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Summary

Imperfection sensitivity of thin-walled compression members to initial
waviness of the composing walls and to imperféction of the column axis
was demonstrated in ref. 1. The effect of the latter imperfection however
was not adequately analyzed. The present report .gives the correction and
evaluates in the case of an idealized column the reduction of the failure
load due to this kind of imperfection, which appears to be significant.

Elastic behaviour has been assumed.
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Notation
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wave amplitude of flange imperfection

flange width (fig. 1)

half of section depth, radius of gyration (fig. 1)
wave amplitude of column axis imperfectién

flange thickness (fig. 1)

longitudinal coordinate

inertia moment of column section

compressive load of column, failure load

half wavelength of overall buckling

bending moment

flange load 5
KE/KQ = 3(1-v2)(% . %) , interaction parameter
deflection of column

a/h, flange,imperfection parameter

eo/c, column axis imperfection parasmeter

edge strain of flange

a(p/P,)/a(e/e,)

K/KQ, load parameter

% (2n'2 - an'?)

W/e

7x/L

a( )/a(p/p))

a( )/ag

suffix b refers to (b)uckling load for ¢ # 0, 8 =0

suffix & refers to (%)ocal buckling load

suffix E refers to (E)uler buckling load
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1. Introduction.

The author's first paper (ref. 1) on the interaction of local buckling and
overall buckling of thin-walled compression members showed in the case of

an idealized column severe imperfection-sensitivity when the ratio R of
Euler load KE to local buckling load K2 is about one. Two kinds of
imperfection were considered; 1, imperfections similar to the local buckling
mode, the amplitude of which is a times the wall thickness; 2, imperfections
similar to the overall buckling mode.

It was shown that the imperfection o, irrespective of ité magnitude, keeps
the buckling load Kb below the local buckling load KQ, for the considered

model up to R = 3. Subsequently Koiter en van Kuiken (ref. 2) gave asymptotic

formulae for the strength reduction due to o and Thompson (ref. 3) investigated

on the basis of the data of ref. 1 the optimum design, showing that the
cormonly accepted criterion that the optimum is at R = 1 is wrong and that
the optimum shifts to some value of R < 1 depending on o and erodes more and
more with o increasing. .

In order to investigate the sensitivity to column axis imperfection ref. 1
established the slope of the load-deflection curve at the bifurcation Kb'
‘It appeared that the equilibrium at Kb is instable with respect to small
finite deflexions up to R = 1,4 to 1,6 , depending on o. Therefore column
imperfection—sensitivity could be expected. Ref. 1 also deals with the
further strength reduction due to this effect. However the author upon
further examination of this latter problem has come to the conclusion that
this part of reﬁ. 1 needs correctioh.‘The object of the present paper is
to bring the correction and to discuss in more detail the interesting and
by no means negligible effect of column axis impe;fection.

Though the non-linear relation between the bending moment M and small
finite deflexion W of the column as given in ref. 1 is correct, its
derivation is not quite straightforwerd. The Appendix of this paper gives
a more elegant derivation. This derivation has been given in an earlier
paper by Meyer and van der Neut (ref. 4), which got only limited

distribution.
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2. The differential equation and its solution.

The model considered in ref. 1 has the section shown in fig. 1. The axial
stress carrylng parts are two.equal flanges (width b, thickness h) with
equal 1mperfectlon o, s1mply supported at their edges by webs (wdith 2c)
which serve to maintain the structural integrity of the strut without

contributing to the transm1551on of axial stresses.

Due to excentricity e(x) qf the column axis any axial load K causes bending .

moments and consequently finite deflexions Ww(x).

The equilibrium of the elemént dx requires

2 2,
da™M 4 (W+e ’
——-——2+K ( 5 ) = 0, . ' (1)

dx dx

M can be expressed in W by means of the eq. (6) of the Appendix with these
two alterations:
1, n and its derivatives pertaining to Kb'have to be replaced by these

quantities pertaining to K;

2, k=0,
Then
_ .2 2
M= [ S - w(E) <—-1§ o (2)
4 2 dx
where ‘
—1 '2 Tt
w=g (@' - ). : : (3)

One might have some doubt about the yalidity of Appendix, eq. (6) for this
case where the column axis is imperfect in the unloaded condition. The
proof of its validity has been given in the following way, where the final
deflected configuration W is being reached through a number of stages. The
complete derivation will not be reproduced because it is rather lenghty.
Stage 0: The column is unloaded in its initially curved position,

= g, = 0 (upper and lower flange will be indicated by the suffices 1

€10 ~ *20
abd 2 resp.; the stage number appears as second_suffix).

Stage 1: The load K is applied and deflection is being prevented (W1 = 0);
- - = = = 1
€49 = €5y = € 808 Pyy = Ppy = Py =2 K

Stage 2: While the load K is still present the deflection W2 = -e is being

forced upon the column, straightening it. The edge strains €12

2
: d'e _
€op = €12 + 2c-——§ and the flange loads P12, P22 K P12 are unknown.
Stage 3: The coiﬁmn is brought back to stage 1 by the deflection W3 = e

Eence €53 = ex and P. ;3 © 1K (i = 1,2). Using the Taylor series of P in the
i

vicinity of P, (up to the third order term), (= 1K) and the first, second

and third derlvatlves of P to € at PK can be expressed into ex™ 512, Pi2

and the derivatives at PiQ' Inversely these equations can be used to solve

b T

5 s 1 bbb L
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for Pi and the derivatives at Pi2’ expressing them into €x ~ €i2’ PK and

2
the derivatives at PK'
The condition P, + P,, = K yields e,, - g (and €pp = eK).

Stage 4: The column is brought back to stage 2 by the deflection Wh = -e,
straightening it again.

Stage 5: Starting from stage b with straight column axis the column is
brought in its final position by the deflexion W5 = W + e. Applying again
the Taylor series of P, which has been used in stage 3, the final flange

loads Pi = Pi are being expressed into Pi2 and the derivatives at PiZ’

>
which have been estaglshed at stage 3, and into 815 - €5 = E; o= Eioe
Using €, = €, -~ 2¢ 4 (Wre) the condition P, + P, = K yields €, - €,,. Next
2 1 de 1 2 1 12
P, and P, can be established, which yield eq. (2) for the bending moment

M= (P1-P2)c.

The non-linear differential equation of W appears to be

2 2 2.3 - .
o fnmw- ) ERIerwee)=o. (%)
dx 2 dx

This equation will be solved for the column of length 2L clamped at its
end8, then the bourndary conditions are

X =+ Lt w=o,%¥—=o, (5)

and with the imperfection corresponding to the Euler mode

e = e (cosmx/L + 1). . (6)

With the dimensionless coordinate £ = mx/L, the load ratios R = KE/LQ

and A = K/Kz., the dimensionless deflection w = W/c, the imperfection .
. . 2 2,2

parameter 8 = eo/c and taking into account that = ¢ /L~ = £g

(4) (5) (6) become

(R [G- w8 W] (s y=0, (1)
g=+1 :w=0, 0 =0, (8)
-% = B(cosg + 1), | (9)
a( )

where ( )" =

ag

A R e R R
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The boundary conditions are satisfied by a solution

w= T oo [cos(2i-)g + 1} (10)

Integrating (7) twice:

3 A

" 2 . Py

$ - uR® &~ + YT ® g(cosg + 1) + constant. (11)
Restricting (10) to

w = w, cost + wg cos3E + wg cos5E + (w, +ug + ws) (12)

substitution of w into (11), thereby neglecting the cosTE-terms, etc. yields

—?‘—(w + W +w)=—k—e+ tant
= (o 5 3 5 constant ,
A 2 3
[—(1 - R W, + 3R W, .¢1] cos = = ﬁ% BcosE (13)
3 A 2 '
L—(9 - Y3 + tuR w13 ¢3] cos3E = 0, (14)
A 27 2 2 - )
[-(25- ;ﬁ)ws g WRw, w3¢§j cos5¢ = Oy (15)
where
w w, 2 W, W w. 2 w, W
_ 3 2,3 2 :
oy =1 r O H 29 () 2.9 234225 () + 9725 =22, (16)
s 1 w
1 1
ug ws 030 3,933 2 Ugs
1 1 w “1 w
1 1
s0% . Y3 wyws  o53 g’
b= 1t I 2.9.25 + . (18)
9 w 2 9 2
3 ! “ “y1 93

In first approximation it will be assumed that ;é-and ;2 will be so small
that ¢, , 93 > ¢S can be put equal to 1. Then (1%) giveé for a load K

(or A) the relation between the imperfection 8 and the geflexion w.

Fig.2 depicts the left nand side of this equation for u > 0. The ordinate
being egqual to ﬁ% g the figure enables to read for given values A and B
the‘deflexions w4 at which the column is in equilibrium. There are 2

positive roots w,. Keeping K (or 1) constant and increasing B the 2 roots

e
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approach each other and finally they coincide where dB/dw1_= 0. This is the

maximal imperfection at which equilibrium can exist at the load K, or inversely

K is the maximal load that the column can sustain at this particular imperfection.

The equation

dg/dw, = 0 . (19)

together with (13) yield the relation between B and the failure load K.
Eq. (19) yields the deflexion at the maximal load

1
1 - ;%\21
u /'ﬁy (20)

w1=

wimn
T

whereupon (13) yields the imperfection B at which the column strength is K

(or A).

) 372
N T](1 —“R‘)
B=3 ., (21)

Aue

Having established w, (17) and (18) yield

w 1 - A
_é = -———-————nR‘ ' (22)
w Ay? ‘
1 9(9- ;ﬁ)
2 o

A
we _ (1 ==Y .
2 A (23)

w A) ’

A
13(9 - @5 -
L “3 1 s 1
Since A/nR is always smaller than 1, it appears that-;: < BT and-a: < 5
Then (16), (17), (18) yield ¢, < 1,147 , ¢5 < 1,807 , ¢ < 1,786.

Taking ¢, ¢35 ¢5 into ac$ount the formulse(20) to (23) imel. are to be

-3 )
('-01)1 ¢1 ’ (24)

il

replaced by w,

8 =8 07 (25)
3.0 (26)
w .
1 1 1 1
w, w, 6 2
1 1

where the quantities ()

to (23) incl.
Taking for $q5 ¢3, ¢5 their upper limits given above a second

] refer to the first approximation given by (20)




w 8 m

w
Eé R Ez is being obtained. Then (16, 17, 18)

1 1

approximation of w B,

1’

'yield a second approximation of ¢1 s ¢3 , ¢S. After the fifth iteration the
error is within 1% with the following results 9, = 1,446 ¢3 = 3,047 ,

¢5 = 2,ks55,
w1 > 0,83 (w ) s
7,

g > 0,83 (fs)'1 .

Yy
“3 02,11 (=) = 0,026,
w1 w1 1
[ w
2 2y =
== < 3,58 (w ) 0,0053.

-
—

These figures represent the lower limit for Wy, and B and the upper .limit
for w3/w1 and ws/w1, which are reached when A/nR = 0. They are being
approached when R >> 1. ' "
The error when putting ¢1 = ¢2 = ¢3 = 1 comes predominantly fgom Zg’ It appesrs
frdm_(22) that the error decreases with ﬁ% increasing, therefore w%én R is
small and Ais large. Then, as appears from (21), B will be small.
So as to give a quantitative idea of the magnitude of the error, 2
numerical examples will be mentioned.
1. a = 2,5%7 R = 3,29 ﬁ% = 0,297 , yielding By = 0,116

Then (%3) = 0,00897 ;'(2%) = 0,000767
1 . : 1 '
. 3 3
Iteration yields ¢, = 1,193 , ¢ = 2,02 , 65 = 1,91 and E: = 1,70 (;T) s

1

€

I
1
N
-
-
-
Cow)
b
-
w

H

0,91k B?

—

2

. u)3 nR wS

Then (-5-) = 0,00609 , ZT) = 0,000352.
1

1 1

. [ )
Tteration yields ¢, = 1,09 , ¢3 = 1,51 , ¢5 = 1,53 and ;i = 1,39 (2;31) ’
1 1

2.« =2,56. R = 1,83 = 0,527, yielding R = 0,062

W w 1
2= 1,94 (=2) , B = 0,957 B
Wq Wy

The aim of this investigation is to establish for a given configuration a, R
and a given load A the imperfection B at which X is the failure load. Therefore
the significant error when omitting the iteration is the error of the ratio
B/8,.

In the first numerical example this error is 8 6%, in the second one L,3%.

It is not worthwhlla to perform the 1terat1ve correctlon of these errors,
firstly, because the model under con51derat10n 1s an 1deallzed one serv1ng

to study the trends of the effects of geometrlcal 1mperfect10ns and secondly,

e
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because the analysis contains still another inaqcuracy, the one caused by
the truncation of the Taylor series of P after the third order term. This
inaccaracy increases with increasing curvaﬁure, therefore with increasing

~ imperfection-g. In the first numerical example, where §,= 11,6% the

maximal strain Ae due to deflexion is Ae/s2 = 21,4%. In the second example,
where 8= 6,2% Ae/ez = 10,5%. Whereas in this second case the truncated
Taylor expansion reproduces the P-e-relation up to Ae fairly well, this is

no longer true in the first case. Then there is no need for the iterative
correction with large imperfections and thé small error associated with small
imperfections should be disregarded. The conclusion is that in the numerical

evaluation the approximation of B by (21) may be used.

IS A A
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3. Evaluation and discussion of results.

The numerical evaluation of B (21), w3/<§1 (22) and of the maximal strain

increments,

2~ K _ 1-A/nR 1 e 1-A/nR ;1
e, Ru, (1 + 557mR) (.1 - & n'Rey (1 + 7R
€, = E
1 K /nR 1 1-A/nRy"
————— _R = ! —e.
= w, (14 g5 1+ E ke (s g5 |

has been carried out for o is resp. 0,01%, 1,25%, 2,5%, 5%, 10%, 20%, with
each a at a number of values of R from 0,7 up to about 4. With each set of
values o, R a number of values A = K/K2 were taken, K being always smaller
than the buckling load Kb =y KE of the perfegtly straight column.

Another upper limit of A follows from the condition that u > 0: formula (22)
and fig. 2 show that with u < 0 the A;w- curvé has no maximum. These upper

1imits are function of o and are given in table I.

_Table I
l 0,01 1,25 2,5 5 10 20
Max g 0,9989 0,973%  0,9577 0,9316 0,8916 0,8222
| |

Fig. 3 illustrates for one value of a (2,5%) and for some values of R the
shape of the B-A-curves. It shows that the value of R, where Kb/KR = 0,95T7
(ub 0), separates two regions with different character of the B-A-curves.
With smaller R any imperfection B yields reduction of the failure load A as
compared to the buckling load Kb/Kl of the perfectly straight column. When
R is greater there is again reduction of strength provided B exceeds some
critical value B e Then the column strength does not even exceed KQ,
though both KE and Kb may be much greater than K . However for B < Bcr he
A- w-curve has no other maximum than A Kb/K at w = « (and as usual at
some finite value of w failure will occur at a load somewhat below Kb) The
width of this "window" Bcr across which the load carrying capacity can
approach the high level of the buckling load Kb depends, as appears from
fig. 3, on R but as well on o. '

Fig. b gives Bcr as a function of R and a. With increasing R and o the

"yindow" is wider, which means that the unfavoureble effect of a certain

VM b N

amount of column imperfection is absent
and a is large - large imperfections of

behaviour can be understood as follows.

when R is large-short columns-

the flanges. This peculiar
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The column, before reaching the safe load level above Kl’ where the
imperfection hardly affects its strength, has to traverse the critical
load range, where the second derivation of n (therefore d P/d 9) has large
negative values (see ref. 1 fig. 5), which causes p to be large. With small
flange imperfections o this zone of danger where -n" is large is situated
near K/K = 0,8 4 0,9. At thib.load level the imperfection B induces large
deflex1ons. Only when B is sufficiently small (within the "window") the
column can get across ﬁhls zone of danger and reach the higher load level
where a positive n''exerts its favourable effect.

This phenomen has much in common with the behaviour of rotating shafts.
When the shaft is being accelerated slowly it will explode when traversing

the critical speed, due to initial deflexion or excentric masses.

A convenient representation of the numerical results is given by the figs.
5a/e. They show A as a function of R for a number of constant values of B.
These curves have been obtained from graphs such as fig. 3 for the various
values of a:
The upward sweep of the curve for constant B towards the Kb/KQ—curve

= 0) occurs at the value of R at which =8 . This value of R can be
read from fig. k. _
Fig. 6 deals with a = 0,01%, therefore the case which approaches perfect
flatness of the flanges. The curves for B = constant appear to correspond

in general character with those for the imperfect flanges.

The validity of the results, shown in these figures,; depends on the

validity of the truncated Taylor series in representing the P-e-relation.

This can be judged by considering the maximal strain increment (e ~€x )e at

the maximum load K.

The variation of slope of the P-g-curve near X =1 is less pronounced with
increasing a. Therefore the range of validity of the truncated series
increases with increasing a. Also the approximation is better when 1-A
jncreases. Some checks have been made; table II gives the global limit up

to which the truncated series represents (e-—eK)/e2 reliably.

Table II
a% ; )y e-sKijgz—“
1,25 0,85 0,11
2,5 0,85 0,12
5 0,80 0,15
10 0,72 | 0,27

—_

R B e iy
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The strain increment increases of course with increasing B8, but as well
with increasing R. Therefore it should be possible to give for each value

of a the limit B(R) up to which the curves are fairly correct. Such

evaluation of the numerical results has not been carried out in full, but

only partially. A practical upper limit for non-straightness of compression
members is about f = 6%. Then up to R = 1,8 the maximal strain increment

is within the limits, mentioned in table II, for o resp. 1,25 , 2,5 and 5%.
As stated before the accuracy improves with greater o. F.i. with o = 5% and
R
B

the curves is correct, though they may be more or less in error numerically.

1,8 the curves are correct up to 8 = 10%. For o = 10% the curve for

15% is correct up to R = 1,8. Beyond those limits the general trend of

This applies more in particular to the curves for o = 0,01%. The range of
validity of the truncated series will be very small which implies that the

numerical data are correct only for very slight values of B.

Inspection of figs. 5 learns that the strength reduction Ab-x due to B’is
(see table III):

1.. virtually constant over the range 0,9 < R < 1,6

2. almost equal for & is 1,25%, 2,5%, 5% and 10%.

The reduction 1-Ab of the buckling load due to the imperfection a alone is
maximal at R = 1. A realistic value of o for actual structures is
presumbaly 2 or 3%. Fig. 5b gives at R =1 1-A = 0,13 and for B = T%
;b-x = 0,115. At R # 1 1—Ab decreases rapidly and the strength reduction
due to B predominates. It appears that both the o-and B-imperfections

affect the failure load significantly.



k. Conclusions.

Whereas initial waviness of the composing thin walls (a) reduces the
buckling load mainly when KE/KR (= R) is about i, the imperfection of the
column axis has its strength reducing effect over a much wider range of R,
more in particular in the region R > 1 (figs. 5).

It keeps the failure load K below K2 (A < 1) up to a value R which depends
on the amount of the imperfections o and 8. This limiting R-value increases
with decreasing o and increasing B (figs. 5). For a given set of
values R and o therc exists a critical imperfection Bcr (fig. 4). When

B > Bcr A does not exceed 1. When B <£%r thg failure load is hardly
affected by B and will be close to the buckling load Kb (for 8 = 0)

(Fig. 3), vhich may involve X > 1. B, increases with increasing a.
Therefore it might have a beneficial effect upon the strength of columns
when R > 1,5 to apply artiZicial waviness of the walls with o > 0,1.

The strength reduction Ab-k due to B is almost constant over 0,9 < R < 1,6
and is almost independent of o over 0,0125 < a < 0,05, which is the range
of wall imperfection with actual structures (table III).

Taking the practical limit of B with actual structures to be 6 or 7% it
appears that a and £ yield about equal strength reductions near R = 1,
whereas the reduction due to B is the more important one when R > 1.

The numerical results apply to the column section of fig. 1, which is
highly susceptible to the unfavourable effect of imperfections. Actual
structures will be imperfection sensitive as well, though to a lesser
degree, because by coluiin bending the edges of some of their composing
walls get strain increment of opposite sign and therefore will be less
sensitive to wall imperfection.

The foregoing conclusions ore restricted to elastic behaviour.
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Appendix

The non-linear relation between bending moment and column axis curvature.

Ref. 1 raises the question: how must the load vary so as to maintain
equilibrium when the column deflects slightly at the bifructation load Kb?

This equilibrium load

K=K +k, (1)

where k is gquadratic in the deflexion W.
The flange loads at Kb are Pb = 3 Kb;with the deflected column the upper
and lower flange carry P1 and P2, respectively. Then Kb + k = P1 + P2, (2)
M= (P, - P ' (3)
The longitudinal flange edges are simply supported by webs, which serve
to maintain structural integrity of the column without contributing to
the transmission of axial siresses. The compression strains of the flange
at Kb and under deflection €45 €

edges are ¢ resp. They are related to

b
the deflexion W by the icometric relation

2

1 2 _4d'W
2 ‘ (h)
2¢ dx

' Using the Taylor series for the relation between Pand e, truncating it after

the third order term, we have
2; 3 3
P ‘! 2 P .
LBy (e, - e) + 3ED) (ep we )P pED) (eg - ) imn2.
&P de2 b aed v
The 5 equations (2), (3), (&), (5,1) (5,2) contain T unknown quantities:

€15 €5 P1, P2, W, k and M.

Pi =P+ (

Using these 5 equations for eliminating the 4 unknowns €15 €po P1, P2 the

result is a relation between M, W and k:

W, 1 2 ¢ \2,8°W\2 . ,n'y k7
M=n EIE% i1 -2 (@0 ') (H)EF7 + () 0 (6)
b T2 T8 p €, axl n b K,
where
ap/P, |
n= 527?;’ () = d()/d(P/Pﬁ)

end I is the moment of inertiaz of the section I = 2bc?h.
Recalling that k is quadratic in W eq. (6) says that deflexion modifies the
bending stiffness nbEI according to the expression between square brackets,

which is a quadratic funct . n of W and thereby a function of x.
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Table III
; R 0,9 | 1,0 1,2 % 1,4 1,5 1,6
!78% o'h | Ay~ A
1,25 |0,075 | 0,085 | 0,085 ; 0,08 0,08 0,08
2,5 0,085 | 0,09 0,085 | 0,085 0,085 0,085
4 5 0,08 0,085 | 0,085 | 0,085 0,08 0,08
10 0,06 0,07 0,07 0,07 0,065 -
20 0,05 | 0,055 | 0,055 | O - -
1,25 10,10 0,115 | 0,11 0,105 0,105 0,105
? 2,5 0,11 0,115’ 0,115 | 0,115 0,12 o,{2
T 5 0,11 0,115 | 0,12 0,12 0,12 0,12
10 0,10 0;105 { 0,105 { 0,11 0,11 0,11
20 0,075 4 0,08 0,08 0,075 - -
1,25 | 0,13 0,15 0,15 0,145 0,145 0,145
2,5 0,15 0,155 | 0,16 0,165 0,17 0,17
15 5 0,155 | 0,165 | 0,17 0,18 0,185 0,19
10 ‘0,145 | 0,15 0,165 | 0,18 0,19 0,20
! 20 0,12 0,13 0,14 0,15 0,155 -
[
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Fig.1. Column section

— Wy

Fig.2: Equation (13)
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Flg 3. Relcmon between )\( K/ Ke_) cmd [3 (- e /c) when a= 2 5 °/o'
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‘Fig. 6 Effect of’,cbl,u[mn' axis imp.‘e__r'fe'c‘ti.o_h on the failure
~load when the flanges are virtually perfect .







