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ABSTRACT
The state-of-the-art joint migration inversion faces the so-called amplitude-versus-
offset challenge, due to adopting over-simplified one-way propagation, reflection and
transmission operators to avoid over-parameterization in the inversion process. To
overcome this challenge, we apply joint migration inversion to horizontally layered
media (or 1.5-dimensional media) and parameterize the solution space via density
and velocity models. In this scenario, one-way propagation, reflection and transmis-
sion operators required by the joint migration inversion process can be analytically
and correctly derived from the subsurface models, so the amplitude-versus-offset chal-
lenge is successfully overcome. We introduce a new concept, which is named ‘inverse
propagation’, into our 1.5-dimensional amplitude-versus-offset joint migration inver-
sion. It can correctly reconstruct subsurface wavefields by using a surface-recorded
receiver wavefield with all the influence of transmission, reflection and multiples ac-
counted for. A synthetic example is used to demonstrate the correctness of the in-
verse propagation. This work is the foundation to further develop the 1.5-dimensional
amplitude-versus-offset joint migration inversion technology.

Key words: Acoustics, Computing aspects, Full waveform, Modelling, Theory.

INTRODUCTION

As a relatively new technology, joint migration inversion
(JMI) is formulated in the acoustic framework and simul-
taneously deals with velocity model building and seismic
imaging (Berkhout, 2014b). JMI belongs to the school of
full-waveform inversion (FWI), and it tries to fit forward
modelled data with measurements (Verschuur et al., 2016).
Many similarities can be found between JMI and imaging-
oriented FWI (Kalinicheva et al., 2020; Zhang et al., 2020),
reflection FWI (Xu et al., 2013; Valensi et al., 2017; Gisolf
et al., 2021) and migration-based traveltime waveform in-
version (Clément et al., 2001; Chavent, 2017). JMI aims at
exploiting all multiples in data for inversion, and the key is
in its unique modelling engine, which is named full wavefield

∗Email: sun.delft@gmail.com

modelling (FWMod) (Berkhout, 2014a). JMI and FWMod
are based upon wavefield separation (Sun and Fei, 2018; Sun
and Fei, 2021), and the concrete wavefield separation scheme
adopted therein is based on Bremmer’s series using one-way
operators (Berkhout, 2014a). JMI parameterizes the subsur-
face via a migration velocity model and a reflectivity model.
Furthermore, it assumes that these two models are decoupled
(Berkhout, 2014b; Sun et al., 2020). Although in physics
a reflectivity model should be dependent on propagation
angles, this in reality creates an enormous solution space for
inversion in JMI, which leads to over-parameterization of the
inverse problem where many velocity models with suitable
angle-dependent reflectivities can fit the data. Consequently,
current implementations of JMI adopt over-simplified oper-
ators (Sun et al., 2018b): for propagation operators, it uses
the local explicit operators (Etgen, 1994); for transmission
and reflection operators, it uses angle-independent operators

1© 2021 European Association of Geoscientists & Engineers



2 Y. Sun and E. Verschuur

Figure 1 The fundamental wavefield propagation model used in
1.5D-AVO-FWMod and 1.5D-AVO-JMI. Note that all the wavefield-
related symbols in this figure are actually subject to a certain com-
bination of kx and ω. For example, q+(zm ) actually represents
q+(zm; kx, ω). The symbols shown in this figure are defined as fol-
lows: ρ and c are velocity and density of a layer, the superscript + or
– represents down-going or up-going propagation, zm is the depth of
themth interface in the z direction, p is an incoming wavefield, q is an
outgoing wavefield, t or r is a transmission or reflection coefficient, s
is an injection source wavefield, and w is a one-way propagator.

(Verschuur et al., 2016; Sun et al., 2019). Via a comparison
study, we have systematically investigated the influence of
these simplified operators on JMI results (Sun et al., 2020),
where the amplitude-versus-offset (AVO) challenge has been
pointed out for the current JMI. Some initiatives to over-
come this AVO challenge for JMI are currently underway
(Davydenko and Verschuur, 2017; Qu et al., 2018; Sun and
Verschuur, 2020).

In this paper, we propose to apply acoustic JMI to hori-
zontally layered media, which is also commonly named 1.5-
dimensional media. Although we still use one-way propaga-
tion, reflection and transmission operators to describe wave
propagations, we now first parameterize the solution space
via a velocity model and a density model, and next use these
models to derive all those one-way operators required by JMI.
In such a scenario, one-way propagation, reflection and trans-
mission operators can be analytically defined in a physically
correct way (Berkhout, 1987), so we naturally overcome the
AVO challenge. To avoid confusion, throughout the rest of this
paper, we refer to our new variant of JMI by 1.5D-AVO-JMI
and refer to the current JMI technology (Berkhout, 2014b) by

Figure 2 A two-layer model to illustrate the concept of inverse prop-
agation.

the traditional JMI. 1.5D-AVO-JMI should have applications
in locally horizontally layered media containing strong mul-
tiple generators. We further introduce a new concept named
‘inverse propagation’, which can correctly reconstruct subsur-
face wavefields required by 1.5D-AVO-JMI using a surface-
recorded receiver wavefield and accommodating physical
causality effects during the course of wave propagation.

The rest of this paper is organized as follows.We first for-
mulate a detailed theory of 1.5D-AVO-FWMod, which is the
modelling engine used in 1.5D-AVO-JMI. We next introduce
the ‘inverse propagation’ concept in detail. We further discuss
how we deal with the challenge of numerical instability when
applying the inverse propagation in reality and use a synthetic
example to demonstrate the correctness of the ‘inverse prop-
agation’ concept.

1 .5 -DIMENSIONAL
AMPLITUDE-VERSUS -OFFSET FULL
WAVEFIELD MODELLING

Our theories for both 1.5D-AVO-FWMod and 1.5D-AVO-
JMI are derived in the temporal frequency–spatial wavenum-
ber domain. We consider a pressure signal corresponding to a
combination of kx and ω, where kx is a spatial wavenumber
in the x direction and ω is an angular frequency. Our theo-
ries are acoustic, and thus the 1.5-dimensional (1.5D) media
are isotropic. Under these considerations, we can set spatial
wavenumbers in the y direction to zeros, that is, ky = 0, as
long as we make sure to have sufficient sampling for kx. As a
result, for a temporal frequency f and a medium with a ve-
locity c, the relationships connecting spatial wavenumbers kx
and kz with a corresponding wavenumber k are

ω = 2π f , k = ω

c
, k2x + k2z = k2. (1)

The wavefield propagation model in both 1.5D-AVO-
FWMod and 1.5D-AVO-JMI is shown in Figure 1, which

© 2021 European Association of Geoscientists & Engineers,Geophysical Prospecting, 1–13



Inverse propagation in 1.5D AVO joint migration inversion 3

Figure 3 The true 1.5D model.

is similar to that in the traditional joint migration inversion
(JMI) (Sun et al., 2019). Note that all the wavefield-related
symbols in Figure 1 are actually scalars subject to a certain
combination of kx and ω, as there exist no physically non-
linear effects, such as frequency conversion, in our wavefield
propagation theory. In other words, both the spatial and the
temporal frequencies are decoupled, and thus wave propa-
gation equations can be written independently for different
combinations of kx and ω. For example, q+(zm) there actually
represents q+(zm; kx, ω). The symbols shown in Figure 1 are
defined as follows: ρ and c are velocity and density of a layer,
the superscript + or – represents down-going or up-going
propagation, zm is the depth of themth interface in the z direc-
tion, p is an incoming wavefield, q is an outgoing wavefield, t
or r is a transmission or reflection coefficient, s is an injection
source wavefield, and w is a one-way propagator. In 1.5D
media, w(zm, zm+1) and r−(zm) have been discussed before
(Berkhout, 1987; Sun et al., 2018a) and they can bewritten as

w (zm+1, zm) =
{
exp

(−ikz,m |zm+1 − zm|) if k2m ≥ k2x
exp

(− ∣∣kz,m∣∣ |zm+1 − zm|) otherwise
, (2)

r− (zm) = ρm+1kz,m − ρmkz,m+1

ρm+1kz,m + ρmkz,m+1
, (3)

kz,m =
√
k2m − k2x, (4)

where km = ω

cm
.

Similar to full wavefield modelling (FWMod), 1.5D-
AVO-FWMod also engages iterations in its modelling process,
and we use n to explicitly denote its modelling iteration: n =
0 is the first iteration corresponding to primaries; n = 1 is the
second iteration corresponding to the first-order multiples; …
Using symbols shown in Figure 1, the theory of 1.5D-AVO-
FWMod can be formulated as follows:

q+
n (zm) = s+ (zm) + t+ (zm) p+

n (zm) + r+ (zm) p−
n−1 (zm), (5)

q−
n (zm) = s− (zm) + t− (zm) p−

n (zm) + r− (zm) p+
n (zm), (6)

p+
n (zm) = w (zm, zm−1) q+

n (zm−1), (7)

p−
n (zm) = w (zm, zm+1) q−

n (zm+1), (8)

r− (zm) = −r+ (zm), (9)

t+ (zm) = 1 + r− (zm), (10)

t− (zm) = 1 + r+ (zm), (11)

w (zm, zm+1) = w (zm+1, zm), (12)

where n is the multiple order (or the iteration order). Note
that p−

−1 (zm) = 0 in equation (5).

© 2021 European Association of Geoscientists & Engineers,Geophysical Prospecting, 1–13



4 Y. Sun and E. Verschuur

Figure 4 (a) The amplitude spectrum of the source wavefield in our simulation. (b) The source wavefield is in the x-t domain.

Equations (1)–(12) reflect the philosophy behind Brem-
mer’s series. Each iteration of 1.5D-AVO-FWMod cor-
responds to one order of multiples, and it comprises a
wavefield propagating from the surface of the model to the
bottom reflection interface of the model and then being
reflected back to the surface. During the course of one
iteration, transmission and reflection effects are accounted
for, and contributions from previous iterations, that is,
multiples, are also accommodated. The inclusion of surface-
related multiples can be explicitly controlled by q+

n (z0),

which is the down-going and out-going wavefield at the
surface:

q+
n (z0) =

{
s+ (z0) + r+ (z0) p−

n−1 (z0) , free surface
s+ (z0), absorption surface

. (13)

Although the theory of 1.5D-AVO-FWMod looks similar to
that of FWMod (Berkhout, 2014a; Sun et al., 2019) in its for-
mality, there exist fundamental differences:
• The solution space is parameterized via medium parameters

ρ and c.

© 2021 European Association of Geoscientists & Engineers,Geophysical Prospecting, 1–13



Inverse propagation in 1.5D AVO joint migration inversion 5

Figure 5 The measured surface wavefield when only considering internal multiples. The maximum multiple order is 10.

• Transmission and reflection effects can now be physically
accounted for via equations (3) and (9)–(11), and hence the
amplitude-versus-offset effect in input data can be correctly
simulated.

• All components are separable in the (kx, ω) domain, and
hence we are now dealing with scalar computations. In
other words, all symbols in equations (5)–(12) are scalars.
In seismic data acquisition, usually sources are located at

the surface. Furthermore,we normally estimate a source wave-
field that only contains downward propagating components.
So throughout this paper, we set the below requirements to
the source terms in equations (5) and (6):

s− (zm) = 0 for all zm, (14)

s+ (zm) = 0 for zm �= z0. (15)

Note the traditional JMI (Berkhout, 2014b; Verschuur et al.,
2016; Sun et al., 2019, 2020) adopts conditions similar to
equations (14) and (15).

INVERSE PROPAGATION IN
1 .5 -DIMENSIONAL
AMPLITUDE-VERSUS -OFFSET JOINT
MIGRATION INVERSION

In the traditional joint migration inversion (JMI), a crucial
component is to use a receiver wavefield recorded at the
surface to reconstruct proper subsurface wavefields for the

purpose of gradient calculations. Reconstructing subsurface
wavefields is not a trivial task as it is highly non-linear and
engages effects of physical causality. The backward propaga-
tion scheme is the engine for reconstructing these subsurface
wavefields in the traditional JMI, but this scheme only consid-
ers dealing with the propagation effect and the transmission
effect (Staal, 2015; Sun et al., 2019). We hereby propose a
new concept that is named ‘inverse propagation’ for surface-
recorded receiver wavefields. It aims at correctly addressing
the effects of propagation, transmission, reflection and physi-
cal causality to reconstruct proper subsurface wavefields from
a surface receiver wavefield for 1.5D-AVO-JMI.

In order to understand why we introduce this new con-
cept of inverse propagation to 1.5D-AVO-JMI, we use a two-
layer model, shown in Figure 2, to demonstrate the limitations
of the backward propagation scheme used in the traditional
JMI. We first use the primaries, that is, the first iteration of
1.5D-AVO-FWMod, as an example, and its complete simula-
tion process is as follows:

q+
0 (z0) = s+ (z0), (16)

p+
0 (z1) = w (z1, z0) q+

0 (z0), (17)

q+
0 (z1) = t+ (z1) p+

0 (z1), (18)

p+
0 (z2) = w (z2, z1) q+

0 (z1), (19)

© 2021 European Association of Geoscientists & Engineers,Geophysical Prospecting, 1–13
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Figure 6 The situation when only internal multiples are considered and the maximum multiple order is 10. (Top left) The ground truth of the
up-going and incoming wavefield p−

n at z = 175 m. (Top middle) The reconstructed up-going and incoming wavefield p̃−
n at z = 175 m via

the inverse propagation of the surface wavefield p−
n (0). (Top right) The reconstructed up-going and incoming wavefield p̃−

n at z = 175 m via
the backward propagation scheme used in the traditional JMI (OJMI). (Bottom left) The true 1.5D velocity with the red arrow pointing at the
target subsurface interface. (Bottom middle) The difference between the reconstructed wavefield via the inverse propagation and the ground
truth. (Bottom right) The difference between the reconstructed wavefield via the backward propagation and the ground truth.

q−
0 (z2) = r− (z2) p+

0 (z2), (20)

p−
0 (z1) = w (z1, z2)q−

0 (z2), (21)

q−
0 (z1) = t− (z1) p−

0 (z1) + r− (z1) p+
0 (z1), (22)

p−
0 (z0) = w (z0, z1)q−

0 (z1). (23)

Note that all symbols in equations (16)–(23) are scalars, as
already discussed in the previous section.

Starting with the surface-recorded wavefield p−
0 (z0), the

backward propagation scheme (Staal, 2015; Sun et al., 2019)
reconstructs the wavefields q̃−

0 (z1) and p̃−
0 (z1) as follows:

q̃−
0 (z1) = w(z0, z1)

−1p−
0 (z0) = w(z0, z1)

−1w (z0, z1)

q−
0 (z1) = q−

0 (z1), (24)

p̃−
0 (z1) = t− (z1)

−1q̃−
0 (z1) = t− (z1)

−1[
t− (z1) p−

0 (z1) + r− (z1) p+
0 (z1)

]
= p−

0 (z1) + t−(z1)
−1r− (z1) p+

0 (z1) . (25)

Comparing equations (24) and (25) to equations (22) and
(21), we can clearly see that although the backward prop-
agation scheme in the traditional JMI can correctly deal
with the propagation effect, it violates the causality of for-
ward wavefield propagation by incorrectly introducing the
term t−(z1)−1r−(z1)p+

0 (z1) into the reconstructed wavefield
p̃−
0 (z1).

We next use a total wavefield containing both primaries
and the first order of multiples, that is, to run two iterations
of 1.5D-AVO-FWMod, from this two-layer model to further
demonstrate this causality effect in the backward propaga-
tion scheme of the traditional JMI. Iteration 2 of 1.5D-AVO-
FWMod follows equations (16)–(23) as shown below:

q+
1 (z0) = s+ (z0) + r+ (z0) p−

0 (z0), (26)

p+
1 (z1) = w (z1, z0) q+

1 (z0), (27)

q+
1 (z1) = t+ (z1) p+

1 (z1) + r+ (z1) p−
0 (z1), (28)

p+
1 (z2) = w (z2, z1) q+

1 (z1), (29)

© 2021 European Association of Geoscientists & Engineers,Geophysical Prospecting, 1–13
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Figure 7 The situation when only internal multiples are considered, and the maximum multiple order is 10. (Top left) The ground truth of the
down-going and incoming wavefield p+

n at z = 125 m. (Top middle) The reconstructed down-going and incoming wavefield p̃+
n at z = 125 m

via the inverse propagation of the surface wavefield p−
n (0). (Top right) The reconstructed down-going and incoming wavefield p̃+

n at z = 125 m
via the backward propagation scheme used in the traditional JMI (OJMI). (Bottom left) The true 1.5D velocity with the red arrow pointing at
the target subsurface interface. (Bottom middle) The difference between the reconstructed wavefield via the inverse propagation and the ground
truth. (Bottom right) The difference between the reconstructed wavefield via the backward propagation and the ground truth.

q−
1 (z2) = r− (z2) p+

1 (z2), (30)

p−
1 (z1) = w (z1, z2)q−

1 (z2), (31)

q−
1 (z1) = t− (z1) p−

1 (z1) + r− (z1) p+
1 (z1), (32)

p−
1 (z0) = w (z0, z1)q−

1 (z1) . (33)

If we use the backward propagation scheme in the traditional
JMI with the measured surface wavefield p−

1 (z0), that is, equa-
tion (33), we can get the reconstructed wavefields q̃−

1 (z1) and
p̃−
1 (z1) as follows:

q̃−
1 (z1) = w(z0, z1)

−1p−
1 (z0) = w(z0, z1)

−1w (z0, z1)

q−
1 (z1) = q−

1 (z1), (34)

p̃−
1 (z1) = t− (z1)

−1q̃−
1 (z1) = t− (z1)

−1[
t− (z1) p−

1 (z1) + r− (z1) p+
1 (z1)

]
= p−

1 (z1) + t−(z1)
−1r− (z1) p+

1 (z1) . (35)

Similar to the conclusions reached about equations (24) and
(25), we can see that although the backward propagation
scheme can correctly deal with the propagation effect, it
violates the causality by incorrectly introducing the term
t−(z1)−1r−(z1)p+

1 (z1) into the reconstructed wavefield p̃−
1 (z1).

We now introduce the inverse propagation scheme,which
can correctly account for this causality influence, in a gen-
eral situation.We first consider reconstructing up-going wave-
fields from a surface receiver wavefield p−

n (z0). According to
equation (8), the up-going and out-going wavefield q̃−

n (zm) can
be computed as

q̃−
n (zm) = w(zm−1, zm)

−1 p̃−
n (zm−1), (36)

where p̃−
n (zm−1) is the reconstructed up-going and incoming

wavefield at z = zm−1.
At the surface, that is z = z0, we have a particular rela-

tionship for the p̃−
n (z0):

p̃−
n (z0) = p−

n (z0) . (37)

© 2021 European Association of Geoscientists & Engineers,Geophysical Prospecting, 1–13



8 Y. Sun and E. Verschuur

Figure 8 The situation when only internal multiples are considered, and the maximum multiple order is 10. (Top left) The ground truth of the

down-going and outgoing wavefield q+
n−1 at z = 0 m, the surface. (Top middle) The reconstructed down-going and incoming wavefield ˜q+

n−1 at

z = 0 m via the inverse propagation of the surface wavefield p−
n (0). (Top right) The reconstructed down-going and incoming wavefield ˜q+

n−1
at z = 0 m via the backward propagation scheme used in the traditional JMI (OJMI). (Bottom left) The true 1.5D velocity with the red arrow
pointing at the target subsurface interface. (Bottom middle) The difference between the reconstructed wavefield via the inverse propagation and
the ground truth. (Bottom right) The difference between the reconstructed wavefield via the backward propagation and the ground truth.

Figure 9 The measured surface wavefield when considering both surface and internal multiples. The maximum multiple order is 5.

© 2021 European Association of Geoscientists & Engineers,Geophysical Prospecting, 1–13
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Figure 10 The situation when both surface and internal multiples are considered, and the maximum multiple order is 5. (Top left) The ground
truth of the up-going and incoming wavefield p−

n at z = 175 m. (Top middle) The reconstructed up-going and incoming wavefield p̃−
n at

z = 175 m via the inverse propagation of the surface wavefield p−
n (0). (Top right) The reconstructed up-going and incoming wavefield p̃−

n at
z = 175 m via the backward propagation scheme used in the traditional JMI (OJMI). (Bottom left) The true 1.5D velocity with the red arrow
pointing at the target subsurface interface. (Bottom middle) The difference between the reconstructed wavefield via the inverse propagation and
the ground truth. (Bottom right) The difference between the reconstructed wavefield via the backward propagation and the ground truth.

According to equations (6), (14) and (15), p̃−
n (zm) where m >

0 can be reconstructed by

p̃−
n (zm ) = t− (zm )−1q̃−

n (zm ) − t−(zm )−1r− (zm ) p+
n (zm ), (38)

where the term p+
n (zm) is obtained via a forward simulation

using 1.5D-AVO-FWMod, that is, through equations (1)–(13)
with a source wavefield and subsurface models provided by
users as the input.We name the term ‘−t−(zm)−1r−(zm)p+

n (zm)’
a compensation term. It bears the causality effect on the recon-
struction of p̃−

n (zm) from the surface wavefield p−
n (z0), and

it has to be accounted for in order to correctly reconstruct
p̃−
n (zm). Although the traditional JMI ignores this causality ef-

fect in its backward propagation scheme (Berkhout, 2014b;
Verschuur et al., 2016; Sun et al., 2019, 2020), this compensa-
tion term now is a key component in the inverse propagation
scheme of 1.5D-AVO-JMI. Note that Berkhout (2014a) does
describe a different way of inverse full wavefield modelling,
which is via subtraction of the scattering term at each depth
level. However, this cannot provide a direct estimate of the
up-going wavefield as shown in equation (38).

At the bottom reflection interface, that is, z = zmax, ac-
cording to equation (6), we can retrieve the inversely propa-
gated down-going and incoming wavefield p̃+

n (zm) by

p̃+
n (zmax) = r− (zmax)

−1q̃−
n (zmax) . (39)

Note here we adopt the condition p−
n (zmax) = 0, as we are

now considering the bottom reflection interface.
With p̃+

n (zmax) being available from equation (39), we
can further recursively reconstruct the down-going and out-
going (or incoming) wavefield q̃+

n (zm) (or p̃+
n (zm)). According

to equations (7) and (5), they can be calculated as

q̃+
n (zm) = w(zm+1, zm)

−1 p̃+
n (zm+1), (40)

p̃+
n (zm) = t+ (zm)

−1q̃+
n (zm) − t+(zm)

−1r+ (zm)

p−
n−1 (zm) . (41)

Similar to equation (38), the term ‘−t+(zm)−1r+(zm)p−
n−1(zm)’

is also a compensation term addressing the causality effect,
and p−

n−1(zm) has to be obtained via a forward simulation us-
ing 1.5D-AVO-FWMod.

© 2021 European Association of Geoscientists & Engineers,Geophysical Prospecting, 1–13



10 Y. Sun and E. Verschuur

Figure 11 The situation when both surface and internal multiples are considered, and the maximum multiple order is 5. (Top left) The ground
truth of the down-going and incoming wavefield p+

n at z = 125 m. (Top middle) The reconstructed down-going and incoming wavefield p̃+
n at

z = 125 m via the inverse propagation of the surface wavefield p−
n (0). (Top right) The reconstructed down-going and incoming wavefield p̃+

n at
z = 125 m via the backward propagation scheme used in the traditional JMI (OJMI). (Bottom left) The true 1.5D velocity with the red arrow
pointing at the target subsurface interface. (Bottom middle) The difference between the reconstructed wavefield via the inverse propagation and
the ground truth. (Bottom right) The difference between the reconstructed wavefield via the backward propagation and the ground truth.

Equations (36)–(41) form the complete theory of inverse
propagation in 1.5D-AVO-JMI. Via the compensation terms,
the inverse propagation correctly accounts for the influence
of propagation, transmission, reflection and multiples to re-
construct subsurface wavefields using a surface receiver wave-
field. However, in order to obtain the compensation terms, we
need to run 1.5D-AVO-FWMod for the required p+

n (zm) and
p−
n−1(zm) in Equations (38) and (41).

Before wrapping up this section, we would like to empha-
size again that our inverse propagation scheme differs from
the backward propagation scheme in the traditional JMI in the
compensation terms. The compensation terms reflect causal-
ity, and they account for influences of transmission, reflection
and multiples.

NUMERICAL STABIL ITY

The inverse propagation introduced above, that is, equations
(36)–(41), is a recursive process, and it engages many inverse
calculations, including w(zm+1, zm)−1, t−(zm)−1, t+(zm)−1 and
r−(zmax)−1. Note that all these symbols are scalars in 1.5D-
AVO-JMI, as already explained earlier in this paper. In prac-

tice, this poses a severe challenge for the numerical stability. As
far as we know, there are twoways to overcome this challenge.
The first way is to resort to high-precision arithmetic libraries,
for instance, Multiple Precision Toolbox for MATLAB (Bar-
rowes, 2020) and The GNUMultiple Precision Floating-Point
Reliable Library (GNUMPFR) (Fousse et al., 2005). The other
way, which we believe is a more practical solution and thus is
adopted in this paper, is a phase-guided solution. Details of
this phase-guided algorithm can be found in Oppenheim and
Lim (1981) and Bakulin et al. (2020). In this section,we briefly
introduce howwe use this algorithm to stabilize our numerical
calculations in the inverse propagation scheme.

As introduced above, in the inverse propagation of 1.5D-
AVO-JMI,we need to do forward simulation to get p+

n (zm) and
p−
n−1(zm) for compensation terms. To stabilize the calculation,

we also use the corresponding forward-simulated wavefield
amplitudes as the amplitudes of reconstructed wavefields. In
other words, in our example, equations (36)–(41) are imple-
mented as follows:

q̃−
n (zm) = w(zm−1, zm)

−1 p̃−
n (zm−1)∣∣w(zm−1, zm)

−1 p̃−
n (zm−1)

∣∣−1 ∣∣q−
n (zm)

∣∣ , (42)

© 2021 European Association of Geoscientists & Engineers,Geophysical Prospecting, 1–13
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Figure 12 The situation when both surface and internal multiples are considered and the maximum multiple order is 5. (Top left) The ground
truth of the down-going and outgoing wavefield q+

n−1 at z = 0 m, the surface. (Top middle) The reconstructed down-going and incoming

wavefield ˜q+
n−1 at z = 0 m via the inverse propagation of the surface wavefield p−

n (0). (Top right) The reconstructed down-going and incoming

wavefield ˜q+
n−1 at z = 0 m via the backward propagation scheme used in the traditional JMI (OJMI). (Bottom left) The true 1.5D velocity with

the red arrow pointing at the target subsurface interface. (Bottom middle) The difference between the reconstructed wavefield via the inverse
propagation and the ground truth. (Bottom right) The difference between the reconstructed wavefield via the backward propagation and the
ground truth.

p̃−
n (zm ) =

[
t−(zm )−1q̃−

n (zm ) − t−(zm )−1r− (zm ) p+
n (zm )

]
∣∣∣t−(zm )−1q̃−

n (zm ) − t−(zm )−1r− (zm ) p+
n (zm )

∣∣∣−1

∣∣p−
n (zm )

∣∣ , (43)

p̃+
n (zmax) = r− (zmax)

−1q̃−
n (zmax)

∣∣r−(zmax)−1q̃−
n (zmax)

∣∣−1

∣∣p+
n (zmax)

∣∣ , (44)

q̃+
n (zm) = w(zm+1, zm)

−1 p̃+
n (zm+1)∣∣w(zm+1, zm)

−1 p̃+
n (zm+1)

∣∣−1 ∣∣q+
n (zm)

∣∣ , (45)

p̃+
n (zm ) =

[
t+(zm )−1q̃+

n (zm ) − t+(zm )−1r+ (zm ) p−
n−1 (zm )

]
∣∣∣t+(zm )−1q̃+

n (zm ) − t+(zm )−1r+ (zm ) p−
n−1 (zm )

∣∣∣−1

∣∣p+
n (zm )

∣∣ , (46)

where |a| means taking the amplitude of the input variable
a. Note that all demonstrations in the Example section use
equations (42)–(46) for the inverse propagation.

Before wrapping up this section, we would like to point
out that our phase-guided solution requires a good estimation
of the input source wavelet for forward simulation. Detailed
discussion on retrieving a high-fidelity source wavelet from
raw seismic data is beyond the scope of this paper, and inter-
ested readers can refer to Verschuur et al. (1989), Carvalho
and Weglein (1994) and Matson (2000) for some technical
details.

EXAMPLE

We use a 1.5-dimensional (1.5D) synthetic model, shown in
Figure 3, to demonstrate the inverse propagation scheme in
1.5D-AVO-JMI. There exist several multiple generators in the
subsurface. The source wavefield s+(z0) in our demonstration
is shown in Figure 4 in both the frequency–spatial wavenum-
ber domain and the x-t domain. Our source wavefield covers
a spectrum between 0.2 and 30 Hz. As the purpose of this

© 2021 European Association of Geoscientists & Engineers,Geophysical Prospecting, 1–13
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paper is to demonstrate the inverse propagation concept in
1.5D-AVO-JMI, the source wavefield is our a priori knowl-
edge. We use the 1.5D-AVO-FWMod as our forward mod-
elling engine, and the data-simulation-related parameters in
our example are as follows: both the initial frequency and
the frequency step are 0.2 Hz, and the maximum frequency
is 30 Hz; the maximum source–receiver offset is 5 km, and
the receiver spacing is 25 m; the grid size in the z direction
is 5 m.

Figure 5 shows the surface wavefield when only inter-
nal multiples are considered in our data, that is, with an ab-
sorption surface condition applied. We set the maximum or-
der of internal multiples to 10. Via the inverse propagation
scheme, that is, equations (36)–(41) and using the models and
the source wavefield shown in Figures 3 and 4 as the input,
we reconstruct the up-going and incoming wavefield p̃−

n at
z = 175 m, the down-going and incoming wavefield p̃+

n at
z = 125 m, and the down-going and outgoing wavefield
q̃+
n−1 at the surface. Our reconstructed wavefields are shown

in the top middle pictures in Figures 6–8; the top left pictures
in these figures show the ground truth; the top right pictures
show the reconstructed wavefields by the backward propaga-
tion scheme in the traditional joint migration inversion (we
use the traditional joint migration inversion [OJMI] to repre-
sent this scheme on a figure); the bottommiddle pictures show
the difference between the ground truth and the reconstructed
wavefields by the inverse propagation; the bottom right pic-
tures show the difference between the ground truth and the re-
constructed wavefields by the backward propagation. We can
easily observe that our inverse propagation scheme indeed cor-
rectly reconstructs all subsurface wavefields when the input
models and the source wavefield are correct, while the back-
ward propagation scheme yields inaccuracies. Figure 9 shows
the surface wavefield when both surface and internal multiples
are considered in our data, that is, with a free surface con-
dition applied. We set the maximum order of multiples to 5
in this example. Comprehensive result comparisons, the same
as those shown in Figures 6–8, are shown in Figures 10–12.
In this situation, we can also easily observe that our inverse
propagation scheme works correctly when the input models
and the source wavefield are correct.

CONCLUSIONS

In this paper, we introduce the inverse propagation concept
in the 1.5-dimensional amplitude-versus-offset joint migration
inversion (1.5D-AVO-JMI). 1.5D-AVO-JMI still uses one-way
propagation, transmission and reflection operators to describe

wave propagation, but it first parameterizes the subsurface via
a density model and a velocity model and then uses these mod-
els to derive the corresponding physical one-way operators.
1.5D-AVO-JMI overcomes the amplitude-versus-offset chal-
lenge as now one-way propagation, reflection and transmis-
sion operators are physically correct. The inverse propagation
concept uses the compensation terms to account for causality
effects during the course of wavefield propagation, and it is
a theoretically rigorous way to reconstruct subsurface wave-
fields in 1.5D-AVO-JMI. We also discuss a practical challenge
when implementing the inverse propagation in 1.5D-AVO-
JMI, which is the numerical stability, and we propose to use
the phase-guided algorithm to overcome it. Our synthetic ex-
amples corroborate the correctness of our theories.We believe
this work can act as the solid theoretical foundation to further
develop the 1.5D-AVO-JMI technology.
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