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Dirichlet problems associated to abstract nonlocal space-time
differential operators

JOSHUA WILLEMS

Abstract. Let the abstract fractional space—time operator (3; + A)® be given, where s € (0, c0) and
—A: D(A) € X — X is alinear operator generating a uniformly bounded strongly measurable semigroup
(8(1))t>0 on a complex Banach space X. We consider the corresponding Dirichlet problem of finding
u: R — X such that

@ + A)’u) =0, t € (tp, 00),
u(t) =g(), te(—o0,1nl,

for given 7y € R and g: (—o0, #9] — X. We define the concept of L”-solutions, to which we associate
a mild solution formula which expresses u« in terms of g and (S(¢));>( and generalizes the well-known
variation of constants formula for the mild solution to the abstract Cauchy problem u’ + Au = 0 on (¢, 00)
with u(f9) = x € D(A). Moreover, we include a comparison to analogous solution concepts arising from
Riemann—Liouville and Caputo type initial value problems.

1. Introduction
1.1. Background and motivation

Space—time nonlocal problems involving fractional powers of a parabolic operator
arise in physics, biology, probability theory and statistics. The flat parabolic Signorini
problem and certain models for semipermeable membranes can be formulated as
obstacle problems for the fractional heat operator (3, — A)*, where s € (0, 1) and A
denotes the Laplacian, acting on functions #: J x D — R for a given time interval
J C R and a connected non-empty open spatial domain D C R? (see, e.g., [1,28]). In
the context of continuous time random walks, equations of the form (3; — A)*u = f
for f: J x D — R are considered examples of master equations governing the
(non-separable) joint probability distribution of jump lengths and waiting times [6].
The case where f is replaced by spatiotemporal Gaussian noise W has applications
to the statistical modeling of spatial and temporal dependence in data: The resulting
class of fractional parabolic stochastic partial differential equations (SPDEs) has been
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proposed and analyzed in [14,16] as a spatiotemporal generalization of the SPDE
approach to spatial statistical modeling, which was initiated by Lindgren, Rue and
Lindstrom [18] and has subsequently gained widespread popularity [17].

After [28] and [22] independently generalized the Caffarelli-Silvestre extension
approach from the fractional elliptic to the parabolic setting, there has been a surge
of literature on space—time nonlocal problems involving fractional powers of 9; + L
for more general elliptic operators L acting on functions u: D — R (see for instance
[2-5,7,15,19]). In particular, in [28, Remark 1.2], the natural Dirichlet problem for
the nonlocal space—time operator (d; + L)* is introduced, given by

O + L)Y u(t,x) = f(t,x), (t,x) e J xD,

u(t,x) =g, x), (t,x)e RIH! \ (J x D), (1.1)
where g: R¥T1\(J x D) — R is a given function prescribing the values of u outside
of the spatiotemporal region J x D. The definition of (9; + L)*, given in Sect.2.4,
generalizes that of the Riemann—Liouville fractional time derivative 9/ (i.e., the case
where L = 0) using the theory of semigroups. Equations involving only a fractional
time derivative have been studied widely; see for instance the monographs [8,13,25,
26] for an introduction to the subject.

In the integer-order case, the space—time differential operator is local, so that the
analog to (1.1) is an initial boundary value problem. Identifying any u: J x D — R
with u: J — X, where J :=(ty, 00) and X is a Banach space to be thought of
as containing functions from D to R, the corresponding infinite-dimensional initial
value problem for s = 1 is the abstract Cauchy problem

u(ty) =x € X. (1.2)

{(a, + Au(t) = f@), tel,

Here, A: D(A) € X — X is a linear operator, whose domain D(A) can be used to
encode (Dirichlet) boundary conditions, and f: J — X is a given forcing function.
Although there exist various definitions of solutions to (1.2) (e.g., mild, strong and L?-
solutions (see Sect.2.3)), the main focus of this article is on mild solutions. The mild
solution to (1.2) can only be defined under the assumption that —A is the infinitesimal
generator of a suitably regular semigroup (S(#));>0 of bounded linear operators on
X, see Sect.2.2. Intuitively, the relation between (S(¢));>0 and A can be viewed as a
generalization of the way in which the matrix exponential S(r) = e¢~4 is associated
to matrix A. If, moreover, the right-hand side f is sufficiently (Bochner) integrable,
then the mild solution of (1.2) is defined by

t
u(t)::S(t—to)x—l—/ St —1)f(r)dr, tel, (1.3)
fo

which is commonly known as the variation of constants formula, again by analogy
with the finite-dimensional (matrix) case.
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In this work we consider an abstract counterpart of (1.1) in the setting of (1.2),
namely the following Dirichlet problem for (9; + A)® with s € (0, o0) \ N:

@+ A)’u() =0, t € (tp, 00),

(1.4)
u(t) = g(t), te(—oo,1nl,

where g: (—o0, o] — X. We restrict ourselves to J = (ty, 00) since (d; + A)*u(r)
depends only on the values of u to the left of € R (see Sect.2.4). Moreover, we
only consider f = 0 since the problem is linear in # and the mild solution formula
for f #£0and g =0 (or J = R) is known to be given by a Riemann—Liouville type
fractional parabolic integral, cf. [28, Theorem 1.17]. We will define the concept of an
LP-solution to (1.4) and show that it can be expressed in terms of g and (S(¢));>0 in
the following way: For all ¢ € (¢, 00),

sin(n{s}) 00 p—is}
u(r) = [ — 15((l —to)(t + 1)g(to — (t — fo)T)dt

Ls] o) 511 (1.5)

(r = _ {s)+Hk—1
+Z R OET LAY gl(to),

where I” denotes the gamma function and s = |s| 4 {s} for |s| € Ng and {s} € (0, 1).
This formula generalizes (1.3) to fractional orders and is therefore taken as the defi-
nition of the mild solution to (1.4).

1.2. Contributions

The main contribution of this work is the introduction and motivation of (1.5) as the
definition of the mild solution to (1.4) for s € (0, c0)\N and bounded continuous g,
rigorously formulated in Definition 4.2. This definition is motivated by Theorem 4.5,
which shows that L?-solutions to (1.4) satisfy (1.5) under certain natural conditions.
Although its proof relies on the uniform exponential stability of (S(¢));>0, the resulting
formula is well-defined under the more general assumption that (S(¢));>0 is uniformly
bounded. In particular, this includes the case A = 0, so that (1.5) with S(-) = Idy
can be viewed as a solution to the Dirichlet problem associated to the fractional time
derivative 97 . Likewise, if (S(¢));>0 is uniformly exponentially stable, then the integral
in (1.5) also converges for {s} = 0, so that (1.5) remains meaningful for integers
s = n € N and reduces to the integer-order solution formula:

n—1 . k
u(t) = 4 0) ——— 5@t — 1) (3 + A)*gl(t0), t € (tg, ).

k=0

If (S(#)):>0 is merely uniformly bounded, then we can still show that the first term of
(1.5) converges to S(t — 79)g(to) as {s} 1 1 for all # € (#, c0) (see Proposition 4.7).
For constant initial data g = x € X, we find that (1.5) can be conveniently expressed
in terms of an operator-valued incomplete gamma function (see Corollary 4.8).
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In addition to (1.5), we define solution concepts for the Cauchy problems associated
to fractional parabolic Riemann-Liouville and Caputo type derivative operators (see
Proposition 5.1 and Definitions 5.2 and 5.3) for comparison. The higher-order terms
comprising the summation in (1.5) turn out to be analogous to the corresponding terms
in the Riemann—Liouville solution. The integral term in (1.5), however, is continuous
at #p under mild conditions on (S(¢));>0 or g, in contrast to the lowest-order term in the
Riemann-Liouville formula, which has a singularity there. As opposed to the Caputo
type initial value problem, the solutions to (1.4) are in general different for distinct
s1,8 € (n,n+ 1) forn € Ny.

To the best of the author’s knowledge, the solution formula given by (1.5) is new
even in the scalar-valued case X :=C, A:=a € C+ and (S())r>0 = (e7);>0, as
are the Riemann—Liouville and Caputo type solutions for a € C, \ {0}.

1.3. Outline

This article is structured as follows. In Sect.2, we establish some notation and
collect preliminary results regarding semigroups, fractional calculus, first-order ab-
stract Cauchy problems and the Phillips functional calculus associated to semigroup
generators. These notions are first used in Sect.3 to investigate problem (1.4) for
tp = —00, i.e., in the absence of prescribed initial data. Sect. 4 is concerned with the
rigorous definition of mild and L”-solutions to (1.4); after establishing the relation
between these two concepts, we focus on the mild solution and establish some of its
most important properties. The comparison with the solution concepts associated to
Riemann-Liouville and Caputo type initial value problems is presented in Sect. 5.

2. Preliminaries
2.1. Notation

LetN:={1, 2,3, ...}and Ny := NU{0} denote the sets of positive and non-negative
integers, respectively. We write | - | and [ - for the floor and ceiling functions; the
fractional partof @ € [0, 00) is defined by {o} := o — |« |. The maximum (respectively,
minimum) of two real numbers «, 8 € R is denoted by o Vv B (respectively, o A B).
The function ¢ +— tf is defined by tf =1Pift € (0, 00) and tf :=0 otherwise. The
real and imaginary parts of a complex number z € C are, respectively, denoted by
Re z and Im z; if z # O, then its argument is written as arg z € (—m, 7]. The open and

closed right half-planes of the complex plane are denoted by
Cy:={z€C:Rez>0} and C,:={z e C:Rez >0},

respectively. The identity map on a set B is denoted by Idg: B — B and we write
1p,: B — {0, 1} for the indicator function of a subset By € B.

Throughout this article, (X, || - ||x) denotes a Banach space over the complex
scalar field C; the real case can be treated using complexifications. The Banach space
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of bounded linear operators from X to a Banach space Y with the uniform operator
norm is denoted by Z(X; Y); for X = Y we set Z(X) :=_2(X; X). The notation
A: D(A) € X — X indicates that A is a (possibly unbounded) linear operator on X
with domain D(A) and graph G(A) :={(x, Ax) : x € D(A)}.

Let (S, <7, 1) be ameasure space. For f: § — Randx € X,define f @ x: § —> X
by [f ® xI(s) := f(s)x. A function f: § — X is said to be strongly p-measurable if
it is the p-almost everywhere (“a.e.”) limit of p-simple functions, i.e., linear combi-
nations of 13 ® x with B € &, u(B) < oo and x € X. For p € [1, o0], let LP(S; X)
denote the Bochner space of (equivalence classes of) p-integrable functions with norm

s @N%dpsn Y, if p e [1, 00);
| fllLe(s:x) = .
esssupges I f()x,  if p=o0.

Intervals J C R are equipped with the Lebesgue o -algebra and measure. The Banach
space of bounded continuous functions #: J — X, endowed with the supremum
norm, is denoted by (Cy(J; X), || - |loo)-

2.2. Strongly measurable semigroups of bounded linear operators

A family (S(#));>0 of bounded linear operators on a complex Banach space X is said
to be a semigroup if S(0) = Idyx and, for all z, s > 0, we have S(t +5) = S(¢)S(s). It
is called a strongly measurable semigroup if, in addition, the orbit ¢ — S(¢)x of any
x € X is a strongly measurable mapping from [0, co) to X. For a strongly measurable
semigroup, it holds that ¢ +— S(#)x is continuous on (0, co) for every x € X, with
continuity at zero if and only if x € D(A). In what follows, we exclusively consider
locally bounded strongly measurable semigroups, which satisfy

IMp e[l,00), weR: SOz < Moe ™", Vt €0, 00). 2.1

Analogously to the relation between a matrix G and its corresponding matrix ex-
ponential function S(r) := e’C, we can more generally associate an infinitesimal gen-
erator G: D(G) € X — X to any locally bounded strongly measurable semigroup
(S(t))r=0. It is defined by the following property: For all A € C such that Re A > w,
the operator A Idx —G admits a bounded inverse, and we have

o0
(A dx —G) " 'x, x*) =f e M(S(t)x, x*)dt forall x € X and x* € X*,
0

where (-, -) denotes the duality pairing between X and its dual X*. We refer the
reader to [12, Appendix K] for a more detailed summary of the theory of (strongly)
measurable semigroups.

The above notions will be applied to the operator A from (1.4) on X, on which we
impose the following standing assumptions:

Assumption 2.1. Let —A: D(A) € X — X be the infinitesimal generator of a
locally bounded strongly measurable semigroup (S(7));>0 € -Z(X), which satisfies
(2.1). More precisely, we suppose that (S(¢));>0 is either
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(1) uniformly bounded, meaning that w € [0, 00), or
(i1) uniformly exponentially stable, meaning that w € (0, 00).
We may sometimes additionally assume that (S(¢));>0 is

(iii) bounded analytic, i.e., (0, 00) 3 t > S(t) € Z(X) admits a bounded holomor-
phic extension to X, :={z € C: |arg z| < ¢} for some ¢ € (0, %n).

2.3. Solution concepts for first-order abstract Cauchy problems

In this section we define and relate the concepts of strong, mild and L”-solutions
to the first-order Cauchy problem (1.2) on intervals of the form J = (zy, 00), where
to € [—00, 00). For a more detailed reference, see [12, Chapter 17].

Let LlloC (J; X) denote the space of strongly measurable functions from J to X
which are integrable on every compact subset of J. For b < a we set / ab =—/, ba.

Definition 2.2 (Strong solution). A strongly measurable function u: J — X is said

to be a strong solution of (1.2) associated with f € L} (J; X) if

(1) u(t) € D(A) for almostallt € J and t — Au(t) € Llloc(j; X);
(ii) for almost all # € J we have

t t
u(t) + f Au(t)dt = x + / f(r)dr if iy € R;
1o 0] (22)

t t
u(t) + / Au(t)dt = u(0) +/ f(v)dr if tp = —o0.
0 0

As antiderivatives of locally integrable functions are continuous, see [11, Proposi-
tion 2.5.9], it follows that any strong solution admits a continuous representative, so
that the pointwise evaluation of u in (2.2) is meaningful. In fact, identifying # with
this representative, it turns out to be (classically) differentiable for almost all # € J,
where it holds that u'(f) + Au(t) = f(t), see [12, Equation (17.3)]. This implies
u=f—Auc LllOC (7; X), hence u is weakly differentiable and its weak derivative
d;u coincides a.e. with 1/, again by [11, Proposition 2.5.9].

Next, we turn to the definition of a mild solution to (1.2). In Proposition 2.4, we

will see that mild solutions are weaker than strong solutions.

Definition 2.3 (Mild solution). Suppose that Assumption 2.1(ii) is satisfied and let
J :=(ty, o0) fora given fy € [—00, 00). The mild solutionto (1.2) with f € LP(J; X)
for p € [1, 0o] is the function u € Cy(J; X) defined for all t € J by
t —
u(t):=S@ — t9)x +/ St —1)f(r)dt iftyp € Rand x € D(A);
K (2.3)

t
u(t) :=f St —1)f(r)dr if tg = —o0.

—00
The continuity of the mild solution # defined by (2.3) follows from [12, Propo-

sition K.1.5(3)] and Proposition 2.6(b). The following is a slight extension of [12,
Proposition 17.1.3] for the class of time intervals considered in this work.
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Proposition 2.4. Suppose that Assumption 2.1(ii) holds. Let J := (ty, 00) for a given
to € [—00,00), f € LP(J; X) for some p € [1,00] and x € D(A) if tg € R. Then,
for every u € Cyp(J; X), the following assertions are equivalent:

(a) u is a strong solution of (1.2) in the sense of Definition 2.2;

(b) u is the mild solution of (1.2) in the sense of Definition 2.3 and u is (classically)
differentiable almost everywhere with u’ € Llloc (7; X);

(c) u is the mild solution of (1.2) in the sense of Definition 2.3, u(t) € D(A) for
almostallt € J andt — Au(r) € L} (7; X).

loc

Proof. If ty € R, then the required modifications of the proof of [12, Proposi-
tion 17.1.3] are straightforward. We briefly comment on the case #p = —oo. Let
A € C be such that A Idy +A admits a bounded inverse.

(a) = (b): For u as in Definition 2.2 and t € R, we define v: (—o0, t] — X by

v(1) = 1dx +A)7'S(t — Du(zr), T € (—o00,1].

Fixing ¢’ < ¢, and arguing as in the original proof—except for integrating over (¢', t)
instead of (0, #)—we find

t
u) =S¢ —tHul) +/ St — 1) f(r)dr.
t/
As 1’ — —o0, the first term vanishes by u € C,(R; X) and Assumption 2.1(ii), and
the second term converges to fi oo S(t — 1) f(r)d7T by dominated convergence.
(b) = (a) and (¢) = (a): Use the following analog to [12, Equation (17.4)]:

1 t
/A(AIdX+A)_1u(r)dr=—(AIdX+A)_l|:u(t)—u(O)—/ f(r)dr]. O
0 0

Finally, we introduce a stronger notion of solutions, which will later be used as the
basis for an analogous solution concept for the fractional problem:

Definition 2.5 (L?-solution). Let J := (ty, 0o) for some #y € [—00,00) and f €
LP(J; X) with p € [1, 0o]. A strong solution u to (1.2) (in the sense of Definition
2.2) is said to be an L?-solution if t — Au(t) € LP(J; X).
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2.4. Fractional parabolic calculus

Fractional calculus classically refers to the idea of generalizing the basic operations
of calculus, namely differentiation and integration, beyond the integer-order cases
(which simply consist of repeated application). For example, a fractional derivative
o7 f of a sufficiently smooth given function f: R — R should be defined for non-
integer @ € (0, 00), in such a way that 3,1/23,]/2.}‘ = 0, f. To this end, a common first
object of study is the Riemann—Liouville fractional integral, defined for suitable f by

1 1
I3 f(t) = m[ (t— 1) ' f(r)dr, s€(0,00), eR,

Since this is a fractional-order generalization of the integration operator I}{L, which
can itself be viewed as an inverse of the derivative d;, we can interpret IﬁL as 8,73.
This leads us to define the following fractional derivatives:

[ Tre =8 1111 and (9710 = 1717%9)*",

which are known as the Riemann—Liouville and Caputo fractional (time) derivatives,
respectively. For a comprehensive overview of these and other fractional time deriva-
tives, as well as their application in fractional differential equations, we refer to the
monographs [13,25,26].

Under the assumption that — A generates a semigroup (S(¢));>0 satisfying Assump-
tion 2.1(ii), we can extend these notions to define the lesser-known fractional parabolic
integration and differentiation operators J° and ©°, which are the rigorous definitions
of the expressions (d; + A)~* and (d; + A)* from Sect. 1, respectively. For s € (0, 00),
let the integration kernel ks : R — Z(X) be defined by k() := %ti_l S(r) forall
T € R. Given u: R — X, its Riemann—Liouville type fractional parabolic integral
Ju: R — X of order s is defined by

Tu(t) :=ks xu(t):= %s) fooo T IS(u@ — r)de 2.4)

whenever this Bochner integral converges for a.e. t € R. For s = 0 we set 3% := Idx.
When viewed as a linear operator, the fractional parabolic integral J° turns out to map
its domain L?(R; X) boundedly to itself for every s € [0, 00). In fact, we have the
following properties of (J*);¢[0,00), Which will be used throughout this work:

Proposition 2.6. Suppose that Assumption 2.1(ii) holds. Let p € [1,00] and s €
[0, 00). The following assertions hold:

(a) 3 € L(LP(R; X)) with |3° | g r@:x)y < 0.
(b) 3° € L(LP(R; X); Co(R; X)) if

p=1 and s €[1,00), or,
2.5)
pe(l,o0) and s e (1/p,00).
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(c) J513%2u = J1 2y q.e. for all s1, 52 € [0, 00) and u € LP (R; X).

(d) Givenx € X, if p €[1, 1_1—51) and s1 € (0,1) or p € [1,00] and s1 € [1, 00),
then we have kg, ® x € LP(R; X) and T2 (ksy ® x) = kg +5, ® x for all
sp € [0, 00).

Proof. Estimate (2.1) implies [|ks|,1r. 2 (x)) < Mow™ for all s € (0, 00), so that
Minkowski’s integral inequality [27, Section A.1] yields (a).

If p’ € [1, o] is such that%+§ = landu € LP(R; X), thenks € LP (R; £ (X))
for s as in the statement of (b), and the result follows from Holder’s inequality and the
continuity of translations in L7 (R; X) or LY(R; £ (X)) for g € [1, 00).

Assertions (c) and (d) follow by combining the semigroup property of (S(¢));>0,
Fubini’s theorem and [23, Equation (5.12.1)]. ]

For p € [1, <], let WP (R; X) denote the Bochner—Sobolev space consisting
of functions u € LP(R; X) whose weak derivative d;u also belongs to L?(R; X).
Identifying A: D(A) € X — X with A: LP(R; D(A)) € L’(R; X) - LP(R; X)
defined by [Au](-):= Au(-), we can view d; + A as an operator on L”(R; X) with
domain L?(R; D(A)) N W17 (R; X). In conjunction with the operators (J*) s>0 from
(2.4), this leads to the definition of the Riemann—Liouville type fractional parabolic
derivative of order s € [0, 00):

Dou:= (0 + AT,

(2.6)
ueD@®%):={ueLPR;X): I u e D3 + AT}

Note that we do not explicitly indicate the dependence of ®° and J° on p € [1, oo] in
the notation, instead leaving it to be inferred from context.

Remark 2.7. While the terminology “fractional parabolic” is inspired by the case
A = — A acting on a function space such as X = L?(D), our setting is considerably
more general.

Remark 2.8. Let us briefly elaborate on our choice for the Riemann-Liouville type
operators ©* and J° as the rigorous interpretations of (d; + A)* and (d; + A)~7,
respectively. Under some additional assumptions on A and X, it can be shown that the
sum operator d; + A admits an extension 3 which is sectorial [12, Section 16.3]. For
this class of operators, fractional powers can be defined as in [12, Section 15.2]. If,
for instance, —A generates an exponentially bounded strongly continuous semigroup
on a Hilbert space X = H, then it holds that B7° = J° for all s € [0, 00), cf. [14,
Proposition 3.2 and Equation (3.9)]. Then [12, Proposition 15.1.12(2)] implies

B = BFIB I with DB = {u € LP(R; X) : u € DB}

Hence in this situation we find that 3° is an extension of ®°. In particular, if we
have B = 9; + A (a property which is closely related to the maximal L?-regularity of
A (see [12, Proposition 17.3.14])), then in fact 5% = ©°.
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Thus, there is a close relation between the Riemann—Liouville fractional parabolic
operators and fractional powers of sectorial extensions of d; +.4. We choose the former
viewpoint for the sake of simplicity, generality and consistency with the analogous
definitions for A = 0 in fractional calculus texts such as [8,13,25,26].

2.5. Phillips functional calculus

If Assumption 2.1(i) holds and f : C; — C canbe written as the Laplace transform
of a complex Borel measure p of bounded variation on [0, 00), i.e., if we have

£ = LIul@)i= / S dus)

[0,00)

for all z € C, then we define the operator

f(A):= |:/ e“du(s)] (A):= / S()du(s) € Z(X).
[0,00) [0,00)

The map f — f(A), called the Phillips functional calculus for A, is an algebra ho-
momorphism from the space of Laplace transforms to .2 (X) (see [10, Remark 3.3.3]).

Note that §(t) = L[§,](A) = (e *)(A), where 8§, denotes the Dirac measure
concentrated at ¢+ € [0, co0). Moreover, for any o, ¢ € (0, 00) we can define the
negative fractional powers of A 4 ¢Idx by

a—1,—¢s

(A4eldy) @ :=[(z+&) *I(A) = E[S

st] (A),

see [10, Proposition 3.3.5]. These can be used to define (A 4+ ¢ Idx)* and, in turn,

A%: D(A%) € X — X inamanner which is consistent with other common definitions

of fractional powers, cf. [10, Propositions 3.1.9 and 3.3.2]. Under Assumption 2.1(ii),

we can also allow for ¢ = 0 directly in the above to define (see [10, Corollary 3.3.6]):
1

- . __ * a—1
ATY = F(a)/o o 1S(0)do € ZL(X). .7)

3. Fractional-order inhomogeneous abstract Cauchy problem on R

In this section, we consider the inhomogeneous abstract Cauchy problem associated
to the fractional operator ®° and f € L?(R; X), where s € (0, 00), p € [1, co] and
J=R:

DSu(t) = f(t), teR. 3.1)

Note that we do not impose any initial data here since the problem is posed on the
entire real line. The solution concepts for (3.1) which we will define are the follow-
ing fractional-order analogs to the notion of L”-solutions and mild solutions (see
Definitions 2.5 and 2.3, respectively):
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Definition 3.1 (L?-solution). Suppose that Assumption 2.1(ii) holds. Lets € (0, 00),
p e[l,oc]land f € LP(R; X). Thenu € L?(R; X) is called an L?-solution to (3.1)
if u € D(D*) and the equation (3.1) holds almost everywhere on R.

It is a consequence of Proposition 3.3(b) that the L”-solution to (3.1) is unique if it
exists. The question of existence of the L?-solution for every f € L?(R; X) is highly
nontrivial; in the case s = 1, it characterizes a deep property of the linear operator A
called maximal LP-regularity. Since the present article is primarily concerned with
the concept of mild solutions, to be defined next, we shall not investigate this matter
further, and instead refer to [12, Chapter 17] for a more detailed account of the topic
of maximal L?-regularity.

Definition 3.2 (Mild solution). Suppose that Assumption 2.1(ii) holds. Lets € (0, co)
and p € [1, oo] satisfy (2.5). The mild solution to (3.1) with f € LP(R; X) is the
function u € Cp(R; X) defined for all # € R by

1 t
uay=Tfay=F63/ (t — )18t — ) f(v)dr.

The mild solution exists and is unique by definition, since it is given by an explicit
formula. Moreover, in view of Proposition 2.6(b), it is indeed continuous under the
given assumptions on s and p.

The next proposition shows that the fractional parabolic derivative and integral
are inverse to each other whenever the respective left-hand sides are well-defined. In
particular, it implies that L”-solutions are mild solutions whenever the parameters s
and p are such that (2.5) holds (see Corollary 3.5).

Proposition 3.3. Suppose that Assumption 2.1(ii) holds. Let s € [0, 00), p € [1, 00]
and u € LP (R; X). Then the following assertions hold:

(a) If F°u € D(D%), then DFu = u a.e.

(b) If u € D(®%), then ID°u = u a.e.

Proof. (a) Fors = 1, v:=3J"u is the mild solution to (1.2) with f:=u € LP(J; X).
Moreover, since v € W-7(J; X)NLP(J; X), the conditions of Proposition 2.4(b)-(c)
are satisfied, so that v is a strong solution, which proves the base case.

Now let k € N and suppose that (a) holds for s = k. If 3**1y € D(©**!), then by
definition we have 31y € D(®F) and D¥F*+t1u e D(®'). By Proposition 2.6(c),
this means that J*3'y € D(®*) and ©*3*3'y € D(®'). Combining the former
expression with the induction hypothesis yields

Dkt — DF kgl = 3y, ae., (3.2)

and thus 3'u € D(D!) by the latter. It follows that ©'J3'u = u a.e. by the base case
s = 1 of (a). Using (3.2) once more, this becomes Dlokgk+tly = y ae., whose
left-hand side equals ®%+13%*1y a.e. by the definition of integers powers of ®. This
proves (a) for s = k41, and thus for all s € N by induction since k € N was arbitrary.
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For s € (0, 00) \ N, the assertion follows upon combining the definition (2.6) of
©* with Proposition 2.6(c) and the integer case:

DT u = (8, + APFIIN5y = (9, + A)PTIFTT=9Fs, — 4 ae.

(b) The case s = 1 follows from Proposition 2.4 (ii) = (b) with f:=u’ + Au,
and the integer case follows by induction. For fractional s, fix u € D(®*) and note

I3 DYy = 3155 (3, + ATy = 31T (9, + A)S1gIsT7sy = glsT=sy,

a.e. Since (a) implies that J¥1= is injective, we conclude F*D’u = u
a.e. O

Combining Propositions 2.6(b) and 3.3(b) yields the following corollaries:

Corollary 3.4. Suppose that Assumption 2.1(ii) holds. If s € [0, 00) and p € [1, 0]
satisfy (2.5), then we have D(D%) C Cp(R; X).

Corollary 3.5. Suppose that Assumption 2.1(ii) is satisfied and let u be an L? -solution
to (3.1) in the sense of Definition 3.1 for some s € (0,00), p € [1,00]. If s and p
satisfy (2.5), then u is the mild solution in the sense of Definition 3.2.

Proof. 1fuisan LP-solution, thenu € D(®*) and ®°u = f holds almost everywhere.
Thus, by Proposition 3.3(b), we can apply J° on both sides to obtain u = 3° f a.e.,
and we have u € Cp(R; X) by Corollary 3.4 (or by Proposition 2.6(b) directly). [

4. Dirichlet problem associated to the fractional parabolic derivative operator

In this section we turn to the main subject of the present work, namely the natural
abstract Dirichlet problem associated to ©°, which consists in finding a function
u: R — X satisfying

{@Su(t) =0, t € (ty, 00),
@.1)

u(t) = g(t)a te (—OO, tO],

for s € (0,00), tp € R and sufficiently regular g: (—o0, fp] — X. Recall from
Sect. 2.4 that ©° denotes the Riemann-Liouville type fractional parabolic differen-
tiation operator acting on functions from R to X, which is our interpretation of the
operator (9; + A)* appearing in (1.4), as motivated by Remark 2.8.

Asinthe previous sections, we begin by defining the notion of an L”-solution to (4.1)
(cf. Definitions 2.5 and 3.1) and subsequently define the mild solution (cf. Definitions
2.3 and 3.2), which is the rigorous formulation of the solution formula formally given
by (1.5). As before, we note that the existence and uniqueness of the mild solution
are immediate from the definition; for the L?-solution, we have uniqueness but the
matter of existence is outside of the scope of this work, analogously to the discussion
Definition 3.1.
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Definition 4.1 (L?-solution). Suppose that Assumption 2.1(ii) holds. Let s € (0, 00),
p ell,oo],fo € Rand g € LP(—o0, ty; X). Then u € LP(R; X) is called an LP-
solution to (4.1) if u € D(®*) and both equations in (4.1) hold almost everywhere on
their respective sub-intervals of R. In particular, we have g € D(D*) on (—o0, 1p].

Definition 4.2 (Mild solution). Suppose that Assumption 2.1(i) holds. Lets € (0, 00),
p €[1,00],70 € Rbe givenandlet g € Cp((—00, 19]; X) N D(D(S’l)vo) be such that
DE=DV0g ¢ Cp((—o0, 1]; X). The mild solution to (4.1) with initial datum g is the
function u € Cp(R \ {f0}; X) defined by

u(t) Zg(t)a 1 e (_OO,tO],

and, for s € (0, 00) \ N,

—s)
u(r) S‘“(”{S}) / SS((t = 10)(r + 1)glto — (¢ = t0)r)dT
Ls] (t—1 ){g‘}-‘,—k 1 4.2)
+Z TGIFH ————— S — 1) g (1). 1 € (19, 00),
whereas for s = n € N, we set
n—1 (t —1 )k
u(ty:=Y 28t — 10)D*g(to). 1 € (t0, 00). 43)

!
= k!

The following proposition shows that the mild solution is indeed well-defined in
the sense that it possesses the continuity properties asserted in Definition 4.2. Its proof
is postponed to Sect.4.1, in which we also state and prove some additional properties
of the mild solution.

Proposition 4.3. Suppose Assumption 2.1(i) holds. Let s € (0,00), p € [1, 00],
to € R be given and let g € LP(—o00, ty; X) be as in Definition 4.2. Then the mild
solution u to (4.1) satisfies u € Co(R\{t0}; X) and, for all t € (tg, 00),

lu@llx < MoT (s, w(t — 10)) max{liglloo, 1D g@)lIx. ..., 1D° " gt0) I x},

where My € [1, 00) and w € [0, o0) are as in (2.1).
If moreover g(1), 1% ¢(19) € D(A) forall t € (=00, 19) and k € {0, ..., |s]},
then we in fact have u € Cp(R; X).

Remark 4.4. Let us emphasize that the solution formula can fail to be continuous at
to even in the first-order case u(tr) = S(t — tp)x if x & D(A). As an example, we can
take X = Cp(R), A = —A and x(£) = sin(£2). Then —A generates the analytic heat
semigroup and D(A) = Cyp(R) is the space of bounded and uniformly continuous
functions on R, cf. [20, Corollary 3.1.9]. In this case, |[u#(#)|lco < 1 forallt € [fy, 00),
but S(# — tp)x does not converge uniformly to x as ¢ | fo.
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The motivation for the solution formulae in Definition 4.2 is provided by the follow-
ing theorem, which shows that any L”-solution to (4.1) is a mild solution whenever
s € (0, 00) and p € [1, oo] are such that (4.2)-(4.3) are meaningful.

Theorem 4.5. Suppose that Assumption 2.1(ii) is satisfied and let u be an LP -solution
to (4.1) in the sense of Definition 4.1 for some p € [1,00], s € (0, 00) and ty € R. If
s and p satisfy (2.5), then u is the mild solution to (4.1) in the sense of Definition 4.2.

The proof of Theorem 4.5 is presented in Sect.4.2, where the integer-order and
fractional-order cases are treated separately. Before proceeding to the next subsection,
we consider the following important example of a situation in which we can write
down an explicit mild solution formula for (1.2):

Example 4.6. (The fractional heat operator (3; — A)* on L2(R9)). Let us consider the
function space X = L?(R?) and differential operator A = —A for d € N, i.e., the
negative Laplacian on the full Euclidean space R? of dimension d € N. By classical
results (see for instance [29, Section 13.6.(c)]), we know that —A = A generates
the heat semigroup (S(t)):>0, which is given by the (spatial) convolution with the
Gauss—Weierstrass kernel. That is, for all t € (0, 00), f € L>(R?) and x € RY, we
have

[S() f1(x) = A@d Ki(x = y) f(y)dy.

where K, : RY — R is defined by

o 12,
Kt(x).—mexp<— 41 )

Substituting these formulae into equation (4.2) for some sufficiently regular initial
datum function g: (—o0, fp] X RY — R, we obtain an explicit formula for the mild
solution u: R4t — R to (4.1). For example, if 7o = 0 and s € (0, 1), then we have
for all (¢, x) € (0, 00) x RY:

sin(zrs) [ ¢
u(t,x) = Kiz+1y(x — y)g(—tt, y)dydr
b4 R T+ 1

sin(ns) / / s ( Ix = ¥l )
= T+ 1 —t1, y)dydr.
v A A a1 8w
If s € (1, 2) (still with o = 0), then we instead find for all r € (0, o0) and x € R?:
sin( {s}) /' /’ —is) ( llx — Y|| )
u(t,x) = T+ 1 —tt, y)dydr
0 = e (r+ 1) o JeCmndy
t{S}

- {s}
+F({s} D SO g(0). 4.4)
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The fractional parabolic derivative ©% f of any sufficiently regular f: R — X
(e.g., f € D(®')) admits the following Marchaud type representation for € (0, 1)
and t € R (cf. [21, Proposition 3.2.1] or [28, Equation (1.2)]):

DL (1) = /0 o~ S(0) f(t — o) — f(1)]do.

I'(—a)
Therefore, supposing that g is sufficiently regular, we have for all ¢ € (0, 00),

{s}

- {s}
I'({s} + I)S(Z)Q 80

{s)
- M / o WIS +0)g(~0) — S)g(0)1do

_ sm(JT s}) f =S (r + 1) g(—11) — S(1)g(0)1dr

where we used the reflection formula for the gamma function [23, Equation (5.5.3)]
to obtain the prefactor on the second line, and the change of variables o = ¢t to yield
the third line. Substituting the heat semigroup once more, we obtain, for all x € R,
{s}
r'dsy+1

H o0
:Eﬂﬁﬁ?/ / T K, (= )80, ) — Kooy — g~z y)ldyde
T 0 ]Rd

~ 2
_ M[m/ —{s}—l[ (_W) 0
N a(Varnd Jo  Jra ‘ exp 4¢ 0.5

e = Yl
4t(t + 1)

S g(0)1(x)

—(t+ 1)7% exp(— )g(—tt, y):|dydr.
Substituting this expression into (4.4), we conclude that the mild solution to the Dirich-
let problem associated to the fractional heat operator (9; — A)*, with s € (1,2) and
sufficiently regular initial datum g, admits the explicit expression

_ sin({s}) —ls)-1 4 ||X—y||Rd
i B [ e

I = ¥liga

d d
+ (r_{S}(t T D 1)—7) exp(— e

)g(—tr, y)]dydr
for all (7, x) € (0, 00) x R4,
4.1. Properties of the mild solution

In this section, we further investigate the mild solution concept introduced in Def-
inition 4.2, by establishing some of its key properties. To this end, we start with the
central observation that formula (4.2) has close connections to the normalized upper
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incomplete gamma function, whose principal branch I"(a, -): C\(—00, 0) — C for
a € Cy is defined by

1

T(a,z):= &

/ t“le7tde, ze€C\ (—00,0),
Z

integrating over any contour from z to oo avoiding (—oo, 0) (see [23, Chapter 8]).
The relation to (4.2) follows from the following identities. For « € (0, 1) and
z € C4 U {0}, [23, Equations (5.5.3), (13.4.4) and (13.6.6)] yield

Tl z) = S0 / T g, 4.5)
b4 o 147
In particular, for ¢ € (0, co), the change of variables o :=(1 4 t) produces
. tOl 1 o
I'(a,tz) = M/ (0 —1) % le % do. (4.6)
T t

Moreover, for all @ € (0, 00) and n € N, we have the following recurrence relations
[23, Equations (8.8.12) and (8.4.10)]:

le  kH{a)—1 n—=1
To=T(aLa+Y e Tma=) —e* @7
S Tk + {a)) k!

As a first application of these identities, we present the following proof:

Proof of Proposition 4.3. The estimate on |[u ()| x follows by applying the triangle
inequality, (2.1) and identities (4.5)-(4.7) to (4.2). The continuity assertions rely on the
strong continuity of (S(¢));>¢ (see the remarks Assumption 2.1). They are immediate
for the terms involving DUtk g (10). For the integral term, we note that the norm of the

integrand is dominated by t +— M| g||oo%hl), which is integrable in view of (4.5).

Combined with the continuity of
1= St —10)(r + 1)gto — (t — 10))

on (fp,00) and possibly at 79, the dominated convergence theorem yields the
result. g

Next we comment on the precise way in which the fractional-order mild solution
formula (4.2) of Definition 4.2 reduces to formula (4.3) for integer orders s = n € N.
Substituting s = n (i.e., s] = n and {s} = 0) in the higher-order terms of (4.2) and
shifting the index of summation yields

n—1

_ k
> %S(r — 10)[(3 + A)*g1(t0), Vi € (19, 00), (4.8)
=0 :

=

as desired. Moreover, the first term in (4.2) vanishes as required, provided that the
integral remains convergent for {s} = 0. This occurs under Assumption 2.1(ii), but
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may fail in general if only Assumption 2.1(i) is satisfied, hence in this case we cannot
argue via direct substitution. Instead, we have to consider limits as s — n. Let ug
denote the mild solution from Definition 4.2 of order s € (0, co0)\N. Then we have

e (1) = Sin(m) / T SS(( = 10)(r + D)glio — (= t))dT  (49)

3 (t_tO)k+£ S kte 4.10

+Zp(k+ 1y S0~ 0D g ), (4.10)

Un_e (1) = Sm(m) f S((r—ro>(r+1>>g<ro—(r—ro>r)dr @.11)
n—1 _ k—e

) F(fk _tO) S(t - 100" g1, 4.12)

forall e € (0,1) and ¢ € (79, 00). Substituting ¢ = 0 into the summations on lines
(4.10) and (4.12), and comparing the resulting expressions with (4.8), we see that the
integral terms on lines (4.9) and (4.11) should converge to zero and S(t — 79)g(ty),
respectively, as ¢ — 0, in order to recover the integer-order case (formally, since we
cannot expect the continuity of & > D% g(#0) in general). The following proposition
states when these convergences hold:

Proposition 4.7. Letty € R and g € Cyp((—00, ty]; X) be given. If Assumption 2.1(i)
is satisfied, then for all t € (ty, 00) it holds that

sin(re) [ ¢!
f St —10)(r + 1)g(to — (t — 19)r)dr — St — 10)g(t0)
T o T+1

as ¢ — 0. If, in addition, Assumption 2.1(ii) is satisfied, then

sin(re) [ t7¢
S((t —tp)(t+1)g(to — (t —tp)T)dt — 0 (4.13)
o T+ 1
ase — 0.
Proof. Fixty € Rand t € (1, oo). First we define the function f; ;,: R — X by

St —1tyo—r)gto+r), re (—oo,0];

Jun )= [S(r ~ 10)g(t0). r € (0, 00),

which is bounded and continuous at r = 0 by the assumptions on (S(¢));>0 and g.
Next, for any € € (0, 1) we define ¥, 4, : R — [0, 00) by

_ 1—¢
Vo) = L1 : SNCTE) g = i), reR.

Shifting the integration variable by ¢ — #o and applying (4.6) withs = 1 —e and z = 0,
we find
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(t — to)' ¢ sin(re)

/ Yr.10,e(r)dr = /00 r_l(r —(t— to))e_ldr =1.
R T t—to

Moreover, we have for any § > 0:

t —tg) "€ sin(me) [
[ nelar = OIS [ R g
{lr|=8} T B

_ l—g .= 1) _ l—ege—1 — .
< (t —19) sm(ns)/‘ e2g, — (t—19) %8 sin(re) R (t—19)-0 _
1)

0
m(l —e) b

b
as ¢ — 0. Together, these observations show that the family (Y 4, ¢)ee(0,1) forms an

approximate identity as ¢ — 0 in the sense of [9, Definition 1.2.15]. Since the change
of variables o := (t — tp)t yields

sin(re) [ ¢!
/ St —10)(r + 1)g(to — (1 — 10)T)dT = [V1,19,¢ * f1,101(0),
b4 o T+1

the first assertion now follows by applying the obvious vector-valued generalization
of [9, Theorem 1.2.19(2)], which gives

[Wt.10.6 * [1.0](0) = fr.19(0) = S(t —10)g(t0) ase — 0.

For the second assertion, suppose that Assumption 2.1(ii) holds. By Proposition
4.3, the left-hand side of (4.13) is bounded above by Mo T (e, w(t — 9))||g |l for all
t € (tp, 00). Since w(t — ty) > 0, this expression tends to zero as ¢ — 0. [l

The final corollary concerns the choice g = x € D(A(s ’I)VO) in Definition 4.2, in
which case the solution can be expressed in terms of an operator-valued counterpart
of the upper incomplete gamma function. Namely, for « € (0, 1) and ¢ € (0, 00), we
use the Phillips calculus from Sect. 2.5 to define

1“0;1 (o0 —0)* do
Tl —a)

see (4.6). For ¢ € [1,00), such a Laplace transform representation is no longer
available, so in this case we instead define T (o, tA) by analogy with (4.7):

T(a, tA):=[z— T (x,12)](A) = £|: :|(A) € Z(X),

L] ktHa)—1

T, tA)x =T ({a}, tA)x + Z
k=1

k+{a}—1
Rt @) A S(1)x, (4.14)

where x € D(A*~!). For r = 0 we set I'(a, 0A) := Idy. Although I" (e, tA) is un-
bounded in general, under the additional Assumption 2.1(ii) we have, cf. [24, Chapter 2,
Theorem 6.13(c)]. For all B € [0, 00), there exists an Mg € [1, co) such that

IAPS()l.2x) < Mgt Pe™", Vit € (0, 00). (4.15)

Putting these observations together, we obtain the following formula for the solution
with initial datum g = x:
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Corollary 4.8. Suppose Assumption 2.1(i) holds. Let s € (0,00)\N, p € [1, co] and
to € R. If g = x for some given x € D(A(S_l)vo) and s € (0, 1) or Assumption 2.1(ii)
holds, then the solution u to (4.1) from Definition 4.2 becomes

u(t) =T (s, (t —t9)A)x, Vr € (19, 00). (4.16)

If, in addition, s € (0, 1) or Assumption 2.1(ii) is satisfied, then

{v}+k 1

lu@llx < | MoT (s}, w(t — t9)) + ¢~ ’°>Zm

lxllx, (4.17)

where w € [0, 00) and My, My, ..., Ms € [1,00) are as in equations (2.1) and
(4.15).

Proof. The substitution g = x and the change of variables o := (t — 1) (1 + 7) in the
first term of (4.2) produces

sin(rr {s}) t — tO){S}/ oo — (t — 19))" ¥ S(0)do x,
4 1—to

which is equal to T({s}, t —19)A)x by (4.6).
Now suppose that s € (1, co) and let Assumption 2.1(ii) be satisfied. Then for any
o € [0, 00) we have

1 [o)0]
J%g(1) = —f 197 1S(r)xdr = A%
I'(e) Jo
by (2.7), so that
’Dﬂg(l‘) = (3 + A)(ﬂ?jﬁfﬂ—ﬁg(t) — ABIAB=TBly — APy
for all B € [0, s — 1], hence the remaining terms of (4.2) become

sl \[s}+k—1
Z(r (;o)}_’_k) S(t — 1) AWHR=T
N

proving (4.16) in view of (4.14). Estimate (4.17) follows from (2.1) (and (4.15)).
O

4.2. Proof of the relation between mild solutions and L”-solutions

The aim of this section is to prove Theorem 4.5. We will prove the integer-order and
fractional-order cases separately in the following two subsections. Before proceeding
to do so, we make a preliminary observation which applies to both cases:

If Assumption 2.1(ii) holds, and u € D(®®) is an L?-solution to (4.1) for some
to € R, p € [1,00] and s € (0, oo) satisfying (2.5), then u € Cp(R; X) by Corollary
3.4. Moreover, if s > 1, then we have © 1y € D(@l) by the definition (2.6), and thus
D%~lu e Cp(R; X) by applying Corollary 3.4 once more. Since g = u on (—o0, fo],
this shows that the continuity properties of g are as in Definition 4.2.
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4.2.1. Integer-order case

Let us consider the case s = n € N, in which the operator ®" = (3, + A)" is
local in time. Note that the first-order case s = 1 was already treated in Sect.2.3. The
following proposition is the key ingredient in the proof of Theorem 4.5 for s = n.

Proposition 4.9. Suppose that Assumption 2.1(ii) holds. Let n € N, p € [1, 00],
to € Randu € D((8; + A)"). Forallt € J := (ty, 00), we have

(t —to)*

T St —10)[(3; + AFul(r).  (4.18)

T 0+ AY'u(t) = u(t) - Z

k=0
Here, 3 € L LP(J; X) denotes the (Riemann—Liouville type) fractional parabolic
integral, defined by

1 t
jfou(t) = m /to (t — )18t — Du(r)dr, (4.19)

forallu € LP(J; X) and almost every t € (tg, 00).
Proof. We use induction on n € N. For the base case n = 1, let us fix an arbitrary
ue Wh?(J; X)NLP(J; D(A)) — Cv(J; X).

Since u(t) € D(A) a.e., we find in particular that u(y) € m Now the result follows
by applying Proposition 2.4(a) =—> (b) with f:=u’+ Au € LP(J; X).

Now suppose that the statement is true for some n € N. We present the argument
for fo = 0, the other cases being analogous. Fix u € D((3; + A)"T!) and apply the
induction hypothesis to the function (3; + A)u € D((3; + A)"), yielding

nlk

(0 + Au(t) = Ty @ + A)" @) + Z SOLO+ A1)

for all # € J. Applying 3! to both sides of the above equation, we can use the case
n = 1 along with Propositions 2.6(c)—(d) to find

k+1
“ (k+1)!

u(t) =@ + A" u) + Z SO + AT u(0) + S(#)u(0)

= @ + A u(n) + Z S(t)[(at + A ul(0). -
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We can now prove the integer-order case of Theorem 4.5:

Proof of Theorem 4.5 (for s = n € N). Let u be an L?-solution to (4.1). By Definition
4.2 and the observations in the beginning of Sect.4.2, we have u € Cp(R; X), u = g
on (=00, fo] and (9; + A)"u = 0 a.e. on (7, 00). Applying J;  to both sides of the
latter and using Proposition 4.9 on the left-hand side, we find for all 7 € (¢y, 00):

n—1

w =y L X st — )10 + Hfulo).

k=0

Note that the operators (d; + A)k are local in time and that, in fact, we can choose
to interpret o, as a left derivative. Thus, since u = g on (—00, fg], we obtain (4.3). [J
If u € D((8; + A)¥) is sufficiently regular, say if u € C/(J; D(AF=7)) (j times con-

tinuously differentiable) for all j € {0, ..., k}, then we have the pointwise binomial
expansion
£k
[0 + A ult) = E (,)Ak_fu(f)(t), Vi e J,
; J
j=0

where u) denotes the jth (classical) derivative of u. Substituting this into (4.18),
using the definition of binomial coefficients, interchanging the order of summation
and shifting the inner summation index yields

nlok n—1 k
Z SOLE + A ul©) = ZZ S(t)Ak i 0)
k= 0 =0 j=0 7
n—1n—1 tk n—j—l
= =iy €,
= ZZWS(I)A T, U 0) = Z . Z Z!S(I)A D(0).
J=0k =0’ =0

Moreover, note that for n € N, x € D(A"1) and 1 € (0, c0) we have

nlk

T(n,tA)x = Z S(t)Ak

cf. (4.7). Together, these observations imply that, in this situation, equation (4.18)
takes on the following form:

- n (t — 1)k —=
Jto(at + A)'u(t) =u(t) — Z 0 ——TI'(n—k, (t—ty))A)xg. (4.20)
k=0

4.2.2. Fractional-order case

Now we turn to the proof of Theorem 4.5 in the case that s € (0, co) \ N. It relies
on the following result, which is the fractional-order analog to Proposition 4.9.
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Theorem 4.10. Suppose that Assumption 2.1(ii) is satisfied. Let f € LP(—00, tg; X)
for some p € [1,00] and ty € R, and let f e LP(R; X) denote its extension by zero
to the whole of R. Let s € (0, 00)\N be such that (2.5) is satisfied. Then the following
identity holds for all t € (ty, 00):

- 3 oo ~—{s}
JSf(t):S‘“(Z{‘}) /0 L S( )@+ 1) f o ~ (¢~ )0

T+
s e
(t — to){_&}+k 1 Ls k41
Y o S — 103 [ (t0). 4.21)
T (s} + k)

Before proving this result, we show how it can indeed be used to finish the proof of
Theorem 4.5:

Proof of Theorem 4.5 (for s € (0, c0)\N). Let u € D(D*) be an L?-solution to (4.1).
Applying ®* to the second line of (4.1) yields ®u = ©°g a.e. on (—o0, 1y).
Combined with the first line of (4.1), i.e., ®*u = 0 a.e. on (g, 00), we find

Du = f a.e.on R,

where f:=9%¢g € LP(—o00, tp; X). Now we apply J° to both sides of this equation,
and use Proposition 3.3(b) and Theorem 4.10 to the left-hand and right-hand sides,
respectively. Together, this yields, for all 7 € (¢, 00),

: oo ~—{s}
u(p) = sy / T S(( — 10)(z + )P [Dlto — (¢ — 1))
b4 o T+1

Ls]

(t — 19)¥s) k-1 N
" kz:; XCEL R [D°¢1(10).

In order to conclude that u satisfies equation (4.2), it remains to note that 3*®%g = g
and Jlsl=ktlpse — @s=(sl=k+D g — Dlskh=lgo for all k € {1,..., |s]}. Indeed,
the former follows from the natural analog of Proposition 3.3(b) for functions defined
on (—o0, fy]; for the latter, let m € Ny be such that m < [s], for which we have

ijDSg — 1% |_sj/j|_sj —sg —gm Z)m@m —mj\_sj—sg ) Ls] —mj\_sj —m—(s—m)g
— @Ls—mJjLs—mJ—(s—m)g — @S—mg.

Here, we used the definition of ®°, the additivity of integer powers of ©, and the
aforementioned analog to Proposition 3.3(b). This completes the proof that u is a mild
solution in the sense of Definition 4.2. 0

The proof of Theorem 4.10 involves expressing an integral in terms of fractional
binomial coefficients, given by [23, Equations (1.2.6), (5.2.4) and (5.2.5)]:

k—1
ay 1 . T+
<k> =1 E)(a O=rr— e+ o€ (0,00), k € Ng.  (4.22)
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Since the author is not aware of a direct reference for the following integral identity,
a proof is presented below for the sake of self-containedness.

Lemma 4.11. Fora € (0, 1), a, b € (0, 00) and n € Ng we have

sin(ra) /“/b 7% — br)*tn—l dr
b4 0 T+1
" la +n—1
=@+b* =" ( o )a"kb”“‘. (4.23)

k=1

Proof. By the change of variables o := %‘L’ and [23, Equation (5.5.3)], the validity of
the identity (4.23) is equivalent to that of

1 /1 O_—a(l _ O,)ot+n—l
I'd—ao)l(@) Jo o+t

n k—1
=a"""ba+ b =Y (a :ﬁ; 1) <é> ‘ 29

a
k=1

do

We will verify this identity using induction on n € Ny. The base case n = 0 is a
consequence of [23, Equations (5.12.4) and (5.12.1)]:

1 /1 O'ia(l _ O‘)afl
ra—-a)l () Jo o+t

do = (14 27 (2" = ab (a4 by

Now suppose that (4.24) holds for a given n € Ny. In order to establish the identity
forn+1,wewritel —o =1+ g — (o + 3) and apply the induction hypothesis and
[23, Equation (5.12.1)], respectively, to the resulting two integrals:

1 /1 U—C\l(l _ o.)Ol-H’l
r(—a)l (@) Jo o+t

b — _
__ I+ A Ul 1ola— 1 /lo—“(l — o)l
r-awr@) J o+b ra-awr@) Jo

_ _—np—a atn _ é) S <a+n—l>(b)j_l_[‘(a_|_n)
=a""b"%a + b) <1+a kg e - T
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For the latter two terms, we have
b\ < (a+n—1\ /b I'a+n)
(”a)E( n—k )(5) T uT@
() )
=1 n — a =0 n — a
| [ Y G 1 6 I )
_Z Z +(2
n—k n—k+1 a a
% a+n ) A
- n+1—kJ)\a ’

Indeed, to obtain the second line we note that Ir: f?it;’; = (“+Z_l) by (4.22), which
is the term k = O of the second summation on the second line; shifting its index of
summation and splitting off the last term yields the first expression on the third line.
The final step uses [23, Equation (1.2.7)] and the fact that (%)" corresponds to the term
k = n + 1 in the desired formula. Putting the previous two displays together proves

the induction step and thereby the lemma. g

Remark 4.12. An alternative way to derive (4.23) is by noting that the integral can
be expressed in terms of a hypergeometric function [23, Equation (15.6.1)] to which
one can apply the transformation formula [23, Equation (15.8.2)]. This results in a
difference of two hypergeometric functions, whose definitions can be written out to,
respectively, yield an infinite and a finite sum: The former is the fractional binomial
expansion of (a 4+ b)**"*~! and the latter consists of its first n terms, and together
this gives (4.23). In particular, we note that (4.23) is formally equal to the tail of a
fractional binomial series. The proof of Lemma 4.11 is more direct and avoids the
need to address the convergence of an infinite series.

Proof of Theorem 4.10. Fixing t € (fo, 00), the semigroup law implies
St —r)y=8S({(t—1t0) T+ 1)S(to— (¢ —to)t —71) (4.25)

forall T € (0,00) and r € (—o0, ty — (¢t — tp)7). This identity, followed by (2.1),
Holder’s inequality and equation (4.5) yields
drdt

1 00 to—(t—to)T
F(S)/o /;oo X

oo r—{s} | to—(t—10)T
< Mo f W=D / ks to — (& — 10)T — F) £ ()| xdrdr
o T+1 —00

=ty — (¢ — to)T — )77}
T+1

St —r)f(r)

Moym

= m ({S} w(t — tO))||ks||Lp’(07w;g(X))”f”LP(]R;X) < 00.
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This justifies the use of Fubini’s theorem in the following:

oo ~—{s}
fo : S((t — 10)(r + )3 fto — (t — 19)T)dT

+1
1 oo ptog—(t—1p)T .L.f{s}(to _ ([ _ l())'L' _ r)sfl
= St — drd
F(s)/o /_oo Tt ¢ =nf@)drde

! o = T —r =t — 1)) !
- I(s) /_oo [/0 —— dr}S(r —r) f(r)dr,

where we used (4.25) once more. Lemma 4.11 and equation (4.22) produce

sin(r {s}) / =Bty —r — (t — 1)) Lo
s 0

dr
T+1
Ls]
PN I"(s)  Nlsl—kg, o kHs)—1
B g(LsJ—k)!F({s}Jrk)(to C

The previous two displays and the identity S(t — r) = S(t — 19)S(t9 — r) yield

sin(m{s}) [ ¢~ s
/ St —10)(t + 1)T° f (1o — (t —to)7)d7
T o TH+1

Ls] _ {s}+k—1 _ I
_ Z (t —19) S(t — ty) 1 fo (to — r)LsJ—kS(tO _ r)f(r)dr
k=1

I"({s} + k) (Ls] =R oo

1 0 s—1
—1—% /;w(t—r) S —r)f(@r)dr

% (t — 10)IH1S (1 — 1)
k=1

I'({s}+k)

I £ (20) + 35 £ (1)

which is precisely (4.21). The final assertion follows from Proposition 3.3(b). U

5. Comparison to Riemann-Liouville and Caputo Cauchy problems

In this section, we compare the Dirichlet problem (4.1) to fractional-order abstract
Cauchy problems of the form

@ + A)’u(®) =0, te (1, o0),

augmented with initial conditions which depend on the interpretation of the abstract
space—time operator (d; + A)®, acting on functions u#: J — X with J = (79, oo) for
to € R (instead of / = R as in the previous sections). More precisely, we will interpret
(0; + A)® as a Riemann-Liouville or Caputo type fractional parabolic derivative,



19 Page 26 of 30 J. WILLEMS J. Evol. Equ.

respectively, on L?(J; X) for p € [1, oo], and determine the corresponding initial
conditions and mild solution formulae (see Definitions 5.2 and 5.3).

For fractional time derivatives 9, 1.e., the case A = 0, the resulting solution concepts
are well-known and commonly studied (see for instance [13, Chapter 3]). In this case,
the analog to (2.4) has less favorable mapping properties [13, Section 2.3] and the
well-posedness of (1.5) is less clear. We will show that, as in the case A = 0, the
lowest-order term of the solution to the Riemann—Liouville type initial value problem
has a singularity at 7y in general, whereas the Caputo initial value problem yields the
same solution for any two s1,s2 € (n,n + 1) for n € Ny. In contrast, the solution
from Definition 4.2 is continuous at #p under mild assumptions on g or (S(#));>0 and
changes for all choices of s € (0, 00).

Firstly, let us recall the Riemann—Liouville type fractional parabolic integral J; on
LP(J; X) defined by (4.19). Then, the Riemann-Liouville and Caputo type fractional
parabolic derivatives are, respectively, defined by

Dy =@+ APIIT and DL =310, + A

on their maximal domains. In order to derive mild solution formulae for L?-solutions to
the equations Dp; u = 0 and Du = 0, we proceed analogously to [13, Chapter 3] and
express J; Dy u and J; Deu in terms of initial data from u (compare with Proposition
4.9 and Theorem 4.10), so that applying J; on both sides of the equations motivates
the definitions. The integer-order case s = n € N, where

D" =Dfy =Dk = (0 + A,

was treated in Sect.4.2.1. From these results, we derive the following proposition
regarding Dy, and D¢, for fractional s € (0, 00)\N:

Proposition 5.1. Let Assumption 2.1(i) be satisfied. If s € (0,00) \ N, 1o € R and
p € [1,00]l and u € D(Dy), then for almost all t € J := (1, 00):

~ (t — 1)1 "
33 Dy u(t) = ut) — Wm — 10)35; M ulto)
Ls] (l _ to)k+{s}7l

_ N . k+{s}—1
2 Fk+ oD S(t — 1t0)Dgy. u(to).

Ifu € D(DL) is such that u € C/(J; D(A" 7)) forall j € {0, ..., n — 1}, then
we have for almost all t € J := (ty, 00):

Ls)
3 Deu) = ut) =y

k=0

PRY
‘ kvt()) T(s1 =k, (t —19)Au®(tg) ae.

Proof. For the sake of notational convenience we only present the case typ = 0. The
definition of Dy, , along with Propositions 2.6(c)-(d) and 4.9, yields
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31 3D u = 35 D% = 35T @0+ AT

n—1 Nk
S %S( @ + AFTFTu1(0)
k=0 ’

=jfs]—s u_n—l (.)k—m+ss(.)
0 S Tkts=TsT+ 1D

[0 + A)"Jg‘“‘su]m)]

for any u € D(Dy, ). The first assertion then follows from Proposition 3.3 and the
injectivity of 3017

If u € D(D), combining the definition with Proposition 2.6(c) produces
350 = 353570 + ) u =357 @, + )",

so that the result follows from Proposition 4.9 and the discussion below it, in particular
equation (4.20). O

Note that j(l)f{s}u need not vanish at 1y = 0. Indeed, even if it is continuous,
it may not satisfy (4.19) pointwise, as evidenced by the example u :=k(;; ® x for
pell, {s}%l) and x € D(A) \ {0} (see Proposition 2.6(d)).

Proposition 5.1 motivates the following definition of the Riemann—Liouville frac-
tional abstract Cauchy type problem and its corresponding solution.

Definition 5.2. Let Assumption 2.1(i) be satisfied. For any s € (0, co)\Nand 7y € R,
the mild solution to the Riemann-Liouville abstract Cauchy type problem

DxLu) =0, t e J:=(ty9, 00),
31 Mutto) = x0 € X, 5.1)
Oy 10) = x4 € D(A), kefl,..., Ls]),

is the function ugy, € C(J; X) defined by

Ls k+{s)—1
(r —10)
u 1) := — St —to)xg, teJ. 5.2
RL(1) kE:O Tkt oD (t — to)xk (5.2)
Compared with Definition 4.2, we first note that the terms k € {1, ..., |s]}in (5.2)

are almost identical to those of (4.2), up to the difference between taking Riemann—
Liouville type fractional parabolic derivatives of the function u defined on J and Weyl
type derivatives of g defined on R \ J. The remaining term, on the other hand, differs

—{s}

significantly. In (5.1), we see that x is the prescribed value of 3,1 u at fy and ugy,

0
is continuous at #( if and only if xg = 0, in view of the singularity occurring there
for xo # 0. In contrast, the solution to (4.1) given by Definition 4.2 is bounded by
Proposition 4.3, does in fact prescribe the value u(#y) = g(#p) and is continuous on R

under some further regularity assumptions.
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The following definition of a Caputo type initial value problem and corresponding
solution can also be derived from Proposition 5.1:

Definition 5.3. Let Assumption 2.1(i) be satisfied. For any s € (0, co)\Nand 1y € R,
the mild solution to the Caputo abstract Cauchy problem

cu() =0, t € J :=(tyg, ),

53
u®(t0) = xp e DABITHY, kefo,..., s} (>3)

is the function uc € C(J; X) defined by

L (1 — 1)k

uc(t) = Z TF(M —k, (t —10)A)xx, t€J.
k=0 :

Note that this definition has the same form as the integer-order abstract Cauchy
problem from Definition 4.2, i.e., formula (4.3). Analogously, for sufficiently regular
xx or (S(t))s>0, this solution allows for the specification of the value of uc(f). How-
ever, in contrast to the solution in the sense of Definition 4.2, we observe that the form
of uc only changes “discretely in s,” i.e., the solutions for any two s1, s € (n,n+ 1),
n € Ny are given by the same formula.
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