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A B S T R A C T

We report on numerical studies of bounded double-diffusive turbulent convection, which involves the combined
effects of concentration/solutal and thermal buoyancy forces. Our study focuses on an intermediate range of
the characteristic non-dimensional numbers, specifically 107 ≤ Rac ≤ 109, and 0 ≤ Ra𝜃 ≤ 106. We use fixed
values for the concentration and temperature Prandtl numbers (i.e. Pr𝑐 = 700, Pr𝜃 = 7), which approximately
correspond to seawater properties. We apply wall-resolved Large Eddy Simulations (LES) and compare the
obtained results with available Direct Numerical Simulations (DNS) in the literature. Our findings show
an overall good agreement in predicting the global wall mass and heat transfer coefficients, achieved with
significantly reduced computational costs. Furthermore, the local mass and heat transfer distributions reveal a
high sensitivity to the strength of the vertically imposed stable thermal stratification. Finally, we present the
vertical profiles of the long-term time-averaged first and second moments.
. Introduction

The combined effects of thermal and concentration buoyancy
double-diffusive convection) play an important role in various envi-
onmental (mixing in the upper layer of oceans), astrophysical (helium-
ore stars), and industrial (solar ponds, blast furnaces, energy storage
anks) applications, e.g. Turner (1974, 1985), Huppert and Turner
1981), Hanjalić and Musemić (1997), Zaussinger and Kupka (2019),
ang et al. (2016a,b), Chakkingal et al. (2020) and Zuo et al. (2024).

The importance of double-diffusive convection phenomena in
ceanography was recognized in a series of pioneering works by Turner
1974), Huppert and Turner (1981) and Turner (1985), who covered
 detailed overview of theoretical and laboratory-scale experimental
tudies in the literature. In addition, relatively simple theories address-
ng the stability criteria of double-diffusive convection were proposed.
ore recently, high Rayleigh number convection with double-diffusive

ingers, which represent a typical morphology of the concentration
ield, was experimentally investigated by Hage and Tilgner (2010).
o achieve a sufficiently high ratio of concentration and thermal
iffusion, the authors applied an electrochemical system where the ion
oncentration of the working electrolyte (a solution of CuSO4 in H2SO4)
mposed destabilizing effects, while temperature played a stabilizing
ole. The different heights of the experimental cell enabled exploration

∗ Corresponding author at: Transport Phenomena Section, Department of Chemical Engineering, Faculty of Applied Sciences, Delft University of Technology,
an der Maasweg 9, 2629 HZ Delft, The Netherlands.

E-mail address: s.kenjeres@tudelft.nl (S. Kenjereš).

of a wide range of working parameters (i.e. 1010 ≤ Rac ≤ 1012).
Thanks to the fluid transparency, the Particle Image Velocimetry (PIV)
measurements were performed to provide a detailed velocity field in
the vertical cross-section. The typical finger-like structures were gen-
erated within the range of working parameters considered, and scaling
laws for the integral mass transfer and finger thickness were proposed.
In the follow-up experimental study of Kellner and Tilgner (2014),
with an identical electrochemical system as used in Hage and Tilgner
(2010), the transition between convective cells and finger regimes
was investigated. Finally, in Rosenthal et al. (2022), the concentration
Rayleigh number range was increased even further (up to Rac = 1014),
and changes in the morphology of the flow and concentration fields
were analysed. The formation of the double-diffusive staircases was
observed even under unstable density stratification conditions.

In a series of direct numerical simulations (DNS) studies on verti-
cally bounded double-diffusive configuration, the salinity transfer over
a range of working parameters and different aspect ratios of the compu-
tational domain was investigated by Yang et al. (2015, 2016a) and Yang
et al. (2016b). The scaling laws for the concentration mass transfer
were found to match well with the classical GL theory, Grossmann and
Lohse (2000). Furthermore, a transition from typical Rayleigh–Bénard
cells to finger-structures was analysed.
ttps://doi.org/10.1016/j.ijheatfluidflow.2024.109636
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Nomenclature

Dm
c Molecular concentration diffusion coeffi-

cient (m2/s)
Dm
𝜃 Molecular temperature diffusion coefficient

(m2/s)
Nu𝜃 Thermal Nusselt number (–)
Nuc Concentration Nusselt number (–)
Pr𝜃 Thermal Prandtl number (–)
Prc Concentration Prandtl number (–)
Ra𝜃 Temperature Rayleigh number (–)
Rac Concentration Rayleigh number (–)
𝑐 Concentration (kg/m3)
𝑓𝑖 External force per unit fluid volume (N/m3)
𝑔𝑖 Gravity (m/s2)
𝑝 Pressure (Pa)
𝑢𝑖 Velocity vector (m/s)
D Domain depth (in the 𝑦-direction) (m)
H Domain height (in the vertical 𝑧-direction)

(m)
L Domain length (in the horizontal

𝑥-direction) (m)

Greek Symbols
𝛽𝜃 Thermal expansion coefficient (1/K)
𝛽𝑐 Concentration expansion coefficient

(m3/kg)
𝜈 Kinematic viscosity (m2/s)
𝜈sgs𝑡 Turbulent subgrid kinematic viscosity

(m2/s)
𝜌0 Density (kg/m3)
𝜏𝑠𝑔 𝑠𝜃 𝑗 Subgrid turbulent heat flux vector (m K/s)
𝜏sgs𝑐 𝑗 Subgrid turbulent concentration flux vector

(m2 k g∕s)
𝜏sgs𝑖𝑗 Subgrid turbulence stress tensor (m2/s2)
𝜃 Temperature (K)

Other symbols and Abbreviations
DNS Direct Numerical Simulation
LES Large Eddy Simulation
MPI Message Passing Interface

Subscripts

𝑖, 𝑗 Vector index

In the present study, similarly as in Yang et al. (2016b), we focus
on a situation typical for the ocean’s upper layer, where the concentra-
tion gradient is the main driving mechanism to initiate mixing, while
the temperature gradient plays a suppressing role. Due to the high
values of characteristic Prandtl numbers (i.e. thermal Pr𝜃 = O(10),
nd concentration Prc = O(102)), we adopt the wall-resolving Large-
ddy Simulation (LES) approach to make numerical simulation costs
cceptable. This approach proved to work very well in simulations of
he natural convection (pure thermal buoyancy driven flows), as shown
n studies by Kenjereš and Hanjalić (2006) and Kenjereš (2015), in
lows subjected to the combined effects of electromagnetic forcing and
hermal buoyancy for electrolyte fluids (Pr𝜃 = O(10)), as demonstrated
y Kenjereš (2008, 2009) and Kenjereš (2011), and in mass transfer of

a high Schmidt number (Sc = Prc = O(103)) fluid in a flow within a
omplex foam-like porous structure, as described by Zenklusen et al.

(2016). For all the above-mentioned applications of the wall-resolving
2 
LES, very good agreement was obtained with the fully resolving DNS,
as well as the combined particle image velocimetry and laser-induced
fluorescence (PIV/LIF) measurements.

The main goals of the present study are: (i) to determine the
greement between the proposed wall-resolving LES and fully resolving
NS of Yang et al. (2015, 2016b) over a range of working parameters,

(ii) to provide the local mass and heat transfer distributions along
the active boundaries, and, (iii) to provide profiles of the long-term
time-averaged second-moments (i.e. temperature and concentration
variances, turbulent kinetic energy, as well as the turbulent mass and
heat flux correlations).

Note that, at present, information addressing above-listed goals (ii)
nd (iii) is either scarce or totally missing in the literature, but is
rucially important for the further development, testing, and validation
f Reynolds-Averaged Navier–Stokes (RANS) type models for double-
iffusive convection in the turbulent flow regimes, as pointed out
y Hanjalić and Musemić (1997).

2. Numerical simulations

2.1. Mathematical model

The transport of mass, momentum, heat and species in the double
iffusive convection in a turbulent regime is defined by the follow-
ng spatially-averaged transport equations used in the Large Eddy
imulation (LES) approach, and can be written as:
𝜕 𝑢𝑖
𝜕 𝑥𝑖

= 0 (1)

𝜕 𝑢𝑖
𝜕 𝑡 +

𝜕(𝑢𝑖𝑢𝑗 )
𝜕 𝑥𝑗

= 𝜕
𝜕 𝑥𝑗

[

𝜈
(

𝜕 𝑢𝑖
𝜕 𝑥𝑗

+
𝜕 𝑢𝑗
𝜕 𝑥𝑖

)

− 𝜏sgs𝑖𝑗

]

+ 1
𝜌0

𝑓𝑖 (2)

𝜕 𝑐
𝜕 𝑡 +

𝜕(𝑐 𝑢𝑗 )
𝜕 𝑥𝑗

= 𝜕
𝜕 𝑥𝑗

(

Dm
c

𝜕 𝑐
𝜕 𝑥𝑗

− 𝜏sgs𝑐 𝑗
)

(3)

𝜕 𝜃
𝜕 𝑡 +

𝜕(𝜃 𝑢𝑗 )
𝜕 𝑥𝑗

= 𝜕
𝜕 𝑥𝑗

(

Dm
𝜃

𝜕 𝜃
𝜕 𝑥𝑗

− 𝜏sgs𝜃 𝑗
)

(4)

where 𝜌0 is density of fluid at reference temperature (𝜃0) and con-
centration (𝑐0), Dm

𝜃 is molecular thermal diffusion (Dm
𝜃 = 𝜈∕Pr𝜃), Dm

c
is molecular concentration diffusion (Dm

c = 𝜈∕Prc) 𝑓𝑖 represents body
forces (per fluid unit volume) acting on the fluid, and, finally, 𝜏sgs𝑖𝑗 , 𝜏sgs𝑐 𝑗 ,
𝜏sgs𝜃 𝑗 are subgrid turbulent stress tensor, concentration flux, and thermal
flux, respectively, that need to be modelled. For the double-diffusive
convection, the pressure and gravitational forces need to be included,
where for the latter, the Boussinesq approximation is applied for both
thermal and concentration buoyancy terms:

𝑓 𝑝
𝑖 = − 𝜕(𝑝 − 𝑝0)

𝜕 𝑥𝑖
, 𝑓 𝑔

𝑖 = −𝑔𝑖
[

𝛽𝜃
(

𝜃 − 𝜃0
)

− 𝛽𝑐
(

𝑐 − 𝑐0
)]

(5)

where

𝛽𝜃 = − 1
𝜌0

(

𝜕 𝜌
𝜕 𝜃

)

𝑝0 ,𝜌0 ,𝑐0
, 𝛽𝑐 =

1
𝜌0

(

𝜕 𝜌
𝜕 𝑐

)

𝑝0 ,𝜌0 ,𝜃0
(6)

are thermal and concentration expansion coefficients, respectively, and
0 is reference pressure.

In the present work, we adopt the subgrid closure of Vreman (2004),
hich was tested over a range of turbulent shear flows and found to be

as good as a dynamic Smagorinsky model, but was more numerically
efficient. Additionally, this SGS model proved to work well for the pure
turbulent thermal-buoyancy driven flows too, as shown in Kenjereš
(2015):

𝜏sgs𝑖𝑗 = −𝜈sgst

(

𝜕 𝑢𝑖
𝜕 𝑥𝑗

+
𝜕 𝑢𝑗
𝜕 𝑥𝑖

)

+ 1
3
𝜏sgs𝑘𝑘 𝛿𝑖𝑗 (7)

𝜈sgst = 𝐶sgs

√

𝐵𝛽 , 𝛼𝑖𝑗 =
𝜕 𝑢𝑖 , 𝛽𝑖𝑗 = 𝛥2

𝑚𝛼𝑚𝑖𝛼𝑚𝑗 ,
𝛼𝑖𝑗𝛼𝑖𝑗 𝜕 𝑥𝑗
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Fig. 1. Dependency of the integral concentration Nusselt number (Nuc) (a) and temperature Nusselt number (Nu𝜃) (b) over the range of 107 ≤ Rac ≤ 109 for two values of Ra𝜃 = 0
and 106. For the latter, the present results are compared with DNS of Yang et al. (2016a). Note that zoom-ins show a ratio of the integral concentration Nusselt (Nuc∕Nu0c ) (a)
nd integral temperature Nusselt (Nu0𝜃∕Nu𝜃) (b) numbers, where Nu0c and Nu0𝜃 are values for the neutral case. Thickness of the momentum (𝜆𝑢) (−), concentration (𝜆𝑐 ) (−), and
emperature (𝜆𝜃) (−) boundary layers (c). The first two are compared with reported values of Yang et al. (2016a) for Ra𝜃 = 106. Furthermore, for the present simulations, the

impact of the Ra𝜃 on thickness of the temperature boundary layer is shown, (𝜆𝜃) (−−) at Ra𝜃 = 0, and (−) at Ra𝜃 = 106. Note that graphs (a) and (b) are shown in the semi-log
scale, whereas graph (c) is in the log–log scale.
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𝐵𝛽 = 𝛽11𝛽22 − 𝛽212 + 𝛽11𝛽33 − 𝛽213 + 𝛽22𝛽33 − 𝛽223 (8)

with a model coefficient 𝐶sgs = 0.07, and the control volume filter-
ength projections 𝛥𝑚. The subgrid turbulent concentration and heat
luxes are modelled by a simple-gradient diffusion hypothesis (SGDH):

𝜏sgs𝑐 𝑗 = − 𝜈sgst

Prsgsc

𝜕 𝑐
𝜕 𝑥𝑗

, 𝜏sgs𝜃 𝑗 = − 𝜈sgst

Pr𝑠𝑔 𝑠𝜃

𝜕 𝜃
𝜕 𝑥𝑗

, (9)

with the adopted values of the subgrid turbulent Prandtl numbers of
rsgsc = 0.7 and Prsgs𝜃 = 0.4. The former value is based on the large
ddy simulations of the mixing of a passive scalar in a high-Schmidt
urbulent jet presented in Mejia et al. (2015), while the latter is based

on previous LES studies of the pure thermal-buoyancy convection over
a range of Rayleigh numbers, Eidson (1984) and Kenjereš (2015).

The double diffusion phenomenon is determined by the following
set of the characteristic non-dimensional parameters: Rac,Prc,Ra𝜃 ,Pr𝜃 .
The characteristic thermal and concentration Rayleigh numbers are
defined as:

𝑅𝑎𝜃 = 𝛽𝜃 𝑔 𝛥𝜃 𝑃 𝑟𝜃 𝐻3

𝜈2
, Rac = 𝛽𝑐 𝑔 𝛥𝑐 𝑃 𝑟𝑐 𝐻3

𝜈2
(10)

where 𝛥𝜃 = (𝜃𝑡𝑜𝑝 − 𝜃𝑏𝑜𝑡𝑡𝑜𝑚), and 𝛥𝑐 = (𝑐𝑡𝑜𝑝 − 𝑐𝑏𝑜𝑡𝑡𝑜𝑚), where subscripts
indicate the boundaries of the domain at which temperature and con-
centration are imposed. In addition, the characteristic density ratio can
be introduced:

𝛬 =
Ra𝜃 ⋅ Le = Ra𝜃 ⋅

Prc =
𝛽𝜃𝛥𝜃 (11)
Rac Rac Pr𝜃 𝛽𝑐𝛥𝑐

3 
where Le is the Lewis number. In the present study we adopt Prc = 700
and Pr𝜃 = 7 (that gives a fixed value of Le = 100), which corresponds
to seawater properties at 20 ◦C. We focus on an intermediate range
of working parameters, i.e. 107 ≤ Rac ≤ 109, and Ra𝜃 = 0, 106 (where
a𝜃 = 0 indicates a passive scalar behaviour of temperature, whereas

Ra𝜃 = 106 indicates a strong stable thermal stratification level). This
gives the following range of the characteristic density ratio of 0 ≤ 𝛬 ≤
10 at Rac = 107, 0 ≤ 𝛬 ≤ 1 at Rac = 108, and 0 ≤ 𝛬 ≤ 0.1 at Rac = 109,
espectively.

2.2. Numerical method

We solve the discretized forms of the above-defined governing
DE equations (Eqs. (1)–(4)) using our in-house finite-volume code
or general non-orthogonal structured geometries. The code has been
xtensively validated and applied in our previous work, where we

addressed various cases of turbulent heat transfer simulations within
the LES modelling framework, e.g. Kenjereš and Hanjalić (2006) and
Kenjereš (2015). The collocated grid arrangement is applied for all
ransport variables, and Cartesian vector and tensor components are
sed. The Rhie–Chow interpolation method is employed to prevent

decoupling between the pressure and velocity fields, Ferziger et al.
(2019). The linear system of equations is solved by the strongly im-
licit procedure (SIP) developed by Stone (1968) and further discussed

in Ferziger et al. (2019). The SIMPLE algorithm is used to solve
the pressure field, Patankar (1980). The code achieves the second-
order numerical accuracy. Both the convective and diffusive terms of
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Fig. 2. Contours of the instantaneous non-dimensional concentration (𝑐∗=𝑐∕𝛥𝑐), temperature (𝜃∗=𝜃∕𝛥𝜃), and streamlines in the central vertical plane (y ∕D = 0.5), for Rac = 108,
and two values of Ra𝜃 = 0 (-left), and Ra𝜃 = 106 (-right).
all transport equations are calculated using the central-differencing
scheme (CDS). Fully implicit time integration is performed using the
three-time-level scheme. The finite-volume numerical code is designed
for efficient parallel execution by employing 3D domain decomposition
and message passing interface (MPI) directives, Kenjereš (2015).

2.3. Geometry, boundary conditions and numerical mesh

We consider a simple rectangular computational domain with the
Lx ∶ Ly ∶ Lz = L ∶ D ∶ H = 2 ∶ 2 ∶ 1 aspect ratio, where
the upper surface was kept at a constant high temperature (𝜃𝑡𝑜𝑝) and
concentration (𝑐𝑡𝑜𝑝), while the lower surface was kept at constant low
temperature (𝜃𝑏𝑜𝑡𝑡𝑜𝑚) and concentration (𝑐𝑏𝑜𝑡𝑡𝑜𝑚). To make an analogy
with practical applications, this configuration represents a situation
where a warmer and saltier layer initially resides above the colder
and less salty layer of the fluid. Gravity acts in the negative vertical
direction (i.e. 𝑔𝑖(0, 0,−1)), so the imposed concentration gradient tends
to promote mixing, while the temperature gradient tends to stabilize
the flow due to stable thermal stratification. For the upper and lower
horizontal boundaries, a no-slip condition is applied for the velocity
(𝑢 = 0). All side-boundaries are treated as a free-slip for velocity and
𝑖

4 
zero-gradient fluxes for temperature and concentration, respectively.
We apply a non-uniform numerical mesh with Nx × Ny × Nz = 256 ×
256 × 162 control volumes. To properly resolve steep concentration
and temperature gradients in the proximity of the horizontal walls,
and to have an adequate mesh in the central part of the domain,
we apply a non-uniform mesh distribution in the vertical direction,
and a uniform distribution in both horizontal directions. We split the
vertical direction in three segments: (i) 0 ≤ z∕H ≤ 0.05, (ii) 0.05 <
z∕H < 0.95, and (iii) 0.95 ≤ z∕H ≤ 1. Segments near the walls are
refined such that the first control volumes attached to the walls have
𝛥z∗wall = 𝛥zwall∕H = 5 × 10−5, and the remaining 30 control volumes
(per segment) gradually increase with a grid-expansion ratio of 1.1.
This refinement is done in order to properly resolve thin concentration
boundary layers even at the highest value of Rac = 109, with thickness
estimated from 𝛿𝑐 = 1∕2 H Nu−1c , Yang et al. (2016a). The central
segment has a uniform distribution that is adequate to properly capture
the thickness of the emerging concentration and thermal plumes. As
initial conditions, the velocity field is assumed to be zero, while the
temperature and concentration fields are assumed to be uniform and
equal to corresponding reference values, i.e. 𝜃0 =

(

𝜃𝑡𝑜𝑝 + 𝜃𝑏𝑜𝑡𝑡𝑜𝑚
)

∕2, 𝑐0 =
(

𝑐 + 𝑐
)

∕2, respectively.
𝑡𝑜𝑝 𝑏𝑜𝑡𝑡𝑜𝑚
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Fig. 3. Contours of the instantaneous non-dimensional concentration (𝑐∗=𝑐∕𝛥𝑐) in three horizontal planes (z∕H = 0.1, 0.5, 0.9) (from top to bottom) for Rac = 108 and Ra𝜃 = 0 (-left),
Ra𝜃 = 106 (-right). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
3. Results and discussion

3.1. Integral mass and heat transfer, boundary layers

We start our analysis by comparing the present results with the
DNS of Yang et al. (2016a), as shown in Fig. 1. The DNS results
by Yang et al. (2016a) were obtained using an originally developed
5 
dual-mesh approach with a finite-difference code with a staggered mesh
arrangement (Ostilla-Mónico et al., 2015) where different meshes were
applied for the velocity (2883) and scalar (8643) fields, at Rac = 109,
Ra𝜃 = 106. As mentioned above, the present simulations are based
on a single non-uniform mesh for all transport variables and all sim-
ulations. This approach enabled the numerically efficient development
of momentum and scalar fields at higher Ra by initializing all fields
c
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Fig. 4. Contours of the instantaneous non-dimensional concentration (𝑐∕𝑐0), temperature (𝜃∕𝜃0), and streamlines in the central vertical plane (𝑦∕𝐷 = 0.5), for Rac = 109, and two
values of Ra𝜃 = 0 (-left), and 106 (-right).
from fully developed and statistically convergent solutions obtained at
lower Rac. It can be seen that a good agreement between the present
simulation and DNS results of Yang et al. (2016a) (both performed at
Ra𝜃 = 106) is obtained for both Nuc (Fig. 1(a)) and Nu𝜃 (Fig. 1(b)) over
the entire range of simulated Rac.

Note that the local instantaneous concentration and temperature
Nusselt numbers at the active walls are calculated as: Nu′c(x, y, t ) =
(𝜕c∕𝜕z) |wall ⋅ H∕𝛥c and Nu′𝜃(x, y, t ) = (𝜕 𝜃∕𝜕z) |wall ⋅ H∕𝛥𝜃, whereas
their integral mean values are evaluated as: Nuc = 1∕T0 ∫

T0
t =0

(

1∕L

⋅1∕D ∫𝛥x ∫𝛥y Nu
′
cdxdy

)

dt and Nu𝜃 = 1∕T0 ∫
T0
t =0

(

1∕L ⋅ 1∕D ∫𝛥x ∫𝛥y Nu
′
𝜃

dxdy
)

𝑑 𝑡, where T0 is the period of time-integration. The largest de-
viation, a 2.5% difference in Nu𝜃 , was observed at Rac = 109. This
can be partially explained by: (i) changes in the aspect ratio of DNS,
where the reduced geometry (1:1:0.8) was simulated with periodic-
boundary conditions, while we kept the original (2:2:1) aspect ratio
in all simulations, and (ii) significantly longer interval of collecting
statistics in our simulations (10 times longer) compared to the DNS.

Next, we focus on the importance of subgrid turbulence contri-
butions, particularly concerning the concentration field, due to the
6 
relatively large value of the corresponding concentration Prandtl num-
ber. Note that for fully resolving DNS, the critical parameter is the
Batchelor length scale for the concentration field, defined as 𝜂𝐵 =
𝜂𝐾∕Pr

1∕2
c , where 𝜂𝐾 =

(

𝜈3∕𝜀
)1∕4 is the Kolmogorov length scale, and

𝜀 is dissipation rate of the turbulent kinetic energy. To quantify the
subgrid turbulent concentration flux contribution, we analyse the ratio
of turbulent (Dsgs

c = 𝜈sgst ∕Prsgsc ) to molecular diffusivities (Dm
c = 𝜈∕ Prc),

i.e. Dsgs
c ∕Dm

c , for the simulations performed. The time-evolution of
the maximum of this ratio, when a fully developed and statistically
convergent flow, heat, and mass transfer are established, is shown
in Fig. A.10. It can be seen that this ratio is larger for the neutral
(i.e. when Ra𝜃 = 0) than for the strong-stratification cases (Ra𝜃 = 106)
for the considered values of Rac. Furthermore, at Rac = 107, we observe
that Dsgs

c ∕Dm
c ≪ 1, indicating that the simulations are practically fully

resolving. In contrast, at Rac = 109, the turbulent subgrid concentration
contributions dominate over the molecular ones, while at Rac = 108,
both turbulent and molecular contributions are of similar importance.
For these cases, we satisfy the criterion for a well-resolved LES as
defined in Celik et al. (2005). The local distribution of the characteristic
ratio in the central vertical plane at an arbitrary time instant is shown in
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Fig. 5. Contours of the instantaneous non-dimensional concentration (𝑐∗=𝑐∕𝛥𝑐) in three horizontal planes (z∕H = 0.1, 0.5, 0.9) (from top to bottom) for Rac = 109 and Ra𝜃 = 0 (-left),
Ra𝜃 = 106 (-right). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
Figs. A.11 and A.12. The contours of the characteristic diffusivities ratio
indicate that the regions in the vicinity of the active boundaries are
well resolved (i.e. we have a wall-resolved LES), and that the turbulent
subgrid contributions are dominant in the central part of the domain.

By comparing the characteristic momentum (𝜆𝑢) and concentra-
tion (𝜆 ) boundary layer thicknesses, defined as the location where
𝑐

7 
the corresponding root mean square (r.m.s.) values of the instanta-
neous horizontal velocity (

√

𝑢′2𝑥,𝑦) and concentration (
√

𝑐′) reach their
maximum, we can conclude that there is an overall good agreement
between the reference DNS of Yang et al. (2016a) and the present
work, as shown in Fig. 1(c). It can be seen that the concentration
boundary layers becomes progressively thinner with increasing Ra .
c
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Fig. 6. Contours of the instantaneous local concentration Nusselt number (Nu′c) at the upper wall for different values of Rac = 107 , 108 , 109 and Ra𝜃 = 0 (-top), Ra𝜃 = 106 (-bottom).
Fig. 7. Contours of the instantaneous local temperature Nusselt number (Nu′𝜃) at the upper wall for different values of Rac = 107 , 108 , 109 and Ra𝜃 = 0 (-top), Ra𝜃 = 106 (-bottom).
This behaviour was also observed earlier in pure natural convection
over an extensive range of temperature Rayleigh numbers for fluids
with a temperature Prandtl number close to one, Zhou and Xia (2001)
and Kenjereš and Hanjalić (2002). In contrast, for the velocity boundary
layer, after an initial reduction, a constant value is observed, as shown
in Fig. 1(c). A similar behaviour is also observed for the temperature
boundary layer (𝜆𝜃), which is analogous to the concentration scalar,
defined as a location where (

√

𝜃′) reaches its maximum. For higher
values of Ra ≥ 5 × 107, the concentration boundary layer is nested
c

8 
within the velocity boundary layer. Both layers are always deeply
nested within the temperature boundary layer. Note that this behaviour
of the boundary layers is different from typical forced convection flows,
where both the temperature and concentration boundary layers will be
embedded within the velocity boundary layer.

Next, we take a step back and analyse the differences between
the neutral temperature field (Ra𝜃 = 0) and strong temperature strat-
ification (Ra𝜃 = 106) cases, as indicated by dashed and solid lines
in Fig. 1, respectively. An interesting conclusion can be drawn by
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Fig. 8. Vertical profiles of the mean concentration (C), temperature (T), density (𝜌), and second-order moments at Rac = 107 and two values of Ra𝜃 = 0 (-dashed line) and 106

(-solid line) and with a zoom-in in the proximity of the lower horizontal wall (0 ≤ z∕H ≤ 0.1). Note that the (cross)correlations involving the velocity were non-dimensionalized
with the free–fall concentration buoyancy velocity (U0 =

√

𝛽cg𝛥cH).
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comparing Fig. 1(a) and (b). There is a suppression of the Nu𝜃 with
Ra𝜃 increase, Fig. 1(b), The strongest suppression (Nu0𝜃∕Nu𝜃 ≈ 3) is
btained at Ra𝜃 = 2 × 108, as seen in zoom-in of Fig. 1(b). The opposite

trend is obtained for the mass transfer, where Nuc is slightly increased
(where the maximum enhancement of Nuc∕Nu0c = 1.055 occurring at
Rac = 108, see zoom-in of Fig. 1(a)). A similar observation of mass
transfer increase with an increase in Ra𝜃 was reported in Yang et al.
(2016b). By comparing the thickness of the thermal boundary layers,
t can be seen that a significantly faster thinning is obtained for the

neutral case, while for the Ra𝜃 = 106, there is just a marginal variation,
Fig. 1(c). There is a cross-over at approximately Rac = 3 × 107. From
he integral mass and heat transfer distributions, as well as from the

behaviour of typical boundary layers, it can be concluded that the
present simulations provide reliable results in a good agreement with
the fully scalar-resolving DNS of Yang et al. (2016a).

3.2. Instantaneous flow, concentration and temperature fields

Contours of the instantaneous non-dimensional concentration, tem-
erature, and velocity fields at different values of Rac and Ra𝜃 are
hown in Figs. 2–5. We first select the intermediate value of Rac =
108. The contours of concentration and streamline plots in the central
 e

9 
vertical cross-section for Ra𝜃 = 0 reveal a typical flow morphology
consisting of large coherent convective structures generated by strong
vertical shear originating from the updrafts and downdrafts of the
concentration field, as seen in Fig. 2(a-c-e). This is in accordance with
the classical case of the Rayleigh–Bénard convection, except that we are
ealing with driving concentration buoyancy effects, and temperature
ield acts as a passive scalar (by setting 𝛽𝜃 = 0). The temperature field
istribution is characterized by significantly larger structures (thermal
lumes) in comparison to the concentration field.

After the activation of thermal buoyancy effects at Ra𝜃 = 106, signif-
cant flow reorganization occurs, Fig. 2(b-d-f). Due to the suppressing

effects of the imposed temperature gradient, the size of convective
structures is significantly reduced in the horizontal direction, resulting
in a larger number of rolls, as seen in Fig. 2(f). It is interesting to
note that a similar flow reorganization occurs in Rayleigh–Bénard
convection when subjected to a strong vertical magnetic field, as re-
ported in Kenjereš and Hanjalić (2004). The distinct structure of the
concentration plumes (so-called salt or concentration fingers) extends
through the entire vertical cross-section with impinging regions on the
pposite walls, as shown in Fig. 2(b). This transition from convective
ell structures to concentration fingers is in good agreement with the
xperimental studies of Kellner and Tilgner (2014) and the numerical
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Fig. 9. Same as in previous figure only now for Rac = 109.
c
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studies of Yang et al. (2016a). The temperature contours show a well
established vertical stratification with imprints of small waves in the
horizontal direction in the central part of the domain, Fig. 2(d).

Additional insights are obtained by plotting the concentration con-
tours in three characteristic horizontal planes at z∕H = 0.1, 0.5 and
0.9, as shown in Fig. 3. In planes near the walls, a fine network of
planform structures with superimposed imprints of the concentration
updrafts and downdrafts can be observed. Distinct polygonal patterns
merge with an increase in Ra𝜃 , Fig. 3(b–f). Opposite red/blue patches

can be seen, which are associated with corresponding concentration
downdrafts/updrafts, respectively. In the central horizontal plane, the
planform structures disappear, and a significant increase in the number
of concentration plumes is produced at Ra𝜃 = 106 compared to the
neutral case, Fig. 3(c–d).

We now move to the high Rac = 109 case, Figs. 4–5. Here we
expect weaker effects of the imposed thermal stratification due to
a lower density ratio of 𝛬 = 0.1 compared to 𝛬 = 1 for 𝑅ac =
108 (both at 𝑅𝑎𝜃 = 106). From the vertical cross-sections, we can
observe that significantly thinner concentration plumes are generated,
Fig. 4(a–b). Despite the lower 𝛬, there is still a significant impact
on the flow structures, Fig. 4(e–f). Similarly, the temperature field
again shows the well-defined vertical stratification, Fig. 4(c–d). The
orizontal cross-sections reveal a significant increase in the number of
10 
concentration plumes, Fig. 5(c–d). The planform structures are again
generated near the walls, with typical opposing heavy/light (red/blue)
fluid concentration distributions, Fig. 5(a–b,e–f).

3.3. Local instantaneous mass and heat transfer at the wall

Next, we investigate the impact of the observed changes in flow,
oncentration, and temperature distributions at different Rac and Ra𝜃

on the instantaneous local mass and heat transfer. Contours of the
local concentration Nusselt number (Nuc) (equivalent to the Sherwood
number for the mass transfer characterization) at the upper wall are
shown in Fig. 6. At lower values of Rac = 107, the impinging locations
where the light fluid impinges on the upper wall) are located in

the centres of the cellular-like planform network, Fig. 6(a). Similar
tructures are also observed at Rac = 108, Fig. 6(b), whereas a less

structured organization is present at Rac = 109, Fig. 6(c). Strong thermal
stratification (Ra𝜃 = 106) leads to a more dense cellular-like network
corresponding to increase of the number of the concentration updrafts
hat are impinging at the upper wall, Fig. 6(d–e–f). The thickness of

the edges of the characteristic cellular structures also reduces with an
increase in Rac, but is not affected by changes in Ra𝜃 . Despite this
significant spatial reorganization of the local mass transfer patterns

at the upper wall, the integral mass transfer remains almost constant
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Table 1
An overview of the most important simulations with characteristic non-dimensional
parameters and observed regimes.
Rac Ra𝜃 𝛬 Nuc Nu𝜃 Regime Observed

107 0 0 17.35 1.55 RBC-like
106 10 16.9 1.011 Concentration fingers

108 0 0 33.15 3.26 RBC-like
106 1 34.98 1.164 Concentration fingers

109 0 0 69.25 7.2 RBC-like
106 0.1 70.15 2.95 Concentration fingers

Fig. A.10. The time-evolution of the maximum of the characteristic ratio between the
turbulent (sgs) (Dsgs

c = 𝜈sgst ∕Prsgsc ) and molecular (Dm
c = 𝜈∕Prc) concentration diffusivity

for different values of Rac and Ra𝜃 . Here, the non-dimensional time is t0 = H∕U0, and
U0 =

√

𝛽cg𝛥cH.

for both Ra𝜃 values (recall Fig. 1(a)). Contours of the local thermal
Nusselt number at the upper wall show a different spatial organization,
Fig. 7. The locations of enhanced local heat transfer coincide with the
central parts of the local mass transfer cellular network, but now with
distinct circular patterns due to significantly larger diffusion effects
(i.e. smaller values of Pr𝜃). In contrast to local mass transfer, the
spatial reorganization of local heat transfer has a strong impact on the
integral heat transfer too, as can be seen from the reported ranges of
he Nu𝜃 values, Fig. 7 as well as from Fig. 1(b). Furthermore, with an
ncrease in Rac, the number of distinct regions with locally elevated

heat transfer also increases, Fig. 7(d–e–f). An overview of the most
important simulations with characteristic non-dimensional parameters
and observed regimes is given in Table 1.

3.4. The first- and second-moment correlations

Finally, we examine in detail the distributions of long-term, time-
averaged turbulence statistics collected from the cases considered
above. The information on the cross-correlation terms of turbulent
double-diffusive convection is scarce in the literature. Due to their
importance in the development and validation of Reynolds-Averaged
Navier–Stokes (RANS) type of turbulence models, we focus on resulting
mutual (cross)correlations between velocity, concentration, and tem-
perature fields. Vertical profiles (each vertical point is the result of
horizontal spatial averaging) of the time-averaged first- and second-
moments are shown in Figs. 8 and 9, for Rac = 107 and 109 (i.e. we
elect the lower and upper range of Rac), respectively.

The mean concentration and temperature profiles at Rac = 107 are
hown in Fig. 8(a). For the neutral case, the mean concentration profile
epicts steep gradients near the walls, and a uniform distribution in
he centre of the domain. After imposing strong thermal stratification,
he mean concentration profile changes, maintaining steep gradients
11 
near the walls while forming a linear shift in the central part of the
domain. In contrast, the mean temperature profiles exhibit significantly
more diffusive distributions close to the fully thermally conducting
state at Ra𝜃 = 106 (as seen in Fig. 1(b)). The vertical profiles of the
on-dimensional mean density, calculated as 𝜌∕𝜌0 = 1 + 𝛽𝑐

(

C − 𝑐0
)

−

𝛽𝜃
(

T − 𝜃0
)

, are shown in Fig. 8(b). For the neutral case, the density

profile exhibits a positive gradient near the lower and upper bound-
aries, while the central part of the domain shows a constant value. At
Ra𝜃 = 106, a strong negative gradient is observed in the central part of
the domain. These different density profile distributions result from the
observed flow regimes: a typical concentration-driven Rayleigh–Bénard
convection for the neutral case and distinct concentration finger-like
structures for the strong stratification case.

The concentration variance profiles exhibit a double-peak behaviour
with approximately constant values in the centre, Fig. 8(c). While
the peak values are slightly lower at Ra𝜃 = 106, the central dis-
ribution shows a significantly higher contribution compared to the

neutral state. In contrast, the temperature variance profiles display a
significantly different behaviour, confirming a dissimilarity between
turbulence scalars, Fig. 8(d). There is a single peak behaviour for the
neutral state, whereas an almost total suppression is obtained at Ra𝜃 =
106. The profiles of the kinetic energy of turbulence also depict a strong
suppression, with a single peak in the centre of the domain, as seen
in Fig. 8(e). The vertical component of the turbulent concentration
flux shows significant contribution in the central part of the domain,
followed by strong suppression in the near-wall regions, Fig. 8(f). Here,
a 50% reduction is observed in the centre of domain after activation of
strong thermal stratification. The vertical component of the turbulent
heat flux shows a single peak behaviour for the neutral case, followed
by strong suppression at Ra𝜃 = 106, Fig. 8(g). It is interesting to
observe that the profiles of the 𝜃′𝑐′ correlation show finite values in the
entre of the domain, even though the temperature variance is strongly

suppressed here at Ra𝜃 = 106, Fig. 8(h).
The mean concentration profiles at Rac = 109 are only slightly

affected by changes in Ra𝜃 , exhibiting very steep distributions in the
near-wall regions and a uniform profile in the central part, Fig. 9(a).
n contrast, the mean temperature displays greater sensitivity to vari-
tions in Ra𝜃 . For the neutral case, the mean density profile exhibits
 positive gradient throughout the entire domain height, including the
entral part, as shown in Fig. 9(b). At Ra𝜃 = 106, the central part is
haracterized by a distinct negative gradient, while the mean density

gradient remains positive within the near-wall regions.
With an increase in Ra𝜃 , the profiles of concentration variance

show a slight decrease in peak values, followed by a modest increase
in the central region, Fig. 9(c). The profiles of temperature variance
𝜃′𝜃′), turbulent kinetic energy (1∕2𝑢′𝑖𝑢′𝑖), and turbulent heat flux (𝜃′𝑤′),

depicted in Fig. 9(d),(e),(g) - all undergo a transition from a double-
peak to a single-peak profile with increasing Ra𝜃 , accompanied by
noticeable suppression in the central region. The profiles of the turbu-
lent concentration flux (𝑐′𝑤′) show smaller changes with characteristic
double peak behaviour, Fig. 9(f). Finally, the profiles of the fluctuat-
ing temperature/concentration correlation (𝜃′𝑐′) show an interesting
behaviour, Fig. 9(h). The double-peak profile present in the neutral case
s replaced by a uniform distribution in the central part at Ra𝜃 = 106.
oreover, the peaks are significantly suppressed in the proximity of

he upper and lower walls, whereas the values in the central part now
urpass the neutral values.

4. Summary and conclusions

We performed a series of numerical simulations to study turbulent
double-diffusion, focusing on the interaction between concentration
and temperature fields under stable thermal stratifications of varying
trengths. We considered a situation where a warmer and saltier layer

initially resides above a colder and less salty layer of fluid. In this
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Fig. A.11. Contours of the instantaneous ratio of the turbulent (sgs) (Dsgs
c = 𝜈sgst ∕Prsgsc )

and molecular (Dm
c = 𝜈∕Prc) concentration diffusivity at Rac = 108, Ra𝜃 = 0 (a) and

Ra𝜃 = 106 (b).

Fig. A.12. Contours of the instantaneous ratio of the turbulent (sgs) (Dsgs
c = 𝜈sgst ∕Prsgsc )

and molecular (Dm
c = 𝜈∕Prc) concentration diffusivity at Rac = 109, Ra𝜃 = 0 (a) and

Ra𝜃 = 106 (b).

setup, the concentration gradient initiates mixing (unstable concentra-
tion stratification), while the temperature gradient tends to stabilize
the flow. The present results obtained using well-resolved LES showed
12 
good agreement with fully resolving DNS from the literature over the
entire range of parameters considered. Because of the formation of the
concentration finger structures, the imposed stable thermal stratifica-
tion slightly increased the total mass transfer compared to the neutral
situation (i.e. when temperature acts as a passive scalar). In contrast,
the total heat transfer is significantly reduced when strong thermal
stratification is imposed. The local mass and heat transfer along the
active boundaries exhibit strong sensitivity to the imposed thermal
stratification, leading to the formation of cellular-like networks for the
concentration and circular imprints for the temperature field.

Finally, the vertical profiles of the long-term time-averaged first and
second moments reveal various degree of sensitivity to the imposed
thermal stratification. At a smaller value of Rac = 107, the temper-
ature variance, turbulent heat flux, and turbulent kinetic energy are
greatly suppressed, while the concentration variance is only slightly
affected. At higher values of Rac = 109, the concentration variance
shows marginal differences, whereas the remaining correlations exhibit
suppression trends, with the exception of 𝜃′𝑐′, which is enhanced in the
central part of the domain compared to the neutral case. The presented
distributions of the second-moments can be used for further develop-
ment, validation, and testing of the RANS-type turbulence models for
double-diffusive convection phenomena.
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