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a  b  s  t  r  a  c  t

This article  reviews  a spectral  forward  gravity  field  modelling  method  that  was initially  designed  for  topo-
graphic/isostatic  mass  reduction  of  gravity  data. The  method  transforms  3D  spherical  density  models  into
gravitational  potential  fields  using  a spherical  harmonic  representation.  The  binomial  series  approxima-
tion  in  the approach,  which  is  crucial  for its computational  efficiency,  is examined  and  an  error  analysis
is  performed.  It is shown  that, this  method  cannot  be used  for density  layers  in  crustal  and  upper  mantle
eywords:
orward gravitational field modelling
pherical harmonic representation
lobal density models

regions,  because  it results  in  large  errors  in  the  modelled  potential  field.  Here,  a  correction  is proposed  to
mitigate  this  erroneous  behaviour.  The  improved  method  is  benchmarked  with  a  tesseroid  gravity  field
modelling  method  and  is shown  to be  accurate  within ±4  mGal  for  a layer  representing  the  Moho  density
interface,  which  is  below  other  errors  in  gravity  field  studies.  After  the proposed  adjustment  the  method
can  be  used  for  the global  gravity  modelling  of  the  complete  Earth’s  density  structure.

© 2016  Elsevier  Ltd.  All  rights  reserved.
. Introduction

Interpreting gravitational data in terms of internal mass density
istributions requires gravitational reduction that can be computed
y forward modelling techniques. The gravitational field of any 3D
bject can be computed by integrating the gravitational effects of its
ass density distribution. One technique for evaluating this inte-

ral is based on spherical harmonic expansion of the Newtonian
ernel. This technique was applied to forward modelling of the
opographic potential and its gradients (Lachapelle, 1976; Rapp,
982; Rummel et al., 1988; Pavlis and Rapp, 1990) and modified
or computing gravitational gradients generated by topography and
tmosphere at satellite altitudes (Novák and Grafarend, 2006). The
dvantage of this technique is that it takes into account the curva-
ure of the Earth.

There are two approaches to solve the spherical harmonic-based
olume integral (Pavlis and Rapp, 1990): the rigorous formu-
ation and the binomial series expansion method. The rigorous

pectral method (RSM) introduced by Lachapelle (1976) is compu-
ational expensive (Pavlis and Rapp, 1990). The second approach,
y Rummel et al. (1988), uses a binomial series expansion to

∗ Corresponding author.
E-mail address: b.c.root@tudelft.nl (B.C. Root).

ttp://dx.doi.org/10.1016/j.jog.2016.02.008
264-3707/© 2016 Elsevier Ltd. All rights reserved.
approximate the volume. We  call it the fast spectral method (FSM)
in this study, because it is computationally more efficient than the
rigorous spectral method. The number of computationally expen-
sive global spherical harmonic analyses (GSHA) (Sneeuw, 1994) is
drastically reduced by introducing the binomial series approxima-
tion. The FSM approach provides a means to use higher resolution
density models than the RSM.

The FSM forward modelling is used in several previous studies
(Rummel et al., 1988; Novák and Grafarend, 2006; Martinec, 1991;
Root et al., 2015). Despite its computational speed, the FSM has lim-
itations that should be known to users. The FSM forward modelling
is used to compute the potential field of a topographic/isostatic
mass layer in most studies, but for density layers in the lower
crust and upper mantle the FSM gives erroneous results as will
be shown in Section 4. This erroneous signal results in incorrect
mantle density heterogeneities, when the FSM is used in a grav-
ity inversion study. The improvement which is introduced here
extends the applicability of the FSM to the general case of forward
gravitational modelling of mass density distributions for an entire
planet.

Section 2 provides a review of the analytical representation

of the FSM. This is followed by a characterisation of the error
introduced by the binomial series approximation. In Section 4, a
mitigation strategy is introduced. Finally, a benchmark of the FSM
with tesseroid software is shown in Section 5.

dx.doi.org/10.1016/j.jog.2016.02.008
http://www.sciencedirect.com/science/journal/02643707
http://www.elsevier.com/locate/jog
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jog.2016.02.008&domain=pdf
mailto:b.c.root@tudelft.nl
dx.doi.org/10.1016/j.jog.2016.02.008
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. Review of the fast spectral forward modelling method

The analytical representation of the RSM and FSM starts simi-
arly (Pavlis and Rapp, 1990). In the following, we derive a formula
or the gravitational potential which is the conventional represen-
ation of a (conservative and irrotational) gravitational field. From
ewton’s law of universal gravitation and the superposition prin-
iple, the gravitational potential V outside the body � at location,
, can be computed (e.g. Rummel et al. (1988)):

(P) = G

∫ ∫ ∫
�

�(Q )
�(P, Q )

d�(Q ). (1)

here G is the universal gravitational constant, � is the mass den-
ity distribution within the body � and �(P, Q) is the Euclidian
istance between the computation point P(r, ˝)  and the infinites-

mal volume element d�(Q) at location Q(r′, ˝′). Eq. (1) can be
ewritten by using (geocentric) spherical coordinates:

� = r2drd˝. (2)

Here, r is the radial coordinate and d  ̋ = sin(�)d�d� is a surface
lement at a unit sphere, where � and � stand for a pair of geocentric
ngular coordinates and represents a geocentric direction. Eq. (1)
hen becomes

(r, ˝)  = G

∫
�

∫ rupper(˝′)

r′=rlower(˝′)
�(r′, ˝′)  L−1(r, ˝,  r′, ˝′) r′2 dr′ d˝′. (3)

The kernel function L−1(r, ˝,  r′, ˝′)  = 1
�(P,Q ) and the radial

oordinate is given by r′. The radial limits of this integral repre-
ent the upper and lower boundaries of the mass density layer. The
pherical harmonic representation for the inverse distance kernel
s Heiskanen and Moritz (1984, p. 33):

−1(r, ˝,  r′, ˝′)  = 1
r

∞∑
n,m

(
r′
r

)n 1
2n + 1

Ynm(˝) Y∗
nm(˝′). (4)

In this equation the abbreviated notation
∑∞

n,m = ∑∞
n=0

∑n
m=−n

s used. Eq. (4) can be substituted in Eq. (3):

(r, ˝)  = G

∞∑
n,m

(
1
r

)n+1 1
2n + 1

Ynm(˝)

∫
�

�(˝′) Y∗
nm(˝′)

d˝′
∫ rupper(˝′)

rlower(˝′)
r′n+2dr′. (5)

here it is assumed that the density distribution within the layer
oes not depend on the radial position. Appendix A discusses an
pproach for a radially varying density distribution in the mass
ayer. For both cases, the radial integral in Eq. (5) must be evaluated.
he radial limits of this integral can be defined as follows:

upper(˝′) = R + U(˝′) (6a)

lower(˝′) = R + L(˝′). (6b)

U(˝′) and L(˝′) are upper and lower deviations from the cir-
umscribing sphere (R) of the volumetric mass layer that is forward
odelled (see Fig. 1). This means that R ≥ R + U ≥ R + L, or in other
ords 0 ≥ U ≥ L. Integrating the radial integral of Eq. (5) then yields

rupper(˝′)

rlower(˝′)
r′n+2 dr′ = 1

n + 3

⎧⎨
⎩[R + U(˝′)]n+3︸  ︷︷  ︸

1st part

−[R + L(˝′)]n+3︸ ︷︷  ︸
2nd part

⎫⎬
⎭ .
(7)

From this point the RSM and the FSM differ. In the RSM a
lobal spherical harmonic analysis (GSHA) is performed on Eq. (7)
Fig. 1. Sketch of an arbitrary mass body. The distance (S) from the reference sphere
R  is defined positive upwards, resulting in 0 ≥ U ≥ L.

to determine the spherical harmonic coefficients of the potential
field (Lachapelle, 1976). However, this is computationally expen-
sive, because for every degree (n) an individual GSHA must be
performed. Especially, when the spherical harmonic degree is large
the time to compute the potential field is unpractical. The FSM was
developed to tackle this problem.

In the FSM, the first and second part in Eq. (7) can be evaluated
by a binomial series expansion (Abramowitz and Stegun, 1972).
Writing n + 3 = 	 and replacing U and L by their normalised values
Ũ = U

R and L̃ = L
R , we  get

(R + U)	 − (R + L)	 = R	

	∑
k=0

(
	

k

)[
Ũk − L̃k

]
. (8)

The series summation contains a finite number of terms, as 	 is
a positive integer (Abramowitz and Stegun, 1972). To reduce the
computational load, in practical applications (Rummel et al., 1988)
this series is truncated at a value ˛, where  ̨ < 	, resulting in

(R + U)	 − (R + L)	 = R	
∑̨
k=0

(
	

k

)[
Ũk − L̃k

]
+ 
˛. (9)

Here, 
˛ is the error made by the truncation of the binomial
series. An error analysis of this assumption follows in Section 3.1,
but for now we will choose  ̨ = 3 (Rummel et al., 1988). By neglect-
ing the higher-order terms, the radial integral from Eq. (7) becomes

∫ rupper(˝′)

rlower(˝′)
r′n+2dr′ ≈ Rn+3

[
U(˝′) − L(˝′)

R

+(n + 2)
U2(˝′) − L2(˝′)

2R2
+ (n + 2)(n + 1)

U3(˝′) − L3(˝′)
6R3

]
.

(10)

Following Novák and Grafarend (2006), we  will use a short-hand
notation, F(˝′), to denote everything between the square brackets
of Eq. (10):∫ rupper(˝′)

rlower(˝′)
r′n+2 dr′ ≈ Rn+3F(˝′). (11)

Substituting Eq. (11) in Eq. (5) gives:
V(r, ˝)  = GR

n,m
r 2n + 1

Ynm(˝)
�

�(˝′) F(˝′)

Y∗
nm(˝′) d˝′.  (12)
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Novák and Grafarend (2006) continue by performing GSHA of
he density distribution function �(˝′) and the function F(˝′) sep-
rately. The spherical harmonic coefficients retrieved from the two
eparate GSHA procedures are combined in the spherical harmon-
cs domain using complex Glebsch–Gordan series. However, the
ame result can be obtained by multiplying the mass density dis-
ribution �(˝′) with the function F(˝′) in the spatial domain and
y subsequent GSHA of the combined function, i.e.,

(˝′) F(˝′) GSHA=
∞∑

n,m

Cnm Ynm(˝′). (13)

Coefficients Cnm are derived from the density and geometry of
he modelled layer. This approach requires one less GSHA which
s favourable, because a GSHA is computationally expensive. Sub-
tituting Eq. (13) into Eq. (12) and reordering the integral and
ummation yields:

(r, ˝)  = GR2
∞∑

n,m

(
R

r

)n+1 1
2n + 1

Ynm(˝) ×
∞∑

n′,m′
Cn′m′

∫
�

Yn′m′(˝′) Y∗
nm(˝′)d˝′. (14)

Using the orthogonality of fully-normalized spherical harmonic
unctions (Heiskanen and Moritz, 1984, p. 29) results in

(r, ˝)  = GR2
∞∑

n,m

(
R

r

)n+1 4�

2n + 1
Cnm Ynm(˝). (15)

To compare the gravitational potential of the layer with global
ravitational models referenced to a particular gravitational con-
tant GM, the potential should be scaled accordingly using the
ollowing relation:

GM)model = 4
3

� �E G R3. (16)

n which, �E is the average mass density of the reference Earth
omputed with GM and R from the global gravitational model. Sub-
tituting Eq. (16) into (15), yields:

(r, ˝)  = GM

R

∞∑
n,m

(
R

r

)n+1
Vnm Ynm(˝) (17)

ith

nm = 3
2n + 1

1
�E

Cnm. (18)

The coefficients, Vnm, are referred to as the Stokes coefficients.
he constructed gravitational potential is derived for a particular
ass density layer in an Earth model. A more complex model can

e built by adding the potential of several layers.

. Error characterisation of the fast spectral method

In the derivations of the FSM, higher-order terms of the bino-
ial series expansion were neglected to arrive to Eq. (10). Previous

tudies suggested that an expansion up to the third-order binomial
erm is enough to accurately model the gravitational potential of

 topographic layer (Rummel et al., 1988; Vaní ček et al., 1995).
owever, with the increasing accuracy of gravitational, digital ele-
ation (DEM), and crustal models, the question arises if this finding

s still valid. This section describes the effect of the binomial order
runcation in Eq. (9) on the accuracy of the forward modelled grav-
tational potential. Moreover, we examine if this assumption is still
alid for deeper layers.
namics 97 (2016) 22–30

It will be shown that the truncation of the binomial series intro-
duces errors for layers that deviate substantially from the radius of
the reference sphere, R, which cannot be reduced by truncating at
a higher order. This is the case for crustal and upper mantle mass
layers. To extend the capabilities of the FSM to deeper layers, an
improved forward model is presented. First the error due to the
truncation of the binomial series is discussed.

3.1. Characterisation of the truncation error

From Eq. (9) the error 
˛ follows as:


˛ = R	

	∑
k=˛+1

(
	

k

) [
Ũk − L̃k

]
= R	

	∑
k=˛+1


(k), (19)

where 
(k) is a shorthand notation for the kth term in the summa-
tion. Our goal here is to find the smallest order at which the series
can be truncated without introducing a substantial error in the
results. To do so, we will derive a criterion that allows us to quantify
the relative contribution of the leading order term 
k(= 
˛+1) in Eq.
(26), compared to the entire error 
˛. In doing so, we quantify the
reduction in the error that results from increasing  ̨ by 1.

To show how 
(k) changes with increasing k, and thereby how

˛ changes with increasing ˛, we  construct a variable C(k)

C(k) =
∣∣∣∣
(k+1)


(k)

∣∣∣∣ =
∣∣∣∣	 − k

k + 1
[Ũk+1 − L̃k+1]

[Ũk − L̃k]

∣∣∣∣ . (20)

For k = ˛, this variable is the relative change in the magnitude
of the first term in Eq. (19), 
(˛+1), when  ̨ is increased by one, so
when Eq. (9) is truncated one order higher. Thus, it is a measure
of the change in the first error term when adding an extra term
to the binomial series. Since 	 − k/k + 1 is continuously decreasing
with k, and it can be numerically checked that this is also the case
for |(Ũk+1 − L̃k+1)/(Ũk − L̃k)| for any practical values of Ũ and L̃, it
follows that

C(k+1) < C(k). (21)

However, in theory there could be cases where C(k) ≥ 1 and
C(k) ≈ C(k+1). The error made when truncating Eq. (9) will not
decrease substantially when adding a single additional term (i.e.
when increasing  ̨ by 1). In fact, when C(k) > 1, 
(k) increases with k
and increasing  ̨ by 1 will not even remove the largest error term.

Therefore, a stringent requirement is needed on C(k) to study the
region where all remaining error terms are relatively small com-
pared to the current leading order term, and increasing  ̨ by 1 will
cause a substantial reduction of the total error. Such a requirement
can be derived from Eq. (21) and from the fact that:

lmax∑
k=2

1
2k

<
1
2

, (22)

for any finite lmax. The following criterion has to be met:

C(k) ≤ 1
2

. (23)

This ensures that adding a single term to the binomial expan-
sion will decrease the total error by at least a factor of 2 and that
all remaining error terms will not be dominant compared to the
current leading order error term:


(k) >

	∑

(l). (24)
l=k+1

Although this criterion (Eq. (23)) provides no guarantee that the
total error is acceptable, it does follow that if Eq. (23) is not met, the
error properties of higher order terms will be relatively influential
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ig. 2. Contour plot of the values of C(k) as a function of U and ˛, for a number of valu
ndicate the currently typical  ̨ = 3 truncation level. (For interpretation of the refere

nd as a result  ̨ will likely need to be increased considerably to
ttain an acceptable error level. The criterion (23) will be called the
onvergence criterion.

Now that we have established a convergence criterion, we  can
ompute the appropriate truncation limit for a potential field with

 certain spherical harmonic resolution. For a given geometry
defined by Ũ and L̃) and truncation level ˛, using the convergence
riterion in Eq. (23) yields the following condition for 	

 <

∣∣∣∣ 1
2

Ũ˛ − L̃˛

Ũ˛+1 − L̃˛+1
(  ̨ + 1) + ˛

∣∣∣∣ (25)

here we have set k =  ̨ in Eq. (23). We  reiterate that 	 = n + 3 and
herefore 	 indicates the maximum degree of the spherical har-

onic expansion. From this relation it is clear that for thicker layers,
or which |Ũ − L̃| is larger, 	 has to be smaller than the limit in order
or (23) to hold, as the influence of higher order terms in Eq. (9)
ncreases. Similarly, for deeper layers, in which the magnitude of
oth Ũ and L̃ are increased by the same amount, the influence of
he higher order terms is also stronger.

When we  use a simplified geometry of an arbitrary mass layer in
hich we set the upper limit U equal to the circumscribing sphere,

o that Ũ becomes 0, we obtain the following:

 <
∣∣∣  ̨ + 1

2L̃
+ ˛

∣∣∣ ≈  ̨ + 1

2L̃
, (26)

here the approximation follows from the fact that typically L̃  �
. The above equation will still approximately hold true in cases
here |L| 	 |U|, in which the upper limit of the entire boundary is

lose to, but not exactly on, the circumscribing sphere (relative to

he thickness of the layer). The convergence criterion of Eqs. (25)
nd (26) shows the following relation 
(k) >

∑	
l=k+1
(l).

To illustrate the behaviour of C(k) with varying geometry and
runcation level, we show its behaviour as a function of k and U in
the spherical harmonic degree n = 	 − 3 and layer thickness |L − U|. Dashed red lines
o colour in this legend, the reader is referred to the web version of the article.)

Fig. 2, for a number of spherical harmonic degrees and layer thick-
nesses. Note that larger absolute values of U mean that the layer
starts at a distance further away from the circumscribing sphere
with radius R. It can be seen from Fig. 2 that the value of C(k) is
lower for a given value of k when (i) the layer is thinner, (ii) the layer
starts closer to the reference sphere, and (iii) the spherical harmonic
degree is smaller. Furthermore, Fig. 2 shows that as k increases, the
rate at which C(k) decreases levels off. In certain cases, this prop-
erty can be advantageous for the practical application of Eq. (19),
as it means that the majority of the error can be located in the low
values of k. However, this no longer holds when C(k) > 1, for which

(k) is increasing with k. In Fig. 2, the  ̨ = 3 truncation level that is
typically used (Rummel et al., 1988) is shown by a dashed vertical
line. The intersection of this line with the C(k) = 0.5 contour repre-
sents the point above which the binomial series expansion fails to
comply with Eq. (23). From this level on, it cannot be assumed that
the remaining error due to the truncation of the binomial series is
small.

Fig. 3 plots the spherical harmonic degree 	 with respect to the
value of the upper boundary U of the layer for the binomial order
truncation,  ̨ = 3. The value for U is an approximate representation
for the deviation from the reference radius R. The characteristic
degree that fulfils the convergence criterion quickly drops to low
values when the depth of the layer increases. For layers with a
depth of 100 km,  spherical harmonic coefficients from around 80◦

and above contain large errors due to the truncation. At a depth
of 200 km coefficients from degree and order 50 are affected, at
300 km coefficients from degree and order 30 are affected and at
400 km coefficients from degree and order 25 are affected.

For this study we use the spherical approximation, but for

high-accuracy applications the ellipsoidal approximation is used.
Claessens and Hirt (2013) use the same approach concerning the
binomial series approximation, which is characteristic of the FSM,
and truncate it after a few order of the binomial series. This is
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ig. 3. The boundary for an error criterion of 1/2, as a function of the depth of
he mass layer and the truncation limit. The depth represents the value of U and a
runcation limit of  ̨ = 3 is chosen.

orrect for topographic reduction, but we would expect similar
rrors occur in the ellipsoidal approximation when deeper density
ayers are forward modelled. The magnitude of these effects needs
o be further investigated, but is outside the scope of this study.

.2. Numerical error characterisation for topographic masses

If the convergence criterion is fulfilled the remaining error of
he FSM for an arbitrary mass layer can be determined numerically,
ecause the extra signal from an added binomial term is larger than
he remaining error. Thus, it is an estimate of the maximum error
t a certain binomial order truncation.

We use a topographic mass layer to numerically estimate the
rror. The topographic mass reduction is derived from the global
igital elevation model GTOPO30 reduced to a 0.1 × 0.1 arc-deg
quiangular grid. Over the continental areas, the upper boundary
s defined by topography and the lower boundary is the zero-
levation surface to which GTOPO30 is referenced. Over the oceanic
reas the upper boundary is defined by the zero-elevation surface
nd the lower boundary by the bathymetry. The mass density of the
opographic layer is set to the constant value of �topo = 2670 kg/m3

n the continental areas and for the oceanic areas the mass den-
ity of �ocean = −1750 kg/m3 is used. The goal of this test is not

o represent the Earth’s topography as accurately as possible, but
o determine the effect of the number of binomial terms used for
pectral forward modelling of the gravitational potential of such a
ayer. The gravitational field will be calculated on the geocentric

Fig. 4. Difference between two gravitational solutions using a different num
namics 97 (2016) 22–30

sphere with the radius of R = 6378.136 km.  This model fulfils the
convergence criterion when a truncation limit of  ̨ = 3 is used.

The first gravitational solution is constructed by using only the
Stokes coefficients of the first binomial term. The second gravita-
tional solution is constructed by including the Stokes coefficients of
the first and second terms in the binomial series. This is repeated
up to the truncation value  ̨ = 10. The cut-off value of the spher-
ical harmonic representation, lmax, is varied as 90, 180, 360, 720,
1200 and 1800, which corresponds to the approximated grid res-
olutions of 2, 1, 0.5, 0.25 and 0.1 arc-deg, respectively. The results
are presented in Fig. 4, which shows the maximum difference in the
radial component of the gravitational acceleration vector. It can be
seen that only the first two  binomial series terms are needed to
represent the gravitational field up to 180◦ and order accurately
enough (±1 mGal), as concluded by Martinec et al. (1989), Rummel
et al. (1988), and Balmino (1994). More terms are needed when
the resolution of the topographic model is increased. For exam-
ple, a 0.1 × 0.1 arc-deg resolution model needs spherical harmonic
coefficients up to degree and order 1800 to be represented cor-
rectly. This will result in 6 more binomial terms when an accuracy
of ±1 mGal is required, similar results were obtained in Hirt and
Kuhn (2012).

4. Reducing the truncation error for deeper layers

To get insight into the numerical behaviour of the FSM for deeper
mass layers that do not fulfil the convergence criterion, another
modelling exercise is performed. The mass model consists of the
same mass layer as in previous section, but now the zero-elevation
reference is at 0, 50, 100, 200, 300 and 400 km depth. The computed
gravitational fields should look similar, except for the damping
effect of high degrees resulting from (R/r)n+1 in Eq. (17). Fig. 5a illus-
trates the degree variance of the spherical harmonic coefficients.
At 0 km depth the degree variance follows approximately the Kaula
rule as found by, e.g. Rummel et al. (1988) and Balmino et al. (1973).
The model at 50 km depth performs as expected with higher degree
coefficients being damped more, as illustrated by an increasing
difference between the blue and red line for higher degrees. How-
ever, a different behaviour is seen for the layer at 100 km depth.
From degree and order 100 onward, the degree variance stays
flat. For deeper layers, the degree variance increases with degree,

because the model does not fulfil the convergence criteria. This
behaviour is also seen in the degree variances of the models at 200,
300 and 400 km depth, but with a different location of the ‘bend-
ing’ point. In the spatial domain these errors are seen to generate

ber of binomial series term approximations as depicted in the legend.
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Fig. 6. A cross section of the different Moho geometries used in the benchmark. The
black line represents the tesseroid geometry approximation, the blue line represents
the  spherical harmonic geometry approximation with the 1 × 1 arc-deg resolution,
the  green line represents the spherical harmonic geometry approximation with
the 0.5 × 0.5 arc-deg resolution, and the red line represents the spherical harmonic
ig. 5. The degree variance of the spherical harmonic coefficients of the gravitation
00,  200, 300 and 400 km:  (a) without correction and (b) with correction.

andom-looking patterns with a slight correlation to the geometry
f the modelled layer, as we will see in the benchmark (Section 5).

When fitting a forward gravity model to gravity field observa-
ions, these errors can lead to mismodelled densities. The errors
rise because the density model does not fulfil the convergence cri-
erion of Fig. 3. In the following, we present a solution that reduces
his error significantly and makes it possible to use the FSM forward

odelling for global 3D mass density models at any depth.
Because the error appears for deeper layers we  introduce a

ew reference sphere R*, such that the upper bound is reduced to
pproximately 0. Then, Eq. (6a) should be modified to

upper = R∗ + U∗(˝′) (27a)

lower = R∗ + L∗(˝′). (27b)

The new spherical radius is defined as R∗ = R − Ǔ, with Ǔ being
he maximum value of U(˝′). The new upper bound is defined with
espect to the new spherical radius, U∗ = U − Ǔ and the new lower
ound is defined as, L∗ = L − Ǔ. From here, the method proceeds as
efore until Eq. (13). This relation now produces spherical harmonic
oefficients with respect to the new reference sphere

(˝′)F∗(˝′)GSHA=
∞∑

n,m

C∗
nm Ynm(˝′). (28)

Here F* is defined based on the new U*, L*, and R* values and
∗
nm are the coefficients referenced to the sphere with radius R*. To
ransform these coefficients to the original reference sphere, R, the
ollowing relation is used:

nm =
(

R∗

R

)n

C∗
nm. (29)

These Cnm coefficients are now compatible with those in Eq.
13), or in other words, they are referenced to the original reference
phere with radius R.

To show the effect of the approach, we show the degree variance
f the coefficients Cnm computed using the correction in Fig. 5b. The
xpected damping of higher degree spherical harmonic coefficients
s visible in contrast to Fig. 5a. The method now seems to produce
orrect gravitational potential fields for density layers at any depth,
ecause it fulfils the convergence criterion, as can be confirmed in
ig. 3. To test this a benchmark is performed in the next section.

. Benchmark
To benchmark the improved FSM forward modelling software,
 comparison is performed to the tesseroid software used by Kaban
t al. (2010). This software uses an algorithm which computes the
ombined gravitational effect of elementary volumes that make
geometry approximation with the 0.1 × 0.1 arc-deg resolution. (For interpretation
of the references to colour in this legend, the reader is referred to the web version
of  the article.)

up a spherical Earth (Artemjev and Kaban, 1994). The algorithm is
based on the equations of Strakhov et al. (1989), improved by Kaban
and Mooney (2001) and Kaban et al. (2002). The benchmark will
compare the vertical component of the gravitational accelerations,
as computed from a density model on an equiangular 1 × 1 arc-deg
grid, which corresponds to a maximum degree and order of 179 in
spherical harmonics coefficients. The model takes the global Moho
depth from CRUST1.0 global crustal model (Laske et al., 2013) with
the density contrast of 450 kg/m3. The geometry is referenced to a
sphere with a radius of 6371 km.  Also, the gravitational field results
are calculated on this reference sphere. To obtain an accuracy of
<1 mGal, 8 binomial terms are included in the calculations for the
spectral method, as deduced from inspection of Fig. 4.

The benchmark is challenging, because of a difference in both
forward modelling techniques. The tesseroid method uses a block
representation, whereas the FSM approximates the geometry of the
mass layer with spherical harmonic functions. To reduce this differ-
ence, we increased the resolution in the density models for the FSM

solution. Fig. 6 shows the difference between the geometries that
are used by both methods for three spatial resolutions in the FSM,
1 × 1 arc-deg, 0.5 × 0.5 arc-deg, and 0.1 × 0.1 arc-deg. The higher
resolution approximates the tesseroidal geometry much better. The
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ig. 7. The difference between the tesseroid and the FSM forward modelling techni
.5  × 0.5 arc-deg without correction, (c) a spatial resolution of 0.5 × 0.5 arc-deg wit
esolution of 0.5 × 0.5 arc-deg with correction, (f) a spatial resolution of 0.1 × 0.1 arc

igh-resolution spectral geometry shows the well known Gibbs
ffects. However, the calculated gravity values are averaged over a

 × 1 arc-deg potential field grid, therefore most of the Gibbs effect
ill be removed.

The results of the benchmark are shown in Fig. 7. The 1 × 1 arc-
eg potential field solution is compared to the tesseroid solution

n Fig. 7a and d, without and with a correction, respectively. Fig. 7d
hows a slight improvement compared to the uncorrected result,
hich was expected after inspecting the convergence criterion,

ecause models up to order and 180◦ in the spherical harmonics
an have geometries up to 100 km deep, according to Fig. 3. This
articular Moho model stays well within the correct domain of
he convergence criterion. Nevertheless, the maximum difference
etween the tesseroid and corrected spectral gravitational solu-
ions is ±60 mGal, which is around 10% of the signal. This difference
an be attributed to the different approximation methods for the
eometry (Fig. 6) and is best visible in regions with large gradients
n geometry.

This difference should be reduced after increasing the resolu-
ion of the spectral method. Fig. 7b and e show the results using the
.5 × 0.5 arc-deg grid without and with a correction, respectively.
ere, the residuals of the comparison become smaller, which can
e attributed to a better approximation of the shape of the Moho
oundary. The proposed correction still does not have a great effect,
ecause at many locations the convergence criterion is passed.
xcept at the Himalaya and the Andes Mountain Range some dif-
erences can be seen between the corrected and not-corrected
olution.

The gravitational potential of an even higher resolution model
ompared to the tesseroid solution is shown in Fig. 7c and f, with-
ut and with a correction, respectively. The effect of failing the
onvergence criterion is clear, differences of ±106 mGal are visi-
le (Fig. 7c). Thus, despite the increased spatial resolution, the fast
pectral method performs much worse than the lower spatial res-

lution model. That is because, to represent the 0.1 × 0.1 arc-deg
esolution, the spherical harmonics coefficients must be estimated
p to 1800◦. From the convergence criterion we learn that in that
ase the mass layer cannot deviate more than 10 km from the
r (a) a 1 × 1 arc-deg spatial resolution without correction, (b) a spatial resolution of
orrection, and (d) a spatial resolution of 1 × 1 arc-deg with correction, (e) a spatial
with correction.

reference sphere (Fig. 3). Yet, in the benchmark the Moho inter-
face is on average 30 km deep, which causes this particular model
to fail the convergence criterion and produce large errors.

After improving the forward modelling by lowering the refer-
ence sphere as explained in the previous section, the differences of
the corrected solution with the benchmark stay between ±2 mGal
almost everywhere. We  expect some higher variations for large gra-
dients in the geometries such as in the Himalayas and the Andes
(4 mGal). Furthermore, a large difference of 15 mGal is found at the
North pole, which can be attributed to the high resolution of the
tesseroid method there, because of the equiangular grid. The spec-
tral method is unable to perfectly represent similar geometrical
shapes, therefore the gravitational effect at these locations is dif-
ferent. Moreover, Fig. 7f shows a large correlation with the Moho
geometry, which is also present in the 0.5 × 0.5 arc-deg solutions.
This can be attributed to the Gibbs effect that is observed in Fig. 6.
These effects are not entirely symmetrical and will therefore not
be averaged out completely. The resulting errors are below other
gravity modelling errors. For example, Mooney and Kaban (2010)
showed that errors due to uncertainty in sediment thickness will
result in up to 12 mGal, uncertainty in Moho depth contributes to
gravity anomalies of 30 mGal, and uncertainty in the thickness of
the crystalline crust may  reach up to 50 mGal.

Concluding, the benchmark shows that, despite the convergence
error, the FSM can be improved to produce potential field solu-
tions which differ from the tesseroid method less than the typical
uncertainty in global gravity field modelling.

6. Conclusions

We  have reviewed the fast forward gravitational modelling
method using spherical harmonic representation (Rummel et al.,
1988). The FSM is capable of producing global gravitational poten-

tial fields from 3D-density structures after applying the correction
proposed in this study. Because the results are computed in
the form of spherical harmonic coefficients, they can be easily
compared to geopotential models to which spectral filtering is
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pplied. The method is computationally efficient compared to the
igorous spectral method in global topographic reductions.

Our analysis showed that the method is prone to large errors
hen modelling mass layers are situated at greater depths in the

arth, such as crustal and mantle layers. The error occurs due to
runcation of the binomial series. A mitigation strategy for this
epth-dependent error was devised by lowering the reference
phere during the global spherical harmonic analysis. This is fol-
owed by the transformation of the spherical harmonic coefficients
ack to the original sphere before their synthesis to a potential field.
his strategy makes the spectral method capable of modelling the
ravitational potential of mass density layers at any depth with the
ufficient accuracy, as was demonstrated by benchmarking against

 commonly used forward gravitational modelling software using
esseroids. The main difference between both methods is in the way
ow the geometry of the mass layers is approximated, where it can
e argued that even though they imperfectly represent tesseroids,
pherical harmonics are not necessarily less suitable to represent
ensity variations than tesseroids. Despite these differences, simi-

ar gravitational field solutions were constructed with a difference
f only ±4 mGal, which is well below other model errors. Thus the
ethod can be used for constraining global density models of the

rust and upper mantle with gravity data.
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ppendix A. Introducing radial dependent mass density
istribution

If the radial density distribution within a layer can be approxi-
ated by a polynomial model, then the following equations show

ow to use this particular distribution with the FSM. The model
as introduced for modelling atmospheric potential fields in Novák

2000). To simplify the derivation, a quadratic mass density distri-
ution is taken:

(r′, ˝′)  = �0(˝′)[1 + a (R − r′) + b (R − r′)2] (A.1)

here �0(˝′) is the mass density of the layer at r′ = R, i.e. at the
eference sphere and  ̨ and  ̌ are defined as:

 = d�

dr′
1

�0
(A.2a)

 = d2�

dr′2
1

�0
. (A.2b)

When the mass density is dependent on r′, the derivation of the
SM deviates starting from the radial integral in Eq. (5), because the
ass density is now inside the integral:
rupper(˝′)

rlower(˝′)
�(r′, ˝′) r′n+2dr′. (A.3)

Substituting Eq. (A.1) in the multiplication inside the integral as
ollows
(r′, ˝′)  r′n+2 = �0(˝′) [ r′n+2 + (a R + b R2) r′n+2

− (a + 2b R) r′n+3 + b r′n+4]. (A.4)
namics 97 (2016) 22–30 29

Then, (A.3) becomes

�0(˝′)
{

1 + aR + bR2

n + 3
[(R + U(˝′))n+3 − (R + L(˝′))n+3]

−a + 2bR

n + 4
[(R + U(˝′))n+4 − (R + L(˝′))n+4]

+ b

n + 5
[(R + U(˝′))n+5 − (R + L(˝′))n+5]

}
(A.5)

The relation can be simplified by the same procedure as pre-
viously using the binomial series expansion. After truncating the
binomial series the radial integral eventually results in

�0(˝′) Rn+3
{

(U − L)
R

+ (n + 2) − aR

2R2
(U2 − L2)

+ (n + 2)(n + 1) − 2(n + 2)aR + 2bR2

6R3
(U3 − L3)

}
. (A.6)

Eq. (A.6) is similar to Eq. (10) but with extra terms resulting
from the polynomial density gradient coefficients. After this, the
derivation proceeds as for the FSM for layers with constant den-
sity. The second-order polynomial coefficients, a and b, are visible
in the second and third terms of the binomial series expansion.
When examining this further, higher-order polynomial coefficients
would modify the fourth and higher terms of the binomial expan-
sion. When only three terms are used in the series expansion, a
cubic polynomial for the radial mass density distribution cannot be
used.
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