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Abstract: The success of CO2 storage projects largely depends on addressing formation damage,
such as salt precipitation, hydrate formation, and fines migration. While analytical models for
reservoir behaviour during CO2 storage in aquifers and depleted gas fields are widely available,
models addressing formation damage and injectivity decline are scarce. This work aims to develop
an analytical model for CO2 injection in a layer-cake reservoir, considering permeability damage. We
extend Dietz’s model for gravity-dominant flows by incorporating an abrupt permeability decrease
upon the gas-water interface arrival in each layer. The exact Buckley-Leverett solution of the averaged
quasi-2D (x, z) problem provides explicit formulae for sweep efficiency, well impedance, and skin
factor of the injection well. Our findings reveal that despite the induced permeability decline and
subsequent well impedance increase, reservoir sweep efficiency improves, enhancing storage capacity
by involving a larger rock volume in CO2 sequestration. The formation damage factor d, representing
the ratio between damaged and initial permeabilities, varies from 0.016 in highly damaged rock
to 1 in undamaged rock, resulting in a sweep efficiency enhancement from 1–3% to 50–53%. The
developed analytical model was applied to predict CO2 injection into a depleted gas field.

Keywords: CO2 storage; relative permeability; pseudo functions; analytical model; formation
damage; injectivity

1. Introduction

Geological storage of CO2 is widely acknowledged as a crucial method for mitigating
atmospheric greenhouse gas emissions [1–3]. However, the effectiveness and long-term
safety of this practice are influenced by various factors. One key parameter is well injectivity,
which is critical for the successful storage of CO2 in geological formations. Formation
damage can significantly impede fluid flow within porous media, adversely affecting
injectivity and the overall economic viability of CO2 storage projects [4,5]. Understanding
the mechanisms of CO2 storage and injection is essential, as changes in formation properties
can lead to substantial formation damage [6,7]. Upon the injection of CO2, the reservoir
undergoes significant alterations [8]. The dissolution of CO2 in brine can result in pH
fluctuations within the reservoir environment. Furthermore, CO2 interactions with reactive
minerals in the reservoir rock can trigger precipitation and dissolution processes, which in
turn change formation properties and lead to abnormal reservoir performance [9]. Field
observations have shown that injectivity can decline during CO2 injection, primarily due
to reductions in permeability [10].

The incomplete list of physical mechanisms contributing to the decline in rock perme-
ability and the consequent increase in skin factor includes fines migration due to rock drying
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and detachment by gas-water menisci [11,12], mineral rock dissolution and compaction [13],
wettability alteration [14], salt precipitation resulting from rock drying and reservoir brine
backflow, Joule-Thompson cooling and potential hydrate formation, dissolution of rock in
carbonic acid accompanied by the release and migration of solid particles [15,16], and min-
eral precipitation through chemical reactions [17,18]. Exact solutions or analytical models
for one-dimensional (1D) flow problems serve as effective tools for predicting formation
damage and designing CO2 injection methods. However, the majority of the analytical 1D
models have been developed for homogeneous reservoirs with average permeability, which
do not adequately represent natural reservoirs. Layer-cake reservoirs with permeability
distributions in the vertical direction and inter-layer hydraulic communication provide
more accurate reservoir models. Therefore, significant efforts have been made to derive
analytical models for two-phase displacement in layer-cake reservoirs [19–23].

Dietz’s model assumes that the layers are filled by the injected phase in decreasing
order of their permeabilities, when the pressure gradient dominates over gravitational
and capillary pressure effects [24–28]. The model presumes that the horizontal pressure
gradient is uniform across all layers. This allows for precise averaging (upscaling) across
the layers, resulting in a pseudo-relative permeability. In conditions where gravitational
or capillary forces dominate the pressure gradient, vertical capillary-gravity equilibrium
is assumed throughout the vertical. This also results in precise averaging (upscaling)
across the layers, leading to a pseudo-relative permeability. Depending on factors such
as flow rate, permeability, heterogeneity, and reservoir thickness, two-phase flow can
occur in the following regimes: gravity-dominant segregated flow (gas above water),
capillary equilibrium (where wetting water fills low-permeability layers), capillary-gravity
equilibrium (hydrostatic distribution for each phase), and also viscous-dominant regimes.
The conditions of viscous, capillary, and gravity domination are discussed in Dietz [25],
Ingsøy et al. [27], Zhang et al. [29], Bedrikovetsky [30], Bruining [31], Kurbanov [32], Fayers
and Muggeridge [33], and Yortsos [34,35]. In all the cases mentioned above, the resulting
equation for average water saturation is the Buckley-Leverett equation, which includes a
pseudo-relative phase permeability function. The solution for two-phase displacement in
these cases is represented by a self-similar function s(x/t). However, analytical models for
two-phase flow with formation damage are currently unavailable.

This paper addresses the gap by extending the Dietz’s and vertical-equilibrium models
to incorporate permeability damage. The explicit formulas for saturation distribution,
sweep efficiency, and well impedance are derived. It was found that permeability damage
increases well impedance and skin factor and enhances sweep efficiency, thereby increasing
storage capacity. Although the primary focus of this paper is CO2 storage in aquifers,
the developed model is applicable to more general cases of two-phase displacement with
formation damage, such as the displacement of oil by CO2 with asphaltene precipitation
and water flooding with fines migration.

The structure of the manuscript is as follows: Section 2 presents the derivation of the
governing quasi-1D system. Section 3 derives an analytical model, including formulae
for sweep and well impedance. Section 4 introduces the power-law permeability profile
that corresponds to realistic permeability histograms. Section 5 validates the developed
analytical model. Section 6 presents the results of analytical modelling and conducts a
sensitivity analysis on various parameters affecting well injectivity and sweep efficiency.
Section 7 discusses field cases. Section 8 discusses the limitation and application of the
analytical model. Finally, Section 9 concludes the paper.

2. Mathematical Model for Quasi-2D Displacement with Formation Damage

This section develops a mathematical model for CO2 injection into a layer-cake reser-
voir, accounting for CO2-induced formation damage. It includes the model’s assumptions
(Section 2.1), the governing equations for 2D flow (Section 2.2), and the averaged 1D model
(Section 2.3).
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2.1. Assumptions of the Model

We discuss CO2 injection into a layer-cake reservoir, considering the inter-layer mass
exchange. This mass exchange is assumed to be instantaneous, meaning the horizontal
pressure gradient is independent of the vertical coordinate and is constant across the layers.
Gravity and capillary pressure are ignored. Under viscous-dominant displacement, the
filling of the layer by the injected gas occurs in accordance with the decrease in permeabil-
ity [33,36]. While applying this model to a gravity-dominant case, gas zone consistently
expands above the water zone.

Figure 1 illustrates the position of the water-gas contact, denoted as h = h(x,t), for the
case in which the permeability decreases with depth, expressed as kr = k(z). It is assumed
that the vertical permeability, kz, remains constant. The injected gas fills the layers from
top to bottom. The permeability decreases from its initial value k(z) to the stabilised value
kd(z). This schematic is applicable to numerous displacement processes, where the surface
h = h(x,t) separates the injected and displaced fluids. It is also assumed that no mass
transfer occurs across the separating surface, implying that mass conservation is valid for
both displacing and displaced fluids. In the case of CO2 injection into water, water with
saturation s = 1 moves ahead of the front, while gaseous CO2 under the presence of connate
water with dissolved CO2 moves behind the front.Energies 2024, 17, x FOR PEER REVIEW 4 of 30 
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Figure 1. Water-gas contact in gravity-dominant 2D displacement with increased depth permeability.

Various physical mechanisms can lead to changes in the injected phase permeability
during enhanced oil recovery (EOR) or CO2 injection. These include salt precipitation due
to dry-out effect, hydrate resulting from temperature changes, detachment of clay and
silica fines, and their straining in pores. Additionally, fines may be generated during rock
dissolution in water in the presence of carbonic acid, and mineral precipitation may occur
due to chemical reactions. Other factors include alteration in wettability, rock failure, pre-
cipitation of asphaltenes and paraffins, and polymer adsorption [34]. Our model assumes
that the length of the transition zone, where permeability changes occur, is significantly
shorter than the reservoir length. Therefore, at the reservoir scale, the permeability decline
k(z) > kd(z) is assumed to take place in immediate vicinity of the gas-water contact z = h(x,t).
The present pseudo function model accounting for formation damage can be adopted for
the above-mentioned field cases.

Consider a coreflood test using the core taken from a depth z, where the rock perme-
ability changes from k(z) to kd(z). Permeability stabilisation occurs after Tst pore volume
injected (PVIs), resulting in a transition zone length equal to Tstl, where l is the core length.
The condition for a thin transition zone length, which allows for the assumption of piston-
like displacement in each layer and the existence of gas-water contact, is expressed as
Tstl << L, where L is the reservoir length.

Displacement behaves in a piston-like manner within each layer. The initial water
saturation in aquifer is equal to one, which corresponds to the saturation ahead of the
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piston. The saturation behind the front in the gas zone is denoted as Swi. It is assumed
that porosity remains constant with depth and that the displacement process does not
alter porosity.

The dimensionless 2D formulation of the two-phase displacement includes three
dimensionless groups: capillary–viscous, capillary–gravity, and aspect–anisotropy ratios.
The conditions for the gravity-dominant case, expressed through relationships between
those parameters, can be found in Yortsos [35], Kanevskaya [37], and Bedrikovetsky [30].

2.2. Governing 2D Equations

Consider two-phase unsteady state flow in two dimensions with coordinates (r, z, t).
The governing equations for two-phase immiscible displacement include modified Darcy’s
law in the r- and z-directions, along with mass balances for water and the total water-gas
flux [30,31,38]:

uwr = − k(z)
µw

∂p
∂r

, ugr = −
kd(z)Krgwi

µg

∂p
∂r

, uwz = − kz

µw

∂p
∂z

, ugz = −
kzdKrgwi

µg

∂p
∂z

(1)

ϕr
∂s
∂t

+
∂(ruwr)

∂r
+

∂uwz

∂z
= 0,

∂(rur)

∂r
+

∂uz

∂z
= 0 (2)

→
u =

→
u w +

→
u g (3)

Here, ϕ is the porosity; uwr and ugr are the radial water and gas velocities, while uwz
and ugz are the water and gas velocities in z direction. k(z) and kd(z) represent the initial and
damaged horizontal permeability profiles, respectively, and kz and kzd denote the initial
and damaged vertical permeabilities. Krgwi is the gas relative permeability at irreducible
water saturation, and µw and µg are the water and gas viscosities. Substituting the four
expressions for the velocity, as given by Equation (1), into the two mass balance equations
(Equation (2)) yields a system of two equations for the two unknowns s(r,z,t) and p(r,z,t).
Due to piston-like displacement in each layer, s = 1 and Krw = 1 in the water zone, and
s = Swi in the gas zone.

2.3. Dietz’s Model for Pseudo-Fractional Flow in a Layer-Cake Reservoir

Introduce the following dimensionless variables into Equations (1) and (2):

hD =
h
H

, zD =
z
H

, xD =

(
r
re

)2
, pD =

4πHk
qµw

p, tD =
qt

πr2
e Hϕ

(4)

Horizontal permeability is non-dimensionalized by its average value:

k =
1
H

H∫
0

k(z)dz =

1∫
0

k(zD)dzD, kD(zD) =
k(zD)

k
(5)

The dimensionless Equations (1) and (2) in 1D, assuming no flux over the vertical z
direction, become [30,31,38]:

∂s
∂tD

+
∂ fw(s)

∂xD
= 0 (6)

1 = −Λ(s)xD
∂pD
∂xD

(7)
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where the total mobility of two phases is

Λ(s) =


µwKrgwid

µg

1 − s
1 − Swi∫

0

kD(zD)dzD +

1∫
1 − s

1 − Swi

kD(zD)dzD

 (8)

The initial condition for Equation (6) corresponds to a unit water saturation in the
aquifer prior to injection.

tD = 0 : s = 1 (9)

The inlet boundary condition at the well corresponds to the irreducible water saturation.

xD = xw =

(
rw

re

)2
: s = Swi (10)

Let us determine the total mobility at the endpoints:s = Swi : Λ(s = Swi ) =
µwKrgwid

µg

s = 1 : Λ(s = 1) = 1
(11)

Equation (11) defines the fluid mobilities corresponding to the initial and boundary
conditions specified by Equations (9) and (10), respectively. The fractional flow curve fw(s)
is given by Equation (A4). Figure 2 presents the plots of fractional flow curves (FFCs)
for different values of heterogeneity variation V as defined by Equation (12), and for the
permeability damage factor d, presented in Equation (13).

V =
kmax − kmin

k
(12)

d(z) =
kd(z)
k(z)

(13)
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Figure 2. (a) FFCs for different damage factors and heterogeneity variations; (b) schematic of different
types of fractional flow curves.

Figure 2 shows the case in which the permeability damage factor d is constant. A lower
damage factor results in higher hydraulic resistance for gas (leading to a reduced gas flux),
and, consequently, a higher fractional flow of water. Greater variability in heterogeneity
implies increased heterogeneity, greater variability in velocities f’w(s), and more curvilinear
FFCs. Depending on the level of heterogeneity and damage factor, the FFC may be concave,
convex, or S-shaped.
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3. Analytical Model

This section presents the exact solution for the quasi-2D displacement problem with
induced formation damage (Section 3.1), calculates the sweep coefficient (Section 3.2), and
provides the derivations for well impedance and skin factor (Section 3.3).

3.1. Self-Similar Solution

Substituting the coordinate xD into solution (A12) leads to the exact solution of the
initial-boundary value problem defined by Equations (6), (9) and (10), as follows [30,31,38]:

s(xD, tD) =


Swi, 0 < xD−xw

tD
< Di

xD−xw
tD

= f ′w(s), Di <
xD−xw

tD
< D f

1, D f <
xD−xw

tD
< ∞

(14)

Here, the velocities of the water-gas front and rear water front, respectively, are
the following

Di = f ′w(Swi), D f = f ′w
(

s f

)
=

1 − fw

(
s f

)
1 − s f

(15)

The mathematical fundamentals for the self-similar solutions of the Riemann problems,
such as Equations (6), (9), (10) and (14), can be found in the works of Dietz [25], Hearn [26],
and Polyanin and Zaitsev [39].

Figure 3 illustrates the graphical construction of the solution given by Equation (14)
and the structure of the displacement zone. Figure 3b depicts the turned plane (s,(xD-xw)/tD)
and the profile s = s((xD − xw)/tD), which remains identical to the profile s = s(xD) when
tD = 1, i.e., after 1 PVI. The three elements of the solution in Equation (14) correspond to
three zones in the (xD, tD) plane (Figure 3c), three intervals in profile s(xD,tD = 1) (Figure 3b)
and three elements: point Swi, segment Swi − sf, and point s = 1 on the FFC (Figure 3a).
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Consider small time t1 and the movement from the injection well at xD = xw, tD = t1
to xD = 1, tD = t1 along the horizontal line in Figure 3c. The variation of the position xD
from xw of the wellbore to drainage boundary corresponds to constant saturation s = Swi in
zone II, an increase from Swi to s = sf in zone I, and constant saturation s = 1 in zone 0. This
sequence corresponds to “staying” at point s = Swi, moving along the segment Swi − sf, and
making a jump to the point s = 1 in the plane (s,fw(s)).

Figure 2 shows different forms of the flow function fw(s), which result in the appearance
of several saturation jumps in the solution s(xD,tD) [23,35,40].
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3.2. Average Water Saturation and Sweep Coefficient

Now, we present the expression for the average water saturation s(tD) using the exact
solution from Equation (14).

s(tD) =

1∫
xw

s(xD, tD)dxD (16)

Appendix C presents the detailed derivations for average water saturation across
three distinct stages: (1) before the arrival of the water-gas front, (2) after the arrival of the
water-gas front but before the arrival of the rear water front, and (3) after the arrival of the
rear water front. The explicit expression for average water saturation as a function of time
is the following:

s(tD) =


(1 − xw)− tD 0 < tD < 1−xw

D f

(1 − xw)s( 1−xw
tD

)− tD f (s( 1−xw
tD

)) 1−xw
D f

< tD < 1−xw
Di

(1 − xw)Swi
1−xw

Di
< tD < ∞

(17)

3.3. Impedance and Skin Factor Calculations

Formation damage to a well can be expressed in terms of impedance, which is the
normalised reciprocal of the injectivity index [30,31,38], as shown in Equation (18), or via
the skin factor [41], as indicated in Equation (19).

J(tD) =
I I(tD = 0)

I I(tD)
=

q(tD = 0)
∆pD(tD = 0)

∆pD(tD)

q(tD)
(18)

∆pD(tD) =
µgq(tD)

2πk

(
ln

re

rw
+ S(tD)

)
, S(tD) = [J(tD)− 1] ln

re

rw
(19)

The detailed derivations of well impedance for three moments—before the arrival of
the water-gas front, after the arrival of the water-gas front but before the arrival of the rear
water front, and after the arrival of rear water front—are provided in Appendix D. The
explicit expression for well impedance as a function of time is the following:

J(tD) =



−
µg

µwKrgwid

ln
(

DitD + xw

xw

)
ln(xw)

− 1
ln(xw)

1∫
Swi

f ′′
w(s)ds(

f ′w(s) +
xw

tD

)
Λ(s)

+
ln(D f tD + xw)

ln(xw)
0 < tD <

1 − xw

D f

−
µg

µwKrgwid

ln
(

DitD + xw

xw

)
ln(xw)

− 1
ln(xw)

s(tD)∫
Swi

f ′′
w(s)(

f ′w(s) +
xw

tD

)
Λ(s)

ds
1 − xw

D f
< tD <

1 − xw

Di

µg

µwKrgwid
1 − xw

Di
< tD < ∞

(20)

The initial dimensionless pressure drop is given by Equation (21).

∆pD(0) = − ln(xw) (21)

4. Practical Calculations: Power-Law Permeability Profiles

Consider the probability distribution function (PDF) or histogram of permeability,
denoted as g(k). This function characterises the likelihood of different permeability values
within a given reservoir or geological formation. The shape of the distribution provides
insight into the variability and range of permeability throughout the medium, which
can significantly influence fluid flow behaviour during processes such as CO2 injection
or hydrocarbon extraction. The corresponding permeability profile k(z) represents how
permeability varies with depth in the reservoir. By integrating g(k), the permeability profile
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can be constructed to illustrate the spatial distribution of permeability values at different
depths throughout the vertical extent of the reservoir, as follows:

z =

kmax∫
k

g(y)dy,
dk
dz

= − 1
g(k)

(22)

The mono-modal PDF for permeability, shown in Figure 4, indicates that the prob-
ability of permeability values reaches zero at the minimum and maximum permeability
limits, k = kmin and k = kmax, respectively. According to Equation (22), the slope of the
permeability profile k = k(z) becomes infinitely steep at these boundary points. This be-
haviour is illustrated in Figure 4, where the profile sharply ascends or descends as it
approaches kmin and kmax. The permeability profile that satisfies these conditions is given
by the following equation:

k(zD) = kmin − (kmin − kmax)b(zD)

b(zD) =

{
1 − azD

n, 0 < zD = z
H < c

1−acn

(1−c)m (1 − zD)
m, c < zD = z

H < 1
(23)
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The average permeability, calculated using the profile provided in Equation (23), can
be obtained as follows:

k = kmin − (kmin − kmax)

(
(c − acn+1

n + 1
) +

1 − acn

m + 1
(1 − c)

)
(24)

Equation (24) enables the expression of the heterogeneity variation V, as defined by
Equation (12), in terms of the parameters a, c, m, and n of the power-law permeability
profile, as follows:

V =
1(

kmin
kmax−kmin

)
+
(
(c − acn+1

n+1 ) + 1−acn

m+1 (1 − c)
) (25)

Substituting the permeability profile from Equation (23) into the fractional flow
(Equation (A4)) and total mobility (Equation (8)) equations leads to expressions that account
for different conditions of gas height h and the inflection point c within the power-law
profile. Detailed derivations for fractional flow and total mobility within this framework
can be found in Appendices E and F. To enhance clarity regarding the transition from
equation derivations to their practical implications, Figure 5 illustrates the various steps
involved in implementing the developed models in this study.
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5. Validation of the Analytical Model

The extended Dietz’s model, which accounts for formation damage and is represented
by Equations (6)–(8), is derived for any two-phase flow with a decrease in permeability
behind the displacement front. This includes all mobility-control EOR methods. To validate
the model, we consider low-salinity water flooding in the layer-cake oil reservoir.

The permeability increases from 10 mD at the bottom to 500 mD at the top of the
reservoir, which has a thickness of 15 m. The distance between the injectors and produc-
ers is 1000 m. The viscosities of oil, water, and low-salinity water are 50 cp, 1 cp, and
1.2 cp, respectively. The densities of oil and water are 700 kg/m3 and 1000 kg/m3, respec-
tively. The Corey coefficients for oil-water are as follows: Swi = 0.2, Sor = 0.2, Krwor = 0.3,
Krowi = 0.8, nw = 3.0 and no = 1.5. Formation damage is assumed to occur due to detach-
ment, migration, and straining of the natural reservoir fines. Figure 6a,b present the frac-
tional flow and water-cut curves, respectively, corresponding to formation damage factors
d = 0.2, 0.4, and 1.0 (blue, red, and yellow curves). The case where d = 1 corresponds to
damage-free waterflooding. The dashed and solid curves reflect numerical and analytical
modelling results, respectively. The coefficients of determination for the cases d = 0.2, 0.4,
and 1.0, are 0.987, 0.978, and 0.977, respectively. So, the deviation between numerical and
pseudo-function models typically falls within established error intervals. Discrepancies
between the numerical and analytical solutions are due to the simplification assumptions
of the analytical model [35].

The pseudo functions, used in this paper, do not represent exact solutions of 2D
equations; rather, they correspond to asymptotic cases [29–33,36,38,39,41–43]. In particular,
Dietz’s pseudo functions, as represented by Equations (A1) and (A2), reflect the case of
gravity domination, where viscous forces significantly exceed both capillary and gravity
forces [34]. Despite the widespread application of pseudo-relative permeability models
in reservoir engineering, a close match between numerical and analytical solutions is not
expected. It is important to emphasise that analytical pseudo-function models should not
be considered as benchmarks for numerical models [37,44]. Pseudo-relative permeability
models are used for sensitivity analysis studies to determine general tendencies and orders
of magnitude. Indeed, Figure 6a,b demonstrate a decrease in fractional flow functions with
an increase in formation damage, leading to an enhancement of the sweep coefficient. The
absolute increase in fractional flow due to the increase in formation damage is of the same
order of magnitude for both numerical and analytical models—the distances between the
analytical curves (represented by continuous lines) and the numerical curves (represented
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by dashed lines) corresponding to the same d-values are consistently similar, indicating a
robust validation in this study.
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Figure 6. Comparison between 2D numerical and quasi-1D analytical models for two-phase immiscible
displacement from layer-cake reservoir: (a) pseudo-fractional flow curves; (b) water-cut histories.

6. Results of Analytical Modelling

Here, we present the sensitivity study regarding the turning-point parameter c and het-
erogeneity variation V. Figure 7 shows the effect of changes in the turning-point parameter
c on the permeability profile (Figure 7a) and FFC (Figure 7b). The lower the value of c, the
more homogeneous the reservoir becomes. However, the impact of c on FFC is negligible,
which is an advantage when selecting Equation (23) for the permeability profile k(z).
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Figure 7. Effect of constant c values in power-law profile on (a) permeability profile and (b) fractional
flow curve.

Figure 8 presents the effect of heterogeneity variation V on the permeability profile and
the FFC. An increase in V within the conventional interval results in significant increase
in reservoir heterogeneity. Figure 8a shows the variation of V under constant average
permeability, where all curves intersect at a single point. As V increases, the variation in
permeability also increases. The higher the V value, the greater the velocity dispersion,
resulting in a more curvilinear FFC (Figure 8b). This leads to an increase in the thickness of
the CO2-water mixture zone and a decrease in sweep efficiency.
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The sensitivity of coefficient c, heterogeneity variation V, and damage factor d on
the history of averaged gas saturation is presented in Figure 9. Figure 7 demonstrates a
negligible effect of c on FFC, which consequently results in a negligible effect of c on the
average gas saturation history (Figure 9a). In contrast, Figure 8 shows a significant effect
of V on FFC, indicating that the saturation history is also affected. Specifically, Figure 9b
illustrates that higher values of V yield a faster CO2-water front, a lower breakthrough
moment, a lower full-displacement moment, a larger mixture zone, and a lower gas
saturation. As V increases from 0.1 to 1.5, the average gas saturation at tD = 1 PVI decreases
from 0.75 to 0.65. The average gas saturation at the moment tD = 1 PVI corresponds to
the sweep coefficient, which indicates the fraction of the reservoir volume filled by the
injected CO2. The capture of CO2 by the rock due to dissolution in water, chemical reactions,
capillary forces, and stratigraphic entrapment occurs specifically within the swept volume.
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Figure 9. Average gas saturation versus dimensionless time for (a) different c values in power-law
profile; (b) different heterogeneity variations; (c) different damage factors d.
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Figure 9c shows that as the damage factor d decreases, the average gas saturation
increases. With d decreasing from 2.0 to 0.1, the average gas saturation at tD = 1 PVI rises
from 0.5 to 0.8. This can be explained by the deceleration of gas due to permeability damage,
which decrease gas mobility and increases sweep as a result.

Figure 10a shows the impact of heterogeneity V on the stabilization time, defined
as the number of PVIs required for saturation to reach Swi uniformly across the reservoir.
As the value of V increases, the velocity of the characteristic line carrying s = Swi [45,46]
decreases, resulting in a delayed complete displacement. Figure 10b indicates that greater
reservoir heterogeneity corresponds to a faster breakthrough.
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different heterogeneity variations V.

Sweep efficiency is the primary parameter determining the storage capacity. Figure 11
shows that as the formation damage factor d decreases, gas deceleration increases, result-
ing in higher sweep efficiency. Conversely, greater reservoir heterogeneity V leads to a
reduction in sweep efficiency.
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The primary parameter determining the injectivity decline during CO2 injection is
the formation damage factor d. Let us define the impedance that reflects this feature. The
dimensionless pressure drop (impedance) J(tD) is defined by Equation (18). Figure 12
illustrates that as the coefficient d decreases, the impedance increases. For high value d > 1,
which corresponds to an increase in permeability, J(tD) decreases. This effect is depicted in
Figure 12, where J(tD) decreases at high d and increases at lower d. Therefore, there exists a
critical d value (dc) at which these two aforementioned effects compensate for each other,
resulting in the impedance remaining equal to one.
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For fines migration during CO2 injection, the formation damage factor d typically
varies within the narrow interval 0.4–0.5 [25,31]. However, Tan et al. [47] reported a wider
variation of d, ranging from 0.2 to 0.9. For salt precipitation, d varies from 0.3 to 0.8 [38,39,48].
In the context of CO2 injection into oilfields with asphaltene precipitation, the formation
damage factor varies from 0.2 to 0.9 [47,49,50]. In most coreflood tests, the majority of
the permeability decline occurs within less than 1000 PVIs [51]. Polymer and surfactant
floods manage to reach residual oil throughout the core after 3 to 10 PVIs [52]. For a core
length of 5 cm, this corresponds to a mixture zone of 50 m (calculated as 50 = 0.05 × 1000).
Therefore, the length of the mixture zone is significantly smaller than the reservoir size,
thus the assumptions of the extended Dietz’s model are fulfilled.

The above-mentioned sensitivity analysis demonstrates that heterogeneity variation
V significantly impacts CO2 storage performance. Understanding how heterogeneity
variation V affects velocity dispersion, breakthrough times, and sweep efficiency is crucial
for accurately characterising reservoir heterogeneity and optimising injection strategies.
Moreover, managing the formation damage d can enhance sweep efficiency and injectivity,
which are critical for maximising storage capacity and ensuring efficient CO2 injection.
These insights enable more informed decision-making in the design and implementation of
CO2 storage projects, ensuring effective and efficient long-term storage.

7. Field Case

This section presents the application of analytical modelling for calculating sweep
efficiency and well index, as specified in Equations (17) and (20), across three reservoirs
in formation L (Malaysia). This field is located offshore at a depth of 60 m. The porosity
ranges from 0.20 to 0.27, while the mean permeability varies from 64 mD to 320 mD. The
gas reservoir with weak aquifer support has been depleted by 21 production wells. The
reservoir pressure decreased from 2100 to 600 psia, with an average gas recovery of 78%.
The gas reservoir contains 13% CO2, and the depositional environment is characterised
as shallow marine clastic. Three reservoir facies have been identified: massive sandstone,
laminated sandstone, and mudstone. We discuss three reservoirs, labelled A, B, and C,
within field L. The basic reservoir properties and corresponding statistical parameters of
permeability distribution for these reservoirs are presented in the Supplementary Material.
The permeability distribution profiles for reservoirs A and C are approximated using a
power-law function, with the minimum least squared error, as shown in Figure 13. The
permeability distribution for Reservoir B can also be found in the Supplementary Material.
The results indicate that the permeability histograms for all reservoirs follow a log-normal
distribution with high accuracy
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Figure 13. The cumulative distribution function (CDF) and fitted power-law profile of reservoirs A
and C.

Figure 14 presents the plots of sweep efficiency and impedance for Reservoirs A
and C, with the results for Reservoir B available in the Supplementary Material. The
analysis confirms the key theoretical conclusions regarding sweep efficiency and damage
growth, which have been previously discussed (refer to Figures 9–12). Notably, the findings
indicate that a greater reduction in permeability resulting from CO2 injection leads to an
increase in the skin factor, which enhances sweep efficiency. Based on Figure 14a,b, as
the damage factor d decreases from 1 to a critical value of 0.016, significant improvements
in sweep efficiency are observed across all reservoirs. Specifically, for Reservoir A, the
sweep coefficient rises from 1% to 53%; for Reservoir B, it increases from 3% to 53%; and
for Reservoir C, it escalates from 7% to 50%. These results underscore the significant
influence of permeability damage on enhancing the sweep efficiency of CO2 injection.
Moreover, the stabilised impedance exhibits a consistent increasing trend as the damage
factor d decreases across all reservoirs under consideration. Specifically, for Reservoir A,
the stabilised impedance rises from 0.22 to 1; for Reservoir B, it increases from 0.23 to 1; and
for Reservoir C, it grows from 0.20 to 1. These findings collectively highlight the significant
influence of the damage factor d on sweep efficiency and well injectivity, suggesting the
existence of an optimised damage factor d that maximises CO2 storage while maintaining
practical injection pressures.Energies 2024, 17, x FOR PEER REVIEW 17 of 30 
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8. Discussions

Regarding the extension of the model, the limitations and applicability of Dietz’s model
have been extensively discussed in the literature [53]. In particular, the model is valid at
high velocities, where the injected phase is forced into highly permeable layers, which
occurs under viscous domination near the injectors. Conversely, gravity predominates
at low velocities, far away from the injection wells, where stratified flow of gas occurs
above water. The model represented by Equations (6)–(8) can be applied to the case of
gravity domination.

This paper introduces permeability damage into Dietz’s model to examine CO2 in-
jection into aquifers where the initial water saturation is equal to one. The model is also
applicable to completely depleted gas fields, where the initial water saturation is equal to
that of residual gas Sgr. Furthermore, the model can be applied to any two-phase displace-
ment with induced formation damage, such as CO2 injection into oilfields accompanied
by asphaltene precipitation or chemical EOR. It is assumed that the transition zone length
is significantly smaller than the reservoir size, allowing for a complete jump across the
displacement front in the layer-cake model.

The model, represented by Equations (6) and (7), assumes constant porosity in the
reservoir throughout the entire injection period. However, this assumption is not valid for
hydrate formation and asphaltene precipitation that occur during CO2 injection. Porosity
variations behind the front can be incorporated in the model, similar to how it was intro-
duced into the damage-free Dietz’s model in Bedrikovetsky [30]. This represents the next
step in the development of the model, represented by Equations (6) and (7).

Dietz’s model (Equations (6) and (7)) demonstrates independence of the upscaled
pseudo-relative permeability from velocity. Here, we discuss the radial flow problem,
in which flow velocity varies with radius, so the velocity dependence of the relative
permeability is important [38,54,55]. Different upscaling methods yield calculations for the
so-called rate-dependent relative permeability [30,31]. The method outlined in Equations
(A1) to (A4) allows the incorporation of formation damage into Dietz’s model with velocity-
dependent endpoint-relative permeability and saturations.

In relation to the model validation conducted in this study, the present model inte-
grates permeability damage into the classical pseudo-function models—specifically, Dietz’s
viscous-dominant and gravity-dominant systems. These models have been thoroughly vali-
dated without formation damage, and the results have been extensively documented in the
literature, including references [28–32,34–37]. The scenario of low-salinity waterflooding,
in which permeability reduces at the water-oil interface due to fines migration, reflects the
difference between our model and classical models. Consequently, we utilised this scenario
to validate our model.

Regarding the connections to CO2 coreflooding, the abrupt decrease in permeability
within each layer is characterised by a change from the initial permeability, k(z), to the
final permeability, kd(z), behind the piston-like front. This change is assumed to occur close
to the displacement front in each layer, meaning that the length of the mixture zone is
significantly smaller than the reservoir length. In a typical laboratory test corresponding to
a rock sample with depth z and an initial permeability of k(z), the final permeability kd(z)
stabilises within a period of less than 1000 PVIs. For a core length of 5 cm, this stabilisation
corresponds to a mixture length of 50 m, which is also expected to be significantly smaller
than the reservoir length.

Regarding the matching of the reservoir model with near-well damage, the model
considers in situ permeability damage k(z)→kd(z) within the reservoir. It can also accom-
modate the formation damage occurring close to injectors, such as salt precipitation in
dried-out zones due to capillary backflow during CO2 injection [30], generation of fines
due to rock drying [56], or deep bed filtration and external filter cake formation during
waterflooding [57]. The criterion for near-well damage is that the formation damage zone’s
radius is significantly smaller than the drainage radius [44]. The analytical solutions for 1D
radial formation damage problems, obtained in the aforementioned works, yield explicit
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expressions for the skin factor, which adds into the inlet-pressure boundary condition pre-
sented in Equations (18) and (19). This matched asymptotic expansion was performed for
waterflooding with colloidal particles by Kalantariasl et al. [45] and can be performed for
any quasi-2D reservoir model with upscaled pseudo-phase permeability and an analytical
model for well injectivity damage. Reliable analytical modelling is essential for preventing
and mitigating formation damage [46,58]. In the context of CO2 injection, this pertains to
the injection of nanofluids and wet or hot CO2 [59].

The current model provides a robust foundation for understanding CO2 flow dynam-
ics during injection in subsurface heterogeneous systems. However, several opportunities
for enhancement exist that could improve its predictive accuracy. One key area for improve-
ment is the incorporation of the rate dependency of the fractional flow function, particularly
in scenarios involving fast gas flows, where the Forchheimer law may be more applicable
than Darcy’s law. Additionally, considering the behaviour of non-Newtonian fluids could
yield more precise flow predictions. Furthermore, while integrating complex chemical
interactions—such as mineral precipitation and other reactions contributing to CO2 capture
in the swept zone—may increase the model’s complexity, it can significantly enrich the
mathematical framework. By addressing these factors, the model can produce results
that more accurately reflect the complexities of real-world systems, thereby enhancing its
applicability and relevance in the field.

9. Conclusive Remarks

The paper presents an analytical model for two-phase displacement in layer-cake
reservoirs, considering formation damage due to CO2 injection in cases of gravity-dominant
flows. The extension of Dietz’s model for gravity-dominated floods allows for considering
permeability damage caused by injection. A key assumption is that the permeability change
after injection in each layer is equivalent to that observed in the corresponding coreflood
tests, implying that the permeability ahead and behind the displacement front in each
layer are obtained from lab corefloods. Another assumption is that the time taken for the
displacement front to pass through the transition zone is significantly shorter than the
injection period.

The analytical model allows the derivation of the explicit formulae for well impedance,
skin factor, and the evolution of sweep coefficient during the accumulation of formation
damage induced by the injection. It allows for fast and effective methods for predicting
well and reservoir behaviour.

The higher the induced formation damage, the higher the well impedance and skin
factor of the injection well, as well as the sweep coefficient, which arises from the additional
hydraulic resistance created against the injected gas. Consequently, formation damage
increases gas storage capacity of the geological formation. While formation damage is
typically known for its detrimental effect on projects due to well injectivity decline, it can
also enhance sweep efficiency and positively influence the reservoir’s performance.

Supplementary Materials: The following supporting information can be downloaded at: https:
//www.mdpi.com/article/10.3390/en17174214/s1, Figure S1: The cumulative distribution function
(CDF) and fitted power-law profile for reservoir B; Figure S2: Reservoir B: (a) average gas saturation,
(b) subset showing real injection times, and (c) well impedance versus dimensionless time; Table S1:
Basic reservoir properties for 3 reservoirs under study in formation L; Table S2: Statistical parameters
for permeability histograms.
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Nomenclature

Parameters
a Adjustable parameter in power-law profile, [-]
c Inflection point in power-law profile, [-]
C1, C2 Constants of the integrals, [-]
d(z) Formation damage factor, [-]
D f Velocity of the front at 100% water saturation, [-]
Di Velocity of the front at irreducible water saturation, [-]
fw(s) Fractional flow of water, [-]
g(k) Probability distribution function of permeability, [-]
H Total height of reservoir, [L]
h Height of gas, [L]
hD Dimensionless height of gas, [-]
J(tD) Well impedance, [-]
Krgwi Gas relative permeability at irreducible water saturation, [-]
Krw Water relative permeability, [-]
k(z) Horizontal permeability as a function of depth, [L2]
kd(z) Horizontal damaged permeability as a function of depth, [L2]
k(zD) Horizontal permeability as a function of dimensionless depth, [L2]
kD(zD) Dimensionless horizontal permeability as a function of dimensionless depth, [-]

kdD(zD)
Dimensionless damaged horizontal permeability as a function of dimensionless
depth, [-]

kmin Minimum permeability, [L2]
kmax Maximum permeability, [L2]
kr Radial permeability, [L2]
kz Vertical permeability, [L2]
k Average permeability, [L2]
L Reservoir length, [L]
l Core length, [L]
m, n Exponents in power-law profile, [-]
p Pressure, [ML−1T−2]
pD Dimensionless pressure, [-]
q Injection rate, [L3T−1]
r Radius, [L]
re Drainage radius, [L]
s Water saturation, [-]
Swi Irreducible water saturation, [-]
S(tD) Skin factor, [-]
t Time, [T]
tD Dimensionless time, [-]
Tst Permeability stabilization time in terms of PVI, [L3]
Ug Gas flux, [L2T−1]
Uw Water flux, [L2T−1]
→
u Total velocity, [LT−1]
→
u g Gas velocity, [LT−1]
ugr Radial gas velocity, [LT−1]
ugz Velocity of gas in z direction, [LT−1]
→
u w Water velocity, [LT−1]
uwr Radial water velocity, [LT−1]
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uwz Velocity of water in z direction, [LT−1]
V Heterogeneity variation, [-]
xD Dimensionless distance, [-]
xw Dimensionless position of wellbore radius, [-]
y Defined variable, [-]
Z Depth, [L]
ZD Dimensionless depth, [-]
∆pD Dimensionless pressure drops, [-]
Greek Symbols
I I(tD) Injectivity index, [M−1L4T]
ϕ Porosity, [-]
µw Water viscosity, [ML−1T−1]
µg Gas viscosity, [ML−1T−1]
Λ(s) Total mobility, [-]
ξ Self-similar variable, [-]
Abbreviations
1D One-dimensional
2D Two-dimensional
CDF Cumulative distribution function
EOR Enhanced oil recovery
FFC Fractional flow curve
PDF Probability distribution function
PVI Pore volume injected
WGC Water-Gas Contact

Appendix A. Derivation of Governing Equations

To derive expressions for fluxes, following Nunes et al. [60], Kalantariasl et al. [61], and
Yuan and Moghanloo [62], we briefly present derivation of two-phase viscous-dominant
displacement in layer-cake reservoirs accounting for permeability damage due to CO2
injection. Integration of horizontal velocities ugr and uwr for gas from zero to h and for water
from h to H, using expressions in Equation (1), yield total phases fluxes in the respected
flow zones as follows:

Ug =

h∫
0

ugrdz = −
Krgwi

µg

h∫
0

kd(z)dz
∂p
∂r

(A1)

Uw =

H∫
h

uwrdz = − 1
µw

H∫
h

k(z)dz
∂p
∂r

(A2)

The integration of the mass balance for the total water-gas flux from Equation (2)
accounting for vertical permeability at the reservoir top and bottom yields conservation of
the overall flux.

U = Ug + Uw ⇒ U = − 1
µw

µwKrgwi

µg

h∫
0

kd(z)dz +
H∫

h

k(z)dz

∂p
∂r

(A3)

The expression for fractional flow follows from Equations (A2) and (A3) as follows:

fw(s) =
Uw

U
=

H∫
h

k(z)dz

µwKrgwi

µg

h∫
0

kd(z)dz +
H∫

h

k(z)dz

−1

(A4)
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From Equations (2) and (3), the expression for the overall flow rate can be derived as
follows:

q = 2πrU = −2πr
µw

µwKrgwi

µg

h∫
0

kd(z)dz +
H∫

h

k(z)dz

∂p
∂r

(A5)

The next step is the derivation of volume balance equations. The expression for the
average water saturation following from constant saturations in water and gas zones can
be expressed as follows:

s =
hSwi + (H − h)

H
⇒ h

H
=

1 − s
1 − Swi

(A6)

The integration of the volumetric balance for water, as represented by Equation (2),
from depth h to depth H, while considering reservoir top at z = 0 and assuming piston-like
conditions at the Water-Gas Contact (WGC), yields the following:

ϕr
∂s
∂t

+
∂(rUw)

∂r
= 0 (A7)

Substituting the expressions for water flux Equation (A4) into Equation (A7) results in:

ϕr
∂s
∂t

+ q
∂ fw(s)

∂r
= 0 (A8)

The introduction of dimensionless parameters Equation (4) leads to the formulation of
Dietz’s model, along with the corresponding initial and boundary conditions presented in
Equations (9) and (10).

Appendix B. Buckley–Leverett Solution

Introducing a new areal variable y as the distance from the well wall:

y = xD − xw (A9)

Equation (A8) becomes
∂s

∂tD
+

∂ fw(s)
∂y

= 0 (A10)

Initial condition Equation (9) remains the same, while the inlet boundary condition
presented in Equation (10) becomes

y = 0 : s = Swi (A11)

Consider an S-shaped fractional flow function that corresponds to the blue curve in
Figure 2. The so-called Buckley-Leverett solution for the initial-boundary value problem
represented by Equations (A10) and (A11) can be found in the books by Yuan et al. [63] and
Ajoma et al. [64].

s(y, tD) =


Swi, 0 < y

tD
< Di

y
tD

= f ′w(s), Di <
y

tD
< D f

1, D f <
y

tD
< ∞

(A12)

The displacement front velocity, Df, and the displacement velocity, Di, in the layer
with minimum permeability (at the bottom of the reservoir) are defined by Equation (15).
Detailed derivations of self-similar solutions of the conservation law systems, such as
Equation (A12), can be found in Polyanin and Zaitsev [39].
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Appendix C. Sweep Calculations

To calculate average water saturation versus tD, defined by Equation (16), we integrate
Equation (A10) over the triangular domain Γ : (xw, 0) → (xw, tD) → (1, tD) → (xw, 0) in
Figure 3c. According to Green’s theorem, this integral is equal to contour integral over the
domain boundary ∂Γ of the flux f dtD − sdxD:

x [
∂s

∂tD
+

∂ f
∂xD

]
dtDdxD =

∮
f dtD − sdxD = 0 (A13)

First, let us consider medium times t2 that occur after the arrival of the water-gas front
at the drainage radius and before the arrival of the rear water front, 1/D f < tD < 1/Di.
The line tD = t2 in plane (xD,tD) crosses zones II and I (Figure 3c). The contour integral over
the triangle can be divided into three integrals, as follows:

∮
f dtD − sdxD =

(xw ,tD)∫
(xw ,0)

+

(1,tD)∫
(xw ,tD)

+

(xw ,0)∫
(1,tD)

= 0 (A14)

Expressing Equation (A14) in y coordinate as it is defined in Equation (A9) results in
the following: ∮

f dtD − sdy =

(0,tD)∫
(0,0)

+

(1−xw ,tD)∫
(0,tD)

+

(0,0)∫
(1−xw ,tD)

= 0 (A15)

In the first integral, where the integration is going on in tD, the term involving dy is
equal to zero; thus, the integrant f (Swi) is equal to zero.

(0,tD)∫
(0,0)

=

tD∫
0

f (Swi)dtD = 0 (A16)

In the second integral, where the integration is going on in y, the term involving dtD
equals zero. The integral with respect to y, as indicated in Equation (16), yields average
water saturation.

(1−xw ,tD)∫
(0,tD)

=

(1−xw ,tD)∫
(0,tD)

f (s(
y

tD
))dtD − s(

y
tD

)dy = −
1−xw∫
0

s(
y

tD
)dy = −s(tD) (A17)

In the third integral, the values s and f are constant along the hypotenuse of the
triangle Γ:

(0,0)∫
(1−xw ,tD)

= − f
(

1 − xw

tD

)
tD + s

(
1 − xw

tD

)
(1 − xw) (A18)

Substitution of three expressions for integrals into Equation (A15) yields:

(0,0)∫
(1−xw ,tD)

=

(0,0)∫
(1−xw ,tD)

f (s(
1 − xw

tD
))dtD − s(

1 − xw

tD
)dy = (1 − xw)s(

1 − xw

tD
)− tD f (s(

1 − xw

tD
)) (A19)

The expression for average saturation in the (y, tD) plane is derived from the following.

s(tD) = (1 − xw)s(
1 − xw

tD
)− tD f (s(

1 − xw

tD
)) (A20)
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For small times before the arrival of the water-gas front, t1 < 1/D f , the horizontal line
tD = t1 in the plane (xD,tD) sequentially crosses zones II, I and 0 (Figure 3c). The first integral,
given by Equation (A16), remains equal to zero, while the second integral, as expressed in
Equation (A17), remains equal to minus average saturation. Along the hypotenuse of the
triangle, where s = f = 1, the third integral is equal to (1 − xD) − tD in plane (y,tD).

For large times after arrival of the rear water front, t3 > 1/Di, the first integral in
Equation (A16) remains equal to zero, while the second integral in Equation (A17) remains
equal to minus average saturation. Along the hypotenuse of the triangle, where s = Swi
and f = 0, the third integral is equal to (1 − xw) Swi in plane (y,tD). The final expression for
average water saturation for three moments t1, t2, and t3 is provided by Equation (A20).

Appendix D. Calculations of Dimensionless Pressure Drop (Impedance)

The expression for dimensionless pressure drops following from Equation (19) is
as follows:

∆pD =

1−xw∫
0

(
−∂pD

∂y

)
dy =

1−xw∫
0

dy
(y + xw)Λ(s)

(A21)

First, let us calculate the integral in Equation (A21) for a small time before the water-
gas front arrival tD < 1/D f , where horizontal line tD = const in plane (xD, tD) sequentially
crosses zones II, I, and 0. So, the integral represented by Equation (A21) in plane (y, tD) is
the sum of three integrals representing the pressure drop in each zone:

∆pD(tD) =

DitD∫
0

1
(y + xw)Λ(Swi)

dy +

D f tD∫
DitD

1
(y + xw)Λ(s)

dy +

1−xw∫
D f tD

1
(y + xw)Λ(1)

dy (A22)

In zone II (Figure 3a), s = Swi, so

DitD∫
0

=
µg

µwKrgwid
ln
(

DitD + xw

xw

)
(A23)

Saturation distribution in zone I is given by Equation (A12). Changing the independent
variable in integral Equation (A21) yields

ξ =
y

tD
, dy = tDdξ, dξ = f ′′w(s)ds (A24)

Pressure drop over zone I is

D f tD∫
DitD

=

1∫
Swi

f ′′w(s)ds(
f ′w(s) +

xw

tD

)
Λ(s)

(A25)

In zone 0, s = 1, so the integral for pressure drop in zone 0 is

1−xw∫
D f tD

= − ln(D f tD + xw) (A26)
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The final expression for early pressure drop is obtained as a total of three expressions
Equations (A23), (A25) and (A26) as follows:

∆pD(tD) =
µg

µwKrgwid
ln
(

DitD + xw

xw

)
+

1∫
Swi

f ′′w(s)ds(
f ′w(s) +

xw

tD

)
Λ(s)

− ln(D f tD + xw) (A27)

Now we calculate pressure drop at the moment after the arrival of the water-gas front
and before the arrival of the rear water front, i.e., for 1/D f < tD < 1/Di. The expression
for pressure drops in plane (y, tD) over zones II and I is

∆pD(tD) =

DitD∫
0

1
(y + xw)Λ(Swi)

dy +

xD(t)∫
DitD

1
(y + xw)Λ(s)

dy (A28)

The pressure drops over zone II, where s = Swi, is

DitD∫
0

=
µg

µwKrgwid
ln
(

DitD + xw

xw

)
(A29)

By changing the free variable in the integration of Equation (A29), the pressure drops
across zone I becomes the following:

xD(t)∫
DitD

=

s(tD)∫
Swi

f ′′w(s)ds(
f ′w(s) +

xw

tD

)
Λ(s)

(A30)

The final expression for pressure drops during intermediate times is obtained as a
total of two expressions, Equations (A29) and (A30):

∆pD(tD) =
µg

µwKrgwid
ln
(

DitD + xw

xw

)
+

s(tD)∫
Swi

f ′′w(s)ds(
f ′w(s) +

xw

tD

)
Λ(s)

(A31)

After the arrival of the rear water front, tD > 1/Di, saturation s = Swi in the overall zone II,
so the pressure drop in Equation (A31) in zone II becomes the following:

∆pD(tD) = −
µg ln(xw)

µwKrgwid
(A32)

The final form of the solution is expressed by Equation (20).

Appendix E. Calculations for Power-Law k(z)

The average permeability along the vertical extent of the reservoir using the power-law
permeability profile represented in Equation (23) can be determined as follows:

k =

c∫
0

(kmin − (kmin − kmax)(1 − azD
n))dzD +

1∫
c

(
kmin − (kmin − kmax)

1 − acn

(1 − c)m (1 − zD)
m
)

dzD (A33)

k = kmin − (kmin − kmax)

(
(c − acn+1

n + 1
) +

1 − acn

m + 1
(1 − c)

)
(A34)
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Based on Equations (A1) and (A2), the following integrals are needed for fractional
flow and total mobility.

hD∫
0

k(zD)dzD,
1∫

hD

k(zD)dzD (A35)

Using the power-law profile in Equation (23), the following indefinite integral can
be calculated:

∫
k(zD)dzD = kminzD − (kmin − kmax)

(
zD − azD

n+1

n + 1

)
+ C1, 0 < zD =

z
H

< c∫
k(zD)dzD = kminzD + (kmin − kmax)

(1 − acn)

(1 − c)m
(1 − zD)

m+1

m + 1
+ C2, c < zD =

z
H

< 1
(A36)

Under the various conditions of gas height h and inflection point c within the power-
law profile, the following calculations were performed to derive fractional flow and
total mobility.

• hD < c

hD∫
0

k(zD)dzD =

(
kminzD − (kmin − kmax)

(
zD − azD

n+1

n + 1

)
+ C1

)∣∣∣∣hD

0
= kminhD − (kmin − kmax)

(
hD − ahD

n+1

n + 1

)
(A37)

1∫
hD

k(zD)dzD =

(
kmin(c − hD)− (kmin − kmax)

(
(c − hD)−

a
n + 1

(
cn+1 − hn+1

D

)))
+ . . .

. . . +
(

kmin(1 − c)− (kmin − kmax)
(1 − acn)

(m + 1)(1 − c)m (1 − c)m+1
) (A38)

• hD = c

hD∫
0

k(zD)dzD =

c∫
0

kD(zD)dzD = kminc − (kmin − kmax)

(
c − acn+1

n + 1

)
(A39)

1∫
hD

k(zD)dzD =

1∫
c

kD(zD)dzD = (1 − c)
(

kmin − (kmin − kmax)
(1 − acn)

(m + 1)

)
(A40)

• hD > c

hD∫
0

k(zD)dzD =
c∫

0
kD(zD)dzD +

hD∫
c

kD(zD)dzD =

(
kminc − (kmin − kmax)

(
c − acn+1

n + 1

))
+ . . .

. . . +
(

kmin(hD − c) + (kmin − kmax)
(1 − acn)

(m + 1)(1 − c)m

(
(1 − hD)

m+1 − (1 − c)m+1
)) (A41)

1∫
hD

k(zD)dzD = kmin(1 − hD)− (kmin − kmax)
(1 − acn)

(m + 1)(1 − c)m (1 − hD)
m+1 (A42)

The exact formulae for fractional flow and total mobility in power-law layer-cake
reservoirs with decreasing permeability with depth can be obtained by substituting the
derived Equations (A37)–(A42) into Equations (A4) and (8).
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Appendix F. Fractional Flow and Mobility Formula for Power-Law k(z)

When the dimensionless height of gas is less than the inflection point, hD < c, the
obtained equations are

Λ(s) =

 µw Krgwi d
µg

(
kminhD −

(
kmin − kmax

)(
hD − ahD

n+1

n+1

))
+


(

kmin(c − hD )−
(
kmin − kmax

)(
(c − hD )− a

n+1

(
cn+1 − hn+1

D

)))
+ . . .

. . . + (1 − c)
(

kmin −
(
kmin − kmax

) (1−acn)
(m+1)

) 
× . . .

. . . ×
[

kmin −
(
kmin − kmax

)(
(c − acn+1

n+1 ) + 1−acn
m+1 (1 − c)

)]−1
(A43)

fw(s) =

 (
kmin(c − hD)− (kmin − kmax)

(
(c − hD)− a

n+1

(
cn+1 − hn+1

D

)))
+ . . .

. . . + (1 − c)
(

kmin − (kmin − kmax)
(1−acn)
(m+1)

) Λ−1(s) (A44)

When the dimensionless height of the gas matches the inflection point, hD = c, the
obtained formulae for fractional flow and total mobility are

Λ(s) =
[

µwKrgwid
µg

(
kminc − (kmin − kmax)

(
c − acn+1

n+1

))
+
(
(1 − c)

(
kmin − (kmin − kmax)

(1−acn)
(m+1)

))]
× . . .

. . . ×
[
kmin − (kmin − kmax)

(
(c − acn+1

n+1 ) + 1−acn

m+1 (1 − c)
)]−1 (A45)

fw(s) = (1 − c)
(

kmin − (kmin − kmax)
(1 − acn)

(m + 1)

)
Λ−1(s) (A46)

Finally, when the dimensionless height of the gas exceeds the inflection point, hD > c,
the equations are as follows:

Λ(s) =

 µw Krgwi d
µg


(

kminc −
(
kmin − kmax

)(
c − acn+1

n+1

))
+ . . .

. . . +
(

kmin(hD − c) +
(
kmin − kmax

) (
1−acn)

(m+1)(1−c)m
((

1 − hD
)m+1 − (1 − c)m+1

))
+

(
kmin(1 − hD )−

(
kmin − kmax

) (
1−acn)

(m+1)(1−c)m
(
1 − hD

)m+1
)× . . .

. . . ×
[

kmin −
(
kmin − kmax

)(
(c − acn+1

n+1 ) + 1−acn
m+1 (1 − c)

)]−1
(A47)

fw(s) =
[

kmin(1 − hD)− (kmin − kmax)
(1 − acn)

(m + 1)(1 − c)m (1 − hD)
m+1

]
Λ−1(s) (A48)
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