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INTRODUCTION

Among the many integral transforms which have been constructed
since Laplace and Fourier both their nowadays familiar transforms
introduced, so called Watson transforms play an important role

in mathematics, not in the last place in applied analysis. A Watson
transform is an integral transform, the kernel of which has the
form k(xt). As examples, Laplace's transform, Fourier's transform,
Hankel's transform and many others belong to this class.

Another class of important integral transforms are those ones
which have a kernel of the form k(x/t). It is clear, by means of a
substitution, that this transform is closely related to the Watson
transform. In fact, properties of this transform follow directly
from those of the corresponding properties of the Watson transform.
However, transforms with kernel k(x/t) occur so often that it is
worthwile to formulate theorems for this transform as well as

for the Watson transform. We will denote an integral transform
with kernel k(x/t) by convolution transform. .

An integrél transform maps some function onto another one and as

a consequence a function space into or onto another one. Operations
in the original space are converted in general into operations

in the image space. Integral transforms are therefore used in the
first place if handling with the operations in the image space

is easier to do or is better known as in the original space. As an
example: the Laplace transform converts differentiation in the
space of definition into a simple algebraic operation in the

image space. It will be clear however that having obtained results
in the image space, these results have to be put back into the
original space in order to have the possibility to interprete

them in relation with the problem one started with.

In applications the nature of the original space is more or less
determined by the special properties of the functions under

cosideration. Operations in this space are often suggested by the



mathematical description of the problems to be solved. The

following questions are then a natural consequence: which integral
transform converts these operations into simpler ones; what are

the essential properties of the functions in the original space,

or better, how can one characterize the original space; what are

the properties which determine the image space? Moreover, as already
pointed out, there is the problem of the inversion: the nullspace of
the transformation, does it consist of the 'null function only or not.
If the null space contains only the zero function, the inverse exists
and one can hope for a suitable inversion formula. As is well known,
for many integral transforﬁs inversion formulas have been constructed,
some of them being so compact that they may be written down with a few
number of symbols only, .others being very complicated. We will make
some remarks on the inversion within a moment.

There exists an important relation between Watson transforms on the
one hand and Mellin transforms on the other. The Mellin transform

of a function ¢ is defined by &(s) = (M) (s) = f:ts_1¢(t)dt. Let

A denote a Watson transform,

V(E) = (AD) () =[k(xt)§(x) ax.

Let ¥ and K be the Mellin transforms of Y and k respectively. Then
we have (cf [67]):
¥(s) = K(s)d(1-s).
This relation defines in fact a map ¢ > ¥, which we denote by ml(K),
Y = ml(K)¢.
Combining these formulas we obtain

(*) a=uto m () ° M

and this decomposition of 4 has to be given a sense since is obtained
in a formal way only. To be more precise we again formulate in the
form of a question: the nature of ml(K) being rather simple, are
there function spaces which are of interest for the "user" of some
Watson transform and which moreover is mapped onto another space

by the Mellin transform,in.such way that we can operate in this last

space with m (K).



The answer is in the affirmative as we will see in the next chapters.
The relation (*) describes the method which we will use in a nutshell.
First we will construct function spaces, T and S, which by the Mellin
transform and its inverse are mapped onto each other. The spaces of
type S are such that two of them are mapped onto each other by the map

ml(K) and its inverse. We may translate the relation (*) into the

following diagram, Tl’ T2, 31 and 82 being function spaces:
A
T1 —_— T2
wo "yt .
S ;= %

We will show that the diagram under certain conditions is commutative
and that there are additional conditions which allow to reverse the
direction of the arrows, thus giving a decomposition for A—l. For the
convolution transform a similar construction will be developed.

In applications first of all functions which are arbitrarily often
differentiable are of great interest. Furthermore, if operations

with functions are in the picture, things like "going to", "limit",
"near" and so on are also important. Therefore we are concerned in the
next chapters with function spaces of infinitely often differentiable
functions, supplied with some topology. In fact we will construct the -
spaces S and T in such a way that they become locally convex vector
spaces. Such spaces are widely used in pure and applied mathematics
and extensions of our theory to distributions via the dual spaces

and maps are easy to construct.

In chapter 1 we define locally convex vector spaces which will be
denoted by se(k,u) and Te(k,u). Hexre 0, A and |1 are real parameters,
€ 2 0, A < U. We prove that in the diagram we may substitute spaces
of these types in such a way that M, hfl and ml(K) are topological
isomorphisms. The description of the topology will be given by means

of a countable set of (semi)norms.



In chapter 2 we then consider the lifting-up of the map ml(K) to

a Watson transform. A considerable part of this chapter is devoted

to the inverse of the Watson transform. The theorems 10 and 11 give
insight in the structure of the inversion for the Watson transform
and theorems 14 and 15 give the corresponding inversion for the
convolution transform. These theorems may be seen as the starting
point from which many well known inversion formulas follow.

Moreover, application of these theorems gives also several new
inversion formulas. This is demonstrated in all the following chapters.
Especially in this chapter we apply the inversion theorems in order
to derive some new inversioh formulas for the Laplace transform. Also
(modifications of) classical inversion formulas for this transform
are deduced.

Parallel to the treatment of the Watson transform we also consider

in this chapter in detail the properties of the convolution transform.

In chapter 3 we consider the extension of the spaces of type Te(k,u)
to the case A 2 4. Most of the theorems of chapter 2 may be extended
to this case; the proofs of the theorems in this chapter are

similar to those of chapter 2. In most cases we omit the details of
the proofs and confine ourselves to indicating the differences in
the proofs. However, spaces of type Se(A,u) are not defined if A 2 1.
Therefore we need a special construction in order to apply the

results of chapter 2.

The results of chapter 2 are derived under the condition that the
Mellin transform K of the kernel k in the Watson or convolution
transform is analytic in some subset, e.g. a vertical strip, of ¢.

In chapter 4 we consider the case in which K may have simple poles

in this subset. The definition of the kernel k is then given by

a Mellin-Barnes integral. The example at the end of this chapter

is very general and contains many transforms which occur in literature

if suitable values for the parameters are substituted.

Chapter 5, as well as the following chapters, may be seen as an

example of the foregoing theory. In this chapter we consider as



an example of the convolution transform the fractional integration
operators. Fractional integration has many applications, for example
in solving integral equations. We give an example of this kind and

also indicate the relation with Hankel's transform.

In chapter 6 we consider another example of the convolution transform.
We give a treatment, in some detail, of the Stieltjes transform. In
the same manner as in the other examples we pay much attention to

inversion formulas.

Chapter 7 finally is devoted to examples of the Watson transform.
We consider the transforms which have been constructed in 1940 and
1941 by Meijer, the so-called K- and W-transform. Here also we derive

some inversion formulas.

The subjects of the chapters 5, 6 and 7 are chosen in a rather
arbitrary way. Many other examples could. be added and treated in the
same manner. The example at the end of chapter 4 may also be given
for convolution transforms and then contains several other transforms
as special cases. A generalization to a kernel with Fox' H-function

can be treated in a manner similar to the case of a G-function.

Each chapter is devided into sections, numbered 1,2,... . Formulas

are given two numbers, the first one refering to the number of the
section. For example, (3.7) is the seventh numbered formula of section
three. If in some chapter we refer to a formula in another chapter,

we add the number of the chapter; (II.3.7) refers to formula (3.7)

in chapter 2.
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CHAPTER 1

CERTAIN FUNCTION SPACES
MELLIN TRANSFORM

1.0 INTRODUCTION

In this chapter two types of function spaces are introduced.

They will be denoted by Se(A,u) and Te(X,u) respectively. The parameters
€, A and U will be specified in the next section. The space Se(A,u) is
the image of a space of type Te(A,u) under the Mellin transform. The
spaces under consideration are equipped with a topology in such a way
that the Mellin transform is a topological isomorphism between the
vectorspace structures of both spaces. In section 1.1 we give the defi-
nition and some properties of Se(A,u). Section 1.2 is devoted to spaces
of type Te(A,u) and some maps of these spaces. In section 1.3 we prove
that the Mellin transform has the property Jjust mentioned. It should
be noted that several properties of S (A,u) follow from those of

0
T (A,u) by means of the Mellin transform and vice versa.

1.1 THE FUNCTION SPACE secx,u)

At first we specify some parameters which occur frequently in the
o

be sequences
n=0 qu

sequel. Let A,y € IRU{-»,©} and let (An):_

=0 and (un)

in IR. We assume the following relations between A, W, An and un.

1) X <y

(1.1) 2) )‘n > A A< un, (n € W)

3) }‘_1’2 Xn = A, }lii'l M, =H-

6
We now give the definition of the space S (A,M).



DEFINITION 1. Assume (1.1) Let 6 be a non negative real number. Then

Se (A,4) is the space of all functions ¢ with the properties

(1.2) ¢ is analytic on {s € ¢ | X < Res < p};

-p~0ls|

(1.3) for any p,n € N, &(s) = O(s ) as s » o,

uniformly on {s € ¢ | A, S Res % un}.

0 .
In order to give S (A,MU) the structure of a topological vectorspace

we define norms in the following way. For any n € IN

(1.4) 02(®) = sup ]speelsl¢(s)! ,’p € .
v psn -
A_SRe s 2

It is easily seen that the inequality

6 6
on(<I>) £0 (%)

n+i
holds for any n € WN. It follows that Se()\,u) is a locally convex
vectorspace.

*
REMARKS.
1. In (1.3), exp(—elsl) can be replaced by exp(—SIIms I); the same

could be done in (1.4). The resulting norms are equivalent.

2. The topology of Se()\,u) is independent of the choice of the
sequences ()\n) and (un), provided they satisfy (1.1).

3. Contrary, as we will see in the next section, to the spaces

Te()\,u) , the spaces Se()\,u) are not defined if A 2 u.

As we pointed out already in the introduction, the integral
transforms which occur in the next chapters, can be lifted to
rather simple maps on spaces of type Se()\,u) . The following theorems

deal with those maps.



THEOREM 1. Assume (1.1). Let 6;, 0, be non negative real numbers.
Let K be an analytic function on {s € ¢2 A < Res< u} such that

for each n € IN there exists a real number Yn such that

(1.5) Yne(el-e;;_)lsl

K(s) = O(s
{se¢|xns Res S u J.

) as s * @, uniformly on the strip

Then the map

nm = o > P20,
defined by
(1.6) m{K)®(s) = K(s)P(s)

is continuous.

PROOF. Let n € IN, ¢; € sel, ®, = m(K)®y. Then
092@2) = sup |skeezis|K(s)®1(s)|
n
ksn

< <
)\n_Re s SH

= sup [K(s)e(ez—el) is| |x|eel|slskd>1(s) l .

: . 8
If |s| £ 1 the last expression is less then M 0n1(<1>1) , where

1

M, = max ‘K(-s) e(91-62)|s|‘.

bs|st

If |s| > 1, we have

[t}

_ -Y k+y
022(%) sup \K(S)e(62 91)|S|s n)><(e61|s|s n¢1(S)|
ksn

A _ZRe s$
n s=h

72

81
Mzcm (q)l) I3



where m 2 max (n,n+Yn) and M2 has the value

_ =Y
M, = sup |1<(s)e(62 61)lsls n]

2 Is|>1
)\néRes éun

Combining the results, we see that indeed m(K) is a map of S61

0
into § 2 and moreover that for any n € W there exists m € N
and a constant M0 such that

6, 81
On (P2) = MO Om ($1),

MO being independent of ‘P;. Hence the continuity of m(K). o

Theorem 1 can be extended in the following way.

THEOREM 2. Let the conditions of theorem 1 be satisfied. Assume
moreover that (K(s))_1 exists and is analytic on {s € ¢ | A < Res <ul.
Assume that for any n € N there exists Gn such that

6ne(ez—el)lsl

k(s ! = o(s ) as s » ®,

uniformly on {s € ¢ | A, §Res S un}, where § is a real number. Then
the map m(K) defined by (1.6} is a topological isomorphism of

Sel(k,u) onto Sez(X,u) and {m(l()}_1 = m(K—l).

-1 8 ) -
PROOF. The map m(K ) : S 2(A,4) » S Y(A,u), where m(K ) is definea
as in (1.6), is continuous by the preceeding theorem. Clearly it

is the inverse map of m(K). o

For some purposes it is convenient to have a slightly different form
of the foregoing theorems. We give the formulation in the next
theorem. The proof of this theorem is a modification of the proofs

of theorem 1 and theorem 2.



THEOREM 1'. Let the assumptions of theorem 1 be satisfied. Then the map
8 8
m, (K} : S (1-p,1-\) > S 2(A,n)

defined by

(1.7) ml(K)®(s) = K(s)®(1-s)

is continuous. If moreover H(s) = satisfies the conditions of

k(l-s)
theorem 2 then {ml(K)} - m, (H) and m, (K) is a topological

isomorphism. o

1.2 THE FUNCTION SPACE Te(A,u)

0
A short description of the space T (A,H) can be found in definition 4.
In order to get some insight in the structure of these spaces, we
take the following approach.

Let 0 2 0. We define a subset of the complex numbers:
(2.1) Gy = {t € ¢ larg t| < 8).

Ge is to be understood as part of the Riemannian surface of the
+
function log. Note that 0 € G, and G, = R . Gg denotes the interior

0 0
of G, with respect to the usual topology of R

0
Next we define a strictly positive weight function Mn for every

n € N by

A Y-
Moo = ft] "+ [eh T T, e e ¢\{o),

where the sequences (An) and (un) satisfy

)\O>>\1>....>.>\ >>\+1>...., lim)\n=)\
(2.2) non no
< < ... < L.l i =
o < ¥y LS N} po Mmoo = M



. G '
Our aim is to define the space T (A,U) as the projective limit of
spaces with a rather simple topological structure. The next definition

gives such spaces.

DEFINITION 2. Assume (2.2). Tg is the generalized Sobolev space
of all functions ¢ : Gg ¢ which satisfy

1) ¢ is analytic on Gg if 6 > 0; ¢ is n times continuously
differentiable on G, if & = 0,
2) ¢(J) may be extended continuously from Gg to Ge if 6 > 0,

j=0,1,....,n,

3) Te(d)) = sup |M (t) tPo (P ()| < =.
n < n
psn A
t€Ge

. , 0
T: is a norm and with this norm, Tri is a Banach space. It is easy

0
to see that the imbedding Tﬁ+ > TS is continuous. We prove even more.

1

THEOREM 3. For every n € IN the imbeddihg

is compact.

PROOF. Let S, be the open set

2
0 1 :
s, = {t ¢ Gellm < |t] < 2+1}
. ) ® o
for any % € IN. SQ is precompact, SQ c sg+1, 22152 = GG'

Assumethat(d)u):=1 is a sequence in Te for which

n+t’

0
Tn+1(¢U) <1, v=1,2,...

We will construct a subsequence which converges in Tg.



Firstly it follows from Tg < T$+1, m € IN, in other words from the

continuity of the imbedding, that

* (p) o
(*) (¢ (t))U=1

is pointwise bounded for every p = 1,...,n and every t € El' Now let
t € s1 and let wt be a convex neighbourhood of t which lies entirely

in Sl. If t' € wt we have

(n) (n) 1a m
lo 7 te) = o, (x| = | [ gp6, " (21 +E(t-t)) k|
v 0d£u
(2.4)
1
< n+1 (n+1) t-t!'
= éan+1( 13 E ¢ E) L )tn+1ld€
L
where tE = t"+E(t-t') € wt [ Sl' From (2.4) we deduce
(n) _ o4 (),
60 - o8 578, 0yl
tES1
* 4
64) scnlt e,
using the fact that Mn+1(t€) 2 ézzf Mn+1(t). Cn is a constant, indepen-
1

dent of U and t. By a continuity argument it follows that (:) also
holds on g&. The relation (1) means that (¢én)) is equicontinuous
on 51' It follows from (*) and (*) that we may apply the Arzéla-
Ascoli theorem in order to select a subsequence (¢U v=1 fxom the
(n) bl
U 1

on S1 to some function ¢On' Replacing n by n-1 in (2.4) and repeating

sequence (¢ ) such that the sequence (¢ converges uniformly

o0
the argument, we select a subseguence (¢ ¥ from (¢

v(n-1) "vu=1 Un vu=1

which converges to some function, ¢O(n 3 say, uniformly on Sl’
00
Proceeding in this way, after n steps we obtain a sequence (¢UO v=1

which together with its derivatives up to the nth order converges

uniformly on S, to ¢00' ¢01, ee ¢On respectively.By a standard

1



theorem ¢Oj : ¢OO 1

(3 onS,, j=0,1,...,n and ¢Oj may be continuously
extended to Sl'

In the same manner we select a subsequence from (¢ which

UO)U=1

converges with its derivatives uniformly on 'S, and so on. By the

diagonalisationprocess finally we obtain a suisequence (wu):=1 which
converges u@iform}y on Sz for any £ = 1,2,... toalimit function wo
and also Wéj)f wéj)on EQ as V> o, j=1,2,...,n.

We prove that (wU) converges in In.

Choose £ > 0.

- I [ M PPy Ty (P) <
(2.5) sup l[t] Ta+feh £y (8 - W) S
t€G
)
© psn.
|t]g1/(2+1)
A=A VIS TIPS YN :
< sup ltl n n+1(1+ltl) n ‘n+l "n "n+l (TS+1(wU) Tg+1(¢ y) <
le|s1/2+1) P
A=A
< (ge1) P “(rg+1(wu) . Tg+1(wp)) <eif Lz,

for some 20, not depending on v and p. In a similar way we obtain

n n <

. An U
(2.6) sup ‘[t] (1+]t])
G

t€9<

psn
ft]>2+1

P o - wép’(t))

8

n+l

A=A u-u
t 1
S sup | (D) ey ® ™ (o

|t]>2+1

:
W) + T )

"~
a2y ® Mo ir ez 2,

for some 21, not depending'on U and p. Fix some £ 2 max(lo,ll) and

for this £ consider S,. By uniform convergence there exists a U

% 0

such that



: An My A (p) S
(2.7) sup ||t] Tai+]t]) PP ) - wpp (£ < e
t€s,
psn’
if u,p > UO. Combining (2.5), (2.6), (2.7) and the completeness of
T e obtain the desired convergence of (wu) in T:. [a]

From the dontinuity of the maps in, defined in theorem 3, it follows

that

is a projective spectrum. By means of this spectrum we define the space

Te(A,u) as the projective limit.

DEFINITION 3. TS(A,u) = proj Te.
n+< n
0 0 , .
The spaces Tn are Banach spaces, hence T (A,U) is a Gelfand space or
in other words a.countably normed space. Moreover, from the fact that

the maps in are compact, we deduce at once the following theorem.

[¢] .
THEOREM 4. T (A,y) is a (FM)-space (a Fréchet space which is also a
Montel space). That is an F-space in which every bounded set is

relatively compact. u]

It is not hard to see that the following theorem could be used

. © s
as a definition of T (A,u), which is equivalent with definition 3.

THEOREM 5. Let 6 > 0. Assume (1.1). Te(A,u) is the space of all
functions ¢ for which

1) ¢ is analytic on Go,

2) ¢(j) may be continuously extended from Gg to GS'
A M-
3) 12(¢) = sup € Maele) PP PP o] <o
Psn
t€G

0
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In case of O = 0 we have: To(k,p) is the space of all functions ¢ for

which .
[+
1) ¢ € C (0,%),
A M=
2) 1@ = s e e MR Lo® e)| <w. o

Psn
0<t<>

REMARKS

4. TItshouldbe noticed that Te(k,u) is defined for any pair of real
numbers A and Y in IRU{-wo,®},

5. The topology of Te(A,uI is independent of the particular
choice of the sequences (An) and (un), provided they satisfy (2.2).

We now compare the spaces TG(A,u) and Te(a,B), where o < A, U < 8.
Let the topology of Te(k,u) be defined by the sequences (An) and (un).
Let the sequences (un) and (Bn) which define the topélogy of the space

Te(a,B) be such that

a < A 0’ Bn 2 W, nE€ ™.
Let ¢ € Te(a,B). Then
A A H_-A
sup [t Pa+]t)) * P Pe®P ey -
psn
t€Ge
o, g -a A -o B -B -(A_-a )
sup |t n(1+|t|) n n tp¢(P)(t)IXIt n n(1+lt|) n'n n n
psn
t€Ge

It follows that ¢ € Te(A,u) and moreover that the imbedding

Te(a,B) > Te(k,u) is continuous.

Next we consider two spaces Te(A,u) and Teo(k,u), where 0 < B4 < 6.
S if 8¢ > 0 ana

8o
all derivatives of ¢ are continuous on the boundary of Ge . If 0 =0
0

If ¢ is analytic on Gg, it is also analytic on G
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then for every p € IN the continuity of ¢(p) follows. From

TSO(tb) < T:(QJ), n€ N, ¢ € Te()\,u),

. , 0 0
one easily deduces the continuity of the imbedding T (A,u) - T O(X,u). o
Finally we prove a lemma which deals with a map of Te(A,u) and which

will be used in the sequel.
LEMMA. The map R , defined by
1 1 0
(2.8) (RO)(£) =0 (D), & € T (A1)
: . : . ) ]
is a topological isomorphism of T (A,u) onto T (1-u,1-1) and
R + R =id.

PROOF. Let the topologies in Te(k,u) and Te(l—u,l—A) be defined by
the sequences (An), (un) and (1—un), (1—An) respectively. By

straightforward differentiation one has

P . .
1.1.(p) _ -1-p-3,. (3 1
o) = jzo cp, 3t 97 (D)

where the constants ¢_ . are independent of ¢. If we denote in both
1

spaces the norms by Tn’ we obtain

-u u P e s
T (B = suwp |t Casleh ™ T O§ e Lt 3¢‘3)<%)[,
p<n 3=0 P,J

t€Ge

and by the substitution t - t_l this becomes

P >\n u
Tn(B¢) < sup 2 le ,]xkt (1+'ti)
psn  j=0 P/J
tEGe

M T (9)

n-An i, (3)
t1o 7 ()]

A



for soge constant M, depending only on Cp,j and n. It follows that

R¢ € T (1-y,1-1) and moreover that R is continuous. Conversely,

R considered as a map of Te(l—u,l—k) into Te(k,u), is also seen to be
continuous in the same manner as above. The fact that R « R = id

is easy to prove.
1.3 MELLIN TRANSFORMS

The classical Mellin transform and its inverse are described by the

pair of reciprocal formulas

(3.1) M) () = [t5 1oty at
0
_q 1 c+ic _s
(3.2) M0 () === [ £7T0(s) ds .
C~-1%

The function ¢ in (3.1) will be chosen in a space Te(X,u) and
it turns out that the image is a function in a space Se(k,u). We

firstly prove that in (3.1) it is possible to take in stead of the

real axis another path of integration.

. e .
By the notation IO we mean integration along a half line whose

argument is 0.

THEOREM 6. Let A < u. If ¢ € Te(A,u), the Mellin transform of ¢
exists and
“Elel

(3.3) Moy (s) = [ 5o at
: 0

for any 6; for which lellge and for any s with A < Res < M.

PROOF. Consider the contour in the figure. 86; is such that

-0 £6, £ 6. From
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. =X
¢(relg) =or M asr-+o0

for any £ € [-0,0] and n € IN, it follows that
Re s -A

I tsv1¢(t) dt = O(r ™ as r + 0.
I

II

For fixed s, A < Res < |, there is n € IN such that An < Res.

We deduce

/ 5 1oty at > 0 if r + 0.
I

In nearly the same way we prove that

f £57 0 (¢) at > 0 if R+ w.
IT

The theorem now follows from Cauchy's theorem.

The main tool for proving theorems in the next chapters is the
fact that the Mellin transform provides an isomorphism between

S 0
spaces T (A,4) and S (XA,u). We state and prove the details in the

following theorem.

THEOREM 7. Assume (1.1). Let 6 € IR, 6 2 0. The Mellin transform M,
defined by (3.3) is a topological isomorphism of Te(l,u) onto

6
S (A, ).
0
PROOF. Let ¢ € T (A,u) and & = M. By partial integration we obtain

() 0) = (-DP [ 5P gy ae, A < re s <y,
0

where (S)p= s(s+l)...(s+p-1).
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from this we deduce, using a modified contour,

6|s|

(3.4) |e (s)p¢(s>| =

S n+1 Mos1 et p (o) S YORE As17Pnet os)
= [ £ ase)h tPo P £y x{t (1+]e)y P TR YIS e,

0

s e : .
Assume n 2 p and put t = ue’ 1 s = c+io. Let An S c g uo-

The {...} - part in the right hand side of (3.4) is in absolute value

C_>‘n+1_1 An+1-un+1 -0,0+8|c+io|
u (1+u) - e .
Consider the case 0 2 0. We substitute 6; := 8 in (3.4) and obtain
9|s| ]
. < v
(3.5) |e (s)p¢(s)] MoT L (),

uniformly on {s € ¢ | A, §Res S, Ims 2 0}.
Next consider the case 0 < 0. Substituting now 6; :=-8, we deduce
(3.5) again, but now with some constant M_ in stead of Ml' Both

2

M1 and M2 are independent of ¢. Combining the results we have

no ols| 6
g () = sup le (s)p@(s)l <M T (9
PSn
)\nSReséun

for some constant M which is independent of ¢. From (s) /sp -+ 1 if

s > © it follows that there exists L > O such that ]sp| s 2[(s)p|

if Xn £ Re s £ W and |Im sl > L. Moreover there exists Mo > 2

such thaF |sp| < Mo(s)o, p=1,2,...,n if An < Re s S Un and lIm sl £ L.

Hence

0 01s N 0
On(¢) = sup le ‘ Isp¢(s)l < MOOn(Q).< MOMTn+1(¢)-
psn
< <
An=ReS=un

The continuity of M follows.



Conversely let ¢ € Se(k,u) and ¢ = M—1¢. Operating under the integral
sign, which is allowed by absolute and uniform convergence of the

resulting integral, we have

p c+iw
(p) _ (-1 -s-p <
¢ (8) =5 f. (s) 2(s)t ds, J|arg t| < 6.
c—i®
It follows that
A A (p)
(3.6) [t "a+leh ™ P PP | =
c+i® -s+A Ho=A
== eels](s) o(s){t  "(+leh T Pe e[s[}ds
2T o= jeo P

Put t = uelel, s = c+io. The absolute value of the {...} -part

of the integrand is

—c+) U=

- olesi
u Dijpy) ® 0 e610 8lc 10[.

0,0-6|c+i
e 10 6|c 10| is uniformly bounded for |81]§ 0. Consider the case

0 < |t| £ 1. We substitute c := An in (3.6) in order to obtain
A Y =X
n n 'n _p,(p) < 0

(3.7) [£ “a+le) 7 ()] s Myon o (9).

Here we have used the fact that there is a constant C such that

9]s| S

le"%l e 01| < cls ?lo], (@)

we evade a threatening divergence of the integral because of the
factor s_2 by bending the contour in such way that it does not pass
through the origin.

In case of lt[ > 1, put ¢ := un, in order to get (3.7) again, but now
M., replaced by M4. Both M

3

and M4 are independent of ®. It follows
that M—1 is continuous.

3
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REMARK
6. There is a simple relation between the Mellin transform M and the
map K wich is defined in (2.8):
(M * R$) (s) = (M) (1-s)

if ¢ € TS(X,U).
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1.4 BIBLIOGRAPHICAL NOTES

The function spaces Se(k,p) and Te(A,u) are extensions of _

the spaces S(A,u) and T(A,u) introduced in [4] by Braaksma and
Schuitman. Locally convex vector spaces the elements of which have
horizontal or vertical strips in the complex plane as domain of
definition occur in the litterature, however with different weight
functions; see for example [60] and [66]. The notation of the norms
on the spaces Te(k,u) is related to Erdélyi,([11]).

The imbedding theorem (theorem 3) is proved using well known
techniques and is inspired by a theorem in [70], (cf §4,page 18).
Basic ideas of many of the definitions and theorems in this chapter
can be found in the monographs of Floret and Wloka ([19]), wWlcka,
([701), xéthe, ([33]) and Treves, ([68]). A short introduction
with many examples to the manner in which we have defined the
spaces Teik,u) is the expository paper of Wloka, ({71]).

The Mellin transform is a topological isomorphism of Te(k,u) onto
Se(k,u) by theorem 7. Hence we could develop a theory for the
Mellin transfcrm in the distributional sense on the dual spaces.
The first paper on this subject is due to Fung Kang, ([23]) and his
results are for example used by Perry,([53]), to study Watson
transforms in a manner similar to ours, (cf chapter 2). The paper -
of Fung Kang deals with modifications of Schwartz's spaces D' and S',
(cf [61]). Also Zemanian considers Mellin transforms, from a
different point of view, of distributions, (cf [72]).

Finally we mention the fact that spaces of type Te(A,u) also

can be obtained as limits (in the projective sense) of spaces

constructed by McBride, (cf [43] anda [44]).
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CHAPTER 2

WATSON TRANSFORMS
CONVOLUTION TRANSFORMS

2.0 INTRODUCTION

A transform ¢ * A9 where A is defined by
(0.1) Ad(x) = [ k(xt)d(t) dt
: 0

is called a Watson transform with kernel k. Many well known
integral transforms are Watson transforms, e.g. Laplace transform,
Hankel transform, Meijer transform and so on.

If in (0.1) we make the substitution t -+ 1/t, we obtain in a formal

way
Ad(x) = | k({-)[%b(
0

Hence, if the transform B is defined by

®
(0.2) Bo) = [ ko) &

0
we may write the transform 4 as the product B * R, where the map
R is the map defined in I,(2.8). From 1‘?—1 = R it follows that we
also have B =4 * R and in this sense (0.1) and {(0.2) may be seen as
different forms of the same transform. However, several important
transforms, e.g. fractional integration and Stieltjes transforms
are of type (0.2). For this .reason we will formulate theorems in
the sequel for (0.1) as well as for (0.2). Proofs of related theorems
may be derived from one another by means of the properties of R.

The transform (0.2) is sometimes called a convolution transform. This



may be motivated as follows. The product convolution of two functions

¢, and ¢, is defined by
x

(0.3) [ 0SS, x> o0.
0 t t

If ¢; is defined to be zero in the interval (0,1), the integral

(0.3) may be written as
J ¢1(%)¢2(t)%?
0

which is the defining integral im (0.2) if ¢; = k and ¢, = ¢.

In nearly all special cases of (0.1) and (0.2), e.g. the transforms
already mentioned, the kernel k has a rather simple Mellin transform.
Therefore we consider kernels k which are defined by

ct+ic

2nL f K(s) t °ds.
c-i®

(0.4) k(t) =

We impose on K the condition of analyticity on some subset of ¢,
in most cases a vertical substrip of ¢; futhermore K has to satisfy

some special order relations if s > .

There is still another reason, even more important, why we choose
(0.4) as the definition of the kernel. It is the relation which
exists between Watson and Mellin transforms. From (0.1) we deduce

at least in a formal way for the moment,

[ee] (o]
faxx*"1 [ kxe)g(o) at
0 0

M- A (s)

[oed

Jat o) £7° [ k() w571 au
0 0

by reversing the order of integration and a substitution. Using

capitals to denote the Mellin transform this may be written as

(0.5) ¥(s) = K(s)®(1-s), AP = .
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The corresponding relation for (0.2) is even simpler:
(0.6) ¥(s) = K(s)d(s)

In the next section we will give these relations a precise meaning.
2.1 WATSON TRANSFORMS ON SPACES OF TYPE Te(k,u)

In this section we consider two types of order relations for the function
K in the defining formula for the kernel of the Watson transform. The
first theorem deals with an order relation of the form K(s) = 0(55) as

s > ®©, where § is some real number.

THEOREM 8. Assume '(I.1.1) . Assume that the function K is analytic

on {s € ¢ IX < Res < j}. Moreover let K satisfy the condition
for every m € IN there exists Yn € R such that

. Yo
(1.1) K(s) = O(s ') as s + o,

uniformly on {s € ¢ | A, $Res sy 1.

Let A< c <y, n€ N and

K(c+ig)

(T-c-ig) E L=
n

(1.2)
Define the function kn by

p ot K(s) .n-s
(1.3) k (£) = = I‘W—t ds, t > 0.
Cc—1% n

Then the.map A, defined by

. .
(1.4) (A9) (x) = ——

dn t—nkn(xt)d)(t) at, x > 0,
= _

O-— 8

is a continuous map of T(1-y,1-1) into T(A,u). (1.4) is equivalent to
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n o)
(1.4)° A 0 = 5 0k o au.
n X
dx o

If 06> 0, then (1.4)' defines a continuous map .of Te(l—u,l—k) into
Te(A,u) and (1.4)' gives the analytic continuation of (1.4) to the

sector Ge. The map A satisfies the relation
-1
(1.5) A=M 'ml(K) - M
6 6 .
where ml(K) : S (1-u,1-A) > S"(A,U) is defined as in theorem 1' by
ml(K)®(s)l= K(s)d(1-5s)

A is independent of the choice of n and c.

PROOF. Let ¢ € Te(l-u,l—A), ® = M. Then formally we have

c+ico

(o<} . .
_4a -n 1 | K(s) n-s
(1.6) (AP (x) = Jatt Toe) 5o j. e (Xt as
0 c—ic n
n c+iw ©
1 4 n-s K(s) -s
= — = [ dsx [ 77 dt) at
2Ti ax®  clim (1-s), 0
1 & O k(s)0(1-s) n-s
T 27i . n j. (1-s) x ds -
dx c~jw 'n
Hence
1 c+i® s
(1.7) AP (x) = o= [ K(5)®(1-s) x = ds
c—joo

The reversion of the order of integration is allowed if x > O
because of the absolute convergence of the integrals. The transition
from (1.6) to (1.7) is allowed by absolute and uniform convergence

of the resulting integral. For x > 0 we therefore have (1.5) from (1.7).
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Next consider the case of (1.4)'. Let argx = 0;, |8;]

Again in a formal way we obtain

(49) (%)

(1.8) o=

by the substitution u

(r.7m' (49) (x)

a
dxn

L") Cc+ico
n-1 -n,u, 1 K(s) n-s
X fdu v ¢(x) 2mi f (1-s) " ds
0 Cc—-jie n
c+i® o
L e 3 e e
dx noO
n c+iwo -i6,
d—n f ds —(%_S—E;—- xS f v-sd)(v) av
dx c¢c-i» n 0

= vx. Hence, using theorem 6, we have

C+ico

2:”. | xts YO (1-s) x ° ds, largx | £6.

c—ic

The reversion of the order of integration and the step from (1.8) to

1.7y

are motivated in the same manner as above.

(1.7) ' is absolutely convergent for any x for which largx |

This follows at oncé from

K(s)®(1-s)x °

_gqy Y.~P
O(e|s| (61-6) _'m

) as s + ®, Res =

for any p € IN. Here m is such that )\m Scs U Moreover this

The integral in

C,

integral is uniformly convergent on any compact ‘subset of Ge. Hence

the integral in (1.7)' is analytic in x if |argx |< 6 and is a

continuous function of x if largx | £ 8. So also in this case (1.5)

makes sense. The continuity of 4 is now a consequence of the

continuity of the factors in the representation (1.5). Moreover,

shows that 4 is independent of n and c.

REMARKS.

1.

(1.5)

a

The numbers ¢ and n, as indicated in the theorem, always exist
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because of the order properties of K.

2. The kernel kn may depend on the choice of ¢ and n. If we have
two cases which only differ in the value of ¢, say c; and c;,
then the corresponding kernels kél) and kéz) differ by a polynomial
of degree n-1 at most. This immediately follows from (1.3).
We see that this does lead to the same vqlue of the right hand

side of (1.6).

3. BAn equivalent definition of the map 4 in theorem 8 may be given
as follows.

Let n € IN; o € ¢, j=1,...,n; ¢ € (A,y) such that

.
_Kleto) o

n
1 (a.-c-1i0)
j=1 J

Define ‘the function'k; and the operator Dn by

c+ico -s n
k:(t) T J I£77&(s)/ T (a,-s)1ds, t > 0;
(1.3)% c-im j=1
n l1-a. o n
- Jj 4 J I d n
D_f(x) = -~ = =
n (x) jl;ll(x = X ) £(x) j=1(aj+xdx)f(x), f €cC.

(The operators in the right hand side of the last formula
commute; so the order of the factors is immaterial).

Then (1.4) is equivalent to

(o]

(1.4)* (49) (x) = D_ é k> (xt)¢(t) at

and (1.4)' is equivalent to

o r u, du
(1.4)%* (4¢) (x) = D_ Ef) k*(u) ¢ () — -
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For example if aj = p we get

1 c+iw ~R(S) . - -
x* (t) Ty RS TS g
n mi c—joo (p_s)n
d Lo o]
(A9) (s) = x PP [ )X (xt)p(v) at .
X 0 n
If we choose aj = p+j we get
c+iw
+ * _ 1 K(s) -S
(1.3) () = 5= | Teps)~ t as
C=1% n
a" <
- +
(1.4)" @A) (0 = x 2 L PP [ Fixty gt at .
dxn 0 n

In the last formula, p = 0 gives another form for (1.4).

We next consider the case in which K is of negative exponential order.

5 -6

By this we mean an order relation of the form K(s) = O(s e Sl), s>,

THEOREM 9. Assume (I.1.1). Let 6, 0 € R, 60 > O, 6 2 0.
Assume that the function K is analytic on {s € ¢ | A < Res < p}.

Let K satisfy the condition

for every m € IN there exists Ym € IR such that

Yo -
(1.9) K(s) = O(s "e Solsl) 4g 5w
uniformly on {s € ¢ | A, §Res = um}.
Let k be defined by
1 ct+ioe -s
(1.10) k(t) =3— [ K(s)t ~ds, A <c <y, larg t| < 8.
2mi cmjoo

Then the map 4 defined by

(1.11) (49) (x) = [ k(xt)d(t) at, |arg x| < 6
0
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is a continuous map of T(1-u,1-A) into T90 (A, W).If 6 > 0 its
restriction to Te(l—u,l—K) is a continuous rriap into Te+e°(>\,u) .
In this case we have :
1 weiel
(1.12) AP (x) = x k(u)(t)(—:—) du, [arg x| < 8+8
) 0
for any ©; such that |61| < 0p, 0:-6 £ arg x £ 0,+0.

Let A < ¢ < 4y and n £ N be such that

K(c+io)  68q]0]

(1-c-i0) € L=, .

(1.13)

Let kn be defined by (1.3) if |arg t| < 8p. Then we have

i9
g™ 1

Tk (o) au, |arg x| S 646,
0

&
(1.12)" (Ap)(x) = —=x
n

dx

if ¢€ Te(l-u,l—k) , for any 6; such that

(1.14) |91] £ 0y 03-0 £ arg x £ 6,+0.

’

In all cases (1.11), (1.12), (1.12)' we have the representation

(1.15) A=ut. m (K) - M,

where ml(K) is the map defined in theorem 1°'.

PROOF. From (1.9) it follows that k(t) in (1.10) exists and is
independent of the choice of c.
Repeating the first part of the proof of theorem 8 in case of n=0,
we obtain for (4¢) (x) in (1.11)

c+ic

j K(s)d(1-5) x °ds.
c-ic

(4¢) (x) = 7
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The integral is analytic in x if larg x[ < Bg. It follows from

® € S(1~y,1-)) that the integral converges absolutely if |argx [56,.
The same holds for the derivatives of (4¢) (x). It follows that (1.15)
holds. Hence the continuity of 4.

Now consider the map A in (1.12)'. Let 6 > 0 and ¢ € Te(l-u,l—X).

k_(u) and ¢(§) exist if argu=0;and(l.14) is satisfied.

We have
" n-1 w02 R
- - n-
(Ad) (%) =—;Xn j duu n¢(§)m I Ti"_:)—u s ds
dx 0 c-i® n
. i6,
n c+iew e
1 a. - -
=T o [ as (II(E:,; K1 i ¢(§) u ° au.
dx c-iw 0

By the substitution u := xt and using (1.14) we obtain

1 & C’flmds K(s)
2Ti dxn oo (l—s)n

(1.16) (49) (x) = 7% [ )t S at,
C

L (81-arc
el( 1 arg)d) . The reversion of the

where C is the halfline (0, «
order of integration is allowed by absolute convergence of the
integrals. From (l.16) we deduce, using theorem 1.6,

ct+ie

(1.17) (4d) (x) = 5% c{im K(s)®(1-s) x ° ds.

Since ¢ € se(l—u,l—k), we may deduce from (1.13) that the last

integral is absolutely convergent if |arg x] < 8+0¢ and is uniformly
. The same is true for the

efeo

derivatives of (4¢) (x). It follows that the integral in (1.17)

convergent on any compact subset of G

is an analytic function in x on G6+90 and that this fuﬁction and
its derivatives can be extended continuously to Ge+e°. (1.15)
therefore also holds for this case which proves the continuity of A.
From (1.15) we see that 4 in (1.12)' is the restriction of 4

in (1.11), defined on T(1-u,1-1), to Te(lfu,l—k) and that its

image is a subspace of Te+e°(k,u).
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The relation '(1.12) may be proven in the same manner. o

REMARKS

4. It should be noted that if larg x, < & +8p there exists 0) such .
that the conditions for the validity of (1.12) are satisfied.
Indeed, it suffices to choose 8; such that

max (~0g,~8+argx) < 6; < min(8y,6+argx)
and this is possible since the left hand side is less than the
right hand side. )

S. Analogous to remark 3 we may replace (1.12}' by

103

®e
u, du

(1.12)* (A49) (x) = D_ [ k*x()o(Z , |arg x| < 6+8,,
n 0 n

) —=
X X

where Dn and k; are defined as in remark 3 under the condition

K(c+i0) e60|0[

(1.13)* o € L(-o,)
I (d.-c-10)
j=1
As a special case we obtain
i6,
- dn n+p-1 e u
(1.a2)** (A (x) = x © = x [ x*)¢ au
dxn 0 n X

if we choose aj = p+j.

2.2 INVERSION THEOREMS FOR WATSON TRANSFORMS

The proofs of the theorems in section 1 rest upon the fact that a map
m100 defined on a space of type Se(A,u) may be lifted to a Watson
transform on a space of type Te(k,u). In fact we used Mellin transforms
to make the transition of ml(K) to 4.

It is clear that if ml(K) is an isomorphism, then also 4 will be an

isomorphism. This follows at once from theorem 7 where it was proved
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that M is an isomorphism of TB(A u) onto Se(A U) In this case the
inverse A—l depends on the propertles of<bn(K)} and so it depends
in fact on the behaviour of {K(s)} . As w1ll be made clear in the
following, mT(K) is an isomorphism if {K(s)} is analytic on some
vertical substrip of ¢ and satisfies order relations of the same
type as those for K. )

We first consider the inversion of the map A described in theorem 8.

THEOREM 10. Let the assumptions of theorem 8 be satisfied. Assume
that K does not have zeros in the strip {s € ¢ | A < Re s < 1}.

Define the function H by

1

(2.1) H(s) = X(i-s) '

s € {s € ¢| 1-u < Re s < 1-A}.
Assume that H satisfies the following condition:

for every m € N there exists 6m € IR such that

§
(2.2) H(s) = 0(s ™) as s + o,

uniformly on {s € ¢ | 1-u S Res s I-Xm}.

Then the map 4, deflned by (1.4) and (1 4)' is an isomorphism of
T (1-u,1-1) onto T (A\,1), 8 2 0. The inverse B possesses the
following representation:

Let £ € N, 1-u < 4 < 1-A such that

H(4+1i0) -
-3 Ti-a-ig), € M)
2
Define hy (t) by
: ' d+io
(2.4) R TR R
2mi . (1-s)
d-ie )

Then if ¥ € T(QA,u),
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)
(2.5) (BY) (x) = —7 [ t "hy(xt)P(t) dt, x > 0.
ax” 0
If 620, ¢y € TG(A,u), then
& -1 u
(2.5)" (BY) (t) = —5 x J h (WP du, larg x| < 6.
ax 0

PROOF. Since

A=Mt. m (k) < M

we have
B =M. m (®) - M.

The representations (2.5) and (2.5)' follow as in theorem 8.

REMARK.

6. BAnalogous to remark 3 we define the operator Dz by
1) 8.
D, = M(x = x37), By € ¢.

We assume that H satisfies
%
H(d+io)/ T (Bj—d—ic) € L(=w,),
j=1

for some 4@ € (1-y,1-1). We then define hz by

(2.4)* hE(t) = = d}ioft'sa<s)/ N (8,-s)las, € > 0
' 2 2Ti aci . 3 ! )
—~ico j=1

Then (2.5) and (2.5)' respectively are equivalent to

[ee]

(2.5)* (BY) (x) = D, [ h*(xt)P(t) at
20 L
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< u, du
(2.5) %+ (BY) (x) = Dl{)ha(u)w(;) el

As special case we obtain putting for example Bj = r+j

in (2.5)%*:
&b er-1 S
2.5)7" B 6o = x T S x T [ty an
ax : 0 X

In the next theorem we consider the inversion of the map A defined
in theorem 9. Here actually we may have that {K(s)}"1 is of positive

exponential order.

THEOREM 11. Let the assumptions of theorem 9 be satisfied. Assume
that the function H defined by (2.1) is analytic in the strip
{s € ¢| 1-u < Re s < 1-)A} and that H satisfies the following

condition;
for every m € IN there exists 6m € IR such that
$
(2.6 H(s) = O(s meeolsl) as s » o,
uniformly on {s € ¢| 1-u < Re s £ I-Am}.

Then the map 4 of theorem 9 is an isomorphism of Te(l—u,l-k) onto
Te+e°(A,u) for any 6 2 o. The inverse B may be constructed as follows.

Let @ € (1-y,1-)) and let H+ and H_ be functions defined on Res=4d,

such that

(2.7) HJS)+HJS)=HB)ifReS=d

and suchvthat there exist £ € IN, a, 2 0g, 0_ 2 0o with the property
(2.8) BG40 € (e it B, 5 by 8 a, i

(1-d—i0)2

(here and in the following the upper and lower signs belong together).
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Such functions exist if (2.6) is satisfied. Define

d+io Hi(s) o-s

(2.9) h,,(t) = 5 ———t""®as
£ 2mi dm oo (1 S)g

if

(2.10) Bg £ targt £ Q

+°

Then B may be characterized by:

if Y € Te+e°()\,u) and |argx | £ 6, then
L oceiY+ °°eiY‘
d -2 -2
(2.11) BY) (x) =—[f h _ (xt)t P(t)at + [ h_ (xt)t P(r)dt]
'dxl o +L 5 -2

for any v, € IR such that

(2.12) 8o S £(y,

+ argx) £ min(cx+, 80+0+ arg x) .

If o, > 80, © >0, larg x| < 6, ]Yil < 6408 and B¢ < £(y, +arg x) <o,
then (2.11) holds with £=0; this gives another characterization

of B on Te+e°(>\,u) .

PROOF. Using (1.15) we éasily see that the inverse of 4 exists and

is given by

(2.13) B=ul. m (H) * M,

. . . 6+60 . 6]
which is a continuous map of T (A,M) into T (1-u,1-}X), (cf theorem 2).
Assume there exist H, satisfying (2.7) and (2.8). If ¥ € T8+60 W,

larg x| £ 0 and (2.12) holds, then

ooelYi » . melYi d+ oo H+(S) fos -s .
[ om0t Yy at= o [ at j. e * t d(t)ds.
0 0 d-i® L
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From the properties of H+ and § it follows that we may change the

order of integration. Thus we obtain for the right hand side

iy
d+ioe H (s) e '%
1 2-s + -s
571 d{imds x (l-s)l g t P(t) dt
d+ie _. H_(s)
= _iT' | as xﬁ S Y(1-s);
2Ti A ico (1-—s)2

(in the last part we used theorem I1.6). Substituting this result

in the right hand side of (2.11) we get

L2 d+io
- H
L e
ax d-ie L
-t m (H) < M) (x) = (BY) (x)

in view of (2.13). Hence we have proved (2.11).
If 6 >0, o, > 6 and |arg x| < 8, there exists Y, such that

v,
It is easy to see that for any x with'Iarg xl £ 0 there exist Y,

A

0+0p, Bp < t(y, + arg x) < 0 _. Now we may take 2 =0 in (2.11).

such that (2.12) holds. The proof of the existence of H_ such that
(2.7) and (2.8) hold will be given in corollary 1 to lemma 1. o

REMARK

7. An equivalent description of B may be given analogous to remark 3.

Let Bj, 1 <3< % and D2 be defined as in remark 6. Assume

that d € (1-y,1-A) is such that

_ . 2
(2.8)* e? 5, (a+i0)/ T (B;-6-i0) € Li-=,®) if 8o 5 #v 5 a,.
+ s=1 +
Defineﬁlgby
1 d+ice -s 9
(2.9)* hYo(t) = 5= ] [ (st /m (Bj—s)]ds, BoStargt < o .

d-ie j=1
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Then (2.11) is equivalent to

iv, v
ocog e
(2.11)* Bb) (x) = p [ [ n¥oxobmrat + [ n*pxe)be) ac)
0 0

In the same manner as in remark 6 we obtain as a special case for
Bj = r+j, j=1,...,%,

iy
2 e T
(2.11) ** BY) (x) = x © d_z T [ ni xt)p(e) ac +
dx 0
ooelY-_
+ [ nr xtd(orac].
P

In (2.11)** we may put £=0 if a, > 80,6 >0, |arg x| <6,
9+eo.

IN

Bo < t(y, + arg x) < o, and |vy,]|

The existence of the functions H+ and H_ is guaranteed by the
assumption that H is analytic and satisfies (2.6). In order to prove

this we use the following lemma.

LEMMA 1. Let A, |, pbereal numbers, p>0, A < U. Then there existanalytic
functions Xy and X, defined on S = {s€¢|A<Res <y} such that

Xy * X2 = 1,
X, (s) = o(eP Ims) as Ims ~» « on S,
X, (s) = o(e?f m ®) as Ims > -o on S.

PROOF. If p(u-A) < 27, we may choose
Xy(s) = [1+e'Pi(s—\))]—1' X, (s) = [1+epi(s—\))]-1

with v = }(A+y). Then X, and X, satisfy the requirements.
Now consider the general case. Choose g > p and considerxr 1+eqls.

This function has zeros Sl""'sk in S. We may choose now
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k k-
1 d tqis, -1
X () = or =5 [+e™5) 70 1 (s-5)1, 3 = 1,2,
J * ds . h=1
where the upper and lower sign are to be chosen if j=1 and j=2
respectively. It is easily verified that these functions satisfy

the requirements. . o

COROLLARY 1. Suppose H is analytic on {s € ¢| 1-4 < Re s < 1-A} and

H satisfies (2.6). Then there exist H+, H_, 4 which satisfy the
conditions of theorem 11.

Given any closed subinterval [d;,d;] © (1-1,1-)) with dz-di1<1 and p20,
there exist r € ¢, L € N, H_and H_ such that H_(s) and

H, (s)/(14r-s), are analytic on {s€¢]|a <re s < ds}, and for some
e>0:

. H+(s) - O(SZ—l-sei(p+eo)s)’
(2.14) i .
H (s) = o(sl—l-ﬁe 1605)

as Ims *®on {s € ¢|d; £ Re s £ d;} and

H+(S) - O(sﬁ-l—Eeieos)
(2.15) .

B (s) = O(sl-l—ee-l(p+60)s)
as Ims +> -oon {s € ¢l di1 £ Re s £ dy}.

Then (2.8)* is satisfied for any 4 €'[d1,d2], o, = p+8,y and Bj = r+j.

v

PROOF. Apply lemma 1 with p = 260,+p, p 2 0, and with A and U replaced
by di and d2. Then choose H = X8 and H_ = X,H. It is not hard
to see that now (2.14) and (2.15) hold for some £ € IN. This implies

(2.8)* for any & € [d;1,4,], o

= p+Bp and Bj = r+j. o

(0o+Vv)a

EXAMPLE. Let V 2 0 and choose @ such that =

¢z,
+e¢(e°+v)is

B, (8) = 3icinif,+w)s B(8)-
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Then (2.7) and (2.8) hold with a+=90+2v. If v=0, we may choose
Y, = t(80+8) in (2.11).

+ x

REMARK.

8. The method of theorem 11 may also be used to describe the analytic

continuation of A¢, as defined by (1.4), theorem 8, with

¢ € Te(l—u,l-k). In stead of (1.4)' one may use

n ooeiY+ weiY_
d -
(2.17) M) (x) = — [ k ,(xt)e "d(o)at + [ k_ (xt)t"p(erracl,
n +2 -2
dx 0 0
where k+2 are defined by (2.9) with the assumptions (2.7) and (2.8),

however H replaced by K, h by k, £ by n and d by ¢, ¢ € (A,W).
Then (2.17) holds if (2.12) is satisfied with 64=0.

A similar remark applies to theorem 9.

2.3 CONVOLUTION TRANSFORMS ON Te(A,u) AND INVERSION THEOREMS

As already pointed out in the introduction of this chapter, the
convolution transform may be obtained from the Watson transform by a
simple substitution. In this section we give the theorems which are
analogous to the theorems in the preceding chapter. The proofs may

be given in nearly the same manner or follow from those of section 2.2
using the map R of chapter I, section 1.2. For this reason we will omit

the proofs or only will give short sketches.

THEOREM 12. Assume the conditions of theorem 8 are satisfied. Then
the map C , defined by
n o

=Sy (X at
(CP) (x) = — /¢ k (Do) ==, x>0
dx O
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is continuous from T(A,u) into itself. (3.1) is equivalent to

dn n
(3.1)" (CP) (x) = —h X
: dx

x, du

-n
u kn(u)¢(a) 5

o— 8

If © > 0, then (3.1)' defines a continuous map of Te(k,u) into itself.
In this case (3.1)' gives the analytic continuation of C¢, defined in

(3.1), to GS’ The map ( satisfies the relation

(3.2) c=utmx - M,

where m(K) is defined in theorem I.1. C is independent of c and n.

PROOF. A direct proof may be given using the techniques of the proof

of theorem 8. Then we obtain

Cc+ico

1 -s
(Co) (x) = CT Ty f K(s)®d(s)x ~ds
c—jeo
which is valid for (3.1) and (3.1)'. Hence (3.2) and the continuity

follows.

We may also note that C=4 R, where R is defined by (I.2.8). Then
theorem 12 follows at once. We also have C=R <4 if A is the map

of theorem 8 with (A,u) and K(s) replaced by (1-u,1-)) and K(1-s)

respectively.

REMARK

9. Let D_ and k; be defined as in remark 3. For (1.4)* we write
(Ad) (x) = (DnA;¢)(x). We then have C =4 « R = Dn « A% <R,

from which it follows at once that
T * dt
X
* = - —
(3.1) (C$) (x) =D g k (Do)
is equivalent to (3.1).

In the same manner we deduce the equivalence of (3.1)"' and
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Lo

* x, du
* = oy =,
(3.1) ** (€9) (x) =D g k(W) —
Special cases are obtained as in remark 3. Choosing aj = p,
3 =1,...,n, we have
o0
-, P8 np * X at
(C9) (x) =x = (x3=)'x ékn(t) (t) 5
where k; is now defined by
c+ice
1 K(s) -s
k*(t)=—.j ——gr t " ds.
n 2mi c_ioo(p—s)
If we choose aj = p+j then
c+i®
1 K(s) -
+ * = —— —N\s) I
(1.3) kn(t) 27i C{im (1+p_s)n t ~ds
and
+ -p & n+ " x, du
(3.1) (€9 (x) = x P 2= x""P [ xx o BH2
ax™ 0 n u u

Analogous to theorem 9 we next consider the case in which K is of

negative exponential order.

THEOREM 13. Let the assumptions of theorem 9 be fulfilled.Then the
map C, defined by

(3.3) (€ (x) = | k(—}t‘-m(t)d—tt, laxg x| < 89,
0

is continuous from T(A,y) into Teo(A,u). If 6 > 0, its restriction
6 +
to T (A,u) is a continuous map into T6 eo()\,u). In this case we have

meiel
(3.4) € (x) = | k(u)¢)(§)%u, larg x| < 6+8,
0
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for any 6; such that |8;| < 6y, 6,-6 S arg x € 6,+6. If (1.13) holds.

for some c € (A,) and n € W, define kn by (1.3) if |arg tl < 8¢. Then

at meiel -n d
(3.5) € (x) = Z=x" [ ok wWeSE, |arg x| 5 646,
n n u u
dx 0
if ¢ € Te(k,u), for any 0; satisfying (1.14). ¢ satisfies (3.2). a

REMARK S
10. The existence of 81 satisfying the conditions for the validity
of (3.4) and (3.5) follows from remark 4.
11, Analogous tc remark 5 we now have as equivalent of (3.5)
i0q
QO
e X, du

(3.5)* (C) (x) = Dné kX (w63

if ‘arg x| < 6+468). Here k; is defined as in remark 5.

If we put aj = p+j we have

c+iw
1 K(s)
k*(t) = — - ds ,
n 2mi c{r” (1+p‘s)n
n Meiel
(3.5)" € x) = x PSP [ e,
dxn 0 n u u

if |arg x| S 6+8; and |81] S 08¢, 61-0 £ arg x £ 0;+6.

The following theorem gives the inverse of the map of theorem 12.

THEOREM 14. Let the assumptions of theorem 12 be satisfied. Assume
that K does not have zeros in the strip § = {s € ¢ IA < Re s < u}.
Define the function H by H(s) = (K(s))_1 if s € S. Assume that

.

H satisfies the condition
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for any m € N there exists 6“ € IR such that
6 th

H(s) = O(s m) as s > ©

uniformly on {s € ¢ |Xm S Res <y }.

Then the map C defined in theorem 12 is an automoiphism of Te(A,u)
for any 6 2 0. Its inverse D may be represented as follows. Let % € IN,

A < d < ube such that (2.3) holds. Define h‘ by (2.4). Then if

g
ve o,
& % g at
(3.6) o) == [t hz(%)w(t)—;:— if x>0
a0
and by
dz lw -9 x. du
(3.7) (DY) (%) = —x Ju “hl(u)lp(—)— if |arg x| < 6.
ax 0 u u

PROOF. In the proof of theorem 12 we cbserved C = R -« 4. Hence

1

Hence C'-1 =2 " . R_l =B + R, where B is the map of theorem 10 with

(A,1) and K(s) replaced by (1-u,1-1) and K(i-s). =}

REMARK

12. Analogous to remark 6 the formulas (3.6) and (3.7) are equivalent to

= X dt
(3.6)* (DY) (x) = py é hp WO =, x >0,
< a
(3.7)* (DY) (x) = b, (j) Rr P =, farg x| < 8,

where Dl and hE are defined as in remark 6, except that now
d € (A,1) instead of d € (1-W,1-A).
Again a special case is obtained by chodsing.Bj = j+r as in

remark 6. We have
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Q+ic

H(s) -S.
hA ) = =—— [ —=2L_ %35, t>o0,
2 2mi dmico (1+r—s)2
2 oo
3.n" Op o =« TLMT [ &2
ax 0 uou

Our last theorem in this section gives'the construction of the

inverse of the map of theorem 13.

THEOREM 15. Let the assumptions of theorem 13 be satisfied. Assume that
K does not have zeros in the strip S = {s € ¢ | A < Re s < p}.
Define H(s) = 1/K(s) if s € S. Assume that H satisfies the condition

For every m € N there exists Gm € R such that

H(s) = O(s meeols|) as s > «»,

uniformly on {s € ¢ | Am < Re s £ um}.

Then the map C of theorem 13 is an isomorphism of Te(A,u) onto
Te+e°(k,u) for any 6 2 0. The inverse D of C may be constructed as
follows: '

let 4 € (A,u) and let H+ and H_ be functions defined on Re s = d such
that (2.7) and (2.8) hold as in theorem 11. Let hiz be defined by (2.9)
if (2.10) holds. Then D may bé>characterized by: if we're+a%x,u) and
larg x| < 6 then i '

“1Y4+ -1yo

g
X x, R dt
— h jL(E-)t W(t)7?

2
L dat
+£ t)t w(t)j? * é

(3.8) Y (x) =—=[[ n
ax” 0

with v € R such that (2.12) holds.

T6+60

if 6 > 0, a, > 0o we may characterize D on (A, 1) by (3.8) with

L =0, |arg xI < '8 and any Y, with By < t(y, + argx) <a,,

lv,| £ 8+ 6. Now h _, is defined by (2.9) if 8, < targt < a,.

(0]
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13. Analogous to remark 7 here (3.8) is equivalent to

me 1T+ a we™ V- at
= * (X dat x (X ot
(3.8)* (DY) (x) = Dyl g CWEATO R cf) n* Qv 1,

where h:l and D2 are defined as in remark 7.

If Bj = j+r we have

dl we_iY+
+ _ _-r — +rx . X at
(3.8) DY x) = x L Ux [cj) hY @) I+
we-iY— : a
* X at
+ Rr @ve) T,
0
where the kernels h:zaredefined by
‘d+ice H, (s) s )
* = _— L3 <
htl(t) 71 d_iw(1+r_s)£ t ds, iif Oy £ rargt S ai.

14. The existence of the functions H+ in theorem 15 and in remark 7
follows from the corollary of lemma 1.
15. With necessary alteration of details remark 8 also applies to the

map B of this section.

2.4 EXAMPLES AND APPLICATIONS

In this section we consider some rather simple applications of the
foregoing theory. Some of these examples will be used in the next
chapters.

First we apply theorem 9 to the Laplace transform. It turns out
that the well known inversion formula for this transform may be
derived with the inversion theorem 11. Moreover we also prove

some interesting other inversion formula's for the Laplace transform.
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EXAMPLE I.
T'(s). T(s) satisfies (1.9) with 84 = 7w

In theorem 9 let K(s)

and (1.10) gives k(t) e—tif 0 £ A<y € ® In this case we have :

the Laplace transform

I,
(L) (x) = [ e *Fot) at
0

e
0
is a contxnuous map of T (1-u,1-1) into T

O+3T 3 1y for a1l 6 2

Other cases following from theorem 9 are listed at the end of this
example.

The function H, defined by H(s) = (F(l—s))_1 satisfies (2.6) of

theorem 11, again with 6y = 37, so the Laplace transform is even
0+4m
! AW .

In order to construct inversion formulas, we apply theorem 11.

a topological isomorphism of Te(l—u,l-A) onto T

At first we derive the well known classical inversion formula and
some related forms.

We put ﬁ(s) = H+(s) + H_(s) with

_ *1  tiTms
(4.1) Ht(S) =g e T(s).

Let L€ INsuch that 2>%-u. Choose d € (1-4,1-1) such that d< 2-% and

d#1,2,...%. Then H (s) satisfy (2.8) with 8o =147 and a, = %ﬂ. Assume

2-k < d < 2~-k+1 for some k € IN.

The corresponding functions h+(t), defined by (2.9) are

_ o2l
h!(t) = Sppte - A TR

(we have omitted the subscript 2). By (2.11) with { = 3T, we

have the follow1ng inversion formula,

) joo k-1
@ 0 51—-§—§ e 207 ey o e
~iw j=0 3t

§n+6

which holds for x > 0, y € T (A, W) .
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In the general case larg xl £ © the inversion formula becomes
20 wel Y+ k-1
- 1 d
@2 e =S o« [ & - ] ("t) 1+ %0 at ,
dx ooeiY_ 0 j=0

. 3
where Y, satisfy (2.12) with a_ = Eﬂ. As an example we may put
Y, = +3im - arg x.
(4.2) may be simplified in the case in which there exists ko € IN

such that kp £ k-1 and 2-kg < 1-A. Then for some positive €,

jz > 8-1 > ... > -k+1 > d > 1-y+g,

(4.3)
lRk+t < L.l < f-kp < 1-A-g.
. O+4m g
Any function Y € T (A,1) satisfies
(4.4) {w(t) = O(t_U+E) as t > @, Iarg t! < O+4m, Ve > 0,

Y(t) = ot as t » 0, larg t| < 6+3m, Ve > 0.

We deduce that )
°°eiY+ .
([ + [ )&% at =0, m = ko,ko+l,.... k-1,
iy= 0

®e

if |Y+| £ 0+37. Formula (4.2) becomes

-1 1 4 0 wet T+ t ! xt)3
(4.2)' LY === ([ + { [ - 2 X0 1 Mo at .
2mi . R , j!
dx ooelY_ 0 =0
If U £ % we may choose £ such that +u € té, 2} or R+u € (2 ,%—.

‘In the first case we may cheose kg = 1, in the second case we
may choose kg = 2.

3
If 4> Zand 0 < A <1 we may choose d < -4, & = 0 and ko = 0. The

resulting formula is
-1 1 0 weiy+ <t
TP x) = (] +£ yle" () lat .

walY-
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We may also simplify (4.2) in another way. By an analiticity (and

continuity) argument the contour in (4.2) may be replaced by a

contour which consists of the half line from °°elY' to reiY', (r > 0),

the arc t = rei¢, Y. £ ¢ £ vy, and the half line from el to we Y+,
Here we assume that (2.12) is satisfied. As.an example, if 8 £ im we
may choose Y, = +(3m+6).

From the fir;t relations in (4.3) and (4.4) we deduce for any

v e oy

[ Merat =0, 5 =0,... x-1.
C

From Cauchy's theorem it now follows that we have

.
-1 1 4 xt -
(4.5) (TP x) =5—— [e t Yt)dat
2mi dxl c

if |arg x} £ 6 and (2.12) holds. If x > O we may replace (4.5) by
£ c+ic

[ &M at, ¢ > o.
dx~ c~iew

o7}

(4.5)" ey o =

=

1
2Ti

In order to construct another inversion formula we choose a different
decomposition of H(s). We define

P
1 e_aTrl(s+c)

- i €¢
B (8) = 27 T(is)sin(an(s+c))’ 2'€ ra# 0.

Then H(s) = H+(s) + H_(s).

Let Rea 2 4, L € N and £ > d+%. Then H, (s) satisfy (2.8) with 6 = im
and o, = (2Re a -%) 7. Furthermore we obtain for the corresponding
functions h+, defined by (2.9), with £ = 0 in that formula,

[ © c+k/a
_ .t t
(4.6) B0 =t s

ko T'(L+1+ct+kAa) '

where kg is such that -c - %} is the first pole of H_to the left

of the contour .in (2.9).
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We consider some special cases.

a)

(L~

b)

Ly x)

Let p2>% , a=1%and Rec > %. Then we may choose d < -4 such
2k
that kg = 0. We may put now £ = 0. Using (1+c)2k‘=2 (i+§c)k(1+§0)k

we obtain

h = (Clp, (1;h+dc, 1+dciit?
+(8) = TiT (14c) © 1Fp (1id+de, 1edeiatt).

1:T6+&ﬂ

Hence we have the inversion formula for L~ (X,u)+Te(1—u,1—X)

joo

! [ (xt)C,F, (1:3+3c, 1+3c: B2t Y(t) at , x > 0,
i » - .

-1
LV = e

which follows from (2.11) with Y, = +im.

In the general case we obtain

0 walY+

Cf o+ ] e F, (dvie, 1o e ) Y(e) dt

wexy_ 0

S S
T il (1+c)

if larg x| £ 6 and (2.12) is satisfied.

3
Let U>§, i<Rec <1, a=1, Re c>A-1Then we may choose 4 < -% such
that -Re ¢ < d < 1-Re c¢. Hence ky = 0 and we may put £ = O.

The functions h+ are

C

ht(t) =

+ 3
—_— ——— . . < < I
271 T(170) 1R(1;1+c;t), v%ﬂ'= targ t S 2ﬂ

The inversion formula (2.11) now becomes (Y+ =+ im):

joo

-1 S S c J14c;
(7 ) = e _{m (x£)"1F1 (1:1+e;xE) (L) at

which holds if x > 0. If |arg x| £ 0 and (2.12) holds we have
welY+

0

-1 a1 c S4es

(L7 ) = smray ti + é ) (x£) S F ) (1 14cixt) P(E) At .
cog -
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In case b) we put O = 47 and in (2.11) we take Y, = *7. Then for

1 3

oo, > T (11, 1-1) we have

1

]
TMiT(lre) f (xt) 1F1(1;1+c;xt)P(t) dt ,

C

@) x) =

. . . -mi
where C is the contour along the negative axis, from we to 0

i
and from 0 to we - and the formula holds if |arg x| £ im.

For convenience let a be a real number, a 2 4. Let ¢ =0, 4@ < -%.
We may take £ = 0. We assume A < 1 and for this case we construct
an inversion formula for the Laplace transform, which contains

the Mittag-Leffler function E (t), (cf. [26al, II, p 64 and [s8a],
I, p 345-348).

The poles of the functions H+ which are to the right of the contour

are -(kp-1)/a, -1/a, 0. It follows that for some € > O

1-p+e < d<- kot o ... <-Lop < 1one.
a a
Using (4.4)we see that
joo
.7 [ &3ty at =0, m=0, 1, ... , ko-1.
-joo
Moreover
@ k/a
h(t) =t =—— § L
+ 2Tia T'(1+k/a)
k=ko

s L
2Tia

1/a ko-1 k/a

i )~ ) T
k=0 T(1+k/a)

]

El/a(t

Using (4.7) and (2.11) with Y, = +47 we now have the following
inversion formula:
joo

1/a
—iOJ; Ey /af (x8) YP(t)dt, x > 0.

@ty 0 =

27mia

If |arg %| £8 and (2.12) is satisfied we have

0 ooeiY+
) () = e ( [ E
2Tia i +
g Y- 0

1/a

a((xt) yP(t) dt .

1/
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The functions h_ in (4.6) may be seen as special cases of the
function pwq' i;troduced by E.M.Wright. These functions are
generalizations of the hypergeometric functions. The asymptotic
behaviour of the functions pwq are treated in detail in [3al,
section 12. It follows from an application of theorem 21 and of
theorem 22 in [3a ]Jthat we have

1 t -1
ht(t) = 5m © + O(t

/a)
as t - o, ]arg t]éﬂ and if a € R, a 2 %.

We now compare the classical inversion formula (4.5) with £ and

i}
v O

the inversion formula following from (4.6). We again assume a
Hence in (4.6) we have ko = O. We have

iv+

-0 ®g
[&Mwae - [ naowwat - [ h xo)y®) dat =
c B 0
= [ oty at .
c

/a_U+E) as t > o,

The integrand in the last integral is O(t.1
From an application of Cauchy's theorem it now follows that this
integral is zero.

This proves in another way the equivalence of the inversion formulas
for this case. The equivalence of the classical inversion -formula
and the inversion fgrmula involving the Mittag-Leffler function Ea’
may also be proven .in the same way directly,using the asymptotic
expansion of these function as treated in [58a)}, p 345-348.

For convenience we now list the main results on the Laplace

transform.

LAPLACE TRANSFORM. LIST OF RESULTS.

If © 2 0and 0 £ A < u £ © then the Laplace transform L defines a

topological isomorphism of Te(l-u,l—A) onto Teﬂ‘rT

(A,1). Here L is
given by

1) if ¢ € T(1-p,1-1) and |arg x| < #m then



2)

3)

4)

L) (x) = [ e *To(e) at ;
0

Lg

if ¢ € o (1=y,1-1), larg x| < §1r+6 then

191
N hat-
L) x) =x [ e ¢<;)dt
0

where 0 is such that |01 < ¥m, 6:-6 <

if n € N, n > A+% 2 n-1,
no = 0 if n £ A+1,
¢ € T(1-4,1-1), ‘arg xl < 3w

-n; -xt
?[e X

n

at 7
(L) (x) = — [ (~t)
. dx 0

if n and np are as in 3), ¢ € T

i0q
a®  n-1 .
(L) (x) = — x JE S
n
0
where 8) is such that |0:] ¢

then
.QP
- .z
J:
)

-n; -t
fe ™ -

im, ©

ng =1 if n > A+1,

( xt)

no

3=0.

arg x

1-6 £ arg x

1¢(r) at ;

(1-u,1-2), !arg xl

Y 61+6;

£ 371+6 then

< 91+G.

-1 .
The inverse transform [, = may be represented as follows:

b

it peq”
3

L€mW, DL L,

(A,1) and

ko=0v,2=0ifu>—g-,0<
. _3 3
ko = 1 if p £ > §~< u+e £ 2,
Ko = 2 if B S3, 2 <l €2,
2 2
2 )

AR

1
|...
la
P
BAe S -
-
»
(a4

if 8 >0, Y € T§n+9
then
L 0
-1 !
L) === (f o+

ax” o iY-

A <1,

then

ko
.

3=0

oal Y+

/

0

(xt)
it

)[ext

j=0

1t w(t) dat

o-1 (xt) 3
j!

k
-1

, X > 0;

(A,U) and the conditions of 1) are satisfied

] t-zw(t) at ,
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larg x| £ 6 and Y, such that im £ i(Yt + arg x) £ mino%ny im+Btargx).

(cf. (4.5) for a related contour integral).

» e 050, per 0w, u> 2 Rec>t then
1 1 0 weltt '
- c
(L Y (x) = ?IFTT:ET( f' + [ ) (xt) 1Fa (1:d+dc, 1+3c:3x% ) Y(v) at,
oc,ely_ 0

|arg x| < 6 and Y, as in 2).

4 i£8>0, per™ 0w, u >%, 3} <Re c <y,
then
-1 1 0 weiY+ [
(L7 (1) = g [ [ ) (xt) T F, (1 l4e;xt) Y(E) At ,
) °°elY— 0
|arg xlé 6 and Y, as in 2). In particular, if 8 = im, Y, = #m,

g € Tﬂ(k,u), then

1 [ xt)C F (1;1+cixt)Y(t) dt , |arg x| < 4w,

-1
(9 x) 2mil (1+c) c

. . . ~mi
where C is the contour along the negative axis, from «e to O
mi
and from 0 to e ",

4+ 0

5) if >0, a24%, A <land Y €T (A,1) then
A 0 weiY+
-1 1 1/% .
(L) () = 5o fiY + {) JEy (e Yty at, |arg x| 56,

e

where Y _ are as in 2). Here E, denotes the Mittag-Leffler function.

EXAMPLE II.
Let K(s) = ngsr— , Nn€ N, n22, act ¢. Assume Rea £ A < yu.
n
Define k by
1 c+ic -s
k(t) = CTT f K(s)t ds, Rea<c, t>0.
c—-imw

Using residue calculus it follows that
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k(t)

1 -a n-1 :
—_ - i <
() t (i-t) if O t <1,

k(t) 0 if t > 1.

By theorem 8, formula (1.4)', the map A, defined by

1
1 -a n-1, t
™) é t o (1-t) () at

(49) (x) = xT
. 0 , 0

is a continuous map of T (1-U,1-A) into T (A,u) for any 6 2 O.

Accordiﬁg to theorem 12, formula (3.1)' with n =i0, the map B, .

defined by

A
I'(n)

x, dt

(B) (x) = e

1 -a n-1
J IR & T S Y
0

is a continuous map of Te(k,u) into itself. It will be seen in
chapter V that B is a special case of a fractional integration

operator.

It is obvious that H(s) = (K(l-—s))_1 satisfies the conditions of

theorem 10, with £ = n+2. Thus 4 is an isomorphism of Te(l—u,l—k)
(3]

onto T (A,H). A representation for the continuous inverse may be

given in the following way. Let 1-j < d < 1-A and define h by

d+ie
ne) =g [ e — s
d-ic n+2

Q+iw - -Ss :
1 -t
oy f ds, t > 0.

Qmiw (n+1-a-s) (n+2~-a-s)

We obtain

a

hit) = €277 2(e-1) if e > 1,

0 if 0 < t < 1..

)

Formula (2.5)" gives the inversion (D = %;
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a

a n+2x—a+n+1 ¢ _n_z(t-l)w(i)dt.

@ty (x) = x3p

> 8

In a similar way we deduce an inversion formula for the map B , using
theorem 14 and remark 11. In formula (3.7)+ we put r = a-n-2,

£ = n+2. We define h by

(-1)T c¥i® ¢S

271  T{s-awn+1) (s-atn) 9S
c-ie

h(t)

1]

D" 1-t) if0 <t <1
0 if t > 1.

B_1 is then given by

1
(B lw)(x) - xn+2-aDn+2xa f(-lpt_a+n(1—t)W(%) %? .
0

EXAMPLE III.

Let K, and X, be functions which are analytic on s={s€¢| A < Res < y}.

Assume for every n € WN

-1-¢ ‘ ,
= SR Y , €>0, j=1,2.
Kj(S) O(s ) as s > @, An es un £>0, j=1,2

K1 and'K2 satisfy the conditions of theorem 8 and theorem 12

respectively. Let kl' k., be the corresponding kernels in these

2
theorems,
1 C+ixo

=S

= — < ¢ < i = )

kj(t) CTT . Kj(s)t ds, A< ec <y, j 1,2
c-i®

Let A : T(1-y,1-X) > T(A,u) and B : T{(A,y) * T(A,4) be the correspon-
ding Watson and the convolution transform. One easily deduces

ot 1 Cc+i® -5
(B*A)$(x) = (j) atd(t) 5 [ K (9K, (s) (xt) .ds].

c—i

Hence the composition of B and 4 is a again a Watson transform from
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T(1-U,1-A) into T(A,H). The kernel is the convolution product of k1

and k2:

k() = [ k(DK
0

dt
2(t)"€-.

EXAMPLE IV

Let A be the map defined in example II. Let B be the map B of example

II with a replaced by -a. Assume IRe a| 32 A < Y. We now apply example
IXTI with

Kl(s) = I/(s-a)n, Kz(s) = 1/(s+a)n-
We have © ,
(B = [ ko x tau
5 X
where .
1 crie 1 -s
k(u) = — f -1 ds .

2ni s joo (s—a)n(s+a)n

By the last formula of example III we have

S .
- - -1 4d
kw = —1— [ &2a-5H" a5,
(I'(n)) u .
0<u<1 and k(u) =0 if u> 1. By the substitution %E% = z we have
1 a-n 2n-1 1 n-1 n-1, 1-u_ 2a-n
() k(u)= ————u" " (1-u) Jz0 T(1-z) (e —=2) az .
2 u
(T'(n)) 0
On the other hand, using residue calculus we obtain
: n-1 k k .—a a
1 (1) u - u u
k(u) = l + 1., O<u<i,
k- 1 - - -
(F(n))z k=0 k!(? k-1)! " (2a k)n (-2a k)n

which as a by product gives the evaluation of the integral in (1),
where #2a # 0,1,...,n-1.
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EXAMPLE V.
Let K be defined on {s € ¢ | A < Re s < u} by

F(S)F(u s)

Toes %Y EF

K(s)

Assume 0 £ A < u4 £ Rea . Then K satisfies the conditions of theorem 9

with 6, = im. We have using residue calculus,

c+ice

1
k(t) = 5o f. K(s)t Sds
c-i%®

I (a)

P(Y)lF (a;v:-t) , |arg t| < im.

Hence by theorem 9, the map A, defined by

o
. Tl .
(49) (). = T35 ('E JFa(asyi-xt)d(t) at ,

oW, 8 2 0.

is a continuous map of Te(l -u,1-1) into T
This example is in a slightly different form due to E.R.Love,
T.R.Prabhakar and N.K.Kashyap, (cf [41]). They also considered

the inverse of A. In chapter V we will give their inversion formula,
Here we derive another inversion formula, using:theorem 11.

Let H(s) = (K(1-s)) ). H satisfies (2.6) with 6= }T. Hence A is an

isomorphism. Define H (s) by

T (s+y-1)T (s) e "+S

2mil (s+a-1)

Ht(s) =%

Assume 1-p < d < 1-A, d < Re(a-Y)-}%, d #0,-1, .... , d # 1-y,-y, ... .
Then Hi satisfy (2.7) and (2.8) with 6y = %, a, = %Tﬂ £ = 0. Define
h, by

a+ie

h (t)-—ai—-dj H (s)t ®ds, Im < targt %n.
Then by (2.11) with Y, = 37, & = 0 the inverse A-1 TQ“(X,u)*T(l—u,l-X)
is given by B
joo
AW = [ hxeype at, x > 0,

—joo



where h(xt) = th_(xt) if arg t = 3w,

In the general case we have: A-l :T}n+e(k,u) > Te(l—u,l—l) is given by
0 . el Y+
@lym = [ noxovwat + [ hx€)P(e) at
iy~ 0
g

if |arg x| €0and (2.12) is satisfied.

We consider the case in which 4 may be chosen in such a way that all
poles of H (s) are to the left of the contour. This is p0551b1e if
Re Y > X, A <1, Re a > %-and Re 00 > Re'Y + 3.

In terms of Meijers G—function we than have

B il 2 0, ¥mi < & <3
hi(t) Ty 1 2(e t Y 1 0), im < # argt £ 5T
This in turn may be written as
: 1 _Fimiy  dy-1 it Fi
=¢-———-
ht(t) oL © t e in_a+1,§Y_§(e t),
where W denotes Whittaker's function.

..

We may also use residue calculus for the computation of h . We

" obtain

_ T(y-1 Y-1_Friy T(1-y)
hi(t) + an F(a—l) 1 1(2 a;2-y;t) F EFEC e F(a 1

F, (1+y-0; Yit).
The equivalence of these expressions for h+ may be seen from [12],

p 216(6) and p 253(7) and from [26], p 1055, section 9.220.

If there are also poles of H_ to the right of the contour, then of
course there will occur addi;ional terms in the kernels of the
inversion formulas , due to the residues of these poles.

Also if the condition 4 < Re(a~Y)-% is not satisfied, the inversion

formulas will be more complicated since we then have £ # O.

EXAMPLE VI
In the same manner as in the preceeding examples we may treat the

following transform. We define the transform A by
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oo
(49) (x) = [ /xt ¥ (xt)¢(t) at
0

where Yv is the Bessel function of second kind and of order v. The

Mellin transform of the kernel /th(t) is given by

s-3 T(3+3v+is)

T(3+iv-13) cotm(3+4v-1s)

2

K(s)

- oS I'(3-3v+is) T (d+iv+ids)
N(-1-4v+ds) " T(2+3v-3s)”

We deduce that

H{(s) 1/K(1-s)

= 51 [(3-3v-3s) [(3+dv+ds)
I'(3-4v-1s5) T(3+iv-is)

s~% T(3+3v+is)

T(3+3v-3s) tanm(3+3Vv+is) .

= 2
From this it follows that
: -1
(me)m@%m
where Hv is Struve's function. The inversion formula is

(A"lun (x) = [ /xt M, (xt)P(t) dt .
0

We omit the details. The reader is referred to [62al, p 278;
cf also [12],1, p 219 (46) and p 220 (51).
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2.5 BIBLIOGRAPHICAL NOTES

As pointed out in the introduction, many known integral transforms
are of Watson or'éon§olution type. Convolution also occurs in some
applications to define for eﬁample new kernels for integral trans-
forms (cf [1] and [6]). The theorems in this chapter are extensions
of those in [4] where the theory of Watson and convolution trans-
forms is given for spaces T(A,u). Watson transforms in distribu-
tional sense are also considered by Hsing-Yuan Hsu,([27]), with
applications to Hankel and Hilbert transforms and by Perry, ({531).
The last author considers the bilateral form of Watson transforms,
i.e.fjwk(xy)¢(y)dy. Rooney ([57]) considers both Watson and
convolutioﬁ transforms in combination with a simple form of our
operator Dn' (cf remark 3- and remark 6), on certain Banach spaces of
Lebesgue measurable functions and also products of these transforms.
In the literature many applications can be found;. an important one
is the éolution of (dual) integral equations, (for examples see
fa], 1381, [39], [e9]). _

Laplace transforms on topological vector spaces are inﬁensively
studied. The classical work of course is Schwartz's mbnograph;
([61); confer also [24]). The paper of Boas deals with a "nearly
Laplace kernel". Cooper ([5]) considers Laplace transforms in the
sense of Schwartz. Kratzel ([36]) considers extensions of the
Laplace transform. In his paper it is noted that Meijer's K-trans-
form (see chapter 7 in this thesis), because of the asymptotic
behaviour of the kernel, may be seen as an extension of the
Lablace transform. He also gives further extensions to more general
kernels. G and H functions as kernels of integral transforms occur
in [4], [42}, [45). Also Swaroop considers a general kernel

the behaviour of which resembles the Laplace kernel. As an example
of the bilateral Laplace transform on a locally convex space see
[e0]. ’

The product of two integral transforms of Watson or convolution

type has bBeen treated in a general "context by Kober, ([311).
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As an example of the use of Watson transforms we also mentiqn the
work of Prabhakar (cf [55]). The integral equations in his paper
originate from the field of physics. Later én in célaboration‘with
Love and Kashyap other integral equations have been studied by the
authors. Their results in [41] follow easily in chapter V. Another
result with respect to their integral equation is given in example 5
of this chapter.

Many other applications of integral transforms can be found in [62a].
Confer also [67). Hirschman and Widder [26b] consider a related
convolution transform, the kernel being of tﬁe form k(x-t).

Finally it should be noted that the theory of this chapter is
immediately applicable to kernels defined by the inverse Mellin
transform of G- and H-functions. As for the latter ones this is
already done for spaces of type T(A,u) in [4]. confer also the
example at the end of chapter IV. For general remarks see also

the monograph of Marichev, ([42a]).
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CHAPTER 3
EXTENSIONS THE CASE A=y

3.0 INTRODUCTION

The integral transforms in chapfer II have been defined on spaces

0 .
T (A,Md) with A < u. However, the spaces Te(A,u) also make sense for
A 2 1. The assumption A <pthas been used inorder to give a meaning

to the following representations of the integral transforms:
-1 ~1
M~ +m(K) M, resp. M - m (R) M,

where M is the Mellin transform and m(K) and ml(K) are maps defined in
chapter I. m(K) is a map of a space of type Se(A,u) onto another such
one, and these spaces are only defined if A < \. Thesameholdsfornﬁ(x).
In this chapter we give an extension of the definitions of Watson

and convolution transforms to spaces Te(k,u) with A 2 u. Properties

of these extended maps like those already given in chapter II wil

be treated in the theorems of section III.2.

The extensions rest upon a certain decomposition of the functions

under consideration. We begin in the next section with a study of

these decompositions.
3.1 DECOMPOSITION OF A FUNCTION ¢ € Tecx,u)

Let A, Y, A', u' be real numbers such that
At <u', AuE (A, u').

Futhermore, let (An), (un), (Aé), (pﬁ), n € N, be monotonic
sequences of real numbers, such that

Xn ¥ A, X; ¥ A, M + oy, “ﬁ 4 u' as n > o,
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¢}
We are going to construct a decomposition for any ¢ € T (A,W).

This decomposition will have the folowing form:
6 1 8 '
¢ =¢1 +92, ¢1 ET(A',W), ¢ €T (A,u").

Note that A" < |, A < |u'. Hence the integral transforms of chapter II
may be defined for both ¢; and ¢,.

THEOREM 16. Let A, 4, A', U' be as above. If ¢ € Tetk,u), then
6
there exist functions ¢; and ¢, such that ¢; € Te(k',u), ¢ € T (A,u")

and ¢ = ¢ + ¢2.

PROOF. We will construct functions p; and p, such that ¢; = 019,
¢2 = p2¢ and ¢ = ¢; +¢,. We take

pr(t) = (1 - (1N ™M o6y = 1 - py(t),
0 v
where ¢ >0, 0 £ B < m, m = X(? , my = U(xu . If 8 > 0, it

follows from Ba < T that p1, P, are analytic on Gg and may be
extended continuocusly to Ge, including the derivatives of any order.

By a Taylor series expansion it is seen that

Py (L) = o(t®*') as t 0, t € Gy,
py(t) = ottd' ) st 0, te Gy
and by induction
0¥ e = 0™ ) as e >0, £ E Gk = 1,2,
_ p-u'
Also p1(t) =1 + O(t ) as t > >, t € GB’
oty = 0t ss e v w, t e Ggr k = 1,2,...

Since p; = 1 - p;, one obtains
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pa(t) =1 + o(tx'w) ast >0, t €G

e’
00 = o™ as a0, tesy, k=120,
pék)(t) —ot" M as e w, b€ Ggs k = 0,1,.

. 5 .
Let Té’ n =0,1,.... denotée the norms in T (A',u), associated with

the sequences (Aé) and (un). Let ¢ € Te(l,u), ¢1 = p1¢. Then we have

)\l _>\I
o = s fePased ™ oy P,
psn )
tEGe
For some p € W, O £ p £ n, consider
A H_=A! p
(1.2) Celasfeh T PR Y B ) (£ PR (4.
k=0
If t » 0, then
‘ W k-p_>‘
03 ()P ¢y = oA R ¢ Y,k =0,1,....p,

for any ¢ = 0,1,2,... . Hence we have that the expression (1.2) is

AT4A=AT-A
(1.3) ot ™ ) as t »+ 0.

The exponent in (1.3) is positive for £ sufficiently large. Hence
(1.2) is bounded in a neighbourhood of 0.

If t > ©, we have

k‘P‘UZ

{ ) k=1,2,...,p,

(1.4) o) (£ ® (1) = o(eM MR ¢

.. -p-Hu
o1 (0¢® (1) =oe Yy,

for any £ = 0,1,... . For the expression (1.2) we have the order
relation )

TRRATES RPN Bo-u
(1.5) ot " o™ % as t > o,
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Both exponents are negative if £ is sufficiently large. It follows
that (1.2) is also bounded in a neighbourhdod of ®. We now deduce
that T$(¢1) < o, hence ¢; is in-Te(é',u).

Analogously we may show that ¢, € T (A,u'), and the assertion of the
theorem follows. o

3.2 EXTENSION OF THE DEFINITION OF WATSON TRANSFORMS
AND OF CONVOLUTION TRANSFORMS TO THE CASE X > u

In this section we give the extension of the definition of Watson
transforms and convolution transforms on spaces Te(x,u), A and |
arbitrary real numbers, by means of the decomposition of the function
¢ G“Te(k,u), as described in the foregoing section.

‘The proofs of the theorems concerning the extension of the convolution
transforms are modifications of the proofs of the theorems which

give the extension of the Watson transforms. For this reason we

do not give the proofs of all theorems in tﬁis section.

Our first theorem gives the extension in the case of the map of

theorem 8.

THEOREM 17. Let A,u € IR. Suppose K(s) is analytic on S =

{s € ¢|c1 <Res < cy} and K(s) = O(s') as s * ® on S, where

c1 < min(A, W), c2 > max{iA,w), Y € I(..Choose n€ N, n> y+l,

p € ¢, such that K(s)/(1+p--s)n is analytic on S. Define k; by
(11.1.3)* with ¢ € (cj,cy). Then the map A defined by (II.1.4)% is
a continuous map of Te(l-u,1~l) into Te(k,u) for any 0 2 0.

This map is independent of the choice of p, n, ¢1, ¢2, c. It is

an extension of the map A of theorem 8 with A=c;, u=c,.

PROOF. Because of theorem 8 and remark II.3 we only need to consider
the case A 2 U. In the definition of k; in (II.1.3)+ we may replace
c by any number c¢ € (cj,c2) without changing k;, because the
integrand in (II.1.3)+ is analytic and O(sY_n) as s > ® on S.

0 .
Let ¢ € T (1-u,1-A). Choose a decomposition ¢ = ¢; + ¢2, where
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¢1 € Te(l_CZII-)\) ’ ¢2 € Te(l"'“ll_cl)l

(cf. theorem 16). Now apply (II.1.4)+~ to ¢ , =1,2. According
to theorem 8 and remark II.3, A, exists, j =1,2, A¢1 € T (A,c2) ©
c Te(k,u) and A, € Te(cl,u) < T (A,u) . Hence (II.1.4) makes
sense for the ¢ we started with and ¢ € Te(k,u). From theorem 8
and remark II.3 it follows. that the map A is an extension of the
map A of theorem 8 with A = ¢; and U = c3.

Choosing ¢1 = P1¢, 2 = p2$ as in the proof of theorem 16 it is
easy to see that themapsdeflned by ¢ » A(p ¢, j =1,2, are
continuous from T (1-y,1-1) into Te(A W . Hence A is continuous.
It is also easy to see that 4 is independent of the choice of

c1 and cz. As in theorem 8.and remark IT.3 it is evident that

A is independent of the choice of n, p and c.
Similarly we may prove

THEOREM 18. Let A, € RR. Suppose K(s) is analytic on § =
{s € ¢]|c1<Res < c3} and

-0¢| s|

K(s) = O(s e ) as s * ®©, s € S,

where ¢ < min(A,W), c2 > max(A,u), Y € R, 6y > O.

Let k be defined by (II.1.10) with the condition A < ¢ <.u replaced
by ¢ € (c1,c2). Then the map A defined by (II.1.12) with |6;] < 8,
0:-@ £ arg x £ 51;6 is continuous from Te(l-u,l—k) into Te+e°(l,u)
for any 6 2 0. This map is independent of the choice of ¢, ci1, c»2
and it is an extension of the map A of theorem 9 with]) = c;,

H = cz. If k* is defined as in theorem 17 for |arg t| $6y , then
(I1.1.12)** holds for any ¢ € T (1-u,1-2), € 2 0 and any 9; such that.
(II.1.14) is satisfied.

REMARK
1. Theorem 17 and ‘18 respectively may also be formulated in such a

way that (II.1.4)* , respectively (II.1.12)* apply.
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The conditions for the maps A4 in theorems 17 and 18 to be isomorphisms
are very similar to the conditions in theorems 10 and 11, chapter II.

The next theorems give the inversion in case of 4 being an isomorphism.

THEOREM 19. Let the assumptions of theorem 17 be satisfied. Let H be
defined by (II.2.1) and H be analytic on Sy = {s € ¢| 1-cy<Re s <1-c1}.
Suppose

H(s) = 0(56) as s > o, s € S1

for some 6 € R. Then the map 4 of theorem 17 is an isomorphism of
Te(l-u,l—k) onto Te(k,u) for any © 2 0. Its continuous inverse B
may be constructed as follows.

Let £ € IN, r € ¢, such that £ > &+1, and

H(s)/(l+x-s), is analytic on S

L 1°

Then define hz by (II.2.4)* with B = r+j and d € (1-cp,1-c1).
If Y € Te(X,u), then B satisfies (II 2.5) " for larg x|

PROOF. We only consider the case A 2 U because of theorem 10 and
remark 6. Consider the map B of theorem 10 on Te(X cz) and Te(cl .
Let Y € Te(k H) . Choose a decomposition Y =y1+y,, where Y; € T (A, c2)
and Y, € T (c1,W),(cf. theorem 16). Define BY = BY; + BY,. This is
equivalent to the definition of B via (II.2.5)+ ,{(cf. the proof of
theorem 17). Then By € Te(l-u,l—X), By, € Te(l—cz,l—k), By, €
Te(l—u,l—cl). Hence ABY = ABY; + ABY, as in theorem 17 and ABllJj = wj'
j = 1,2. So AB = 14 and similarly BA = Id. v o

THEOREM 20. Let the assumptions of theorem 18 be satisfied. Assume
that the function H defined by (II.2.1) is analytic in the strip
S, = {s € ¢|1-c2 < Re s < 1-c;}. Suppose that

H(s) = O(séee°|s|) as s+, s € 51

for some § € R. Then the map A of theorem 18 is an isomorphism of
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+ .
Te(l—u,l—k) onto Te eo(X,u) for any 6 2 0. The continuous inverse B
may be constructed as follows.

Choose £ € N, r € ¢, p > 0 and functions H,_ which satisfy (II.2.7)

on S1 such that

H+(S)/(1+r—s)z is analytic on S,
and

(I1.2.14) holds if Im s > ®, s € S,
(I1.2.15) holds if Im s + —-®, s € 5

with € > 0. (The existence of these numbers follow from the

corollary of lemma 1). Then define h:z by (II.2.9)* if eoégargt Sp+By,

with B, = r+j and d € (1-cz,1-c3). Then (II.2.11)** holds for any
646,

Yy ET

o, = p+6y. In case of 6 > 0, p > 0 we may characterize B on

(A,1) and |arg x| £ 8 if Y, satisfies (II.2.12) with

0+0¢ . N\ ,
T (A,u) by (II.2.11) with & = 0, |arg x] < 6 and any Y, with

B0 < +(y, + arg x) < p+Bo, |Y,| € 00+6. Now h_ . is defined by (II.2.9)

0
with %=0 if B0 < targ t < p+8y. o

Finally we consider the extensions of the convolution map in

theorems 12 - 15.

THEOREM 21. Let the assumptions of theorem 17 be satisfied. Then the
map C defined. by (II.3.1)+ is continuous from Te(k,u) into itself
for any 6 2 0. Here k; is defined as in theorem 17. € does not depend
on the choice of ¢, ¢1, ¢z, n and p. It is an extension of the map C

of theorem 12 with A=ci, u=c,. o

THEOREM 22. Let the assumptions of theorem 18 be satisfied and let k
be defined as in theorem 18. Then the map C defined by (II.3.4) is
continuous from Te(k,u) into Te+e°(k,u) for any 6 2 0. In (II1.3.4),
8, has to be chosen such that |61| < B9, 01-9 £ arg x < 6,+6.

This map C.is an extension of. the map C of theorem 13 with A=c;, u=c,.
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It does not depend on the choice of ¢, c3, c2. If k; is defined as in
+ 6
theorem 17 for |arg t] € 8y, then (1I.3.5) holds for any ¢ € T (A1),
+
6 2 0 and B; satisfying the condition following (II.3.5) . o

THEOREM 23. Let the assumptions of theorem 17 be satisfied. Assume

H(s) = 1/K(s) is analytic on S. Suppose

H(s) = O(sé) as s > ® on S

for some § € IR. Then the map  of theorem 21 is an automorphism of
TG(A,u) for any 6 2 0. Its continuous inverse D is given by (II.3.7)+
with hz defined as in theorem 19, |arg x| < 0. . a

THEOREM 24. Let the assumptions of theorem 18 be satisfied. Assume
H(s) = 1/K(s) is analytic on S. Suppose

Geeols[

H(s) = O(s ) as s >+ on S

for some § € R. Then the map C of theorem 22 is an isomorphism of
TG(A,u) onto Te+e°(A,u) for any 6 2 0. Its continuous inverse D is
given by (11.3.8) " where h:i are defined as in theorem 20. If 6 > 0
and p > 0 we may character;ze D on Te+e°(k,p) by (II.3.8)+ with £ = 0,
larg x| < 6 and any Y, with 8¢ < #(y_ + arg x) < 8o+p, [Ytl < 6+0y.

Now h__ is defined by (II.2.9)* if 8, < zarg t < B¢+p. o

0
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3.3 BIBLIOGRAPHICAL NOTES

Spaces of testing functions which are more or less related to the spaces
spaces Te(k,u) are often used in the theory of integral transforms.
The Zemanian approach (cf [72]; in this monograph also a detailed
list of references is included), has as starting point countably
normed spaces which contain the kernel of the integral. transform
under consideration. The construction of the describing seminorms
differs from case to case. It depends on the special case of the
integral transform. The concept of the spaces Te(k,u) has more
generality. However there are examples in which one can prove

that testing function spaces which are constructed in the Zemanian
sense are identical to a space Te(A,u) or to a space directly
derived from it. An example can be found in [59].

As nother example we mention the fact that inserting particular
values for the parameters, spaces Te(k,u) are identical to some

spaces introduced by Schwartz,([61]).
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CHAPTER 4 -
KERNELS DEFINED BY MELLIN -BARNES INTEGRALS

L,0 INTRODUCTION

In the foregoing chapters the kernel of the integral transforms,
Watson transforms as well as convolution transforms, have been
defined by means of the inverse Mellin transform of some function K.
It was assﬁmed in all cases that there existsa vertical strip
{s € ¢|p <Re s <q} in which K is analytic.
In this chapter we consider an extension of the Watson and con-
volution transform by defining the kernel k by a Mellin-Barnes
integral, '

K(t) = == [ K(s) ds

2Ti c

where C is a contour from a-i® to b+i®, and K may have a finite
number of first order poles in the strip under consideration.
In order to do so we will define in the first place a new function
space which is related to spaces of type Te(k,u). This will be
done in section 1. Also in this section we will define an auiiliary
operator and its inverse which provides a topological isomorphism
between the new spaces and the old ones. In section 2 we then

consider the extensions of the integral transforms.
4.1 THE .  SPACE Te CA,u;81,...,S. D
v P[m 2 ’ ’ ’ p

At first we repeat the definition of Ge:

Gg ={t € ¢ | larg t| £ 6}.

Next we define two other sets,
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(2]
I

10 {% €¢lo< |t g_; and |arg t| s 8},

G {te¢|1 < t] and |arg t] < @}.

26
We define two function spaces for which G16 and G2e are the sets

of definition respectively.

DEFINITION 1 . Let 6 2 0, A € R. Let{X }be a sequence in R
such that An ¢+ X if n + «. Then T?(A) is the space of functions
¢:G16 + ¢ with the properties:
" ¢ is analytic on G16 if 8 > 0and ¢ € C (G1e) if 8 = 0;
(3) X o
¢ may be extended continuously from Gle to G16
if 6 >0, j € IN;
A_+p
(¢) = sup |t ¢(p)(t)l <®, n€ N. a

. Pén
teG,

(1.1) Thi

0

With the multinorm (1.1), T?(k) is a Fréchet space.

DEFINITION 2 . Let 6 2 0, 1 € R. Let {un} be a sequence in R
such that “ﬂ 4 u if n > o, Then Tg(u) is the space of functions

$:G,4 > ¢ with the following properties:

¢ is analytic on GO, if 6 > O and ¢ € c”(cze) if 6 = 0;

20
¢(J) may be extended continuously to G26 if 6 >0, j € N;
H_+p
(1.2) T ,($) = sup e ¢(p)(t)|f<wh n € IN. o
ps<n
tEG26

Also Tg(u) is a Fréchet space with the multinorm (1.2)
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DEFINITION 3. Assume XA < U. Let p € IN. Let s “15, be different

AT
complex numbers. Assume

A < Re sj <y, j=1,...,p.

6 .
Let m € N, m £ p. Then Tp m(k,u;sl,...,sp) = Tg m(k,u;i) is the space

’

of all functions ¢ with the properties
there exist cj(¢) € ¢, j =1,...,p, such that

m =S, 6
b(x) - zcj(cb)x e,

X, (%) =
1 j=1
: P 'sj 0 R
X, (%) = dx) - ) c.(d)x €T (. o
j=m+1
Clearly
(1.3) T ($) = sup |c (¢)|~+Te (X,) + Te (X,) <=
’ n P “'nl'M n2 "2 !

jsn

0 .
and Tp m(k,utg) is a Fréchet space with the multinorm (1.3).
’

Tg m(k,u;g) is an extension of the space Te(X,U).
’

We consider a differential operator which is connected to this space:

1-s S

- - f 5a %3

D = . (tdt + sj) = (t 3t t )
j=1 j=1

The factors in" the right hand side commute, so the ordering of the
" factors is immaterial.
It turns out that the map

(1.4) D : Tg m(A,u;E) - Te(A,u)

’

where D is defined by D¢ = D¢, is an isomorphism.
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THEOREM 25. Let XA < W and sj as before. Then the map D, defined by
(1.4) is a continuous isomorphism. Its inverse may be defined as

follows. If § € Te(A,u), |arg x| £ © , then

(138) 0ty = - ) {ﬁ(s =S '} f () J\p<t)
j=1 h=1
h#j

+ 2 {ﬁ(s-s)} f()’w(t)—~.

j=m+1 h=1
h#j
Equivalently,
-1 1 ﬁ -1 -5
(1.6) (D" "9 (x) =-2—— (sj—s)} ¥(s) x"Sds

where ¥ = M) and C is a contour in the strip {s € ¢ | X < Re s < u}

which runs from a-i® to b+i® such that s Sp are to the left

1

of C and s ..,sp are to the right of C.

m+l’”

PROOF. The theorem is proved as is easily seen, if we can show that

the following assertions are true.

Assertion 1: D maps TS (A, u,s) contlnnously into T (A, u),

assertion 2: D , defined by (1.6) maps T (A,4) continuously into
nArHes): ‘

assertion 3: D D'1 = Id on T (A,W), D fl defined by (1.6);

assertion 4: D 'D = Id on Tb (A, u,s), _1 defined by (1.6);

assertion 5: (1.5) and (1.6) imply one another.

Proof of assertion 1. Since lb;sj = 0 it follows by straightforward

6

computation that if ¢ € T (A,U,s) there exist constants M, and M
. p,m -_—

1 2
independent of ¢, such that

A
sup[t Pei+e)) * Bedngy P iey| < w1
j<n

t€Ge

(¢) + M T 2(<I>).

1 n+p 1 2 n+p,
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Hence ¢ € Te (A,d) and moreover

(5]
D : Te ()\:U,S) > T (A,U)
pP,/m -
is continuous.
Proof of assertion 2. Consider D_1 defined by (1.6). Let ¥ € Te(A,u)
and ¥ = My. Choose r such that Re sj € (Ar,ur), j=1,...,p. Here

()\n) and (]Jn) are the defining sequences for the norms in both spaces

under consideration. By residue calculus we get

-5,
(1.7) %(x) = (D‘lw) x) = - ) {ﬁ (sy, =S5 Y ‘P(s )x 9+
j=1 h=1
h#j
A +1°°
1
+ = f {][ (s, -9} lye)xS
2mi )\ —jooj=1
m -s,
= ) 4. (x T i,
j=1 )
where
da, =—{ﬁ'(s—s)} ‘1’(5), j=1,
J h=1
h#j
In the same manner
. -s,
(1.8) $x) = {ﬁ (s,=5,))" ‘V(s yx O+
-m+1 h=1
h#3 .
H_+i®
1t -1 -s
+ = f {T (s.-s)} "¥e)x as
2Ti . . j
U ~=i® 3:1
r
P -5,
= ) 4, (¥x ] + X2 (%),
J=m+1

vhere a. -{ﬁ' (5,7 '} ‘{’(s ), 3 = mtl,...,p.

I h=1
h#j
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According to the definition of the multinorm in Se(k,u) and the
continuity of the inverse Mellin transform and by virtue of (I.1.4)

and theorem 1.7, there exist constants Cjand C; such that
0 .
la. (W |<cio (¥), 3 =1,....,p
3 r
and

O’e(ly) < CoT .
X X

o)

3]
where C; and C; are independent of Y and OS denotes a norm in S (X,H).

It follows that for some constant Ci, independent of Y, we have

(1.9) ?:gldj(w)l < CaT (W)

X1 is an analytic function of x on G,. Choose n > r. We have

0

An+j (4)
T, 1) = sup|t X170’ (£) .

jsn
€
t Ge
Inserting the defining integral for ¥ we obtain
Ar+lm (s).¥(s) Xn—s
4 as|

T (x1) Ssup | [ = — -
n,l j<n A -iw (sl—s)....(sp s)

tEG6

Using arguments similar to those which lead from (I.3.6) to (I.3.7)

we see that for some constant C, which again is independent of

0
1n,1(xl) < Cu0n+2(W)~

From the proof of theorem I.7 it now follows that for some constant Cs,

. Y}
(1.10) Tn'l(Xl) < C51n+3

W) .
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In the same manner

W) .

<
(1.1 Tn,z(XZ) S CeT 3

Combining (1.9), (1.10) and (1.11) we have

-1
<
(1.12) Tn(D Y) £ CTm(W)

for some C € nf' and some m > n, C being independent of Y. From

(1.12) we see D_lw € Tg m(A,u,E) and also the continuity of p-1
!

follows.
Proof of assertion 3. If Y € Te(k,u) then
1 f ¥Y(s) ~s
L - —x ~ds = f‘l’(s)x = P(x).
2 c (s1 s)....(sp s) 2ﬂ
Hence D-D_1 = Id.
e

Proof of assertion 4. Let ¢ € T nA W) DY = ¥ and ¢ D wl

where D—1 is defined by (1.6). The assertion is proved if we can
%

show ¢ = ¢. Because of assertions ! and 3 we have Dg = Y.

From (1.7) it follows that

L= sl _
a, =—{]T(s - Y [ t3 0w at
J h=1 0
h#3
= - { T[(s -s)} fg— J(ﬁ )Qi(t)dt
h=1 0
h#j h#]
1[5 B 1S, g sy ®
=-{ﬁ(s -s.)} [tj(ﬂ t d M3
p=1 B 13 h=1 de 0
h#3j h#3

Since we have
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. -S
(1.13) oty = § ot T xa(t), X2 € T,(0),
h=m+1

we may.deduce that the contribution at t = « bnly comes from the
function X2. Using the definition of Tz(u) a simple computation shows

that this contribution is zero. From the representation
4 h
(1.14) o(e) = Tt T 4xa(t), X1 € T, N

we deduce that the contribution at t = 0 in the limit term equals

1-s S ~S,

p
c{'ﬁ(s-s)} t I T e hg—tth)tJ
. 3 h=1 h=1 0

h#3 h#3.

Hence dj = cj, i =1,...,m. Similarly dj = Cj’ j =m+l,...,p.
Using the representation (1.13) and (1.14) for ¢ and the corresponding

representations for $ it easily follows that

(1.15) ¢—$ € Te()\,u).

" -s,
Moreover, D(¢-¢) = 0 and x J

for Dw = 0, we have

, j=1,...,p being a fundamental system

Combining this with (1.15) we deduce ¢ = %.

Proof of assertion 5. We .have

f{ ﬂ'(sj—s)} Y(s)x Sds =

p
= [T (s.-9)}" f < 5) w(t) +
c J
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dt
2m (f: {ﬁ (s -s)} j( ) ll!(t)-t—ds

= + .
L+

First consider the case p > 1. Since

X
[ &Syt
0 X t

is an analytic function of s if Res > X and |arg x|
-1
the integral is O((Re s_-)\r) ) as Res » ® for any r

apply residue calculus to obtain

I, = 2 {ﬁ' (s-s)} f()Jw(t)-‘?;CEQ

j=m+1 h=1

h#j

Similarly
m o s

t 3 dt
I,=- ){ T]'(s-s)} [ & Ty =,
2 j=1 h=1 x ¥ t

h#j

So (1.6) implies (1.5).

Now consider the case p = 1. Then

IA

€

6 and since

IN, we may

4 -sl
1 7 t.s dt
I, =5— | ds [ D Ww —. 3 S
1 2mwi c Sy”s o ¥ t
C
Consider the contour in the figure.
We have 'J
x im
1 t. s dt _ 1 . do
| g s | Qo= = | ot )o(—_——RcosMk)Me do, R > =,
C 1 0 io ~4m
1 s=c+Re

vwhere k is some positive constant. For the right hand side

we may write
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in 1 i 1
o(1) (f) Reinaax & = o) / rok 4% = o(1) as R > .
It follows that
X s
t °1
I, = [ (O “Y(v) at
0 X

and for I2 we obtain a similar expression. Alsc here it follows that

(1.6) implies (1.5).

Conversely, let D_1 be defined by (1.5). Using ¥ = M-IW we have

T e %5 ar 1 7 ot.%a
— 3 —:‘— — _ -8 1=
[ @ TbhoT _.mif D VT ¥t Cas, i=t,...m,
S X C
where C0 is a contour such that Re(sj—s) <0 if s € Co, j=1,...,m.

Reversing the order of integration in the right hand side, we obtain
}o & Tyl - - L [ =Ly as, 5=
. X t 2mi o, r T e
where we have replaced Co by C. In the same manner we obtain

-s
x ds.

X s
t, J dt 1
o e - z—f
0 C

Finally a straightforward computation shows the equivalence of the
right -hand side of (1.5) and the right hand side of (1.6). It follows
that (1.5) implies (1.6)

We will indicate a second proof of theorem 25. Without mentioning all
details we may proceed as follows.

The differential equation Dy = 0 has as a fundamental system
-5, -s p 1l-s
{x *,.....x P}, which follows from D =] ¢t
1
solution of Dy = Y, P € Te(A,u) is given by

34

S,
J A
ac t “). A particular

P X s,

-1 t, 3

vy (x) = § Mis -s)™" [ @ Jpoyae.

0 j=1 h=1 h 73 o ¥
h#J
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This may be proven directly by the method of the variation of the
parameters, or alternatively by induction p~>p+l, using the definition

of D. The general solution of Dy = ¥ is
s )
y{x) = § Y.x O o+ YA {x).
=1 ) 0

We are looking for a solution in Tg m(k,u;E). From WETe(x,u) it
follows that

X s s, X s.-1-)i-¢
. . . hep
ijx) = J & Fper 2 - x I o ? ydt = o(x "), x + 0,
X t
0 0 S
for any € > 0. It follows that il(x) € T?(A). From the definition of

Tg m(%,u;g) and the fact that x °J is not a function in T?(A), we

may conclude that Yj =0 if j3 > m.

In the same way we obtain

S, -s, ® s_.-1-y+€ _
00 = [ S Wy S -x I o yat = ox "), x > =,
X

X — 8

for any € > 0. Hence i2(x) € Tg(u). Write

© S, .
J & e SE-ax I,
0 X t 3j

s,
From , X ] "4 Tg(u) and the defnition of Tg m(A,u;E) we see

X — 8
1
o— 8

O— X

that we have to put d. = Yj if § £ m. Then

(S}

-5,

3 t

+ —
X

ij (

o+

Sy gt T €. %5, at
) W =-(f) Qe

is a function in TS(U)- We may conclude that the following solution is

i e . -
in Tp m(X,Ulg)-

’

m p © g, p p x _ s,
_ -1t %5 at -1% . %5 at
yx) ==} I (s-s0 [ pw=+ ) A (s.-s) 7 [ vy
j=tn=1 0 1 ¥ t  jam#rp=1 BT % t
h#] h#3

Moreover it is seen that this is the only solution in that space.
This proves assertion 1 to 4 of the foregoing proof. The equivalence

of (1.6) and (1.5) follows as in the preceeding proof.



4.2 EXTENSION OF WATSON TRANSFORMS

In this section we define a kernel k for a Watson transform by means
of a Mellin-Barnes integral. Here the integrand may have poles in the
strip {s € ¢l A < Re s < U}, contrary to the cése of chapter II.

It turns out that the corresponding Watson transform can be factorized
as the product of two continuous maps, the map D--1 of theorem 25 and

a Watson transform as described in theorem (II.8).

THEOREM 26. Assume (I.1.1). Let K be an analytic function on the

strip S = {s € §| A < Re s < u} except for simple poles S1reveeis.
Assume (II.1.1), 0 £€m £ p, c1,¢2 € (A,u). Let C be a contour in S

from cy-i® to cy+i® such that 51:---:Sm are to the left of C and

s ..,sP are to the right of C. Choose n € N, a € C such that

m+1’ "

TI%&?%T— is analytic on C,
(2.1) n
(1féf;) = 0(5_1-6) as s > ©®on C,

for some § > 0. Define kn by

_ 1 _K(s) . -s .
(2.2) k (t) = E}T‘é (Tra-s7 t ° ds, if t > O.
Then the map A defined by
ad” 1 < t
(2.3) 49) () = x =X [k (9D at

0

0
is a continuous map of Te(l—u,i—k) into ’1‘p m(k,u;g) for any 0 2
It is iﬁdependent of the cﬁoice of n and a.

Let

. p
K(s) = { T (s,-s)}K(s)
g 3
J
Y
and with this K let Z be defined by(II.1.5):



79

Y-wt. ml&) .M,

as map from Te(l-u,l-X) into Te(A,u). Then A admits the decomposition
a=0t.%,
where D and D-1 are defined as in theorem 25.

PROOF. Since there exists r € N such that C lies entirely in the
strip {s € ¢| kr £ Re s £ ur} we may choose n > Yr+1’ n € N. Then
we may choose O € C such that the assertions concerning K and kn

are satisfied.

It is easy to see thatif ¢ € Te(l-u,i—k) and |arg x| S 6 then
by t 1 K(s) -s,  t
ékn(t)q)(x) dt = o= j dSas S jt ¢ dvt

_ 1 K(s) 1-s
=31 (Troms) _ " 2(1-s)x” “ds.
C
Hence A&(x) exists and
(2.4) | (49) (x) = 5?1r?£ K(s)®(1-s)x “ds.

The right hand side may be written as

=R ]

-1 - . .
%i-f { T (s.-s)} 'R(s)0(1-s)x as o .
c j=1 J
and usxng (1.6) we see that this is precisely (D . Z)¢(X); where

¢ € T (1-4,1-2) and larg x| 6. Hence

a=0t.x

From theorem 8 it follows that 2 :.Te(l—p,l-X) - Te(k,u) is continuous.

-1 ) 3] .
From theorem 25 it follows that D ~: T (A,W) > Tp m(k,u;§) is

continuous and the theorem is proved.
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REMARK
1. In the same manner as in remark (II.3) we have the following

equivalent definition of the map 4 of theorem 26. Let aj €cC,

j =1,...,n be such that
n K(s) is analytic on ¢,
T (a.-s)
3= 7
Y K(s) = O(s 6) as s 2 on C, § > 0.
T (a,~s)
i=1
Define k; by
1 K(s) -s
k*(t) = =— t =~ ds.
n 27i ¢ (OL1 s)...(otn s)

Define the operator Dn as in (II.1.3)*.
Then {(2.3) is equivalent to .

(Ah) (x) = D, f k* (t)¢(t)§£ larg x| € 6.

If aj = j+a this reduces to (2.3).

In order to construct an inversion formula if the map 4 of theorem 26
is one to one, we consider the case in which K has possibly a finite
number of simple zeros in the strip {s € ¢| A < Re s < p}. In that
case the function H defined by H(s) = {K(l-s)]'_1 has simple poles.

We then may expect that there exists a symmetrical extension of
theorem 26. The details can be found in the next theorem.

THEOREM 27. Assume (I.1.1). Let the function K be analytic on

={s € ¢| X < Re s < U} except for simple poles a .,ap, p € IN.

pree
Assume that the zeros of K are simple and that these zeros are

bl"""bq’ q € N. Let C be a contour in S from c3~-i® to ca+i®
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such that
alr «esrQ .
} are to the left of C,
bn+1' 'bq
et as
p} are to the right of C,
b,;cc.sb : '
1 n

where 0 € m £ p, 0 £ n £ g. Assume

Re b, > Re if j=t,...,n; h=1,...,m,
(2.5) 3 *n ’

{Re bj < Re ah if j=n+1,...,q; h=m+l,...,p.
Define H by H(s) = {K(l—s)}_l. Let K(s) and H(s) satisfy conditions

of type (II.1.1) and (II.2.2) respectively.
Choose 0. € C, g € W such that

K(s) X :
(1+a-s) is analytic on C,
g
——&S—)—=O(s—1—§l) as s *®on C, §; >0
(1+0L—s)g » 01 :

Define kg(t) by

1 _K(s) _-s .
R >
ko) = 52 [ Tqggy— t ds if £ > 0.
c g
Then the map A defined by
—aa’ g+o-1 < t
(2.6) (Ad) (x) = x —— x f k (t)p(=) dt, ]arg x\ <9,
. dxg 0 g X

is a continuous isomorphism of Tg n(l—u,1~>\;1—13) onto Tg (A,u;a),

where 1-b = (I—Ab1 P 1—bq) and a = (a1 PN ,ap) . A is independent

of the choice of C, g and «.
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If (2.5) is not satisfied then the assertion remains true if in (2.6)
the integral is replaced by its Hadamard finite part, (cf [61],

p 38).

The inverse may be characterized as follows.

Choose £ € N, B € ¢ such that

{K(S)(B+s)£}-1 is analytic on C,
(x(s) (B+s) )" = os17%) a5 s »wonc, & > 0.

Define hl(t) by

h(t) = ETlTI é {k(s) (B+s) } 't5has if £ > 0.
Then
” -
Wy oo = xS M T ey a
ax 0

0
if P € Tp m(k,u;g) and |arg x| € 6. Here again the integral has to
1

be replaced by its Hadamard principal part if (2.5) is not

satisfied.

PROOF. Define the following differential operators:

g b. 1-b.
a a
D, = 1AL Tl
g = e gyx Mg #17by),
j=1 =1

g 1-b. b, q
D* = (-n 4 j 4 J - (-4 a
;=D I[x = X (-1) Il-(xdx*rbj),
j=1 j=1
» P 1—aj a aj P a
o= Tx Tgx?= Toogg+ay.
j=1 j=1

Let kg(t) pe defined by
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_K(s)

-1 -s
ii - >
(1+0L—s) (s b ) t ds, t 0.

K (t) == |
g —Zﬂic

Then we have

k (£) = D*X_(t).
g 19

Let ¢ € Tce1 n(l-u,l-)\;l-g) and ¢; = D1¢). By theorem 25 ¢; € Te(l-—u,l—)\).

’

Let

01 = max Reahifm>0,0.1=>\ifm=0,
h=1,...,m

Oy = min Reah if m< p, 02 = W if m = p,
h=m+1,..,p

'By= min Reb, ifn>0, B, =W if n =0,
3=1,...,n J

By = max Reb, if n<q, B2 = A if n = q.
j=n+1,.,9 )

It follows from (2.5) that &3 < Bi, 02 > B2. Moreover, for every €>0,

(xf_..il—x)j kg (), (-x%)jnﬁg(x) = o(x 7% if xvo0, x€R®,
(xg—x)jlkg(x), GG K G0 = 0T if ww, xER,
(x %)j(b(x) = O(xBl—l—E) if x ~ 0, |arg x| £ 9,
(x %)j ¢ (x) (x82_1+€) if x » o, |arg xl < 0.

(e ]
£ .
Hence f kg(t)¢(;) dt is absolutely convergent if |arg x| £ 6. Now
0

(#)

o 8

t oo’\/ t :
k (t -) d = — .
g( )9 at {)kg(t)dn(x) at

Indeed, by partial integration
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0 o q 1-b. b.
t q j d 3\ t
Jx (3o at = D[ (T (¢ =t DX ()}6(D) at =
o 9 be 0 3=1 dt g pe
gq-1 1-b, b, o
G TT @ 22 e K oreed +
dat g X
j=1 t=0
@ g-1 1-b, b, b 1-b
s 0T T 32 e @l S o Bl ac,
0 j=t 9 u=t/x

where the limit!term is zero. Repeating this g times the assertion
follows. If (2.5) does not hold, the right hand side of (%) is the
Hadamard principal part of the left hand side, (cf [61]).
We have

A$ = A6y = A,D b,
where A1 is defined by

- g 1% t
@ o = xS R (o) ae
ad o 9
if P € Te(l—u,l—k), larg x| € 8. By theorem 26 Aljsa.continuous

map of Te(l-u,l—k) into Tg m(k,u;g), which may be seen by replacing
’ -

in this theorem K(s) by K(s)ﬂ?=l(s—bj)»1. From theorem 26 it also

follows that

=1
4, = I, X

2(_-1'\: 0 :
where Ay = M " (K(s)¥(1-s)) for every Y € T (1-u,1-A) with

P -
s = k(o) T (a9 T (s-b 7L
s J J

j=1 1

Hence

A=D;1-?f-z>1.

From theorem 25 it follows that
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6 0
Dy Ty n(1=i1-Ail-b) > T (1-p,1-A),

-1 Gl 6
DQ T (A1) +»Tp m(k,u;g)

1

are continuous isomorphisms.
N n n -1 .
K(s) is analytic on {s € CI A < Re s < p}, H(s) =-{K(1-s)} "~ is
", .
analytic on {s € C| 1-u < Re s < 1-A}. Moreover H satisfies an
order relation of the form (II.2.2). This follows from the assumptions

on H. Hence we may apply thecrem 10 in order to conclude that also
Y. rPa-u1n - 2200w
is a continuous isomorphism. 1£ follows that
. A:.,Tq,n(l-u,lil;l-g).* Tp'm(l,u;g)
is a continuous isomorphism and
at=pt X,

In the same manner as above we can prove that the map defined by the
right hand side of (2.7) is a continuous isomorphism of Tg n(k,u;g)
onto 'I‘9 (1-u,1-A;1-b). Using

q,n -

P
o) =ms T (1-b-5) T !

(s+a.-1)
j=1 j=1 J

we see that (2.6) indeed is a representation of the inverse of 4.

REMARKS
2. In the same manner as in remark 1 an equivalent definition of
the map 4 of theorem 27 may be given.

3. We may also give an equivalent definition of the map A_l. Let

Dl be defined as in remark (II.6). Assume
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H(s) _ -1-8 -
B9 ....(By s ~Ofs Yass>=onc, §>0,

where C1 is the contour which arises from the contour C by

replacing s by 1-s. Define hz(t) by

1 H(s) : -s
hy(t) = — f
2 271 C1 (Bl-s)....(BZ-s?

Then A_l of theorem 27 is also given by
-1 7 t. dt
(4 ¥ x) =D, (j) ROV ==, Jarg x| < 6.

As special cases in remark 2 and remark 3 respectively, we can
choose some of the points aj equal to bj' respectively some of
the points Bj equal to l—gj. If g < g even all points aj may
be chosen equal to q of the points bj' Similarly, if p < &

we may choose Bj = l—aj, j=1,...,p.
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4.3 EXTENSION OF THE CONVOLUTICN TRANSFORM

In this section we give the theorems for the extension of the
convolution transfo;ms, corresponding to the theorems of ;he foregoing
section. The proofs of fhese thebrems may be given directly in the
same manner as the proofs of the theorems 6f section 2. It is also
possible to use the properties of the map R which was defined in-

the lemma of chapter I. '

We first have the following analogue of theorem 26.

THEOREM 28. Let the conditions: of theorem 26 be satisfied. Let kn(t)
be defined as in that theorem. Then the map C, defined by

%, 4t

-a @ _a+n ¢
- x £ kn(t)¢FE)

(3.1) (Ch) (x) = x a
dx

if ¢ € Te(A,u), larg x| £ 6, is a continuous map of Te(k,u) into
8
. >
Tp,m(k,u,§) for any 6 2 0.

Let B be the operator defined in theorem 12, (II.3.2) with K(s)

Y
replaced by K(s), where

. P ’
K(s) = { [ (sj-s)}K(s) .

j=1

Then
c=pt.%

i D! s given by (1.6).

PROOF. Using the method described in the introduction of chapter II

we have

=Xk

where Z is as in theorem 26. Hence



gs

e ¥=pt . Xer=4-1r
and (3.1) now immediately follows from (2.3) by the. substitution
¢ := Ro.
In order to prove the next theorem, which is the convolution version

of theorem 27, we mention the following lemma.

LEMMA. The map R, defined in the lemma of section I.2 is a continuous
isomorphism of T?(A) onto Tg(l-k) for any A and € 2 0. Its continuous
inverse is given by R ~ = R.

PROOF. Apart from some details, the proof is identical with the proof

of the lemma of chapter I.

Using the definition of Tg m(X,u;g) and the lemma above, it is not
’

hard to see the validity of the following corollary.

COROLLARY. The map K is a continuous isomorphism of Te (A Wu;s)
0
onto Tp p_m(l Y,1-A;1-s) for any A,u and 6 2 ,where_g and 1-s
’ N
are given by

s = (sysenn. ,sp)
1-s = (1—sp,....,1-sl).

The continuous inverse is given by R—1 = R.

THEOREM 29. Let the assumptions of theorem 27 be satisfied. Then the

0 ~ 6
C:T A,uib T AU i b
map q,q-n AR > Tp p(Anlia) given by
: .49
- (3.3) (Co) (x) = x I x**9 j k()9 dt , larg x| < 6,

ax o ¢

"
is a continuous isomorphism. Here b = (bq""'bl)' If (2.5) is not

satisfied then the integral in the right hand side has to be replaced
by its ﬁadamard finite part. C is independent of C, g and 0. The

continuous inverse may be characterized as follows.

Choose £ € N, B € ¢ such that
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1 . .
ETETTT:E:ETE is analytic on C,

1 o -1-6,
K(s) (14B- = O(s

) if s o on C, §, > 0.
s)l

Define hz(t) by

1 1 -s
) = o ] R, o
c )
Then C'_1 is given by
_1 -B dl B+2 < x, dt
(3.4) (WM (x) =x " —x [ h ) =
) ) o 2 t ¢

if ¢ € Tg m(X,u;g) and [arg x| £ 6. It is independent of C,Band % .

PROOF. From (3.3) and (2.6) we deduce C = A * R. By the corollary

of the lemma, the map

6 0
R:T A,u;b) = T 1-u,1-2;1-b
q,qon A HiR) qn ¥ b)
is a continuous isomorphism. Combining this with theorem 27 we get

theorem 29.
REMARKS

5. The map C of theorem 28 may be given in an equivalent way.
Let oy j=1,...,n, k;(t) and Dn be defined as in rematrk 1. Then
the map C of theorem 28 is also given by
x, dt

—- * -y ==
(C9) (x) = D_ £ KX (06D T

if ¢ € Te(x,u) and |arg x| £ 6.

6. Also the map C of theorem 29 may be described alternatively as in

remark 5. The inverse has a representation analogous with

the representation in remark 3.
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Let DQ, Bj’ j=1,...,%2 and hZ(t) be defined as in remark 3. Then

x, dt

o
-1
(C ) (x) =D, {J hg OV larg x| < 6.

In the same manner as in remark 4 we may choose some or all of

the points aj or Bj in the same special way.

4.4 EXAMPLES

In this section we first give some simple special cases of theorem

25, (examples I, II and III). Example IV is a more complicated one.
EXAMPLE I.-

Consider the function K of example II of chapter II:

1
= — 2
K(s) (s-a) ,nz 2, act€ ¢.
n
Assume
(4.1) Rea-m<)A<Rea-mtl, Rea <u, m€ IN.
Let k be defined by
c+iw
_ 1 -s
(4.2) k(t) = i N K(s)t ~ds
c—io

"where Rea < c < J. As an extension of example II.II we now have:
the map A, defined by

1 -1

1
(Ad) (x) = Ty X f t_a(l-t)n—1¢( ) dt
0 .

X[t

is a continuous isomorphism of Te(l—u,1~k) onto T: m (A,u;a) .
[r2L -

Here mo = min (m,n) and a = (a-mp+l,...,a).
The assrtion follows at once from theorem 27. It should be noted that

-1
we have from theorem 25 that 4 « R = D  if p = mp = n.
EXAMPLE II.

Let a € ¢, 2a¢ Z, n€ N, n 2 1. Consider the function K,
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1

K(s) = ————— .
(s—a)n(s+a)n

Assume Re a 2 0. Moreover let (4.1) be satisfied and
(4.3) -Rea-% S A<-Rea-2+1, % € IN.

Let k be defined by (4.2), again with Rea < c <JU. Then the map 4,

L R

k(t)¢('€)T, larg x| < 6,

(4.4) (40) (x) = = [ X, dt
: 0

6 G] '
is a continuous isomorphism of T (A,n) onto Tm (A, uza)

o+20,mo~%p
for any 6 2 0. Here mg = min(m,n), %¢ = min(%,n) and

a = (a-mg+l,...,a,~a-%o+1,...,-a)
The assertion follows from theorem 28. An explicit expression for

k can be found in example IV, chapter II.

REMARK.
Inversion formulas for A may be deduced from theorem 27 in

case of example I and from theorem 28 in case of example II.

EXAMPLE III.

Let K(s) be as in example I. Assume
A< c <Rea-n+l < .... < Rea< .

Define k by (4.2). Then

k(t) =0 if 0 <t <1,
-t
I'(n)

and the map 4, defined by

K(t) - i e > 1

_ =" T -a n-1, t
(49) (x) = s {t (=17 YD) at

xT'(

is a continuous isomorphism of TG(X,U) onto T: 0()\,11;3) , where
!
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a = (a-n+1,...,a).
v 2 . .
If K(s) and are defined as in theorem 26, i.e.

n,
K(s) = (s—a)nK(s) =1,

X=ut. my (1)« M,

we obtain
c+i®™

. 1 -s
Aoy (x) = 7 | tu-exas.
c-i>

It follows that Z = R, R being the map defined in the lemma of

chapter I. Hence 4 has the decomposition
(4.5) A =D * R

where D_1 is defined in (1.5) or (1.6) for this special case.

From (4.5) it follows at once that A_1 exists. The latter fact
may also be deduced by an application of theorem 27. A formula for
the inverse A—1 may be derived in the same manner as in the

correspondipg example of chapter II.

EXAMPLE IV

N

Let p,v,p,q¢ € N, 0 £ p<q, 0LV £ p. Let

¢} Y
MTTl(b.+s) M T'(1-a,-s)
ke =L 3=t
q P
M T(l-b,-s) T T'(a,+s)
p+1 3w
Assume
p+q S 2(p+V);

ajby # 1,2,... if 3=1,...,v and Jo=l,...,0.

Moreover let-

A< 1 - Reaj , J=1,...,V;
u > -Rebj r 3=1,000,pP.

Let S be the strip S = {s € ¢ | A < Re s < u}.
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Choose in S a contour from c,-i® to c2+iw such that
—bj,-bj-l,... are to the left of C if j=1,...,p;
1—aj,2—aj,... are to the right of C if j=1,...,v.

We have

K(s) = 0(1)e*"|1“‘Si{P+q42(p+v)} y

I3

9. _ yP..
y ‘51(q—p)Res-—i(q—p)+Re{Zle ZlaJ}
if s > ©, 5 € S.

Case I. Assume p+g = 2(p+V).

Let q P

* (@-ple, - Hap) +Re( by - ] a,) <-1, 3=1,2.
J j=1 J j=1 J

Then we may apply theorem 26 with n=0. In (2.3) the kernel k is now,
(cf£ [12] 1,p207),

0,V al,...,ap
k(t) =G ' (t ).
p,g( bl""’bq
The inverse in this case follows from theorem 27.With H(s) = (K(l-s))_1

we obtain for the kernel of the inversion formula

T8u+17t
®lp . ,....,-b_,-b
p+1 q

.o ,-ap,-_al,...

1t

h(t) = GETZ'P'V
If (*) is ndt satisfied we may apply theorem 26 with n > 0. In order
to get a simple expression for kn in (2.3) it is preferable to choose
1+o in (2.1) equal to one of the —aj. If this is not possible one can
try to apply remark 1 with suitable values of aj’ corresponding to
the I'-factors in the denominator of K(s), (cf {4], section 4, example

3).

Case 1I. If p+q < 2(p+V) we may apply theorem 26. A formula for the
inverse may be derived in the same manner as in chapter II, using
H(s) = H_(s) + H_(s). ‘

However we may also proceed as follows.

_ -P-Vp_. _ v_, _
Put H(s) HO(S)ﬂ ﬂlslnn(s bj)ﬂ1s1nﬂ(s aj)
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where
q b
Ho(s) = T I'(s-b.) M I'(il-s+a.).
=1 7=t ’
The Mellin transform of H, is given by (cf [14])
9P -al,...,—ap
(MHO)(t) = Gp'q(t —bl,---,-b )
Now for some ¢ € ¢, g =0,....,0tV we obtain
g
—p—Vp A PV Tis (g-p~V)
T "M sinm(s-b.) N sinm(s-a.,) = 2 c e
1 I J g=0
and hence
: P+ .
"n' - —
H(s) = ) c e tS(97P v)Ho(s)
g=0 9
Furthermore
Tisg ‘ q,p, -Tig -al""’-ap
_ ’
Mle "H () }(x) = G g txe 'b1r~--"bq)

For some ¥ € IR we have

re-hﬂp+q)lnns h a

s § * %,

Ho(s) = O(s

uniformly on any vertical strip, r depending on that strip. It
follows that there exists £ € N and Y € Rsuch that,(cf (II1.2.8)),
1 ni(d+io)geyo

H_ (d+io0)e

——(l—d—io)z 0 6 L("°°1°°) ’

,y—gﬂ| S Y (ptq)m, g=-p-V,...,P+V. As an example we may choose

[\

sy, = (p+v-P—;—(_l)1r if tg 2 0.

In the simple case that we may put £=0, we obtain the inversion

formula
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-1 : _?e%Y' o . ;ﬂi -alf...,—a‘ )
() MY = [ Y c 63 Pxte 9_b _bp)wt), at +
0 g=-p-v g p.q 1'°°'" g -

oY+ p+V ni

+ Y ¢ 3 P(xte™ M9
gp
0 g=1 !

—al,...,—ap :
b .. b at

1’ q

where the sums contain in.both cases only terms for which ) ]
g+p+v = 0 (mod 2). This formula holds if arg x = 0. If £ > 0 we have
to modify the formula in the same manner as for example formula

(IT.2.11). The proof of (I) is similar to the proof of theorem 11.

REMARKS

1. If g # *(p+V) one may take other contours in the corresponding
integrals in (). This follows from the fact that for such values

of g we may. take other values for y, satisfying |y-gm|S}(p+q)m.

2. In case of the Laplace transform and Meijer's K-transform

we only have the terms with the coéfficients é—l and cl; in
this case p+v=1 and c0=0.
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CHAPTER 5

FRACTIONAL INTEGRATION OPERATORS AND
HANKEL TRANSFORM

5.0 INTRODUCTION

The fractional integrals which we will consider in this chapter are
generalizations of the Riemann-Liouville integrals and the Weyl
integrals.

The Riemann-Liouville integral of order o is defined by

®RY) (x)

x
1 o-1 )
—Wé (x-t) f(t)dt, x > 0, Rea >0.

The  Weyl fractional integral of order o is defined by
17 1
W6 () = gy [ (0% £ e, x > 0, Rea >0,
X

Kober and Erdélyi have introduced the following generalizationms,

(cf [ 83, [30]).

' X

0.1) (IV%) (1) = =2 x O B Ol el 4y gk, x>0,
m T'(o) 0

0.2) (K% () = i ¥ [ (AT g 4 ae, x> o,

wvherem > 0, a,n € ¢, Re o > O.
It is clear that the Riemann-Liouville and the Weyl integrals are
special cases of (0.1) and (0.2) respectively. The integrals (0.1)

and (0.2) may be written in the following form.

<

f I;,a x, du
0 -

[] nla — " n:ai 9_1_:. X, au
(0.1) I 79 (x) = é )@ 3 (W) —
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= o] <«
O o)
(0.2)" &% 0 = [ xS0 S [ K Mwed T,
m m t t
0 0
" where
m m(n+0L) .
= (t —1) if £ > 1
(0.3) % = { I
0 if 0 < £t <1
"o ﬁﬁ(xtm)“lm“ iF0O<t<
(0.4) Km' (t) ={
0 if t > 1
n,o n,o . . ' '
Im and Km have simple Mellin transforms. In fact we have (cf[13]),
. Cc+ix
n,o 1 [(1+n-s/m) -s <
(0.5) () = o C{im-—_r(l”‘-*o“s/m) ds, c < m(l+Rem) ,
d+ie
na, ot O Tines/m) s -
(0.6) K U(E) = o d[imr(mms/m) t™° ds, d> -mRen.

It follows from (0.1)' and (0.2)' that fractional integration may be
seen as a special case of a convolution transform, where the

kernels are defined by (0.5) and (0.6). We will treat some properties
of these transforms in the next sections. Without loss of generality

we may consider the case m = 1 only. This follows from the relations

n,o _,.m,o m
%) 0 = 1] %) M,
K0 0 = K] %) (M,
where ¢m(x) = ¢(X1/m

In section 5.1 we consider the operator I?'a, which will be denoted
by I(h,a,O) or by I(n,a) for short. In the same section we also
consider the cut fractional integration operator, I(n,a,h), h=1,2,
In the section 5.2 we then consider the analogous pioperties of

the operator KT'G, denoted by K(n,0,0) or K(n,a) and its cut form.
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There is a vast literature on the subject. This is partly due to

the many cases in which fractional integrals are applicable to solve
differential and (dual) integral equations. For literature see [44 1.
Historical notes may be found in [s8].

We will give some applications of the fractional integration

operators in connection with other integral transforms.
5.1 THE OPERATOR OF FRACTIONAL INTEGRATION I(n,ca,h)

In this section we define the operators of fractional integration
and of cut fractional integration I(n,a,h), h=0 and h21 respectively,
and deduce some of their properties.

We consider the.following cases:

I A<pyuys£Ren+ 1, h=0

II HSEA<Ren+.1, h =0

IIT h € N0} and Re N+ h S A< U S Ren+h+1
v he€ N0} and Ren+h<pUus<A<Ren+h+ 1
v A < UM, A,u arbitrary.

Let & 2 0. Then we define the fractional integration operator

I(n,o,h) on Te(X,u) as follows. If Re 0 > 1 and ¢ € Te(A,u),

(1.1) I(n,o,h)¢(x) =
x & hol -1 5 o-1
I"(a) [f{(x T R S i ) (/%) xY ey at +
3=0
© het a-1 j o-1
- [T T e K° n(b(t)dt], x > 0.
x j=0

If Re0 £ 1 we choose some n € IN such that Red + n > 1 and define

-0-N dn {xa+n+n

= I(n,a+n,h)d(x)}.
dax

(1.2) I(m,o,h)dx) = x

Then I(n,0,h) is a continuous operator of Te(X,u)into itself in cases
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I-1IV and it does not depend on the choice of n. This follows from

theorem II1.12 and remark II.9 in the cases I and III and from theorem

11.21 in the cases II and 1V, if we apply these theorems with

['(14n-s)

(1.3) K(s) T(1an+0-9)

The function K defined by (1.3) is analytic in any strip
(s € ¢ |c1 < Re s < cp} which does not contain the points. n+l+m,
m € N and on such strips we have

K(s) = o(s_a)vas s > o,

+ .
(I1.1.3) becomes with p = a+n, n € N such that n+Reo .> 1:

1 et T(14n-s) s .
* = il - .
(.4) k(e = 2mi c{i T (1+n+n+0-3s) ds, t > 0,

where ¢ € (A,4) in cases I and III and ¢ € [u,A] in cases II and IV.

By residue calculus we get

-n-1-3 -n-1

k*(t) = of cnde £ __{(1-1/5)%™7! hzl(““‘ Lo, e
alt) = L T(n-j3+0) 3! T (a+n) L 3
j=h j=0
n-1 j+1_-n-1-7 (N4 h-t .
* - (-1)" 't - arn- 1 -3 < v <
kp(8) jZO T(n-3+0) 3¢ I‘(a+n) Z ( A

If ¢ € Te(l,u), then define

- x—a—n»idn Q+n+n
.dxn

) I(n,a,h) ¢ (x) j e S

Because of theorem II.12 and remark Ii.9, (II.3.1)+, the map I(n,o,h)
. §] '

is continuous from T (A,i) into itself in the cases I and III. Simi-

larly applying theorem II.21 we have the same result in cases II and

IV. Now (T) with n = 0 is equivalent to (1.1) ifRea > 1. In the

general case we get (1.2).
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(1.2) is also valid if Reo+ ns 1. For let m be such that Red +m> 1.

Then using (1.2), I(n,o+n,h) is well defined by -

m-n

m-n
I(n,o+n,h)d(x) = O GO e, h) (%) )
) dx

If we insert this in the right hand side of (1.2) we obtain

m
x O S GO aem, 0 G () )
ax™
which again by (1.2) is precisely I(n,a,h).

From (1.1) and (1.2) or directly from (1.3) it now follows that

(1.5) "I(M,0,h)d(x) =‘¢(x)

and we may deduce from (1.2} and (1.5) that if m € IN,

m-T dm
% —_

dxm

(1.6) I(n,-m,h)(x) = {x$(x)}.

This operator does not depend on h and is defined on any space

Te(k,u), 620. (Now K(s) = (n-s)...(n+l-m-s) is a polynomial).

It coincides with the operator D in (IV.1.4) with sj=n+1-j, j=i,..

“The inversion of I(n,o,h) follows from theorems 14 and 23 with

_ 1 T(l4n+a-s)
B(s) =3¢y = T (1+n-s)

H arises from K by replacing n and o by n+o and -0 respectively.

So I(n,o,h) is an automorphism of TO(A,u) and
-1 '
(1.7) - [IMm,om) ]~ = IMm+a,-0,h1)

if in combination with one of the cases I-IV also one of the

cases VI-IX holds; where

VI A< ps1l+ Re(nNta), hy =0

.,m.
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VII B $Xx<1+Re(nta), hy =0

A

VIITI h; € W~N{0}, hy + Re(n+a) £ A < g £ hy + 1 + Re(n+q)

IX hy; € W~{0}, hy + Re(M+a) < p £ A < hy + 1 + Re(n+0).

Note that if O isanegative integer, the inverse is given by the
operator D_1 of (Iv.1.6).

We now turn to the case V. Let A < Y. Assume that O is not an integer.:-
The function Kin (1.3) has simple poles in s = n+l+j, j € N and
simple zeros in s = 14nN+a+j, j € IN. Assume ‘ ‘

A< R%ﬂ+1+j < Uy if j=3os...:do+p- 1, lep € IN
(1.8) {

A <1+ Ren+ Rea+k < y if k=ko-1,...,ko-q, ko 2 4,
kOlq EWN
and the other zeros and poles of K are outside the strip
s.={s €¢|X <Res < u}. Let ¢ be such that
Ren+jo+m < ¢ < Ren +jo+m+l
(1.9) {
Red + Ren +kyg-r < ¢ < Ren+ Req +kp-xr+l
where m,r € N, 1 Sm&pif p>0,1<zr<qifq>0.
Let k; and I(n,a,h) be defined by (1.4) and (1) for this value

of ¢ if Re(n+a) > 1. Then we may apply theorem IV.29 with
K(s) = T{(l+n-s)/T(1+n+a-s).

Write

(1.10)

|o
n

(n+o+ko+l-g,.... ,N+0+kg)

_a__ (n+j0+1r-'-rn+j0+P) .

(5] ) '
Then I{(n,a,m+jy) is an isomorphism of T (A,4;b) onto T (A, u;a).
n Jo P! q,9-7 Hib) o,m Hia

'
If p = q = 0 this reduces to the previous case. Since

1/K(s) = T'(1+n+o-s) /T (14n-s)
and (1.9) holds, its inverse is given by
I—l(nrarm+j0> = I(n“*a,‘a,ko-r).

If (1.9) is not satisfied we may apply theorem 29 in the following

way. Let C be a contour from ci-i® to cy+i®, which lies entirely
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in the strip S. Assume that

N+jotm+l, . ..., N+jotp

are to the right of C
n+0+kp-r+1,....,N+0o+ko~g+1
and the other poles and zeros are to the left of C. Then we may
apply IV (3.3) to this case if in that formula the integral is
replaced by its Hadamard finite part.

Finally we mention the fact that we may derive relations between
fractional integrals of different order in the same manner as is

done in [4]. Bs an example, if all operators make sense:

I(n,a,h) « I(M+a,Bhy = I(n+a,B,hi1) « I(n,a,h) = I(n,a+B,h).

5.2 THE OPERATOR OF FRACTIONAL INTEGRATION K(h,a,h)

The second'operator of fractional integration may be treated in the -
same manner as the operator I(n,o,h) in the foregoing section. However
we will take a different approach which will enable us to use the
results of section 1. As before we put m = 1 and in stead of Kg,a

we use the notation X(n,0). The cut fractional form will be denoted

by K(n,0,h), h 21, h € N.

From (0.2) we have

[o2]
1 n __\0-1_-n-a :
(2.1) KM, ¢(x) = g7 * }f{ (t-x) 't d(t) dt, x > O.
By the substitution t := 1/t, x := 1/x, ¥ = K(n,0) ¢, we obtain
1,1 1 _-n-a* a-1.n 1,1
(2.2) 9 Tk {) (x-t)" "t 29 at.

Using the map R wich was defined in chapter I by (I.2.8) we may

write in stead of (2.2)

(2.3) Ry = I(n,a) * R$.
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This in turn may be read as
(2.4) Kn,0) = R * I(n,a) * R.

In the same manner we may deduce from (1.1), for the moment in a

formal way,
(2.5) R « I{(n,o,h) * RP(x) =

n 1 1-a
X [f{(t—x)a t -
X

h-1 PR
T ) (aj1x4xt 1)J}t n 1'¢(t)dt +

j=0
h-1

X .
-/ 3 (°‘55(—xt‘1)3t’”'1 d(t)atl, Re g > 1.
0 j=0

The right hand side gives the definition.of the cut fractional
integration operator as given by Erdélyi (cf [81]).

Denoting this operator by K(n,c,h) we have
(2.6) K(n,o,h) =R« I(n,0,h) * R, h=1,2,..., Rea>1,

From the lemma of chapter I and the preceeding section we see that the
right hand side of (2.6) represents a continuous map of Te(A,u) into
itself if o and n satisfy one of the conditions I-IV with A and u
replaced by 1—u'and 1-) respectively. We therefore use (2.6) to
derive properties of the operatof K(n,o,h) from those of I(n,o,h).
First we mention some properties of R.

By direct computation we may show

(2.7) Rx%(x) = x “Ro(x), a€ ¢,

d d
(2.8) R&(b(x) -xd—x-xRCb(x).

From (2.7) and (2.8) we deduce
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24 S - ¥
(2.9) R(x dx)d)(x) =x ¢ dx)deJ(x).

Using (2.9) we may derive a simple expression for R(éi)m, m€ IN.

We have

+1, 1 4 m m-1
(;(-a;)x) X R,

hence we obtain

(2.10) REH™ - I d)“’me m€ IN.
dax
Consider again (2.6);(if h = 0, (2.6) has to be replaced by (2.4)).

The effect of the right hand side on a space TG(A,u) is given by the

following scheme (in case I'-IV' below; cf lemma 1 in § I.1):
' R_ 6 h R
(2.11) Te()\,u)————-> T (l—u,l—A)—IiD—g——l—* T (1-u,1-21) ——*'TG(X,UL

From section 1 it follows that I(n,o,h) is a continuous map if one

of the following relations I'-V' holds, which arise from I-V, section 1,

by replacing A by 1-u and U by 1-Xi:

I’ -RensA<y
I’ -Ren<us
III' -Ren-h £ A <pus-Ren-h+ 1, h € W~{o}
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IV' -Ren -h<pus$A<-Ren -h+ 1, h¢e wn~o}
V' A <y, A,u arbitrary.
Hence we have: if Red >1, then K(n,a,h), h=0,1,... is a continuous

operator of Te(A,u) if one of the conditions I'- IV' is satisfied.
We now extend to the case Re a £ 1.

Let n € IN be such that n + Rea > 1. Apply (2.7) and (2.10) to the
right hand side of (1.2). We obtain

R Imam R =x""" 7 xR - rn,amm) - R
Hence we may consider
(2.12) K(n,a,n) = x>0 f—){—)“ x %K (n,a+n,h)

as the extension of K(n,a,h) to the case Rea £1.

As a special case we derive from (1.6), (2.6) and (2.10)

(2.13) K(n,-m,h) = xh(— é%)m xm_n, m€ IN.

Assume now that in combination with one of the cases I'-IV' also

one of the cases VI' - IX' hold, where

vI' -Re(n+a) £ A <y, hy=0
VII' -Re(n+a) < u £ A, h;=0

VIII' -Re(nN+a) - hy; £ A < u £ -Re(n+a) - h; + 1, hy € W~N{0}

IX' -Re(n+a) - hy < Y $ XA < -Re(n+a) - hy + 1, h; € N~N{0}.

These relations follow from VI - IX by replacihg A and U by
1-u and 1-A respectively. Then I(n,o,h) is an automorphism of
Te(l-u,l—k) and from (2.6) and the properties of R it follows"
that K(n,o,h) is an automorphism of Te(k,u). ‘

From (1.7) we deduce
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(2.14) K(m,a,n 1"t = kKmea,-a,h) .

From (2.5), (2.6) and (2.12) the following explicit expression for
K(n,oa,h)$(t) may be deduced directly. Let ¢ € Te(k,u). Then if

one of the conditions I'-IV' is satisfied we have

1 n+o+n d,n -n-o

~ T(o+n) e

K (n,a,h)d(x) ™

% e X, N X, 0+n-1 hot o+n-1 X, ] dt
[ @M= - L O e T
b4 3=0 J

X h-1 .
) (“*‘J.“l)(— 539©SE 1, Jarg x| s6.
0 3=0

If n = 0 this reduces to (2.5).

REMARK

From the representation

IMoosh)y =ML« mx) « M

where K is defined by (1.3) and m(X) by (I.1.6), we have by

straightforward computation

ReM!emx «¥-R

K(n,oh) =
-1
=M . ml(l) ml(KJ M
=uteam®
where ml(.) is defined by (I.y.7) and %(s) = K(l-s). It follows

that the Mellin transform of the kernel of X(n,o,h) is given by

I'(n+s)

M H(s) = T (n+o+s)

if A < Re s < U4 in case I' or III' and U £ Re s £\ in case of II' or IV'.



107

We now consider the case V'.

Assume

A<-Ren-j <y if § = jos.e--sdotp-1, jo € N, p € N
(2.18) {

A< -Ren~-Reo-k < p if k=ko-1,...,kp~g, g € N, k € N,
ko € W~N{Q}, ky 2 q

and let the other poles and zeros be outside the strip § =
{s €¢t]X<RrRes<u}, (c£.(M).
Assume m,r € N, ¢ € IR and

(2.19) <

-Ren -jo-m < ¢ < -ReN -jo-m+l, 0 £mésp
{ ~Ren -Re 0 -ko+r < ¢ < 1-ReN-Re O -ko+xr, 0 S r S q.

By the corollary of the lemma of chapter IV we obtain that the map

'

R : Tg r(l,u;—n—oc—kon,....,~n~a+q~ko) -+

]
> T (1-4,1-X;1+n+a+ko-q,. .. , N+0+k
q,9-r u n 0-q n o)

is a continuous isomorphism. From section 1 we deduce that

I(n,a,m+jg) : Tg q_r(l—u,l-k;1+n+a+ko-q,....,r|+oc+ko) d
’

0
> T 1-u,1-A;n+jo+l,.... ,N+jo+p)
p,m( U N+jo N+jo+p

is a continuous isomorphism. Again an application of the lemma
already mentioned gives the continuity of the isomorphism
G . .
R:rT (1-p,1-A;n+jo+l, . .. ,Ntjo+p)
p/m
0

> Tp’p_m(A,Uil-n*jo-P:--.-fl-n-jg).

Hence if

|
It

(-N-0-ko+1,....,~N-0-k+q)

ez
i

(l’n-jO‘P: ----- :‘n"jo)
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the map
(2.20) K(n,o,m+jo) Te (A,u;a) -~ '1‘e (A,H4;b)
. o 0 ' hq,r Mg, p,p-m KD,

is a continuous isomorphism. Its continuous inverse may be derived

using (2.14),

[K(n,o,m+]0) 17 < k(v -a,ko-r)

If (2.19) is not satisfied, let C be a contour in S from ci-i® to cy+i®.
Assume that

-N-jo-m+1,...,-N-jo )
f are to the right of C
-n-o~ko+r+l,....,~N-0-kog+q
and the other poles and zeros are to the left of C.
Then the assertion remains valid if the integrals are interpreted

as the Hadamard principal part.

5.3 APPLICATIONS TO HANKEL TRANSFORMS

The Hankel transform!*v is defined by
PR

(3.0) Y = () () = [ (xt) "7 (xt) ¢ (v) dt
0

where JV is the Bessel function of the first kind and of order v. If
we substitute x:=v2x, t:=/2t we obtain (with a slightly different

notation in the index)

(3.1) V) = @9 = [ I, (2EDL at,
a 0 Za
Yoo - o teamn ama So - 2o tewTE .
where Y(x) = (2x) "P(v2x) and ¢(t) = (2t) "¢ (V2t). We will denote

(3.1) also as Hankel transform. It has the advantage that foregoing

theorems are applicable in a more direct way. In the sequel we omit
N

the .
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The Mellin transform of the kernel in (3.1) is given by (cf [46], p 196)

' (a+s)
V= e— > -
K(s) [(a+i-s) ’ Re s Re a.
Assume
(3.2) ~Re a £ X < yu<go.
K satisfies
K(s) = O(s2Res - 1) as s > o,

uniformly on {s € ¢| A < Re s < u}. K(s) and [K(l‘-s)]-1 = K(s)

satisfy the conditions of theorem 8 and of theorem 10 with n=0. Hence

(3.3) Ha : Te(l—u,l-k) - Te(A,u)

where

[ee]
_ u, du
(H_9) (x) = {) J2a(2/u)¢(x) "

is a continuous isomorphism and Ha . Ha = Id, if (3.2) is satisfied.

If (3.2) is weakened to
(3.5) -Re a £ A <y

we choose n € IN and ¢ € IR such that

(3.6) A<c<yuy, c#Ra+l, .... ,Rea+n,

K(s)

TEIT:ET; € L(-©,®) if Re s = C.

(3.7)

Define k(t) by

c+i®

1
k(t) = i c{im

K(s)

-s
g ve—————— >
(a+1_s)n t "ds, t 0.



We have
_ 4 oin 2
k(t) = t J2a+n(4/t).

H , i
The map an defined by

1
n (oo}
- +a-1 -
a 4 Lo I & in

= J n(2/t)¢(§) dt
dx 0

(3.8) (H, 90 = x a+

) §]
is a continuous isomorphism of T (1-U,1-1) onto T (A,u) if (3.5),
+ +
(3.6) and (3.7) are satisfied. This follows from (II.1.3) -and (II.l.4)
with p = a. Both (3.1) and (3.8) may be factorized by M-l-ml(K)-M,
1
= H

where K(s) = T'(a+s)/T(a+1-s). The %nyerse is civen by'Ha,n a,n

Using the decomposition of.Ha n in terms of the Mellin transform
N r

and the correspénding decomposition of I(n,a,h), (cf (1.3)), we have

formally

-0 -0
(3-9) (Ha,nd)) (X) =X I(a+a1_2arh) Ha+a,m X ¢(X) 7

if ¢ € Te(l-u,l—X) and o € ¢. As an example of the validity of (3.9)

let h = 0 and assume
-Re a £ A < U £ Re(a+20) + 1.

Then condition I of section 1 is satisfied for the operator
I(a+0,-20,0) of Te(k—a,u—a) and hence (3.9) holds.

We next consider an example of a more general case A < Y. The
(simple) poles of K are -a,-a-1,... . K has simple zeros a+l,
a+2,... . Let p,g € N and assume A < ¢ < 0. Assume furthermore
that the strip S = {s € ¢ | A < Re s < |} contains the points
-a-p+l,...,~a and the points a+l,...,a+q and no other zeros and

poles of_K. Let C be the straight line from c-i® to c+iw~. Assume

-a-p+j, j=1,...,m
Py 2=t ! 1are to the left of C
a+h, h=1l,...,g-n
(3.10) .
-a-p+j, j=m+l,...,p
lare to the right of C,
a+h, h=g-n+1,...,q f



where 0 S m £ pand 0 £ n S g. We have

I'{a+s)

2c-1 .
TTEIT:ET = O(s ) as s > ®©, Ré s = C.

It follows that the conditions of theorem 27 are satisfied. Let

c+iom

1 -s
3 ift>0.
( ) . C—l(i"o s

By residue calculus we obtain

p-m-1 (—l)kta+k
= - —— >
(3.11) k(t) = 3, (2/t) Z SToaaen £ O
k=0
Hence - the cut—Hankei transform H:, defined by
© p-m-1 k, a+k
S4) (x) = ey - Ll T DIl 13
(3.12) (A 90 = [ [3, Y0 - 75 om0 %
0 k=0 k
. , . ) 8
larg x| £ 6, is a continuous isomorphism of Tq n(l—p,l—k;l-a-q,...,-a)

onto Tg m(A,u;-a-p+1,...,-a) if A < ¢ < 0 and (3.10) is satisfied.
1

If it is not possible to choose a straight line such that (3.10)
holds we may proceed as follows. Assume A < cj <0, j =1,2. Let
now C be a contour from c;-i® to c2+i® which lies entirely in S
such that (3.10) holds for this contour. Then (3.12) remains valid
if the integral is interpreted as its principal part.

An inversion formula for the transform in (3.12) may be constructed

as indicated in theorem 27.
Finally we give an example of the cut-Hankel transform if the condition

A< c <0 is omitted. Assume p,q,m,n,S and C as before. Moreover
in this example let

(3.13) -Rea+ 1 > y.

Let g € N be such that

I'(a+s) 1
I'(a+i-g) (1—a—s)g

= 0(5-1_6) as s >, s €c, § >0.

Define kg(t) as in theorem 27 with o replaced by -a.



Using residue calculus we obtain

p-m+g-1 a-g+k

-1)%¢

_ , t > .
kil'(2a-g+k+1) 0

(3.15) k (t)==(-)gt-&gJ (2vt) -
g 2a-g

k=0

From theorem 27 ‘it now follows that if (3.10), (3.13) and (3.14) are

c
satisfied the cut-Hankel transform Ha’ defined by

g
-a-1
xa d xg a

(HS9) (x) =
a ng

/ kg(t)cb(f) at , |arg x| =6,
0

6
is a continuous isomorphism of Tq n(l—u,l-A;l—a—q,....,—a) onto
6 ’
Tblm(k,u;—a—p+1,...,-a).
The conditions under which (3.9) is valid in the last cases are

much more complicated than in the first example. We omit details.

5.4 EXAMPLES

EXAMPLE 1

Let 0. be a complex number, Re 0 >1. We define the map La by

(4.1) @00 = [t % %E %, ¢ € T(1-u,1-0, x > 0.
o 0 X X

Assume Re 00 £ A<l or Re 0 < U £ A. If ¢ > Re 0 we have

Cct+ico

= |
C—1%

-a -t

(4.2) T(s~)t °ds =t e °, £t >0

and we deduce from theorem 11 and theorem 20 that Lu is a continuous

l‘m(k,u). On the other hand I' and II'

isomorphism of T(1-u,1-A) onto T
of section 2 are satisfied respectively with n=-a. Hence the fractional
integration operator K(-o,0) is a continuous automorphism of Tin(k,u).
Hence the composi:ion K(-o,q) -La is a continuous isomorphism of

TT(A,u).U‘sing the representations (cf example I

):

T(1-4,1-A) onto T

of chapter II; also note that L = LO

Yl .
L =M ml(Kl) M,



K(-o,0) = M 1. mK,) « M,

where Kl(s) = ['{s) and K2(s) = I'(s-a) /T'(s) we deduce
(4.3) La = K(-o,0q) * L.

-1
From (4.3) we may deduce La in terms of the inverses of the factors.
It is not hard to extend this example to the cése Re 0 2 1. We may also
weaken the condition Re & £ A< pto A < |, using the theorems of

chapter IV.

EXAMPLE 11

We consider the map B of example II of chapter II with Re a <A <y
or Reac<y <.

1 ' (s-a)

K(s) = (S‘a)n = T(sin-a)

we see that the conditions I' or II' of section 2 are satisfied
withn = -a.
B = K(-a,-a+n).

We give the following extension of B. Assume

A <Rea-n, Rea < c < |.

From (2.20) with n=-a, G=-a+n, g=r=m=jo=0, p=n it follews that
K(-a,-a+n) : Te(k,u) > Tﬁ n(X,U:a—n+1,....,a)
’

is a continuous isomorphism. '

: . : -1 .
This map is a special case of the map D °~ of theorem 25. This
theorem gives direct information for the map B in cases where

I' or II' are not satisfied.

In our last example of this chapter we turn again to an example of
chapter II. We will derive another inversion formula for the map 4
in example V of chapter II, i.e.

T'(o)

Ty | 1P (@Yimxe)o(e) dt .

0

(4d) (x) =



EXAMPLE III1

The map A of example V, chapter II, has the representation

a=u1. M K) - M

where
I'(s)T (a-s)
K(s) = —=t———"r
(s) T (y-5)
: s . 0
Let A< u<$Re, 6 2 0. Then 4 is a continuous map of T (1-H,1-})
into Te+§ﬂ(A,u). Consider the fractional integration operator

K(a-1,v-a) of Te(l—u,l—k). It is a continuous automorphism which
follows from the fact that I' of section 2 is satisfied for this case.

If moreover 0 £ A < U, by example II, chapter II, the Laplace transform

O+3m

L : Te(l—u,l—A) > T (A,

is a continuous isomorphism. Hence the composition L * K(a-1,y-0) is

continuous isomorphism of Te(l-u,l-X) onto Te+}ﬂ(k,u) if 0$ A< ypus

a
£ Re 0.Now let Kl(s) = ['(s) and K2(s) = I'(a-1+s) /T (y-1+s). L and

K(o-1,y-0) have the representations
=Mt emx) oM
= ™™
Kla-1,y-0) = M * - mx,) - M
from which we deduce
L+ K(om1,y-00 = M' > m k)« M= A
Assume M < Re Y. Then VI' is satisfied and it follows that (cf (2.14))

(4.4) a7l K(y-1,0-Y) - !



which is the inversion formula of Love, Prabhakar and Kashyap, (cf
[55]) .Using the techniques of chapter III we may also prove (4.4) if
0<u<g X< Red.

In the same manner as above we may prove
(4.5) A =TI(-1,y-0) * L

if 0SA<usReaor 0<pusA<Reaq. If moreover U S ReY then

a7t =t s riy-1,007) .

REMARKS

1. If in the last example the condition I S Re Y is not satisfied
we may derive modified inversion formulas if VIII or IX are valid

in case of the operator I and VIII' or IX' in case of the operator K.

2. Let A be an integral transform with kernel k. If k is the inverse
Mellin transform of a G-function, it is possible in many cases to
write A as the product of fractional integrals and (inverse) Laplace
transforms. Example V above is a simple case. Another example may

be found in [29]. Confer also [67al for an example.
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5.5 BIBLIOGRAPHICAL NOTES

Fractional integration in connection with various integral transfo
transforms or in connection with integral equations have been
applied by many authors.

In this chapter the basic ideas developed in [4] are extended

to spaces Te(k,u), 6 > 0. The generalizations of the Weyl inte-
grals and of the Riemann-Liouville integrals mentioned in the
introduction (section 5.0, formulas (0.1) and (0.2)) occur in

[8] and [30]. There exist many formulas which give relations
between fractional integrals of different order, negative order,
order half an integer and so on. Formulas of this kind can be
found in [31, [4]1, [8], [30], [40], [48], [56]. Several of these
papers also contain relations between the fractional integralé
(0.1) and (0.2).

Further generalizations have been proposed. As an example,
Parashar ([50]) extends to G functions. Sethi and Banerji, ([62]),
also consider an extension. In their paper Lowndes'form of
fractional integration is used to solve certain integral equations;
(references to Lowndes' work can be found in this paper also).
Other applications to integral equations occur in [4], [15], [47],
[58]. The monograph of Ross, (Ed., [58]), contains several
applications to other fields in mathematics; the first lecture

in this volume is a good introduction to the history of fractional
integration. An application to differential operators can be

found in [9]. Applications may also be found in [62a].

Fractional integration with respect to distribution theory has been
treated in many studies . Examples of papers which deal with

the subject are [4], [10], [14], [44].

Osler ([4é]) considers applications to infinite series. In his
paper an extensive table of fractional integrals is included.
Applications of fractional integration to Hankel transforms

in order to extend some well known results can be found in papers
of Koh, ([32]), Lee, ([35]), Fenys, ([18]), mcBride, ([43]), sneddon, ([62a]).
Related forms of the Hankel transforms occur in [34],[59]. cfalso [42a].



CHAPTER 6
STIELTUJES TRANSFORMS

6.0 INTRODUCTION

The Stieltjes transform of a function ¢ is defined by

P (t)

t+x

(0.1) (5¢) (x) = at, x > 0,

o— 8

whenever the integral converges. A more general form is

oo
(0.2) *0x) = f _E!j&a at, a > 0, x > 0.
0 (t+x)

For some purposes it is convenient to consider the transform

<«
(0.3) Px) = Sm,a,B)¢(x) = ol (x> [ (xm+tm)_°‘tm(°‘"8’¢<t>d—tt,
0
where m > 0, o,B € ¢, Red > O.
If in (0.3) we make the substitution x := xl/m, t := tl/m,
x_8¢(x1/m) = @(X), t_6¢(t1/m) = %(t), we obtain
o o-1
(0.4) Tix) =T [ Gl 100
0 (t+x)¢

We see that it suffices to consider. the case (0.4), which without
the tilde we may write as
- .
(0.5) Voo = T@ [ (1 + 5% SE.
0
Apart from the factor T'(a), (0.5) is the same as (0.2) when the latter
is applied to t¥ lo(t).
In the literature two types of inversion formulas are considered.
The first type of inversion formulas,most often based on a paper

of Sumner, (cf.[64]) .are formulas using contour integration in the



complex plane. Examples of such formulas may be found in [11],
Another type of inversion formulas uses (limits of) differential
operators. Examples may be found in [51],

In section 2 and 4 respectively we will treat some examples of
these inversion formulas for the Stieltjes transform.

6.1 THE STIELTJES TRANSFORM s%

We define the Stieltjes transform 59 by

fe o]
(1.1) (5%) () = T, | (1%)—ad>(t)—d{:, larg x| < .
. 0

We consider first the case Rea > 0. In section 3 we will make some

remarks about the case Reqg £ 0. Since
M{T (o) (1+t) "%} (s) = T'(s)T(a-s)
if 0 < Re s < Re @, we consider the function

K(s) = I'(s)T'(o-s).

It has poles in s = -1,-2,... and in s = o,a+l,...
Moreover
(1.2) K(s) = I(a-s) il

I'(1-s) sinTs
It follows that

a-1 -m|Im s|
s e

K(s) = O( ) as s > o,

uniformly on any strip {s € ¢l a £ Re s £ b}. So we may apply theorems

13 and 22. Let
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So={s€¢|0<'Res < Rea}
(1.3) S, = {s € ¢|Rea+h-1 < Res < ReO +h}, h = 1,2,...
s,= (s € ¢|-h < Res < 1-h}, h =1,2,...

We define for any h € Z

1 Cct+iow s
(1.4) k (8) = 5= c{im I'(s)T(a-s)t "ds, ¢ € Sy larg t| < m.

By means of residue calculus we deduce if |t|A< 1,

' -h-1 h-1
(1.5) k(0 = T@{(+e) ™ T (™ - § (THe™Y,
m m
m=0 m=0

which by analytic continuation is also valid if Iarg t| < 7. Here
zah'l =0 if h 2 0'and Zg"l =0 if h £ 0.

It is clear that the kernel in (1l.1) is ko(t) . As an extension of (1.1)
we define for h € Z

' ]¢(t

m

IIMI

a 7 x o Bl
(1.6) (59 ) = T(w [T+ 7= § )(
o . m=0

|arg x| < 7, whenever the integral makes sense. Bccording to theorem
13, remark II.11, theorem 22 and fheorem 24 we have

THEOREM 30. Let Req >0, h € Z, A,u € R and either A<y, Ay € _s'h,
or A.2 U, A,u € Sh.

Then for any ¢ € T(A,u) the integral (1.6) converges if |arg x} < T
and defines a function in Tﬂ()\,u) . The map Sa is an isomorphism

of T(A,u) onto Tﬂ()\,u) . If 6. 0 we may extend Sa to a continuous
isomorphism of ’I‘e(A,u) onto Te (A 1) by means of

18y
o we ~h- -0, m h-1 -0, ~m~0Q X du
(1.7) (8, 0) (x)=T(0) [ (14w ™ 2 (Hu- 7 ( 166
0 m m=0 m

where ¢ € Te(}\,u), [arg x| < 7+8 and 6; € IR such that ]ell <,
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and |arg x - 81] < 6.

A representation of (Sg¢)(x) valid for ¢ € Te(X,u), larg x| s 7+
may be given as follows.

Choose n € N, p € ¢ such that Rep+! > max(A,U4), n > Red. Define

for ¢ € S,, and largt | £ 7

c+i%

T(s)l(0~s) . -s

(1.8) 7 kﬁn(t) ST { . _TT:E:ET;— t “ds.
Then
O P dn n+p°°e.lel X, du
= P 4a_ * X
(1.9) (Sh¢)(x) = X o X é khn(u)¢(u) 3

if ¢ € (0,1, |arg x| € T8, 6, € R such that [6:] $ T,

larg X - e1| £ 6. In particular, if ]arg x[ §\ﬂ and ¢ € Te(k,u)
for any € 2 0, then
a a" n+p | at
_ ., p.d _ntp * X dat
(1.10) (54 (x) = x x [ Ry @)

ax” 0

We may evaluate k;n by means of residue calculus. We carry out the
calculation in the case h=0; the other cases lead to similar results.
Choose 0 < c <1, ¢c < Red, p € N. Then we get

n c+i®

k*(t) = (;1111 j‘ (s=1) ... (s-p) T (s-p-n) T (a-s)t ° ds
c—1i%®

)p+n c+ic P

= i:i‘f——‘ f —_— tp—sr(s—p-n)r(u—s)ds
2Ti .
c-i» dt
n+p @ p+n~0_-n
= (-1) —— {T(0-p-n) (1+t) t o+
atP
p+n-1

e
T ) Lo ony,
‘J:
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Hence, carrying out the differentiation

-n, B ’ —-Q -
(1.11) k*0) = DY )T amn-h) (my, (140) PO
n - h h
h=0
ntl j T(0-p-n+j) j-
- ) (e SRR gy ¢)7FY
3=0 3 p
Here we assumed O # p+1, ..., p+n-1. Otherwise we have to interprete

the right hand side as the limit for o tending to one of these values.

6.2 INVERSION FORMULAS

In this section we give several inversion theorems for the Stieltjes

transform. We assume that the'conditions of the previous section are
R : -1

satisfied and deduce representations for (sﬁ) from theorems 15 and

24, where H(s) = 1/K(s) = 1/{I'(s)T(a-s)}.

1) Choose in theorems 15 and 24

i (1-s) +Tis

(2.1) H (s)/(0-8) g = S F arl-5)

where 2 € IN, & > 2-Re0 . Define

d+ico
+1 I'(1-s) iTis -s
(2.2) hoo® = Zr2 . Tt t ds
d=-1ico
if arg t = *7, d # 1,2,... and d € (A,u) if A <y, 4 € [u,A] if

1 £ X and [p,A] does not contain any of the points 1,2,...
+
Then we have, (cf.(II.3.8) ),

Q We—(ﬂ—argx)i
(2.3) (Sg)-llb(x) - xl'a~d-—9: XLy h+l(%)lIJ(t)—dt__£ +
dx 0
ooe(Tr+argx)i a
. X t
+ (j) h_o (D) —

if
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(2.4) ye 0w, 620, larg x| s 6.

We may evaluate h+2 by means of residue calculus. The most simple
inversion formula is found if @ < 1. So we assume A < 1 if A < | or

if 4 £ A. Let % be such that £ > 2-Re 0. Then we have

h o (£) =0 if 0 < |t] <1, arg t = #m,
(2.5) -
¥ -1 1 f+o-2 _
A Ny Fr s DL if {e] > 1, arg £ =
From (2.3) we obtain
2 xe""i
(Sg)~1lp(x) =x1-a—d-E xg'+a_1[ f h+2(%)lp(t)d—; +
dx 0
xeﬂi
X dt
+ fh_l(;:)ll)(t)—t—]-
0
A-€

The integrands are O(1)t , t >0, |arg t| < @+m, for any £ > 0.
From this, using Cauchy's theorem we see that we may replace the
contour by another one, which runs from xe—'ni to xem' and lies

in the sector {t € ¢ | |argt| < 6+m}. This contour may pass through

the origin. We summarize in

THEOREM 31. Let the assumptions of theorem 30 be satisfied.

Assume A < 1 if A <y or M £ A. Let £ € N be such that £ > 2 - Re a.

1 o+

Then the continuous inverse of Sg, (Sf:)_ : T (A, W) ->T6()\,].J) is

given by
1-q 2
o, -1 _ X d L+0-2
(2.6) (S V) = ety —ax’L (f: (x+t) Y(t) at

|arg x| < 6, where C is a contour in the sector |arg t| € m+6, which
-Ti Ti . -

runs from xe to xe and which may pass through the origin. By the

substituﬁion t:=vx we obtain

1-a L

, o, =1 _ X s! L+0-1 L+a-2
(2.6)" (8) V() = sy —dxz{x é (1+v) Y(xv) avl,
0

|arg x] £ 6, Cp being a contour in the sector |arq v] £ 7 which runs

-Ti mi
from e + to e and which again may pass through the origin.

+
3
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2) Choose in theorems 15 and 24

(2.7 B 1) T (1-a-tes) AT (=)

(a-s) a 27il (s)

where £ € IN, £ > 2 -~ Ret . Define htS?, by

T(-1)* d}imF(l—a*£+s)eiﬁi(s~a)t-s

(2mi) 2 deieo I'(s)

(2.8) hiQ(t) = dat

if arg t = tm and 4 > Re a+%1 if A < por if pu £ A. Then (2.3) is
valid for ¢ € T6+7T()\,u) ., |arg x| £ 6. Again in this case we h,

g Y
be evaluated by residue calculus. We choose d > Re0+%-1. Then
h o (£) =0 if [t] > 1, arg t = #m ,
(2.9)
1-0-%
1t L+a-2 o<
= —— ———— i = +
hyo(t) = 5 Npre=y (1+t) if || €1, arg t = tn .

From (2.3) we obtain

9 mei (arg x -m)

o.-1 _ 1 1-a d o+ -2
(Sp) Wix) =5z x — [ / ’ (x+t) Y(t) at -
dx -Ti
Xe
) i(argx +m)
e
o+2-2
- f (x+t) Y(t) at ]
mi
Xe

The behaviour of the integrands at infinity is given by the order

relation 0O(1) tm+ f-2-u+e

, t >, larg t| £ 0+m. From Rea +8~1-4 < O

and Cauchy's theorem we deduce that we may replace the contour in ()
by another one in the sector |arg t| £ 6+7. We formulate these results
in

THEOREM 31'. Let the assumptions of theorem 30 be satisfied. Assume
H>Re0O+8-1 if X < por y € A. Let £ € W, & >-2-Rea . Then the

continuous inverse (S;i‘)_1 : TGHT()\,u) -+ Te(k,u) is given by (2.6),
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where C is a contour in the sector |arg t]| S 6+m, which runs from

-Ti mi .
xe to xe , which may be unbounded but does not pass through the
origin. Slightly different forms of the inversion formula are cobtained

as in theorem 31 by suitable substitutions. o

3) Choose in theorems 15 and 24

Hy(s) _ ieim‘.(s+y)
(0-s) T 2il(s)T (0+%-s) sinT (s+Y)

(2.11)

where £ € IN, £ > 2-Req, Y € ¢ Define

. sy
+1 d+;oo e-TTl(s+Y)t s

2mi d_im2iF(s)F(a+2—s)sin1T(S+Y)dS'

(2.12) 'hil(t) = arg t = T
where d+ReyYd Z and @ € (A,u) if A < y, and d € [p,A] if p £ A

and [u,A] does not contain any of the points -ReyY, -Rey#1, ... .
Then (2.3) holds if (2.4) is satisfied.

Since h+2 is the same for any two values of Yy which differ an integer,

we may choose Y such that

A < 1-R L
-eyjif)\<por'ifu_

IA
>

-ReYy < u
Then we may choose d such that
-Rey < 4 < 1-ReY.

and we easily obtain by means of residue calculus

Y
1 t
(2.13)" = ——— ‘ . .
hig<t) 211 T(=y) T (0 L+Y) 2F1 (1, y+1;04Y+2;-t)
if |t| €1, arg t = #m,
1 tY—1 -1
(213" Ry (8 = o T T (o a1y 272 (270 dmyitoyi—e )

if [t] > 1, arg t = #m.

Here we use appropriate limiting values in case -a-y-2 € IN or

y-1 € IN.
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We summarize this case in the following theorem.

THEOREM 31". Let the assumptions of theorem 30 be satisfied.
Let £ € N, & > 2-Reqa., Y € ¢. Assume

A < 1-ReY ) .
if A < uor if u <A,
.~Rey < |
Let h,,(t) be defined by (2.12) with -Rey < d < 1-ReY . Then

the inverse (SOL)-1 is given by (2.3) if (2.4) is satisfied. Here

+1(t) is explicitly given by (2.13)' and (2 13)“ [}

The inversion formula in theorem 31" follows from the inversion formula
of theorem.31' if 4 » Re 0.+% -~ 1. This may be seen in the following way.
The function hil(t) in (2.13)' has an analytic continuation on the
Riemann surface of the log function for it| > 1. The analytic contin-
uation to |t|>1 may be given using [12],I,p 63 (17). We obtain

(we denote the analytic continuation also by the r.h.s. of (2.13)'):

i eV

* L Ty T (ar iey) 2F1(1,y+1;04y+2;5-t) =

’Y—
=3 1 0ol == -1
=7 2mi T(1- 'Y)T'(OL+JZ,+Y 1) 2F1(1,2-0-8-Yv;1-v;-t ) +
(*)
(14t 1)a+2 2t—1
T'(o+2-1)

The first term in the right hand side is (2.13)", the second term is
the kernel which occurs in theorem 31. Hence the inversion formulas of
theorem 31'and of theorem 31" are in accordance with each other if we

can show that

+
(0)
x Y-1 1oy, It at_ .
_ T F (L, 2-a- 8-y 1-Y W) 5= 0
cmel(argx—’ﬂ)

(the integrand is to be understood in the sense of the analytic
continuation). But this follows from an application of Cauchy's
theorem, using the asymptotic behaviour of the integrand near

zero and near %, (which may be deduced from (*)).
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6.3 EXTENSION TO THE CASE REa 20

Assume that the conditions of theorem 30 are satisfied for the trans-
fgrms S:land .Sﬁ, in such a way that they are both defined on some space
T (A,M). It followsfrom chapter V, section 1, that then also the
conditions are satisfied under which the operator of fractional inte-
gration I{0-1,a'-a,h) is defined on Te()\,u) and on Tem()\,u) .

We have the following representations for the operators:

Lot mK,) M,

a
=M iy - oM,
I(a-1,0'-0,h) = M+ « mk,) - M,
where
K, (s) = T(s)T(a'-s),
K2(s) = I'(s)T(a-s),
K3(5) = Fara

It follows that in a formal way we have

o a a
(3.1) 8, + Ilo~t,a'-o,n) = I(o~1,0'-0,h) = 5, =5 .
We specify the conditions for (3.1) in the case o' = da+n, n € WN.

Consider the conditions (cf theorem 30)

0SA<u<n+Red, h' =0
0<HUEA<n+Ra, h' =0
A(3.2) Rea +n+h'-1 £ A < y £ Red +n+h’
Rea +n+h'-1 < 4 £ A < Red +n+h'
-h' £ A<y
-h' < p g

h' € w~{o},

N

1-h'
1-h'

A
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and the conditions (cf section 5.1)

0 £X<pysRea, h=0
<pngX<R h=
(3.3) O<psA e o, 0
Reo +h-1 $ A < p £ Rea+h, h=1,...,n-1 or Rea +n-1 £ A <y

Rea+h-1 < £ A < Reo+h, h=1,...,n-1 or Rea+n-1 < u £ X,

Let Reo >0, n € IN. Assume that one of the conditions (3.2) is

Satisfied. Assume moreover that one of the conditions of (3.2) with

n = 0 and h' = h is also satisfied. Then Sflh:n

and S}O: are continuous
isomorphisms of Te(k,u) onto Teﬂ[()\,u) . From chapter 5, section 1

it follows that I(a-1,n,h) is a continuous automorphism of Tel)\,u)

and of Tef“()\,u) . Hence we have

o+n

(3.4) Sy

ot+n o
e« IT(a-1,n,h) = I(a-1,n,h) - Sh' = Sh'

We use (3.4) to extend the definition of S:.
Assume Re 00 £ 0. Let n € N be such that n + Re 00 > 0. Assume that
one of the conditions (3.2) and one of the conditions (3.3) are

satisfied. Then both compositions in (3.4) are isomorphisms of

TS(X,IJ) onto T8+TT()\,1J), (cf case V, page ). Hence (3.4) defines

Sﬁ . 00w > 2T (A1) in case Rea £0 and this definition is

independent of the choice of n provided n + Rea > 0.
The inverse map is easily given (cf. theorem 25):

n
(3.4)" 897 = xS T (Y Ty,
dxn h

ve L.
o+n, -1

Formulas for the inverse (S , ) maybe taken from section’ 2.

6.4 INVERSION FORMULAS INVOLVING DIFFERENTIAL OPERATORS
In this section we derive inversion formulas for the Stieltjes

transform which make use of differential operators. In fact we

construct operators which contain a parameter n and which for
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large n are "nearly" the inverse for the Stieltjes transform.
We define the function K as in section 1, K(s) = I'(s)T(0~-s). We
assume Re 0 > 0 and A <'l. The map m(K), defined in chapter 1, may be

+
lifted to the map Sg :Te(k,u) - Te "(A,u) by means of the decomposition
Si = M_1 * m(K) * M.

The continuous inverse of m(K) is defined by

-1 _ Y(s) 0+m
m " (K)¥(s) = ()T (o-s) ' W,G [ (AW .
We are going to ‘construct a sequence of linear continuous maps

(B,)

n=1 with the property

lim B = m_l(K)
n*w n

o+m 06 .
in the space L(S ,S7), the space of all continuous linear maps of

0+m 6
S into S . By means of the Mellin transform again the Bn are

+T
lifted to continuous linear maps Dn: T6 (A,u) -~ Te(k,u), with the
property '
o -1
im D = .
%lm n (Sh)
U . 0+m 6.
Here the limit is taken in L(T ,T ) in the sense of the strong

operator topology. Hence we shall have to prove
-1
lim B Y =m “(x)¥
n¥o N

for all ¥ € s (a1

First we mention two lemmas.

LEMMA 1. Let G be a compact set, in ¢. Let a € ¢. Then uniformly in G

I'(n+2) T (n+0-7)
T'(n) T (n+a)

=1+ OC%) as n*®, [ €G.
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LEMMA 2. Let d;,d2 € R, d; < d;. There exist a constant M > 0 and
ng € IN such that

I'(n+Z) T (n+0-7)
l I'(n) ' (n+a) | <M

n 2 ng =

uniformly on {£ € ¢ | d; £ Re C £ dz).

Proof. The first lemma follows easily from [12]), I,p.49.

For the proof of the second lemma we observe that by definition

ITs)] = | [ e %5 tae| s [ e TR S lat < Pre s)

o— 8

o — 8

if Re s > 0. For n sufficiently large

IF(n+;)F(n+a—C)I
T(n)T (n+a)

T (n+Re £ )T (n+Re(0a-7))
T T (n+a) |

748

N

M]nReC +Re(a—c)—a]

A

M,
+
for some M € R .

We now turn to the definition of Bn. Let 6 2 0, Rea>0. For any

Y € Se+ﬂ(l,u) we define

(s) (s-n-o+1)

n
T(mT(nra) 1(s)-

(BY) (s) = (-n)"
n

Clearly Bn defines a map from Se+ﬂ(X,u) onto Se(k,u), which by

theorem 1, chapter I, is continuous. We prove that BnW(s) converges
1
(

pointwise to m (K)¥(s). Indeed, puting m_l(K)W(s) = ¢(s), we have

n (s%(s—n-a+1)n 1

T(n) T (nta) r(s)r(a-s)]W(S)

[-1»)

B ¥(s) - m L) ¥ (s)

=[F(n+s)P(n+u—s)

T T (nr ) - 1]¢(s) 0 asn + =
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by lemma 1.
- 0
Next we prove the convergence BnW +m 1(K)‘i’ in the topology of S (A,W).

Denote B ¥ by ¢ . We have
n n

[(s+n)T(n+a-s) _ p 6]s]
T T (nea) 1]lse B(s) .

spee|sl[¢n(s)—<b(s)] = [

For some constant Ty > 0, to be specified within a moment, we define

IA
A

Vo {sE¢[)\n Re s £ U and [Im s| < Tol},

i
IA
IA

vy {s€¢|)\n Re s £ ) and lim s} 2 10}.

Let k € N, € > 0. From lemma 2 it follows that there exist M, and

1
n, € N such that
I'(nts)T (n+a-s) _
(4.2) | T (e 1 <M, A SResSWu,n>n,

where M, is independent of s. Of course, in general M, may depend

1
on the choice of k.

1

0 R
From the definition of S (A,U) we deduce that there exists Ty

such that

(4.3) sup lspeelshb(S)] < Mi ;
psk 1
s€Vi '

From lemma 1 it follows that there exists n2 € IN such that

II‘ (n+s)'(n+a-s)
I'(n)T'(n+a)

(4.4) -1 < if n > n_,

& __
Gk(q’) 2
uniformly on V{;. (CIk belongs to the multinorm on S.e(k,u)) .
Combining (4.2), (4.3) and (4.4) we obtain
sup lspeelsl(Bn\V-dJ) (s)l < 2€ if n > max(nl,nz).

psk
A _SRe s Sp
n n
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€ being arbitrary, the assertion follows.
From the foregoing results we may conclude that in the sense of the

. B+m O
strong operator topology in L(S ,S) we have

Bn d m—l(K) as n > ©,
We now lift the maps B_ with the aid of the Mellin transform to the
spaces Te(k,u) and Te+ (A\,1). We give the exact formulation in the
next theorem. .
THEOREM 32, Assume Re >0, A < |. Let D denote ordinary differen-
tiation. Define the map Dn by

(-0"  1-a_n _2n+o-1 n

= — D
(4.5) _an(x) T T (v * D x P(x)
. O+ ; : . . 0+
if €T (A,1). Then Dn is a continuous isomorphism of T  (A,Y)

0 )
onto T (A,u) for any 6 2 0. Assume moreover that one of the following

conditions is satisfied (cf. theorem 30):

0S$X<yus<Red, h=0,

Red+h-1 £ A < y £ Rea+h, h=1,2,...
Then in the sense of the stxong operator topology in L(Te+n(k,u),
TO(K,U)), we have

. a1
om Dy = 5y
Proof. It is easy to show that an(x) = Mrl . Bn"ﬂ¢W(x) for any

n€ IN and ¥ € Te+“(>\,p). Hence the continuity of Dn.

We also have
-1 a, -1
Byt My(x) »m (K)  My(x) =M+ (S)) W(x),
where " > " is to be understood on one hand as pointwise convergence
and on the other hand as convergence in Se(k,u). Lifting with the
continuous isomorphism M-1 to the space TS(A,U) one obtains

D_Y(x) > (S:)_llb(x) if n > o,

As before we now have the validity of the theorem.
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REMARKS

1. The isomorphism Dn in (4.5) is related to the map which we have

introduced in chapter IV, (1.4). If in (IV.1.4) we take
s = (at,041,...,04n-1,1-n,2-n,...,0)

then besides the factor (—1)n/(F(n)F(n+-Ot)),D.n coincides with the
map D in (IV.1.4). From this also the continuity of Dn follows.

2. The order of the factors in (s)n(s-n-ot+1)n in the definition of
Bn is irrelevant. Therefore in changing the order of the [..
operations in the defining relation for Dn one may construct
other inversion formulas. As examples we mention Pollard's

formula A(cf 54 1y,

D pix) = _=n" R OpR (2R
ni T'(n) T (n+x) !

and a formula which is related to (4.5)

D Y(x) = ___L:llz___Xnanl—aann+a—1w(x)
‘n2 T'(n)T(n-a) )

Here as before D denotes ordinary differentiation.
6.5 EXAMPLE

In this example we consider a different approach of example V of

chapter II. As in that example we assume
(5.1) 0 £ X<y £ Read.
We define.

1 eiiﬂ(s—y+1)r(s

Zni Y+

Hi(s) = %

Then H+(s) + H (s) = 1/T(y-s).
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Let £ € N be such that 4 > -(Rey +2)+ g. Then we may choose ¢ such
that
(5.2) 1-u < c < 1-A, c < Rey +4&-

N|w
.

Define th by

c+ic
_ 3 S ¥ 2iT(s-Y+1) v -s
B8 = T (D | e T(s=y-2+1)t " ds .

c=ico

From the last inequality of (5.2) it follows that the integral

is absolutely convergent if im < targ t £ %n.

We evaluate the integral in the case in which c is chosen in sucha
way that Y+2-1 is the only pole of the integrand to the right

of the contour. Using residue calculus we obtain

-Y-2+1

t X 3,
= —_— - < <
hﬁét) T (e ™=1), ¥m £ zargt S .

We now use the results of theorem I1I.11 and remark II.7. We put
8j5Y+j—1, j=1,..,%, 6=%m, ’a+=%ﬂ. Moreover we replace A and U by 1-H

and 1-) respectively. The map B, defined by

by g geyr 1 O e
(BY) (x) = x~ Dx ETTER fiy + é ) (xt) EYL e at
wa 1T

]grg xl S 6+4m, is a continuous isomorphism of Te+ﬂ(1—u,1—k) onto
+&m '
T

(A,u). Here Y, is such that |y+] S 6+m and in < t(argx +y,) S%n.

For B we have the representation
-1 .
(5.3) B =M . ml(K) - M

if K(s) = 1/T(y-s).

Next we consider a special form of the Stieltjes transform:
" 1

(5.4) G0 = [ S X)) % g 8
o t t t

Apart from the factor I'(0) the kernel is given by
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d+joo

(5.5) T (s+0-1)T (0~ (s+a-1))t ~ds, 1-Req <d<1.

— f
271 g-j

From (5.1) we deduce

(5.6) -Re 0 $1-u < 1-X £ 1.

From section 1 we now may deduce that the map gu is a continuous
+
isomorphism of Te(l—u,l—A) onto Te TT(1—u,1—)\) if (5.1) holds for any

0 2 0. A representation for ga is
— n
(5.7) ¥oulon® oM

N .
where K(s) .= '(s+a-1)T(1-s).
Combining (5.3) and (5.7) we obtain the following factorization of the
map A of example V, chapter II:

(5.8) 4=8+3

Applying theorem II.1l1 again it is not hard to see that the inverse

of B is the Laplace transform Ly’ given by
@, G = xt) " 1e¥ g () at
0

if Re Y > U and a related expression if the last condition is not
satisfied. The inverse of ga may be constructed along the pattern of

section 2. From (5.8) we deduce
a7t ot L,

and this"gives a solution of the integral equation of Love,

Prabhakar and Kashyap, (cf [41]),

o -Y_]_

r v _g(x)
g T JFp(aYi-xt) 6(t) at = o

—~

|

~
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where g(x) is a given function.

REMARK.

Under suitable conditions we may factorize the Stieltjes
transform Sz using the general form of the Laplade transform as
in the example above. From the Mellin transform of the kernel
of the Stieltjes transform we may deduce '

fn = E L

We omit the details.
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6.6 BIBLIOGRAPHICAL NOTES

Stieltjes transforms and its inverses are important in applied
mathematics. As an example of an application see the integral
equation in section 6.5 where the solution is given in terms of
the Stieltjes transform.

In the last ten years also generalizations of the kernel have
been considered. Joshi ([29]) gives an extension to a hypergeo-
metric kernel, in fact following earlier work of Swaroop, ([65]).
He proves complex inversion formulas, which are in the form of

a repeated integral. Also Srivastava suggests various extensions,
( cf [63]). His inversion formulas are constructed along the

same line,'having the form of a repeated integral. Finally a
general kernel using a G function is given by Pathak, ([521]).
Stieltjes transforms for distributions are treated in [11], [49],
and [51] and this is only a choice. Especially Erdélyi‘’s paper
[11] has given impulses to our approach. The advantage of our
treatment consists mainly in the fact that the the inversion is
straightforward. This is due to the homeomorphic character of

the transform on the function spaces:.

Inversion formulas using complex integration have been firstly proposed
by Sumner, ([64]). Inversion formulas using differential operators
are known for a long time, (cf [14]). They are used also for the
inversion of the generalised forms of the Stieltjes transform,
(for example in [7]), and for the inversion in the distributional
sense, (cf [52]).

Several remarks on the subject may also be found in the books

of Hirschman and Widder ([26bl) and of Marichev ([42a]).
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CHAPTER 7
MEIJER TRANSFORMS

7.0 INTRODUCTION

Fractional integration and Stieltjes transforms, which are ;he éubject
of chapter V and of chapter VI respéctively, are e*amples of the
(product) convolution transform. In this chapter we consider as
examples of Watson transforms two transforms which are due to
C.S.Meijer; (cf [44al and [44b]l). In fact these transforms are special
cases of the "G-transform" in the last example of chapter IV.
The first transform which in the sequel we will denote by K-transform,
is defined by © '

Yx) = (K ¢)(x) = é/E.Kv(xtM(t) at

where Kv is the Bessel function of third kind and of order Vv. In the
same manner as in the case of the Hankel transform in section V.3 we

substitute x:=v2x and t:=/2t. The result is a slightly different form,

;l\;(x) =

o— 38

xv(z&?)ai(t) at

where $ and m are defined as in section Vv.3, (3.1). It follows that

without loss of generality we may take as definition of the K-transform
(=]
(0.1) (K 9) (x) = (j) K, (2/xt)$(t) dt .

This definition has the advantage tha theorems of the foregoing
chapters are easier to apply. The reason for the index 2a in stead
of v is that the Mellin transform of the kernel is slightly easier '
to handle.

Meijer's second transform, which we will denote by W-transform, is

defined by
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oo _ —b-
(wa',bd)) (x) = {) e QXt_(xp §Wb+§la(xt)¢(t) at .

Here W is Whittaker's function.

In ordé; to make the Mellin transform of the kernel more simple to
caculate with we add the factor tb in the kernel of the transform.
Of course there is no loss of generality if we adopt the following

formula as the defining relation for the W-transform:

-iXt(xt)-iw

ey, o (XE)O(E) QL.

(0.2) ~(Wa'b¢)(x) = g e

In section 1 we consider the mapKa . In section 2 some properties of
W; b will be derived. In section 3 we will see that there are some

’
simple relations with other integral transforms.

7.1 MEIJER'S K-TRANSFORM

Consider the function K,

K(s)=.4T(s-a)T(s+ta), Rea 2 0.

Assume 2a £ IN. Then K has first order poles in ta-j, j=0,1,...

2c-1
If Res =c' we have K(s) = O(|s| exp(—ﬂIIms‘) as s > ®. Hence to
any'pair of real numbers a3 and By, a1 < By, there exists yi1 € IR

such that

K(s) = 0(|s| lexp(-T|Ims|) as s + =,

uniformly on {s € ¢| 01 £ Re s £ B1}. Moreover, if H is defined by
H(s) = 1/K(1-s), to any pair of real numbers 0, and B, a» < B;, there
exists Yz € IR such that
‘Yz

H(s) = o(|s|"%exp(n|Ims|) as s » o,

uniformly on {s € ¢| a2 £ Re s  B,}.
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It follows that K and H satisfy the conditions of theorems II.9 and
I1.11 if Rea SA<uand of theorems III.18 and III.20 if Rea < u £ A.
Let k(t) be defined by (II.1.10) if A < c < Hdor U £ c £ A. Then

k(t) = K2a(2/t), larg t| < w,

where K2a is the Bessel function of third kind and of order 2a, (cf
(13],1,p 349, [46] p 196). We then have from the theorems mentioned

above and the remarks II.S5, III.1:

THEOREM 33. Assume 0 SRea$ A < por 0 £ Rea< U £ A. Then the map
Ka' defined by (0.1) for ‘arg x| < T is a continuous isomorphism of
‘lT
T(1-U,1-A) onto T (A,u). For any 6 2 0 its restriction to Te(l—u,l-)\)
6
is a continuous isomorphism onto T 'm()\,u) . It is given by
elel

©0,

(1.1) KO =x ' [ Ky au, |arg x| <6sm,

Q
where 8, is such that |61| < m, 81-6 £ arg x £ 0,+8.
We may construct a representation which is also valid if Iargx!é 6+
as follows. Let n € N, n > 2max(A,u) and p € ¢, Re p+1>max (A ,U).

Define kn (t) by

(1.2) K (t) = —— c}im——————us'a) [(s*a) “Saq, larg t]| <
. 'Y T om ! To(Tepes) o jarg &2 T

c-1i% n
Then we have

i0,

- dn n+p—c1)°e u

(1.3) (K (x) = x P S—x [ x_(w¢)rdu
a dxn 0 n X

where larg x| € 8+m, [81] s 7, |argx- 8,] < 6.

We also have the following decomposition of the map Ka,

s _1 . .
(1.4) K =M m (K) * M

with K(s) = 3#[(s-a)l(s+a) and m, (K) defined as in chapter I.
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REMARK

Let the assumptions of theorem 33 be satisfied. We take a slightly

different kernel in stead of (1.2). For m € IN and |arg t| ¢ Twe define

c+iw

_ I'(s-a) T (s+a) -s
kon(® =557 | S(ica-s) (Tvas) ds
c-iw m m
1 c+i® _
ol y | iT(s-a-m)T(s+a-m)t “ds .
c—ic
Assume
c<m, A\ < ¢ <~
.u if A <y
Cc# HRea +m, Rea +m~1,...

HScE£A, c<m
there are no poles of the if A 2 u.

integrand in {s € ¢ | p £ Res <A}

Then we have

k-a ja-1 iF(—Za)tk+a

Ji-1
_ z il (2a)t _ ]

-m
k. (t) =t [K, (2vt) — ——
m 2a k!(1-2a)k 320 k!(1+2a)k

2 520

if a+tm,....,a+m-ji1+1 and -a+m,...,-a+m-ja2+1 are those poles of the
integrand which are to the right of the contour.

It follows from theorems 9, 11, 18, 20 and remarks II.S and III.1
that in this case we have

- 101

_ .-am m+2a_m m-a-1 = t
(K 9) (x) =x “D'x" D% E'; t mkzm(t)¢(x) at

if |arg x| < m+8, |81] € 7, |argx- 61] <6 and ¢ € Te(l—u,l—k).
In order to derive inversion formulas for Ka we apply theorem II.1l1

and theorem III.20. The function H of these theorems is now

H(s) = 2[T(1+a-s)T (1-a-s) 1 1.
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H is an entire function and

2d—1e1T|Ims|)

H(s) =O(|s| as s >» ©, Res = d.

Let the assumptions of theorem 33 be satisfied.

1. Choose

_1_etni(s+a)_ I'(s+a)

Ht(S) = % i T(liacs)

Let 1-p <d < 1-A if A < por 1-A £d £ t-1 if p £ A. Assume

d # -Rea, -Rea-1,... if A < 4y and if y £ A assume that no poles

are in the strip {s € ¢| 1-X £ Re s £ 1-u}. Let £>2(1-y). Then £ > 2d
if 1-X £d £ 1-p and if A < | we may choose d such that £ > 24d.

Define h(t) as in (II.2.9)* with Bj = a+j, j=1,..,%:

d+i® etﬂi(s+a)r(s+a)

+1 ~
(1.5) h, ,(t) — - ds , arg t = 7
+ - 4 g =i
E3 i dm oo mil (L+1+a-5s)
We have ) .
~ 1 -H, ‘ g- ta+3
hyp(e) = s (€771, %0 - 1 S g !

where g € N is such that -Rea-g < d < -Rea -g+1 if 4 < -Rea and

otherwise g = 0. Here I_ denotes the modified Bessel function of the -

first kind and of order 2a+%.

From (II.2.11)**we deduce with y_ =T

-a g
-1 X d a+l -32
(1.6) (Ka V) (x) = i T‘E X é{ (xt) Izaﬂl(z‘/xt) -

gil (Xt)a+

JT(ezagry

Y € ™ (A,4), x > 0, where C is the contour which runs from ®g 1.Tl to

im
zero and from zero to e .

As a special case, if p>1 and A-1 <Reawe may choose -Re a< A<Q if
X,

%

A<l and hence 2£=0 and g=0. Then we have if A< Uuor

(1.6)" Ko =L e/epEE , y e o, x > o.
a mi c 2



142

REMARK
In order to derive the foregoing inversion formulas we have
applied theorems II.11 and III.20 with htl defined by (1.5). It
should be noted that we have o.=tm. Hence formula (1.6) can not be

extended to the case P € Te+“(A,H) if 8 > o.

2. Choose

. +Ti(s+b)
(1.7) H,(s) = 2 . b € ¢.
- iT(1-a-s)T(1+a-s) sinm(s+b)

We make the following assumptions:

-1 < -
1-u < d< 1= }ifk<u,

d # -Reb +k, k € Z
1-x £da ¢ 1-u
{s € ¢|1-2 £ Re s £ 1-yu} does not }if usa.
contain any of the points -b+k ,k€Z
Let 2>2(1-U). Then as in case 1. we may choose 1>2d. Define h+l(t) by

d+ i +Ti(s+b)
+1 e
2mi d_fnir(l—a-s)T(l+a—s+ﬂsinﬂ@+b)

t_sds,

(1.8) h, o (t)

if arg t = #7. Then the inverse is given by

-1 -a dl +2
(1.9) (KD (x) =x & — =" n_ xt)p(v)at,

a L +2

ax C

if ¢ € T“(A,u) and x > 0. Here C is the same contour as in the
case above. The assertion follows as in case 1. from theorem II.11
and theorem III.Z20.
As a siﬁple example we calculate h+£ in a special case. Assume
min (A,H) > 1. Then we may choose d < 0 and hence % = 0. Assume

moreover that for some b we have

A-1 < Re b < u.

Then we have, using residue calculus,
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se” F,(1;1-a+b,1+a+b;t) t = &m
a ’ = .
“a+b) T (1+a+b) 1! - arg

(1.10) ht(t) = Tir(1

The corresponding inversion formula is now

1
il (1-a+b) T (1+a+b)

(1.11) (K;llb) (x) =

x j F,(1;1-a+b,1+a+b;xt) (xt) Pty at ,

where { € Tﬁ(k,u), x > 0 and C is the contour in (1.9). If b=a this

reduces to formula (1.6)°.

REMARK - - :
Also here we have. to put a, =T in the application of theorem

II.11 and III.20 if h is defined by (1.8). Hence formula

2
(1.9) and formula (1.11) can not be extended to the case

Y € T (A M) for positive 6.
7.2 MEIJER'S W-TRANSFORM

The kernel of the integral transform in (0.2) is

it -4

2. =e
(2.1) k(t) e t wb+i,a(t)'
where W denotes Whittaker's function. Its Mellin transform is

Ry

(2.2) x(s)=£—(—sl+,’"(—)s:§—)s'a—), Re s >Re a 2 0,

(cf [12]1 p216 and [46] p 146). If Re s remains bounded we have

-37|Im s| Is‘Re(s+b)-§

K(s) = O(s ) as hm s]+ o,

-1 _ o(siﬂ[nnsl lise(s-b)—§

(K(1-s)) ) as |mm s|> .

It follows that to any pair of real numbers 03 and B; there

exists y; € IR such that
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K(s) = O(s_i-“llmsllﬂYl

) as s &> o,
uniformly on {s € ¢ | a1 € Re s € B1}. Also to any pair of real

numbers 0z and By there exists Yz such that

H(s) = 1/K(1-s) = O(siﬂ[lms||s

|Y2) as s > «,

uniformly on {s € ¢} o, £ Re s < Bz}.

We may apply theorem II.11 and III.20. We then have the following
theorem.

THEOREM 34. Let a,b € ¢, Rea 2 0. Assume max(Rea,Reb) £ A < | or
max(Rea,Reb) < u £ A. Then the W-transform, defined in (0.2) for

larg xl < 3w, ¢.€,T(1—u,1—l), is a continuous isomorphism of
T(1-1,1-A) onto Tén(k,u). For any © > 0 its restriction to Te(l—u,l—k)
is a continuous isomorphism onto Te+§ﬂ(k,u). This extension may be

described by

w182
I S t
(2.3) W, o$ ) = o é e Tt W, (6D at, larg x|<@+im,
‘ where 0, is such that
(2.4) |81] < 37 and 6:-8 S arg x < 61+6.

A representation which is valid if |arg x| € 0+47 is given by
n we 101

-p 4 n+p-1 t

PP g k (£)0(D) at ,

n

(2.5) (W_ ) (x) = x
a,b ax 0

where |8,| < #m, larg x - 61| £ 6. The kernel in (2.5) is defined
as in (11.1.3)":

c+i®

_ 1 I'(s-a) I (s+a)
kate)d = ) T(s-b) (1+p-s)

-s
" t ~ds, |arg t| £ inm
2mi c—im

if p and n are such that Rep +1 > max(A,u), n > c+$+Reb.

In the same manner as in the case of the K-transform we derive

inversion formulas, We use again the decomposition of the function
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H, namely H(s) = H+(s) + H_(s) , according to theorem II.11 and theorem
III.20. We assume max(Rea,Reb) £ A < 4 or max(Rea,Reb) < u £ A and

d € (1-u,1-1) or d € [1-),1-u].

1. Define
: +Ti(s+
4 (s) - & L [(sta)[(-sble tis+a)
+ - 2mi T(1-s+a) -
We have
~3- - +
H (s) = O((s[d 4 Rebe in|ims| Ims) as s *©, Res =d.

Let £ € N be such that £ > % - U - Relb;' if A<y we may choose d such

that £ > d + § - Reb; if A2 then for all d € [1-),1-u] we have
£ >d + } - Reb. Define h_ (t) by (II.2.9)* with Bj = a+j, 3=1,...,%

and a, = %":
+1 d}i“ N(s+a)T (1-s-b) _*mi(s+a) -s

ERCIITERN F(2+1-s+a) ds

(2.6) hig(t)

—joo

if 7" £ targt £ %ﬂ. We assume that the line Res = d does not

contain any of the poles of the integrand. From (II.2.11)** with

Y, =371 we obtain the inversion formula

-1 -a dQ a+l ie
(2.7) W0 () = x d—xix [é h, o (xt)Y(t) dt +

—-joo
+ h_,(xt)(t) dat}, x > 0, ¥ € T*"(A,u),
0

which formula holds if %+Reb +u > %

3m+6

If 6 >0and Y €T (A,1) the inversion formula becomes

: iv+ iy.
W = -2 d st Eo? h , (xt)P(t) at + w? h Pty at)
2, pV) (0 = x dxl X : X 0 _g (xt)V(t)
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if |arg x[ £ 6 and Y, satisfy (II.2.12) with o, = %ﬂ and 0o = 4m.
We consider a special case. Assume A < 1 + Rea. If A < U, we may
choose d such that d > ~Rea; so the poles s=-a~-j, j € N are to
the left of Res=d. If A 2 u, the poles s=-a-j, j € IN are to the

left of Re s =1-)A. Using residue calculus we obtain

+1 T(l+a-b) a

(2.8) h, ,(t) = Ty T(2a+8+1) t 1F1(1+a-b;2a+2,+1;t),

T £ targt £ %‘n. From this we deduce the inversion formula

3
-1 _ _TI'(l+a-b) -a d a+l
(2.9) W o X = ST GarteD) o X

lm
x [ (xt)? F (1+a-b;2a+L+1;xt)Y(t) at
—jo

if x>0 and wETi

of theorem 34 are fulfilled. In terms of Whittaker's function this

TT()\,u) , A<1+Rea, 4+Reb +u >% and the assumptions

formula is,(cf [12] I, p 264)

2 jo )
~1 _ T(1+a-b) ~a & a+l ixt -3-32
(Wa,bw) (x) = 21riT‘(2a+!L+1)x deL x _{me (xt) Mb—}+}2,a+§2(XtW(t)dt
4 0+4m

ki
if x>0 and Y€ T° (A,u). IfYET (A,), 6 > 0, we have to
modify the contour as already indicated.
The last inversion formula in the case £ = 0 and formula (1.6)

with £ = 0 and g = O are due to Meijer, (cf [44a] and [44b])).

REMARK

If b = a the kernel K reduces to K(s) = I'(s+a). The W-transform
then reduces to a special form of the Laplace transform and the
f oregoing inversion formulas for this case are modifications
of the inversion formulas which we have obtained for the

Laplace transform in chapter II.

2. We define the functions H by

ﬂ'(1—s~b)eﬂrn(s+p)i

2iT (1-s-a)T(1-s+a) sininw(s+p)

H (s) = , p € ¢.
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We. have ,

-b-3 ¥
‘dee inIms) as s >, Re s = d.

H, (s) = ot|s
Let A <, 2 € N, 2 >% -U-Reb . Then choose d such that
2>d+i-Reb, 1-p<d< 1-X and such that the line Res =4 does not
contain any pole of the functions H+. Then

'QTTOH (d+1i0)

———— £ L(-®,®).
(1-d-ioc+a) 2

Define htl(t) by

31 i I‘(l—s—b)eiiw(s*'p)i

-s
(2.11) htl(t) T oan as oo T'(1-s-a)(f+1~s+a)sinim(s+p) t ds,

arg t = m.

Then with these h_ + the inversion formula (2.7) holds.

In order to give a simple example of calculating the right hand
side of (2.11) we assume A < 1 +Rep < 2+l. Then we may choose
d such that 1-u<d< 1-A and -Rep< d<2-Rep . Using residue
calculus we cbtain

+1 T (1+p-b) tP z (1+p-b) oy 2m

(2.12) 1o (8) =37 FTap-al GrprawD) L (T+p-a), (Lrpraril =

As an example of the use of this expression for hﬂ, we consider

a simple case. Assume -32— - Reb < u. Then we may c}}oose d < Reb-13
and £ = 0. For p we take the value a. Then the Z—pért in (2.12)
becomes , if Re(a+b) >'4};

°f (3+}a-4Db) (1+5a—&b)m( yo
meo (D fa+rD (a+}) m!

We obtain the inversion formula
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2

- - iw — . - - 2 .
(2.13) (wglbw)(x)=-i—£3313331 i (xtf%Fi§+*a b, I+da-dbidx ey, ) ae

mi F(2a+1)‘_i°° ,atd,a+l

x >0, € Tsn()\,u) , which holds if the following conditions are

satisfied: max(Rea,Reb) < A < y, % -Reb < U, A<1+Rea < 2+,
Re(at+b) >%. If 2 # 0 or U £ X similar results can be derived.

REMARKS

1. For the derivation of formula (2.13) we have used the formula

_ ,2m
(1+q)2m =2 (§+§q)m(1+éq).m.

2. Adding and subtracting odd terms in (2.12) we see that the right

hand side may be writ@:en as

+1 T'(1+p-b) t¥
2mi T(1+p-a)T (L+pt+a+l)

[2F2 (1,1+4p-b;14p-a,f+pta+i;t) +

+ 2F2(1,14p-b;l+p-a, f+pta+tl;-t) ]
which for p> = a becomes

#1 T(1+a-b)t®

(*) -
2mi T(2a+2+1)

[,F,(1+a-b;2a+%+1;t) + |F, (l+a-b;2a+l+1;-t)].

From [35a), p 201, (1) and (2) we deduce

tP,F, (1,14p-b; 1+p-a, Lipra+tl;—t) =

t—b—l 1

o( )+ ol L o™, £ > w, |arg t| s im.

Hence if  the following conditions are satisfied:
max(Rea,Reb) £ X < Y,
A < 1+Rep <1+u, & < %—u - Reb,

we obtain, using Cauchy's theorem
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joo
,f (xt)p2F2(1,1+p—b;1+p—a,2+p+a+1;-xt)lp(t) é&t = 0, x>0,
_ioo

Y € Thr

(A,n). For this case the inversion formula (2.7 ) becomes

~1 - I'(1+p-b) -a 4a” _a+l
(Wa,bw) (x) 27!1 F(1+p—a)I"(.Q+p+a+1) x dxl x x

joo
x [ (xt)® P, (1,1+p-b;1+p-a,Ltpra+i xt) hlr)at.

—ic

In case p=a this reduces to (2.9).

(2.9) also follows directly from (*), using

- %
[F, (1+a-b;2a+d+1;-t) = o(t2 271y 4 o(£7%" Y

as t *®, |arg t| S im, (cf [35al, p 201; [4al, p 330, p 322).

3. We choose

4T (1-s-b) T (S*P) &

2iT(1-s-a)T(1-s+a)sinn(s+p)

H, (s) . pe€¢.

We have

d—b—ie—hr |Ims| FrIms

H,(s) = o(]s] ) as s > ®, Re s = d.

Let £ € N, £ > %—u—Reb.Then if A < U we may choose d such that
2 > d-Reb+3}. Assvme that the line Re s =d does not contain any pole of
Hi(s) . Then

S 1
e 3T Ims Hi (s)

(1-s+a) I3

€ L(-»,@), Re s = d.

We define h+9'(t) as in the previous case,

1 A+ie M (s+p) i

_ I'(1-s-b)e -s
(2.14) htl(t) T A4 M(1-s-a) T (4+1-s+a) sinT (s+p) t

d-jie

if arg t = +3T. Then (2.7) holds if (2.7)" is satisfied.
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Consider the following simple example. Assume

max(Rea,Reb) £ A < U, A < 1+Rep < 1+u.

Then we may choose d such that -p < d < i1-p, 1-4 < 4 < 1-A. Using

residue calculus we obtain with £=0:

+tPT (1+p-b)
2mil' (1+p-a) I (1+p+a)

hi_(t) =

x ,F,(1,14p-b;1l+p-a,l+pta;t).

We thus have obtained the same inversion formula as in Remark 2
above, for the special case; 2=0. In the same manner of course we
can derive the formula for £ > 0.
Without writing out the details we remark that we may also use
the decomposition

4T (1-s-b) SHrM(stpli

H:(S) T 2il(1-s-a)T (1-s+a) sinrm(s+p) ' p€ ¢

with r2 4 in order to derive other inversion formulas. In this
case (II.2.8) is satisfied with

T sty £ (2r-H)w, a, = (2r-dH)m.
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7.3 RELATIONS WITH OTHER TRANSFORMS

In all cases of integral transforms we have considered in this and
the previous chapter there is a simple factorization of the form

(3.1) MY omm) o Mor M o m (K) ° M

where K denotes the Mellin transform of the kernel of the transform.
A similar factorization holds for the inverse transfqrms: If we
make adequate assumptions in order to satisfy the conditions of the
underlying theorems, we may use (3.1) to consider products of
integral transforms. We have already seen some examples in the
foregoing chapters, among others in those cases where we have
extended the definition of an integral transform.

For the K-transform and the W-transform of this chapter we can

also consider extensions and relations with other transforms. Far
from being complete we choose some examples in order to indicate

the method.
EXAMPLE 1.
Assume A < |4, Rea 2.0, 2a € Z. Let k,2 € N be such that

Rea-k £ A <Rea-k +1, Rea < y,

-Rea-%25 A < -Rea-R+ 1.

Choose n € N such that Rea- n £ A and n 2 1. Consider the

functions Hl and H2,

I'(s+n+a)T'(s+n-a);

Hl(s)

1
(s+a) n(s-a) n

.

ﬁz(s)- =

Define k1 and k2 by’
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c+ixo

K.(t) == | B(s)t™ds, Rea <c <y, 3 = 1,2
h) 2Ti ,
C=1%

Iarg t|<'n if j=1, t>0 if j=2. We then have: the map Al' defined by

0

(4,0 ) = [ (xt)"K,_(2/xE)d(e) dt

2a

o

is a continuous isomorphism of Te(l -u,1-1) onto T (A u) for
any 0 2 0. Purthermore the map A2, defined by

(4,9) (x) jk 0o St

is a continuous isomorphismof T ®(A,1) onto Te+2 k+2(k,u;§) if £ £
for any 84 2 0, where

a = (a~k+1,...,a,-a=2+1,...,-a)

O Bo
and of T (A ) onto Tk+n K+n

(A,u;g) if & > n, where
g = (a-k+1,...,a,-a-n+l,...,-a).
This assertion follows from example II, chapter 1V,
We consider the product A ° Al' It defines a continuous isomorph-
ism of Te(l -u,1-1) onto TE 2, k+l(k,u;g) if & £

The maps A1 and A2 have also the representations

= ~1 o 1 ° = -1 o °
A1 =M ml(hl) M, A2 =M m(H2) M.

It follows that
-1
A, o 4, =M ° ml(K) o M,

where K(s) = H (s)H (s) = I'(s+a)l'(s-a). Hence the K-transform

defined by (O. 1) is a continuous map of T (1-u,1-1) onto
O+

Tk+9, k+£(k Hia).

26 and 27. Confer also the last example in chapter 1IV.

This may also be proven directly using theorems

If & > n we obtain similar results.
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EXAMPLE I1

We give a decomposition of Ka into the product of two transforms.

Assume Rea 2 0, Rea S A < Hor Rea< u £ A. For any 6 2 0 we define

A :Teﬂ-uA—A)->T&&nU—uJ—M by
' ify
~e a-1 -1 x. dt
(A) (x) = [  t° Texp(-t YO T larg x| < 6+3m,
0

where 0y is such that {91| < 47 and 6;-9 £ arg x £ 0+46,. Then

we have
(3.2) A4 =01 cnmx) oM

where K(s) = I'(1-s-a), (cf. theorem II.13 and theorem III.22).

20+ oL,

Consider also the Laplace transform La:
defined by
meiez
(L, 0) (x) = (j) tae_t(b(-:i-)%, larg x| < 6+,

where 6, is such that |92} <im and 6,-0-17 < arg x S 6+im+6,.

Then La may also be represented by

(3.3) L Mt cm (K)o M

a

where now K(s) F'(s+a). Using (3.2) and (3.3) we obtain

"

(3.4) K iLa o A

if Ka is the K-transform defined in (1.1).
EXAMPLE 111

Let Rea 20 and Reb 2 0. Assume max(Re a,Reb) £ A < | or max(Rea,
Reb) < 1 £ A Then both Ka and Kb are isomorphisms of Te(l-u,l—k)

0+
onto T (A,1), 6 2 0. In order to give a relation between
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Ka and Kb we consider the operators of fractional integration

K(a,b-a) and K(-a,a-b). The conditions I' or II' and VI' or VII', chapter V,
section 2 are satisfied. Hence both the operators are automorphisms

of Te+n(k,u) for any O 2 0. Using decompositions of all four trans-

forms we obtain in the same manner as in the foregoing examples
Ka = K(é,b-a) *« K(-a,a-b) Kb.

It is not hard to see that the order of the fractional integration

operators in the right hand side may be reversed.
EXAMPLE IV

In this example we consider a factorization of the W-transform.
Let Rea2 0Oand Rea £ A < Uor Re a < it £ A. Then the fractional
integration operator I(-a,a~b) is a continuous operator of
Te(l—u,l—A), 6 2 0. This follows immediately by inspection of the
conditions I and II of chapter V. We have as in the previous
examples

(3.5) I(-a,a-b) = M ' « m(x)s M

where K(s) = I'(1-a-s)/T(1-b-s). Let La be the Laplace transform
defined in example II. Combining (3.3) and (3.5) we obtain

Wg,b = La e I(-a,a-b).
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7.4 BIBLIOGRAPHICAL NOTES

The K- and W-transforms which are the subject of this chapter were
given by C.S.Meijer in 1940, 1241, (cf [44a] [44b]). Several related
forms have been proposed in later years, some of them leading to
generalizations of the kernel to special forms of the G function.

The papers of Krdtzel ([36], [37]) and of swaroop ([56]) may be

seen as examples of such extensions. Their results for spaces of type
Te(A,u) may be derived directly using the methods of chapfer 2 and
chapter 4.. They also follow as special cases of the example

in chapter 4 which has a G-function as kernel. Fox ([22]) has given a
decomposition of the inverse K-transform, the factors being the
inverse Laplace transform and a fractional. integral. Bora and

saxena ([3]) mention the relation between Meijer transforms,

Hankel transforms and fractional integrals. Their results may

be deduced for spaces Te(A,u) in the same manner as the fesulté

of example IV (section 7.3). Joshi's work ([29]) may be seen in

some sense as closely related to Swaroop's paper. ‘

Zemanian {[72) and earlier papers) considers Meijer transforms in

the distributional sense.
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SAMENVATT ING

van de vele integraaltransformaties die in de loop der jaren zijn
ontstaan, nemen transformaties van het Watson type, (kern van

de vorm k(xt)) en van het convolutie type (kern van de vorm

k(x/t)) een Eelangrijke plaats in. Zeker wanneer men klassen van
functies tot zijn beschikking heeft die door zulke integraal-
transformaties een-aan-een op elkaar worden afgebeeld en men

dus over de inverse kan beschikken, hebben ze veelal een breed
toepassingsgebied, niet in het minst in de toegepaste analyse.

In dit proefschrift wordt een klasse van lokaal convexe ruimten
ingevoerd die door integraaltransformaties van het genoemde type
homeomorf op elkaar worden afgebeeld. De definiérende eigenschappen
zijn zodanig algemeen gekozen dat door specialisatie vele bekende
transformaties ontstaan. De revue passeren achtereenvolgens

de Laplace transformatie (hoofdstuk II), fractionele integratie
(hoofdstuk Vv ) , Stieltjes transformatie (hoofdstuk VI) en

Meijer's transformaties (hoofdstuk VII). Daarnaast komen in diverse
voorbeelden nog andere transformaties aan de orde.

De integraalrepresentatie van de inverse transformaties wordt

in hoofdstuk II behandeld. Toepassing op de genoemde specialisaties
geeft naast bekende inversie formules in (bijna) alle gevallen

ook nieuwe inversie formules. In diverse gevallen wordt het
verband van deze nieuwe inversie formules onderling en de relatie
tot klassieke inversie formules aangegeven.

In één geval, namelijk bij de Stieltjes transformatie, worden

ook enkele inversie formules afgeleid die berusten op (de limieten

van) differentiaal operatoren.
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