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Abstract

Without any form of compensation, atmospheric turbulence blurs the images obtained by
ground-based telescopes. An Adaptive Optics (AO) system compensates for the optical wave-
front distortions introduced in a light beam as it propagates through a turbulent medium.
The wavefront phase errors are measured with a Wavefront Sensor (WFS) and corrected by
adding the conjugated phase with an actuator such as a Deformable Mirror (DM). This grad-
uation project focuses on the reconstruction of the wavefront using a Shack-Hartmann (SH)
WES, while taking its spatial and temporal dynamics into account.

The recently introduced Spline based ABerration REconstruction (SABRE) is used to model
the spatial dynamics using the approximated slopes. It has been shown that using the mea-
sured intensity pattern of the WFS, rather than the approximated slopes (which are obtained
using a centroid algorithm), the WFR can be improved, because the intensity distribution
contains more information than the approximated slopes. This, however, has been demon-
strated using a Hartmann sensor. The first contribution of this thesis was to adapt the
method for the SH WFS, which is the commonly used sensor in astronomy. This is achieved
by using an additional image of a SH WF'S under the same conditions, but with an additional
known aberration. The prescribed algorithms are tested with the AO simulation tool Yao.
It is shown that for small aberrations, SABRE with intensity measurements provides more
accurate reconstructions of the wavefront.

Because of a delay, caused by the WFS and WFR, an error is introduced resulting from the
temporal dynamics of the wavefront. The second goal of this thesis is to predict the wave-
front aberrations, such that the temporal dynamics are taken into account. Furthermore,
the prediction should exploit the local nature of SABRE, such that it is applicable for par-
allel programming. Subspace Identification (SID) is employed for estimating the model of
the temporal dynamics. The estimated model is used by a Kalman Filter (KF) to predict
the wavefront aberration. The SID and KF are adapted to methods which are compliant
with the local nature of SABRE and therefore, the presented SID and KF are suitable for
parallel programming. The SID and KF are tested and tuned with both methods of SABRE,
i.e. SABRE with the approximated slopes and SABRE with the measured intensities. It is
demonstrated that the KF predicts the aberration significantly more accurate compared to
the delayed reconstruction and at times even outperforms the reconstruction without delay.
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Chapter 1

Introduction

When a light beam propagates through a turbulent medium, distortions to the phase of
the photon wavefront will be introduced. Adaptive Optics (AO) is a technique to actively
compensate these wavefront distortions. An AO system corrects for the wavefront aberrations
by measuring the aberrations with a Wavefront Sensor (WFS) and adding the estimated
conjugated phase with an actuator such as a Deformable Mirror (DM). AO has several
applications, such as astronomy, telecommunications, lithography and microscopy. This thesis
focuses on the use of AO in astronomy.

In astronomy, AO is used to correct for the aberrations introduced by the atmospheric turbu-
lence. Without compensation, the images obtained by ground-based telescopes are blurred,
such that the angular resolution (i.e. the smallest angle between two point sources, such that
they can be distinguished) is limited to about 0.5 to 1 arcsec. In figure 1-1, the increase in
angular resolution is shown by two images of the galaxy NGC 7469. One image obtained
without the use of AO and one image obtained with AO compensation. The image which is
obtained with AO compensation is more detailed.

A crucial step in AO is the estimation of the spatial dynamics of the wavefront distortions. A
WFEFS can only measure the intensity of light. The relation between the measured intensity and
the wavefront aberration is non-linear. Hence, the estimation of the wavefront aberrations is
not trivial. From the data of the WFS the wavefront needs to be reconstructed, which is the
so-called Wavefront Reconstruction (WFR). The WFR is used for a real-time controller, so
the WFR should be performed in the order of milliseconds [4], which is a challenge because the
number of measurements is very high. Furthermore, the spatial resolution of the reconstructed
wavefront must be high, so a large number of degrees of freedom is required [5].

In AO, a Shack-Hartmann (SH) WFS is commonly used. A SH WFS consists of an array
of lenses with the same focal length. The deviation of the local focal spots can be used
as an approximation of the local spatial derivative. Recently Visser and Verhaegen [6] pro-
posed a new WFR method, which employed the local spatial derivatives. This method used
simplex B-variate splines to model the wavefront, hence the name Spline based ABerration
REconstruction (SABRE). Because of the local nature of SABRE, it is suitable for parallel
programming.
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Figure 1-1: Images of the nuclear region of the nearby galaxy NGC 7469. The left image has
been obtained without AO and has a resolution of 0.7 arcsec. The right image is obtained with
AO compensation and has a resolution of 0.13 arcsec. Image taken from [1].

Instead of computing the local gradients, Silva et al. [7] proposed a linear procedure used
to reconstruct a wavefront directly from the intensities using SABRE with a Hartmann sen-
sor. The Hartmann sensor differs from the SH sensor as it consists of an array of apertures
instead of an array of lenses. Intensity based SABRE refers to the fact that SABRE is used
in combination with the intensity measurements. Intensity based SABRE can increase the
performance significantly, because the intensity patterns contains more information than the
estimated spatial derivatives. In order to have an applicable method for AO, this method is
adopted for the SH WFS. With AO simulations with Yao, it is demonstrated that the intensity
based SABRE provides good estimates of the wavefront aberrations under some conditions.
With the simulations, intensity based SABRE is compared with gradient based SABRE.

Due to the read-out time of the WFS process and the computations of the WFR, a delay is
introduced. Hence, it is useful to not only reconstruct the wavefront from the WFS data, but
also to predict the future wavefront, such that the temporal dynamics are taken into account.
For this purpose a Kalman Filter (KF) is applied. The KF is adapted, such that it applicable
in combination with SABRE. Moreover, the local nature of SABRE is exploited, such that
the KF is very suitable for parallel programming. We will present how Alternating Direction
Method of Multipliers (ADMM) [8] can be exploited for the KF.

The KF needs to know how the system behaves, e.g. a description of the temporal dynamics.
A model is obtained with Subspace Identification (SID). The SID is adapted to a method
which is compliant with the local nature of SABRE. Hence, the SID method can also be
performed in a distributive manner.

The performance of the SID and the KF is examined with AO simulations with Yao. It
is described how the most important parameters are chosen or tuned. The experiments

Erwin de Gelder Master of Science Thesis



1-1 Problem statement 3

demonstrate that the KF predicts the aberration significantly more accurate compared to the
delayed reconstruction and at times even outperforms the reconstruction without delay.

1-1 Problem statement

The goal of this project is to show that intensity based SABRE performs better than the
traditional method, which uses slope measurements, when used to reconstruct the wavefront
in real-time where a Shack-Hartmann sensor is used as WFS. Furthermore, it should be
demonstrated that with SID and a KF the performance can be even further improved by
compensating for the delay introduced by the WFS and WFR.

1-2 Thesis layout

The structure of this thesis is as follows. Some theoretical background of AO is presented
in chapter 2. Based on the problem statement the research can be divided into three parts:
SABRE, SID and KF. Chapter 3 introduces SABRE and gradient based SABRE will be
compared with intensity based SABRE. In chapter 4, two Autonomous Subspace Identification
(ASID) methods will be presented and applied to a fictive system. The KF will be explained
in chapter 5. In an experiment it will be demonstrated that with a KF in combination with
SID the prediction of the wavefront can be improved by compensating for the delay. Chapter
6 concludes this thesis and provides recommendations for further research.

Master of Science Thesis Erwin de Gelder
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Chapter 2

Motivation

As mentioned in the introduction of this thesis, the focus will be on the estimation of the wave-
front with the spatial and temporal dynamics taken into account. Spline based ABerration
REconstruction (SABRE) will be used for the Wavefront Reconstruction (WFR). Further-
more, Subspace Identification (SID) and a Kalman Filter (KF) will be used for the filtering
of the SABRE. This chapter provides a motivation for SABRE to model the spatial dynam-
ics. Besides, the motivation for SID and the KF to model and to correct for the temporal

dynamics is provided. In order to motivate the choices, some important aspects of Adaptive
Optics (AO) will be described.

In section 2-1, it will be explained why AO can increase the image resolution of ground-based
telescopes. Section 2-2 presents how an AO system works in general. The goal of AO is to
increase the image resolution as much as possible. However, the resolution depends non-linear
on the wavefront. Therefore another control objective is provided in section 2-3. As already
mentioned, the focus of this thesis is on the WFR and its filtering, which is discussed in
section 2-4.

2-1 The need for Adaptive Optics

Let us assume that we have an ideal ground based telescope, meaning that it is not affected
by atmospheric turbulence. Then the image of a point source (star) can be described by an
Airy function:

mD? (2J1(7rDa\/)\))2
mD|a|/A
Here, po(«) is the measured intensity at angular coordinate .. The diameter is denoted by

D, X denotes the wavelength of light and Ji(-) is the Bessel function of the first kind. The
intensity pg is shown in figure 2-1 for both the 1D and 2D case.

po(a) = 5 (2-1)

If two point sources are too close to each other, then they can not be distinguished due to the
diffraction caused by the finite diameter of the telescope. The Rayleigh criterion states that

Master of Science Thesis Erwin de Gelder
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Figure 2-1: The Airy function from equation (2-1) in (a) 1D and (b) 2D

two points cannot be distinguished if the center of the Airy disc for the first point occurs at
the first minimum of the Airy disk of the second point. The first dark ring is at an angular
distance of

a=1.22)\/D. (2-2)

Hence, the angular resolution is diffraction limited due to the finite diameter D. This moti-
vates us to build larger telescopes. However, if the telescope gets larger, then the atmospheric
turbulence will become a limiting factor and (2-2) does not hold anymore. To further improve
the imaging quality of large ground-based telescopes it is necessary to reduce the disadvan-
tageous effect of the atmospheric wavefront aberrations on the imaging process. This is the
task of an Adaptive Optics (AO) system [2].

2-2 Principle of adaptive optics

In order to explain the principle of AO, consider figure 2-2. When the light of a star enters the
atmosphere, it has a plane wavefront, i.e. the wavefront is undisturbed. Due to atmospheric
turbulence the wavefront will be disturbed when it reaches the telescope. The disturbances
introduce time and space varying optical path length differences. This gives rise to a turbu-
lence induced phase profile, simply called disturbed wavefront. It is generally assumed that
the amplitude is not disturbed by the atmospheric turbulence. The wavefront is denoted by
¥ (r,t), where r denotes the spatial coordinate and k denotes the time. The wavefront is given
by

b(r, k) = Ae™rF) (2-3)

where ¢(r, k) denotes the phase and A represents the amplitude. Since the aberrations only
affect the phase it is assumed that A = 1.

The AO system corrects for the disturbed wavefront with an actuator, which is typically a
Deformable Mirror (DM). After the phase correction ¢pas(r, k) introduced by the DM, there

Erwin de Gelder Master of Science Thesis
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Figure 2-2: Schematic representation of an AO system with its main components (source: [2]).

is a residual phase error:
6(73 k) = (p(?”, k) - SODM(Tv k) (2_4)

After this, a beam splitter divides the light into two parts. One part goes to the science
camera which will make an image of the light for scientific purposes. The other part of the
light is directed to the Wavefront Sensor (WFS). The WFS measurements s(k) are sent to
the controller, which has to determine an input u(k) for the actuators.

2-3 Control objective of adaptive optics

The measured intensity from an object is a smoothed version of the object itself. For the ideal
telescope without atmosphere, the intensity is given by the convolution of the Airy function

of (2-1) and the object o(«):
// )po(a — B)dp.

Here, po(a) (2-1) is a so-called Point Spread Function (PSF). This is the ideal PSF because
the phase aberrations ¢ equal zero. If also atmospheric turbulence is taken into account (i.e.
¢ # 0), then the image of a point source will be different. Let in general the PSF be denoted
by p(a). The ultimate goal of AO is to achieve that the PSF p(«) equals po(a) from (2-1).
It is common in AO to define the objective of AO with the Strehl ratio. The Strehl ratio S
is defined as the ratio of the peak intensity from the PSF and the Airy function pg(«):

(2-5)
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8 Motivation

The maximum value of the Strehl ratio is 1. The objective of AO is to maximize the Strehl
ratio. However, the relation to the residual wavefront ¢ and the Strehl ratio is non-linear,
which makes it difficult to have this as an objective. Therefore Maréchal’s approximation is
widely used:
5(06) ~ 67(271-06)2.

With this approximation the Strehl ratio is strictly decreasing with an increasing variance
o2 of the residual wavefront . Hence, instead of maximizing the Strehl ratio of (2-5), the
objective of AO is to minimize the variance of the residual wavefront e. Although Maréchal’s
approximation is only valid with certain assumptions it is shown that minimizing ¢? indeed
leads to the maximum Strehl ratio [9, 10].

2-4 Scope of the thesis

As explained in section 2-2 a controller has to determine the input u(k) based on the measure-
ments s(k) from the WFS. A classical approach is to determine the input using an interaction
matrix. The interaction matrix maps the input of the DM to the output of the WFS. There
are several techniques to compute or estimate this interaction matrix [11]. The input of the
DM can be computed by multiplying the pseudo inverse of the interaction matrix with the
WFEFS output vector. An advantage of this method is its simplicity: only a matrix-vector
multiplication is required. It might be a challenge to compute the pseudo inverse of the
interaction matrix, but this can be done off-line.

Unfortunately, there are also some disadvantages of the aforementioned method. When the
number of actuators is large, the interaction matrix can be ill-conditioned [12]. Hence, the
input of the DM can be highly sensitive to small errors of the WFS measurements or small
errors in the knowledge of the interaction matrix, due to uncertainty or temporal variations.
Another disadvantage is the assumption of a static system. For example, the read-out time
of the sensors introduce a delay. Also the computations contribute to the delay, so the
assumption of a static system is not true.

These disadvantages motivate another approach. Instead of computing the DM commands
directly from the inputs a few extra steps are used. The first step is to estimate the wavefront
phase (k) from the WFS data s(k). This step is called the Wavefront Reconstruction (WFR).
The estimated phase, denoted by ¢(k) , will be used to compute the optimal DM shape
épna (k). The last step is to compute the inputs u(k) such that the DM shape is as close to
¢pr (k) as possible.

In this thesis, the focus will be on the WFR and its identification and filtering. In figure 2-3
the scope of the thesis is shown schematically. The objective of the WFR is to estimate the
phase ¢(k). However, since the WFS need some time to produce the measurements, the data
s(k) is already 'outdated’. Also the WFR requires some time, so ¢(k) is even more ’outdated”
Therefore it is useful to estimate the future phase. This estimate is denoted by ¢(k + 1|k).
The index (k + 1|k) means that the phase at time instant k + 1 is estimated using data up
to time instant k. The estimate ¢(k + 1|k) can be computed with a Kalman Filter (KF)
[13]. The KF needs to know how the system behaves, e.g. with a state space description.
Therefore Subspace Identification (SID) is used. These three aspects, WFR, SID and KF will
be treated in the thesis. In the following subsections the contributions to the WFR, SID and
KF will be explained individually.
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Figure 2-3: The schematic representation of the scope of this thesis. The incoming phase (k)
at time instant k is measured by the Wavefront Sensor (WFS). With the output s(k) of the
WEFS the reconstructed phase ¢(k) can be estimated with the Wavefront Reconstruction (WFR)
method. This can be used to identify the dynamics using Subspace Identification (SID). The
model, represented with the system matrices A(k) and C(k), is updated at each time step. With
these system matrices and ¢(k), the Kalman Filter (KF) can estimate the future phase ¢(k+1|k)

Plane S50 Titted Plane H
Wavefront O wavefront _{i}_ _l‘i_
1 1 _,-" — —
I i = v ™ HEOH ) F

—— ’-— Laterally Due t
'# : .—-‘ Lu:::rl?wlzu:ffust _.CI}_ ~a R
mllg |- IS I (& B
]~ = =50z AN =
Lenslet _{;}_ I (I -

1
Array

Figure 2-4: One dimensional representation of Shack-Hartmann (SH) Wavefront Sensor (WFS)
(Source: [3]).

2-4-1 Wavefront Reconstruction

The wavefront cannot be measured directly because it is only possible to measure intensities
and the relation between the intensities and the wavefront is non-linear. Therefore, it is not
trivial to reconstruct the wavefront from the sensor data. A widely used sensor which is used
for the WFR, is a Shack-Hartmann (SH) sensor [14]. It is assumed throughout this thesis
that the WFS is a SH sensor, although the results are extendable to other sensors.

The SH WEFS consists of an array of lenses with same focal length. The deviation of the
local focus spots can be used as an approximation of the local spatial derivative. With the
use of a centroid algorithm, this sensor can provide these local spatial slopes of the phase
aberration. These slopes are approximated by the center of mass of the intensity distribution
in the detector. There are many methods that reconstruct the wavefront from the slope data.
One of these methods is the so-called Spline based ABerration REconstruction (SABRE) [6].
In this thesis SABRE is used for the WFR. There are several advantages of SABRE [6]:

e SABRE is invariant for different WFS geometries. For many methods a rectangular grid
is required, which e.g. limits the design of the WFS. Also with SABRE misalignment
of the WF'S does not have to result in biased results.

e SABRE uses simplex B-variate splines which can be of any degree, so non-linear basis
functions can be used as well.
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10 Motivation

e SABRE is insensitive to sensor noise compared to the conventional WFR methods that
make use of slope measurements.

e In contrast to the Fried method SABRE is not subject to the waffle mode [15].

e SABRE has the potential to be solved in a distributive manner, which increases the
computational efficiency [16].

Because SABRE is a promising WFR method, it will be used in this thesis. The aforemen-
tioned method uses estimated spatial gradients. We will refer to it as gradient based SABRE.

SABRE can also be used when the measured intensities are used directly, so without using
the centroids. This will be called intensity based SABRE. In [7] it is shown that intensity
based SABRE gives good results when the aberrations are small. In this thesis this method
is adopted for a SH sensor.

The performance of the gradient and the intensity based SABRE will be compared when used
for reconstruction of aberrations. These aberrations are modeled using the Kolmogorov model
[17], such that it represents wavefront aberrations resulting from light which has traveled
through the atmosphere.

2-4-2 Subspace ldentification

There exist many methods for identification of a system, but in this thesis only Subspace Iden-
tification (SID) is considered. The main advantages of SID compared to other identification
techniques, are the following:

e With SID, the identified model does not need to be parameterized before identifica-
tion. Other methods, like the output-error and prediction-error methods, need a model
structure and the amount of poles and zeros (depending on the model structure that
is chosen). As there is little information known about the wavefront aberrations, it is
difficult to have information about the model structure. Note that although with SID
no parameterized model is needed, the order n of a system needs to be known while
calculating the system matrices. Fortunately, with the singular values of the Singular
Value Decomposition (SVD) that will be computed, good estimates can be calculated
under fairly minor conditions [18].

e The main steps of SID are an RQ factorization, an Singular Value Decomposition (SVD)
and a solution to a linear least squares problem. These are all linear-algebra steps, so
there is no need for a non-linear optimization. A non-linear optimization can give
problems with local minima, such that a good initial estimate is needed. Since the
wavefront aberrations are difficult to model, it is very difficult to come up with a good
initial estimate. Furthermore the speed of a non-linear optimization depends on the
convergence of the problem, which can differ from one time to the other. Hence, the
fact that the key steps of SID consist of linear-algebra makes it advantageous when it
is applied to AO.

e SID is suitable for systems with more than one input and/or more than one output.
Later it will be shown that this is an advantage in this application.
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Figure 2-5: Schematic representation of an Adaptive Optics system. The phase (k) is aberrated
due to the atmosphere, where £(k) could be for example a zero-mean white noise sequence. The
residual wavefront e(k) (2-4) is measured by the Wavefront Sensor (WFS), v(k) denotes the
measurement noise. The output of the WFS s(k) is used for the Wavefront Reconstruction
(WFR) to reconstruct the phase. The controller determines the input u(k) of the Deformable
Mirror (DM). The phase correction of the DM is denoted by ¢pas(k). In this scheme it is
assumed that the Subspace Identification (SID) and the Kalman Filter (KF) as shown in 2-3 are
part of the controller.

e It is possible to implement SID in a recursive manner, which makes it suitable for
real-time identification.

The output of the WFR will be used for the identification. In figure 2-5 a scheme of an AO
system is shown. If intensity based SABRE is used, then the output of the WFES represents
the measured intensities. This is in general a large amount of data, as there are many more
pixels in the detector than slope measurements. Therefore the output of the WFR will be
used for identification. In figure 2-5 the output of the WFR is denote by ¢(k).

As can be seen in figure 2-5 the system is operating in closed loop. There are SID methods
that give unbiased results, even when the system is operating in closed loop. However,
these methods require the reference signal to be persistently exciting. This is not the case,
because the reference is always a flat wavefront. Therefore this thesis focuses on open loop
identification with the input w(k) = 0. Hence, we are dealing with Autonomous Subspace

Identification (ASID).

With ASID the dynamics of the wavefront aberrations can be estimated. However, these
dynamics are also changing in time. Hence, the estimated model should be updated at each
time step and Recursive Autonomous Subspace Identification (RASID) can be used.

Although ASID will be used it can still be useful when used in the closed loop case. The
reconstructed phase can be separated into two parts:

¢(k) = (batmosphere(k) - ¢DM(k)

Here ¢par(k) represents the reconstructed correction of the DM and @atmosphere(k) is the
reconstructed aberration ¢(k). The reconstructed phase correction ¢pas(k) only depend
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12 Motivation

on the input of the DM wu(k). It is possible to identify the system which models ¢pas(k)
as a function of u(k) [11]. That implies that with the known u(k) the reconstructed phase
correction ¢pas(k) can be computed, S0 Patmosphere (k) can be computed as well. Although the
system is operating in closed loop, (R)ASID can still be used with the data of ¢atmosphere(k)-

2-4-3 Kalman Filtering

In literature, many filters are proposed. In this thesis, only a KF is considered, because of
the following properties:

e [t is a linear filter. Because of the speed at which the filtering should be performed, a
filter that does not need non-linear optimization is highly preferred.

e The KF is the minimum-variance state estimator for linear dynamic systems with Gaus-
sian noise [19]. The system is estimated using SID, which estimates a linear system.
Hence, it makes sense to assume that the system is linear.

e The KF is the minimum-variance linear state estimator for linear dynamic systems with
non-Gaussian noise [20]. The noise of the system is unknown, but although the noise
may be non-Gaussian, the KF is still the optimal linear filter. As mentioned earlier, a
linear filter is preferred.

The goal of the Kalman Filter (KF) is to predict the phase one time instant in the future,
i.e. ¢(k+ 1) has to be predicted with data up to time instant k. In general, the prediction
- denoted by ¢(k + 1|k) - contains much information, so the time which is required for the
computation of ¢(k + 1|k) becomes an issue. Because the KF is used in real-time, it will be
presented how the KF can be implemented such that many computations can be done in a
distributive manner.

As mentioned earlier, SABRE has the potential to be solved in a distributive manner. This
is a result from the fact that the splines are defined locally, so the SID and KF can also be
implemented locally, and thus in a distributive manner. In order to ensure a certain order of
continuity the locally defined splines are subject to some constraints. The KF has to handle
these constraints as well, so a Constrained Kalman Filter (CKF) will be used. It will be shown
how the CKF can be implemented in a distributive manner with the Alternating Direction
Method of Multipliers (ADMM).
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Chapter 3

Wavefront Reconstruction with
SABRE

3-1 Introduction

In Adaptive Optics (AO) the resolution of an image is improved by correcting the wavefront
aberrations. In for example ground-based telescopes, light propagates through a medium
that has an inhomogeneous refractive index which leads to a modification in the shape of the
phase. Typically a Deformable Mirror (DM) is used to correct for these aberrated wavefronts.
A crucial step in an AO system is to measure the wavefront with enough spatial resolution
and speed to apply the real-time correction [5].

The wavefront cannot be measured directly as only intensities can be measured. Hence,
a Wavefront Reconstruction (WFR) method is required to reconstruct the phase from the
measurements. In many applications, for example in astronomy, the WFR is used for a real-
time controller, so the WFR should be done in the order of milliseconds [4]. The spatial
resolution requirement of adaptive optics wavefront sensors is usually very high, so a large
number of degrees of freedom is required [5].

In this chapter two different WFR methods will be compared. Both methods use data from
a Shack-Hartmann (SH) Wavefront Sensor (WFS) [14]. The SH WFS consists of an array
of lenses with the same focal length. Fach lens is focused on a photon sensor, which is
commonly a Charge-Coupled Device (CCD) array. The photon sensor measures the intensity
of the light beam. The relation between the measured intensities and the wavefront is non-
linear. However, the deviation of the focal spot gives an approximation of the local spatial
derivative. The deviation of the focal spot can be computed using a centroid algorithm. One
method uses the intensity measurements, while the other method uses the estimated local
slopes.

Both methods are based on a method called Spline based ABerration REconstruction (SABRE),
which is proposed by Visser and Verhaegen [6]. With SABRE the phase is modeled with bi-
variate simplex B-splines [21]. Visser and Verhaegen use the slope measurements from a
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14 Wavefront Reconstruction with SABRE

Shack Hartmann (SH) sensor to reconstruct the wavefront [6]. Another method, proposed by
Silva et al. [7], makes use of the whole intensity pattern. The relation between the measured
intensities and the wavefront is highly non-linear which will result in many local minima [22].
Furthermore, when making use of one image the solution is non-unique [23]. However, by
linearizing the intensity with respect to the optimization variables, Silva et al. [7] show that
a fast unique solution can be provided. By using the intensity pattern rather then only the
centroids of the spots, also higher order aberrations can be taken into account, because the
centroids only give information about the local tip and tilt aberrations.

The outline of this chapter is as follows. In section 3-2, some WFR principles are discussed.
In section 3-3, SABRE is explained. Here it is also summarized how slope measurements or
intensity measurements are used to estimate the wavefront. The experiments in which both
previously described methods are compared, is represented in section 3-4. This chapter ends
with a conclusion in section 3-5.

3-2 Wavefront Reconstruction principles

3-2-1 Optical Image Formation

The wavefront is given by equation 2-3 as
Y(r,t) = A, (3-1)

The complex amplitude Z of a wave ¢ diffracting through an aperture P is given by Huygens’
principle, which states that each point in the aperture can be considered as the center of an
emerging spherical wave. In the far field (i.e., in the case of Fraunhofer diffraction), the
spherical waves are equivalent to plane waves, and the expression for the amplitude as a
function of position « in the focal plane can be written as follows [24]:

—2miar

Z(a) = \/lﬁ / D) P(r)e 5 du. (3-2)

Here, P(r) is the aperture, which is for a fully transmissible and aberration free case P(r) = 1
for r inside the aperture and P(r) = 0 for r outside the aperture. II is the total area of P,
A is the wavelength of the photons and « denotes the position in the focal plane. Note that
if the diffracted light is focused with a lens, the observed diffraction pattern can be modeled
using Fraunhofer diffraction [25]. With the introduction of u = r/\, equation (3-2) can be
rewritten as a Fourier transform [24]:

_ b
v

Here F[-] denotes the Fourier transform of (). Image sensors only measure the intensity,
which is given by the square of the amplitude of the signal:

Z(a) Flp(u)P(u)].

1
I(a) =|Z(a)* = I | [ (u) P(w)]]*.
Together with (3-1) the intensity, denoted by I, becomes

I(a) = % 7 [ac# p)] [ (3-3)
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3-2 Wavefront Reconstruction principles 15

3-2-2 Different methods for Wavefront Reconstruction

The goal of WFR is to reconstruct the phase, denoted by ¢(r). The reconstructed phase is
denoted by ¢(r). The time dependency is omitted for brevity. In this chapter, the difference
between the phase and its reconstruction is called the residual phase. There are two major
classes to reconstruct the wavefront: the focal plane sensor and the pupil plane sensor.

Pupil plane sensors

With pupil plane sensors, the slope of the phase is measured. The relation between the slopes
oz(x,y) and oy(z,y) of the phase p(x,y) at the spatial coordinates  and y can be described
by first order partial differential equations:

7a(a,y) = 220, (34
oy(ery) = ‘Mayy) (3-5)

The SH sensor is currently the most widely used sensor for AO due to its simplicity and
reliability. With the deviation of the focal spot with respect to the center, the local tilt can
be calculated:

. 0d(x4, Yy, . .
Ax(i,j) = ﬁxw +n02(8, §) = Kaow (i, vi) + 12(2,7),

- 09(xi, y; - .
B, 3) = ) i) = 0, )+ )

The location of the focal spot with respect to the center is given by Ax(i, j) and Ay(i, j) where
1,7 denotes the lens in the i-th row and j-th column. The constants x, and x, are determined
by the optical parameters of the system. 7,(¢,j) and n,(7, j) represent the measurement noise
and the effect from higher order aberrations, i.e. aberrations that differ from piston, tip
and tilt. With a CCD the location of the focal spot is usually measured with the centroid
algorithm [26, 27], which computes the centers of mass of the intensity distribution (3-3) in
the detector. Let U and V' be the amount of columns and rows of pixels for each aperture
or lens. If the z-location and y-location with respect to the center (z(i),y(j)) is given by
X (u) and Y (v) respectively, with u € {1,2,...,U} and v € {1,2,...,V}, then the centroid
algorithm can be formulated as follows:

u=1 2vmy X (W) (2(i) + X (u), y(j) + Y (v))
Z 1ZU 1 1(x (i) + X (u),y(4) + Y (v))
Y= 1ZU 1Y(U)I(ﬂf() X(u),y(j) +Y(v))
i1 Yo L (i) + X (u), y () + Y (v))

Ay(i, j) =

Other sensors that provide spatial derivative measurements are the pyramid [28] and curvature
[29] sensors. In this thesis it is assumed that the WFR sensor is a SH sensor, although the
results may be extendable to other sensors.
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Pupil plane sensors are also called gradient based sensors. Although it uses intensity sensors,
it calculates an approximation of the slopes of the wavefront. The slopes will be used for the
reconstruction of the wavefront and hence, these sensors are called gradient based.

Pupil plane sensors use either modal or zonal measurements [30]. With modal sensing the
idea is to decompose the wavefront into a number of distinct surface shapes. In most cases,
each surface shape or mode is represented by a Zernike polynomial [31]. Modal measurements
are well suited if lower order aberrations are dominant. With zonal measurements the wave-
front is decomposed into smaller zones (see for example [32]). For each zone a wavefront is
reconstructed. The number of zones is such that low order aberrations are dominant within
one zone. These type of measurements are better suited than modal measurements if higher
order aberrations are dominant [5].

Well known approximations of the derivatives are proposed by Fried [32], Hudgin [33] and
Southwell [34]. Although these methods are simple - they only use local tilts - there are
algorithms developed recently that can handle these reconstruction very efficiently [35, 36, 37].
Recently Visser and Verhaegen proposed a WFR method, called Spline Based Aberrations
Reconstruction (SABRE) [6]. With SABRE, the wavefront is locally modeled with simplex B-
splines instead of local tilts. See subsection 3-3-2 for an explanation of SABRE with gradient
measurements.

Focal plane sensors

The focal plane sensors use the intensity measurements obtained via a CCD. The measured
image could be from a SH sensor, but other sensors are not excluded. The main advantage
of using the whole image is the fact that no information is lost. With pupil plane sensors,
only the slopes are considered. A disadvantage is the fact that the relation between the to be
reconstructed phase and the measured intensity pattern is non-linear.

Polo et al. proposed a focal plane method in combination with a Hartmann sensor [38].
The phase is modeled as a weighted sum of Zernike modes. A non-linear iterative solver is
used to compute the estimated weights. Simulations show that the root mean square of the
difference between the real wavefront and the estimated wavefront decreases by an order of
magnitude with respect to the traditional wavefront reconstruction based on the wavefront
slope measurement.

Although there are working focal plane sensors, this approach is considered to be not very
well suited for WFR. Firstly the method is computationally complex, which is not desirable
for real-time systems [39]. Secondly, because of the high non-linearities there are many local
minima [22]. The reconstruction requires many degrees of freedom, so this property makes
these sensors unreliable. However, as we will see in section 3-3-3, after linearizing the modeled
intensities with respect to the optimization variables the problem becomes linear. In that case,
focal plane sensors can be used for real-time WFR.
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3-3 Spline Based Aberration Reconstruction

3-3-1 Bivariate simplex B-splines

Here follows a brief description of Spline based ABerration REconstruction (SABRE). This
subsection is based on the work of Visser and Verhaegen [6] to which I refer the reader for a
more detailed description.

The wavefront domain will be partitioned into J non-overlapping simplices, which in this case
are triangles. The triangulation domain is denoted by 7. Each triangle ¢ is formed by the
convex hull of its three non-degenerate vertices vg, vi,vs € R?. The splines are represented
in Barycentric coordinates, which are local variables defined on an individual triangle. The
cartesian coordinates € R? are related to the Barycentric coordinates b € R? in the following
way:

Tr = [Uo V1 'UQ:| b. (3—8)

In the remainder of this section, the following shorthand notation will be used:
b(x) := (b, b1, bo) € R3, 2 € R?, by + by + by = 1. (3-9)

On a simplex the local basis is formed by the Bernstein polynomials in terms of the Barycen-
tric coordinates. These polynomials of degree d can be expanded into monomials, with the
following property:

d!
(bO + bl + b2)d = Z [P 'bSOb’flbg2’ (3_10)
||:"i||1:d Ko:K1'K2-

with k = (ko, K1, k2) a multi-index with the properties
|klly = ko + K1+ ke =d, ko > 0,61 > 0,K2 > 0. (3-11)

The Bernstein basis polynomials of the simplex B-splines are defined as the individual mono-
mials in (3-10), with the additional rule that they are equal to 0 by definition when the
evaluation point x is outside of the triangle t:

d! KO L,K1 K2 if
Bg(b(:zr)) = { So!mlm!bo by by 1f§ ; i (3-12)

A linear combination of the Bernstein basis polynomials gives then the B-form polynomial:

ct B(b(z ifx
pe(b(z)) = { OzllnHl:d B (b(2)) iix ;i (3-13)

Here ¢! are the B-coefficients which uniquely determine the polynomial p(b(x)) on the triangle

t. Equation (3-13) can also be written in vector notation:

d -t ifz
pl(w) = { g e (3-14)

All the monomials in BY(b(z)) € R'*4 and constants in ¢! € R¥! with d = (d;;;)! are sorted
lexicographically according to [40]:

Bf(b(m)) = [Bg,o,o(b(f)) 35—1,1,0(5’(90)) Bg,O,d(b(l‘))}a (3-15)
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t t t t i T
c = {Cd,o,o Ci—110 °° €01,d—1 CO,O,d} . (3-16)

The simplex B-spline funtion s;(b(x)) of degree d and continuity order r (also denoted by C")
can be defined on a triangulation 7T consisting of J triangles:

si(b(z)) :=B%-ce R,z € Ty. (3-17)
Here B? and c are constructed using respectively (3-15) and (3-16):

BY = [B{ (b(z)) BL(b(x) - B (b(x))] € R (3-18)

T A
c:i= [ctlT 2l ctJT} e R/1 (3-19)

The goal of the WFR is to compute the vector of coefficients c. Estimates of the wavefront
can be obtained at any desired location in the triangulation by evaluating the spline function
(3-17).

Because splines are used one can enforce a certain continuity of order r, such that all m-th
order derivatives, with 0 < m < r of two neighboring triangles are equal on the edge between
the two triangles. All the continuity conditions give a single set of linear equations:

Ac=0. (3-20)

Here A is the so-called smoothness matrix. How to construct A is described in [41].

3-3-2 SABRE with gradient measurements

The goal of SABRE is to reconstruct the wavefront using bivariate simplex B-splines. There-
fore it is assumed that the unknown wavefront ¢(z,y) can be approximated with the bivariate
simplex B-spline from (3-17):

p(,y) = oz, y) = 57 (b(z,y)) = BY(b(z,9)) - ¢,d > 1, (z,y) € Ty.
Under the assumption that this equation holds, then using (3-4) and (3-5) the slope sensor
model becomes:

i) = B 0 ) P ) ), 321

o.4) = B B )P ) ), (322)

with d > 1 the polynomial degree of the spline, and with a, and a, the directional coordinates
of respectively u, and u, with respect to triangle ¢. The matrix P%?~!(u) is the so-called
De Casteljau matrix [42] and n,(z,y) and ny(z, y) contains the measurement noise as well as
modeling errors.

The computation of the spline coefficients can be written as a linear least square problem
with constraints, such that the variance of the noise terms 7,(z,y) and 1, (z,y) is minimized.
However, the continuity constraints (3-20) need an additional constraint for producing a well-
conditioned parameter estimation problem. This constraint is called the anchor constraint,
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which predefines the value of the unknown constant of integration which arises when solving
the first order partial differential equation of (3-4) and (3-5). If a = [1 0o --- 0} is the
anchor vector, then the anchor constraint is given by

ac = 0. (3-23)

The SABRE problem for a total of K slope measurements on a complete triangulation con-
sisting of J triangle follows from (3-21) and (3-22):
o =dB1ptd-le 4, (3-24)
0= He, (3-25)
where 0 € RE*! denotes the vector of measured wavefront slopes. The residual term n

contains both the sensor noise as well as the modeling errors. The matrix H in (3-25) is the
constraint matrix, defined as follows:

H:=[AT o] " (3-26)

In [6] a Linear Least Squares (LLS) estimator is presented for the B-coefficients. First of all,
the constraint equation (3-25) needs to be eliminated. This can be done by projecting the
system on the nullspace of the constraint matrix H defined in (3-26), i.e. null (H). Now the
problem can be formulated as an unconstrained linear regression problem:

o= Dc+n, (3-27)

with D given by B
D =dB¢tpdd-lp, (3-28)

Here H is a basis of null (H). The cost function is then given by
T
J(c)= (O’T - Dc) (O’T - Dc) . (3-29)

The LLS estimator for the B-coefficient of the SABRE model which minimizes the cost func-
tion (3-29), is:

érps = HDTD)™'DTo
= Qo. (3-30)

Matrix Q = H(DTD)™'DT is called the SABRE reconstruction matrix which is computed
only once for a given geometry. Using (3-30), the resulting LLS SABRE model is

¢(x) = BYerLs. (3-31)

3-3-3 SABRE with intensity measurements

Polo et al. proposed a method that uses the complete intensity measurements from a Hart-
mann sensor and not only the measured slopes [38]. Unfortunately, this method is not suitable
for real-time application, because a non-convex function has to be minimized. However, Silva
et al. used this work to derive a method that is also useful for real-time applications [7]. The
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20 Wavefront Reconstruction with SABRE

difference between a Hartmann sensor and a Shack-Hartmann (SH) sensor is that a Hartmann
sensor consists of an array of apertures, while a SH sensor consists of an array of lenses. In
this subsection, it will be shown how the method proposed by Silva et al. can also be used
for a SH sensor.

Consider F'(x;,y;) to be the measured intensities of each pixel (i, ) at the detection plane
and let I(z;,y;, c) be the intensity given by the model of the particular sensor and the phase
given by (3-17) with phase coefficients equal to ¢. Then the cost function for determining the
coefficients can be defined as follows:

J(e) =" (F(zi yi) — I(xi,yirc)? . (3-32)
12
The cost function (3-32) is rewritten using two vectors f € RM*! and i(c) € RM*! which
contain the data of F'(x;,y;) and I(x;,y;, c) respectively for a total of M pixels. Each element
m of these vectors has a direct mapping to a point (x;,%;) in the Cartesian plane. Hence,
(3-32) can be written as follows:

M
J(e)=|If —ie)l3 = Y (F(m) —I(m,c))*. (3-33)
m=1
As (3-32) and (3-33) are highly non-linear with respect to ¢, therefore it is useful to linearize
i(c) with respect to ¢, such that the cost function depends quadratically on ¢. In general
the linearization could be around any vector ¢, but in this chapter it is assumed that ¢ = 0,
because it is assumed that the aberrations are small. After linearization the cost function
(3-33) becomes:

Jin(e) = |If = (co + Cre)- (3-34)
The vector ¢y can be obtained with the model of i(c) with ¢ =0, i.e.
co = [i(c)].—g - (3-35)
The matrix C; € RM*E represent the Jacobian matrix, i.e.
Cy = V.i(c). (3-36)

If the propagated beams from one sub-aperture have no effect on the subimage corresponding
to another sub-aperture, then C'; will be block-diagonal. In this chapter it is assumed that
the effect of the propagated beams from one sub-aperture has a neglectable influence on other
sub-aperture, because the aberrations are assumed to be small.

Minimizing this cost function will give an LLS estimator of the optimization coefficients c.
Because SABRE is used, the continuity constraints has be added to the minimization problem.
Hence, the vector ¢ can be computed by solving the following minimization problem:

c=arg mcin Jiin ().
st. Hc=0.

The solution can be found in a similar manner as the solution of the problem (3-24)-(3-25):

trns = H <(01H)T (CIH)) (i)' (1 - o)
=Q(f —co). (3-37)

-1
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With a simulation is shown that this linear method provides an improvement of approximately
one order of magnitude in terms of RMS error regarding the classical methods for aberrations
smaller than A [7]. Another advantage of this method is that this method has the potential
to be solved in a distributive manner.

For a SH sensor the measured intensity for a single sub-aperture can be computed using (3-3).
From this formula it can be seen that the same intensity pattern can be obtained for different
phases. Assume for example that the phase equals —p(—r) and a symmetric real pupil is
used (i.e. P(r) = P(—r) = P(—r)), then the intensity becomes:

I(a) = | F [0 P(u)] P = LI [0 P(—w)] = LIF [3(-u)P(—u)] P
= LFR@PWIP = o F [p(w)Pw)] (339)

Note that here the conjugation property of the Fourier transform is used. As can be seen,
(3-3) and (3-38) are equal. This problem is referred to the non-uniqueness problem.

Let ¢y i(x,y) represent a possible mode of the reconstructed phase for the i-th sub-aperture
and let (x,y) be the spatial coordinates with (z,y) = (0,0) in the center of this sub-aperture.
Suppose that this mode is symmetric within this sub-aperture, i.e. ¢y i(z,y) = ¢ri(—x, —y).
This would mean that this mode in not observable after linearization, because the measured
intensities resulting from a phase equal to ¢y, ;(x,y) give the same intensities as from a phase
equal to = i(—z, —y) = —¢pi(,y).

The aforementioned problem can be solved by using an additional image with the same
conditions but with an additional known aberration. In this thesis use is made of two types
of known aberrations, shown in figure 3-1. The first solution is a defocus before the light
enters the WES (figure 3-1a). This type of defocus will be called type I defocus. Another
option is to place the photon sensor (i.e. the CCD) at another distance compared to the focus
distance of the lenses, i.e. each sub-aperture is subject to a defocus. That would result in an
aberration as shown in figure 3-1b and it is called type II defocus.

The computation of the SABRE coefficients with more images is almost equal to the com-
putation of the SABRE coefficients as described in the previous subsection. Let K be the
number of images and M the amount of pixels of one image. Equation (3-33) can still be
used, but now f € REMX1 and i(c) € RM*! are given by

T
f=A 7 k]
T
i) =1 @ ... k@]
with fi € RM*! and i; € RM*!1. The vector ¢y and the matrix C; are defined in equation

(3-35) and (3-36) respectively.

3-4 Experiments with Yao

In this section, we compare the performance of gradient based SABRE and the performance
of intensity based SABRE with simulations performed with Yao. First, the experiment is
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Figure 3-1: Images of the additional known aberrations. Left: defocus for the whole image.
Right: the focal plane is at a further distance than the focus distance of the lenses, so here each
sub-aperture (it is a 10 x 10 array) has a defocus aberration. 97The aberrations are in rad.

described. Second, an example of an experiment with a fixed configuration is provided in
order to concretize how the experiments are performed. Third, the influence of the different
parameters is examined.

3-4-1 Description of experiments

Yorick is used to run the simulations. Yorick is an interpreted programming language for
scientific simulations or calculations, postprocessing or steering large simulation codes [43].
To simulate the AO system, Yao is used [44]. Yao is an AO simulation software package which
runs in Yorick. Both Yorick and Yao are open-source. Yao is used to simulate a telescope,
the wavefront aberrations and the Wavefront Sensor (WES).

Two different methods of SABRE will be considered: the gradient based SABRE and the
intensity based SABRE, (see subsections 3-3-2 and 3-3-3 respectively). As part of the thesis,
these methods and many other aspects of SABRE is programmed in a library of yorick. See
appendix A for more details.

In these experiments a telescope with a outer diameter of 7.9m is considered. The inner
diameter equals 0.89m. The Kolmogorov model is used for the spectral power of the wavefront
and it assumes that the light beam travels through a homogeneous turbulent medium [17].
The fried parameter rg defines the strength of the aberrations. With lower values of r¢ the
spectral power of the wavefront increases and thus the strength of the aberrations increases
as well. Typical values of the Fried parameter ry in the visible range from less than 5cm
in strong turbulence during daytime to over 40cm at good sites at night [45]. The Fried
parameter is varied during the experiments.

The atmosphere is modeled by four phase screens, moving at a speed of respectively 11, 20,
29 and 35m/s in the same direction. The altitudes of these layers are 0, 400, 6000 and 9000m.
The zenith angle is zero. The sample time will be 2ms.
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A SH sensor is used as sensor. The number of sub-apertures varies between 5-by-5, 6-by-6,
8-by-8, 10-by-10, 12-by-12 and 15-by-15 grids. Per sub-aperture there are 25 x 25 pixels. The
wavelength of the measured light equals 0.65um. The SH WFS has field stops, which makes
sure that light that enters one sub-apertures does not propagate into another sub-aperture.
Note that therefore C; from (3-36) is a block-diagonal matrix.

The SH WFS can modeled with or without noise. When the SH WFS is modeled with noise,
then there are two types of noise:

1. Photon noise: This is random noise with a Poisson distribution.

2. Read out noise: This is random noise with a Gaussian distribution with a mean of zero
and a standard deviation of 3.5 electrons per pixel.

For the WFR only first order B-splines are used, i.e. d = 1. Furthermore, » = 0, which means
that the reconstructed phase will be continuous.

A type I and type II triangulation will be used. With type I triangulation two triangles
are defined within one square and with type II triangulation four triangles are used. The
triangulation also depend on the method which is used, so for gradient based SABRE [6] the
triangulation differ a bit compared to the triangulation with intensity based SABRE [7]. In
figure 3-2, the type I and type II triangulations are shown for both gradient based SABRE
and intensity based SABRE.

The SH sensor consists of a square array of sub-apertures. Because the telescope has a circular
shape, some sub-apertures are not illuminated as much as others. If too little light reaches a
sub-aperture, the measurement of that particular sub-aperture will be ignored. For example
with a 6-by-6 array, the sub-apertures at the corners are ignored. This means that the phase
is not reconstructed everywhere. When the reconstructed phase (¢) is compared with the real
phase (¢), only the locations where the reconstructed phase is defined are considered.

In order to see how a certain configuration performs, the following expression is used as
performance indicator:

p_ BMS(p—9¢)
RMS(p)

P is called the performance indicator. The RMS is defined as follows:

RMS(p) = Hjl/Agpsz, (3-40)

where A is defined as the area in the pupil where the phase is reconstructed. Note that the
mean of ¢ and ¢ is zero, i.e. [, pdA =0 and [, ¢pdA = 0. In the ideal case, i.e. when ¢ = ¢,
we have P = 0. The higher the values of P, the worse the performance is and with P > 100%
the result of the WFR can be seen as useless.

100%. (3-39)

The phase screens and measurement noise are a result of a stochastic process, so more mea-
surements are used in order to get a good indication how a certain configuration performs.
When an average performance is presented, the average is computed over 2000 different mea-
surements, i.e. the average performance over 4 seconds.
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Figure 3-2: Type | and type Il triangulations for gradient based SABRE and intensity based
SABRE for a SH WFS with 6 x 6 sub-apertures. The red circles show the vertices. The blue

solid lines represent the edges of the triangles. The black crosses represent the centers of the
sub-apertures.
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Figure 3-3: An example of a WFR with SABRE with a SH WFS with 15 x 15 sub-apertures and
ro = 2m with (a) the original phase, (b) the reconstruction of the phase and (c) the absolute
error between the original phase and the reconstructed phase. The units of the phase are um.
The figures (d) and (e) show the image of the SH sensor where for (e) an additional defocus
aberration for each sub-aperture is applied.

3-4-2 Example of one experiment

In figure 3-3, an example is shown for a WFR with a SH WFS with a 15 x 15 array of sub-
apertures with g = 2m. The original phase is shown in figure 3-3a. The reconstruction (see
figure 3-3b) is done using the intensity based SABRE as described in section 3-3-3. In figure
3-3c, the absolute difference between the original phase of figure 3-3a and the reconstruction
phase of figure 3-3b is shown. From here it can be seen that the error mainly consists of high
spatial frequencies. The RMS of the aberration equals 0.0746m and the RMS of the error
equals 0.0146m, which results in P = 19.5%. Figure 3-3d shows the image which is obtained
by the SH WFS and figure 3-3e displays the image of the SH WF'S with the additional defocus
aberration.

In figure 3-4, the performance (3-39) is plotted over time. As can be seen the performance
varies much from time to time. The intensity method performs better than the gradient
method: the average performance of the intensity method is 13.5 %, which is better than the
average performance of the gradient method (i.e. 16.5 %). This can be explained by the fact
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Figure 3-4: Performance (3-39) changing over time for experiment with the Fried parameter
equal to 79 = 2m and a noiseless SH WFS with 15 x 15 sub-apertures.

that with the intensities method more information is used. Instead of only using the slopes,
which are two measurements per sub-aperture, now 25 x 25 measurements are used. However,
this is not the case for different Fried parameters, which is discussed in the next subsection.

3-4-3 Effect of defocus on intensity based SABRE

In figure 3-5, the performance of the intensity based SABRE is plotted for SH sensors with
different numbers of sub-apertures and varying amount of defocus. The test is done for SH
sensors with 6 x 6, 8 x 8 and 10 x 10 sub-apertures. In all cases, a type II triangulation is
used.

As can be seen in figure 3-5a when the amount of defocus type I is too large, the performance
is bad. This can be explained from the fact that the gradient of the defocus aberration will
be too large, especially for the sub-apertures near the outside radius. Therefore the focus
spot - and thus all information - of the sub-apertures will be outside of the sub-apertures.

From figure 3-5a it can be seen that the influence of the amount of defocus is quite different
for different sensors. The optimal defocus factor for the 6 x 6 SH WFS is 9.4rad. When this
amount of defocus is applied for the 8 x 8 and 10 x 10 SH WFS the performance is already
worse compared to the optimal amount of defocus for these SH sensors. This makes it difficult
to draw a general conclusion for the optimal amount of defocus with this method.

The influence of the amount of defocus for the second method depends less on the SH WFS
geometry (see figure 3-5b) and the optimal amount of defocus type II results in a better per-
formance compared to defocus type I. Therefore, in the remaining experiments, this method
will be used. The defocus factor will be equal to 0.285 rad, which is the optimal point for the
6 x 6 SH WFS. Although this is not optimal for other SH WFS geometries, it is very close to
the optimal amount of defocus.

With method II, the known aberration - which is the defocus for each sub-aperture - is equal
for each sub-aperture. With method I the known aberrations are different for each sub-
aperture. For example, the sub-apertures near the center do almost not have an aberration.
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Figure 3-5: Performance of the intensity based SABRE for a different amount of sub-apertures.
The red solid line, the blue dotted line and the green dashed line represent the performance with
a SH WFS with a 6 x6, 8 x8 and 10 x 10 array respectively. The x-axis shows the factor by which

the unit defocus (see figure 3-1) is multiplied and the y-axis shows the performance as defined in
(3-39).

Table 3-1: Optimal amount of defocus for type | defocus and type Il defocus for SH sensors with
different amount of sub-apertures and the corresponding performance.

Type I defocus Type II defocus
Number of Optimal Performance Optimal Performance
sub-apertures | defocus [rad] (%] defocus [rad] (%]
6 x6 9.4 23.1 0.29 23.0
8 x 8 7.0 22.7 0.22 21.5
10 x 10 7.0 20.8 0.19 18.0

Therefore the estimation of the coefficients is not really improved for the sub-aperture near the

center. This effect will be larger when more sub-apertures are used. The results - summarized
in table 3-1 - confirm this.

3-4-4 Triangulation

In this subsection, the performance of the type I triangulation and type II triangulation are
compared. In table 3-2, the average performance is shown for the two different types of
triangulation. The comparison is done for both gradient based SABRE and intensity based
SABRE, both with and without noise. This experiment is done with a SH WFS with 6 x 6
sub-apertures.

With type II triangulation more simplices are used. Therefore the range of shapes which can
be modeled is larger. This implies that the WFR could be more accurate. As can be seen
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Table 3-2: Average performance of SABRE in combination with a SH WFS with 6 x 6 sub-
apertures for type | and type Il triangulation.

Average performance [%)]

SABRE method Noise | Type I triangulation Type II triangulation
Gradient No 42.46 36.18
Gradient Yes 43.01 36.82
Intensity No 29.05 24.37
Intensity Yes 29.07 24.39

in table 3-2 the performance with type II triangulation is better than the performance with
type I triangulation in the noiseless case.

The downside of using more simplices is that also more coefficients need to be estimated with
the same amount of data, which can result in a higher sensitive reconstruction with respect to
sensor noise. With gradient based SABRE each triangle has six and four measurements with
type I and type II triangulations respectively. Although the difference is not significant, the
performance difference between the reconstruction with sensor noise and without sensor noise
is higher when type II triangulation is used (0.64%) compared to the type I triangulation
(0.55%). Despite this result, the performance is still better when type II triangulation is
used. With intensity based SABRE, the difference between the reconstructions with sensor
noise and without sensor noise is neglectable (0.02%).

From the aforementioned results it can be concluded that type II triangulation gives better
results than type I triangulation. Therefore for the next experiments a type Il triangulation
will be used.

3-4-5 Effect of Fried parameter 1, and the amount of sub-apertures

If the Fried parameter decreases, then RMS(y) increases an the the linearization of equation
(3-34) is not valid anymore, because the linearization is only valid for small aberrations. This
results in worse performance for lower values of rg, which can also be seen in figure 3-6. In
figure 3-6, the performance is plotted with respect to the Fried parameter rg. The experiments
are done for a SH WFS with 5 x 5, 6 x 6, 8 x 8, 10 x 10, 12 x 12 and 15 x 15 sub-apertures.
The results from 3-6 are based on noiseless measurements.

As can be seen in figure 3-6a the performance of the gradient method does not differ sig-
nificantly for different Fried parameter, with the exception of low values of rg. Only at the
lowest value of rg, i.e. 79 = 0.05m, the performance is significantly worse than at other values
of 9. This can be explained from the fact that the gradients starts to get too high, such
that the focus spot of one sub-aperture is partly outside the area of the corresponding sub-
aperture. From figure 3-6a, it can also be observed that the performance is better when more
sub-apertures are used. This can be explained from the fact that also the degree of freedom
of the reconstructed aberration is higher when more sub-apertures are used. The reconstruc-
tion models the aberrations such that within each simplex the aberration is a tilt, since the
polynomial degree d is equal to one. Because of this assumptions there will be an error and
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Figure 3-6: The performance versus the Fried parameter 7 for (a) gradient based SABRE and
(b) intensity based SABRE with a SH WFS without measurement noise. The legend indicate the
number of sub-apertures for the corresponding SH WFS.

the error will be smaller when the simplices are smaller. Hence, with more sub-apertures the
error will decrease.

If intensity based SABRE is used, then the Fried parameter influences the performance very
much (see figure 3-6b). The lower the Fried parameter, the lower the aberrations, the more
the linearization becomes invalid. The effect of the amount of sub-apertures is the same as
with gradient based SABRE: the more sub-apertures, the better the result.

In figure 3-7, the effect of the amount of sub-apertures is shown in a different manner. Here
the x-axis represent the number of sub-apertures on one side of the SH WFS. When the
amount of turbulence is low (i.e. 7o > 2m), then the intensity method performs better than
the gradient method. However, with for example rg = 0.1m, the phase estimates of the
intensity method are completely wrong, as the linearization is not valid anymore.

3-4-6 Effect of noise

Figure 3-7 shows that more sub-apertures result in better performance. However, this is when
there is no sensor noise modeled. With sensor noise the results are different, as can be seen in
figure 3-8. Especially the gradient method performs worse when the number of sub-apertures
is increased. With more sub-apertures, each sub-aperture will be less illuminated. Hence, the
signal-to-noise ratio will decrease. Because the centroid algorithm, which is used to compute
the slopes, is sensitive to noise [46], the reconstructed phase becomes worse. The results for
the intensity method does not change significantly, so it can be concluded that the intensity
method is less sensitive to noise compared to the gradient method.
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Figure 3-7: The performance versus the number of sub-apertures per side for (a) gradient based
SABRE and (b) intensity based SABRE with a SH WFS without measurement noise. The legend
indicate the Fried parameter r( for the corresponding experiment.
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Figure 3-8: The performance versus the number of sub-apertures per side for (a) gradient based
SABRE and (b) intensity based SABRE with a SH WFS with measurement noise. The legend
indicate the Fried parameter r( for the corresponding experiment
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3-5 Conclusion

This chapter focuses on the modeling of the spatial dynamics of wavefront aberrations.
SABRE is used for the WFR. The intensity based SABRE is adapted, such that it could
be used for a SH WFS. This is achieved by adding a measurement with a SH WFS with the
same blurring conditions, but with an additional known aberration.

Two methods have been discussing, namely a method that uses the whole intensity pattern
measured by the CCD of the SH WFS and a method that uses the local slopes, which are
computed using the centroid algorithm. Those two methods are compared in a AO simulation.
Therefore, as part of this project, a SABRE library have been written. From the experiments
the following could be concluded:

e The intensity based SABRE reconstructs the wavefront more accurately compared to
the gradient based SABRE for small aberrations. For ground-based telescopes, the
Fried parameter is smaller than rg = 0.4m. Intensity based SABRE performs better
than gradient based SABRE for 7o > 1m. However, this could be different when the
loop is closed by using a DM, however, because then the aberrations will be smaller.

e The intensity based SABRE showed to be much more noise robust when compared with
gradient SABRE.
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Chapter 4

Autonomous Subspace ldentification

4-1 Introduction

Subspace Identification (SID) methods are methods that identify Linear Time Invariant (LTT)
state-space models from Multiple Input Multiple Output (MIMO) measurements of a dynamic
system. For a detailed description we refer the reader to the literature [47, 48]. An advantage
of SID methods is the fact that the key operations are all linear algebra operations so the
problem of nonlinear optimization is circumvented.

In this chapter a special type of SID is treated: Autonomous Subspace Identification (ASID).
This means that the only input of the system is some unknown noise. The two methods
which will be shown are based on the Past Output Multivariable Output-Error State sPace
(PO-MOESP) method [49] and the Predictor Based Subspace Identification (PBSID) method
[50]. These SID methods are intended to be used in off-line identification.

The outline of this article is as follows. We will first start with the system description,
assumptions and notation in section 4-2. In section 4-3, two ASID methods will be described.
In section 4-4, the proposed algorithms are tested for identification of a fictive second order
System.

4-2 System description, assumptions and notations

The to be modeled system can be described with the following state space model:

z(k+1) = Azx(k) + w(k), (4-1)

y(k) = Cx(k) + v(k), (4-2)

where x(k) € R™, y(k) € R!, w(k) € R™ and v(k) € R! are the state, output, process noise
and measurement noise vectors respectively and k denoted the time index. The state matrix

is denoted by A € R™ " and C' € R*™ is called the output matrix. It is assumed that w(k)
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34 Autonomous Subspace Identification

and v(k) are zero-mean white noise sequences. The system (4-1)-(4-2) can also be written in
innovation form [47]:

2(k+1) = Az(k) + Ke(k), (4-3)
y(k) = Cz(k) + e(k), (4-4)

where e(k) € R! is called the innovation with E {e(k)eT(k)} = R. It is assumed that R
is positive definite. Matrix K € R™ ! is the Kalman gain. In (4-3)-(4-4), the state is de-
noted by & € R"™, which is the predicted state of z(k) such that E[Z(k) — z(k)] = 0 and
E [((k) - 2(k)) (2(k) — 2(k))"] is minimal. Tt is assumed that the system (4-3)-(4-4) is a
minimal realization, i.e. the pair (A4, K) is controllable and (A, C) is observable. This system
(4-3)-(4-4) can also be written in the so-called predictor form:

2(k+1) = Az(k) + Ky(k), (4-5)
y(k) = Cz(k) + e(k), (4-6)

where A = A— KC is asymptotically stable. It is assumed that A is nilpotent, i.e. A7 = 0 for
J > kwith k£ € IN. It is well-known that an invertible linear transformation of the state vector
does not change the behavior of a state-space system. Therefore, we can only determine the
system matrices up to an unknown similarity transformation 7: T~'AT, T~'K and CT.

The following stacked vector contains s outputs:

y(0)
Yis 1= e + b e R, (4-7)
y(i+s—1)

The stacked vector e; ; is defined in a analogue way. With N data available the block Hankel
matrix can be defined:

}/i,s,N = [gi,s gi+17s QHN,LS} € RSZXN. (4—8)

In a analogue manner E; ; y can be defined. The matrix that contains NN states is defined as
follows:
Xin = [2() 2(G+1) ... @(i+N-1)], (4-9)

The matrix )A(Z-7 N is defined in a analogue way using the predicted states (k).

4-3 Autonomous Subspace Identification

4-3-1 Past Output Autonomous Subspace ldentification

Using the definitions of (4-8) and (4-9), the system description (4-5)-(4-6) can be written as

Xon = A°Xon + KsYo s, (4-10)
}/s,s,N = OSXS,N + SSES,S,Ny (4_11)
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4-3 Autonomous Subspace Identification 35

where K, and O, are the extended controllability and observability matrix respectively which
are given by

Koi= [A7IK A2k AK K| e R™, (4-12)
C
CA
O, =| . e R, (4-13)
CAs—l

Note that Oy is defined in an analogue way with A. The Block Toeplitz matrix Sy is defined
as follows:

I 0 0 ... 0
CK I 0 ... 0

Sg:=| CAK  CK I 0] e ReI*sL. (4-14)
CAS 2K CA*3 ... CK I

In order to estimate the system matrices A and C up to a similarity transformation the range
of Og needs to be known. In other words, we want to eliminate the term SyE; s v in (4-11).
This can be done by using an instrumental variable Zn with the following properties:

1 T
am - EisnZy =0, (4-15)
.1 T
rank (]\;1_130 NXLNZN> =n. (4-16)

This can be achieved by setting i = s and using Zy = Y n as the instrumental variable.
This is called the Past Output ASID (PO-ASID) method, because Yy s y contains output data
which is shifted to the past compared to the output data contained in Y s 5. The following
lemmas proof that equations (4-15) and (4-16) hold.

Lemma 1. Given the system (4-3)-(4-4) with e(k) a zero-mean white noise sequence. Then
we have

1
&f;NEwWKﬁNZO- (4-17)

Proof. The proof immediately follows from the fact that e(j) is uncorrelated with y(k) for all
Jj>k. O

Lemma 2. Given the minimal realization (4-3)-(4-4) where e(k) is a zero-mean white noise
sequence that satisfies E {e(k)eT(k)} =R>0and A7 =0 for all j > s and sl > n. Then we
have

R
rank (J&gnoo NXs,NYOT,’s,N) =n. (4-18)

Proof. When (4-10) is substituted into (4-18) the following equation is obtained:
. 1 1S v % T
rank A}gnoo N (A XoN + ICSY(]@N) Yosn | =n
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Since A% = 0 this can be simplified to:

1 -
rank< lim N/Cs%,s,NYoi,Fs,N) =n.

N—oo

It is given that (4-3)-(4-4) is a minimal realization. Hence, we have rank (I@s) = n. Further-
more since we have R > 0 we know that

rank ( lim Yo, nYi, N) = sl.
N—oo 7 7
This completes the proof. ]

Using the result of lemma 1 and 2, we have that
range (}G,s,N%Ts,N) = range (Oy) . (4-19)

Now consider the following QR factorization:

Yo,5,N Ry 0 ||
S = . 4-20
le,s,N] lRm R22] lQ2 (4-20)
Lemma 3. Consider the same assumptions as in lemma 1 and 2 and the QR factorization

of equation (4-20). Then the following holds:

1
range [ —R = range (O;) . 4-21
e (R ) = range (0) (a-21)
Proof. From (4-20) we have

Yos,8n = R11Q1,
Yo N = R21Q1 + R22Q2.

Hence, we obtain

Yo snYien = RnQ1Q] R} + R22Q2Q% Ri1 = R RY).

1 1 Yb,S,N —
rank (&gnoo N |}<§,s,N = sl
and therefore limy_ oo \;—NRH is invertible. Then it can be seen with Sylvester’s inequality
that

Because R > 0 we know that

. 1
rank (A}gnoo \/NRm) =n.

This yields
1

range (]\}gnoo \/NR21> = range (Os) .

O]
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The system matrices A and C' can be computed with a Singular Value Decomposition (SVD)
of —= Ry1. Therefore consider the following SVD:

vV N
R — I:l/ l/ ] m + Z ) n (4—22)
/7N 21 n 1 0 0 nose ‘rl N

The first [ rows of U,, equal C. The state matrix A can be computed using the matrices Up
and U,, where U,, equals U,, without the bottom [ rows and U,, equals U,, without the [ upper
rOws:

A=UlU,. (4-23)
The PO-ASID algorithm is summarized in 1.

Algorithm 1. PO-ASID

Input: y, n, s.

Step 1: Construct Yo s y and Ys s n using (4-8).

Step 2: Compute Ro1 using QR factorization of (4-20).

Step 3: Compute Uy, using the SVD of (4-22).

Step 4: Extract C from the first | rows of Uy, and compute A using (4-23).

4-3-2 Autonomous Predictor Based Subspace Identification

Predictor Based Subspace Identification (PBSID) is a well-known identification technique [50,
51, 52]. It uses the predictor system (4-5)-(4-6) to compute the so-called Markov parameters
from input-output data. From that it estimates the states Z(k). Finally the system matrix
can be found by using a Linear Least Squares (LLS) solution, while also the innovation e(k) is
estimated. The method which will be presented here is called Autonomous PBSID (APBSID)
as it uses the same strategy: it will first estimate the Markov parameters, then the states and
finally the system matrices.

The first step is to estimate the Markov parameters, which are defined as follows:
- — ¢ A1,

Here, p is the so-called past window. With the Markov parameters the output at time instant
k can be estimated using the output data where it is assumed that A7 = 0 for all j > p:

Gklk — 1) = 3 EODy(k — i) = Eg (4-24)
=1

where g(k|k — 1) denotes the estimated output of time instant &k using output data from time
instants k —p to k — 1 and

== [é(ykfp) 2Wk—p+1) é(yk—l):| .

The prediction (4-24) can be done for each time instant k from p to p+ N — 1. Hence, = can
be approximated by solving the following equation:

}/;)717]\] = E}/bvaV‘
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The solution can be found using a LLS solution:

E = }/b717N%tp,N7 (4_25)

where 1 denotes the pseudo inverse. The second step is to estimate the states. With the
output data the states can be computed using the extended controllability matrix Iép defined
in (4-12). Matrix K, is unknown, but with = the matrix Ok, can be computed and thus we
can compute:

O X, N = WO K, Yo pn. (4-26)

Here, W € RV*!f is a weight matrix, which can be identity. For a discussion on how to
choose the weighting matrix we refer the reader to [50]. The future window is denoted by f.
The matrix Ok, can be constructed from the estimated Markov parameters:

Ewk-p) . EWk-prs-1) Z(yk-1)

O 0 oo BEWkprr—2) | ZYk-2)
Ofp=| . . : , o (4-27)

0 ... =Wk—p) o =k—gp)

With an SVD of (4-26) the states can be estimated up to a similarity transformation:
Xpn = 32VT (4-28)

where 3,, and V,, can be extracted from the following SVD:

- Y, 0 ||V
WO K Yopn = [Un U] [0 EJ lVfl' (4-29)

With the estimated states the output matrix C' can be estimated using the following over-

determined system of equation:
%717]\[ = C'vaN'

Using the LLS method it follows that
C =Y, nX] (4-30)

With the estimated output matrix C' the innovation can be estimated since y(k) and Z(k) are
known. Hence, the estimated innovation equals

Epin=Yy1n —CXpn. (4-31)

Finally, the matrices A and K can be estimated using equation (4-3). Equation (4-3) can be
expanded using the time instants p to p + N — 2 which gives

Xpt1,N-1 = [A K} [éipljj\/—lll .

Now, A and K can be estimated using the LLS method:

f
Xp.N-1 1 . (4-32)

A K| =Xpn [Ep,l,Nl

The APBSID method is summarized in algorithm 2.
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Algorithm 2. APBSID

Input: y, p, f, W withp > f.

Step 1: Construct from the output data the matrices Y, 1 n and Yo, Ny using (4-8), such that
the Markov parameters = can be estimated using (4-25).

Step 2: Construct O;K, from = using (4-27). With the SVD of (4-29) the estimated states

A

X, N can be computed according to (4-28).
Step 3: Compute C, Ey,1 N, [A K} using equations (4-30), (4-31) and (4-32) respectively.

4-4 Preliminary Simulation

Two different ASID methods are proposed, namely the PO-ASID method and the APBSID
method. It has been shown that under mild conditions these methods give unbiased results.
In this section, this will be confirmed with a fictive second order system. Also it will be
explained how the parameters of these two methods can be tuned.

4-4-1 Description

The simulation is performed with a system described in (4-3)-(4-4) with the following system

matrices:
—-1.6 —-0.89 —0.6
A:l . ; 1,1{:[0.751,0:[1 1}. (4-33)

The poles of the system are —0.8 £0.5i. The eigenvalues of A = A— KC are —0.875 =+ 0.238i.
The innovation e(k) is a zero-mean white noise sequence with E [e(j)e(k)] = d(k — j), where
0(+) denotes the dirac function.

4-4-2 Results ASID

With the PO-ASID method the variable s needs to be chosen. With PO-ASID it is assumed
that A7 = 0 for j > s, which means that an error is introduced, because A is not nilpotent. The
smaller s is, the higher the error. However, choosing s too large will result in an ill-conditioned
problem for finding the extended observability matrix. This is because the innovation e(k)
has to be persistently exciting. The size of Oy increases and thus more parameters needs to be
estimated. Hence, the variance of the estimated extended observability matrix will increase
as well. Note that larger values of s will also increase the computational time. To see these
effects consider figure 4-1a. In figure 4-1a, the PO-ASID method is tested for different values
of s. For each value of s the PO-ASID is performed 100 times. For each experiment 1000
datapoints are used. The lowest RMS is achieved for s = 15. Hence, s = 15 will be used in
the remaining part of this section.

With APBSID two variables need to be chosen: the past window size p and the future window
size f with p > f. The effect of p is similar to the effect of s with the PO-ASID method.
Choosing p too small will lead to a truncation error which is equal to the sum of the remaining
tail of Markov parameters [51]. Too large values of p will lead to high variance of the estimated
Markov parameters. The effect of the future window size f is harder to describe because it

Master of Science Thesis Erwin de Gelder



40 Autonomous Subspace Identification

0.045 m 0.14g,
=3
0.04 » : 0.12‘ % =4
n »n + f=5
@ I
£ 0035 2 01 e -6
o o
5 0.03 ‘5 0.08} .
5 5
5 0.025 x 5 0.06}
)] " .
Z 002 * 2 0.04f
® )
0.015 TRRK s RAXRRAXXRXXRE 0.02} $ 5 %5 5 8 % @
0.01 : : 0 ‘ '
0 10 20 30 5 10 15
S p
(a) (b)

Figure 4-1: (a) The performance of the PO-ASID method for different values of s. (b) The
performance of the APBSID method for different values of p and f. The performance is measured
as a RMS of the distance between the real poles and the estimated poles of the system.

heavily depends on the system properties and the noise spectrum [53]. The effect of p and f for
this particular experiment is shown in figure 4-1b. For the remaining part of this subsection,
p =12 and f =5 will be used. Further increasing f and/or p does not improve the result.

In figure 4-2, one eigenvalue of the A matrix defined in (4-33) is shown, together with a pole
of the estimated A matrices. The pole of the A matrix defined in (4-33) is marked by the big
blue cross. The green circles and red triangles represent the poles of the estimated A matrix
using the PO-ASID method and APBSID method respectively. The mean absolute error of
the PO-ASID is 0.126 - 10~3 which is slightly less then 0.146 - 1073, the mean absolute error
of the APBSID method. Based on this result it can be concluded that the PO-ASID method
performs slightly better. Note that both methods give unbiased results, i.e. when an infinite
amount of experiments should be done, then the mean absolute error will approach zero.

With the APBSID method the matrix K is estimated as well as shown in figure 4-3. Here,
an eigenvalue of A — KC' is denoted by the big blue cross. The red triangles are eigenvalues
of the estimated A — KC matrix. In this figure the mean absolute error is 0.120 - 10~3 and
the standard deviation equals 0.834 - 1073, If more experiments are used the mean absolute
error will approach zero, so this result is also unbiased.
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Figure 4-2: Eigenvalues of the estimated A matrices with PO-ASID (green circles) and APBSID
(red triangles) next to the actual pole (big blue cross). The estimated poles are unbiased.
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Figure 4-3: The eigenvalue of the (estimated) matrix A = A— KC with APBSID (red triangles)
next to the actual eigenvalue (big blue cross).
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Chapter 5

Filtering of SABRE

In the introduction of this thesis the importance of the Wavefront Reconstruction (WFR)
was discussed. The goal of the WFR is to reconstruct the phase aberration (k) at time
instant k£ with the data s(k) from the Wavefront Sensor (WFS). The reconstructed wavefront
is denoted with ¢(k) (see also figure 2-3). This reconstructed wavefront can be used to correct
for the aberrations. However, the reconstructed aberration is delayed, e.g. due to the read out
and computational time in the WFS and WFR process. Therefore it would be an advantage
if a good prediction is available of p(k + 1), such that the temporal dynamics are taken into
account.

This chapter is organized as follows. In section 5-1, the problem is described in more detail
and it is shown why a Constrained Kalman Filter (CKF) is in our case preferable to a KF.
In section 5-2, the CKF is introduced. Experiments are used to show how the different filters
perform. The experiments and the results can be found in section 5-3. This section will end
with some conclusions in 5-4.

5-1 Problem description

In this chapter the goal is to find a good prediction of ¢(k + 1) with estimates up to time
instant k. This prediction is denoted by ¢(k 4 1|k), where the index k + 1|k refers to the
fact that we want to predict the phase of time instant k + 1 with data up to time instant k.
The error between the estimated wavefront and the real wavefront will be called the residual
wavefront.

In section 2-3, it has been shown that the objective of AO is to minimize the variance of the
residual wavefront. Therefore the objective is to compute ¢(k + 1|k) such that the variance
of the difference between ¢(k + 1|k) and ¢(k + 1) is minimized. A Kalman Filter (KF) can
be used [13]. More specifically, a KF minimizes

E [(p(k+1) = o(k+11k))*] (5-1)
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while
E[p(k+1)—o¢(k+1]k)] =0. (5-2)

In chapter 3, it is shown that Spline based ABerration REconstruction (SABRE) can be
used for the WFR. SABRE computes a vector of spline coefficients ¢(k) € R" at each time
instant k, based on the measurements (gradients or intensities). Note that n. = J d where J
denotes the number of simplices and d denotes the number of coefficients for each simplex.
The reconstructed phase can be computed with the matrix-vector-multiplication given in
equation (3-17). The next step is to predict the phase at time instant k& + 1 with all the
estimates up to time instant k. In general, the amount of phase points is much larger than
the amount of coefficients. Therefore it is from computational point of view better to estimate
the coefficients instead of the phase. Hence, we want to compute é(k + 1]k) where é(-) means
that it is an estimate of ¢(-), such that (5-1) is minimized and (5-2) is satisfied.

The vector c¢(k), which is computed with SABRE, satisfies the constraint
He(k) =0 Vk, (5-3)

where H € R™*" is the so-called constraint matrix. These constraints can be used to
improve the Kalman Filter (KF). In general the KF will produce a prediction which does not
satisfy the constraint (5-3). In order to predict an estimate which does satisfy the constraint
(5-3) we use a CKF [54, 55]. In the remaining part of this chapter the tilde will be used
to denote that the estimate satisfies the constraint, i.e. ¢(k + 1|k) denotes the prediction of
¢(k + 1) such that

He(k+ 1|k) = 0. (5-4)

The problem of this chapter can be summarized as follows: find an estimate of ¢(k + 1) such
that (5-1) is minimized and (5-2) is satisfied. This will be done with a KF or with a CKF.
With the CKF the continuity constraint (5-3) is taken into account.

5-2 Constrained Kalman Filtering for SABRE

The description of the CKF for SABRE is divided into the following subsections. In the first
subsection the centralized CKF is presented. The distributed CKF is presented in 5-2-2. For
the CKF the state projection method will be used, which is described in 5-2-3. In 5-2-4,
an alternative state projection method is proposed. The state projection can be done in a
distributive manner which is shortly described in 5-2-5.

5-2-1 Centralized CKF

For Kalman Filtering, a model description is required. As explained in 2-4-2 an autonomous
system will be used. This autonomous system can be obtained using the methods of chapter
4. The result is a state description of the following form:

x(k+1) = A(k)x(k) + K(k)e(k), (5-5)
c(k) = C(k)z(k) + e(k). (5-6)
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The matrices A(k) € R"*" K(k) € R™*" and C(k) € R"*" can be estimated using
Autonomous Subspace Identification (ASID) (see section 4-3) or Recursive Autonomous Sub-
space Identification (RASID). The output of the system is the vector of SABRE coefficients,
c(k). It is assumed that the innovation e(k) € R" is a zero-mean white noise sequence. As
we will see, the state z(k + 1) € R™ can be predicted using the KF.

In order to estimate the system description (5-5)-(5-6), the past estimates of coefficients
are used, e.g. ¢(0),c(1),...,c(k). This data satisfies the constraint (5-3). However, from
computational point of view it is better to use the reduced data ¢(k) € R™ such that

c(k) = He(k), (5-7)

where H € R™*" is an orthogonal basis of the null space of H. The first advantage is
that ¢(k) is a vector with equal or less entries than the vector c¢(k) (i.e. n. < n.). Hence,
the computational effort might be less. Second, when the estimate c(k) is used, numerical
problems might occur, for example in the computation of the pseudo inverse of Yj , n (see
equation (4-25)) due to singularity.

The estimated model from the reduced data can be described as follows:

w(k+1) = Ak)z(k) + K (k)e(k), (5-8)
c(k) = AC(k)x(k) + He(k), (5-9)

with A(k) € RNex"ne K(k) € RP=*7e and C(k) € RieXna

Another advantage of the reduced model (5-8)-(5-9) is the fact that the constraint (5-3) is
always satisfied. Hence, a KF will produce an estimate which satisfies the constraint (5-4).
This is also known as the model reduction method [55].

Unfortunately, the estimation of the model (5-8)-(5-9) is not suitable for real-time control,
because the vector ¢(k) is in general quite large. For example, if first order splines are used
with zero order continuity (i.e. d = 1 and r = 0), then n. is approximately equal to the
amount of sub-apertures. Therefore the estimation of the model will be impossible for a high
number of sub-apertures, even when the identification is done off-line.

5-2-2 Distributed CKF

With distributed CKF the domain of the WFR is divided into L different sub-domains. For
each sub-domain a model can be estimated using the same method as described in the previous
subsection. Therefore the following reduced vector of local coefficients is required:

ci(k) = Hici(k),i=1,2,..., L. (5-10)

Here, the index i refers to the number of the sub-domain. The vector ¢;(k) € R™ is the
so-called local reduced data vector. The vector ¢;(k) € R™ contains the SABRE coefficients
of the i-th sub-domain. The matrix H; € R"#*" is an orthogonal basis of the null space of
H; and H; is the matrix which contains the local constraints of the i-th sub-domain. With
the local reduced data a model can be obtained:

zi(k +1) = Ai(k)z;(k) + Ki(k)ei(k), (5-11)
Cl(k) = lEIZC,(k:)xZ(k) + ﬁzez(kz) (5—12)
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Here A;(k) € R™»i*"ei K;(k) € R":i*Mei and C;(k) € R™i*"=.i represent the local state,
Kalman and output matrices respectively. These matrices can be estimated with Autonomous
Predictor Based Subspace Identification (APBSID) (see section 4-3-2). Using the model
(5-11)-(5-12), the predicted state can be computed using the following equations [47]:

Ti(k + 1|k) = Ai(k)2i(k|k — 1) + Ki(k) (¢i(k) — Ci(k)Zi(k|k — 1)),

éi(k + 1|k) = H;C; (k)& (k + 1|k). (5-13)

The to be predicted vector é(k + 1|k) can be constructed by stacking all the local vectors, i.e.
T
etk +1)k) = [Tk +1lk) E(k+1lk) ... k+1[k)| .

In general, the constraints in (5-4) will not be satisfied, because the continuity constraints
between two different sub-domains are not considered. The constrained estimate ¢(k+1|k) can
be computed by projecting é(k + 1|k) onto the nullspace of the constraint matrix H. Another
solution is to project the states ;(k+1|k), such that we obtain directly the constraint estimate
¢(k + 1|k) using (5-13). This will be described in the following subsection.

5-2-3 State projection

The projected predicted state Z(k + 1|k) satisfies the following constraint:

HC(k + 1)#(k + k) = 0, (5-14)
with
HCi(k) 0 0
C(k) = o Rew . " (5-15)
0 0 . HLCu)
Bk + 1K) = [k + 1K) &5 (k+1k) ... FEGk+1R)] . (5-16)

The constrained prediction can be computed in the following manner:
F(k + 1|k) =argmin (z — &(k + HENT W (2 — &(k + 1]k)) (5-17)
st. HC(k+1)x=0. (5-18)

Here, Z(k + 1|k) is defined in an analogous way as Z(k + 1|k) in (5-16) and W € R *"= i
a positive definite weighting matrix. If an identity matrix is used for the weighting ma-
trix, then the mean square of Z(k + 1|k) — #(k + 1|k) will be minimized. For minimal

E [(l’(k? +1)—z(k+1k) (x(k+1) —2(k + 1|k))T} the weighting matrix must be equal to
the inverse of the error covariance matrix W = P~ (k + 1|k) [54]. Here, P(k + 1|k) is defined
as follows:

P(k + 1|k) = diag (Py(k + 1|k), Po(k + 1]k), ..., Pp(k + 1|k)), (5-19)
Pilk +1[k) = E [(2i(k + 1) = &i(k + 1)) (@i(k + 1) — 2:(k + 1]k))"] Vi =1,..., L. (5-20)
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The analytic solution of (5-17)-(5-18) is given by
Z(k+ 1|k) = 2(k + 1k)—
-1
WL (HC(k+1))" (HC(k+ )W (HC(k + 1)) HC(k + Dk + 1]k).

The required inverse of HC(k + 1)W1 (HC(k + 1)) can be a problem for real time appli-
cation, because the dimensions of the matrix HC(k + 1) are proportional with the amount of
sub-apertures. Because C'(k + 1) depends on time, the inverse has to be computed at each
time instant. However, due to the sparse structure of HC(k + 1) the problem (5-17)-(5-18)
can be solved with distributive techniques. For example Alternating Direction Method of
Multipliers (ADMM) is very well suited [8].

With the predicted state vector Z(k+1|k) the vector é¢(k+1|k) can be computed using C'(k+1)
from (5-15) as

é(k+1k) = C(k + 1)z(k + 1]k).
Matrix C(k+1) is a block-diagonal matrix, so this matrix-vector-multiplication is well suited
for distributive techniques.

5-2-4 State projection with Piston Mode Equalization

As explained in section 3-3-2, the piston mode cannot be measured. Therefore an extra
constraint is required, the so-called anchor constraint. This anchor constraint is only present
in one of the L sub-domains. This implies that the piston mode for the other sub-domains
needs to be predicted. This can be difficult, because the piston mode of one sub-domain also
depends on the aberrations of other sub-domains. In order to model this correctly the number
of states of z; (i.e. ng) could be large.

An alternative is to add an anchor constraint for each sub-domain, such that the piston mode
is always equal. The anchor constraint can be defined as follows:

1 0 ... 0 Cz(k‘) = hlcz(k) = 0. (5—21)
[ )

In this example, the first coefficient is constrained, we could choose any coefficient. This
constraint needs to be added to the local constraint matrix H;. As a result, H; will also
change. If the anchor constraint is added, then the data ¢;(k) does in general not satisfy this
constraint. Hence, ¢;(k) needs to be corrected:

Cz(k) = Ci,uncorrected(k) - ]lzzz(k)

Here 1; € R™ is a vector that contains only ones, and z; is the piston mode correction. If
(5-21) is used as local anchor constraint, then z;(k) equals the coefficient of ¢; uncorrected (k)
which is constrained in (5-21).

If the piston mode is fixed for each sub-domain, then an extra step is required for the compu-
tation of the constrained estimate. The piston modes needs to be computed, which is called
Piston Mode Equalization (PME) [16] and can be achieved by relaxation of the constraint in
(5-18):

{z(k + 1|k),a} =arg 15110151 (x — 2(k+ 1) W (z — 2(k + 1]k)) (5-22)
st. H(C(k+1)z+ Ea) = 0. (5-23)
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Here o € R” is a vector containing the piston modes for each sub-domain. The block-diagonal
matrix F is defined as follows:

E = diag (1, 1o,...,17) € R*L,
The predicted vector of coefficients can be computed as follows:

&(k + k) = C(k + 1)Z(k + 1|k) + Ea.

5-2-5 State projection using ADMM

The dual ascent method is a well-known algorithm for solving optimization problems with
linear constraints. If the functions can be decomposed, then the dual ascent method can be
used to solve the problem in a parallel manner. Consider the problem of (5-17)-(5-18):

min (2 — 2)" W (2 — x), (5-24)

x
s.t. Hyx =0. (5-25)
Here, the index (k + 1|k) of the vector & is omitted for brevity. Note that W and H, may be
time dependent and H, = HC(k + 1), where for simplicity and without loss of generality it
is assumed in this subsection that H only contains the global constraints, i.e. the constraints
that addresses at least two coefficients of different sub-domains. It is assumed that the

weighting matrix is a block diagonal matrix, i.e. W = diag(Wi,...,Wg). Therefore, the
objective function (5-24) is decomposable.

In order to bring more robustness to the dual ascent method, an extra term is added to the
minimization (5-24)-(5-25) resulting in the Method of Multipliers:

min (& — )" W (2~ 2) + 5 | He3, (5-26)
s.t. Hyx=0. (5-27)

where the parameter p is called the penalty parameter. The solution of (5-26)-(5-27) is equal
to the solution of (5-24)-(5-25) as the extra term is zero if the constraint 5-27 is satisfied.
Now let the Lagrangian be defined as follows:

Ly(z,y) = (& —2)" W (2 — ) +y" (Hox) + g 1Hoz3, (5-28)

where the vector y is the dual variable. With the Method of Multiplier the following algorithm
is used to compute the optimum:

2* = arg min Ly(z,y%), (5-29)

ykJrl — yk +pHx$k+1- (5_30)

Here, the index k denotes the iteration number. Equation (5-30) is called the dual update
using the residual H,z**1.

The idea of ADMM is to use the decomposability of the dual ascent method with the superior
convergence properties of the Method of Multipliers. ADMM can be viewed as a version of
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the Method of Multipliers where a single Gauss-Seidel pass over x1, x2, ..., 1, is used instead
of the usual joint minimization (5-29) [8]. Now the optimization of (5-29) is decoupled into
L smaller problems which have to be solved in sequence.

If the structure of Hy is taken into account, then the minimization of (5-29) can be decoupled
into two minimizations, instead of L minimizations. This is a great improvement, because
the two minimizations itself are very well suited for parallel programming. The key step is to
rewrite the constraint (5-25) as follows:

H;; [zl‘| = Fij$i + G,;jxj = O,V(’i,j) cé. (5—31)
J

Here, £ is a set that contains all the combinations (7, j) such that the i-th sub-domain and
the j-th sub-domain share an edge. The matrix H;; contains the constraints that ensure the
continuity between the i-th and j-th sub-domain. With (5-31), the Lagrangian (5-28) can be

rewritten as follows:
2
Hy | Y . (5-32)
l’j 9

Here, y is a vector in which all dual vectors y;; with (i,j) € &£ are stacked. Two methods
which can be used to decouple (5-29) into two minimizations will be proposed.

L
Ly(z,y) = > (& —2)" Wi (@& —zi) + > {(yz’j)T H;j
i=1 (i.j)€E

T p
Jr2

ADMM with two subsets of sub-domains

This method can be used if the set of sub-domains can be separated into two subsets, such
that one sub-domain has no neighboring sub-domain which is in the same subset. Let these
two subsets be denoted with X and Z. Without loss of generality, it can be assumed that
H;j is such that ¢ € X and j € Z. The minimization of (5-32) can be done in two steps:
first, minimize (5-32) with respect to z; Vi € X and second, minimize (5-32) with respect to
x; Vj € Z. This method consists of the following iterations:

{.’E§+1,’L' € X} = min (i‘l — CL‘Z')T W, (CEZ — LEZ) +

TiACX o5
k T P xT; ?
Z (yw) Fijz; + B H;; ok 5
()€€ ieX 7
(495 = i 3 oy,
zj,J€Z “
JEZ
- k+17 |2
k P T
> {(yij) Fijaz; + 5 H;j [ o ] } ;
(i.4)€€ jeZ 7 Al

ket
i;+11 V(i j) € €.
J

X

k+1 _ Kk
Yij = Yij + pH LU

Note that both minimizations have to be done in sequence, but that the minimizations itself
are very suitable for parallel programming. This is a result from the fact that for any ¢ # k
with ¢ € X and k € X we have (i,k) ¢ £. With the same reasoning it follows that for any
j#kwith j € Z and k € Z we have (j,k) ¢ £.
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ADMM with Coupling Vectors

With the second method a relaxation of the problem (5-26)-(5-27) is used. The idea is to
write the constraint (5-31) as follows [56]:

Fijo; = 25,9(i,j) € €,
G,;jacj = —Zij,V(i,j) cé.
Here, z;; are the so-called coupling vector. With these constraints the Lagrangian will be

L
Ly (%, 95,99, 2) ZZ (& — x3)" Wi (& — z3) +

1=

2.

{(yij,f)T (Fijwi — zij) + g | Fyja; — Zz‘ng} +
(ij)E€E
P
Z {(yij,g)T (Gijl‘j + Zij) + 5 HGz’j«Tj + ZUH;} .
(i,7)€€E

Here, all y;; y with (4, j) € £ are stacked in the vector y;. The vectors y, and z are defined in
an analogue way. With the following iterations the problem can be solved:
B+l _ s E ok _k
T —mxlan (x,yf,yg,z )

k+1 _ - k+1 k Kk
z —mZmLp (x ,yf,yg,z>

yit = ulip o (Fyalt = 25T V(i) e €

yt =y, e (Fiﬂfﬂ - ZZH) v(i,j) €€

The constraint 5-25 can be seen as the coupling between the different sub-domains. The
coupling vectors can be seen as the connection between the sub-domains. Therefore, the first
step of the algorithm is very suitable for parallel programming: because of the use of the
coupling variables the state x; is decoupled from the state x; for any j # 7. Note also that
the minimization with respect to a coupling vector is independent of other coupling vectors.
Hence, this can also be done in a parallel manner.

Remarks

The two aforementioned methods are both suitable for parallel programming. Both methods
have advantages and disadvantages:

e The disadvantage of the second method (i.e. the method with the coupling vectors)
is that due to the relaxation more iterations are required with respect to the method
in which the sub-domains are separated into two subsets. Because more optimization
variables (i.e. the coupling vectors) are involved, the number of iterations increases [56].

e The first method requires two steps in which the Lagrangian is minimized with respect
to local vectors. With the second method, the Lagrangian can be minimized with
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respect to all the local states at the same time, however, an extra minimization with
respect to the coupling vectors is required. If the minimization with respect to the local
states takes longer than the minimization with respect to the coupling variables, then
the second method might be faster. This depends much on the size of the local states.

e A disadvantage of the first method is the fact that it must be possible to divide the set
of all sub-domains into two subsets of sub-domains, such that two sub-domains of one
subset cannot be neighboring sub-domains (i.e. they cannot share an edge). This limits
the possibilities for defining the sub-domains.

e Both methods have the advantage that the minimizations can be done analytically.
Each minimization requires an inversion of a matrix, but this has to be done once per
time instance. If this is done, then each ADMM iteration only requires a matrix-vector-
multiplication.

5-3 Experiments with Yao

In this section, simulations are performed to investigate if the (C)KF improves the predic-
tion of the aberrations compared to the delayed reconstruction. Subsection 5-3-1 gives a
description of the experiments. Subsections 5-3-2, 5-3-3 and 5-3-4 describe how the sample
time, systems orders and future/past windows are chosen, respectively. In subsection 5-3-5,
different weighting matrices W are tested. Subsection 5-3-6 shows the difference between the
results of the KF and the CKF. In the final subsection, the state projection with PME is
tested.

5-3-1 Description of experiments

Spline based ABerration REconstruction (SABRE) is used to reconstruct the wavefront aber-
rations of an Adaptive Optics (AO) system (see section 3-3). For a more detailed description
of AO, see chapters 1 and 3 of this thesis. In the experiments the AO system will be open-loop,
i.e. there will be no Deformable Mirror (DM).

Yorick is used for the simulations in combination with Yao. See section 3-4-1 for a description
of Yorick and Yao. Also the parameter of the telescope and wavefront aberrations can be
found in section 3-4-1.

A Shack-Hartmann (SH) sensor with 6 x 6 sub-apertures is used for the reconstruction. The
intensity measurements are disturbed by two types of noise: photon noise with a Poisson
distribution and read-out noise with a Gaussian distribution. The read-out noise has a mean
of zero and a standard deviation of 3.5 electrons per pixel.

Each experiment consist of two stages. The first stage, only consists of reconstructing the
wavefront using SABRE. With the data from this stage the local systems are identified using
Autonomous PBSID (APBSID) (see section 4-3-2). In the second stage, the (C)KF is tested
where the initial state is computed from the data from the first stage. The amount of data
samples for the first stage determines how accurate the identification of the local system
descriptions will be. Too much data will lead to very large computational times, so therefore
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(a) Gradient based SABRE (b) Intensity based SABRE

Figure 5-1: Triangulation and sub-domains for (a) gradient based SABRE and (b) intensity based
SABRE. The black area represent the area which is not illuminated. The blue lines represent the
edges of the triangles. The red circles are the vertices of these triangles. The borders of the
sub-domains are shown by the green lines. The centers of the sub-apertures are represented by
the black crosses.

a compromise needs to be found. The results are not further improved when using more than
1600 data samples, so this is the amount of data samples which will be used for the first stage.
For the second stage 1000 data samples are used. If not otherwise mentioned, then the CKF
will be used without PME.

The order of degree of the reconstructed aberrations are equal to d = 1 and the order of con-
tinuity will be r = 0. A type II triangulation will be used. The definition of the triangles are
different for intensity based SABRE when compared with gradient based SABRE. Therefore
also the sub-domains are differently defined. Each square will be a sub-domain, as can be
seen in figure 5-1. In figure 5-1, the triangulations of both methods is shown. The green lines
represent the edges of the sub-domains. As can be seen with gradient based SABRE there
will be 25 sub-domains en with intensity based SABRE there will be 32 sub-domains.

The goal of the WFR and KF is to estimate the aberrations as accurate as possible, i.e. the
variance of the error has to be minimized. Therefore the performance indicator of (3-39) can
be used to see how the KF performs. However, the influence of the KF and the corresponding
parameters which can be tuned do not have a very significant influence on the performance
P of (3-39). Hence, a new performance indicator has to be introduced:

E [P(k|k) — Pxp(klk —1
E [P(k|k) — P(k|k —1)]

R= L100%. (5-33)

Here, the time index k|j refers to the performance of the WFR with data of time instant j
with respect to the aberration at time instant k. The index KF refers to the fact that the
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performance indicator is computed of the predicted aberration using the KF with data up to
the indicated time index. In formula’s we have:

_ RMS(p(k) — 6(j))

PR = Tty 0%
Prr(hlj) = Tt D 10,

with ¢(k) denoting the estimated aberration using the data of time instant k and ¢ p(k+1[k)
denotes the prediction of ¢(k + 1) using the wavefront reconstructions up to time instant k.
Note that E[-] denotes the expectation operator. As mentioned earlier, the second stage
consists of 1000 data samples, so the expectation is approximated by the mean over those
1000 samples.

Although the denominator of R can theoretically be negative, it is practically always positive.
That implies that a lower value of R means a better performance of the (Constrained) Kalman
Filter. If R > 100%, then the predicted wavefront ¢(k|k — 1) of the (C)KF does not give
a better result than the delayed reconstruction ¢(k — 1), so if R < 100%, then the (C)KF
improves the prediction. If R < 0%, then the predicted aberration ¢(k|k — 1) is even better
than the estimated aberration using data of time instant k, i.e. ¢(k).

5-3-2 Choosing the sample time

Greenwood [4] pointed out that for worst case conditions the cut-off frequency of the wavefront
aberrations is at 172H z. As a rule of thumb the sample frequency should be one order higher
than the cut-off frequency. Hence, a sample time of about 0.5ms to 1ms can be considered
when this worst case scenario is considered.

In order to determine the sample time a closer look to the experiments is used. In figure
5-2, the smoothed Fourier transforms of different coefficients are shown. These coefficients
are calculated using gradient based SABRE. At low frequencies, the modulo is approximately
50dB. For frequencies higher than 250H z, the modulo is lower than 10dB which is 40dB
lower than 50dB. If it is assumed that the higher frequencies can be neglected, then a sample
frequency of 500H z is good. Hence, a sample time of 2ms is chosen for all the experiments.

5-3-3 Choosing the system order n

For the identification, APBSID is used (see section 4-3-2). The singular values of the SVD of
equation (4-22) give insight for choosing the order of the system. The system order can be
found by detecting a gap that separates the n largest singular values. It is observed that for
any sub-domain there is a gap after the n-th largest singular value, such that n is the size of
the local reduced vector of coefficients.

As an example, in figure 5-3, the singular values are plotted for one sub-domain. Also the
difference is shown when using PME or not. In order to see any difference in the singular
values between using PME or not, the sub-domain which is used is on the opposite side of
focal plane compared to the sub-domain which contains the global anchor constraint (3-23).
The sub-domain which is used in figure 5-3 contains four simplices. Hence, 12 coefficients
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Figure 5-2: Smoothed Fourier transform of different coefficients from the SABRE. The modulus
is decreasing with 20dB/dec.

are used to define the phase within this sub-domain. The sub-domain contains seven local
constraints. Hence, the local reduced data vector ¢;(k) contains five entries. Note that this
is independent of the method (i.e. the gradient or intensity based method) which is used for
reconstruction. For the particular sub-domain used in figure 5-3 there is a gap after the fifth
singular value when PME is not used. When PME is used a gap can be seen after the fourth
singular value. This also equals the size of the local reduced data vector, since this vector has
four entries when PME is used.

The system order of each sub-domain will be equal to the number of entries of the local
reduced data vector. Figure 5-3 shows that this is correct for that particular sub-domain.
Although it is not shown here, the other sub-domains show the same behavior: a gap that
separates the first n singular values, where n is the amount of entries of the local reduced data
vector. An advantage of using the same order as the amount of entries of the local reduced
data vector is the fact that it is easy to determine the order of a system. There is no need
for an algorithm which searches for a gap between two singular values, since the amount of
entries is always known.

5-3-4 Influence of past and future windows p and f

APBSID is used for the identification of the local state space description. Besides choosing
the order n of the local systems, also the past and future windows needs to be chosen. In
section 4-4-2, the effect of past window p and future window f is described. In figure 5-4, the
effect of p and f on the result R is shown for this particular experiment.

In case of gradient based SABRE, a future window of only one gives already good results.
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Figure 5-4: Results (5-33) of the experiments for different future and past windows, denoted by

f and p respectively.
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However, a future window of 2 or higher gives comparably better results. From figure 5-4a, it
can be seen that p does not have a large influence on the result. The best results are obtained
with p = 5. For p > 5 the result R is slightly increasing. From figure 5-4a, it appears that
with f = 2 and f = 3 the best results are obtained. For the next experiments f = 3 and
p =5 will be used when gradient based SABRE is used for the WFR.

The influence of p and f on the result R when intensity based SABRE is used is shown in
figure 5-4b. In this figure, the results obtained with f = 1 and f = 3 are not shown, because
it resulted in very large values of R. The bad results were caused by the estimated matrix
A — KC, which was instable for one or more sub-domains. As long as f # 1 and f # 3 the
results are good. The best result is obtained with f = 2 and p = 2, so these values will be
used when intensity based SABRE is used for the WFR.

5-3-5 Influence of weighting matrix W

In order to make sure that the states satisfy the continuity constraint (5-14) the state projec-
tion method is used. As described in subsection 5-2-3, a positive definite weighting matrix W
can be used for the state projection. In this subsection different choices of W are compared:

1. W1 = I;
2. Wy = CT(k)C/(k):;

3. W5 = diag (P;l, . .,PL—I) with S; =0, Q; = I and R; = 1.

If the weighting matrix is equal to the identity matrix, then the 2-norm of the difference
between the unconstrained and constrained state (i.e. £ — Z) is minimized.

The goal of the KF is to estimate c(k + 1]k), i.e. the estimate of the SABRE coefficient for
the next time instant. W can be chosen such that é(k+ 1|k) — ¢(k|1|k) is minimized. Then W
has to equal the second choice, i.e. W = W,. However, this can lead to a singular weighting
matrix if a local output matrix has more columns than rows, i.e. if n.; <mn,; fort € 1,..., L.
As explained in subsection 5-3-3 in our case n.; = Ny, so W is non-singular if all the local
output matrices are full rank. Note that a combination of W; and W5 is also possible, so for
example W = Wy + aWy for some positive «. In that case the weighting matrix is always
positive definite.

For minimal variance of error between the real and the predicted state, the weighting matrix
should be equal to the inverse state covariance matrix [54] and defined in (5-19)-(5-20). Hence,
this would give the optimal results. Unfortunately, this state covariance matrix is unknown.
Therefore it is computed by solving the discrete algebraic Riccati equation:

P = ARAT + Qi — (Si+ APCT) (Ri + Cz‘PiCiT)_l (Si+ AZ-RC?)T :

Here the local noise covariance matrices are unknown, and thus S; =0, Q; = I and R; = 1
are used.

In table 5-1, the results of the CKF are shown for different weighting matrices. With gradient
based SABRE, the second choice, i.e. W = Wj, gives the best result. Theoretically, W = W
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Table 5-1: Results for different choices of the weighting matrix W for gradient and intensity
based SABRE.

w Gradient based Intensity based
SABRE [%)] SABRE [%]
W =W 6.961 27.33
W =Wy -16.95 27.40
W =W;5 -14.07 27.23

Table 5-2: Comparison of the results of the CKF and the unconstrained KF. The CKF performs
better than the unconstrained KF with gradient based SABRE. With intensity based SABRE using
the CKF does slightly decrease the performance.

Result with KF [%] Result with CKF [%]
Gradient based SABRE 28.20 -16.95
Intensity based SABRE 26.57 27.23

should give the best results if the right covariance matrices were used, but these covariance
matrices are unknown and therefore the result with W = Wj is only slightly worse compared
to the result with W = Ws. With intensity based SABRE, the method performs equally well
for the different weighting matrices.

5-3-6 Constrained Kalman Filtering versus Kalman Filtering

In table 5-2, the results of using a CKF or an unconstrained KF are shown. With the
unconstrained KF the state projection of (5-17)-(5-18) is not applied. With the CKF the
weighting matrix W is used which gave the best result, i.e. W = W3 for intensity based
SABRE and W = Wj for gradient based SABRE.

With gradient based SABRE the result with CKF is better compared to the result with the
unconstrained KF. The result with the CKF is R = —16.95%, which implies that the CKF
predicts the aberration ¢(k+1) at time instant k even better than the reconstruction at time
instant k + 1, i.e. ¢(k + 1]k) is a better estimate of p(k + 1) than ¢(k + 1).

We observe that with gradient based SABRE the CKF predicts the aberration significantly
better than the unconstrained KF. This could be explained as follows: the KF predicts the
aberration such that the continuity constraints between two different sub-domains does not
have to be met, while the CKF predicts a continuous aberration. This implies that the range
of possible solutions of the KF is much larger than the range of possible solutions of the CKF.
Hence, also the prediction error variance of Z(k + 1|k) will be larger than the prediction error
variance of Z(k + 1|k).

With intensity based SABRE, there is not a significant difference between the results: with
CKF we have R = 27.23% and with the unconstrained KF we have R = 26.57%, which is
slightly better. This seems to be unexpected, as the CKF should give a lower variance of
the prediction error of the local states. However, the the performance indicator R gives an

Master of Science Thesis Erwin de Gelder



58 Filtering of SABRE

Table 5-3: Results for different choices of the weighting matrix W for gradient and intensity
based SABRE with PME.

w Gradient based Intensity based
SABRE [%)] SABRE [%]
W =W 72.08 384.0
W =W, 68.66 370.1
W =Ws 68.99 372.2

indication how well the predicted aberration is, compared with the real aberration. Because
of the continuity constraints, the range of possible reconstructions is highly reduced, which
is a disadvantage. But the advantage of this is that the problem is better defined, which can
improve the result, e.g. if there is much measurement noise. So with intensity based SABRE
the advantage for having a larger range of solutions is slightly larger than the disadvantage
of having a higher variance of the prediction error of the local states.

5-3-7 State projection with Piston Mode Equalization

In table 5-3, the results are shown for the CKF with PME as described in subsection 5-2-4
for different weighting matrices W. The weighting matrices Wi, Wo and W3 are defined in
subsection 5-3-5. As can be seen in table 5-3, the results are worse compared to the results
without PME (see table 5-1). If the CKF is used without PME, then the local piston modes
are predicted by the local estimated models. If PME is used, then these piston modes are
not predicted, but computed during the state projection. This will give a better result if the
local estimated models do not model the local piston modes correctly. From the results it
can be concluded that it is better to predict the local piston models, i.e. to not use the state
projection with PME.

5-4 Conclusion

The goal of this chapter was to find a filter which produces a better estimate for ¢(k + 1)
than the delayed reconstruction ¢(k), where SABRE is used for the WFR. For this purpose
a (C)KF is used. It has been shown that the estimated aberrations (i.e. ¢(k+ 1|k) are better
than the delayed reconstruction (i.e. ¢(k)). In some cases the estimated aberration ¢(k+1|k)
gave even better results than the reconstruction at time instant k£ + 1 (i.e. ¢(k + 1)).

Many parameters do influence the (C)KF, for example the sample rate, the local system
orders, the past window (i.e. p), the future window (i.e. f) and the weighting matrix for the
state projection (i.e. W). It is shown how the sample rate and the local system orders are
chosen. Also the effect on the result of past and future windows is shown. Three different
weighting matrices are compared.

With the experiments it is shown that using a CKF instead of a KF improves the result when
gradient based SABRE is used. With intensity based SABRE the difference between the
results of the CKF and KF were very small. From the experiments it can be concluded that
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CKF with PME does not improve the results. Most importantly, it has been demonstrated
that a (C)KF predicts the aberrations more accurate compared to the delayed reconstruction
and at times even outperform the reconstruction without delay.
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Chapter 6

Conclusions and Recommendations

6-1 Conclusions

In this thesis, it is shown that Spline based ABerration REconstruction (SABRE) with in-
tensity measurements can be used to reconstruct the wavefront in real-time where a Shack-
Hartmann (SH) sensor is used as Wavefront Sensor (WFS). Furthermore, is has been demon-
strated that with Subspace Identification (SID) and a Kalman Filter (KF) the performance
improves even further.

The performance of intensity based SABRE has been compared with the performance of
gradient based SABRE with the Adaptive Optics (AO) simulation tool Yao and a SABRE
library, which is written as part of this graduation project. An extra measurement under the
same blurring conditions but which an additional defocused aberration is used for avoiding
non-unique solutions.

From the experiments it could be concluded that the intensity based SABRE performs better
than the gradient based SABRE with small aberrations. In the experiments with Yao, the
intensity based SABRE performs better when ry > 1m where ¢ denotes the Fried parameter.
In astronomy, the Fried parameter ry varies from 0.05m to 0.4m, so gradient based SABRE
will perform better.

The experiment demonstrated that intensity based SABRE is more robust to sensor noise
of the SH WFS with respect to gradient based SABRE. Due to the sensor noise, the WFR
can become worse if more sub-apertures are used, because with more sub-apertures each sub-
aperture will be less illuminated and therefore the signal to noise ratio will decrease. This
effect is also observed with gradient based SABRE. With intensity based SABRE, however,
this has not been observed, because of the increased noise robustness. Hence, it could be
concluded that with intensity based SABRE this effect of having a worse wavefront recon-
struction with more sub-apertures, will only occur at a much larger number of sub-apertures
when compared to gradient based SABRE.

In order to obtain a model of the temporal dynamics, two Autonomous Subspace Identification
(ASID) methods are presented: Past Output ASID (PO-ASID) and Autonomous Predictor
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Based Subspace Identification (APBSID). Both methods are closely related to already existing
SID methods. It is shown that both methods give unbiased results. APBSID is used to model
the temporal dynamics of the aberrations, because with APBSID also the Kalman gain is
estimated, which is used for the KF.

Estimating the temporal dynamics for the whole system would take too much time, so the
whole domain has been partitioned into sub-domains, which is uncomplicated because of the
local nature of SABRE. SID is applied for each sub-domain to obtain a local model description.
The identification of the model of one sub-domain can be performed independently of other
sub-domains, so this can be done in a parallel manner.

The estimated local model descriptions are used for the Kalman Filter (KF) to predict the
local state update, i.e. the local state for the next time step. Predicting the local state update
of one sub-domain can be done independently of other sub-domains, so it can be done in a
distributive manner. From this local state update the SABRE coefficients of the next time step
could be predicted. Combining the SABRE coefficients of all sub-domains gives an estimate
of the aberration of the next time step. Because SABRE is used, constraints can be used to
ensure a certain order of continuity between two neighboring sub-domains, which motivated
the use of a Constrained Kalman Filter (CKF). If the local states are corrected such that these
continuity constraints are satisfied, then the prediction of the aberration is further improved.
This is done with a state projection, which is suitable for parallel programming. We presented
two distributive algorithms, which can be used to perform the state projection in a distributive
manner. Both methods use the Alternating Direction Method of Multipliers (ADMM).

The prescribed CKF is tested in a simulation in Yorick, which is a programming language
for steering large scientific simulation codes. The AO system is simulated using the plugin
Yao. Besides, the prescribed (C)KF and SID have been programmed in Yorick. With these
experiments the choices of the sample time, local system orders, future and past windows
have been motivated. With the CKF different weighting matrices can be defined and these
different weighting matrices are also compared in the simulations.

In the simulations, it is demonstrated that the distributed SID and the distributed KF im-
prove the predictions of the aberrations significantly compared to the delayed reconstructions.
Moreover, if the reconstruction is not delayed, then with gradient based SABRE, the predic-
tion still outperforms the reconstruction.

In this thesis it is shown that intensity based SABRE performs better than the traditional
methods when used to reconstruct the wavefront with data from a SH WFS, although the
aberrations should not be too high. Furthermore, a method is presented for the prediction of
the aberration using a KF and SID. The method exploits the local nature of SABRE, such
that it is suited for parallel programming. In experiments it has been demonstrated that the
estimation of the aberration is significantly improved with the (C)KF by compensating for
the delay.
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6-2 Recommendations & Future work

During my research, I did some interesting observations, which could possibly lead to improve-
ments, although they were out of the scope of this thesis. However, with future research, these
recommendations could be taken into account.

e The experiments can also be done in closed loop, i.e. with a Deformable Mirror (DM).
The goal of AO is to correct for the aberrations, such that the variance of the residual
aberration is as small as possible. In this thesis, it has been demonstrated that the
(C)KF give good predictions of the aberrations, but the correction with a DM is not
applied. It would be useful to see how much the performance of an AO system is
improved when using the (C)KF to predict the aberrations.

e In order to demonstrate the usefulness of the KF it was necessary to have a model
description of the temporal dynamics and therefore ASID was used. In the simulations
these temporal dynamics were not changing over time, but this is in general not the
case. Therefore Recursive ASID can be used. Note that the presented (C)KF is also
applicable in real-time if Recursive ASID is used. Houtzager et al. [51] present a
recursive implementation of PBSID, which can be adapted such that it can be used for
the Recursive ASID. The method proposed by Lovera et al. [57] can be used to adapt
PO-ASID for a recursive implementation.

e Two important parameters of SABRE are the degree of the polynomial (denoted by d)
and the degree of continuity (denoted by r). In this thesis only the pair (d,r) = (1,0)
is considered, but this is not optimal in all cases [6, 56].

e The simulations has been performed on a single CPU. However, SABRE is very appli-
cable for parallel programming [16, 56]. Also the (C)KF is suitable for parallel pro-
gramming, for example with the use of ADMM [8] (see subsection 5-2-5). It would be
useful to program the algorithms in a parallel manner. First, this will probably give
more insight in how well these methods perform in terms of speed. Second, then it is
also possible to do more experiments, because now the computational time is limiting
the amount of experiments.

e We observed with the comparison of the (C)KF and the KF that the continuity con-
straints does not necessarily lead to better results (see subsection 5-3-6). With the
unconstrained KF the continuity constraints between different sub-domains are not
considered and with the CKF the continuity constraints are strictly met. However, a
compromise is also possible with soft constraints. When ADMM is used for the state
projection, then the soft constraints could be applied by limiting the amount of itera-
tions. The soft constraints can be applied for the WFR and the CKF.
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Appendix A

Simulations with Yao

Yao is used for the simulations of chapter 3 and chapter 5. In this appendix yao is shortly
described. There are some functionalities added, for example to perform Spline based ABer-
ration REconstruction (SABRE). For future work it might be useful if there is some docu-
mentation, so this is also a reason for this appendix.

This appendix has the following lay-out. First it is explained what Yao actually is. In A-
2 it is explained why Yao is used for the simulations of this thesis. In A-3 and A-4 the
extra functionalities concerning SABRE and Subspace Identification (SID) respectively will
be described. In section A-5 some future work is listed.

A-1 What is Yao?

Yao is an open-source Adaptive Optics (AO) simulation tool which simulates a number of
aspects of AO [44]. Some highlight of yao are:

e The aberrations are modeled in Yao according to the Kolmogorov model. Different wind
speeds and layers can be defined. The amount of turbulence can be changed easily.

e It models different wavefront sensors, for example the Shack-Hartmann (SH) Wavefront
Sensor (WEFS).

e Different deformable mirrors can be used, for example the Stackarray and Tip-Tilt.

Yao is mainly programmed in Yorick. Yorick is an interpreted programming language for
scientific simulations or calculations, postprocessing or steering large simulation codes [43].
Yorick is also open-source. Some parts of Yao have been coded in C, which improves the
execution time of the simulation. Furthermore yao can be used in parallel mode, using the
yorick svipc plugin.

The experiments with yao can be configured using the large list of parameters. These param-
eters are explained in the manual of yao (http://frigaut.github.io/yao/manual.html).

In figure A-1 an example of the plots which yao produces is shown.
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File Subsystems Phase Screens Help

Main Displays
| shexs.par |[Eruwsem" Edit l [ Pause ] [ Resume l
[ aoread ] [ aoinit IE] [ acloop IE] Image Display @ inst. () avg.

[ 90 H BELSE H step H restart l Display rate |1 :

Seeing (V) [0.4942 i Loop Gain |0.600 i image lambda | 1.65 i
: 2 ( -1.0000, ©0.5997)

| 1 ] S S — 1518 out of 5000 iterations

1501 0,539 0.5390.539 0.5140.514 0514 00:01:58.7

Figure A-1: Image of the figures produced by yao. In the top left corner the instant Point
Spread Function (PSF) is shown. Below the PSF the Strehl ratio is plotted over time. The black
(red) line represent the short (long) term Strehl ratio. In the left bottom corner the two DMs
are shown. In this case the Stackarray and Tip-Tilt DMs are used. An image of the SH WFS is
shown in the top right corner. Right bottom corner shows the residual wavefront.
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A-2 Why Yao?

The AO simulations of this thesis are performed with Yao. The first reason to use yao is simply
because it is an AO simulation tool. Coding an AO simulation tool consumes much effort.
Secondly, it is open-source; hence it is free to use. Thirdly yao is updated semi-regularly.

A-3 SABRE

A library has been written in order to make it possible to reconstruct the wavefront using
SABRE. Gradient based SABRE and intensity based SABRE are possible. The most im-
portant features are the initialization, reconstruction and evaluation. The initialization can
take much time; therefore it is possible to store the results from the initialization for other
experiments.

During the initialization the reconstruction matrix @) is computed. This matrix @ is such that
the estimated SABRE coefficients é,15 can be computed using a matrix-vector multiplication:

érLs = Qo. (A-1)

Here o is the vector that contains the measurements. When gradient based SABRE is used this
vector contains the measured gradients and for intensity based SABRE this vector contains
the difference of the measured intensities and cg. The reconstruction consists of two matrix-
vector multiplications. The first multiplication is used to compute the SABRE coefficients,
see (A-1). With the second multiplication the estimated aberration is computed from the
SABRE coefficients, according to (3-17). The required matrix B? is computed during the
initialization. The evaluation is done using (3-39). The performance indicator P is used to
measure how well the estimated aberration is compared to the real aberration.

Part of the SABRE library is the possibility to use a Kalman Filter (KF). This has been
written in the SABRE library, because the (Constrained) KF is adapted for this use. Table
A-2 lists the options which can be changed during the initialization of the KF. Also the
parameters that are important for the Subspace Identification (SID) are listed in this table.
More details of the corresponding functions can be found in the documentation of the code.

A-4 SID

In order to obtain a model, which can be used by the KF, Subspace Identification (SID) is
used. Therefore, as part of the project, different function are programmed in Yorick. The
following SID methods are available:

e Predictor Based Subspace Identification (PBSID);
e Autonomous PBSID (APBSID);

e Recursive APBSID (RAPBSID). RAPBSID needs to be initialized first.
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Table A-1: List of parameters which needs to be defined before the initialization of the SABRE

Parameter(s)

Comment

ns

The number of WFS which is used for the reconstruction.
Of course this WFS needs to be defined. In theory it is also
possible to use two WFSs, but this is not supported.

TRIype

The type of triangulation determine how the domain is split
into different simplices. In this thesis only triangulation type
I and IT are considered.

d and r are the order of degree and the order of continu-
ity respectively. In this thesis the combination d = 1 and
r = 0 is the only combination which is considered. Other
combinations are not yet supported.

method

With this parameter the method can be defined. This can be
gradient based SABRE (method=’gradient’) or intensity
based SABRE (method=’intensities’).

dcoef

The computation of the Jacobian matrix Cy (3-36) is done
with a finite difference method. dcoef is the stepsize which
will be used. This parameter can be omitted if gradient
based SABRE is used.

defocus_method

If a defocus is used, then defocus_method defines which
type of defocus. This can be 1 or 2, see figure 3-1 for the
definition of the different types of defocus. This parameter
can be omitted if gradient based SABRE is used.

defocus

This parameter defines the amount of the defocus, see sec-
tion 3-3-3 for an explanation. If defocus=0 then no defo-
cused image will be used. This parameter can be omitted if
gradient based SABRE is used.

Table A-2: List of parameters relating to Subspace Identification (SID) and Kalman Filter (KF),
which can be defined before the initialization of SABRE

Parameters(s) | Comment

p,f Past and future window. See section 4-4-2 and 5-3-4 for an
detailed description.

n_per_c This determines the ratio of the order of the local state space
descriptions and the number of coefficients of the local re-
duced data vector (i.e. 7).

PME Set to 1 if the state projections should be done with Pis-
ton Mode Equalization (PME) (see subsection 5-2-4 for a
description of the PME). Default is 0.

lambda,rho Pointers to a vector with three entries. Required for Recur-

sive Autonomous Predictor Based Subspace Identification
(RAPBSID) and not discussed in this thesis.
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A-5 Future work

There is much code written, but there are still some parts which can be improved. Some
future work is listed:

e At this moment it is only possible to use first order polynomials with zero order conti-
nuity (i.e. (d,r) = (1,0)). This could be extended to any (d,r) with d > 1, r > 0 and
d>r.

e The reconstructed wavefront cannot be used as a mirror shape, because the wavefront
is not at each point in the pupil plane defined. Therefore the triangulation has to be
changed.
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Glossary

List of Acronyms

ADMM Alternating Direction Method of Multipliers
AO Adaptive Optics

APBSID Autonomous PBSID

ASID Autonomous Subspace Identification
CKF Constrained Kalman Filter

DM Deformable Mirror

KF Kalman Filter

LLS Linear Least Squares

LTI Linear Time Invariant

MIMO Multiple Input Multiple Output

PBSID Predictor Based Subspace Identification

PME Piston Mode Equalization

PO-ASID Past Output ASID

PO-MOESP Past Output Multivariable Output-Error State sPace
PSF Point Spread Function

RASID Recursive Autonomous Subspace Identification
SABRE Spline based ABerration REconstruction

SH Shack-Hartmann

SID Subspace Identification
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76 Glossary

SvD Singular Value Decomposition
WFR Wayvefront Reconstruction
WFS Wavefront Sensor

List of Symbols

[}
—~
~—

Residual wavefront, defined in equation (2-4)

K Multi-index with properties (3-11)
A Wayvelength of light
10} Estimated phase with WFR

o —

Aberrations of the phase, e.g. due to atmospheric turbulence

The wavefront

E e
9
<

Slope measurements

Ks Extended controllability matrix, see (4-12)

O Extended observability matrix

A State matrix

b(x) Barycentric coordinates

B¢ Evaluation vector which maps SABRE coefficients to the estimated phase point

C Output matrix

c Vector that contains all the (estimated) SABRE coefficients

D Diameter of the telescope

d Polynomial degree used for SABRE

e Innovation vector

H Constraint matrix that contains constraints for the SABRE coefficients ¢, see
(3-26)

H A basis of the nullspace of H, i.e. null (H)

1 Intensity, i.e. square of the amplitude of a signal

J Amount of (non-overlapping) simplices in which the wavefront domain is parti-
tioned

K Kalman matrix

K Number of slope measurements

L Number of different sub-domains

P, P() Performance indicator for the WFR

R Performance indicator, which is used to indicate the performance of the predic-

tions of the (C)KF

r Continuity order used for SABRE

r Spatial coordinate

0 Fried parameter

S Strehl ratio, defined in equation (2-5)
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s(+) Measurements from the Wavefront Sensor

k Time instant

u(-),u(k)  Output of the controller, input for actuator(s), e.g. at time instant k
z(+) Predicted state vector

z() Predicted state vector such that the constraint (5-14) is met

T State vector

x,y Spatial coordinates

Output vector

Y
Z Complex amplitude of a wave
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ADMM, 2, 12, 47-49, 62
Anchor constraint, 18

Constrained prediction, 46
Coupling vectors, 50

Defocus aberration, 21, 26
Deformable Mirror, 6
Dual ascent method, 48

Focal plane sensors, 16
Fraunhofer diffraction, 14
Future window, 38, 39, 58, 68

Gauss-Seidel pass, 49
Gradient based SABRE, 10

Innovation, 34, 45

Innovation form, 34
Instrumental variable, 35
Intensity based SABRE, 2, 10

Kalman gain, 34
Kolmogorov model, 22

Lagrangian, 48-50
Local constraint matrix, 45
Local reduced data vector, 45

Maréchal’s approximation, 8
Markov parameters, 37, 38
Method of Multipliers, 48
Modal measurements, 16
Model reduction method, 45

Non-uniqueness problem, 21
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Past window, 37, 39, 58, 68
Performance indicator, 23

Index

Piston Mode Equalization, 47, 58

Point Spread Function, 7
Predictor form, 34
Pupil plane sensors, 15

QR factorization, 36

Rayleigh criterion, 5
Reconstruction matrix, 67
Residual phase error, 7

Soft constraints, 63

State projection, 46-48, 58
State space model, 33
Strehl ratio, 7
Sub-domains, 45

Subspace Identification, 10

Temporal dynamics, 2, 43, 61
Triangulation, 23, 24, 52

Wavefront Sensor, 7

Yao, 2, 21, 51, 61, 62
Yorick, 22, 51, 62, 65

Zonal meaurements, 16
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