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SUMMARY

Ultra-thin drums play a crucial role in sensing applications due to their slender con-
struction and relatively low bending rigidity. These properties render them highly sen-
sitive to external forces. The emergence of graphene and other 2D materials has pro-
foundly impacted the development of these devices, allowing for the creation of excep-
tionally thin membranes, even as thin as a single atomic layer. However, the extreme
thinness of these structures introduces challenges, such as susceptibility to large de-
formations and nonlinear behaviour, making linear models unsuitable for mechanical
analysis.

To fully harness the potential of ultra-thin resonators in practical applications, it is
thus essential to comprehend their nonlinear mechanical behaviour thoroughly. Conse-
quently, mathematical modelling and numerical simulations play a pivotal role in study-
ing the nonlinear mechanics governing the motion and resonant behavior of these de-
vices. This doctoral thesis investigates the nonlinear mechanics of ultra-thin membranes.
Its primary objective is to develop analytical and numerical methodologies that will fa-
cilitate the future design and analysis of these structures for various applications.

In Chapter 1, we establish the groundwork for understanding the mechanics of ultra-
thin membranes. Here, we address the root cause of nonlinearities in 2D material mem-
branes and present the mathematical framework required to account for mechanical
nonlinearities from the standpoints of continuum mechanics and molecular dynamics.

Using molecular dynamics (MD) simulations, Chapter 2 investigates the effects of
wrinkles on the stiffness and stress-strain behaviour of 2D materials. In order to ex-
plain their stress-strain response, we analyze their behaviour under bi-axial loading and
demonstrate approaches for developing wrinkles by non-uniform stress and defect cre-
ation in MD. We demonstrate that ironing out wrinkles is a nonlinear process, and we
propose a phenomenological model to explain this geometric nonlinearity, based on ex-
perimentally measurable quantities.

Chapter 3 has a critical look at the uniform pre-stress assumption in the modelling
of ultra-thin membranes. Here we develop a methodology to extract the non-uniformity
of stress distribution in 2D material membranes. The method predicts the in-plane and
out-of-plane static deformation accountable for non-uniform stress distribution follow-
ing an inverse approach that uses the modal analysis response of the membrane as the
input. We showcase the approach based on experimentally obtained mode shapes and
resonance frequencies of large graphene drums and highlight the importance of non-
uniform stress distribution in the dynamics of these membranes.

In our study of ultra-thin drums, a significant concern arises from pressure differ-
entials affecting their surfaces, causing static deformation and increased resonance fre-
quencies. Chapter 4 addresses this issue by developing a predictive model for pressure-
frequency responses by accounting for geometric nonlinearity of the drum. We discuss
the influence of static deformation due to pressure and high light the importance of
midplane stretching as well as resonant modes about deflected configuration for proper
modelling of dynamics. Using this model, we analyse experimental pressure-frequency
data from ultra-thin polysilicon drums, determining their Young’s modulus. Notably, our
Young’s modulus values closely align with the literature, affirming our model’s reliability.
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Chapter 5 serves as the concluding section of this thesis, where we consolidate our
findings and highlight the main results. In addition to summarizing our conclusions,
we provide insights into prospective research directions within the domain of nonlinear
mechanics of ultra-thin drums.
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Ultra-dunne membranen spelen een cruciale rol in geavanceerde sensorapplicaties van-
wege hun slanke constructie en relatief lage buigstijftheid. Deze eigenschappen maken ze
zeer gevoelig voor externe krachten. De opkomst van grafeen en andere 2D-materialen
heeft een diepgaande invloed gehad op de ontwikkeling van deze apparaten, waardoor
het mogelijk werd om uitzonderlijk dunne membranen te creéren, zelfs zo dun als een
enkele atoomlaag. Echter, de extreme dunheid van deze structuren brengt uitdagingen
met zich mee, zoals een verhoogde gevoeligheid voor grote vervormingen en niet-lineair
gedrag, waardoor lineaire modellen ongeschikt zijn voor mechanische analyse.

Om het volledige potentieel van ultra-dunne resonatoren in praktische toepassingen
te benutten, is het essentieel om hun niet-lineaire mechanisch gedrag volledig te begrij-
pen. Wiskundige modellering en numerieke simulaties spelen daarom een cruciale rol
in het bestuderen van de niet-lineaire mechanica die de beweging en resonantie van
deze apparaten regelt. Dit proefschrift onderzoekt de niet-lineaire mechanica van ultra-
dunne membranen. Het belangrijkste doel is om analytische en numerieke methodo-
logieén te ontwikkelen die de toekomstige ontwikkeling en analyse van deze structuren
voor diverse toepassingen zullen vergemakkelijken.

In Hoofdstuk 1 leggen we de basis voor het begrijpen van de mechanica van ultra-
dunne membranen. Hier bespreken we de oorzaken van niet-lineariteiten in 2D-materiaal
membranen en presenteren we het wiskundige kader dat nodig is om mechanische niet-
lineariteiten te verklaren vanuit de perspectieven van de continuiimmechanica en mo-
leculaire dynamica.

Met behulp van moleculaire dynamica (MD) simulaties onderzoekt Hoofdstuk 2 de
effecten van plooien op de stijtheid en de spanning-rekgedrag van 2D-materialen. Om
hun spanning-rekgedrag te verklaren, analyseren we hun gedrag onder bi-axiale belas-
ting en demonstreren we benaderingen voor het ontwikkelen van plooien door middel
van niet-uniforme spanningen en defectvorming in MD. We tonen aan dat het gladstrij-
ken van plooien een niet-lineair proces is en stellen een fenomenologisch model voor
om deze geometrische niet-lineariteit te verklaren, gebaseerd op experimenteel meet-
bare grootheden.

Hoofdstuk 3 bekijkt kritisch de aanname van uniforme voor-spanning in het mo-
delleren van ultra-dunne membranen. Hier ontwikkelen we een methode om de niet-
uniformiteit van spanningsverdeling in 2D-materiaalmembranen te bepalen. De me-
thode voorspelt de in-plane en uit-plane statische vervorming die verantwoordelijk is
voor de niet-uniforme spanningsverdeling, door een inverse benadering te gebruiken
waarbij de modale responsanalyse van het membraan als input dient. We illustreren
de aanpak op basis van experimenteel verkregen modusvormen en resonantiefrequen-
ties van grote grafeen membranen en benadrukken het belang van niet-uniforme span-
ningsverdeling in de dynamica van deze membranen.

In onze studie van ultra-dunne membranen vormt het drukverschil dat het opper-
vlak beinvloedt een belangrijke uitdaging, aangezien dit statische vervormingen en ver-
hoogde resonantiefrequenties veroorzaakt. Hoofdstuk 4 richt zich op dit probleem door
een voorspellend model te ontwikkelen voor druk-frequentieresponsen, waarbij reke-
ning wordt gehouden met de geometrische niet-lineariteit van het membraan. We be-
spreken de invloed van statische vervorming door druk en benadrukken het belang van
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middellijnrek en resonantiemodi rond de afgebogen configuratie voor een juiste model-
lering van de dynamica. Met dit model analyseren we experimentele druk-frequentiedata
van ultra-dunne polysilicium membranen en bepalen we hun elasticiteitsmodulus (Young’s
modulus). Opmerkelijk genoeg liggen onze waarden voor de elasticiteitsmodulus dicht
bij die in de literatuur, wat de betrouwbaarheid van ons model bevestigt.

Hoofdstuk 5 dient als afsluitende sectie van dit proefschrift, waarin we onze bevin-
dingen consolideren en de belangrijkste resultaten benadrukken. Naast het samenvat-
ten van onze conclusies bieden we inzichten in toekomstige onderzoeksmogelijkheden
binnen het domein van niet-lineaire mechanica van ultra-dunne membranen.









INTRODUCTION

This chapter provides an overview of the research, highlighting its primary objective, which
is the development of theoretical frameworks and tools for understanding the nonlinear
mechanics of ultra-thin membranes. The discussion begins with the current state-of-the-
art on 2D material nanodevices and focuses on the new applications that emerge from
using these novel resonators in sensing applications. The chapter thereafter looks into the
complexities of mechanical analysis, focusing on the important role of nonlinearity in un-
derstanding the behavior of these devices. A comprehensive discussion of the many root
causes of nonlinearity is provided. Following that, the theoretical techniques used in this
study, namely continuum mechanics and molecular dynamics, are thoroughly discussed.
The chapter closes by explaining the thesis structure. This outline highlights the intercon-
nection of numerous parts and chapters, offering an overview of the overall structure of
the thesis.
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1.1. MECHANICS AND APPLICATIONS OF 2D MATERIALS

In 2004, Geim and Novoselov used mechanical exfoliation to create graphene flakes from
bulk graphite [1]. This landmark discovery not only revealed the potential of employing
the properties of atomically-thin crystalline materials, but it also set the path for future
two-dimensional (2D) material-based innovations. Since then, researchers have dis-
covered a wide range of other 2D materials, including transition metal dichalcogenides
(TMD), h-BN, and phosphorene (black phosphorous). This diverse array of 2D materials
exhibits a spectrum of physical properties, including graphene’s exceptional conductiv-
ity, MoS;’s semi-conductivity, and h-BN’s insulating characteristics [2, 3].

These materials possess notable attributes, encompassing features like flexibility,
lightweight, and ultimate thinness, with some being no thicker than a single atom [4, 5].
Additionally, their remarkably low mass results in high resonance frequencies, rendering
them exceptionally sensitive in sensing applications, and their high surface-to-volume
ratio renders them responsive to environmental factors. Moreover, the substantial dis-
parity in stiffness between their in-plane and out-of-plane orientations gives rise to dis-
tinctive features such as out-of-plane wrinkles and ripples. Researchers have utilized
these distinctive properties to develop nanodevices with groundbreaking applications
ranging from energy storage and coating [6] to bio- and pressure sensing [7-9].

As research on 2D materials progressed, scientists uncovered subtle physics govern-
ing nanostructures, revealing new features not apparent at larger scales. Despite the
advantages of their extreme thinness, these structures are susceptible to significant de-
formations, leading to fast activation of mechanical nonlinearities [10, 11]. This non-
linear aspect poses challenges for engineers and scientists in the analysis and design,
as conventional linear models may not suffice [12]. Therefore, a thorough understand-
ing of nonlinear mechanics becomes crucial for fully harnessing the potential of these
devices. Mathematical modeling and numerical simulations play an important role in
this understanding, paving the way for the practical and effective application of these
ultra-thin devices in cutting-edge technologies and scientific endeavors.

In the subsequent sections of this chapter, we will delve into the origins of nonlin-
earity in the mechanical behavior of ultra-thin membranes. Our exploration will center
on structural nonlinearities, encompassing both geometric and material behaviors, as
well as nonlinearities arising from excitation and read-out methods. Our attention will
then shift to modeling and simulation techniques, where we will examine nonlinearities
through two distinct lenses: continuum mechanics (CM) and molecular dynamics (MD)
simulations. These two methodologies will serve as the primary modeling approaches in
our investigation of nonlinear mechanical behavior in suspended ultra-thin membranes
within this thesis, providing insights into their complex dynamics and properties.

1.2. ORIGINS OF MECHANICAL NONLINEARITIES IN 2D MATE-
RIALS

In the mechanics of materials and structures, the origins of a nonlinear behavior might
arise from either intrinsic factors within the structure or extrinsic factors in its surround-
ing environment. Both of these potential sources of nonlinearities can exhibit them-
selves in the device’s stiffness as well as its dissipation characteristics [13].
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1.2.1. INTERNAL SOURCES
GEOMETRIC NONLINEARITY
A slender solid can deform through two primary modes: bending and stretching. To
stretch a solid, in-plane expansion is required, while bending involves creating curvature
in out-of-plane direction. Although these deformation modes typically occur simultane-
ously, one often dominates the other in practical cases. The stretching stiffness kg, rep-
resenting resistance to stretching, is proportional to thickness (ks o< h), while the bend-
ing stiffness kj, indicative of resistance to bending, is proportional to thickness cubed
(kp < h%). As thickness decreases, these stiffness values diminish, with bending stiff-
ness decreasing even more rapidly. Consequently, in the context of 2D materials and
ultra-thin devices, which can be as thin as a few or a single layer of atoms, resistance
to bending is literally negligible, which means even minor forces can induce bending
deformations, readily leading to finite deformations [14].

In the context of a solid structure or continuum experiencing finite deformation, the
strain tensor € can be expressed in the Cartesian coordinates as [15]

_ _1[0u; ouj Odu; Ou; 11
G—GIJ—E E-'-a_‘xl-’-ﬁa_‘xl (1.1)

where u; denotes the displacement field in the i-direction, and X; is the reference co-

ordinate in j-direction. The strain includes a combination of linear (g—;; and B_X]i) and

. ou; Ou;j . . . . . . .
nonlinear components (a—;{ a—X’_). In scenarios with infinitesimal deformation, since the
] 13

magnitude of the deformation gradient is minimal, the nonlinear term can be consid-
ered insignificant. Nevertheless, due to the inherent property of ultra-thin membranes
to undergo deformation even under minimal stresses, they readily transition into finite
deformation regimes, also known as nonlinear geometric regimes. Consequently, geo-
metric nonlinearities emerge as a crucial source of nonlinearity in the mechanical be-
havior of ultra-thin devices.

MATERIAL NONLINEARITY

In contrast to geometric nonlinearity, appearing in the strain -dislacement reslations,
material nonlinearity is intrinsic to the constitutive law governing the relationship be-
tween stresses and strains, irrespective of the structure’s geometry. This implies that, re-
gardless of its geometry, a material subjected to a specific strain field will exhibit a stress
field o;j, determined by the material’s constitutive law, as represented by

ow

- 1.2
o, (1.2)

(o] i=
where W is the strain-energy density function, and F;; denotes the deformation gradient
tensor which is related to strain field (¢;; = (1/2) (FjiFij - I,'j), where I;; denotes the
identity matrix). It's important to note that while strains may be nonlinear due to finite
deformation, the constitutive law might remain linear.

In the case of a linear elastic solid, the constitutive law simplifies to

0ij=Cijki€ki, (1.3)
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1 where C; j; denotes a fourth-order tensor containing material constants. However, ma-
terials often deviate from this assumption in two general ways:

¢ Nonlinear Flastic Material: In this case, the stress-strain relationship is nonlinear.
Using different strain-energy density function W can lead to various constitutive
models, such as the neo-Hookean or the Mooney-Rivlin models [16] that can result
in nonlinearities in the stiffness.

¢ Anelastic Material: These materials exhibit time-dependent elastic behavior, de-
viating from the instantaneous recovery observed in purely elastic materials. Un-
like immediate return to their original shape upon load removal, anelastic materi-
als display a time-dependent recovery, resulting in a delayed response to changes
in stress or strain. The time-dependent behavior introduces damping in the me-
chanical response of the structure [17].

The constitutive law for anelastic materials is typically expressed using a relaxation func-
tion [18]

t
Uij(t)=f0 Gijk1 (t—T,€k1 (1)) €y (T) dT. (1.4)

This function considers the time-dependent behavior and the strain history, with G; jx;
being the relaxation function explicitly dependent on both time and strain history. For
linear anelastic materials, G; jx; depends solely on time, while for nonlinear anelastic
materials, it additionally relies on strain history. Consequently, the mechanical response
of the structure can exhibit linear or nonlinear damping based on the linearity or non-
linearity of the anelastic behavior [19].

1.2.2. EXTERNAL SOURCES

ACTUATION NONLINEARITY

The use of loading or actuation techniques may cause nonlinearity in structural dynam-
ics. Various forms of actuation forces, such as electrostatic forces [20, 21] and opto-
thermal forces [22-25], exhibit nonlinear characteristics. For example, electrostatic force
exerted on a membrane for actuation can be assumed as almost uniform force through-
out the surface of the membrane. However, if the membrane undergoes large deflec-
tions, then this force will not remain uniform and may cause nonlinearities. Although
actuation nonlinearities may cause distortions in the resultant signal during readout, it
is important to note that these distortions may be successfully corrected and modified
using a rather simple calibration technique, if the underlying physical phenomenon is
well-understood. In general, by executing a series expansion of the force around the
equilibrium position, the impact of nonlinear actuation terms can be systematically
studied (26, 27].

READ-OUT NONLINEARITY

In addition to mechanical nonlinearities, higher harmonics can also be generated by
the nonlinear readout voltage response function when pushing the membranes to large
amplitudes. When the response function is fully known, the time-dependent position
can be determined by measuring and correcting for the higher harmonics [28]. A com-
prehensive strategy comprising rigorous calibration, consideration of sensor properties,
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and signal processing is required to mitigate and resolve these nonlinear effects in the
study of ultra-thin membrane dynamics [29].

INTERACTIONS WITH THE ENVIRONMENT

Ultra-thin membranes do not operate in isolation, but rather interact with their environ-
ment; or, at the very least, their behavior is influenced by their surrounding via boundary
conditions [30]. While theoretical models frequently simplify these requirements, real-
world circumstances introduce non-idealities. The often assumed clamped boundary
condition in many manufactured 2D material resonators is challenged by weak van der
Waals forces connecting the 2D material to the substrate [31]. These non-ideal bound-
ary conditions contribute to nonlinearities in the mechanical behavior of the resonator,
particularly under certain loadings such as those seen in atomic force microscopy exper-
iments [32, 33].

Furthermore, when investigating the dynamics of ultra-thin membranes, it is typical
to concentrate entirely on its isolated behavior, ignoring the potential impact of environ-
mental couplings. These couplings can drastically modify the structure’s dynamical be-
havior. When a device’s substrate is vibrated to actuate a 2D material drum, for example,
the dynamic interplay between the substrate and the drum becomes obvious [34]. Fur-
thermore, it is critical to remember that, in addition to adhering to elasticity theory laws,
mechanical deformations of a membrane should also obey thermodynamic laws [35].
This thermodynamic viewpoint introduces couplings between a structure and its sur-
roundings, and such energy transfers can contribute to nonlinearities in the mechancial
behavior, leading to nonlinearities in the stiffness and damping [36].

1.3. THEORETICAL MODELLING OF 2D MATERIALS

1.3.1. CONTINUUM MECHANICS

A continuous debate persists among scholars concerning the extent to which nano-scale
structures conform to the fundamental principles of solid continuum mechanics (CM).
Nevertheless, the effectiveness of techniques and models based on continuum theory
has been confirmed by actual evidence, demonstrating their capacity to forecast the me-
chanical response of extremely thin membranes [12, 37].

The purpose of this section is to provide a review of the fundamental equations that
govern the behavior of an elastic body. For illustrative purposes, we make the assump-
tion that the continuum body possesses a generic shape. However, in the following chap-
ters, we will utilize plate and membrane theories to apply these concepts to ultra-thin
devices. These theories are specifically developed for slender structures, and offer sim-
pler versions of CM theory. Thus, after presenting the necessary elements of continuum
mechanics, the equations of motion of a circular plate will be obtained in details using
classical CM theory in the subsequent section.

The equations governing the motion and deformation of a solid body fall into four
basic categories:

1. Kinematics (strain-displacement equations)

2. Kinetics (conservation of momenta)
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Xy X

Figure 1.1: Undeformed and deformed configurations of a generic elastic body in continuum mechanics.

3. Thermodynamics (first and second laws of thermodynamics)
4. Constitutive equations (stress—strain relations).

The following sections provide an overview of the above for an elastic body, except
for thermodynamic principles. For readers interested in thermal effects, I should note
that thermal effects are often manifested as temperature-dependent material behaviour
or strains caused by temperature gradients. The constitutive law framework addresses
any temperature dependency of the constituent materials. Temperature gradients can
cause thermodynamic strains in structures as well; however, in most scenarios, we as-
sume slow energy transfers, which allows us to account for stresses caused by tempera-
ture gradients in thermodynamic equilibrium settings. However, if energy transfers are
rapid, a coupled solution of elasticity and thermodynamic equations, known as ther-
moelasticity, is required [38].

KINEMATICS

The term deformation in mechanics refers to the relative displacements and changes in
geometry experienced by a body. In a rectangular Cartesian frame of reference (X1, X2, X3),
each particle X in the body corresponds to a position X = (X3, X3, X3). Upon deforma-
tion, particle X moves to a new position x = (x1, X2, x3). The displacement of every parti-
cle in the body can be expressed as the difference between the deformed configuration
x and the reference configuration « (see figure 1.1). In the Lagrangian description, dis-
placements u are expressed in terms of material coordinates X

ulX, 1) =xX, 1 -X. (1.5)

Deformation can be quantified in terms of the strain tensor €, which is defined to
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give the change in the square of the length of the material vector dX

2dX-€-dX = dx-dx—dX-dX
=dX-(I+Vu):[dX-(I+Vu)]-dX-dX (1.6)
=dX- [0+ V) - (T+Vu)! -D]-dX,

where V denotes the gradient operator with respect to the material coordinates X, and
€ is known as the Green-Lagrange strain tensor, defined by equation (1.1). Note that the
Green-Lagrange strain tensor is symmetric (€;; = €;;).

KINETICS

Let’s consider a material body *B occupying a volume Q with a boundary surface I'. When
subjected to external surface traction T (per unit surface area) and body forces f (per unit
mass), the conservation of linear momentum asserts that the rate of change of the total
linear momentum equals the vector summation of all external forces acting on 5. This
is mathematically expressed as

a0 0%u;
ox; PIi=PGe (17
where p denotes the material density in its undeformed state, and ¢ denotes time. It
is noteworthy that among the two aforementioned forces acting on the body B, body
forces f are present in equation (1.7), but the surface traction T is absent. Normal surface
traction T acting on a plane with unit normal 1 is related to the stress tensor o by the
Cauchy stress formula
Ti=0;jn;. (1.8)

It can be shown that equation (1.7) is obtained using the second law of Newton based
on balance of forces acting on the body ‘5. From the analytical dynamics perspective,
an equivalent equation can be obtained using the conservation of linear momentum. A
common practice for obtaining the equivalent of equation (1.7) from energy perspective
is to use Hamilton’s principle. This principle results in [13]

17}
f (f plli6llidQ—/ Uij6€ide_f pﬁéuidQ)dt:O, (1.9)
f Q Q Q

where  u denotes virtual displacement vector and de shows the virtual strains which are
related to virtual displacements (see equation (1.1)).

CONSTITUTIVE EQUATIONS

In continuum mechanics, the kinematic relations and fundamental mechanical and ther-
modynamic principles are applicable to all materials, regardless of their specific phys-
ical properties. Central to this understanding are the equations governing how mate-
rials respond to applied loads, known as constitutive equations. The establishment of
these equations for a particular material follows established principles or constitutive
axioms [39].
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In the realm of materials science, a substance is deemed ideally elastic if, when sub-
jected to deformation under constant temperature conditions, it fully restores its initial
shape once the forces causing the deformation are removed. In this ideal scenario, there
exists a direct correspondence between the stress applied to the material and the result-
ing strain it experiences.

Studies have demonstrated that certain 2D materials may exhibit anisotropic behav-
ior [40]. While further investigation into the effects of anisotropy on the nonlinear me-
chanics of ultra-thin membranes is undoubtedly worthwhile, this dissertation assumes
the constituent materials to be isotropic for simplicity and focus. This assumption fur-
ther simplifies the linear constitutive law (1.3) to

Uij=2ue,-j+/l6,-jekk, (1.10)

where p = 2(1 —y and A = m As can be seen a linear isotropic material has only
two independent material constants (Young’s modulus E and Poisson’s ratio v).

1.3.2. PLATE MODEL: CONTINUUM MECHANICS OF SLENDER STRUCTURES
In this section, we detail out the use of continuum mechanics formulations for deriving
the equation of motion of a circular plate. These equations are the basis for the theo-
retical formulations of chapters 3, 4, and 5. The choice of this approach is based on the
appropriateness of Kirchhoff plate theory for thin plate bending problems, particularly
for 2D nanomaterials like graphene, where the thickness is significantly smaller than the
in-plane dimensions. Von Karmén nonlinearities are incorporated to account for large
deflections and nonlinear geometric effects, which are critical when modeling ultra-thin
materials subjected to loading. This model has been widely adopted in the literature
for similar problems and has proven effective in capturing the mechanical behavior of
ultra-thin membranes [12, 14].

KINEMATICS

Let the r-coordinate be defined as radial distance from the center of the plate, the z-
coordinate as thickness of the plate, and 6-coordinate as angular position along the cir-
cumference of the plate. In classical plate theory (CPT), a specific displacement field is
often postulated

ur(r,e,Z,t) u(rye t) Zarr
g (1,0,2,1) = v (1,0,0)- 21 3%), (L.11)
uz(r,0,z,t) =w(r,0,1),

where u, v, and w denote the radial, angular, and transverse displacements, respectively,
of a point on the midplane (z = 0) of the plate. This displacement field (equation (1.11))
is derived from the Kirchhoff hypothesis, which assumes that lines normal to the mid-
dle plane before deformation remain (1) inextensible, (2) straight, and (3) normal to the
middle surface post-deformation [13].

The nonlinear strains can be derived using equation (1.1). If we consider only the
non-zero von Karmén nonlinearity (i.e., excluding all nonlinear terms except those in-
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volving only u,), the following expressions are obtained

ou, N l(@uz )2

€rr = or or
ur 1 6u9 (1 6uz) (1.12)
0= " %0 T2\7 0
_ _(laur %_@_Flauz 6uz)
"2\r00 "or 5 "ror 00/
KINETICS
Using Hamilton'’s principle (1.9) for the circular plate yields
oo
=[ f f h (Urr5€rr+0005€96+0r657r0) dzrdrdfdt
f ff p(u0u,+ugbtig +11,011,) dzrdrdfdt (1.13)

[N N‘

f f qdzrdrd@dt

where h represents the plate thickness, g = q(r,0, t) denotes the distributed transverse
load, A signifies the mid-plane of the plate, and the overdot indicates the time derivative.
Furthermore, 6 denotes variation of the variables.

To derive the governing equations, we start by substituting the virtual strains de;,
depg, and y,g from equation(1.12) into equation (1.13). Then, integrating over the plate
thickness and applying integration by parts to eliminate differentiations with respect to
(0u, 6v, bw), we set the coefficients of these virtual displacements to zero individually
using the fundamental lemma of the calculus of variations. This process yields the fol-
lowing equations

6u:—l (rNrr)+aN — Ngg +1062u=0v (1.14a)
r a0 12
S i(rNrg)+aN |+ Y =0 (1.14b)
o ag 0T 082 T '
1[ 0% 0Mpg 10°Myg 0 ( O0M,g
e L I S T2 +r6r(r 30 )]
0 ow ow) 190 ow ow
ar(rN”a +Nr609)+ ae(Nf’f’ae“N"’E)
i Zilli(ra_w)+iaz_WJ _ (1.140)
or? o2 [rar\ or) r2 962

Here, Iy = ph and I, = ph®/12. The forces (N, Ngg, Nyg) and moments (M,,, Mg,
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M, ) are defined as

h h h
2 2 2
Nrrzf ho'rrdz» Noo =f N oggdz, Nr9=f hUrBer
(1.15)

[N
[N
SN

M”:fi o:rzdz, Mgy :f hO‘ggZdZ, Mrng or9zdz.
n
b _h _

2

S

CONSTITUTIVE EQUATIONS

In order to solve equations (1.14), one should also take into account the relationship
between stress and strain fields through a constitutive equation. The constituent ma-
terial can have complex nonlinear time-dependent behaviour; however, in this disser-
tation, we assumed materials to be linear isotropic (equation (1.10)). Thus, for a plate
made of isotropic material with Young’s modulus E, density p, and Poisson ratio v, equa-
tion (1.14) can be reformulated into the following compact form

phiv+DV*w V- (NVw) =0, (1.16a)
phii—V-N =0, (1.16b)

where
N =[ER/Q=v*)][(1-Vv)e+vtr(e)]] (1.17)

In this compact form, the rotary inertia I, is neglected, which is a common assumption
for thin structures. In the equations above, u = [u; v], while w represents the transverse
displacement field. Additionally, V4w, Vw, and Vu denote the biharmonic operator ap-
plied to the scalar field w, the vector gradient of the scalar field w, and the tensor gradi-
ent of the vector field u, respectively. V- N represents the divergence of the tensor field
N. An overdot indicates differentiation with respect to time, and D = % denotes
the bending rigidity. It is usually assumed that when the plate aspect ratio (thickness
to radius ratio) is small (i.e., #/R < 0.001 [41]), a membrane model is utilized instead
of a plate model. In this circumstance, bending energies are removed, resulting in the
discarding of the term DV*w from the governing equations.

1.3.3. MOLECULAR DYNAMICS SIMULATIONS

This dissertation explores the field of atomically-thin structures, where a comprehen-
sive understanding of molecular interactions is necessary to comprehend the mechani-
cal behavior of ultra-thin membranes. Various tools, including quantum mechanics [42]
and Density Functional Theory (DFT) [43], provide valuable insights into atomic and
molecular-scale problems. However, the significant computational time required for
these methods limits their extensive use in applied research studies. Among atomic-
scale techniques, MD simulations emerge as a popular choice due to their reasonable
computational efficiency.

A brief explanation of the fundamental concepts underlying MD simulations is pre-
sented in the following sections. When appropriate, specific simulation options selected
for this dissertation are provided and detailed, including the force field and thermostat
choices.
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BASIC PRINCIPLES
MD operates as a deterministic evolution of a molecular system over time, rooted in
Newton’s second law

tdr?
where, m; denotes the mass of particle i, r; represents its position, and F; stands for the
force acting upon it. This brief expression describes the motion of individual particles.
Combining these equations for all particles reveals the evolution of the entire molecular
system over time.

-F, (1.18)

FORCE FIELDS

Although assuming atoms as point masses may seem an appropriate assumption for
modelling a molecular-level system, how these point masses interact with each other
significantly affects the temporal trajectory of the system. In MD, a force field (potential
function) is utilized for capturing the atomic interactions. These force fields play an im-
portant role in defining the potential energy fields that govern the movement of atoms.
The force F;; between particles i and j can be obtained as

F;j=-VU;j(r;;) (1.19)

Here, U;; is the potential energy field between particles and r;; = r; —r; denotes the vec-
torial displacement between particles.

MD interactions are broadly categorized into two fundamental types

¢ Bonded Interactions: They encompass covalent bonds, angles, and dihedral an-
gles.

¢ Non-Bonded Interactions: They include interactions, such as van der Waals forces
and electrostatic interactions.

The combined effect of these bonded and non-bonded interactions defines the poten-
tial energy U;, resulting in a system of coupled differential equations that govern the
dynamic evolution of molecular systems, as expressed through Egs. (1.18) and (1.19).

A "standard" modern force field can be formulated as

U=| Y U+ Y Uasc+ ), Uascp
stretch bond dihedral

+| )Y Uy+ Y. Ugol|, (1.20)

nonbonded Coulomb

Where Up; and Ugq represent potentials for taking into account the van der Waals and
electrostatic interactions, respectively. Each of the terms in equation (1.20) are explained
and detailed in the following sections.

Bond Stretching: The potential for stretch of bonds U4p can be modeled using Hooke’s
law in the simplest form as

1 2
Uag = EkAB(rAB —TeaB) (1.21)
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Figure 1.2: Schematic of a dihedral angle in a configuration of particles.

where kap denotes the bond stiffness, and subscript e denotes equilibrium.

Bond Bending: Linear Hookean law can also be used for bond bending energies, ex-
pressed as

1
Uapc = EkABC(QABC - ee,ABC)Zy (1.22)

where 6 denotes the bond angle, and k4p¢ shows the bond bending stiffness.

Dihedral Motions: Dihedral angles y (see figure 1.2) between four bonded atoms are
captured using a periodic dihedral potential

Uagcp = 7 (1—cos(n(x—xe))) (1.23)

D=

where, 7 is the periodicity parameter.

Van der Waals Forces: Van der Waals interactions are often modeled using Lennard-

Jones potential
G2 Gg

LJ—E—E, (1.24)

where C, and Cg are constants to be defined for each pair of particles.

Coulomb Interactions: Electronegativity differences between atoms give rise to Coulomb
interactions, expressed as

0= 1 QAQB, (1.25)
4TEY TAB
where g is the permittivity of vacuum, and Q denotes point charge.

The force field components discussed in the present discussion are the fundamental
components, while the models used are of the most basic type. Many sophisticated force
fields are tailored for simulating atomic interactions in diverse physical contexts. Since
all MD simulations in this study focus on graphene, a force field optimized for carbon-
carbon interactions is essential. Common potentials for this purpose include REBO [44],
AIREBO [45], and LCBOP [46]. Notably, all simulations in this work employ the Tersoff
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potential [47], which proved to be a computationally efficient and precise force field. A
brief overview of this force field and its components is presented next.

Tersoff Force Field:

First, it should be noted that the variables in the second bracket of equation (1.20) that
account for non-bonded Wan der Waals and electrostatic interactions are absent from
this potential, which solely accounts for bonded interactions. In addition to the Tersoff
force field, a non-bonded potential such as Lennard-Jones should be used in simula-
tions where non-bonded interactions are significant, such as when simulating a bi-layer

graphene.
The Tersoff potential is formulated as
U=32 L Vij
i j#i (1.26)
Vij = fe(rij+0) [ fr(rij+6)+bijfa(rij +0)]
where
1 r<R-D
fe={3-1sin((%%) R-D<r<R+D (1.27)
0 r>R+D

is a cut-off function, and

fr(rij+6)=Aexp(-A171),
fa(rij+06)=—-Bexp(-Ayr),

1

bij = (1 +ﬁnC:’L]) 2n ,

Gij= Y ferik+6)-g(0iji(rij,rin)) exp (AL (rij = rig)™),
k#1,j

(1.28)

2 2

g(9)=Yijk(1+c_2_ - 2]
d®  d?+ (cos(@) —cos(8y))

Here, fr represents a repulsive bond stretch energy, and f4 denotes an attractive bond
stretch energy term. Moreover, b;; encompasses a "three-body" bond bending where
three atoms form a bond angle of 0 together. The cutoff function f¢ is incorporated to
reduce computational costs by excluding interactions among atoms that are sufficiently
distant from each other. The parameters R, D, and  represent the base cutoff radius,
scaling factor, and characteristic length scale, respectively, which can be set by the user
of any MD software package. Parameters A, B, 11, A2, B, n, A3, m, v, ¢, d, and 0 are
specific to the material being simulated and are typically provided by the user based on
empirical data or theoretical considerations. Notably, Tersoff force field does not contain
any potential term for taking into account the dihedral angle distortions which is not a
significant issue for simulating graphene membranes.

INTEGRATION ALGORITHMS
In order to solve the equations of motion in an MD setting, a numerical integration tech-
nique is necessary. In this dissertation, we utilized the Velocity Verlet algorithm. This
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algorithm integrates both the positions r; and velocities v; of particles in discrete time
steps At.

The Velocity Verlet technique combines position and velocity updates to capture the
dynamic evolution of particles throughout time. The position of particle i at time t+Atis
determined by a complicated interplay of its present position r;(#), the previous position
r;(t — A1), the force acting on it F;, and the particle’s mass m;

ri(t+At)=2ri(t)—ri(t—At)+F—i_(At)2. (1.29)

mi
Simultaneously, the velocity of particle i at time ¢ is computed by evaluating the differ-
ence in position at t + At and ¢ — At and scaling it appropriately with 2A¢
_ri(t+AD -1 (1 - A1)

1.30
2At ( )

v; (1)

THERMODYNAMIC ENSEMBLES

In the context of MD simulations, classical Newtonian mechanics provides the funda-
mental principles for understanding particle motion within a system. However, to align
these dynamic processes with the principles of statistical thermodynamics, MD sim-
ulations operate within the framework of thermodynamic ensembles. Each ensemble
within this framework is characterized by distinct thermodynamic constraints, coordi-
nating the simulation under specific conditions. The micro-canonical ensemble (NVE)
stands as the most fundamental, conserving particle number N, volume V, and en-
ergy E. Under NVE, where energy is conserved, the application of classical Newtonian
mechanics remains straightforward. In contrast, the canonical ensemble (NVT) and
isothermal-isobaric ensemble (NPT) introduce additional controls to reflect real-world
scenarios. The NVT ensemble maintains particle number while introducing tempera-
ture T control, and the NPT ensemble, while conserving particle number, regulates both
temperature T and pressure P.

Controlling temperature and pressure within a system necessitates the introduction
of new concepts, namely thermostats and barostats. Unlike the NVE ensemble, where
energy conservation simplifies the application of classical mechanics, the NVT and NPT
ensembles require the implementation of these specialized tools to ensure accurate tem-
perature and pressure regulation throughout the simulation. In this way, thermody-
namic ensembles serve as a bridge, allowing MD simulations to adhere to both the prin-
ciples of classical mechanics and the rules of statistical thermodynamics.

Thermostats: Temperature control is achieved through algorithms that couple the sys-
tem to a thermostat, ensuring that the temperature remains constant. A widely used
thermostat is the Nose-Hoover thermostat [48]. It introduces an additional generalized
coordinate s, to the system which characterizes the stretching in the time scale between
the time scale of the bath and the membrane’s time scale. The mathematical formulation
of the Nose-Hoover thermostat includes the following equations

¢ Equation of Motion for the Thermostat Variable:

2
1 pi

=—|) —~-NkgT
* M(imi b
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where § represents the time derivative of s, M is a user-defined parameter deter-
mining the strength of the coupling, N is the number of particles, kp is the Boltz-
mann constant, and 7 is the target temperature.

¢ Modified Equations of Motion for Particles:

,, - OU _ pi
pl_ aql M)
_bi
1i— .

mj

Here, p; and ¢g; are the momentum and position of particle i, m; is its mass, U is
the potential energy, and the dot denotes the time derivative.

Additionally, barostats in MD simulations are employed to control and maintain the
pressure of a simulated system. There are many different barostats available to be em-
ployed. For example, one commonly used barostat is the Berendsen barostat [49], which
involves a mathematical formulation to dynamically adjust the system’s volume at each
time step. Since we did not use NPT ensemble in this dissertation, we do not delve into
the details of barostating the system.

1.4. OUTLINE OF THE THESIS

In previous sections, I highlighted the importance of ultra-thin membranes, particularly
in sensing applications, due to their unique properties. Given the complex mechani-
cal behaviors and inherent nonlinearities of these devices, it is critical to emphasize the
need for comprehensive modeling and predictive techniques.

A common method in the study of 2D materials is to consider them as flat and uni-
formly pre-stressed. Chapters 2 and 3 thoroughly analyze these typical underlying as-
sumptions. We investigate whether a more comprehensive model can outperform exist-
ing ones by employing a nonlinear modeling method that avoids such simplifications.

The fourth chapter studies how pressure gradients between membrane surfaces in-
fluence vibration behavior. We demonstrate how disregarding nonlinear static deforma-
tion can result in significant errors in predicting resonance frequencies. Simultaneously,
we show the importance of mid-plane stretching and higher mode interactions to obtain
pressure-frequency responses with high accuracy. This chapter demonstrates a nonlin-
ear mechanics problem involving simultaneous static and dynamic loading.

The final chapter summarises the findings, providing a comprehensive overview of
the work as well as the outlook for future research. We investigate further nonlinear
mechanics problems that have yet to be effectively modelled, utilizing the capabilities
of CM and MD. This discussion goes beyond mechanical analysis to include mechanical
design issues for these devices, as well as prospective tools for proposing new designs
in the world of nonlinear mechanics. The chapter also considers the intrinsic strengths
and limitations of CM and MD in addressing nonlinear mechanics problems.
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NONLINEAR MECHANICS OF
IMPERFECT MEMBRANES

Owing to their atomic thickness and low bending rigidity, suspended two-dimensional
(2D) materials are prone to wrinkle formation. Here, we use molecular dynamics (MD)
simulations to probe the effect of these wrinkles on the nonlinear elasticity of atomically
thin graphene membranes. We observe a stress-strain response that consists of two linear
regions that are separated by a transition. It is found that this transition is sharp in mem-
branes where wrinkles are formed by uneven stresses at the boundaries. However, when
wrinkles are formed by crystal defects, this nonlinear transition is seen to be more gradual.
To capture these effects, we use a phenomenological model based on experimentally mea-
surable quantities. We demonstrate the model’s fidelity by fitting it to the MD simulated
nonlinear response of many graphene membranes providing evidence that the sharpness
of the transition between the linear regions in the stress-strain response is a measure of the
type of wrinkles and can be quantified by our model.
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2.1. INTRODUCTION

Wrinkles are out-of-plane deviations from flat configuration that are frequently observed
in the fabrication of 2D material membranes. These corrugations manifest themselves
in both suspended [1] and substrate-supported [2, 3] 2D materials and can significantly
influence their electronic and mechanical properties [4-6]. Therefore, thorough under-
standing of the influence of wrinkles in 2D material membranes is key to the develop-
ment of high-performance 2D nanomechanical devices.

Multiple wrinkled regions with different patterns may coexist in a single 2D mem-
brane [7-13]. These regions often comprise static wrinkles that can be the consequence
of uneven stress at the boundaries of the membrane [10, 14, 15], surface functionaliza-
tion with molecules [16-18], or crystal defects [19, 20]. Among them, the latter is par-
ticularly shown to reduce the stiffness of 2D membranes and lead to auxetic properties
such as negative Poisson’s ratio [21]. Entropic fluctuations due to Brownian motion are
another source of wrinkles intrinsic to these materials that can give rise to exotic prop-
erties such as negative thermal expansion coefficient [22] and size-dependent elastic
constants [23, 24].

The stretching of a wrinkled 2D material is a two-level process and exhibits a bilin-
ear stress-strain response that consists of two linear parts, each with a different effective
stiffness. At relatively low tensile strains, the applied force "irons out" the wrinkles and
results in low effective stiffness [25]. Once the wrinkles are suppressed, high stiffness is
observed due to the stretching of the atomic bonds [26]. Recent experimental observa-
tions also suggest a nonlinear transition state between these two stiffness levels that so
far is not well-understood [10, 25, 26].

This work aims at clarifying the nature of this nonlinear behavior via molecular dy-
namics (MD) simulations. We perform our simulations on graphene as a model system
to develop a general procedure for probing the elasticity of wrinkled 2D materials. We
create wrinkles both by compressive forces at the boundaries and by introducing crystal
defects. While pre-stress is the root cause of wrinkle formation in the presence of com-
pressive forces at the boundaries, 2D crystal defects in a stress-free membrane, generate
awrinkled state that is solely the result of the 2D lattice imperfections.

The proposed approach for probing the nonlinear elasticity of wrinkled graphene is
as follows: In Section 2, we use a theoretical model to qualitatively describe the non-
linear elasticity of wrinkled membranes. In Section 3, we employ MD simulations for
modelling and comparing the response of membranes that are either wrinkled by com-
pressive forces at the boundaries or by crystal defects. Finally, in Section 4, we discuss
the effects of these wrinkles on the stress-strain response of graphene and propose a
phenomenological model that captures the nonlinear elasticity of wrinkled membranes
and identifies the differences between the effect of lattice defects and compressive stress
via the stress-strain response.

2.2. ANALYTICAL MODELING

From linear elasticity it is known that isotropic materials follow Hooke’s law. According

to this law, material stiffness is characterized by the biaxial modulus E{ D= Eh/(1-v) (E
is the Young’s modulus, v Poisson’s ratio and 4 is the thickness) in a standard equi-biaxial
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Figure 2.1: Phenomenological model of the effective stress-strain response of biaxially tensioned wrinkled
graphene membranes. a) Schematic representation of the bilinear approximation and its independent and
dependent parameters. The solid black line is the response of a wrinkled membrane following equation (2.1)-
(2.3), the solid orange line represents a pristine unwrinkled membrane and the dash-dot green lines are the
tangents to the curve close to the origin and at maximum stress (bilinear approximation, equation (2.4)); b)
Spring-in-series system with a linear spring with constant stiffness representing the intrinsic stiffness of flat

pristine graphene E{ p and nonlinear spring with a stress dependent stiffness EZI p(0) representing the stiffness
of the wrinkles.

test. However, for wrinkled membranes, experimental results show that the stress-strain
response deviates from Hooke’s law, and the observed slopes do not depend on the ma-
terial stiffness but instead are geometrical effects that can be influenced by the boundary
forces and morphological imperfections [27].

In order to model such effects in a simple way, we assume Hooke’s law for the mate-
rial, use plane-stress condition and determine the engineering strain ¢ in the following
way [10]:

1 1AA®©)
E(U)_TU+E 2 y (21)
EZD

where o is the engineering stress, A is the surface area of the flat lattice in the absence of
external forces, and A A is the "hidden area" which is defined as the difference between
the total surface area of the membrane and the area projected onto the plane contain-
ing the boundaries. Unlike equi-biaxial straining of a flat membrane that solely yields
in-plane stretching, the straining of a wrinkled membrane involves in-plane stretching
and out-of-plane bending, simultaneously. Thus, equation 2.1 has an additional term
with respect to conventional linear Hooke’s law to capture the bending deformations.
Since equation 2.1 shows 1D strain in an equi-biaxial tension test, to convert the 2D area
change to 1D extension, a coefficient of %2 is multiplied by (AA/A). We also note that
equation 2.1 is not a constitutive law but rather a phenomenological model that can
capture the geometric nonlinearity of wrinkled membranes during equi-biaxial strain-
ing.

As shown in figure 2.1, the typical stress-strain curve of a wrinkled membrane is com-
posed of a linear part (¢ = (I/E{D)U), and a nonlinear part (eyz = (1/2) (AA(0)/A)),
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which converges to (1/2) (AA/A)max at large strains. From equation (2.1), it is then pos-
sible to obtain the effective stiffness of the membrane as
1 de 1 1

e R (2.2)
Eett do Esz El (0)

where Eg p (0) can be seen as a stress-dependent nonlinear stiffness term that is in series

with a linear spring with constant Eg p (see figure 2.1(b)). Comparing equations (2.1) and
(2.2), the hidden area then obeys the relation:

lAA(a)_f L
2 A JE @

(2.3)

Our goal is to find a symbolic function that best represents the hidden area through-
out the wrinkle ironing out process. To capture the physics associated with EZI p(0), we
start from the bi-linear model shown schematically in figure 2.1(a)

e@=4" o (2.4)

We note that this model’s stress-strain curve has two slopes, that are given by the ex-
perimentally measurable tangential stiffness Eg p, of the wrinkled state at low stress and

the intrinsic biaxial modulus of graphene E{ p at high stress. The strain-axis-intercept
(AA/A) may of the high stress line can be determined experimentally by analyzing the
stress-strain curves of 2D materials and can also be obtained by performing comple-
mentary Raman spectroscopy and interferometric profilometry measurements on wrin-
kled 2D membranes [26]. Therefore, the unknown transition stress o, can be obtained
from equation (2.4) and the continuity condition of the stress-strain curve, which results
in: p
1(AA 0
2 (T)maszDEzD
f 0
(EZD - EZD)
To estimate the nonlinear spring response corresponding to wrinkle suppression, we re-
place (AA/A) in equation (2.3) with (AA/A)maxg(a/ac), where g(a/ac) is a function that
captures the transition between the two linear regions due to the "ironing out" of the

wrinkles which will be determined by comparison to MD simulations and experiments
in section 4.

Oc= 2.5)

2.3. ATOMISTIC MODELING

MD simulations are found to be a powerful tool for investigating the influence of wrin-
kles on the mechanics and material properties of 2D materials, under different loading
conditions [28-34]. Here, to investigate the influence of different wrinkling patterns on
the nonlinear mechanics of 2D membranes, we perform MD simulations where we cre-
ate wrinkles by two means, as shown in figures 2.2(a) and 2.2(b), respectively. Either we
apply external force at the boundary to deform the membrane, generate wrinkles and
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Figure 2.2: The procedure for wrinkle creation in MD simulations. al) The x, y coordinates are compressed by
p%. all) pre-defined shape functions are employed to impose deviation from flat configuration. allI) the shape
obtained in all is projected on a Kernel to suppress boundary wrinkles. alV) the pre-stressed pattern obtained
in LAMMPS after minimizing the energy and thermalizing the system. bl) Neighboring atoms are randomly
chosen and marked through the lattice. bIl) The marked atoms in step bl are removed from the lattice. bIII)
Bonds are created manually, and then the bond angles and lengths are modified locally using Materials Studio
software. bIV) wrinkled pattern due to crystal defect obtained in LAMMPS after minimizing the energy and
thermalizing the system.

subsequently constrain the boundary to preserve them, or we induce crystal defects to
obtain out-of-plane imperfections in the absence of boundary force.

In figure 2.2, we detail out the wrinkle creation process in our study. We start by
realizing an initial honeycomb square lattice of graphene (200 A by 200 ), comprising
15744 atoms. To simulate clamped boundary conditions, we fix atoms within a range of
5A from each edge. We then create the wrinkles by two methods. In the first method,
the wrinkles are created by compressing the boundary coordinates by p% (0.5< p <7) in
both directions (figure 2.2(al)) and use different shape functions to displace the atoms
in the z-direction as a function of x and y coordinates (see figure 2.2(all)). Finally, to
have flat smooth boundaries, we project the obtained shape in figure 2.2(all) on a kernel
that suppresses the wrinkles’ height towards boundaries (figure 2.2(alll)). We label these
wrinkled membranes "pre-stressed" samples throughout the manuscript. The details
of the wrinkling patterns and the kernel for suppressing boundary wrinkles are given in
Appendix 2.A1.

In the second method, we create stress-free wrinkles using crystal defects, follow-
ing the procedure mentioned in [21]. Briefly, to achieve this second type of wrinkles,
we first arbitrarily select sets of two neighboring atoms (d% of total atoms; 0.5 < d < 3)
(figure 2.2(bI)) and remove them from the initial lattice (figure 2.2(bII)). Next, we gen-
erate the so-called 5-8-5 defects [21] by creating relevant bonds using Materials Studio
software (figure 2.2(bllIl)).

The resulting atomic coordinates of wrinkled graphene samples are then used as the
input for the LAMMPS software [35]. We use Tersoff potential to evaluate atomic in-
teractions [36]. The simulation box walls are built far enough from the graphene edges
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to avoid numerical interaction between atoms adjacent to the walls, and the bound-
ary conditions are set as periodic. The energy of the system is then minimized with the
conjugate-gradient method. To ensure a steady configuration, the created membranes
also undergo a canonical ensemble (NVT) for 500 ps. This simulation is carried out using
the velocity Verlet integrator with a time step of 1fs and Nosé-Hoover thermostat with
a time constant of 0.01 ps at 4 K. This relatively low temperature is intentionally chosen
to suppress thermodynamical ripples in the lattice [37], so as to solely study the effect
of statically generated wrinkles by pre-stress or crystal defect. We should note that the
presence of static wrinkles can mask the influence of thermal ripples. This is mainly be-
cause the contraction due to thermal ripples is much smaller than contractions caused
by compressive forces at the boundary [10, 26]. We should also highlight that T = 4K
is chosen over T = 1K merely to decrease computational cost and speed up the ther-
malization process in the wrinkle creation and equilibration after equi-biaxial loading
steps. During the minimization and thermalization of the pre-stressed samples, we fix
the boundaries in all directions to prevent the stress release. For the samples with crys-
tal defects, though, we only fix the boundaries in the z-direction and allow movement
in x- and y to ensure a stress-free configuration. Typical thermalized wrinkled graphene
membranes are shown in figures 2.2(alV) and 2.2(bIV). It is important to note that the
formation of pre-strained wrinkles depends on both the initial atomic positions, which
are artificially designed as shown in Figure 2.2(alll), and the thermalization parameters.
Consequently, the thermalized configuration depicted in Figure 2.2(alV) may not repre-
sent the only possible configuration. However, the focus of this chapter is not on proving
that the pre-strained thermalized configurations are the unique solution, but rather on
demonstrating how the ironing out of an initial wrinkle pattern affects the stress-strain
response of the membrane.

Moreover, to study the effect of both pre-stress and crystal defects simultaneously,
we performed additional simulations in which after creating defects, we compressed the
samples and then fixed the boundary coordinates in x, y, and z directions. We shall also
emphasize that the pre-stressed wrinkles are made only by compression, and the sam-
ples are sufficiently equilibrated in LAMMPS to ensure isotropic behaviour. Moreover,
the location of crystal defects are chosen randomly to avoid possible anisotropy of the
stress-free wrinkles.

2.4. RESULTS AND DISCUSSION

2.4.1. MD SIMULATIONS

To probe the elasticity of the created samples upon biaxial stretching, we apply pseudo-
static tensile strains to the four boundaries in discrete steps of 0.1 ns, (rate of 0.5A/ns),
with a relaxation period of 0.1ns. This rate is slow enough to mimic a pseudo-static
loading. The stepwise strain-increment is repeated many times to achieve stretching in
x- and y-directions. The average biaxial stresses are then obtained by calculating the
average normal force at the boundaries and dividing it by the perimeter. The tangential
biaxial stiffness is merely the slope of the stress-strain curve at every applied strain.

Figure 2.3(a) shows the stress-strain response of the pre-stressed and defected sam-
ples obtained in figure 2.2, along with the elastic response of pristine graphene. We
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Figure 2.3: Biaxial tensile response of wrinkled graphene with pre-stress (achieved by 2.3% compressive strain
in both x and y-directions) and 5-8-5 crystal defects (achieved by 1% defects): a) stress-strain response. Snap-
shots of the pre-stressed sample upon tension, corresponding to the dashed lines shown in figure 2.3(a), are
shown for b) pre-stressed and c) stress-free wrinkled sample. The color-scales demonstrate the local height
of wrinkles. The orange line represents the sample with pre-stress, and the green line shows the sample with
crystal defects. Moreover, the black line despicts pristine graphene data.
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note that the pristine and the defected sample are at their stress-free state at the ori-
gin, while the pre-stressed sample is at a compressed state (p = 2.3). A linear relation-
ship can be observed between stress and strain for the pristine graphene with a slope of
Eg p = 330N/m that corresponds to the stretching of carbon-carbon bonds. The obtained

value of E; p matches well the acclaimed high biaxial stiffness of graphene [38-40]. In
contrast, for the pre-stressed sample, the stress-strain response is characterized by two
slopes, and the sample with crystal defects exhibits nonlinear behavior. We note that
the observed nonlinearity is at relatively low strains and is different from the nonlinear
response characterized by the negative third-order elastic modulus of graphene [41, 42].
The latter nonlinear response comes into play only at high strains.

To understand how wrinkling patterns evolve with the applied strain, in figures 2.3(b)-
(c), we trace the morphology of our graphene samples while straining them. It is inter-
esting to note that for the pre-stressed sample, the wrinkling shape only changes at a
critical strain ¢, associated with critical stress o, before which only the height of the
created wrinkle shrinks. At ¢, a change in the wrinkling pattern can be observed in
figure 2.3(b). We note that the observed pattern is unstable and with a slight additional
strain the membrane flattens completely. However, in the sample with crystal defect (see
figure 2.3(c)), even at relatively high strains e.g. 4%, the sheet still has buckled regions
locally. Movies of the MD simulations associated with the stretching process for both
samples are shown in Appendix 2.A2.

To explain the observed morphology change, in figure 2.4(a)-(b), we show the aver-
age bond length and the average wrinkle height as a function of the applied biaxial strain,
respectively. Interestingly, unlike the sample with crystal defects where a nonlinear trend
in the average bond length variation is apparent, for the pre-stressed sample before the
critical strain ¢, the average bond length is =~ 1.46 A, that is the stable bond length of
the Tersoff potential at 4 K. The reason for this behavior is that the initial thermaliza-
tion of the wrinkle patterns primarily leads to large-scale bending rather than localized
significant strains. As a result, the pre-strain is distributed over the curvatures, creating
small tensile and compressive strains. The presence of both compressed and elongated
bonds results in an average bond length close to that of pristine graphene at 4K. This
observation suggests that for the pre-stressed sample beyond ¢, only the atomic bonds
of graphene are being stretched, while before ¢, graphene is subjected to both in-plane
and out-of-plane deformation. A similar conclusion can be drawn by tracing the average
wrinkle height of the pre-stressed sample (See figure 2.4(b)), where a gradual decrease
can be observed till £, after which the wrinkles are ironed out. It is also apparent from
the figures that throughout the straining procedure, pristine graphene stays planar, and
its bond length varies linearly as a function of strain.

2.4.2. SYMBOLIC REGRESSION OF MD DATA

Next, to obtain an analytic expression that captures the observed nonlinearity, we de-
termine g(o /o). For this, we convert the €(0) curves from the MD data into AA(0)/ A
curves using equation (2.4). By doing so we can eliminate the contribution of Hooke’s
law from the data-sets and use Eureqa to determine only the hidden area symbolically.
We also make the data-sets dimensionless by dividing stress by o, and to retain only
glo / o) in the fitting procedure, we divide the strain by (1/2) (A A/ A)max- We obtain the
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normalized function g(o /o) for 38 wrinkling configurations. These patterns include 24
wrinkled membranes with pre-stress created in a similar fashion to figure 2.2(alV), 10
samples with crystal defects obtained similar to figure 2.2(bIV), and 4 graphene mem-
branes that have both pre-stress and crystal defect (see Appendix 2.A1). In figure 2.5 we
show the normalized response of seven of these membranes, and in table 2.1 we report
the corresponding bi-linear fits using equation (2.4). It is interesting to note that all the
samples created by crystal defects follow the same trend of nonlinearity irrespective of
the shape and height of wrinkles (samples D, E, and F). The same observation holds true
for the samples made by pre-stress (samples A, B, and C) where a bi-linear response is
apparent. We note that the stress-strain response of samples with both pre-stress and
crystal defects lies within the response of the wrinkled membranes made by crystal de-
fect and those made by pre-stress only (see sample G).

To analytically describe the stress-strain characteristics of membranes with differ-
ent types of wrinkles, it is thus interesting to obtain a phenomenological equation that
can capture all the observed curves g(o/o.) . To this end, we import the normalized
stress-strain data (g(o /o)) into the Eureqa symbolic regression software to automati-
cally search for a function space using a selected set of operators and operands [43]. Eu-
reqa uses genetic programming to search for mathematical equations that best describe
aset of data and has been successfully used to distill physical laws of motion from exper-
imental data [43, 44]. The output of Eureqa is a set of possible fitting functions (Pareto
Front) ranked based on the mean absolute error and a complexity index that balances
the complexity of the proposed models, measured as the number of terms included in
the model (see Appendix 2.A3). The obtained models from Eureqa were either overfitting
the MD data or contained few fitting parameters. Among the proposed models the fol-
lowing symbolic function is found to fit both samples with pre-stress and crystal defects
with high accuracy:

E:LU_FE(M) o y (2.6)
B, 20U A Jmax ac+exp(—(%)‘ﬁ(a%))

In this model, the nonlinear spring can be well-approximated by three physically
meaningful and measurable parameters namely E5p 0¢ and (AA/ A)max in addition to
the fitting parameter § that determines the degree of nonlinearity. We note that in the
limit of B — 1, equation (2.6) is seen to represent the response of wrinkled membranes
made by pre-stress well, while in the limit of § — 0.1, stress-free wrinkled membranes
can be best fitted (See figure 2.5). Moreover, we observe that the mechanical response of
samples made by a combination of pre-stress and crystal defects can be well-captured
by 0.1 < < 1 (see table 2.A4 in the Appendix). We also note that for § — —oo, the non-
linear term of equation (2.6) tends to zero and Hooke’s law is retrieved. The fits to all
38 samples using equation (2.6) are given in the Appendix. The presented phenomeno-
logical model can capture the nonlinear response of a large set of wrinkled membranes,
with functional form being obtained directly from MD fits . It is important to note that
there might be wrinkling patterns that cannot be captured by equation 2.6, e.g., wrinkles
made by shear. Thus, more MD work will be needed to establish the range of validity of
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Table 2.1: Bilinear approximation (equation (2.4)) parameters corresponding to the samples A-G, explained in
figure 2.5.

EJ,0Nm™)  (AA/A)pax  oc(Nm™)

Sample A 326.3 0.047 1.244
Sample B 332.7 0.046 1.321
Sample C 308.6 0.042 1.971
Sample D 282.5 0.031 1.858
Sample E 258.2 0.045 2.621
Sample F 286.0 0.029 1.941
Sample G 309.3 0.043 1.478

the presented phenomenological model.

It is interesting to note that in statistical mechanics studies [45], there also exists a
parameter a that expresses the degree of nonlinearity in wrinkled membranes, and it
was shown that in stress-free wrinkled membranes, irrespective of wrinkling pattern,
the nonlinear behavior can be modelled as:

1 oy [0)\*
e(o)= TU+ 7 —1 , 2.7
Eyp  aBy,\9x

with a = 0.1 for statically wrinkled membranes, and . being a re-normalization pa-

f

rameter set as the stress at which E., (0) = EJ (0 /0.)'™ , that is when the nonlinear

2D
stiffness of equation (2.7) is equal to the linear stiffness term Ezf p [45].

It was found that it is difficult to accurately fit the MD data with the physics based
equation (2.7), which is why the phenomenological equation (2.6) is introduced, that
matches the MD simulations with high accuracy.

2.4.3. VALIDATION OF THE MODEL USING EXPERIMENTAL DATA
In order to show the applicability of equation (2.6) in fitting experimental data and to
compare its outcome to equation (2.7), we fit the stress-strain measurements for single-
layer graphene membranes reported in [26] using both equation (2.6) (in figure 2.6(b))
and equation (2.7) (in figure 2.6(a)). The graphene membranes in the experiments [26]
were suspended over 5um circular cavities and pressurized by nitrogen gas while their
strain was probed by both Raman spectroscopy and interferometric profilometry. Before
fitting, first the Raman spectroscopy values for the strain were subtracted from interfero-
metric measurements. Thus, the experimental data of Ref. [26] only contain the nonlin-
ear strain €, corresponding to (1/2) (AA(o)/A) (see figure 2.1(a)). In order to account
for the offset seen in the data at the beginning of the measurements, o and o, in equa-
tion (2.7) were replaced with 0 — o0 and o . — 0, respectively with oy being an un-known
pre-stress. Then, a, 0. and g, were chosen as the fitting parameters. The obtained val-
ues from the fits in [26] were @ = 0.124+0.02, 0 =0.8+0.1 N/m, and o9 = 0.07+0.01 N/m.
Although the obtained fits provide good insight and confirm deviation from Hooke’s
law in wrinkled membranes, it appears that with increasing stress, the fitted curves in
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Figure 2.5: Uniqueness of degree of nonlinearity for samples with pre-stress and crystal defects. a) g(o/o¢)
for seven different samples including: A, B, and C pre-stressed graphene with 2.3%, 2.3%, and 2.1% pre-stress;
D, and E, graphene with randomly distributed 1% and 2% crystal defects; F graphene with 1% locally created
defects; G, graphene with 2.1% pre-stress and 0.5% crystal defects. b) Corresponding graphene samples with
different wrinkle types/patterns at the start of stretching. The color-scales demonstrate local wrinkle height
and the color symbols shown below each sample represents the corresponding data in figure 2.5(a). The cor-
responding parameters obtained from MD simulations, and used for normalizing the stress-strain data are
presented in table 2.1.
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figure 2.6(a) deviate from the experimental data. A possible reason for this deviation is
that the model proposed in [45] is derived for membranes that exhibit stress-free out-of-
plane fluctuations and does not account for the pre-stress often present after the fabri-
cation of graphene membranes. Another reason might be the finite bending rigidity of
graphene which results in the non-zero stiffness that samples show at low stress, before
ironing out the wrinkles (see Figure 2.6).

For comparison, in figure 2.6 (b) we show the fits of experimental data using equation
(2.6). To capture the nonlinear behavior, we use (A A/ A)max and o as the fitting param-
eters and fix § = 1, that is the degree of nonlinearity obtained from our MD simulations
for pre-stressed wrinkled membranes. Similar to the procedure performed in [26], we
also add a constant term o to equation (2.6) to account for the offset observed at the
onset of experiments. Using these fitting parameters, we find (A A/ A)max = 0.008 £0.002,
0. =0.45+0.2 N/m, op = 0.065 + 0.065 N/m and find good fits to the nonlinear stress-
strain trends observed experimentally.

It is worth noting that the parameter f§ is a qualitative measure of the smoothness
of the transition between the two straight parts of the stress-strain curve. For = 1 this
transition is a sharp kink, a situation that corresponds to pre-stressed graphene, whereas
for B =0.1, the transition is more smooth, a situation that is representative of crystal de-
fect induced wrinkles. Further theoretical work is required to clarify the physical origin
of the proposed functional form for the hidden area of wrinkled 2D materials, and the
effect of defects and wrinkles on the value of 8. Such theoretical work should be carried
out using statistical mechanics theory of membranes with crystalline or hexatic order
similar to [45] or [46] accounting for the pre-stress effect. It would be interesting to see
if such models obtain a nonlinear function for wrinkle ironing out process similar to our
symbolic regression approximation.

We shall stress that the fits presented are aimed at demonstrating that the force-
deflection curves of experimental data can be well-captured by the presented phenomeno-
logical model; thus the range of applicability of the model is not limited to MD simula-
tions. However, the fitting values obtained for the experimental data are certainly not
comparable to the values obtained for the MD results, especially since the exact experi-
mental wrinkling structure is unknown and different from the MD simulations.

2.5. CONCLUSIONS

In conclusion, we study the effect of wrinkles on the mechanics of graphene using molec-
ular dynamics simulations and obtain bilinear stress-strain characteristics consisting of
2 linear regions, a low stress region that is related to the ironing out of the wrinkles and a
high-stress region which is governed by the intrinsic stiffness of graphene. We show that
the type of wrinkles influences the smoothness of the transition between these regions.
Whereas wrinkles created by crystal defects in stress-free membranes result in a smooth
and gradual transition, wrinkles generated by pre-stressing of graphene by its edges re-
sult in a much sharper transition. To capture and characterize these observations, we
present a phenomenological model in terms of physically measurable quantities and
a fitting parameter f, that determines the degree of nonlinearity and sharpness of the
transition. Using this model, we find that membranes with crystal defects and pre-stress
each exhibit their unique degrees of nonlinearity irrespective of their wrinkling patterns.




38 NONLINEAR MECHANICS OF IMPERFECT MEMBRANES

@ Data A (Ref. [26]) Data B (Ref. [26]) @ Data C (Ref. [26])
a
) o
7 X 10
267 T :
5 ° .’ ~5";/ . .
~— 5 L . - - o * ) B
£4; LT e e .
N ~ A __g_,--—“:'—:‘ .
530 T "
) . . . o
S 2t P T ” == === Corresponding fit using Ref. [45] |
é ; ,// Corresponding fit using Ref. [45]
1 % :
Vs == === Corresponding fit using Ref. [45]
0 ‘ ‘ ‘
0 0.5 1 1.5
Stress (N/m)
7 X 107
/: 6 I . . 1
Z L] ] ° Y
\(i)/ 5 [ 7 T «* . 4
g
T4t ]
+ .
5] — ® o o o °
= 3 & . o . |
g
E ot Corresponding fit using Eq. (6)
g Corresponding fit using Eq. (6)
Z 1r 1
Corresponding fit using Eq. (6)
0 ‘ ‘ ‘
0 0.5 1 1.5

Stress (N/m)

Figure 2.6: Fits of the experimental stress-strain data reported in reference [26]. a) Fits obtained using the
power-law relation proposed by Gornyi et al. [45]. b) Curves obtained by fitting the data with (equation (2.6)).
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Our results suggest that the proposed model can be potentially used to estimate the type
of disorder in suspended 2D material membranes by experimentally probing their non-
linear elasticity.

APPENDIX

2.A1. WRINKLE CREATION

The initial configuration of graphene (atoms’ coordinates), alongside the force field, are
the inputs for the LAMMPS software. We use shape kernels to obtain a desired initial
shape with non-uniform stress distribution along x and y-direction (figure 1-all). We also
use the following three shape functions (figures 2.Ala-c) to induce out-of-plane devia-
tions:

Py =cos|Ar—L (gl | g A=2n+1
“ A | 7
Pb—cos(/ln(x 2) (yf)) A=2n+1 (2.A1)
2
PC:cos(—arctan( ik )) A=2n

where a is the length of the side of the square lattice (here 2004), and n € N. P, Py,
and P, are the z-coordinates of the patterns obtained by the above-mentioned shape
functions.

Since the functions induce large deflections throughout the lattice,together with them
we use a smoothing kernel to suppress deflections close to the boundaries (figure 1-alll).
The smoothing kernel is defined as

- _cﬂ((x-;’))i((y;))z on2

where C is a constant determining the degree of smoothness. In order to avoid any edge
deflection, we should use high values of C. However, in some of the samples, C is as-
signed to lower values to obtain different wrinkling patterns.

The final lattice configuration, used as the input to LAMMPS, is obtained by:

Z=HxP;xS i=a,b,c (2.A3)

where H = a/10 is the maximum height of wrinkle pattern.

Using the aforementioned shape functions, we input the coordinates into LAMMPS
and created 24 pre-stressed samples shown in figure 2.A2. Additionally, we created 10
samples with crystal defects following the procedure mentioned in [21], and 4 samples
containing both defects and pre-stress, simultaneously. The thermalized stable configu-
ration for all samples after using LAMMPS is shown in figures 2.A3 and 2.A4.

2.A2. SYMBOLIC REGRESSION

In order to find the function g(o /o), we used Eureqa symbolic regression toolbox. The
normalized data corresponding to the nonlinear part of the stress-strain curves (shown
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Figure 2.A1: Shape kernels, corresponding to equation 2.A1 (a-c) and smoothing kernel, corresponding to

equation 2.A2 (d).

Table 2.A1: The symbolic functions proposed by Eureqa’s Pareto front using the nonlinear curve of figure 5, to

approximate g(o /o).

Absolute Error Complexity g(x)

1 0.00828 5 tanh(x)
2 0.02169 8 1-exp(—x)
X
3 0.01170 11 —_—
X +exp(—x)
1
4 0.00732 14 1-—
x + exp (x2)
X
5 0.00433 18

x+exp (—x - fx4)

0
6 0.00223 40 1.26 +0.01x* —0.1x — 1.3exp(-1.7x) —xexp(—0

003
2—-X

-1.8x)
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Figure 2.A2: Wrinkled samples made by compressive force at the boundaries visualized by OVITO [47]. Samples
are labelled for future reference (see table 2.A2).
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Figure 2.A3: Wrinkles made by crystal defects visualized by OVITO [47]. Samples are labelled for future refer-
ence (see table 2.A3).
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Figure 2.A4: Wrinkles made by combination of compressive force and crystal defects visualized by OVITO [47].
Samples are labelled for future reference (see table 2.A4).
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in figure 5 of the main text), is used as the input for the algorithm. For symbolic regres-
sion of the data, we limited The choice of functions in order to avoid high computa-
tion times. For example, we did not choose the sine or cosine function in the fits since
there was no periodicity in our datasets. Other than polynomials which are the default
functions used by Eureqa, different operators, operands, and functions were chosen
for approximating g (o /o). These included {+,—, *,/,exp}, {+,—, *,/,log}, {+,—, *, 1,
{+,—, *,/,tanh}, and {+, —, *,/,asinh, acosh}.

The bilinear and the nonlinear datasets (shown in figure 5 of the manuscript) cor-
responding to the wrinkled samples made by pre-stress and crystal defects were then
fitted to find the desired function. A limited list of proposed expressions by Eureqa, their
absolute errors and complexities is shown in table 2.A1. Constant numbers are rounded
up or down with a roundoff error of 0.1. Some of the obtained expressions overfit the
data by containing too many fitting parameters. Function number 6 in table 2.A1 is an
example of one such functions that overfit the stress-strain data. Among the obtained
expressions only function 5 appeared to fit both the data of samples with crystal defects
and pre-stress. In particular, this function could capture the bilinear dataset (wrinkles
made by pre-stress) with § = 1 and the nonlinear data (wrinkles made by crystal defects)
with § = 0.1. Using graphene samples with a combination of defects and pre-stress, still
this function was found in the Pareto front; however, with different § values, that vary
between 0.1 to 1. These observations led us to select the 6th expression of table S1 as
the outcome of symbolic regression and for predicting the stress-strain relationship of
disordered graphene.

2.A3. FITTING VALUES OBTAINED FROM MD DATA
The stress-strain data corresponding to the samples shown in figures 2.A2 to 2.A4 are

fitted using equation 6 of table S1, and the resulting fitting parameters are presented in
tables 2.A2 to 2.A4.
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Table 2.A2: Fitting parameters of the proposed equation 6 to the samples of figure 2.A2.
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Table 2.A3: Fitting parameters of the proposed equation 6 to the samples of figure 2.A3.

Proposed equation
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STRESS DISTRIBUTION IN
SUSPENDED MEMBRANES

Suspended drums made of 2D materials hold potential for sensing applications. However,
the industrialization of these applications is hindered by significant device-to-device vari-
ations presumably caused by non-uniform stress distributions induced by the fabrication
process. Here we introduce a methodology to determine the stress distribution from their
mechanical resonance frequencies and corresponding mode shapes as measured by a laser
Doppler vibrometer (LDV). To avoid limitations posed by the optical resolution of the LDV,
we leverage a manufacturing process to create ultra-large graphene drums with diameters
of up to 1000 um. We solve the inverse problem of a Foppl-von Kdrmdn plate model by
an iterative procedure to obtain the stress distribution within the drums from the exper-
imental data. Our results show that the generally used uniform pre-tension assumption
overestimates the pre-stress value, exceeding the averaged stress obtained by more than
47%. Moreover, it is found that the reconstructed stress distributions are bi-axial, which
likely originates from the transfer process. The introduced methodology allows one to es-
timate the tension distribution in drum resonators from their mechanical response and
thereby paves the way for linking the used fabrication processes to the resulting device
performance.
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3.1. INTRODUCTION

The exceptional mechanical properties of suspended two-dimensional (2D) materials
such as graphene make them ideal materials for applications such as force, mass, and
sound sensing [1-4]. Their unique opto- and electromechanical coupling has enabled
studies into phase transitions [5], heat transport [6, 7] and even measuring the biolog-
ical forces of micro-organisms [8]. However, the industrial realization of 2D materials
is currently hindered by significant device-to-device variations observed in practice [9].
Addressing this variability is crucial for enhancing the reproducibility and reliability of
2D material based devices. A key factor contributing to this variability is the built-in
stress arising from the fabrication process [9-11].

During the transfer of 2D materials onto target substrates, non-uniform stress dis-
tributions inevitably occur [12, 13], resulting in surface defects like wrinkles in the fab-
ricated drums [14-16]. Currently, Raman spectroscopy and Atomic Force Microscopy
(AFM) are the methods of choice for analyzing the stress distribution in 2D materials [17-
19]. Raman spectroscopy monitors the strain-sensitive position of Raman active phonon
modes [20]. However, due to its limited spatial and strain resolution, it only provides a
relatively coarse strain measurement, making it less suitable for the quantification of
the initial stress in suspended 2D materials. AFM is a contact-based technique that is
challenging to perform and applies a force to the membrane during measurement. This
force potentially affects the morphology and distribution of tension in the membrane.
Consequently, development of new non-contact methods that can determine the stress
distribution in 2D membranes is highly desirable.

Determining the stress distribution in 2D materials has received limited attention
within the literature. Common practice in the field is to assume a uniform stress dis-
tribution throughout the membrane [21-25]. This assumption is valid when the aspect
ratio (thickness to radius ratio) of 2D material membranes increase, resulting in a bend-
ing rigidity dominated mechanical response of the membrane. However, given that the
primary advantage of 2D materials is in their high sensitivity for sensing applications,
it is common that the aspect ratio is relatively small [26], such that the membrane en-
ergy dominates the mechanical response [27, 28], which makes non-uniformities in the
stress distribution significant [29]. This deviation can significantly alter the mechanical
behavior of the membranes, also leading to inaccuracies estimating mechanical prop-
erties [16, 30-33]. However, the modes of vibration of membranes are found to be very
sensitive to spatial changes in the membrane[29, 34], thus providing the opportunity to
use them for characterizing the non-uniform stress distribution.

In this paper, we propose a methodology to quantify the stress distribution of ultra-
thin suspended drums by using nanomechanical resonances and their mode shapes. We
use Laser Doppler Vibrometry (LDV) [35] to measure graphene drums, with large diam-
eters from 60 pm to 1000 um, capturing their dynamics with picometer-amplitude reso-
lution. Subsequently, we create an analytical model to calculate resonance frequencies
and mode shapes. We then follow a reverse-path by using experimental data to pre-
dict both in-plane and out-of-plane displacements, as well as the stress distribution of
the 2D drum. Our results highlight that 2D material drums are not uniformly tensioned
which challenges the current methodologies for estimating the built-in stress of these
drums [19, 20]. The presented methodology allows fabrication techniques to be opti-
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Figure 3.1: Comparison of experimental results with uniform pre-tension. (a) The relationship between the
fundamental frequency fi and the drum radius R for devices D1-D16 is observed to exhibit an inverse trend.
Resonance frequency estimation using equation (3.1) is shown in red, by assuming thickness & = 15 nm and
pre-tension ng = 0.02 N/m. (b) The ratio of the second to the first frequency (f>/f1) as a function of R for all
studied devices. The theoretical value of f>/fj for drums having uniform pre-tension is shown by red line.
(c) The first and second mode shapes and the corresponding frequency ratio of three of the measured devices
and their comparison to theoretical estimates based on equation (3.1). All mode shapes are normalized with
respect to the maximum value of their displacement, and the colorbar ranges between -1 and 1.

mized for improving the uniformity and reproducibility of stress distributions, thus im-
proving yield and performance of sensing applications based on suspended 2D material
membranes.

3.2. RESULTS

3.2.1. EXPERIMENTAL SIGNS OF NON-UNIFORM STRESS DISTRIBUTION
We created 16 suspended graphene devices and measured their resonance response (see
Methods). To extract their resonances, we employ a fitting procedure based on a linear
harmonic oscillator model. The frequency characteristics of the first mode (f; = %) in
devices D1-D186, as a function of the radius R, are depicted in Fig. 3.1(a). The observed
dependence on R aligns with the behavior reported earlier on the fundamental frequen-
cies of circular drums [36]. The relationship governing the resonance frequencies is de-
scribed by the equation

_Yi |
~2nR\ ph’

fi 3.1
where y; represents a constant, ny denotes the pre-tension applied to the drum, p sig-
nifies the mass density, and h stands for the thickness of the drum. Theory gives y; =
2.4048, with higher resonance frequencies corresponding to increased values of y; rela-
tive to y;. Since R and h are known for our samples from optical microscopy and AFM
measurements, we can extract ng of the devices using the first resonance frequency f;
by utilizing Eq. (3.1). We note that the obtained ny, varies from 2 x 103 t03x1071 N
m~!, which is comparable to the range of values reported in the literature [37, 38]. The
corresponding strain ¢q extracted from ng = ooh = Eheg/ (1 —v) is below 0.0013% for all
our devices, which is much lower than the resolution limits of Raman spectroscopy [39].

In Fig. 3.1(b), we plot the ratio between the second and the first resonance frequency
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of 16 fabricated devices. We also show in Fig. 3.1(b) the f,/ f; obtained analytically for
circular drums (red line). We note that the experimental values of f,/ f significantly de-
viate from this red line with a minimum ratio of 1.019 and a maximum ratio of 1.754. To
gain insight into these deviations, in Fig. 3.1(c) we show the experimental mode shapes,
as determined by the MSA-400 vibrometer, for three of the devices. We note clear dif-
ferences between the second theoretical mode shape of a circular drum and the experi-
mental mode shape, which emphasizes the substantial influence of non-uniform stress
on the dynamics of these drums. In addition, we analyse the ratios f3/f1 and fi/f; fora
specific subset of our drums (see Appendix 3.A1), in which we also observe a significant
difference between the experimental findings and the theoretical predictions based on
the assumption of uniform pre-tension.

In addition, it has been theoretically predicted that when a stress distribution is uni-
form, it results in the emergence of asymmetric mode shapes that are defined by n
nodal lines rotated by 27/n relative to each other, and possess equal resonance fre-
quencies [27]. Nevertheless, as the level of stress non-uniformity increases, these mode
shapes undergo substantial changes resulting in a loss of resemblance between them.
Consequently, the non-uniformity in tension distribution has a substantial effect on the
mode-shapes, and therefore these mode-shapes contain important information on the
stress distribution. In the subsequent section, we introduce a method to deduce the
non-uniform tension distribution based on the experimentally acquired mode shapes
and resonance frequencies.

3.2.2. THEORY FOR QUANTIFYING STRESS DISTRIBUTION

To analyze the effect of stress distributions on the mode-shapes of the drums, we employ
a circular plate model characterized by radius R and thickness /. This model assumes
the material to be homogeneous and isotropic, having a density p, Young’s modulus E,
and Poisson’s ratio v. It is worth noting that plate and membrane models have demon-
strated accuracy in predicting the mechanical behavior of 2D material membranes [31,
40]. To date, there is no evidence indicating their inapplicability to single- or few-layer
2D materials. Moreover, we assume the structure to be relatively thin, i.e. #/R < 0.1 [27],
such that we can utilize the Foppl-von Karmén plate model. Employing this model en-
ables us to capture the dynamics of drums with a wide range of thickness-to-radius ratio
(aspect ratio). The governing equations are expressed in cylindrical coordinates (r, 9,
z), with r representing the radial, 6 the azimuthal, and z the transverse coordinate. The
equations governing transverse and in-plane motions, derived through Hamilton’s prin-
ciple, are given by [41]:

phiv+ DV*w —div(NVw) =0, (3.2a)
phii—divN =0, (3.2b)
where

N=[Eh/(1-vH)] (1 -v)e+vir(e)]],

1 T 3.3)
€= 5(Vu+v u+VwevVw).

In the equations above, u = [i; v], with u and v denoting the radial and azimuthal dis-
placement fields, while w represents the transverse displacement field. Additionally,
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V4w, Vw, and Vu denote the biharmonic operator applied to the scalar field w, the
vector gradient of the scalar field w, and the tensor gradient of the vector field u, respec-
tively. div N is vector divergence of the tensor field N. Furthermore, Vw ® Vw corre-
sponds to the tensor product between vectors Vw and Vw. An overdot indicates differ-

entiation with respect to time, and D = 125@2) denotes the bending rigidity. It is note-
worthy that, as per the notation presented here, the strain tensor € and stress resultant
tensor N can be identified as second-order tensors in a two-dimensional framework.

In practice, fabricated drums may exhibit deformations that deviate from the con-
ventional assumption of uniform radial deformation, often associated with uniform pre-
tension. Consequently, when these drums undergo transverse dynamic actuation, their
displacement fields comprise both static and dynamic components. The static deforma-
tion originates from the pre-actuation displacement history, while the dynamic compo-
nent represents the displacement induced by the actuation process. To gain a compre-
hensive understanding of the mechanical response in such situations, it becomes essen-
tial to incorporate both static and dynamic displacements within the overall displace-
ment field [42-44]. However, the substantial difference in magnitude between in-plane
and transverse inertia (proportional to R/ h) necessitates the exclusion of dynamic defor-
mation in the in-plane direction. This is due to the fact that based on Newton’s second
law, higher inertia leads to lower acceleration and dynamical response. Thus, in-plane
motion is negligible compared to the out-of-plane dynamics when studying bending vi-
brations of thin membranes. Therefore, we assume u = u;, but w = w; + w,, where the
subscript s refers to static components and the subscript d represents dynamic defor-
mations.

To capture the vibrational response (wy ) of these drums, we conduct a modal anal-
ysis using Eq. (3.2a) centered around the statically deformed configuration (us, vs, ws).
However, since Eq. (3.2a) involves N and is not expressed in terms of displacement fields,
we initially reformulate the equation in the context of static and dynamic displacement
fields. The detailed derivation procedure for this can be found in Appendix 3.A2. Next
, we assume the dynamic transverse deformation w, to be harmonic and express it as
wy(r,0,t) = wg @(r,0)exp(iwt), where wg represents the maximum spatial amplitude of
the drum at time ¢ = 0, ¢(r,0) denotes the mode shape normalized with respect to max-
imum displacement, and w is the corresponding resonance frequency. Next, we make
the equations dimensionless (see Appendix 3.A2) and discretize them over a mesh with
N nodes in the radial direction and M nodes (M should be odd) in the azimuthal direc-
tion (see Appendix 3.A3), which leads to the compact form of the transverse governing
equation

_ = k
DyU; +DyVij+Y (D"fvwi,j) : (wai,j) = (@*1-Dw) @, ;, (3.4)
k

where U; j, V; j, and W; ; represent the unknown static deformations at spatial node
(i, j). Additionally, ®; ; is the given (or known) normalized mode shape extracted from
the experiments, @ denotes the corresponding non-dimensional resonance frequency,

and I is the identity matrix. Moreover, the matrices Dy, Dy, Dy, ]_)‘lfv, and ]_)‘I;, denote
linear differential operators dependent on the mode shapes and discretization weighting
coefficients. Comprehensive details regarding this step can be found in Appendix 3.A3.
After a convergence study, we choose N = 161 and M = 91 to ensure a good balance
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between computational speed and accuracy of the results. It should be mentioned that
this selection may change for drums with different aspect ratios.

Unlike the conventional modal analysis, where predefined static deformations U ;,
Vi,j» and W; ; are used to deduce resonance frequencies @ and mode shapes ®; ;, in
our approach, we follow a reverse-path, and deduce these deformations from measured
resonance frequencies and mode shapes. Given the existence of three unknown dis-
placement fields, specifically U; j, V;, j, and W; j (3 x M x N unknowns), the extraction of
these displacement fields necessitates a minimum of 3 x M x N equations. This under-
scores the significance of having no fewer than three sets of mode shapes (dD (132 <1>3 ),
along with their corresponding non-dimensional frequencies (@1, ®2,®3) for es‘umatmg
the built-in stress, which collectively provide 3 x M x N equations across the mesh (see
Eq. (3.A32)). However, in practice, an additional mode shape becomes a crucial require-
ment. The underlying rationale for this is rooted in the observation that equations linked
to boundary nodes yield a trivial 0 = 0 relationship. Consequently, introducing supple-
mentary equations is necessary to fulfill the requisite rank of the algebraic equation sys-
tem. In pursuit of accurately determining stress distributions from experimental mode
shapes and frequencies, it thus becomes essential to consider at least four mode shapes
alongside their corresponding resonance frequencies.

To validate our numerical methodology and equations, we performed finite element
simulations on a flat circular plate characterized by a predefined non-uniform stress dis-
tribution. The computed mode shapes and resonance frequencies were then employed
to reconstruct the stress distribution using the methodology we have introduced (for de-
tailed discussion, see Appendix 3.A4).

By simultaneously using the governing Eq. (3.A32) for a minimum of four mode shapes
and the respective resonance frequencies, it becomes possible to determine the static
displacement fields and the associated stress distribution fields. The flowchart presented
in Fig. 3.A5 explains the sequential approach for obtaining stress distributions from ex-
perimental mode shapes and frequencies. The technique commences by fitting a sur-
face to the experimental mode shapes. This is important as Eq. (3.A32) involves deriva-
tive operators and any non-smoothness and noise in experimental mode shapes leads
to numerical inaccuracies [30]. In order to guarantee the compliance of boundary con-
ditions, we utilize the mode shapes of a uniformly-tensioned plate as the basis for our
fitting function (see Appendix 3.A5).

Subsequently, utilizing the smoothed mode shapes, we aim to extract the static dis-
placement fields. However, due to the nonlinearity of Eq. (3.A32) with respect to W, j»ex-
tracting the solution without a suitable initial approximation poses a challenge. As a pos-
sible solution, we assume a parabolic form for the static transverse displacement, char-
acterized by an undetermined deflection amplitude at the center of the drum (W; ; =
Wo(1 - Rl?, j)), where Wj signifies the deflection at the center, and R;, j represents the 7-
coordinate of node (i, j). By solving Eq. (3.A32) using the experimentally acquired mode
shapes d)l <I>2 @? j»and (I>4 we can determine the unknowns Uj j, V; j, and Wp. It
is crucial to recognlze that due to the influence of noise and measurement inaccura-
cies, achieving 100% accuracy in solving for displacements is unattainable. Therefore,
employing a least-squares method becomes necessary. This method enhances accuracy
by incorporating more equations, namely additional mode shapes and frequencies, into
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Figure 3.2: The flowchart for deriving stress distributions from experimental mode shapes and resonance fre-
quencies. Assuming a parabolic deformation in the transverse direction, the experimental mode shapes are
first employed to extract initial displacement fields. Then a modal analysis is performed. If the extracted mode
shapes do not match the experimental ones sufficiently (e > eg), the perturbation force is tuned and using a
post-buckling analysis, the transverse shape is modified. After that, using in-plane displacement fields and
the updated transverse displacement, we again obtain theoretical mode shapes and resonance frequencies. If
the mode shapes do not satisfy the criterion (3.A37), we recalculate the transverse shape by adjusting the per-
turbation force to the post-buckling step. From there we return to the modal analysis. When the convergence
criterion is met, the obtained displacement fields are used to calculate stress distributions. Here, i = 1,2,..., N,
and j=1,2,..., M denotes the node number in radial, and azimuthal directions.

the solution process.

It is imperative to acknowledge that assuming an axisymmetric parabolic deflec-
tion for the transverse displacement has inherent limitations. The presence of non-
uniform displacements in the studied membranes might lead to static deformation and
the creation of a buckling pattern, owing to their ultra-thin nature. Due to experimen-
tal and numerical inaccuracies, the displacement fields that are obtained from solving
Eq. (3.A32) don't always meet the requirements of the in-plane Eq. (3.2b). Therefore,
it is crucial to identify a stable out-of-plane configuration that fulfills Eq. (3.2). In re-
sponse to potential static transverse asymmetries and to rectify our initial assumption of
parabolic static deformation, we perform a post-buckling analysis. This analysis utilizes
the in-plane displacement fields U;,j, V; ;, and W; j, which are obtained from the exper-
imental mode shapes to update transverse displacement W; ; to W; ;. In the context of
this post-buckling analysis, a minor perturbing uniform transverse force is introduced,
which serves to update the drum’s transverse shape and accounts for its nonlinear be-
havior [45].

In order to perform the post-buckling analysis, it is recommended to utilize equa-
tions (3.2) or alternatively, incorporate the in-plane displacement fields (U;, jand V; ;)
into a finite element method (FEM) software that is capable of handling nonlinear struc-
tural analysis. This will enable an analysis of the post-buckling response of the drum and
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the establishment of its modified transverse shape W; ;. Itis crucial to highlight that as a
result of the non-uniform characteristics of U; ; and V; j, the post-buckling analysis re-
sults in an asymmetric transverse shape W; ; that deviates from the axisymmetric shape
Wi, ;.

Since, the experimental displacement field is not known for the drums and in order
to ensure accurate computation of both in-plane and transverse displacement fields,
we conduct modal analysis to extract mode shapes and resonance frequencies from the
static displacements (U;,j, V; j, and W; ;). It should be noted that Eq. 4 shows a one-
to-one mapping between mode shapes and displacement fields, thus the comparison
between the mode shapes can directly reflect the comparison between the static dis-
placement fields. In order to quantitatively assess the fidelity of the reconstructed mode
shapes compared to their experimental counterparts, we employ an error metric de-
noted by e. This metric e characterizes the average spatial deviation between the re-
constructed and experimental mode shapes and is defined as follows

. 172
1 & 27 [ (@ —pn) rdrde !

e=— o T 5 < ey, (3.5)
N =1 o Jo (pn) rdrdo

where e serves as an error threshold. In this equation, ¢, is the n-th normalized mode
shape obtained from modal analysis, ¢, signifies the n-th normalized experimental mode
shape, and N represents the total number of mode shapes used in the fitting procedure.
It’'s important to note that both ¢, and ¢, are the continuous forms of @lffj and (i)?,j’
respectively.

If the criterion (3.A37) is satisfied (e < eg), the solution is considered to be converged.
Conversely, if e > ey, the post-buckled configuration is re-calculated with a new pertur-
bation in the transverse direction, leading to the acquisition of an updated transverse
mode shape. This iterative process continues until the convergence criterion is met.

To determine an appropriate value for ey, we initiate the iterative process without ap-
plying any perturbation force and gradually increase it step-by-step. The observed trend
reveals an initial decrease in the error metric e as the perturbation force rises until it
reaches the minimum value ey at a perturbation force of d p,,,. Beyond this point, further
increments in the perturbation force result in an increase in the error. Consequently, the
minimum achievable error for each set of experiments corresponds to ey, which varies
among different drums. For instance, device D1 exhibits an error threshold of ey = 0.19.
A more detailed and comprehensive discussion regarding the determination of ey can be
found in Appendix 3.A6.

Once the solution has converged, the numerical displacement field effectively ap-
proximates the experimental displacement field, which enables us to compute the strain
field and subsequently derive the stresses within the drum’s mid-plane using Supple-
mentary Eqs. (3.A2) and (3.A3). For a more comprehensive overview of the described
procedure, including a detailed flowchart, please consult the Appendix 3.A5.

3.2.3. FITTING PROCEDURE
As elaborated in the previous section, the numerical procedure necessitates an initial as-
sumption of a parabolic transverse displacement field. However, this assumption does
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Figure 3.3: (a) Reconstruction of stress distributions based on experimental mode shapes for device D1. As
described in the main text, the experimental mode shape and frequencies are utilised to derive displacement
fields and stress distributions. For the purpose of determining the validity of the results, the theoretical mode
shapes are reconstructed using the displacement field. (b) Displacement fileds and Stress distributions pre-
dicted by current method. As can be seen assumption of uniform stress distribution is not valid for the manu-
factured device.

not universally apply to all manufactured devices. Some of the manufactured devices ex-
hibit significant complex wrinkling patterns that deviate noticeably from the parabolic
approximation. Consequently, the proposed method is not applicable to drums that de-
viate from this assumption.

Among the devices produced for this study, four of them (D1, D2, D6, and D13) ex-
hibited minimal or negligible wrinkling patterns, making them well-suited candidates
for the proposed solution outlined in this study. For these four drums, we quantified
stress distributions and validated their accuracy by reconstructing mode shapes using
the derived stresses. In Fig. 3.3, we provide an illustrative example showcasing both the
experimental mode shapes and the reconstructed mode shapes for device D1, utilizing
the first four distinct mode shapes. It is evident that the obtained stress distribution was
able to accurately reconstruct the experimental mode shapes with a high level of accu-
racy. The results for devices D2, D6, and D13 are presented in Appendix 3.A7.

Moreover, to highlight the fidelity of the proposed method, we present the extracted
displacement field and the corresponding non-uniform stress distributions in Fig. 3.3.
Note that Raman spectroscopy, which we utilized for stress measurement, is limited in
its ability to detect the non-uniformity of stress within the drum (see Appendix 3.A8).
The predicted stress distribution obtained through Raman spectroscopy appears to be
nearly constant and uniform, with large uncertainty across the drum surface. This is due
to the fact that the strain values (¢ < 0.0013%) are lower than the resolution limit (0.1%)
of Raman spectroscopy [20, 39, 46] (See Methods). In the Appendix 3.A8, a thorough
discussion of the Raman spectroscopy measurements and the obtained stress distribu-
tions for device D1 is provided. In contrast, the presented methodology is founded upon
continuum mechanics which is not dimension-dependent. As a result, the resolution of
this method is primarily constrained by the measurement device’s capability to discern
mode shapes. Consequently, the method’s efficacy remains unaffected by the size of the




62 STRESS DISTRIBUTION IN SUSPENDED MEMBRANES

drum or the scale of its strain distributions. This implies that even for small drums with
radii on the order of a few micrometers, our methodology can measure strain and stress
distributions, regardless of the magnitude of the strains. Hence, this approach remains
applicable across a range of scales, encompassing relatively small drums.

To compare the extracted stress distributions and the nominal stress values obtained
assuming a uniform tension distribution, we calculated the spatial averages of normal
and shear stresses by

S SFoirdrde
v TR?
where i, j = {r,0}. To measure the robustness of our findings, we systematically adjusted
the level of mode shape fitting during the preliminary stage (see Eq. (3.A3)). This varia-
tion allowed us to quantitatively determine the associated standard deviation and obtain
valuable insights into the sensitivity of our stress distribution analysis. To determine the
nominal stress o under the assumption of a uniform tension distribution, we employed
the first resonance frequencies, considering them as resonances of an ideal theoretical
drum subjected to uniform tension (see Eq. (3.1)). Notably, the spatial average of shear
stress for all four drums was found to be negligible. However, this was not the case for
the values of 6, and Ggg, which demonstrated appreciable differences. The computed
average stress values, obtained through our analysis and assuming uniform stress distri-
bution, are both presented in Table (3.1).

The differences observed between the average values of 6, and Ggg in Table (3.1)
contradict the uniform stress assumption, which posits that 6, = G99 = 0¢. Notably,
a greater deviation of 6, from &y indicates a higher degree of non-uniformity in the
stress distribution within the drum. The observed differences between the average val-
ues of ., and Ggg raise doubts about the validity of the uniform stress assumption.
Specifically, oy is at least 47% greater than the mean value of 6, for each of the drums.
This finding suggests that spatially averaging the stress distributions will not yield a uni-
form stress representation of the overall behavior of the studied drums. Therefore, ac-
counting for the non-uniformities is essential for proper estimation of the built-in stress
in ultra-thin membranes.

Our method’s effectiveness is further evident in Fig. 3.3, where we observe the influ-
ence of a free edge on the displacement and stresses of the drum. The microscope image
of device D1, as depicted in Fig. 3.4(d), clearly demonstrates that one side of the drum is
clamped, while the other side remains unclamped and capable of free movement. Sur-
prisingly, this free edge has influenced the results by exhibiting less radial displacement

, (3.6)

Table 3.1: Spatial average value of non-uniform stress distribution in comparison with nominal stress value
assuming uniform stress distribution in the drums.

Device 0, (MPa) Ggo (MPa) oo (MPa)
D1 3.76+0.25 2.80+0.29 7.05
D2 0.65+0.06 0.53+0.08 1.36
D6 0.54+0.09 0.33+0.07 0.94

D13 1.03+£0.21 0.49+0.10 1.52
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and consequently lower stresses on the free side. This finding supports the intuition that
a free edge allows the drum to mechanically release stresses near the edge.

3.3. DISCUSSION

The proposed methodology addresses a system of nonlinear equations (Eq. (3.A32)), un-
der the assumption of a parabolic transverse static displacement field. However, when
the drum exhibits initial corrugations or wrinkles that cannot be adequately character-
ized by such a parabolic displacement field, the system of equations becomes challeng-
ing to solve. In such scenarios, the equations need to be solved by providing a suit-
able initial guess for the transverse displacement field W; ;. To estimate the static trans-
verse displacement field of the drum in the presence of these non-parabolic deforma-
tions, corrugations should be experimentally probed. Several techniques are available
for measuring these out-of-plane deformations [47, 48], and can aid with quantifying
the tension distribution.

Notably, microscopic images of the drums (see Fig. 3.A13) do not always reveal signs
of transverse bulge or wrinkles, despite their presence. Although the transverse displace-
ment is relatively small compared to the drum’s radius (Wy/R < 0.001), neglecting it in
the modal analysis can lead to inaccurate mode shape estimations and ultimately even
to failure in reconstructing the experimental mode shapes. Moreover, even minor static
transverse asymmetries can affect the expected mode shapes [45, 49], emphasizing the
need for an accurate solution capturing these deviations. This emphasizes the impor-
tance of the transverse displacement field when reconstructing the stress distribution.

Owing to inherent experimental uncertainties and noise, there exists a lower bound
on the threshold ey. For device D1, the estimated experimental noise on each mode
shape is 3%, 4%, 18%, and 20%, respectively, leading to a lower average bound for ej of
11%. To enhance the precision of measuring ey, employing measurement devices with
higher spatial resolution and lower noise levels is recommended.

The comprehensive study of drums yielded valuable insights into their stress dis-
tributions. These drums experience uniaxial or biaxial loading with different loadings
along the two axes, suggesting non-uniform biaxial tension induced in the manufactur-
ing process. This understanding is crucial for optimizing manufacturing processes to
achieve uniform stress distribution and flatness in the drums.

The proposed method is specifically tailored for thin drums, taking into account both
stretching and bending energies to derive the governing equations and ensure numerical
stability. As a result, two distinct mechanisms govern the mode shapes and resonance
frequencies. In cases where stretching dominates the deformation of the drum, the pre-
stresses play a significant role in influencing its vibrational behavior. This scenario is
particularly relevant for drums with a height-to-radius ratio 4/R < 0.001. Conversely, as
bending deformation becomes more prevalent over stretching, the vibrational behav-
ior of the drum is primarily governed by bending energies, with pre-stresses having a
marginal role. In such instances, the accuracy of the proposed method may be com-
promised, as the mode shapes are predominantly influenced by bending effects rather
than stress distributions. However, it is important to mention that when the aspect ratio
is large, the mechanics of the drums are mostly influenced by the bending mechanism,
while the effect of stress distribution becomes insignificant. Nevertheless, the maximum
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ratio of thickness to radius (#/R) observed in the drums manufactured in our study is
roughly 0.00023 (see Table 3.1), which confirms that the drums analyzed in our work are
membranes with negligible bending rigidity. Therefore, the established model proves
suitable for addressing the problem.

Despite this limitation, in practical applications, the first scenario (h/R < 0.001) is
often encountered, rendering the proposed method suitable and reliable for analyzing
the vibrational behavior of drums. It is worth noting that as &/R increases, the bending
deformations become more energy costly, resulting in drums with fewer corrugations
and wrinkles. Unfortunately, this also leads to reduced sensitivity to transverse load-
ings and masses. Hence, the choice of 1/ R becomes critical in designing circular drums
to achieve the desired vibrational characteristics and performance for specific applica-
tions.

It is important to assure that the method proposed is applicable to thinner devices or
membranes of smaller dimensions. Here, we should highlight that our approach is based
on continuum mechanics and thus size-independent. Yet, to affirm the applicability of
our method to thinner and smaller graphene membranes, we utilized the experimental
data of [34] for a graphene drum (h = 10nm, d = 5um), and reconstructed the non-
uniform tension successfully (see Appendix 3.A9).

It is also noteworthy that the methodology proposed herein is not limited solely to
graphene membranes but is applicable to a broader range of thin films and 2D mate-
rial membranes. In our analysis, we adopted a linear isotropic material model to predict
material behavior. However, if other 2D material membranes exhibit discrepancies in
material behavior, such as anisotropy [50], these can be incorporated into the proposed
method through constitutive law (Eq. 3.A3). This allows for the extension of the formu-
lation to accommodate studying of various types of 2D material membranes.

In conclusion, we presented a methodology for quantitative determination of the
tension distribution in ultra-thin 2D material drums based on experimental mode shapes
and resonance frequencies. By utilizing a circular plate model, we derived governing
equations that capture the static and dynamic deformation of the drums. The proposed
approach successfully accounts for both stretching and bending energies, providing an
effective solution for analyzing the vibrational behavior of circular drums.

The validation of the method through finite element simulations on known stress
distributions demonstrates its accuracy and reliability. We applied the methodology to
four fabricated drums and gained valuable insights into their stress distributions. The
findings revealed the presence of non-uniform biaxial tension induced during the man-
ufacturing process. Understanding these stress distributions is critical for optimizing the
fabrication processes to achieve uniform stress distribution and flatness in the drums.

Additionally, we discussed the limitations related to the assumption of a parabolic
transverse static displacement field and the need for an appropriate initial guess for the
transverse displacement field in cases where initial corrugations or wrinkles are present.
The insights gained from this study can aid in achieving better performance and relia-
bility in 2D drum fabrication and contribute to accurate and robust mechanical charac-
terization of ultra-thin materials.
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Figure 3.4: Fabrication and vibration measurement of graphene drums. (a) Fabrication process of SiO»/Si
substrate with etched holes. (b) Growth and exfoliation of large-scale CVD graphene flake. (c) Wet transfer
method to suspend CVD graphene on substrate. (d) Schematic of measurement setup comprising a MSA400
Polytec Laser Doppler Vibrometer (LDV) for detection and read-out. The sample is placed in the vacuum
chamber and driven by a piezo shaker. The inset: optical image of device D1; purple region, Si/SiO2 substrate;
blue region, supported graphene; transparent region, suspended graphene. (e) The first four resonances of
device D1; the damped linear harmonic oscillator fit is shown by red line.

3.4. METHODS

3.4.1. FABRICATION METHOD

The fabrication procedure of the devices is illustrated in Figs. 3.4(a)-(c). As Fig. 3.4(a)
shows, we first prepare a Si (100) target substrate containing through holes made us-
ing deep reactive ion etching with diameters ranging from 60 ym to 1000 ym. Next, we
deposit multi-layer graphene using chemical vapor deposition (CVD) on a thin-film Mo
catalyst, as shown in Fig. 3.4(b). The final stage of the fabrication procedure is the trans-
fer of CVD-grown graphene from the growth substrate to the target substrate using a wet
transfer process, as depicted in Fig. 3.4(c).

The fabrication process resulted in the production of a set of 16 unique devices, de-
noted as D1 to D16, which were spread among different chips. For a comprehensive
description of the fabrication method, please refer to Appendix 3.A10. The drums had
a range of radii (R) from 61 to 1032 um. We measured the thickness (k) of the CVD
graphene on all chips using an atomic force microscopy (AFM) and found that i ranges
from 7 to 13.8 nm (see Appendix 3.A11).
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3.4.2. MEASUREMENT METHODOLOGY

To probe nanomechanical vibrations of the devices, we use a piezo shaker to drive the
drums into resonance and a Polytec MSA400 Laser Doppler Vibrometry (LDV) system
to measure their velocity in the out-of-plane direction (see Fig. 3.4(d)). The LDV ac-
tuates the piezo shaker at a specific frequency f while simultaneously recording the
position-dependent displacement z¢ of the device using a 632 nm He-Ne laser with a
spot diameter of ~5 um. All measurements are conducted at room temperature inside a
vacuum chamber at 10~ mbar. It should be noted that even though measurements are
performed at room temperature, local heating from the laser can alter membrane prop-
erties and stress field, especially in the nonlinear regime. To circumvent this problem
we performed our measurements at very low laser powers and ensured that the motion
is probed in the linear regime of operation (see Refs. [51, 52]). Fig. 3.4(e) displays the
measured first four resonances of device D1.

APPENDIX
3.A1. MEASURED FREQUENCY RATIOS OF EXPERIMENTALLY MEA-

SURED GRAPHENE DRUMS
Here, we evaluate the ratios of f3/f; and f4/ fi within a particular group of drums. The
results of our investigation demonstrate a notable disparity between the experimental
observations and the theoretical predictions made under the assumption of uniform
pre-tension. Fig. 3.A1 shows this analysis for 7 different drums.

3.A2. GOVERNING EQUATIONS

As previously mentioned in the main text, the circular plate model employed in this
study is defined by its radius, denoted as R, and its thickness, denoted as k. The underly-
ing assumption of the model is that the drum is composed of a uniformly distributed and
consistent material with density (p), Young’s modulus (E), and Poisson’s ratio (v). The
governing equations are derived by employing cylindrical coordinates (r, 8, z), where r
denotes the radial coordinate, 0 represents the azimuthal coordinate (6 direction), and
z corresponds to the transverse coordinate. The displacement field of the drums can
be mathematically represented as functions of time ¢ by the utilisation of the following
equations [27]

rY
Ug (r,H,Z, t) = l)(rye, t)—Z

10
1a8), (3.A)
uz(r,0,z,t) =w(r0,1),

Ur (r,e,Z, t) = u(ryey t) _Z%_w
where (1, v, w) represent the radial, tangential, and transverse displacements, respec-
tively. Taking von Kdrmén nonlinearities into account, the nonlinear normal and shear
strains are determined as

2 2

_Ou_ 1f(ow|”_ 0

Err=5:t E( ar) z257
2 2

_u_ 1ov  1(low)|” _z|ow , 107w A
€00=7 7502 769) r( r+r092)’ (3.A2)
€ 1 ldu+av_g+law6w _z(0%w 10w
0 =2\700 Tor T ror o0 r\dré@ r 40
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Figure 3.A1: The first, second, third, and fourth mode shapes and the corresponding frequency ratio of seven of
the measured devices and their comparison to theoretical estimates based on Eq. (1) of the main text. All mode
shapes are normalized with respect to the maximum value of their displacement, and the colorbar ranges
between -1 and 1.

Through constitutive equation and Lamé constants (u = E/(2(1+v)); A = Ev/(1-v?)),
the stresses are related to the strain fields as

Uijzzllgij"'ﬂéijekkr (3.A3)

where o ;; are the stresses, ;; denotes Kronecker delta, and i, j = {r,0}.
The strain energy of the circular plate can be obtained as

2n pR +§
sz f f a,-jeijdzdrde, (3.A4)
o Jo J-L
and its kinetic energy neglecting radial (i.e. in-plane) inertia, is given by
1 +% 2n rR
T=— f f f pw?rdrdfdz, (3.A5)
2J-2 Jo Jo

where the overdot indicates differentiation with respect to time ¢.
Next, by using the Hamilton’s principle

T
5[ (T-U)dt=0, (3.A6)
0
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in which 6 is the variational operator, the governing equations of motion can be found
as follows [27]

2

6u'—l i(rN )+6N—'9—N + I —u—O (3.A7a)
. r|lor rr FY) 06 Oatz_ ’ -
1[0 0Nyg 2
51)2—; E(rNre)-FW_FNrG]_{—IOW:O’ (3.A7b)
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where 6u, 6v and 0w are the virtual displacements. Furthermore, Iy = ph, the resul-
tant forces N;j = (N;r, Ngg, Nyg), and the resultant moments M;; = (M;,, Mpg, M,q) are
defined by
+h
Nij =f7,j 0;jdz,
“h (3.A8)
oh
Mij =f hz Ul'jZdZ.
—3

Eq. (3.A7c), which describes the transverse governing equation, can be reformulated
in terms of the displacement fields u, v, and w by utilizing Eq.s (3.A2), (3.A3), and (3.A8)
as

(3.A9)

To characterize the mechanical response of a pre-deformed vibrating drum, we de-
compose the displacement field into a static and a dynamic part as follows [42, 43],

u(r,0,t) = uy(r,0)
v(r,0,1) =v(r,0) (3.A10)
w(r,0,t) = ws(r,0) + wy(r,0,1).
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Here, the subscript s refers to static components, while d represents dynamic deforma-
tions. Inserting Eq. (3.A10) in Eq. (3.A9) we find the governing static and dynamic equa-
tions. The static equation is obtained as

il (5)-(555)- (152 (v
12(1-v? art roors r2 or? r3 ar
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Subtracting Eq. (3.A11) from the result obtained by inserting Eq. (3.A10) into Eq. (3.A9)
yields the nonlinear dynamic governing equation. Linearizing about the static equilib-
rium, this latter equation about the pre-deformed configuration (u;, vs, w;) yields
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Next, to write Eq. (3.A12) in dimensionless form, we use the following non-dimensional
parameters

(3.A13)
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3.A3. DISCRETIZATION OF THE GOVERNING EQUATIONS

In this Note we discuss how by using vibrational modes and frequencies of the drum,
it is possible to find the unknown displacement field i, U, and i, and thus the stress
distribution.

Our analysis starts from Eq. (3.A14). This equation incorporates the known reso-
nance frequencies ® and mode shapes ¢ as parameters that can be measured from ex-
periments. Naturally to determine the three unknowns iis, 75, and w; from this equa-
tion, one would need to account for minimum three sets of mode shapes (@1, @2, ¢3)
and their corresponding frequencies (®;, @2, @3), and solve the set of nonlinear partial
differential equations using a numerical procedure e.g. Finite Element Method (FEM),
Finite Difference Method (FDM) or method of Differential Quadratures (DQ).

Here, we make use of the DQ method [54] to solve the equations of motion for the
unknown displacement field. The DQ method transforms Eq. (3.A14) into a set of non-
linear algebraic equations by approximating partial derivatives of functions at discrete
points. We particularly apply polynomial-based Differential Quadrature (PDQ) in the
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radial direction, while we use Fourier Expansion-based Differential Quadrature (FDQ)
in the azimuthal direction. This combination ensures accurate results in both r and 6
directions and handles periodic domains effectively due to FDQ’s inherent periodicity.

In order to apply DQ method, one would first need to discretize partial derivatives
of given functions. Here, we denote the a-th derivative of a function f(x) as 8% f/dx“.
We then express this derivative as a linear combination of the function values at discrete
points along the corresponding coordinate direction, given by [54]

6af(x) i (a)

oxa rex — 11

)£ (x)), (3.A15)

where 7 is the number of total discrete grid points used in the approximation and AE“])
are weighting coefficients. Based on the choice of basis functions for the approximation,
different sets of weighting coefficients will be obtained. When PDQ is used, the weight-
ing coefficients of the first derivative are determined as [54]

@ _ M (x;)
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where ;
Mx)= [] (xi—xj). (3.A17)
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The weighting coefficients of higher-order derivatives can then be obtained through
the following recurrence relation

(a-1)

A
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where [i,j =1,2,...n;2<a<n- 1). However, if FDQ is used, the weighting coefficients
of the first derivative are [54]

M (x;)
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S M) IR e
where
n '((x,'—xj))
Mx)= [] sinf——=| (3.A20)
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The weighting coefficients of higher-order derivatives can be obtained through the fol-
lowing recurrence relation
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where (i,j =1,2,..,n; 2<a<n-1). As pointed out earlier, since we have periodicity in
the azimutal direction in circular drums, we opt for FDQ in 8 direction and PDQ in the
radial. Using these two procedures we then find the following set of discretized deriva-
tives:

N
o°f _ @g .
ora — k§1 Ci,ka,J’

M
°f _ @)
307 kglci’ka'], (3.A22)
gty NOM ) A
aragos = = X ik Gk Tl ez

ki=1ko=1

where f is the parameter to be differentiated, F; ; is the value of f at node (i, j), Clg‘? are

the PDQ weight coefficients for domain 7 € [0, 1], and Cﬁz are the FDQ weight coeffi-
cients for the domain 6 € [0,27).

We note that in estimating stress distributions, the selection of an appropriate mesh
distribution is an important factor that can very well affect the accuracy of the obtained
displacement field and thus stress distribution. This is particularly important when cal-
culating derivatives at the boundary conditions and ensuring the fulfillment of deriva-
tive constraints at the boundaries. Inadequate mesh distribution, characterized by a
low number of nodes at the boundaries, may lead to inaccurate stress values near the
edges. This likely accounts for the observed diminished accuracy near boundaries, as
observed by Waitz et al. [30]. By applying appropriate mesh refinement strategies, we
can effectively mitigate potential errors and enhance the overall accuracy of our numeri-
cal computations. One effective approach to address this issue is to increase the number
of nodes near the edges compared to the main domain. In our DQ analysis, consider-
ing the periodicity in the azimuthal direction, we chose a uniform node distribution.
However, for the radial direction, where boundary conditions are present, we utilized a
Chebyshev-Gauss-Lobatto distribution [55]:

1 ( i-1 )
ri=—|1-cos b4

2 N-1
This distribution is defined as a non-uniform spacing of nodes which concentrates more
nodes near the boundaries and fewer nodes in the central region. The Chebyshev-Gauss-
Lobatto distribution ensures better resolution near the boundaries, where accurate ap-
proximation of derivatives is important, while maintaining an appropriate node spacing
throughout the domain.

Applying boundary conditions is another important consideration when solving the
equations using the DQ method. In the #-direction, the periodicity is automatically sat-
isfied due to the FDQ formulation. However, in the radial direction (7-direction), since
the DQ method discretizes the strong form of the 4th-order partial differential equation,
we need to specify two boundary conditions for each of the edges corresponding to 7 = 0
and 7 = 1. This differs from FEM, which solves the weak form of the governing equations.
The boundary condition for 7 = 1 is a clamped condition which can be formulated as

.i=1,2,...,N (3.A23)

q)N,j = 0,

N
op _ 1 _ (3.A24)
r.1 > CN,kq)ka =0.
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In contrast to rectangular geometry, which features well-defined boundaries, circular
geometry lacks a tangible edge at the center. Analytical formulations address this chal-
lenge by omitting terms that approach infinity at the center of the circular membrane/-
plate. However, determining the boundary condition (regularity condition) at the center
in a numerical approach is not straightforward, and various methods exist to tackle this
issue [56]. Among different approaches, the most promising regularity boundary con-
dition is defined for two different types of mode shapes. In this approach mode shapes
that exhibit nodal lines are subject to the regularity condition expressed as follows [56]

N
9l —y W, =0,
L P
5 N (3.A25)
P _ 3)
3 7=0 - kgl Cl,k(bk’] =0

While for mode shapes without nodal lines, the regularity condition can be expressed
as [56]

®,,;=0,
) N @ (3.A26)
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As a result by solving Eq.s (3.A25) and Eq.s (3.A24) simultaneously, we find
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(3.A28)
And by solving Eq.s (3.A26), and Eq.s (3.A24) we obtain

_ 1 .
i T (3.A29)

where
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Thus, for the derivatives of i, Eq. (3.A22) will be modified as
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where, based on the type of mode shape used, @y, ®,, ;, and ®y_; ; should be obtained
from (3.A27) or Eq.s (3.A29). As can be seen, the modified derivatives are no longer ap-
plied to the whole domain, but only to the interior domain without the two adjacent
rows of nodes to the edges.

Finally, the discretized version of Eq. (3.A14) can be written in a matrix-form as

z[( 4@ ) D ]U,]+Z[( 10D |

+3 [D o7 [ (Dh Wi,f)'(Dw wiy)| = @1 - D)y, (3.A32)

where U; j, V; j, and W; ; denote the static deformation values at each nodes and are the
vectors of unknowns. ®; ; and @ denote normalized mode shape values at each node and

the corresponding resonance frequency, respectively, and are known parameter. Dmp,

Dﬁ(’;,, D]f,j‘[p, Dk” Dk” Dw, Dk“’ and DW are matrices which are function of DQ weighting
coefficients.

3.A4. ROBUSTNESS OF THE DQ SOLUTION

We note that Eq. (3.A32) invovles nonlinear terms solely related to transverse static dis-
placement field. If the drum is flat (W; ; = 0), the equation will be considerably simpli-
fied (one would solely need to solve for U; j, and V; ;). Consequently, instead of having
3 x M x N unknowns (where M represents the number of nodes in the 0 direction and N
signifies the number of nodes in the 7 direction), we will only have 2 x M x N unknowns.
This suggests that two mode shapes and their corresponding resonance frequencies will
be sufficient for extracting the unknown displacements. However, it is important to note
that the nodes on the clamped edge have a value of zero, which results in ®; ; = 0 on the
edge, and consequently, we have the trivial 0 = 0 equation on the edge nodes, indicating
that we still require at least three mode shapes and frequencies to have more equations
than unknowns and be able to extract displacement fields using a least squares proce-
dure.

To assess the validity of our methodology and equations, we initiated a verification
procedure by artificially generating a radial displacement field represented as

u(r,0)=5x10" 6—]6 (9 93611— )(1+sm(26)) (3.A33)
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Figure 3.A2: Reconstruction of stress distribution and displacement field for an artificial FEM case. Within the
FEM software, by assuming an artificial radial displacement denoted in Eq. (3.A34), first azimuthal displace-
ment field is obtained using a static equilibrium analysis, and tehn the corresponding stress distributions and
mode shapes are computed using postprocessing and a modal analysis, respectively. Eq. (3.A32) is then used
to reconstruct displacement fields from FEM mode shapes. The displacement and stress values are shown in
the non-dimensional form.

This artificial displacement was then introduced into a FEM software package with the
constraint w = 0. The resulting equilibrium displacement field v was subsequently ob-
tained. Employing the values of u, v, and w, we computed the corresponding stress
distributions. Following this, a modal analysis was conducted to ascertain the resultant
mode shapes. Itis worth mentioning that here, graphene is considered as the constituent
material with E =1 TPa, p = 2300 kg.m‘s, and v = 0.16. Furthermore, all the parameters
are made dimensionless, and the /R = 0.001.

Next, we employed the FEM mode shapes and their corresponding resonance fre-
quencies as inputs in our Eq. (3.A32) to reconstruct the displacement fields and stress
distributions. The results of this reconstruction using six different mode shapes are
shown in Fig. (3.A2). Notably, the reconstructed displacement fields exhibit high ac-
curacy, closely resembling the FEM displacement field. Similarly, the calculation of nor-
mal stresses demonstrates decent precision. However, it is important to recognize that
shear stress accuracy is relatively lower in comparison. This limitation stems from shear
stress’s substantially smaller amplitude as compared to normal stresses, as well as its
comparable amplitude to numerical error created during the differentiation process.

We created a second test scenario (same material and geometric properties as previ-
ous case) to confirm that the prior one was not a coincidence. The radial displacement
field is formulated as

2
ur,0) =3 x 10*6(%) (0.5 +sin (0)).
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Figure 3.A3: Reconstruction of stress distribution and displacement field for an artificial FEM case. Within the
FEM software, by assuming an artificial radial displacement denoted in Eq. (3.A33), first azimuthal displace-
ment field is obtained using a static equilibrium analysis, and tehn the corresponding stress distributions and
mode shapes are computed using postprocessing and a modal analysis, respectively. Eq. (3.A32) is then used
to reconstruct displacement fields from FEM mode shapes. The displacement and stress values are shown in
the non-dimensional form.

Fig. (3.A3) displays the results of this reconstruction with six distinct mode shapes. As
can be observed, the reconstructed displacement fields are reasonably precise and closely
resemble the FEM displacement field. Similarly, the estimation of normal stresses is rel-
atively accurate. However, it is important to note that shear stress accuracy is rather
poor.

Another crucial aspect to consider is the robustness of our method in the presence
of noise and inaccuracies in the measured mode shapes. To evaluate this, we introduced
random noise to the mode shapes obtained from the previous analysis. Specifically, we
added random two-dimensional Gaussian noise with a maximum amplitude of less than
0.05 times the local deflection to the original mode shapes shown in Fig. (3.A2).

Subsequently, we employed a fitting procedure for the noisy mode shapes, which is
detailed in the main text and the following Note. This fitting procedure employs a finite
set of circular plate mode shapes as

My Ny
(,0(7'»9) =Y X [An]n(;tm,n%) + Bnln(/lm,n%)] cos (no)
m=0n=0 (3.A34)
;o
+ Y X [A:Jn(/lm,n %) + len (Am,nﬁ)] sin (n0),
m=0n=1
to approximate and enhance the quality of the noisy mode shapes. Here, My, and Ny
are the number of radial and azimuthal coordinates chosen for fitting. A,, A}, B, and
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Figure 3.A4: DQ solution’s robustness in the presence of noise on measured mode shapes. a) The error met-
ric (3.A36) of the proposed solution as a function of the number of experimental mode shapes employed in
the solution procedure. As demonstrated, adding more mode shapes reduces the error of the solution by av-
eraging the noise in the measured mode shapes; however, after five modes, adding more mode shapes does
not significantly improve accuracy. (b) The error metric (3.A36) of the proposed solution as a function of the
number of fitting coordinates employed to fit the mode shapes (see Eq. (3.A34)). Fewer coordinates result in
greater smoothing, whereas a larger number of coordinates follows all local curvatures, which may be artefacts
of noise or measurement errors.

B} are the fitting parameters which can be found through the fitting procedure. Here,
J», and I, denote Bessel function of the first kind of n-th order, and modified Bessel
function of first kind of the n-th order, respectively. A, , represents the corresponding
eigenfrequency of the plate which can be found from the following equation [27]

]n+1 (Am,n) " In+1 (Am,n)
In (Am,n) I (Amn)

We evaluated the method’s accuracy based on the implications of varying the num-
ber of experimental mode shapes employed in the fitting procedure (See Fig. 4a) and
the number of plate modes (coordinates) utilized in the fitting process (See Fig. 4b).
This allowed us to conduct a parametric study to ascertain whether a good fit, encom-
passing both the true mode shape and the spurious displacements arising from noise,
or a smoother fit with a lower number of coordinates (and accordingly lower R? value),
proves to be more suitable. In order to evaluate the accuracy of our method, we intro-
duce an error metric as

=0. (3.A35)

2n R redict 2 12
IS (ofr —U;‘i‘”) rdrdf
EM= |22 — (3.A36)
[ [ (ot rdrde
00
where af rr edict denotes the predicted normal stress obtained using Eq. (3.A29), and ai‘i“l

is the normal stress that is artificially created at the beginning of the procedure. The re-
sults of our analysis indicated that we require a fitting procedure with a high degree of ac-
curacy, but also a certain level of smoothing to mitigate the impact of noise (Fig. (3.A4)).
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Figure 3.A5: The flowchart for deriving stress distributions from experimental mode shapes and resonance
frequencies.

3.A5. EXTRACTING THE STRESS DISTRIBUTIONS

To determine the static displacement fields (U;,j, V;,j, and W; ;) in suspended drums,
we expand the methodology explained earlier on numerical simulations to experimen-
tal measurements so as to extract the nonuniform stress distributions. The procedure,
illustrated in Fig. 3.A5, involves several steps to ensure accurate and reliable results. A
minimum of three sets of mode shapes and their corresponding resonance frequencies
are required as inputs. These mode shapes capture the vibrational behavior of the drums
and serve as the basis for reconstructing the displacement fields and stress distributions.
It is important to note that our method is applicable only to drums with small deviations
from a parabolically-bulged configuration.

To prepare the experimental data for numerical analysis, we address several chal-
lenges associated with the mode shapes. These include noise, discreteness, non-zero
values on boundaries, and the need for a smooth and continuous representation of the
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mode shapes. To tackle these challenges, the mode shapes are transformed to polar co-
ordinates and fitted with a plane to remove edge effects and establish zero value at the
boundaries. The resulting mode shapes are then smoothed and transferred to the DQ
mesh, ensuring that the fitted shapes satisfy the boundary conditions necessary for ac-
curate numerical analysis. Thus, we chose to use plate mode shapes as the basis for
fitting the processed experimental mode shapes. The fitting equation used is Eq. (3.A34)
defined in the last Note.

Having obtained the fitted mode shapes, we proceed to solve the reverse problem
i.e. finding displacement field from resonance frequencies and mode shapes, by assum-
ing a parabolic transverse deflection profile for the out-of-plane displacement field us-
ing Eq. (3.A32). The static displacement fields are determined by solving the nonlinear
algebraic Eq.s (3.A32). A least squares procedure is employed, to ensure accurate recon-
struction of the in-plane displacements and a first approximation of the out-of-plane
deflection. For the sake of numerical robustness, we applied a smoothing operation to
the obtained radial displacement field u using a Savitzky-Golay Finite Impulse Response
(FIR) filter. Specifically, when the magnitudes of the in-plane displacement field v were
comparable to those of u, a Savitzky-Golay FIR filter was also employed for smoothing v.
Conversely, in cases where the values of v were significantly smaller than those of u, we
exclusively utilized a FEM solver to determine the equilibrium state of v. This decision
arises from the acknowledgment that when v is significantly smaller than u, it becomes
more vulnerable to numerical errors, as its values may either approach or be in the vicin-
ity of the numerical error order.

An important consideration is the validation of the initial approximation. To assess
its adequacy, an eigenvalue buckling analysis is performed. If the in-plane displacement
field leads to a stable drum without buckling, the initial approximation is deemed sat-
isfactory. However, when non-uniform in-plane displacements result in instability and
buckling, a post-buckling analysis is conducted to obtain a more realistic deformation
pattern.

In the fourth step of our analysis, we evaluate the adequacy of the in-plane displace-
ment fields and the deformed configuration obtained thus far. However, it is often the
case that these results do not meet the criterion expressed in Eq. (5) of the main text as

< e, (3.A37)

i 02” fol (@n —(pn)zrdrdG
=1 2n fol ((pn)zrdrdH

To address this, we introduce a perturbation to further refine our solution. We begin by
applying a zero-pressure perturbation and perform a nonlinear static equilibrium anal-
ysis using an FEM software package (In our case Ansys was used). This analysis yields
an updated out-of-plane configuration in conjunction with the smoothened in-plane
displacement fields.

To validate the convergence of our solution, the updated configuration and in-plane
displacement fields are employed in an eigenvalue modal analysis. By comparing the
resulting mode shapes to the experimental mode shapes using the criteria outlined in
Eq. (3.A37), we then assess the convergence of our solution. However, if the solution
fails to converge, we iterate the process by adjusting the perturbation (perturbing out-
of-plane force) until convergence is achieved.

1
N
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Figure 3.A6: Error criterion e as a function of perturbation uniform transverse load d p.

This iterative procedure ensures that our analysis reaches a stable and accurate solu-
tion, capturing the intricate interplay between in-plane and out-of-plane displacements
and providing reliable stress distributions in suspended drums.

In the final step of our analysis, after obtaining convergence, we utilize the static dis-
placement fields (in-plane and transverse) to calculate the strain and stress fields within
the drum. This calculation is performed using Egs. (3.A2) and (3.A3) for the mid-plane
of the plate. The resulting stress fields serve as a reasonable approximation for the ac-
tual experimental stress distributions, as they successfully reproduce the observed mode
shapes.

3.A6. FINDING THE MINIMUM ERROR THRESHOLD

The error criterion, as presented in Eq. (3.A37), is formulated based on the spatial dis-
parity between the experimental mode shapes and the reconstructed mode shapes. It
is clear that the mode shapes undergo adjustments through the tuning of a transverse
perturbation pressure during the post-buckling analysis 3.A5.

To ascertain an appropriate value for ey, we initiate an iterative procedure without
applying any perturbation pressure and gradually increase it. Initially, the observed
trend reveals a decreasing error metric e until reaching its minimum value ey at a pertur-
bation pressure of 6 p,,. Beyond this point, further increments in the perturbation pres-
sure result in an increase in error. Consequently, the minimal achievable error for each
set of experiments corresponds to ey, which may vary among different drums. Fig. 3.A6
demonstrates this analysis conducted for device D1. To establish the minimum achiev-
able error threshold using our method, this analysis must be performed for each drum
under investigation. The plot clearly indicates the error threshold attained in this case
as ey =0.19 at 6py,;, =4.6mPa.

The determination of ey holds importance in ensuring the accuracy and reliability of
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Figure 3.A7: Estimation of stress distributions from experimental mode shapes for device D2.

our method for analyzing the vibrational behavior of circular drums. The specific value
of eg for each drum is significant as it serves as a reference point for assessing the quality
of the reconstructed mode shapes and stress distributions. A lower ey signifies a higher
level of fidelity in our predictions, thereby greater confidence in the obtained results.

3.A7. STRESS DISTRIBUTION IN THE FABRICATED DEVICES

As shown in the main text, 4 drums’ stress distribution were successfully found using the
proposed procedure. Here, you can see the experimental mode shapes, reconstructed
mode shapes, and also the resulting stress distributions in Fig.s(3.A7-3.A9).

3.A8. RAMAN SPECTROSCOPY MEASUREMENTS AND THEIR LIM-
ITATIONS

The Raman spectra of graphene is related to the strain loaded on the membrane [39],
for example, the slope dw/de of 2D peak is about -64 cm~1/% [39]. Here, we measure
the Raman spectrum of the device D1 using 514 nm green laser at room temperature, as
shown in Fig. 3.A10 (left). Accordingly, we extract the stress distribution of device D1 as
plotted in Fig. 3.A10 (right), which shows an extremely large error bar. This is because of
the limited resolution of strain-dependent Raman peak shift. The predicted stress range
(difference between the maximum and minimum stress) obtained through Raman mea-
surements is 16 times larger than the range predicted by our method. Additionally, the
limited spatial resolution of Raman measurements is evident, with no clear stress dis-
tribution observable in the membrane, unlike the distinct distribution obtained through
our method, as illustrated in Fig. 3 of the main text. Consequently, our proposed method
offers a significantly more accurate approach for quantifying the stress distribution in
suspended graphene membranes.
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Figure 3.A8: Estimation of stress distributions from experimental mode shapes for device D6.
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3.A9. STRESS DISTRIBUTION IN SMALLER DEVICES

In order to affirm the applicability of our data to smaller devices, we utilized experimen-
tal data of a graphene drum with aradius R of 2.5 um, and thickness h of 5 nm, previously
published in [34]. It is noteworthy that due to small out-of-plane static deformations,
the method worked without conducting step 3 detailed in Fig. (3.A5). As can be seen in
Fig. (3.A11), the stress distribution is found successfully. The stress distribution suggests
that this specific device is almost uniformly-tensioned with a part of the edge almost
with zero tension suggesting a possible detachment from the substrate. Our observation
is consistent with the microscopic image of this graphene drum, provided in [34], that
confirms the presence of a detachment at the boundary due to a wrinkle.

3.A10. FABRICATION PROCEDURE

The procedure employed for fabricating the devices of the main text is detailed out here
. As shown in Fig. 3.A12(a), the process begins with the preparation of a Si (100) target
substrate containing through holes with diameters ranging from 60 ym to 1000 pm. The
procedure starts with the deposition of a 6 um SiO» layer on both sides of a 100 mm Si
(100) target substrate using plasma-enhanced chemical vapor deposition (CVD). Next, a
layer of positive photo-resist is spin-coated onto the substrate, and optical lithography
combined with reactive ion etching is employed to define and pattern holes on top of
the SiO, layer. Deep reactive ion etching (DRIE) is then carried out until reaching the
underlying SiO; layer. Subsequently, the SiO, is thoroughly removed through wet etch-
ing in a buffered hydrofluoric acid (BHF) solution (1:7 ratio). The fabrication process
is completed with the growth of a 300 nm thermal oxide layer on the wafer using a wet
oxidation technique.

In the next step, as shown in Fig. 3.A12(b), multi-layer graphene is deposited using
chemical vapor deposition (CVD) on a thin-film Mo catalyst. This process begins with
the sputtering of a 50 nm Mo layer onto a 100 mm Si (100) substrate, which is covered by
a 600 nm thermal oxide layer [53]. Subsequent CVD is carried out at a substrate temper-
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ature of 915 °C, utilizingH, /CH,4 gases at flow rates of 1000/25 sccm, respectively, under
a pressure of 25 mbar. The growth process is conducted for 30, 45, 60, and 90 minutes
for different samples, after which the wafer is cooled down within an argon ambient en-
vironment.

The final stage of the fabrication procedure, as depicted in Fig. 3.A12(c), involves
transferring the CVD-grown graphene from the growth substrate to the target substrate
through a wet transfer process. This step begins by immersing the graphene-coated
growth substrate in a 30% hydrogen peroxide solution for 25 minutes, facilitating the de-
tachment of the graphene layer, which then floats atop the hydrogen peroxide solution.
Subsequent rinsing with deionized (DI) water is performed twice to ensure complete re-
moval of residual hydrogen peroxide. To optimize the transfer, a detergent solution (1
drop of Triton X100 in 150 ml of DI water) is introduced to reduce surface tension. The
graphene layer is then picked up using the target substrate, resulting in the formation
of suspended drum structures over the fabricated holes. The samples are subsequently
dried at room temperature for 25 minutes and left under a glass enclosure for 24 hours.

3.A11. SAMPLE CHARACTERIZATION AND AFM MEASUREMENTS

Figure 3.A13: Optical images of the fabricated graphene membranes (devices D1 to D16) on silicon substrate.

Fig. 3.A13 shows all graphene drums we fabricated in this work. Using optical mi-
croscopy the image of each drum is obtained and then numbered as devices D1 to D16.
The diameters of the fabricated drums vary from 60.8 to 1031.5 ym, as summarized in
Table 3.A1. Structural defects such as wrinkles that result from the transfer process can
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Figure 3.A14: (a) Optical image of the edge of graphene membrane on chip A. (b) AFM image corresponding
to the black frame in (a). (c) Height profile along the yellow line shown in (b). (d) Height histogram for both
substrate and graphene membrane measured by AFM, allowing us to extract a thickness of around 10 nm. (e)-
(i) Height histograms for chip B to E respectively.

extend over the membranes, causing an irregular distribution of graphene sheet tension
around its perimeter. Due to the small thickness and high flexibility of graphene, struc-
tural defects can be clearly visible on the defected drums.

Here all devices in Fig.s 3.A13 are fabricated onto 6 Si chips, as numbered from chip A
to F (see Table 3.A1). Assuming that the CVD graphene on each chip is uniform, we
use AFM to measure the membrane thickness for all devices. We scan the selected edge
area of graphene membranes, as shown in the black frame in Fig.s 3.A14(a). The surface
height rises from 16.3 to 23.8 nm, corresponding to a membrane thickness of 7.5 nm
(Fig.s 3.A14(b) and 3.A14(c)). As shown in Fig. 3.A14(d), for chip A, we use the statistics
to plot the height histogram for both substrate (black bars) and membrane (red bars).
Accordingly, we extract a thickness of 10 nm, corresponding to a surface mass density
about 2.267x107° kg/m?. Using this method, we further extract the density of all the
other chips as listed in Table 3.A1.



BIBLIOGRAPHY 87

Table 3.A1: Geometrical parameters of suspended graphene samples.

Chip Thickness(nm) Drum No. Diameter(um)
1 1025.2
A 10.0 2 177.7
3 158.0
4 1028.4
5 1031.5
B 0 6 117.3
7 60.8
8 1019.2
¢ 11.9 9 185.7
10 1011.9
11 519.8
b 13.8 12 171.6
13 158.8
14 186.6
E 11.9 15 182.8
F 11.9 16 496.1
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DYNAMICS OF PRESSURIZED
MEMBRANES

The resonance frequency of ultra-thin layered nanomaterials changes nonlinearly with
the tension induced by the pressure from the surrounding gas. Although the dynamics of
pressurized nanomaterial membranes have been extensively explored, recent experimen-
tal observations show significant deviations from analytical predictions. Here, we present
a multi-mode continuum model that captures the nonlinear pressure-frequency response
of pre-tensioned membranes undergoing large deflections. We validate the model using
experiments conducted on polysilicon nanodrums excited opto-thermally and subjected
to pressure changes in the surrounding medium. We demonstrate that considering the ef-
fect of pressure on the nanodrum tension is not sufficient for determining the resonance
frequencies. In fact, it is essential to also account for the change in the membrane’s shape
in the pressurized configuration, the mid-plane stretching, and the contributions of higher
modes to the mode shapes. Finally, we show how the presented high-frequency mechan-
ical characterization method can serve as a fast and contactless method for determining
Young's modulus of ultra-thin membranes.
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4.1. INTRODUCTION

Owing to their low bulk modulus and outstanding in-plane stiffness, sensors made of
ultra-thin membranes and two-dimensional (2D) materials have recently gained inter-
est for gas [1, 2], pressure [3-5], and biosensing [6] applications. Despite numerous ex-
perimental and theoretical studies [7, 8], probing the elasticity of these membranes has
remained challenging [9, 10], making the development of new methods for their me-
chanical characterization of great importance [11-13].

Atomic force microscopy (AFM) is the most widely used technique for extracting
Young’s modulus of 2D membranes, which is achieved by fitting their nonlinear force-
deflection response [14, 15]. Pressurized blister test [16, 17], electrostatic deflection
method [18-20], and Duffing-type nonlinear response at large amplitude vibrations [11,
13] are other methods used to characterize thin membranes.

Recently, it was also shown that the tension-induced shift in the resonance frequency
of 2D membranes as a function of applied pressure could be used to characterize elas-
tic properties. [21]. In contrast to AFM which requires large indentations to enter the
nonlinear regime for estimating Young’s modulus [22], it was demonstrated that the ge-
ometrically nonlinear regime may be easily reached using this approach by sweeping
the pressure across the membrane. However, it was found that the fit of the pressure-
frequency response, results in estimations of Young’s modulus that are an order of mag-
nitude lower than the well-accepted values in the literature [21, 23]. Therefore, in order
to use this method to characterize suspended ultra-thin materials that undergo large de-
flections, a more comprehensive model is required to describe the underlying physics.

Unlike models commonly used for characterizing pressurized nanodrums [24, 25],
the proposed model accounts for a change in the static equilibrium shape of the vibrat-
ing membrane, mid-plane stretching, and in-plane and out-of-plane mode coupling. By
comparing the model to the Finite Element Method (FEM) simulations of nanodrums
subjected to large deflections, we validate the analytic formulation. Finally, we acquire
the nonlinear pressure-frequency response of polysilicon nanodrums experimentally
and demonstrate that the suggested multi-mode model can be utilized to character-
ize (extract Young’s modulus) from the high-frequency dynamic response of pressurized
ultra-thin membranes.

4.2, THEORY

4.2.1. GOVERNING EQUATIONS

We consider a thin circular drum with a diameter of 2R and thickness i <« R clamped at
the outer edge, as shown in figure4.1(a). The drum is assumed to be made of a homo-
geneous and isotropic material of density p, Young’s modulus E, and Poisson’s ratio v.
The drum is also assumed to be subjected to an axisymmetric tension ny, and the pres-
sure difference alongside it is Ap (see figure 4.1(b, c)). We only account for axisymmetric
vibrations and suppose that the aspect ratio is very small (i.e., /R < 0.001 [26]) such
that the effect of bending rigidity can be discarded, and the motion can be modeled us-
ing membrane theory [27]. The equations of motion for a membrane subjected to large
transverse displacement w, moderate rotations, are the dynamic equivalents of the von
Karmaén equations. In this context, the governing equations of a pre-stressed membrane
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with negligible bending rigidity are [27]:

phiv — ngV2w —div(NVw) = Ap, (4.1a)
phii—div N =0. (4.1b)

where:
N=I[Eh/(1 —1/2)] [(1I-v)e+vtrel],

e=1(Vu+Viu+VweVw). “4-2)

Here, u = [u; v] is the axial displacements; moreover, V2w, Vw and Vu denote the Lapla-
cian of scalar field w, the vector gradient of scalar field w and the tensor gradient of the
vector field u, respectively. divu and div N are the scalar and vector divergences of vector
field u and tensor field N. Finally, Vw ® Vw corresponds to the tensor product between
vectors Vw and Vw. Overdot indicates derivation with respect to time. Considering only
axisymmetric vibrations the following set of equations can be obtained in cylindrical co-
ordinates and in terms of radial (x) and transverse (w) displacements:

phto —noAw — (Eh/(1=v?)) [uyrw, + trw,,

(4.3a)
A+ L w, +vEw e+ G+ 3w )P w ] = Ap,
2
2 ur, u 1-vw,) _
(Eh/(l—v ))[u,,,+7—ﬁ+TT+w,rw,rr]—0, (43b)

where , and ,, denote the first and second derivatives with respect to r.
To write Egs. (4.3a, b) in dimensionless form, we introduce the following set of di-
mensionless variables:
- _ R -
w=7g, U=izu, F=g,

z_ 1 1o AN o R2
t_ﬁ ml‘, Ap—mAp, €

1 Em3 (4.4)

~ 1-v2 ngR%’

This would yield the following non-dimensional form of equation (4.3):

@—Aw—e[a,,rw,r+(1+v)—'w,,+v§w,,,
oy a1 — (4.52)
+(2'r +5(w,) W, | =Ap

Figure 4.1: a) Schematic of the membrane and its cross-sections. b) Side-view of the undeformed membrane,
and c¢) deformed configuration under transverse loading due to pressure difference alongside the membrane.
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_ )
u u l1-v\w
u,,r+—’r ——2+——( 'r) +w,w, =0. (4.5b)
r r 2 r
In order to solve Eqgs. (4.5a, b), we first expand the transverse displacement w and radial
displacement u as follows:

Ny

w(r, ) =) O(r)qe(D), (4.6a)
k=1
Ny

ar, =) ¥,mnpy), (4.6b)
p=1

where g and n7, denote the unknown modal coordinates, and Ny, and N, are the num-
ber of generalized coordinates that will be retained in the analysis. Moreover, ®; and ¥,
are mode shapes associated with the transverse and radial displacements, respectively.
These modes are chosen such that they satisfy the following eigenvalue problems that
originate from the linear counterpart of Egs. (4.5):

r

2 \P: ¥ 2
A<Dk+wk<Dk=0, ‘lj,rr+7_ﬁ+Yp\Pp:O 4.7)

with wy and y, being the transverse and in-plane dimensionless eigenfrequencies, re-
spectively. We note that Egs. (4.7) are Bessel equations, and their solution can be ex-
pressed as:

O (r) =xpJolwgr),  Yp()=ApJ1(ypn). (4.8)

These modes have orthogonality properties and are normalized with respect to the modal
mass, by fixing the values of k¢, A, introduced in Egs. (4.8) and (4.7). They are chosen

such that:
ff @id)de:cS,-j and ff \I’p‘PldS=5p1. (4.9)
S S

where S is the domain of integration. By applying Galerkin technique, namely insert-
ing Egs. (4.8), and Egs. (4.6) in Egs. (4.5), multiplying equation (4.5a) by @4 and equa-
tion (4.5b) by ¥, and then integrating over the entire domain, the nonlinear partial
differential Egs. (4.5a) and (4.5b) reduce to:

. 2 Ny Ny k ' Ny Ny Ny o
G+ @iqr+e Y. Y apmpdi+ed Y ¥ ¢;didjdi = Qk (4.10a)
p=1i=1 i=1j=11=1
, Ny Niw
Ypp— 2 2. b;qid; =0 (4.10b)

i=1j=1

— -1 —
where Q. = Ap [fol @irdr] [fol Dy rdr] is the projection of Ap on the k-th mode of vi-

bration, and the nonlinear modal coefficients a;‘]i, bf’j, and clkj ; are:

- Yo, ®ir
ak. =1 [} ®2rdr]™! [ ©p(¥p @iy +¥p @iy + (1 +v) L

» (4.11a)

¥,0;
+v—’”r"”)rdr,
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by =+ f‘l’zrdr]_lf ¥ ( q),,d),,+(q>,,q>1,) rdr, (4.11b)

k 1 2 1 ((I)i,r(bj,rq)l,r)yr
Czjlz_g[ o CIJkrdr] A @k(®i,r¢j,r®1,r+%)rdr. (4.11c)

In order to find 77, in terms of gy, we rewrite equation (4.10b) as:
bqu,-qj. (4.12)

Inserting equation (4.12) in equation (4.10a) [28] leads to:

Ny Ny Ny
detwiac+ed, Y 3 Tiydidia=Qk, (4.13)

i=1j=11=1

with
N, b? ak
]l pl

l]l z]l+ Z (4.14)

p=

equation (4.13) is a reduced-order model, which accounts for mid-plane stretching and
higher-mode interactions and can be used for investigating nonlinear pressure-frequency
response of nanodrums.

4.2.2. SOLUTION PROCEDURE

Generally, the force vector applied on a membrane can be split into a constant, and a
time-varying part. The constant force leads to a static deflection, and the time-varying
force vibrates the structure around the new configuration. Considering small-amplitude
oscillations around large pressure-induced deflections, it is a decent approximation to
separate the contribution into static (¢;) and dynamic (qk) components as follows [12]:

qx=aq;+q;. (4.15)

This separation (equation (4.15)) allows us to separate equation (4.13) to a static and
dynamic part as well. We can obtain the static deflection due to Qg, and obtain the dy-
namic equations around the statically deflected configuration which we will then use
for obtaining the natural frequencies of the nanodrum in the deformed state and as a
function of the applied pressure, as follows:

Nyw Nw Ny
wqu+£Z Z Zrl]quqjq; ri (416&)
i=1j=1I=1
Nw
Gi +wial+e) ajqf =0, (4.16b)
i=1

where

Ny Ny
= Z Z @rk, +T5,4a}a;. 4.17)
j=1l=1
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In order to solve equation (4.16a) for g;, we use the software package MANLAB. The
software uses the Asymptotic Numerical Method (ANM) [29], a continuation algorithm
based on high-order Taylor series expansions, to solve nonlinear systems of equations.
The ANM continuation method allows for solving nonlinear algebraic equations written
in the form:

FU,A) =0, (4.18)

where F denotes a set of nonlinear algebraic equations, U = [qf, qzs, e qlsvw] is a vector
of unknown coefficients, and 1 is the continuation parameter. The method also requires
the system of equations to be written with quadratic nonlinearities [29]. To perform
continuation, we thus recast the static part of equation (4.16a) to:

N Ny Ny
widired. ) foﬂsjzﬁif—/leZO, (4.19a)
i=1j=11=1

Sj1—4q;q; =0. (4.19b)

By solving equation (4.19) for g;, one can find the shift in resonance frequencies
due to pressure. We note that the fundamental frequency of the pressurized nanodrum
Q, can be obtained by considering the pre-factors of ql‘j in equation (4.16b) which is
denoted with the matrix A, defined as:

Ayy = 028,y +eal. (4.20)

where 6, is the kronecker delta. Diagonalizing the matrix A leads to the modified fre-
quencies and mode shapes of the bulged nanodrum with an initial bulged shape:

[Q%5 0] =P 'AP, 4.21)

u,ve[l,Ny]
where P are the eigenvectors associated with the frequencies Q, for the pressurized
membrane.

4.3. RESULTS

4.3.1. NUMERICAL SIMULATIONS
CONVERGENCE STUDY
As mentioned in the Section 4.2, in order to better capture small-amplitude oscillations
of a pressurized membrane, one must i) linearize the dynamic response around the new
static configuration, ii) account for mid-plane stretching effect, and iii) includes contri-
butions from out-of-plane modes. Thus, to emphasize the significance of these assump-
tions and to facilitate a more accurate comparison of these parameters in a pressurized
configuration versus a flat configuration, in Figs. 4.2, we simulate the effect of pressure
on the static and dynamic in-plane and out-of-plane displacements of a nanodrum with
R=5um, h=20nm, p =2300kg. m~3, E =160 GPa, v = 0.22, ny = 0.3 N/m.

figure 4.2(a) shows that the original flat configuration changes significantly with in-
creasing pressure. This result suggests that when estimating frequency shifts due to pres-
sure, the dynamic governing equation must be obtained around the new bulged shape
(g;, # 0) rather than the flat configuration (g3 = 0). The application of pressure causes
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Figure 4.2: Variation of the static and dynamic displacement fields with pressure. a) Normalized static trans-
verse displacement varying from a flat to a nearly parabolic configuration; b) normalized in-plane displace-
ment showing deviation from linear variation in the radial direction with increasing pressure; c) normalized
mode shape as a function of external pressure obtained from the multi-mode model (wg denotes the dynamic
transverse deflection at the center of the membrane). One must bear in mind that the membrane is flat at
Ap =0 mbar.

a nonlinear in-plane displacement field at high pressures, as depicted in figure 4.2(b).
In addition, figure 4.2(c) illustrates the slight differences in the first mode shape that
emerge due to statically deformed configurations. As we will discuss next, neglecting
these effects could yield wrong estimation of the resonance frequencies of pressurized
ultra-thin membranes.

We also note that the model is obtained in modal coordinates. Nonetheless, the gov-
erning partial differential equations (equation (4.3)) were formulated with in-plane (u)
and out-of-plane (w) displacement fields. Moreover, figure 4.2 depicts the results for u,
w®, and w?, rather than ¢*, and g?. Thus, to retrieve u from the modal equations, one
must use Egs. (4.4), (4.6b), and (4.12) simultaneously as follows:

p

Ny Ny Ny T
un)=—73 3% > ¥p(—4q;d;. (4.22)
p=li=1j=1 Yp

= | T

However, for the out-of-plane deflection, one should note that separation of static and
dynamic modal coordinates results in the separation of static and dynamic transverse
displacements. Using Eqs. (4.15), (4.6a) and (4.4), the transverse displacement can be
then obtained as follows:

w=w'+w?, (4.23)
where:
N
w'=h) O qi, (4.24a)
k=1
N
wl=h) op(rqf. (4.24b)
k=1

In order to highlight the influence of the effects depicted in figure 4.2 on the esti-
mation of the resonance frequencies, we benchmark in figure 4.3(a-c) the fundamen-
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Figure 4.3: Comparison of the proposed model to the FEM result by a) linearizing the dynamic governing
equation about the deformed static configuration rather than flat position; b) increasing the number of in-
plane modes; c) addition of out-of-plane modes.
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tal frequency derived from our model against FEM results. The simulations are per-
formed for the same drum specifications as figure 4.2. In figure 4.3(a), we simulate
the frequency shift where only one single out-of-plane mode is retained in the analy-
sis (N, =0, Ny, = 1). Frequency shifts are found, by linearizing equation (4.16b) around
the undeformed (flat) as well as deformed configuration. The figure confirms our earlier
prediction in figure 4.2(a) that using the equations around the deformed configuration
substantially increases accuracy. When compared to FEM results, the model still has a
maximum error of 9% at 1 bar.

To illustrate the effect of in-plane displacements on the predicted frequencies, we
increase N, from 0 to 4 in figure 4.3(b) while retaining only one out-of-plane generalized
coordinate (N, = 1) in the analysis. It can be seen that including more in-plane modes
in the model results in a more accurate model (the error relative to FEM simulations
decreases to 4% at 1 bar). This confirms the important role of mid-plane stretching when
tracing the fundamental resonance frequency of nanodrums as a function of pressure.

Although the response from this model is already close to the FEM simulations, fig-
ure 4.3(c) shows that the accuracy can be even further improved by including more trans-
verse degrees-of-freedom in the basis functions by increasing N,, in Egs. (4.16). This
finally leads to a negligible difference between simulations based on the present multi-
mode model and FEM results, which highlights a slight contribution of higher order out-
of-plane modes to the estimated resonance frequency [30]. Notably, each of these three
criteria contributes to model convergence, and neglecting them would reduce the ac-
curacy the model. For instance, considering more out-of-plane displacements while
ignoring in-plane displacements would not produce accurate results, as in-plane dis-
placements are always required to account for the mid-plane stretching effect.

SINGLE-TRANSVERSE-MODE APPROXIMATION

Although increasing the number of transverse modes improves model accuracy, it also
increases the complexity of the governing equations, necessitating the employment of
numerical techniques to solve them. However, the model can be analytically solved us-
ing just one transverse mode. Figure 4.3 demonstrates that the single-transverse-mode
approximation is precise enough for tracing the pressure induced resonance frequency
shifts up to 1 bar. Considering only N, =1 and N,, = 4, and converting equations back
to dimensional form using equation (4.4) yields the following equations as a simplified
version of Egs.(4.16):

5.7831ny _, E®(W), .5 16019
qu +1.181 pR4 (ql) = ph AP, (4.25a)
., 5.7831ng _ EOW), g2
d 0 ~d 2~d _
9 + qu +3543W(qf) q1 =0, (425b)

where @(v) is plotted in figure (4.4). Moreover, g; = hq; denotes dimensional static de-
flection at the center of the nanodrum and E]f = hqf is the dimensional dynamic deflec-
tion at the center of the membrane. For this simplified scenario, the nonlinear pressure-
deflection and pressure-frequency relationships are derived analytically by linearizing
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equation(4.25) around the deflected configuration as follows:

no . Eh -3
Ap:Aﬁqf+BF(qf) , (4.262)

2.4048 | ng E _.2
f= SR EJFCW(qf), (4.26b)

where A, B, and C are defined for the current study in table (4.1). It is worth noting that
equation (4.26a) only retains the cubic term in the high pressure regime, hence Ap
(ﬁf)3. By applying the same reasoning, it is possible to demonstrate that equation (4.26b)
results in f o (¢}) and thus f o< Ap!/3.

We finally compare the result of our reduced-order model (equation (4.26)) with an-
alytic models available in the literature, which are often used for the dynamic character-
ization of pressurized nanodrums [24, 25] (see figure 4.5).

In table (4.1) we benchmark this new formulation against the analytic solutions avail-
able in the literature for pressurized nanodrums [24, 25]. Significant discrepancies be-
tween our model and those of Refs. [24, 25] can be attributed to the simplifying assump-
tions lifted in our study, including linearization about flat configuration, absence of mid-
plane stretching, and out-of-plane modal interactions. As demonstrated in figure 4.3, the
first two assumptions have a greater impact on the model’s accuracy than the third one.

4.3.2. EXPERIMENTAL VALIDATION

To verify the applicability of the proposed formulation for the dynamic characteriza-
tion of ultra-thin drums, we measure 33 nm thick polysilicon membranes measured by
Atomic Force Microscopy (AFM), which we transfer over SiO2 substrate cavities, that are
created using reactive ion etching with a depth of 350 nm. The 10 pym-diameter drums
are placed in a vacuum chamber with variable pressure ranging from 50 to 1000 mbar.
We employ a modulated blue laser diode (A = 405 nm) to push the polysilicon nan-
odrums into resonance (figure 4.6a). The suspended nanodrum modulates the intensity
of the reflected red laser (1 = 633 nm), which is collected at a photodiode and analyzed
by a Vector Network Analyser (VNA). Our setup includes a PID controller that monitors
chamber pressure using a vacuum pump and gas supply (nitrogen). figure 4.6(b) depicts
the frequency spectra of a polysilicon drum at different pressures AP = Pgx; — Pcay, Where
Py and Py are the pressure outside and inside the cavity, respectively (see figure 4.1).

Table 4.1: Benchmarking the present model’s parameters against the analytic formulations available in the
literature (See equation 4.26).

Model A B C
2
Ref. [24] 4
3(1-v) 3(1-v)
8 2
Ref. [25]

3(1.026 —0.793v — 0.233v2) 3(1 —vz)
Current Study  3.61 0.737@(v) 0.6120(v)
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Figure 4.4: Function @(v) used in single-transverse-mode analysis (see Egs. (4.26)). The function is evaluated
for finite numbers of Poisson ratios and interpolated with the cubic spline method.
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Figure 4.6: The laser interferometry setup and obtained frequency spectra of polysilicon drums. a) After pass-
ing through the polarized beam splitter (PBS) and the quarter-wave plate (1/4), the red laser is combined with
the blue laser and focused on the drum using a dichroic mirror (DM). The readout is performed by a high-
frequency photodiode (PD), and the output is fed into the Vector Network Analyzer (VNA). The VNA modu-
lates the blue laser that actuates the drum. A PID controller is used to regulate gas pressure inside the vacuum
chamber. b) Frequency spectra (light green) are obtained from the VNA at different pressures. To determine
the fundamental mode’s resonance frequency, a damped harmonic oscillator model is fitted (dark green).

As a result of increased pressure, we observe an apparent tension-induced increase in
the nanodrum’s resonance frequency. To obtain the pressure-frequency response, we
sweep the pressure from 50 to 1000 mbar and fit the resonance peaks with the damped
linear harmonic oscillator model to obtain resonance frequencies at each pressure val-
ues (See figure 4.6(b)). In figure 4.7 (a) we show typical pressure-frequency measurement
data which we fit using our model (E = 155 GPa, ny = 1.6 N/m). In contrast to figure 4.3,
we see a minimum in the pressure-frequency response at Py, = 248 mbar, which corre-
sponds to a flat configuration. In this configuration, the drum’s fundamental frequency
is determined solely by pre-tension. By increasing pressure, the nanodrum deforms stat-
ically, and the resonance frequency varies nonlinearly as f o« vEAp'/3. Knowing this
relation, such pressure-frequency measurements can also be used to determine the nan-
odrum’s Young’s modulus.

To demonstrate the versatility of the method for characterizing Young’s modulus
of ultra-thin membranes, we repeated the same measurements on 13 nanodrums that
were adequately sealed (or the leak rate was low enough relative to the experiment’s
data collection speed) and did not exhibit hysteresis in the pressure-frequency response
when the pressure was swept up and down. From these measurements, we determined
np = 1.1 +0.5N/m for the nanodrums. Figure 4.7(b) depicts the retrieved Young’s mod-
uli histogram. We see that the obtained average value E = 148 + 7 GPa from our tech-
nique is comparable to the literature-reported uni-axial stretching test findings for thin
polysilicon beams [31, 32], further validating the accuracy of our model. We note that
in our experiments, owing to the low aspect ratio of the fabricated devices, the bending
rigidity is very small. The linear stiffness mediated by bending rigidity is proportional to
Kpending = ER®/(12(1 = v*)R?) = 0.02 N/m which compared to the linear stiffness due to
the pre-tension of the nanodrum (Ksresching = 1o = 1.1 N/m) in the flat configuration is
negligible. Therefore, consistent with our modelling approach, the motion of the nan-
odrum is dominated by its tension. One can find more information for how to compute



4.4. DISCUSSION 105

and compare such results in [33, 34].

At high pressures, the damping also rises, which may make it difficult to observe res-
onance peaks. Yet, our experiments demonstrate that even at ambient pressure the os-
cillation is under-damped and the resonance peak is apparent. In addition, as depicted
in figure 4.7a, the membranes reach the nonlinear regime at Ap = 400 mbar, which is
sufficient for characterization purposes.

4.4. DISCUSSION

Employing the pressure-frequency response as a material characterization method has
several advantages over commonly used techniques. Compared to AFM that requires
considerable deflections to estimate Young’s modulus, i.e., the force-deflection curve
should reach a cubic regime [22](F 53, F: tip force, 6: membrane’s center deflec-
tion), pressurization using the surrounding gas requires a lower force for determining
Young’s modulus and distributes the load over the membrane, minimizing the chance
of membrane failure. The method also reaches the nonlinear regime suitable for esti-
mating Young’s modulus with substantially less deflections and stresses, thus making
it a more practical method for characterizing brittle nanomaterials such as polysilicon
(see appendix 4.A1). Furthermore, unlike nonlinear dynamic characterization, which
uses large driving signals to push the membrane into a nonlinear Duffing regime and
requires proper calibration of the vibration amplitude [11], this method is independent
of the vibration amplitude and only measures the resonance frequency as a function of
the applied pressure.

It is worth noting that the low aspect ratio of ultra-thin membranes is an inherent
feature of nanomechanical systems, which accounts for their display of nonlinear dy-
namics even at small amplitudes. In cases where a higher aspect ratio is present, plate
models can be utilized instead of the membrane model proposed in this study. Yet, it
is important to note that the bending rigidity essentially re-scales the linear stiffness of
these systems, and in high-pressure regimes, the nonlinear stretching factors caused by
pressure continue to dominate the Young’s modulus characterization.

Several points should be kept in mind when employing the proposed method for
characterization. First, in an optical detection scheme, the cavity depth has to be opti-
mized so that the photodiode voltage is still linearly related to the motion at high ampli-
tudes [35]. Moreover, gas leakage through the clamped boundaries and poor adhesion
forces between the nanodrum and substrate should be avoided to ensure negligible leak-
age rates and to prevent significant variations of the internal cavity pressure during the
measurement [21, 36, 37]. We note that the present model does not account for morpho-
logical imperfections such as wrinkles [38] and boundary slippage [39], that are proven
to affect the stiffness of 2D material membranes.

Furthermore, when P.,,> 0, the cavity pressure change with the membrane’s static
deflection, and the squeeze film effect [40] may influence the dynamics of pressurized
ultra-thin drums. Although both effects contribute significantly to the tension induced
in the membrane, their cumulative effect on the drum’s frequency shift near 1 bar and
in the high-pressure regime is negligible for our polysilicon nanodrums, keeping the ex-
tracted value of Young’s modulus unchanged. We also note that neglecting the squeeze-
film effect and the bending rigidity of a relatively thick membrane may result in an over-
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Figure 4.7: Experimental result obtained for polysilicon drums. a) Pressure-frequency of a drum in both sweep-
ing up and down of pressure, fitted with our model with E = 155 GPa. b) Histogram of the Young’s moduli
obtained through fitting the experimental data with the average value of 148 GPa, and standard deviation of 7
GPa.

estimation of pre-tension; therefore, accounting for these two effects can enhance the
accuracy of the anticipated pre-tension value which was estimated to be high in our
analysis due to neglecting these effects. As discussed in the appendix 4.A2, by account-
ing for these two effects, the pre-tension value drops from 1.6 N/m to 1.1 N/m.

Other than material characterization, the model developed in this work can be used
for estimating the deflection and resonance frequency shifts of pressurized membranes.
These include 2D material resonant pressure sensors [4], microphones [41], and biosen-
sors [6], where correct estimation of deflection due to surrounding fluid is important for
probing the stiffness of the membrane. Furthermore, the analytical models provided
here are also useful for accurate estimation of the mass-density of 2D membranes [42],
which is often achieved by fitting the resonance frequency curves of the membrane as a
function of pressure with tension and mass-density as the fit parameters.

4.5. CONCLUSION

In summary, attempts to use frequency shifts of pressurized nanodrums for character-
ization purposes were inaccurate previously due to lack of appropriate mathematical
models. To resolve this, a multi-mode continuum model for predicting the dynamics of
ultra-thin pre-tensioned drums subjected to high pressures is presented here. By main-
taining in-plane and out-of-plane membrane deformations, we investigate the pressure-
dependent resonance frequency and mode shapes and illustrate the crucial importance
of mid-plane stretching in the high-pressure regime. We highlight the discrepancies by
comparing the model’s accuracy to previously reported analytical models and FEM sim-
ulations. By fitting the resonance frequency measurements of a series of polysilicon
drums as a function of the applied pressure as determined by laser interferometry, we
demonstrate the model’s validity and applicability for determining Young’s modulus of
ultra-thin nanomaterial membranes using on-resonance high-frequency characteriza-
tion. Since pressurization results in a distributed stress field compared to indentation,
this method could be utilized as an effective toolset for determining the Young’s modulus
of brittle nanomaterials.
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APPENDIX
4.,A1. IDEAL FORCING REGIMES FOR CHARACTERIZATION

In this section, we use FEM simulations to compare the loading required to obtain Young’s
modulus using AFM and our proposed technique. To this end, we perform simulations

for a pre-tensioned membrane (19 = 0.3Nm™!) with a radius of 5um and a thickness of

20nm, composed of polysilicon with Young’s modulus of 160 GPa, density of 2330kg/m3,

and Poisson’s ratio of 0.22. It is important to note that the indentation simulation is car-

ried out assuming a cylindrical indenter with a tip radius of R;;, = 8nm. Furthermore,

we expect that the membrane will adhere to the indentor during the indentation and

that there will be no slippage between the two.

By indenting a pre-tensioned membrane with a sharp tip, a large force is applied
to a small area, resulting in substantial stress in the contact region. As established in
the literature, this problem does not have an analytical solution over the entire range of
indentations; instead, it converges to a linear response at small indentations and a cubic
response at large indentations [43-45]. However, there is a plausible estimate based on
linear and cubic terms for predicting Young’s modulus and pre-tension as follows [46]:

4nE W3

Eh .

5+ 16° (4.A1)
R%(1.05-0.15v —0.16v2)

where 6 is the center deflection. This equation holds, only if the experimental data con-
tains the entire range of indentations, culminating in a cubic stiffness. By plotting the
F -0 response in log-log coordinates and evaluating the response’s slope, one can deter-
mine whether it contains the cubic regime (F o< §°).

As illustrated in figure 4.A1(a, b), the same membrane approaches the cubic regime
at a maximum indentation of 400 nm but reaches the nonlinear pressure-frequency do-
main (f o« Ap'/3) at a maximum pressure difference of 200 mbar, resulting in only about
100 nm of center deflection. If we fit these two sets of data using equation (4.A1) and the
pressure-frequency model established in this study, the fitting values are identical; how-
ever, the maximum stress created in the indented nanodrum is significantly larger (see
figure 4.A1(c, d)). Sharpe et al. [47] collected fracture strength data for polysilicon from
several publications and determined that, depending on the size and testing technique,
fracture strength values range from 1 to 5 GPa. Based on our basic FEM simulation, the
polysilicon drum with the given material and geometrical parameters will fail prior to
reaching the required stress regimes for extracting Young’s modulus via AFM. As a re-
sult, utilizing the pressure-frequency response for extracting Young’s modulus of brittle
nanomaterials such as polysilicon can be more practical than AFM.

4,A2. CAVITY PRESSURE AND THE SQUEEZE FILM EFFECT

As indicated in the main text, deflection of the membrane results in changes in the vol-
ume of the cavity beneath it, which in turn yields a change in gas pressure. The difference
between the external and cavity pressure makes the membrane bulge up/down, leading
to an increase/decrease of cavity volume and decrease/increase of cavity pressure. Thus,
we must include these effects to analyze their importance in determining Young’s mod-
ulus and pre-tension of the membrane.
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Figure 4.A1: Comparison of the minimum loading required for approaching the nonlinear regime for deter-
mining Young’s modulus in AFM, and pressurization. a) Force-indentation curve of the center of a membrane
under indentation, approaching the cubic stiffness necessary for characterization at 400nm; b) variations of
the fundamental frequency while increasing pressure, reaching one-third stiffness necessary for characteriza-
tion at 200 mbar; c) Stress distribution in the membrane shown in subfigure (a), highlighting increased stresses
near the contact area in AFM technique; d) stress distribution in the membrane shown in subfigure (b), high-
lighting more uniformly-distributed stress throughout the membrane.
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Figure 4.A2: Influence of cavity pressure change and squeeze film effect. a) Membrane deflection with (y # 0)
and without (y = 0) cavity pressure change, which exhibits a slight asymmetry around the flat configuration
when pressure variations are considered; b) the pressure-frequency response of a membrane considering cav-
ity pressure change (y # 0) and squeeze film effect (¢ # 0). The simulations are performed for a pre-tensioned
(ng = 1.1Nm™!) with a radius of 5 um and a thickness of 33 nm, composed of polysilicon with Young’s modulus
of 148 GPa, density of 2330kg/m3, and Poisson’s ratio of 0.22.
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Notably, since we are employing single-transverse-mode approximation in this sec-
tion, the equations can be solved analytically. The equations and parameters used in this
section are all in dimensional form.

Using the ideal gas law, we have the following expression:

PeayVh = ( cav 5P) Vs, (4.A2)

where 0 p is the decrease in pressure due membrane buldging. Rewriting equation (4.A2)
in integral form leads to:

2n prR 2n rR
f f Peavgrdrdd = f f (Peav—6p) (g+w(r, 1) rdrdo, (4.A3)
o Jo o Jo

where g represents the cavity depth, and w(r, t) denotes the deflection of the membrane.
Considering axisymmetric deflections, equation (4.A3) yields:

1 R
Engép = (Peav — 5p)f0 w(r, t)rdr. (4.A4)

Employing Bessel-form deflections (equation (8) of the main text), and setting N,, =
1 for the sake of simplicity, one can find:
_ Yqa(
g§+Yqu (0

where y = 0.4318. The total pressure difference is the subtraction of external pressure
from the cavity pressure:

Peay, (4.A5)

Ap:Pcav_ép_Pextz(LN)pcav_pext- (4.A6)
g+trm

Inserting equation (4.A6) in equation (3) of the main text and following the procedure
detailed out in the main text for N, — oo and N, = 1 yields:

2
671"'@%(/71"'&(671)3=ﬁ(g—~zpcav_Pext ’ (4.A7)
(g+va)
where
5, = 24048 L 181(1)(1/) = L6019, (4.A8)
'R ph B RY ’

We can use equation (15) of the main text and obtain the following equation for the static
bulged configuration:

2 3_n4 g
o1 +a(q) = ﬁ(—ﬂz
(g+7a)
By expanding equation (4.A7) using Taylor series (up to first order in 4;) and accounting
for the squeeze film effect, the equation of motion then becomes [48]:

Peay — Pext |- (4.A9)

i+ @t +3a () +¢| af =0, (4.A10)
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where

{= ————=Pcay, (4.A11)

represents the increased stiffness due to the squeeze film effect. Thus, adding these two
effects to equation (26) of the main text, leads to:

_ 8 no Eh, .3

(g " Mf) Peay— Pext = 3.61ﬁqf +0.737@(v) F(qf) , (4.A12a)
2.4048 E 2v B o2

f= i) +0.612a)(v)—2(¢7f]2 ¥ &Jcav (4.A12D)
2nR ph PR (g+7/67f)

where 4; is the static deflection at the center of the membrane. By solving Egs. (4.A9) and
(4.A10), we may derive the pressure-frequency response of a pressurized pre-tensioned
membrane while accounting for cavity pressure change and squeeze film effect. As can
be observed (see Egs. (4.A9) and (4.A11)), both of these effects are significantly mitigated
when the cavity pressure is low, which is also more favorable. Additionally, both phe-
nomena result in asymmetric behavior around the flat configuration, meaning that for a
given |A p|, the deflection and hence the resonance frequency will be different, as shown
in figure 4.A2. However, this asymmetry is negligible. At least for the studied case, fig-
ure 4.A2 illustrates that combining both phenomena does not significantly modify the
response of our experiments at high pressures. This negligible difference will also di-
minish significantly if we maintain a low cavity pressure.

In contrast, ignoring squeeze-film effect at low pressures, results in an overestima-
tion of the pre-tension in the membrane. The membrane’s bending rigidity, which is not
accounted for in our model, is another parameter that can influence the pre-tension es-
timation for thicker membranes (h/R = 0.001). For instance, the predicted pre-tension
value (np = 1.6 N/m) extracted from the fitting procedure for the sample shown in figure
5(a) of the main text, might be inaccurate owing to the aforementioned physical phe-
nomena. The main contributions to this difference could be the added stiffness due to
squeeze film effect and the bending rigidity that are not accounted for in the model. If
we include the squeeze film effect, pre-tension reduces to ny = 1.2 N/m (see Eqgs. (4.A12).
If we also account for the effects of bending rigidity on the pressure-frequency response
at the minimum point (Ap = 0) (see Ref. [49]), we find a membrane tension value of
no=1.15N/m.
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CONCLUSION AND OUTLOOK

This chapter summarizes the dissertation’s important findings and key results. Follow-
ing that, future research directions are explored, beginning with an investigation of edge
wrinkling in ultra-thin suspended membranes under external pressure. Subsequently, the
investigation expands to look into the impact of inter-layer shear in multilayered mem-
branes. Furthermore, the theoretical modeling of folds in 2D materials and its conse-
quences for nonlinear mechanics are discussed. Then, the importance of interactions with
the environment and the commonly disregarded effects of thermodynamics in the me-
chanical response of ultra-thin membranes are highlighted. The chapter finishes with a
look at theoretical approaches for tuning geometric nonlinearity in ultra-thin membranes
and other small-scale structures, including optimization techniques and machine learn-
ing algorithms.
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5.1. CONCLUDING REMARKS

This dissertation investigated the nonlinear mechanics that govern the behavior of ultra-
thin suspended membranes. We performed in-depth studies utilizing continuum me-
chanics (CM) theory and molecular dynamics (MD) simulations. Chapter 1 laid the
framework for studying nonlinear mechanics of membranes, identifying sources of non-
linearity, and introducing the approaches used throughout the dissertation. Chapters 2
and 3 challenged the commonly held assumptions of flatness and uniform pre-tension
in ultra-thin membranes and discussed the role of wrinkles and non-uniform stress on
the nonlinear mechanics and dynamics of ultra-thin membranes. Then, in Chapter 4,
we investigated the effect of pressure on the resonance behavior of these membranes.

NONLINEAR MECHANICS OF WRINKLED MEMBRANES

In Chapter 2, we investigated the complicated relationship between wrinkles and the
mechanical behaviour of graphene membranes using MD simulations. We created wrin-
kle patterns utilizing two different sources: pre-strain and atomic defects. Under biax-
ial loading, these wrinkled membranes demonstrated subtle stress-strain behavior, with
two linear regions separated by an apparent transition. Notably, the sharpness of this
transition differed with the origin of the wrinkle: more pronounced for wrinkles result-
ing from unequal stresses at their edges, and smoother for those generated by crystal
defects.

To fully comprehend the observed stress-strain anomaly we developed a practical
phenomenological model based on empirically measurable parameters. This model ac-
curately quantifies the impact of wrinkles on thin membrane mechanics and is validated
by fitting to MD-simulated nonlinear responses from various membranes. Our model
demonstrates that the sharpness of the transition in the stress-strain profile is a valid
predictor of wrinkle type. This approach not only improves our fundamental under-
standing of the complex mechanical behavior of wrinkled membranes, but it also gives
a practical method for quantifying and categorizing wrinkle effects based on the sharp-
ness of observed transitions in the stress-strain response.

QUANTIFYING STRESS DISTRIBUTION IN SUSPENDED MEMBRANES
In Chapter 3, the widely accepted assumption of uniform pre-stress in the mechanical
modeling of ultra-thin drum membranes was investigated. Our focus was on suspended
drums made from 2D materials, which have great potential for sensing applications.
Non-uniform stress distributions frequently hinder industrialization of these ultra-thin
devices due to inherent device-to-device variability in the manufacturing process. In or-
der to study this issue, a theoretical method was developed to extract stress distribution
from the mode shapes and frequencies of a membrane. To check the applicability of the
method, experimental mode shapes of ultra-thin graphene membranes were utilized.
Our methodology entailed a thorough examination of the experimentally obtained
mode shapes and frequencies from these large graphene drums. A Féppl-von Karman
plate model is used to obtain the governing equations. We derived static deformations
and stress distributions based on mode shapes and frequency using an iterative tech-
nique utilizing governing equations. Notably, our findings called into question the va-
lidity of the uniform pre-stress assumption, highlighting the need for caution when ap-
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plying this assumption to mechanical models of ultra-thin membranes.

PRESSURE EFFECTS ON RESONANCE FREQUENCY OF SUSPENDED MEMBRANES
In Chapter 4, we analyzed the dynamics of pressurized ultra-thin membranes. To ad-
dress this issue, we established a predictive model for pressure-frequency responses
based on three fundamental assumptions: recognizing the impact of statically deformed
configurations on stiffness, acknowledging the importance of midplane stretching with
increasing pressure, and incorporating changes in mode shapes during static deforma-
tion. Using this model, we examined experimental pressure-frequency data from polysil-
icon drums to determine their Young’s modulus. Notably, the obtained Young’s modulus
values were consistent with published literature, demonstrating the robustness of our
predictive approach.

This chapter presented a multi-mode continuum model intended to capture the non-
linear pressure-frequency response of pre-tensioned membranes under large deflections
(w/h > 1, where w denotes center deflection and i shows the membrane thickness).
Validation from experiments on polysilicon nanodrums subjected to opto-thermal exci-
tation and pressure variations called into question conventional theories on pressurized
nanomaterial membranes. The findings highlighted the necessity of measuring not just
pressure-induced changes in nanodrum tension, but also changes in membrane static
shape, mid-plane stretching, and the contributions of higher modes. Overall, Chapter 4
presented a high-frequency mechanical characterization method that offers a rapid and
non-contact approach for determining Young’s modulus in ultra-thin membranes.

5.2. PROSPECTIVE RESEARCH

The primary purpose of this thesis is to investigate the inherent complexities with non-
linear mechanics in ultra-thin suspended membranes. To that end, we examined a wide
range of field-related challenges, resulting in the development of suitable analytical tech-
niques. Throughout the four-year Ph.D. program, a number of other intriguing topics
associated with nonlinear mechanics analysis were identified, too. The following discus-
sion will expand on these selected subjects, outlining their significance and proposing
new avenues for future research.

EDGE WRINKLING
Compressive stresses are the most prevalent root of buckling, especially when the entire
structure is compressed uniformly. As a result, it is commonly believed that structures
under tension do not exhibit buckling behavior. However, localized compressive strains
can cause localized buckling or wrinkling even in tensioned membranes. Edge wrin-
kling is particularly notable in this respect, as it can be seen even in membranes under
uniform stress. This behavior arises when a sufficiently large out-of-plane force, such as
pressure from a gas or liquid, acts in the presence of inadequate in-plane tension, induc-
ing azimuthal compressive stress along the edge and resulting in local buckling or edge
wrinkling [1].

This observation caught our attention when proposing a model for the dynamics
of pressurized membranes, which focused on modeling the effect of pressure on mem-
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Figure 5.1: Pressure-frequency response of a sealed graphene membrane and corresponding FEM fitting. As
illustrated, the fundamental mode shape transitions to a local mode when the pressure difference is zero Ap =
0. The membrane under investigation has a radius of R = 2.5 ym and a thickness of & = 7.6 nm. The FEM
fitting is obtained using Young’s modulus of E = 350 GPa and a uniform compression of ng = —0.71 N-m. The
inset shows the Raman mapping of the sealed drum with subtly apparent edge wrinkles [2].

brane resonance frequency. Our initial attempts on modelling relied on experimental
data from sealed graphene membranes, aimed at preventing gas leakage [2]. Despite
AFM data suggesting flatness, the emergence of edge wrinkles under external pressure,
as revealed by Raman spectroscopy images, underscored the need for further investiga-
tion [2]. As an initial step, a trial-and-error fitting process was conducted using the finite
element method (FEM) to simulate the fundamental resonance of pressurized mem-
branes under uniform tension or compression. While this method yielded satisfactory
results for the studied drum (See figure 5.1), challenges persisted. Experimentation with
FEM simulations revealed that under high compression and initial buckling, the funda-
mental mode shape could change shape, with vibrations around the edge of the mem-
brane rather than the whole surface of the membrane.

Despite these preliminary efforts to understand the impact of edge wrinkling, addi-
tional controlled experiments should be conducted to offer sufficient evidence for vali-
dation of future potential theoretical research. To allow the model described in chapter
4 to predict edge wrinkling as well, one must drop the assumption of only retaining ax-
isymmetric mode shapes and include asymmetric mode shapes as well.

INTER-LAYER SHEAR FORCES

Traditional membrane and plate models, which rely on the assumption of continuity,
encounter deviations in the context of multi-layer 2D materials. Generally, few-layer 2D
materials are treated as homogeneous solid membranes, assuming that the layers are
bonded together without sliding. However, it is important to note that these layers are
bonded with weak van der Waals forces. These interactions are nonlinear and anhar-
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Figure 5.2: Schematic outlining the experimental method for straining the graphene membrane.

monic, rendering the modeling of few-layer 2D materials as homogeneous solids prone
to errors.

Recent studies have provided new insights into the influence of inter-layer shear
on the mechanical properties of layered structures. Inter-layer shear effects have been
shown to induce changes in bending rigidity and alter bending mechanisms, challeng-
ing traditional continuum models [3]. Furthermore, the impact of inter-layer shear on
damping mechanisms has received attention, with studies investigating sliding motion
between layers during deformation, leading to energy dissipation and inherent damp-
ing capacity in the material [4-6]. However, the proposed models are empirical fits to
the physics and need more investigation.

MD simulations offer a powerful approach to investigating the effects of inter-layer
shear on the damping mechanism and bending rigidity of structures. One of the main
advantages of MD simulations in addressing these challenges is their ability to manip-
ulate inter-layer shear strength through the use of the Lennard-Jones potential between
layers. By adjusting the number of layers and van der Waals interaction strength, it be-
comes feasible to validate whether the observed bending rigidity or dissipation observed
in experiments are genuine and not influenced by other factors. Moreover, MD simula-
tions enable the verification and examination of the widely-assumed friction-like slip-
ping mechanism between layers, providing valuable insights for developing continuum-
based models of layered membranes. Additionally, simulations involving bi- or multi-
layer graphene membranes with varying inter-layer bonding strengths can be conducted
to explore these effects, akin to simulations carried out in Chapter 5.

NONLINEAR MECHANICS OF FOLDS IN THE LIQUID-SOLID INTERACCE
The presence of folds, whether unintended or engineered, in 2D material membranes
can significantly alter their mechanical behavior. Theoretical studies have suggested
that surface corrugations such as folds may enhance the bending rigidity of membranes;
however, rigorous experimental validation is still needed [7, 8]. An intriguing avenue
of research could involve quantifying the increase in bending rigidity of a cantilever
made of folded graphene. Exciting the cantilever and measuring its resonance frequency
could enable the determination of the bending rigidity of the folded graphene cantilever
and estimation of the extent of this enhancement using a simple continuum mechanics
model.

Recent efforts have developed an experimental procedure for inducing wrinkles and
folds in graphene membranes, providing a valuable opportunity to investigate the non-
linear mechanics of folds through experiments. In this method, graphene grown via
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Figure 5.3: Normalized frequency-response of graphene membrane resonators under various forcing ampli-
tudes. The decrease in peak amplitude indicates nonlinear damping forces due to the coupling with a Nosé-
Hoover thermostat. Here, Q2 and wq denote the excitation frequency and fundamental resonance frequency,
respectively, while f denotes the non-dimensionalized excitation force amplitude.

chemical vapor deposition (CVD) on a copper foil is immersed in a solution of water and
copper etchant. Subsequently, the edges of the graphene membrane are affixed to large
lipid layers, which are then attached to rigid barriers on the opposite side. By adjust-
ing the positions of these barriers, compression strains can be induced in the graphene
membrane. A schematic of the experimental setup is illustrated in Figure 5.2.

An alternative to conducting experiments is to simulate the same setup using molec-
ular dynamics (MD) simulations. One can create a network of folds in a 2D material
membrane [9] and then excite the structure and study the resonance frequency shifts
due to increase of bending rigidity resulting from the creation of the fold network com-
pared to a flat membrane.

NONLINEAR DAMPING DUE TO HEAT BATH INTERACTIONS

Energy dissipation in 2D material membranes can stem from both internal and exter-
nal sources. While 2D resonators exhibit low dissipation at low temperatures [10, 11],
their low-quality factors at room temperature [12, 13] remain unexplained. Nonlinear,
amplitude-dependent dissipation is also not well understood [14], with various sources
identified, including anelasticity [15], Akheizer relaxation [16, 17], intermodal interac-
tions [18, 19], and environmental coupling [20]. These multiple origins complicate ef-
forts to isolate and understand each contribution. As a result, a theoretical approach
combining physical concepts, modeling, and simulations is essential. Studies on non-
linear damping in 2D materials [11] have shown that interactions with a heat bath may
significantly influence amplitude-dependent damping. A microscopic perspective can
offer further insight into how this coupling contributes to nonlinear dissipation.

In the course of this PhD studies, MD simulations were performed to study the damp-
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Figure 5.4: Nonlinear characteristics of damping induced by coupling with a heat bath. Damping surface ¢ as
a function of g and g, illustrating higher-order damping behaviors.

ing behavior of an ultra-thin membrane when coupled to a Nosé-Hoover thermostat, of-
ten used to model heat baths in simulations. The results indicated nonlinear dissipation,
evident from the frequency response curves that show a decrease in peak amplitude with
increasing forcing amplitude, as shown in Fig. 5.3.

While MD simulations provide insights into these nonlinear effects, the Nosé-Hoover
thermostat alone does not fully capture the complexities of membrane-substrate inter-
actions. To simplify the analysis and validate the observed nonlinear damping, a theoret-
ical model based on a single degree of freedom Nosé-Hoover oscillator was developed.
The governing equations for the membrane-heat bath system are derived using energy
conservation, leading to the following equations of motion:

Mettdf + Megté G + k1 G + k3 G° = Fercos(Q1), (5.1a)
.2 (1 . 3
&= M Emeffqz - ENkaoo , (5.1b)

where megf, Fefr, and the constants ki, k3 are defined as before. These equations describe
the interaction between the membrane and the thermostat and capture the essential
dynamics responsible for nonlinear damping.

To determine the damping coefficient ¢ as a function of g and g, we simulate the
Nosé-Hoover membrane model by integrating Egs. (5.1) over time. A linear chirp is used
to vary the excitation frequency and analyze the system’s response. The results, plotted
as ¢ versus g and ¢, reveal a 3D surface showing amplitude- and velocity-dependent
damping (Fig. 5.4).

Fitting the surface of ¢ as a function of g and g, this system can be approximated by
the following equation of motion for the membrane, incorporating the nonlinear damp-
ing terms:

G+E01G+E10°G+E03G° +Ea,1G" G+ g+ aq® = Fepcos (Q1). (5.2)
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To assess the realism of the Nosé-Hoover thermostat in modeling this interaction,
it is worth noting that the model is idealized. A more accurate representation would
involve graphene membranes coupled to a silicon substrate, where the substrate is ther-
mostatted and the membrane vibrates in an NVE ensemble while interacting with the
substrate through van der Waals forces. This would offer a more realistic approximation
of heat bath interactions and provide further insights into the role of substrate coupling
in nonlinear damping. However, these results reveal the value of theoretical methods
such as molecular dynamics and continuum mechanics in unraveling the mechanisms
of nonlinear damping, which could inform future studies aiming to resolve this complex
phenomenon.

TUNING OF GEOMETRIC NONLINEARITY

The fast activation of geometric nonlinearities under piconewton forces in 2D material
membranes emphasizes the necessity of method to control, nullify or enhance mechancial
nonlinearities. Although current methods for controlling nonlinearity primarily involve
using external nonlinear forces like electrostatic loading, our numerical simulations in
previous chapters emphasize the significant influence of geometric parameters and ten-
sion on geometric nonlinearity. This suggests the potential for controlling the nonlin-
earity of 2D materials through geometric design.

While existing literature often focuses on analytical models based on standard ge-
ometries (e.g., circles, squares, ovals) for slender devices, the effectiveness of these mod-
els varies depending on the underlying geometry. As such, there is a need to develop
tools capable of effectively handling intricate geometries.

Although the utilization of commercial Finite Element packages in conjunction with
established shape or topology optimization algorithms may initially seem like a viable
solution, the substantial computational costs associated with nonlinear dynamic simu-
lations and optimization techniques pose significant challenges. To address these chal-
lenges, reduced-order modeling techniques based on Finite Element Analysis (FEA), such
as the STiffness Evaluation Procedure (STEP) method [21], offer a promising approach
by reducing the number of degrees of freedom involved.

To illustrate this approach, efforts have been made to develop a method for accu-
rately modifying the nonlinear stiffness of circular ultra-thin membranes by intention-
ally introducing circular holes. By employing the STEP method for reduced-order mod-
eling and utilizing the particle swarm optimization (PSO) algorithm, the nonlinear stiff-
ness of the device was adjusted. Figure 5.5 outlines the study’s structure, with a detailed
flowchart available in [22]. The algorithm begins by generating N distinct membrane
configurations with random numbers of holes at varying locations and with different
radii. Subsequently, the STEP method reduces each membrane structure to a mass-
spring system consisting of linear and nonlinear springs. The nonlinear stiffness associ-
ated with each membrane configuration is then evaluated to determine whether an op-
timum within predefined constraints has been achieved. If not, the algorithm iteratively
generates new configurations based on previous ones until the optimum is reached.
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Figure 5.5: Flowchart depicting the combined PSO-STEP algorithm for tuning nonlinear stiffness. The ap-
proach involves initializing PSO variables, generating multiple membrane configurations, simplifying the full
membrane model into a mass-spring model, calculating the nonlinear stiffness for each configuration, and

subsequently assessing whether the best solution meeting all predefined criteria has been obtained. This iter-
ative process continues until the optimal solution is achieved.
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