) (4.10) 

S imi la r ly , If h is a r e a l analytic ope ra to r in S, then 

,-1 z/H|hx - P(hx)J ^ 5 " i^[hx - P(hx)] $ 5 v(hx) (4.11) 

and 

I H[hx. - P(hx.)J j < 0.49516 V[\ÏX. - P(hx.)J < 0.49516 v{hx.) (4.12) 
J J J J J 

Conditions for T to be a Contract ion Mapping in S* 

Cons ider the four cell A defined in Section 3 . Then x* is defined as 

x* = 

x* 

x | 

a Sin Ö + b ^ Cos Ö + a Sin 30 + b Cos 30 

a Sm 0 + b Cos 0 + a Sin 30 + b Cos 30 
^1 ^1 Zo ^o 

which from (4. 3) 

a Sin 0 + b , , Cos 0 + a, ^ Sin 30 + b, ^ Cos 30 
11 11 13 13 

-b Sin 0 + a Cos 0 - 3b Sin 30 + 3a Cos 30 
XJL i -X Lo Xo 

(5.1) 
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with a b , a and b contained in A. It follows that 

v{x*) = i/(x*) = { 2 " ^ a j j + b^^ + 9a23 + 9b^g)]^ 

^ c = a(iu ) | a I, (5.2) 

l x * U < | a ^ ^ | + Ib^^l . la^gl 
13 ' 

^ ^ 1 = • ^ i < ^ ) l % l . (5 .3) 

\^V ^<'^2l' ^ ' V ^ '^23l " ' ^ 3 ' 

-<Ki ' ^ ' \ i ' -^l3^3l ^ l 3 ^ 3 ' 

^^2 = ^2<^)1%'' (5 .4) 

where 

a(M) - { 2 " ^ i u J + ^2 + 9^3 + 9M^ )) ^ (5.5) 

T^(M) = ^ +A^2 ^^^3 ^ ^ 4 (5 .6) 

and 

T^in) = Â i +A^2 ^ 3Pg 4- 3^4- (5.7) 

Define S* to be the set of all x(0), a s given by (3 .1 ) , which satisfy 
the conditions 

P(x) = X* 

i'(x) <: d 

|x.l ^ R. 
3 J 

i/(x - Px) ^ 6 I a 

Ix. - Px . ^ p . l a I , 
J ] 3 e 

(5 .8) 

where d, R., 6 and p. will be chosen below. Then 
3 3 

v{Px) = i/(x*) < c 
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and 

1 P x . I = I x I ^ r . 
3 2 2 

for every x in S*. 

Consider the mapping T : S''''^^ S defined in (3.12), then 

Py = PTx = P(Px + Fx) = PPx + PFx. 

But PPx = Px and PFx = PHfx = 0, 

thus 

Py = Px = x*. 

Also y^ - Py^ = H(x2 - PX2) = x^ - Px^ 

3 3 
and y2 • ^ 2 " ^^ '§1^1 ~ SgX^ - hx^ + P(g^x^ + ggX^ + hx2)} . 

It is required now to obtain conditions for T : S*—>S*. For this 
purpose ^(y - Py) and | y. - Py. 1 will be evaluated in terms of u . •••.A',, 

a , Ó and p .. Write 
e' "̂ 3 

x^ = Px^ + (x^ - Px^), 

then 

xj = (Px^)^ + 3(Px^)^(x^ - Px^) + 3Px^(x^ - Px^)^ + (x^ - Px^)^ 

Thus 

V (y - Py) = v{y^ - Py2) 

= '^H[g^(x^ - Px^) + gg(x^ - PxJ) + h(x2 - PX2)] 

- vH{g^(x^ - Px^) + g3[(Px^)^ - P(PXj^)^] 

+ 3gg[(Px^)2(x^ - Px^) - P(Px^)2(x^ - Px^)] 

+ 3gg[(Px^)(x^ - Px^)^ - P(Px^)(x^ - Px^)^] 

+ gg [(x^ - Pxj)^ - P(x^ - Px^)^J + h(x2 - PX2)} 

.< |gJvH(x^ - Px^) + \g^\[m[(Px^)^ - P(Px^)^] 
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+ 3 1 / H I . . . . ] + 3 I / H [ . . . . ] + VH [ . . . . ] j + ih| i /H(x2 - PX2). (5.9) 

S imi la r ly 

'^2 • ^ ^ 2 ' * ? l g i l | H ( x ^ - P x ^ ) | + [ g g i l | H [ ( P x ^ ) ^ - P(Px^)^] I + 3 i H [ . . . . j | 

+ 3 I H | J | + | H | . Jij + |h | |H(x2 - Px2)l . (5.10) 

Also . ly^ -Py^ l = | H ( X 2 - Px2)l ^ 0 . 4 9 5 1 6 v(x2 - PX2) 

< 0.49516 6I a 

1 

( 5 . 1 1 ) 

Cons ider the t e r m s in these inequali t ies in o r d e r , with xeS*. Then 

i/H(x, - Px, ) ^ 5"^v(x, - Px, ) ^5'^v{x - Px) ^ 5 " 2 6 | a | 
1 i 1 I e 

and 

| H ( X , - Px , )l < 0.49516 i/(x, - Px, ) < 0.09903 6 | a 
1 1 1 1 " e 

(5.12) 

Now 
(Px, )^ - P (Px , )^ = a^„ Sin 50 + ^^„ Cos 50 + a^ Sin 70 + /3„„ Cos70 

I 1 0Ü oU 7 0 7 0 

+ agg Sin 90 + iSg^ Cos 90. 

the re fo re 

v[(PX )̂3 - P(PXj)3] = [2-\.l^ . fl^„ . „J„ . „?„ . ô „ . i;i^ )]4 

[̂  'i°50l * I ' ^Soi^Kol^ ' " v o i ^ l ' J '• '^„ i ' 

and 

i(px^)^ - p(px^)V< U50I ^ '̂ 5oi ^ •••' ^\^y 

In o r d e r to evaluate t h e s e , e s t ima te s for lo_„ , e tc . a r e r equ i r ed . These 
50 

may be obtained from the expres s ions for o-_, e tc . in Section 2 and the 
50 

definition of A. Thus 
I I ^ I I 3f3 , 2 2, , 3 3 , 2 2, 3 -, 
l«5o ' ^ ' % l i l ^ 3 < ^ ^ ^ 2 ^ ^ 2^1^2^4 + -i''&3 ^ ^4> ^ 2 ^ 2 ^ 3 ^ " 

It will be seen l a t e r that the values of n , ju may be expressed in t e r m s 

of |x i , thus \a I , |i3„„l may be expressed in the form 
D u y u 
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^ 

l^5o'^^50<'^l%l' 

9̂0 -<V^^' 

(5.13) 

where 

^70^^^ = H < ^ "'''4> ^ 2 ^^^4 

^70^^^ = 1'2^'i ^^4> ^ l ^ ^ ^ 4 

(5.14) 

Thus 

i/[(Px^)^ - P (Px^)^ ] <.i.(X)la^ 
(5.15) 

and 

(Px^)^ - P(Px^)^l ^!/'(X)la^ 
(5.16) 

where 

« " = ' . 2 ^ ' ' * 5 0 ' " 5 0 * • • ^ «?o'J^ 
(5.17) 

and 

'!M = A ^ ^ > B ^ ^ + . . . . + B g Q 

It will be noted that 

A 
50' 9U 

F r o m (4.11) and (4.12) it now follows that 

I / H [ ( P X ^ ) ^ - P(Px^ 
o •̂  -1 3 
3 „,„. . )JJ ^ 5 ^(x) a 

(5.18) 

(5.19) 
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and 

| H | ( P X ^ ) " ^ - P ( P x ^ ) 3 . | | « Ü.49516 (j,{\) l a '^ ( 5 . 2 0 ) 

A l so f r o m ( 4 . 1 1 ) and ( 4 . 1 2 ) it fo l lows t ha t 

I / H [ ( P X ^ ) 2 ( X ^ - Px^) - P(Px^)2(x^ - P x ^ ) ] < 5 " V [ ( P X j ) 2 ( x ^ - Px^) - P(Px^)2(x^ " Px^)] 

.< 5~^i / l (Px^)2(x^ - P x ^ ) | 

< 5 '^ l P x j 2 ^ ( x ^ - Px^) 

^ 5 ' 2T2(A)6 i a 1^ ( 5 . 2 1 ) 
1 e ' 

and 

! H [ ( P X ^ ) 2 ( X ^ - P x j ) - P(Px^)2(x^ - P x j ) < :0 .49516vi(Px^)2(x^ - Px^) - P(Px^)2(x^ - Px^)] 

sc 0 .49516i ; [ (Px )2(x^ - P x ^ ) ] 

< 0 . 0 9 9 0 3 T 2 (X)6| a 1 ( 5 . 22 ) 

1 e ' 

where , from ( 5 . 6 ) and the p r e v i o u s r e m a r k s c o n c e r n i n g the e x p r e s s i o n of 
M in t e r m s of A, it i s c l e a r tha t T K tx^ in t e r m s of A, it i s c l e a r tha t T , is a function of X. 

S i m i l a r l y 

V H [ ( P X ^ ) ( X ^ - Px^)2 - P(PXj)(x^ - Px^ )2 ! <; 5'^iy['(Px^)(x^ - Px^)2 - P(Px^) (x^ - P x ^ ) ' 

<5"^v [ (Px^ ) (x^ - P x ^ ) 2 ] 

< 5 ' • Px I ' X - Px I v{x - P x ) 

S : 5 " 2 T (X)p ó l a I 3 ( 5 . 2 3 ) 

1 1 e 
| H [ ( P X ^ ) ( X ^ - P x ^ ) 2 - P (Px^) (x^ - Px^)2| |< 0 .09903 T^(X)p^6!a \^, ( 5 . 24 ) 

V H [ ( X ^ - P x ^ ) ^ - P(x^ - P x ^ ) ^ ! < 5"^i / ' (x^ - PXj)^ - P(x^ - Px^ )^ ! 

< 5'^i/[(x^ - PXj)^ I 

< 5'"^! x^ - Px^\^v(x^ - Px^) 

< 5 ' 2 p 2 6 ; a ^ ; ^ ( 5 . 2 5 ) 
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|HL(X^ - Pxĵ ) - P(Xĵ  -Px^)^J| ^0.09903 p^6 la |? (5.26) 

I/H[(X2 " ^^2^^ " "^^1 '^"^i^ ^ ^^^^^2 ' ^"^2* < S'^aja^l (5.27) 

and 

IH(X- - PX„) I < 0.495161/ (X„ - Px„) < 0.49516 6 | a 1, (5.28) 
Z Z i. i. e 

Substituting the appropriate inequalities into (5.9) gives 

v(y -Py)<5'2 |aJ{( |g^ | + 5|hl)6 + lg3llaJ^[5,^(X) + 3TJ (X)6 +3T^(X)p^6 + p\h\) . 

or since g „ l a 1 = -s-lk I Ig - l l , then 

v{l - Py) < 5 " 2 | a J [ ( | g J + 5|hl)5+||.k3|,|.g^ - l|[^(X) + 3T2(X) 6+ 3T^(X)P ^ 6 + p2 6]} 

«• -1 1 • ( ^ - 2 9 ) 
Similarly 

j y g - Pygl ^ 0 . 09903! a^ |((lgil+ slhl) 6 + ijkgll g^ - ll[5o5(X) + 3T2(A)a+ 3T ^(X) p̂  6 

+ Pi 6 2- ]} (5.30) 

a n d 

lyj - P y J < 0,49516 6 l a ^ i ' . (5.31) 

The conditions for T r S?"—>S* may now be established. F i r s t it is 
required to ask whether, for xeS*, 

»̂ (y - Py) ^ v(x - Px) <: ó| a I, 

'y2 - ^2 ' ^1^2 • ^^2' ^^h^ 
and 

'^1 ' • ^ l ^ ' ' ' i • ^ ^ 1 ' " ^ p j ^ ' ' 

or, upon using (5.29), (5.30) and (5.31) and dividing throughout by 
1 a I |t 0, whether e 

5'^((lg^l +5lhl)6 +11^311 g^ - l|[5<«X) + 3T^(X)Ó + 3T^(X)P^6 + p26]}=ï6, 

0.09903[(lgJ + 5lhl)6 +|-Ik3l |gi - 1 lN(X) + 3T2(X)Ó+ 3TJ^(X)P 6̂ + o\^\< ? ^ 

(5. 32) 

(5. 33) 
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and 
0.49516 6 ^ p , (5.34) 

Now for xeS*, Py = Px = Px* = x*, and, therefore , 

i/(x) = v [ P x + (x - Px ) ] ^ i'(Px) + v{x - Px) $ [a(X) + ój | a 1 < d, (5.35) 

I x J = jPx^ + (x^ - Px^ )U I P X J + |x^ - P x J ^ [T^(X) + p j U g l < R ^ ( 5 . 3 6 ) 

and 

|x I = |Px + (x - Px )| <; | P x I + |x - Px I ^ [T (X) + p ] | a | ^ R (5.37) 
'2' ''2 

Similarly 

i'(y) <: i^(Py) + «̂ (y - Py) $a(X)!a^ | + v(y - Py), 

lyj < IpyJ + ly^ - PyJ ^T^(x)|a^| + |y^ - PyJ 

and 

lygl ^ Ipy2l + Iy2 - Py2 ' ^ ' ' 2^^^ l%l + '^2 " % ' 

(5.38) 

(5.39) 

(5.40) 

If the inequalities (5.32) , (5.33) and (5.34) hold then from (5.35) to (5.40) 

v(y) < [a(X) + fijla^l < d, 

l y j « [ T ^ ( X ) + p j i a ^ l ^ R ^ 

and 

1̂ 2' ^h<^^-^ ''2JI%I -< ^2-

and hence yeS*. Choosing 

d = [a(X) + ö]la^ | 

and j (5.41) 

R. = [T. (X) + p . ] |a I , 
3 •- 3 3-' e 

with X, 6, p and p satisfying (5 .32) , (5.33) and (5.34) , then T : S * - » S * . 

Conditions for T to be a contraction mapping in S* may be established 
in the following way. With x and x in S*, 
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Px^ + H(X2 - PX2) 

PXg + H{-g^x^ - ggX^ - hX2 + P(g^x^ + ggX^ + 11x2)} 

and 

Px^ + H(X2 - PX2) 

P ig + H{-g^i^ - ggi^ - hxg + P(g^i^ + ggx^ + hxg)} 

Also Px « X* = Px. Thus 

y - y 

^1 - yi 

y2 ' y2 

. where 

yi - yi ' " (<^2 - ^2) • p<^2 • S^} 

and 

- yg - H[-gJ(x^ - ^ ) - P<^ - ^1)̂  - ëst^^i - 4) - P<̂ i - 4^] 

- h[(x2 - x^) - P(X2 - x^)]] 

Now 

v(y - y) = ^(y- - y„), which from equation (4.11) 

< 5" {|gji/(x^ - x )̂ + lg3U(x^ - x^) + |h|i'(x2 - Xg)} 

4: 5" { |gji'(x^ - x^) + |g3|i'[(x^ - x̂ )(Xĵ  + x^x^ + x^)] + |hU(x2 - x^)\ 

< 5" il gj i/(x^ - x )̂ + I ggl (1x̂ 1 +|xj |x^| +1x̂ 1 )V(Xj - x̂ ) + \h\v(x^ - Xg)] 

^ 5 ' ^ { [ | g J + IggldxJ^+lx^llxJ +lxJ^)]vH(x2 - Xg) +Ihli/(X2 -ig)] 

< 5 " H 5 " \ | g j | + slggJR^MXg - x^) + |hU(x2 - X2)) 

<5"2{lgJ + slhl + 3|gg|Rj]i/(x - X), 
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thus T is a contraction in S* provided that 

IgJ + 5|h| + 3|gg|R2 <25. 

Upon substituting for R from (5.41) and then for | a [ th i s 

inequality becomes 

IgJ +̂ slhl + [T^(X) + p j ^ l k g l l g ^ - ll <25 (5.42) 

When the above conditions a re satisfied for T to be a contraction 
mapping in S*, then it may be concluded, on the bas is of Banach's fixed 
point theorem, Ref. 5, p . 141, that the fixed element 

y(0) = a. Sin 0 + b, Cos 0 + a„ Sin 30 + b„ Cos 30 + a^ Sin 50 + 
• 1 1 o o 5 

exis ts , is unique in S* and is continuously dependent on x*. Thus a , b , 
O 0 

a b , a r e uniquely determined by and continuously dependent on 

^1 • ^3 • ^ 1 ' "̂ 3 ^ °^ ^1 "̂ 3 ^" -^ • 

6. Es t imates for | a^ - a^^\ I ^g - fi^J . 

In o rder to be able to obtain the Euclidean distance between the cells 
C^ and C. es t imates of a.^, b .^ b . ^ . |a^ - a ^ J |^g - ^ g j wül 

be requi red . F o r x in S*, Py = Px = x* and it follows that 

y. - Py. = a . . Sin 50 + b.^ Cos 50 + a.„ Sin 70 + . (6.1) 
•̂ 3 ^3 35 35 37 . 
and, therefore , that a.^, b.^ e tc . a r e the Fou r i e r coefficients of (y . -Py. ) . 

35 35 "̂ 1 •'j 
Consider now a dtfferentiable, periodic, function G.(0) of period 2n. Assuming 
that G.(0) has a Four i e r se r i e s representat ion in both Sin n0 and Cos n0, then 

the Four ie r coefficients will be given by 
2w 2jr 

a = TT"^ / G.(0) Sin n0 d0 and b . = ir~^ [ G.(0) C o s n0 do ( 6 .2 ) 
3n J 3 2r^ J 2 

o o 

Upon integrating by pa r t s there a r e produced the al ternat ive relat ions 

27r 27r 

a. = ;r" / n'̂ ^G*. (0) Cos n0 d0 and b = -n' n ' c'. (0) Sin nO do (6.3) 
3" J 3 3" J 3 

o o 
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2v 

Now la. I = I TT''̂  / n'^G. (0) Cos n9 dol , 
3" J 3 

o 

27r 

« TT~^ \ \ n'̂ ^GX©) Cos n0 | d0 

whicli by the Schwarz inequality 

-1 -1 
4 IT r\ 

2-n 

G'.(0)|2d0 

hr 27r -,i 
Cos n0| "d0 

^ 2^n-^ 

27r 

(2ir)'^ I I G'.(0)|2d0 

o 

2lT 

-1 r 2 
IT Cos n0 d0 

i -1 » 
2'n v(G.). 

Similarly 

b. I <; 2'n"^i/(G'.). 
in 3 

Identifying (y. - Py.) with G.(0) then yields 
J J J 

l ^ . l • \^J ^ 2='n'^[(y - Py) ' ' ]n jn I- J 3 -
(6.4) 

Now 

(yg - Pyg)' = -giXi - ggx' - hxg + P(g,x^ + ggxj + hx2) 

and 

v[(y2 - Pyg)'] =''[gi<^l - P^ ) + h^4 - ^^^ ^ <̂̂ 2 " ^^2^} 

^ .|glU(x^ - Pxj) + Ihl^(x2 - Pxg) + lg3l[v[(Px^)^ - P(Px^) ] 

+ 3v[ J + 3z/i ] + v[ J. 

in a closely similar manner to (5.9). Thus 

v[(y2 - Pyg)'] < 5-^Nla^l 

where 
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N = [ ( l g j + slhl) 6 + | - l k g | | g ^ - ll[5^(X) + 3T2(X)6 + 3 T ^ ( X ) P ^ 6 + p26]} (6.5) 

Substitution into (6.4) then gives 

Kr}' lb2n'-<2*5-^-lN|aJ (6.6) 

F r o m (4.3) a^^ = n-^b2^ and b^^ = -""^^2n. 

thus 

KJ- Kri <:2^5"V2N|aJ (6.7) 

As a pre l iminary to determining \a - a | , e tc . the following 
relat ions will be required: 

(a Sin 0 + b Cos 0 + a Sin 30 + b Cos 30)^ Sin 0 

= -y. Sin 0 + 7, Cos 0 + 7 , Sin 36 + + 7„ Cos 70, (6.8) 
s ' l c 1 s ' 3 c 7 

2 
(a Sm 0 + b Cos 0 + a Sin 30 + b Cos 36) Cos 0 

± X XX Xu Xo 

= 5, Sin 0 + 1 - Cos 0 + ? Sin 30 + + ?_ Cos 70, (6.9) 
S J . C .L S o C i 

2 
(a Sin 0 + b Cos 0 + a Sin 36 + b Cos 30) Sin 30 

XX XX X o X Ó 

= ri Sin 0 + XL Cos 0 + ru Sin 30 + + ru Cos 90 (6.10) 

and 

2 
(a Sin 6 + b Cos 0 + a Sin 30 + b Cos 30) Cos 30 

" ?, Sin 0 + ?, Cos 0 + f Sin 30 + + ?„ Cos 90, (6.11) 
s i c l S 3 c 9 

where 

s>l = ? < 3 ^ 1 ^ ^ U ^ 2ajg + 2b23 - 2a^^a^g - 2b^^b^g) 

c^l = l < h l ^ l ^ ^ 1 ^ 3 - ^ 1 ^ 3 ^ 

ŝ 3 = ^1^3 -h4l - '̂ L̂  
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0-̂ 3 - - 2 ^ 1 % 1 - 2^3» 

8^5 - H - ^ 1 ^ 3 ^ ^ 1 ^ 3 ^ ¥^3 - ^̂ Û ^ 

0-̂ 5 = - - X l ^ 3 - ^ ^ 1 ^ 3 ' ^3^3> 

1 / 2 . 2 . 
8^7 = " 4 < ^ 3 • ^ 3 > 

c^7 = ^ 1 3 ^ 3 

.?1 = 2 < ^ 1 ^ 1 ^ ^ 1 ^ 3 • ̂ 1 ^ 3 ^ 

:«1 = ï < 4 l ^ ^^11 " 2 ^ 3 ^ 2b^3 - 2a^^a^g + 2b^,b^3) 

8^3 = 2 ^ 1 < ^ 1 ' ' ^ 3 ^ 

c ^ 3 = ^ 1 ^ 3 - I < ^ 1 - ^ 1 1 ^ 

s?5 = l < ^ l ^ 3 ^ ^ l ^ 3 " ^ 3 ^ 3 > 

0^5 = j K l ^ 3 ^ ^ 1 ^ 3 - ^ ^ 3 - ^ y 

s^7 ' 2 ^ 3 ^ 3 

c^7 = - ï ^ ^ 3 - ^ ? 3 > 

ŝ l " ^ l" l3 • h4l - Û> 

cA ' 2 S l < ' ^ l ^ 2 a , 3 ) 

s^3 '\^''4l ^ 2 b ^ , ^'^3 -^13> 

c^3 ^ 2 " l 3 ^ 3 

s^5 = | i ^ l ^ 3 " ^ 1 ^ 3 - i < ^ l - ' l l ^ ^ 
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s ^ = 2 < - ^ 1 ^ 3 ^ ^ 1 ^ 3 > 

c ^ = - 2 < ^ l ^ 3 " ^ l ^ 3 > 

1 / 2 , 2 , 
s ^ = - 4 < ^ 3 - ^ 3 > 

- b 
c'^ ' ' 2 ^13 13 

^^1 = h l l < 2 b i 3 - ^ 1 ^ 

c^i = ^ l ^ 3 - i < ^ i - ^ i i ) 

ŝ 3 " 2^3N3 

c^3 = ï < 2 - i i -̂  2b2^ + a23 + 3b23) 

s^5 = l < ^ l ^ l ^ ^ 1 ^ 3 " ^ 1 ^ 3 ' 

ĉ 5 = K ^ l ^ 3 ^ ^ l ^ 3 " l^^ i -^ii'] 

s^7 = l < ^ 1 ^ 3 - ^ ^ 1 ^ 3 ^ 

c^7 = l < - ^ 1 ^ 3 ^ ^ 1 ^ 3 ) 

s^9 = 2 ^ 3 ^ 1 3 

c ^ 9 = - ï < 4 3 - ^ U > 

From these, the following inequalities may be determined 

Is^sl'lc^si < K'^1^3 ^^2'^4^i<'^l ^^^^ ' % ' ' 

Ic-^sl'ls^sl ^ i V 4 ^ ^ 3 ^^^3^4^'%'^ 

Is^7l'lc57l^< h4-'^l'^\\' 
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lc^7l'ls?7l< Ï^S^J^J^ 

\s\\ • '0^5' <[i 1̂̂ 3 ^ '̂ 2'̂ 4 ^ i<^l ^ 2̂>J ' %' 

Ic^s'-ls^s' ^ i<^1^2 "" V 3 ^'^1^>'%I^ 

2 
e' 

l^n^l. I,?7l $ (̂M̂ Â g +M2A^4)laj2 

jij\A^^\ < |(Mi^4 + 2̂̂ 3̂)1 |2 

Ui.W^<ï<'^3^-f>'%i' 

Ic-^'-ls^gl ^̂  1^3^'%'^ 

3 
F r o m (3.20) the Fou r i e r coefficients of y^(0) may be obtained by the 

relat ions 

27r 2v 
-1 r 3 -1 /' 3 

»^ = '" / yi(ö) Sin n0 d0 and &^ = '" I y, (0) Cos n0 d0 

Also for X in S*. Py = Px = x*, and from (2.6) the Four ie r coefficients 

of ( x / ) ^ = (Py,)^ are 

2-n 2 T 

a = TT 
no ^ / (Py, )^ Sin n0 d0 and fS = ; r " W (Py )^ Cos n0 d0 

o o 

Thus 

-1 r r 3 a - a - Tt 
n no [ ŷ  - <Pyi) ] Sin n0 d0 

o 

2v 

^'^ ƒ (y^ - Py^)[(y^ - Py^)^ : 3(y^ - Py^)(Py^) + 3(Py^)2]sin n 

= J. + 3 J„ + 3 J„ (6,12) 
n 1 n ^ n d 

Ode 
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where 

2n 

I^Jjl = U"^ I (y^ - Py^)^ Sin n0 d0 

2ir 

< 2|y, - PyJ^^^_ (2.)-' ƒ (ŷ  - Pŷ )2d0 = 2|y^ - PyJ^ J . (ŷ  - Pŷ )J= 
o 

^2pja^| U\{y - Py)j2^2 x ^''^p^b^l^J^. 

2-n 

I^Jgl = ^ ' ^ \ (yj - Pyi)^(Pyi) Sin ne del 

2-n 

-< 21 PyJ Max. <2'̂ ) " 7 <yi - pyi^' ^' - ^'pyJMax.t'^^yi - ^ i ^ r 
o 

«:2Tj(X)|aJ [5'^(y - Py)]^ ^ 2 x S'^T j(X)6 l̂ â  P . 

2-n 

l̂ jgl = U'^ ƒ (yi - Pyj)(Pyi)^ Sin 0 del, 

o 

which from ( 6. 8) becomes 

2-n 
j ^ J I = I ?r M (a Sin 50 + b^^ Cos 50 + )(^7j Sin 0 + +c'*'7^°® 19)diQ\ 

- 1^5 s^5 ^ ^15 c^S ^ ^ 7 s^7 "" ^17 cT'7l 

and upon substituting for | a I, I 7t.| e t c . this becomes 
X 0 so 

'1-^3' <̂  l l ^ 3 " % l ' ' 

where 

I133I = 2'N[5-2[i(^^ + ̂ ^^) + 1(^2 ^ 2̂) ^ | (^^^ ^ ^^^ ^ ^^^ ĵ] 

+ 7 - 2 [ i ( M ^ + ^ V | . 3 . J } ; (6.13) 
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s imi la r ly 

2w 

IgJgl = U'^ r (y^ - Pyj)(Py^)2 Sin 30 ddl 

o 

2ir 

= \n~ I (a, ^ Sin 50 + b , ^ Cos 56 + )(„n, Sin 0 + + _nu Cos 9e)del 

o 

i^g Sin 0Ö + b Cos 56 + )( IT Sin 6 + + ru 

1^5 s^S "• ^ 5 c\ ^ ^ 7 si? "• ^ 7 0^7 "" ^ 9 B '^ ^ ^ 9 c^^ 

or 

W * 1̂1 |g^ 
where 

'3 
3g| = 2^N{5-2[1(^^^^ + p̂ ^̂ ) + 1(^2 ^ ^2j ^ 1^^^^^ ^ ^̂ ^̂  ^ ^̂ ^̂ j 

+ 7-2[|(M^Mg ^ ^2^̂ ) + |(M^M4 + M2VJ ̂  ' l ï < ^ 3 ^ ^ ^ 4 Y J * • 

(6.14) 

It follows that 

3 Uj - Ö ^ Q U { 5 ' ^ [2p^ + 6T^(X)]62 + s l j j 
3 ' J ' V 

and 

Ug - a g j a5-2[2p^+6r^(X)]62 + 3|g33|}|aJ^ 

^ 1 ^ ° ' 2 . 

^„ - P , , - - ' ' I [ y ' - ( P y , ) ' ] c o s n 0 d 0 

L + 3 L + 3^L (6,15) 
n 1 n 2 n o 

where 

^ L j < 2 X 5 • 2 p ^ 6 2 | a J ^ 

|^L2l ^ 2 X 5 • ^ ^ ( X ) 6 2 | a J ^ 
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' i S ' ^ '1-^3' '%l 

W <̂ 13̂ 3"%!̂  

'i-^^s' = Kh^ - « ^ '3^3' = 13^3' 

Thus 

'^i - '^lol 

'^1 - ^ l o l 

< [5"^[2p^ + 6T^(X)162 + s l^ jgl j la (G.16) 

and 

/v - /> 

' 3 30' 

^^ - ^30l 

^ [5"^[2p^ + 6 T ^ ( X ) ] Ó ^ + s l g j g l } ! . (6,17) 

7, An Es t imate for lub | (u .v) - o | . 

Since u u define the cell A , and hence S*, it is c lea r that if 
' l ' " 4 

S* Is to contain the proposed exact solution then A must contain the point 
(a b . , a b ) defined by the leading coefficients of the exact solution and 

,ju must be chosen so as to make this possible . Now 

(1 + e )a <: (1 + |e D I a I 
' 1 e ' 1 e 

\ i \ - ^ e 2 ) a j ^ ( | k j + | e 2 l ) | a j 

I Ve l ^ 1^3"%' 

e.a ^ e. a 
4 e ' 4 e 

(7.1) 

and If n H a r e chosen so that 



1 + Ic^U M 

l k ^ l+ |e2U« 

3' 3 

41 4 
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(7.2) 

then 

j a j ^ M^|a^|,|bJ.s: M|a^ | , | ag |^ '"3 '%' ^^^ ^^"^^ '^^ 4 e 

as requi red . The four-cel l A is then defined as the set of points correspond­
ing to all combinations of e. € in the intervals 

1 - M^< ê  < M̂  - 1. k j - ^ 2 ^ ^ 2 ^ ^̂2 ' ^ 1 ' ' " 3 ^ ^ 3 ^ ^3 ' " ^4^ U^ ^ ^" '̂̂ ^ 

The set of points defining the boundary th ree -ce l l A a r e obtained by taking 
B 

e. e . , in turn , to be their extreme values in the above definition. Thus 
A is made up of the following collection of th ree -ce l l s : 

6̂  = 1 - K .̂ k^ - ^2^ ^ 2 ^ ^2 - kj. - M^^ 63^ M .̂ - M^< €4-^ M ,̂ 

1, k, - u ^ Co^ M„ " K' - H."^ ^o"^ z^-. ' ^*A ^A^ A*.. 

1 - u < e, < A* - 1. k, - u < e_^ u - k - ^ <: e < j / , e. = M , 

. (7.4) 

3' 4 

where e. . . . . . . e. take on all values over the i r respective Inteirvals, 

From, equations (3.25) . (2.12), (2,13), (2.14) and (2,15) it foUows that 

V, = (g^ - l)(a^^ - a^) + ggla^Q - ^ a^(a^ + b^)i 

Ui = (gi - i H b i i - V ^ g 3 i ^ l 0 - | V % ^ ^ ^ ' > 

V3= (g, - 9 ) a i 3 + g 3 { « 3 o - i a ^ ( 3 b ^ - ^ n 

U3= (g, - 9)bi3 + g 3 l ^ 3 o 4 V 3 ^ - ^ e ) ' 5 
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which, from equations (2. 16) to (2, 19) become 

v^/a^ = ( i i - 1)^1 - he2 ^ J ^ i e , - 1)1(3 + k2)e^ + 2k^e2 + 

(k2 - Deg - 2k^e4 + | G j V h k ^ (7.5) 

V % = <Sl - ^^^2 + he^ + i k3(g^ . l )(2k^e^ + (1 + 3k2)e2 + ak^^g H-

(̂ ^^ 1)̂ 4 4 S"\-̂ ^ 

V \ '- (^1 - '^% - 3^^4 ^ i ^ ( ^ 1 - IH^'^I - 1)^1 ^ 2k^c2 H-

2 ( 1 + ^ 2 ) ^ 3 + 1 0 3 } 

V % "- (gl - ^^^4 ^ 3 ^ + ^ '^3(^1 - l H - 2 k i e ^ + (k2 - 1)^2 + 

2(1 -*- ^1)^4^ I «4V 

(7.6) 

(7.7) 

(7.8) 

where G , . . . , G . a re given by equations (2.20) to (2.23). Thus C is given 

by M A^, where M is defined by equations (7. 5) to (7, 8) and the distance 

| (u ,v) - ol =|{v2 + u2 +v2 + u 2 i ^ | (7.9) 

In order to employ the inequality (3. 27) it is required to determine 
lub I (u, v) - 0 I. Formal ly it is not a difficult problem to determine the 
minima of |(u, v) - 0[ , however, this p rocess involves the solution of a set 
of simultaneous equations of third degree, a task which it is required to avoid. 
This difficulty may, to some extent, be overcome by the use of the inequality 

lubl(u ,v) - ol 5:l{(lub v^)2 + (lubu^)2 + (lub V3)2 + (lubUg)2}2 | 

which, when one of the components is dominant, usefully reduces to 

(7.10) 

lubl (u, v) - ol :̂  lub (7.11) 

L'"3l 

The use of the right hand side of (7. 10), in place of lubl(u,v) - o l , in (3.27) 
will usually underest imate the size of the region in the g , g , h , F space 
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for which the existence theorem can be proved to be satisfied. Nevertheless , 
valuable resu l t s can st i l l be obtained by its use. 

Consider the evaluation of lub v . It is first required to determine 

whether any minima exist in v as e . , . . . , e . vary over TV,. Differentiating 
(7. 5) gives 

9G, 

^ = (g, - i ) i i - i v ^ ^ ^ i ' 4 ^ 3 877i% 

av r 1 1 ^*^1 
^ = [ - h M g , - l ) [ 2 ^ ^ 3 ^ 3 ^ 3 - a r l ^ e 

9v 1 9 1 9*- î 

3 «J 

3v 9G 

^ = (g, - 1)1- 2 ^ i k 3 - ^ 3 ^ 3 8 T 7 ^ % 

(7. 12) 

where 

8G 
a-r = l^'h ^ H^2 - 4̂> - ^s) ' 4^'h ' 4 - 2(ê  - <)] 

ac 
aël 

1 3 

ac 1 

3 

and 

ac 

= 2 l^l<"l ^ S> ^ ^2 - ^4 "• "l<"2 - 4̂> ^ ^ ^ 3 ^ 

I < - l -̂  V 2 ^ 2 e 3 ) + 3 e ^ e 3 + | ( k ^ e 2 - .[ ) 

BT = H - ' Y I - -2 " 2ê  + ê (2ĉ  - C2)} 

(7. 13) 

Now in the subsequent analysis the values of M . . . , / u will be chosen so 

that the values of e , . . . , e on A are , at most , of the first order of smaU 

quantities compared with unity, and g will be assumed to be other than unity. 
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Thus from (7.13), the derivatives OG /öc , ,ÖGJöc a re , at mo.st, of 

the first o rder of small quantities. It follows that the derivatives öv /Oc , 

. . . . , a v /Be . can only be zero if the torins not dependent on t , . . , , t in 

(7, 12) a r e zero . Taking these in turn 

Igj - l l | l + ^\{3 + k 2 ) | > 0 

j - h + ^ ( g j - D k ^ k g l >^ 0 

Igj - l l l ^ k3(k2 . 1)1 > 0 

Ifil - l l l | ' < i ' ^ 2 l > « ' 

thus it is possible for dv./dc.^ and üv / a c . to bo zero in this i-ango of 

t . . . . . . f,, but not av /8e or Ov /a< . Now with t = 1 - /u or-

e ~ A', - 1 on Ap̂ , the least condition for a minimum is 

ÖV. 8v. avj 

-87^ = -aTg = a ^ = «• 

But dv./de ƒ 0 in this range, so that there can be no minimum on the 
X u 

par't of A defined by c ̂  = 1 - A', or e = /u - 1. Similarly with 

( = k - ^^.. 01' e = /u - k on A the least condition for a minimum is 

8v 8v 8v 

Hut Ov /8e.. / 0 in this range, so that thei-e can bo no minimum on the 

part of A defined b y e = ±(k - A',,). Similar arguments apply to the 

par ts of A defined by t = ±/ii and c = ±^.. Since there a re no minima 

in V ( ( . . . . , £ . ) for t . , , . , , c . in A it may be concluded that lub v is the 

value of v.. at one of tlie sixteen combinations of extreme vuhies of t . , . . , , c ., 

The values of I v | at these combinations of extreme values may conveniently 

bo called "corner values", (v J _, as in Ilef, 1. Direct compaivison of those 

cornel ' values then yields the least value 
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min(v , ) 
1 c lub V (7. 14) 

A 
B 

Consider now lub u^. Differentiating (7.6) gives 

®"l f , 9G,, 
3 - = { h + ( g ^ . X , [ l k ^ k ^ , l k ^ - i ] ] a^ 

au^ aG2 
87^= (il - 1)11+1^3(1 , 3 k 2 ) , | k ^ g— }a^ 

1 1 1 ^ ^ 9 

--^h- 'hh'^3'3^3jrj % 
8u 

aë 

9u, 1 9 1 ^^9 
3 ^ = ( g , - l ) i 4 k 3 ( k 2 . i) + | „ 3 ^ ] a 

4 4 

where 8G / 8 e . , . . . . aG / 8 c . may be obtained from (2.21), 

(7.15) 

In Case (ii) the par t ia l der iva t ives öu /Ot , 8u / a c „ and au / S e . cannot be 

ze ro , and there fore , lub u co r i e sponds to the leas t c o r n e r value. 

In Case (i) 

h + i (g^ - 1) k^k3 = h, 1 + i k g d + 3k2) = 0 

i k ^ k g = 0, i k 3 ( k 2 - 1 ) > 0 , 

and if h can be of the f irs t o rde r of smal l quanti t ies then only a u . / 8 e . , 

without further examination of the par t ia l der iva t ives of G , can be guaran­

teed to be other than zero . For the p a r t s of A„ defined by e = ±(1 - lu ) 

e = ±(k - Mr,) and c„ = ±fx^, respec t ive ly , it i s c lea r that the l eas t 

condition for a minimum cannot be satisfied, because du /de f 0. When 

e . = ±^. the least condition for a minimum in u on the appropr ia te par t of 

M A ,, is 
o B 

4 ^'-'2 
9u^/9c^ = (h . - ( g ^ . 1) _ i a ^ = 0 

8u /8e 
4 ^^2 
3<gl - 1 ^ 9 7 7 = ° 

9u /8e 
4 ^*^2 
- (g - l)a — - = 0 
3 ^^1 ' e ae 
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or , excluding the conditions gx = 1, a = 0 , these become 

h - 2(g^ - 1)(C2 - e^ + e^e2 + e2e3 - e^e^) = 0 

I <̂ 1 ^ 3̂) ^ f (^ ^ '4 ' ^4 ' 2^) ^ I (̂ 1̂ 3 ' 2̂̂ 4) = « 

| e 2 ( l + ê  + 2e3) = 0 

Now 1 + e + 2e / 0, thus from (7. 18), Cg = 0 at the minima. 

Substituting e„ = 0 in (7. 16) reduces this to 

h + 2(g^ - 1)(1 + e^)e^ = 0 

If now h is chosen sufficiently sma l l for 

K^ >l h/2(g^ - 1)1 

(7.16) 

(7.17) 

(7,18) 

(7. 19) 

then the above equation cannot be sat isf ied and there can be no min ima for 

^ 1 ' , e. in A_, defined by e. = ±/u^. Thus lub u , i s the leas t co rne r value. 4 B • ' 4 4 1 

F r o m (7.7 

9V., BG, 

(g, - Dl^V^i - ^ ^ ^ S a l f l \ 

" • o . . 9 G „ 

^ = (g , - l ) [ 2 ^ ' ^ 3 ^ 3 ' ^ 3 i 7 f i % 

= [(gi - 9)Mgi - DliSd-^ ^^)4Sa7: ' l ] \ 

8 7 : = l - 3 h - | k 3 ( g ^ - D — 3 l a ^ 

9e 

av 

9v 

a7 

av 

9G, 
(7. 20) 

Now in Case (ii) both 

i k (k2 
4 ' 'S^^ l 1) < 0 and 2 k^k < 0 

so that lub V co r re sponds to the leas t c o r n e r value. In Case (i) 

1 , /I 2 1) > 0 and - k^k3 
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Thus dv /de f o and the re can be no min ima in v for the p a r t s of A 

defined by t = ±(k - IJ,A, e = ±/j and c = ±;u , respect ively . When 

t = ±(1 - M,) the leas t condition for a minimum in v on the appropr ia te 

pa r t of M A is 
' o B 

^^3 4 ^ ^ 3 
9 7 ^ = - 3 ( ^ 1 - ' ^ T T ^ ^ - ' (^-21) 

^ - [ g ^ . 9 - (g^ - l ) { 2 + 3 — ^ l ] a ^ ^ = 0 (7.22) 

3 ^ = [ - 3 h - l ( g ^ - ^ ^ 9 7 - M % = 0 (7.23) 
4 4 

Now 

^ ^ 3 3 8 7 f = | y ^ ^ ^ l ^ 2 e 3 ) . 

therefore the condition (7,21) i s sat isf ied by e = 0, Also it may be seen 

that (7.22) cannot be sat isf ied for -6 < g , and there can be no minima. 

Thus lub V cor responds to the leas t c o r n e r value, 

A closely s i m i l a r ana lys is shows that in Case (ii) lub u co r responds 

to the l ea s t c o r n e r value, whilst in Case (i) this i s again t rue provided that 

Summariz ing these r e s u l t s , it follows that if ^ - 1, lu^ - k , /u and 

'i cl 

Case (ii) 

-6 < g^ 

M a r e chosen to be, at mos t , of the f i rs t o r d e r of smal l quanti t ies , then in 

lubl(u , v) - 0 I > 
' T 2 

U m i n ( v ^ ) ^ J + ^["^^"("s^c J ] (7.24) 

^ B 

If, in Case (i), the additional conditions (7, 19) and -6 < g a r e met then 

lubl(u, v) - 01 is again given by (7,24). The r e s t r i c t ion on h and g 

imposed in Case (i) may seem undes i rab le , however, it will be seen that 
these conditions a r e no m o r e r e s t r i c t i v e than further conditions imposed in 
Section 8. 
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8. Application of the Proof Existence When j g - 1 j or h are Small 

Some guidance to the choice of /u , , . . ,/u may be obtained from the 

linearized second approximations obtained in Section 2. It can be seen 
from these that provided h is taken sufficiently small then e ^ , . . . , e . will 

always be small. These values may be written 

le.J = Ifij ^.(«^,^2)1 = E.Jhl , (8.1) 

which define a four-cell, A . A satisfactory choice for Ais then a cell 

slightly larger than A and such that A is contained in the interior' of A. 

For this purpose the values of (x^,. .,, n. defining A may be chosen to be 

M̂ = 1 + (1 + S)E^Jh| 

M =lkj+ (1 + ?)E2Jhl 

/̂  = (1 + ?)EgJhl 

^4 = (1 + ?)E4ilhl 

> . r > 0 (8 .2 ) 

It then follows from (5. 6) that 

T̂  = (1 + | k j ) + (1 + S ) |h |LE .^ = T^ + T J h | (8.3) 

and from (5. 14) and (5. 17) that 0 may be expressed in the form 

<t> = ^ J h l + (^Ihl 2 + . J g l h P , 4>y<t>2'<l>^ > 0 (8 .4 ) 

The simultaneous inequalities (5. 32) to (5. 34) may, alternatively be 
written as the equations 

( I g J + 5lh|)6+ -likgllg^ - l|(5(^+ 3x^6 + 3 T ^ P ^ 6 + p2 6) = B6 (8.5) 

( | g j + 5|h|)6+ flk3|lg^ - ll(5^+ 3 T 2 6 + 3T ^p^ 6 + plö) = Dp^ (8.6) 

p̂  = A6, (8 .7) 
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with 

A :> 0.4952, 0 ^ B < : 25, 0 ^ D.$ 10 .098 . 

S imi lar ly the contract ion condition (5.42) may be wri t ten as 

Ig^l + slhl + j k j l g ^ - I | (T^ + p^)2 = c (8,8) 

with 

0 < C < 25 

Substituting from (8, 7) into (8, 5) and (8, 8) and writ ing 

H = I kg! |g^ - ll (8.9) 

then gives 

A 6 + 3 T ^ A 6 + [ 3 ( | g J + 5 | h | - B)/ H + S r j j ó + 5<̂  = 0 (8.10) 

and 

( | g j + ö l h l - C ) / H + ( T ^ + A6)2 = 0 (8.11) 

F r o m (8 .1 1) 

( j g j + 5 |h | - B ) / H = (C - B)/ H - ( T ^ + A 6 ) ^ . 

which upon subst i tut ion into (8. 10) gives 

2 A 2 6̂  + 3AT ,52 + 3(B - C) ó/H - 5(̂  = 0 (8. 12) 

The significance of equation (8.6) i s that it defines p„and hence by (5.41), R , 

Since by definition, 6 mus t be r e a l and posi t ive, then only the r ea l and 
posit ive roots of the cubic (8. 12) a r e re levant . F o r the p re sen t purpose it is 
convenient to r e s t r i c t the choice of A, B, C, H and hence T .. and (j) to ranges 

of va lues which cause (8. 12) to have only one positive r e a l root and such that 
this root i s smal l . This th is choice is poss ib le may be seen by writ ing (8. 12) 
in the form 

' - M ^ ^ ' ^ - ' ^ - ^ l ' ' - ' ^ ' ' ' ^ ^ ' " ' ' ^ 
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and observing that, with A not too l a rge and B > C, it is possible to obtain 
sma l l posi t ive va lues of 6 which satisfy the express ion by choosing | h | and 
hence 0 sma l l , o r by choosing H smal l . In the l a t t e r case , however, the 
choice of | h | and hence (j) is not un res t r i c t ed . Alternat ively, the r anges of 
the va r i ab l e s which ensure that the re is only one r ea l and posit ive value of 6 
may be obtained m o r e p rec i se ly from the re la t ions given by Neumark in Ref. 6, 
p. 5, Case (A). 

F r o m (8, 13) it follows that the re ex i s t s a positive root 

' <3W^= 3 ( f ^ (^ , lhU^lh |2+ ,31 hi 3) (8.14) 

F r o m (6, 5), (8, 5) and (8, 14) 

^ = ^̂  < m^) («• ''^ 

and from (6.13) \ ̂ jj may be expressed as 

I^J3l = 5 " ^ N ( j J h l + J 2 | h | 2 ) , j ^ , j ^ > 0 

^ 3 ( B - C) ^-^I'^l + "^2 '^ ' ) (8.16) 

Thus from (6 .16) , (8.7) and (8.3) 

'"1 " "10' . , , 
, - 2 r „ . . . . . _ _ ,.,.-, 2 , n , ^ 13 

e 
^ ^ [ 5 ' 2 [ 2 A 6 + 6(T^ + T^\h\)]6^ + 3 | ^ J 3 l ] h 

which upon further substi tut ion from (8. 16), (8. 14) and (8. 4) gives 

\ ct ~ ex 

' \ i B ^ l ^ 2 l h ' ' ^ . . . + x J h P y a j 3 , X2,....Xg>0 (8.17) 
' ^ - ^ o ' 

Similar ly 

'"3 " "301 

h - 3̂01 

Substituting from (8.17) and (8.18) into (3.26) gives 

l(U,V) - ( u , v ) | 
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[2(x l hl 2 + . . . + X g . h l ^ 2 ^ 2(Y2lh|2 + + Yjhl^)^p 
Igi lal^H o e 
|B - Cl 

Or, upon the further substitution 

,2 
' § 3 " % 

tlie inequality becomes 

1(U,V) - (u,v)| < 

H/3 

H^la 

B ^ W '̂"' - z j h i ^ i 

or 

glbi (U, V) - (u,v)|< 
H2la 

B T ^ [ Z 2 l h | 2 . . . . . . z j h n . (8. 19) 

where Z . . . , Z > 0. This quantity may be made as small as desiri by 

taking H or 1 hi sufficiently small. 

To establish the proof when only h is small it will be observed that 

(Ug)^/a^ = ±(g^ - 9);u^ ±3hiu^ + (g^ - l ) {± i k^k3(/u^ - 1) ± i k3(k2 - 1)(;L^^ . k ̂ ) 

± i k 3 ( l + k 2 ) ^ ^ + | k 3 ( G 4 ) ^ \ 

From (2. 23) and (8. 2) (G ) must have the form 

(G4), = G j h | 2 + G j h P . 

therefore 

(u3)^/a^ = ±(g^ - 9)(1 + e)E^Jh| ±3h(l + nEgJhj 

+(g^ - 1)^±-| k^k3(l + e)E^Jhl ±i k3(k2 - 1)(1 + m^j^^ 

±1 kgd + k2)(l + mj hi ±i k3(G J h l 2 + G43lhP)-i 

It follows that the minimum corner value of u on A has the form 

min (u 
3'c A^ 

i L j h | + L 2 | h | 2 + L3lhl^ila^l, L^, L^. L3 > 0 
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lubl(u.v) - o b lublugl = L ^ h l + L 2 l h P + L g l h P (8. 20) 

Thus from (8.19) and (8,20) . with Ihl chosen to be sufficiently smal l , 

glbl(U.V) - (u ,v) | < lubl(u.v) - ol 

and from (3, 27) the des i r ed re su l t foUows. This does not mean that the 

r e su l t holds for a r b i t r a r y finite g s ince this i s a lso governed by the con­

t rac t ion condition (5. 42). The l imit ing va lues of g may be obtained by 

putting h-^0 and C = 24.99 . . . . in (5.42). Thus 6->0, T-i>-T and the 
o 

equations for the l imit ing value become 

and 

g^l+ 41 g^ - 11 = 24. 99 Case (i) 

g^l + (1 + 3==) | g ^ - U = 24. 99 . . . . Case (ii), 

the solutions of which a r e 

g, = 5. 8 and - 4 . 2 Case (i) 

1 

and 

g = 3.83 and -2 .06 Case (ii) 

This means that for h vanishly s m a l l the subharmonic solution (2. 3) exis ts 
for g in the in te rva l 5. 8 ^ g > - 4 . 2 , Case (i) and 3 .83 > g . > - 2 . 0 6 , 

Case (ii). With inc reas ing values of h these in te rva l s d e c r e a s e in s ize . 

To es tab l i sh the proof with only Ig - ll sma l l cons ider 

l u b v ^ = minf[(g^ - l )e^ - h ( k ^ + £2) + (gi - 1 ) ^ kg(3 + k2)e^ + i k ^ k g e 2 

• ^ i ' ^ 3 ( ' ^ l - l ) ^ 3 - | ^ l k 3 ^ 4 4 k 3 ^ l l > e ) c ^ 

Now as (g - l ) - ^ 0 , H—*0 and 

lubju | - ^ min{ .h (k^ + e2)a^^^ . ^ (jk l̂ - U2l) |hl |aJ 

Provided that h is not l a rge enough to make | e„l = I k | then it follows that 

for (g - 1) sufficiently sma l l 

glbi(U, V) - (u,v)l < l u b l v j < l u b l(u,v) - o| 

and the des i red re su l t follows from (3. 27). 
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FIG.I. REGIONS OF EXISTENCE OF PURE SUBHARMONICS. 

IN THE g,,g3 PLANE. 


