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INTRODUCTION 

Among the many integral transforms which have been constructed 
since Laplace and Fourier both their nowadays familiar transforms 
introduced, so called Watson transforms play an important role 
in mathematics, not in the last place in applied analysis. A Watson 
transform is an integral transform, the kernel of which has the 
form k(xt). As examples, Laplace's transform, Fourier's transform, 
Hankel's transform and many others belong to this class. 
Another class of important integral transforms are those ones 
which have a kernel of the form k(x/t). It is clear, by means of a 
substitution, that this transform is closely related to the Watson 
transform. In fact, properties of this transform follow directly 
from those of the corresponding properties of the Watson transform. 
However, transforms with kernel k(x/t) occur so often that it is 
worthwile to formulate theorems for this transform as well as 
for the Watson transform. We will denote an integral transform 
with kernel k(x/t) by convolution transform.. 
An integral transform maps some function onto another one and as 
a consequence a function space into or onto another one. Operations 
in the original space are converted in general into operations 
in the image space. Integral transforms are therefore used in the 
first place if handling with the operations in the image space 
is easier to do or is better known as in the original space. As an 
example: the Laplace transform converts differentiation in the 
space of definition into a simple algebraic operation in the 
image space. It will be clear however that having obtained results 
in the image space, these results have to be put back into the 
original space in order to have the possibility to interprete 
them in relation with the problem one started with. 
In applications the nature of the original space is more or less 
determined by the special properties of the functions under 
cosideration. Operations in this space are often suggested by the 



mathematical description of the problems to be solved. The 
following questions are then a natural consequence: which integral 
transform converts these operations into simpler ones; what are 
the essential properties of the functions in the original space, 
or better, how can one characterize the original space; what are 
the properties which determine the image space? Moreover, as already 
pointed out, there is the problem of the inversion: the nullspace of 
the transformation, does it consist of the null function only or not. 
If the null space contains only the zero function, the inverse exists 
and one can hope for a suitable inversion formula. As is well known, 
for many integral transforms inversion formulas have been constructed, 
some of them being so compact that they may be written down with a few 
number of symbols only,.others being very complicated. We will make 
some remarks on the inversion within a moment. 
There exists an important relation between Watson transforms on the 
one hand and Mellin transforms on the other. The Mellin transform 

c00 s-1 of a function (J> is defined by $(s) = (M)>) (s) = J-t <j)(t)dt. Let 
A denote a Watson transform, 

lji(t) = (A<t>) (t) =Qk(xt)<t>{x)dx. 

Let m and K be the Mellin transforms of ip and k respectively. Then 
we have (cf [67]): 

V(s) = K(s)$(l-s). 
This relation defines in fact a map $ -> Y, which we denote by m. (K) , 

•F = m (K)$. 
Combining these formulas we obtain 
(*) A = M'1 - m (K) o M 

and this decomposition of A has to be given a sense since is obtained 
in a formal way only. To be more precise we again formulate in the 
form of a question: the nature of m.(K) being rather simple, are 
there function spaces which are of interest for the "user" of some 
Watson transform and which moreover is mapped onto another space 
by the Mellin transform,in-such way that we can operate in this last 
space with m, (K). 



The answer is in the affirmative as we will see in the next chapters'. 
The relation (*) describes the method which we will use in a nutshell. 
First we will construct function spaces, T and S, which by the Mellin 
transform and its inverse are mapped onto each other. The spaces of 
type S are such that two of them are mapped onto each other by the map 
m.(K) and its inverse. We may translate the relation (*) into the 
following diagram, T , T , S. and S„ being function spaces: 

A 
Tl * T2 

M \ | M"1 

Sl S2 
mj(K) 

We will show that the diagram under certain conditions is commutative 
and that there are additional conditions which allow to reverse the 
direction of the arrows, thus giving a decomposition for A . For the 
convolution transform a similar construction will be developed. 
In applications first of all functions which are arbitrarily often 
differentiable are of great interest. Furthermore, if operations 
with functions are in the picture, things like "going to", "limit", 
"near" and so on are also important. Therefore we are concerned in the 
next chapters with function spaces of infinitely often differentiable 
functions, supplied with some topology. In fact we will construct the 
spaces S and T in such a way that they become locally convex vector 
spaces. Such spaces are widely used in pure and applied mathematics 
and extensions of our theory to distributions via the dual spaces 
and maps are easy to construct. 

In chapter 1 we define locally convex vector spaces which will be 
denoted by S (A,y) and T (X,y). Here 6, A and y are real parameters, 
6 S o, A < \l. We prove that in the diagram we may substitute spaces 
of these types in such a way that M, M and m (K) are topological 
isomorphisms. The description of the topology will be given by means 
of a countable set of (semi)norms. 



In chapter 2 we then consider the lifting-up of the map m (K) to 
a Watson transform. A considerable part of this chapter is devoted 
to the inverse of the Watson transform. The theorems 10 and 11 give 
insight in the structure of the inversion for the Watson transform 
and theorems 14 and 15 give the corresponding inversion for the 
convolution transform. These theorems may be seen as the starting 
point from which many well known inversion formulas follow. 
Moreover, application of these theorems gives also several new 
inversion formulas. This is demonstrated in all the following chapters. 
Especially in this chapter we apply the inversion theorems in order 
to derive some new inversion formulas for the Laplace transform. Also 
(modifications of) classical inversion formulas for this transform 
are deduced. 
Parallel to the treatment of the Watson transform we also consider 
in this chapter in detail the properties of the convolution transform. 

In chapter 3 we consider the extension of the spaces of type T (A,y) 
to the case X S y. Most of the theorems of chapter 2 may be extended 
to this case; the proofs of the theorems in this chapter are 
similar to those of chapter 2. In most cases we omit the details of 
the proofs and confine ourselves to indicating the differences in 
the proofs. However, spaces of type S (A,y) are not defined if A S y. 
Therefore we need a special construction in order to apply the 
results of chapter 2. 

The results of chapter 2 are derived under the condition that the 
Mellin transform K of the kernel k in the Watson or convolution 
transform is analytic in some subset, e.g. a vertical strip, of <$. 
In chapter 4 we consider the case in which K may have simple poles 
in this subset. The definition of the kernel k is then given by 
a Mellin-Barnes integral. The example at the end of this chapter 
is very general and contains many transforms which occur in literature 
if suitable values for the parameters are substituted. 

Chapter 5, as well as the following chapters, may be seen as an 
example of the foregoing theory. In this chapter we consider as 



an example of the convolution transform the fractional integration 
operators. Fractional integration has many applications, for example 
in solving integral equations. We give an example of this kind and 
also indicate the relation with Hankel's transform. 

In chapter 6 we consider another example of the convolution transform. 
We give a treatment, in some detail, of the Stieltjes transform. In 
the same manner as in the other examples we pay much attention to 
inversion formulas. 

Chapter 7 finally is devoted to examples of the Watson transform. 
We consider the transforms which have been constructed in 1940 and 
1941 by Meijer, the so-called K- and W-transform. Here also we derive 
some inversion formulas. 

The subjects of the chapters 5, 6 and 7 are chosen in a rather 
arbitrary way. Many other examples could be added and treated in the 
same manner. The example at the end of chapter 4 may also be given 
for convolution transforms and then contains several other transforms 
as special cases. A generalization to a kernel with Fox' H-function 
can be treated in a manner similar to the case of a G-function. 

Each chapter is devided into sections, numbered 1,2,... . Formulas 
are given two numbers, the first one refering to the number of the 
section. For example, (3.7) is the seventh numbered formula of section 
three. If in some chapter we refer to a formula in another chapter, 
we add the number of the chapter; (II.3.7) refers to formula (3.7) 
in chapter 2. 
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CHAPTER 1 
CERTAIN FUNCTION SPACES 
MELLIN TRANSFORM 

1 .0 INTRODUCTION 

In this chapter two types of function spaces are introduced. 
A ft 

They will be denoted by S (A,y) and T (X,y) respectively. The parameters 
0, A and y will be specified in the next section. The space S (A,y) is 
the image of a space of type T (A,y) under the Mellin transform. The 
spaces under consideration are equipped with a topology in such a way 
that the Mellin transform is a topological isomorphism between the 
vectorspace structures of both spaces. In section 1.1 we give the defi-
nition and some properties of S (A,y). Section 1.2 is devoted to spaces 
of type T (A,y) and some maps of these spaces. In section 1.3 we prove 
that the Mellin transform has the property just mentioned. It should 

a 
be no ted t h a t s e v e r a l p r o p e r t i e s of S (A,y) fo l low from t h o s e of 

a 

T (A,y) by means of the Me l l i n t r ans fo rm and v i ce v e r s a . 

1.1 THE FUNCTION SPACE S 9 C A / y ) At f i r s t we spec i fy some p a r a m e t e r s which occur f r e q u e n t l y in t h e 
CO 00 

s e q u e l . Let A,y G mU{-<>°,°°} and l e t (A ) „ and (y ) „ b e sequences 
n n=0 n n=0 

in m . We assume the following relations between A, y, A and y . 
n n 

r l ) A < y 

( 1 . 1 ) I 2) An > A n + 1 , y n < U n + 1 , A n < y n , (n € IN, 

3) l im A = A, l im y =y. 
n-K» n n " H x > n 

We now give the definition of the space S (A,y). 
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DEFINITION 1. Assume (1.1) Let 6 be a non negative real number. Then 
a 

S (A,y) is the space of all functions $ with the properties 

(1.2) <J> is analytic on {s 6 $ | A < Re s < y}; 

(1.3) for any p,n € 3N , $(s) = 0 ( s e ' ') as s -> °°, 
uniformly on {s 6 è I A ^ Res ^ y }. T ' n n 

In order to give S (A,y) the structure of a topological vectorspace 
we define norms in the following way. For any n £ IN 

(1.4) a ($) = sup |spe ' s'*(s) | , p € IN . 
pSn ' 

A SRe s Sy n *n 

It is easily seen that the inequality 

a ($) i cr" ($) n n+i 

holds for any n € IN . It follows that S (A,y) is a locally convex 
vectorspace. 

REMARKS. 
1. In (1.3), exp(-9|s|) can be replaced by exp(-9|lms | ) ; the same 

could be done in (1.4). The resulting norms are equivalent. 

2. The topology of S (A,y) is independent of the choice of the 
sequences (A ) and (y ), provided they satisfy (1.1). n n 

3. Contrary, as we will see in the next section, to the spaces 
a a 
T (A,y), the spaces S (A,y) are not defined if A Ü y. 

As we pointed out already in the introduction, the integral 
transforms which occur in the next chapters, can be lifted to 

A 

rather simple maps on spaces of type S (A,y). The following theorems 
deal with those maps. 



3 

THEOREM 1. Assume (1.1). Let 9i, 62 be non negative real numbers. 
Let K be an analytic function on {s £ $ \ A < Re s< y} such that 

( for each n 6 IN there exists a real number Y such that 

K(s) = 0(s n e( el - 62Hs| ) a s s + „i uniformly on the strip 
{s € <b I A ^ Re s S y }. n n 

Then the map 
m(K) : S9l(A,y) ■* S9:i(A,u) 

defined by 
(1.6) m(K)$(s) = K(s)$(s) 

is continuous. . ' -

PROOF. Let n 6 IN, $1 £ S *, $2 = m(K)$i. Then 

092($2) = sup |ske92'SlK(s)<}>i(s) I 
n k^n A SRe s ̂ y n n 

1 , , (82-61)Isl 1 1 61Isl kA , , = sup |K(s)e z 1 ' ' x e ' 's $i(s) 

If |s| £ 1 the last expression is less then M.O ($1), where 

M. = max |K(s) e (9l~92) I SI |. 
j s I SI 

If I s I > 1, we have 

1 1 —Y 1 1 k+Y 
092($2) = sup |K(s)e(92-9l)ls|s n)x(e9llSlS

 n<h(s) 
n k<n 

A ^Re sSy n 1̂ 

Ü M „ a % * i ) , 2 m 



k 

where m 2 max (n,n+Y ) and M„ has the value n 2. 

M = sup |K(s)e(62-ei)|sls"Yn| . 
|s|>l 

A SRe s ̂ u n n 
a 

Combining the results, we see that indeed ff!(K) is a map of S ' 
62 into S and moreover that for any n £ 3N there exists m € IN 

and a constant M- such that 

a°2($2) i M„ a 0 1**!), n 0 m 

Mn being independent of 4>i. Hence the continuity of m(K) 

Theorem 1 can be extended in the following way. 

THEOREM 2. Let the conditions of theorem 1 be satisfied. Assume 
moreover that (K(s)) exists and is analytic on {s £ § | A < Res <y}. 
Assume that for any n £ 3N there exists 6 such that 

n 
r 

(K(s))-1 = 0(s ne(62-6l)lSl) a s s ^ , 

uniformly on {s £ <fc I A S Res £ u }, where 6 is a real number. Then r ' n n n 
the map m(K) defined by (1.6) is a topological isomorphism of 

a Q _ 1 _ 1 S 1(A,u) onto S 2(A,u) and {m(K)} = m(K ). 

— 1 ft ft — 1 
PROOF. The map m(K ) : S 2(A,u) -*■ S 1(A,y), where m(K ) is defined 
as in (1.6), is continuous by the preceeding theorem. Clearly it 
is the inverse map of m(K). □ 

For some purposes it is convenient to have a slightly different form 
of the foregoing theorems. We give the formulation in the next 
theorem. The proof of this theorem is a modification of the proofs 
of theorem 1 and theorem 2. 
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THEOREM 1'. Let the assumptions of theorem 1 be satisfied. Then the map 

m, (K) : s9l(l-y,l-A) -* s92(A,u) 

defined by 

(1.7) m (K)$(s) = K(s)Od-s) 

1 
is continuous. If moreover H(s) = —— r satisfies the conditions of 

K(l-s) 
theorem 2 then {m. (K)} = m.(H) and m.(K) is a topological 
isomorphism. D 

1.2 THE FUNCTION SPACE T9(A,y) 

A short description of the space T (A,y) can be found in definition 4. 
In order to get some insight in the structure of these spaces, we 
take the following approach. 
Let 0 2 0. We define a subset of the complex numbers: 

(2.1) Gfl = {t G <): | |arg t| i 9}. 

Gfl is to be understood as part of the Riemannian surface of the 
function log. Note that 0 ? GQ and G. = IR . GQ denotes the interior 

2 
of GQ with respect to the usual topology of IR . 

Next we define a s t r i c t l y pos i t ive weight function M for every 

n £ IN by 
A y -A 

Mn(t) = | t | n ( l + | t | ) n n , t e (^{0}, 

where the sequences (A ) and (y ) satisfy n n 

f A > A > > A > A > , lira X = A 
(2.2) < n n+1 n̂ x> n 

[ y < y < < y < y < , lim y = y 
^ u l n n+l n-x» n 
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Our aim is to define the space T (\,\l) as the projective limit of 
spaces with a rather simple topological structure. The next definition 
gives such spaces. 

DEFINITION 2. Assume (2.2). T is the generalized Sobolev space 
of all functions <)> : Gfi -»■ <£ which satisfy 

1) <j) is analytic on Gfl if 6 > 0; (j> is n times continuously 
differentiable on G if 8 = 0, 

2) <p may be extended continuously from G. to G„ if 9 > 0, 
j = 0,1, ,n, 

3) T (c(>) = sup |M (t)tP<|>(p) (t) | < «o. 
p^n 
t € Ge 

e e 
T is a norm and with this norm, T is a Banach space. It is easy 9 fi to see that the imbedding T -*■ T° is continuous. We prove even more. 

THEOREM 3. For every n € IN the imbedding 

6 9 i : T , ->- T n n+1 n 

is compact. 

PROOF. Let S. be the open set 

s£ = { t € G ? l Ï7T « N < Ul] 

o for any I £ IN. S. is precompact, S» c S. . , U S. = Gfi. 

00 0 
Assume that (cj> ) . is a sequence in T ., for which u U=l n+1 

Tn +l (V *l> U = 1'2 

We w i l l c o n s t r u c t a subsequence which converges i n T . 
n 
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F i r s t l y i t fo l lows from T S T , , m £ M , in o t h e r words from t h e 1 m tn+1' 
c o n t i n u i t y of t h e imbedding, t h a t 

(*) ( * ( P ) ( t ) , u = l 

is pointwise bounded for every p = l,...,n and every t £ S». Now let 
t € S and let W be a convex neighbourhood of t which lies entirely 
in S . If t' € W we have 

| n̂)(t) -^ n )(f)| = | }^n)(f+?(t-f))d5| 
(2.4) 

f i , n+1,(n+1) tl_ , t-t' I 

n+1 t, t, 

where t = t ' + C ( t - t ' ) 6 W c S . From (2.4) we deduce 

| * ( n , ( t ) - + ( n ) ( f ) | S T 9 « . ) I ^ ' l , x 2
n + 1 

|MU ^ ' \ ) l " n + l v V inf M , ( t ) 
t e s j n + 1 

(*) S c j t - f | , 

using t h e f a c t t h a t M . ( t r ) S i n f M ( t ) . C i s a c o n s t a n t , indepen-
n + 1 c t e s j n + 1 

dent of U and t. By a continuity argument it follows that (J) also 
holds on S. . The relation (J) means that (<f> ) is equicontinuous 
on S . It follows from (*) and (J) that we may apply the Arzéla-

oo 
Ascoli theorem in order to select a subsequence (<£ ),._. from the 

(n) °° sequence ((f) ) such that the sequence (cj> ),,_« converges uniformly 
on S, to some function <)>-, . Replacing n by n-1 in (2.4) and repeating 1 Un 

00 OO 
the argument, we select a subsequence (A . _<■>)' ,_i from (<)> ) _. 
which converges to some function, $ _.<. say, uniformly on S . 
Proceeding in this way, after n steps we obtain a sequence (<|> ) 

which together with its derivatives up to the nth order converges 
uniformly on S to $-._, 4>n. , ... , <J>n respectively .By a standard 



theorem <[> = fyï^ on S , j = 0,1,...,n and <() may be continuously 
extended to S . 

oo 
In the same manner we select a subsequence from (d> „) . which 

_ Tu0 U=l 
converges with its derivatives uniformly on S , and so on. By the 

CO 

diagonalisation process finally we obtain a subsequence ( XJJ ) which 
converges uniformly on S» for any £ = 1,2,... to a limit function 4>n 
and also if/3 + \\)^ on S, as O + », j = l,2,...,n. 

rU • r0 
tha 

Choose e > 0 
We prove that (\\) ) converges in Tu. 

(2 .5 ) sup 
t€G„ 

| t | X n ( l + | t | ) V X n ^ ( ^ ( t ) - ' ^ P ) ( t ) 

p£n. 
| t | < l / ( £ + l ) 

£ sup 
| t | < l / U + l ) 

I t l ^ ^ d . l t l ) ^ - 1 " ^ - 1 
'd 'V +d (V» s 

n+1 n 
* <*+1> < V i ( V + Ci (V ) < e i f ** £o 

for some £ , not depending on u and p. In a similar way we obtain 

(2.6) sup 
t€6„ 

| t | A n ( l + | t | ) V X n t P ( ^ p ) ( t ) - > j / P ) ( t ) 

pSn 
It|>£+1 

sup 
It|>£+1 <i l f ir ) V X n + 1 ( 1 + | t | W i <Vi (V +\+i%]) 

< 2 (£+2) " n + 1 < E i f J I H j , 

for some £ , not depending on U and p. Fix some £ è max(£ ,£ ) and 
for this £ consider S.. By uniform convergence there exists a U 
such that 
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(2.7) sup 
tÉSp 

|t|Xn(l + | t | ) y n " A n t P(^ P )(t) -*< P )(t)) < e 

if U,p > u . Combining (2.5), (2.6), (2.7) and the completeness of 
9 9 T , we obtain the desired convergence of (if* ) in T . n u n 

From the continuity of the maps i , defined in theorem 3, it follows 
that 

„9, 11 „9, 12 „6, x3 m9 
rp <„, , rp ^ rp ^ m 
0 1 2 3 

is a projective spectrum. By means of this spectrum we define the space 
9 T (A,y) as the projective limit. 

DEFINITION 3. T (A,U) = proi T . n n-«-
Q 9 

The spaces T are Banach spaces, hence T (A,y) is a Gelfand space or 
in other words a.countably normed space. Moreover, from the fact that 
the maps i are compact, we deduce at once the following theorem. 

THEOREM 4. T (A,y) is a (FM)-space (a Fréchet space which is also a 
Montel space). That is an F-space in which every bounded set is 
relatively compact. D 

It is not hard to see that the following theorem could be used 
as a definition of T (A,y), which is equivalent with definition 3. 

a 

THEOREM 5. Let 9 > 0. Assume (1.1). T (A,y) is the space of all 
functions <|) for which 
1) $ is analytic on Gfl, 
2) <j> may be continuously extended from G° to G Q, 

3) x®<*> = sup |tn(l+|t|) n n t V p ) ( t ) | < oo 
pSn 
t£G„ 



1 O 

In case of 9 = 0 we have: T (X,y) is the space of all functions <j> for 
which 

00 
i) <j> e c (o,°°), 

2) T°(d» = sup | t n ( l + | t | ) y n n t V P ) ( t ) | < oo. c 
pSn 

0<t<°° 

REMARKS 

4. It should be noticed that T (X,y) is defined for any pair of real 
numbers X and y in IRlK-00,00}. 

5. The topology of T (X,y) is independent of the particular 
choice of the sequences (X ) and (y ), provided they satisfy (2.2). 

A A 
We now compare the spaces T (X,y) and T (a,3), where a < X, y < g. 
Let the topology of T (X,y) be defined by the sequences (X ) and (y ). 
Let the sequences (a ) and (3 ) which define the topology of the space 
A 
T (a,3) be such that 

a i X , 3 £ y , n e i N , n n n Hn 

Let (j> € T (a, 3) • Then 

X y -X , , 
sup |t nd+|t|) n n tV P )(t)| = 
pSn 

t e G e 
a 3 -a . . X -a y -3 -(X -a ) i,_ n .. i ̂  i , n n jo, (p) #J_. i ,, n n .. • ,̂  i , n n n n i sup |t (l+|t|) t*<t> ̂  (t) | x 11 (l+|t|) |. 

pSn 
tec . 

It follows that <{> £ T (X,y) and moreover that the imbedding 
p Q 

T (a,3) •* T (X,y) is continuous. 
Next we consider two spaces T (X,y) and T °(X,y), where 0 < 6o < 0. 
If cf> is analytic on G_, it is also analytic on G. if 6o > 0 and 

' ' ° o 
all derivatives of è are continuous on the boundary of G . If 0O = 0 
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then for every p € IN t h e c o n t i n u i t y of <j) f o l l o w s . From 

T °(<)>) S T (<{>), n € U , cf> £ T (A,y), n n 
A 9 

one easily deduces the continuity of the imbedding T (A,y) ■* T (A,p). D 
A 

Finally we prove a lemma which deals with a map of T (A,y) and which 
will be used in the sequel. 

LEMMA. The map R , defined by 

(2.8) (i?<J>) (t) =^<M:jr), <f> £ T6(A,y) 

is a topological isomorphism of T (A,y) onto T (l-p,l-A) and 

R ' R = id. 

A A 
PROOF. Let the topologies in T (\,\i) and T (l-y,l-A) be defined by 
the sequences (A ) , (p ) and (1-y ) , (1-A ) respectively. By n n n n 
straightforward differentiation one has 

<X>>(P) - i s i 1 " 1 ^ 1 1 1 ' ^ 
t t j = 0 p , a t 

where the constants c . are independent of è. If we denote in both 
spaces the norms by T , we obtain 

T w = sup i t " y n d + i t | ) v n f c , t - y j ) è i , 
n pSn j=0 P'3 t 

t e G e 
and by the substitution t ■* t this becomes 

T (/?<),) < sup f |e .|x|t n(l + |t|) n ntVJ)(t)| 
n pSn j=0 P , D 

t€GA 

S M T (<J>) n 
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for some constant M, depending only on c . and n. It follows that 
e P ,D 

Z?(j> € T (l-y,l-A) and moreover that R is continuous. Conversely, 
R considered as a map of T (l-y,l-A) into T (A,y) , is also seen to be 
continuous in the same manner as above. The fact that R • R = id 
is easy to prove. a 

1.3 MELLIN TRANSFORMS 

The classical Mellin transform and its inverse are described by the 
pair of reciprocal formulas 

00 

(3 .1) (M<j>) (s) = Jts_1<))(t) dt 
0 

-1 1 c + i ° ° 
(3 .2 ) (M *) ( t ) = r - ^ ƒ t S $ ( s ) ds . 

2TTI ' . 
C-10O 

8 , The function <p in (3.1) will be chosen in a space T (A,y) and 
it turns out that the image is a function in a space S (A,y). We 
firstly prove that in (3.1) it is possible to take in stead of the 
real axis another path of integration. 

19 ƒcog 
0 we mean integration along a half line whose 

argument is 6. 

a 

THEOREM 6. Let A < u. If $ €. T {\,\i), the Mellin transform of cj> 
exists and 

i6i 
(3.3) W ) (s) = ƒ tS-1<}>(t) dt 

0 

for any B1 for which |6i|S9 and for any s with X < Re s< y. 

PROOF. Consider the contour in the figure. 8i is such that 
-6 < 9i £ 9.- From 
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J t re 1 ^) = 0 ( r n ) a s r + O 

fo r any E, £ [ - 6 , 0 ] and n £ 3N , i t fo l lows t h a t 

Re s -A 
ƒ t <|>(t) d t = 0 ( r 
I 

) a s r + 0 . 

For fixed s, A < Res < y, there is n £ IN such that A < Res 
n 

We deduce 

ƒ tS V t ) dt + 0 if r + 0. 
I 

In nearly the same way we prove that 

ƒ tS_1(j)(t) dt + 0 if 8 + «. 
II 

The theorem now follows from Cauchy's theorem. 

The main tool for proving theorems in the next chapters is the 
fact that the Mellin transform provides an isomorphism between 

8 A 
spaces T (A,y) and S (A,y). We state and prove the details in the 
following theorem. 

THEOREM 7. Assume (1.1). Let 6 £ IR , 0 5 0. The Mellin transform M, 

defined by (3.3) is a topological isomorphism of T (A,y) onto 
S9(A,y). 

PROOF. Let <)> £ T (A,p) and * = MJ>. By partial integration we obtain 
OO 

(s) *(s) = (-1)P ƒ t S + P " V P ) (t) dt , A < Re s < y, 

where (s) = s(s+1)...(s+p-1) P 
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from this we deduce, using a modified contour, 

(3.4) |e9'Sl (s) <|>(s) | = 

°°e 1 X , y -X , s-X - 1 X -)i ., „ i | 
ƒ t n + 1 ( l + | t | ) n + 1 n + 1 tVP )(t)x{ t

 n + 1 d + | t | ) n + 1 n + 1 e 9 l S l } d t 
0 

Assume n ^ p and pu t t = ue , s = c + l o . Let X £ c S y . 
n n 

The {...} - part in the right hand side of (3.4) is in absolute value 

n+1 ,, , n+1 n+1 -6iO+0|c+ia| u (1+u) e x ' ' . 

Consider the case a S 0. We substitute 8i := 9 in (3.4) and obtain 

(3.5) |e6'S' (s) <D(s) | < M. T9 . (cj)) , p i n+1 

uniformly on {s £ <t I X £ Re s Ö y , Ims £ 0}. 
n n 

Next consider the case O < 0. Substituting now 6i :=-9, we deduce 
(3.5) again, but now with some constant M in stead of M . Both 
M. and M are independent of <f>. Combining the results we have 

. o a I I o 
a ($) = sup le ' ' (s) $(s)| < M T , (é) n * p n+1 pSn v 

X SRe s £y n *n 

for some constant M which is independent of <t>. From (s) /s + 1 if 
s + » it follows that there exists L > 0 such that |sP| S 2|(s) | 
if X ^ Re s S u and IIm sI > L. Moreover there exists M > 2 

n n ' ' o such that |sP| i M (s)„, p=l,2,...,n if X S Re s i y and |Im s| < L. 1 ' o u n n 
Hence 

a (<J>) = sup Ie 's'sp$(s) I < M a ($) .< M MT . (<))) . n , o n o n+1 pSn 
X ^Re sSy 

The continuity of M follows. 
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H — 1 
Conversely let $ £ S (A,y) and (J> = M $. Operating under the integral 
sign, which is allowed by absolute and uniform convergence of the 
resulting integral, we have 

p c+i°° 
<f>(P) ( t) = - ^ 4 - ƒ (s) $ ( s ) t " S _ P d s , | a r g t | < 9 . 

2TT1 ' . p ' ' 
C - i o o 

I t fo l lows t h a t 

(3 .6) | t A n ( l + | t | ) M n _ A n t V p ) ( t ) | = 

J_ 
2TT 

c+i°° Q| | -s+A y -A Qi , 
ƒ e 9 | s | ( s ) p $ ( s ) { t n ( l + | t | ) " " s o l i d s 
c-i°° 

Put t = ue 1, s = c+ia. The absolute value of the {...} -part 
of the integrand is 

~ C + Xn,, ,yn"Xn Bia-elc+ial u (1+u) e ' ' . 

e 1 ' 'is uniformly bounded for |0 x1 =6- Consider the case 
0 < Itl S 1. We substitute c := A in (3.6) in order to obtain 

n 

(3.7) | t n ( l + | t | ) V A n t V p ) ( t ) | iM3aQ
n+2W. 

Here we have used the fact that there is a constant C such that 

o i l _n r\ 

le ' '(s) $(s)I < els la _($); 1 p ' ' ' n+2 

we evade a threatening divergence of the integral because of the 
-2 factor s by bending the contour in such way that it does not pass 

through the origin. 
In case of |t| > 1, put c := y , in order to get (3.7) again, but now 
M replaced by M . Both M and M are independent of $. It follows 
that M is continuous. n 
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REMARK 
6. There is a simple relation between the Mellin transform M and the 

map i? wich is defined in (2.8) : 

(M • i?(()) (s) = (Mj>) (1-s) 

if <)> e T6(X,y) . 
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l.if BIBLIOGRAPHICAL NOTES 

The function spaces S (X,y) and T (X,y) are extensions of 
the spaces S(X,y) and T(X,y) introduced in [4] by Braaksma and 
Schuitman. Locally convex vector spaces the elements of which have 
horizontal or vertical strips in the complex plane as domain of 
definition occur in the litterature, however with different weight 
functions; see for example [60] and [66]. The notation of the norms 
on the spaces T (X,y) is related to Erdélyi , ([11 ]). 
The imbedding theorem (theorem 3) is proved using well known 
techniques and is inspired by a theorem in [70],(cf §4,page 18). 
Basic ideas of many of the definitions and theorems in this chapter 
can be found in the monographs of Floret and Wloka ([19]), Wloka, 
([70]), Köthe, ([33]) and Treves, ([68]). A short introduction 
with many examples to the manner in which we have defined the 
spaces T (X,y) is the expository paper of Wloka, ([71]). 
The Mellin transform is a topological isomorphism of T (X,y) onto 
S (X,y) by theorem 7. Hence we could develop a theory for the 
Mellin transform in the distributional sense on the dual spaces. 
The first paper on this subject is due to Fung Kang, ([23]) and his 
results are for example used by Perry,([53]), to study Watson 
transforms in a manner similar to ours, (cf chapter 2). The paper 
of Fung Kang deals with modifications of Schwartz's spaces D' and S', 
(cf [61]). Also Zemanian considers Mellin transforms, from a 
different point of view,.of distributions,(cf [72]). 

6 , Finally we mention the fact that spaces of type T (X,y) also 
can be obtained as limits (in the projective sense) of spaces 
constructed by McBride, (cf [43] and [44]). 
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CHAPTER 2 
WATSON TRANSFORMS 
CONVOLUTION TRANSFORMS 

2 .0 INTRODUCTION 

A t r ans fo rm <(> ■+■ A$ where A i s de f ined by 

CO 

( 0 . 1 ) "i4<|>(x) = ƒ k(xt)<(>( t ) d t 
0 

is called a Watson transform with kernel k. Many well known 
integral transforms are Watson transforms, e.g. Laplace transform, 
Hankel transform, Meijer transform and so on. 
If in (0.1) we make the substitution t -»■ 1/t, we obtain in a formal 
way 

CO 

A<\>(x) = ƒ k(2L) [!$(!)] 2È . 
0 fc 

Hence, if the transform B is defined by 
CO 

(0.2) B<j>(x) = ƒ k£)<J>(t) ^ 
0 

we may write the transform A as the 'product B ' R, where the map 
R is the map defined in 1,(2.8). From R = R it follows that we 
also have B = A • R and in this sense (0.1) and (0.2) may be seen as 
different forms of the same transform. However, several important 
transforms, e.g. fractional integration and Stieltjes transforms 
are of type (0.2). For this .reason we will formulate theorems in 
the sequel for (0.1) as well as for (0.2). Proofs of related theorems 
may be derived from one another by means of the properties of R. 

The transform (0.2) is sometimes called a convolution transform. This 
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may be motivated as follows. The product convolution of two functions 
(j>i and cj>2 is defined by 

x 
(0.3) ƒ cj>i(7)<Mt)-^ , x > 0. 

0 

If <(>i is defined to be zero in the interval (0,1), the integral 
(0.3) may be written as 

oo 

ƒ 4> i<7><l>2( t )^r 
o 

which is the defining integral in (0.2) if <J>i = k and (j>2 = $• 

In nearly all special cases of (0.1) and (0.2), e.g. the transforms 
already mentioned, the kernel k has a rather simple Mellin transform. 
Therefore we consider kernels k which are defined by 

c+i°° 
(0.4) k ( t ) = -^-^ j K(s) t S d s . 

2TT1 ' . 
c - i ° ° 

We impose on K the condition of analyticity on some subset of (j:, 
in most cases a vertical substrip of <(:,• futhermore K has to'satisfy 
some special order relations if s -*■ °°. 

There is still another reason, even more important, why we choose 
(0.4) as the definition of the kernel. It is the relation which 
exists between Watson and Mellin transforms. From (0.1) we deduce 
at least in a formal way for the moment, 

00 OO 

M-A^(s) = /dxx S - 1 ƒ k(xt)<j>(t) dt 

= ƒ dt <|>(t) t S ƒ k(u) uS 1 du 
0 0 

by reversing the order of integration and a substitution. Using 
capitals to denote the Mellin transform this may be written as 

(0.5) ¥(s) = K(s)$(l-s) , A<\> = tjJ. 
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The corresponding relation for (0.2) is even simpler: 

(0.6) ¥(s) = K(s)$(s) 

In the next section we will give these relations a precise meaning. 

2.1 WATSON TRANSFORMS ON SPACES OF TYPE T9(A,y) 

In this section we consider two types of order relations for the functLon 
K in the defining formula for the kernel of the Watson transform. The 
first theorem deals with an order relation of the form K(s) = 0(s°) as 
s -*■ °°r where 6 is some real number. 

THEOREM 8. Assume (I.1.1) . Assume that the function K is analytic 
on {s € (j: | X < Re s < y}. Moreover let K satisfy the condition 

rfor every m £ ]N there exists Y 6 3R such that I m 
7 Ym 

(1.1) \ K(s) = 0(s ) as s ■+ °°, uniformly on {s £ <fc I A S Re s £ y }. ' ' m m 
Let A < c < p , n € l N and 

n 

Define the function k by n 

c+i°° 
d.3) k (t) =-|L ƒ ^ M _ t n - S d s , t > o. 

n 2TTI ' . (1-s) c-j.00 n 

Then the map A , defined by 

(1.4) (A<t>) (x) = — ƒ t nk (xt)<j)(t) dt , x > 0, 
j n n n 

dx 0 

is a continuous map of T(l-y,l-A) into T(A,y). (1.4) is equivalent to 
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n °° 
(1.4)' G4<|>) (x) = — x n _ 1 ƒ u"n k (u) <()(-) du. , n ' n x dx o 

A If 0>O, then (1.4)' defines a continuous map.of T (l-y,l-A) into 
T (A,y) and (1.4)' gives the analytic continuation of (1.4) to the 
sector GQ. The map A satisfies the relation 

D 

(1.5) A = M~ -m (K) • M 

8 0 
where m. (K) :S (l-y,l-A) -*- S (A,y) is defined as in theorem 1' by m (K)$(s). = K(s)$(l-s) 

A i s independent of the c h o i c e of n and c . 

PROOF. Let <f> G T ( l - p , l - A ) , $ = Af(j). Then formal ly we have 

n °° _ ■ c+ioo 
(1.6) U ( J ) H x ) = ^ _ J d t t - ^ ( t ) - i - ƒ J S I | ! _ ( x t ) n - s d s 

dx 0 c-i<» n 

n c + i 0 0 
I d /• n - s K(s) r -s r— J ds x — I t < 

>TTI , n ' . ( l - s ) „ ' dx c-i°° n o 

n c+i00 
1 d , K ( s ) * ( l - s ) n - s , 

TÏÏ—Ï J. - ( F s l x d s -
dx c-i°° n 

Hence 

(1.7) M<f>) (x) = ^ r ƒ K ( s ) $ ( l - s ) x S d s 

The r e v e r s i o n of t he o rde r of i n t e g r a t i o n i s a l lowed i f x > 0 

because of t h e a b s o l u t e convergence of the i n t e g r a l s . The t r a n s i t i o n 

from (1.6) t o (1.7) i s a l l owed by a b s o l u t e and uniform convergence 

of t h e r e s u l t i n g i n t e g r a l . For x > 0 we t h e r e f o r e have (1.5) from (1.7) 
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Next c o n s i d e r t h e ca se of ( 1 . 4 ) ' . Le t a r g x 

Again i n a formal way we o b t a i n 

n °° c+i°° 
, , , . , , d n -1 f , - n , , u . 1 r K(s) n - s , 

dx 0 c-i°° n 

1 _d n-1 

dx c- i 0 0 n 0 

' f J K ( s ) i - s . , u , 

J. d s Tï^T i u * (x )du 

;-i°° n 0 

, . „, 1 d f K(s) n - s t - s , , , , 
(i.8) = _ ƒ d S T T r r r x ƒ v «Kvjav 

dx c- i 0 0 n 0 

by t he s u b s t i t u t i o n u = vx. Hence, u s ing theorem 6 , we have 

C+ioo 
( 1 . 7 ) ' W$) (x) = -r-T- ƒ K ( s ) $ ( l - s ) x S d s , | a r g x | ^ 6 . 

C-loo 

The reversion of the order of integration and the step from (1.8) to 
(1.7)' are motivated in the same manner as above. The integral in 
(1.7)' is absolutely convergent for any x for which |argx | ̂ 9 . 
This follows at once from 

i i Y ~ P 
K(s)$(l-s)x~S = 0(e'S' 1_ s ] a s s + », Res = c, 

for any p € IN . Here m is such that A S c S u . Moreover this 
m m 

integral is uniformly convergent on any compact subset of Gfi. Hence 
the integral in (1.7) ' is analytic in x if |argx |< 8 and is a 
continuous function of x if |argx | S 8. So also in this case (1.5) 
makes sense. The continuity of A is now a consequence of the 
continuity of the factors in the representation (1.5) . 'Moreover, (1.5) 
shows that A is independent of n and c. a 

REMARKS. 

1. The numbers c and n, as indicated in the theorem, always exist 
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because of the order properties of K. 

2. The kernel k may depend on the choice of c and n. If we have 
two cases which only differ in the value of c, say ex and c2, 
then the corresponding kernels k and k differ by a polynomial 
of degree n-1 at most. This immediately follows from (1.3). 
We see that this does lead to the same value of the right hand 
side of (1.6). 

3. An equivalent definition of the map A in theorem 8 may be given 
as follows. 
Let n 6 IN; a. €ct, j = l,...,n; c € (A,y) such that 

K(c+ig) 
'— E L (-«>,<»). n n (a.-c-io) j = l 3 

Define the function k* and the operator D by n . n J 

1 c+1°° _ n r k* ( t ) = 7^7 I [t SK(s)/ n (a.-s)]ds, t > 0; n ^ c_i00 j=l ^ (1.3)* ) 

I n 1-a. , a. n 
D f(x) = n (x J ~- x D)f(x) = .n ( a + x 5 _ ) f ( x ) f e c

n. 
n j = i ax ] = 1 ] dx 

(The operators in the right hand side of the last formula 
commute; so the order of the factors is immaterial). 
Then (1.4) is equivalent to 

CO 

(1.4)* U<J>) (x) = D ƒ k*(xt)d)(t) at 
n 0 n 

and (1 .4) ' i s equivalent to 

CO 

u. du ( 1 . 4 ) * * 04<J>) (x) = D ƒ k * ( u ) d ) ( - ) — 
n J n T x x 
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For example i f a . = p we g e t 

c+ i 0 0 

k* ( t) = JL ƒ J l ( £ U t - s
d s n 2 l T l

 c i ico ( P - S ) n 

(AcJ» (s) = x P ( x - ^ - ) n x P ƒ k*(xt)<J>(t) d t dx 'Q n 

If we choose a . = p+j we g e t 

(1.3)+ k*(t) =-K ƒ * ( s ) . t ^ d s n 2TTI ; . (1+p-s) e-i0 0 r n 

( 1 . 4 ) + (4<t>) (x) = x " P — x n + P ƒ k*(xt)<j>(t) d t 
dx" 0 " 

In t h e l a s t formula , p = 0 g i v e s a n o t h e r form f o r (1.4) 

We nex t cons ide r t he case in which K i s of n e g a t i v e e x p o n e n t i a l o r d e r . 

By t h i s we mean an o rde r r e l a t i o n of the form K(s) = 0 ( s e ' ' ) , s-»-00. 

THEOREM 9. Assume ( I . 1 . 1 ) . Le t 6, 9 o € m , 9 0 > 0 , 6 ^ 0 . 

Assume t h a t t he f u n c t i o n K i s a n a l y t i c on {s 6 <(: | A < Re s < y } . 

Le t K s a t i s f y t he c o n d i t i o n 

{ for every m £ IN t h e r e e x i s t s Y £ IR such t h a t 
'm 

K(s) = 0 ( s m
e " e ° l S ' ) a s s -* °° 

uniformly on {s € <fc I A 5 Re s 2 u } . 
' m m 

Let k be def ined by 

c+i°° 
(1.10) k ( t ) = -r—r ƒ K ( s ) t S d s , A < c < y , |arg t | < 0 O . 

c - i c o 

Then the map A defined by 

(1.11) (4<t>) (x) = ƒ k(xt)<J>(t) dt, |arg x| < 60 
0 
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is a continuous map of T(l-y,l-A) into T ° (A,y).If 0 > 0 its 
restriction to T (l-y,l-A) is a continuous map into T °(A,y). 
In this case we have 

i6i 
(1.12) (X<J>) (x) = x_1 ƒ k(u)cj>(-) du , |arg x| <9+9 0 

0 X 

for any 6i such that |8i| < 60, 6i-9 ^ arg x S 6i+6. 
Let A < c < y and n € IN be such that 

,, ,,> K(c+io) 90 a\ r T , , (1'13) (l-c-io)n e €L(-»,-) 

Let k be defined by (1.3) if |arg t| < 0o- Then we have 

iöi n °°e 
(1.12)' <4<t>)(x) = — x ƒ u \ (u)(j)(-)du, |arg x| S 9+90, dxn 0 n x 

if <)>€T (l-y,l-A), for any Q1 such that 

(1.14)' |6i| S 90, 9i-9 < arg x S 6i+9. 

In all cases (1.11), (1.12), (1.12)' we have the representation 

(1.15) A = M'1 • m (K) • M, 

where m. (K) is the map defined in theorem 1'. 

PROOF. From (1.9) it follows that k(t) in (1.10) exists and is 
independent of the choice of c. 
Repeating the first part of the proof of theorem 8 in case of n=0, 
we obtain for (A$) (x) in (1.11) 

c+i°° 
M<t>) (x) = —-T- ƒ K ( s ) 4 > ( l - s ) x S d s . 

2TT1 ' . c - i ° ° 
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The integral is analytic in x if |arg x| < 90. It follows from 
$ £ S(l-y,l-A) that the integral converges absolutely if |argx |£6o -
The same holds for the derivatives of {Aty) (x) . It follows that (1.15) 
holds. Hence the continuity of A. 

a 

Now consider the map A in (1.12)'. Let 9 > 0 and <J> £ T (l-u,l-A). 
k (u) and <)>(—) exist if argu = Q'^ and (1.14) is satisfied. 
We have 

i6i 
/iixw v d n - 1 r j "nA/Ux 1 f K(s) n-s , 
m u x ) x f d u u n ) ƒ_ TÏI^U as 

dx 0 c - i ° ° n 

, n c+i<=° . , , , , o°e 
I d . t K(s ) n - 1 r , , u , - s — I d s — x I 4> - ) u d u . 
TTI n ' . ( 1 - s ) ,̂ x 

dx c - i 0 0 n 0 

By the substitution u := xt and using (1.14) we obtain 

„n c+i° — J 
dx c-i°° n C 
n CTI 

(1.16) W)(x) = ^ - ^ ƒ ds ( ^ j xn'S ƒ 4»(t) t"Sdt, 

where C is the halfline (0, °°e 1 J ) . The reversion of the 
order of integration is allowed by absolute convergence of the 
integrals. From (1.16) we deduce, using theorem 1.6, 

c+i°° 
(1.17) (A$) (x) = — ƒ K(s)$(l-s) x Sds. 

c-i°° 

Since $ £ S (l-y,l-X), we may deduce from (1.13) that the last 
integral is absolutely convergent if |arg x| £ 9+9o and is uniformly 
convergent on any compact subset of G. . . The same is true for the 

ö+Ho 
derivatives of {A<$>) (x) . It follows that the integral in (1.17) 
is an analytic function in x on GQ Q and that this function and 

o+Uo 
its derivatives can be extended continuously to G„ . . (1.15) 

ö+Uo 
therefore also holds for this case which proves the continuity of A. 

From (1.15) we see that A in (1.12)' is the restriction of A 

in (1.11), defined on T(l-p,l-A), to T (l-u,l-A) and that its 9+90 , image is a subspace of T (A,p). 
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The relation (1.12) may be proven in the same manner. 

REMARKS 

4. It should be noted that if |arg x| < 6 + 9Q there exists 9i such 
that the conditions for the validity of (1.12) are satisfied. 
Indeed, it suffices to choose 9j such that 

max(-6o,-9+argx) < Q\ < minOg ,9+arg x) 
and this is possible since the left hand side is less than the 
riaht hand side. 

5. Analogous to remark 3 we may replace (1.12) ' by 

i6 i °°e 
(1.12)* Mcj» (x) = D ƒ k*(u)cj>(-) — , | a rgx |<6+9 0 , 

n ' n x x ' 

where D and k* are defined as in remark 3 under the condition n n 

,, «-,,.. K(c+iG) 6 o I ai _ (1.13)* ■ - e U| ' € L(-<*>,oo) 
II (a.-c-ia) 

3 = 1 3 

As a special case we obtain 

i6 i n a>e 
(1.12)** {A<$>) ( x ) = x P -2— x n + P ƒ k*(u)(f>(-) du 

j n r, n X 

dx 0 

if we choose a. = p+j . 
3 

2.2 INVERSION THEOREMS FOR WATSON TRANSFORMS 

The proofs of the theorems in section 1 rest upon the fact that a map 
A m.(K) defined on a space of type S (A,p) may be lifted to a Watson 

transform on a space of type T (A,vO . In fact we used Mellin transforms 
to make the transition of m. (K) to A. 

It is clear that if m (K) is an isomorphism, then also A will be an 
isomorphism. This follows at once from theorem 7 where it was proved 
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that M is an isomorphism of T (X,y) onto S (X,y). In this case the 
inverse A depends on the properties of {m. (K)} and so it depends 

-1 in fact on the behaviour of {K(s)} . As will be made clear in the 
following, m. (K) is an isomorphism if {K(S)} is analytic on some 
vertical substrip of (j; and satisfies order relations of the same 
type as those for K. 
We first consider the inversion of the map A described in theorem 8. 

THEOREM 10. Let the assumptions of theorem 8 be satisfied. Assume 
that K does not have zeros in the strip {s£(£|X<Res<i_i}. 
Define the function H by 

(2.1) H(s) = — , s € {s £ (j: | 1-y < Re s < 1-X} . . 
K(1-S) 

Assume that H satisfies the following condition: 

f 
for every m € 3N there exists o E 3R such that 

m 
6 

(2.2) / H(s) = 0(s m) as s ■+ «>, 
uniformly on {s £ <fc I 1-u i Re s i 1-A }. 1 m m 

Then the map A, defined by (1.4) and (i.4)1 is an isomorphism of 
0 0 

T (l-y,l-A) onto T (A,v0, 6 ^ 0 . The inverse B possesses the 
following representation: 
Let I £ 3N , 1-y < d < 1-X such that 

Define hj(t) by 

d+i00 H(s) l-s (2.4) h (t) = -i-r ƒ -JI!^-t~^ds if t > 0. 
1 27T1 d-ioo(1-s)Jl 

Then if ^ £ T(X.,y) , 
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(2.5) (E\l>) (x) = -^-T- ƒ t"£h (xt)\J/(t) dt , x > 0. 
dx* 0 * 

A 
If 6 H , f E T (A,u) , then 

(2.5)' (BW (t) = -$-j x1'1 ƒ u"\t(u)i|)Adu, |arg 
dx 0 

PROOF. Since 

we have 

A = M 1 • m. (K) v W 

M 1 • m (H) • M. 

The representations (2.5) and (2.5)' follow as in theorem 

REMARK. 

6. Analogous to remark 3 we define the operator D̂  by 

i 1-3 B. 
D 0 = n (x D -f- x D ) , 6. £ (j:. 
£ j=1 ^ 3 

We assume that H satisfies 

I 
H(d+ia)/ n (g.-d-ia) € L(-°°,<=°) , 

3 = 1 : 

for some d 6 (l-p,l-A). We then define hi by 

d+i<*> £ 
(2.4)* h*(t) = -^r- ƒ [t_SH(s)/ n (3.-s)]ds, t > 0. 

d-ia= j = l -1 

Then (2.5) and (2.5)' respectively are equivalent to 
CO 

(2.5)* W ) (x) = D ƒ h*(xt)<Mt) dt 
J6Q x. 
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(2.5)** (Bijl) (x) = D^ ƒ hJ; <u) ̂  < ^ " > - ^ 1 
O 

As special case we obtain putting for example $. = r+j 
in (2.5)**: 

l °° 
(2.5)+ (BijiHx) = x"r -.x"' 1" 1 ƒ h*(u)ip(—) du 

dx* 0 * X 

In the next theorem we consider the inversion of the map A defined 
in theorem 9. Here 
exponential order. 
in theorem 9. Here actually we may have that {K(S)} is of positive 

THEOREM 11. Let the assumptions of theorem 9 be satisfied. Assume 
that the function H defined by (2.1) is analytic in the strip 
{s 6 £ | 1-y < Re s < 1-A} and that H satisfies the following 
condition: 

f for every m £ W there exists 6 £ IR such that f J m 
(2-6) U s ) =0(sV°lSl) ass + », 

uniformly on {s £ <t I 1-y S Re s ̂  1-A }. T ' m m 
a 

Then the map A of theorem 9 is an isomorphism of T (1-y,1-A) onto 
T °(A,y) for any 6 i o. The inverse B may be constructed as follows. 
Let d £ (1-y,1-A) and let H and H_ be functions defined on Res=d , 
such that 

(2.7) H (s) + H_(s) = H(s) if Res=d 

and such that there exist Ü £ IN , a S 80/ a_ S 6o with the property 

(2.8) eY0H+(d+ia) r T ; , . c Q , ̂  . 
(1-d-io)£

 £ L (-°°'" ) lf e° S ± Y S a ± ; 
(here and in the following the upper and lower signs belong together). 
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Such functions exist if (2.6) is satisfied. Define 

d+io H + ( s ) 
(2-9) h±£ ( t ) -2ÏÏÏ ƒ. 7 1 = ^ dS 

if 

(2.10) 60 5 iargt S a+. 

Then B may be characterized by: 

if 4) € T °(A,u) and | arg x | i B, then 

£ <,eiY+ , « e 1 ^ 
(2.11) (Bijj) (x) =-^-[J h+A(xt)t i|)(t)dt + ƒ. h (xt)t i|i(t)dt] 

dx 0 0 

for any y € IR such that 

(2.12) 60 i ±(Y+ + argx) S min(a+, 60 + 6±argx). 

If a+ > 60, 6 > 0, |arg x| < 6, \y+\ i 9+60 and 60 < ±(Y± + arg x) < a±, 

then (2.11) holds with £=0; this gives another characterization 
of B on T e + 9°a,p). 

PROOF. Using (1.15) we easily see that the inverse of A exists and 
is given by 

(2.13) B = if1 •■ m (H) • M, 

a . a ü 

which is a continuous map of T °(A,)J) into T (l-y,l-A), (cf theorem 2) 
Assume there exist H+ satisfying (2.7) and (2.8). If i|> £ T °(A,u), 
|arg x| S 6 and (2.12) holds, then 

<*>e - „ °°e - d+i°° H+(s) „ 
ƒ h ( x t ) t i j , ( t ) d t = — ƒ d t ƒ - x S t S ( ( ; ( t ) d s . 
0 - 0 d-i°° ( S ' £ 
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From the properties of H and IJJ it follows that we may change the 
order of integration. Thus we obtain for the right hand side 

iy 
d+i°° „ H (s) °°e '± 

2ÏÏI / - * ^ s T T / '""♦««at 
d-i™ a o 

d+i°° „ H (s) 
7 ^ ƒ d S X l S .7 ■ y(l-s); 2711 a-i. {1~sh 

(in the last part we used theorem 1.6). Substituting this result 
in the right hand side of (2.11) we get 

d* 1 f fc-s H(s) 
dx d-i00 x. 

= (W_1 • m (H) • M|» (x) = (Biji) (x) 

in view of (2.13). Hence we have proved (2.11). 
If 6 > 0, <x+ > 60 and |arg x| < 9, there exists y+ such that 
|y+| £ 9+90, 90 < ±(Y+ + arg x) < a+. Now we may take I = 0 in (2.11). 
It is easy to see that for any x with'|arg x| i 9 there exist Y. 
such that (2.12) holds. The proof of the existence of H such that 
(2.7) and (2.8) hold will be given in corollary 1 to lemma 1. o 

REMARK 

7. An equivalent description of B may be given analogous to remark 3. 
Let 3./ 1 i j i Z and D. be defined as in remark 6. Assume 

J & 
t h a t d £ ( l - y , l - A ) i s such t h a t 

I 
( 2 . 8 ) * ey° H + ( d + i a ) / n ( B . - d - i a ) 6 L (-00,00) i f 0O < ±y S a . 

j = l 3 

Define h* . by 

d+i°° 
( 2 . 9 ) * Ki{t) = 2^1 / t H

± ( s > t S / n ( B . - s ) ] d s , 8 o ^ ± a r g t S a + . 
d-i°° j = l -1 
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Then ( 2 . 1 1 ) i s e q u i v a l e n t t o 

iY. iY_ 
ooe coe 

( 2 . 1 1 ) * (BiJo (x) = D £ [ ƒ h * £ ( x t ) t p ( t ) d t + ƒ h * j _ ( x t ) ^ ( t ) d t ] 
0 0 

I n t h e same manner a s i n r e m a r k 6 we o b t a i n a s a s p e c i a l c a s e f o r 
6 . = r + j , j = l , . . . , £ . , 

£ coe , + 

( 2 . 1 1 ) * * (Sip) (x) = x r - 2 — x X + r [ ƒ h * „ ( x t ) i j j ( t ) d t + 
d x * 0 l 

iY-
+ ƒ h* (x t ) ,< j j ( t )d t ] . 

0 * 

In (2.11)** we may put £=0 if a+ > 80,6 >0, |arg x| < 9, 
9o < ±(Y+ + arg x) < a+ and |y+| S 6+90. 

The existence of the functions H and H_ is guaranteed by the 
assumption that H is analytic and satisfies (2.6). In order to prove 
this we use the following lemma. 

LEMMA 1. Let X, \i, p be real numbers , p> 0, A < p. Then there'exist analytic 
functions \ an<3 X2 defined onS = {s£<j:|A<Re s < p} such that 

X x + X 2 = l> 
, v „, -pins, Xits) = 0(e ) as Im s -»■ °° on S, 

X2(s) = Ote^ ) as Ims ■*■ -00 on S. 

PROOF. If p(p-A) < 2TT, we may choose 

X 1 ( S ) = [l + e - p U s - V ) r \ X 2 ( s ) = [l+ePUS-V)rX 

with V = i(A+p). Then \ 1 and x2 satisfy the requirements. 
gis Now consider the general case. Choose q > p and consider 1+e 

This function has zeros s.,...,s in S. We may choose now 



3<t 

V s ) - ïn -TT [ ( 1 + e ± q i 8 , " 1
h " 1 < - V ] ^ = '-2> 

ds h=l 
where the upper and lower sign are to be chosen if j=l and j=2 
respectively. It is easily verified that these functions satisfy 
the requirements. □ 

COROLLARY 1. Suppose H is analytic on {s € (j: | 1-y < Re s < 1-A} and 
H satisfies (2.6). Then there exist H , H_, d which satisfy the 
conditions of theorem 11. 
Given any closed subinterval [di,d2] <= (l-p,l-A) with d2-di<l and pSO, 
there exist r £ <£, I £ U , H and H such that H (s) and 
H+(s)/(l+r-s). are analytic on {s £ (j: | di i Re s S d 2}, and for some 
e > 0: 

rH+(s) .ots^1-^1^9»»8,. 
(2'14) { . . w - o ^ V 6 " ) -
as Ins ->■ °° on {s £ (f: | dx S Re s S d2) and 

r H+(B) = ot.^1-6 .1 8-) . 
< 2* 1 5 ) \ H_(s) - O C S * - 1 - ^ " 1 ^ 0 » ' 8 ) 

as Im s -»■ -°°on {s £ (j: | di $ Re s ̂  d2). 
Then (2.8)* is satisfied for any d € [di,d2] , a+ = p+60 and 0. = r+j. 

PROOF. Apply lemma 1 with p = 260+p, P 5 0, and with A and u replaced 
by di and d2. Then choose H = XiH a n d H_ = X2H- It is not hard 
to see that now (2.14) and (2.15) hold for some I £ Hi . This implies 
(2.8)* for any d £ [di,d2] , a+ = p+60 and 6. = r+j. □ 

EXAMPLE. Let V > 0 and choose d such that ( "+v>d f s 

+ ±(60+v)is 
VS) =2lWv)sH(5)-
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Then (2.7) and (2.8) ho ld wi th a + =6 0 +2v. If V=9, we may choose 

Y+ = ±(80+6) i n (2.11) . 

REMARK. 

8. The method of theorem 11 may also be used to describe the analytic 
continuation of A<f>, as defined by (1.4), theorem 8, with 
(J) £ T (l-y,l-A). In stead of (1.4)' one may use 

iy+ iv-
,n «>e _ ooe ' 

(2.17) M<)>) (x) = [ƒ k 0(xt)t n<{>(t)dt + ƒ k (xt)tnc(>(t)dt], 
dx11 0 + * 0 * 

where k . are defined by (2.9) with the assumptions (2.7) and (2.8), 
however H replaced by K, h by k, £ by n and d by c, c £ (A,p). 
Then (2.17) holds if (2.12) is satisfied with 90=0. 
A similar remark applies to theorem 9. 

2.3 CONVOLUTION TRANSFORMS ON T (A,y) AND INVERSION THEOREMS 

As already pointed out in the introduction of this chapter, the 
convolution transform may be obtained from the Watson transform by a 
simple substitution. In this section we give the theorems which are 
analogous to the theorems in the preceding chapter. The proofs may 
be given in nearly the same manner or follow from those of section 2.2 
using the map R of chapter I, section 1.2. For this reason we will omit 
the proofs or only will give short sketches. 

THEOREM 12. Assume the conditions of theorem 8 are satisfied. Then 
the map C , defined by 

,n a> " f . n, ,x, , , , dt (C<f>) (x) = - 2 - ƒ t nk (£)cj>(t) ̂  , x > 0 , n ' n t t dx 0 
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is continuous from T(X,y) into itself. (3.1) is equivalent to 

n °° 
(3.1)' (C<j>) (x) = — x" f u~n k (u) <(>(-) — • 

dx" 0 n u u 
If 6 > 0, then (3.1)' defines a continuous map of T U,u) into itself. 
In this case (3.1)' gives the analytic continuation of C4>, defined in 
(3.1), to G„. The map C satisfies the relation o 

(3.2) C = M~X • m(K) • M, 

where m(K) is defined in theorem 1.1. C is independent of c and n. 

PROOF. A direct proof may be given using the techniques of the proof 
of theorem 8. Then we obtain 

(C§) (x) = — ƒ K(s)$(s)x Sds 
C-ioo 

which is valid for (3.1) and (3.1)'. Hence (3.2) and the continuity 
follows. 
We may also note that C = A • R, where R is defined by (1.2.8). Then 
theorem 12 follows at once. We also have C = R'A if A is the map 
of theorem 8 with (X,y) and K(s) replaced by (l-u,l-A) and K(l-s) 
respectively. 

REMARK 

9. Let D and k* be defined as in remark 3. For (1.4)* we write n n 
{Aè) (x) = (D 4*<t>) (x) . We then have C = A • R = D • A* ' R, n n n 
from which it follows at once that 

00 

(3.1)* (C*) (x) = D } k * ( ^ ( t ) 7 
n JQ n t t 

is equivalent to (3.1). 
In the same manner we deduce the equivalence of (3.1)' and 
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* 
(3.1)** (C<j>) (x) = D ƒ k'(u) <))(-) — . 

n ' n u u 
Special cases are obtained as in remark 3. Choosing a. = p, 
j = 1,... ,n, we have 

00 

(C<j»(x) = X - P ( X | H V ƒ k*(f) ( t ) ^ , 

where k is now defined by n 
c+i°° 

k * ( t ) 1 ƒ K(£) t - s d s . 
n 2TTI ' . p - s ) 

c-i°° 

If we choose a. ='p+j then 

c+i°° 
<l-3>+ KW = 2 Ï Ï /. TI 

C+1°° K<s> - „ 
. ( i ^ i T 1 d s 

c-i°° ^ n 
and 

n °° 
(3. 1) + (Cd») (x) = x"P ^ - x n + P ƒ k*-(u) <(, ( ï ) ^ 

dxn 0 n 

Analogous to theorem 9 we next consider the case in which K is of 
negative exponential order. 

THEOREM 13. Let the assumptions of theorem 9 be fulfilled.Then the 
map C, defined by 

oo 
(3.3) «7<f» (x) = j k é | ( t ) j , |arg x| < 60 , 

0 

is continuous from T(X,y) into T °(A,p). If 9 > 0, its restriction 
ft Q , A 

to T (A,p) is a continuous map into T °(A,p). In this case we have 
i6i 

(3.4) (Ccj» (x) = ƒ k(u)<J)(-)—, larg x| < 8+60 
0 U U 
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for any 6i such t h a t | 9 i | < 6 0 , Bi-9 £ a r g x < 9 i + 9 . If (1.13) h o l d s 

for some c € (X,p) and n £ 3N , d e f i n e k by (1.3) i f | a rg t | £ Bo. Then 

iöi n °°e 
(3.5) (Ccf>) (x) = — x

n ƒ u~nk (u) <))(-) — , larg xl i G+6i, , n ' n T u u ' ' dx 0 

i f $ € T (X,u) , fo r any ^ s a t i s f y i n g ( 1 . 1 4 ) . C s a t i s f i e s (3 .2) 

REMARKS 

10. The existence of 9X satisfying the conditions for the validity 
of (3.4) and (3.5) follows from remark 4. 

11. Analogous to remark 5 we now have as equivalent of (3.5) 

i6i 
(3.5)* (C<J>) (x) = D ƒ k* (u) 4>(-) — , 

n ' n T u u 

if |arg x| S 9+90. Here k* is defined as in remark 5. 

If we put a. = p+j we have 

w*,^ 1 C"fi0° K(s) , 
'n(t) = 2ÏÏÏ '. Ti^iT d s ' . L+p-s) c-i°° n 

lth n °°e 
(3.5)+ (Ofr) (x) = x"P ̂ - x n + P ƒ k*( u ) < t,(2i)^, 

dx 0 

if | arg x | i 9+90 and 19i | £ 90, Qi-& 5 arg x i e^G. 

The following theorem gives the inverse of the map of theorem 12. 

THEOREM 14. Let the assumptions of theorem 12 be satisfied. Assume 
that K does not have zeros in the strip S = {s £ (f: | X < Re s < p}. 
Define the function H by H(s) = (K(s)) if s £ S. Assume that 
H satisfies the condition 

o 
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{for any m € U there exists 6 £ TR such that 
«m 

H(s) = 0(s ) as s ■*■ °° 
uniformly on {s € (fc I X S R e s S y } . 

' ' m m 
Then the map C defined in theorem 12 is an automorphism of T (X,y) 
for any 6 S 0. Its inverse D may be represented as follows. Let I £ IN , 
X < d < y be such that (2.3) holds. Define h. by (2.4). Then if 

0 ip £ T (X,y) , 

(3.6) (Zty)(x) = - ^ ƒ t*h (^)i|j(t)^ i f X > ° 

dx 0 

and by 

a °° 
(3.7) (Zty) (x) = - ^ - x A fu"£h.(u)l|j(-) — if larg xl S 9. , IL L Jt T u u I = I dx 0 

PROOF. In the proof of theorem 12 we observed C = R • A. Hence 
Hence C~ = A~ • R~ = B • R, where S is the m; 
(A,y) and K(s) replaced by (l-y,l-X) and K(l-s) 
Hence C = A • R = B • R, where B is the map of theorem 10 with 

REMARK 

12. Analogous to remark 6 the formulas (3.6) and (3.7) are equivalent to 
oo 

(3.6)* (Zty) (x) = D£ ƒ h*(^)lJ;(t)-Y , x > 0, 

OO 

(3.7)* (Zty)(x) = D £ ƒ h*(u)ij;(^)-^-, |arg x| < 6, 

where D„ and h* are defined as in remark 6, except that now 
d £ (X,y) instead of d £ (l-y,l-A). 
Again a special case is obtained by choosing 3. = j+r as in 
remark 6. We have 
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d+ i 0 0 

h£(t) - s r /. i i f S r : *"'*■'■ t > 0 < 
d-i°° l 

a °° 
, , - , . + ,n.1» . > - r d £+r r . *. . , ,xv du 
(3.7) (Zty) (x) = x —j-x ƒ h j ( u ) i | > ( - ) — . 

3 * rt X- U U dx O 

Our last theorem in this section gives the construction of the 
inverse of the map of theorem 13. 

THEOREM 15. Let the assumptions of theorem 13 be satisfied. Assume that 
K does not have zeros in the strip S = {s € <£ | X < Re s < y}. 
Define H(s) = 1/K(s) if s £ S. Assume that H satisfies the condition 

For every m 6 IN there exists 6 E 1 such that 
m 

r 
{ H(s) = 0(s me6°lSl) as s ̂  oo, 

uniformly on {s € <fc I A ^ Re s S y }. ' ' m m 

Then the map C of theorem 13 is an isomorphism of T (X,y) onto 
8+0 T °(A,y) for any 6 Ü 0. The inverse D of C may be constructed as 
follows: 
let d € (A,y) and let H and H_ be functions defined on Re s = d such 
that (2.7) and (2.8) hold as in theorem 11. Let h+. be defined by (2.9) 
if (2.10) holds. Then D may be characterized by: if ^ £ T6+Ö°(X ,y) and 
|arg x| i 9 then 

-iY+ -iY_ 
i °°e °°e 

(3.8) (flip) (x) = -^j[ ƒ h èt lf(t)f + ƒ h_Jl(|)t%(t)^ ] 
dx 0 0 

with Y £ TR such that (2.12) holds. 
If 6 > 0, a+ > 60' we may characterize D on T °(X,y) by (3.8) with 
I = 0, |arg x| < 8 and any y+ with 60 < ±(Y+ + argx ) < a+, 
|y+| S 8 + 60. Now h is defined by (2.9) if 60 < iargt < a+. 
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REMARKS 

13. Analogous to remark 7 here (3.8) is equivalent to 

-iY+ -i-Y-
°°e dt dt 

(3.8)* (Zty)(x) = D£[ ƒ h* A(J)*(t>— + ƒ h* £ ( | ) * ( t ) — ] , 

where h*0 and D» are defined as in remark 7. 

If 3. = j+r we have 

d^ „ °o e-^ + 
(3.8)+ (Zty)(x) = x r X, x^tr[ ƒ h * 0 ( | ) ^ ( t ) ^ + 

, _ iY_ 
dt + ƒ hVf)<Mt)^-] , 

o " fc 

where the kernels h*- are defined by 

. d+i°° H + (s) 
h±«,(t) =2ÏïJ. (ür-s). ̂  dS';if 6o S±argt = V 

14. The existence of the functions H in theorem 15 and in remark 7 
follows from the corollary of lemma 1. 

15. With necessary alteration of details remark 8 also applies to the 
map B of this section. 

2.h EXAMPLES AND APPLICATIONS 

In this section we consider some rather simple applications of the 
foregoing theory. Some of these examples will be used in the next 
chapters. 
First we apply theorem 9 to the Laplace transform. It turns out 
that the well known inversion formula for this transform may be 
derived with the inversion theorem 11. Moreover we also prove 
some interesting other inversion formula's for the Laplace transform. 
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EXAMPLE I. 
In theorem 9 let K(s) = T(s). T(s) satisfies (1.9) with 90 = 4TT 
and (1.10) gives k(t) = e if 0 i A < p S °°. In this case we have: 
the Laplace transform L, 

CO 

(L<t>) (x) = ƒ e"Xt<J)(t) dt 
is a continuous map of T (l-y,l-A) into T (A,p) for all 6 2 0. 
Other cases following from theorem 9 are listed at the end of this 
example. 
The function H, defined by H(s) = (Td-s))- satisfies (2.6) of 
theorem 11, again with 60 = iir, so the Laplace transform is even 

O A + +7T 

a topological isomorphism of T (l-p,l-A) onto T (X,p). 
In order to construct inversion formulas, we apply theorem 11. 
At first we derive the well known classical inversion formula and 
some related forms. 
We put H(s) = H (s) + H_(s) with 

(4.1) H±(s) = - ^ e"11TSr(s). 

3 Let ££lNsuch that £> —-y. Choose d£(l-p,l-A) such that d < £-i and 

d^l,2,...£. Then H+(s) satisfy (2.8) with 80 = 4TT and a+ = —IT. Assume 

£-k < d < £-k+l for some k £ IN. 

The corresponding functions h (t), defined by (2.9) are 

:=o 
(we have omi t t ed t h e s u b s c r i p t l). By (2.11) w i t h y = ±iiT, we 

have t he fo l lowing i n v e r s i o n fo rmula , 

, . - l u , , 1 d f r x t v (x t ) -i ^ -d , , , , , 
( i * ) W = 2 i " l J [ e ~ L i ! ~ ] t * ( t ) d t ' dx -i°° j=0 J " 

which h o l d s fo r x > 0 , ij; £ T (X,y) . 
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In the general case |arg x| S 8 the inversion formula becomes 

£ 0 °°e + k-1 j 
(4.2) (ZfW) =^-^j( ƒ + ƒ )[eXt- I - ^ - ] t-%(t)dt, 

^ dx iy_ 0 j = 0 J' 
3 where Y+ satisfy (2.12) with a+ = —ïï. AS an example we may put 

Y+ = ±iïï - arg x. 
(4.2) may be s i m p l i f i e d in t h e case in which t h e r e e x i s t s ko £ 3N 

such t h a t k0 S k-1 and £-k0 < l -A. Then for some p o s i t i v e £, 

,„ „v (I > i-1 > > £-k+l > d > 1-y+e, 
(4 .3 ) J 

- \ £ - k + l < < £-k0 < l - X - e . 

Any function if) £ T (A,y) satisfies 

-y+e 
i n u r i = i i i T -

(4.4) 
fi|)(t) = 0 ( t M ) a s t + ■», | a r g t ] i 6+iir, Ve > 0 , 

Itjj(t) = 0( t~ X ~ E ) a s t -+ 0, | a rg t | S 8+ilT, Ve > 0 . 

We deduce t h a t 

0 ~ e i Y + 

( ƒ + ƒ ) t m ip(t) d t = 0, m = ko ,k 0 + l , , k - l , 
iY- 0 

coe ' 

i f | Y + | S 8+iT7. Formula (4.2) becomes 

iY 

(4.2)' ( I - W ) = J L - * i ( ƒ + 1 +)[eXt - Y - ^ ] t - % ( t ) d t 
dx iY- 0 j =0 -1 ' 

If y S - we may choose I such that i+\i £ (— , 2] or £+y £ (2 , -|]. 
In the first case we may choose'ko = 1, in the second case we 
may choose k<j ■=- 2. 
If y > — and 0 < A < 1 we may choose d < -i, 1=0 and k0 = 0. The 
resulting formula is 

_1 0 «>eiY+ 
iL ^ ) ( X ) = 2?iC / + / )[eXt^(t)]dt . 

iY- 0 oog 
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We may also simplify (4.2) in another way. By an analiticity (and 
continuity) argument the contour in (4.2) may be replaced by a 

iY_ iY_ contour which consists of the half line from °°e to re , (r > 0) , 
the arc t = re , y_ i <f> i y+ and the half line from relY+ to °°e1Y+. 
Here we assume that (2.12) is satisfied. As an example, if 0 i JTT we 
may choose y+ = ±(iir+6). 
From the first relations in (4.3) and (4.4) we deduce for any 
^ £ T (A,y) 

ƒ tj"%(t) dt = 0, j = 0,... ,k-l. 
C 

From Cauchy's theorem it now follows that we have 
£ ■ 

(4.5) (L"V) (x) = -^r^~l ƒ eXtt"Vt) dt 
dx C 

if |arg x>\ £ 0 and (2.12) holds. If x > 0 we may replace (4.5) by 

£ c+i00 

(4.5)" (Zf1^) (x) = 2^r -2-j ƒ e X tt"%(t) dt , c > 0. 
dx c-ioo 

In order to construct another inversion formula we choose a different 
decomposition of H(s). We define 

e±airi(s+c) 
V s ) = fi r(l-s)sin(a7r(s+c))' a ' C £ *• a ^ °' 

Then H(s) = H (s) + H_(s) . 

Let Re a ^ i, £ £ IN and £ > d+i. Then H+(s) satisfy (2.8) with % = ill 
and a = (2Re a-i) IT. Furthermore we obtain for the corresponding 
functions h , defined by (2.9), with £ = 0 in that formula, 

°° c+k/a 
h±(t) = ± 4 j , n l (4.6) V 1 ^ - 2Tiia i . r(£+l+c+k4) ' 

K—Ko 
k n' where k0 is such that -c - — is the first pole of H to the left a ± 

of the contour in (2.9). 
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We consider some special cases. 

a) Let y > — , a = i and Re c > i . Then we may choose d < -i such 
2k that ko= 0. We may put now I = 0. Using (1+c) =2 (t+ic) (1+ic) 

we obtain 

h ± ( t ) = TTini+c) t C l F 2 d ; i + ic , l + i c ; i t 2 ) . 

Hence we have the inversion formula for L :T (X,y)-»-T (l-y,l-X) 

-1 1 i0° 
{L * ' ( X ) = FTiTTcT J" (x t ) C

1 F 2 ( l ; i+ i c , l + ic;ix2t2)lJj(t) dt , x > 0, 
- i » 

which follows from (2.11) with Y+ = ±iT. 

In the qeneral case we obtain 

(L l|0 (x) = - r ( 1 + . ( ƒ + ƒ ) (x t ) C
1 F 2 ( l ; i + i c , l + ic; ix2 t2) l | j ( t) dt 

1 ° iy_ 0 

if ]arg x| S 0 and (2.12) is satisfied. 

b) Let y>-~-, i<Rec<y, a = l, Rec>X-l.Then we may choose d < -i such 
that -Re c < d < 1-Re c. Hence k0 = 0 and we may put (1 = 0. 
The functions h are 

h ± ( t ) = 2ÏÏïffTcT i ^ l ' ^ ' - t ) , *« .* ±arg t S fr . 

The inversion formula (2.11) now becomes (y = ± iTT) : 

-1 1 j"°° 
(i <l» (x) = 2TTir(l+c) -̂  (xt'Vi(l;l+c;xt)t(t)dt ixt; 

-ioo 

which holds if x > 0. If |arg x| i 0 and (2.12) holds we have 

0 ~ e i Y + 

(L l\l»{x) = 0 _ . r n . . ( J + ƒ ) (x t ) C
1 F 1 ( l ; l+c ;x t )^( t ) dt . znril u+c; 0 

o o e 
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c) In case b) we pu t 6 = JÏÏ and in (2.11) we t a k e y = ±TT. Then for 
L'1 : Tïï( A,u) ■+ T i l T ( l -y ' , l -X) we have 

(L~1\i»(x) = 2 T r i r ( \ + c ) ƒ ( x t ) C i F i ( l ; l + c ; x t ) l J ; ( t ) d t , 

-Tri where C is the contour along the negative axis, from coe to 0 
T T i I i 

and from 0 to coe and the formula holds if |arg x| S iTT. 
d) For convenience let a be a real number, a S i. Let c = 0, d < -i. 

We may take i = 0. We assume A < 1 and for this case we construct 
an inversion formula for the Laplace transform, which contains 
the Mittag-Leffler function E (t), (cf. [26a], II, p 64 and [58a], 
I, p 345-348). 
The poles of the functions H+ which are to the right of the contour 
are -(ko-l)/a, .... , -1/a, 0. It follows that for some £ > 0 

1-u+e < d<-^ 5 zi < < - - < 0 < 1-X-e. 
a a 

Using (4.4)we see t h a t 

i°° 
(4 .7 ) ƒ t m / a 4Mt ) d t = 0 , m = 0 , 1, . . . , k 0 - l . 

_j_co 

Moreover 

1 " t k / a 

h + ( t ) = ± ^ r r - 1 2Tria , \ H l + k / a ) k=ko 

1 1 /* k o _ 1 fk/a 

" 2TTia l l / a l ' L r ( l + k / a ) J 

k=0 

Using (4.7) and (2.11) wi th Y+ = ±iTT we now have the fo l lowing 

i n v e r s i o n formula : 
i°° 

(L - 1^) (x) = — L - ƒ E a ( (xt ) 1 / a ) (J; ( t ) d t , x > 0. 
- ico 

If | a r g x | id and (2.12) i s s a t i s f i e d we have 

0 °°e , iY+ 
(£ \ ) (x) = 2 ^ < ƒ + / )E a ( ( x t ) 1 / a ) l t ) ( t ) d t 

iY-°°e 0 



47 

The functions h in (4.6) may be seen as special cases of the 
function tii , introduced by E.M.Wright. These functions are 

P q 
generalizations of the hypergeometric functions. The asymptotic 
behaviour of the functions \b axe treated in detail in [ 3a ], 

P q 
section 12. It follows from an application of theorem 21 and of 
theorem 22 in [3a ]that we have 

h±(t) ~ e t
 + 0(t-1/a) 

as t + «>, |arg 11 £TT and if a £ E , a H . 
We now compare the classical inversion formula (4.5) with i = 0 and 
the inversion formula following from (4.6). We again assume a ^ i. 
Hence in (4.6) we have ko = 0. We have 

• 0 »e i Y + 

ƒ eXti|J(t) dt - ƒ h-_(xt)ip(t) at - ƒ h+(xt)iMt) at = 
C iY- 0 

°°e 

= ƒ o(t"1/a)^(t) at . 
c 

The integrana in the last integral is 0(t ) as t ■* °°. 
From an application of Cauchy's theorem it now follows that this 
integral is zero. 
This proves in another way the equivalence of the inversion formulas 
for this case. The equivalence of the classical inversion formula 
ana the inversion formula involving the Mittag-Leffler function E 
may also be proven . in the same way airectly,using the asymptotic 
expansion of these function as treatea in [58a]» p 345-348. 
For convenience we now list the main results on the Laplace 

transform. 

LAPLACE TRANSFORM. LIST OF RESULTS. 

If 6 Z 0 and 0 i X < ]i = °° then the Laplace transform L defines a 
topological isomorphism of T (l-y,l-X) onto T (A,p.). Here L is 
given by 
1) if <|> € T(l-y,l-A) and |arg x| < Jir then 
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(L<t>) (x) = ƒ e"xt(J>(t) dt ; 
O 

a 
2) if <f> € T ( l-y, l -A) , |arg x | < irr+9 then 

(L<J>) (x) = x * ƒ e_,t4>(-) dt 
O X 

where 0i is such that |9i| < iff, 0i-9 S arg x S 9i+9; 

3) if n £ IN , n > X+i > n-1, 
no = O if n £ A+l, no = 1 if n > X+l, 

<J> £ T(l-y,l-A), |arg x| £ iiT then 
,n °° no , , j 

(£*) (x) = -£- ƒ (-t)"n[e_Xt - l -^ff-] 4>(t) dt ; 
dx n O j=0 D" 

4) if n and n0 are as in 3) , <f> € T (l-y,l-A) , |a rg x | S èir+9 then 
iö i j n , °°e . n o . . „ J . 

(L<f>) (x) = -!L_ x11"1 ƒ ( - t ) - " ! ^ - l - ^ - I c f è d t 
dx11 O j=0 ^ 

where 9i is such that |0i| i iff, 9i-9 S arg x S 9i+0. 

The inverse transform L may be represented as follows: 

V) if ^ C TilT(A,y) and 
£ € u , -| - y < I, 

3 
ko = 0, Ï = O if y > - , O < X < 1, 
k0 = i if y ^ |, | < y+£ ^ 2, 

k0 = 2 if y < -|, 2 < y+«, S |, then 

, , ,£ i00 k0-l , . , j „ 

dx -i°° j=0 

2) if 0 > 0, IJJ € T (X,y) and the conditions of 1) are satisfied 
then 

,1 0 °°elY+ _ k0-i ■ i 
{L~l* <x) - 2ÏÏT ^ 1 ( / + / > [ e X t " X ^ ] t _ V ' d t , 

dx iY_ 0 j =0 ■* * 
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3 I a r g x | i 9 and Y+ such t h a t iir S ±(Y+
 + a r 9 x ' = min (—IT, i ï ï+9+argx ) . 

(cf . (4.5) for a r e l a t e d c o n t o u r i n t e g r a l ) . 

3.) i f 9 > 0 , ty € T i 7 r + e U , p ) , y > | , Re c > i ,:■ t hen 
0 ooe 1 ^ 

(L <J» (x) = - . r . : ( ƒ + ƒ ) ( x t ) C i F 2 ( l ; i + i c , l + i c ; J x 2 t 2 ) ( J j ( t ) d t , 
u ( ' iY_ 0 

Iarg x | S 9 and Y+ as i n 2). 

4.) i f 9 > 0 , ty £ T i 7 T + e(X,y) , y > | , J < Re c < p , 

then 

0 " e 1 ^ 
(£ W (x) = _ . - , . , ( ƒ + ƒ ) (xt) ^ ( l ^ + c - x t J W t ) d t , 

2TTir(l+c) ' ' x x 

°°e 
| a r g x | i 9 and Y+ a s in 2) . In p a r t i c u l a r , i f 9 = }TT, Y + = ±1T » 

TT — — 

\l> £ T ( A , y ) , t h e n 
(L_1l|j)(x) = 2 7 T i r | 1 + c ) ƒ ( x t ) C

1 F 1 ( l ; l + c ; x t ) l ( j ( t ) d t , | a r g x | < i T T , 

-iri where C i s t he con tou r a long t he n e g a t i v e a x i s , from °°e t o 0 
TTi 

and from 0 to °°e 

5) i f 6 > 0 , a i i , X < 1 and ty £ T (X,y) then 

0 oo e
i Y + 

(L ^ ) (x) = -r—- ( ƒ + ƒ )E. . ( ( x t /a))ijJ(t) d t , | a r g x | i 9 , 
2 7 7 1 9 iY- 0 / a 

where Y+ a r e as i n 2). Here E._ deno tes t h e M i t t a g - L e f f l e r f u n c t i o n . 

EXAMPLE I I . 

Let K(s) = -; ;— , n £ : N , n £ 2 , a € è . Assume Re a £ A < \i. (s -a) n 
Define k by 

c + i » 
k ( t ) = — - ƒ K ( s ) t - S d s , Re a < c , t > 0. 

c-i°° 

Using r e s i d u e c a l c u l u s i t f o l l o w s t h a t 
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k(t) = -pT-r- t a(l-t)n 1 if O < t < 1, 1 (n) 
k(t) = O if t > 1. 

By theorem 8, formula (1.4)', the map A, defined by 

1 _ _. 
(A$) (X) = ̂ y - ƒ t a(l-t) n ^(J) dt 

9 6 
is a continuous map of T (l-y,l-X) into T (X,y) for any 6 Ü 0. 
According to theorem 12, formula (3.1)' with n = 0, the map B, 

defined by 

<B*)(x) = ^ 1 t - a ( l - t ) n - % ( | ) ^ 

is a continuous map of T (X,y) into itself. It will be seen in 
chapter V that B is a special case of a fractional integration 
operator. 

It is obvious that H(s) = (K(l-s)) satisfies the conditions of 
a 

theorem 10, with SL = n+2. Thus A is an isomorphism of T (l-y,l-X) 6 , onto T (A,y). A representation for the continuous inverse may be 
given in the following way. Let 1-y < d < 1-X and define h by 

d+i00 
h ( t ) * ƒ H(B) t-S ^ 

2*i d - i o o d — ^ n ^ 

d+i°o -s 1 r t 
= ~^r J ~, ; w Ö v OS, t > 0. 

We obtain 

2TU J . (n+l-a-s) (n+2-a-s) a-i°° 

h(t) = ta n-2(t-l) if t > 1, 

= 0 if 0 < t < 1. 

Formula (2.5)+ gives the inversion (D = — ) 
ax 
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..-1,., . a n+2 -a+n+1 r a-n-2. , . ,t. _ 
W f) (x) = x D x J t (t-l)^(-) dt . 

1 X 

In a similar way we deduce an inversion formula for the map B , using 
theorem 14 and remark 11 
I = n+2. We define h by 
theorem 14 and remark 11. In formula (3.7) we put r = a-n-2, 

, n c+i°° - s 

"«--Sr I ( - i r j . _ t 
c-i°° 

n . - a + n 

(s -a+n+1)(s -a+n) c-i°° 
d s 

= (-1) t ( 1 - t ) i f 0 < t < 1 

= 0 i f t > 1. 

B is then given by 

1 #D-1.I.> / » n+2-a n+2 a r , , .n -a+n , „ . , ,x, dt (B \j)) (x) = x D x I (-1) t (l-t)i|)(-) — 
1 t t 

EXAMPLE in. 
Let K and K be functions which are analytic on S={s€<(: | A < Re s < y}. 
Assume for every n 6 UN 

K.(s) = 0 ( s~ ~e) as s -»■ », X Ê Re s Sy , £> 0, j = l,2. j n n 

K and K s a t i s f y the c o n d i t i o n s of theorem 8 and theorem 12 

r e s p e c t i v e l y . Le t k. , k be t h e co r r e spond ing k e r n e l s in t h e s e 

theorems , 

c+i°° 
k (t) = — ƒ K.(s)t S d s , X < c < y, j = 1,2. 
-> 1

 c-i°° -1 

Let A : T(l-y,l-A) ■+ T(A,y) and B : T(A,y) -+ T(A,y) be the correspon­
ding Watson and the convolution transform. One easily deduces 

"" c+i°° 
(B\4)cf>(x) = ƒ dt(J)(t) [^~ ƒ K: (s)K (s) (xt)"Sds]. 

c+i00 
ƒ K 

0 ",J" c-i» 

Hence the composition of B and A is a again a Watson transform from 
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T(l-y,l-A) into T(A,y). The kernel is the convolution product of k 
and k2: 

k(u) = ƒ k £)k„(t)^ . 
0 

EXAMPLE IV 

Let A be the map defined in example II. Let B be the map B of example 
II with a replaced by -a. Assume | Re a| s, A < y. We now apply example 
III with 

K (s) = lV(s-a) , K„(s) = l/(s+a) . 1 . n 2 n 

We have 

where 

(B • A)<t>M = ƒ k(u)<J>(-)x du 
0 X 

1 c+1°° 1 k(u) = -rr ƒ -. ~ — u"Sds . 2TTI ' . (s-a) (s+a) e-i" n n . 

By the last formula of example III we have 

i / \ 1 r ,u -a,, u,n-l a,, ..n-1 dt k(u) = J (-) (1--) t (1-t) — , 
(T(n)r u Z ^. 

t - u 0 < u < 1 and k(u) = 0 i f u > 1. By t h e s u b s t i t u t i o n T^— = z we have 

,4.. , , , 1 a - n , . . 2 n - l r n - 1 , . n - 1 , . 1-u , 2 a - n 
( T) k(u)= -u (1-u) Jz (1-z) (1 + z) dz . 

(roor o u 

On the other hand, using residue calculus we obtain 

which as a by product gives the evaluation of the integral in (t) , 
where ±2a f 0,1,...,n-l. 
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EXAMPLE V. 

Le t K be def ined on {s £ $ \ X < Re s < y} by 

, , r(s)T(a-s) , i 
K ( s ) = r iT-s) ' a ' Y £ *• 

Assume 0 £ A < y S R e a . Then K satisfies the conditions of theorem 9 
with 8 0 = iir. We have using residue calculus, 

M t ) = -^T- ƒ K(s)t Sds = j^f1F1(a;Y;-t) , |arg t| < JTT. 

Hence by theorem 9, the map A, defined by 

oo 
(/!<)>) (x). = Y^- ƒ ^(a.-y^xtXfXt) dt , l Y) 0 

is a continuous map of T (l-y,l-A) into T (A,y), 8 ^ 0 . 
This example is in a slightly different form due to E.R.Love, 
T.R.Prabhakar and N.K.Kashyap, (cf [41]). They also considered 
the inverse of A. In chapter V we will give their inversion formula. 
Here we derive another inversion formula, using theorem 11. 
Let H(s) = (K(l-s))~ . H sati 
isomorphism. Define H (s) by 
Let H(s) = (K(l-s)) . H satisfies (2.6) with 0O = in. Hence A is an 

H ,s, ,r(s+Y-l)r(s)e±TriS 

±l ' _ 27Tir(s+a-l) 

Assume 1-y < d < 1-A, d < Re(a-y)-i, d ^ 0,-1, d ? 1-y,-y, .. 

2 Then H ± satisfy (2.7) and (2.8) with 60 = iir, a + = -|TT, I = 0. Define 
h + by 

1 a + 1 

+ ( t) = 2^ l ' ƒ H ± ( s ) t ~ S d s , iïï i i a r g t S | T T 

Then by (2.11) with y+ = ±Jir,- % = 0 t h e i n v e r s e A * : Ti7T(A,y)->T( l - y , l - A ) 

i s g iven by 

-1 i0° 
(A IJJ) (x) = ƒ h(x t ) i j i ( t ) d t , x > 0 , 

- i o o 
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where h(xt) = +h+(xt) if arg t = ±4ir. 
In the general case we have: A : T (A,y) -»• T (l-y,l-A) is given by 

,-1 0 . «eiY+ 
W_1i/))(x) = ƒ h_(xt)i|>(t) at ■+ ƒ h+(xt)i(i(t) at 

iY- 0 
°°e 

if |arg x| £ 6 and (2.12) is satisfied. 
We consider the case in which d may be chosen in such a way that all 
poles of H+(s) are to the left of the contour. This is possible if 3 
Re y >A, X < 1, Re a > — and Re a > Rey + }• 
In terms of Meijers G-function we than have 

h ± ( t ) - 2 i ï G l , 2 C e t £ j i 0 ) f jir S ± a r g t S f,. 

This in turn may be written as 

h ± ( t ) - T 2 i I e * e w
i Y- a +l,iY-i ( e t}' 

where W denotes Whittaker's function. 
- / • 

We may also use resiaue calculus for the computation of h . We 
obtain 

h (t) = +_t_ny-l) (2_a.2-v.t) T JLt^-1 ^iY rtl-YV (1+Y_a.Y.t) ±( ; - 2-rri T(a-l) i*i^a"^Y.t> + 2 ^ e r(a-y)* l U Y a'y,z> 

The equivalence of these expressions for h may be seen from [12], 
p 216(6) ana p 253(7) ana from [26], p 1059, section 9.220. 
If there are also poles of H+ to the right of the contour, then of 
course there will occur additional terms in the kernels of the 
inversion formulas , due to the residues of these poles. 
Also if the condition d < Re(a-y)-i is not satisfied, the inversion 
formulas will be more complicated since we then have I ^ 0. 

EXAMPLE VI 
In the same manner as in the preceeding examples we may treat the 
following transform . We aefine the transform A by 
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(A(j>) (x) = ƒ /iït Y (jct)<j>(t) dt 
O 

where Y is the Bessel function of second kind and of order V. The 
Mellin transform of the kernel A.Y (t) is given by 

K<s> = 2S-* l ^ l l ^ l l l cot7T(j+*v-is) 

2s-i r(i-jv+is) rti+jv+is) 
n-i-iv+is) • r(|+iv-is)-

We deduce that 

H(s) = l/K(l-s) 

- os"i rtè-jv-ès) Td+jv+is) 
T(i-iv-i's) T(i+iv-is) 

From this it follows that 

(M_1H)(t) = /t Hv(t) 

where H is Struve's function. The inversion formula is 
oo 

(A'1^) (X) = ƒ •xt H (xt)iji(t) dt . 
0 

We omit the details. The reader is referred to [62a], p 278; 
cf also [12],I, p 219 (46) and p 220 (51). 
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2.5 BIBLIOGRAPHICAL NOTES 

As pointed out in the introduction, many known integral transforms 
are of Watson or convolution type. Convolution also occurs in some 
applications to define for example new kernels for integral trans­
forms (cf [l] and [6]). The theorems in this chapter are extensions 
of those in [4] where the theory of Watson and convolution trans­
forms is given for spaces T(A,y). Watson transforms in distribu­
tional sense are also considered by Hsing-Yuan Hsu,([27]), with 
applications to Hankel and Hilbert transforms and by Perry, ([53]) . 
The last author considers the bilateral form of Watson transforms, 

.00 

i.e. J_rok(xy) <(>(y) dy. Rooney ([57]) considers both Watson and 
convolution transforms in combination with a simple form of pur 
operator D , (cf remark 3 and remark 6), on certain Banach spaces of 
Lebesgue measurable functions and also products of these transforms. 
In the literature many applications can be found;, an important one 
is the solution of (dual) integral equations, (for examples see 
[4], [38], [39], [69]). 
Laplace transforms on topological vector spaces are intensively 
studied. The classical work of course is Schwartz's monograph; 
([61]; confer also [24]). The paper of Boas deals with a "nearly 
Laplace kernel". Cooper ([5]) considers Laplace transforms in the 
sense of Schwartz. Kratzel ([36]) considers extensions of the 
Laplace transform. In his paper it is noted that Meijer's K-trans-
form (see chapter 7 in this thesis), because of the asymptotic 
behaviour of the kernel, may be seen as an extension of the 
Laplace transform. He also gives further extensions to more general 
kernels. G and H functions as kernels of integral transforms occur 
in [4], [42], [45]. Also Swaroop considers a general kernel 
the behaviour of which resembles the Laplace kernel. As an example 
of the bilateral Laplace transform on a locally convex space see 
[60]. 
The product of two integral transforms of Watson or convolution 
type has been treated in a general context by Kober, ([3l]). 
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As an example of the use of Watson transforms we also mention the 
work of Prabhakar (cf [55]). The integral equations in his paper 
originate from the field of physics. Later on in colaboration'with 
Love and Kashyap other integral equations have been studied by the 
authors. Their results in [41] follow easily in chapter V. Another 
result with respect to their integral equation is given in example 5 
of this chapter. 
Many other applications of integral transforms can be found in [62a]. 
Confer also [67]. Hirschman and Widder [26b] consider a related 
convolution transform, the kernel being of the form k(x-t). 
Finally it should be noted that the theory of this chapter is 
immediately applicable to kernels defined by the inverse Mellin 
transform of G- and H-functions. As for the latter ones this is 
already done for spaces of type T(A,p) in [4]. Confer also the 
example at the end of chapter IV. For general remarks see also 
the monograph of Marichev, ([42a]). 
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CHAPTER 3 
EXTENSIONS THE CASE \>\i 

3.0 INTRODUCTION 

The in tegra l transforms in chapter I I have been defined on spaces 
Q ft 

T (A,y) with A < y. However, the spaces T (A,y) also make sense for 
A £ y. The assumption A <yhas been used in order to give a meaning 
to the following representations of the integral transforms: 

M~ • m(K) • M, resp. M'1 • m (K) • M, 

where M is the Mellin transform and m(K) and m (K) are maps defined in 
chapter I. m(K) is a map of a space of type S (A,y) onto another such 
one, and these spaces are only defined if X < y. The same holds for m (K) 
In this chapter we give an extension of the definitions of Watson 
and convolution transforms to spaces T (X,y) with X t y. Properties 
of these extended maps like those already given in chapter II wil 
be treated in the theorems of section III.2. 
The extensions rest upon a certain decomposition of the functions 
under consideration. We begin in the next section with a study of 
these decompositions. 

3.1 DECOMPOSITION OF A FUNCTION cj> £ T9(A,y) 

Let X, y, X', y' be real numbers such that 

A' < y\ A,y 6 (A'.y1). 

Futhermore, let (A )» ( y ) , (A1), (y!), n £ M , be monotonie 
sequences of real numbers, such that 

A + A, A' 4- A', y + y, y' + y' as n -»■ °°. n n rn n K 
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We a r e going t o c o n s t r u c t a decompos i t ion for any <f> £ T (A,y) . 

This decomposi t ion w i l l have t he folowing form: 

a a 
<f> = <h + -fa,. <h £ T ( A ' , y ) , <J>2 £ T (A,y ' ) . 

Note t h a t A' < y, A < y ' . Hence t h e i n t e g r a l t r a n s f o r m s of c h a p t e r I I 

may be def ined for bo th <fi and 4>2 • 

THEOREM 16. L e t A, y , A ' , y ' be a s above. I f <f> £ T (A,y ) , then 
8 8 

t h e r e e x i s t f u n c t i o n s <|>i and <J>2 such t h a t <J>i £ T ( A ' , y ) , <J)2 £ T (A,y') 
and $ = tyi + <f>2 • 

PROOF. We w i l l c o n s t r u c t f u n c t i o n s Pi and p 2 such t h a t <j>i = Pi<j>, 

4>2 = P24" an<3 <J> = 4*1 +4>2- We t a k e 

Px ( t ) = (1 - ( l + t a ) " m 2 ) m i , p 2 ( t ) = 1 - P ! ( t ) , 

where a > 0, 0 i 8a < TT, mi = — — , m2 = — — . If 6 > 0, i t 
a a 

follows from 8a < TT that Pi, p2 are analytic on Gfl and may be 
extended continuously to Gfi, including the derivatives of any order. 
By a Taylor series expansion it is seen that 

A-A ' Pi(t) = 0(t ) as t + 0, t £ G , 

p}(t) = 0(t ~ " ) as t + 0, t £ G 

and by induction 

p'k)(t) = 0(t "A'_k) a s t + 0 , t £ G0,k = 1,2,... . 

Also Pi(t) = 1 + 0(ty_M ) as t ■* °°, t £ GQf 

Pik) (t) = 0(ty_P'_k) as t -* °°, t £ G , k = 1,2,... . 

Since p2 = 1 - plf one obtains 
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p 2 ( t ) =■ 1 + 0 ( t X A ' ) as t -* O, t e G-, 

p ^ k ) ( t ) = 0 ( t A _ A ' " k ) as t ■* 0, t e Gg, k = 1 , 2 , . . . , 

P2 k ) ( t ) = 0 ( t y " y ' ~ k ) ' a s t -»• » , t € G , k = 0 , 1 . . . . • 

Le t T ' , n = 0 , 1 , . . . . denote t h e norms in T ( A ' , y ) , a s s o c i a t e d wi th 
n j a 

t h e sequences (A') and (y ) . L e t <j> £ T (A ,y ) , <{>i = pxcf). Then we have 

A' y -A' 
Tn«t>i> = sup | t n ( l + | t | ) " n t P (P!( t )<J>( t ) ) P | . 

p i n 
t£G e . . . 

For some p £ 3N , O ^ p S n , c o n s i d e r 

d.2) ■ t A " ( i + i t i ) v X A t p ! (p) P ; k ) ( t x o ( p - k ) ( t ) . ■ 
k=0 

If t -*■ 0, then 

.(«...(p-k),,.. n,A-A'-k k p \ . n l 
Px (t)4> (t) = 0(t t ) , k = 0,1,...,p, 

for any £ = 0,1,2,... . Hence we have that the expression (1.2) is 

A'+A-A'-A. 
(1.3) 0(t n ) as t + 0. 

The exponent in (1.3) is positive for % sufficiently large. Hence 
(1.2) is bounded in a neighbourhood of 0. 
If t -*■ <*>, we have 

(1.4) P<k)(t)^(p-k)(t) = 0 ( t ^ ' - k t k ~ P A , k = 1,2 p, 

' ' (P) " P _ y £ 
P!(t)<j>VP' (t) = 0(t *) , 

for any 1 = 0,1,... . For the expression (1.2) we have the order 
relation 

(1.5) 0(t ) + 0(t ) as t + 
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Both exponents are negative if SL is sufficiently large. It follows 
that (1.2) is also bounded in a neighbourhood of ». We now deduce 

a 
that T'(<h) < °°, hence <h is in T (A' , y) . 

n 6 
Analogously we may show that $2 £ T (A,y'), and the assertion of the 
theorem follows. o 

3.2 EXTENSION OF THE DEFINITION OF WATSON TRANSFORMS 
AND OF CONVOLUTION TRANSFORMS TO THE CASE A > y 

In this section we give the extension of the definition of Watson 
transforms and convolution transforms on spaces T (A,y), X and y 
arbitrary real numbers, by means of the decomposition of the function 
<$> <E T (X,y), as described in the foregoing section. 
The proofs of the theorems concerning the extension of the convolution 
transforms are modifications of the proofs of the theorems which 
give the extension of the Watson transforms. For this reason we 
do not give the proofs of all theorems in this section. 
Our first theorem gives the extension in the case of the map of 
theorem 8. 

THEOREM 17. Let A,y £ OR. Suppose K(s) is analytic on S = 
{s € (j; I ci < Re s < C2} and K(s) = 0(s ) as s + m on S, where 
ci < min(X,y), C2 > max(X,y), y € 1R . Choose n € U , n > y+1• 

p £ <£, such that K(s)/(l+p-s) is analytic on S. Define k* by 
(II.1.3)+ with c £ (ci,c2). Then the map 4 defined by (II.1.4)+ is 
a continuous map of T (l-y,l-A) into T (A,y) for any 9 =2 0. 
This map is independent of the choice of p, n, ci, cz, c. It is 
an extension of the map A of theorem 8 with A=ci, y=C2. 

PROOF. Because of theorem 8 and remark II.3 we only need to consider 
the case X i y. In the definition of k* in (II.1.3) we may replace 

n 
c by any number c € (cj.,C2) without changing k*, because the 

+ Y—n 
integrand in (II. 1.3) is analytic and 0(s ) as s ■* °° on S. 
Let $ £ T (l-y,l-A). Choose a decomposition 41 = $1 '+ <j>2» where 
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<J>i £ T 9 ( l - C 2 , l - A ) , $ 2 € T ö ( l - y , l - c i ) , 

(cf. theorem 16 ) . Now apply ( I I . 1 . 4 ) • t o 4>., j = 1,2. According 
6 t o theorem 8 and remark I I . 3 , A(p. e x i s t s , j = 1,2, A$i £ T (A,C2> <= 

c T (A,y) and 4<|>2 £ T ( c i , y ) <=T°(A,y) . Hence ( I I . 1 . 4 ) + makes 
a 

sense for the <j> we started with and (j> £ T (A,y). From theorem 8 
and remark II.3 it follows that the map A is an extension of the 
map A of theorem 8 with A = ci and y = C2. 
Choosing <)>i = Pi<j>, ()>2 = P2«f> as in the proof of theorem 16 it is 
easy to see that the maps defined by <|> -+• A{p .<$>) , j = 1,2, are 

a o 3 
continuous from T (l-y,l-A) into T (A,y). Hence A is continuous. 
It is also easy to see that A is independent of the choice of 
Ci and C2- As in theorem 8 and remark II.3 it is evident that 
A is independent of the choice of n, p and c. 
Similarly we may prove 

THEOREM 18. Let A,y £ m . Suppose K(s) is analytic on S = 
{s£<j:|ci<Res <C2) and 

K(s) = 0(sYe~ °'S') as s + ~, s £ S, 

where ci < min(A,y), cz > max(A,y), y £ m , 6o > 0. 
Let k be defined by (II.1.10) with the condition A < c < y replaced 
by c £ (ci,c2). Then the map A defined by (II.1.12) with |ÖxI < 9o» 
Gi-8 $ arg x i 9i+6 is continuous from T (l-y,l-A) into T (A,y) 
for any 6 i 0. This map is independent of the choice of c, Ci, c2 

and it is an extension of the map A of theorem 9 with A = ci, 
y = C2- If k* is defined as in theorem 17 for |arg t| £9o , then 

n 8 
(II.1.12)** holds for any <f> £ T (l-y,l-A), 9 ^ 0 and any 8i such that 
(II.1.14)' is satisfied. 

REMARK 
1. Theorem 17 and 18 respectively may also be formulated in such a 

way that (II.1.4)* , respectively (II.1.12)* apply. 
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The conditions for the maps A in theorems 17 and 18 to be isomorphisms 
are very similar to the conditions in theorems 10 and 11, chapter II. 
The next theorems give the inversion in case of A being an isomorphism. 

THEOREM 19. Let the assumptions of theorem 17 be satisfied. Let H be 
defined by (II.2.1) and H be analytic on S = {s £ (f | l-c2<Res<l-ci} . 
Suppose 

r 
H(s) = 0(s ) as s -»- oo, s £ S 

for some 6 £ M . Then the map A of theorem 17 is an isomorphism of 
T (l-y,l-A) onto T (X,y) for any 9 i 0. Its continuous inverse B 

may be constructed as follows. 
Let I £ IN, r £ (f:, such that I > 6+1, and 

H(s)/(1+r-s). is analytic on S . 

Then define h* by (II.1.4)* with 6. = r+j and d £ (l-c2,l-ci). 
If <JJ 6 T (X,y) , then B satisfies (II.2.5) for |arg x| i 6. 

PROOF. We only consider the case X i y because of theorem 10 and 
remark 6. Consider the map B of theorem 10 on T (\,C2) and T (ci,y). 

9 0 
Let I(J £ T (A,y) . Choose a decomposition ty =^>i^i, where l|Ji € T (X,c2) 
and <JJ2 6 T (ci,y),(cf. theorem 16). Define Bty = B^i + BIJJ2 . This is 
equivalent to the definition of B via (II.2.5)+ ,(cf. the proof of 

o a 

theorem 17) . Then B\p £ T ( l - y , l - X ) , Rpi E T ( l - c 2 , l - X ) , B\\)2 £ 
a 

T (l-y,l-ci). Hence ABip = ABtyi + ABIJJ2 as in theorem 17 and ABty. = ̂ ., 
j = 1,2. So AB = Id and similarly BA = Id. o 
THEOREM 20. Let the assumptions of theorem 18 be satisfied. Assume 
that the function H defined by (II.2.1) is analytic in the strip 
S = {s £ $ | l-c2 < Re s < 1-ci). Suppose that 

H(s) = 0(s6e9°lSl) as s-»-°°, s £ S^ 

for some 6 £ M . Then the map A of theorem 18 is an isomorphism of 
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T (l-y,l-X) onto T °(X,y) for any 8 S 0. The continuous inverse B 

may be constructed as follows. 
Choose Ü £ ]N , r £ <(;, p > 0 and functions H+ which satisfy (II.2.7) 
on S such that 

and 
H (s)/ (1+r-s). is analytic on S. 

(11.2.14) holds if B s + ■», s 6 Sj 

(11.2.15) holds if Im s ■+ -<*>, s £ Sj 

with e > 0. (The existence of these numbers follow from the 
corollary of lemma 1). Then define h* by (II.2.9)* if 902±argt Sp+60, 
with g. = r+j and d £ (l-c2,l-Ci). Then (II.2.11)** holds for any 
ty £ T °(X,y) and |arg x| S 6 if Y+ satisfies (II.2.12) with 
a. = p+6o. In case of 9 > 0, p > 0 we may characterize B on 

T °(X,u) by (II.2.11) with £ = 0, |arg x| < 6 and any y+ with 
So < ±(Y+ + arg x) < p+9o, |y+| S 9O+9. Now h is defined by (II.2.9) 
with &=0 if 9o < ±arg t < P+8o. a 

Finally we consider the extensions of the convolution map in 
theorems 12-15. 

THEOREM 21. Let the assumptions of theorem 17 be satisfied. Then the 
map C defined by (II.3.1)+ is continuous from T (X,y) into itself 
for any 6 S 0. Here k* is defined as in theorem 17. C does not depend n 
on the choice of c, ci, C2» n and p. It is an extension of the map C 

of theorem 12 with X=ci, y=C2- o 

THEOREM 22. Let the assumptions of theorem 18 be satisfied and let k 
be defined as in theorem 18. Then the map C defined by (II.3.4) is 
continuous from T (X,y) into T °(X,y) for any 8 £ 0. In (II.3.4), 
0i has to be chosen such that |9x| < 0o»'0i-0 i arg x $ 9i+6. 
This map C is an extension of.the map C of theorem 13 with X=ci, y=C2. 



65 

I t does not depend on the choice of c, c i , C2- If k* i s defined as in 
+ n e 

theorem 17 for |arg t| £ 60, then (II.3.5) holds for any <() € T (X,p) , 
8 S 0 and 9i satisfying the condition following (II.3.5) . n 

THEOREM 23. Let the assumptions of theorem 17 be satisfied. Assume 
H(s) = 1/K(s) is analytic on S. Suppose 

r 
H(s) = 0(s ) as s -*■ °° on S 

for some 6 G 3R . Then the map C of theorem 21 is an automorphism of 
A + 

T (X,y) for any 9 ^ 0 . Its continuous inverse D is given by (II.3.7) 
with ht defined as in theorem 19, |arg x| £ 6. n 

THEOREM 24. Let the assumptions of theorem 18 be satisfied. Assume 
H(s) = 1/K(s) is analytic on S. Suppose 

X O I [ 
H(s) = 0(s e °'s') as s-*-°°on S 

for some 6 € M. Then the map C of theorem 22 is an isomorphism of 
9 ft+ft 

T (A,p) onto T °(X,)j) for any 9 ^ 0 . Its continuous inverse D is 
given by (II.3.8) where h*0 are defined as in theorem 20. If 8 > 0 

0+6 + 
and p > 0 we may characterize D on T °(X,y) by (II.3.8) with 1=0, 
|arg x| < 6 and any Y + with 90 < ±(Y+ + arg x) < 60+p, |y+| = 9+90. 
Now h + is defined by (II.2.9)* if 8 0 < ±arg t < 90+p. o 
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3.3 BIBLIOGRAPHICAL NOTES 

Spaces of testing functions which are more or less related to the spaces 
spaces T (X,\i) are often used in the theory of integral transforms. 
The Zemanian approach (cf [72]; in this monograph also a detailed 
list of references is included), has as starting point countably 
normed spaces which contain the kernel of the integral- transform 
under consideration. The construction of the describing seminorms 
differs from case to case. It depends on the special case of the 
integral transform. The concept of the spaces T (X,y) has more 
generality. However there are examples in which one can prove 
that testing function spaces which are constructed in the Zemanian 
sense are identical to a space T (A,p) or to a space directly 
derived from it. An example can be found in [59]. 
As nother example we mention the fact that inserting particular 
values for the parameters, spaces T (A,y) are identical to some 
spaces introduced by Schwartz,([61]). 
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CHAPTER 4 
KERNELS DEFINED BY MELLIN-BARNES INTEGRALS 

4.0 INTRODUCTION 

In the foregoing chapters the kernel of the integral transforms, 
Watson transforms as well as convolution transforms, have been 
defined by means of the inverse Mellin transform of some function K. 
It was assumed in all cases that there exists a vertical strip 
{s £ (j: | p < Re s < q} in which K is analytic. 
In this chapter we consider an extension of the Watson and con­
volution transform by defining the kernel k by a Mellin-Barnes 
integral, 

k(t) =~r ƒ K(s) ds 

where C is a contour from a-i°° to b+i°°, and K may have a finite 
number of first order poles in the strip under consideration. 
In order to do so we will define in the first place a new function 
space which is related to spaces of type T (A,y). This will be 
done in section 1. Also in this section we will define an auxiliary 
operator and its inverse which provides a topological isomorphism 
between the new spaces and the old ones. In section 2 we then 
consider the extensions of the integral transforms. 

U.1 THE SPACE T 9 (\,y:S i , . . . ,S ) P/m P 

At first we repeat the definition of G„: 
u 

Gfl ={t £ $ I |arg t| S 9}. 

Next we define two other sets, 
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Gie = {t £ <): I 0 < |t| < 1 and |arg t| < 9}, 

G2e = {t £ t | 1 < |t| and |arg t| < 9}. 

We define two function spaces for which G . and G are the sets 
19 29 

of definition respectively. 

DEFINITION 1 . Let 9 ^ 0, A £ IR. Let {X_} be a sequence in m 
•.uch that A H if n + «». Thei n 
>:G . -*■ (j: with the properties: 

9 n' such that A U if n + •». Then T,(A) is the space of functions n 1 

■ d> is analytic on G° if 9 > 0 and d> £ C°°(G,Q) if 9 = 0; ID lb 

d> may be extended continuously from G,_ to G,Q 
lo lo 

if 9 > 0, j € IN; 
Up 

(1.1) ""ni**5 = sup l f c " * (t) I < °°' n e w' 
p<n 

t€G16 

With the multinorm (1.1), T (A) is a Fréchet space. 

DEFINITION 2 . Let 9 i 0, |i € IR . Let {p } be a sequence in TR 

such that |i- t )j if n + «■ Then T (y) is the space of functions 
(J):G . -»■ (j: with the following properties: 

<)> is analytic on G° if 9 > 0 and <)> € C°°(G„0) if 9 = 0; zt) 20 

$ may be extended continuously to G if 9 > 0, j £ 

y +p , , 
(1.2) Tn2(<))) = Sup l f c n * (t) I < 9 ° ' n € 1N-

pSn 
t€G29 

9 Also T (y) is a Fréchet space with the multinorm (1.2) 
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DEFINITION 3 . Assume A < u. Let p E IN. Let s ,....,s be different 
complex numbers. Assume 

A < Re s < u, j = 1,...,p. 

A A 
Let m € IN , m i p. Then T (A,p,-s ,s ) = T (A,y,-s) is the space 

p,m 1 p p,m — 
of a l l f u n c t i o n s <J> wi th the p r o p e r t i e s 

t h e r e e x i s t c.((j>) E (j:, j = l , . . . , p , such t h a t 

m - s . „ 
X, (x) = <f>(x) - I c.(<J>)x J € T (A), 

j = l J 

P - S . g 
X2(x) = cf>(x) - I c«(>)x D £ T2(U) 

j=m+l -1 

C l e a r l y 

( 1 . 3 ) Tn(<()) = s u p | c (<f>)| + T n l ( X 1 ) + T
n 2

( X 2 ) < °° -

e 
and T (A,y;s ) i s a F r é c h e t space with the mult inorm ( 1 . 3 ) . p,m — 

A ' A 
T (A,y,-s) i s an e x t e n s i o n of t h e space T (A ,y ) . p,m -

We cons ide r a d i f f e r e n t i a l o p e r a t o r which i s connec ted t o t h i s space : 

o= f (tf^s) - f It1""' | : A 
D=l ]=1 

The factors in the right hand side commute, so the ordering of the 
factors is immaterial. 
It turns out that the map 

(1.4) D : T6 (A,U;s) -+ T6(A,y) 
p,m -

where D is defined by D$ = D<|>, is an isomorphism. 
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THEOREM 25. Let X < p and s. as before. Then the map D, defined by 
(1.4) is a continuous isomorphism. Its inverse may be defined as 
follows. If i)iE T (X,u), |arg x| i Q , then 

-1 m £ _i °° *- s • 
(IS) (D V) (x ) = - I { ft ( s h - s ) } ƒ (J) 3<J><t>^ + 

j=l h=l J x 

+ .! / jf«wri(ï)83*(t)*-
3=m+l h=l J 0 
3=m+ 

Equivalently, 

(1.6) (ZfSj/Hx) = 2^r ƒ ( f (s -s)}"1H'(s) x_sds 
C j = l 3 

where ¥ = Mty and C i s a con tou r in t h e s t r i p { s £ ( j : | A < R e s < p } 

which runs from a-i°° t o b+i°° such t h a t s , . 

of C and s . , . . . , s a r e t o t h e r i g h t of C. m+1 p y 

which runs from a-i°° t o b+i°° such t h a t s , , . . . , s a r e t o t h e l e f t 
1 m 

PROOF. The theorem is proved as is easily seen, if we can show that 
the following assertions are true. 
Assertion 1: D maps T (X,u,s) continuously into T (A,p) ; 

-1 p , m ~~ 6 
assertion 2: D , defined by (1.6) maps T (X,p) continuously into 6 T (X,p,s); p' ~ 6 -1 assertion 3: D-D-1 = Id on T (X,p), D defined by (1.6); 

— 1 ft — 1 
assertion 4:0 'D = Id on T (A,p,s), D defined by (1.6)j 

p,m — 
assertion 5: (1.5) and (1.6) imply one another. 

_ -Si Proof of assertion 1. Since Dx J = 0 it follows by straightforward 
computation that if (j> £ T (X,p,s) there exist constants M. and M„ 

p,m — 1 2 
independent of <j>, such t h a t 

X P -X . 
s u p | t n ( l + | t | ) n V ( D < ( » a \ t ) | < M T «» + MX (<}». 
j ^ n p' p' 

t£G e 
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Hence (j> E T (A,y) and moreover 

D : T (A,p,s) ->- T (A,y) 
p,m -

i s continuous. 
— 1 fl 

Proof of assert ion 2. Consider D defined by (1.6) . Let ^ € T (A,y) 
and ¥ = Aftp. Choose r such tha t Res. € (A ,y ) , j = 1 , . . . , p . Here 

(A ) and (u ) are the defining sequences for the norms in both spaces 
n n 

under consideration. By residue calculus we get 

m p _ - s . 
(1.7) ?(x) = {D > ) (x ) = - I { TT < s

h - s i ' } Y(s.)x 3 + 
j=l h=l J J 

A +i°° 

+ 2^7 ƒ { IP (s -s)}~^(s)x~sds 
A-i°°'j = l r 

m -s . 
= £ a . W x : + Xi(*> -

j = l 3 

where 
{ ff (5,-s ,)} ^ ( s j , j = 1 , . . . , E 
h=l 3 h=l h 3 

In the same manner 

(1.8) P(x) = £ < tf (s -s.)}"1M'(s.)x j + 
j=m+l h=l J 3 

h ^ j 
p +i°° 

+ 2ÏÏÏ ^ { ï ï (s -s)}"11'0.)x"8dS 
U-i°° j=l r 

P - s . 
£ d«J0x J + X2(x) , 

j=m+l 3 

where d_. ={fr ( s v - s . ) } V s . ) , j = m + l , . . . , p . 
h=l j h=l h j 
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According to the definition of the multinorm in S (A,y) and the 
continuity of the inverse Mellin transform and by virtue of (1.1.4) 
and theorem 1.7, there exist constants Ciand C2 such that 

|d (iji) I <C1ar(4'), j = l,....,p 

and 

a m < C 2 T ■(<!>) r r+1 

8 8 
where Ci and C2 are independent of \p and a denotes a norm in S (X,y), 
It follows that for some constant C3 , independent of i|>, we have 

(i.9) suP|d m \ < c3xr+1(ijo 
jSp 

Xi is an analytic function of x on G„. Choose n > r. We have 

A +j , •> 
x n ,(Xi> = sup|t n Xi (t)|. 
11,1 j^n 

tPGe 

Inserting the defining integral for Xi w e obtain 

V i 0 ° , (s) .V(s) X -s 
T . (Xl) i SUP I ƒ 

n ' 1 A<~ \ _ 
J * « 

.,. , . (s,-s) (s -s) 
D^n A -100 1 p 
t€GA

 r 

■t ds 

Using arguments similar to those which lead from (1.3.6) to (1.3.7) 
we see that for some constant C\ which again is independent of ljj 

V l ( X l ) = C ^ n + 2 W -

From the proof of theorem 1.7 it now follows that for some constant C5, 

(1.10) Tn>1(Xl) SC 5X n + 3(*). 
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In t h e same manner 

( 1 - 1 1 ) T (X2) i C 6T ( * ) . 
n,Z n + J 

C o m b i n i n g ( 1 . 9 ) , ( 1 . 1 0 ) a n d ( 1 . 1 1 ) we h a v e 

( 1 . 1 2 ) T (Z?_1l/0 £ CT Op) 
n m 

f o r some C <E B a n d some m > n , C b e i n g i n d e p e n d e n t of \p. From 

( 1 . 1 2 ) we s e e D <JJ £ T ( A , y , s ) a n d a l s o t h e c o n t i n u i t y o f D" 1 

p ,m — 
f o l l o w s . 

a 
P r o o f o f a s s e r t i o n 3 . I f ij> € T (A,y) t h e n 

0 ^ - ƒ -; r ^ - ; - x r S d s = -±r / > F ( s ) x ' s d s = * ( x ) 
C ' s 1 - s ) • * • • ( s p _ s ) 2V2- c 

Hence D-D~1 = I<f. 

P r o o f o f a s s e r t i o n 4 . L e t <J> £ T ( A , y , £ ) , £><j> = ijj a n d <p = D~ \j>, 

w h e r e 5 i s d e f i n e d by ( 1 . 6 ) . The a s s e r t i o n i s p r o v e d i f we c a n 

show (j) = <{>. B e c a u s e of a s s e r t i o n s 1 a n d 3 we h a v e £><f> = \p. 

From ( 1 . 7 ) i t f o l l o w s t h a t 

P _i °° s-~1
 % 

d. (vp) = - { TT (s - s . ) } ƒ t 3 (D$) (t) dt 
-1 h = l : 0 

p °° s p 1-s s 
= -{ T T ^ - s ) } " 1 / ^ t ^ f t h ^ t h , ^ ( t , 

h = l J 0 h = l a t 

h ^ j h ^ j 

{ ff (s -s J j ^ f t 5 ^ ! 
h = l J L h = l 
h ^ j h ^ j 

~ * h dT t h ^ ( t ' ] 0 

S i n c e we h a v e 
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P - s . 
(1.13) <()(t) = l c h t + x a ( t ) , X 2 G T 2 ( p ) , 

h=m+l 

we may deduce t h a t t h e c o n t r i b u t i o n a t t = °° on ly comes from t h e 

func t i on X2- Using t h e d e f i n i t i o n of T (y) a s imple computat ion shows 

t h a t t h i s c o n t r i b u t i o n i s z e r o . From t h e r e p r e s e n t a t i o n 

m - s 
(1.14) <!>(t) = l e t + X i ( t ) , Xi € T (A) 

h=l 

we deduce t h a t t h e c o n t r i b u t i o n a t t = 0 i n t h e l i m i t term e q u a l s 

S-i P ^ v . X Sv, ' S - ! I> , s . p l - s , , s. - s . 

,{f ( V V } t D ( ïït t r t V ' 
1 h=l J h=l 

Hence d. = c., j = 1,...,m. Similarly d. = c., j = m+l,...,p. 
Using the representation (1.13) and (1.14) for <$> and the corresponding 
representations for <p it easily follows that 

(1.15) <)>-$ e T (A,p) . 

<\, _ si 
Moreover, £>(<)>-()>) = 0 and x , j=l,...,p being a fundamental system 
for Dw = 0, we have 

<!>-<P = I a x 3, a. € <(:. 
j = l 3 1 

Combining this with (1.15) we deduce ((> = <f>. 

Proof of assertion 5. We have 

^ ƒ{][ (S -8)}"1'P(s)x"Sds = 
C j = l J 

C 3=1 J 0 



75 

^lihsi-^hr^fas 
c j=i 

= Ji + V 
First consider the case p > 1. Since 

t, s, ,_ dt ƒ (^(t)^ *. x t 

is an analytic function of s if Re s > X and |arg x| i 9 and since 
the integral is Of (Res-A ) ) as Re s -*■ °° for any r 6 IN, we may 
apply residue calculus to obtain 

h =. $..{\ (V8
J

,}'1M,"'3*(t)T j=m+l h=l 

x . s. ƒ 
0 

dt 

Similarly 

m p °° s 
i2 = - .HTKs . - s . , } - 1 / ^ ) j t ( t ) f 

3=1 h=l J x 

So (1.6) implies (1 .5) . 

Now consider the case p = 1. Then 

I, = -=—7- ƒ ds ƒ (-) ip t ) — 
1 2TTI ,̂ s - s J x t 

Consider the contour in the f igure . 

We have 

/ r"bds / « Ï J ' W 
iTT 

s=c+Re 

ƒ o 4 ) 0 ( - — ^ - r : ) R i e i a d a , R i R Rcosa+k ia -itr 

where k is some positive constant. For the right hand side 
we may write 



76 

0 ( 1 ) / Rs ina + k d a = 0 ( 1 ) / R £ * d a = o ( 1 ) a s R " 

I t follows tha t 

X , t , S l , I, = ƒ (-) V(t) dt 1 i x 0 X 

and for I we obtain a similar expression. Also here it follows that 
(1.6) implies (1.5). 

Conversely, let D be defined by (1.5). Using ty = M Y we have 

OO g CO g 

/ £ ^ ( t ) f = 2ïïl/ £>' 3 t / , , 8 ) t " 8 d a ' j = 1 m' x x C o 

where C is a contour such that Re(s.-s) < 0 if s £ C , j=l,...,m. 
Reversing the order of integration in the right hand side, we obtain 

oo g 
f ,t^ J I , ^ d t 1 f *(S) - S , 
ƒ H) D<Mt) T= - ̂  ƒ — x ds, 3 = 1 m, 
x C j 

where we have replaced C by C. In the same manner we obtain 

Finally a straightforward computation shows the equivalence of the 
right hand side of (1.5) and the right hand side of (1.6). It follows 
that (1.5) implies (1.6) c 

We will indicate a second proof of theorem 25. Without mentioning all 
details we may proceed as follows. 
The differential equation Dy = 0 has as a fundamental system 

- s . - s p 1-s. s. 
{x , . . . . ,x }, which follows from D = ][ ( t — t ). A pa r t i cu l a r 1 6 solution o f D y = ^ , ij; £ T (X,y) i s given by 

yn<*> = I ÏÏ (a. - s , ) ƒ (-) : ^( t ) d t . 
U j=l h=l h 3 0 X 

h^j 
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This may be proven directly by the method of the variation of the 
parameters, or alternatively by induction p-*p+l, using the definition 
of D. The general solution of Dy = ty is 

-s . D y(x) = I Y.x J + yn(x). 
j=l D 

ft ft 
We a r e looking f o r a s o l u t i o n in T (A,l_l,-s). From il£T (A,y) i t 

p,m — 
follows that 

x +■ s- H*. ~s- x s.-l-A-e -\-c 
i,(x) = ƒ (-) D^(t)^- = x 3 ƒ 0(t 3 )dt = 0(x A E ) , x ->- 0, 

0 X fc 0 

for any e > 0. It follows that i (x) € T (A). From the definition of 
Ö —Q • ft T (A,U;s) and the fact that x 3 is not a function in T. (A) , we p,m — 1 

may conclude that y. = 0 if j > m. 
In the same way we obtain 

00 s. , -s. °° s.-l-y+e 
i2(x) = ƒ (|) 3^>{t)~ = x : ƒ o(t 3 ) dt = 0(x y + e ) , x + 

X X 
ft 

for any e > 0. Hence i (x) 6 T„(u). Write 
00 s ~ s 
ƒ A ^ ( t ) f = dx \ 
0 D 

00 °° X -S g g 
From ƒ = ƒ - ƒ , x -1 £ T„(y) and the defnition of T (A,u;s) we see 

x 0 0 2 P.m -
that we have to put d. = Y. if j ̂  m. Then 

V n ƒ £ W f = - ƒ A ^(t)f 3 o o x fc 

i s a function in T (\i) . We may conclude t h a t the following solut ion i s 
6 in T (A,p;s) : ' 
p,m — 

y(x) - I j (Vs j , -17^,%(t,^ + f fr (sh-s.)-iX/(i)s^(t)f 
3 = 1 h=l J x 1=m+l h=l J 0 

h^j h^j 
Moreover it is seen that this is the only solution in that space. 
This proves assertion 1 to 4 of the foregoing proof. The equivalence 
of (1.6) and (1.5) follows as in the preceeding proof. 
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' t . 2 EXTENSION OF WATSON TRANSFORMS 

I n t h i s s e c t i o n we d e f i n e a k e r n e l k f o r a W a t s o n t r a n s f o r m by means 

o f a M e l l i n - B a r n e s i n t e g r a l . H e r e t h e i n t e g r a n d may h a v e p o l e s i n t h e 

s t r i p { s € ( j ; | X < R e s < l j } / c o n t r a r y t o t h e c a s e o f c h a p t e r I I . 

I t t u r n s o u t t h a t t h e c o r r e s p o n d i n g Watson t r a n s f o r m c a n b e f a c t o r i z e d 

a s t h e p r o d u c t o f two c o n t i n u o u s m a p s , t h e map D of t h e o r e m 25 a n d 

a Watson t r a n s f o r m a s d e s c r i b e d i n t h e o r e m ( I I . 8 ) . 

THEOREM 2 6 . Assume ( I . 1 . 1 ) . L e t K b e a n a n a l y t i c f u n c t i o n on t h e 

s t r i p S = { s £ i } ; | A < R e s < ) j } e x c e p t f o r s i m p l e p o l e s s i , . . . . , s . 

Assume ( I I . 1 . 1 ) , 0 i m S p , c i , C 2 £ ( A , y ) . L e t C b e a c o n t o u r i n S 

f rom C i - i ° ° t o c 2 + i°° s u c h t h a t s i , . . . , s a r e t o t h e l e f t o f C a n d 

s . , . . . , s a r e t o t h e r i g h t o f C. C h o o s e n £ IN , a £ C s u c h t h a t m+1 p 

i s a n a l y t i c on C, 

( 2 . 1 ) 
( 1 + a - s ) n 

K ( s ) , - 1 - 6 , 
- 0 ( s ) a s s -+ °° on C , (1+a-s) 

n 

f o r some <5 > 0 . D e f i n e k by 
n 

( 2 . 2 ) k ( t ) = -rK- ƒ , , K ( S ) , t " s d s , i f t > 0 . n 2ir i ' ( 1 + a - s ) 
C n 

Then t h e map A d e f i n e d b y 

n . °° 
( 2 . 3 ) (A<t>) (x) = x a — x n + C l * ƒ k ( t X f ( - ) d t 

-, n ' n 
dx 0 

is a continuous map of T (l-y,l-A) into T (A,U;j3) for any 6 ^ 0 . 
p ,m 

It is independent of the choice of n and a. 
Let 

^ r P 

K ( S ) = { n ( S . - S ) } K ( S ) 
j = l 3 

and with this K let A be defined by(II.1.5): 
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2 = M-1 - * 

as map from T (l-y,l-X) into T (X,y). Then A admits the decomposition 

A = D 1 '1, 

where D and D are defined as in theorem 25. 

PROOF. Since there exists r € 3N such that C lies entirely in the 
strip 

{s€<t:|A ^ R e s ^ u } we may choose n > y +1 , n €. IN . Then 
we may choose a € C such that the assertions concerning K and k 

n 
are satisfied. 
It is easy to see that'if 4> € T (l-y,l-A) and |arg x| S 6 then 

ƒ k ( t ) <)>(-) d t = -±- ƒ d s , . K ( s ) , ƒ t~S<|>(-) d t i. n T x 2TTI i. (1+a-s) i, T x 0 C n 0 

2TTI i, (1+a-s) 
C n 

Hence Afyix) e x i s t s and 

(2.4) G4<j» (x) = ~ ƒ K ( s ) * ( l - s ) x " S d s . 
Z i ï l c 

The right hand side may be written as 

P 
2^- ƒ { n (s.-s)}"1K(s)<!'(l-s)x" 

C j = l 3 
Sds 

and using (1.6) we see that this is precisely (D • i4)t}>(x), where 
o 

(f> € T (l-y,l-X) and |arg x| S'6. Hence' 

4 = D -1 - 2 f . 

From theorem 8 it follows that A : T (l-y,l-X) -»• T (X,y) is continuous. 
From theorem 25 it follows that D : 

continuous and the theorem is proved. 

— 1 ft ft From theorem 25 it follows that D : T (X,y) -»■ T (X,y;s) is 
p,m — 
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REMARK 
1. In the same manner as in remark (II.3) we have the following 

equivalent definition of the map A of theorem 26. Let a. £ C, 
j = l,...,n be such that 

K(s) 
n 
IT (a,-8) 
3=1 3 

is analytic on c» 

K ( s - = 0 ( s l 6) a s s -* » on C, 6 > 0. 
n 
ÏÏ (oi.-s) 

j=l D 

Def&ne k* by 

k * ( t ) = ^ 7 / -; 
n 2iri i ( a , -

K(s) - s 
t a s . C -I s ) . . . ( a n - s ) 

Define the o p e r a t o r D a s in ( I I . 1 . 3 ) ' n 
Then (2.3) i s e q u i v a l e n t t o 

M4»(x) = Dn ƒ ^ ( t X H ^ — ' | a rg x | ^ 

If a. = j+a this reduces to (2.3). 

In order to construct an inversion formula if the map A of theorem 26 
is one to one, we consider the case in which K has possibly a finite 
number of simple zeros in the strip {s € (j: | A < Re s < p}. In that 
case the function H defined by H(s) = {K(1-S)} has simple poles. 
We then may expect that there exists a symmetrical extension of 

theorem 26. The details can be found in the next theorem. 
THEOREM 27. Assume (I.1.1). Let the function K be analytic on 
S = {s £ <(: | A < Re s < p} except for simple poles a.,....,a , p G IN. 
Assume that the zeros of K are simple and that these zeros are 
b. , . . . . ,b , q 6 IN. Let C be a contour in S from d-i°° to C2+i°° 
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such t h a t 
a ,a_ 

1 m l 
a r e t o t h e l e f t of C, 

b 

3. . , . . . ,£L -t 

? a r e t o t he r i g h t of C, 
b l b n J 

where O S m S p , O S n S q . Assume 

rRe b_, > Re SL if j = l,...,n; h=l 
{ j 

Ue b. < 
(2.5) 

Re a if j=n+l,.. . ,q; h=m+l,. 

Define H by H(s) = {K(l-s)} . Let K(s) and H(s) satisfy conditions 
of type (II.1.1) and (II.2.2) respectively. 
Choose a £ C, g € ]N such that 

K (s) 
i s a n a l y t i c on C, (1+a-s) 

g 

(1+a!i) = 0 (S l 6 l ) a s s + < " on C' 5 1 > °-
g 

Define k ( t ) by 

k tt» = ^ / M
K ( S \ t _ S d S i f t > 0. 

g 2ïïi ' (1+a-s) 
C g 

Then t h e map A de f ined by 

g °° 
(2.6) 04<f>) (x) = x " a — x g + a _ 1 ƒ k ( t ) < ) ) ( - ) d t , | a r g x | < 6 , 

dxg 0 9 X 

0 9 is a continuous isomorphism of T (1-u,1-A;1-b) onto T (A,U;a), q,n — p,m — 
where l-b_ = (1-b ,....,1-b ) and a = (a.,...,a ). A is independent 
of the choice of c, g and a. 
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If (2.5) i s not sa t i s f i ed then the asse r t ion remains t rue if in (2.6) 

the in tegra l i s replaced by i t s Hadamard f i n i t e pa r t , (cf [61 ] , 

P 38). 

The inverse may be characterized as follows. 
Choose £ £ 3N , B £ £ such that 

{K(S)(3+s)j} is analytic on C, 

— 1 — 1 — (̂  
{K(s) (B+S)£} = 0(s 2) as s ->■ °° on C, 62 > 0. 

Define h- (t) by 

h£(t) =-^r | (K(s) ( B + S ) ^ } " 1 ^ - 1 ds if t > 0. 

Then 
' Ü °° 

(A~\) (x) = x"e A _ x^+e-1 ƒ h ^ t ) ^ ) dt 
dx 0 

a 
if il) £ T (X,y,-a) and larg x| $ 8. Here again the integral has to p,m — 
be replaced by its Hadamard principal part if (2.5) is not 
satisfied. 

PROOF. Define the following differential operators: 

q b. , 1-b. q , 
P, = ][x D -f x 3 = IT ( x f +l-b,), 1 ., dx .", dx j 3=1 D=l 

1 j = l ^ j = 1 ox 3 

p 1-a. , a. p , 
D = Ifx D # - x D = ff (xf + a.). 2 ." dx .", dx i 3=1 ]=1 

Let k (t) be defined by 9 
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K^-èzlT^rJ'^ (s-b.) 1t S ds , t > 0. 
C 'g j=l 

Then we have 

k (t) = £.* k (t) 
g i g 

Let d> € T (1-y, 1-X; 1-b) and <h = D <|>. By theorem 25 $1 € T (l-y,l-\). q,n — 1 
Let 

ai = max Re a. if m > 0, ai = X if m = 0, 
h=l,. . . ,m 

012 = min Re a, if m < p, (X2 = Ji if m = p, ,_ . h 
h=m+l,..,p 

61 = min Reb. if n > 0, B( = p if n = 0, 
j = l n 2 

62 = max Reb. if n < q, 82 = X if n = q. 
j=n+l,..,q -1 

It follows from (2.5) that ai < 81, a2 > 82- Moreover, for every E>0, 

(x|njk (x) , (*4-)3 k (x) = 0(x~ai~e) if x-t-0, x f m , 

<xf-)jk (x), (x|-)jk (x) = O(x_0l2+e) if x->oo, x£3R, ax g ax g 

(x J V i J X x ) = 0 ( x B l _ 1 _ E ) i f x •+ 0 , | a r g x | S 9, 

(x ^ ) j 6(x) = 0 ( x 6 2 _ 1 + £ ) i f x + » , | a r g x | S 9 . 

00 

Hence ƒ k (t) <(>(—) dt is absolutely convergent if | arg x| 5 9. Now 

(*) ƒ k (t)è(-) dt = ƒ k (t)((>i(-) dt 
' « 9 x 1 g x 0 g 0 

Indeed, by partial integration 
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°° °° q 1 -b . b . 
ƒ k (t)<j>(-) d t = ( - l ) q ƒ { TF ( t D £ - t 3)k (t)}$(-) dt = 
0 g x O j = l a t g x 

q-1 1-b. , b . „ 
= (-Dq{ïï(t D | r t 'tf <t)}i*£> 

j = l a t g x + 
t=0 

co q_i i-b b. „ b . 1-b 
+ <-l)q ƒ { ïï (t 3 | : t D)k ( t ) } [ u q f { u q<t>(u)}] dt, 

O j=l d t g d U u=t/x 

where the limit: term is zero. Repeating this q times the assertion 
follows. If (2.5) does not hold, the right hand side of (*) is the 
Hadamard principal part of the left hand side, (cf [61]). 
We have 

A4> = A^i = A^D^, 

where A is defined by 
CT OO 

U,<P><x) = x"a - ^ x^01"1 ƒ £ (t)lP(̂ )clt 
1 dxg 0 g X 

a 
if lp € T (l-y,l-X) , |arg x| i 9. By theorem 26 A. is a continuous 

6 8 map of T (1 —vir 1—X) into T (X,y;a) , which may be seen by replacing P.m — 
in t h i s theorem K(s) by K(s)TT? , ( s - b . ) . From theorem 26 i t a l s o 

D=l 3 
fo l lows t h a t 

A, - % • H 

where 2<JJ = M~ ( K ( s ) ï ( l - s ) ) for every ty € T ( l - y , l - X ) wi th 

K(s) = K(s) TT ( a . - s ) l t ( s - b J - 1 . 
j - 1 3 1 

Hence 

A = £>* • % ' 2 " DV 

From theorem 25 it follows that 
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D. : T (l-U,l-A;l-b) ■* T (l-y,l-A) 
1 q,n — 

D'L1 : T9(X,y) -> T 6 (A,y;a) 
2 p,m — 

are continuous isomorphisms. 
K(s) is analytic on Is € C | A < Re s < \i}, H(s) =•iK(l-s)}. is 
analytic on {s £ c| 1-y < Re s < 1-A}. Moreover H satisfies an 
order relation of the form (II.2.2). This follows from the assumptions 
on H. Hence we may apply theorem 10 in order to conclude that also 

Ï-. T8(l-y,l-A) ■* T9(A,y) 

is a continuous isomorphism. It follows that 

A: T (l-\l,l-\;l-h) .->■ T (\,V;a) q,n — p,m — 

is a continuous isomorphism and 

A'1 = D\" • T1 • D2. 

In the same manner as above we can prove that the map defined by the 
right hand side of (2.7) is a continuous isomorphism of T (A,y,-a) 6 p.n -
onto T (l-y,l-A;1-b). Using q,n — 

H(s) = H(s) if d-b.-s) ]T (s+a.-l)"1 

j-i D 3-1 3 

we see that (2.6) indeed is a representation of the inverse of A. c 

REMARKS 
2. In the same manner as in remark 1 an equivalent definition of 

the map A of theorem 27 may be given. 

3. We may also give an equivalent definition of the map A . Let 
D. be defined as in remark (II.6). Assume 
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- O (s ) a s s - * ° ° o n C . , o > 0 , (P j -s ) . . . . (Pj^-s) 1 

where C i s t h e contour which a r i s e s from t h e con tour C by 

r e p l a c i n g s by 1-s. Define h j ( t ) by 

v * - , 1 r H(s) - s , 
h * ( t ) ~ 2ÏÏI / ( ^ - s ) . . . . ^ ) fc d S • 

Then A of theorem 27 is also given by 

oo 

u - 1 ^ ) (x) = D0 ƒ h*(t)ijj(-) 5Ë , | a r g x | < e . 

4. As special cases in remark 2 and remark 3 respectively, we can 
choose some of the points a. equal to b., respectively some of 
the points 3. equal to 1-a.. If q < g even all points a. may 
be chosen equal to q of the points b.. Similarly, if p < £ 
we may choose 8. = 1-a., j=l,...,p. 
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<+.3 EXTENSION OF THE CONVOLUTION TRANSFORM 

In this section we give the theorems for the extension of the 
convolution transforms, corresponding to the theorems of the foregoing 
section. The proofs of these theorems may be given directly in the 
same manner as the proofs of the theorems of section 2. It is also 
possible to use the properties of the map if which was defined in 
the lemma of chapter I. 
We first have the following analogue of theorem 26. 

THEOREM 28. Let the conditions; of theorem 26 be satisfied. Let k (t) 
n 

be defined as in that theorem. Then the map C, defined by 

(3.1) (C*)(x) = x - a ^ x a + n ƒ k (tXJX^f ., n ' n t t dx o 
ft ft if $ € T (X,p), jarg x| i 9, is a continuous map of T (A,y) into 

a 
T (X,y,-s) for any 6 ^ 0 . p,m — 
Let C be the operator defined in theorem 12, (II. 3.2) with K(s) 
replaced by K(s), where 

P 
K(S) = { tr ( S . - S ) } K ( S ) . 

j=l 3 

Then 

C = D ■- 1 - 2 f 

, - i if D is given by (1.6). 

PROOF. Using the method described in the introduction of chapter II 
we have 

£ = 1 ' R 

where A is as in theorem 26. Hence 
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D 1 • t = D 1 • 2 • R R 

and (3.1) now immediately follows from (2.3) by the. subs t i tu t ion 
<t> : = Ri>. 

In order to prove the next theorem, which is the convolution version 
of theorem 27, we mention the following lemma. 

LEMMA. The map R, defined in the lemma of section 1.2 is a continuous 
fl ft 

isomorphism of T (A) onto T (1-A) for any A and 8 ^ 0 . Its continuous -1 inverse is given by R = R. 
PROOF. Apart from some details, the proof is identical with the proof 
of the lemma of chapter I. 

a 
Using the definition of T (A,U;s) and the lemma above, it is not 

p,m -
hard to see the validity of the following corollary. 

a 
COROLLARY. The map R is a continuous isomorphism of T (A,y,-s) 6 p' m ~ onto T (l-)J,l-A;l-s) for any A,y and 9 S 0, where s and 1-s p,p-m — — — 
are given by 

£ = (Sj, ,s ) 

1-s = (1-s , ,1-s.). 
- p 1 

The continuous inverse is given by R = R . 

THEOREM 29. Let the assumptions of theorem 27 be satisfied. Then the 
map C : T (A,u;b) -*■ T (A,y,-a) given by q,q-n — p,m — 

g ot> 
(3.3) (C<j))(x) = x ^ - x a + g ƒ k (tXfit*-)^, |arg x| J O , 

dxg 0 

is a continuous isomorphism. Here b_ = (b ,...,b.). If (2.5) is not 
satisfied then the integral in the right hand side has to be replaced 
by its Hadamard finite part. C is independent of C, g and a. The 
continuous inverse may be characterized as follows. 

Choose I G IN , 6 Ê <(: such that 
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1 , 
is analytic on C, K(s)(l+6-s)£ 

K(s)(l+B-s)£ 
_ 4 _ r 

0(s 2) if s ■+ °° on C, 62 > 0-

Define h.(t) by 

Then C is given by 

(3.4) iC~h) (x) = x"B -^ x3+* ƒ h£(t)^(f) f 
dx 0 

n 
if ill £ T (X,y,-a) and larg xl i 8. It is independent of C, $ and I ■ p,m — 
PROOF. From (3.3) and (2.6) we deduce C = A ' R. By the corollary 
of the lemma, the map 

R : T9 (A,U;b) -> T9 <1-U,1-A;1-b) q,q-n — q,n — 

is a continuous isomorphism. Combining this with theorem 27 we get 
theorem 29. 

REMARKS 

5. The map C of theorem 28 may be given in an equivalent way. 
Let a., j=l,...,n, k*(t) and D be defined as in remark 1. Then j n n 
the map C of theorem 28 is also given by 

00 
,x, dt (Cty) (x) = D ƒ k*(t)<|>(£)^r 

n ' n t t 
if <J> 6 T (A,u) and |arg x| £ 0. 

6. Also the map C of theorem 29 may be described alternatively as in 
remark 5. The inverse has a representation analogous with 
the representation in remark 3. 
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Let D j , $ . , j = l , . . . , £ and h * ( t ) be de f ined as i n remark 3 . Then 

CO 

(C-1<|;) (x) = D£ ƒ h * ( t ) i | ) ( | ) ^ , | a r g x | S 6 . 

In t h e same manner a s in remark 4 we may choose some or a l l of 

t h e p o i n t s a . o r 3 . i n t h e same s p e c i a l way. 

4 . 4 EXAMPLES 

In this section we first give some simple special cases of theorem 
25, (examples I, II and III). Example IV is a more complicated one. 

EXAMPLE I.• 

Consider the function K of example II of chapter II: 

K(s) =7iir ' n = 2 ' a € *■ 
n 

Assume 
(4.1) Re a - m ^ A < Re a -m+1, Re a < y , m £ IN . 

" S d s 

Let k be def ined by 
c+i°° 

(4.2) k ( t ) = - ^ r ƒ K ( s ) t " 
c - i oo 

where Re a < c < p. As an extension of example II. II we now have: 
the map A, defined by 

W<f» (x) = j ~ x"1 ƒ t"a(l-t)n-1(|>(J) dt 

A ft is a continuous isomorphism of T (l-p,l-A) onto T (A,y;a). mo ,nio — 
Here mo = min (m,n) and a_ = (a-mo + 1 , . . . ,a) . 
The assrtion follows at once from theorem 27. It should be noted that 
we have from theorem 25 that A ° R = D i f p = m o = n . 

EXAMPLE II. 

Let a £ f, 2a ? E , n £ » , n > 1. Consider the function K, 
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K ( S ) (s-a) (s+a)-n n 

Assume Re a £ 0. Moreover let (4.1) be satisfied and 

(4.3) -Re a - I. < \ < -Re a -X.+ 1, I £ IN . 

Let k be defined by (4.2) , again with Re a < c < y. Then the map A , 

00 

(4.4) W ( x ) =-/k(t)(fè^, |arg x| S 6, 
x 0 

is a continuous isomorphism of T (X,y) onto T „ „ (X,y,-a) 
mo+Jco ,mo_x.o — 

for any 6 5 0. Here mo = min(m,n), io = min(£,n) and 

a_ = (a-mo+1 f • • ,a,-a-X.o + l». • • »-a) 
The assertion follows from theorem 28. An explicit expression for 
k can be found in example IV, chapter II. 
REMARK. 

Inversion formulas for A may be deduced from theorem 27 in 
case of example I and from theorem 28 in case of example II. 

EXAMPLE III. 

Let K(s) be as in example I. Assume 

X < c < Re a -n+1 < .... < Re a < y. 

Define k by (4.2) . Then 
k(t) = 0 if 0 < t < 1, 

k(t) =±l£t-a(t-l)n-1 if t > 1 1 (n) 
and the map A , defined by 

n °° 
U<t>)(x) =xTTnT ƒ t" a ( t - l ) n - 1 i | ; ( J )d t 

a a 
i s a cont inuous isomorphism of T (X,y) on to T „ ( X , y ; a ) , where 

n ,0 — 
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(a-n+1,...,a) 

V . -2 If K(s) and A are defined as in theorem 26, i.e. 

K(s) = (s-a) K(s) - 1, n 

'ï = M'1 - m, (1) • M, 1 
we obtain 

c+i°° 
$$) (x) = — ƒ $(l-s)x"Sds. 

c-i°° 
It follows that A = R, R being the map defined in the lemma of 
chapter I. Hence A has the decomposition 

(4.5) A = D~X • R 

where D is defined in (1.5) or (1.6) for this special case. 
From (4.5) it follows at once that A exists. The latter fact 
may also be deduced by an application of theorem 27. A formula for 
the inverse A may be derived in the same manner as in the 
corresponding example of chapter II. 

EXAMPLE IV 

Let p,V,p,-q E Ü , 0 < p < q, 0 $ V Sp. Let 
P V 
TT T(b.+s) n r(l-a.-s) 

q p 
n ra-b.-s) n rta.+s) 
p+l -1 v+l ^ 

Assume 
p+q S 2(p+V); 
a.-b. 7* 1,2,... if j=l,...,V and jo = l/. 3 30 

Moreover let 

A < 1 - Re a. , j=l,... ,v,-

u > -Reb , j=l,...,p. 

Let S be the strip S = { s £ ( j : | X < R e s < u } . 
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Choose in S a con tou r from Cj- i 0 0 t o c +i°° such t h a t 

- b . , - b . - 1 , . . . a r e t o t h e l e f t of C i f j = l , . . . , p ; 

1-a . , 2 - a . , . . . a r e t o t h e r i g h t of C i f j = l , . . . , V . 

We have 
K(s) = 0 ( 1 ) e i * l * n s | { p + q - 2 ( p + V ) } x 

x i i ( q - p ) R e s - i ( q - p ) + R e { E ^ b j - Z^aj} 

i f s -»■ °°, s £ S. 

Case I. Assume p+q = 2(p+V). 
Let q p 
(*) (q-p)c - i(q-p) + Re( £ b. - £ a ) < -1, j = l,2. 

3 . j=l 3 j=l 3 

Then we may apply theorem 26 with n=0. In (2.3) the kernel k is now, 
(cf [12] I,p207) , 

k(t) = GP,V(t 
p.q 

ai a
P ) 

bl bq 

The inverse in this case follows from theorem 27. With H(s) = (K(l-s)) 
we obtain for the kernel of the inversion formula 

h(t) = Gq-P'p-V(t 
P/q 

"av+i V ai'---' aV) 
"bp+l _bq'"bl "bp 

If (*) is not satisfied we may apply theorem 26 with n > 0. In order 
to get a simple expression for k in (2.3) it is preferable to choose 
1+a in (2.1) equal to one of the -a.. If this is not possible one can 
try to apply remark 1 with suitable values of a., corresponding to 
the r-factors in the denominator of K(s) , (cf [4], section 4, example 
3) . 

Case II. If p+q < 2(p+V) we may apply theorem 26. A formula for the 
inverse may be derived in the same manner as in chapter II, using 
H(s) = H+(s) + H_(s). 
However we may also proceed as follows. 

Put H(s) = H0(s)Tr_P~VnPsinir(s-b.)n^simr(s-a.) 



9<t 

where 
q p 

H (s) = n r ( s - b . ) n r ( i - s + a . ) . 

The Mellin transform of H is given by (cf [14]) 

(Man)(t) = Gq,P(t 0 p,q 
"al ~ \ 
"bl -bq 

Now for some c € <p, g = 0,....,p+V we obtain 
P M P+V 

TT-p-ynsinïï(s-b.) TT sin7r(s-a.) = l ce^s^~P~^ 
1 3 1 3 g=0 g 

and hence 
TT/ * v iris(g-p-v) H(s) = l cge y 'H0(S) 

Furthermore 

W{e^SgHn(s)Xx) = G q ' P ( x e " ^ 0 p,q 
"ai - V 
"bl "V 

For some r £ IR we have 

„ , s „, r -ïitfp+q) I lm s I, 
H (s) = 0(s e ^ ' ') as s + » , 

uniformly on any vertical strip, r depending on that strip. It 
follows that there exists I € IN and y € IR such that,(cf (II.2.8)), 

(l-d-ia)£ 0 H„(d+ia)e*i(d+ia)geYa € Lt-oo,»), 

JY-gTr| S i(p+q)TT, g=-p-v,. .. ,p+v. As an example we may choose 

±Y+ = (P+v-p-iq-)ir if ±g > 0. 

In the simple case that we may put £=0, we obtain the inversion 
formula 
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C) {A 14>) (x) 
»elY" O 
ƒ I 
O g=-p-v 

c Gq'P(xte-1Tig 

g p-q 
'~aP )i|>(t). dt + 

oce
iY+ 

ƒ 
0 

p+v 
I c 

g = l 
Gq 

g p 
' P (x te" 
fq 

-Trig 
-b V" I'-' 

)^(t) dt 

where the sums contain in both cases only terms for which 
g+p+V = 0 (mod 2) . This formula holds if arg x = 0. If X. > 0 we have 
to modify the formula in the same manner as for example formula 
(II.2.11). The proof of (") is similar to the proof of theorem 11. 

REMARKS 

1. If g ^ ±(P+V) one may take other contours in the corresponding 
integrals in (Z) ■ This follows from the fact that for such values 
of g we may take other values for y, satisfying |y-gïï|Si(p+q) TT. 

2. In case of the Laplace transform and Meijer 's K-transform 
we only have the terms with the coefficients c and c ; in 
this case p+v=l and c =0. 
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CHAPTER 5 
FRACTIONAL INTEGRATION OPERATORS AND 
HANKEL TRANSFORM 

5.0 INTRODUCTION 

The fractional integrals which we will consider in this chapter are 
generalizations of the Riemann-Liouville integrals and the Weyl 
integrals. 
The Riemann-Liouville integral of order a is defined by 

x , 
(Raf) (x) = jrr-7- ƒ (x-t)a f (t) dt , x > 0 , Re a >0. 

M a ' 0 

The Weyl fractional integral of order a is defined by 

(W"f) (x) = ~ r ƒ (t-x)a 1f (t) dt , x > 0 , Re a >0. .,a, 
1 I V I = 

r«x) 
Kober and Erdélyi have introduced the following generalizations, 
(cf [ 8], [30]). 

x .„ , . .xlfOi,. , m -m(a+r|) r , m m a-1 mn+m-1 , 0 .1 (I 4> (x) = jrr-r x J x - t ) t 4>(t) d t , x > 0 , m l ( a ) ' 

, „ „> , , / l , a , . . . m wit) f ,m m, a -1 -mr)-ma+m-l , ., , , , . „ 
(0.2) (JT ' <))) (x) = y — y x ƒ ( t -x ) t <(>(t) d t , x > 0 , 

X 

where m > 0, a,ri E £ , Re a > 0. 

It is clear that the Riemann-Liouville and the Weyl integrals are 
special cases of (0.1) and (0.2) respectively. The integrals (0.1) 
and (0.2) may be written in the following form. 

00 00 

(0.1) ■ ( J n ' a 0 O ( x ) = ƒ l " ' 1 " ^ ! ^ = ƒ i n ' a ( u ) < | > ( - > - . 
m T • L m t T t j L m T u u 
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(0.2,.. (^)(x, -;K^,t(t,f-/K^(u,t(ï,f . 
where 

(0.3) In'a(t) = j F(a 
(tm_1)a-lt-m(Ti+a) ,f fc > 1 

) 
0 if 0 < t < 1 

m (1_tm)a-ltmn if o < t < 1 
(0.4) Kn'a(t) = F ( a ) 

l O if t > 1 

I and K ' have simple Mellin transforms. In fact we have (cf[l3]) , m m 

c - 1 0 0 

d+i00 

(0 .6) K n ' a ( t ) = J L ƒ ^ ^ f 1 " ' t " S d s , d > -mRen. m 2TTI J . I(a+r|+s/m) d-1 0 0 

It follows from (0.1)' and (0.2)' that fractional integration may be 
seen as a special case of a convolution transform, where the 
kernels are defined by (0.5) and (0.6). We will treat some properties 
of these transforms in the next sections. Without loss of generality 
we may consider the case m = 1 only. This follows from the relations 

(I"11'0*) (x) = (I?'01* )(x m), m 1 m 

(K^Mx) = ̂ 'a<0 )(xm), m 1 m 

w h e r e <|> (x) = <|>(x ) • m n ct In section 5.1 we consider the operator I.' , which will be denoted 
by l{r\,a,0) or by J(n,a) for short. In the same section we also 
consider the cut fractional integration operator, l(n,0t,h), h=l,2,... , 
In the section 5.2 we then consider the analogous properties of 

n ct the operator K ' , denoted by K(,r\,a,0) or K(r),tx) and its cut form. 
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There is a vast literature on the subject. This is partly due to 
the many cases in which fractional integrals are applicable to solve 
differential and (dual) integral equations. For literature see [44 ]. 
Historical notes may be found in [58]. 
We will give some applications of the fractional integration 
operators in connection with other integral transforms. 

5.1 THE OPERATOR OF FRACTIONAL INTEGRATION I(n,a,h) 

In this section we define the operators of fractional integration 
and of cut fractional integration T(r),a,h), h=0 and hi 1 respectively, 
and deduce some of their properties. 
We consider the following cases: 

I X < p S R e n + l , h = 0 

I I p S A < R e i l + 1 , h = 0 

I I I h € ]N^{0} and R e n + h S X < y S R e n + h + l 

IV h e IN-^fo} and R e n + h < y S A < R e n + h + l 

V A < y , A,y a r b i t r a r y . 

Let 0 ^ 0 . Then we define the fractional integration operator 
J(n,a,h) on T (A,y) as follows. If Re a > 1 and (J) £ T (A,y) , 

(1.1) I(r|,a,h)<t>(x) = 

= ^T [K(x-t)01-1 - Yt^H-t/x) V ^ k V t ) dt + U ' 0 j=0 3 

°° h-1 
- ƒ I (a~l) (-t/x)jxa-1tn<Mt)dt], x > 0. 
x j=0 3 

If Re a $ 1 we choose some n £ IN such that Re a + n > 1 and define 

(1.2) I(n,a,h)<J>(x) = x" a - n — {xa+n+nI(n,a+n,h)<Mx)}. 
dxn 

Then X(n,a,h) is a continuous operator of T (A,y) into itself in cases 
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I-IV and it does not depend on the choice of n. This'follows from 
theorem 11.12 and remark II.9 in the cases I and III and from theorem 
11.21 in the cases II and IV, if we apply these theorems with 

M 1( v , * rq+n-s) (1-3) K ( s ) = rq+n+a-s) • 

The function K defined by (1.3) is analytic in any strip 
{s € ((: | ci < Re s < 02) which does not contain the points, n+l+m, 
m £ IN and on such strips we have 

-a K(s) = 0(s ) as s -*• °°. 

(II.1.3) becomes with p = a+n, n € IN such that n+Rea >1: 

c+i00 

*«-sr I. r»£E£.,"-«--"°-
c-100 

where c £ (X,p) in c a s e s I and I I I and c £ [y,A] in ca se s I I and IV. 

By r e s i d u e c a l c u l u s we g e t 

00 , „ , j * - n - i - j -n - i . h - i 
k * ( t ) = y SzllZl 1 =JÉ_': r ( i - i / t ) a + n - 1 - y ( a + n _ 1)(-t)" : '} t>i 

h-i , , . j+i -n-i-j ^-n-i h-i 
k * ( t ) = y (-*> t = _ J t y a+n- l -3 0 < t < 1 

n ( t ) .fQ r < n - j + a ) j ! T(a + n) ,f0
( j ' ( t] ' O - * - 1 -

Q 
I f <() £ T (X,y) , then d e f i n e 

n °° /+\ Tin ~ V ^ A , » - a - n id a+ri+n < , * , . _ , . . x , d t ( t ) I (n,a ,h)i j>(x) = x - x J k*(t)4>(-) —- . 
, n ' n t t 
dx 0 

Because of theorem 11.12 and remark II.9, (II.3.1)+, the map J(n,a,h) 
a 

is continuous from T (X,y) into itself in the cases I and III. Simi­
larly applying theorem 11.21 we have the same result in cases II and 
IV. Now (t) with n = 0 is equivalent to (1.1) if Re a > 1. In the 
general case we get (1.2). 
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(1.2) is also valid if Re a+ nS 1. For let m be such that Re a+m> 1. 
Then using (1.2), I(n,a+n,h) is well defined by 

I(n,a+n,h)4(x) = x" a- n- n-^~ {xa+n+mKn,a+m,h)4»<x)}. 
dx 

If we insert this in the right hand side of (1.2) we obtain 
,m 
m x-a-n^.{xa+n+m h)(|((x)} . 

dxr 

which again by (1.2) is precisely I(n»a,h) . 
From (1.1) and (1.2) or directly from (1.3) it now follows that 

(1.5) ' T(r|,0,h)<t>(x) = <]>(x) 

and we may deduce from (1.2) and (1.5) that if m £ IN, 

(1.6) I(n,-m,h)<t>(x) = xm n — {xn(J)(x)}. 
j m dx 

This operator does not depend on h and is defined on any space 
Q 

T (A,y) , 950. (Now K(s) = (n-s) .. . (n+l-m-s) is a polynomial) . 
It coincides with the operator D in (IV.1.4) with s.=r)+l-j, j=l,...,m. 
The inversion of J(n,a,h) follows from theorems 14 and 23 with 

1 Td+n+a-s) H(s) K(S) ni+n-s) 
H arises from K by replacing V) and a by n+a and -a respectively. 
So J(n,a,h) is an automor-phism of T (X,y) and 

(1-7) [I(n,a,h) ] - 1 = J"(n+a,-a,hi) 

if in combination with one of the cases I-IV also one of the 
cases VI-IX holds, where 

VI A < u S 1 + Re(n+a), h1 = 0 
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VII y S A < 1 + Re(n+a) , hx = O 

V I I I h i € ]N^{0}, h i + Re(n+a) $ A < u < h i + l + Re(n+a) 

IX h i E 1N^{0}, h i + Re(n+a) < y £ A < h i + l + Re(n+a) . 

Note that if a is a negative integer, the inverse is given by the 
operator fl" of (IV.1.6). 
We now turn to the case V. Let A < y. Assume that a is not an integer.-
The function Kin (1.3) has simple poles in s = n+l+j» j € 3N and 
simple zeros in s = 1+n+Ct+j , j E IN . Assume 

C A < Ren +l+j < V if J=Jo... • ,Jo+p-l/ Jo,P € 3N 
(1.8) < 

"■ A < 1 + Re n + Re a +k < y if k=k0-l,•-•,k0-q, k0 5 q, 
k0,q € ON ■ 

and the other zeros and poles of K are outside the strip 
S = {s £ $ I A < Re s < y}. Let c be such that 

C Reri+jo+m < c < Ren+j0+m+l 
(1.9) i 

^ Re a + Re n +ko~r < c < Re n, + Re a +ko-r+l 

where m,r € 3N, l S m S p i f p > 0 , 1 S r S q i f q > 0 . 
Let k* and J(n,a,h) be defined by (1.4) and (t) for this value 
of c if Re(n+a) > 1. Then we may apply theorem IV.29 with 

K(s) = r(l+r|-s)/r(l+n+a-s) . 

Write 
(1 1 0 ) b = (n+a+ko+1-q, n+a+k0) 

a = (n+jo+1,...,n+Jo+p)• 

Then I(n,a,m+jo) is an isomorphism of T (A,y;b) onto T (A,y,-a). 
q,q-r — p,m — 

If p = q = 0 this reduces to the previous case. Since 
I/K(S) = ni+n+a-s)/r(i+n-s) 

and (1.9) holds, i ts inverse is given by 

I~ (n,a,m+j0) = I(n+a,-a,k0-r). 

If (1.9) is not satisfied we may apply theorem 29 in the following 
way. Let C be a contour from ci-i°° to c2+i°°/ which lies entirely 
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in the strip S. Assume that 

ri+jo+m+1, ,n+jo+P "I 
> are to the right of C n+a+ko-r+1,....,n+a+k0-q+l J 

and the other poles and zeros are to the left of C. Then we may 
apply IV (3.3) to this case if in that formula the integral is 
replaced by its Hadamard finite part. 
Finally we mention the fact that we may derive relations between 
fractional integrals of different order in the same manner as is 
done in [4]. As an example, if all operators make sense: 

J(n,a,h) • I(n+a,8,hj) = I(n+a,B,hi) • I(n,a,h) = I(n,a+3,h) . 

5.2 THE OPERATOR OF FRACTIONAL INTEGRATION KCn,a,h) 

The second operator of fractional integration may be treated in the .. 
same manner as the operator T(n,a,h) in the foregoing section. However 
we will take a different approach which will enable us to use the 
results of section 1. As before we put m = 1 and in stead of K ' 

we use the notation K(r\,a). The cut fractional form will be denoted 
by X(n,a,h), h i 1, h £ H . 
From (0.2) we have 

00 

(2.1) X(n,a)<|>(x) = jT^j" xT1 ƒ (t-x)a_1t"n"a<()(t) dt , x > 0. 
x 

By the substitution t := 1/t, x := 1/x, \p = K[r\,a)^>, we obtain 

Using the map R wich was defined in chapter I by (1.2.8) we may 
write in stead of (2.2) 

(2.3) Rty = I(n,a) • Ri>. 
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This in turn may be read as 

(2.4) K{T],a) = R • I(n,a) • R. 

In the same manner we may deduce from (1.1) , for the moment in a 
formal way, 

(2.5) R ' J(n,a,h) • R<t>(x) 

h-1 
7—r LJ{(t-x) t - 2. ( ., H-xt )Jit 4>(t)dt r(a) -- .t, 3 

- ƒ I (a.1)(-xt"1)jt"n_1 4>(t)dt], Re a > 1. 
0 j=0 3 

The right hand side gives the definition of the cut fractional 
integration operator as given by Erdélyi (cf [8 ]). 
Denoting this operator by X(ri,a,h) we have 

(2.6) X(n,a,h) .= R • J(n,a,h) • R, h = 1,2,... , Re a > 1. 

From the lemma of chapter I and the preceeding section we see that the 
right hand side of (2.6) represents a continuous map of T (A,y) into 
itself if a and n satisfy one of the conditions I-IV with X and \i 

replaced by 1-p and 1-A respectively. We therefore use (2.6) to 
derive, properties of the operator K(,r\,a,h) from those of T(ri,a,h). 
First we mention some properties of R . 

By direct computation we may show 

(2.7) i?xa<)>(x) = x a/?e|>(x), a £ <);, 

(2.8) if^!(x> = -*iïxRiïx) 

From (2.7) and (2.8) we deduce 
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( 2 . 9 ) /? (x 2 ^)<J>(x) = x 1(r-^)xR<$>(x) . 

U s i n g ( 2 . 9 ) we may d e r i v e a s i m p l e e x p r e s s i o n f o r R(~r~) , m £ ON 

We h a v e 

„ , d m D T T , 1-j d j -m 
*(dx"' = R ' I ( x dx" x > X 

j=l 

„TT . h -m d m + l - h , -m ■R\\ (x — x ) x 
h = l ^ 

„ - m - 1 , 2 d . m 1-m 
fix (x — ) x 

dx 

m+1 , 1 , d■ , m m-1 _ 
= x — ( _ T " )x) x fl, 

x dx 

h e n c e we o b t a i n 

/ i i ^ m & \m m . d . m m , - . .- „ , 
( 2 . 1 0 ) R(T-) = x (-—) x i? , m £ IN. 

dx ox 
Consider again (2.6);(if h = 0, (2.6) has to be replaced by (2.4)). 

A 

The effect of the right hand side on a space T (A,i_i) is given by the 
following scheme (in case I'-IV' below; cf lemma 1 in § 1.1) : 
(2.11) T

e
a,u)-^-+ T6(l-y,l-A) J^' a- h> * Te(i-u,i-A) - £ • T9(X,u). 

From section 1 it follows that J(r|,oi,h) is a continuous map if one 
of the following relations I'-V' holds, which arise from I-V, section 1, 
by replacing A by 1-y and y by 1-A: 

I ' - R e n i A < u 

I I ' - R e n < p < l 

I I I ' - R e n - h S I < | j $ - R e n - h + 1 , h £ 3N^{0} 
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IV' -Re n - h < y S X < -Re n - h + 1, h G IN^{0} 

V' X < y , A,y a r b i t r a r y . 

Hence we h a v e : i f Red > 1 , then K ( n , a , h ) , h = 0 , l , . . . i s a con t inuous 
a 

operator of T (X,y) if one of the conditions I'- IV' is satisfied. 
We now extend to the case Re a £ 1. 
Let n £ » be such that n + Re a > 1. Apply (2.7) arid (2.10) to the 
right hand side of (1.2). We obtain 

R • J(n,a,h) • R = x a + n + n(- -p-)n x"a_ni? • I(n,a+n,h) • R. 
dx 

Hence we may consider 

(2.12) X(n,a,h) - xa+T1+n(- - f ) n x-a-ntf(n,a+n,h) 
dx 

as the extension of X(r|,a,h) to the case Re a £ 1. 
As a special case we derive from (1.6) , (2.6) and (2.10) 

(2.13) X(n,-m,h) = x V - ^ - ) m xm_n, m € l N . 
dx 

Assume now that in combination with one of the cases I1- IV ' also 
one of the cases VI' - IX' hold, where 

VI ' -Re(n+cO £ X < v, h i=0 

V I I ' -Re(n+a) < y £ X, h i=0 

V I I I ' -Re(n+a) - h i £ X < y £ -Re(n+a) - h i + 1, h i £ 3N^{0} 

IX' -Re(n+a) - h i < y £ X < -Re(n+a) - h i + 1, h i € U ^ { 0 > . 

These relations follow from VI - IX by replacing X and y by 
1-y and 1-X respectively. Then J(n,ot,h) is an automorphism of 

a 

T (1-y,1-X) and from (2.6) and the properties of i? it follows 
that K(r\,arh) is an automorphism of T (X,y) . 
From (1.7) we deduce 
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(2.14) lK{T\,a,h)] 1 = X(n+af-a,hi) . 
From (2.5), (2.6) and (2.12) the following explicit expression for 
X(n,a,h)<J>(t) may be deduced directly. Let <)> € T (X,y). Then if 
one of the conditions I'-IV' is satisfied we have 

... , . , , , 1 n+a+n, d . n -p-a JUn,a,h)<f,(x) = I r ^ r x (-—) x x 

°° h-1 , 
><[ƒ ( f ï ^ d - f ) 0 1 ^ - 1 - I (a+"-1)(-f):,}«|.(t) f + 

x h-1 . . i ,x n r a+n-1 x : dt , , i . - J (T-) 2, ( . ) (- T-) <P(t)— J , |arg x| i 8. 
0 C j=0 .3 

If n = 0 this reduces to (2.5) 

REMARK 

From the representation 

I(n,a,h) = M 1 • m(K) • M 

where K is defined by (1.3) and m(K) by (1.1.6), we have by 
straightforward computation 

Z(ri,a,h) = R ' M~ • m(K) - M • R 

= M~l • m (1) • mAK.) ' M 

-1 a, = M • m(K) • W 

where mA.) is defined by (1.1.7) and K(s) = K(l-s). It follows 
that the Mellin transform of the kernel of X(n»a,h) is given by 

if X < Re s < y in case I' or III' and y S Re s i X in case of II' or IV' 
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We now c o n s i d e r t h e case V' . 

Assume 

(2.18) { x < 

A < - R e n - j < u i f j = j 0 , , 3 o + p - l , j o £ IN , p £ U 

R e n - R e a - k < y i f k = k 0 - l , . . . , k 0 - q , q £ -IN , k £ IN , 

ko £ IN^{0}, k 0 > q 

and l e t t h e o t h e r p o l e s and z e r o s be o u t s i d e t he s t r i p S 

{s £ $ | A < Re s < u ) , ( c f . (H) ) . 

Assume m,r £ 3N, c £ IR and 

- R e n - j o - m < c < -Re n - j o-m+1, 0 i m i p 

ko+r < c < 1-Re 1-Re a - k o + r , 0 S r -5 q. 
r - K 6 l| - J 0 - D 

■ -̂  * * -*' 1 ^ o g n —Re (Y —*' - J -*- ^ ~ *-* 1_t3 r t n_t3 iaAi _v «xv* n < v- < 

By the corollary of the lemma of chapter IV we obtain that the map 

R -. T (X,u;-o-a-k0 + l,. • • • ,-n-a+q-ko) ->■ q.r 

6 
+ T „(l-)J,l-X;l+n+o.+ko-q,.-.,ri+a+ko) 

is a continuous isomorphism. From section 1 we deduce that 

J(n,a,m+j0) -. T (l-iiA-X;i+n+a+k0-q, ,n+a+k0) ■ 
q #q~--" 

■* T m(i-u,i-A;n+jo+i,—,n+jo+p) 

is a continuous isomorphism. Again an application of the lemma 
already mentioned gives the continuity of the isomorphism 

a 
R : T (1-U,l-A;n + J0 + 1 ,1+jO+P) "»■ 

p,m 
a 

■*■ T (A,y;l-n-jo-p, ,1-n-jo)-
p,p-m 

Hence if 

a. = (-n-a-ko + 1, -n-a-k0+q) 

b = (1-n-jo-p, ,-n-Jo) 
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tne map 
CL O 

(2.20) #(n,a,m+j0) : T (A,U;a) -»- T „(A.Uib) 
q, r PfF m 

is a continuous isomorphism. Its continuous inverse may be derived 
using (2.14) , 

[K(n,a,m+jo) ] = K(Ti+a,-a,ko-r) . 

If (2.19) is not satisfied, let C be a contour in S from ci-i» to C2 + i°°. 
Assume that 

-n-jo-m+1,... ,-n-Jo 1 f are to the right of C -ri-a-ko+r+1, ,-n-a-ko+q J 

and the other poles and zeros are to the left of C. 
Then the assertion remains valid if the integrals are interpreted 
as the Hadamard principal part. 

5.3 APPLICATIONS TO HANKEL TRANSFORMS 

The Hankel transform H is defined by 
CO 

(3.0) iJJ(x) = (H d» (x) = ƒ (xt)*J (xt)<|>(t) dt 
0 

where J is the Bessel function of the first kind and of order V. If V 
we substitute x:=/2x", t:=/2t we obtain (with a slightly different 
notation in the index) 

CO 

(3.1) $(x) = (# $) (x) = ƒ J (2v£t)$(t) dt , 
a o 

where $(x) = (2x)_>(/2x) and ^(t) = (2t)_ (|>(t̂2t) . We will denote 
(3.1) also as Hankel transform. It has the advantage that foregoing 
theorems are applicable in a more direct way. In the sequel we omit 
the . 
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The Mellin transform of the kernel in (3.1) is given by (cf [46], p 196) 

r(a+s) 
K ( s ! = r< a + i - s ) ' R e s > "Re a -

Assume 

(3.2) -Re a i A < y S 0. 

K s a t i s f i e s 

K(s) = 0 ( s 2 R e s X) a s s 

uniformly on {s G (j: | A < Re s < y}. K(s) and [K(l-s)]~ = K(s) 
satisfy the conditions of theorem 8 and of theorem 10 with n=0. Hence 

A A 
(3.3) H& -. T (l-y,l-A) -+ T (A,y) 

where 

(H <J)) (x) = ƒ J. (2/u)<M-) — a _ Za x x 

is a continuous isomorphism and H • H = Id, if (3.2) is satisfied. 
a a 

If (3.2) is weakened to 

(3.5) -Re a U < p 

we choose n € IN and c G TR such t h a t 
(3.6) A < c < y , c i- R e a + 1 , . . . . , R e a + n , 

<3-7> , * ( S \ € L(-°°,°°j i f Re s = c . 
( a + l - s ) n 

Define k ( t ) by 

k ( t » = ^ T u ^ t - S d s , t > 0 . 
c- i 0 0 n 
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We have 

k ( t ) = t " i n j ( 2 / t ) . 
2a+n 

The map H , de f ined by a / n 

n °° 
(3.8) (8 4» (x) = x " a ■$— x n + a _ 1 ƒ t ~ i r V ^ ( 2 / t ) <(>(-) d t a,n , n ' za+n x dx 0 

is a continuous isomorphism of T (l-y,l-X) onto T (X ,y) if (3.5), 
+ + 

(3.6) and (3.7) are satisfied. This follows from (II.1.3) and (I1.1.4) 
with p = a. Both (3.1) and (3.8) may be factorized by M 'm (K)'M, 

-1 1 

where K(s) = r(a+s)/T(a+l-s). The inverse is given by H = H . 
CL i n a , ii 

Using the decomposition of-H in terms of the Mellin transform 
a ,n 

and the corresponding decomposition of J(ri,a,h) , (cf (1.3)) , we have 
formally 
(3.9) [H 4» (x) = x~a J(a+a,-2a,h) H x_a<()(x), 

a,n a+a,m 

if <(> £ T (1-U,1-X) and a £ 4). As an example of the validity of (3.9) 
let h = 0 and assume 

-Re a i \ < p £ Re(a+2ct) + 1. 

Then condition I of section 1 is satisfied for the operator 
J(a+a,-2a,0) of T (A-a,u-a) and hence (3.9) holds. 
We next consider an example of a more general case X < y. The 
(simple) poles of K are -a,-a-l,... . K has simple zeros a+1 , 
a+2,... . Let p,q E 3N and assume X < c < 0. Assume furthermore 
that the strip S = { s £ < t : | X < R e s < y } contains the points 
-a-p+1,...,-a and the points a+l,...,a+q and no other zeros and 
poles of K. Let C be the straight line from c-i°° to c+i°°. Assume 

,m i 
Lare t o t he l e f t of C 

a+h, h = l , . . . , q - n ƒ 
(3.10) . . 

- a - p + j , j = m + l , . . . , p i 
^are t o t h e r i g h t of C, 

a+h, h = q - n + l , . . . , q ƒ 
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where 0 S m S p and O 5 n S q . We have 

T(a+s) „ , 2 c - l , 
= 0 ( s ) as s -»• » , Re s = c . r ( a + l - s ) 

It follows that the conditions of theorem 27 are satisfied. Let 

c+i°° 
I K 

c-i°° 

By r e s i d u e c a l c u l u s we o b t a i n 

P-m-1 ,_1 4k,.a+k 

k=0 

c+i°° 
k ( t ) = ^ r | K ( s ) t S d s i f t > 

(3.U) k(t) = j 2 a( 2 / t ) - ' r k;-r;>aL~n •t > °-

Hence t h e cu t -Hanke l t r ans fo rm H , de f ined by 
3. 

°° p-m-l k a+k 
(3.12) (*><x) - ƒ tJ2a(2/t) -TT^ÏY kIo ̂ L l n J ^ ^ f ' 
|arg x| S 8, is a continuous isomorphism of T (1-y ,1-A;1-a-q,...,-a) 

6 ^ 'n 
onto T (A,y,--a-p+l ,. . . ,-a) if X < c < 0 and (3.10) is satisfied. p,m 
If it is not possible to choose a straight line such that (3.10) 
holds we may proceed as follows. Assume A < c. < 0, j = 1,2. Let 
now C be a contour from ci-i00 to C2+i°° which lies entirely in S 
such that (3.10) holds for this contour. Then (3.12) remains valid 
if the integral is interpreted as its principal part. 
An inversion formula for the transform in (3.12) may be constructed 
as indicated in theorem 27. 
Finally we give an example of the cut-Hankel transform if the condition 
X < c < 0 is omitted. Assume p,q,m,n,S and C as before. Moreover 
in this example let 
(3. 13) -Re a + 1 > \i . 
Let g € IN be such that 

r^(;;s\ M
 1 , = CMS"1"0) as s - », s £ C, 6 > 0. Ma+l-s) (1-a-s) 

g 
Define k ( t ) a s in theorem 27 wi th a r e p l a c e d by - a . 

9 
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Using residue calculus we obtain 

_, p-m+g-1 k a-g+k 
(3.i5) V t )=( ->*t -** J 2 a _ g (2 / t ) - i k ; - ; L ! g + k + 1 ) • t > o. 

K —U 

From theorem 27 it now follows that if (3.10), (3.13) and (3.14) are 
c satisfied the cut-Hankel transform H , defined by 

g OO 
(HC^>) (x) = xa — xg_a" ƒ k (t) <()(-) dt , larg xl i 6, 

dxg 0 g 

a 
is a continuous isomorphism of T (1-JJ,1-A;1-a-q,....,-a) onto 

ft g ' n 

T ( A , y , - - a - p + l , . . . , - a ) . p,m 
The c o n d i t i o n s under which (3 .9) i s v a l i d in t h e l a s t c a se s a r e 

much more compl ica ted than i n the f i r s t example. We omit d e t a i l s . 

5.4 EXAMPLES 

EXAMPLE I 

Let a be a complex number, ReC*>1. We d e f i n e t h e map L by 

OO 

(4.1) (L <l»(x) = ƒ t ' W - ) — < <\> £ T(l-y,l-A) , x > 0. 
a J. x x 

Assume Re a i \ < ]l or Re a < p $ A. If c > Re a we have 

c+ioo _ 
(4-2) 2^1 ^ rts-^t Sds = t"°e , t > 0 

c-ioo 

and we deduce from theorem 11 and theorem 20 that L is a continuous 
isomorphism of T(l-y,l-A) onto T (A,y). On the other hand I' and II' 
of section 2 are satisfied respectively with r|=-a. Hence the fractional 
integration operator K(-a,a) is a continuous automorphism of T (A,y). 
Hence the composition K(-a,a) • L is a continuous isomorphism of 
T(l-y,l-A) onto T (A,y). Using the representations (cf example I 
of chapter II; also note that L = L ) : 

L = tfl • m (K ) • M, 
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K(-a,a) = M~l • m(K2) • M, 

where K (s) = T(s) and K (s) = r ( s - a ) / F ( s ) we deduce 

(4.3) L = K(-a,a.) • L. 
a 

From (4.3) we may deduce L in terms of the inverses of the factors. 
It is not hard to extend this example to the case Re ai 1. We may also 
weaken the condition Re a ^ A< p to A < y, using the theorems of 
chapter IV. 

EXAMPLE II 

We consider the map B of example II of chapter II with Re a 'S' A < p 
or Re a < y < A • 

(s-a) 1 (s+n-a) n 
we see that the conditions I' or II' of section 2 are satisfied 
with n = —a. 

B = K(-a,-a+n). 
We g i v e t h e fo l lowing e x t e n s i o n of S. Assume 

A < R e a - n , Re a < c < y . 

From (2.20) wi th n = - a , a=-a+n, q=r=m=jo=0, p=n i t fo l lows t h a t 

ft ft 
X ( - a , - a + n ) : T (A,y) ■+ T ( A , y ; a - n + l , ,a) 

n ,n 
is a continuous isomorphism. 
This map is a special case of the map D of theorem 25. This 
theorem gives direct information for the map B in cases where 
I' or II' are not satisfied. 
In our last example of this chapter we turn again to an example of 
chapter II. We will derive another inversion formula for the map A 

in example V of chapter II, i.e. 
00 

(A$) (x) = -jrĵ L ƒ lFl(a;Y.-xt)<t>(t) dt . 
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EXAMPLE III 

The map A of example V, chapter II, has the representation 

A = M 1 • rri (K) • M 

where 
K(S) - nsma-s) 

T ( Y - S ) 

o 
Let A < y £ Be a, 6 5 O.Then A is a continuous map of T (l-y,l-A) 
into T (A,y). Consider the fractional integration operator 
K(a-l,y-a) of T (l-y,l-A). It is a continuous automorphism which 
follows from the fact that I' of section 2 is satisfied for this case. 
If moreover 0 £ A .< y, by example II, chapter II, the Laplace transform 

L : T9('l-y,l-A) + T0+i7T(A,y) 

is a continuous isomorphism. Hence the composition L ' K{a-\,y-a) is 
a continuous isomorphism of T (l-y,l-A) onto T (A,y) if 0 S A < y i 

S Re a.Now let K (s) = T(s) and K (s) = Ha-l+s) /T (y-l+s) . L and 
K(a-\,y-a) have the representations 

L = tf1 • mjdCj) • M 

X(a-1,y-a) = M~ • m(K ) • M 

from which we deduce 

L • X(a-l,Y-a) = M~l • m (K) • M = 4. 

Assume y S Re y. Then VI' is satisfied and it follows that (cf (2.14)) 

(4.4) 4 * = X(Y-l,ct-Y) • L l 
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which is the inversion formula of Love, Prabhakar and Kashyap, (cf 
[55]).Using the techniques of chapter III we may also prove (4.4) if 
0 < y £ X < Re a. 
In the same manner as above we may prove 

(4.5) A = I(a-l,Y-00 • L 

if 0 $ X < y < Re a or 0 < u £ A < Re a. If moreover y S Re y then 

A'1 = I,'1 • I(Y-l,a-Y). 

REMARKS 

1. If in the last example the condition y S Re y is not satisfied 
we may derive modified inversion formulas if VIII or IX are valid 
in case of the operator J and VIII' or IX' in case of the operator K. 

2. Let A be an integral transform with kernel k. If k is the inverse 
Mellin transform of a G-function, it is possible in many cases to 
write A as the product of fractional integrals and (inverse) Laplace 
transforms. Example V above is a simple case. Another example may 
be found in [29]. Confer also [67a] for an example. 
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5.5 BIBLIOGRAPHICAL NOTES 

Fractional integration in connection with various integral transfo 
transforms or in connection with integral equations have been 
applied by many authors. 
In this chapter the basic ideas developed in [4] are extended 
to spaces T (A,y), 6 > 0. The generalizations of the Weyl inte­
grals and of the Riemann-Liouville integrals mentioned in the 
introduction (section 5.0, formulas (0.1) and (0.2)) occur in 
[8] and [30]. There exist many formulas which give relations 
between fractional integrals of different order, negative order, 
order half an integer and so on. Formulas of this kind can be 
found in [3], [4], [8], [30], [40], [48], [56]. Several of these 
papers also contain relations between the fractional integrals 
(0.1) and (0.2). 
Further generalizations have been proposed. As an example, 
Parashar ([50]) extends to G functions. Sethi and Banerji, ([62]), 
also consider an extension. In their paper Lowndes' form of 
fractional integration is used to solve certain integral equations; 
(references to Lowndes' work can be found in this paper also). 
Other applications to integral equations occur in [4], [15], [47], 
[58]. The monograph of Ross, (Ed., [58]), contains several 
applications to other fields in mathematics; the first lecture 
in this volume is a good introduction to the history of fractional 
integration. An application to differential operators can be 
found in [9]. Applications may also be found in [62a]. 
Fractional integration with respect to distribution theory has been 
treated in many studies . Examples of papers which deal with 
the subject are [4], [10], [14], [44]. 
Osier ([48]) considers applications to infinite series. In his 
paper an extensive table of fractional integrals is included. 
Applications of fractional integration to Hankel transforms 
in order to extend some well known results can be found in papers 
of Koh, ([32]), Lee, ([35]), Fenyö, ([ 18]), McBride, ([43]) , Sneddon, ([62a]). 
Related forms of the Hankel transforms occur in [34] , [59]. Cf also [42a]. 
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CHAPTER 6 
STIELTJES TRANSFORMS 

6.0 INTRODUCTION 

The S t i e l t j e s transform of a function <J> i s defined by 

00 

(0.1) (S(|>) (x) = ƒ f ^ - d t , x > 0, 
0 t + x 

whenever the integral converges. A more general form is 
00 

(0.2) (S0*) (x) = ƒ ^ dt, a > 0, x > 0. 
0 (t+x) 

For some purposes i t i s convenient to consider the transform 

(0.3) <|Mx) = S(m,a,e)<tXx) = m r ( c O x m 6 / ( x V ) " V ^ ' <j, ( t ) f , 
0 

where m > 0 , a , 6 E (j:, Rea > 0 . 

If in (0.3) we make the substitution x := x , t := t , 
-6,, 1/m, y, , -8., 1/m, V , x MJ>(x ) = vjj(x) , t M(J)(t ) = <£(t) , we obtain 

(0.4) $(x) = T{a) ƒ -" -a-%t) 
0 (t+x)a 

dt. 

We see that it suffices to consider the case (0.4), which without 
the tilde we may write as 

oo 

(0.5) *(x) = T(a) ƒ (1 + £)"a<f>(t)^r. 
o t z 

Apart from the factor T(a), (0.5) is the same as (0.2) when the latter 
a-1 is applied to t <|>(t). 

In the literature two types of inversion formulas are considered. 
The first type of inversion formulas, most often based on a paper 
of Sumner, (cf.[64]) .are formulas using contour integration in the 
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complex plane. Examples of such formulas may be found in [11], 

Another type of inversion formulas uses (limits of) differential 
operators. Examples may be found in [51], 
In section 2 and 4 respectively we will treat some examples of 
these inversion formulas for the Stieltjes transform. 

6.1 THE STIELTJES TRANSFORM S a 

ct We define the Stieltjes transform S by 

00 

(1.1) (S% (x) = Ha), ƒ (l+f-)~a<f>(t) ^ . |arg x| <TT. 
0 t 

We consider first the case Rea >0. In section 3 we will make some 
remarks about the case Rea iO. Since 

M{r(a)d+t) a}(s) = r(s)na-s) 

if 0 < Re s < Re a, we consider the function 

K(s) = r(s)T(a-s). 

It has poles in s = -1,-2,... and in s = a,a+l, 
Moreover 

(1.2) K(s) = Tea-s i . v 
T ( l - s ) s i n ï ï s 

I t f o l lows t h a t 

K(s) = 0 ( s e ' ' ) a s s + » , 

uniformly on any strip {s £ (J: | a i Re s S b} . So we may apply theorems 
13 and 22. Let 
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S = {s € (j: I O < Re s < Re a } 

(1 .3 ) S, = {s E è l R e a +h-l < Re s < Re a +h} , h = 1 ,2 , . . . 
n 

S = {s £ <fc I -h < Re s < 1-h}, h = 1 , 2 , . . . -h 

We de f ine f o r any h € TL 

c + i » 
(1 .4) k^ f t ) = ~2^l ƒ r ( s ) r ( a - s ) t " S d s , c £ S h , | a rg t | < ÏÏ. 

C-ioo 

By means of residue calculus we deduce if |t| < 1, 

(1.5) kh(t) = T{a){(Ut)-a-'Yca)tm -hï1("a)t-m_a}, h *■„ m L . m m-0 m=0 

which by analytic continuation is also valid if |arg t| < TT. Here 
£~h-1 = 0 if h i 0 and f^1 = 0 if h S 0. 
It is clear that the kernel in (1.1) is k (t) . As an extension of (1.1) 
we define for h £ ZZ; 

d.6) <s%(x) = r<co "jin+^-Y Ca)&m - Y<~a> A - ^ ^ t ^ 
h 0 . \ m=Ó m t_ m=0 m t t 

I arg x| < TT, whenever the integral makes sense. According to theorem 
13, remark 11.11, theorem 22 and theorem 24 we have 
THEOREM 30 . Le t R e a > 0 , h € z , A , u £ ] R and e i t h e r A < y , A,u e l , 

h or A 2 u, A,y £ s.. n 
Then for any (J> € T(A,u) the integral (1.6) converges if |arg x| < TT 

TT Ct 
and defines a function in T (A,y). The map S is an isomorphism 
of T(A,y) onto T (\,\i) . If 6 i 0 we may extend S to a continuous 
isomorphism of T (X,y) onto T (X,u) by means of 

coe1 1 ~h- l h -1 
d.7) (A)(x)=r<a) ƒ [d+u)^-I cV-l Ca)u-m-aHfr^ 

h 0 m=0 m m=0 m u u 

dt 

where <f> £ T (A,y ) , | a r g x | < TT+6 and 6 i £ 3R such t h a t 16x1 < TT, 
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a n d | a r g x - 9 i | S 6 . 
ct 0 

A r e p r e s e n t a t i o n o f ( S $ ) ( x ) v a l i d f o r § € T ( X , y ) , | a r g x | S TT+9 

may b e g i v e n a s f o l l o w s . 

Choose n £ IN , p £ (j: s u c h t h a t R e p + 1 > m a x ( A , V 0 , n > Red. D e f i n e 

f o r c £ S and | a r g t | i TT 

c - i ° ° n 

Then 

161 n °°e 
( 1 . 9 ) <s j>) (x> = x - ^ x n + P J ^ n ( u ) * ( J ) f 

i f <t> £ T ( X , U ) , | a r g x | S TT+6, 6 I £ » s u c h t h a t 10x | S IT, 

|arg x - 6i| i 8. In particular, if |arg x| i TT and <t> £ T (A,u) 

for any 8 ^ 0 , then 

(1.10) (S% (x) = x"P - ^ - n + P ƒ < n ( f ' * ( t ) f • 
h dx11 0 h n t t 

We may evaluate k* by means of residue calculus. We carry out the 

calculation in the case h=0; the other cases lead to similar results . 

Choose 0 < c < 1, c < Re a , p £ IN . Then we get 

k*(t) = (-1) n c+i°° 
T- ƒ (s-1). . .(s-p)r(s-p-n)r(a-s)t ds 

2TT 
c - i 

p+n c+i°° p 
■^4-: ƒ — tP Sr(s-p-n)r(a-s) ds 

2TT1 . p 
c-i°° dt 

(_!)"+? ^ _ { r ( a - P - n ) ( l + t ) P + n - V n
 + 

dtP 

p+n-1 . _ , 
V ( 1)3 r(a-p-n+]) t3-ni 

j=o 3 -
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Hence, carrying out the differentiation 

(1.11) k*(t) = (-l)Vn{ f (P)r(a-n-h)(n)vi(l+t)n+h"Vh
 + 

h=0 h h 

_ " f (_!,3 r(a-p-n+j) (n_ j ) t J -p K 
j =0 D • P 

Here we assumed a / ptl, .••/ p+n-1. Otherwise we have to interprete 
the right hand side as the limit for a tending to one of these values. 

6.2 INVERSION FORMULAS 

In this section we give several inversion theorems for the Stieltjes 
transform. We assume that the conditions of the previous section are 
satisfied and deduce representations for (ST) from theorems 15 and 

n 
2 4 , w h e r e H ( s ) = 1 /K( s ) = 1 / { T ( s ) T ( a - s ) } . 

1) C h o o s e i n t h e o r e m s 15 a n d 24 

it i\ „ / ï i,~, \ ± r ( l - s ) ±TTis 
( 2 . 1 ) H ± ( s ) / ( a - s ) £ = 2 l T i r ( a + A _ s ) e 

w h e r e H £ I N , & > 2-Re a . D e f i n e 

,o n, v. ,*.\ ±1 f r ( l - s ) ±TTis - s , 
(2-2) h±i{t) =T2ÏÏI? J. r(a+£-s) e fc d s 

d-ioo 
i f a r g t = ±1T, d / 1 , 2 , . . . a n d d £ (X,u) i f X < y , d € [ y , X ] i f 

y $ A a n d [ y , A ] d o e s n o t c o n t a i n a n y o f t h e p o i n t s 1 , 2 , . . . . 
„ + 

Then we h a v e , ( c f . ( I I . 3 . 8 ) ) , 

I o c e - ( 1 T - a r 9 x ) i 

,n „ , o a » " l , , v 1 - a d £ + a - l r i , , x . . / a_. d t 
( 2 . 3 ) ( S ) i|;(x) = x — j - x [ ƒ h + £ ( " t ) , ' ; ( t ) T ~ + 

dx 0 

^ ( T T + a r g x J i 

+ ƒ h.£(f)*(t).f ] 
if 
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fl+7T 
(2.4) \l> £ T (X,p), 9>0, |arg x| i 9. 
We may evaluate h+. by means of residue calculus. The most simple 
inversion formula is found if d < 1. So we assume X < 1 if X < p or 
if \i £ X. Let £ be such that £ > 2 - Re a . Then we have 

h+£ ( t ) = 0 if 0 < |t| < 1, arg t = ±TT, 

h±£(t) = W r W t _ 1 ( 1 + i ) £ + a _ 2 i f lfc! >l' argt = ±v-
From (2 .3) we o b t a i n 

£ _ 1 T i 
. „ a , - 1 . . . 1-ad £ + a - l r f . ,x. , . _ d t IS) ^(x) = x - J X [ ƒ h + J l ( - ) t P ( t ) — + 

dx 0 
ïïi 

X6 

-X-e 
The i n t e g r a n d s a r e 0(1) t , t ■+ 0 , | a r g t | S 9+TT, f o r any e > 0. 

From t h i s , u s ing Cauchy's theorem we see t h a t we may r e p l a c e the 
—TTi TTi 

contour by another one, which runs from xe to xe and lies 
in the sector {t £ (j: | |argt| i 9+TT}. This contour may pass through 
the origin. We summarize in 
THEOREM 31. Let the assumptions of theorem 30 be satisfied. 
Assume A < 1 if A < p or y H . Let £ £ IN be such that £ > 2 - Re a. 
Then the continuous inverse of 5™, (S?) 1

 : T (X,M) +T (X,u) is 
n h 

given by 

(2.6) (Sh)_1*(x) - zirinlLi) T T / ^) £ + a-^(t,dt 
dx C 

| arg x| i 9, where C is a contour in the sector |arg t| £ TT+6, which 
—TTi TTi 

runs from xe t o xe and which may p a s s through t h e o r i g i n . By t h e 

s u b s t i t u t i o n t :=vx we o b t a i n 

1-c £ 
m ci • ,«A-1,!,/ ^ x d / £+c- l r ,., , £ + a - 2 , , , , ■, 
( 2 . 6 ) - (Sh) *(x) = 2Tr i r ( £ + a- l ) ~ { x / ( 1 + v ) * < x v ) d v } ' 

dx Co 
| arg x| S 9, Co being a contour in the sector |arg v| S TT which runs 
from e to e and which again may pass through the origin. □ 
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2) Choose in theorems 15 and 24 

(2.7) H ± ( s )
 = +(-!)"? (l-g-£+s) ±iri(s-a) 

(a-s)£ 2nir(s) e 

where £ € 1 N , J ! , > 2 - R e a . Define h + . by 

/ o e n u t + \ + ( - l ) i l d } l 0 °r ( l -a - fc+s) ±7Ti(s-a) - s . . 
(2-8) h±£(t) -7*FI)T J . — f l s T - 6 fc d t 

i f a rg t = ±tr and u > Re a + £ - l i f X < y or i f u S A. Then (2.3) i s 

v a l i d f o r ^ G T ( A , y ) , | a r g x | 2 6. Again i n t h i s ca se we h . may 

be e v a l u a t e d by r e s i d u e c a l c u l u s . We choose d > Rea+£- l . Then 

h + » ( t ) =. 0 i f | t | > 1, a rg t = ±TT , 

( 2 - 9 ) 1-a-S. 
h±£(t> - é r f e ï T '1+t'£+a"2 * W s i. ^ * = *-

From (2.3) we obtain 

<f^x) -2ÏÏ xl"aJT [ / (x+t)a+*"V) dt -
dx -TTi xe 

(+) 
^Kargx+ir) 

• - ƒ (x+t)a+£"2*(t) dt] 
TTi xe 

The behaviour of the integrands at infinity is given by the order 
relation 0(l)t + ~ ~ , t ■*■ », |arg tj è 6+TT. From Rea+£-l-y < 0 
and Cauchy's theorem we deduce that we may replace the contour in (t) 
by another one in the sector |arg t| S 6+ir. We formulate these results 
in 

THEOREM 31'. Let the assumptions of theorem 30 be satisfied. Assume 
y > Rea+H-1 if A < y or y é X. Let £ £ UN , £ >-2-Rea. Then the 
continuous inverse (S, ) : T (A,y) -*■ T (A,y) is given by (2.6) , n 
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where C is a contour in the sector |arg t| S 9+T7, which runs from 
—TTi Tri , . , xe to xe , which may be unbounded but does not pass through the 

origin. Slightly different forms of the inversion formula are obtained 
as in theorem 31 by suitable substitutions. D 

3) Choose in theorems 15 and 24 

H t„\ + ±Tri(s+Y) 
(2.11) H ± ( S ) " ± e 

(a-s). 2ir<s)T(a+£-s)simr(s+Y) 

where I £ IN, I > 2-Re a , y £ ((;. Define 

+ . d+ia> ±TTi(s+Y) - s 
( 2 - 1 2 ) h ± ) l ( t ) = 2 ^ 1 / . ' 2 i r ( s e ) r ( a + £ - s ) s i n ^ ( s + Y ) d s ' « g t = ±77 

d-i<x> 

where d+Re Y ? ^ and d 6 (A,y) i f A < y, and d € [ y , A ] i f y S A 

and [y,A] does no t c o n t a i n any of t h e p o i n t s -Re y , -Re Y i l , . . . . 

Then (2 .3) ho lds i f (2.4) i s s a t i s f i e d . 

Since h - i s t h e same f o r any two v a l u e s of y which d i f f e r an i n t e g e r , 

we may choose y such t h a t 

A < 1-Rey V 

-Re Y < P 
f i f A < y or i f y S A. 

< u -J 

Then we may choose d such that 

-Re Y < d < 1-Re Y. 

and we easily obtain by means of residue calculus 

( 2 - 1 3 ) " h ±£ ( t ) = ^ n - Y J W + W 2*ifw<»Y+*»-t> 

if 111 S 1, arg t = ±77, 

1 t Y _ 1 -1 
(2-13>" h±£(t) s T 2 Ï Ï r [ i - Y ) r ( a ^ i n ) 2 F l l l ' 2 ' a - H i l ' Y r t ] 

if 111 > 1, arg t = ±77. 

Here we use appropriate limiting values in case -a-y-SL € IN or 
Y-l e IN. 
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We summarize this case in the following theorem. 

THEOREM 31". Let the assumptions of theorem 30 be satisfied. 
Let Z £ W , I > 2-Rea , Y € <t- Assume 

A < 1-Re y 1 
j> if A < U or if y = '̂ -

■ -Re Y < P 

Let h „(t) be defined by (2.12) with -ReY < d < 1-ReY • Then 
a -1 the inverse (S ) is given by (2.3) if (2.4) is satisfied. Here 

h+Jl(t) is explicitly given by (2.13)' and (2.13)". ö 
The inversion formula in theorem 31" follows from the inversion formula 
Of theorem.31' if y > Re a+&- 1. This may be seen in the following way. 
The function h+.(t) in (2.13)' has an analytic continuation on the 
Riemann surface of the log function for j 11 >1. The analytic contin­
uation to |t| >1 may be given using [12],I,p 63 (17). We obtain 
(we denote the analytic continuation also by the r.h.s. of (2.13)'): 

1 tY 
± 2ÏÏ n-Y)r(a+£+Y) *Fi(l,Y+l;o*Y+fc;-t) = 

- 1 t Y _ 1 -1 
- ■ zFid^-a-Jl-Y.-l-Y.'-t ) + 2iri r(l-Y)r(a+«,+Y-l) 

(*) 
(l.t- 1)"^- 2^ 1 

* T{a+l-l) 
The first term in the right hand side is (2.13)", the second term is 
the kernel which occurs in theorem 31'. Hence the inversion formulas of 
theorem 31' and of theorem 31" are in accordance with each other if we 
can show that 

| 0 + ) x Y-l -t dt 
ƒ (f)r

 2F1(l,2-a-£-Y;l-Y,~)^(t)^= 0; 
i(argx -TT) 

(the integrand is to be understood in the sense of the analytic 
continuation). But this follows from an application of Cauchy's 
theorem, using the asymptotic behaviour of the integrand near 
zero and near °°,(which may be deduced from (*)). 
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6.3 EXTENSION TO THE CASE RE a < 0 

Assume that the conditions of theorem 30 are satisfied for the trans­
forms S and S~, in such a way that they are both defined on some space 
T (A,y). It follows from chapter V, section 1, that then also the 
conditions are satisfied under which the operator of fractional inte­
gration T(a-1,a'-a,h) is defined on T (A,y) and on T (A,y). 
We have the following representations for the operators: 

S?i = M 1 • m(K.) • M, n 1 

S? = M 1 • m(K ■) • M, h . 2 

I(a-l,a'-a,h) = M • m(K ) • M, 
where 

K l 

K 2 

K 3 

s ) 

s ) 

s) 

-

= 

= 

F(s)T(a 

r(s)T(a-

T(a-s) 
r ( a ' - s ) 

-s) 

s ) , 

■ 

I t follows tha t in a formal way we have 

(3.1) s"! • I ( a - l , a ' - a , h ) = I ( a - 1 , a ' - a , h ) • s " ' = S®. 
h n n 

We specify the conditions for (3.1) in the case a' = a+n, n £ TJ , 

Consider the conditions (cf theorem 30) 

(3 .2 ) 

0 £ A < y < n + R e a , h ' = 0 

0 < u 2 A < n + R e a , h ' = 0 

R e a + n + h ' - l S A < y ^ R e a + n + h ' 

R e a + n + h ' - l < y i A < R e a + n + h ' 

- h ' i A < y < 1-h' 

- h ' < y $ A < 1-h' 

) h ' G ]N"v{o}, 
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and the conditions (cf section 5.1) 

0 S X < y £ Re a, h=0 

0 < u S A < Re a, h=0 

Rea+h-1 £ A < u i Rea+h, h=l,...,n-l or Rea+n-1 i X < y 
Rea+h-1 < p S 1 < Rea+h, h=l,...,n-l or Rea+n-1 < u 5 X. 

Let Re a >0, n £ IN. Assume that one of the conditions (3.2) is 
satisfied. Assume moreover that one of the conditions of (3.2) with 
n = 0 and h' = h is also satisfied. Then S^t" and s" are continuous 

A fl+ 
isomorphisms of T (X,y) onto T (A,y). From chapter 5, section 1 
it follows that J(a-l,n,h) is a continuous automorphism of T (X,y) 
and of T (A,y). Hence we have 
(3.4) S^tn * J(a-l,n,h) = I(a-l,n,h) • s£*n = S^. 

a We use (3.4) to extend the definition of S, . h 
Assume Re a S 0. Let n G IN be such that n + Re a > 0. Assume that 
one of the conditions (3.2) and one of the conditions (3.3) are 
satisfied. Then both compositions in (3.4) are isomorphisms of 
T (A,y) onto T (A,y), (cf case V, page ). Hence (3.4) defines 
S~ : T (X',y) -*■ T (A,y) in case Red SO and this definition is h 
independent of the choice of n provided n + Re a > 0. 
The inverse map is easily given (cf. theorem 25): 

ii »\ i /cO,-1.. . 1-oc d n+a-1 .„a+n.-l. ,. . (3.4)' (Sh) ij>(x) =x — - x (5 ) IJJ(X) , 
dx 

* € Te+^(X,y). 
Formulas for the inverse (S ) may be taken from sec t ion"2. 

6.4 INVERSION FORMULAS INVOLVING DIFFERENTIAL OPERATORS 

In t h i s sect ion we derive inversion formulas for the S t i e l t j e s 

transform which make use of d i f f e r e n t i a l operators . In fact we 

construct operators which contain a parameter n and which for 
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large n are "nearly" the inverse for the Stieltjes transform. 
We define the function K as in section 1, K(s) = r(s)T(a-s). We 
assume Re a > 0 and X< y. The map m(K), defined in chapter 1, may be 
lifted to the map S : T (A,y) ■+ T (A,p) by means of the decomposition 

.S" = M"1 • m(K) • M. 

The continuous inverse of m(K) is defined by 

m"1(Kms) =r(sIna-s) >/ es^a .y ) . 

We are going to construct a sequence of linear continuous maps 
oo (B ) 4 with the property n n=l 

lim B = m-1(K) n-h» n 

in the space L(S ,S ), the space of all continuous linear maps of 
9+TT 6 S into S . By means of the Mellin transform again the B are 

9+7T B n 
lifted to continuous linear maps D : T (X,\i) ■* T (A,y) , with the n 
property 

lim D = (S")"1-
n->oo n h 

e+TT e 

Here the limit is taken in L(T ,T ) in the sense of the strong 
operator topology. Hence we shall have to prove 

ü m B V = m~1(K)}¥ 
ir*<x> n 

for all * £ S8+7T(X,y). 
First we mention two lemmas. 

LEMMA 1. Let G be a compact set. in <(:. Let a £ (jr. Then uniformly in G 
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LEMMA 2. L e t d i , d 2 G TR , d i < d 2 . There e x i s t a c o n s t a n t M > 0 and 

nu £ M such t h a t 

n £ nn =» —TI , . n . ^~\ < M 
1 r (n)T(n+a) ' 

uniformly on {££<[: | di ^ Re C S d2}. 

Proof. The first lemma follows easily from [l2l, I,p.49. 
For the proof of the second lemma we observe that by definition 

00 00 

j r (s) j = | ƒ e - t t S - 1 d t | < ƒ e _ t t R e S _ 1 d t S T(Re s) 
0 0 

if Re s > 0. For n sufficiently large 

|r(n+£)r(n+g-Q i < T (n+Re X, ) T (n+Re (g-£)) 
' r(n)T(n+a) ' = |r(n)r(n+a)I 

, „I Re t, +Re(a-£)-a, a M|n j 

^ M, 
_ + for some M G OR 

We now turn to the definition of B . Let 8 2 0, Rea>0. For any 
V G se+7T(A,y) we define 

(s) (s-n-a+1) 
IB y)(s) = (-1)" " ,r, ̂  " V(s). n r(n)r(n+a) 

A+7T A 
Clearly B defines a map from S (X,V) onto S (X,y), which by 
theorem 1, chapter I, is continuous. We prove that B V (s) converges 

-1 -1 n 

pointwise to m (K)¥(s). Indeed, puting m (K)¥(s) = <J>(s), we have 
, (s) (s-n-a+1) 

BJ(s) - m '(Kills) = [(-l)n " ,r, . n - ___L r__]y(s) n r(n)r(n+a) r(s)r(a-s) 

rr(n+s)r(n+a-s) ,-,,*, . 
=[ r(n)r;n+a)

 1]$(s) + ° as n - °° 
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by lemma 1. 
— 1 A 

Next we prove the convergence B ¥ ■* m (K)T in the topology of S (X,y) 
Denote B Ï by $ . We have n J n 

P ölsL. ., , rF(s+n) T(n+a-s) ,n p 6|sL. . s*e ' '[$ s)-$ s ] = [ r, p ,„. - l]s*e ' '$(s . n r(n)F(n+a) 

For some constant To > 0, to be specified within a moment, we define 

Vo = {s £ (tl A ^ Re s S y and I Im si < T0}, ' n n ' 

Vi = {s € (f: | X ^ Re s S p and | Im s| £ T0}. 

Let k € 3N , e > 0. From lemma 2 it follows that there exist M and 
n € UN such that 

lr'?"!rl"r ■■■l<V\"- 'V'V 
where M is independent of s. Of course, in general M may depend 
on the choice of k. 
From the definition of S (X,y) we deduce that there exists To 
such that 

(4.3) sup |sPe |SU(s) | < 7-f- • 
pSk Ml 
s€Vi 

From lemma 1 it follows that there exists n £ 3N such that 

IA A\ ir(n+s)r(n+0t-s) I ■ e . . . 
(4-4) I r(n)r(n+a) - x\ < F W l f n > n

2 ' 
k 

uniformly on Vo- (Ö belongs to the multinorm on S (X,y)). 
Combining (4.2), (4.3) and (4.4) we obtain 

sup |sPe9'S'(S Y-$)(s)| < 2E if n > max(n.,n.) 
pök n l l 

X SRe s Sy n n 
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e being arbitrary, the assertion follows. 
From the foregoing results we may conclude that in the sense of the 
strong operator topology in L(S ,S ) we have 

B -*■ m~ (K) as n ->■ <*>. n 
We now lift the maps B with the aid of the Mellin transform to the 
spaces T (A,U) and T (A,U). We give the exact formulation in the 
next theorem. 
THEOREM 32. Assume Re a >0, A < u. Let D denote ordinary differen­
tiation. Define the map D by 

( - l ) n 1-a n 2n+a-l n . , , 
(4-5) V ( x ) = roonn+co x D x D * ( x ) 

if I|J € T (X,y) . Then D is a continuous isomorphism of T (A,u) 
8 n 

onto T (A,y) for any 0 i 0. Assume moreover that one of the following 
conditions is satisfied (cf. theorem 30): 

0 S A < y < R e a , h=0, 
Rea+h-1 S A < u £ Rea+h, h=l,2,... 

Then in the sense of the strong operator topology in L(T (A,y) , 
A 

T (A,y)), we have 
a -1 lim D = (SH . n-*» n h 

Proof. It is easy to show that D lii(x) = M • B • Mty(x) for any 
g n 

n € IN and ty £ T (A,y). Hence the continuity of D . 
n 

We also have 

B • Mty(x) ->■ m-1(K) • M*(x) =M- (S?S ~V(x) , n n 

where " -*■ " is to be understood on one hand as pointwise convergence 
A 

and on the other hand as convergence in S (A,u). Lifting with the 
— 1 9 

continuous isomorphism M to the space T (A,y) one obtains 

£MJJ(X) ■*■ ( S ^ r V x ) if n + «. 

As before we now have the validity of the theorem. □ 
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REMARKS 

1. The isomorphism D in (4.5) is related to the map which we have 
introduced in chapter IV, (1.4). If in (IV.1.4) we take 

s_ = (a,a+l, . . . ,a+n-l,l-n,2-n,... ,0) 

then b e s i d e s t he f a c t o r (-1) / ( T ( n ) T ( n + a ) ) , D c o i n c i d e s with t h e 
n 

map D in (IV.1.4). From this also the continuity of D follows. 
2. The order of the factors in (s) (s-n-a+1) in the definition of 

n n 
B is irrelevant. Therefore in changing the order of the ... 
operations in the defining relation for D one may construct 
other inversion formulas. As examples we mention Pollard's 
formula (cf [54 ]) , 

n i, , (-1) -a„n. 2n+a-l„n. ,. , 
V X ) = r(n)r(n+a)x D <X D >*(x)' 

and a formula which i s r e l a t e d t o (4.5) 

n i , > (-1) n n 1-ot n n + a - 1 , , . 

V ( x ) =r(n)r(n-a) x D x D x *(x)-

Here a s be fo re D d e n o t e s o r d i n a r y d i f f e r e n t i a t i o n . 

6.5 EXAMPLE 

In this example we consider a different approach of example V of 
chapter II. As in that example we assume 

(5.1) 0 i X < v < Re a. 

We define 

H±(8) =±1i-e±iTT(s-Y+1>r(s-y+l) 

Then H (s) + H_(s) = l/r(y-s) 
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Let £ £ IN be such t h a t u > -(Rey+lü+ f. Then we may choose c such 
tha t 
(5.2) 1-u < c < 1-A, c < Rey+i- §. 

Define h + . by 

c+i°° 
h

+ , ( t ) = T 2 ^ ( - 1 ) £ / e * i i r ( - Y + 1 » r ( B - Y - l . l ) t - 8 d » . 
c-i°° . 

From the l a s t inequal i ty of (5.2) i t follows that the in tegra l 
i s absolutely convergent if iir i ±arg t i j ^ • 
We evaluate the in tegra l in the case in which c i s chosen in such a 
way tha t Y+&-1 i s the only pole of the integrand to the r igh t 
of the contour. Using- residue calculus we obtain 

,,-Y-fc+l «-
h f t(t) = ± 2TTi (e -1) , iTT Ï i a r g t S fir. 

We now use the results of theorem 11.11 and remark II.7. We put 
3. ̂Y+j-1/ j=l,. .,£; 6=èTT, a+=l2TT. Moreover we replace A and u by 1-y 
and 1-A respectively. The map B, defined by 

<B*) (x) = x ^ V x ^ - 1 JL. ( ƒ + 7 ) (xt)-£^+1(eXt-l)^(t) dt , 
iy- 0 

oog ' 
|arg x| S 6+iTr, is a continuous isomorphism of T '"'t 1-u, 1-A) onto 
6 + iTT 

T (A,u). Here Y ± is such that |y +| i 9+TT and iirS±(arg x +y ) S -TT. 
For B we have the representation 

(5.3) B = M'1 ' m (K) • M 

if K(s) = l/r(y-s). 
Next we consider a special form of the Stieltjes transform: 

00 

(5.4) (^HX) = ƒ ( ^ - v + f r ^ u j f . 

Apart from the factor T (a) the kernel i s given by 
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d+i°° 
(5.5) -^r ƒ r ( s + a - l ) r ( c c - ( s + a - l ) ) t s ds , I-Re a < d < 1, 

a-i°° 

From (5.1) we deduce 

(5.6) - R e a £ 1-)J < 1-A i 1. 

From section 1 we now may deduce that the map S is a continuous 
isomorphism of T (l-p,l-X) onto T (l-p,l-A) if (5.1) holds for any 
6 > 0. A representation for 5 a is 

(5.7) $"= tf1 • m(K) • M 

where K(s) = Hs+a-l) T( 1-s)'. 
Combining (5.3) and (5.7) we obtain the following factorization of the 
map A of example V, chapter II: 

(5.8) A = B ■ £ a 

Applying theorem 11.11 again it is not hard to see that the inverse 
of B is the Laplace transform L , given by 

CO 

(L d» (x) = ƒ (xt)Y-1e"Xt())(t) dt 
T 0 

if Re Y > V and a related expression if the last condition is not 
satisfied. The inverse of may be constructed along the pattern of 
section 2. From (5.8) we deduce 

A'1 = t^]"1 • L 
y 

and this gives a solution of the integral equation of Love, 
Prabhakar and Kashyap, (cf [4l]), 

/ 7 T v T i p i ( 0 ' Y ' - x t , * ( t , d t - ? l i f 
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where g(x) is a given function. 

REMARK. 

Under suitable conditions we may factorize the Stieltjes 
ct transform S using the general form of the Laplace transform as 

in the example above. From the Mellin transform of the kernel 
of the Stieltjes transform we may deduce 

S? = L • L . . h -1+a 

We omit the details. 
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6.6 BIBLIOGRAPHICAL NOTES 

Stieltjes transforms and its inverses are important in applied 
mathematics. As an example of an application see the integral 
equation in section 6.5 where the solution is given in terms of 
the Stieltjes transform. 
In the last ten years also generalizations of the kernel have 
been considered. Joshi ([29]) gives an extension to a hypergeo-
metric kernel, in fact following earlier work of Swaroop, ([65]). 
He proves complex inversion formulas, which are in the form of 
a repeated integral. Also Srivastava suggests various extensions, 
( cf [63]). His inversion formulas are constructed along the 
same line, having the form of a repeated integral. Finally a 
general kernel using a G function is given by Pathak, ([52]). 
Stieltjes transforms for distributions are treated in [11], [49], 
and [51] and this is only a choice. Especially Erdélyi's paper 
[11 ] has given impulses to our approach. The advantage of our 
treatment consists mainly in the fact that the the inversion is 
straightforward. This is due to the homeomorphic character of 
the transform on the function spaces:. 
Inversion formulas using complex integration have been firstly proposed 
by Sumner, ([64]). Inversion formulas using differential operators 
are known for a long time, (cf [l4j). They are used also for the 
inversion of the generalised forms of the Stieltjes transform, 
(for example in [7]), and for the inversion in the distributional 
sense, (cf [52]) . 
Several remarks on the subject may also be found in the books 
of Hirschman and Widder ([26b]) and of Marichev ([42a]). 
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CHAPTER 7 
MEIJER TRANSFORMS 

7.0 INTRODUCTION 

Fractional integration and Stieltjes transforms, which are the subject 
of chapter V and of chapter VI respectively, are examples of the 
(product) convolution transform. In this chapter we consider as 
examples of Watson transforms two transforms which are due to 
C.S.Meijer; (cf [44a] and [44b]). In fact these transforms are special 
cases of the "G-transform" in the last example of chapter IV. 
The first transform which in the sequel we will denote by K-transform, 
is defined by 

iMx) = (Kd>)(x) = ƒ ,£t.K (xt)<)>(t) at 
0 

where K is the Bessel function of third kind and of order V. In the V 
same manner as in the case of the Hankel transform in section V.3 we 
substitute x:=/2x and t:=/2t. The result is a slightly different form, 

oo 

$(x) = ƒ K (2v£t)$(t) dt 
0 

where <p and $ are defined as in section V.3, (3.1). It follows that 
without loss of generality we may take as aefinition of the K-transform 

CO 

(o.i) (X <j>) (x) = ƒ K (2»£t)<j>(t) at . 
a Q za. 

This aefinition has the advantage that theorems of the foregoing 
chapters are easier to apply. The reason for the inaex 2a in steaa 
of V is that the Mellin transform of the kernel is slightly easier 
to hanaie. 
Meijer 's secona transform, which we will aenote by W-transform, is 
aefinea by 
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(W_ .<$>) (x) = ƒ e"ixt(xt) b_iw. (xt)<|>(t) dt . a,E> ' : t>+i,a 

Here W is Whittaker's function. 
' t ' 

In order to make the Mellin transform of the kernel more simple to 
caculate with we add the factor t in the kernel of the transform. 
Of course there is no loss of generality if we adopt the following 
formula as the defining relation for the W-transfprm: 

(0.2) -(W J>) (x) = ƒ e"ixt(xt) *W. . (xt)<f>(t) dt a,b ' D+t,a 

In s e c t i o n 1 we c o n s i d e r t h e map K . In s e c t i o n 2 some p r o p e r t i e s of 
W , w i l l be d e r i v e d . In s e c t i o n 3 we w i l l see t h a t t h e r e a r e some a ,b 
s imple r e l a t i o n s wi th o t h e r i n t e g r a l t r a n s f o r m s . 

7 . 1 M E I J E R ' S K-TRANSFORM 

Consider t he f u n c t i o n K, 

K(s) = . j r ( s - a ) r ( s + a ) , R e a > 0 . 

Assume 2a £ W . Then K has f i r s t o r d e r p o l e s in ± a - j , j = 0 , l , . . . . 
i i 2 c - l i i 

If Res = c we have K(s) = 0( | s | exp(- i r | im s | ) a s s ■*• » . Hence t o 

any p a i r of r e a l numbers a i and 3 i , CXi < Bi , t h e r e e x i s t s Yi £ IE 

such t h a t 
K(s) = 0 ( | s | e x p ( - i r | l m s | ) ) a s s -»■ <», 

uni formly on {s 6 $ \ d i £ Re s S 3 i > . Moreover, i f H i s d e f i n e d by 

H(s) = l / K ( l - s ) , t o any p a i r of r e a l numbers 0t2 and 82 f (*2 < B2, t h e r e 

e x i s t s Y2 £ IR such t h a t 

H(s) = 0( | s | ' 2 e x p ( i r | Im s | ) a s s ■+ <», 

uni formly on {s £ $ | a2 i Re s 2 62}• 
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I t f o l l ows t h a t K and H s a t i s f y t h e c o n d i t i o n s of theorems I I . 9 and 

11.11 i f R e a S X < u a n d of theorems I I I . 18 and I I I . 20 i f Re a < u £ X. 

Le t k ( t ) be de f ined by ( I I . 1 . 1 0 ) i f X < c < u o r u ^ c < X . Then 

k ( t ) = K„ ( 2 / t ) , | a r g t | < TT, 

where K is the Bessel function of third kind and of order 2a, (cf 
Z3i 

[ 1 3 ] , I , p 349 , [46] p 196) . We t h e n have from t h e theorems mentioned 

above and t h e remarks I I . 5 , I I I . l : 

THEOREM 3 3 . Assume 0 ^ R e a S X < y o r O S R e a < y S X . Then t h e map 

K , d e f i n e d by (0.1) for | a rg x | < TT i s a con t inuous isomorphism of 
a TT 0 

T ( l - y , l - X ) on to T (X,u) . For any G £ 0 i t s r e s t r i c t i o n t o T ( l - p , l - X ) 
i s a c o n t i n u o u s isomorphism onto T (X ,y ) . i t i s g iven by 

i 6 i 
ooe 

( 1 . 1 ) (K cf>) (x) = x ƒ K C?/u) <()(-) du , ! a r g x | < 6 + T r , 
a Q & x 

We may c o n s t r u c t a r e p r e s e n t a t i o n which i s a l s o v a l i d i f | a r g x | ^ 8 + TT 

as f o l l o w s . L e t n E Jj\J , n > 2max(X,p) and p € (j:, Re p +l>max (X ,\i) . 

Define k ( t ) by n 

v»-iïr.j,.'ï^r' t-'-'^ t"-
C+i ' 

ƒ 
c-i°° "~ ' n 

Then we have 

i 6 i _ n ?°e 
( 1 . 3 ) (X (()) (x) = x P -2— x n + P _ 1 J k (u)<(>(-)du a , n ' n x dx 0 

where | a r g x | S 9+TT , | 6 i | i TT; | a r g x - 9 i | ^ 6. 

We a l s o have t h e fo l lowing decompos i t ion of t h e map K , 
a 

(1.4) K = ff1 • m. (K) • M 
a l 

with K(s) = ir(s-a)r(s+a) and m (K) defined as in chapter I. 
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REMARK 

Let the assumpt ions of theorem 33 be s a t i s f i e d . We t a k e a s l i g h t l y 

d i f f e r e n t k e r n e l in s t e a d of (1.2) . For m € IN and | a rg t\ £ TT we d e f i n e 

c + i 0 0 

_ _J_ ( T(s-a)r 
v 2m v w 2ïïi ' . 2 ( l - a - s ) (1+a-s) c-x°° m m 
k, (t> = ^ - i ... r ( s : a lF ( 5 + a? t-5ds 

C+l°° 
ƒ i 

c-i°° 

I r - s = — - I è r ( s - a - m ) F ( s + a - m ) t ds . 2TTI ' . 

Assume 
c < m , X < c < y 

c f JRe a +m, ±Re a +m-
1 if X < y 

1 , . . . ƒ 

y S c S X , c < m 

t h e r e a r e no p o l e s of t h e \ i f X £ u . 

i n t e g r a n d i n { s € ( ( : | y S R e s S X } 

Then we have 

j l - l . r , , = , > a J2-1 i r , 0 = ^ k + a 
k 2 m ( t ) t L K 2 a ( 2 / t ) . * k ! ( l - 2 a ) „ \ k ! ( l + 2 a l J 

j=0 k j=0 k 

if a+m,....,a+m-ji+l and -a+m,...,-a+m-J2+1 are those poles of the 
integrand which are to the right of the contour. 

It follows from theorems 9, 11, 18, 20 and remarks II.5 and III.l 
that in this case we have 

i8i °°e m AS , ^ -a~m m+2a m m-a-1 r -m, , ̂,j./t. ,,_ (K <p) (x) = x D x D x J t k„ (t) <(>(—) dt a ' an x 

if |arg x| S TT+6, | 9I | i TT, |argx - 6i| < 6 and (J> € T (l-y,l-X) . 

In order to derive inversion formulas for K we apply theorem II.11 
and theorem III.20. The function H of these theorems is now 

,-1 H(s) = 2[r(l+a-s)r(l-a-s)] 
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H is an entire function and 

r, / , „, I I 2d-1 TT I lm s I , 
H(s) = 0( | s | e ' '] as s + » , Res = d. 

Let t h e assumpt ions of theorem 33 be s a t i s f i e d . 

1. Choose 

His) = ± - i - e ± 7 I i ( S + a ) - J{s+a) . ± iri T d + a - s ) 

Let 1-y < d < 1-A i f X < y o r 1-A i d ^ 1-y i f y S A. Assume 

d ^ -Re a , - R e a - 1 , . . . i f A < y and i f y $ A assume t h a t no p o l e s 

a r e in t he s t r i p {s £ $ | 1-A £ Re s £ 1 -y} . Le t £> 2 ( 1 - y ) . Then I > 2d 

i f 1-A S d S 1-y and i f A < y we may choose d such t h a t I > 2d. 
Define h ^ ( t ) a s in ( I I . 2 . 9 ) * with 8 . = a + j , i=\,..,l: 

.. d+i°° ±TTi(s+a) r , ^ , ii c\ i. /i.» ±1 f e r ( s+a ) - s , 
( 1 - 5 ) h ± £ ( t ) = 2ÏÏÏ ƒ T r i m + 1 + a - s ) fc d s , a r g t = ± T T . 

We have 

h ± * ( t ) = ^ 1 { t " U l 2 a + i l ( 2 / t ) " 3 Ï 0 j ! r a + 2 a + j + l ) } 

where g £ IN i s such t h a t -Re a - g < d < - R e a - g + 1 i f d < -Re a and 

o t h e r w i s e g = 0 . Here I . . deno tes t h e modi f ied Besse l f unc t ion of the 

f i r s t k ind and of o r d e r 2a+&. 

From ( I I . 2 . 1 1 ) * * we deduce wi th y+ = ^ 

- a i 
(1.6) ( X ~ \ » ( x ) = ^ J ^ x * * * / { ( x t ) _ H I 2 a + £ ( 2 v ^ t ) -

dx C 

g ; 1 ( x t ) a + j 

- lQ T^fTïW^w'(t , dt • 
if) £ T^lA/y) , x > 0, where C is the contour which runs from «>e to 

, - ^ i1T 
zero and from zero to °°e 
As a special case, if y> 1 and A-l < Re a we may choose -Re a< d<0 if 
A<y and hence £=0 and g=0. Then we have if X < y or y S X, 

(1.6)" (if V ) (x) = ^7 J Io (2A)i|>(-)— , * £ T^CX.y) , x > 0. 
cl Til £.£L X X 
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REMARK 

In order to derive the foregoing inversion formulas we have 

applied theorems II.11 and III.20 with h+„ defined by (1.5). I t 

should be noted that we have ai=±'n'. Hence formula (1.6) can not be 

extended to the case ty £ T (A,y) if 9 > 0. 

2. Choose 

±TTi(s+b) 

ir(l-a-s)T(1+a-s)sirnr (s+b) 

We make the following assumptions 

(1.7) H (s) = — , b £ (f:. 

1-y < d < 1-A 1.. . „ 
kf A < y, 

d ^ -Re b +k, k C 7Z ' 

1-A < d i 1-y 
\< {s e <£ | l-A S Re s S 1-y} does not >if y < A. 

contain any of the points -b+k,k£z 
Let £>2(l-y). Then as in case 1. we may choose £>2d. Define h .(t) by 

_ d+i°° ±TTi(s+b) 
+ 1 f Q —S 

(1.8) h
± £ ( t ) = "2IT J. i r ( l -a-s) rU+a-s+Dsinlrfe+b) fc d s ' 

a - 1 0 0 

if arg t = ±ir. Then the inverse is given by 

dxl C 
(1.9) (if V ) (x) = x_a -2-j xa+lj h+£(xt)iMt)dt, 

TT 
if 1(1 £ T (A,y) and x > 0. Here C is the same contour as in the 
case above. The assertion follows as in case 1. from theorem 11.11 
and theorem III.20. 
As a simple example we calculate h « in a special case. Assume 
min (A,y) > 1. Then we may choose d < 0 and hence I = 0. Assume 
moreover that for some b we have 

A-1 < Re b < y. 

Then we have, using residue calculus, 



l < + 3 

± t b 

(1.10) h ± ( t ) = T T i r a - a ^ m + a + b ) i ^ n ^ - ^ . l ^ b . - t ) , a r g t = ±TT. 

The corresponding inversion formula i s now 

x ƒ 1F2(l;l-a+b,l+a+b;xt)(xt) 4(t) dt , 
C 

Tf 
where ty G T (X ,\i) , x > 0 and C is the contour in (1.9) . If b=a this 
reduces to formula (1.6)'. 
REMARK 

Also here we have, to put a = TT in the appl icat ion of theorem 
11.11 and I I I . 20 i f h+ ? i s defined by (1 .8) . Hence formula 
(1.9) and formula (1.11) can not be extended to the case 
ty £ T (A,u) for pos i t ive 9. 

7 .2 MEIJER'S W-TRANSFORM 

The kernel of the i n t eg ra l transform in (0.2) i s 

(2.1) k( t) = e - i t t _ i W . . (t) , 
b+i ,a 

where W denotes Whit taker 's function. I t s Mellin transform i s • / • 

(2.2) K(s) - r i s ! f ' r a ) , R e s > R e a > 0 , 
1(s-b) 

(cf [ l 2 ] l p216 and [46] p 146). If Re s remains bounded we have 

K(s) = 0 ( s " i T r l I m S l | 8 | R e ( a + b ) ~ i ) as |lm s | - », 

( K ( l - s ) ) - 1 = 0(s*' tTl I lnSl I s l ^ ' 3 - ^ - * ) as |lm s | - ». 

It follows that to any pair of real numbers a.\ and Bi there 
exists Yl G TR such that 



144 

K(s) = 0 ( s _ i 7 T | l m s | | s | Y l ) 

uniformly on {s £ fy | a i É Re s S 3 i> . Also t o any p a i r of r e a l 

numbers CX2 and f?2 t h e r e e x i s t s Y2 such t h a t 

H(s) = l / K ( l - s ) = 0 ( s i l T ' I m S l | s | Y 2 ) a s s - °°, 

uni formly on {s £ (j: | 012 S Re s S 62} • 

We may apply theorem I I . 1 1 and I I I . 2 0 . We then have t h e f o l l o w i n g 

theorem. 

THEOREM 34. Let a ,b f. (f:. Re a ^ 0. Assume max(Rea,Reb) Ö A < y or 
max(Rea,Re.b) < y i A. Then the W-transform, defined in (0.2) for 
|arg x| < iïï, (j) f T(l-y,l-A), is a continuous isomorphism of 
T(l-y,l-X) onto T (A,y). For any 6 > 0 its restriction to T (l-y,l-A) 
is a continuous isomorphism onto T (A,y). This extension may be 
described by 

i»i 

(2.3) (W cj>) (,x) = - ƒ e H t }W. ±, (t) (()(-) dt, |arg x|<e+iTT, 

where Q^ is such that 

(2.4) |6i| < iTT and 9i-6 i arg x S 6i+9. 

A representation which is valid if |arg x| £ 6+iTT is given by 
i6i n °°e 

(2.5) (W J)) (x) = x~P — x n + P _ 1 ƒ k (t) (()(-) at, a,b , n ' n x ax 0 
where \§\\ i iu, |arg x - 9i| S 9. The kernel in (2.5) is definea 
as in (II.1.3)+: 

v /^ 1 f r(s-a)r(s+a) -s_ 1 , . , k n ( t ) = 2il I. T(s-b)(l+p-s) " fc dS ' |arg fc| S ilT 
c-i00 n 

if p ana n are such that Rep + 1 > max(A,y) , n > c+i+Reb. c 

In the same manner as in the case of the K-transform we aerive 
inversion formulas. We use again the aecomposition of the function 
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H, namely H(s) = H (s) + H (s), according to theorem II.11 and theorem 
III. 20. We assume max (Re a,Re b) S X < y or max (Re a,Re b) < y S X and 
d £ (l-y,l-X) or d € [l-X,l-y]. 
1. Define 

, r, ^ ir/i v.% ±TTi(s+a) 
H ,^ = + _L_ r(s+a)r(l-s-b)e 
* V s ; " 2lTi Td-s+a) . 

We have 

~,i id-i-Reb — iTT I Im s 1+ TTIm s, . m _ , H (s) = 0( |s| e ' ' ) as s ■*■ <*>, Re s =d . 

3 Let Ü € IN be such that I > — - y - Reb; if X< y we may choose d such 
that I > d + 1 - Reb ; if A i y then for all d £ [l-A,l-y] we have 
I > d + i - Reb. Define h+ (t) by (II.2.9)* with B. = a+j, j=l,...,£ 
and a+ = —IT : 

±1 d ) l 0 ° r ( s + a ) r ( l - s - b ) ±iri(s+a) - s 
< 2 " 6 > h±£(t) =12ÏÏIF J.-T(Ul-s+a) 6 ' d S 

i f }TT S ± a r g t S - I T . We assume t h a t t h e l i n e Re s = d does n o t 

c o n t a i n any of t he p o l e s of t h e i n t e g r a n d . From ( I I . 2 . 1 1 ) * * wi th 

Y =±iir we o b t a i n t h e i n v e r s i o n formula 

£ „ i°° 
(2.7) (f/ \ > ) ( x ) = x a - ^ x&+* [ƒ h (x t ) iMt) <3t + 

a ' b cbc 0 

- i 0 0 i 
+ ƒ h_ . (x t ) t ( j ( t ) d t ] , x > 0 , ♦ € r (X,y) , 

0 * 
3 which formula holds if £+Reb+y > —. 

If 6 > 0 and \j) 6 T (X,y) the inversion formula becomes 

(i/1 i|))(x) = x"a -2-j x a + £ [ ƒ h (xt)*(t) at + ƒ h_^(xt)^(t) at] 
' dx 0 0 
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if |arg x| S 6 and y+ satisfy (II.2.12) with a+ = -|TT and 60 = i^. 
We consider a special case. Assume A < 1 + Re a . If A < y, we may 
choose d such that d > -Re a; so the poles s=-a-j, j £ 3N are to 
the left of Res =d. If A 2 y, the poles s=-a-j , j £ 3N are to the 
left of Res=l-A. Using residue calculus we obtain 

(2-8) h±£(t) =lfrfBifêr) ^ ( « « - b . ^ i . t i , 

iir £ ±arg t £ —7r. From this we deduce the inversion formula 
I 

,o >̂ ,r7 -1 u , , H l + a - b ) - a d a+£ „ 
2 .9 (W Ji>) (x) = _ ' . - ' . . x — 5 - x x a , b 2TTir(2a+x.+ l) , £ dx 

i°° 
x ƒ (xt)aiF1(l+a-b;2a+«.+l,-xt)^(t) dt 
-i°° 

if x > 0 and ij>£ T (A,y), A < 1+Re a, £+Reb +y >-z and the assumptions 
of theorem 34 are fulfilled. In terms of Whittaker's function this 
formula is., (cf [12] I, p 264) 
,r;-l „, > ni+a-b) -a d a+£ Y° ixt, ̂ ,-i-H , , , , ,„ 
< V ( x ) = 2¥ïf(2a7ür)X ^ J X J.J (Xt) Vl+H,a+«(xt)*(t)dt 

if x > 0 and tp £ Ti7T(A,y) . If (j; £ T +i7T(A,y) , 6 > 0, we have to 
modify the contour as already indicated. 
The last inversion formula in the case £ = 0 and formula (1.6) 
with £ = 0 and g = 0 are due to Meijer, (cf [44a] and [44b]). 

REMARK 

If b = a the kernel K reduces to K(s) = T(s+a). The ^-transform 
then reduces to a special form of the Laplace transform and the 
foregoing inversion formulas for this case are modifications 
of the inversion formulas which we have obtained for the 
Laplace transform in chapter II. 

2. We define the functions H by 

*.n, V.* ±iTT(s+p)i . . _ ±1 (l-s-b)e , j . 
± ' ~ 2ir(l-s-a)r(l-s+a)siniTT(s+p) ' P ' ?" 



l < + 7 

We h a v e , 

H+(s) = 0 ( | s | d - b _ i e : f i 7 r I f f i s ) a s s - » , Re s = d. 

Let X < \i, £ € N , £ > — - u - Reb . Then choose d such t h a t 

£ > d + i - R e b , l - p < d < 1-A and such t h a t t h e l i n e Re s = d does n o t 

c o n t a i n any p o l e of t h e f u n c t i o n s H . Then 

e ± i l T 0 H + ( d + i a ) 
c L ( -» ,») 

( 1 - d - i a + a ) ^ 

Define h + n ( t ) by 

_ , d+i°° r ±fff(s+p)i 
, , n , v, n-\ - +1 r r ( l - s - b ) e * ♦ . - s / 1 = U . i U n ± A i t : j - ^ i r ( l - s - a ) n W - s t a ) s i n i n ( s + p ) Ö S ' 

Q—1°° 

a rg t = ±ir. 

Then wi th t h e s e h+j , t h e i n v e r s i o n formula (2.7) h o l d s . 

In o r d e r t o g i v e a s imp le example of c a l c u l a t i n g t h e r i g h t hand 

s i d e of (2.11) we assume A < 1 + R e p < 2+y. Then we may choose 

d such t h a t l - u < d < 1-A and - R e p < d < 2 - R e p . Using r e s i d u e 

calculus we obtain 

„ , „ „ m - 11 r(l+ P-b)tP y (l+p-b)2n 2m 
[2-1Z' h ± £ ( t ' " TTl r(l+p-a)r(«,+p+a+l)m^0 d + P - a J ^ t i + P + a + l ^ 

As an example of t h e u s e of t h i s e x p r e s s i o n fo r h + . we c o n s i d e r 

a s imple c a s e . Assume — - Reb < u. Then we may choose d < Reb - i 

and 1 = 0. For p we t a k e the v a l u e a . Then t h e I - p a r t i n (2.12) 

becomes , i f Re(a+b) > i : 

y ( i + i a - i b ) n , ( l + i a - i b ) m ^ m 

m=0 m m m 

We obtain the inversion formula 
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(2.13) < b * H x > - £ i ^ j V , V ^ 
177 x > O, lp € T (A,y) , which holds if the following conditions are 

3 
satisfied: max (Re a,Re b) < A < y , - - R e b < y , X<l+Rea < 2+y, 
Re(a+b) > i. If SL f 0 or \l i, A similar results can be derived. 
REMARKS 

1 . F o r t h e d e r i v a t i o n o f f o r m u l a ( 2 . 1 3 ) we h a v e u s e d t h e f o r m u l a 

(1+q) = 2 2 m ( i + i q ) ( 1 + i q ) 
zni m m 

2. Adding and subtracting odd terms in (2.12) we see that the right 

hand side may be written as 

±1 ni+p-b)tP
 r 

2Ï ï r ( l + P -a ) rU + P + a + l ) [2F2(l,l+p-b;l+p-a,£+p+a+l;t) + 

+ 2F2(1,l+p-b;l+p-a,£+p+a+l;-t)] 

which for p = a becomes 

( * } liïï TT2aTITiy [iFi<1+a-b;2a+l+l;t) + 1P1 (1+a-b ;2a+5,+l ,-t) ] . 

From [35a], p 201, (1) and (2) we deduce 

tP
2F2(l,l+p-b;l+p-a,Jl+p+a+l ;-t) = 

0( t b £ ) + 0 ( t P *) + 0 ( t b _ 1 ) , t +<*>, 

Hence if the following conditions are satisfied: 

max(Re a,Re b) S A < U, 

A < 1+Rep < 1+u, ü < -f- V ~ Reb, 

we obtain, using Cauchy's theorem 

|arg t| i in. 
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i°° 
ƒ (xt)P

2F2(l,l+p-b;l+p-a,X.+p+a+l;-xt)lfj(t) dt = O, x > O, 
- i o o 

ty € T (A,u). For t h i s case the inversion formula (2.7 ) becomes 

-1 1 n i+p-b) -a d a+H „ 
( ^ a > ( x ) = 2 Ï Ï I r ( l + p - a ) r ( £ + P + a + l ) X ^ X X 

x ƒ (xt)P
2F2(l , l+p-b;l+p-a,£+p+a+l;xt)<J;(t)dt. 

In case p=a this reduces to (2.9) . 
(2.9) also follows directly from (*), using 

1F1(l+a-b;2a+)l+l;'-t) = 0(tb_a_1) + 0(t"a" ~ ') . 

as t ■+- °°, |arg t | i *TT , (cf [35a] , p 201; [4a] , p 330, p .322) . 

3. We choose 

j . r , i v% ± T T ( s + p ) i „ . . ± r ( l - s -b )e f x 

±v ' 2 i r ( l - s -a ) r ( l - s+a)s in i r ( s+p) ' p ^ 

We have 

r, / , ~, I id-b-i -iir I Im s I +irim s . „ „ J 
H+(s) = 0 ( | s | e ' ' ) as s + », Re s = d. 

Let £ 6 3N , £ > - - y - R e b . Then if A < u we may choose d such tha t 
I > d - R e b + i . Assume tha t the l i ne Re s =ddoes not contain any pole of 
H+ (s) . Then 

±i?T Ims 
.. x " ± ( S ) £ L(—,») , Re s = d. 
(1-s+a)^ 

We define h f ( t ) as in the previous case, 

T 1 d+i°° ±7T(s+p)i _ s 

(2.14) h ± J l ( t ) = 1 7 | ni-s-a>ra+l-s+a)siniT<8+p) t d S 

d-i°° 
if arg t = t i n . Then (2.7) holds if (?.7) i s s a t i s f i ed . 
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Consider the following simple example. Assume 

max (Re a,Re b) i A < u , X < 1+Rep< 1+y. 

Then we may choose d such tha t -p < d < 1-p, 1-y < d < 1-A. Using 
residue calculus we obtain with £=0: 

h rti = ± t p rq+p-b) 
±v ' 2iTir(l+p-a)r(l+p+a) 

x 2 F 2 (1 , l+p-b ; l+p-a , l+p+a; t ) . 

We thus have obtained the same inversion formula as in Remark 2 
above, for the special case H=0. In the same manner of course we 
can derive the formula for I > 0. 
Without writing out the details we remark that we may also use 
the decomposition 

+PM c KI ±m(s+p)i . . ±1 ( l-s-b) e p i 
± ( S ' ~ 2 i r ( l - s - a ) r ( l - s + a ) sinrTr(s+p) ' P ? 

with r è i in order to derive other inversion formulas. In t h i s 
case ( I I .2 .8) i s s a t i s f i ed with 

iir S ±y S (2r-l)Tr, a+ = (2r-i)ir . 
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7.3 RELATIONS WITH OTHER TRANSFORMS 

In al l cases of integral transforms we have considered in this and 

the previous chapter there is a simple factorization of the form 

(3.1) Af1 ° m(K) ° M or M - 1 ° m (K) ° M 

where K denotes the Mellin transform of the kernel of the transform. 
A similar factorization holds for the inverse transforms. If we 
make adequate assumptions in order to satisfy the conditions of the 
underlying theorems, we may use (3.1) to consider products of 
integral transforms. We have already seen some examples in the 
foregoing chapters, among others in those cases where we have 
extended the definition of an integral transform. 
For the K-transform and the W-transform of this chapter we can 
also consider extensions and relations with other transforms. Far 
from being complete we choose some examples in order to indicate 
the method. 

EXAMPLE I. 

Assume X < vi, Re a >= 0, 2a £ ZZ . Let k,£ G M be such that 

Re a - k S A. < Re a - k + 1, Re a < JJ, 

-Re a - I i X < -Re a - £ + 1. 

Choose n E 3N such that Re a - n S X and n 2 1. Consider the 
functions H and H , 

H^s) = r(s+n+a)T(s+n-a) ; 

H„(s) = ■-- , r— . 2 (s+a) (s-a) n n 

Define k and k- by 
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c+i°° 
k ( t ) = — ƒ H . ( s ) t S d s , Re a < c < y , j = 1,2, 

J c-i°° -1 

| a r g t | <TT i f j = l , t > 0 i f j = 2 . We then h a v e : t h e map A , de f ined by 

GO 

(AA)(x) = ƒ ( x t > V (2At)<t>(t) dt 1 Q 2a 

is a continuous isomorphism of T (l-y,l-A) onto T (A,y) for 
any 6 ^ 0 . Furthermore the map A , defined by 

GO 

(4 <|>)(x) = ƒ k , ( t ) < M ^ ) ^ 
^ o 

A ft 

i s a con t inuous isomorphism of T °(A,y) on to T o k n ( ^ y ; £ ) i f H n , 

for any 0 o 2 0 , where 
a. = ( a - k + 1 , . . . , a , - a - £ + l , . . . , - a ) 

and of T °(A,y) onto T, ° , (A,y,-a) if I > n, where 
k+n,k+n — 

a_ = (a-k+1,... ,a ,-a-n+l,... ,-a) . 
This assertion follows from example II, chapter IV. 
We consider the product A. ° A.. It defines a continuous isomorph-

0 a 
ism of T (l-y,l-A) onto T°+| y.+!i^'Vta) if I £ n. 

The maps A. and A have also the representations 

A = M~ o m.{E.) o M, A = M <> m ( w ) ° M. 

It follows that 

A2 ° A = M'1 O m1(K) o M, 

where K(s) = H (s)H (s) = T(s+a)T(s-a). Hence the K-transform 
ft defined by (0.1) is a continuous map of T (l-y,l-A) onto 

fi+TT 

T „ _(A,y;a^. This may also be proven directly using theorems 
26 and 27. Confer also the last example in chapter IV. 
If I > n we obtain similar results. 
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EXAMPLE I I 

We g i v e a decompos i t ion of K i n t o t h e p r o d u c t of two t r a n s f o r m s . 

Assume Re a > o , Re a = A < y o r Re a < y ^ A. For any Q > 0 vte d e f i n e 

A : T 6 ( l - y , l - A ) ■ + T ö f i l I ( l - y , l - A ) by 

a, l Q l 

1 - 1 
(A$) (x) = ƒ t a " e x p ( - t ) < ( > ( | ) ^ , | a r g x | < 9 + i i r , 

0 

where 6^ i s such t h a t 16j | < iir and Q-^-Q S a r g x ^ 0+9 x . Then 

we have 

(3.2) A = M~X o m(K) o M 

where K(s) = Tfl-s-a), (cf. theorem 11.13 and theorem III.22). 
Consider a] 
defined by 
Consider also the Laplace transform L : T (l-y,l-A) ■* T (A,y), 

a 

1 Ü , 
OOg £-

(L <|» (x) = / tae_t<}>(-) — , | a r g x | < 6+TT, a Q x x 

where 9 2 i s such t h a t | 9 2 | < iir and 92-8-iTT £ a rg x S 9+iir+92 

Then L may a l s o be r e p r e s e n t e d by 

(3.3) L = M~X «-m (K) ° M 

where now K(s) = T(s+a). Using (3.2) and (3.3) we obtain 

(3.4) K = \L o A 
3L cl 

i f K i s t h e K- t r ans fo rm def ined in (1-1) . 
ct 

EXAMPLE I I I 

Let Re a ^ 0 and Reb S O . Assume max(Rea ,Reb) S A < y or max(Rea, 
a 

Reb) < y £ A. Then both K and K. are isomorohisms of T (l-y,l-A) 
6+TT a 

onto T (A,y), 9 £ 0. In order to give a relation between 
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K and K. we consider the operators of fractional integration a D 
X(a,b-a) and K(-a,a-b) . The conditions I' or II' and VI' or VII', chaptex V, 
section 2 are satisfied. Hence both the operators are automorphisms 
of T (X,y) for any 6 i 0. Using decompositions of all four trans­
forms we obtain in the same manner as in the foregoing examples 

K = K{a,h-a) • K(-a,a-b) • K. 

It is not hard to see that the order of the fractional integration 
operators in the right hand side may be reversed. 

EXAMPLE IV 

In this example we consider a factorization of the W-transform. 
Let Re a ̂  0 and Re a S X < y or Re a < \l i X. Then the fractional 
integration operator J(-a,a-b) is a continuous operator of 
T (1—u,1—X), 8 ^ 0 . This follows immediately by inspection of the 
conditions I and II of chapter V. We have as in the previous 
examples 

(3.5) I(-a,a-b) = M'1 • m(K)• M 

where K(s) = H1-a-s)/T(1-b-s). Let L be the Laplace transform 
Si 

defined in example II. Combining (3.3) and (3.5) we obtain 

W . = L • J(-a,a-b) a,b a 
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7.4 BIBLIOGRAPHICAL NOTES 

The K- and W-transforms which are the subject of this chapter were 
given by C.S.Meijer in 1940, 1941, (cf [44a] ,[44b]) . Several related 
forms have been proposed in later years, some of them leading to 
generalizations of the kernel to special forms of the G function. 
The papers of Kratzel ([36], [37]) and of Swaroop ([56]) may be 
seen as examples of such extensions. Their results for spaces of type 
T°(A,p) may be derived directly using the methods of chapter 2 and 
chapter 4. . They also follow as special cases of the example 
in chapter 4 which has a G-function as kernel. Fox ([22]) has given a 
decomposition of the inverse K-transform, the factors being the 
inverse Laplace transform and a fractional-integral. Bora and 
Saxena ([3]) mention the relation between Meijer transforms, 
Hankel transforms and fractional integrals. Their results may 
be deduced for spaces T (X,y) in the same manner as the results 
of example IV (section 7.3). Joshi's work ([29]) may be seen in 
some sense as closely related to Swaroop's paper. 
Zemanian ([72] and earlier papers) considers Meijer transforms in 
the distributional sense. 
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SAMENVATTING 

Van de vele integraaltransformaties die in de loop der jaren zijn 
ontstaan, nemen transformaties van het Watson type, (kern van 
de vorm k(xt)) en van het convolutie type (kern van de vorm 
k(x/t)) een belangrijke plaats in. Zeker wanneer men klassen van 
functies tot zijn beschikking heeft die door zulke integraal­
transformaties een-aan-een op elkaar worden afgebeeld en men 
dus over de inverse kan beschikken, hebben ze veelal een breed 
toepassingsgebied, niet in het minst in de toegepaste analyse. 
In dit proefschrift wordt een klasse van lokaal convexe ruimten 
ingevoerd die door integraaltransformaties van het genoemde type 
homeomorf op elkaar'worden afgebeeld. De definiërende eigenschappen 
zijn zodanig algemeen gekozen dat door specialisatie vele bekende 
transformaties ontstaan. De revue passeren achtereenvolgens 
de Laplace transformatie (hoofdstuk II), fractionele integratie 
(hoofdstuk V ) , Stieltjes transformatie (hoofdstuk VI) en 
Meijer's transformaties (hoofdstuk VII). Daarnaast komen in diverse 
voorbeelden nog andere transformaties aan de orde. 
De integraalrepresentatie van de inverse transformaties wordt 
in hoofdstuk II behandeld. Toepassing op de genoemde specialisaties 
geeft naast bekende inversie formules in (bijna) alle gevallen 
ook nieuwe inversie formules. In diverse gevallen wordt het 
verband van deze nieuwe inversie formules onderling en de relatie 
tot klassieke inversie formules aangegeven. 

In één geval, namelijk bij de Stieltjes transformatie, worden 
ook enkele inversie formules afgeleid die berusten op (de limieten 
van) differentiaal operatoren. 
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