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We study the isotropic (vapor and liquid) phase behavior of attractive chain fluids. Special emphasis
is placed on the role of molecular flexibility, which is studied by means of a rod-coil model. Two
new equations of state (EoSs) are developed for square-well- (SW) and Lennard-Jones (LJ) chain
fluids. The EoSs are developed by applying the perturbation theory of Barker and Henderson (BH)
to a reference fluid of hard chain molecules. The novelty of the approach is based on (1) the use of
a recently developed hard-chain reference EoS that explicitly incorporates the effects of molecular
flexibility, (2) the use of recent molecular simulation data for the radial distribution function of
hard-chain fluids, and (3) a newly developed effective segment size, which effectively accounts for
the soft repulsion between segments of LJ chains. It is shown that the effective segment size needs
to be temperature-, density-, and chain-length dependent. To obtain a simplified analytical EoS, the
perturbation terms are fitted by polynomials in density (SW and LJ), chain length (SW and LJ), and
temperature (only for LJ). It is shown that the equations of state result in an accurate description of
molecular simulation data for vapor-liquid equilibria (VLE) and isotherms of fully flexible SW- and
LJ chain fluids and their mixtures. To evaluate the performance of the equations of state in describing
the effects of molecular flexibility on VLE, we present new Monte Carlo simulation results for the
VLE of rigid linear- and partially flexible SW- and LJ chain fluids. For SW chains, the developed EoS
is in a good agreement with simulation results. For increased rigidity of the chains, both theory and
simulations predict an increase of the VL density difference and a slight increase of the VL critical
temperature. For LJ chains, the EoS proves incapable of reproducing part of these trends. C 2015 AIP
Publishing LLC. [http://dx.doi.org/10.1063/1.4922264]

I. INTRODUCTION

Molecular-based equations of state (EoSs), where mole-
cules are considered as chains of spherical segments have
proven powerful for many practical applications.1,2 An impor-
tant step in the development of such equations of state is obtain-
ing an accurate statistical-mechanical description of certain
model fluids. Model fluids that were extensively studied, in
this respect, are, for example, hard-sphere chains,3–11 square-
well (SW) chains,12–20 Lennard-Jones (LJ) chains,15,21–27 and,
more recently, chains interacting with Mie potentials.27,28

The theoretical description of these fluids is largely based
on Wertheim’s Thermodynamic Perturbation Theory (TPT).3,4

Based on properties of a reference system of unbonded mono-
mers (i.e., the EoS and cavity correlation function), TPT pro-
vides the means to calculate the Helmholtz energy for a fluid in
which these monomers are connected to form chains.5,29 As an
example, applying TPT to a reference fluid of SW monomers
leads to an EoS for SW-chain fluids.

a)Author to whom correspondence should be addressed. Electronic mail:
gross@itt.uni-stuttgart.de

A well-known artefact of TPT is that, up to first level of
approximation (TPT1), it does not distinguish between chains
of different flexibility constraints. While early molecular simu-
lation studies on the subject indeed showed large similar-
ities in the isotropic fluid phase behavior of fully flexible
and rigid chains,30 it was shown later that these conclusions
are valid only for a small range in density and if the chains
are sufficiently short (<5 segments).31 Among others, it has
been shown that there are large differences in the virial coeffi-
cients of rigid- and flexible chain fluids.31–33 Although, to some
extent, these large differences seem to cancel each other in the
equation of state of the fluids,30,31 it has recently been shown
that the subtle differences that remain11 need to be captured to
arrive at a reliable description of phase equilibria.34,35 In the
present work, our focus is on the development of an equation
of state that can describe the effects of molecular flexibility on
vapor-liquid phase equilibria.

Although TPT can be extended to higher order (such as
TPT2), where, in principle, the effect of molecular flexibility
can be included to some extent, the extension is cumbersome
since it requires the specification of higher order correlation
functions of the monomeric reference fluid. For attractive chain
fluids, which we aim at in this paper, these correlation functions

0021-9606/2015/142(22)/224504/16/$30.00 142, 224504-1 © 2015 AIP Publishing LLC
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are largely unavailable. In addition, if the higher correlation
functions of the monomeric reference fluid would be available,
such as for the case of hard repulsive chain fluids, the appli-
cation of TPT2 to describe the effects of molecular flexibility
would not likely be very successful.11

A different route to the EoS of attractive chain fluids is to
treat the bonding of segments at the stage of the reference fluid.
Attractive interactions between the segments of the chains are
then treated as a perturbation to this reference fluid. In the pres-
ent work, we use such a method to develop a perturbed-chain
EoS for the isotropic fluid (vapor and liquid) phase of SW-
and LJ chains. The effect of attractive interactions between the
segments of the chains is treated within the framework of a
second order Barker Henderson (BH) perturbation theory.36,37

The merit of using a perturbed-chain approach lies in the fact
that we are not limited to TPT for describing the bonding of
segments into chains. Instead, we use a recent extension of
the Liu-Hu (LH) EoS.11,38 For fully flexible hard-chain fluids,
this EoS is considerably more accurate than TPT. Moreover,
the extended LH EoS11 (referred to as LHrc EoS, where rc
stands for rod-coil) explicitly accounts for the effects of (par-
tial) intramolecular flexibility, and can thus be used to study
the effect of chain flexibility on the vapor-liquid equilibrium
(VLE).

Although the concept of applying the BH theory to a
hard-chain reference fluid is not strictly new (see for example
Refs. 18 and 39–41), a rigorous evaluation of the method by
comparison to molecular simulation data of attractive chain
fluids with soft repulsion (e.g., Lennard-Jones) has not yet
been provided in the literature. In the present work, we show
that naively applying the method to the fluid phase of LJ
chains leads to unexpected deviations in calculated VLE and
isotherms. In particular, we show that the conventional Barker-
Henderson diameter, which serves to model the soft repulsion
between LJ segments, is inadequate when applied to a fluid
phase of chain molecules. A new effective diameter, which de-
pends on temperature, chain length, and density is developed.
When applied in the perturbation theory, a major improvement
in the prediction of VLE and isotherms is observed. Further-
more, we show that the calculation of VLE is quite sensitive to
any approximations made for describing the radial distribution
function (rdf) of the hard-chain reference fluid. As an example,
it is demonstrated that Chiew’s PY2 approximation42 for the
hard-chain rdf results in an overestimation of the attractive
contribution to the EoS, leading to a significant overestimation
of vapor-liquid critical points. We show that inaccuracies of
this kind can be overcome by the use of molecular simulation
data for the radial distribution function.41,43,44

This paper is organized as follows. In Sec. II, we discuss
the molecular model underlying the equations of state. After
that, in Sec. III, we present the details of the MC simulations
performed in this work. In Sec. IV, we lay out the perturbation
theory and develop the new effective segment size for LJ chain
fluids. Furthermore, the equations of state are simplified by
developing analytical functions for the first and second order
perturbation terms. In Sec. V, computed VLE, vapor pressure
curves, and isotherms are compared to molecular simulation
results obtained in this work and from the literature. Our find-
ings are summarized in Sec. VI.

II. MOLECULAR MODEL AND INTERMOLECULAR
POTENTIALS

We assume a molecule as a homo-segmented chain of
m tangent spheres. We introduce molecular flexibility by ar-
ranging one part (of mR spheres) of a chain in a rigid linear
conformation (i.e., with a fixed bond angle of 180◦), while the
other part is freely jointed (i.e., without any angular potential).
The resulting model is referred to as a rod-coil fluid. To char-
acterize the partial rigidity of a rod-coil molecule, we use a
dimensionless rigidity parameter, which is defined as the ratio
of rigid bond-angles (mR − 2) to total bond-angles (m − 2),
according to

χR =




mR − 2
m − 2

, for m > 2

1, for m ≤ 2
. (1)

The rigidity parameter varies between zero and unity for a
completely flexible- and rigid chain molecule, respectively,
and serves as an input for the hard-chain reference EoS used
in this work.11

Both, a SW- and LJ 12-6 potential are evaluated to model
dispersive intermolecular interactions. The interaction energy
between two segments separated by a radial distance r is thus
calculated as

uSW(r) =



∞, for r < σ

−ϵ, for σ ≤ r ≤ λσ

0, for r > λσ

, (2)

uLJ(r) = 4ϵ
(
σ

r

)12
−

(
σ

r

)6

. (3)

Here, ϵ and σ are the depth of the potential well and the
segment size parameter, respectively. The range of the SW
interactions is set to λ = 1.5. For interactions between chains
of different type i and j, the segment size parameter and depth
of the potential well are approximated using the Lorentz-
Berthelot combining rules, according to45,46

σij =
σii + σjj

2
, (4)

ϵ ij =
√
ϵ iiϵ jj, (5)

where σii and ϵ ii are the potential parameters of a chain of
type i. For pure component systems, these subscripts will be
dropped.

III. SIMULATION DETAILS

Molecular simulations were conducted as Monte Carlo
simulations in the grand-canonical (GCMC) ensemble, i.e.,
for a defined chemical potential µ, temperature, and volume.
We performed simulations for the VLE as well as for pure-
component isotherms. The molecule number N is a fluc-
tuating quantity in GCMC simulations. For both types of
simulations, we divided the N-space into windows of ∆N
= 10 and performed an individual GCMC simulation for each
window.47,48 Any trial move for inserting or deleting mole-
cules beyond the dedicated interval ∆N is trivially rejected.
For an efficient and even sampling of the histogram p(N)
within each window, we applied a transition matrix (TM)
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sampling scheme and applied a TM bias function.49 For win-
dows of higher molecule numbers, corresponding to liquid-
like densities, we applied a configurational-bias scheme50,51

for improved statistics of molecule insertions, deletions, and
reconfigurations. The volume of the system was set to V
= 2000σ3. The LJ interactions were calculated for segments
belonging to different chains and for segments within the same
chain separated by two or more bonds. All interactions were
truncated at 4σ. Standard long-ranged tail corrections were
applied.52

GCMC simulations require the definition of chemical
potentials. For isotherms, we obtained the chemical potentials
for each window from the EoS proposed in this work. The iso-
therms were then calculated similar to the procedure described
by Shen and Errington.48 Properties along an isotherm, such as
pressure and chemical potential, are determined from histo-
gram reweighting techniques in a post-processing step. We
determined the equilibrium chemical potential for any defined
molecule number N(µ,V,T) = ⟨N⟩, by summing over the prob-
ability distribution ⟨N⟩ = Nmax

i=1 p(i) · i. In doing so, our results
much improved for the low density range compared to the
procedure in Ref. 48.

Phase equilibria were calculated using a similar approach
as for the calculation of isotherms, except that both the chem-
ical potential µ and the temperature of the windows in N-
space were estimated from the EoS described here. The values
of µ and T are determined to approximately trace the vapor-
liquid phase envelope. Histogram reweighting then allows
the calculation of the actual phase equilibrium properties
in a post processing step. The critical point is determined
by applying a mixed field scaling approach.53,54 For a more
detailed description of the simulation procedure, we refer to the
literature.55

Standard deviations of the simulation results were approx-
imated from 3 independent simulations runs. For isothermal
pressures, the standard deviation was typically lower than
0.1%. For vapor-liquid equilibria, we found deviations lower
than 0.25% for pressure, lower than 0.34% for liquid den-
sity, and lower than 0.6% for vapor density. By performing
the 3 independent simulation runs for different system sizes
V = {2000σ3 3000σ3 4000σ3}, we could apply a finite size
scaling approximation for the critical points.56 Typical errors
due to the finite size of the system are estimated as 0.1% for
the critical temperature, 2.4% for the critical density, and 0.6%
for critical pressure.

IV. EQUATION OF STATE

To develop the EoS, we apply a perturbation theory.57 In
doing this, it is assumed that the rdf57 of a fluid is mainly
determined by interactions between repulsive molecular cores.
Following from this argument, one can write the Helmholtz
energy of a system of N molecules at absolute tempera-
ture T as a sum of a repulsive reference contribution (A0)
and an attractive perturbation contribution (Apert), according
to

A
V kT

= a = a0 + apert. (6)

Here, k is Boltzmann’s constant and a = A/V kT is a reduced
Helmholtz energy density.

Different methods have been proposed to split the inter-
molecular potential into a repulsive part and an attractive
part.36,37,57–59 In the present work, we use the method as
originally proposed by Barker and Henderson (BH).36,37 We
thus obtain

u0(r) =



u(r), for r < σ

0, for r ≥ σ
, (7)

upert(r) =



0, for r < σ

u(r), for r ≥ σ
. (8)

For LJ fluids, it is common to map the properties of the soft-
repulsive reference fluid as defined by Eq. (7) to those of a hard-
repulsive reference fluid by using an “effective” temperature-
dependent segment diameter d(T). The use of such an effective
hard-sphere segment diameter is convenient since the prop-
erties of hard repulsive fluids are generally more readily ob-
tained from theoretical methods than those of soft repulsive
fluids. In the original BH theory, which was developed for
spherical molecules, the effective segment diameter dBH was
calculated from the following integral:37,57

dBH(T) =
 σ

0

(
1 − exp

(
−u(r)

kT

))
dr. (9)

In the present work, we show that, when applied to chain fluids,
the segment size resulting from this equation is too small. As
a result, when used in the perturbation theory, computed VLE
and isotherms are of poor quality. In Sec. IV C, we develop a
simple expression for the effective segment diameter of chain
fluids.

A. Reference fluid

The EoS of the hard-chain reference fluid is calculated
from the sum of an ideal (id), a hard-sphere (hs), and a hard-
chain (hc) contribution, according to

a0 = aid + ahs + ahc. (10)

For a canonical NC-component mixture, the ideal contribu-
tion to the reduced Helmholtz energy density is obtained
from

aid =

NC
i

ρi
�
ln
�
ρiΛ

3
i

�
− 1

�
, (11)

where ρi = Ni/V is the number density of molecules of
component i and Λi is a thermal de Broglie wavelength.

Since we will consider both, mixtures of chains with
equally and non-equally sized segments, the hard-sphere con-
tribution is obtained from the expression of Boublík60 and
Mansoori et al.,61 according to

ahs = ρs
1
ζ0


*
,

ζ3
2

ζ2
3

− ζ0+
-

ln(1 − ζ3) + 3ζ1ζ2

1 − ζ3
+

ζ3
2

ζ3(1 − ζ3)2

,

(12)

where ρs =


i miρi is the total segment density of the system
and ζn = (π/6)i ρimidn

ii . Please note that ζ3 = η, where η is
the packing fraction of the system.
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To calculate the hard-chain contribution, we use a recent
extension11 of the EoS of Liu and Hu38 to rigid linear- and
partially flexible chain fluids. The extended EoS (referred to as
LHrc EoS) was developed to explicitly account for the effects
of (partial) intramolecular flexibility, as defined by the rod-
coil model from Sec. II. As in the approach of Liu and Hu,
the LHrc EoS is based on a decomposition of the m-particle
cavity correlation function of a chain fluid into a product
of nearest- ( j, j + 1) and next-to-nearest neighbour ( j, j + 2)
contributions. The hard-chain contribution resulting from this

decomposition is written as follows:

ahc = −
NC
i

ρi(mi − 1) ln y(i), j, j+1

−
NC
i

ρi(mi − 2) ln y(i), j, j+2. (13)

The correlations between nearest- and next-to-nearest neigh-
boring segments in a chain of type i are calculated according
to the functional form as proposed by Liu and Hu,

ln y(i), j, j+1 =
(3 − a2 + b2 − 3c2)η − (1 − a2 − b2 + c2)

2(1 − η) +
1 − a2 − b2 + c2

2(1 − η)2 − (c2 + 1) ln(1 − η), (14)

ln y(i), j, j+2 =
mi − 1

mi

 (−a3, i + b3, i − 3c3, i)η − (−a3, i − b3, i + c3, i)
2(1 − η) +

−a3, i − b3, i + c3, i

2(1 − η)2 − c3, i ln(1 − η)

. (15)

For the nearest-neighbor contribution, the LHrc EoS assumes
the same model constant as obtained by Liu and Hu, i.e.,
a2 = 0.456 96, b2 = 2.103 86, and c2 = 1.755 03. The model
constants governing the next-to-nearest neighbor contribution
were correlated to molecular simulation data for the second
virial coefficient of hard rod-coil fluids (a3, i) and the pressure
of hard rod-coil fluids (b3, i and c3, i), by introducing the follow-
ing dependence on the rigidity parameter χR, i:11

a3, i = p(1) + p(2)χR, i + p(3)χ2
R, i + p(4)χ3

R, i, (16)

b3, i = 3.496 95 − 3.814 67χR, i, (17)
c3, i = 4.832 07 − 1.351 91χR, i, (18)
p = (−0.747 45, 0.299 15, 1.087 27, −0.708 98).

(19)

It was shown that the above equations result in an accurate
description of the effects of (partial) intramolecular flexibility
on the equation of state. Compared to conventional EoSs, such
as TPT1,3,5 TPT2,4,29 or GFD,6 the LHrc EoS leads to a more
reliable description of both the pressure and second virial coef-
ficients of rigid linear, partially flexible (rod-coil), and fully
flexible tangent hard-sphere chain fluids and their mixtures.11

B. Contribution due to attractive perturbation

To start, let us assume a pure component system of N chain
molecules at a temperature T . In the framework of a second
order BH theory, the contribution to the Helmholtz energy due
to dispersive intermolecular attractions can then be written as
a sum of a first and second order term, according to36,37

apert = a1 + a2. (20)

Following Barker and Henderson, we treat the first order term
exactly, while the second order term is calculated based on the
local compressibility approximation36 (LCA). For simplicity,
the density derivatives associated with the LCA are calculated
for a constant segment size d. Although this introduces some

approximation (since d as developed later in work includes
a density dependence), we verified the effect is negligible
compared to a “correct” application of the LCA. For pure-
component systems, we obtain

a1 =
2πρ2

kT

m
α=1

m
β=1

 ∞

σ

u(r)ghc
αβ(r)r2dr, (21)

a2 = −
πρ2

(kT)2 mK0
∂

∂ρ
*.
,
ρ

m
α=1

m
β=1

 ∞

σ

u2(r)ghc
αβ(r)r2dr+/

-d
.

(22)

Here, we have introduced the segment-segment rdf of the
hard-chain reference fluid, ghc

αβ(r,m, χR, η), which is a measure
for the probability to find a segment α of chain 1 at a radial
distance r from a segment β of chain 2, averaged over the
positions of all other segments in the system. In the remainder,
only the r-dependence of the rdf will be written explicitly.

Please note that the perturbation contributions Eqs. (21)
and (22) are here written without a contribution due to inter-
actions between segments within the same chain. In the pres-
ent work, we assume the state-point dependence of the in-
tramolecular distribution function is fully determined by the
temperature. As a result, the intramolecular part of the pertur-
bation contribution has no effect on pressure or phase equilibria
and can thus be treated in the ideal-gas part of the equation
of state. Although this approximation neglects the change in
chain conformation that is generally observed at the vapor-
liquid phase transition of chain fluids, we should note that
many accurate equations of state for isotropic fluids (e.g., PC-
SAFT39) are based on the same approximation, constituting
some confidence in its application.

The isothermal compressibility of the hard-chain refer-
ence system K0 = kT(∂ρ/∂P0)T enters the equation for a2 due
to the use of the LCA. K0 is obtained from the compressibility
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factor of the hard-chain reference system Z0 = P0/ρkT , as

K0 =

(
Z0 + ρ

(
∂Z0

∂ρ

)
d

)−1

, (23)

where Z0 is calculated using the simplified version of the LHrc
EoS11 (see supplementary material62 for details). For mixtures
of chains with unequally sized segments, the use of the
simplified LHrc EoS to calculate K0 introduces some approx-
imation since the simplified LHrc EoS implicitly assumes
the Carnahan-Starling equation for the hard-sphere contri-
bution. We verified that the effect of this approximation is
negligible.

To proceed, it is convenient to introduce an averaged rdf,
according to42

ghc(r) = 1
m2

m
α=1

m
β=1

ghc
αβ(r). (24)

Due to the averaging, all segments in a chain are now
indistinguishable. The use of an averaged rdf introduces no
approximation. Upon introducing a reduced radial distance
x = r/σ and potential energy ũ(x) = u(xσ)/ϵ , the perturbation
contributions can be recast in the following dimensionless
form:

a1 = 2πρ2m2 ϵ

kT
σ3I1, (25)

a2 = −πρ2mK0m2
(
ϵ

kT

)2
σ3 ∂

∂ρ
(ρI2)d. (26)

Here, we have introduced the abbreviations I1 and I2 for the
correlation integrals. For SW chain fluids, these are obtained
from the following equations:

ISW
1 (m, χR, η) = −

 λ

1
ghc (xσ) x2dx, (27)

ISW
2 (m, χR, η) = −ISW

1 (m, χR, η). (28)

For LJ chain fluids, the rdf is calculated for an effective hard-
chain reference fluid of segment size d. As a results, the

correlation integrals become temperature dependent,

ILJ
1 (m, χR, η,T) =

 ∞

1
ũ(x)ghc

d (xσ) x2dx, (29)

ILJ
2 (m, χR, η,T) =

 ∞

1
ũ2(x)ghc

d (xσ) x2dx. (30)

We should note that in the application of the above two equa-
tions, a subtle point arises. In a correct application of the
concept of an effective segment size to attractive chain fluids,
the bond distance between neighbouring segments in a chain
molecule should beσ. Therefore, a suitable rdf of the reference
fluid would be for a fluid of hard segment diameter d and bond
distanceσ. Applying a rdf for chains of tangent hard spheres of
diameter d and bond distance d constitutes an approximation.
Although this is a commonly employed approximation,16,28,63

its effect on calculated thermodynamic properties is difficult to
assess a priori.

Let us now consider the calculation of the rdf of the hard-
chain reference fluid. Although the rdf will clearly have some
dependence on the degree of flexibility (χR) of the chains, we
will neglect this dependence and assume the rdf of a fully flex-
ible chain fluid can be used. This approximation seems reason-
able, since the effect of intramolecular flexibility is already
considered explicitly in the reference contribution to the EoS.
Moreover, the approximation is convenient since the rdf of
fully flexible tangent hard-sphere chain fluids can be obtained
accurately from recently published MC data.41

In a previous study,18 the rdf was obtained from an integral
equation theory of Chiew, which was based on a Percus-Yevick
closure (PY2).42 We found that (for m > 2) this approximate
rdf leads to systematically too high values when compared to
MC simulations. To illustrate the approximation that comes
with the PY2 approach, we calculated the VLE of fully flexible
SW- and LJ 8-mers from the 2nd order perturbation theory
detailed above, using both the rdf obtained from MC simu-
lations and the PY2 theory. The calculations for the LJ chain
fluid are based on the original BH diameter from Eq. (9). In
Fig. 1, the results are compared to MC simulation results of
Escobedo and de Pablo.15 Due to the overestimation of the

FIG. 1. The VLE of (a) a fully flexible SW 8-mer fluid and (b) a fully flexible LJ 8-mer fluid, as obtained from MC simulations15 (symbols) and a second
order Barker-Henderson perturbation theory. Theoretical results are obtained using a rdf from the PY2 theory42 (gPY2) as input (dashed line) or a rdf from MC
simulations41 (gMC) as input (solid line). The results in (b) were obtained based on the original Barker-Henderson diameter dBH(T ) from Eq. (9). The results in
this figure show that the incorporation of MC data for the rdf in the calculation of the correlation integrals improves the description of VLE. Furthermore, the
results suggest that the original Barker-Henderson diameter calculated from Eq. (9) underestimates the effective segment size of the segments in LJ chain fluids.
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rdf, the perturbation terms a1 and a2 calculated from the PY2
theory are too negative, leading to a large overestimation of the
VL critical temperature and a poor prediction of vapor-liquid
coexistence densities. The VLE calculated using MC data for
the rdf is clearly in better agreement with the simulated phase
envelope. For the SW 8-mer, good agreement with simulation
data is obtained. For the LJ 8-mer, however, a significant
discrepancy with the VLE as obtained from MC simulations
remains. Although a perturbation theory truncated at second
order will always result in an overestimation of the VL critical
temperature (because density fluctuations characterizing the
critical point are only partly described), the overestimation of
saturated liquid densities is too pronounced to be attributed to
the truncation of the perturbation expansion. Given the high
accuracy of the hard-chain reference EoS,38 the reason for the
discrepancy must be sought in the perturbation terms or in the
link between the hard- and soft repulsive reference systems.
As the possible sources of error, we therefore identity (1) the
LCA approximation used for the 2nd order perturbation term
or (2) the use of the original BH diameter to describe the soft
repulsion of LJ chain fluids. As the LCA approximation is
known to lead to an underestimation of liquid densities at the
low-temperature part of the VLE,64 the overestimation of liquid
densities that is observed in Fig. 1(b) must be caused by the
use of the BH diameter. In fact, given the large overestimation
of the critical temperature, the effective segment size must be
underestimated.

C. New effective segment diameter for LJ chain fluids

The effective segment size should allow a mapping of
the properties of a soft repulsive fluid onto those of a hard
repulsive fluid. For the original BH diameter from Eq. (9),
such a mapping was obtained from a scheme in which the
Helmholtz energy of a system of soft repulsive spheres (with
intermolecular potential defined by Eq. (7)) is expanded about
the Mayer-f function of a hard-sphere reference system.57 In
this scheme, the BH diameter follows from forcing the first
order term in the expansion to zero. Although, in principle,
the resulting effective segment size should depend on both
temperature and density,57 the density dependence is minor for
spherical molecules at typical fluid densities and was therefore
not included in the original BH diameter.37

Evidently, to develop an effective segment size for LJ
chain fluids, one should find a way to relate a fluid of soft
chains to a fluid of hard chains. In principle, one could opt
to establish such a relation by extending the above discussed
expansion method to chain fluids. In the present work, how-
ever, we take a different approach by directly including simu-
lation data in the development. To start, we consider the low-
density limit, for which the effective segment size can be
obtained from equating second virial coefficients,

Bsc
2 (T∗,m,σ) = Bhc

2 (m,d(T∗,m, ρ∗s = 0)). (31)

Here, we have introduced the dimensionless temperature T∗

= kT/ϵ and the shorthand notation “sc” for “soft chain.” It is
important to note that, unlike the Helmholtz energy contribu-
tions in Eq. (10), the superscripts “sc” and “hc” are here meant
as total contributions. For example, Bhc

2 is the total second virial

FIG. 2. The chain-length- and temperature dependence of the low-
density limit of the reduced effective segment diameter d∗(T ∗,m, ρ∗s = 0)
= d(T ∗,m, ρ∗s = 0)/σ of LJ chain fluids. The symbols are obtained from
equating second virial coefficients of hard- and soft-chain fluids (see
Sec. IV C for details); the lines are correlation results from Eq. (32). Results
for the original Barker-Henderson diameter (Eq. (9)) are also included for
comparison (dashed line).

coefficient of a fluid of hard chains, which includes a hard-
sphere contribution and a contribution due to chain formation.

Using a MC integration method (see the Appendix for de-
tails), we calculated second virial coefficients of hard chains of
length m = {1 2 3 5 8 16} and σ = {0.8 0.85 0.9 0.95 0.98
1.0}. For each chain length, a power law in σ was fitted to
the results. Next, we calculated second virial coefficients of
soft chain fluids of the same chain lengths m at dimension-
less temperatures T∗ = {0.7 1.0 1.5 2.0 3.0 5.0 7.0 10.0 15.0
20.0}. For each temperature, we solved Eq. (31) for d(T∗,m, ρ∗s
= 0), the results of which are compared to the original BH
diameter in Fig. 2. As expected, the results suggest that the
effective diameter of the segments in a LJ chain is larger than
those of unbonded LJ spheres. For long chains, the diameter
seems to approach an asymptotic value.

Given that, for ρ∗s < 1, the original BH diameter dBH(T∗)
is known to give an accurate representation of the soft repul-
sion of LJ spheres,57,65 the close agreement to our computed
d(T∗,m = 1, ρ∗s = 0) could suggest d(T∗,m, ρ∗s = 0) is also a
good representation of the effective segment size of LJ chains.
Unfortunately, this is not the case. Using the GCMC method
from Sec. III, we calculated isothermal pressures of soft chain
fluids of length m = {1 2 3 4} in the range ρ∗s = 0-1.0 and
T∗ = 2-20. For simulation results, the reader is referred to the
supplementary material of this work.62 We compared simu-
lation results to those obtained from the LHrc EoS for the
hard-chain reference fluid, calculated using either the orig-
inal BH diameter dBH(T∗) or d(T∗,m, ρ∗s = 0) for the effective
segment size, respectively. For all analyzed systems, the results
showed indeed that the use of d(T∗,m, ρ∗s = 0) leads to a better
description of the low-density regime. For larger densities,
however, a significant overestimation of simulated pressures
was observed. We verified that, for the chain lengths consid-
ered here, the hard-chain reference EoS is accurate to within
statistical uncertainty of molecular simulations;66,67 therefore,
we conclude that the observed deviations are due to inaccura-
cies in the effective segment size. The effective segment size
of LJ chain fluids thus needs to be density dependent.
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To obtain a closed analytical function for d(T∗,m, ρ∗s),
we adapt a functional form with a temperature dependence as
proposed by Cotterman, Schwarz, and Prausnitz,68 as

d(T∗,m, ρ∗s)
σ

=
1 + A(m, ρ∗s)T∗

1 + B(m, ρ∗s)T∗ + C(m, ρ∗s)T∗2
. (32)

For the chain-length dependence of the coefficients A, B, and
C, a functional form as proposed by Hu, Liu, and Prausnitz10

is used,

A(m, ρ∗s) = A0(ρ∗s) + A1(ρ∗s)m − 1
m

+ A2(ρ∗s)m − 1
m

m − 2
m

, (33)

B(m, ρ∗s) = B0(ρ∗s) + B1(ρ∗s)m − 1
m

+ B2(ρ∗s)m − 1
m

m − 2
m

, (34)

C(m, ρ∗s) = C0(ρ∗s) + C1(ρ∗s)m − 1
m

+C2(ρ∗s)m − 1
m

m − 2
m

. (35)

This chain length dependence distinguishes between nearest-
and next-nearest neighbor effects in chain molecules. More-
over, it is capable of reproducing the asymptotic behaviour as
observed in Fig. 2. Regarding the density dependence of the

coefficients, a simple quadratic proved to be sufficient,

A0(ρ∗s) = α00 + α01ρ
∗
s + α02ρ

∗2
s ,

A1(ρ∗s) = α10 + α11ρ
∗
s + α22ρ

∗2
s ,

. . .

B0(ρ∗s) = β00 + β01ρ
∗
s + β02ρ

∗2
s ,

. . .

C2(ρ∗s) = γ20 + γ21ρ
∗
s + γ22ρ

∗2
s .

(36)

The model constant αi0, βi0, and γi0 with i = {0 1 2} govern
the low-density limit; accordingly, these were correlated to
the data for d(T∗,m, ρ∗s = 0) as obtained from Eq. (31). As
can be observed in Fig. 2, the correlation is excellent. To
obtain the remaining model constants, we assumed the LHrc
EoS for the reference fluid and correlated our MC simulation
results for the isothermal pressure of soft-chain fluids of length
m = {1 2 3 4} at various temperatures T∗ (see supplementary
material for MC data62). A very good regression result is ob-
tained, with an average percentage relative deviation per data-
point of 0.32% (compared to a deviation of 4.06% if no ρ∗s-
dependence is included). To validate the use of Eq. (32) for
chain lengths larger than included in the parameter regression,
we calculated the isothermal pressure and chemical potential
of soft 8-mer fluids for various T∗ from GCMC simulations. In
Fig. 3, we compare simulations to theory. Excellent agreement
is obtained, suggesting the chain-length dependence is well

FIG. 3. Isothermal pressure and density-dependent part of the chemical potential of a soft BH repulsive 8-mer at (a) T ∗= 3 and (b) T ∗= 20, as obtained from MC
simulations and theory. Theoretical results are obtained from the LHrc EoS, using the newly developed effective segment size from Eq. (32) (red, dashed-dotted
lines), its low density limit (dotted lines), and the Barker-Henderson diameter (dashed lines), respectively. The figure in the inset shows the percentage relative
deviation (RD) of the theoretical results to simulation data. Simulation data are provided in the supplementary material of this work.62
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TABLE I. The model constants needed to calculate the effective segment size
from Eqs. (32)–(36).

i 0 1 2

α0i 0.307 98 0.005 138 8 0.011 117
α1i 0.012 390 0.011 109 −0.039 209
α2i −0.089 339 −0.030 677 0.016 732
β0i 0.342 22 0.033 920 −0.016 202
β1i −0.002 499 3 −0.044 614 0.022 757
β2i −0.093 741 0.017 545 −0.033 500
γ0i 0.000 963 76 0.000 372 70 0.000 083 571
γ1i −0.000 432 61 −0.000 449 12 −0.000 314 74
γ2i −0.000 331 33 −0.000 041 420 0.000 446 15

correlated. The model constants needed to calculate d(T∗,m,
ρ∗s) from Eq. (32) are listed in Table I.

It is important to note that the use of the LHrc EoS in
obtaining part of the model constants of Eq. (36) does not limit
the application of Eqs. (32)–(36) to this hard-chain reference
EoS only. For the chain lengths (m = {1 2 3 4}) and densities
involved in the fitting, the LHrc EoS is as accurate as molec-
ular simulations results; therefore, the effective segment size
calculated from Eq. (32) can be considered general and can be
used in combination with any hard-chain reference EoS.

To quantify the effect of chain flexibility on the effec-
tive segment size, we used the second virial method from
Eq. (31) to calculate the low-density limit d(T∗,m, ρ∗s = 0)
for linear (χR = 1.0), partially flexible (χR = 0.5), and semi-
flexible (with harmonic bond-bending potential ub = ϵb[θ
− π]2 and ϵb = 10) chains of length 8. In Fig. 4, we compare the
results to those previously calculated for fully flexible (χR = 0)
8-mers. The differences are small. While, in principle, the
correlation for d(T∗,m, ρ∗s) from Eq. (32) is strictly developed
for fully flexible chain fluids, these results suggest it could also
provide a reasonable approximation for the effective segment
size of chains of different flexibility constraints.

In summary, we propose an accurate EoS for BH-repulsive
chain fluids (Eqs. (10)–(18) and (32)) that serves as a reference

FIG. 4. The effect of intramolecular flexibility on the low-density limit of the
reduced effective segment diameter d∗(T ∗,m, ρ∗s = 0)= d(T ∗,m, ρ∗s = 0)/σ.
Results are shown for linear (χR= 1), partially flexible (χR= 0.5), fully
flexible (χR= 0), and semi-flexible (Ub = ϵb[θ−π]2, ϵb = 10) chain fluids of
length 8. The results are obtained from equating second virial coefficients of
hard- and soft-chain fluids (see Sec. IV C for details).

for the development an EoS for LJ chains with variable degree
of molecular flexibility.

D. Simplified perturbation terms

It is now our target to obtain simple analytical functions
for the correlation integrals from Eqs. (27)–(30). Since the
description of SW chain fluids does not involve the use of any
effective segment size, the correlation integrals of SW-chains
depend solely on chain length m and packing fraction η. For
LJ chain fluids, an additional temperature dependence exists.

Using tabulated MC data for the average segment-segment
rdf of the hard-chain reference system, taken from Refs. 44
(m = 1), 43 (m = {2 8}), and 41 (m = {3 4 5 6 7 8}), respec-
tively, we calculated the correlation integrals over a range in
packing fraction η = {0-0.5} (the exact range depending on
the MC data for rdf) and dimensionless temperature T∗ = {0.6
0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4 2.8 3.4 3.8 4.2 5 6 8 10 15
20} (only for LJ). In the calculations for LJ chain fluids, the
effective segment size was obtained from Eq. (32). Moreover,
for LJ chain fluids, we included additional data for I2 of a chain
molecule of m = 100 000 at a packing fraction η = 10−7 in the
fitting. The values of I2 for this case were set to 40% of the
PY2 result. The reason for doing this is to avoid unphysical
negative values of I2 for very long (m > 100) chain fluids. For
both SW and LJ chain fluids, the results were correlated by the
following power law in packing fraction:

ISW
1 (m, η) =

4
i=0

aSW
i (m)η i, (37)

ISW
2 (m, η) =

4
i=0

bSW
i (m)η i, (38)

ILJ
1 (m, η,T∗) =

4
i=0

aLJ
i (m,T∗)η i, (39)

ILJ
2 (m, η,T∗) =

4
i=0

bLJ
i (m,T∗)η i, (40)

where the chain-length dependence of the coefficients ai and
bi is again obtained from the functional form of Hu, Liu, and
Prausnitz,10,38

aSW
i (m) = aSW

i0 + aSW
i1

m − 1
m
+ aSW

i2
m − 1

m
m − 2

m
, (41)

bSW
i (m) = bSW

i0 + bSW
i1

m − 1
m
+ bSW

i2
m − 1

m
m − 2

m
, (42)

aLJ
i (m,T∗) = aLJ

i0(T∗) + aLJ
i1(T∗)

m − 1
m

+ aLJ
i2(T∗)

m − 1
m

m − 2
m

, (43)

bLJ
i (m,T∗) = bLJ

i0(T∗) + bLJ
i1(T∗)

m − 1
m

+ bLJ
i2(T∗)

m − 1
m

m − 2
m

. (44)

For SW chains, a total of 15 adjustable model constants were
used for the fitting (see Table II). For LJ chain fluids, the
additional temperature dependence resulted in a total of 31
adjustable model constants. Both the temperature dependence
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TABLE II. Model constants needed to calculate the coefficients aSW
i

(Eq. (41)) for calculating the first correlation integral ISW
1 (η,m) (Eq. (37))

of SW chain fluids. The coefficients bSW
i (Eq. (42)) needed to calculate the

second correlation integral ISW
2 (η,m) (Eq. (38)) are obtained from the exact

relation bSW
i = (i+1)aSW

i .

i aSW
i0 aSW

i1 aSW
i2

0 0.790 49 −0.595 12 −0.158 24
1 1.123 2 0.491 31 −0.103 93
2 0.076 584 0.887 50 0.537 47
3 −1.401 9 −0.035 067 −0.020 518
4 −1.908 0 −0.725 97 −0.512 81

and the model constants are displayed in Table III. The regres-
sion result is excellent, with an average relative deviation per
data point of 0.3% for ILJ

1 and 0.5% for ILJ
2 . For SW chain fluids,

the results are of similar accuracy. A graphical representation
of the correlation results is presented in Fig. S1 of the supple-
mentary material.62

V. RESULTS AND DISCUSSION

In this section, we proceed by comparing theoretical pre-
dictions for VLE and isotherms of both, pure fluids, and mix-
tures to results obtained from molecular simulations. Addi-
tionally, the effect of molecular flexibility on the phase behav-
ior is investigated. An extension of the perturbation theory
to mixtures is included in the supplementary material of this
work.62

A. Fully flexible SW chains

We start our analysis for SW chain fluids. SW fluids repre-
sent the most basic test of perturbation theory, because the
reference fluid is temperature independent.

In Fig. 5, we compare the VLE of several fully flexible
SW chain fluids as obtained from the perturbation theory to
results obtained from molecular simulations.12,15,69 For the
regarded chain lengths, very good agreement between theory
and simulations is observed. For comparison, we included
theoretical results as obtained from the SAFT-VR EoS of Gil-
Villegas et al.16 As for the EoS developed in this work, the

FIG. 5. VLE of fully flexible SW chain fluids. The solid lines are results
from the perturbation theory developed in this work. The dotted lines are
calculations based on the SAFT-VR EoS of Gil-Villegas et al.16 The symbols
are MC simulation results of Vega et al.69 (m = 1), Yethiraj and Hall88

(m = 2), and Escobedo and de Pablo15 (m = 4, m = 16).

SAFT-VR EoS is based on a second order BH perturbation
theory with the LCA for the second order perturbation contri-
bution. The difference is that the SAFT-VR approach is based
on a spherical reference fluid (perturbed-sphere method).

In Fig. 6, we proceed by comparing isotherms of SW chain
fluids as obtained from the perturbation theory to molecular
simulation results.14,15 For all temperatures included, good
agreement is obtained. For comparison, we included some
results obtained from using the TPT1 EoS3,5 for the hard-chain
reference fluid. As can be observed, the use of this EoS leads
to a weaker description of simulation data.

In Figs. 7 and 8, we analyze the performance of the EoS
in describing molecular simulation results70,71 for VLE and
isotherms of SW-chain fluid mixtures. The VLE are presented
in terms of reduced variables (i.e., relative to critical prop-
erties). A representation in reduced variables eliminates any in-
accuracies introduced by the small overestimation of the pure-
component critical properties (see Fig. 5). Agreement between

TABLE III. Temperature dependence and model constants needed to calculate the coefficients aLJ
i

a (Eq. (43))
and bLJ

i
b (Eq. (44)) for calculating the first correlation integral ILJ

1 (η,m,T ∗) (Eq. (39)) and second correlation
integral ILJ

2 (η,m,T ∗) (Eq. (40)) of LJ chain fluids, respectively.

i aLJ
i0/b

LJ
i0 aLJ

i1/b
LJ
i1 aLJ

i2/b
LJ
i2

0 p(1) p(11) p(22)
1 p(2)+ p(3)√T ∗ p(12)+ p(13)√T ∗ p(23)
2 p(4)+ p(5)√T ∗ p(14)+ p(15)√T ∗ p(24)+ p(25)√T ∗+ p(26)T ∗
3 p(6)+ p(7)√T ∗+ p(8)T ∗ p(16)+ p(17)√T ∗+ p(18)T ∗ p(27)+ p(28)√T ∗+ p(29)T ∗
4 p(9)+ p(10)√T ∗ p(19)+ p(20)√T ∗+ p(21)T ∗ p(30)+ p(31)√T ∗
ap = [−0.8891,−0.7272, 0.026 75,−0.6859, 0.8927, 3.432,−1.364,−0.1390,−1.702, 1.269, 0.4016,−0.3407,−0.2923,−0.6860,
−0.3161, −3.007, 3.256, 0.011 25, 6.271, −3.800, 0.1086, 0.4057, −2.145, 9.963, 0.5556, 0.099 79, −20.30, −3.779, −0.1887,
13.53, 5.007].
bp = [0.4065, 0.6205, −0.022 78, −0.029 08, −0.4997, 1.008, −0.032 63, 0.1068, −3.432, 0.2455, −0.2902, 0.1989, 0.1308,
−0.1802, 0.4156, 2.426, −0.6577, −0.1061, −1.999, −0.9246, 0.1546, −0.096 34, −0.1705, 0.6318, −0.2604, −0.022 58, −0.4699,
0.9034, 0.015 21, −0.2431, −0.1696].
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FIG. 6. Isotherms of (a) a fully flexible SW 8-mer and (b) a fully flexible SW 16-mer. Lines are results obtained from the perturbation theory developed in this
work using the LHrc EoS (solid lines) and the TPT1 EoS (for T ∗= 3, dotted lines) to describe the hard-chain reference fluid. Symbols are MC data of Escobedo
and de Pablo15 (m = 8) and Tavares et al.14 (m = 8, m = 16).

simulations and theory is satisfactory and is comparable to that
obtained from the SAFT-VR EoS.70

B. Fully flexible LJ chains

In Fig. 9, the VLE of fully flexible LJ chain fluids as
obtained from the perturbation theory developed in this work is
compared to the results from MC simulations.15,72–76 For both
the vapor-liquid coexistence densities and vapour pressure, we
find satisfactory agreement between theory and simulations.
Especially, the description of vapor pressures is noteworthy.

FIG. 7. Dimensionless pressure (P∗= Pσ3
11/ϵ11) vs. mole fraction (x2) rep-

resentation of the VLE of a binary mixture of SW monomers (component
1) and SW dimers (component 2) at a reduced temperature of T ∗r =T

∗/T ∗c,1
= 1.049, where T ∗= kT /ϵ11 and Tc,1 is the critical temperature of the pure
monomeric fluid. Solid lines are results obtained from the perturbation theory
developed in this work (T ∗c,1= 1.3219, P∗c,1= 0.142 70). Dashed lines are
calculations based on the SAFT-VR EoS.70 Symbols are MC data of Davies
et al.70 (T ∗c,1= 1.22, P∗c,1= 0.108).

We should stress that, compared to Fig. 1, the improved results
shown here are a result of the effective segment size from
Eq. (32). The overall satisfactory agreement between theory
and simulation, however, is a result of all three ingredients
of the perturbation theory, namely, the accurate EoS for the
reference fluid, the effective segment size from Eq. (32), and
the MC data for the averaged segment-segment rdf of the hard-
chain reference fluid. To demonstrate the effect of using a
reference EoS different than the LHrc EoS, we included results
for the VLE of a LJ 50-mer based on the TPT1 EoS3 and
TPT2 EoS4 for the hard-chain reference fluid. Especially in the
intermediate density region, TPT loses some of its accuracy
for chains longer than 8 segments. As shown in Fig. 9, these
inaccuracies result in a rather poor description of the VLE of
LJ 50-mers.

As could be expected from a perturbation theory up to
second order, the critical temperature is overestimated for all
systems considered. For chain lengths m = 1 and m = 2, we
find a small underestimation of coexistence densities in the
dense liquid phase. As pointed out by Paricaud,64 discrepancies

FIG. 8. Compressibility factor Z = P/ρkT of several asymmetric binary
mixtures of SW monomers (component 1) and SW dimers (component 2)
at a dimensionless temperature of T ∗= kT /ϵ11= 3.0. Solid lines are results
obtained from the perturbation theory developed in this work. Symbols are
MD data of Gulati and Hall.71

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

131.180.131.242 On: Mon, 20 Jul 2015 14:13:50



224504-11 van Westen, Vlugt, and Gross J. Chem. Phys. 142, 224504 (2015)

FIG. 9. The VLE of fully flexible LJ chain fluids of segment number m.
Diagram (a) shows the coexistence densities and (b) presents the saturated
vapour pressure P∗vap= Pvapσ

3/ϵ. The solid lines are results from the per-
turbation theory developed in this work, based on the LHrc EoS for the
reference fluid. For comparison, we included some results based on the TPT1
EoS (dashed-dotted lines) and TPT2 EoS (dotted lines) for the reference
fluid. Symbols are MC simulation results of Lotfi et al.72 (m = 1), Vega
et al.73 (m = 2), Dubey et al.74 (m = 2), MacDowell and Blas76 (m = 4, m = 8,
m = 16), Escobedo and de Pablo15 (m = 4, m = 8, m = 16), and Sheng and
Panagiotopoulos75 (m = 50, m = 100).

of this kind are caused by the use of the LCA for the second
order perturbation term. The reason these underestimations are
not observed for larger chain lengths could be due to the larger
overestimation of the critical temperature of these fluids, which
leads to a shift of liquid coexistence densities to somewhat
larger values. Another reason could be small inaccuracies in
the correlation integrals ILJ

1 and ILJ
2 (Eqs. (39) and (40)) for

chain lengths longer than those used in their development.
We observed that, compared to the first correlation integral,
the second correlation integral converges more slowly to its
asymptotic value at large chain lengths. Therefore, it might be
that in the development of ILJ

2 (Eq. (40)), we did not include

sufficient MC data for the hard-chain rdf of long chain fluids.
Although there are MC data for the rdf of longer (m = 20, m
= 50, m = 100) hard-sphere chain fluids available in the liter-
ature,77 we found that inclusion of these data in the calculation
of the correlation integrals leads to irregular scaling behaviour
with chain length m. For this reason, we choose not to include
additional MC data for the rdf of longer hard-chain fluids in
the calculation of the correlation integrals.

It is instructive to compare the results obtained from our
perturbed-chain method to those obtained from a perturbation
theory based on a spherical reference fluid (perturbed-sphere
method). Perturbed-sphere equations of state that were devel-
oped on equal grounds as the perturbed-chain EoS presented
in this work (i.e., 2nd order Barker Henderson theory, LCA
for a2, no correlation to simulation data of attractive chain
fluids) are the SAFT-VR LJ EoS of Davies et al.63 and the
2006 version of the SAFT-VR Mie EoS of Lafitte et al.28 It is
noteworthy that other perturbed-sphere methods are available
that perform better than SAFT-VR LJ and SAFT-VR Mie 2006.
State-of-the-art models, in this respect, are the soft-SAFT EoS
of Blas and Vega26 (which was developed based on the EoS of
Johnson and Gubbins22,78) and the 2013 version of the SAFT-
VR-Mie EoS of Lafitte et al.27 For soft-SAFT, the description
of the LJ-sphere reference fluid is obtained from an accurate
empirical EoS.78 The SAFT-VR Mie approach describes the
LJ-sphere reference fluid based on a third order BH pertur-
bation theory. The second and third order perturbation terms
of this approach were parametrized to macroscopic properties,
namely, to MC results for the VLE of Mie chain fluids. In
Fig. 10, we compare VLE and vapor pressures as obtained from
the SAFT-VR LJ EoS, SAFT-VR Mie 2006 EoS, and SAFT-
VR Mie 2013 EoS to those obtained from the EoS developed
in this work. As expected, the SAFT-VR Mie 2013 EoS results
in the most accurate description of saturated liquid densities
and the critical region. For vapor phase properties, however,
the perturbation theory developed in this work results in the
most faithful description of simulation data.

In Fig. 11, we compare isothermal pressures as obtained
from the perturbation theory to results from MC simula-
tions.22,78 For all temperatures and chain lengths considered,
agreement between theory and simulations is excellent. As
can be observed in Fig. 11(b), the use of a density-dependent
segment size d(T∗,m, ρ∗s) is essential to come to a reliable
description of simulation data. When the original BH diameter
dBH(T∗), or the low-density limit d(T∗,m, ρ∗s = 0), is used
instead, isothermal pressures are under- and overestimated,
respectively.

In Figs. 12 and 13, theoretical predictions for VLE and
isothermal pressures of LJ chain-fluid mixtures are compared
to results obtained from molecular simulations.26,79 Given that
the mixtures involve triple (m, σ, and ϵ) asymmetries, agree-
ment between simulations and theory is very satisfactory.

C. Effect of molecular flexibility on VLE

We now turn to the effect of molecular flexibility on the
VLE. In order to study this, we performed GCMC simulations
to calculate the VLE of fully flexible and rigid linear SW-
(m = 4) and LJ chain fluids (m = {3 4 5}). Also, we calculated
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FIG. 10. The VLE of fully flexible LJ chain fluids of segment number
m, as obtained from the perturbation theory developed in this work (solid
lines), the SAFT-VR LJ EoS63 (dashed lines), the SAFT-VR Mie 2006 EoS28

(dashed-dotted lines), the SAFT-VR Mie 2013 EoS27 (dotted lines), and MC
simulations (symbols). Diagram (a) shows the coexistence densities and (b)
presents the saturated vapour pressure P∗vap= Pvapσ

3/ϵ. For visual clarity,
the coexistence temperature T ∗ in (a) is shifted upwards by 0.1 for m = 8 and
by 0.4 for m = 50. MC simulation results included are those of Vega et al.73

(m = 2), Dubey et al.74 (m = 2), MacDowell and Blas76 (m = 8), Escobedo
and de Pablo15 (m = 8), and Sheng and Panagiotopoulos75 (m = 50).

the VLE of partially flexible 4-3 SW rod-coils. For simulation
data, the reader is referred to the supplementary material of this
work.62 In Fig. 14, we compare simulation results to those from
the literature, as obtained by Escobedo and de Pablo15 (fully
flexible SW 4-mers), Galindo et al.34 (rigid linear LJ 5-mers),
MacDowell and Blas76 (fully flexible LJ 4-mers), and Blas
et al.80,81 (fully flexible- and rigid linear LJ 3-, 4-, and 5-mers).
Please note that to allow for a clear distinction of simulation
results, the results for LJ 4- and 5-mers are shifted upwards
(in T∗) by 0.2 and 0.4, respectively. Good agreement between
different simulation results is obtained. Upon increasing the ri-
gidity of the chains, our simulations show (1) a widening of the

FIG. 11. Isothermal pressure of fully flexible LJ chain fluids of (a) m = 2, (b)
m = 8, and (c) m = 100. Theoretical results are obtained from the perturbation
theory developed in this work, using the newly developed effective segment
size from Eq. (32) (solid lines), its low density limit (dashed-dotted lines),
and the Barker-Henderson diameter (dotted lines), respectively.

VLE (i.e., smaller saturated vapor density and larger saturated
liquid density), (2) an increase of the critical temperature Tc,
and (3) a decrease of the critical density ρc.

In Fig. 15, we compare simulation results for fully flex-
ible-, partially flexible-, and rigid linear SW 4-mers to those
obtained from the perturbation theory developed in this work.
Please note that for other chain lengths than those shown in
Fig. 15, the theory predicts the same trends with molecular
rigidity. Both simulations and theory predict an increase of
the VL critical temperature with increasing rigidity of the
chains. Moreover, the widening of the VL region for chains of
increased rigidity is at least qualitatively captured. The effect
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FIG. 12. Dimensionless pressure (P∗= Pσ3
11/ϵ11) vs. mole fraction (x1)

representation of the VLE of an asymmetric binary mixture of LJ dimers
(σ11/σ22= 1.0, ϵ11/ϵ22= 1.33) at a reduced temperature of T ∗r =T

∗/T ∗c,1
= 0.7848, where T ∗= kT /ϵ11 and Tc,1 is the critical temperature of a pure
fluid of component 1. Solid lines are results obtained from the perturbation
theory developed in this work (T ∗c,1= 1.9421, P∗c,1= 0.104 39). Symbols are
MC data of Blas and Vega.26 For simulation results, the critical properties of
the pure fluid of component 1 were obtained from the MC data of Vega et al.73

using conventional scaling laws (T ∗c,1= 1.784, P∗c,1= 0.077 84). Please note
that our critical pressure is different than that obtained in the original paper
of Vega et al.73 due to an error in their application of the Clausius-Clapeyron
equation.

of molecular rigidity on the liquid side of the diagram is more
accurately predicted than the effect on the vapor side. For
the vapor side, agreement with simulations is only qualitative.
The reason for this is most probably that our use of a rdf
of fully flexible hard-sphere chains in the calculation of the
perturbation terms of rigid linear- and partially flexible chains

FIG. 13. Compressibility factor Z = P/ρkT vs. dimensionless segment den-
sity ρ∗s of an asymmetric binary mixture of LJ 4-mers (component 1) and LJ
8-mers (component 2) at several dimensionless temperatures T ∗= kT /ϵ11.
Solid lines are results obtained from the perturbation theory developed in this
work. Symbols are MD data of Reis et al.79

is more harsh an approximation at low densities. Altogether,
given that the theory only includes the effect of molecular
flexibility through the reference fluid, we view the agreement
between theory and simulations as very promising.

As we show in Fig. 16, the effect of flexibility on the
VLE of LJ chain fluids is less well described than for SW
chain fluids. As for SW chains, the perturbation theory gives
the wrong trend of the critical density with flexibility. For
LJ chains, however, the trends of the critical temperature and
vapor density with flexibility of the chains are also incorrectly
predicted. The theory does capture the effect of molecular
flexibility on the liquid densities. The weaker results for the
effect of flexibility on the VLE of LJ chain fluids (compared
to SW chains) are caused by the use of the effective segment
size. One might suspect that a lacking of any χR-dependence
in d(T∗,m, ρ∗s) could be the underlying reason. However, the
results from Fig. 4 suggest the effective segment size of rigid

FIG. 14. The VLE of fully flexible (diamonds), rod-coil partially flexible (triangles), and rigid linear (circles, crosses) SW- and LJ chain fluids as obtained
from MC simulations performed in this work (open symbols) and the literature (closed symbols, crosses). For visual clarity, the results for LJ chains of m = 4
and m = 5 are shifted upwards by 0.2 and 0.4, respectively. The literature data included in this figure are those of Escobedo and de Pablo15 (fully flexible SW
4-mers), MacDowell and Blas76 (fully flexible LJ 4-mers), Blas et al.80,81 (fully flexible LJ 3- and 5-mers, rigid linear LJ 3-, 4- and 5-mers) and Galindo et al.34

(rigid linear LJ 5-mers). The data of Galindo et al.34 are shown by the crosses. For results of the simulations performed in this work, the reader is referred to the
supplementary material.62
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FIG. 15. The VLE of fully flexible- (diamonds, dashed-dotted line), rod-coil
partially flexible (triangles, dotted line), and rigid linear (circles, solid line)
SW 4-mers as obtained from the perturbation theory developed in this work
(lines) and molecular simulations of this work (symbols).

FIG. 16. The VLE of fully flexible- (diamonds, dashed-dotted line) and
rigid linear (circles, solid line) LJ 5-mers as obtained from the perturbation
theory developed in this work (lines) and molecular simulations of this work
(symbols).

linear chain fluids is somewhat larger than that of fully flexible
chains, corresponding to a lower (not higher) critical temper-
ature. A more probable cause of errors is the use of a hard-
chain rdf of segment size d and bond-length d in the calculation
of the correlation integrals, Eqs. (29) and (30). Considering
a hard-chain fluid with segment diameter d and bond-length
d is not strictly correct, because the segment distance should
be σ. In future work, we plan to evaluate the effect of this
approximation by comparing our perturbation terms to those
obtained from MC simulations.

VI. CONCLUSION

We have developed two new perturbed-chain equations
of state for attractive chain fluids with varying degree of
flexibility. The two models are for tangent SW- and LJ chain
fluids and their mixtures in isotropic (vapor and liquid) phases.
The EoS was derived in the framework of a 2nd order Barker-
Henderson perturbation theory. To arrive at a satisfactory
comparison of calculated VLE of flexible SW- and LJ chain

fluids to those obtained from molecular simulations, some
modifications to the original recipe of Barker and Henderson
were required. First, it was shown that the original BH diameter
is insufficient for approximating the soft repulsion between
the segments of LJ chain fluids. A new effective segment
size was developed that explicitly incorporates the chain-
connectivity of segments. The new segment size was shown to
be density dependent. Second, it was demonstrated that small
inaccuracies in the rdf of the hard-chain reference fluid can lead
to significant errors in calculated VLE. We showed that these
errors are small if a rdf obtained directly from MC simulations
is used. Finally, we showed the importance of using an accurate
EoS for the hard-chain reference fluid. In particular, it was
shown that commonly used equations of state such as TPT1
lead to poor predictions of VLE of long LJ chains. When using
the more accurate LH EoS instead, a much better comparison
to MC data was obtained.

Recently, we developed an extension of the LH EoS to
partially flexible and rigid linear chain fluids.11 Using this
extended EoS to calculate the reference contribution, it is
possible to model the effects of intramolecular flexibility on
the VLE of SW- and LJ chain fluids. MC simulations were
performed to validate theoretical results. For both SW- and LJ
chain fluids, our simulations show the following trends of the
VLE with increased rigidity of the chains: (1) a widening of
the VLE (larger saturated liquid density and smaller saturated
vapor density), (2) a shift of the critical temperature to higher
values, and (3) a shift of the critical density to lower values. For
SW chain fluids, theoretical results are in good agreement with
results from MC simulations; all trends but that of the critical
density were correctly predicted. For LJ chain fluids, the theo-
retical description captured the widening of the vapor liquid
envelope with increasing chain rigidity but did not capture the
shift of critical properties. We suspect that this is due to our
application of an effective segment size in the calculation of
the perturbation contributions to the EoS. In future work, we
plan to test this by comparing the perturbation terms to those
obtained from molecular simulations.

In agreement with previous studies on the subject,34,80–83

the results of this work show that the effect of molecular
flexibility on the isotropic (vapor-liquid) phase behavior of
attractive chain fluids is quite small. If the equation of state is
coupled to a suitable description of anisotropic phases (such as
solids or liquid crystals), however, it is expected these subtle
effects can make the difference for an accurate prediction of
phase equilibria (see, for example, Ref. 11). An extension
of the EoS to anisotropic phases will be developed in future
work.
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APPENDIX: CALCULATING 2ND VIRIAL
COEFFICIENTS FROM MC INTEGRATION

For any two chain molecules 1 and 2 interacting via a
pair-potential U(r,Ω1,Ω2), the 2nd virial coefficient is defined
as84

B2 = −2π
 ∞

0

(⟨exp(−βU(r,Ω1,Ω2))⟩Ω1Ω2
− 1

)
r2dr. (A1)

Here, r is the separation between the center of mass of mole-
cules 1 and 2,Ω is a vector that describes a molecule’s config-
uration (the orientation vector of the first bond, and all bond-
and torsion angles), and ⟨· · · ⟩Ω1Ω2

denotes an ensemble average
over all configurations of molecules 1 and 2. Introducing a
segment-segment potential uαβ, the energy of the pair interac-
tion U can be calculated from a sum over all segment-segment
interactions of the two chain molecules, according to

U(r,Ω1,Ω2) =
m
α

m
β

uαβ(rαβ). (A2)

Introducing a dimensionless separation x = rαβ/σ, the seg-
ment-segment interactions of hard- and soft-chain fluids are
calculated as, respectively,

βuhc
αβ(x) =




∞, for x ≤ 1
0, for x > 1

, (A3)

βusc
αβ(x) =




4
T∗

x−12, for x ≤ 1

0, for x > 1
. (A4)

To compute the 2nd virial coefficient for a chain fluid of length
m, we calculated the ensemble average ⟨exp(−βU12(r,Ω1,
Ω2))⟩Ω1Ω2

over a grid in x = [0 2m] (with ∆x = 0.01) and
subsequently solved Eq. (A1) by numerical integration. The
ensemble average was obtained from 3 × 106 different chain
pairs for m = {1 2 3 5} and 15 × 106 different chain pairs for
m = {8 16}. For each chain pair, the configurations of the
two chain molecules were generated independently using the
Rosenbluth method.52,85–87 In this method, a molecule is grown
by choosing the orientation of each new bead from a predefined
number of trial directions. To remove the bias introduced by
this and to retain correct Boltzmann sampling, we used a
statistical weight for each chain pair, calculated as the product
of the Rosenbluth weights of the individual chain molecules.
The standard deviation in the computed 2nd virial coefficient
was obtained from five individual calculations. Results of our
calculations are included in the supplementary material of this
work.62
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