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 a b s t r a c t

A detailed derivation, analysis, and verification is given for the non-orthogonal, plane-marching Parabolized 
Stability Equations (PSE) approach. In applying the approach to a flow distorted by a medium-amplitude cross-
flow vortex, we determine its linear secondary instability mechanisms. We show that converged solutions can 
be achieved for a broad frequency range with an existing stabilization method for the line-marching PSE ap-
proach. We verify that 1) solutions converge versus grid size in all dimensions, 2) primary disturbance solutions 
agree with line-marching PSE results, and 3) secondary disturbance solutions match amplitude and growth-rate 
evolution of reference Direct Numerical Simulation (DNS) results. We show how and why the type-II instability 
displays a delayed neutral point when modeled with the plane-marching approach versus the considered local 
stability approaches, whether the streamwise evolution of the distorted base flow is accounted for or not. This 
may explain why the type-II disturbance is scarcely captured by DNS in the literature.

1.  Introduction

To predict and ultimately avoid crossflow-dominated boundary lay-
ers’ transition to turbulence, it is necessary to have a detailed under-
standing of the secondary instability mechanisms [1]. This led to the de-
velopment of secondary linear stability theory for the rotating-disk [2] 
and swept-wing scenario [3–5]. This theory revealed 3 main, unsteady 
instability mechanisms. Following the nomenclature of Malik et al. [4], 
there are two proper secondary instability mechanisms (called the 𝑧- 
and 𝑦-modes based on the shear layer they feed their energy from) and 
an instance of the traveling primary crossflow instability, subject to the 
distorted base flow. Koch et al. [5] called these same modes the type-I, 
-II, and -III modes, respectively. The type-I and -II modes are typically 
observed to be most amplified at frequencies that are an order of mag-
nitude higher than type-III. Although the present article will continue to 
focus on crossflow-dominated boundary layers, the approach presented 
in this article could also help in many other scenarios, such as for the 
Rayleigh-Taylor and Richtmyer-Meskov instabilities [6–8]. 

Wassermann and Kloker[9] established a Direct Numerical Simula-
tion (DNS) of the secondary-crossflow-instability problem to create a 
reference to quantify modeling error. Their domain is aligned with the 
leading-edge-orthogonal and -parallel (𝑥⊥, 𝑧||) coordinates and shown in 
Fig. 1(𝑎). Stability methods leverage simplifying assumptions, involving 
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the slow variation of the flow along the crossflow vortices, to signifi-
cantly reduce the computational cost [2–5]. To minimize the errors asso-
ciated with these assumptions, the spanwise axis of the domain is placed 
parallel to the wave vector of the crossflow vortex (𝑧𝑣), or, equivalently, 
orthogonal to its vortical axis (𝑥𝑣) [3]. These directions are indicated 
in Fig. 1(𝑏). Bonfigli and Kloker[10] set out to verify the results from 
these stability methods against the DNS, using both domain orientations 
corresponding to Fig. 1(𝑎) and (𝑏). One of Bonfigli & Kloker’s main find-
ings is that, to match growth rates, the DNS domain must match the 
alignment of the domain used for the secondary instability theory. To 
establish the match, Bonfigli & Kloker adapted Wasserman & Kloker’s 
leading-edge-aligned domain (Fig. 1(𝑎)) to instead be aligned with the 
local direction of the crossflow vortex (Fig. 1(𝑏)). This allowed making 
the verification between the DNS and theory, because both make the 
same modeling assumptions. Although matching growth rates were es-
tablished this way (see their Fig. 15), a small, inherent drawback was 
committed in making this arrangement: the distorted base flow is not 
exactly periodic in the direction orthogonal to the crossflow vortex. Li 
and Choudhari [11] provided the solution to this issue by using a non-
orthogonal coordinate system. They placed their spanwise coordinate 
parallel to the leading edge (𝑧), i.e. the formal periodic direction, and 
pointed their streamwise coordinate parallel to the axis of the crossflow 
vortex (𝑥), see Fig. 1(𝑐). An example of a favorable comparison of the 
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Fig. 1. Various numerical formulations of the secondary crossflow instability problem: leveraging the spanwise periodicity in 𝑧
||

 and slow evolution along the 
crossflow vortex 𝑥𝑣 to different extents.

most-amplified frequencies determined with a similar non-orthogonal 
instability approach against experimental data is given by Groot and 
Eppink[12].

With the advent of the plane-marching Parabolized Stability Equa-
tions (PSE) approach, popularly known as PSE-3D [13,14], formu-
lated in a non-orthogonal and also nonlinear forms, instability methods 
are approaching the highest possible fidelity. The ‘local’ stability ap-
proaches, that are conceptually depicted in panels (𝑏) and (𝑐) of Fig. 1, 
neglect the slow streamwise evolution of the flow. That is, the base flow 
is modeled as invariant in the 𝑥𝑣-direction. This is commonly referred to 
as the parallel-flow assumption, even if the wall-normal velocity compo-
nent of the distorted base flow should not be dropped from these meth-
ods, see Section 2.4 for the technical details. Upon using this assump-
tion in local stability approaches, the crossflow vortex appears straight 
in the 𝑥⊥𝑧||-plane to the secondary instability mechanisms, shown as 
the thick gray line in Fig. 1. In reality, however, crossflow vortices 
gradually curve in the 𝑥⊥𝑧||-plane. Plane-marching approaches allevi-
ate this model error of the local approaches by accounting for all effects 
attributed to slow streamwise evolution, see Fig. 1(𝑑). Recently, Am-
brosino et al. [15] verified secondary stability results when comparing 
solutions to the non-orthogonal plane-marching approach to a DNS of 
the type-I and -III mechanisms.

The present study provides a detailed derivation and analysis of the 
non-orthogonal, plane-marching approach for the computation of linear, 
secondary instability of crossflow vortices extending the work of Am-
brosino et al. [15]. We evaluate local, quasi-local, and plane-marching 
approaches to the DNS case of Casacuberta et al. [16], which is charac-
terized by a higher crossflow-vortex amplitude. To be specific, we extend 
the work of Ambrosino et al. [15] by demonstrating that:

1. the non-orthogonal, plane-marching approach is numerically consis-
tent with a grid convergence study (which is rarely recorded in the 
literature);

2. the stabilization approach proposed by Andersson et al. [17] enables 
effectively achieving plane-marching results if residual ellipticity of 
the system would otherwise cause divergence, enabling producing 
results for a broad range of frequencies;

3. the approach matches against (orthogonal, line-marching) PSE re-
sults;

4. the marching aspect is necessary to produce accurate agreement with 
DNS for a higher-amplitude crossflow vortex for a particular instance 
of the type-III instability mechanism; and

5. the neutral point corresponding to the type-II instability mechanism 
is delayed when modeled with the plane-marching approach, which 
may explain why previous attempts at DNS of that mechanism are 
scarce in the literature.

The remainder of this article is structured as follows. First, the DNS of 
the primary and secondary instabilities will be discussed in Section 2.1. 

Second, the non-orthogonal, plane-marching approach is described in 
detail in Sections 2.2–2.7. An overview of the results is given in Sec-
tion 3.1, grid convergence and verification against (line-marching) PSE 
is demonstrated in Section 3.2, verification against DNS in Section 3.3, 
and the delayed neutral point of the type-II instability is elaborated in 
Section 3.4. The article is concluded in Section 4.

2.  Methodology

To introduce nomenclature indicating the various ways in which the 
flow field will be decomposed, we will first express our variables in 
a leading-edge-orthogonal coordinate system, where 𝑥⊥ is orthogonal 
to the leading edge, 𝑦 is wall-normal, and 𝑧

||

 is parallel to the leading 
edge. We consider a negative sweep angle, to most closely reflect the ex-
periments by Rius-Vidales and Kotsonis [18,19,20], which implies that 
the positive 𝑧

||

-direction, in a right-handed coordinate system, points 
toward the root of the (backward-)swept wing. An instantaneous flow 
variable, 𝑞, will be decomposed as:
𝑞(𝑥⊥, 𝑦, 𝑧||, 𝑡) = 𝑄(𝑥⊥, 𝑦) + 𝑞̊(𝑥⊥, 𝑦, 𝑧||)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝑄̊(𝑥⊥, 𝑦, 𝑧||)

+𝑞′(𝑥⊥, 𝑦, 𝑧||, 𝑡), (1)

where 𝑄 = 𝑄(𝑥⊥, 𝑦) denotes the undisturbed, laminar base flow, 𝑞̊ =
𝑞̊(𝑥⊥, 𝑦, 𝑧||) is the primary crossflow disturbance to the undisturbed base 
flow, 𝑄̊ = 𝑄 + 𝑞̊ is the distorted base flow, and 𝑞′ = 𝑞′(𝑥⊥, 𝑦, 𝑧||, 𝑡) the 
unsteady disturbance to the distorted base flow, 𝑄̊. In what follows, 𝑞̊
will be assumed to consist of stationary crossflow vortices. For that rea-
son, the time dependence of 𝑞̊ and 𝑄̊ is dropped in Eq. (1). If, instead, the 
travelling crossflow instability causes the primary disturbance, 𝑞̊ and 𝑄̊
would depend on time.

2.1.  Direct numerical simulation

In this subsection, we give a brief overview of the set-up of the Di-
rect Numerical Simulation (DNS) that is elaborated on in more detail 
by Casacuberta et al. [16,21,22]. We consider the flow over a swept 
flat plate that models the 45◦-swept wing considered by Rius-Vidales 
and Kotsonis [19]. The sides of the DNS domain are aligned with the 
leading-edge-orthogonal 𝑥⊥-, wall-normal 𝑦-, and leading-edge-parallel 
𝑧
||

-directions.
The inlet of the domain is virtually placed at 5% of the chord down-

stream of the leading edge of the wing considered by Rius-Vidales and 
Kotsonis [19]; a Falkner–Skan–Cooke profile is there imposed as the in-
flow condition. From there onward, the free-stream velocity distribution 
is matched against the pressure distribution as measured by Rius-Vidales 
and Kotsonis [19]. Hence, from the inlet onward, the boundary-layer 
evolution is non-self-similar. The boundary-layer thickness at the inlet 

Computers and Fluids 306 (2026) 106947 

2 



K.J. Groot et al.

Fig. 2. Streamwise evolution of the primary, stationary crossflow disturbance amplitude from the DNS (lines with white symbols) and linear PSE (blue symbols). 
From top to bottom, the circles represent: 𝐴𝑢

(0,1); crossed circles: 𝐴𝑢
(0,0); squares: 𝐴𝑢

(0,2); triangles: 𝐴𝑢
(0,3); pentagons: 𝐴𝑢

(0,4); and diamonds: 𝐴𝑢
(0,5).

(based on 99% of the leading-edge-orthogonal velocity component), de-
noted by 𝛿0, equals 0.771mm. Together with the free-stream velocity in 
the direction orthogonal to the leading edge at the inflow: 𝑈⊥ = 15.1
m/s and the kinematic viscosity, 𝛿0 yields a local Reynolds number of 
791.365. Also matching Rius-Vidales and Kotsonis [19], the sweep an-
gle is incorporated by specifying the leading-edge-parallel free-stream 
velocity 𝑊

||

 equal to −1.24𝑈⊥.
In the direction parallel to the leading edge, the DNS domain mod-

els one crossflow-vortex wavelength, 𝜆𝑧
||

= 7.5 mm in the 𝑧
||

-direction, 
representative of the most-amplified disturbance in the case consid-
ered by Rius-Vidales and Kotsonis [19]. A stationary crossflow distur-
bance is triggered at the inlet of the domain by imposing a crossflow 
instability mode as obtained from Linear Stability Theory (LST) while 
assigning it a finite amplitude. Following their definition, the ampli-
tude 𝐴𝑢

(0,1) represents the maximum in the wall-normal direction of 
twice the fundamental Fourier mode of the stationary perturbation field 
as transformed in the direction parallel to the leading edge. The vor-
tices observed in the Particle Image Velocimetry (PIV) measurements 
by Rius-Vidales and Kotsonis [19] were iteratively determined to have: 
𝐴𝑢
(0,1)∕𝑈⊥ = 2.6 × 10−2. In this study, we consider the smaller amplitude 

𝐴𝑢
(0,1)∕𝑈⊥ = 3.5 × 10−3. This is advantageous for our verification pur-

poses: to create a relatively long streamwise extent in the DNS over 
which the secondary instability mechanisms display linear dynamics. To 
put this initial amplitude in context, the streamwise evolution is shown 
in Fig. 2.

The DNS are performed with a conservative finite-volume flow solver 
[23–25]. The computational grid is highly refined, with 6760, 576, and 
72 points along the 𝑥⊥-, 𝑦-, and 𝑧||-directions, respectively. This yields 
more than 70 grid points to cover the wall-normal extent of the bound-
ary layer at the inflow. For the unperturbed base-flow solution, the min-
imum grid spacing is Δ𝑥+⊥ = 5.68, Δ𝑦+ = 0.52, and Δ𝑧+

||

= 4.73 in wall 
units.

To compute the steady flow, the Selective Frequency Damping (SFD) 
approach is used [26,27]. To compute the unsteady flow field, wall 
blowing and suction is applied at selected frequencies of interest and 
the 𝑥⊥-range denoted by: 𝑥⊥,start < 𝑥⊥ < 𝑥⊥,end. That is, the wall-normal 
velocity is modulated continuously in time according to the expression:
𝑣(𝑥⊥, 0, 𝑧||, 𝑡) = 𝐴0 𝑔(𝑥⊥) cos{2𝜋(𝑧||∕𝜆0 + 𝑓0𝑡)}, (2)

where 𝑡 is time and 𝐴0, 𝜆0 = 7.5mm = 9.728𝛿0, 𝑓0, and 𝑔 are the forcing 
amplitude, wavelength in the 𝑧

||

-direction, cyclic frequency, and stream-
wise distribution of the wall disturbance, respectively. For the function 
𝑔, we use a smooth, streamwise distribution:

𝑔(𝑥⊥) =

(

4
(𝑥⊥ − 𝑥⊥,start)(𝑥⊥,end − 𝑥⊥)

(𝑥⊥,end − 𝑥⊥,start)2

)3

, (3)

which vanishes in its value and its first and second derivatives at the 
start- and end-points of the forcing strip: 𝑥⊥ = 𝑥⊥,start and 𝑥⊥,end.

For the verification purposes of this article, we focus on two frequen-
cies, 𝑓0 = 6 kHz and 1 kHz, that are forced independently. A-priori stabil-
ity analyses, with the approaches described in Section 2.4, showed that 

6 kHz is close to the most-amplified instance of the type-I mechanism. 
The type-III mechanism happens to display interesting dynamics at fre-
quencies around at 1 kHz, that are relevant for our purposes of verifica-
tion. The function 𝑔 = 𝑔(𝑥⊥) is started 24𝛿0 upstream of the neutral point 
for each frequency, as computed with the stability approaches, which 
represents about two streamwise wavelengths of the stationary cross-
flow vortex. In particular, 𝑥⊥,start∕𝛿0 = 251 and 201 for 𝑓0 = 6 kHz and 
1 kHz, respectively, and 𝑥⊥,end − 𝑥⊥,start = 12𝛿0 for both frequencies. The 
wall-disturbance amplitude 𝐴0 is set equal to 𝐴0∕𝑈⊥ = 10−3 for 𝑓0 = 6
kHz and 𝐴0∕𝑈⊥ = 10−5 for 1 kHz. Preliminary tests demonstrated that 
these wall-disturbance amplitudes yield a significantly long 𝑥⊥-range 
over which the unsteady disturbances showed exponential growth.

2.2.  Non-orthogonal coordinate transformation

The distorted base flow (and hence the perturbation problem) is peri-
odic in the direction parallel to the leading edge, 𝑧

||

, while the variation 
of the distorted base flow is the least in the direction of the vortical axis 
of the crossflow vortices, 𝑥𝑣 in Fig. 1(𝑏). Although this will be quan-
tified in Fig. 5; qualitatively, the ‘spanwise phase’ of the vortex shape 
is constant in the 𝑥𝑣-direction, while the phase changes along the 𝑥⊥-
direction. In swept-wing boundary layers, it is very unusual for the 𝑥𝑣- 
and 𝑧

||

-directions to make a right angle. The crossflow vortices’ axis is 
usually just a few degrees removed from the local inviscid streamline 
[28], and the inviscid streamline, in turn, makes an angle of about the 
overall sweep angle versus the leading-edge-orthogonal 𝑥⊥-direction far 
enough downstream of the leading edge.

To minimize the model error associated to the parallel-flow or slow-
stream-wise-evolution assumption, therefore, the stability problem for 
𝑞′ should be re-expressed in a non-orthogonal coordinate system. This 
approach was originally proposed by Li and Choudhari [11] for the sta-
bility problem that neglects all streamwise evolution of the shape of 
the disturbance in the 𝑧

||

𝑦-plane (which will be denoted by 𝑞 in Eq. (12) 
later in the article and is traditionally called the disturbance shape func-
tion), which will here be referred to as the ‘local’ problem. Despite the 
treatment of Li and Choudhari [11], incorporating a non-orthogonal co-
ordinate system is uncommon in the literature. A comprehensive deriva-
tion enables properly revealing the generalization established by the 
non-orthogonal, plane-marching approach, which accounts for the slow 
streamwise evolution of the disturbance’s shape in the 𝑧

||

𝑦-plane. Hence, 
we here elaborate on the formulation of the equations governing the sec-
ondary instability in detail.

The relation between the orthogonal (𝑥⊥,𝑧||) and non-orthogonal 
(𝑥,𝑧) coordinates is illustrated in Fig. 3. The angle 𝜃 is defined between 
the leading-edge-orthogonal 𝑥⊥-direction and the vortical 𝑥-axis of the 
crossflow vortices; in Section 2.3, it will be shown that the latter direc-
tion can be unambiguously defined. In considering a long streamwise do-
main length, the crossflow vortices undergo a significant development. 
Therefore, 𝜃 varies in the streamwise direction: 𝜃 = 𝜃(𝑥⊥). In assuming 
that the crossflow vortices are periodic in the leading-edge-parallel 𝑧

||

-
direction and modeling a single wavelength in the laminar base flow, 
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Fig. 3. Finite (𝑎) and infinitesimal (𝑏) orthogonal (𝑥⊥,𝑧||) and non-orthogonal (𝑥,𝑧) coordinate systems. The crossflow vortices’ periodicity renders 𝜃 = 𝜃(𝑥⊥) and 
𝑥 = 𝑥(𝑥⊥). Shown crossflow vortices’ orientation corresponds to a positive sweep angle (positive 𝑧(||)-direction points to wing tip).

𝜃 is not a function of 𝑧
||

. Furthermore, note that the non-orthogonal 𝑧-
coordinate is parallel to 𝑧

||

 and it differs from 𝑧
||

 by a translation. The 
orientation of the parameters in Fig. 3 corresponds to a positive sweep 
angle (𝑧

||

 pointing toward the wing-tip on a backward-swept wing). Due 
to the use of a negative sweep angle (𝑧

||

 then points toward the root of 
the wing), 𝜃 will be negative in the present study.

In considering infinitesimal distances in Fig. 3(𝑏), Eq. (4)(𝑎 − 𝑑) re-
late the orthogonal (𝑥⊥𝑧||) and non-orthogonal (𝑥𝑧) coordinates: 

d𝑥 = d𝑥⊥∕ cos 𝜃 = d𝑥⊥ sec 𝜃, (4a)

d𝑧 = d𝑧
||

− d𝑥⊥ tan 𝜃; (4b)

d𝑥⊥ = d𝑥 cos 𝜃, (4c)

d𝑧
||

= d𝑧 + d𝑥 sin 𝜃. (4d)

To obtain the finite coordinate relations (i.e. for 𝑥, 𝑧, 𝑥⊥, 𝑧||, etc., not 
their differentials), Eqs. (4) need to be integrated from a reference point 
onward, while accounting for 𝜃 = 𝜃(𝑥⊥). When graphing the shape of the 
disturbance, we can invoke the spanwise periodicity of the flowfield to 
arbitrarily translate the solution in the spanwise direction to keep the 
same portion of the vortex in view.

The governing equations for 𝑞′ in Cartesian coordinates are com-
monly available in the literature, see [29]. To reexpress these equations 
in the 𝑥𝑧-coordinates, we first realize that we are expressing the same 
function in a different basis, i.e. different coordinates: 𝑓⊥ = 𝑓⊥(𝑥⊥, 𝑧||) =
𝑓 (𝑥, 𝑧) = 𝑓 . The transformation then proceeds by invoking the chain rule 
on 𝑓 = 𝑓 (𝑥, 𝑧) = 𝑓{𝑥(𝑥⊥), 𝑧(𝑥⊥, 𝑧||)} and using Eqs. (4). The derivatives 
with respect to the 𝑥⊥- and 𝑧||-coordinates transform as follows: 
𝜕𝑓⊥
𝜕𝑥⊥

|

|

|

|𝑧
||

=
𝜕𝑓
𝜕𝑥

|

|

|

|𝑧
sec 𝜃 −

𝜕𝑓
𝜕𝑧

|

|

|

|𝑥
tan 𝜃; (5a)

𝜕𝑓⊥
𝜕𝑧

||

|

|

|

|

|𝑥⊥

=
𝜕𝑓
𝜕𝑧

|

|

|

|𝑥
, (5b)

The non-trivial inverse of Eq. (5a) is written: 
𝜕𝑓
𝜕𝑥

|

|

|

|𝑧
=
𝜕𝑓⊥
𝜕𝑥⊥

|

|

|

|𝑧
||

cos 𝜃 +
𝜕𝑓⊥
𝜕𝑧

||

|

|

|

|

|𝑥⊥

sin 𝜃. (6)

This relationship is useful for obtaining the derivatives of the distorted 
base-flow quantities in the 𝑥- and 𝑧-directions. To derive the equations 
with computer algebra software, it is useful to define the metric tensors. 
The forward and inverse transformation rules lead to the following, re-
spectively covariant and contravariant, non-diagonal metric tensors [30, 
Section 7.23]: 

𝑔𝑖𝑗 =
𝜕𝑦𝑘

𝜕𝑥𝑖
𝜕𝑦𝑘

𝜕𝑥𝑗
expressing

=
as a matrix

⎡

⎢

⎢

⎣

1 0 sin 𝜃
0 1 0

sin 𝜃 0 1

⎤

⎥

⎥

⎦

; (7a)

𝑔𝑖𝑗 = 𝜕𝑥𝑖

𝜕𝑦𝑘
𝜕𝑥𝑗

𝜕𝑦𝑘
expressing

=
as a matrix

⎡

⎢

⎢

⎣

sec2 𝜃 0 − sec 𝜃 tan 𝜃
0 1 0

− sec 𝜃 tan 𝜃 0 sec2 𝜃

⎤

⎥

⎥

⎦

, (7b)

where summation over the index 𝑘 is implied and 𝑥𝑖 and 𝑦𝑖 represent the 
nonorthogonal (𝑥1 = 𝑥, 𝑥2 = 𝑦, 𝑥3 = 𝑧) and Cartesian coordinates (𝑦1 =
𝑥⊥, 𝑦2 = 𝑦 = 𝑥2, 𝑦3 = 𝑧

||

), respectively.
To transform the Laplacian, second derivatives are needed. In devel-

oping these derivatives from Eqs. (4), it is important to account for the 
dependence of 𝜃 on 𝑥⊥. The cross-derivative is also provided for com-
pleteness: 
𝜕2𝑓⊥
𝜕𝑥2⊥

=
(

𝜕2𝑓
𝜕𝑥2

−
𝜕𝑓
𝜕𝑧

d𝜃
d𝑥⊥

)

sec2 𝜃 (8a)

+
(

𝜕𝑓
𝜕𝑥

d𝜃
d𝑥⊥

− 2
𝜕2𝑓
𝜕𝑥 𝜕𝑧

)

sec 𝜃 tan 𝜃 +
𝜕2𝑓
𝜕𝑧2

tan2 𝜃;

𝜕2𝑓⊥
𝜕𝑥⊥𝜕𝑧||

=
𝜕2𝑓
𝜕𝑥 𝜕𝑧

sec 𝜃 −
𝜕2𝑓
𝜕𝑧2

tan 𝜃; (8b)

𝜕2𝑓⊥
𝜕𝑧2

||

=
𝜕2𝑓
𝜕𝑧2

. (8c)

Upon forming the Laplacian, the coefficients of 𝜕2∕𝜕𝑧2 combine into 
sec2 𝜃.

From here onward, the subscript ⊥ will be given a different pur-
pose. Instead of indicating the functional dependency on the 𝑥⊥𝑧||-
coordinates, it will indicate the velocity component in the leading-edge-
orthogonal 𝑥⊥-direction. To clearly disambiguate the subscript conven-
tion from here onward, the components of the ordered sets (𝑈̊⊥, 𝑉̊ , 𝑊̊

||

)

and (𝑢′⊥, 𝑣′, 𝑤′
||

) respectively correspond to the distorted base-flow and 
perturbation velocity components in the orthogonal 𝑥⊥-, 𝑦-, and 𝑧||-
directions. The same convention will be used for the shape functions 
(

𝑢̃⊥, 𝑣̃, 𝑤̃||

)

, that will be defined in Section 2.4. The velocity components 
in the non-orthogonal directions are obtained from Eqs. (4a) and (4b): 

𝑈̊ = 𝑈̊⊥ sec 𝜃; 𝑊̊ = 𝑊̊
||

− 𝑈̊⊥ tan 𝜃. (9)

The same transformation can be used to obtain (𝑢′, 𝑤′) and (𝑢̃, 𝑤̃)

.

2.3.  Definition of the angle 𝜃

The intended parabolized nature of the stability approach dictates 
that, in order for the non-orthogonal coordinate formulation to be 
effective, the flow must possess a well-defined direction in which it 
varies least. For the present crossflow-vortex case, this direction exists. 
To demonstrate this, we determine the 𝜃-value that minimizes the 𝑥-
derivative of 𝑈̊⊥, 𝑉̊ , 𝑊̊ ||

, or their root-mean-square combination. We 
assessed both the maximum value and the root-mean-square value as 
evaluated over the entire 𝑧(||)𝑦-plane at a given 𝑥⊥-station. Fig. 4 shows 
that, as the crossflow vortex reaches a sufficient amplitude and satu-
rates, all these candidate 𝜃-values collapse onto a common direction 
that is about 5◦ closer to the 𝑥⊥-direction than the inviscid streamline 
is, which is what is expected of the crossflow-vortex core.

From here onward, we use the angle 𝜃 = 𝜃min that minimizes the root-
mean-square of the 𝑥-derivatives of 𝑈̊⊥, 𝑉̊ , and 𝑊̊ ||

 in the 𝑧𝑦-plane, i.e. 
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Fig. 4. Angle from the leading-edge-orthogonal 𝑥⊥-direction to the inviscid streamline and the directions that minimize the maximum value within the 𝑧𝑦-plane 
(crosses) or root-mean-square value across the 𝑧𝑦-plane (squares) of the 𝑥-derivative of 𝑈̊⊥, 𝑉̊ , 𝑊̊ ||

, or their Pythagorean sum (this sum of the components is marked 
as ‘all combined’). All collapse on the direction of the crossflow vortex’s vortical axis.

Fig. 5. Different measures of the 𝑥-derivatives (max or r.m.s. over the 𝑧𝑦-plane of 𝑈̊⊥, 𝑉̊ , 𝑊̊ ||

, or their combination) as evaluated with 𝜃 = 𝜃min and 0◦ (𝑥 = 𝑥⊥). By 
using the non-orthogonal coordinate, the 𝑥-derivatives are reduced by about two orders of magnitude.

the quantity:
√

√

√

√

√

√

√∬

⎧

⎪

⎨

⎪

⎩

⎛

⎜

⎜

⎝

𝜕𝑈̊⊥
𝜕𝑥

⎞

⎟

⎟

⎠

2

+

(

𝜕𝑉̊
𝜕𝑥

)2

+
⎛

⎜

⎜

⎝

𝜕𝑊̊
||

𝜕𝑥

⎞

⎟

⎟

⎠

2
⎫

⎪

⎬

⎪

⎭

d𝑦 d𝑧. (10)

In Figs. 4 and 5, quantities corresponding to the 𝜃-value that minimizes 
the expression in Eq. (10) are indicated with green squares and marked 
as corresponding to ‘all [components] combined’. Similarly, the green 
circles in these figures correspond to the 𝜃-value that minimizes:

max
𝑧,𝑦

⎧

⎪

⎪

⎨

⎪

⎪

⎩

√

√

√

√

√

√

⎛

⎜

⎜

⎝

𝜕𝑈̊⊥
𝜕𝑥

⎞

⎟

⎟

⎠

2

+

(

𝜕𝑉̊
𝜕𝑥

)2

+
⎛

⎜

⎜

⎝

𝜕𝑊̊
||

𝜕𝑥

⎞

⎟

⎟

⎠

2
⎫

⎪

⎪

⎬

⎪

⎪

⎭

. (11)

Lastly, Fig. 5 demonstrates how the measures of the 𝑥-derivatives 
corresponding to 𝜃 = 𝜃min are about two orders of magnitude smaller 
than the 𝑥⊥-derivatives. The same figure also demonstrates that these 
𝑥-derivatives are more than two orders of magnitude smaller than the 
principal shear associated to the leading-edge-orthogonal velocity com-
ponent, 𝜕𝑈̊⊥∕𝜕𝑦.

2.4.  Non-orthogonal plane-marching approach

Recall that 𝑄̊, the steady base flow distorted by the stationary cross-
flow vortex, evolves slowly in 𝑥, and 𝑞′ is the perturbation thereto, which 
is further decomposed as follows:
𝑞′(𝑥, 𝑦, 𝑧, 𝑡) = 𝑞(𝑥, 𝑦, 𝑧) ei

(

∫ 𝑥 𝛼(𝑥̄)d𝑥̄−𝜔𝑡
)

+ 𝑐.𝑐., (12)

where 𝑞 is the perturbation’s shape function, 𝛼 the streamwise 
wavenumber, and 𝜔 the angular frequency, which is related to the cyclic 
frequency 𝑓 through 𝜔 = 2𝜋𝑓 . Furthermore, 𝑥̄ represents the dummy 
integration variable corresponding to 𝑥, and 𝑐.𝑐. denotes the complex 
conjugate. Note that −𝛼𝑖 represents the exponential growth in the 𝑥-
direction, while −𝛼𝑖 sec 𝜃 represents the exponential growth in the 𝑥⊥-
direction, under the restriction that 𝑞′ is periodic in 𝑧(||).

Advantage is taken of the slow development of the distorted base-
flow variables in 𝑥 by specifying a slow development of the shape func-
tion and wavenumber in 𝑥. Repeatedly differentiating Eq. (12) with re-
spect to 𝑥, one obtains: 
𝜕𝑞′

𝜕𝑥
=
(

𝜕𝑞
𝜕𝑥

+ i𝛼 𝑞
)

e… + 𝑐.𝑐.; (13a)

𝜕2𝑞′

𝜕𝑥2
=
(

𝜕2𝑞
𝜕𝑥2

+ 2i𝛼
𝜕𝑞
𝜕𝑥

− 𝛼2 𝑞 + i d𝛼
d𝑥

𝑞
)

e… + 𝑐.𝑐. (13b)

By using ansatz (12) in the linearized Navier-Stokes equations for in-
compressible flow, one obtains: 
𝐷̃𝑢̃⊥
𝐷̃𝑡

= 𝑅̃ 𝑈̊⊥ −
(

Ω𝑝Ω1
𝜕𝑝̃
𝜕𝑥

+ i𝛼 𝑝̃
)

sec 𝜃 +
𝜕𝑝̃
𝜕𝑧

tan 𝜃 +
𝐿̃𝑢̃⊥
𝑅𝑒

; (14a)

𝐷̃𝑣̃
𝐷̃𝑡

= 𝑅̃ 𝑉̊ −
𝜕𝑝̃
𝜕𝑦

+ 𝐿̃𝑣̃
𝑅𝑒

; (14b)

𝐷̃𝑤̃
||

𝐷̃𝑡
= 𝑅̃ 𝑊̊

||

−
𝜕𝑝̃
𝜕𝑧

+
𝐿̃𝑤̃

||

𝑅𝑒
; (14c)

0 =
(

Ω1
𝜕𝑢̃⊥
𝜕𝑥

+ i𝛼 𝑢̃⊥

)

sec 𝜃 + 𝜕𝑣̃
𝜕𝑦

+
𝜕𝑤̃

||

𝜕𝑧
−

𝜕𝑢̃⊥
𝜕𝑧

tan 𝜃, (14d)

where 𝐷̃∕𝐷̃𝑡, 𝑅̃, and 𝐿̃ represent the material-derivative operator, the 
Reynolds stress terms, and the transformed Laplacian, respectively:
𝐷̃
𝐷̃𝑡

= − i𝜔 + 𝑈̊⊥ sec 𝜃
(

Ω1
𝜕
𝜕𝑥

+ i𝛼
)

+ 𝑉̊ 𝜕
𝜕𝑦

+
(

𝑊̊
||

− 𝑈̊⊥ tan 𝜃
) 𝜕
𝜕𝑧

; (14e)
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Table 1 
Key to what Ω-parameters to use for each approach.
 Approach  Abbrev. Ω𝑏 Ω1 Ω𝑝 Ω2

 (Consistent) Local  L  0  0  –  0
 Quasi-Local  QL  1  0  –  0
 Plane-Marching (stabilized)  PM  1  1  0  0
 Plane-Marching (not stabilized)  PM  1  1  1  0

−𝑅̃ = Ω𝑏 𝑢̃⊥ sec 𝜃 𝜕
𝜕𝑥

+ 𝑣̃ 𝜕
𝜕𝑦

+
(

𝑤̃
||

− 𝑢̃⊥ tan 𝜃
) 𝜕
𝜕𝑧

; (14f)

𝐿̃ = sec2 𝜃
(

Ω2
𝜕2

𝜕𝑥2
+ 2i𝛼Ω1

𝜕
𝜕𝑥

− 𝛼2 + iΩ1
d𝛼
d𝑥

− Ω𝑏
d𝜃
d𝑥⊥

𝜕
𝜕𝑧

+ 𝜕2

𝜕𝑧2

)

(14g)

+ sec 𝜃 tan 𝜃
(

Ω𝑏
d𝜃
d𝑥⊥

(

Ω1
𝜕
𝜕𝑥

+ i𝛼
)

− 2Ω1
𝜕2

𝜕𝑥 𝜕𝑧
− 2i𝛼 𝜕

𝜕𝑧

)

+ 𝜕2

𝜕𝑦2
.

Note that Eqs. (14a) through (14c), while expressing functions in the 
nonorthogonal (𝑥-, 𝑦-, 𝑧-)coordinates, still represent the equations for 
the perturbation momenta in the 𝑥⊥-, 𝑦-, and 𝑧||-directions. Although 
the velocity components could also be transformed, it is convenient to 
solve for the orthogonal 𝑢̃⊥-component with the aim of comparing re-
sults against the DNS without further post-processing transformations. 
Several terms are multiplied with symbols of the form Ω{𝑏,1,𝑝,2} in order 
to make explicit which terms are kept or dropped corresponding to the 
considered stability approach, see Table 1; this will be further elabo-
rated in the next paragraph. Lastly, note that 𝛼 naturally depends on 𝑥
by ansatz (12); the angle 𝜃, however, is most naturally defined in terms 
of 𝑥⊥. Accounting for d𝜃∕d𝑥⊥ is necessary, given its potentially large 
magnitude (although, in the present study, it does not exceed 1◦∕𝛿0).

The first derivatives with respect to 𝑥 of the distorted base flow 𝑄̊ and 
perturbation shape functions 𝑞 are assumed to be small, following the 
slow-evolution assumption. Second 𝑥-derivatives are therefore regarded 
as negligibly small. For this reason, the first term in the first parentheses 
of (14g) will be dropped in the stability analyses (Ω2 = 0, Ω1 = Ω𝑏 = 1). 
Dropping this term parabolizes the system of equations with respect to 
the 𝑥-direction and enables solving for the three-dimensional solutions 
by marching a set of two-dimensional shape functions in the 𝑥-direction 
if the system’s residual ellipticity is negligible [31]. The resulting system 
of equations constitutes the plane-marching Parabolized Stability Equa-
tions (plane-marching PSE). There are other terms in the equations that 
qualify as negligibly small under the aforementioned assumptions, e.g. 
products of 𝑥-derivatives of the shape functions and distorted base-flow 
quantities and 𝑥-derivatives that are divided by the Reynolds number. 
However, in the present formulation of the plane-marching PSE, these 
terms are retained and hence are not multiplied with Ω2. Although the 
resulting formulation is formally inconsistent, these small terms were 
not observed to have a negative impact on achieving convergence of 
the auxiliary condition mentioned in Section 2.5. Moreover, we argue 
that retaining these terms, even if negligibly small, promises a better 
comparison against the DNS, if only because the DNS retains all terms. 
Lastly, we note that retaining or even adding new negligibly small terms 
is not uncommon: the stabilization procedure outlined in Section 2.7 re-
lies on the latter.

The ‘quasi-local’ problem is obtained upon dropping all other 𝑥-
derivatives of the perturbation shape functions and the d𝛼∕d𝑥-term in 
𝐿̃ (Ω2 = Ω1 = 0, Ω𝑏 = 1); the 𝑥-derivatives of 𝑄̊ and 𝑥⊥-derivative of 𝜃
are kept in order to account for as many physical effects as possible. 
Finally, the (proper/consistent) ‘local’ problem is obtained by dropping 
𝑥-derivatives of all quantities (Ω2 = Ω1 = Ω𝑏 = 0). This ‘local’ formula-
tion is here also called consistent, because the distorted base-flow, dis-
turbance, and coordinate (i.e. 𝜃) variables are treated equally. The pa-
rameter Ω𝑝 in Eq. (14a) will be discussed in Section 2.7.

Although this is standard in the literature, referring to the aforemen-
tioned assumptions as the ‘parallel-flow assumption’ is a misnomer for 
the presently considered approaches, because they do not require drop-
ping 𝑉̊ . Upon stating the incompressible continuity equation for the dis-

torted base flow in both non-orthogonal coordinates and non-orthogonal 
velocity components (see Eq. (9)):

𝜕𝑈̊
𝜕𝑥

+ 𝜕𝑉̊
𝜕𝑦

+ 𝜕𝑊̊
𝜕𝑧

= 0. (15)

The assumptions render 𝜕𝑈̊∕𝜕𝑥 small, but 𝜕𝑊̊ ∕𝜕𝑧 is 𝑂(1). Hence, 𝑉̊
should not be dropped from the equations; neither for the plane-
marching, nor the quasi-local, nor the local approach. Bonfigli and 
Kloker[10, Fig. 20] and Groot et al. [32] demonstrate that the in-plane 
flow components (𝑉̊  and 𝑊̊ (||)) play a crucial role for the growth rates 
of all instability modes of crossflow vortices.

2.5.  Boundary, initial, and auxiliary conditions

The system of non-orthogonal, plane-marching PSE, Eq. (14), is 
closed with boundary, initial, and auxiliary conditions. Periodic bound-
ary conditions are imposed at the spanwise boundaries (𝑧 = −𝜆𝑧∕2 and 
𝑧 = 𝜆𝑧∕2, where 𝜆𝑧 = 𝜆𝑧

||

= 7.5 mm is the spanwise wavelength of the 
crossflow vortex). No-slip conditions are imposed at the wall (𝑦 = 0) 
and at the free-stream boundary (𝑦 = 𝑦max = 25.86𝛿0, about 5 times the 
maximum height of the 90% streamwise velocity contour at the leading-
edge-orthogonal outflow boundary of the domain, where 𝛿0 is the inlet 
boundary-layer thickness at 𝑥⊥ = 0). The 𝑦-momentum equation is used 
as a compatibility condition for the pressure at wall and free-stream 
boundaries. The quasi-local eigenvalue problem is solved in spatial form 
(for complex 𝛼, upon specifying a value of 𝜔) in order to obtain ini-
tial conditions. The solutions to the quasi-local problem (Ω2 = Ω1 = 0, 
Ω𝑏 = 1) are preferred over those of the local problem (Ω2 = Ω1 = Ω𝑏 = 0)

Ansatz (12) in itself does not guarantee that the 𝑥-derivative of the 
perturbation shape functions 𝑞 is small; the 𝑥-dependence of both 𝛼 and 
𝑞 in ansatz (12) is leveraged for this purpose. Given a reasonable initial 
guessed solution for a given 𝑥⊥-station, the 𝑥-derivative of the shape 
functions is iteratively minimized by updating 𝛼 with the following aux-
iliary condition:

𝛼𝑘+1 = 𝛼𝑘 − i
∬

⃗̃𝐪H 𝜕 ⃗̃𝐪
𝜕𝑥

d𝑦 d𝑧

∬
⃗̃𝐪H ⃗̃𝐪 d𝑦 d𝑧

;  =

⎡

⎢

⎢

⎢

⎢

⎣

1 0
1

1
0 0

⎤

⎥

⎥

⎥

⎥

⎦

, (16)

where ⃗̃𝐪H = [𝑢̃H⊥ 𝑣̃H 𝑤̃H
||

𝑝̃H] and the superscript H indicates Hermitian 
transposition. The perturbation-pressure contribution is dropped (via 
) from this condition, because it is directly coupled to the velocity 
perturbations for incompressible conditions. This condition was deemed 
satisfied when relative 𝛼-differences were recorded to drop below the 
threshold: |𝛼𝑘+1 − 𝛼𝑘|∕|𝛼𝑘+1| ≤ 2.2 × 10−10.

2.6.  Discretization

The plane-marching PSE and boundary conditions are discretized by 
using finite differences. Sixth order, central differences are used in 𝑧
and 𝑦, while fixing the stencil width and moving the evaluation point 
for derivatives toward a given boundary when necessary. A BiQuadratic 
mapping [34, Section 3.1.4, pp. 70–71] is used in 𝑧(||) to produce an 
approximately uniform distribution. That is, one-third of the colloca-
tion nodes is placed within the intervals 𝑧∕𝜆𝑧 ∈ [−1∕2, 𝑧𝑖1], [𝑧𝑖1, 𝑧𝑖2], 
and [𝑧𝑖2, 1∕2], while we set (𝑧𝑖1, 𝑧𝑖2)∕𝜆𝑧 = (−1, 1)∕6. Another BiQuadratic 
mapping is used in 𝑦 to highly cluster the grid around the shear layer of 
interest. Similarly, one-third of the collocation nodes is placed within 
the intervals 𝑦∕𝛿0 ∈ [0, 𝑦𝑖1], [𝑦𝑖1, 𝑦𝑖2], and [𝑦𝑖2, 𝑦max], while we adopt 
(𝑦𝑖1, 𝑦𝑖2, 𝑦max)∕𝛿0 = (2.5, 5, 25.86). The resulting grid is shown in Fig. 6. 
Upon using a Chebyshev Gauss-Lobatto node-distribution in the compu-
tational 𝜉-domain with 𝜉 ∈ [−1, 1] [34, Section 3.1.1, pp. 59–61], nodes 
are clustered toward the boundaries to avoid the Runge phenomenon. 
The wall-normal mapping parameters were chosen to maximize the res-
olution for the most unstable 𝑥⊥-instance of the most-amplified mode as 
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Fig. 6. Grid resolving type-I secondary instability mode at 𝑥∕𝛿0 = 425 and 6 kHz as computed with the local approach. Grid (gray lines), isolevels of |𝑢̃⊥| (filled 
contours; 1/8, 2/8, …7/8 of maximum) and 𝑈̊⊥ (solid lines: 10%, 20%, …90% of maximum). Saddle (green square) and centers (red circle: anti-clockwise; 
blue circle: clockwise rotation) generated by the non-orthogonal 𝑉̊ - and 𝑊̊ -components: 𝑉̊ = 𝑊̊ = 0. To distinguish saddles from centers, we use the 𝜆2-vortex-
identification criterion [33, vortex: 𝜆2 < 0]; the streamwise vorticity component then determines the direction of rotation of the in-plane flow around the centers. 
The type-I mode is typically forced onto the saddle formed by the in-plane flow [32].

Fig. 7. Illustration of how the previous step solution must be interpolated onto a grid shifted in the 𝑧
||

-direction, in order to evaluate the 𝑥-derivative at the next 
step.

computed with the local approach (type-I with maximal −𝛼𝑖 sec 𝜃 in 𝑥⊥
for 𝑓 = 5.2 kHz; |Δ𝛼𝑖∕𝛼𝑖| = (10−5) or less, upon reducing the number of 
nodes by 10% in each direction). A high number of nodes is used in the 
𝑧- and 𝑦-directions (𝑁𝑧 = 100 and 𝑁𝑦 = 200) in order to provide highly 
accurate solutions over the entirety of the domain in the streamwise di-
rection. Backward differences (backward Euler) are used in 𝑥. Usually, 
steps of Δ𝑥⊥∕𝛿0 = 1 are taken, so that Δ𝑥∕𝛿0 = sec 𝜃(𝑥⊥); this was found 
to produce converged results with respect to 𝑥⊥-resolution, which will 
be addressed among the results in Section 3.2. Outstepping residual el-
lipticity will be further discussed in Section 2.7. All integrals over spatial 
coordinates are computed using numerical approaches with the same or 
higher orders of accuracy as the finite differences in the correspond-
ing directions. The local, spatial eigenvalue problem is solved using the 
Arnoldi algorithm.

At each step, the solution is evaluated at the same 𝑧
||

-domain, span-
ning 𝑧

||

∕𝜆𝑧 ∈ [−1∕2, 1∕2], to conform with the domain used in the DNS 
for the distorted base flow and achieve the best incorporation of the 
in-plane derivatives of distorted base-flow quantities. Hence, the back-
ward 𝑥-derivative queries the previous step solution at locations where 
it is usually unavailable; see Fig. 7. The solution at the previous step 
must therefore be interpolated onto a shifted instance of the grid in the 
𝑧
||

-direction. The interpolation is done with the same order as the finite 
differences used to discretize the 𝑧-dimension. Furthermore, the solu-
tion’s periodicity is leveraged to find solution values that are queried 
outside of the available 𝑧

||

-domain.

2.7.  Mitigation of residual-ellipticity

System (14) is referred to as a set of parabolized stability equations, 
not parabolic, because dropping the second 𝑥-derivative term from 𝐿̃
leaves a residual ellipticity [31]. Li and Malik[35,36] showed that this 

prohibits solving the system with a marching technique if one makes 
too small a step, i.e. when Δ𝑥 < 1∕|𝛼𝑟| = 𝜆𝑥∕2𝜋: ‘a maximum of 2𝜋 steps 
per disturbance wavelength are allowed for the marching.’ Thereby, 
this step-size restriction prohibits letting Δ𝑥 → 0 without further ad-
justments to the approach. To mitigate this problem, Haj-Hariri [37] 
proposed the removal of the term 𝜕𝑝̃∕𝜕𝑥 from Eq. (14a; Ω𝑝 = 0), which 
is similar to the approach proposed by Vigneron et al. [38]. Instead of 
dropping terms that could potentially have an important impact on the 
behavior of the solution, Andersson et al. [17] proposed to resolve the 
residual-ellipticity issue by adding asymptotically small terms instead.

In order to converge the plane-marching problem for a very small 
step size and while leaving Ω𝑝 = 1, we use the stabilization approach by 
Andersson et al. [17]. To concisely illustrate its implementation, system
(14) and the (here all homogeneous) boundary conditions are first cast 
into the form:


𝜕 ⃗̃𝐪
𝜕𝑥

=  ⃗̃𝐪 (17)

where ⃗̃𝐪 is defined under Eq. (16) and  and  are operators contain-
ing all distorted base-flow variables and derivative operators for each 
equation and a guess for the streamwise wavenumber, 𝛼(𝑘), at the next 
𝑥-station. The unmodified approach proceeds to solve this equation with 
a backward Euler approach:
[ 
Δ𝑥

−
]

⃗̃𝐪||
|next 𝑥

= 
Δ𝑥

⃗̃𝐪||
|previous 𝑥

(18)

for ⃗̃𝐪 at the next 𝑥-station and then the guess for 𝛼 is updated with 
auxiliary condition (16). This process is repeated until the convergence 
criterion on 𝛼, mentioned under Eq. (16), is satisfied. Instead of Eq. (18), 
Andersson et al. propose solving:


𝜕 ⃗̃𝐪
𝜕𝑥

=  ⃗̃𝐪 + 𝑠
𝜕 ⃗̃𝐪
𝜕𝑥

; (19)

Computers and Fluids 306 (2026) 106947 

7 



K.J. Groot et al.
[ 
Δ𝑥

−
(

1 + 𝑠
Δ𝑥

)


]

⃗̃𝐪||
|next 𝑥

=  − 𝑠
Δ𝑥

⃗̃𝐪||
|previous 𝑥

(20)

where 𝑠 is a stabilization length scale, that adjusts the step-size criterion 
by Li and Malik[35,36] for (orthogonal, line-marching) PSE to: Δ𝑥 >
|𝛼𝑟|−1 − 2𝑠. That is, any step size Δ𝑥 → 0 can be used to successfully 
solve the equations by marching upon using:

𝑠 > 1
2

(

1
|𝛼𝑟|

− Δ𝑥
)

= 1
2

(

1
|𝛼𝑟| sec 𝜃

− Δ𝑥⊥

)

sec 𝜃. (21)

Such an 𝑠 always exists for disturbances with a finitely long streamwise 
wavelength (𝛼𝑟 ≠ 0), but 𝑠 is moreover required to be small in order for 
the added term in Eq. (19), 𝑠𝜕 ⃗̃𝐪∕𝜕𝑥, to be negligibly small under the 
slow-evolution assumption. While Δ𝑥 = Δ𝑥⊥ sec 𝜃 > Δ𝑥⊥ (which is desir-
able to outstep residual ellipticity), the wavelength scales by the same 
factor (𝜆𝑥 = 2𝜋∕𝛼𝑟 = 2𝜋 sec 𝜃∕(𝛼𝑟 sec 𝜃) = 𝜆𝑥⊥ sec 𝜃). Therefore, the non-
orthogonal approach unfortunately does not lead to a favorable step-size 
criterion. In fact, a larger 𝑠-value is necessary to effectively stabilize the 
same step size in 𝑥⊥, as exemplified by the factor sec 𝜃 on the far right-
hand side of Eq. (21).

The non-orthogonal formulation of the (plane-marching) PSE may 
satisfy an adjusted version of the stabilization criterion, other than the 
version presented as inequality (21), which is strictly valid for the or-
thogonal formulation of (line-marching) PSE. However, the stabiliza-
tion approach was found to be an effective approach to stabilize solu-
tions whenever the unadjusted plane-marching algorithm diverged in 
this study. The stabilization length 𝑠 can be specified according to 2 
approaches:

• fixed 𝑠: we can fix 𝑠 in the streamwise direction to the smallest pos-
sible value as determined by trial and error (for this study it is also 
of (𝛿0), i.e. the inlet boundary-layer thickness at 𝑥⊥ = 0), that still 
enables converging the plane-marching algorithm;

• fixed 𝑚: we can fix 𝑚 in the streamwise direction and set:

𝑠 =

⎧

⎪

⎨

⎪

⎩

1
2

(

𝑚
|𝛼𝑟|

− Δ𝑥
)

if 𝑚 > |𝛼𝑟|Δ𝑥;

0 otherwise.
(22)

That is, the stabilization is activated if we take more than 2𝜋∕𝑚
steps per wavelength. Inequality (21) is satisfied if 𝑚 ≥ 1 and has 
the added benefit that the stabilization approach is deactivated when 
the streamwise wavelength 𝜆𝑥 is or becomes long enough over a (po-
tentially large) streamwise portion of the domain. Note that we only 
have access to a guessed value of 𝛼𝑟, because 𝑠 must be set during the 
𝛼-iterations with the auxiliary condition. The value of 𝑠 is fixed after 
the third such iteration in order to avoid unnecessarily prolonging 
convergence.

It will be shown that converged solutions can be obtained with both 
approaches (fixing either 𝑠 or 𝑚). In this paper, the fixed-𝑠 approach 
is used predominantly, i.e. 𝑠 is fixed to the smallest value that yielded 
converged results. If a smaller 𝑠-value is used, the 𝛼𝑘-iteration scheme 
with the auxiliary condition (16) does not converge and usually causes 
extremely negative 𝛼𝑖-values (without the oscillations shown by Li and 
Malik[36, Fig. 2]).

2.8.  Note on computational cost

The non-orthogonal plane-marching approach calculates linear in-
stability mechanisms with high fidelity in an efficient manner in terms 
of computational cost. That way, it is the ideal approach to accompany 
and guide DNS studies of the full non-linear disturbance evolution.

In having reduced the disturbance problem to marching a two-
dimensional plane, the required memory is small enough for modern 
desktop computers that multiple frequencies can be computed in par-
allel: about 4GBs RAM to perform a shape-function update for the 
presently used resolution of (𝑁𝑧, 𝑁𝑦) = (100, 200) and 6th-order finite 
differences.

Although the time duration required to compute the instability 
modes from their first neutral point throughout the domain of interest 
can be highly variable from case to case (mode type, frequency, down-
stream position, etc.), we can give an approximate indication based on 
the computations performed for the present article. For the presently 
used resolution of (𝑁𝑧, 𝑁𝑦) = (100, 200) and 6th-order finite differences, 
a single 𝛼𝑘-iteration of the problem typically takes about 15 s on a per-
sonal computer. With a requirement of 4–9 𝛼𝑘-iterations per Δ𝑥⊥-step 
(typically more if stabilization is activated), it takes between 8.3 and 
18.8 h to march a solution for a given frequency all the way from 𝑥⊥ = 0
to 500𝛿0 with Δ𝑥⊥ = 𝛿0. Solving the local or quasi-local eigenvalue prob-
lem with the Arnoldi algorithm, which is necessary to yield initial con-
ditions for the plane-marching anyway, typically takes about 42 s to 
step a solution across the 𝑥⊥ and frequency space on a personal com-
puter. Hence, these approaches produce initial estimates of the most-
amplified frequency most quickly (stepping from 𝑥⊥ = 0 to 500𝛿0 with 
Δ𝑥⊥ = 𝛿0 in about 5.8 h). For this reason, we recommend focusing the 
plane-marching approach on checking the most-amplified disturbances 
after an initial, broader explorative sweep is performed with a (quasi-
)local approach.

Although the plane-marching approach takes a long time to run rel-
ative to traditional stability methods, especially compared to the line-
marching PSE approach, conclusive results are generated within 24 h. 
This is still a very short time versus DNS, which took about 900,000 CPU 
hours (on 2048 cores with 1.8GB RAM per core) to run for the presently 
reported cases. Thus, besides yielding comparable results efficiently, the 
combined stability approaches moreover rendered the DNS campaign 
effective. 

3.  Results

The results will commonly be expressed in terms of 𝑁-factors, which 
represent the natural logarithm of the disturbance amplitude compared 
to its value at the neutral point:

𝑁(𝑥⊥) = −∫

𝑥⊥

𝑥⊥,n
𝛼𝑖(𝑥̄) sec(𝜃(𝑥̄))d𝑥̄ + 1

2
ln

(

𝐸̃(𝑥⊥)
𝐸̃(𝑥⊥,n)

)

(23)

where 𝑥̄ is the dummy integration variable equivalent of 𝑥⊥, 𝑥⊥,n corre-
sponds to the neutral point, where d𝑁∕d𝑥 = 0, and finally:

𝐸̃(𝑥⊥) = ∫

𝜆𝑧∕2

−𝜆𝑧∕2
∫

𝑦max

0

(

|𝑢̃⊥(𝑥⊥, 𝑦, 𝑧||)|2 + |𝑣̃|2 + |𝑤̃
||

|

2)d𝑦 d𝑧
||

(24)

is the kinetic energy associated to the shape functions. Here, 𝑦max is the 
height of the domain boundary.

3.1.  Overview

An overview of the results, as computed for a broad range of fre-
quencies and streamwise locations for all instability modes, is shown in 
Fig. 8. To be concise, we limit our reported results to modes that achieve 
the maximum amplification (maximum 𝑁 across 𝑥⊥∕𝛿0 ∈ [0, 500]) for 
each frequency within the considered frequency band from 0 to 15 kHz. 
The main solution parameters associated to the most unstable (maxi-
mum −𝛼𝑖 sec 𝜃 in 𝑥⊥) and neutral (𝛼𝑖 = 0) instances corresponding to 
the most amplified frequency (maximum 𝑁 at 𝑥⊥∕𝛿0 = 500) are given 
in Tables 2 and 3, respectively. As is commonly reported in the liter-
ature [4,5], the type-I & -II modes are most amplified for much higher 
frequencies (6 & 8 kHz, resp.) than the type-III mechanism (500 Hz). 
The type-III mechanism has more than one neutral point for frequencies 
between 700 Hz and 1.05 kHz, approximately, depending on the con-
sidered method. Whereas the 𝑁-factors for the (quasi-)local approaches 
are calculated starting form the most upstream neutral point, plane-
marching results are computed starting either from the most upstream 
(crosses) or the third neutral point in the downstream direction (pluses).
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Fig. 8. (𝑎,𝑏) Maximum 𝑁-factor for 𝑥⊥∕𝛿0 ∈ [0, 500] and (𝑐,𝑑) neutral points 𝑥⊥,n for the type-I (blue), -II (red), and -III (green) instability mechanisms as computed 
with the local (L, solid lines: unmarked and with circles), quasi-local (QL, squares), and plane-marching (PM, crosses: Ω𝑝 = 0; pluses: Ω𝑝 = 0 initialized from the third 
neutral point (when overlapping crosses, pluses appear as filled circles); diamonds: 𝑠 = 𝛿0, 0, 2𝛿0 for type-I, -II, and -III, respectively) approaches. Two instances of 
the type-I instability mechanism were found: one instance is shown as the solid blue line without markers and the other as the solid blue line with circles. Shaded 
region: crude uncertainty indication for the type-III 𝑁-factors as computed with the local approach. Insets (𝑏,𝑑) display the frequency on a linear scale.

Fig. 8 and Tables 2 and 3 demonstrate that stabilizing the plane-
marching approach with the method of Andersson et al. [17] (𝑠 > 0; di-
amonds in Fig. 8) or removing the 𝜕𝑝̃∕𝜕𝑥-term (setting Ω𝑝 = 0; crosses 
and pluses in Fig. 8) produces practically identical results for the present 
conditions.

Results as computed with the local approach are shown with solid 
lines in Fig. 8. Two sets of solid blue lines denote two mode families 
that we attributed to the type-I instability mechanism. The second in-
stance of the type-I instability mode, as found for low frequencies (𝑓 < 3
kHz) is shown as a solid blue line with circles, while the other instance 
corresponds to the solid blue line without markers. Both modes are iden-
tified as a type-I instance, because their eigenfunctions are similar to that 
shown in Fig. 6, i.e., they overlap the saddle in the in-plane flow; and 
their growth rate is driven dominantly by the spanwise (‘shoulder’) shear 
layer, e.g. by 𝜕𝑈̊⊥∕𝜕𝑧 as contained in the 𝑅̃ 𝑈̊⊥-grouping in Eq. (14a).

As also reported by Ambrosino et al. [15] for a crossflow vortex at 
a lower amplitude, the plane-marching results consistently yield larger 
maximum achieved 𝑁-factors than the corresponding local results. The 
present work shows that this conclusion holds for a broad range of fre-
quencies for each instability mechanism. Despite the different amplifica-
tion, the most-amplified frequency is found to be the same for the type-I 
and -II disturbances (up to the used frequency resolution of 200 Hz; 
allowing an uncertainty of 3.4%). The approaches yield close most-
amplified frequencies for the type-III instability mechanism, although 
the local approach struggles to clearly indicate a most-amplified fre-
quency in that case. This is represented by the non-smooth increase in 
the green solid 𝑁max-line for the local approach as seen in Fig. 8(𝑎) from 
𝑓 = 500 to 550 Hz. We added a green shaded patch to indicate that the 
𝑁-factors for the type-III instability mechanism are uncertain around 
𝑓 = 500 Hz as computed with the local approach. It is necessary to spec-
ify that these results were computed by using small enough Δ𝑥⊥-steps 

to accurately resolve any relatively fast variations in the 𝛼-eigenvalues, 
which will be further supported in Section 3.2.

This uncertain behavior of the type-III mode hints that two 𝛼-
eigenvalues achieve a close proximity in the complex 𝛼-plane, which 
is signified by a cusp-like behavior of, for example, the growth rate 
−𝛼𝑖 versus 𝑥⊥ or 𝑓 , see Briggs[39] and Huerre and Monkewitz[40,41]. 
This behavior is more typically encountered in the stability analysis of 
(laminar, undistorted) hypersonic boundary layers, see Fedorov and Tu-
min[42] and Tumin and Aizatulin[43]. Whenever 𝛼-eigenvalues come 
close, the disturbance description by a (quasi-)local approach is ambigu-
ous: it is unclear which eigenvalue should be tracked in 𝑥⊥. This issue 
cannot simply be solved by switching modes at the correct 𝑥⊥-location 
for multiple, related reasons. First, the issue is challenging to identify 
without comparing against other approaches. For this reason, Fedorov 
and Tumin[42] conclude that the local approach should be abandoned 
for an initial-boundary-value problem in this circumstance, which, in 
the strictest sense, is equivalent to our unsteady DNS. Second, even upon 
using a small enough step (Δ𝑥⊥ = 𝛿0) to adequately capture the quick 
(but finite) 𝛼-variations with the (quasi-)local approaches, one may still 
be ‘picking the wrong mode’.

While close encounters of 𝛼-eigenvalues deserve a much deeper in-
vestigation in itself, we aim the present article’s results at demonstrat-
ing how the plane-marching approach yields a significant, qualitative 
improvement over the local results in this circumstance. The plane-
marching approach ‘lets the differential equations decide’ what (linear 
combination of) modes to track by projecting onto the full eigenbasis 
(not just selecting one eigenmode) whenever we invert Eqs. (18) or
(19) for ⃗̃𝐪|next 𝑥. We will focus our attention on the type-III instance at 
𝑓 = 1 kHz in the remainder of the article, because this frequency lies 
closer to a saddle point (the counterpart of a cusp in the 𝛼-solutions 
in the complex 𝜔-plane [39,40]) and thus enables revealing how the
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Table 2 
Most unstable (max𝑥⊥{−𝛼𝑖 sec 𝜃}) type-I, -II, and -III mode characteris-
tics at 𝑓 = 6, 8, and 1 kHz, respectively, obtained with the local (L), 
quasi-local (QL), or plane-marching (PM) approach. Note that 𝑈 𝑒, 𝜆𝑥, 
𝑐ph, and 𝑐g are quantities that are aligned with the non-orthogonal 𝑥-
direction, pointing along the crossflow vortex; 𝜃 allows transforming 
to the 𝑥⊥-direction.

 Type-I (most unstable at 𝑓 = 6 kHz)
 Approach  L  QL  PM  PM
 Stabilization  –  – Ω𝑝 = 0 𝑠 = 𝛿0

𝑥⊥∕𝛿0  425.01±1  418.04±1  433.93±1  433.93±1
𝜃 (◦) −37.9 −38.0 −37.8 −37.8
𝑈 𝑒∕𝑈⊥  1.91  1.90  1.91  1.91
−𝛼𝑖𝛿0 sec 𝜃 × 102  9.560  9.755  9.997  9.872
𝜆𝑥∕𝛿0  4.661  4.656  4.697  4.699
𝑐ph∕𝑈 𝑒 (%)  74.94  75.02  75.32  75.35
𝑐g∕𝑈 𝑒 (%)  79.33  79.12  78.82  78.79

 Type-II (most unstable at 𝑓 = 8 kHz)
 Approach  L  QL  PM  PM
 Stabilization  –  – Ω𝑝 = 0  none: 𝑠 = 0

𝑥⊥∕𝛿0  347.06±1  347.06±1  378.99±1  378.01±1
𝜃 (◦) −38.6 −38.6 −38.3 −38.3
𝑈 𝑒∕𝑈⊥  1.85  1.85  1.88  1.88
−𝛼𝑖𝛿0 sec 𝜃 × 102  6.552  6.602  6.953  7.057
𝜆𝑥∕𝛿0  4.084  4.087  4.072  4.071
𝑐ph∕𝑈 𝑒 (%)  89.95  90.01  88.64  88.63
𝑐g∕𝑈 𝑒 (%)  85.71  85.95  85.94  85.93

 Type-III (most unstable at 𝑓 = 1 kHz)
 Approach  L  QL  PM  PM
 Stabilization  –  – Ω𝑝 = 0 𝑠 = 2𝛿0

𝑥⊥∕𝛿0  304.92±1  302.01±1  313.03±1  313.03±1
𝜃 (◦) −38.9 −38.9 −38.8 −38.8
𝑈 𝑒∕𝑈⊥  1.82  1.82  1.83  1.83
−𝛼𝑖𝛿0 sec 𝜃 × 102  3.777  3.771  4.417  4.402
𝜆𝑥∕𝛿0  15.09  15.12  15.11  15.12
𝑐ph∕𝑈 𝑒 (%)  42.23  42.37  42.17  42.19
𝑐g∕𝑈 𝑒 (%)  41.75  41.63  42.18  –

plane-marching approach demonstrates improvement over both the lo-
cal and quasi-local approaches when verifying the results against DNS 
in Section 3.3.

Another important take-away from Fig. 8(𝑐,𝑑) is that the neutral 
points for the type-II instability mechanism as computed with the plane-
marching approach lie significantly farther downstream than those com-
puted with both the quasi-local and local approaches. Although this also 
occurs to a minor extent in the type-I and -III disturbances, the effect is 
uniquely emphasized in the type-II disturbance. This will be addressed 
in detail in Section 3.4. First, however, we will address grid convergence 
and verification against line-marching PSE in Section 3.2.

3.2.  Grid convergence study & verification against line-marching PSE

A convergence study is performed for all spatial dimensions. Besides 
𝑁𝑧 and 𝑁𝑦 for the number of points spanning the spanwise and wall-
normal extents of the domain, the number of points used to resolve the 
unit 𝛿0 in the 𝑥⊥-direction will be denoted as 𝛿0∕Δ𝑥. Furthermore, the 
disturbances considered are the:

𝑎. traveling crossflow (TCF) disturbance at 300 Hz (𝜃 ≡ 0◦, 𝑚 = 1);
𝑏. type-III mode at 1 kHz (𝜃 = 𝜃min, 𝑠 = 2𝛿0); and
𝑐. type-I mode at 6 kHz (𝜃 = 𝜃min, 𝑠 = 𝛿0).

The (primary) TCF disturbance is computed by swapping the distorted 
base-flow quantities, 𝑄̊ = 𝑄̊(𝑥⊥, 𝑦, 𝑧||), for their undisturbed equivalents, 

Table 3 
Neutral (min𝑥⊥

|

|

𝛼𝑖|| available) type-I, -II, and -III mode characteris-
tics at 𝑓 = 6, 8, and 1 kHz, respectively, obtained with the local (L), 
quasi-local (QL), or plane-marching (PM) approach. Note that 𝑈 𝑒, 
𝜆𝑥, 𝑐ph, and 𝑐g are quantities that are aligned with the non-orthogonal 
𝑥-direction, pointing along the crossflow vortex; 𝜃 allows transform-
ing to the 𝑥⊥-direction.

 Type-I (neutral at 𝑓 = 6 kHz)
 Approach  L  QL  PM  PM
 Stabilization  –  – Ω𝑝 = 0 𝑠 = 𝛿0

𝑥⊥∕𝛿0  278.99±1  278.99±1  284.99±1  284.02±1
𝜃 (◦) −39.2 −39.2 −39.1 −39.1
𝑈 𝑒∕𝑈⊥  1.81  1.80  1.81  1.81
𝛼𝑖𝛿0 sec 𝜃 × 104 4 × 10−3 3.9 1.7 6.0
𝜆𝑥∕𝛿0  4.580  4.589  4.533  4.538
𝑐ph∕𝑈 𝑒 (%)  77.73  77.92  76.74  76.87
𝑐g∕𝑈 𝑒 (%)  79.34  83.39  81.20  81.41

 Type-II (neutral at 𝑓 = 8 kHz)
 Approach  L  QL  PM  PM
 Stabilization  –  – Ω𝑝 = 0  none: 𝑠 = 0

𝑥⊥∕𝛿0  294.06±1  292.93±1  321.94±1  320.97±1
𝜃 (◦) −39.0 −39.0 −38.8 −38.8
𝑈 𝑒∕𝑈⊥  1.82  1.82  1.84  1.84
𝛼𝑖𝛿0 sec 𝜃 × 104 −7.9  10.9  2.8 −4.1
𝜆𝑥∕𝛿0  3.957  3.958  3.879  3.877
𝑐ph∕𝑈 𝑒 (%)  89.01  89.06  86.28  86.27
𝑐g∕𝑈 𝑒 (%)  84.87  84.94  81.44  81.10

 Type-III (neutral at 𝑓 = 1 kHz)
 Approach  L  QL  PM  PM
 Stabilization  –  – Ω𝑝 = 0 𝑠 = 2𝛿0

𝑥⊥∕𝛿0  224.97±1  224.97±1  231.98±1  231.98±1
𝜃 (◦) −39.9 −39.9 −39.8 −39.8
𝑈 𝑒∕𝑈⊥  1.77  1.77  1.77  1.77
𝛼𝑖𝛿0 sec 𝜃 × 104  0.11  1.2  2.9 −2.5
𝜆𝑥∕𝛿0  15.01  14.99  14.86  14.87
𝑐ph∕𝑈 𝑒 (%)  43.34  43.30  42.82  42.85
𝑐g∕𝑈 𝑒 (%)  40.21  40.16  39.26  –

𝑄 = 𝑄(𝑥⊥, 𝑦), in system (14). The undisturbed base flow evolves slowly 
in the 𝑥⊥-direction, hence the orthogonal approach (𝜃 = 0◦) is appropri-
ate in that case.

The quantities that were assessed are the streamwise wavenumber 
𝛼𝑟 and 𝑁-factor as evaluated at the end of the domain; with the latter 
assessing the solution behavior over the entirety of the domain. Relative 
errors are indicated for both quantities, defined by:
|

|

|

|

|

𝛼𝑟 − 𝛼𝑟,ref
𝛼𝑟,ref

|

|

|

|

|

and
|

|

|

|

𝑁 −𝑁ref
𝑁ref

|

|

|

|

. (25)

Besides the relevant 𝑧
||

- and 𝑦-domains, the 𝑥⊥-domain is considered 
starting from the initialization location closely upstream of the neutral 
point. In absence of analytical reference solutions, we work with ref-
erence solutions obtained at a high, though finite, resolution. Our con-
vergence tests confirm, and also demonstrate to what extent, that the 
reference solutions we picked are grid independent.

The convergence results are shown in Fig. 9; the resolution used for 
the reference solution is indicated along the vertical axis of each panel. 
The expected convergence rates (6th order in 𝑦- and 𝑧-directions and 
2nd order in 𝑥), as indicated with the dash-dotted lines, are retrieved 
in all directions for all disturbances, in both assessed quantities. The 
achieval of the rate in the 𝑥⊥-direction for the type-I and -III disturbances 
is slightly hampered due to the size variation of the step in the non-
orthogonal 𝑥-direction, as it depends on 𝜃 = 𝜃(𝑥⊥). This is exemplified 
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Fig. 9. Stability grid convergence study in relative error in the 𝑁-factor and 𝛼𝑟 at the end of the available domain (solid lines) versus expected convergence rate: 
6th order in 𝑦 and 𝑧 (dashed lines) and 2nd in 𝑥 (dash-dotted lines). The resolution of the reference solution is indicated along each vertical axis, e.g. that for the 
𝑥-resolution-convergence test for type-III (𝑏.𝑥) was (𝛿0∕Δ𝑥,𝑁𝑦, 𝑁𝑧)ref = (1, 200, 100). (𝑎.𝑥 − 𝑧) Traveling crossflow instability at 300 Hz (computed with orthogonal 
coordinates, i.e. 𝜃 ≡ 0, 𝑚 = 1 for 𝛿0∕Δ𝑥 > 1∕4), (𝑏.𝑥 − 𝑧) type-III instability at 1 kHz (𝑠 = 2𝛿0), and (𝑐.𝑥 − 𝑧) type-I instability at 6 kHz (𝑠 = 𝛿0).

by the matching of the rates for the TCF-solution with the orthogonal 
approach.

Upon having established grid-converged solutions, the TCF-solution 
is compared against line-marching PSE results in Fig. 10, see Casacu-
berta et al. [16] for more details on the latter approach. All quanti-
ties demonstrate a convincing match. Some minor differences remain 
distinguishable, because the line-marching approach uses a (Cheby-
shev pseudo-)spectral discretization in the wall-normal direction instead 
of the sixth-order finite differences used in the present work’s plane-
marching approach.

3.3.  Verification against DNS

The DNS of the unsteady flow field represents full fidelity: in terms of 
non-linear dynamics and fully resolving all spatial and temporal scales 
relevant for the secondary disturbances. In this subsection, we will es-
tablish a match with the stability results in terms of the amplitude and 
growth rates on the one hand and the disturbance shapes on the other.

To compare the results against the DNS as closely as possible, we 
swap out the 𝐸̃-term in definition (23) of the 𝑁-factor with the wall-
normal integral of the absolute value of the (fast) Fourier transform of 
the 𝑢̃⊥ shape function in the 𝑧-direction: 

|𝑢̃⊥|(1,𝑗)(𝑥⊥, 𝑦) =
|

|

|

|

|

∫

𝜆𝑧∕2

−𝜆𝑧∕2
𝑢̃⊥(𝑥⊥, 𝑦, 𝑧||)e

i𝑗𝛽𝑧
|| d𝑧

||

|

|

|

|

|

(26a)

with 𝛽 = 2𝜋∕𝜆𝑧, so to yield the amplitude measure:

𝐴𝑢̃⊥
(1,𝑗)(𝑥⊥) = ∫

𝑦max

0
|𝑢̃⊥|(1,𝑗)(𝑥⊥, 𝑦)d𝑦. (26b)

The corresponding 𝑁-factors are defined as:

𝑁 𝑢̃⊥
(1,𝑗) = −∫

𝑥⊥

𝑥⊥,n
𝛼𝑖(𝑥̄) sec(𝜃(𝑥̄))d𝑥̄ + ln

⎛

⎜

⎜

⎝

𝐴𝑢̃⊥
(1,𝑗)(𝑥⊥)

𝐴𝑢̃⊥
(1,−1)(𝑥⊥,n)

⎞

⎟

⎟

⎠

. (27)

To compare against the DNS, the 𝑁 𝑢̃⊥
(1,𝑗)-factors are divided by ln(10) and 

then shifted (all 𝑗-instances by the same additive value) such that the 
amplitude corresponding to |𝑢̃|(1,−1) matches the DNS equivalent at a 
reference location. These reference locations are indicated by a vertical, 
dashed line in Figs. 11 and 13. The corresponding total, spatial growth 
rates are:

𝛾(1,𝑗)(𝑥⊥) =
d𝑁 𝑢̃⊥

(1,𝑗)

d𝑥⊥
. (28)

The persistent ‘1’ in the tuples (1, 𝑗) references the (fundamental) fre-
quency considered for the stability solutions: 6 kHz for type-I and 1 kHz 
for type-III. Upon comparing the growth rates, the results as computed 
with the quasi-local versus local approach, i.e. that respectively includes 
(Ω𝑏 = 1) or omits (Ω𝑏 = 0) the out-of-plane derivatives of the distorted 
base flow (𝜕𝑄̊∕𝜕𝑥), are very similar. Hence the quasi-local results are 
omitted in the comparison of the amplitudes and growth rates.

The 6 kHz, type-I disturbance amplitudes (panels 𝑎,𝑏) and growth 
rates (insets 𝑐,𝑑), as computed with the stability approaches and DNS, 
are compared in Fig. 11. Growth rates closely agree in the range 𝑥⊥∕𝛿0 ∈
[325, 380]. The error incurred by the local approach versus the DNS is 
about twice as large as observed for the plane-marching approach; this 
could still be argued to be small and explains the success of the local 
approach. Fig. 11 appears to suggest that the local approach yields a 
result that is more amplified than the plane-marching equivalent, while 
the reverse is typically expected. This suggestion comes about because 
Fig. 11 only invokes the (Fourier transform of the) ̃𝑢⊥-component. Fig. 8, 
which accounts for the total disturbance kinetic energy, unequivocally 
confirms that the result from the plane-marching approach is slightly 
more amplified than that of the local approach. 

Although the plane-marching results book a quantitative improve-
ment over the local results in the range 𝑥⊥∕𝛿0 ∈ [325, 380] in this case, 
results corresponding to both approaches differ from the DNS at the 
upstream and downstream extremes of the considered domain. Both de-
partures can be explained by the physics that are intentionally omit-
ted from the presently considered stability approaches. Downstream of 
𝑥⊥∕𝛿0 = 380, nonlinear effects likely cause the DNS amplitudes to sat-
urate, while the stability results display unimpeded growth. Upstream 
of 𝑥⊥∕𝛿0 = 325, the stability results tend to neutral growth, while the 
DNS results do so at a much slower rate. This is likely a manifestation 
of transient growth, as attributed to the non-orthogonality of the sec-
ondary instability eigenmodes. Because the wall blowing and suction 
does not perfectly project onto a single eigenmode around its neutral 
point, some transient effect, including growth, is expected. This notion 
of transient growth was conjectured by Koch et al. [5] and confirmed by 
Wassermann and Kloker[9, see bottom of p. 71].

The disturbance shapes calculated with the stability approaches are 
compared to the DNS in Fig. 12. The DNS results represent the distur-
bance at a unique phase in time, while the stability results’ phase can 
be freely shifted, because we solve for complex shape functions 𝑞 as per 
Eq. (12). Hence, the stability results’ phase is shifted so as to have the 
real part of the shape functions achieve a maximum at the same position 
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Fig. 10. Verification against (line-marching) PSE for the traveling crossflow instabiliy at 300 Hz using an orthogonal coordinate system.

Fig. 11. Perturbation amplitudes (panels 𝑎,𝑏) and growth rates (insets 𝑐,𝑑) for the 𝑧-Fourier harmonics |𝑢̃|(1,𝑗) at 6 kHz attributed to the type-I instability mechanism 
(amplitude are scaled by a negative power of 2 to avoid overlapping lines). Amplitudes of the linear approaches’ |𝑢̃|(1,−1)-harmonics match the DNS equivalent at 
𝑥⊥∕𝛿0 = 350 (vertical dashed line).

in the 𝑧𝑦-plane where the DNS result achieves the maximum amplitude. 
At 6 kHz, the disturbance shapes most closely agree with the DNS in the 
range 𝑥⊥∕𝛿0 ∈ [300, 375], which extends farther upstream than where 
the growth rates match.

While the plane-marching results only book marginal improvements 
over the local results for the type-I disturbance at 6 kHz, a signifi-
cant improvement is observed for the type-III disturbance at 1 kHz; the 
amplitude- and growth-rate comparison for which are shown in Fig. 13. 
Growth rates as computed with the plane-marching approach and the 
DNS match over practically the entire domain of interest. This is not 
the case for the local approach, however: the local-approach growth 
rates drop steeply around 𝑥⊥∕𝛿0 = 400. This drop appears so steep, that 
it could be misinterpreted as “having lost the mode.” That is, in using 
the Arnoldi algorithm to trace the eigenvalue corresponding to the type-I 
mode downstream in 𝑥⊥, the mode of interest could have been lost for a 
different eigenvalue. This is not what happens in this occassion, which 
is demonstrated by that the drop is resolved with 7 to 16 𝑥⊥-steps, de-
pending on the 𝑧-harmonic. Moreover, the eigenmode computed with 
the local approach gradually develops a secondary spatial structure that 
is dominant around the top of the crossflow vortex (shown in Fig. 12(𝑏)) 
from a relatively far upstream location: 𝑥⊥∕𝛿0 ≥ 350. This structure 
emerges when using a local approach whether one accounts for 𝜕𝑄̊∕𝜕𝑥-
terms or not. The viscous dissipation attributed to this secondary struc-
ture causes the abrupt quenching of the disturbance around 𝑥⊥∕𝛿0 = 400. 

This secondary structure, akin to the shape commonly attributed to the 
type-II instability, appears neither in the DNS nor in the plane-marching 
results. Therefore, this conclusively identifies the disturbance-evolution 
history, captured by the plane-marching approach, as the physical as-
pect responsible for preventing the secondary, type-II-like structure from 
emerging alongside the typical type-III shape function. The streamwise 
invariance of the disturbance prescribed by the local approaches enables 
the disturbance to settle in a position in the local 𝑧𝑦-plane, whether it 
sees the streamwise changes in the distorted base flow or not, while it 
quickly vacates this position when it is itself allowed to evolve in the 
streamwise direction.

This situation demonstrates that the plane-marching approach yields 
a significant qualitative improvement over local results for the type-III 
disturbance at 1 kHz. Moreover, it shows that local results can yield false 
speculation as to non-linear effects. The same authors of the present ar-
ticle mistook the departure of the local results from the DNS results 
as being caused by non-linear processes in Ref. [22, first paragraph of 
page 14]. With the insight gained from the plane-marching approach, 
this speculation is now determined to be incorrect. Instead, the depar-
ture is caused by neglecting the linear, disturbance-evolution history. 
Apparently, the type-III disturbance amplitude is small enough for the 
linear plane-marching approach to accurately approximate the distur-
bance evolution as observed in the DNS within the presently considered 
domain.
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Fig. 12. Isocontours of instantaneous, leading-edge-orthogonal velocity perturbation (level: 30% of instantaneous, in-plane maximum; phase of stability results: 
aligned to DNS at in-plane location where maximum is achieved, location indicated by symbols) for type-I (𝑎) and -III (𝑏). Isocontours of distorted base flow velocity 
in the direction of the inviscid streamline 𝑈̊ 𝑠 (10%, 20%, …, 90% of free-stream value).

Fig. 13. Perturbation amplitudes (panels 𝑎,𝑏) and growth rates (insets 𝑐,𝑑) for 
the 𝑧-Fourier harmonics |𝑢̃|(1,𝑗) at 1 kHz attributed to the type-III instability mech-
anism. Amplitudes of the linear approaches’ |𝑢̃|(1,−1)-harmonics match the DNS 
equivalent at 𝑥⊥∕𝛿0 = 300 (vertical dashed line). The steep growth-rate drop is 
shown to be resolved by plotting a marker for every 𝑥⊥-step in panels (𝑐,𝑑); the 
same range is highlighted by 3 markers in panels (𝑎,𝑏).

3.4.  Delayed neutral point for type-II instability

As briefly pointed out before, Fig. 8 shows that the neutral point for 
the type-II instability mechanism as computed with the plane-marching 
approach(es) (𝑥⊥∕𝛿0 = 320.97 − 321.94, see Table 3) is located signifi-
cantly farther downstream than the equivalent result computed with 
both the quasi-local (𝑥⊥∕𝛿0 = 292.93) and local (𝑥⊥∕𝛿0 = 294.06) ap-
proaches. Although the type-I and -III disturbances display a similar be-
havior (they are respectively shifted downstream by 0.52𝜆𝑧 − 0.62𝜆𝑧 and 
0.72𝜆𝑧), this distance is especially large for type-II (2.77𝜆𝑧 to 2.98𝜆𝑧). This 
finding is highly important in relation to the difficulties that the present 
study and studies presented in the literature [9,10,44] have faced re-
garding the effective forcing of the type-II mechanism in DNS. Although 
they considered different conditions, our findings about type-II could ex-
plain the similar observations of Wassermann and Kloker[9, Figs. 21 & 
22]. If the forcing function is placed slightly upstream of the neutral 
point (both 𝑥⊥,start and 𝑥⊥,end ≲ 𝑥⊥,n) as predicted by the quasi-local and 
local approaches, the introduced disturbance will decay significantly be-
fore it reaches the neutral point as predicted by the plane-marching ap-
proaches. Hence, if the forcing amplitude is small, no signal can be ac-
curately resolved downstream. If instead the forcing amplitude is large, 
one triggers other large-amplitude disturbance mechanisms in the im-
mediate vicinity of the forcing function. If the true neutral point lies 
far enough downstream of the forcing function, then the forcing would 
necessarily be inefficient and, in the extreme case, an amplitude to ef-
fectively trigger the type-II mechanism does not exist.
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Fig. 14. Isocontours of |𝑢̃⊥| (level: 50% of in-plane maximum) for type-II at 
8 kHz as computed with the quasi-local (𝑎) and plane-marching (𝑏, 𝑠 = 0, i.e. no 
stabilization) approach. Isocontours of distorted base flow velocity 𝑈̊⊥ (50%, 
70%, and 90% of free-stream value). Saddle (green square) and centers (red 
circle: anti-clockwise; blue circle: clockwise rotation) generated by the 𝑉̊ - and 
𝑊̊ -components: 𝑉̊ = 𝑊̊ = 0.

To investigate why this mechanism is uniquely pronounced for the 
type-II disturbance, we study the solutions’ behavior at streamwise 𝑥⊥-
locations in-between the neutral point as computed with the quasi-
local approach (𝑥⊥∕𝛿0 = 294) and that with a plane-marching approach 
(𝑥⊥∕𝛿0 = 321). Within the scope of the deductions that are to follow, 
the local approach produces indistinguishable results to those obtained 
with the quasi-local approach. Traces of the eigen-/shape functions for 
the type-II mechanism are shown in Fig. 14. The plane-marching ap-
proach is initialized with the quasi-local result at 𝑥⊥∕𝛿0 = 290 in this 
case. While the shape function computed with the plane-marching ap-
proach continues to occupy the region on the left of the crossflow vortex 
(𝑧∕𝜆𝑧 ∈ [−0.25,−0.09]) over this 𝑥⊥-range, the quasi-local eigenfunction 
moves to the crest (i.e., to the top) of the vortex. Interestingly, the neu-
tral instances of the quasi-local (blue isocontour) and plane-marching 
(red isocontour) solutions have very similar spanwise extents to the left 
of the crossflow vortex (both reach past 𝑧∕𝜆𝑧 = −0.2).

The apparent motion of the quasi-local eigenfunction to the top of 
the vortex goes against the flow imposed by the in-plane velocity compo-
nents 𝑉̊  and 𝑊̊

||

, which are respectively directed down- and leftward in 
the region where the eigenfunction is dominant. Technically, this appar-
ent disturbance motion in the opposite direction of the local advection 
is possible if the disturbance is subjected to a sufficiently strong dis-
sipation in the region 𝑧∕𝜆𝑧 ∈ [−0.25,−0.09]. However, the behavior of 
the plane-marching solution demonstrates that the motion of the quasi-
local solution is heavily exaggerated. The plane-marching approach ac-
counts for the disturbance’s streamwise evolution history, including the 
in-plane advection, which counteracts the tendency of the local distur-
bance eigenfunction to move to the vortex crest. This causes the history-
aware shape function to linger in the region 𝑧∕𝜆𝑧 ∈ [−0.25,−0.09]. The 
cause of the qualitatively nonphysical behavior of the quasi-local so-
lution is solely attributable to the streamwise evolution history of the 
disturbance that is not captured by the (quasi-)local approaches. Both 
the local and quasi-local approach simulate a nonphysical local equilib-
rium, that is unachievable if the disturbance is aware of its streamwise 
evolution history.

To illustrate why this effect is present but far less pronounced for the 
type-I disturbances, we also show the behavior of the type-I solutions at 
streamwise 𝑥⊥-locations in-between the neutral point as computed with 
the quasi-local approach (𝑥⊥∕𝛿0 = 279) and that with a plane-marching 
approach (𝑥⊥∕𝛿0 = 284); in this case, the plane-marching solution is ini-

Fig. 15. Isocontours of |𝑢̃⊥| (level: 14.29% (1/7) of in-plane maximum) for 
type-I at 6 kHz as computed with the quasi-local (𝑎) and plane-marching (𝑏, 
𝑠 = 𝛿0) approach. Isocontours of distorted base flow velocity 𝑈̊⊥ (50%, 70%, 
and 90% of free-stream value). Saddle (green square) and centers (red circle: 
anti-clockwise; blue circle: clockwise rotation) generated by the 𝑉̊ - and 𝑊̊ -
components: 𝑉̊ = 𝑊̊ = 0.

tialized with the quasi-local result at 𝑥⊥∕𝛿0 = 275. The trace of the eigen-
/shape functions for the type-I mechanism are shown in Fig. 15. Again, 
the quasi-local solution shows a more emphasized rightward motion ver-
sus the plane-marching solution, but these motions are much reduced as 
compared to those of the type-II solutions (also note the much smaller 
isolevel shown for type-I than for type-II). These effects compound to 
explain that the type-I neutral points are located slightly farther down-
stream as computed with the plane-marching approach versus the quasi-
local approach, but to a much smaller extent than that recorded for the 
type-II neutral points.

This difference between the type-I and -II disturbances directly re-
lates to the strong influence of the in-plane flow as addressed by Bon-
figli and Kloker[10] and Groot et al. [32]. Whereas type-I disturbances 
are trapped around the saddle formed by the in-plane flow and therefore 
have a relatively stable in-plane position, the type-II disturbances do not 
overlap such points and hence form a precarious equilibrium between 
in-plane advection and Reynolds-stress production terms.

The neutral instances of the type-III eigen-/shape functions are lo-
cated very close to the wall and still connect across the spanwise peri-
odic boundaries. Hence, the advection effects induced by the in-plane 
flow are practically imperceptible.

4.  Conclusion

We provided a detailed derivation, analysis, and verification of the 
non-orthogonal, plane-marching Parabolized Stability Equations (PSE) 
approach. A formulation in a non-orthogonal coordinate system enables 
simultaneously spanning the direction in which the crossflow vortex is 
periodic and the direction in which the base flow, distorted by the pri-
mary crossflow instability, evolves slowest. Thereby, the effect of the 
simplifying assumptions for the plane-marching stability approach re-
garding spatial evolution are minimized. Two local approaches were 
also considered: in the (proper/consistent) local approach, we drop all 
out-of-plane derivatives of the distorted base flow, while we keep those 
terms in what we call the quasi-local approach.

We demonstrated that the stabilization approach of Andersson 
et al. [17] enables achieving converged plane-marching solutions for a 
broad frequency range if residual ellipticity of the system would other-
wise cause divergence. Therefore, we do not have to drop the pressure 
gradient term, that can potentially have an important impact on the so-
lution behavior, even if dropping this term yielded practically identical 
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results for the particular conditions considered in this article (a broad 
frequency range, but a specific crossflow vortex).

We performed several verification studies. First, we demonstrate that 
solutions converge versus grid size in all dimensions; this was specifi-
cally performed for the primary traveling crossflow (TCF) disturbance 
at 300 Hz, the distorted equivalent of the TCF disturbance (type-III) at 
1 kHz, and the proper secondary type-I disturbance at 6 kHz. Second, we 
matched the aforementioned TCF disturbance against a result computed 
with a line-marching PSE approach. Third, we matched the amplitude, 
growth-rate, and disturbance shape evolution against Direct Numerical 
Simulations (DNS) for the aforementioned type-I and -III disturbances.

For type-III, the plane-marching approach yields both quantitative 
and qualitative improvement over both local approaches that empha-
sizes the merits of the plane-marching approach. At the particular fre-
quency, 1 kHz, and particular crossflow vortex considered, we find that 
the type-III disturbance as modeled by the local approaches develops a 
secondary structure in its shape function, akin to the shape of the type-II 
instability, that causes the growth rate to steeply drop. This structure 
neither emerges in the plane-marching results nor DNS. Therefore, we 
can conclude that the upstream evolution history of the disturbance is 
responsible for preventing this type-II-like structure from occurring.

Lastly, we observed that the plane-marching solutions for type-I, -
II, and -III disturbances display delayed neutral points as compared to 
results computed with both local approaches. The delay for the type-II 
instability is especially pronounced and corresponds to approximately 
3 crossflow-vortex wavelengths. The results suggest that this is a con-
sequence of the nonphysical movement of the type-II shape function 
against the in-plane velocity field near the neutral point, when mod-
eled with a local approach. This may explain why DNS results for the 
type-II disturbance are scarce in the literature.
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