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Abstract. Let 0 < o < 1 and 8 > 1. We show that every x € [0, 1] has an expansion of the
form

o0 hn
= Z BLiz1 Pign=21 Pi(0)’

n=1
where h; = h;(x) € {0, «/B}, and p; = p;(x) € {0, 1}. We study the dynamical system
underlying this expansion and give the density of the invariant measure that is equivalent
to the Lebesgue measure. We prove that the system is weakly Bernoulli, and we give a
version of the natural extension. For special values of o, we give the relationship of this
expansion with the greedy S-expansion.

1. Introduction

In 1957, Rényi introduced in [R2] a generalization of the continued fraction algorithm; the
so-called f-expansions. The metrical properties of these f-expansions were investigated,
and Rényi gave important results on the existence and properties of the density of the
invariant measure, and conditions when the underlying system is ergodic. In the last section
of [R2] Rényi discussed an example at length that he had introduced slightly earlier in [R1].
These are the B-expansions, for which the ‘generating’ map T, for 8 > 1, is given by

Tg(x) = Bx(mod 1), forx € [0, 1). (1)
Using Tg, one can show that every x € [0, 1) has a series expansion of the form

x=i;—’;, )

n=1
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where a, € {0, 1, ..., |B]} in the case B¢ N, and a, €{0,1,..., 8 — 1} in the case
BeN.

There is a dramatic difference between the case that 8 € N (in this case the Tg-invariant
measure is Lebesgue measure A on [0, 1), and the digits are independent, i.e. the underlying
dynamical system is Bernoulli), and the case that 8 & N. In this last case, the Lebesgue
measure is certainly not the Tg-invariant measure. In fact, Rényi showed that in this case
the density hg of the Tg-invariant measure is bounded by £ =1 —1/8 and h =1/¢, and
that the underlying system is ergodic. He was also able to find the density of the Tg-
invariant measure, in the case where B is equal to the golden mean G = (1/2) W35+ 1).
Shortly afterwards Gel’fond (in [Gel]) and Parry (in [Par]) independently obtained an
exact expression for the density hg.

Expansions to base § have provided a wide and deep field for research, toy models, etc,
exactly because there is such a difference in behavior of the map Tg when B is an integer
or not. For example, in the case where § > 2 is an integer, only certain rationals have a
finite expansion, while in the case where § is not an integer, almost every x € [0, 1) has
uncountably many different series expansions of the form (2).

There are also a number of interesting variations on f-expansions. For example,
in [W1], Wilkinson considered so-called (o, 8)-expansions, for which the ‘generating’
map is given by T, g(x) = Bx + a(mod 1), and shows that for 8 > 2 the underlying
dynamical systems are weakly Bernoulli. The more difficult situation 1 < 8 <2 was
investigated in [Pal]; see also [FL]. Another interesting generalization was given recently
by Goéra in [Go].

Although there are many papers on piecewise linear maps, where the multiplication
factor in each case is greater than 1 + ¢ for some ¢ > 0 (see e.g. [W2, K, Ry]), relatively
few papers exist where the map is expanding on at least one branch and contracting on at
least one other branch; see e.g. [BF, CLdR, I].

In this paper, we study another kind of (&, B)-expansions based on piecewise linear
maps T, which are (like the Wilkinson—Palmer map 7T, g) variations on the map T3 as
defined in (1). The big difference here is that 7" is expanding on one branch and contracting
on another branch.

1.1. («, B)-expansions. Let 0 <o <1 and 1 <8 <2. Consider the transformation
T : [0, 1] — [0, 1], given by

Bx, x €0, 1/8) = Iy,
Tx)=3 « 3
0 S(pr=1. xel/p =0, @)
see also Figure 1.
For x € [0, 1] we set
- 1, xely 4 h=h 0, xe€ly,
=pkx)= an =h(x)=1{«a
P=r 0, xel E x €.

Clearly,
T(x) = PP =P x — h(x).
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1

y=/Bx

FIGURE 1. The map 7.

For n > 1, define p, (x) = p(T"~!(x)), and &, (x) = h(T"~'(x)). Then, if T"(x) # 0, we
have

e T(x)
C Bri@gl=pi) T gpi) g l=pi(x)
hy(x) ha(x) T%(x)

- BriMgl=pi(x) = gP1()+p2(0) 2= (p1)+p2(x)  BP1(X)+p2(x) g 2= (P1(X)+p2(x))

C mw L () T"(x)
- ﬁpl(x)al—Pl(X) IBZ?:] pi(x) =221 pi(x) '32;;1 Pi0) n—2"12 pi(x)”

Thus, we see that if, for some m, 7" (x) = 0 and m is the least positive integer with this
property, then x has a finite expansion of the form

_ hi(x) ha (x) o him (x)
- IBPl(x)al—Pl(x) ﬂpl(x)+P2(x)a2—(P1(x)+172(x)) ,BZ:'"=1 pi(x)amfz;"ﬂ pi(x)’

Suppose now that 7" (x) # 0 for all n > 1. We claim that in this case

_ = hp(x)
= Z Bzt Pi) =301 pix) “)

n=1

In order to prove this claim, note that, since 7" (x) € [0, 1], it suffices to show that

1
li =0. 5
ningo IBZ?=1 Pi(x)a”*Z:'lﬂ pi(x) ( )
For this, we show that
[o)0]
1
(6)

(0. ¢]
Z ﬂzlr_z:l pi(X)aﬂ—Z?zl pi(x) <

n=1

We have the following lemma.
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LEMMA 1.1. LetO <a <1l and 1 < B <2, and let the map T be defined as in (3). Then

we have that:

(i T Clo;

(i) let k = k(a) be the unique non-negative integer for which (l/ﬂk‘H) <a < (1//3]‘),
then T'(I)) C Iofor 1 <i <k + 1.

Proof.

(i) Note that T(I;) =0, (¢/B)(B —1)). Since (B — 1) <1, then (a¢/B)(B—1) <
1/B. Hence, T (I1) C [0, 1/B) = Ip.

(i) Since

for k = k(a),

1
prt1 <a§ﬁ

it follows that
o
B
Thus, T(I1) C [0, 1/(B*T1)) and, hence,

1 1
(ﬂ—l)fw(ﬂ—l)<w~

: 1
T’(Il)C[O,m)C[O forall1 <i <k -+ 1. O

Remark 1.1. Suppose that T (x) #0 for all m > 1. Let k =k(a) >0 be such, that
1/84*! < & < 1/, then from Lemma 1.1 we have

MO<i<n—1|T(x)el) < k”? for all n > 2.
PROPOSITION 1.1. Suppose that for all m > 1 we have that T (x) # 0, then
ac 1

Q.
Z lBZ?:] pi(X) =221y pi(x) <

n=1

Proof. Since B > 1, while a < 1, the above sum is the largest whenn — >/, p;(x) takes
its largest possible value for each n > 1. Now

n—Y pix)=#H0<i<n—1|T (x)eh}
i=1

Since 1/,3’““1 <ua< ,Bk for a unique k = k() > 0, again by Lemma 1.1,

n—ip,-(x):#{0<i<n—1|Ti(x)611}<L.
n=1 o _k+2

Since we now have that ¢! > 1, we find that

o]

1 > 1 > 1
Z Bizt Pi(0)gn=211 1 pi(x) = Z I Z

T
n=1 i1 B R afz gD (apfthEe

Thus,

2 1

<0
Z Bzt Pi¥) =3 pi¥)

n=1
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In this paper the metrical properties of (¢, 8)-expansions are investigated. In particular,
we show that the underlying systems are weakly Bernoulli and we also find the entropy of
this dynamical system. In §5 we consider the special case where « = 1/8%, for k € N. In
these cases the («, 8)-expansions yield ‘slow’ S-expansions. In fact, we see that the series
expansions yielded by these (o, 8)-expansions are identical to the series expansions given
by the corresponding S-expansion, but that the series expansion is yielded ‘in a slow way’.

In the last section the case 8 > 2 is considered. For these values of 8 there are two
meaningful ways to define («, §)-expansions. In the first way one defines the map T as
in (3). In this case, the proof that the expansion converges, i.e. that (4) holds in the case
B > 2, is slightly more involved than the above proof of (4) for 1 < 8 < 2. Another way of
defining (o, B)-expansions in the case 8 > 2 is along the lines of the classical -expansion.
In both cases the underlying dynamical systems are weakly Bernoulli. Since the proofs of
these results are similar to the case that 1 < 8 < 2, only outlines of these proofs are given.

2. Digits and fundamental intervals
2.1. Digits. We have seen in (4) that every x € [0, 1] can be written as¥

> h
n
= ; BLizi Pign—Xi1 Pi
where this sum is finite if 7" (x) = 0 for some m > 1.

Note that the h; and p; are determined once we know in which element of the partition
{lo, I} the point Ti’l(x) lies. Define for x € [0, 1] the sequence of digits a, = a, (x),
n>1, by

ap, =k ifandonlyif 7"~ '(x) € I, where k € {0, 1}. (7
We call the sequence (a,),>1 the (o, B)-digits of x. Note that the sequence (a,),>1

completely determines the expression (4) and vice versa. So we identify x with its sequence
of (a, B)-digits,

o0
3 hn
‘x= n n :: [a11a27"']'
ﬂZi:l Pigh=2i=1 Pi

n=1
In fact, since forn > 1, a,, = 1 — p,, and by the definition of /,, we have that

o0

an
= r; prl-Xisiaig =1+ ai
2.2. Fundamental intervals. We define fundamental intervals (of rank ») in the usual
way: the intervals of rank one are A(i) ={x|aj(x)=1i}=1;, for i € {0, 1}, and the
intervals of rank n, for n > 2 are

Aty ..y in) = AGDNT 'AG)N---NT~ D AG,)

={xlax)=i,...,a,(x) =iy}
hi hy T"(x)
= XX=—+"'+ 7 n + n n ’
{ | BPial—pri BLi=1 Pigh=2i=1 Pi i1 Pign—Xi=1 Pi

+ We drop the argument whenever possible.
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where
0. ;=0 1, ij=0,
hj= o 1 and p;= .
B’ lj= 0, ij=1.
On A(iy, ..., iy), the map T" is linear with slope ,325;1 Pign=2i=1 Pi
A fundamental interval A(iy, ..., i,) is full if A(T"(A(1, ..., iy)))=1. Here A
denotes Lebesgue measure on [0, 1]. From the above we see that if A(iy, ..., i) is full,

it is equal to the interval

/32,'-":1 piam—Z?;l pi’ o ﬂZ?”:l piam—Z?’:l Di IBZL] Pia"—Z?:1 pi)’

m=1 =1
and

AAGL, ... 0) = ®)

BLizt Pigh=Yi-1 Pi

In §2.3 we show that the full intervals generate the Borel o -algebra.
We now consider non-full fundamental intervals that are not subsets of full intervals of

lower rank. Let B,, be the collection of non-full intervals of rank » that are not subsets of

full intervals of lower rank.
Note that A(1) is the only member of B; and Bj, since A(1) = A(10). Suppose that

A(iy, ..., 1y) is an element of By, then A(iy,...,i;) € Bjfor1 < j <n — 1. We claim

that A(iy, . . ., i,) contains exactly one element of B, 1. There are two cases:

° if T"(A(q,...,ix)NAN)=0@, then AC(q, ..., i, 0)=AC(,...,i,), and
A(iy, ..., Iy, 0) is the only member of B, 4| contained in A(iy, ..., iy);

° if T"(AGy, ...,i) NAQ) #@, then A(iq, ..., i, 0) is full, AGy, ..., i, 1)
is non-full and therefore in B,4;; furthermore, A(A(y, ..., i, 1)) < (1/B)

AMA(, ..., ).
Since |B1| = |B2| = 1, it thus follows by induction from the above that | B,| = 1 for all
n.
Let B, = {A(i1, ..., iy)}, then it follows from the above that

AMAGL, ..., i) =A(AGT, ..., ip—1)) if T”_I(A(il, L) NA(D) =9,
and

MAGL, .. i) < %A(A(il, i) AETTTNAGL, L i) DAL £ B

By induction, this implies that

. ) 1
AAG, ..., 0p)) < ’m,
where
n
n—Y pi=#H0<j<n—1[T/(x)eA)
i=1
for any x € A(iy, . .., iy). Note that, since T is expanding on A(0), we have that

n
Jim (=2 i) =~

i=1
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2.3. Full intervals generate the Borel o-algebra. 'We now show that full intervals
generate the Borel o-algebra on [0, 1]. We first introduce some notation. Let F,, be the
collection of all full intervals of rank #, and let D,, be the collection of full intervals of rank
n that are not subsets of full intervals of lower rank, i.e.

Dy, ={AGy,...,in) €[ | AGy, ..., ij))¢gFjforany 1 <j<n-—1}
We have the following lemma.

LEMMA 2.1. The union of all full intervals that are not subsets of full intervals of lower
rank has full Lebesgue measure, i.e.

)\(G Jada.. ..,i,,)) =1.

n=1 D,

Proof. Forany N > 1,

N
A([O, AN UA(jl,...,jn)> =A<U A(i],...,in)> =MA(1, .-, in))

n=1 D, By
1
= pN-XiLi pi ’
where A(iy, ..., iy) is the unique element of B,. Taking the limit as N tends to infinity,
we obtain
o0
x([o, 1)\UUA(j1,...,jn))=0. O

n=1 D,
Remark 2.1. Lemma 2.1 implies that
[e¢)
A(U Uaa..... in)) =1.
n=1 F,

So applying a similar procedure to any interval, we find that any interval can be covered
by a countable disjoint union of full intervals.

LEMMA 2.2. Let A(iy, . . ., in) be the unique element of B, then
T"(A(1, ..., i) =[0,T"(1)) forn=>1.

Proof. The proof proceeds by induction. First note that By = {A(1)}, and that T A(1)
=10, T'(1)). Furthermore, B> = {A(1) = A(10)}, so T2A(10) = [0, T2(1)).

Suppose the statement holds for index n. Let A(iy, ..., i,) be the unique element of
By, then by assumption 7" A(iy, . . ., i) = [0, T" (1)) We have the following two cases.
° If 7" (1) € A(0), then B,+1 = {A(iy, - . ., iy, 0)}, and

TV AGy, i, 0) =TT AGY, . i) = [0, T"TH(1)).
° If7"(1) € A1), then B,11 = {A(iy, - .., in, 1)} and
T"AG1, ... ig, D =[1/B, T"(1)), so T" Ay, ..., ip 1) =[0, T"T (D).

d
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3. Natural extension of T

In recent years, the use of natural extensions has contributed greatly to the development
of the theory of many number theoretical maps and algorithms; see e.g. [BJW], where the
natural extension of the Gauss map was crucial in proving the so-called Doeblin—Lenstra
conjecture, or [DKS], where the natural extension yields in a simple and elegant way the
underlying invariant measure, which is the Parry measure. See also [DK] or [IK] for a
more detailed discussion of these and other related results.

3.1.  Construction of the natural extension. In this section we derive (a version of) the
natural extension of the dynamical system underlying (o, B8)-expansions. Throughout this
section, for n > 1, let p, = p,(1), h,, = h,(1) and

Pn . hl + + hn
O, - ‘BPIO[I—PI ’32?:1 Pia”_Z;’lzl pi

Set Rop =10, 1) x [0, 1), and for n > 1, set

1
R,=1[0,T"(1 0, o " .
n= (1) x [ ﬂZi:l Pi g —2i=1 pi>
Furthermore, let
o0
Z = U R, x {n},
n=0

and let B = |_|n BB,, be the disjoint union of the Borel o-algebras 55, on R, x {n}.
Denoting by A the two-dimensional Lebesgue measure, we have by Proposition 1.1,

ZMR)<1+Z,BZ R S < 00,

so the Lebesgue measure A(Z) of Z is finite. Let A be the normalized Lebesgue measure
on Z. Now define 7 on Z as follows:
° if (x, y, 0) € Ry x {0}, then

Tex. 5. 0) = !(T(x), ¥/B.0). x € A).
(T(o)., yfe 1), x € AL
° if (x,y,n)e R, x{n},n>1,and T"(1) € A(0),
T(x,y,n)=(Tx),y/B,n+1);

° if (x, y,n) € R, x {n},n>1,and T"(1) € A(1), then for x € A(0) one has,

Tx,y,n)=|(T —+=,0
(x,y,n) <()Qn+,3 )

and for x € A(1) one has,

Tx,y,n)=({Tx), y/a,n+1).
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One can also describe 7 on R, x {n},n > 1, using the («, 8)-digits of 1 in the following
way. Let (d,),>1 be the («, B)-digits of 1 and let (x, y, n) € R, x {n}. Suppose that
(an)n>1 is the sequence of («, B)-digits of x. Then

P
(T(x), Q—"+%,o), ay <dyi1,
T(x,y,n)= "

Y _
(T(x), m, n+ 1>, aj =dny1,
From the above definition of 7 one has that

T (Ro x {0}) = ([0, 1) x [0, 1/B) x {0}) U (R x {1}),

and, for > 1,

Rn+] X {I’l + 1}, dn+1 =0,
T Rn = n n
(R > tn) ([0, ) x [P Pot1 ) < {0}> U Rust x (0411, dysr = 1.

E’ Qn+1

Since lim,,—, o (P,/Q,) = 1, we see that 7 is surjective. It is easily seen that 7 is injective,
measurable and Lebesgue measure preserving.

Let 7 : Z — [0, 1] be the projection on the first coordinate, and let 5 be the Borel
o-algebra on [0, 1]. We want to show that

_ x o 0

B=||B.,=| |\ T'= "B x {i}.
i=0 i=0n=0

Note that By is generated by sets of the form

A(Cll, AR ] an) X A(bls MR bm) X {O}v

where A(ay, ..., ay) and A(by, ..., by) are full intervals in [0, 1]. We now specify a
particular generator of B, n > 1. For each n > 1, the map

1
wn . [O, 1) — |:O, ﬁz;;l pian—zlr-;l pPi )’

given by
X

1)011()6) == ’BZ’LI pian_Z;l:l pi )

is a continuous isomorphism. Hence, sets of the form
{Yn (A1, ..., b)) | AD1, - ., by) is full}

generate the o -algebra on

1
O’ n n .
ﬁZ[:l Pia”—Z[=1 Di
Now the Borel o-algebra on [0, 7"1) is generated by sets of the form

Ay, .. a) = Aay, ..., a) N[0, T™(1)),
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where A© (ai, ...,ar) =A(ay, ..., ar) is a full fundamental interval in [0, 1). Thus,
B, is generated by sets of the form

APy, . ar) X Y (AL . b)) x {n),
where A(ay, ..., ar)and A(by, ..., by) are full intervals.
Since
APy, . ar) X Y (Aby, ..., b)) X {n})
is equal to

T'AWy, ..., dy, a1, ...,a;) X A(by, ..., by) x {0},
we only need to show that
Adar, ...,ax) X Aby, ..., by) x {0} € Tz~ B x {0}.
To this end, divide b; - - - by, into (full) subblocks Cj - - - C; as follows. Let
ri=inf{j > 1| T/Aby, ..., b)) =0, D},
and set C; = by - - - b;,. Next consider b, 11 - - - by; set
ra=inf{j > VI T/ Ay 11, - -, bryyj) =10, D},
and C2 = by 41 - - - by 4r,. Continuing in this way, we obtain r; < rp < - -- < r¢, such that
Cj=brtstri 41 brpqr;, 1=j=4,

T7A(C;) =1[0,1)and A(by, ..., byp) =A(Cy, ..., Co).
If we consider
A=Ay, ...,by) x[0,1) x {0},

then r; is the first return time of elements of A to Ry x {0} =0, 1) x [0, 1) x {0}. So, for
any x € A(by, ..., by) and any y € [0, 1),

ri(x,y,0) =r=inf{j > 1| TjA(bl, .o byp) =10, 1)}
= inf{j > 1|77 (x, y,0) € Ry x {0}}.

From the definition of 7, we see that b j=dj for 1<j<r;—1 and b, =0, while
dy, = 1. Note that

T"A(Cy,ay, ..., ap) X [0, 1) x {0} = A(ay, ..., ap) x A(Cy) x {0}
where Cy =by -+ - b, =dy...d,—10, and

Pr1—1 Pr|
A(CI)Z[Q 0 )
ry— ri

Likewise, one can define r; as the jth return time of elements of

Ay, ..., by) x[0,1) x {0} to Ry x {0}.
Then, we have forany 1 < j < ¢,

br1+---+rj,1+1 = dla LN br1+~-+r_,-—1 = dr_,'—l
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and b,]+..4+r_/. =0, while d,j = 1. Moreover,

T HiA(Cy, ..., Cryal, ..., ay) x [0, 1) x {0}
=Aai, ..., ay) x ACy, ..., Cj) x {0},

where C; =did; . . .drj_10, and

ACy...Cj) = [ Prigotri=1 Prigetr; )

Qr1+'~~+r,‘71 Qr1+~~+rj

Consider
A = A(CZa CZ—I, AR C]a alv AR an) X [07 1) X {O}~

Note that A(Cy, Co—1, ..., Cy1) and A(Cy, Coe—1,...,Cy,ay, ..., a,) are both full.
Then

T"A = Aay, ..., ap) X A(Cy, ..., Cp) x {0}

= A(ay, ...,ay) X A(by, ..., by) x {0}
Thus,
A, ..., an) x Ay, ..., by) x {0} € T"x~'B x {0}.

This proves that

_ o o0
le_l \/ T 7B x {i}.
i=0n=0

Define a measure p on [0, 1] by u(A) = A(r~1(A)). Since T o 7 =7 o T, we see that
W is T-invariant. Furthermore, p is equivalent to Lebesgue measure on [0, 1] with density

o0

10,77 (1)) (x)
h = 1 . 9
o.p (%) Coz,ﬁ|: [o,1](x)+r; Pyl ©)

where
o0 Tnl —1
Cop=11
*p < + — /327=1 Pi =211 Pi )

is a normalizing constant. We have the following theorem.

THEOREM 3.1. The system (Z, 5’, X, T) is a version of the natural extension of
(o, 11, B, u, T).

3.2. Entropy. Although the entropy of T can be calculated from general theory, we
derive the entropy of 7 ‘by hand’, using the Shannon—-McMillan—Breiman theorem. We
first show that T is ergodic with respect to the T-invariant measure p as given in the
previous section. The proof of ergodicity is based on a classical lemma, known as Knopp’s
lemma; see [DK].

LEMMA 3.1. (Knopp’s lemma) If B is a Lebesgue set and C is a class of subintervals of
[0, 1), satisfying:
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(a) every open subinterval of [0, 1) is at most a countable union of disjoint elements
from C;

(b) forall AeC, M(AN B) > yA(A), where y > 0 is independent of A;

then A(B) = 1.

THEOREM 3.2. The system ([0, 1], B, u, T) is ergodic.

Proof. Let B € Bbe such that 7~!B = B and (B) > 0. We need to show that u(B) = 1.
Since u is equivalent to Lebesgue measure A on [0, 1], it is enough to show that A(B) = 1.
Let C be the collection of all full fundamental intervals. By Remark 2.1, C satisfies
hypothesis (a) of Knopp’s lemma. Now let A = A(iy, .. ., i,) be a full interval. From (8),
we have

AAGL, ... 0p)) =

pizt Pign=Xioi P

Furthermore, T" on A is linear with slope ,32?=1 Piq"=¥i=1 Pi Thus,
AMANB)=AMANT"B)=A(A)L(B).

Therefore, hypothesis (b) of Knopp’s lemma is satisfied with y = A(B) > 0. Hence,

A(B) =1and T is ergodic. O

THEOREM 3.3. The entropy of T is given by
hu(T) = n(A0) log B + n(A(1)) log a.

Proof. Since the partition P = {A(0), A(1)} generates the o-algebra, i.e. \/?io TP
= B, then by the Shannon—-McMillan—-Breiman theorem

log u(AGy, - .., in) (X))

n

() == Jim,
where A(iy, ..., i,)(x) denotes the element of \/;‘:_O1 T-ip containing x. Let

o
1
D = 1 + n n 9
*p ,; BLizi Pign=Yio1 i

then from (9), we have that

Cq pA(A) < u(A) < Cq,pDa pr(A). (10)
Hence,
log A(A(i1, ...,1
ho(T) = — Tim 22 (Al in)(x))
n—oo n
Letm| <my < --- besuchthat A(iy, ..., iy,)(x) is full, then
log AM(AGiy, ..., 1
ha(T) = — lim (OBMAGL i) ()
n— 00 my

1 My 1 My
= lim log B— Y pi(x) + lim 1oga<1 - Zp,-(x))
n—>oo mn =1 n—oo mn =1

n(A(0)) log B 4 n(A(1)) log a,
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in the last equation, we used the fact that

my,

lim (1/my) Y pi(x) = u(AO)),

i=1

u-almost everywhere. O

4. Weakly Bernoulli
We first show that the transformation 7 is exact. Since full intervals generate the Borel
o-algebra on [0, 1], by a result of Rohlin [Roh] it is enough to show that there exists a

universal constant y > 0 such that for any full interval A(iy, ..., i,) and any measurable
subset A of A(iy, ..., i,) one has
A
WAy <y— A
n(AGL, -y 1n))
To this end, let A(iy, ..., iy) be a full interval of order n and A a measurable subset. On
A(iy, ..., iy) the map T" is linear with slope ,327=1 Pi g =2z Pi where
1, ij=0,
pj= .
0, lj =1.
Then,
n n Al A
AT 4) = I Pigr =Tl pijay = — A
)\-(A(llv LR ] l}’l))
By (10), we have
W(T™A) < Cy gDy g MT"A) = Cq 4D, _ M)
= Taptel R YINTRAY
u(A)
=< Ca,ﬂD§,ﬁ+~
w(AGL, ..., in)
Setting y = Cy Dg’ﬁ, then y > 0 and
A
WAy < y— A
w(AGL, ..., in))

Thus, T is exact, hence mixing of all orders, see [Roh], and by results of Islam [I], T
is weakly Bernoulli. In fact, we show that the natural extension 7 contains an induced
system which is Bernoulli. This allows us to use a theorem of Saleski [S] to give another
proof that T is weakly Bernoulli.
Throughout the rest of this section, we use the same notation as in §2, that is, forn > 1,

Pn = pn(1), hy = hy(1) and

B - L_ S — hn . .

0, pBral-r ﬁZi:l Pi =2 i=1 Pi
Let W be the induced transformation of 7 on the set Ry x {0}, then W(x, y, 0) =
77039 where

n(x,y,0)=inf{j > 1|77 (x, y,0) € Ry x {0}}.
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For k>1, set RS ={(x,y,0)€ Ry x{0}|n(x,y,00=k}. If (x,y,0)€R:, then
Ti(x,y,0)¢e R; x {j} for 1 <j<k—1, while Tk(x,y,0) € Ry x {0}. From the
definition of 7, one sees that for k > 1,

Py P
, — 0,1 0},
Ok—1 Qk) X 10, D>A0)

where Py/Qy as given in §3, and Py/ Qo = 0. Note that

Py P
, — 0
[le Qk) *

(and, hence, RS x {0} # ) if and only if 7¥=11 € A(1). Furthermore,

R’gx{O}z[

(T(x), % 0>, (x, y,0) € R} x {0}

W(x, y, 0) = (k Pi_i y ) k
T"(x), + ,0 ,y,0) € RS x {0},
“ o BIEIT) pig(k=D=Y3] pi (.7, 0 € R > 0}

and k > 2.

On the interval

o o)
Qk—1 Qx)’

(a2 3)-e
Ok—1’ Ok T

k—1

If we consider the transformation S on [0, 1) defined by S(x) = Tk(x) if

[ P Py )
RS sy |
Or-1 Ok

then S is a generalized Liiroth series transformation which was studied in [BBDK], and
it was shown that S preserves Lebesgue measure, and its natural extension is defined on
[0, 1) x [0, 1) by

Pry y ) . |:Pk—1 Pk)
Six,y)=|Sk), + - ifx e ,— .
) ( 0 Ok-1 /32?;11 pi+la(k—l)—2f;11 pi Ok—1 Ok

the map T* is linear with

and

Furthermore, S preserves the two-dimensional normalized Lebesgue measure and S is
Bernoulli. Consider the projection p : Ry x {0} — [0, 1) x [0, 1) given by p(x, y, 0) =
(x,y). Then, poW =S o0 p and W and § are isomorphic, hence WV is Bernoulli. We
now use the following theorem to prove that 7 is Bernoulli.
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THEOREM 4.1. (Saleski’s theorem) Let (X, B, u, T) be a non-atomic Lebesgue space
with an automorphism T. Let A € B be a subset of X of positive measure and denote
by Ty the induced transformation of T on A. Moreover, suppose that we have that T4 is

where P is a Bernoulli partition of (A, T4) and

Y= {A —~ L]J T™'A, AN L]J T—"A}.
i=1 i=1

Then T is a Bernoulli automorphism.

Bernoulli, T is weakly mixing and

(V74

i=1 j=1

We have the following result.
THEOREM 4.2. The system (Z, B, A, T) is Bernoulli.

Proof. Note that T is exact, hence mixing, implying that 7 is mixing, and therefore weakly
mixing; see [Roh]. We now apply Saleski’s theorem with A = Ry x {0}, T4 =W and
= {Rg x {0} | k = 1} the Bernoulli partition. In our case the sets Y; are given by

Y — ﬁ,l x [0, 1) x {0}, o,ﬁ x [0, 1) x {0} ¢.

Now, the partition P is a refinement of the partition ¥; for all j > 1, hence \/?il WP is
arefinement of \/72; \/2; W'Y forall j > 1. This implies that

i (V V73|V wp) =0

i=1 j=
where A Rox (0} denotes the induced measure of X on Ry x {0}. Thus, 7 is Bernoulli. O

5. Slow B-expansions
In this section we consider the case o = 1/ ﬂe, for some £ € N. In this case

T() = Bx, x € AQ0),
Bx — /B, xeAQ).

Since T(1) = (8 —1)/B! <1/B%F, then T'A(1) C A(O) for i=1,2,...,¢+1.
That is, whenever x € A(1), then T(x), ..., T**1(1) € A(0), and T*"2(1) = Tg(1),
where T} is the greedy transformation, given by

Tg(x) = Bx mod 1.

This implies that Tg is a jump transformation of 7', with

and T(x)

T().  xeA). Ts(x), x € A0),
T =1 regy. xen) 1)/
, , p(x)/BT, x e A(l).
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Let a, = a,(x) be the nth (1/,35, B)-digit of x as given in (7), and let d,, = d,, (x)
be the greedy digits of x, i.e. d, = I_,BTg_l(x)J, n>1. From the above we see that
whenever a, =1, then a,1 =---=ay4+¢+1 =0. So given the sequence (a,(x)),>1,
the sequence (d,(x)),>1 is completely determined; simply remove in (a,(x)),>1 the
£ + 1 zeros following every occurrence of 1. Vice versa, knowing (d, (x)),>1, we can
construct (a,(x)),>1 by inserting £ + 1 zeros after every occurrence of 1. We formalize
this relationship as follows.

Let s(x) =inf{n > 1| T"(x) = Tg(x)}. Note that

x € A0),
s(x) =
242, xeA(),
and we have that T (x) = 7™ (x), and if s (x) = £ + 2, then T (x), T%(x), ..., T*®~1(x)

€ A(0). Set fori>1, si(x) = s(Té_l(x)), where s1(x) = s(x). We call s; the ith jump
time. Given the (1/8¢, B)-digits (an)n>1 and the greedy digits (d)n>1 of x, we have

=dy and ar=---=a, =0ifs;=£+2,
and fori > 1,
Asitotsi+l =dit1 AN Ay 42 =+ * = gy =y = 010 85541 =€+ 2.

We now compare ‘on a finite level’ the (1/8¢, B)-expansion of x and its greedy
expansion. More precisely, let

> h
n
X =
Z ,32?21 pi—t(n=3"7_1 pi)

n=1

be the (1/8¢, B)-expansion of x, and let

be its greedy expansion. We have the following result.

EE

THEOREM 5.1. Let x € [0, 1] be such, that T™ (x) # 0 for all m > 0. Then for any n > 1
one has
Sp+tsy

Z IBZ’HII’I E(m Zmlp, _Z ﬁm (11)

m=1

and
S1+-tsy,

S|4 +Sy
(Zsl > p,->=n. (12)

i=1

I
-
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Proof. The proof is done by induction. Let n = 1, we have two possible cases.

(1) Ifs;=s1(x)=1,thenx € A(0), h1 =0, p; =1, and d; = 0. This implies that both
sides of (11) are equal to zero and that both sides of (12) are equal to one.

(i) If sy =s1(x) =£+2, then x € A(l), hy =1/, p1=0,di=1, hp=---

hg=¢+2 =0and py = - - - = ps, = 1. Therefore,
i B ok _hl_l_idm
— ,32?;1 p,‘—l(m—z,"r;] l’i) IBPl*K(I*PI) ﬂ—f ,3 P m’
and

sz—ﬁ<sl Z i>=(S1—1)—€=€+1—£=1,

i=1
and it follows that (11) and (12) are satisfied.
Assume that the statement holds for n = k, we need to show that it holds forn =k + 1.
Owing to our assumption, we have

S+ Sk k
hm Z dn
L= prinipictn=XiL p) L pm
and
Stk

- z(z Sk — Mzﬂk ,-) =k.

i=1 i=1

Thus, we only need to show that

R hm _ dir (13)
m=s|+-+sp+1 :82?1:1 Piil(mizy;l pi) :Bk+1 '
and
Sttt Sk Sitetsit
> pi- e(sk+1 - > p,-) =1. (14)
i=sy+-tsg+1 i=s1+-+sp+1

We consider two cases.
i) Ifsepr(x) = sl(Tg(x)) =1, then Tg(x) = Ttk (x) € A0),

Ryt 1(0) = Ry gy (8) = R (T T (x)) =0,
Dsi+-+sip1 = 1, and di41 = 0. Hence, both sides of (13) are equal to zero. Since

pS1+-~-+Sk+| - e(Sk+] - ps1+~-+sk+1) =1

we find that (14) is satisfied.
(ii)  If spy1(x) = €42, then T+ (x) = Té“(x) € A(1), and TS +5H7 (x) € A(0)

for j=1,...,£¢+ 1. Then,
_ +1 _ — —
hs1+~--+sk+1 - 1/,3 , hs1+~--+sk+2 == hsl+-~+sk+1 =0,
Psittsit1 =0, Psjtoty42 =" = Pyt = L
and dx41 = 1. Thus,
SitetSi
hm hS1+~"+Sk+]

m L _\ym N o1 457 +1 1 .
s st 1 ﬂZi:l pi—tm=3"_y pi) lBZjS (s s 1— ZAH B
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By the induction hypothesis,

S+ tsi+1 sS4 Ask+1
Pi_£<sl+"'+5k+1— > pi)=k,

i=1 i=1

and it follows that

s+ tsg+l

syl s
Bl pitert a1 P = BREPs et~ =Py b)) — k=t

We find that

Syt Sk Tm 1 dit1

IBZ;"”:] pﬁ@(mfz;';] i) = ’3€+1 ,ﬁkfé = ’3k+] ’

m=sy~+---+si+1

so (13) holds. Finally,

SpFe Skl Spte Skl
Pi—5(8k+1— Pi>=(Sk+1—1)—ﬁ=5+1—5=1,
i=s+-+spt+1 i=sy+-+sg+1
so (14) holds. This proves the theorem. O

6. (a, B)-expansions in the case B > 2

As mentioned in the introduction, in the case § > 2, there are two ways to define (¢, §)-
expansions. In §6.1 a straightforward generalization of the case 1 < 8 < 2 is considered,
while in §6.2 a generalization is discussed which is ‘close’ to the classical 8-expansion. In
both cases, the underlying dynamical systems are weakly Bernoulli.

6.1. Two branches. Let 0 <o <1 and g > 2, and let the map 7 : [0, 1] — [0, 1] be
defined as in (3). Using the same notation as in §1.1, we again have for x € [0, 1], with
TN (x) # 0 for N > 0, that

N N
x=)" ) — 2 (15)

/32?=1 pi(x) =221 pi(x) ‘BZ,NZI P N=Y ) pi)

n=1

‘We claim that also in this case

00
Y= Z hy (x)
,32;1:1 pi(X)an—Z?:l pi(x) ’

n=1

cf. (4). Again it suffices to show that

1
lim = 0’
n—00 ﬂZ,"’:l pi(x) =371 pi(x)

cf. (5). Recall that (5) holds because the series in (6) converges due to Lemma 1.1. This
approach does not work for 8 > 2. Therefore, we give a new proof of (5), which holds for
all B > 1.
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For x € [0, 1], with TN(x) # 0 for N > 0, (15) implies that

52,’-’:1 Pi(X)an—er'l:1 pi(x) ’

n=1

We therefore have that

o0
_ I (%)
0<S:=)" PI SRy S <x. (16)

n=1

For k € N, let ny be defined by

n—1
ng :min{n eN; Z 111(Ti(x)) :k},

i=0
where 1;, is the indicator function of the set /1. Since &, # 0 for infinitely many n > 1,
the ny are defined for every k € N. Note that n| <ny < --- are exactly the ‘times’ that
h, # 0. Consequently,
o= 1

B = ,BZ:'ZI Pi(x)ankfz:-zl pi(x)’

and it immediately follows from (16) that

1
im i i =
k—00 ng,»zl Pi () gni=22; 24 pi(¥)

a7)

Moreover, for each £ > 1 we have by definition of T that
1 1 1

n n > = . n
ﬂziil Pi(x)ankfziil pi(x) /3 ﬂziil Pi(x)ankfziil pi(x)
_ 1
B i@ et =35 pi)
1 1

np+1

p ﬁz?ilﬂ pi@) et 1= pio)
1

= ) 2
ﬂzfil pi (x)ank+2—2?£1 pi(x)

1
Igzzlfflil Pi(JC)O[nkﬁ*1*2?5{171 i)
By ‘sandwiching’ we see that the desired result (5) follows from (17), i.e. we have proved
the following lemma.

LEMMA 6.1. LetO <o < 1 and B > 1, then

e i hn (x)
N Bzt Pit) gn=31 pi(0)”

n=1
None of the results in §§2, 3, and 4 made use of the fact that 1 < 8 < 2. Therefore, all
of the results from these sections hold for all 0 < « < 1 and 8 > 1. However, the results in
§5 depend on the fact that 1 < 8 < 2; see Lemma 1.1. Note that T is weakly Bernoulli for
B > 2 follows as well from [E].
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= Z(Br— LB

1
B

FIGURE 2. The map T with more than two branches; here « = 0.71 and § = 3.5.

6.2.  More than two branches. Let0 <o < 1and § > 2. As a variation on (1), the map
T : [0, 1] — [0, 1] is defined by

o [pramean. scio 181, .
)= S(Bx— LD, x <LLBL/A. 1L (18)

see also Figure 2.
To obtain expansions, we need to rewrite 7 as in §1.1; for x € [0, 1], set

I, xel;,i=0,...,8]—1,

p=pkx)= 0, xely,
and
i, xel,i=0,...,8]—1,
h=ht = % x €lpy,
where I; =[i/B, (i +1)/p), for i =0,1,..., ] —1 and I =I[[B]/B, 1]. Then

T(x)=BP®al=PMx —p(x). For n>1, define p,(x)=p(T" '(x)) and h,(x)=
h(T"1(x)). Then, if TN (x) # 0, we have
al B (X) TV (x)
X = Z n n N N .
,321':1 pi(x) gn=>3"7=y pi(x) ﬁzj:l i) N=3i1 pi(x)

n=1

Thus, we see that if for some m, T (x) = 0, and m is the least positive integer with this
property, then x has a finite expansion of the form

m
Y= Z hp(x)
,32?:1 p,'(x)an—Z?ZI pi (x) ’

n=1
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Suppose now that 7" (x) # 0 for all n > 1. We claim that in this case

> hn(x)
x=)
= ﬂ2i=1 Pi(®) n=371— pi(x)
As in §6.1, this follows from Lemma 6.1 (note that in the proof of Lemma 6.1 we did not
use the fact that 7 has two branches).

In fact, we have a stronger result; not only do we have that

1
lim = 0,
n—00 132?:1 pi(x) =31 pi(x)

but even that
>0 1

< o0
Z BLizt Pi() =31 pi(x)

n=1

This follows from the following lemma, which is a straightforward generalization of
Lemma 1.1.

LEMMA 6.2. Let 0 <o < 1 and B > 1, and let the map T be defined as in (18). Then we

have that:

i) T Cloy;

(i1) let k = k(o) be the unique non-negative integer for which (1/(,8k+1)) <a< 1/,31‘,
then Ti(IL,gJ) Clofor1 <i<k+1

A proof similar to that in Proposition 1.1 gives the desired result.
The results from §§2, 3, 4 and 5 can be extended to the present case by making slight
adjustments to the proofs.
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