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Propagation Properties of Annular Beam Array for
Uplink Satellite Links

Muhsin Caner Gokge

Abstract—The spatial diversity and beam shaping are key
approaches to mitigating the effects of atmospheric turbulence
on laser beam propagation through free space. This study
investigates the propagation characteristics of an annular beam
array in atmospheric turbulence for uplink satellite links using
the extended Huygens—Fresnel principle and the Rytov method.
Analytical derivations are presented for various optical param-
eters, including received intensity, kurtosis parameter, beam
footprint size, Strehl ratio, beam wander, scintillation index, and
bit error rate (BER), to evaluate the beam performance under
turbulence conditions. The findings indicate that converting a
Gaussian beam into an annular shape enhances performance,
with further improvements observed as the number of beams
increases.

Index Terms—Atmospheric turbulence, beam shaping, beam
size, intensity, kurtosis, optical wave propagation, spatial diver-
sity, Strehl ratio.

I. INTRODUCTION

REE-SPACE optical communication provides high-

bandwidth, unlicensed wireless connectivity with cost
advantages over traditional radio frequency (RF) solutions.
However, practical deployment faces significant challenges
from atmospheric conditions. Particularly, weather-induced
scattering (rain, fog, and snow) and turbulence effects can
dramatically reduce link reliability and performance. These
systems can be categorized based on their transmission range,
spanning from short-distance interchip connections to inter-
vehicular, interbuilding, ground-to-satellite, intersatellite, and
even interplanetary communications with relay links [1]. In
laser-satellite communication systems, uplink transmissions
are particularly vulnerable to significant performance degra-
dation caused by atmospheric turbulence [2]. Although both
uplink and downlink are influenced by turbulence, the uplink
is more severely affected due to increased beam distortion and
pointing errors. This is because the optical signal encounters
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the turbulent atmosphere immediately after it leaves the trans-
mitter. Thus, the turbulence effects play a critical role in uplink
communication. Fortunately, positioning the ground station at
a higher altitude can help to reduce the effects of turbulence
to some extent [3].

The atmospheric turbulence results from fluctuations in the
refractive index over space and time, producing eddies of var-
ious sizes. These eddies, acting like randomly varying lenses,
range from the inner-to-outer scale of turbulence, distorting
the optical wavefront and impairing the beam’s propagation
characteristics, causing beam spread, beam wander, and scintil-
lation [4]. To mitigate the influence of atmospheric turbulence
on wave propagation, this study investigates mitigation tech-
niques such as beam shaping and spatial diversity methods.
Beam shaping is an efficient technique for controlling the
spatial profile of a laser beam, specifically its intensity or
phase, to enhance the propagation performance. This approach
helps to mitigate the effects of atmospheric turbulence, enables
greater power transmission to the receiver, improves signal
quality, and extends the communication range. The conversion
of Gaussian beams into annular or annular array shapes can be
realized through optical components, including axicon lenses,
annular apertures, phase plates, diffractive optical elements,
holograms, and cylindrical lenses [5], [6], [7]. In addition,
using multiple laser sources at the transmitter, positioned at
distances greater than the atmospheric coherence length or tur-
bulence correlation width, provides spatial diversity, increasing
the transmitted power and reducing the impact of atmospheric
turbulence on the optical beam [8], [9], [10]. Adaptive optics
offers an alternative solution for turbulence mitigation in
uplink laser communications [11], [12]. While this method
improves performance, it depends on accurate atmospheric
turbulence data and requires costly implementation. Our study
instead focuses on passive mitigation approaches.

Vetelino and Andrews [13] analyzed the propagation of
an annular beam through horizontal atmospheric turbulence.
They modeled the annular beam as the difference of two
collimated Gaussian beams having different beam waist sizes.
They derived expressions for the intensity and scintillation
index, showing that the annular beam exhibits a lower scin-
tillation index than a standard Gaussian beam. Vetelino and
Morgan [14] also examined the intensity profile and beam
spot size of higher order annular beams propagating through
turbulent conditions. Their findings revealed that increasing
turbulence strength causes the central dark region of annular
beams to gradually fill in. In addition, they observed that
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higher order modes demonstrate greater resilience to turbu-
lence effects compared to their lower order counterparts. In
a separate study, Xiao and Voelz [15] employed wave optics
simulations to study annular beam intensity and scintillation
index in turbulence, validating their findings against theoretical
models.

Two key studies have examined the propagation properties
of partially coherent decentered annular beams along inclined
paths. Dou et al. [16] analytically determined peak inten-
sity positions by identifying critical points in the intensity
distribution function. Building on this foundation, Li and
Ji [17] further quantified propagation parameters, includ-
ing beamwidth, skewness, and kurtosis for these beams in
non-Kolmogorov turbulent media. In addition, two further
significant studies have investigated the propagation behavior
of annular beams [18], [19]. The first study analyzed the
scintillation properties of annular beams propagating through
the atmospheric turbulence along a slanted path and com-
pared them with those of flat-topped beams [18]. The second
study focused on the scintillation characteristics of annular
beams in both downlink and uplink scenarios, revealing that
the scintillation index is higher for the uplink than for the
downlink [19]. Scintillation analysis for annular beam propa-
gation has also been conducted under both non-Kolmogorov
weak turbulence conditions [20] and Kolmogorov turbulence
environments [21].

The propagation characteristics of annular beams have been
explored from several perspectives in the literature. Gercek-
cioglu [22] analyzed the bit error rate (BER) performance of
annular beams for low-Earth orbit (LEO) and geostationary
(GEO) satellite communication links under weak atmospheric
turbulence, and later extended this work to evaluate com-
munication between an aerial vehicle and a satellite under
strong turbulence conditions [23]. Beam wander effects were
examined in [24], while the beam spot size and the received
power of high-order annular beams were investigated in [25]
and [26], respectively. In addition, Zhang et al. [27] studied
the self-focusing behavior of annular laser beams propagat-
ing through the atmosphere to enhance the efficiency of
high-energy laser transmission from space to ground. The
propagation of spatially diverted beams in turbulent atmo-
sphere has also been reported in the current literature [28],
[29], [30].

The literature further indicates that superior performance
enhancements are attainable through the integration of mul-
tiple turbulence mitigation techniques. This is effectively
illustrated in the work of Elsayed [31], where the joint appli-
cation of orbital angular momentum, spatial diversity, dense
wavelength division multiplexing, and advanced modulation
formats resulted in improved performance for free-space opti-
cal communication systems. Furthermore, Sayan et al. [32],
[33] investigated the scintillation index of Hermite—Gaussian
and multimode laser beams in the context of vertical laser-
satellite communication links. The scintillation index of a
spherical wave for both downlink and uplink under non-
Kolmogorov turbulence at large zenith angles has been
reported in [34] and [35]. The impact of atmospheric tur-
bulence on the wandering of a Gaussian beam in an uplink
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scenario has been investigated, comparing both Kolmogorov
and non-Kolmogorov models [36].

In this article, we analytically derive mathematical models
based on the Huygens—Fresnel principle to study key optical
parameters, including receiver intensity, kurtosis parameter,
effective beam spot radius, Strehl ratio, beam wander, scintilla-
tion index, and BER for an annular beam array propagating in
uplink laser-satellite communications. The analysis allows the
annular beam array to be simplified into special cases, such as
a Gaussian beam array, a single annular beam, or a single
Gaussian beam, enabling a comparative evaluation of their
propagation performance through these optical metrics. The
developed models account for beam diffraction, atmospheric
turbulence, transmit diversity, and beam shaping. In addition,
numerical results are provided to validate our derived models.
As far as we know, no existing studies have examined the
propagation characteristics of annular beam arrays in uplink
laser-satellite communications. This article will serve as the
foundation for an optical communication system that utilizes
beam shaping and spatial diversity, designed to function in
both weak and strong atmospheric turbulence conditions.

The structure of this article is organized as follows.
Section II introduces the proposed lasers and the laser com-
munication system model, along with the formulation of its
propagation characteristics. Section III presents the numerical
results, and Section IV concludes this article.

II. FORMULATION

A. System Model

We consider an optical system model for ground-to-satellite
uplink communication, where the transmitter consists of mul-
tiple annular laser sources. These sources are equally spaced
on a ring with a radius of ry. The optical field distribution of
the annular beam array at the transmitter is obtained with the
aid of the expression in [4]

N
1
(9= Y e |55
n=1 20’51

=2ry (sx cos 0, + sy sin 6, — 0.5r0)] }
1
— Ay exp {—W [s,zc + sf

52

=2ry (sx cos @, + sysinf, — 0.5r0)] %

-2ry (Sx cos @, + sysinf, — %)] %

(D

where the coordinates s = (s, sy) define the transmitter spatial
plane and N is the number of annular beams. A; is the field
amplitude of the outer beam (primary) in V/m, with ay; as its
source size. ry is the ring radius, 8, = 2x(n — 1)/N, A, is the
field amplitude of the inner beam (secondary) in V/m, and o,
is the source size of the inner beam, A,; can be either A; or
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Fig. 1. Normalized intensity distribution of the proposed source model. (a) Annular beam array with N = 5. (b) Gaussian beam array with N =5 and A; = 0.
(c) Single annular beam with N = 1 and rp = 0. (d) Single Gaussian beam with N = 1, A, = 0, and ry = 0. Equal laser source sizes are used here for

demonstration purposes.

—A,, and ag, can be either ay or ay. In (1), the annular
beam field is created by subtracting two Gaussian beams
that have different source sizes. In addition, the amplitudes
of the Gaussian beams can be adjusted to produce various
beam shapes. It should be noted that our annular beam array
model can be simplified to a Gaussian beam array by setting
the secondary field amplitude A, = 0. By choosing the ring
radius rp = 0 and N = 1, it can also be reduced to a single
annular beam. Furthermore, the model can be reduced to a
single Gaussian beam by setting ro = 0, N = 1, and A, = 0.
The normalized intensity distribution of our model at the
transmitter is shown as u(s) u*(s) in Fig. 1.

The proposed laser source model is used at the ground-based
transmitter in a laser-satellite communication system. The laser
beam propagates through the atmospheric turbulence along a
slant path and reaches the LEO satellite plane. During prop-
agation, turbulence cells distort the laser wavefront, causing
the light to deviate from its initial direction and leading to
the wavefront deformation. This deformation, in turn, alters
key optical properties of the beam, such as beam spread,
wander, and scintillation. The turbulence in the boundary layer
of the atmosphere (0-2 km), also known as the surface layer,
is the most influential for optical wave propagation, where
strong winds, temperature differences i.e., thermal gradients,
cause wavefront distortions that can affect the quality of
communication. The layer between 2 and 20 km contributes
to beam wander due to higher wind speeds and jet streams.
Above 20 km, turbulence has little effect on the optical beam,
though diffraction continues until the beam reaches the satellite
plane. The model of the uplink optical communication system
is illustrated in Fig. 2.

B. Huygens—Fresnel Principle

The optical field at the receiver plane can be described using
the Huygens—Fresnel principle as follows [4]:

w(p.L) = kexp (sz) /[ ®)

—00 —00

ik
X exp % [(sx P+ (sy— Py)z]}
x exp ¢ (s,p)] ds. dsy (2)

where p = (py, py) represents the spatial coordinates of the
receiver plane, L is the propagation distance, k = 2rr/A is the
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Fig. 2. Ground-to-satellite uplink laser communication system model.

wavenumber, A is the wavelength, i = V-1 denotes the imag-
inary unit, and ¢(-) is the random part of the complex phase
of a spherical wave representing the atmospheric turbulence.

C. Receiver Optical Intensity

The receiver optical intensity of an annular beam array by
the Huygens—Fresnel principle can be found as follows [37]:

I(p, L)) =Culp,Lyu" (p,L))

00 00 00

Zuw////”””Q)

—00 —00 —00 —0

Jjk
X exp [ (Isi = p* = Is2 - pl )]
x (exp [ (s1. p)] exp [¢” (52, p)]) d*s1 d%s2  (3)

where the ensemble average term in the second line of (4) is
given by [37]

1
(exp [ (s1,p)] exp [¥* (52, p)]) = exp |:—§D (si, sz)i| 4)
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where D(sy,s;) is the wave structure function defined by the
transverse coordinates of the source, and the approximate form
is defined by [37]

2
D(s1,%2) = —(s1 - $2)° (5)
Po

where pg represents the coherence length of a spherical wave
traveling along a slant atmospheric path. Substituting (1) into
(3) and evaluating the integral using the formula from [38,
eq. (3.323.2)], we obtain the analytical expression for the
optical intensity at the receiver plane as follows:

1 : SR AnAm
(Ip.z=1)= (E) 7200 T

n=1 m=1nl=1mli=1 172
xep_r%(l N 1)+ s }
xpl--( — + — 0
L 2 a?nl a%ml 4[%6!?”11
X ex [_ u (P2 +p3})
p i 41%L2 px py
X ex [ roik (Px €08, + pysinb,,)
p _ZI%Q/EML Px m py m
[ 1
XEXp |5 (W%x + W%y)] (6)
| 41y
where
2o 1 ik . 1 1
2 = L
23, 2L p5  Bpg
2 1 ik n 1
2o 4 — -
2a§ml 2L p%
rocos6, ikp, 1rycosb, ikp,
Wiy = - — 1+ —
! a,%nl L t%a'%mlp% tng(z)
rosind, ikpy,  rpsin6, ikp,
Wiy = -t — .
! a?nl L t%a,?m lp (2) I%Lp %

D. Coherence Length Based on the Hufnagel-Valley (H-V)
Method

Vertical profile of the structure constant according to H-V
is given by [39], [40]

2 _ K 2 _5,\10 _ h
Ch () = 0.00594 (5 ) (10h) exp( —1000)

h
2.7 x 107'° -_—
+ 2D e ( 1500)

h
+ C,zlO exp (_ﬁ) @)

where C,%(h) is the structure constant which depends on vertical
height h, w represents the root mean square (rms) wind speed,
measured in m/s, and Cﬁo denotes the structure constant at
ground level in m~/3. The relationship between the vertical
and slant paths is given by & = ncos({), where ¢ is the zenith
angle and 7 is the distance parameter along the propagation
axis. Inserting this relation into (7), we can obtain the slant
path structure constant.

1969

Finally, the coherence length of the spherical wave passing
through the slant atmospheric turbulence is expressed by [41],
[42]

L -3/5

po = | 1.457k* / C2 () dn . (8)
0

By substituting (8) into the integral in (8) and performing the
integration over the entire propagation path, we obtain (9)

L
/ C2(n) dn
0

w2 o
=0.00594 (=) (107 cos¢ / r]loexp(
(57) | ),

L
27 % 1 —‘6/ _neos¢
+ x 10 A exp( 1500 dn

L
2 ncosd

— d

JrC,,O/O exp( 100 ) n

2
= 0.00594 (%) 1075 cos? ¢
10! - 103 Lcos(
cosl0/ 1000 /) ~—
N 4050 x 10716 | Lcos{
cosl P 1500
100C?, Lcos{
— M1 - — . 9
- cos{ [ exp( 100 )] 2
It is important to highlight that (9) represents the corrected
version, derived from [42, eq. (10)], which contains a typo-
graphical error. The corrected formulation is given in (9) in
this article. We have added cos({) to the denominator of
both the second and third terms in [42, eq. (10)]. It is also
important to note that a closed-form expression is required

to numerically evaluate the beam wander given in (19); this
necessity motivated the derivation of (9) in this study.

ncos{ d
1000 )"

10 10! ™. 1033—3;71]

m!  coslO-m/

E. Kurtosis Parameter

In this article, the kurtosis parameter is employed to analyze
the behavior of optical beam propagation in atmospheric
turbulence. It provides valuable insight into how the beam’s
shape deviates from a Gaussian distribution. A Gaussian beam
maintains a kurtosis value of 3, signifying a mesokurtic distri-
bution. When the kurtosis exceeds 3 (indicating a leptokurtic
distribution), the distribution of the beam’s tails becomes
narrower, resulting in a sharper peak and intensity suppression.
On the other hand, when the kurtosis falls below 3 (indicating
a platykurtic distribution), the tails broaden, leading to an
increased spatial spread of the beam compared with a Gaussian
distribution.

The kurtosis parameter of the annular beam array along the
py direction is expressed as follows [43], [44]:

(10)
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where (p*) is the fourth-order intensity moment and (p?) is
the second-order intensity moment and (p’) is given by

[ [ P (p.z=L))dp.dp,
(Ph) = ===

, r=2,4 an

/[ dPp.z=L))dp.dp,

where the denominator represents the total optical power at the
receiver plane. It is essential to highlight that K, is obtained
by substituting the coordinate parameter p, of the receiving
plane with p,, while K, is determined as K,, = \/K,K,. By
inserting the intensity expression from (6) into the numerator
of (11) and solving the integral, we obtain

/ f Py {I(p,z=L))dp.dp,

1 2 N M 2 2 1
_ 3
() PLE X X Andmis
n=1 m=1 nl=1ml=1 172
o 2

o 1 n 1 n 5
exp|l—-—=|——+— ——
Pl 2\, T, ) Tt

[ 1 rocos6,  rycosb, ) :|
X exp | — +

2 2
t .smlpO

( asnl
rosin@, rysin6,,
a,2 + t2a2 2
snl 2% 5n1Po

Ci+C\ o iC
xexp | —2 |7 Zi)"H,( )‘) 12
p ic ( e (12)

X exp

where
K2 1 &2 1)\’
==+ —==5|l-5= 13
4217 41 L2 ( tgpg) (13)
roik 1 (rgcosB, rocosb,
55 COSOn— 55 2 2
2t avmlL 2tl asnl t vm1p0
ik 1
. (1 - ﬂ) (14)
L 5P
roik . 1 (rosinf, rogsin0,
Cy:—202 51n9m——2(0 5 + 20 )
2’t2 vmlL 2’[1 asnl t un]pO
ik 1
x = (1 - ﬂ) : (15)
L 5P

It is worth noting that the total power at the receiver plane,
given by the denominator of (11), can be obtained from (12)
by setting r = 0 in the equation. In addition, to calculate the
numerator of (11), we utilized the following integral formula
we derived:

/Xne_px +qxdx — 64” \/_[7 2 (2[) Hn (2\/’) (16)

where H,(.) denotes the Hermite polynomial of order n.
One may also apply the formula from [38, eq. (3.462.2)]
to evaluate the integral given in (12) without involving the
Hermite polynomial.
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F. Effective Beam Spot Radius

Determining the footprint of a propagating beam for uplink
communication is crucial, as it provides an estimate of the
optical power received at the detector and aids in beam
alignment. The mean squared beamwidth (02) of the annular
beam array is given by [4], [44]

2 [ [ pP2(p.z=L)dp.dpy
2 —00 —00

o= =2 {p)
J [ {d(p.z=D)dp.dp,

—00 —00

A7)

where o, represents the effective beam spot radius along the
p» axis. Here, we note that the beam spot radius o, is given by
the square root of twice the second-order intensity moment,
expressed as +/2(p2), where the analytical solution can be
derived from the expression in (12).

G. Strehl Ratio

The Strehl ratio is a measure of the quality of an optical
beam used in laser-satellite communications. It is defined as
the ratio of the maximum optical intensity in the presence
of turbulence to the maximum intensity in a turbulence-free
environment. A Strehl ratio of 1 indicates that there is no
impact from turbulence on the optical beam, while a ratio
approaching 0 suggests that turbulence has significantly dis-
torted the beam, leading to substantial intensity attenuation due
to atmospheric turbulence. In a laser-satellite communication
system, an optical beam with a higher Strehl ratio is better
for enhancing the quality of communication. In this study,
we will evaluate and compare the Strehl ratios of the annular
beam array, laser beam array, single annular beam, and single
Gaussian beam. Rather than using the standard definition of
the Strehl ratio, we will determine it based on the ratio of the
square of beam size in a turbulence-free environment to the
square of beam size under turbulent conditions, given by [11],
[45]

2
0-x7f s

Strehl Ratio = 5

(18)

Ox
Here, o f, denotes the beam spot radius along the p, axis
in the absence of turbulence. Note that during propagation,
the annular beam array displays multiple maxima and min-
ima. Identifying the maxima requires further mathematical
expressions, which are not discussed in this article. Instead,
we adopt the square of beam spot radius ratio definition from
(18) for simplicity, avoiding complex mathematical derivations
to determine the beam’s maximum point.

H. Beam Wander

The analytical expression for beam wander under varying
turbulence conditions, including weak, moderate, and strong
turbulence, is given as follows [46], [47]:

( = 4k’ o? fs / / k®, (x, z)exp[ )zc(Z)]

2,201 _ 2
glp[ukdd (19)

2
kzva
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where k denotes the spatial frequency and ®,,(«) represents the
power spectrum of atmospheric turbulence, which is consid-
ered to follow the Kolmogorov spectrum in this study, i.e.,

®, (k,z) = 0.033 C* (7)) k73, (20)

Based on the Kolmogorov spectrum in (20), the slant path
structure constant in (9), and the analytically derived beam
spot size in (17), the beam wander for the slant path is
numerically evaluated and presented in the Section III.

1. Scintillation Index

Scintillation, also referred to as signal fading, is an essential
parameter in optical communication systems that degrades link
performance operating in atmospheric turbulence. It represents
fluctuations in the received signal intensity and is measured
using the scintillation index. Under weak turbulence condi-
tions, and using the Rytov method, the scintillation index for
a laser beam propagating a distance L from a ground-based
transmitter to a satellite can be expressed as follows [48], [49]:

L ) 2r
m* (p, L) = 41 / / / dnkdx d, ® (x, 1)
0 0 0

X {H (px, py’K5 ¢K? 77)
+Re[H (o Pys ks B 1)

H" (px» Dys Ks G, Tl)
H (pr. py. =k, m) ]} 21

where ¢, denotes the angular orientation of spatial frequency,
Re denotes the real part, and H(:) denotes the fluctuation of
the complex amplitude induced by turbulence, relative to the
turbulence-free field, and is expressed through the following
integral:

K* exp [ik (L — )]
2n(L-mu,(p,z=1L)

[ ikp®
_Z(L——r]):| / /dp'xdply“r (Plx,Ply,Z = )7)

—00 —00

x exp {ik [ p1x cos (d,) + piy sin (¢0)]}

ik o
(. + PP = 2p.Pix — 2PoP1s 22
Si-n (Pl + Ply = 2Pap) pypl,\):| (22)

H (pv Ky Dics 77) =

X exp

X exp

where u,(pix, p1y.z = 1) is the turbulence-free field. By
employing (1) and applying the Huygens—Fresnel integral from
(2) with the turbulence term excluded, the receiver optical field
of the annular beam array under turbulence-free conditions is
expressed as follows:

k kL
uy (Pl,L) eXp (l ) Z ZAnl 2

n=1 nl=1 lfs

B 2 2
T T
X exp U —0]

2
26stl 4t1f€ snl

< exp| —p? K2 ik ikrg cos 6,
xp | ~Pii\ 7275 = 57 | ~ Py
i 4, L2 2L 263, La,,
i K2 ik ikrg sin 6,
2 0 n
xexp|-pi, | ———— - — —_— 23
P I Py (4;% e ZL) Poop fYLa/mlj| (23)

1971

where t%fs =1/ (2a§nl) — ik/(2L). Substituting (22) into (21)
and evaluating the integral over p;, and pi,, the closed-form
expression for H(-) is obtained as follows:

k3 exp (ikL)
47r277(L ) u(p,z =1L)

ik (p% + p;
xexp|: 2(L-1n) ]ZZ ”1t2 t2

n=1 nl=1 Ifs"H

2 2

T, T WH + wy,

X exp (—20;’ + 0 _ 4 X o )) (24)
snl 1fs snl H

H (p1, pys K 1) =

where tH = k2/4t1 Sn — ik/2n — ik/2(L — 1), Wy, =
—ikrycos 6, /2tlfs77aml + ik cos(¢y) — ik/(L — n)py, and wy, =
—ikry sin 6, /2t1 fsna/ml + ik sin(¢,) — ik/(L — 17)py. Substituting
(24) and the von Karmén spectrum into (21) and evaluating
the integral over ¢, and « yields the solution
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where kg = 27/Ly, and Ly, the outer scale of turbulence, is set
to 100 m in this study for numerical calculations, in order to

(25)
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approach the Kolmogorov regime, t%fsm =1/2a?,,) —ik/(2n),
tlzqm = k2/4t%fxmr]2 —ik/2n — ik/2(L — ), U(") is the Tricomi’s
confluent hypergeometric function, 6 = 1/4[1/t + 1/(t%,)*].

& = 1/4(1/t5 + 1/t,), B= /el + 3, B =
¢y = krgcos 6, /4tf1tffsnozfnl + kro cos 0,,/4(13,,) (3 fsm)*nafml,
¢y = ko sin0,/415,17 1, + krosin 6, /4(13,) (8 1) 1%,
kro cos 6,/ 4t3t7 ;s = kro cos O /413, 1 110 s
and ¢4 = krysin6, Ml%ﬂ%fﬂ“?m — krysin 9’”/4t%lmt%fsmna?ml'
Because 0k} < 1 in Tricomi’s function, an approximation
can be applied to accelerate the numerical calculation.

It should be noted that the derived scintillation index m
in (25) reduces to the Gaussian-beam scintillation index in
the appropriate limiting case. The results in this limit are
consistent with those shown in [4, Fig. 12.12] (see the on-
axis scintillation index of the tracked beam).

2 2
¢5 + ¢, and

C3 =

2

J. Bit Error Rate

The performance of a laser-satellite communication system,
influenced by atmospheric scintillation, turbulence-affected
intensity, and other system parameters, is quantified using the
BER, which serves as the ultimate indicator for system perfor-
mance. The unconditional BER performance of a laser-satellite
communication system employing pulse-position modulation
(PPM) is statistically determined and bounded by [9]

T
MO Wil

2r ; e (Wd)
where M, is the modulation order and [wj]JT=1 are the weight

of the jth-order Hermite polynomials, Q(x) = 0.5erfc(x/ V2),
where erfc(:) is the complementary error function

PY < (26)

W, = exp {2 V2 [ln (m2 + 1)]0'5 xj—In (m2 + 1)

AU (L) T,
+21n %)} 27)
2 2
Wy = Fu W05 & (Mgﬁ + 2F, K, (28)

where m? denotes the scintillation index, as given in (25),
[x j]jll are zeros for the jth-order Hermite polynomials, 7, is
quantum efficiency of the photodetector, (/(L)) is the average
intensity, as given in (6), Ty = Tylog,(M)/M, T, = 1/R;,
R), being the data bit rate of the laser-satellite communica-
tion link, 7 is Planck’s constant, ¢ is the speed of light,
F = 2 + ¢Mp is the noise factor of the APD, ¢ is the
APD ionization factor, Mp is the average current gain of
the APD, o-zTh = 2KpT . T,/R, is the equivalent noise count
during a PPM slot, Kg is Boltzmann’s constant, 7, is the
receiver temperature in degrees Kelvin, R, is the APD load
resistance, ¢ = 1.6 x 107" coulombs is the electron charge,
and K, = n,APggT,/(fic) is the average photon count in the
PPM slot because of the background power radiation Pg,. For
the numerical calculations, we set Pg, = 0.1 xI(L), where I(L)
represents the optical intensity in the absence of turbulence.
Note that PPM encodes information in the timing of pulses
and is widely employed in laser-satellite communication due
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TABLE I
SIMULATION PARAMETERS

Symbol  Definition Value

A Wavelength 1550 nm
C2, Ground-level structure constant 1 x 1074 m~2/3
w Wind speed 21 m/s
¢ Zenith angle 30°

L Propagation distance 701 km
g1 Primary source size 20 cm
Qg2 Secondary source size 10 cm
Ay Primary beam amplitude 1 V/im
Ay Secondary beam amplitude 1 V/im
70 Ring radius 80 cm
N Number of laser beams 3

to its superior energy efficiency compared to alternative modu-
lation schemes. Accordingly, it has been adopted in the present
study.

III. NUMERICAL RESULTS

A. Numerical Results for the Strehl Ratio, Beam Spot
Radius, Kurtosis Parameter, and Beam Wander

This section provides numerical results for the derived for-
mulations of the annular beam array, including the Strehl ratio,
beam spot radius, kurtosis parameter, and rms beam wander.
Using our mathematical model, we compare the propagation
of an array with annular beams to that of Gaussian beams, as
well as single annular and single Gaussian beams. For a single
laser N = 1, the ring radius ry is set to ry = 0, indicating that
the laser is positioned on the axis. When the secondary field
amplitude vanishes (A, = 0), the beam profile in (1) converts
from an annular beam to a Gaussian beam. For Figs. 3—14, A;
is set to 1. The propagation characteristic of the Gaussian laser
is shown in the figures as a benchmark. All system parameters
are set to the values provided in Table I, unless otherwise
stated in the figure captions or within the figures.

Fig. 3 demonstrates the intensity distributions of the pro-
posed model at propagation distances of L = 0 (at the source),
100, and 701 km for: (a) annular beam array, (b) Gaussian
beam array, (c) single annular beam, and (d) single Gaussian
beam. The figure illustrates how the intensity profiles evolve
with propagation. As the distance increases, the spacing within
the annular beam array diminishes, and the annular shape
gradually transforms into a Gaussian profile: the central hole
disappears, and the annular array resembles a Gaussian array
at L = 100 km. At the satellite distance (L = 701 km), all beam
types converge to a Gaussian distribution. At L = 100 km, the
intensity distribution of the single annular beam resembles a
Gaussian profile.

In Fig. 4, we show the Strehl ratio as a function of
propagation distance for various beam shapes, including the
annular beam array, Gaussian beam array, single annular beam,
and single Gaussian beam. It is seen that as the propagation
distance increases, the Strehl ratio decreases for all beam
shapes. When comparing different beam configurations at a
fixed distance, the annular beam array maintains the highest
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Strehl ratio, followed by the Gaussian beam array, the single
annular beam, and finally the single Gaussian beam, which
exhibits the poorest performance. Similarly, in Fig. 5, we
illustrate the dependence of the Strehl ratio on propagation
distance for an annular beam array with different secondary
field amplitudes A,. It is noteworthy that a higher secondary
field amplitude A, leads to an improvement in the Strehl ratio.

Fig. 6 examines the effect of both the number of annular
lasers N and the ring radius rg on Strehl ratio performance. The
results indicate that as the number of annular lasers in the array
increases, the Strehl ratio decreases. For a fixed N, increasing
the ring radius improves the Strehl ratio. In addition, beyond
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Fig. 5. Strehl ratio of an annular beam array versus propagation distance L
obtained for various secondary field amplitudes A (V/m).

a certain number of annular lasers, the Strehl ratio reaches a
saturation point, which is more pronounced for smaller ring
radii. This behavior occurs because fewer annular lasers are
needed to completely fill a ring with a smaller radius. Once
the ring is fully occupied by annular lasers, further increases
in N no longer influence the Strehl ratio performance.

Fig. 7 illustrates the Strehl ratio versus the zenith angle for
various beam shapes, including the annular beam array, Gaus-
sian beam array, single annular beam, and single Gaussian
beam. As illustrated in the figure, the Strehl ratio decreases
with increasing zenith angle. Among different beam types,
the annular beam array exhibits the highest Strehl ratio
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performance. Because the selected inner source size ay; is
20 cm, the resulting Strehl ratio values are quite low. However,
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for zenith angles between —30° and 30°, the Strehl ratio for
an annular beam array with N = 3 remains above 0.15, which
is tolerable for laser-satellite communication.
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The dependence of the effective beam spot radius on
propagation distance is illustrated in Fig. 8 for various beam
shapes: the annular beam array, Gaussian beam array, single
annular beam, and single Gaussian beam. As expected, the
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beam footprint expands with propagation distance in all cases.
The annular beam array N = 3 produces the largest footprint
at a fixed distance, while the Gaussian beam array, single
annular beam, and single Gaussian beam follow in descending
order of size. Here, we note that the satellite’s altitude, A, is
determined using the equation & = Lcos({°). For L = 701 km
and ¢ = 30° (yielding » =~ 607 km), the beam spot radius
expands to roughly 3.5 m, leading to a total beam footprint
of approximately 7 m for all beam shape configurations.
Similarly, Fig. 9 presents the effective beam spot radius of an
annular beam array as a function of propagation distance for
different secondary field amplitudes A,. The results indicate
that, for a given propagation distance, the beam spot radius
enlarges as the secondary field amplitude A, increases.

In Fig. 10, the effective beam spot radius versus the number
of annular beams N is illustrated for various ring radius values
ro. As observed from Fig. 10, as the number of annular lasers
increases, the effective beam spot radius initially decreases,
eventually reaching saturation. The saturation of the effective
beam spot radius occurs earlier for a beam array with a shorter
ring radius compared with those with a longer ring radius. This
behavior arises because a ring with a shorter radius requires
fewer annular lasers to be positioned. For a constant N, as the
ring radius ry increases, the beam spot radius also increases
as expected. It is important to note that when saturation in
the beam spot radius occurs, it indicates that a single large
annular beam is formed at the transmitter, with a radius of r.
This happens because we completely fill the ring with laser
sources, creating an appearance similar to an annular shape.

Fig. 11 presents the evolution of the kurtosis parameter as
a function of propagation distance for various beam configu-
rations, including annular beam array, Gaussian beam array,
single annular beam, and single Gaussian beam. A kurtosis
value of K, = 3 corresponds to a Gaussian (Mesokurtic)
distribution. The Gaussian beam consistently maintains this
value during propagation, making it a suitable reference
for comparison. From Fig. 11, we observe the behavior of
the proposed laser beams. When the kurtosis falls below 3
(Platykurtic), the beam’s distribution exhibits broader tails
than a Gaussian. Conversely, a kurtosis above 3 (Leptokurtic)
indicates narrower tails compared to the Gaussian distribution.
In Fig. 11, we observe that as the propagation distance
increases, the kurtosis of annular beam, Gaussian beam array,
and the annular beam array increase and approach to the
Gaussian distribution. This behavior is expected because,
after a sufficiently long propagation distance, a laser beam
will evolve into a Gaussian beam distribution, regardless of
its initial profile [50], [51]. This phenomenon can also be
interpreted through the central limit theorem [4].

Fig. 12 examines the evolution of the kurtosis parameter for
a single annular beam as a function of propagation distance,
under conditions where the secondary field amplitude is uni-
formly increased. The results demonstrate that increasing the
secondary field amplitude leads to a narrowing of the beam’s
tail, eventually exceeding the Gaussian kurtosis reference (i.e.,
K, = 3) at the transmitter, as shown by the orange dashed
curve. At a propagation distance of L = 701 km, only the annu-
lar beam configuration with A, = 1 maintains a kurtosis value
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above 3, indicating a narrower tail than the Gaussian beam.
Other field amplitudes yield K, < 3, corresponding to broader
tails compared with the Gaussian distribution. The figure
demonstrates that for propagation distances under L = 100 km,
the kurtosis of the single annular beam depends strictly on the
A, parameter and propagation. During propagation, the beam’s
tails evolve due to the combined effects of turbulence and
diffraction. As detailed in the inset, the beam with A, = 2.5
initially exhibits narrower tails than the Gaussian beam but
broadens by L = 100 km. Conversely, the beam with A, = 2
begins with wider tails and maintains this greater width
throughout. The beam with A, = 1, however, shows a more
complex evolution: starting with wider tails, it converges to
nearly match the Gaussian profile at L = 100 km and is
projected to become narrower beyond this point. Note that
the Gaussian beam maintains a kurtosis value of 3 throughout
propagation, which is a mathematical property of the Gaussian
(normal) distribution and serves as a benchmark for other beam
types. A kurtosis value of 3 physically reflects that the shape
of the tails of the intensity distribution of a Gaussian laser
beam under turbulent propagation follows a Gaussian (normal)
profile. This occurs because the beam’s intensity results from
the cumulative effect of turbulence along the propagation path,
which, according to the central limit theorem, naturally leads
to a Gaussian distribution with kurtosis 3.

In Fig. 13, we plot the beam wander versus the prop-
agation distance for various beam configurations, including
annular beam array, Gaussian beam array, single annular
beam, and single Gaussian beam. Beam wander refers to
the undesired deviation of a beam from its diffraction-limited
spot position (i.e., the turbulence-free case). As propagation
distance increases, all beams experience stronger turbulence
effects, leading to increased beam wander. However, both the
Gaussian beam array and annular beam array demonstrate
superior beam wander resistance compared with their single-
beam counterparts. At a fixed propagation distance L, the
annular beam array exhibits slightly better performance than
the Gaussian beam array, which in turn outperforms the single
annular beam. The single Gaussian beam shows the weakest
beam wander resistance among all configurations.

Fig. 14 illustrates the dependence of beam wander on the
ground-level structure constant for different ring radii at a
propagation distance of L = 701 km. As seen in the figure,
beam wander increases with a higher ground-level structure
constant, while a larger ring radius ry helps to reduce the beam
wander.

B. Numerical Results for the Scintillation Index and BER

This section presents numerical results for the derived for-
mulations, focusing on the scintillation index and BER under
weak atmospheric turbulence. Since the source size given in
Table I of Section III-A corresponds to the strong turbulence
regime, we instead use relatively smaller annular laser source
sizes to remain in the weak turbulence regime. Accordingly,
simulations are performed for the primary and secondary
source sizes of @g; = 5 cm and a, = 4.5 cm, with a ring radius
of rp = 8 cm. Furthermore, unless specified otherwise in the
figures, the BER analysis of the laser-satellite link with annular
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TABLE I
PPM LASER-SATELLITE LINK PARAMETERS

Symbol Definition Value
Ngq Quantum efficiency 0.6
Ry Data bit rate 10 Gbps
S APD ionization factor 0.028
Mp APD current gain 80
Te Receiver temperature 300°K
Ry, APD load resistance 50 Q
M, Modulation order 32
A Primary beam amplitude 0.1 V/im
As Secondary beam amplitude 0.1 V/m
0.07 -
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Fig. 15. Scintillation index versus propagation distance L obtained for various
beam shapes.

lasers was carried out using the PPM parameters provided in
Table II. To validate the scintillation index expression derived
in (25), we reduce our formulation to the single annular beam
case and observed close agreement with the numerical results
reported in [22].

Fig. 15 shows that the scintillation index decreases as the
propagation distance increases, which is consistent with the
findings reported in [22]. At shorter distances, the Gaussian
beam exhibits the lowest scintillation index, followed by the
single annular beam, the laser array beam, and finally, the
annular beam array, which shows the highest scintillation
index. However, beyond a propagation distance of L = 300 km,
this trend reverses: the annular beam array yields the lowest
scintillation index, followed by the Gaussian beam array, the
single annular beam, and finally the Gaussian beam, which
exhibits the highest scintillation index.

Fig. 16 illustrates the scintillation index versus the number
of annular beams, with N = 1 being the single annular beam
case, where the laser is located at the center (ry = 0). As
the number of annular beams increases, the scintillation index
decreases up to N = 3, beyond which further increases have
little effect. In addition, increasing the ring radius further
reduces the scintillation.

Fig. 17 presents the logarithm of the BER versus propa-
gation distance for different values of N. The PPM-related
parameters are listed in Table II. As shown in the figure,
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the BER increases with increasing propagation distance, as
expected. This behavior is physically explained by the decrease
in intensity at the detector with distance, while the scintillation

1977

index remains nearly constant, leading to a significant rise in
BER. As the number of annular beams in the array increases,
delivering more power to the receiver, BER decreases.

Fig. 18 presents the logarithm of BER versus the number
of annular beams N for different modulation orders M,. As
shown, increasing the number of annular beams delivers more
power to the receiver, thereby reducing BER. In contrast,
higher modulation orders lead to increased BER, since using
more time slots per symbol lowers the effective signal-to-noise
ratio per slot, making the system more susceptible to noise and
atmospheric turbulence, and consequently resulting in higher
error rates.

IV. CONCLUSION

This study presents an analytical derivation of the propaga-
tion characteristics of our novel optical beam model, which can
be adapted to various beam configurations, including annular
beam array, Gaussian beam array, single annular beam, and
single Gaussian beam, for uplink laser-satellite communica-
tions. The key propagation properties examined for this model
include received optical intensity, kurtosis parameter, beam
footprint radius, Strehl ratio, and beam wander. A comparative
analysis of different optical beams is conducted based on these
performance metrics. To analytically evaluate the coherence
length required for the Huygens—Fresnel principle, we employ
the H-V model, which characterizes the vertical profile of the
refractive index structure constant C2(17). For the analytical
determination of the beam footprint radius, we utilize Carter’s
definition of beam spot size, based on the 1 /e intensity cri-
terion for Gaussian beams (i.e., the Gaussian beam waist wy).
Furthermore, we adopt an alternative definition of the Strehl
ratio to account for the unique propagation characteristics
of multiple annular beams. Unlike the conventional approach
that compares peak intensities (the ratio of maximum optical
intensity with turbulence to the turbulence-free case), we
instead define the Strehl ratio as the ratio of the squares of the
beam spot radius in free space to that in turbulent conditions.
This modified definition is necessary because the propagation
of multiple annular beams produces several intensity maxima,
making the traditional intensity-based Strehl ratio calculation
less meaningful for our beam configurations.

In the study, we observed that increasing both the secondary
field amplitude and the ring radius leads to a higher Strehl
ratio. However, extending the propagation distance results in
a degradation of the Strehl ratio. In addition, as the number
of beams in the array increases, the Strehl ratio shows a
slight decline before reaching a saturation point. Among
all the beams compared, the annular beam array exhibits
the highest performance, whereas the single Gaussian beam
demonstrates the lowest performance in terms of Strehl ratio.
Moreover, increasing the propagation distance, the secondary
field amplitude, and the ring radius leads to an enlargement of
the beam spot radius at the receiver. Conversely, as the number
of beams in the ring increases, the effective beam spot radius
experiences a slight decrease.

In this analysis, we measure a kurtosis of 3, verifying
the beam’s Gaussian (mesokurtic) distribution. The Gaussian
beam consistently preserves this value throughout propagation,
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making it an appropriate benchmark for comparison. The
kurtosis values of beam arrays, whether annular or Gaussian,
remain below 3, indicating heavier tails compared with a stan-
dard Gaussian distribution. However, the single annular beam
exhibits variations in its tail during propagation, becoming
alternately wider and narrower compared with the Gaussian
beam. In addition, the secondary field amplitude significantly
influences the kurtosis value.

Our investigation additionally characterized the beam wan-
der phenomenon exhibited by the proposed optical model
under turbulent atmospheric conditions in uplink satellite laser
communications. It is found that an increase in the propagation
distance and ground-level structure constant causes an increase
in the beam wander. However, an increase in the ring radius
results in a reduction in the beam wander. The beam wander
analysis reveals a clear performance hierarchy: the annular
beam array demonstrates superior performance with minimal
wander, followed by the Gaussian beam array in second
position. The single annular beam ranks third, while the
conventional Gaussian beam exhibits the most pronounced
wander effects among all tested configurations. The beam
array demonstrates a clear advantage in minimizing beam
wander.

Finally, we presented the scintillation index and BER
performance of the proposed laser source model employing
PPM. The results show that the annular beam array yields
the lowest scintillation index at propagation distances beyond
300 km. Moreover, increasing the number of beams, which
delivers more power to the receiver, reduces BER, while
higher modulation orders and longer propagation distances
lead to an increase in BER. It should be noted that we did
not compare the BER of the annular beam array with that of
the Gaussian beam or the Gaussian beam array, since a fair
comparison requires equalizing the transmitted power, which
may be considered in future work.

This study makes significant contributions to understanding
how beam shaping techniques and spatial diversity enhance the
propagation performance of transmitted laser beams in uplink
satellite communication systems. We believe that the analyses
of intensity distribution, Strehl ratio, beam spot radius, kur-
tosis parameter, beam wander, and scintillation index offer a
comprehensive understanding of beam propagation behavior
in laser-satellite systems. Moreover, the inclusion of the BER
analysis provides valuable insight into how optical wave
parameters affect the overall communication performance.
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