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Chapter 7

Parameter estimation and
uncertainty quantification in
turbulence modeling

Richard P. Dwight® and Heng Xiao®
aAerodynamics, TU Delft, Delft, Netherlands, bAerospace Engineering, University of Stuttgart,
Stuttgart, Germany

7.1 Introduction and motivation

We introduce parameter estimation and uncertainty quantification (UQ) in the
modeling of turbulent flows. The practice of “modeling” is characterized by the
acceptance of imperfection, as summarized by the famous quote:

All models are wrong, some are useful.
George Box (1976)

making the point that we can not expect from a model that it predicts exactly
a real physical system in all circumstances — that would necessitate a complete
and unsimplified representation of reality — rather that it encapsulates the dom-
inant effects of the real system, under the circumstances we care about, and
ultimately allows us to reason about the world, and design complex devices
with confidence. In Computational Science and Engineering (CSE) our models
general consist of PDEs, with associated boundary- and initial-conditions, con-
stitutive laws, and physical- and model parameters. No element of this complex
mathematical system is a perfect representation of reality. In UQ our goal is to
characterize the difference between the model, and the real system it models.
This difference can never be known exactly; we aim to express it using proba-
bility.

7.1.1 Turbulence closure modeling

In this chapter we are concerned with the uncertainty due to the modeling of
turbulence — so we will first say a few words about the character of turbulence

' To underline the point: Navier-Stokes itself is a continuum model of particle dynamics, and it is
an increasing poor model in the high Knudsen number limit.

Data Driven Analysis and Modeling of Turbulent Flows. https://doi.org/10.1016/B978-0-32-395043-5.00013-9 265
Copyright © 2025 Elsevier Inc. All rights are reserved, including those for text and data mining, Al training, and similar technologies.


https://doi.org/10.1016/B978-0-32-395043-5.00013-9

266 Data Driven Analysis and Modeling of Turbulent Flows

models: Turbulence is a multi-scale phenomenon, whereby generally only the
statistics (temporal or ensemble averages) of turbulence are relevant for engi-
neering applications. Reynolds-averaged Navier-Stokes (RANS) is a framework
that predicts the desired statistics directly, without resolving any turbulent ed-
dies. It does this by solving an averaged Navier-Stokes equation for the averaged
velocity field U, and deriving additional transport PDEs for higher-order tur-
bulence statistics (often turbulence kinetic energy k, and dissipation rate ¢).
These additional PDEs contain terms which are calibrated to match empiri-
cal observations. As such the models represent a combination of physical law
(mass-, momentum, energy-conservation) which should be respected exactly,
and approximate empirical modeling. By solving only for flow-statistics RANS
is computationally tractable, at high-Reynolds numbers, for complex geome-
tries, and within design loops; making it the dominant method for predicting
turbulent fluids in engineering. However due to the aggressive nature of the
approximations made, RANS can make very inaccurate predictions under the
wrong circumstances.

Most RANS (a.k.a. closure) models involve several free parameters, rang-
ing from a few to a dozen, which need to be calibrated using experimental data
or scale-resolving simulations,” in order to match the model to reality. Classi-
cally, such parameters have been calibrated via by-hand tuning or optimization,
against canonical flows, representing simple, fundamental turbulence behavior.
The procedure results in a set of deterministic parameter values, given which
the canonical “training” flows are predicted almost perfectly; similar flows are
predicted well; and others predicted only poorly. The flows for which the mod-
els generally perform well (e.g. wall-bounded attached flow) and poorly (e.g.
separated flow), are well-known to experienced practitioners, but the models
themselves provide no information about model accuracy to the user.

In fact, no matter what values are chosen for model parameters, there are
flows that can not be predicted well by the RANS closure. This inability of a
model to perform usefully at any parameter values is called model inadequacy,
and is the result of modeling choices made in the closure term in the momentum
equations (the Reynolds stress divergence), and the particular choice of trans-
port PDEs for k, etc. The choice of the RANS approximation itself (restricting
the model to only use turbulence statistics) is the ultimate source of model in-
adequacy in RANS.

7.1.2  Probability in computational science and engineering

Given the fact that all models are wrong, we wish to characterize the differ-
ence between the model and reality. Informally we can ask: What is our confi-
dence in the prediction of the model? Or equivalently: What is our uncertainty?

2 Since N-S is usually a functionally-exact equation-of-motion for our purposes, Direct Numerical
Simulation (DNS) (solving N-S directly) is an alternative source of data for RANS modeling.
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Given specific answers to these questions, we can proceed with our decision/de-
sign/analysis, or discard our model as not fit for this purpose, and select a better
(and likely more expensive) one.

To make these questions more formal, we need to first represent our un-
certainty — indicating a range of possible values for parameters, state, and
predictions. A natural choice is to use random variables and associated prob-
ability distributions. Legitimate alternatives are to use an interval to describe
a range of values, and then interval arithmetic to relate an input-interval to
an output-interval using our model. Other more sophisticated approaches are
Dempster-Shaffer evidence theory [7,53], or one of the many fuzzy logics [70].
However we choose probability for a few reasons:

e Multi-variate probability distributions can capture arbitrary statistical depen-
dence between variables in a problem; our physical system and computational
model will induce meaningful dependencies, and these we can exploit using
conditional probability.

e Probability (with Bayes) is the only theory of wagering on events which is
“coherent”, in the sense that it does not expose the wagerer to certain loss
against an optimal opponent [15].

e Probability can be regarded as a generalization of classical logical reasoning,
incorporating the possibility of error into reasoning Chapter 6.9 [59].

By representing inputs, parameters, states and outputs of our CSE simulations
as random variables, with associated probability densities, we can: determine
uncertainty in an output due to uncertainty in an input or parameter (‘“‘uncer-
tainty propagation”); determine the distribution on a parameter given measure-
ments of outputs (“calibration”); determine state given measurements (‘“‘data-
assimilation”); and identify statistical dependence between any pair of variables
(“sensitivity analysis”). The specifics of how these can be achieved are detailed
in the following sections.
Probability can represent two fundamental kinds of uncertainty:

e Aleatoric uncertainty is real and irreducible randomness: e.g. the outcome
of tossing a coin. It is objective in the sense that all observers can agree on
e.g. the probability of “heads”.

o Epistemic uncertainty is due to a lack-of-knowledge of the observer, e.g.
a coin is already tossed, but is lying under a table. This uncertainty is sub-
jective, and reducible in the sense that learning new information may reduce
uncertainty. E.g. an observer peeking under the table will be now certain of
the outcome, whereas a blind observer should still assess the probability of
“heads” as 50:50.

Both kinds of uncertainty are present in the study of physics, but for the pur-
poses of this chapter we are primarily concerned with (nominally) deterministic
physical systems and our imperfect models of them. As such epistemic uncer-
tainty in the accuracy of our models is our main concern, and can potentially be
reduced with the use of data.
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Regarding again the RANS closure modeling problem, this time from a
probabilistic point-of-view: the use of empirical information in the modeling
indicates the application of statistics, which provides a rigorous mathematical
framework for estimating parameters given data. The fact that RANS models are
combination physical laws expressed as nonlinear PDEs, and empirical models
(also expressed as PDEs), which can be applied on arbitrary flows, make the use
of statistical methods more interesting and challenging than the classical case of
curve fitting with e.g. linear models or Gaussian processes.

The remainder of the chapter is structured as follows: in Section 7.2 we
consider the application of Bayesian probability to parameter estimation; we
develop statistical models, and apply them to the model-problem of linear re-
gression. We pay particular attention to the issue of model inadequacy. The
reader needing a refresher in (conditional) probability theory may read Ap-
pendix 7.A at this point. In Section 7.3 we apply the same techniques to the
problem of parameter calibration of a RANS models against experimental data.
We will observe directly the model inadequacy present in simple RANS mod-
els. Thus motivated in Section 7.4 we address model inadequacy by means of
model-form uncertainty.

7.2 Bayesian parameter estimation

We want to address the following problem statement:

Problem 1. (Parameter estimation) Consider a known model f : X x Q —
R representing some physical process, taking two arguments: x € X C R an
independent variable (often representing space), and 0 € Q C R a parameter of
the model. Assume in addition we have N € N observations y € RN of the same
physical process, observed at known locations x € RY. What value of 6 € Q,
when used in f best represents the observations?

This problem is often called a calibration problem, and belongs to the larger
class of inverse problems (“inverse” as the objective is to estimate a model
input, rather than an output). Attempting to solve this problem, the first issue
is its vague formulation: the precise meaning of “best” is not specified. We
might already consider a least-squares fit of the observations, but it’s not clear
what consequences that will have for the accuracy of the estimated 6, nor the
ability of the resulting model to make predictions. The problem may be under-
determined (with infinitely many solutions), or over-determined (more common
in parameter calibration). Finally, the model itself is necessarily imperfect (see
Section 7.1), and a least-squares fit provides no insight into the errors that re-
sult from model inadequacy versus those from the choice of 6. These issues we
attempt to address by formulating the solution of Problem | as a probability
distribution on 6, and identifying this distribution with the Bayesian framework.
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7.2.1 Bayes’ theorem
Bayes theorem refers to the trivial consequence of the definition of conditional
probability (7.34):
pe.y (0, y) = peiy@ly) - py (¥) = pyis(¥10) - pe(0)
often formulated

0) - ped
pory (@] y) = 21O L0O) e () =0, (7.1)
py (¥)

relating the conditional distribution of ® given Y to that of Y given ®. In the
terminology of Bayesian probability pyg(y | 6) is the likelihood of y given 0;
pe(0) is the prior on 0; py(y) is the evidence (a.k.a. the marginal likelihood);
and pe|y(0 | y) is the posterior on 6 given y.

In the following example we neglect the independent variable x from Prob-
lem 1 for simplicity. This is the case when our model f(-) predicts a single
value, rather than a function.

Example 1. (Approximate function inverse) Consider a function f taking a sin-
gle input 6 € R, returning a single output y € R, denoted y = f(6). We assume
that there exists some true but unknown 6 € R, and we represent our empirical
uncertainty in this value with the r.v. ® : Q — Q, with pdf pg(0). Given ®, our
corresponding empirical uncertainty in the true value y is ¥ = f o ®, with pdf
py (). i

To apply Bayes, we first specify our empirical uncertainty in the value of 6
(in the absence of observations) as the r.v. ®. This as our prior in (7.1), and this
should incorporate everything we know about 6 from all existing sources. Now
new information arrives in the form of a noisy measurement y of 3. To make this
statement precise we characterize the measurement using a statistical model —
for instance a common model is:

y=J4+e €e~N(0,352),

i.e. the measurement contains additive Gaussian noise with standard-deviation
0, but is an un-biased observation of § (since Ee =0, so Ey = 7). Since y =
f () we have y = f(0) + € and

$— f(0)=e~N(0,6%), = ¥ ~N(f(H),5?). (7.2)

3 1In the case of strictly increasing, differentiable f the explicit expression for py () is:

d —1
Py () = pa(f () —£
y

y

however in general we have to resort to numerical approximations of py (y).
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Now 6 is unknown, but for any given 6 € R:
Y10~N(f©0).6%,

which gives us the likelihood py g (y|@) in (7.1). The denominator py (y) we can
regard as a normalization factor, as it’s independent of 8. So the posterior is:

pely@ | y) xpye(y|0)- ped),

which is our answer to the question: “What do we know about §7”. For an affine
function f, and a Gaussian prior, a short calculation shows that the posterior is
also a Gaussian, whose mean and standard-deviation are a compromise between
the prior and the observed data.

It is important to note that the statistical model y = § + € chosen above is in fact
a model for an objective physical process (the noise of measurement), and as
such is “wrong” (in the sense of Box). The r.v. € represents aleatoric uncertainty,
and errors in this model result in errors in the posterior. This is in contrast to the
prior, which represents purely epistemic uncertainty, and cannot be “wrong” in
the same sense. More concerning, by replacing 3 with f(8) in (7.2) we are
assuming that the only difference between the model predictions and ¥ is the
measurement noise; i.e. we are assuming f is perfect, which is never the case in
reality. This is the issue of model inadequacy, which we return to later.

7.2.2 Parameter identification for a CFD problem

To motivate the Bayesian framework consider a sketch of a simple CFD prob-
lem. Consider a lifting aerofoil measured in a wind-tunnel, and simultaneously
simulated in a CFD code where three uncertain parameters have been iden-
tified to be the dominant source of discrepancy between the two modes of
analysis: angle-of-attack o, Mach number M, and Reynolds number Re, see
Fig. 7.1, collectively 0 = («, M, Re). After discussion with the experimental-
ists and studying the properties of the tunnel, we impose prior r.v.’s on these
parameters representing the experimental uncertainty. These are independent
since — a priori — we have no reason to expect the errors in @ and Re to be
correlated.* This gives us our prior ®g with pdf po(@) = po(o, Moo, Re) =
o) - po(Mso) - po(Re) where the subscript O hints that these are prior quanti-
ties. These priors are indicated by the black pdfs on the left-hand side of Fig. 7.1.

With these priors and our simulation code f : R3 — R? we predict r.v.’s
C = (CL, Cp) on the lift ¢, and drag cp, respectively as: Cop = f(0®p). This is
the prior predictive distribution whose marginals are sketched as black pdfs on
the right-hand side of Fig. 7.1, but which are in fact dependent (since higher lift
generally indicates higher drag). This step is not strictly necessary to calibrate

4 Although arguably Re and M, both depend on Uno, so these are potentially correlated in a good
prior.
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parameters in the next step, but it is a useful sanity check on the simulation and
data: if the observation y in the next step is extremely unlikely (or impossible)
under the prior predictive distribution, then the analysis is suspect, and modeling
assumptions should be checked, see Chapter 6 of [17].

Next a noisy measurement ¢y is made of ¢z, and the noise is characterized
as € ~ N (0, 82), where & is estimated based on the measurement setup — this
is the red pdf for ¢y, on the right-hand side of Fig. 7.1. The statistical model is
then ¢f =cp + € = f1(0) + €, and the likelihood has pdf:

1T = £1(0))>2
pler |0)O<exp{—§ [W“

so the posterior on the parameters is given as:
p@|CL=cr)ocpEr|0)-pod),

under which the parameters @ are dependent (unlike under the prior), and their
marginals are plotted as red pdfs on the left-hand side of Fig. 7.1. These we have
sketched to indicate the fact that:

e The angle-of-attack o would be strongly informed by lift c; — which can be
seen since the standard-deviation of the distribution has been reduced dra-
matically with respect to the prior.

e Whereas the Reynolds number is hardly informed (assuming attached flow),
and so its posterior is very similar to the prior (i.e. little information gain has
been realized).

This quantification of the standard-deviation of the parameters is key benefit
over e.g. a least-squares fit of the parameters to the data, which will return best
guesses of all # without indicating that Re is irrelevant.

Finally we can propagate the posteriors on the parameters to the forces, the
posterior predictive distribution, giving us uncertain estimates of the unmea-
sured quantity cp, informed by measurements of cy. This distribution is given
by:

oo oo
p(CDICL=5L)O</ / pcp |0)-p@B]cL)dd,
—0o0 —0oQ

and is the red pdf on the drag in Fig. 7.1. Similarly the distribution p(c | CL =
¢1) can be compared to the observation ¢y . If the observation is implausible
under this distribution then the model is suspect, and may be inconsistent, see
Section 6.3 [17].

7.2.3 Application to regression: model inadequacy

In the examples so far our statistical model has been of the form y = f(6) + €
for e ~ N (0, 02). The noise € captures the effect of measurement error, but the
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¢ Maximum a posteriori (MAP) estimate ¢
AoA /k Mfﬁcient [
Mach j—k‘ Simulation
— > code - Lift coefficient C_
Reynolds j\ /
\/ easurement (value)

Bayes il
_>| |<M_easurement (noise)

FIGURE 7.1 Cartoon of Bayesian updating for an aerofoil. 1) Black pdfs at the left represent
priors on the simulation inputs; when propagated through the code they result in the black pdfs in
the forces on the right (the “prior predictive distribution”). 2) A noisy measurement is made of Cy,
represented by the red pdf; applying Bayes gives the posterior p(6|y) on the inputs (red pdfs on the
left). 3) Propagating this posterior through the code, gives new information about the unmeasured
Cp (the “posterior predictive distribution”).

implicit assumption is that the model f is perfect, in the sense that: if the true
x is specified, the model will reproduce the noiseless truth. This is unlikely in
reality, where models are always wrong, and has consequences for our poste-
rior [26].

To illustrate, consider the problem of regressing data D := {(x;, y;) | i =
1,..., N} with an affine function f(x;a, b) = ax + b; where the two parame-
ters (a,b) =:0 € R? must be estimated. Assume non-informative priors on the
parameters: p(a, b) o 1, and the statistical model

y=f(x;a,b)+e, e~N(©O,0?), (7.3)

which we call the “denial” model,” and the posterior is p(a, b | D). Consider
now two possible ground-truths:

A: X ~UO0,1), Y=a*X+b*"+N(0,0?),

B: X~U(©0,1), Y=a*X+b"+c*X2+N(,0?),

from which data D4 and Dp are generated. If A is true, the model (7.3) is perfect
(given a = a*, b = b*), and we expect to recover estimates of a*, b* from the
posterior. If B is true, the model is inadequate, and estimates of a*, b* will be
contaminated by the presence of c* X2.

Numerically the effect is visible in Figs. 7.2a and 7.2b. In the former, as the
number of samples increases, the posterior estimate (visualized by 50 samples
from the posterior predictive distribution) approaches the truth. Not only do the
estimates of a, b converge to the exact values, but also the estimate of uncer-
tainty in these parameters (and therefore the regression model) is reliable. On

5 Asit’s “in denial” about the possibility of model inadequacy.
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the other hand, in Fig. 7.2b, the inadequacy of the model does not prevent con-
vergence of a, b, but they converge to values which do not correspond to a*, b*.
As such, if the parameter values themselves are of primary interest, the estimate
has completely failed. Furthermore the posterior predicts very high confidence
(low variance) of a regression model which does not correspond to the truth.
This is an example of an error in the statistical model for the likelihood leading
to false conclusions, even in the case of unlimited data. Contrast this situation
with poorly chosen priors, which become increasingly ignored/irrelevant as data
increases.’

To address this we can explicitly add the possibility of model inadequacy
into the statistical model. Since the form of the inadequacy is a priori un-
known, we require a very general parameterization. Following Kennedy and
O’Hagan [26] we could choose:

y=f5a,0)+8(x) +e, §~GPus(),r(-), €~N(©0,0%), (14)

where § is a Gaussian process (GP), intended to account for systemic inade-
quacy in f. Briefly a random process is a generalization of random variables to
functions. A Gaussian process is a random process with the properties that:

1. The process evaluated at any point x; is a Gaussian r.v.: §(x;) ~ N (us(x;),

r(xi, x;i));

2. The process evaluated at any two points x;, x; is a joint Gaussian random

vector: [8(x;), 8(x;)] ~ N ([pas(xi), s (x)], T), with [E];; = r(x;, x;).

As such the function s : R — R defines the process mean, and the covariance
Sfunction r : R x R — R defines the covariance, including how rapidly the pro-
cess is allowed to vary.

Since the Gaussian process, evaluated on a grid xo, ..., xjs is a multivariate
Gaussian, the expression for the likelihood is very similar to the case of the
denial model. Notably the posterior is now p(a, b, § | D), i.e. the data is used
to estimate both the parameters a, b and §. Applying this model to Dp leads to
Fig. 7.2c. This time we have convergence to the true process as N — oo, and
reliable uncertainty estimates on our regression model. However, it is still not
the case that a, b will converge to their exact values a*, b* in B above; as the
model has no means of distinguishing between effects that are part of f versus
part of §. By choosing the prior mean of § to be zero, and the prior variance
to be small, we can specify an prior of small model inadequacy. Then, broadly
speaking, most of the variability observed in the data will be ascribed to f, and
only that variability not represented by f will be ascribed to &.

7.2.4 Computational considerations

We’ve discussed so far only the statistical aspects of the Bayesian updating
procedure, but computational aspects of the required steps of the are very chal-

6 Provided they don’t specify zero probability of the truth.
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(a) Linear data (A), denial model y = ax + b +e.
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(b) Nonlinear data (B), denial model y = ax + b + €.
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truth
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0.0 0.5 1.0 00 0.5 1.0 00 0.5 1.0 00 0.5 1.0

(c) Nonlinear data (B), model inadequacy y = ax + b+ 6(x) + €.

FIGURE 7.2 Regression of data with a straight-line, with and without model inadequacy.

lenging. Bayesian methods were developed in the context of models with triv-
ial computational requirements (e.g. linear regression) [17], where analytic or
Monte-Carlo approaches are tractable — when f is a CSE code this is no longer
the case. Furthermore unlike linear regression (cf. Section 7.2.3), the CSE code
introduces a nonlinear dependence of the likelihood on the model parameters.
As such the likelihood will not in general be a Gaussian in the parameters, nei-
ther will the posterior, for which an analytic expression will not exist in general.
Finally the posterior can not be entirely characterized by a mean and covariance
matrix.

Another feature of the posterior that makes evaluating statistics challenging
is the following: though Bayes gives an explicit expression for the posterior pdf,
the coefficient space is usually relatively high-dimensional (6-d in the case of
calibrating the k — ¢ model in the next section), and the posterior pdf is likely to
be very close to zero in a large region of this space. Wherever coefficient values
result in models that match poorly to data, the posterior probability will be small;
and if the data is very informative with respect to the coefficients (a desirable
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situation for calibration), then the region of significantly nonzero probability
may be very localized indeed. Finding this region may be a challenge, and is
a prerequisite to estimating statistics there. This issue is either addressed by
sampling from the posterior in Section 7.2.4.1, or solving optimization problems
in Section 7.2.4.3.

The three operations needed above are (for inputs 6, outputs y):

1. Estimating the pdf or moments of ¥ = f(®y), for a given prior ®¢ (“uncer-
tainty propagation”);

2. Obtaining samples/moments of the posterior p(6 | Y = 3);

3. Estimating the posterior predictive distribution p(y | ¥ = J).

Often an approximation of the statistics is necessary to make the approach
tractable — see e.g. [13]. Here we will only give an impression of the com-
putational approaches that can be used, which at a high level are all either:
Monte-Carlo-like methods, surrogate modeling, or variational methods.

7.2.4.1 Monte-Carlo methods

These methods all rely on generating random samples from a distribution to
estimate statistics. First consider the problem of estimating the mean of ¥ =
f(®p). Given samples 01, ..., Oy ~ O this is straightforward:

. o0 N 1 Y . oy
EgY := KOO f(©0)po(0)do ~ N ;f(ez) +0 (ﬁ) ; (7.5

where the error in the estimate is proportional to the standard-deviation
of Y, o, [47]. These methods are characterized by a slow (ON - 2), but
dimension-independent convergence rate. For moderate-dimensional inputs 6,
Quasi-Monte-Carlo methods [31], which use identical estimator, but with low-
discrepancy (a.k.a. quasi-random) sequences, achieve errors of O((log N)M /N),
where M is the dimension of 6. Generating low-discrepancy sequences for de-
pendent r.v.’s can be challenging [21], and may not be possible for e.g. the
posterior. Another acceleration approach is Multi-level Monte-Carlo [19], used
in CFD in [28], which exploits a sequence of increasingly coarser grids (the
“levels”), and the fact that the variance of the difference between y on succes-
sive levels is small — giving a small error in (7.5).

The problem of estimating the pdf of ¥ can be solved with kernel-density
estimation (KDE) [52]. Begin with random samples from ®: 6y, ...,0y, and
compute:

Lt (ly—f@)]
p(y)O(NZEK(T>’

i=1
where # € R, h > 0 is a scale in the space of Y (estimated by e.g. Scott’s
rule [52]; and K is a positive kernel function, e.g. a Gaussian. This can be com-
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pared to a generalized histogram, and again this estimate requires N evaluations
of the CFD code, where N is likely large.

Finally, the problem of obtaining samples from a distribution with known
pdf — such as the posterior p(0 | Y = J), can be addressed with Markov-Chain
Monte-Carlo (MCMC) methods [5]. Direct sampling from the posterior is dif-
ficult, since the cdf is not known, and most of the probability mass is usu-
ally located in a small region of the 6-space. MCMC obtains samples from
00| Y =) (or any other computable pdf), by constructing a continuous-state
Markov-chain, whose stationary distribution is exactly the target density. Sam-
pling from the chain sufficiently long will thereby yield samples of the target.
Again this process is costly, and each subsequent sample requires evaluation of
the posterior density (and so evaluation of the simulation code for CSE models).
Acceleration methods such as Hamiltonian Monte-Carlo (Chapter 5 of [5]), and
especially the “No U-turn sampler” (NUTS) [23] exist, but typically thousands
of evaluations are still required. Note that MCMC methods do not share the
dimension-independence of Monte-Carlo estimators, and in fact generally scale
poorly with dimension.

In general, all the Monte-Carlo methods are not practical for Bayesian prob-
lems in expensive CFD codes — they are rather applied on cheap surrogates.

7.2.4.2 Surrogate modeling methods

For relatively low-dimensional spaces — up to about 20 — surrogate models of
the CSE code response can be constructed based on evaluations of f, and then
statistics computed using Monte-Carlo, and samples generated using MCMC
methods on this surrogate.

Methods first introduced were for uncertainty propagation based on poly-
nomials: named variously polynomial chaos (PC) [18], probabilistic colloca-
tion [35], etc. The response of the model in the stochastic space is represented by
a polynomial, which is then fit with either Galerkin projection (in PC), or collo-
cation. The polynomial basis is often chosen optimally with respect to the input
distribution — e.g. a Hermite basis for Gaussian inputs, and the statistics of the
output distribution can then be written explicitly in terms of the polynomial co-
efficients. These methods enjoy spectral convergence thanks to the polynomial
bases. Applying them to dependent distributions is not trivial however. Alter-
natively any quadrature rule can be applied in the stochastic space to evaluate
expectations (which are essentially just weighted integrals), e.g. quadrature on
simplices [66,11], or sparse grids [9].

Alternatively Gaussian process regression (a.k.a. Kriging) models can be
used as a surrogate [16]. These models are inherently statistical — the underlying
approximant is a random-process — and are therefore a good fit in the Bayesian
framework (and more widely used in the statistics community than polynomial
methods). Their variance can be used to incorporate the surrogate modeling er-
ror into predictions. Gradient-information, if available, can be incorporated [8],
leading to improved dimensional scaling [2].
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However all these methods suffer from the curse-of-dimensionality, sparse-
grids and gradient-enhanced surrogates only delay it. Therefore dimensionality
reduction is a prerequisite in most practical applications [1]. Furthermore, note
that if surrogate models are applied to generate samples or estimate statistics of
the posterior, ideally the surrogate should be generated using many code sam-
ples in regions of high-posterior probability. Since these regions are not known
a priori, adaptive sampling methods are needed.

7.2.4.3 Variational methods

Variational methods circumvent the curse-of-dimensionality by reformulating
the problem statement as an optimization problem, and subsequently using
gradient-based methods to solve it. The twin facts that (a) gradients of a loss-
function can be evaluated independently of the parameter-space dimension (with
adjoint methods [43] or back-propagation), and (b) steepest-descent-like meth-
ods for optimization have convergence which is independent of dimension [39];
together lead to dimension independent methods for estimating statistics of the
posterior. In the case of PDE CSE models, this results in a PDE constrained
optimization problem [22].

The simplest example of a variational method is the Maximum A-Posteriori
(MAP) estimate. Given a posterior p(0 | Y = y) & p(¥ | 0) - po(#), we can ap-
proximate it by the single value of Oyap € Q which gives maximum probability:

Omap := argmax p(0 | §) = argmax [log p(§ | 0) +logpo(®)],  (7.6)
0eQ 6eQ

where working with log-probabilities is necessary to avoid floating-point un-
derflow for extremely low values of the likelihood that can arise as the result
of (e.g.) an uninformed initial guess for 6. Note that once again the evidence
p(y) is not needed, as it is not a function of 6, and therefore only leads to
an additive constant in the objective of (7.6). Derivatives Vglogp(y | 6) and
Vi log po(0) are required. The former necessitates derivatives of the CSE code
(e.g. an adjointed version of the code), whereas the latter is a matter of analytic
differentiation (for analytically defined priors).

The main limitation of this formulation is that the vast majority of statisti-
cal information in the posterior is lost. There is no information retained about
the variance or co-variance of the estimated quantities, and no estimate is avail-
able for the mean — which may be far from the MAP value. One approach to
regain some statistical information is to compute the Hessian of the posterior at
the MAP estimate (the gradient of the posterior is zero at this point) in a post-
processing step, and use the implied quadratic response to fit a Gaussian, this is
known as Laplace’s approximation [25].

A more general approach — not restricted to Gaussians — is to approxi-
mate the posterior p(@ | y) by a variational distribution q(0) with unknown
hyper-parameters. If ¢ were a Gaussian, this distribution could be g (@ | ., ) ~
N(p, T), with u and ¥ the hyper-parameters. The hyper-parameters are then
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estimated by minimizing a measure of distance between ¢g(f | x, X) and the
target distribution p (@ | ). Most commonly the Kullback-Leibler divergence is
used as a convenient measure of distance:

(/] D>
Dkt (4601 1.5) 1 001 9)) :=/q(0 1, ) log <M> @ .7
p@1y)
q@ |, E))
=E, 1 . 7.8
q (x|, %) 0g< 2013 (7.8)

The optimization problem is formulated as

Hopt> Zopt :=argmin Dy (q(x | p, ) || p(x | $)),
78>

given which g (6 | pop, Zopt) is taken as an estimate of the posterior.

The challenge of this formulation is estimating the integral in (7.8), which
must be performed at every iteration of the optimizer. In principle a Monte-
Carlo estimate could be used, which retains the dimension-independence of
the method as a whole. However this introduces significant noise into the ob-
jective function, as well as multiplying the cost per iteration. In practice it is
preferable to maximize the evidence lower-bound (ELBO), which minimizes an
upper-bound on the KL-divergence [27]. The former can be maximized with
stochastic gradient ascent. A particularly elegant algorithm for this problem is
the Stein Variational Gradient Descent [34], which performs gradient descent
on a set of particles, which are used to approximate the expectation in (7.8), and
simultaneously represent independent samples of the posterior.

In the case that gradients are not available, these same objectives can be opti-
mized with gradient-free optimizers for sufficiently low parameter dimensions.
E.g. the Nelder-Mead simplex method [46] is recommended in input spaces up
to about 10 dimensions, and is extremely robust to the noise present in estimates
of the integrals in (7.8). In this gradient-free scenario however, MCMC methods
are likely to be preferable.

7.3 RANS closure model coefficient calibration

The Bayesian updating procedure of the previous chapter is applied to the
problem of calibrating closure coefficients for RANS closure models. Classi-
cal calibration methods are first exemplified in Section 7.3.1. These methods
identify coefficients 1- or 2-at-a-time using fundamental flows. Next an appli-
cation of the Bayesian approach to the k — ¢ model is given in Section 7.3.2.
Finally in Section 7.3.3 we introduce the concepts of Bayesian model selection
and averaging, which answer the question: Given multiple candidate models, of
different forms, and various coefficients, how can we choose a single (or aver-
age), best model for a specific problem? As always we formulate the answers to
these questions in a probabilistic sense.
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7.3.1 Classical identification of closure coefficients

In order to draw a contrast to the Bayesian approach, we give two examples of
the manner in which turbulence models are classically calibrated. In general,
this procedure consists of (i) identifying a “canonical” flow for which the PDE
model simplifies significantly, (ii) solving the simplified system analytically, and
(iii) fitting the solution to experimental or DNS data by tuning the closure coeffi-
cients. If the model is well-constructed, it is possible to consistently fit multiple
fundamental flows; the anticipation then being that the essential properties of
more complex flows will also be reproduced.

7.3.1.1 Canonical flow I: decay of isotropic turbulence

Consider a flow whose mean u is homogeneous (invariant to translations) and
isotropic (invariant to rotations), i.e. constant everywhere. Due to the lack of ve-
locity gradients, production of turbulence is zero — which can be seen from the
exact T.K.E. equation [32] and as such the kinetic energy contained in the turbu-

lence scales (k* := 214 u}) decays. In the following the subscript  indicates the
exact turbulence quantlty, rather than a model. It is an empirical observation (not
a theoretical fact), supported by experiment and DNS, that this decay follows a
power-law, with an exponent close to 1.3 [37], i.e. k* oct ™13,

Now consider the kK — ¢ model [62] applied to this flow. The model consists
of two PDEs nominally approximating the turbulence kinetic energy k >~ k*, and

dissipation rate € + gg ~ &* :=v SZ gz/ :
j

ak n ok _p n a n vr\ 0k (7.92)
— 4 u; =P —e+—||lv+— | —|, 9a
at ! Bx,- k 0x; oy ) 0x;
de de 2 9 vr\ e
— tui— Celfl ° P _Ce2f2 E+—|(v+— )| (79b)
ot 0x; 0x; oy ) 0Xx;

where the production term Py := T;; gﬁ;’ ~ ‘L';}- g)’f’ =: P, with a Boussinesq

model for the Reynolds-stress tensor ;;:

_ 2 L (o i
Tij -=2VTSij—§k(Sij, Sij .=2 Bx +§ s
Jj i

and the eddy viscosity is defined as

k2
vr = Cufuz,

where f,, f1 and f; are blending functions, and five closure coefficients are C,
Ce1, Ce2, 0k and 0.
Assuming isotropic homogeneous flow, all spatial derivatives disappear:

gZ’ =0, ad;f =0and "8 =0, as does turbulence production Py. In this setting
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the equations simplify dramatically, to a system of ODEs with one remaining
closure coefficient:

dk (7.10)
_—— —8, .
dt
de &2
= —Cpp—, 7.11
dt &2 k ( )
with exact solution
t —n
k0)=k0<—> , (7.12)
Iy
¢ —(n+1)
e(t) =¢g (—) , (7.13)
To

for an arbitrary timescale 7y and the constraints egfg = nkg and nCgr =n + 1.

Since there is only one remaining parameter (C.2) and the power-law so-
lution of the k — ¢ model corresponds to the power-law seen in experiment,
it is straightforward to fit the two against each other (e.g. with least-squares).
For a rate of n >~ 1.3, we have Cy,» =~ 1.77; however values in the range
Ce €11.68,1.92] are commonly used in practice [12].

7.3.1.2 Canonical flow lI: free shear flows

In free-shear flows (i.e. shearing flows away from walls, including shear-layers,
jets and wakes) it is an empirical observation that the production and dissipa-
tion of T.K.E. approximately balance P; > &* — at least in some region of the
flow. This is also approximately true in the law-of-the-wall region of boundary-
layers. The k — ¢ model, explicitly models both production and dissipation, so
the balance can be formulated:

it \ 2 K2 (3>
Po=vr (=) =Cu— () ~e. (7.14)
dy g \dy

In doing so we have assumed a coordinate system with y tangential to the shear
layer, and that the layer is thin enough that components of the velocity gradient
other than du/dy can be neglected (a modeling approximation). Using once
more the Boussinesq model for 7;;, we have r;y =u'v ~vr g—}’%, which together
with (7.14) yields

u'v’ g
Cc,= .
" k

In DNS data [48] a plateau of the ratio u’v’/ k can be seen, see Fig. 7.3 taking a
value close to —0.3 [45]. Although the clarity and spatial extent of the plateau,
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FIGURE 7.3 Ratio u’v'/k as a function of wall-distance for a zero-pressure gradient turbulent
boundary layer from DNS at Re; = 1272, data from [48].

as well as the particular value varies based on the flow. On this basis C;, >~ 0.09
is often considered a reasonable value.

Also in this case the value of the coefficient used in practice can vary dra-
matically. Notably when RANS is used wind-energy (in which the atmospheric
boundary-layer is modeled), C,, is widely chosen to be 0.03 [29], irrespective
of the considerations here.

7.3.1.3 Discussion

While the technique of calibrating against canonical flows has been enormously
successful in generating useful models; the calibration procedure does not gen-
eralize well to complex flows — where many or all coefficients may be relevant,
nor to calibration against multiple (potentially incompatible) datasets.

In the above calibrations — after performing simplifications — the final step is
parameter estimation. This is essentially a statistical step. In the case of isotropic
decay (Section 7.3.1.1) this is comparatively straight-forward, as data shows a
clean, unambiguous power-law [37]; so a very good estimate of n can be made
with a simple application of least-squares. Even for this problem however, look-
ing more closely we are faced with complications:

e Using the experimental data: noise, measurement error and uncertain bound-
ary conditions (notably most experiments are of grid-turbulence, an experi-
mental model of isotropic decay);

e Using DNS data: averaging error, finite domain size;

e An initial transient before the power-law is established, which must be ex-
cluded by some criteria;

e The sensitivity of the asymptotic decay rate to Reynolds number and the ini-
tial spectrum [69].

However these issues are relatively easily handled, and statistical modeling
choices — including choice of data-sets, transient removal, etc. — made here
will have a relatively minor effect the estimate of n. On the other hand, in Sec-
tion 7.3.1.2 the variety of behavior observed in the free-shear flows, and the lack
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of a clear plateau of u’v’/k in some cases, makes the existence of a universal
value for C,, less clear. Here statistical modeling choices are more likely to in-
fluence the result. More critically the data indicates a range of true C,, in reality,
whereas the model specifies a single, true C,,. This is another example of model
inadequacy, since the model is unable to represent reality (at any values of the
parameters).

Finally, and most relevant for practical engineering: the calibrations per-
formed above depend on the ability to simplify the equations to the point where
an analytic solution is available. As such re-calibration of a model against
cases of practical interest is out of reach. Neither is it clear how calibration
may be achieved if the required quantities are not available in the calibration
data set (e.g. because Reynolds-stresses are not measured). Bayesian calibra-
tion approaches will address all these limitations, as well as giving uncertainty
information on the parameters.

7.3.2 Bayesian calibration of closure model coefficient

In this section will perform Bayesian calibration of the X — ¢ model against
experimental data from flat-plate boundary-layers at various pressure gradients,
following Edeling et al. [12], see that reference for more detail. The work by
Oliver and Moser [40] was the first work of this kind.

7.3.2.1 RANS with k — ¢ closure model

The k — € model for a boundary-layer reduces to [64]:

3k+_8k+_8k 3ii \ > +a L ok 7150
—+u—+v—=vp|— ) —e+—||v+—)—|, .15a
ot 0x1 0x2 T 0x2 0x2 or ) 0x2

de _ 0¢ de ou

2 2
& &€
P i 5 a2 —Coht +E
r o T Vm “flk”T<ax2) 2 fag

T d +UT de
N ) — | —,
8x2 O¢ axz

k2
VT = Cﬂfﬂ;'

(7.15b)

where the eddy-viscosity is

Note that true turbulence dissipation ¢* takes a nonzero, approximately constant
value g at solid walls — the kK — & model, solves for ¢, the offset from this value:
e* >~ go+¢. The system (7.152)-(7.15b) contains several closure coefficients and
empirical damping functions, which act directly on these coefficients. Without
the damping functions the k — ¢ model would not give accurate predictions in
the viscous near-wall region [64]. The Launder-Sharma k& — ¢ model [30] is



Parameter estimation and uncertainty quantification Chapter | 7 283

1400, zero
1300, fav
2700, fav
6300, fav
1100, mildadv
2100, mildadv
2500, mildadv
2400, mod adv
2600, mod adv
3300, mod adv
0141, stradv
1200, stradv
4400, stradv

experimental u™
® X + ® * o O V A D> 4@
X + e % oEVAD>AEO

10! 10% 103 104

experimental y™*

FIGURE 7.4 The experimental data from [6]. Reproduced from [12].

obtained by specifying the damping functions:

fu=exp[=3.4/(1 + Rer /50)], fi=1,
2 2
vk 8%t
fo=1—-03exp [—Re%], g0 =2v <8i> ., E=2vwr (_l;> ,

X2 dx;y
(7.16)

where Rer = k2 /€ev. In the case of the Launder-Sharma k — ¢ model, the closure
coefficients have the following values

C,=009, Cg=144, Cpn=192, o4y=10, o.,=13, (7.17)

and we will obtain joint posterior distribution on all 5 parameters.

7.3.2.2 Experimental data for flat-plate boundary-layers

The data set consists of 13 selected experiments from the 1968 AFOSR-IFP-
Stanford conference proceedings [6], which includes a number of flat-plate
turbulent boundary layer flows with various pressure gradients artificially ap-
plied by adjusting the shape of the upper-wall of the test-section. The mean
velocity profiles are measured via hot-wire anemometry. In [63], the flows are
qualitatively identified as being “favorable”, “mildly adverse”, “moderately ad-
verse” and “strongly adverse”, based on the velocity profile shape compared to
the zero-pressure gradient case. Most cases are in- or close to- equilibrium con-
ditions, with the exception of some of the strongly adverse pressure gradients.
The experimental velocity profiles of all cases are shown in Fig. 7.4.

In the follow we calibrate the parameters of the kK — ¢ model against each of
the 13 cases individually. Despite the fact that dataset represents a very limited
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spectrum of turbulent flows — we will observe significant variability in calibrated
parameter values.

7.3.2.3 Likelihood and model inadequacy

We do not expect the k — & model to be capable of reproducing all these BL
profiles exact, even given optimal parameter values per case. As such, analo-
gously to Section 7.2.3, we use a model-inadequacy term in the statistical model.
Since velocity at the wall is zero, it’s convenient to use a multiplicative term,
which preserves this property — compare with the additive model inadequacy
of Section 7.2.3. Given velocity-profile data for a single flow z we model the
data-to-simulation relationship as [12]:

=N ut (T 0)+€ (7.18)

where yT are the wall-distances of the velocity measurements, and all quanti-
ties are formulated in wall-units (without loss of generality). The term ¢ refers
to boundary-conditions (including the imposed pressure-gradient), which vary
from case to case. We model the measurement error as:

e ~N(0,021),

assuming that any quantifiable bias has already been removed from the measure-
ments in post-processing, and that error at all measurement locations is identical
and uncorrelated.’

Model-inadequacy is modeled with the Gaussian process is in Section 7.2.3
[26]:

n(y") ~GP,cy)

i.e. with unit mean and covariance function chosen as:

) v =y’
ety y)i=0%exp —<W) ;

where y* and y™ represent two measurement points along the velocity pro-
file, and £ = 5.0 is a user-specified length scale in wall-units. The smoothness
of the model-inadequacy term is controlled by the correlation-length parame-
ter o, which controls how rapidly (in y™ units) the discrepancy between the
model predictions and reality can vary. Finally o represents the magnitude of the
model inadequacy (in velocity units). Defining the hyper-parameters y := (o, o)
directly would require a priori knowledge of the model inadequacy, which is
generally not available. As such we treat them as stochastic hyper-parameters

7" A situation in which the “uncorrelated” assumption is clearly inaccurate would be Particle-Image
Velocimetry (PIV) measurements with overlapping interrogation windows. In that case a correlated
error can be specified with € ~ NV(0, =;), see [51].
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(parameters of random terms in the statistical model), and identify them simulta-
neously with the turbulence model parameters 6. The Bayesian update equation
becomes:

p@.y12)xpz|0,y)-po@) - po(¥), (7.19)

and so priors on the hyper-parameters are required, and two additional quantities
must be estimated from the data — but otherwise nothing changes.

The expression for the likelihood follows directly from (7.18). First note that
since n(-) is a Gaussian process, £(y ™) := n(y™) - uT(y™) is also a Gaussian
process with modified mean and covariance functions:

¢10,y ~GP(ug,cr) (7.20)
w10 =ut(yt, £ 0)
ey, =utOT 650) -,y ) - utOT 5 0).

Evaluating the Gaussian process at the observation locations y™ results in a
multivariate Gaussian random variable ¢ | 0, y:

E10.y ~N@©0), Ko, [Ke] =ut G 50)-000 v P Ip)-ut ] 0),

i.e. all terms remain Gaussian. As a consequence the expression for the likeli-
hood is still simple:

1
p(z|0,y) xexp [—szKld] ,

d=z—u"(y";0)
K =02l + K¢, (7.21)

where d is the data-misfit.

7.3.2.4  Priors on model coefficients and hyper-parameters

Priors — for both the closure coefficients # and hyper-parameters y — are cho-
sen as independent uniform distributions. The choice of interval end-points was
made based on three factors: (i) the spread of coefficients recommended in the
literature, (ii) the range of coefficients for which the solver was stable, and (iii)
avoidance of apparent truncation of the posterior at the edge of the prior domain.
To explain the latter: a consequence of Bayes rule (7.19) is that values that have
zero probability under the prior, will have zero probability under the posterior,
and this is true regardless of the preponderance of evidence from the data. As
such zero-priors should only be chosen where a certainty of impossibility exists
— a common instance is the impossibility of negative values for provably posi-
tive quantities. Here we violate this principle in the aid of maintaining stability
of the solver. As a check that the prior is not unduly constraining the poste-
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rior, we examine the posteriors later to check truncation at the edge of the prior
domain.
As an implementation note, we constrain the value of C,; using:

Ceo +'P/8—1

C.1 =
TP T T Pe

with fixed P/e = 2.09 following [44]. Also we don’t use o, as a parameter,
rather the Karman constant «, and the relation

k% =0,/Cu(Cea — Cen).

To be clear: this is not equivalent to specifying a uniform prior on o,; indeed in
doing this we are imposing dependence between o, and other coefficients in the
prior.

The distributions we use for the remaining parameters are:

Cer ~U(1.15,2.88), C, ~1(0.054,0.135), o} ~U(0.450,1.15),
(7.22)

k ~U(0.287,0.615), o ~U(0,0.1), loga ~U(0,4), (7.23)
all independently.

7.3.2.5 Calibration results

The simulation code used is Wilcox’s EDDYBL [64]. Sampling from the pos-
terior is performed directly with MCMC (see Section 7.2.4.1) implemented in
PyMC [41]. MCMC is computationally tractable in this case, since the simulation
reduces to one spatial dimension. For more complex flows, a surrogate model-
ing approach would be tractable, since the dimension of the parameter space is
low.

The posterior p(#,y | z) is a six-dimensional pdf for each of the 13 data-
sets. Visualization of a single pdf can be achieved by plotting all 1d and 2d
marginals:

p@O; Iz)=/p(0,y |z)dy do~;, p(0;,0; Iz)=fp(0,y|z)dyd9~i,,~,

where the integrals are over indices other than i, and i, j respectively: ~i :=
{k : k # i}, etc. Given samples of the posterior from MCMC the marginal pdfs
can be estimated by histograms (or KDEs) where the values of the marginalized
parameters are ignored. A representative instance of the result can be seen in
Fig. 7.5 for a moderately adverse pressure-gradient case. The plot shows most
likely values and variances of all parameters individually, as well as dependen-
cies between parameters — e.g. a weak negative correlation between the values
of C¢ and C, is visible — that are the result of interactions of the parameters
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FIGURE 7.5 Joint posterior density on model coefficients, visualized as all pairs of 2d-marginal
distributions — for a moderately adverse pressure-gradient (flow 3300). Reproduced from [12].

within the model. The relatively weak dependency structure seen here is partly
a consequence of the model parameters being careful designed to represent dif-
ferent aspects of turbulence.

From the 1d marginals it can be seen that C,, and « are relatively well-
identified from the data (small posterior variance), and C,, and oy are less
well-identified. This is only partially consistent with our intuition: the Kér-
man constant « refers directly to the gradient of velocity in the log-region of
boundary-layers, so should be identified well. On the other hand from the dis-
cussion of canonical flows above, we would expect C,, to be more important for
the BL than C,;. The discrepancy might be related to higher sensitivity of the
model with respect to some parameters than others, or the different prior ranges
chosen for the parameters. Nonetheless the posterior gives specific information
over the range of parameter values that are consistent with the data.

Comparing posteriors between cases, we look now exclusively at 1d
marginals in Fig. 7.6. Far from each case giving consistent estimates of pa-
rameters, we see significant case dependence. Baring in mind that all cases are
flat-plates, this is surprising. Of all parameters C, is best identified, and also
most consistent, with all posteriors sharply peaked within a range of 1.3 — 1.5;
followed by Cs>. In comparison C,, is hardly informed at all beyond the prior.
Most unsettling is that the « is clearly identified in most cases, but with widely
varying peak values. This suggests that the parameter (at least as it applies to the
k — ¢ model) lacks universality. The hyper-parameter o is hardly identified in
any case, indicating a lack of evidence about the magnitude of the model inad-
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FIGURE 7.6 The marginal posterior distributions of the model coefficients and hyper-parameters

for the 13 boundary-layer cases.

equacy — perhaps a result of the large number of parameters and limited data in
each case. On the other hand the length-scale of the inadequacy is consistently

estimated to be towards the upper bound.
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Further analysis of these results can be found in [12]. It is clear though that
identifying universal parameters for k — ¢ for the full range of flows considered
is unlikely. The following section considers Bayesian model selection averag-
ing, which is one means of addressing this.

7.3.3 Bayesian model selection and model averaging

As with other complex physical systems, there exist many available models for
RANS closure. Notable for their widespread adoption are: k — ¢, k — w [65],
k — w SST [36], and Spalart-Allmaras [57], which are all linear eddy-viscosity
models (LEVMs), resting on the Boussinesq approximation. Each model has
a unique set of coefficients, and though coefficients with the same name may
appear in multiple models, the meaning of the coefficient (in the sense of its
relation to the model predictions) will almost always be distinct.

This — combined with the observations of the previous section (that optimal
calibration coefficients vary significantly from test-case to test-case) — leads us
to the natural question: What model with what set of coefficients should we use
for a particular test-case? There are two cases of this question: 1. Where some
(limited) reference data is available for this particular, or a similar, case; and 2.
Where the flow considered is unseen, i.e. we have no available reference data.

Once again we attack this problem with Bayesian statistics, and obtain
Bayesian Model Selection (BMS) and Bayesian Model Averaging (BMA),
which give probabilistic answers to the question.

7.3.3.1 Theory of BMS and BMA

In essence both BMS and BMA are straightforward applications of the Bayesian
calibration methodology of the previous sections. Consider a set of Q € N can-
didate models M = {M;, M>, ..., Mo}, each with its own vector of closure
coefficients §?) € RNe for q € {1, ..., O}, potentially with differing numbers
of coefficients per model. Given data z, the posterior probability of each model
conditioned on the data can be obtained by using Bayes’ theorem as:

p(zIMy) Po(My)
Y2 | p(zIM;) Po(M;)

P(M,lz) = (7.24)

where we use P(-) to indicate the probability mass of a discrete r.v., as opposed
to p(-) for the probability density of a continuous r.v. In (7.24) Po(M,) is the
prior, representing the subjective confidence in model M, (without considering
the data); p(z|M,) is the likelihood of data z conditioned on the given model
M,, indicating the probability of observing data z with model M, at any value
of the parameters. The likelihood p(z|M,) is defined in terms of 0(z|09D, My)
as:

p(z|Mq)=/---fp(zw(‘”,Mq)p<0(q>|Mq)d0<‘” (7.25)
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whereby the parameters of the model M, are integrated out; p(z|0;, M) is the
likelihood of data z conditioned on both the specific model M, and its parame-
ters. This again being the result of a statistical model, for instance:

z=ut(y"i My, 09D) + ¢

by analogy with (7.18), where now the CSE code u™ depends on the choice
of model and corresponding coefficients. The term ,0(0(q )|Mq) in (7.25) is the
prior probability density of the parameters 4’ conditioned on the given model
M, . This may be chosen uniformly within some interval, as in Section 7.3.2.4,
or as the posterior of some previous calibration exercise against a different flow
and data-set.

The only difference between this formulation, and that of single-model cal-
ibration in Section 7.3.2 is that there are now more variables to identify, M and
0@ forall g € {1, ..., Q}, and that one of these variables is discrete rather than
continuous. Note that by adding so many extra variables, the demands on the
data are increased, and typically we learn less about any given parameter (given
the same amount of data).

Given these preliminaries, Bayesian model selection (BMS) involves com-
puting P(M,|z), and choosing a single model MeM satisfying

P(M|z) > P(M,lz)  Vqefl,..., 0}

i.e. a maximum a posteriori estimate. The coefficients 6 chosen based on the
posterior p(0 | z, M) as before, which is readily computed, given the existing
computation of (7.25).

Bayesian model averaging (BMA) goes a step further, using a weighted lin-
ear combination of all models to make predictions about unmeasured quantities.
Let Z be an unmeasured quantity related to z. For instance z might be flow ve-
locities measured within a limited window, and Z the velocity at another unmea-
sured coordinate in the same flow. This is a common task in data-assimilation.
BMA models 7 as:

0
PG| z)=Z[/---/p(2 | Mg, 0@)p(07 | Mq,z)da““} P(M, | 2),
g=1

(7.26)
which is the posterior predictive distribution of Z given z. In this expression all
models at all values of their coefficients contribute to the result, which necessi-
tates a great many evaluations of the CSE code. The expression can be simplified
by replacing p (8 | M,, z) by a Dirac-6 function at the MAP estimate, reduc-
ing the computational cost to Q CSE solves, at the expense of neglecting the
role of parameter variability in the uncertainty in z [13].

Regarding prediction of unmeasured flows (with no z available for the new
flow), (7.26) can be applied with model probabilities P(M,, | z), and parameter



Parameter estimation and uncertainty quantification Chapter | 7 291

distributions ,0(0(‘1) | My, z) taken from a similar flow for which z is available.
In this way genuine predictions with uncertainty estimates can be achieved [10].

7.3.3.2 Application to turbulence modeling

As an example of BMS/BMA applied to turbulence modeling we turn to work
by Edeling et al. [10], who applied it to the same set of flat-plate boundary-layer
(BL) flows seen in Section 7.3.2.2. This study considers five turbulence models
(k — w, k — ¢, the stress—» model, Baldwin-Lomax, and Spalart-Allmaras) ap-
plied to each of the 14 BL cases. The model probabilities are computed accord-
ing to (7.24), where once again MCMC is used to sample from the posteriors.
To clarify the role of the 14 cases, each is termed a “scenario” who boundary-
conditions and material properties are summarized by S; for j € {1,...,14}.
As such we compute model probabilities P(M;|S, z ;) conditioned on both data
and scenario. These probabilities are plotted in Fig. 7.7. In the plot the scenarios
are clustered into favorable/adverse cases, yet there is still no detectable pattern
in the best choice of model per case. In many scenarios a single model dom-
inates, reducing most other model probabilities to (close to) zero. This noisy
result is likely a consequence of all models performing a very good fit of a BL,
and the model probabilities consequently depend on small differences.
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reproduced with permission from [10].

These results do not allow confident selection of a single model — though
that may well be the case for a more complex collection of flows. However
we can still make predictions under uncertainty using multiple models. In par-
ticulars, since we have five models, each calibrated for 14 scenarios, we can
make predictions accounting for the full implied range of models, see [10] for
details. Fig. 7.8(a) shows the BMA prediction for an adverse pressure-gradient
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(a) Prediction with standard-deviation. (b) Uncertainty breakdown.

FIGURE 7.8 BMA posterior predictive distribution for case 4400 (strong adverse pressure-
gradient). Figure reproduced with permission from [10].

case (4400) which was excluded from the training. While predictions of the
mean correspond to the experimental results (within experimental uncertainty),
the variance is unjustifiably large. Fig. 7.8(b) give some insight into the source
of this large variance by decomposing it into three parts: (a) due to coefficient
variability in a single model, for a single scenario (blue), (b) due to variabil-
ity between model predictions for a single scenario (yellow), and (c) due to the
variability in prediction between scenarios (red). All contribute roughly equally
to the total variance in this example. The assumption contributing to this is that
all of the training scenarios are equally relevant to the prediction scenario. By
choosing only those training scenarios that correlate well with the prediction,
the latter source of uncertainty can be dramatically reduced [10]. Nevertheless,
under the current set of statistical and modeling assumptions, the level of confi-
dence in RANS models is empirically quite low.

7.3.4 Discussion

In the turbulence model calibration activities in this section, we have demon-
strated both the effectiveness of the classical approach of canonical flows se-
lection and fitting, and the possibilities offered by the Bayesian approach of
explicit statistical modeling and evaluation of uncertainties. In the latter we
have incorporated information about the accuracy of the data, and make explicit
statistical choices regarding the relationship of the (CFD) model to that data
(including model inadequacy). The result of calibration (after applying Bayes’
rule) has been a joint posterior distribution on the model coefficients, C,, C2,
etc., which characterizes our knowledge about the values of these parameters
given the data, under our priors. This joint density has been plotted via marginal
distributions, and has been propagated through the model to get the posterior
predictive distribution, which has given uncertainties on model predictions for
unseen cases.
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The basic procedure outlined can be applied to flows of any complexity, and
delivers a probabilistic characterization of the model accuracy. The meaning-
fulness of this result depends to a large extent on the validity of the statistical
modeling, both in the prior and likelihood, and in particular the effect of neglect-
ing model inadequacy (when present) can lead to serious misrepresentations of
accuracy. The downside is the high computational price to be paid: the CFD
solver must be run a great many times, both in the calibration phase, and in the
posterior predictive phase (see Section 7.2.4).

For a given turbulence closure model — or models (in the case of BMA and
BMS) — this represents the best that we can do in terms of calibration. However
there remain fundamental structural assumptions in RANS models that are not
addressed by the above procedure: notably the Boussinesq approximation, and
the particular model form. This will be the focus of the next section.

7.4 Bayesian estimation of Reynolds stress anisotropy

So far we have considered only adjusting parameters of models (“calibration”),
while acknowledging that the model-forms themselves are inadequate to fully
describe the physics of turbulence. Notably the Boussinesq hypothesis is the
foundation of all the closure models discussed so far — and turbulence anisotropy
is neglected. As a consequence, even when performing model selection with
BMS, and averaging with BMA, we have selected or averaging amongst a set of
models that have a common source of modeling inadequacy. Furthermore this
inadequacy is not well represented by the 1 term in (7.18), since that treats the
inadequacy as a post-hoc correction to the model’s prediction of the observed
quantities, whereas the origin of the inadequacy is infernal to the closure model,
and occurs at the point where the RST is modeled. The mis-predictions of ob-
served quantities are strictly a consequence of this RST modeling, mediated by
the transport equations.

Therefore we would like to (i) construct a statistical model which repre-
sents the inadequacy at its source, and (ii) generalize the parameterization of
the model to allow identification of corrections to Boussinesq. In this section
we will infer information about local turbulence anisotropy from surface pres-
sure measurements, and then predict unmeasured quantities (velocity profiles)
for the same flow. The main challenge is the fact that we are now attempting
to infer local quantities (spatially-varying stress corrections), instead of global
coefficients. I.e. we infer fields in the sense of field-inversion [42], which makes
extracting information from the posterior much more challenging. Additional
challenges are the difficultly of constructing a prior for the tensor-valued cor-
rection to the anisotropy, and the limited information surface pressure provides
regarding the turbulence.
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7.4.1 Learning Reynolds-stress anisotropy from surface pressure

In this section we follow closely the work of Belligoli et al. [4], in which our goal
is data assimilation. 1.e. we do not aim to create of a new or calibrated closure
model, but rather: for a specific steady-state flow, with limited measurement
observations, estimate model error and unmeasured flow quantities. As such we
are only concerned with the errors the baseline turbulence closure is making in
this particular flow, rather than in general.

As before we assume knowledge of z € R” experimentally obtained obser-
vations of true quantities z* € R”, with independent Gaussian noise of known
variance, and zero bias, i.e.

1=z2"4+¢€, €~N(0 021,

exp

where it is assumed that any known bias has already been removed from the data.
Generalization of this noise model to correlated and spatially varying noise is
straightforward [50]. Further assume that the full (compressible) flow state is
characterized the variables w = [p, pu, pE, k, w] € W, defined on a computa-
tional mesh, where N € N is the size of the mesh. Given these, the observation
operator H : W — RP extracts the observed quantities by interpolation on the
mesh, and therefore H is usually a simple linear operator which introduces neg-
ligible additional error. We can formulate our simulation’s prediction of z* as:

z=Hw+e, st R(w;0)=0, (7.27)

where R(-;-) = 0 represents the PDE constraint on the state, given the pa-
rameters of the model 0. These parameters may include boundary-conditions,
material properties, etc., but as in the previous sections, we treat these as given
and deterministic, and use @ to describe only the parameterization of the turbu-
lence model.

In contrast to previous sections however, now we consider # to be defined at
every mesh-point, and as such it can be a much more general parameterization
than the closure coefficients. For instance we could define 6 to describe the
tensor-valued Reynolds-stress at each mesh point — thereby circumventing the
Boussinesq assumption in the turbulence model. In a continuous setting then the
r.v. describing uncertainty in @ is a random process {®(x)}x, perhaps scalar-,
vector-, or tensor-valued, which can be discretized on the computational mesh to
give a high-dimensional r.v. @ : @ — R¥ (for a scalar process). Three particular
model parameterizations are considered in the following subsections.

If 6 represents Reynolds stresses, then the posterior distribution @ | z itself
is of interest. However usually, our primary interest is in other unmeasured flow
quantities Z € R. Our predictive model for these is:

7= Iflw, st. R(w; ®]z)=0, (7.28)

where H extract the desired unmeasured quantity from the state. A usual this
is a stochastic prediction, with the distribution of Z reflecting the uncertainty
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represented by the posterior ® | z, with in turn represents the state of knowledge
about the turbulence model.

The assumption implicit in the statistical model (7.27) is that: with correct
choice of @ € RM*N  z* will be recovered exactly. As such sufficient generality
in the parameterization of the closure model is needed, for this to be a plausible
assumption. Note that we do not use a Gaussian-process 7 (-) to represent model
inadequacy as in (7.18), and the above construction in (7.27) makes clear why:
such a n term refers directly to the error made by the observation operator H,
which — by assumption — is negligible. Furthermore it does not speak to the error
in prediction (7.28), whereas the uncertainty in 6 does.

As we can see, in terms of formulation this problem is not very different
from the parameter calibration problem of Section 7.3.2. The major practical
difference is in the number of parameters to be identified: five in the case of
calibration of k — &, versus O(N) here. In we wish to find the MAP estimate,
we are faced with a very high-dimensional PDE-constrained optimization prob-
lem. The only effective methods for solving these problems are based on adjoint
methods, which have been extensively developed in CFD for the purposes of
aerodynamic design [43], and such a method will be used in the following. By
restricting ourselves to the MAP estimate, we lose the uncertainty information
contained in the posterior. This may be recovered using more general methods
of variational Bayes [38].

It remains to consider the particular choice of model parameterization. We
consider three different particular parameterizations of Menter’s k — @ SST
model in the following sections.

7.4.1.1 Turbulence production perturbation (TPP)

Following Parish and Duraisamy [42] and Singh and Duraisamy [54], for a gen-
eral k — w closure, the structure of the transport equations in a schematic form
is:

Dk
—~— =P, —-D , 7.29
Dr Pr « + Tk (7.29)
Dw
Br = O1pp(X) Py — Doy + Trs (7.30)

where P, D and T are the production, destruction, and cross-production/dif-
fusion terms respectively, each of which is modeled as a function of the avail-
able quantities, k, w and mean-velocity gradients, and where the spatial field
Orpp : R? — R has been introduced to modify the balance between production
and destruction, which can be the source of error in e.g. incipiently separating
flow. The rationale for modifying the w-equation in this way (rather than the k-
equation), is the greater theoretical basis for the PDE (7.29), which mimics the
exact equation for T.K.E.; compared to (7.30) which is largely empirical, even
before the addition of Gpp.
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As a prior we take:
brep ~ N (1,071,

so that in the absence of data, the original SST model is the model of maximum
probability, and no correlation between mesh points is assumed a priori. The
MAP estimate is found by solving:

G,IF\’}[,%P = arg;naxp(@ |z) = arggmin |:

1
—  |Hw(®)—z|*+ 0—12|.
2UCZXPPII @)—zll ZU%NJI Il}

where the likelihood is responsible for the data-misfit term, and the prior for the
regularization. The relative sizes of o7 and Gerp are seen to control the level of
Tikhonov regularization. The second equality above follows by working with
log-likelihood and log-prior pdfs — this is a practical necessity to avoid values
of the objective function (and its gradients) that are extremely close to zero.

7.4.1.2 Anisotropy tensor perturbation (ATP)
The previous correction (TPP) is still limited by the Boussinesq hypothesis. To
achieve greater generality it is necessary to correct the model of the Reynolds
Stress Tensor (RST) 7 = 1;; := u;u’] in the Reynolds-averaged Navier-Stokes
equations:
DU;
Dt

1
= ——Vip+vV2U; - V1, (7.31)
o)

where U; is the mean-velocity, and  the fluctuating part. It is useful to de-
compose T;; into factors separating its amplitude, shape, and orientation [14].
The Reynolds stress tensor is a symmetric positive-semi-definite tensor® whose
anisotropic and component is

1
b=

= — 1,
2% 3

where k characterizes the magnitude of 7, and the symmetric tensor b, is known
as the normalized anisotropy tensor. A turbulence model is called realizable if
its model for 7 is always positive semi-definite.

We aim to parameterize b with 8, and then use a k-equation to compute 7 in
(7.31). We start from the eigendecomposition

b=XxAXT,

where X € R3*3 is the orthonormal matrix of eigenvectors of b and A is the
diagonal matrix with nonzero entries the (real) eigenvalues A;. By construction

8 By construction, since 7;; := % Zf:] u; u/j is an ensemble average of outer-products # @ u, each
of which is positive semi-definite.
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tr (b) =0,s0 ) ; &i =0, and there are only two independent invariants of b. We
represent these invariants using the barycentric map of Banerjee et al. [3]:

xg = Cicxie + Cocxze + C3ex3e
8 = Cicyic + Cacyac + Cacyse

with Ci. = A1 — A2, Coc = 2(A2 — A3), and C3. = 313 + 1, which describe
the character of the turbulence anisotropy (1-component, 2-component, or 3-
component) and where x;., y;. are coordinates of the corners of a triangle in
(x, y) space. We then use perturbations of these coordinates (Ax, Ay) as our
first parameters 6. To modify the orientation of b we define a rotation Q via the
unit quaternion:

h=h,+hii +h;j+hk

=cos§ +nlsin§i+ngsin§j ~|—n3sin§k,

for a unit vector n and rotation angle ¢, which make up the remaining compo-
nents of 6:

Oatp :=[Ax, Ay, ¢, n].

We assume the priors of each random field of fa7p to uncorrelated processes
with zero mean, and specified variance, e.g. Ax ~ N (0, 022), given which the
MAP estimate is:

. 1 1
ONAP = argemln [mun(e) —z|2+ So7N ||0||2} .
exp 2

7.4.1.3 Random matrix perturbation (RMP)

We consider a final parameterization, again of the Reynolds stress tensor which
addresses two deficits of the previous section: 1. that the particular choice of
perturbation of b is arbitrary, and 2. that the result is not guaranteed to be real-
izable. Ideally we would define a probability distribution directly on the space
of admissible matrices. This is the case for the random matrix approach [68,56],
which models the RST as a random matrix defined on the set M of positive
semi-definite matrices.

To define a distribution on this set we use the maximum entropy principle,
which gives the most noncommittal distribution (maximizing entropy) while
satisfying given constraints.” For the set Mg the entropy of a pdf p(7) is

S(p) = — / p(0)log p(1) de
M+

0

9 For example, the normal distribution is the maximum entropy distribution on R for specified mean
and variance.
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which we maximize subject to a given mean E(t) = 7, and a specified dis-
persion § satisfying 0 < 8 < +/2/2, which is analogous to a measure of vari-
ance [56].

In practice, it is convenient to work with a normalized positive definite ran-
dom matrix whose mean is the identity, i.e. EG = I, so we write T = LTT GL,
where T = LT L. is the Cholesky factorization of 7. Enforcing the maximum
entropy principle on G gives G = LT L with L upper-triangular and:

1. The off-diagonal elements of L are:

8 . .
Lij=Zwij, wi~N©O,1), Vi#].

2. The diagonal elements of L are:

1)
L= 3 2ui,  u; ~T(a;, 1),

where u; are gamma-distributed, with pdfs:

p ;i) =1+ (u;) u e fori e{1,2,3),

I (ei)
where «; := % + %, and Ip+(u) = 1 if u > 0 and 0 otherwise.
Thus the parameters of our Bayesian calibration problem are 6rvp = [L11, L2,
L3, L2, L3, L33], the six components of L, with prior given by the maximum
entropy distribution with mean 7 taken as the Boussinesq prediction of 7 at
each mesh point, and user specified dispersion §. As such the MAP estimate is
obtained as 9%@5 = argmax J (0) with

N 2 2 2 2 2 2
1 Ly + L7, +L,+L5 +L5 +L
0) = Hw®) — 2|12 11 12 13 22 23 33
J©) 2o§xpP” w(®) —z| +Z[ 27
Jj=1

log (1R+ (L LY - 1ge (Loa, )L - T (L3s ) L3 jj‘) }

where s; = (;iz 4+ 1 — i. Note that the presence of the gamma distributions in
the prior results is quite a different form of the regularization term, in particular
non-realizable tensors are penalized with log0 = —oo0.

7.4.1.4 Test-case: separated flow behind a hump (2d)

To illustrate the above approach we consider separated flow behind the NASA
hump with chord-based Reynolds number of 9.36 x 10° [20]. The wall-resolved
mesh is depicted in Fig. 7.9(a), the experimental pressure coefficients on the sur-
face of the hump are used as training data Fig. 7.10(a). The value of oeyp 18 set to
1073 as specified in the experiment of Greenblatt et al. [20]. PIV measurements
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(a) NASA Hump mesh (b) PIV data

FIGURE 7.9 Computation mesh and Particle Image Velocimetry (PIV) data for the NASA hump
flow.
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FIGURE 7.10 Pressure measurements (circles) and RANS predictions, for the baseline (SST)
model, and the corrected models (left). Turbulence anisotropy along a line in the wake for the cor-
rected models.

and hot-wire velocity profile measurements are also available, Fig. 7.9(b), and
will be held-back test data.

RANS estimates of the surface pressure coefficient over the hump are seen
in Fig. 7.10(a). The baseline SST model over-predicts the pressure trough at
x/c = 1.3 (note that x /¢ = 0 corresponds to the hump’s leading edge). All three
corrected models are remarkable for their ability to reproduce the training data.
In particular they capture subtle features such as the pressure kinks at x/c = 0.5
and x/c = 1.2 that are likely experimental artifacts. This suggests that all three
parameterization are sufficiently general — including the simplest TTP, which
just adjusts turbulence dissipation locally.

The corrective fields resulting from ATP and RMP are visualized in
Fig. 7.11, whereby — for the purposes of comparison — both corrections have
been plotted in terms of eigenvalue shifts in the barycentric map. Corrections in
the orientation of b were negligible in both ATP and RMP and were not plot-
ting. In this figure — alone in this section — data from some velocity profiles in
the wake are used in addition to surface pressure, due to extremely small cor-
rections using surface pressure alone. Corrections to turbulence anisotropy in
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FIGURE 7.11 Perturbations to barycentric coordinates Ax, Ay for the ATP (top) and RMP (bot-
tom) models.

the separated shear layer are most visible, both immediately after separation, as
well as during the wake recovery phase. Visualizing the anisotropy correction in
the barycentric map, Fig. 7.10(b), this time assimilating pressure-data only, we
see that the corrective models give Reynolds stress anisotropy predictions that
are extremely close to the baseline SST prediction, with very minor modifica-
tions. This attests to the sensitivity of the mean flow to small perturbations of
the RST, especially at high Reynolds numbers [61]. As a consequence in none
of the scenarios we consider is specific information about the RST obtained, and
the calibrated parameters 6 have role, only as model coefficients, not physically
meaningful quantities.

The value of the method can nonetheless be demonstrated in the predictions
of unmeasured quantities. In Fig. 7.12 we examine predicted velocity profiles
(no velocity data was used for training). In all cases the velocity profiles are
significantly improved with respect to the baseline SST model, and the choice
of parameterization — TPP, ATP or RMP — makes little difference. We can infer
from these results that the pressure distribution provides relatively little direct
information about the turbulence, but does say something about the separation-
and reattachment locations, and these are the quantities that have been matched
by the calibration with appropriate choices of . As a consequence velocity
profiles are improved by virtue of having the correct separation bubble extent.

Ultimately this exercise has demonstrated the importance of having access to
measurement data relevant to (or in statistical terms: correlated with) the quan-
tities that one wishes to estimate. Estimating turbulence characteristics purely
from pressure data is probably not feasible, no matter what the model param-
eterization framework; however deriving a better model (on the sense of better
predicting mean-flow quantities) may be more feasible.
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FIGURE 7.12 Velocity profiles at various x-locations for the corrected models compared with
experimental data.

7.5 Conclusions

In this chapter we have described the Bayesian framework as it relates to
calibration- and inverse problems in the context of CSE codes, and RANS tur-
bulence modeling in particular. In our view the major value of the framework is
its ability to precisely characterize relationships between arbitrary inputs, out-
puts, and state-variables, of arbitrarily complex computational models. We have
seen for example how the framework immediately generalizes to the case of
multiple models (in Bayesian Model Selection/Averaging in Section 7.3.3), and
it generalizes similarly effortlessly to time-dependent problems. We’ve warned
about the risks of model inadequacy, how they can lead to fallacious conclu-
sions, and illustrated how these risks can be mitigated using statistical modeling
(Section 7.2.3).

The Bayesian framework’s power comes from representing relationships be-
tween variables in terms of joint pdfs, but this generality comes at the cost
of significant computational cost. The major challenge in applying Bayesian
methods is managing this cost — especially for expensive CSE codes and high-
dimensional parameter spaces. We’ve discussed some means of handling this,
notably the large class of variational approaches (Section 7.2.4.3), but often a
statistical simplification is necessary at the cost of discarding some — or all — un-
certainty information. Even when this is necessary, we see Bayes as a unusually
effective means of reasoning about CSE systems, making otherwise arbitrary
modeling choices explicit and motivated.



302 Data Driven Analysis and Modeling of Turbulent Flows

The particular application to RANS modeling is timely, given the great cur-
rent interest in data-driven modeling [33,67,42,49,58,24]. We believe the best
approach to these questions is necessarily statistical.

Appendix 7.A Probability refresher

We summarize in this section the basic aspects of probability that are specifi-
cally relevant for the coming sections. This is intended as a brief refresher only
- for thorough treatments we recommend the books by Skilling & Sivia, for ba-
sic Bayesian statistics [55]; Gelman et al., for effective approaches to Bayesian
inference, from a statistical point-of-view [17]; and Tarantola, for Bayesian
methods in the context of inverse problems [60].

The fundamental object we need for probabilistic modeling is the random
variable (r.v.). To define an r.v. we first need a probability space:

Definition 1. (Probability space) A probability space is a triple (2, F,P),
where

e A sample space <2 is the set of all possible outcomes.

e An event space F, is a set of all subsets of €2; e.g. defining F as a o-algebra
on €2, allows for the definition of a measurable space (€2, F).

e A probability function P : F — [0, 1] with

() P(Q) =1,
(i) P@)=0,
(iii) If A, B e Fand AN B =0, then P(A U B) = P(A) + P(B).

This is very general formulation, but in the case of continuous probability
spaces, it is convenient to let 2 = [0, 1] (or any other interval), F the o -algebra
of €, given which

1
P(A) = — | do, 7.32
(A) IQI/Aw (7.32)

is well-defined, and satisfies the three criteria for the probability function. In-
formally, we can imagine we have a random-number generator that gives us a
sample w € Q. By the construction of F we can assign a probability to any
subset of €2, with probability given by (7.32).

To represent uncertainties in parameters in our models as uncertain, we
could — in principle — construct a sample space for each parameter, choosing
a weighted version of (7.32) to represent different distributions. But this is un-
wieldy. Instead we use:

Definition 2. (Random variables) A real-valued random variable is a measur-
able function X : Q@ — R.

The caveat “measurable” is always satisfied in engineering, the important point
is that these are just functions from the sample-space to the uncertain quantity
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(dimensional or non-dimensional). The function allows us to take samples (by
generating random w):

Definition 3. (Realization) x := X (w) for w € 2 is a realization of X.

Critically the definition of a r.v. allows function composition. E.g. consider a
(deterministic) function f : R — R giving f(x) for x € R. Replacing x with X
gives f(X) = f o X(w) for w € Q. Thus f(X): Q2 — Risalso ar.v. defined on
the same probability space. It is on this basis that inputs, parameters and outputs
of CSE models can be replaced with r.v.’s in a meaningful way.

The specific function X is hardly used in practice (and €2 is rarely specified),
rather r.v.’s are characterized in one of five main ways'":

(@) Cumulative density function (cdf): Fx(x) :=P({w € Q| X (w) < x}),

(b) Probability density function (pdf): px (x) := dFy /dx|y,

(c) Samples: X1 = X(w1), X2 =X (02),..., Xy = X(oy),

(d) (Centered) moments: wy = Ex(x), 0)2( =Ex(x — /,Lx)z, m3 =Ex(x —
nx)3, ... _

(e) Characteristic function: ¢x (t) := Ex (e'™*), i.e. the Fourier transform of the
pdf,

where the expectation is defined as:
Definition 4. (Expectation operator) Ex[f(x)]:= ffooo f(x)px(x)dx.

The cdf, pdf and characteristic function are exact representations of the r.v.,
while samples and moments are approximate (for finite M). However some rep-
resentations are more convenient for certain tasks (as we shall see), and much
of the numerical effort involved in working with r.v.’s involves transforming
between different representations. The challenge of uncertainty propagation (of-
ten known as uncertainty quantification (UQ)), is to obtain a representation of
the r.v. f(X) given a known, deterministic f, and the r.v. X. Some examples
transformations between representation of r.v.’s, and the associated numerical
methods are:

e Given samples X1, ..., X, estimate moments (ty, ... (Monte-Carlo)
e Given samples X1, ..., Xy, estimate the pdf px (histogram, kernel density
estimate).

e Given the pdf px obtain samples X1, ..., X)s (Gibbs sampling, Markov-
chain Monte-Carlo).

e Given the pdf py, estimate moments of f(X) (polynomial chaos, probabilis-
tic collocation).

Note that, given M samples from X, obtaining samples of f(X) is straightfor-
ward, as is then estimating the moments 1 7(x) (via Monte-Carlo estimators) —
but this requires M evaluations of f. Polynomial chaos and associated methods
aim to reduce this cost.

10" A random variable can also be characterized as the transformation of another r.v., e. g Y=expX
for X ~ N(0, 1) is a log-normal distribution.
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FIGURE 7.13 (Cartoon) Joint-pdfs of (X, Y). Blue lines are contours of the joint densities; orange
lines on axes are marginal densities. Left: X 1 Y so p(x,y) = p(x)p(y). Middle: X LY, larger x
implies larger y on average; although in the rotated coordinate system («, v), U L V. Right: X Y Y
and their relationship is complex.

Multivariate random-variables

Multivariate random-variables have properties additional to the one-dimensional
r.v.’s discussed above. They are still just functions from the sample space:

Definition 5. (Random vector) A real-valued random vector is a measurable
function X : @ — RV,

The two-dimensional case is illustrative: consider X = (X, Y), i.e. a random
2-vector. It has a joint cdf defined analogously to the scalar case: Fy (x) :=
P(X <xNY <), and joint pdf py (x) := 3*Fyx /dx dy|x, which are both
now functions of two variables. Note that p y (x, y) refers to the probability that
X =x and Y = y simultaneously.

However, now there is the possibility that X and Y are either dependent or
independent — see Fig. 7.13. In the case that their joint pdf can be separated into
a product of scalar functions:

px (x)=px(x)-py(y) <= XL1Y (7.33)

X and Y are said to be independent, and we write X L Y. Otherwise they are
dependent, X [ Y.

Example 2. (Multivariate normal) Let (X, Y) ~ A (u, ) where u = (uy, Hy)
is the (vector) mean, and ¥ € R?*? is the positive-definite covariance matrix.
If ¥ is diagonal, the joint density p(x,y) will resemble Fig. 7.13 (left), and
X 1 Y. If ¥ is not diagonal, the joint density p(x, y) will resemble Fig. 7.13
(middle). Given the eigen-decomposition ¥ = QA 0!, the transformed vari-
ables (u, v) = u = Q~'x are independent.

In both dependent and independent cases we can define marginal and condi-
tional distributions:
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Definition 6. (Marginal distribution) Given jointly distributed (X, ¥) with den-
sity px,y the marginal density of X alone is

oo

px (x) = / ox.y(x, y)dy,
—0o0

which might be interpreted as is the distribution of x when Y is “ignored” (inte-

grated out). In the case of independence the marginal distribution is exactly the

density of X in (7.33). In contrast the conditional distribution tells us something

about the value of x given that we know y precisely:

Definition 7. (Conditional distribution) Given (X, Y) with density px y the
conditional distribution of X given Y = y is defined by the relation

px)y(x|Y =y) - py(y) = px.y (x,y) (7.34)
where py (y) is the marginal density of Y.

Again, in the case of independence px|y(x|Y = y) = px(x). Note that
px|y(x|Y =) is a probability density in x, but not necessarily in y.

Example 3. (Exact function inverse) Consider a function f taking a single input
x € R, returning a single output y € R, denoted y = f'(x). We assume that there
exists some true but unknown x € R, and we represent our empirical uncertainty
in this value with the r.v. X : @ — R, with pdf px(x). Our corresponding em-
pirical uncertainty in the true value y is ¥ = f o X, with pdf py(y). Since X
and Y are related via f, clearly X X Y, and the joint density px y(x, y) is not
separable. As a consequence learning additional information about the output
value y gives us a new information about x. Specifically if we observe y exactly,
the conditional r.v. X | Y = y represents our updated empirical uncertainty in X,
with distribution

ox,y(x,y)
oy (3)

If f is a bijection this distribution will be a single Dirac §-function centered at
f~1(3) (implying we now know X exactly), but the distribution is well-defined
for non-invertible f as well.''

px|5(x|y) =

Conditional probability therefore gives a framework for characterizing solutions
of inverse problems, that are well-defined in broad circumstances, including for
over- and under-determined problems. There are two practical issues with the
above construction however: 1) it relies on direct knowledge of the joint-density
o (x,y), which might not be accessible, and 2) it does not address the case that
y is approximately observed — which is the default case in measurements of re-
ality. Bayes’ theorem resolves both these issues, while maintaining conditional
probability as the means of defining solutions. See Section 7.2.1.

1 Including if f is a function of more than one variable, in which case the distribution will have
support over some manifold in the input space.
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