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PREFACE

This report is the thesis for the degree of master of science at the chair of Aerodynamics,
faculty Aerospace Engineering, at Delft University of Technology. The author tries in
his master thesis to obtain a minimized sonic boom for a 2D, non-generating lift body
with a defined thickness. In order to reach this goal he analyzes the relation of a 2D
contour geometry with the asymptotic shock strength it produces in a steady and inviscid
supersonic flow.

There have been done many studies in different fields in order to reduce the sonic boom
strength. This thesis is based on the asymptotic shock strength which is derived from 2D
inviscid Burgers equation. An object moving with a supersonic speed creates shock and
expansion waves together corresponding to its detailed geometry. The expansion waves
interact with the shock wave and as a result a sound wave will be formed in a large
distance which is called sonic boom.

The interaction between these two waves leads to the decreasing of the shock strength.
This reducing process has an asymptotic behavior which means the strength of the shock
approaches zero when the distance goes to infinity. So it means an earlier merging of the
shock wave with expansion waves has a weaker sonic boom as result.

This thesis is a following on another master student’s work, 7. Francken who has worked
before on a relation between the shock strength and the geometry of an object with
infinitesimally small thickness [Francken [2009]]. This relation which is called the BASS
measure, has been developed by Prof.dr.ir. P.G. Bakker.
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ABSTRACT

When an object moves near sonic speed a shock wave will be formed and all disturbances
and discontinuities remain localized in an area downstream of the shock wave. The im-
pact of sonic boom is both of psychosomatic and structural damage. The sonic boom is
unacceptable to the human ears due to the fact that it appears without warning and it
produces structural damage. The sonic boom is unavoidable for an airplane which has
lift, so the effort should be made to minimize the unacceptability degree on the part of
the people.

A measure for the sonic boom strength is based on the asymptotic behavior of the interac-
tion between the shock and expansion waves caused by a body moving with the speed of
sound. The theory used to obtain this measure is based on the method of characteristics
for a 2D, steady, inviscid and isentropic supersonic flow. This measure is called BASS
which stands for Bakker Asymptotic Shock Strength. The BASS measure represents a
relation between the body geometry and the asymptotic shock strength it produces.

The BASS measure is applied to a 2D non-lift generating contour with a certain thick-
ness. Subsequently, the achieved measure is optimized by a variational approach which
results in two types of contours indicated by the asymptotic shock strength. The volume
of these contours is considered as constraint to the variation problem. The influence of
thickness and Mach number on contour geometry and asymptotic shock strength will be
investigated. In addition, the aerodynamic properties across the shock wave and drag
wave caused by these contours will be studied.

Results show that the first variant contours cause a lower magnitude of asymptotic shock
compared to the non-optimized contours with similar volumes while another variant con-
tours are not optimum. It seems also when thickness is set to be constant both contour
types do not depend upon the Mach number because the achieved contours show similar
behavior for the asymptotic shock strength at different Mach numbers. And when the
Mach number is set to be constant and the thickness increases, it will result in geometries
which generate higher asymptotic shock strength for different Mach numbers.
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CHAPTER 1

INTRODUCTION

When the Bell X-1 airplane exceeded Mach number 1 in 1947 aerodynamicists came
to know that sonic boom is a direct consequence of the shock wave pattern establish-
ing around the aircraft when traveling at supersonic speeds. Actually, sonic boom phe-
nomenon was not a new discovery because it was already known within the ballistics com-
munity [J.Plotkin & J.Maglieri [2003]]. Until this flight, supersonic speeds were achieved
primarily by artillery. There are two significant differences between this kind of waves
and that of supersonic aircrafts. The first difference is that aircrafts have lift and so the
wave field is not the simple axisymmetric pattern of projectiles and the second one is the
flight altitudes, so it means atmospheric variations can not be anymore neglected. In the
past decades, theory, flight test and experimental analysis have gone hand in hand to de-
velop an understanding of how sonic boom is generated. By understanding this, scientists
have been managed to develop prediction theories for sonic boom propagation and the
corresponding reduction methods. In this introduction part, first of all the origin of sonic
boom phenomenon will be discussed. Subsequently a short summary will be given of the
famous Whitham sonic boom theory, its implementations and shortcomings. The idea
of asymptotic characteristic of the sonic boom on which almost all of this thesis work is
based will be the next topic in this part. Finally the goal and research question together
with the outline for this theoretical report will be given.

1.1 The origin of the sonic boom

An airplane that flies at a certain altitude causes pressure wave disturbances which travel
in all directions at the local speed of sound a. In figure 1.1 the aircraft is considered
to be a point which moves with a velocity of 4 > a from point A to B. The pressure
disturbances caused by this aircraft can be observed as circular wave fronts. When the
speed of the aircraft increases, these pressure waves will be compressed at the successive
positions of the aircraft. This will result in formation of a so called Mach envelope around
the aircraft, given by the straight line BC, which is tangent to the family of circles. All
the sound is contained in the Mach envelope and so in fact the envelope is the location of
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the sonic boom [Kaour [2004]]. In a 2D perspective the Mach envelope looks like a wedge,
see figure 1.1. The semi-angle of this Mach wedge is known as the Mach angle which has
the following relationship with the Mach number:

p=sin”" <]\14> (1.1)

If the disturbances are stronger than a simple sound wave, then the wave front becomes

Figure 1.1: A wedge Mach envelope

stronger than a Mach wave, creating an oblique shock wave at an angle [ to the free
stream, where 8 > u. In other words, a Mach wave is an infinitely weak oblique shock
wave. In a real 3D view the resulting waves seem to form a conical oval, called a Mach
cone. The intersection of the Mach cone with the ground is called footprint of pressure
disturbances. By knowing this, we can define sonic boom as the noise generated by these
shock waves as observed in the footprint at the ground. The sonic boom is in fact a weak
shock because the typical overpressure Ap at the ground is up to 100 Pa resulting in a
shock strength of order 1072 of the atmospheric pressure.

1.2 The Whitham’s theory

After the origin of sonic boom is known men tried to develop theories in order to predict
the sonic boom propagation through the atmosphere and to minimize the sonic boom
strength. The most applicable theory which is used even today from theoretical parts
to wind tunnel tests and CFD approaches is the Whitham’s theory. According to this
theory, the wavefronts from the aircraft to the ground can be divided into three regions;
near-field, mid-field and far-field flow, see figure 1.2. Figure 1.2 is a schematic of the
coalescence of the near-field shock waves, that leads to a so called N-wave in the far-field.
From this figure some important points of attention can be drawn:

The sonic boom defined by the Whitham’s theory is characterized by a pressure distur-
bance in the footprint which has an initial quick pressure rise and furthermore a second
instantaneous rise back to the local pressure. Between these two abrupt pressure increase
there is also a linear decrease in the pressure to below local pressure. In fact, the observer
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on the ground perceives the bow shock and the tail shock as consequences of two men-
tioned abrupt pressure jumps. It is now obvious that the amplitude and length of this
sonic boom N-wave shape are related to the geometry of the airplane. The loudness of
the booms which will be heard can be determined by the level of the pressure disturbance
Ap. Furthermore, when the time between these two shocks is very short then the ground
observer will hear only one boom [J.Plotkin [2001]]. As it was mentioned above figure
1.2 shows basically three different wavefronts and the corresponding signatures at three
distances from the aircraft away. For an axisymmetric body as a well known airfoil there
are generally two waves, the bow shock which is attached to the nose and the tail shock
which is attached to the tail. But as we know an aircraft is not a smooth and axisym-
metric body, so what happens in the near-field is that the shock wave pattern contains
many shock waves, corresponding to the various compressions caused by the geometry
of the aircraft. However, away from the aircraft the shock wave patterns will evolve be-
cause of nonlinear effects like atmospheric turbulence and air temperature gradients. In
the far-field the shock wave patterns merge and form basically two main waves, the bow
and tail shock wave [Ferri & Schwartz [n.d.]]. This procedure for determining the shock
formation and computing the corresponding distortion was developed by Whitham and
is known as the Whitham’s theory for sonic boom. From previous studies [Curry [2008]],

\ 4, Near Field
e S

\ Mid Field

N

R,

e
\ e \-\ Ground Plane
\

~J

Distace or Time

Figure 1.2: Pressure signature diagram—From [Nadarajah [2011]]

it can be concluded that there are many factors which have an influence on the sonic
boom strength namely weight, size, and shape of the aircraft, furthermore there is the
altitude, attitude and flight path, and weather or atmospheric conditions. A heavier air-
craft causes a stronger sonic boom than a light aircraft because the former displaces more
air and creates more lift. One of the most effective approaches to reduce the sonic boom
intensity is altitude, because it determines distance along which the sonic boom travels
before reaching the ground. The direction and strength of shock waves are influenced by
wind, aircraft speed and direction, air temperature and pressure. In all these classical
studies [Curry [2008]] on the sonic boom the point was reached that any improvement
in the parameters that govern the efficiency of the aircraft’s performance will result in
a reduction of the aircraft’s weight. This reduction in weight results in a reduction of
the sonic boom as a consequence. Not only weight but also improvements in the (ratio)
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thrust to weight, the (ratio) lift to drag, the structural efficiency and the specific fuel
consumption result in sonic boom minimization [Seebass & Argrow [1998]]. Going to this
matter, minimization the sonic boom and obtaining better aerodynamic performance, is
beyond the scope of this thesis.

In the following section a brief summary of theoretical part of the Whitham’s theory
will be given and furthermore its implementation and limitations will be discussed. The
Whitham’s theory is chosen to be explained in this thesis for it is an analytical prediction
method on which almost all ongoing researches of today are based on it. In addition the
Whitham’s theory can be used to investigate the sonic boom characteristic caused by a
simple 2D body with a certain thickness.

1.3 Fundamentals of Whitham’s theory

As it was mentioned above, the standard sonic boom theory is based on Whitham’s theory
which describes the axisymmetric wave field caused by an axisymmetric projectile such
a bullet. In fact the Whitham’s theory is nothing more than a modification of the linear
supersonic theory of a non-lifting, slender and axisymmetric pointed body. This theory
predicts the location and strength of the shock waves emanating from the body. The issue
of how the sonic boom can be computed for the mentioned body is tackled by using the
linearized supersonic flow theory in combination with the supersonic area rule methods.
The linear theory predicts the entire flow field using straight characteristic Mach lines
emanating from a point on the body surface [G.B.Whiham [1952]]. As it can be observed
from figure 1.2, the wavefronts are curved while linearized flow theory predicts straight
characteristic lines, see figure 1.3. There are two reasons for this: First, the supersonic
flow is inherently non-linear, while linearized flow theory is just an approximation that
assumes weak waves propagate at acoustic velocity. This non-linearity in actual supersonic
flow field can be explained by the fact that the amplitude of the waves depends on
their corresponding velocities which again depend on the aircraft geometry and the axial
location of the waves. Second, the atmosphere is non-uniform and the speed of sound
generally decreases with increasing altitude. According to the Whitham’s theory the near-
field is considered to be a small region in which the pressure field directly depends on the
geometry and the aerodynamics of the aircraft. It is of high importance to note that the
atmospheric gradients do not play an important role in this region. In order to obtain the
acoustic signature in the near-field the reference [K.J.Plotkin [1989]] considers a slender
axisymmetric body in a uniform supersonic flow, see figure 1.3. Based on linearized
supersonic flow theory the near-field overpressure Ap asserted by the Whitham’s theory
can be calculated by using the following two equations (1.2 and) (1.3):

yM?F (2 — Br)

Ap(x — fr,r) = po NoLD (1.2)

Where:

e Ap is the overpressure related to the cylindrical acoustical wave.
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x-ﬂr=L

Figure 1.3: Linearized Flow Area Rule Theory—From [K.J.Plotkin [1989]]

po is the undisturbed ambient pressure.

z is the axial coordinate (body fixed reference).

r is the radius.

~ is the ratio of specific heats.

M is the Mach number.

[ is the Prandtl-Glauert factor.
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In equation (1.3) A is the cross sectional area of the vehicle along cuts aligned with the
Mach angle ( i.e. cuts along the z-fr lines) shown in figure 1.3.

Equation (1.2) represents the cylindrical spreading of the acoustic disturbance in a uni-
form atmosphere and equation 1.3 is known as Whitham’s F-function that represents the
acoustic source strength which is based on linearized supersonic flow area rule theory.
The F-function has an implicit dependence on Mach number due to A being defined by
Mach tangent cutting planes. These two equations refer to the near-field flow because
the wave signature shapes change with distance due to non-linear effects [K.J.Plotkin
[1989]][J.Plotkin [2001]] .

In fact, these two equations are derived for axisymmetric bodies in steady level flight. It
should not be forgotten to say that figure 1.2 and these two equations are presented from
an aerodynamic perspective, in body-fixed coordinates. Later on Lomaz and Walkden
showed that the axisymmetric body area rule could be generalized to asymmetric bodies
[K.J.Plotkin [1989]]. The idea was motivated by lift generating bodies and validated by
generalizing A(z) to an equivalent area A.(z,) which is a function of azimuthal angle
 about an axis through the body and defined by the flight direction. The equivalent
area consists of two components: a volume component and a lift component. The volume
component is calculated in the same way as for an axisymmetric body, except for that
the cutting plane must be aligned with the azimuth, such that it is tangent to that az-
imuth on the corresponding Mach cone. The lift component for the equivalent area can

F(z) d¢ (1.3)
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be calculated by:

/8 €T

pu, Jo
Where L(z,p) is the component of lift per unit length in the ¢ direction, and p is the
ambient density.
In order to analyze the sonic boom propagation in a real and non-uniform atmosphere it
was needed to define a new approach to sound tracing. Therefore the Whitham’s sonic
boom theory was shifted from an aerodynamic perspective to an acoustic perspective in
which the reference frame was changed to atmosphere-fixed coordinates and the method
of geometrical acoustics was applied. Figure 1.4 shows an equivalent sketch as it is given
in figure 1.2, but in atmosphere-fixed coordinates. The aircraft is flying from left to right,
and boom propagation and evolution is shown along rays. The rays are orthogonal to the
wavefronts and represent the paths along which the acoustic disturbances propagate. In
fact the rays represent the space which will be traced out by the boom while the waves
represent the boom as it exists at a given instant [K.J.Plotkin [1989]]. In other words,
although the wavefronts shown in figure 1.2 exist at a given time, each point on the wave
was generated by the aircraft at some earlier time. And the rays indicate the trajectories
the disturbance will follow as it propagates to the ground. A bundle of these rays is called
a ray tube along which the acoustic energy is conserved, see equation (1.5).

P( S )2 = constant (1.5)

Poao

Ap(z, ) = L(x,p)dz (1.4)

[un

e P refers to the acoustic overpressure.
e po and qp is the variable density and ambient sound speed.

e S is the ray tube area.

This equation shows the propagation of the geometric acoustic rays through the non-
uniform atmosphere which at the same time shows the conservation energy along the rays.
So, now we know in order to perform the geometrical acoustic ray tracing we need two
inputs namely; the airplane trajectory and the structure of the atmosphere [K.J.Plotkin
[1989]] [Seebass & Argrow [1998]][J.Plotkin [2001]]. Once the geometrical acoustic ray
tracing is performed which is a major task in sonic boom computer programs it is now
possible to obtain an analytic solution for the shock strength and duration of N-waves
far from the vehicle. This is namely a far-field result which is valid at large distance
where the local cross-flow effects are negligible and linear flow theory can be applied. The
acoustic overpressure Ap in a ray-fixed coordinates can be written as follows [K.J.Plotkin
[1989]]:

Ap:p—pozpo*lj/%) (1.6)

with:

o T=t— [ ds/ao.
e t is time.

e s is the distance along a ray.
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Figure 1.4: Comparison between wave (body-fixed) and ray (atmosphere-fixed)
perspectives—[From K.J.Plotkin [1989]]

® qg is the undisturbed ambient sound speed.

e B is the amplitude expression based on the Blokhintzev invariant.

7 indicates an arbitrary point on the acoustic wave and ¢ is its arrival time at location s.
Whitham replaces ag by the term a+wu in the equation 1.6. The terms a¢ and u are the
perturbed sound speed and the velocity respectively. For an isentropic acoustic wave the
propagation speed is the following:

7+1p—m) (17)

a+u=ag <1+
2y po

Using this equation gives us the new definition for the arrival time ¢:

Sds  y+1 /5 ds
t=74+ | —— F(r) | —= 1.8
0o ao  2vap (7) o VB (1.8)

The last term of this equation indicates the advance of each signature point and is pro-
portional to its F-function value and a quadrature term, v/B, which is independent of F.
This quadrature term is part of the ray geometry solution and is called the age factor.
This factor measures in fact how long the signal has undergone the distortion process
[D.Hayes [1971]].

An example of development of an acoustic wave computed using equation 1.8 is shown
in figures 1.5a to 1.5¢,[K.J.Plotkin [1989]]. Figure 1.5a shows the overpressure Ap in
the near-field, figure 1.5b indicates the effect of acoustic propagation where the ampli-
tude changes but the shape remains unchanged. Figure 1.5¢ shows non-linear steepening
proportional to the age parameter and the amplitude of each element of the original F-
function. Parts of the aged signature showed in figure 1.5c are triple valued. This is
physically not possible. It seems as at some earlier time the aging process would cause
the signature slope to be vertical. It looks as a discontinuous pressure jump is taken
place. The propagation of this pressure jump must be handled as a shock wave, rather
than an isentropic wave. The speed of a weak shock of strength Ap can be calculated by
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the linearizing the Rankine-Hugoniot relations which is:

us = ag <1+> (1.9)

This speed is slower than the isentropic wave speed behind it, so this is the reason why
the original signature is absorbed into the shock. In general the linearized shock speed
is equal to the average of the isentropic wave speeds ahead of and behind it. This leads
to the area balancing rule for fitting shocks. This process will be done as follows that
first the steepend isentropic signature should be constructed , then the triple valued areas
must be eliminated by fitting shocks such that total area is conserved. So, these three-
valued regions in figure 1.5¢ are in fact the locations where the shock waves have been
formed, and the shocks are fitted by an area balancing. This is shown in this figure by
the equal shaded areas ahead of and behind shock. As we have observed the signature

P~ Po P-Ppo

o /\ » .
| \/ |
(a) Signature Near Aircraft (F-function Shape). (b) Far Field, Acoustic Amplitude Change, Same Shape.

P~ Ppo

Shock —| L T

° \F
Shack

e (c) Far-Field Steepened (Aged) Signature.

Figure 1.5: Evolution and Steepening of Sonic Boom Signatures—From [K.J.Plotkin [1989]]

aging leads to an N-wave. Two characteristic elements for this type of wave are the shock
overpressure Ap and the total duration t. If we now only concentrate on the positive
portion of the N-wave, the corresponding overpressure can be obtained by determining
the value of 7 corresponding to the wave just behind the shock. The value of 7 will
increase with distance from the aircraft, as earlier phases of the wave are absorbed into
the shock. From equation (1.8) the arrival time of the shock can be written in another
form with denoting the value of 7 as T'(s).

S 1 S
i 2y [
0o @ 27vap 0o VB

Differentiating the equation (1.10) with respect to s gives us the expression % which
is in fact the inverse of the shock speed uspocr given in equation (1.9). Combining these

tshock = T(S) +

(1.10)
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two equations results a differential equation for 7'(s).

1/2
/ y+1 [° ds -1/
— (1.11)
2van Jo VB
As we observe from this equation 7'(s) appears as a limit in one integral on the right
hand side. It means at very large distances, most of the original Whitham’s F- function
will be immersed in the shock. and T'(s) will be sufficiently close to the first zero of F' at

To that the integral will asymptote fOTO F(1)dr. The final shock strength is the following
expression:

—1

B 22 [" Py % 1l (112)

The overpressure for different waves such as plane (B=constant), cylindrical (Boxs) or
spherical (Bxs?) waves in a uniform atmosphere can vary asymptotically as follows:

s1/2 plane
Apghock o § s34 cylindrical (1.13)
s~ (logs)~1/? spherical

1.3.1 The implementation and limitations of Whitham’s theory

A complete implementation of standard sonic boom theory is very complex so that eval-
uation by a computer program is preferred. Up to now there are a couple of computer
programs developed to implement the Whitham’s theory. All these programs treat the
F-function as an input and perform the ray tracing and signature aging calculation. The
F-function input can be obtained from a separate linearized flow calculation which is
achieved from wind tunnel or from computational schemes, [K.J.Plotkin [1989]]. Between
the years 1969 and 1972 there were two computer programs developed from which both
of them are used today or at least they have made the central part of all other programs
up to our time, [J.Plotkin [2001]].

The first program was ARAP model made by Hayes [K.J.Plotkin [1989]] which consid-
ered all details from standard theory for a general maneuvering aircraft in a horizontal,
non-uniform and windy atmosphere. The second program was developed by Thomas
[K.J.Plotkin [1989]] which was made in a way that one could directly input Ap from wind
tunnel tests. It is of high importance to note that each of these programs has its own
capabilities and limitations.

The experimental research on sonic boom by NASA has lead to build models from flat
plate and bodies of revolution to complex aircraft models at Mach numbers up to about
2. Wind tunnel tests have validated the pressure disturbances in the near-field and ex-
trapolated these measurement data to the required distances by means of the ray tracing
method. At Mach numbers above 2.0 the measured overpressure in the near-field is dif-
ferent from that calculated by the analytical method and so the provided results are not
sufficiently reliable [K.J.Plotkin [1989]].

More recently, CFD methods have come to be regarded as an alternative to wind tun-
nel testing. These CFD schemes have been required to calculate the F-function in the
near-field. But, obtaining a complete near-field signature from CFD requires a very large
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spatial grid than ever have been used for aerodynamic design purposes. Men hopes with
the increase of computational power in the future time the entire flow field of any aircraft
can be computed even to very large distance [K.J.Plotkin [1989]][Kaour [2004]].

While the Whitham’s theory is the most applicable theory for 3D flow, it can not be used
yet for the purpose of finding an accurate relation between the geometry of the aircraft
to the signature produced in the near-field. That is because the pressure disturbances
produced in the near-field are strongly non-linear which are neglected by the theory. So,
in order to take these non-linear effects into account scientists have recently developed
higher order solutions of the governing differential equations by retaining higher order
terms in the equations. But, these methods are not yet used sufficiently advanced to
allow the use of such methods for the prediction of practical problems. And also these
higher order approximation methods like the Whitham’s theory can not be used at higher
Mach numbers because their results are based on improved linearized theory [Ferri &
Schwartz [n.d.]].

In addition, there are phenomena like hypersonic flight speeds, focused booms, shock
wave rise times and atmospheric turbulence effects which are beyond the capabilities
of the Whitham’s theory. These phenomena will be described in short respectively be-
low,[K.J.Plotkin [1989]][J.Plotkin [2001]][Kaour [2004]]:

As it mentioned above, the Whitham’s theory neglects the non-linear effects in the near-
field because they decrease rapidly moving away from the aircraft, so that in the far-field
the linearized flow area rule theory can be applied. The Whitham’s prediction has been
validated for slender bodies at moderate supersonic Mach numbers. It means the flow
field for the hypersonic speed vehicle must be analyzed in one or other ways.

When an aircraft accelerates, turns or does other maneuvers, it seems that the shock
waves focus which lead to the amplification of sonic boom intensity. When boom focusing
occurs the observed overpressure at the ground is about 2 to 5 times larger than those in
a typical N-wave. This phenomenon let the ray tube area vanish in some points so that
the ray tracing method used by the Whitham’s theory can not be applied anymore.

In addition the Whitham’s theory does not take the structure of the shock waves into
account and therefore uses the weak shock theory which in fact implies thin waves. But
recently flight tests show that sonic boom shocks are substantially thicker than what has
been expected.

Some questions regarding propagation through turbulence in the lower atmosphere, ab-
sorption and dispersion due to non-equilibrium and viscosity effects remain open. The
effects of atmospheric turbulence are also beyond the capability of ray tracing method
used by Whitham’s theory because the Whitham’s theory neglects the presence of turbu-
lence in the atmosphere .

1.4 The asymptotic shock strength

As it can be noticed from above, there are a lot of studies from theoretical fields to wind
tunnel tests and CFD approaches performed in order to minimize the sonic boom. But
almost all of these methods have one common point which is using the basic sonic boom
theory, Whitham’s theory. Being precisely, all of these studies in one or other ways have
validated the Whitham’s theory. But, as it was mentioned in the previous section, there
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are also deficiencies and unknown fields within the accepted sonic boom theory.
However, considering the basic sonic boom theory the central point of this thesis will be
the studying of the asymptotic characteristic of the shock wave. From linearized super-
sonic flow theory it is known when an object with a finite length moves with a supersonic
speed there will occur both shock waves as well as expansion waves. As it was already
shown in figure 1.2 the expansion waves together with shock waves are the results of the
body geometry. The expansion waves will intersect with the shock waves as they travel
into the space and merge with the shock. The interaction between these two waves will
result in weakening of the shock and causes its angle to approach the Mach angle. In fact,
the asymptotic shock strength is an indication for the sonic boom produced by the body
geometry which can be observed in a large distance. In other words, the shock wave has
an asymptotic characteristic for which the strength goes to zero when the shock moves
to the infinity. For this reason, the sonic boom strength can be studied asymptotically
in terms of the shock strength. The asymptotic shock strength is not only dependent on
the flight height but also on the Mach number. It is also worthy to note that the most
desirable asymptotic shock strength is the one which is as low as possible. In order to
have such a low strength we can change the behavior of the asymptotic shock by changing
the body geometry in such a way that it goes faster to zero.

In Whitham’s theory men also try to change the geometry in such a way that the lowest
possible near-field overpressure arises. Subsequently, the near-field overpressure is extrap-
olated by the ray tracing method to the far-field on the ground and the known N-wave
signature being obtained. This N-wave signature on the ground is the indicator for the
sonic boom strength and does not have the same asymptotic behavior as we have for the
asymptotic shock strength theory. In other words, although in Whitham’s theory the re-
sults for the far-field are not a direct consequence of the body geometry but they represent
the sonic boom strength observed on the ground. On the other hand, the results obtained
on the basis of the asymptotic shock strength theory indicates the relation between the
body geometry and its influence on the sonic boom strength.

This thesis is in fact a following work of T. Francken who has investigated into the BASS-
measure which is derived by prof.dr.ir.P.G Bakker. BASS stands for Bakker Asymp-
totic Shock Strength and can be used as a measure for the asymptotic shock strength.
T.Francken has tried in his thesis work to achieve an understanding of the influence of
the shape of a 2D lift-generating object on the BASS magnitude. The BASS-measure in
his work has been investigated coupled with requirements for the angle of attack and lift
coefficient. For more information about his research work see [Francken [2009]].

In the current thesis, special attention will be drawn to focus on minimization of the
asymptotic shock strength by finding a 2D optimum contour geometry which has a cer-
tain thickness. The influence of lift will be neglected for this thesis since the body is
assumed being in a non-lift configuration. The main question in this thesis can be for-
mulated as follows:

What is the most optimum 2D and non-lift generating contour with a certain
thickness to have the minimum asymptotic shock strength for different Mach
numbers?
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1.4.1 Thesis outline

The supersonic flow which is considered to be 2D, steady and inviscid can be modeled
with the Fuler equations. Based on these equations, the characteristic equations can
be derived. This basic theory will be discussed in chapter 2. Using the characteristic
method and the BASS measure from [Francken [2009]] enables us to find an expression
for the asymptotic shock strength for a 2D body with a certain thickness. These all
will be discussed in chapter 3. The expression which is determined for the asymptotic
shock strength will be analyzed as a variation problem in chapter 4. The solution to
this variation problem leads to a very complex first order differential equation for which
the characteristics will be discussed in chapter 5. In chapters 6 and 7 the attention will
be drawn to the properties of the optimized contours which are obtained based on the
variation problem. In chapter 8, the Whitham’s theory will be applied to the achieved
2D optimal contours and the overpressure results based on this theory will be compared
with results achieved by the asymptotic shock strength theory. The results of different
parts will be evaluated in the last chapter and the research question will be answered.
Moreover, there will be some recommendations formulated for further studies.



CHAPTER 2

STEADY 2D FLOW

In this chapter, the characteristic equations will be derived to describe a 2D, steady and
inviscid supersonic flow. Subsequently, The development of the inviscid Burgers equation
will be explained which is needed to define a simple wave flow domain. For a more in
depth discussion of the fundamental theory used in this section the reader is referred to

[P.G.Bakker & Leer [2005]].

2.1 Fundamental gasdynamics for 2D steady, inviscid, isen-
tropic supersonic flow

The theory of characteristics evaluates the development of the shock wave in a super-
sonic flow which can be build up from the characteristic Mach lines. The characteristic
equations can be defined by ordinary differential equations, the compatibility relations.
A 2D, steady, inviscid supersonic flow in a (z,y) domain can be modeled by the FEuler
equations. These equations neglect the effects of viscosity, heat conduction and external
forces. It is also assumed that the flow is adiabatic which means the total enthalpy is
constant. Furthermore, the flow is assumed being steady and isentropic for which the
entropy remains constant along a streamline [P.G.Bakker & Leer [2005]].

u—+v—+p—+p—=0 (2.1)
T T Y

ou ou Op
ov ov  Op
OH OH
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After expressing everything in entropy and total enthalpy instead of pressure and density
the whole system of Fuler equations can be summarized in the following form:

AW, + BW, =0 (2.5)

In this expression A and B are two Flux Jacobians in x and y directions respectively and
W is a vector consisting of the following terms W=(u, v, d5, H)”. In order to diagnolize
the system stated by equation (2.5) we need to transform the variables using dV=LdW
such that:

Ve +AV, =0 (2.6)

Now, the eigenvalues of A~'B is needed to help us to find out the transformation. The
eigenvalues are dimensionless and represent a direction.

A4 = tan(o F p) (2.7)

2,3 = tan(y) (2.8)
The eigenvalue Ag 3 is the local flow direction and the eigenvalue A;4 indicate the two
directions of steady acoustic waves or the characteristic directions of the supersonic flow
and are referred to as I'” and I't respectively. To be sure the domain of influence
is downstream of a certain point in the flow, the characteristics also must be directed
downstream. From now on, there will be only worked on a flow aligned system, so the
coordinate system will be changed from (z,y) to (s,n). After writing the expression (2.5)
in the new coordinate system aligned variables this equation becomes the following:

AZ,+BZ, (2.9)
With the Flux Jacobian A and B in (s,n) domain:
1-M*> 0 00
< 0 -2 00
A= 0 010 (2.10)
0 0 01
0 ¢ 0 0
g-|?9 Y 55 1 (2.11)
00 0 0
00 0 0
The eigenvalues of equation (2.9) are the following:
A4 = Ftanp (2.12)
A23 =10 (2.13)

1
. . . . . . . M2_1 ’
These eigenvalues result in matrix L, which consists of the corresponding eigenvectors:

gV M2—1 _V/M2-1

Where p is the Mach angle calculated by equation (1.1) and also knowing tan pu=

M? -1

4 -1z q
0 0 1 0
0 0 0 1 (2.14)

/A2 — 1 VM2-1  /M?-1
VM1 g =T
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So, now the left row eigenvector method can be used to find out the new state quantities
from:
dV =LdZ (2.15)

This results in the following expressions:

vVM? -1 M2 -1
dVi = /M2 — 1dg + qdyp + 2 _ds — dH (2.16)
Yy —1)M q
dVo = ds (2.17)
dVs =dH (2.18)
vVM? -1 M2 -1
dVi = —/M2 — 1dq + qdyp — 2 ~ds + dH (2.19)
Yy —1)M q
Now, the characteristic equations can be written in the following form:
aV; oV;
Ni— =0 2.20
0s + on ( )

Using the notion V'~ instead of V] and VT instead of Vj gives us:

along I'T, with Z—n = Ftanu = dVT =0 (2.21)
s

d
along T, with CTZ =0=dVh=dV; =0 (2.22)

The compatibility equations for an adiabatic non-isentropic flow can be obtained after
rewriting of dV~ and dV with variables ¢, ¢, p and p:

VMZ = 1dp
yM?  p

VMZ = T1dp
YM?  p

As it was assumed that flow is an isentropic flow i.e ds=0 and dH=0, so, the compati-
bility equations can be formulated in an integral form and after a renormalization of the

eigenvectors they will be:
VM2 =
q

AV~ = (dp — )q (2.23)

AVt = (de + )q (2.24)

1
avT = dg £ dp (2.25)
The first part of the equation (2.25) is the differential form for the Prandtl-Meyer function
v(M):
M? -1
dv=Y"—"dq (2.26)
q

So, the compatibility relations for isentropic flow are the following:

dVT =dv +dp (2.27)
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After integration, it can be concluded that the invariants for the isentropic flow VT are:

d
along I'", slope : aTy =v =tan(p—p)=tan(0") =V =v+y (2.28)
x

d
along I'" slope : i v =tan(p+p) =tan(@) =V =v - (2.29)

T

2.1.1 Simple Waves

Figure 2.1 shows the expansion fan due to a pressure decrease in a supersonic flow initially
having a free flow Mach number My in the undisturbed flow domain 0. The thick line
in this figure depicts a wall which consists of an horizontal and a curved line. The
undisturbed flow on the horizontal wall is deflected over a certain angle through the curved
wall. In addition, the thin lines represent the straight characteristic Mach lines I'* and the
dashed lines represent the curved characteristic Mach lines I'~ which are originating from
domain 0. So, due to the undisturbed flow domain there is one thing clear that along the
curved I'™ characteristic lines the corresponding compatibility equation remains constant,
V™ = v + p=constant. Furthermore in figure 2.1 the points A and B are two arbitrary
points in the expansion wave. These two points are laying on two I'~ characteristic lines
but on the same I'" characteristic. This condition can be expressed as follows:

along I'" : vp4+ v =va+ P4 = Voo + Yoo = constant (2.30)

along I'" : vp —pp =v4 —pa (2.31)
Equations (2.30) and (2.31) seem to be true only if:

v =va and g = v (2.32)

From this we can conclude that along a certain I't characteristic in the expansion wave
both v and ¢ are constant. This condition also makes the angle of the characteristic
line 6 being constant which implies that the I't characteristics are straight lines in the
expansion fan. Figure 2.1 represents in fact a very special case of the expansion wave in
which one of the invariants (in this example V™) is uniform. This type of expansion wave
is called the simple wave which is governed by the characteristic equation conforming the
equation (2.20):

S =)+ tan( 4 )5 (v = ) =0 (23

This equation can be used to derive the inviscid Burgers equation for the simple waves in
a 2D steady and inviscid supersonic flow, see equation (2.34).

ov ov
—+v—=0 2.34
Ox U@y ( )
So, the Burgers equation is now expressed in the slope of the local characteristics, v =

tan(p + p). For a full discussion of how this equation is derived the reader is referred to
the document [P.G.Bakker & Leer [2005]].
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Figure 2.1: Simple wave flow in a supersonic flow field
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CHAPTER 3

ASYMPTOTIC SHOCK STRENGTH

In the previous chapter the theory of characteristics was used to define a 2D steady and
inviscid supersonic flow field. At the end of this chapter it was also shown how we can
apply the characteristic equations and their compatibility relations to a simple wave flow.
In the present chapter first a summary will be given for the BASS theory which is a
measure of the asymptotic shock strength for an object having a very small thickness in a
supersonic flow field. A full description of this theory can be found in [Francken [2009]].
Subsequently, the geometry of a 2D body with a certain thickness will be introduced for
which the asymptotic shock strength will be determined in this report.

3.1 Bakker asymptotic shock strength (BASS)

According to theory of characteristics, in a compression flow field, the characteristic lines
show a convergent trend. And when the characteristics tend to cross each other a shock
wave will be formed. In order to model this shock wave we need to solve the Burgers’
equation (2.34) explained in the previous chapter. The solution for the Burgers’ equation
is a non-rotational jump equation as follows:

dy 1
had P 1
<d$> shock 2 (UO " Ul) (3 )

This equation represents the slope of a shock wave as the average of the slopes of the
characteristic lines vy and v; merging into the shock. The practical problem with this
equation is when the orientation is rotated the characteristic slopes will be changed w.r.t
each other. So, in order to analyze the asymptotic shock strength later on in this report
a rotational invariant jump equation is required as follows:

<dy> = tan <M> (3.2)
dx shock 2

This equation shows that the angle of the shock path equals the bisector of the character-
istic angles before and behind the shock. Using the trigonometric relations, this equation
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can be written in terms of v as follows:

<dy) _ V1I+viy/140f + v — 1 (3.3)
shock

dx Vg + U1

Once the shock path can be modeled by the invariant jump equation (3.2), the strength
of such a shock wave can be determined by the following expression:

¥ = tanb; — tanby = v1 — vy (3.4)

As it was mentioned, 6; and g are the characteristic angles behind and before the shock
wave respectively. This expression will be used throughout this thesis to measure the
asymptotic strength of the shock.
An object which moves with a supersonic speed causes the occurrence of the shock wave
as well as the expansion waves. The expansion waves interact with the shock wave as they
move into the space. Due to this interaction, the shock strength will be decreased and
eventually becomes zero when the distance goes to infinity. A measure for the decay of
the shock strength to zero when the distance goes to infinity is described by an expression
derived by P.G.Bakker and is referred to BASS. BASS stands for the Bakker asymptotic
shock strength and represents the asymptotic decay behavior of the shock strength for
a body with infinitesimally small thickness. A short description of the BASS theory is
given below:
According to [P.G.Bakker & Leer [2005]] and [Francken [2009]] the error in the solution
will be very small because for the weak shocks the pressure jump is of the order (Ap)3.
It means that the assumption the flow is isentropic for the Mach range 1.3 < My < 3.5
makes sense. The isentropic assumption for the weak shocks was in fact necessary to
apply the simple wave theory.
In order to achieve the BASS measure we must project the characteristics onto the x-axis
and this is only possible when we know the v-distribution along the x-axis. Figure 3.1
illustrates the details of an object with geometry y=f(z) in a supersonic flow field with the
assumptions which have been already mentioned. According to the simple wave theory
all curved I'” characteristics originate from the undisturbed flow field and therefore the
invariant of the isentropic flow V;~ remains constant everywhere in the flow domain. The
['" characteristics are straight lines and have a slope of v = tanf = tan(u+ ¢). As it can
be observed in figure 3.1, P(z,y) is an arbitrary point in the upper domain of the profile
and the value v for this point is the following;:
y—f (¢

ve(r.y) = Lt (35)
Where ( is the z-coordinate of point @(z,y) which itself is the intersection point of the
't characteristic with the object surface. This equation indicates in fact the gradient of
the line P@) which equals to vp. The task is now to express ( as function of z and y.
According to the simple wave theory we know already vp = v and vg 4+ ¢g = V;; . This
gives us vg as follows:

v ="Vy —tan ' (f7(()) (3.6)
In this equation f~(() is the gradient of the object in point ¢ which also indicates the
flow direction. We can express v as follows:

dy
v= <dx)r+ = tanf = tan(p + p) =

tany + tany (3.7)
1 — tangptanp ’
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Figure 3.1: An object in a supersonic flow field
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Using this equation and knowing the slope of characteristic Mach lines along the z-axis
tany = % we can express the flow direction as follows:

Buv—1
B+v

tang = (3.8)

This equation shows the flow direction ¢ as a function of v along the z-axis with the
known Prandtl-Glauert factor 8 which can be defined as follows:

v+1 vo+m/2—0
I ry_lcm — (3.9)
v—1

With knowing the following expression for Prandtl-Meyer angle;

1
v= w/itcm_l f__ tan"1f (3.10)
v—-1 A\l /atL
y—1

It is impossible to express v in terms of z so we do other way around namely z=z(v). This
means we can express  coordinates as a function of the local flow direction z=z(tang).

So equation 3.8 becomes:
-1
xzx(ﬁv > (3.11)

B+v

This equation is called F(v) function which indicates the z-coordinates in terms of v
along the surface. The z-coordinate of point @) can be defined with ¢ = F(vg) which
gives vg = F~1(¢). So, there are now two expressions for v(z,y) at point @ as follows:

v(a,y) = L) (3.12)

T —=¢

v(e,y) = F7(C) (3.13)
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From these two expressions we are able to write ¢ as a function of z and y, ¢ = ((z,y).
This result together with equations (3.12) and (3.13) enable us to describe the location of
v(x,y) along the surface. For the analytical simplicity, the v-distribution will be projected
into the x-axis which means the characteristic lines will continue until they intersect the
z-axis. This means that y-coordinate of point () becomes zero for which the corresponding
v becomes:

vwy) = L =F ) (3.14)

From this we know that ( = 2 — ¥ which results in F(v) = 2 — 2. And this gives us the
corresponding y-coordinates of the characteristic lines as follows:

y=v(z,y) [z — F(u(z,y))] (3.15)

Once the v-distribution is known along the surface, the next step to make the BASS
theory complete is to define an expression for the shock path. Equations (3.3) and (3.15)
together will result in a new form of the jump equation as follows:

dy dv dv
e (x — F(v ))-f—U—U%F (3.16)
It should be noted that v in this equation indicates vi. And the differential equation

% represents the v-distribution along the shock wave. Integration of g—; with the known

boundary conditions at the leading edge z=F (v;)=0 results in desired coordinates for the
shock path as follows:

COS 4
2= T(0) = WM /9 (sind — sinfy)d(F(v)) (3.17)
y = tanb(Y () — F(tanh)) (3.18)

The parameter = given in expression (3.17) represents the shock path location which can
be determined by integration of the characteristics along the shock wave. For more details
in derivation of theses parameters the reader is referred to [Francken [2009]]. As it was
earlier explained, the asymptotic shock strength can be defined as a measure that the
shock strength decays to zero when the shock wave goes to infinity. This definition is
obviously to observe from equation (3.17) which shows when 6 — 6,, the shock wave goes
to an infinite distance from the object, Y (6) — oc.

Earlier it was mentioned the asymptotic shock strength can be determined by equation
(3.4). And we know that substitution of equation (3.17) in (3.18) gives us the behavior of
the shock strength when y — co. So, in order to calculate the asymptotic shock strength
we must express %(y) explicitly. For this reason, firstly T(6) must be developed in terms
of (tanf — tanbfy) by using Taylor series expansions. Putting the new YT(f) into eqation
(3.18) gives us a new definition of the vertical path of the shock as follows:

lotanfy + O(%)

= 3.19
2c0s40X2 + O(¥3) (8.19)
This result gives us the following expression for .
2lgtandy 1
Y = tanb — tanby = otanto ° _ kl— + Higher Order Terms (3.20)

“costly NG VY
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As it can be observed, the asymptotic shock strength will decay to zero with the factor
k;, where the simplified form of the dominant coefficient [y is the following:

. 0
lo= 00300/ Fsinfdf (3.21)
[%

0

The influence of higher order terms is very small, therefore it is decided to neglect the
effect of these higher order terms in the asymptotic shock strength 3. It means the
dominant term for the asymptotic shock strength when y— oo becomes:

/ QSiTLHQAZ
The term ¥25n%

05200 is constant and does not depend on body geometry. As it only gives the
Mach number of the undisturbed flow, it is considered as the Myqci0r. We already know
the characteristic angle of the undisturbed flow 6y is the sum of the undisturbed Mach
angle and undisturbed flow angle 0y=po+¢@o. So, this help us to express Myqci0r Only in
free low Mach number as follows:

(3.23)

Thus, A; can be addressed as the only measure for the asymptotic shock strength of the
leading edge shock which depends on the shock wave-expansion interaction:

o
A= / (cosBy — cost)dx (3.24)
0

According to the BASS theory this integral indicates the asymptotic shock strength for
an object in a steady and inviscid supersonic flow. A; is an integration of the cosf-
distribution along the body surface in a domain which is defined from 0 at the nose to xg
at the shoulder point of the body where the 6y characteristic intersects. At the shoulder
point a Prandtl-Meyer expansion wave will occur where the flow expands to the free flow
condition. And zg is in fact the z-coordinate of the intersection of the I'p-characteristic
through the shoulder point for which the slope is zero with the z-axis. So, in this way
the z-coordinates which are involved in this integral are actually the z-locations of the
projected characteristic lines onto the z-axis.

3.2 Application of the BASS theory to a 2D forebody

In [Francken [2009]] the BASS theory has been applied to lifting bodies namely: a flat
plate, a plate with a kink, a multiple kinked plate, a smoothly curved plate and curved
profile with thickness. But, in this thesis we will apply the BASS measure to a 2D body
with a small thickness. Furthermore, the body is in a non-lift generating condition. This
body has a (thickness/chord)-ratio of 7. And because the length of the span is assumed
to be constant so we work only on a 2D contour, see figure 3.2 . The 2D forebody consists
of two surface segments namely a convex surface with a declined slope and a horizontal
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Figure 3.2: The distribution of characteristic lines along the contour surface

u x 1

surface parallel to the undisturbed flow direction. This body with a zero angle of attack
in figure 3.2 can be defined in a (z,y)-coordinate by the following expression:

y=71F(z) with0 <z <1 (3.25)
In combination with the following boundary conditions:
F0)=0and F(1)=1 (3.26)

If the length of the chord ¢, the span b are supposed to be 1 and the maximum thickness
equals to 7, so it means that the contour shown in figure 3.2 will have a volume of y=7F.
When this body moves with a supersonic speed a shock wave will be formed, starting at
the leading edge. The shock is formed due to the sudden compression at the leading edge
of the contour. This shock wave is called the leading edge shock and will be attached to
the nose because it is assumed that body being pointed at the leading edge. In front of the
shock the flow is uniform with the free low Mach number My in which the characteristic
lines are parallel to each other. After this compression because the first surface segment
of the body which is illustrated in figure 3.2 shows a slope decreasing from the nose to
the shoulder point s, so we expect that the characteristic lines right after the nose will
be expanded until the shoulder point. At the shoulder point, there occurs a Prandtl-
Meyer expansion fan. This type of expansion wave is because the flow is deflected over
a very small turning angle between the first and second wall. After the expansion fan
the flow is back in its original condition. And since there is no surface deflection on the
second surface part so the characteristic lines remain parallel to the undisturbed flow
characteristics. In the previous section, it was shown that v-distribution is known along
the z-axis. So this makes the projection of the characteristics onto the z-axis possible. In
order to express the characteristic angles 6 corresponding to the forebody shown in figure
3.2 as a function of z first we write the local characteristic slope by using equation (3.7).
Considering that flow at the surface is parallel to the both segments, so the flow direction
is a function of z.

tany = <dy> = 7F (2) (3.27)

dx contour

We know also the slope of the characteristic Mach lines which are also known along the
z-axis by tan y = % So, now the expression for p and equation (3.27) can be inserted
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into the equation (3.7) which gives us the following expression:

BrF'(z) —1
tanf = 5 (@) (3.28)
Equation (3.28) represents the characteristic angles 6 as a function of z with the known
Prandtl-Glauert factor f and Prandtl-Meyer angle p which are given by equations (3.9)
and (3.10) respectively. As it was mentioned above, since the local slope of the charac-
teristics are known along the z-axis, so the projection of these characteristics onto the
horizontal z-axis is possible. This projection is needed to visualize the integral (3.24)
which gives a cosf-distribution along the z-axis. And this projection can be done by
simply letting the characteristics cross the upper surface without changing their 6’s. As
we have mentioned the first part of the body which is illustrated in figure 3.2 has a convex
geometry. So, this requires the projection of the z-coordinates to a new horizontal line,
the w-axis. This is needed to find the horizontal coordinates of the local characteristics.
Figure 3.3 illustrates the location of one characteristic line which is zoomed in one point
at the convex surface. Using this figure enables us to find a relation between the u- and

Figure 3.3: The relation between x and u-coordinates with 6

z-coordinates with the characteristic angles. This relation is expressed in the following

equation:
F F
v = tanf = y(z) =7 (z) Su=z— L (z) (3.29)
rT—u Tr—u tant

From theory we know already that the last characteristic of the expansion wave has
the same angle as the undisturbed characteristic fy, and its first characteristic line is
considered to have an angle of 0,. This makes the point s very important because both
of these characteristics originate here at this point, see upper figure 3.4. As it can be
observed from figure 3.4 these two characteristics are extrapolated to the horizontal z-
axis. By using equation (3.29) the intersection points of these two characteristics with the
z-axis can be again projected into the horizontal w-axis, see figure 3.4 below. This will
result in cos f-graph which in fact is constructed by projecting the I't characteristics on
the horizontal line through the shoulder point. In other words, the area indicated by the
red line achieved in this figure shows the cos 6-distribution of the characteristics along the
contour surface and its area represents the asymptotic shock strength for the body. The
red area of the cos f-graph in figure 3.4 which is a sum of the area I and II represents
the asymptotic shock strength for the body. This area is called the shock strength area
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Figure 3.4: A 2D body in supersonic flow with the corresponding cos 6 — graph

and can be determined in the following way:
Aj=1+1I=1+1T+I1I1—-IIT=1+11+1I]—-(III+1I+1V)+II+ 1V (3.30)

As we can observe from figure 3.4, the sum of the area’s I+II+III is equal to the integral
A; given in (3.24). This integral is defined in a range of [0,us], see below:

1—7/tanb
I+I11+111 = / (cosby — cosf)du (3.31)
0
The sum of the area’s II+III+1V is give as follows:

1 1
IT+ 11T +1V = | —— — —— 3.32
* * Teosto (tanﬁ() tan65> (3:32)

Due to the fact that we have two values for the cosf at the shoulder point, so we will get
a curved line in the cos #-graph for this region. The area II+1V equals to the area under
this curved path.

1 1
IT+1V = - .
V=T <sin00 sin95> (3:33)

Inserting all these expressions into the equation (3.30) gives us the following:

1—7/tanb 1 1 1 1
A = / (cosBy—cosO)du—Tcosbt < >+7’ < — ) (3.34)
0

tanfg B tanfg sinfy  sinby
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After simplifying we obtain the required equation for the asymptotic shock strength of
the mentioned body:

1—7/tanb, 1 0 0
A= / (cosby — cosO)du + T <sin00 — CO,SOCOSS> (3.35)
0 sinby
Considering the following abbreviations:
c=cos # , s=sin 0 , co=cos by , cs=cos O , sp=sin Oy , ss=sin O,
So, we can write equation (3.35) in a simple way.
1—7/tanb, 1_
A= / (co—c)du+T1 (80 — cOCS) (3.36)
0 Ss

Using equation (3.22) gives us the general integral for the asymptotic shock strength for
a 2D body with a maximum thickness 7 shown in figure 3.4 as follows:

241 l—T/tCLTLHS 1— 3
k= \/ sinbo * / (cosBy — cosl)du + T <5in00 - COSGOCOSG) (3.37)
0

costly sinfs
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CHAPTER 4

OPTIMIZATION PROBLEM

In the previous chapter the BASS theory was applied to a 2D body with a defined
thickness in a non-lift generating condition, see figure 3.4. This application resulted in
the expression (3.36) which indicates a measure for the asymptotic shock strength and
depends on the body geometry and Mach number M. In this chapter we try to find an
optimized contour function by using equation (3.36).

4.1 Variation problem

The goal of optimization is to find an optimized contour function F'(z) with the corre-
sponding boundary conditions F(0)=0 and F(1)=1 in such a way that the solution for
the expression (3.36) becomes an extreme. In order to achieve this goal first we write
equation (3.36) by using the short notations in the following way:

1—7/tanbs 2 _
A= / (co—c)du+T1 <80 - 10063) (4.1)
0

S0 Ss

For this integral there are many constraints possible to be involved such as area, a certain
geometry shape, volume, etc. But as we are concerned in this thesis with the optimization
problem for a 2D body with a certain thickness, so the volume can be chosen as constraint.
As it is assumed that the span- and chord-length equal to 1 and the (thickness/chord)-
ratio is 7 so the volume constraint can be expressed as follows:

! |4
K :/ F(z)dx = — (4.2)

0 T
This expression shows that the optimized contours have a volume V which must be
smaller than 7. But before the optimization analysis, there are two points which must be

taken into account:

e The angle of the characteristic line at the shoulder point 8, varies with the body
geometry. It means the upper boundary of the integral A; is not a known value.

29
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For this reason, this boundary must be considered as a part of the optimization
problem.

e The independent variables in expressions A; and K are not synchronized because A;
is defined in a (u-cos 6)-coordinate system with a limit of [0,us] while K represents
the volume of the body which is defined in the (z,y)-coordinate system with a range
of [0,1].

In order to operate the expressions A; and K simultaneously we need to synchronize A;
and K. For this reason, these two parameters must be defined in a similar coordinate
system with the same limit. So, the first step for doing synchronization is to transform
the integral (4.1) which is defined in a w-axis to the z-domain. As it was also mentioned
before the characteristics are projected into the z-axis and then to the second horizontal
axis u in cos (#)-graph. It means that the characteristics are also a function of z, see
equation (3.29). So, the integral (4.1) can be written in the z-domain as follows:

us=1—7/tanbs du
I= —c)—d 4.3
/ (co— ¢) (13)

The differentiating of equation (3.29) gives us:

du 1 TF (z)  TF(z)df

-7 - 4.4
dx tand sin20 dx (4.4)

In order to find % we need to differentiate equation (3.28) w.r.t. z which results in the

following:
d do " r(d do
{dgtanQ +6(1+ tan29))} s TF (B +tanb) + TF <d§ +1+ tcm20> . (4.5)
Since % is unknown in this expression, so we can determine it just by differentiating
equation (3.9) w.r.t. 6:
dp B
1+ 4.6
a0 < % ) (46)
Inserting this result into equation (4.5) gives us the following:
do  TF"(B + tanh)
= A T 4.7
dz N (47)
The term N in this expression is a short notation for the following expression:
_ 9 ,32 , 62 5
N = B(1 4+ tan®0) — l—i-g tanf + 7F F—tanﬁ (4.8)

With all these known terms, the integral (4.1) is now transformed to the z-domain. So
the optimization problem with the corresponding constraint (4.2) becomes the following:

. ! TF (x)  T2F(z) _» (6 + tanh) 1 — cpes
Al—/o (coc){l rand + sin29F N(F) d$+7<8058> (4.9)
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In order to bring the second term inside the integral of A; we need to write it in the
following way:

1 — escq 1 d T d [ cox
— = - = — d 4.1
’ <80 Ss ) T/O {SO dz (sin@) + dz (tcmﬂ)} . (4.10)

By solving the following differential equations we obtain a new formulation of the second
term for the integral A;.

d z 1 zcoshdf 1 3 zcosl TF”(B + tan®) (4.11)
dx sind  sinf  sin?0dr  sinf  sin20 N(F") '
d cox cor df  co coT TF”(ﬂ—i-tanG) (4.12)

drtan® ~ tan  sin?0dx  tanf  sin20 N(F")

Inserting these terms in equation (4.10) results in the following:

I—csc0) 1 1 co r TF"
T(So— )—7’/0 {30—$++82]\7(F,)(5+tan9)(6—60)}d$ (4.13)

Ss s

Putting this into the integral (4.9) gives us the following expression:

! (F') 71?FF" (8 +tand) = T°F
pr— _— 1 _ —_——
A /0 {(CO 2 ( tand | sin?0 N(F") s2 N(F")

(4.14)
As it can be observed, this integral contains the unknown functions, F, F'(z), F' ()
and z. In order to solve this integral we must formulate it as a variation problem which
does not depend explicitly on x. This can be done by removing z in this integral. So, in
order to get rid of  we define a new function namely G=F-z. So, it means consequently
F'=G'+1 and F'=G". The new function G gives a new expression for the integral (4.14)
as follows:

Al:/ol{(co_c) (1_ (G +1) , T°GG (5+tan9)) +T(80—i+czo)}d$

tand sin?0  N(G)
(4.15)
And the constraint (4.2) also can be expressed in terms of G:
! S 1
Kqo = G(zr)dr = — — = =S¢ (4.16)
0 T 2

In order to find the extreme value for the integral (4.15) we just need to determine
the function G(z) in such a way that A; becomes an extreme and it also conforms the
constraint (4.16). The integral (4.15) can be defined as a variation problem as follows:

1
A= / F(G,G',G")dx : The extreme function (4.17)
0

Where F is a given function:

1"

F=F(G)+F(G)GG (4.18)

(B + tan@)) + 7(s0 — é +

)}dx
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And G is a function of z with the corresponding boundary condition G(0)=G(1)=0, see

below:
N (G +1) 1 co
Fo(G) = (co—c) {1 — Titan& + 7(s0 — . + . ) (4.19)

72 an
Fl(Gl) = (=0 5in20 (ﬂljf_(g/)a)

(4.20)

Furthermore, the corresponding constraint also can be defined as a variation problem as
follows:

1
Kg = / u(G@)dx = Si : The related condition (4.21)
0

Since u is just a function of G, therefore u can be considered as G. As we already know
when F' does not depend explicitly on z, for the first order Euler differential equation
Fg — %FG/:O there exists the first integral F' — GIFG/ =constant. This result stimulates
us to investigate whether for the second order Fuler differential equation the first integral
exists or not. In order to incorporate the condition 4.21 in this variation problem we add

Au to the function F' in (4.18). This results in the second order Fuler equation:

2

d d
(F+ \u)g — %(F + Au) o + @(F + ) =0 (4.22)

We can write equation (4.22) as follows:

(F + )\u)G — di ((F + )\U)G/ + %(F + )\U)G//> =0 (4.23)

e
. / 1 d(F+Au) i .

And in order to prove that (F' + Au) — G (F'+ Au) s + G ———¢—=constant is the first

integral for the second order case we should differentiate it as follows:

d d(F + )\
— <(F—|—>\u)—p(F+/\u)p—|—p (ji_xu)p

d(F + )\u)q> d(F 4+ Mu) dp
dz

- N T2 (R _
dzx dzx d:n( +Au)p = p
+@ d(F + Mu)g N de(F + Au)g

dx dx dx?

(4.24)

With notations p=G’ and ¢=G". The first term can be written as follows:

d(F + \u)

d
T2 = (F 4 )y + p(F + Xu)g + q(F + M)y + ﬁ(F + ), (4.25)

Since the term (F+ Au) does not depend explicitly on z, so it means that (F + Au),=0.

Now, inserting the result for d(F(;)‘u) into the relation (4.24) gives us the following:

d d(F 4+ M)\ d(F + ),  d*(F+u),
dg A(F + M),
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The first three terms together in this equation equals to zero according to (4.22). So, now
there remain only the following;:

d d(F + M)\  dq d(F + Au)q
. <(F + Au) — p(F + Au)p +p T ) = 1 (F+Mu)g+q T
d
= %q(F + Au), (4.27)
or: d d(F+ A
. <(F + Au) — p(F + Au)p — q(F + Au), —|—pw> =0 (4.28)

The result for differential equation (4.24) which is the first integral for the Fuler equation
(4.22) becomes the following.

d
F+Xu—p(F+ M)y — q(F + Au)g + pdf(F + Au), = constant (4.29)
x

So it means that relation F + Au=Fy(p) + Fi(p)GG" + \G is not an explicit function of
z. Finding the terms (F + Au),, (F + M)y and £ (F + Au), and inserting them into the
first integral (4.29) gives us the following H(p)-function:

H(p) = Fo(p) + AG — pFy(p) + p°F1(p) = constant (4.30)

We can rewrite equation (4.19) and determine its derivative as follows:

c

Fo(p) =co — ¢ —1p(co — C); +7(s0 — 8) (4.31)
Fy(p) = —T(CO—C)E—FZZO;{S—TC-FTP (COSEC —c)} (4.32)

Inserting these results and F given in (4.20) into (4.30) gives us the H(p)-function which
is a first order nonlinear differential equation with dependent variable G, see equation
(4.33). This is a first order differential equation because the unknown function G is a
first order derivative w.r.t the independent variable z, with the known p:%. In addition,
H(p) is a nonlinear function because the derivative of the unknown function G appears
to the power 2, see the term p? in equation (4.33). There are two constant parameters
My and 7 which can be used as initial values for the H(p)-function. And furthermore,
this function depends on a given variable #-range.

H(p)=co—c+71(so—s) — Zz {ps — Tpc — TpQC} = Cest — NG (4.33)
With: " T )
T(B+ 2

— = 4.34

dp N (4.34)

From equation (4.33) we know that H(p)-function equals to the expression c.st — AG. In
order to solve the H(p)-function for G we need to determine two constants, c.s; and A.
And the only way to approach these two constants is solving them numerically which will
be explained in the next chapters.
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CHAPTER b

THE CHARACTERISTICS OF H(P)-FUNCTION

In chapters 3 it was shown that a 2D contour causes a combination of shock and expansion
waves, the intersection of these waves leads to the shock strength which can be determined
by equation (3.36). This strength can be visualized by projecting the characteristics into
the z-axis. This projection creates a cos #-distribution of the characteristics along the z-
axis. Computing this cos #-distribution and including Mach number into equation (3.36)
gives us a measure for the asymptotic shock strength, see equation (3.37). What we could
think of is to design a 2D contour which causes the lowest possible shock strength. In
order to find such a optimum contour we needed to optimize the integral (4.1), see section
4.1. The optimization process required for this integral with the corresponding constraint
have been formulated as a variation problem, see equation (4.17). Furthermore, it was
shown that this problem does not depend explicitly on z which means that we can find the
function G in such a way that the variation problem (4.17) gets an extreme value. This
all resulted in a new differential equation (4.33) that depends on two constants 7 and M.
In this chapter we will analyze further this equation and investigate its characteristics
that define the optimize contours.

5.1 Influence of M|

In the last chapter, we have developed a general formulation for the asymptotic shock
strength for a 2D body with a (thickness/chord)-ratio of 7. Using a variational approach it
is possible now to obtain the optimum contours in terms of the asymptotic shock strength.
But first of all the characteristics of differential equation (4.33) needs more investigation.
The H(p)-function with the corresponding terms (4.31), (4.32) and (4.20) can be defined
as follows:

H(p) = ¢ = \G = Fy(p) — pFy(p) + p*Fi(p) (5.1)
This function can be analyzed as a variable of p which itself can be determined from
F=G+z and the expression for 8 given by (3.28), see the following:

p= (%) ~ 1. (5.2)
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Because My and 7 are two initial inputs in this function so it means that p is only a
function of one unknown variable which is the angle of the characteristics, 6’s. By knowing
Bo = /Mg —1 we can use equation (3.10) to find the Prandtl-Meyer function for the
undisturbed flow vy which subsequently determines the value of 8 for the characteristics
behind the shock by using equation (3.9). For the flow direction in the undisturbed flow
field is zero ¢o=0, therefore the angle of the characteristics in this region equals to the
Mach angle of these characteristics, 6y = po. And pg can be determined by the known
relation (1.1). From this we can conclude that terms (4.31), (4.32) and (4.20) are also a
function of the only unknown 6’s. Figure 5.1 illustrates the (H-p)-curves for 7=0.10 and
a range of free flow Mach number 1.5 < My < 3. In other words, every curve is achieved

Different (H-p)—curves at different Mach numbers & 1=0.1
4 T T '

\f ' B 1% local extreme
—&— 2" |ocal extreme
R — 90:0

0 0.05 0.1 0.15 0.2
H(p)=c-AG

Figure 5.1: (H-p)-plots for 7 = 0.10 and 1.5 < M, < 3

at a certain Mach number. The curve at the most right side is obtained at My=1.5 while
the curve at the most left side indicates the one achieved at My=3.0. It means with
increasing the Mach number, the (H-p)-curves move from right to the left. The red curve
indicates the (H-p)-curve at My=2.0. Furthermore, the blue marker symbols represent
the (H,p)-values that are achieved for the undisturbed characteristic angles 6y’s. All these
points are on the horizontal line p=-1. This is because as it was mentioned above, the
flow direction in the undisturbed flow field is zero =0 and knowing also the relation
F=G+x will result in p=-1. Further, the green marker symbols represent the extreme
H-values for different curves when p=0. It shows that gradient of the curves at these

points (i.e. the tip of the nose) becomes zero, %:0. So, in order to determine these
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extreme points we need to differentiate expression 5.1 w.r.t p as follows:

dH 1 !
o = —Fy + 2F) + pF} = 0 with the condition p =0 (5.3)
p

Differentiating F, from (4.31) gives us:

" — do
Fo(p) = 2 (—7’0—#7'(6052 C)> ap +

(c+7s) (3}2)2 +(s—Ts) (j;i) +
ol bz (o)
ooz ()

And also doing differentiating for equation (4.20) results in the folowing:

/ 1 /dO\? _c(co—c) (dO\? (co—c)d%0
= (=) —on 2 (22 — 9.5
! T{s <dp> 53 dp + 2 dp? (5:5)
In addition, there are also dark marker symbols present in this figure which indicate the
second extreme values for the second nose points of these curves. These points can be

determined using expression (5.3) but now with the condition that p#0, see the following
equation:

p , do do\? d20 do\ 2 d20
—F, +2F, +pF| = 2Tcd—p—(c+73) (dp) —(s—Tc)d—Z)Q—Tps (dp) +Tpcd732 =0 (5.6)

It is of high significant to note that at the intersection point of dark and green line the
curves change in shape. This intersection between the first and second extreme points
seems to be happened nearly at My=2.2. The nose of the curves at the right side of
this intersection point is placed also on the right. This kind of curves is called the first
variant curve throughout this thesis. The curve that can be obtained at the intersection
point (nearly My=2.2) shows the coincidence of its first and second local extreme values.
This curve will be called the second variant. In contrast to the first variant, there are
also curves at the left side of this intersection which have a nose on the left and will be
called the third variant curves. As it already mentioned, H(p) is in reality a function
of 6. So, another interesting figure that can displays the characteristics of H(p)-function
is the (H-0)-plot for different curves, see figure 5.2. The upper curve indicates the one
correspondent to Mp=1.5 and the lowest placed curve is related to My=3.0. So, in this
figure, the curves move downwards with increasing My. The blue marker signs in this
figure indicate the g’s for these curves which are placed on the line p=-1 in figure 5.1.
And the green and dark signs represent respectively the first and second local extreme
values of H(p) for which %:0. These are the same points shown in figure 5.1.
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H(p)=c-AG

Different (H-0)—curves at different Mach numbers & 1=0.1
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Figure 5.2: (H-0)-plots for 7 = 0.10 and 1.5 < My < 3
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As we have observed from figure 5.1, when the Mach number increases, the tip of the nose
of these curves at p=0 moves to the left. In other words the first variant curves transform
gradually to the third variant curves with increasing Mach number. It is very interest-
ing to note that this transformation in shape takes place right after My=2.0. In order
to know more about this transformation, the (H-p)-curves are illustrated in a smaller
domain, 2.0 < My < 2.4, see figure 5.3. From right to the left the Mach number is

Different (H-p)—curves at different Mach numbers & 1=0.1

2 T T T T T
—©— 1% 0cal extreme
150 R | —e—2"%0cal extreme |-
_9_90:0
1 2N ]
®
o RN,
el
ok X ]
0.5 [ [T2.0]-
_1 . .
-15 * ‘ ‘ ‘ ‘
0.055 0.06 0.065 0.07 0.075 0.08

H(p)=c-AG
Figure 5.3: (H-p)-plots for 7 = 0.10 and 2.0 < M, < 2.4

increased from My=2.0 up to Mp=2.4 with a step size of 0.02. First of all, it is of high
important to observe the overlapping of the blue and dark signs for the curve of My=2.0.
It means that the 6y at My=2.0 represents at the same time the second extreme tip of
this curve. This is a very special curve characteristic related to My=2.0. Further, it
is obvious from this figure that transformation of the first variant to the third variant
curves occurs gradually in this range of Mach number, (2.0 < M, < 2.4). It seems as this
transformation takes place for the curves for which the first and second extreme values
is similar. From figure 5.3 it is clear to see that curve which shows this property is in
the Mach limit of 2.2 < My < 2.22. Furthermore, figure 5.4 visualizes H(p) as a function
of @ for this My-domain. The upper line in this figure corresponds to My=2.0 for which
the angle of the free flow characteristics coincides with the second extreme value of 6
(60 = beatreme2). The variant transformation also can be observed from this figure by
the intersection of dark with green line. This intersection takes place in the Mach range
2.2 < My < 2.22 for which the curve has the same value for the first and second extreme 6.



40 The Characteristics of H(p)-Function

Different (H-68)—curves at different Mach numbers & 1=0.1
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Figure 5.4: (H-6)-plots for 7 = 0.10 and 2.0 < M, < 24
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5.2 Influence of 7

In the previous section, different curves correspondent to different Mach numbers have
been presented. And it was shown when M| increases, the curves transform from first to
the third variant. In all these curves 7 was assumed to be constant, 7=0.10. But now we
are going to change 7 for a constant Mach number My=2.0. Figure 5.5 shows the (H-p)-
and (H-6)-curves which are achieved for a 7-limit of 0.05 < 7 < 0.15. In (H-p)-plot 7 is
increased from left to the right and in (H-0)-plot the increasing in 7 goes from below to
the top. The red curve in both figures indicates the related curve to 7=0.10. In both

Different (H-p)—curves for differentt & MO:Z.O

2
—=— 18 ocal extreme
ir —8— 2" |ocal extreme
o O —a— 0,70
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Different (H-8)—curves for different 1 & MO:Z.O
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Figure 5.5: Different curves obtained at different

figures, it is clear that 6y coincides with the second extreme 6 which was already shown
in figures 5.1 and 5.2 for Mp=2.0. It means that even the 7 variation does not change
this property for the curve at My=2.0. The 7-variation can be now applied to the third
variant curves. Figure 5.6 illustrates different curves which are obtained at My=2.6 and
a 7-domain of 0.05 < 7 < 0.15. In (H-p)-plot for this Mach number, 7 is increased from
left to the right and in (H-0)-plot the 7-increasing goes from down to the top. The red
curve in both figures indicates the related curve to 7=0.10. As it can be observed, varying
the constant 7 will have influence on the (H-p)-plot and this again will result in different
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contour’s geometry. This influence will be discussed in the following chapters.

5.3 Mathematical analysis

In the previous section, on the basis of the Mach number we have developed three dif-
ferent (H-p)-curves. For the first and third variant, the (H-p)-curves near p=0 can be
approximated by a parabola. So, this stimulates us to analyze the curves characteristics
further for both the first and as well as the third variant. In order to investigate the
relation between the (H-p)-curves and the otimum contours geometry we need to analyze
mathematically these curves. Because we expect that using the variational approach, the
optimum contours are defined in terms of the extreme values for the asymptotic shock
strength. And these optimum contours can be derived from these (H-p)-curves. Further
we have observed from previous section that there are three different types of curves, so
this means that we can derive possibly three different contour’s geometry.

5.3.1 First variant curve

The (H-p)-curve near p=0 will be approximated by the following relation:
c—MG=b—ap?, fora > 0 (5.7)

Where b and « are considered to be constant. Since p:% so then we get the following

relation:

dG c—AG—-b

e + — (5.8)
The first variant curve is shown in figure 5.7. We choose on the (¢-AG)-axis a certain
point and assume for this point G=0. This will define a value for ¢. Further, we assume
this is the point which indicates the contour’s leading edge, see the symbol [ in figure
5.7. For this point there are two different solutions possible for %. So the solution is
both positive as well as negative. First, we start integrating from the point [ where G=0
to the point b on the (¢-\G)-axis where %:O. This is in fact the integration along the
positive section of the curve. The integration process through the positive branch gives

us the following solution:

/bdac—/b +dG S =2 a Je=AG—b
1 B l /cfinb L A —«

e [ stands for the contour’s leading edge where ;=0 and G=0. So, it means the first
boundary condition is satisfied namely; G(0)=0.

b
(5.9)

l

o z=1; with 2¢=0 leads to c-AG=Db. It is worth noting to say that this point is the
e g ¥y P

point for which the slope is the same as the slope for a wedge body.

The result of this integration is the following:

20 [c—b
=3V e

(5.10)
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H(p) =c - AG

Figure 5.7: First variant curve

So, in order to complete the integration we need to continue along the negative section.
The integration process through the negative branch is performed as follows:

b
c— NG —=1b
dx = = -2 _— 5.11
/ v / /c AG—b [)\ -« ] ( )
“a s
e s stands for the contour’ s shoulder point where z;,=1 and G=0.

e x=ux; is the point where T_O and which leads to ¢-AG=b as mentioned above.

So, the integration along the negative branch will be the following;:

20 e —b
1=_==
o A e

(5.12)

Combining equations (5.10) and (5.12) results in a relation for the multiplier A as a
function of z, b and c:

A=—4yavb—c (5.13)

Finally, function G(z) can be determined by the integration along the positive branch:

/dx‘ /Go\/@

(5.14)
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The solution is:

-2 (Y

After inserting A into this equation we obtain the value for G(z) on the interval 0 < z <

0.5:
G(z) = \/b;cx(l — ) (5.16)

The same result is obtained when the integration is performed along the negative branch.
Using equations (4.16) and (5.16) we can express the coefficient ¢ in terms of contour
volume as follows:

! S 1 1 [b—c
= = — — — = — '1
Ka /0 G(z)dx 5=\ & (5.17)

From equation (3.2) for the contour geometry and figure 5.8 the function F' can be defined

as follows:
y=7F()=1(+Gx)) =1 (:U +4/ %x(m - 1)) (5.18)

It is clear from equation (5.18) if we choose the value of ¢ as near as possible to the value
of b then G(z)-function approaches zero, So, it means the wedge contour with a volume of
0.57 will be the most optimum contour, see the red line in figure 5.8. And if the difference
between the values b and c¢ increases, so it means that the contour’s geometry will also be
increased. The geometry illustrated by a blue line in figure 5.8 shows the largest optimum
contour for a maximum value of G(z)-function. All other optimum contours with different
geometries can be found between these two extreme contours.
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5.3.2 Variant II1

As it was mentioned before, based on the Mach number there are three different curves
possible. Between the first and third variant curves there is a transform variant possible for
which further will be explained in the next section. In order to analyze the characteristics
of H(p)-function for third variant curve we use the curve with the nose towards the left, see
figure 5.9. H(p)-function is indicated by the following equivalent equation for a parabola

H(p) =c - AG

Figure 5.9: Third variant curve

near to the point p=0:
H(p) =c—\G =b+ap?, fora>0 (5.19)

By knowing p:% we have the following expression:

dG c— NG —-b
=4/ 2
dzx « (5.20)

The analyzing process for this variant is the same as the first variant. Again we choose
a point on the H(p)-axis where G=0, ( H(p)=c and ¢ > b). For this point there are
two values of % possible namely a positive (on the positive branch) and a negative (on
the negative branch). We assume the point on the negative branch is the leading edge
where £=0 and the point on the positive branch being the body shoulder where z=1.
The integration process will be done one time through the positive branch and one time

through the negative branch. The integration through the negative part gives us the
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following:
dr = 5.21
/ T / [c=AG—b ( )
e [ is the point of the contour’s leading edge where ;=0 and G=0. So, the first
boundary condition is satisfied, G(0)=0.

e z=xy, is the point on the H(p)-axis where 9C=0 and this leads to c-AG=Db

Now, we get the following equation for z:

270z c—b
A «

T = — (5.22)

Integration through the positive branch gives us:

S S dG
I ==
b w c—AG-b
0%
e The symbol s stands for contour’s shoulder point where x;=1 and G=0. So, the
second boundary condition is satisfied G(1)=1.

(5.23)

e z=x; with G'=0 leads to c-AG=b.

The expression for z can be defined as follows:

L—ap ==/~ (5.24)

Combining equations 5.22 and 5.24 gives us the value for A:
A= —4y/ave—b (5.25)

From « > 0 and ¢ > 0 we conclude that \ is real and positive. It means we are now able
to calculate G(z) function in the same way as we have done for the first variant. So, we
do the integration process now along the negative branch.

/(m__‘/GOVEAGb

The result of this integration process is the following:

S o2

After inserting A into this equation we obtain the value for G(z) for the interval 0 < z <
0.5 as follows:

(5.26)

Gla) = —/ =21 — 2)) (5.28)

a
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Figure 5.10: Third variant contour

The function G(z) is just valid for the interval where =0 to the point with %:0 and

the minus sign indicates the contour is slimmer than a wedge contour, see figure 5.10 .
The same result will be achieved for the positive branch. It is obvious from equation
(5.28) if we choose the value of ¢ as near as possible to the value of b then G(z)-function
approaches zero, So, it means the wedge contour with a volume of 0.57 will be the most
optimum contour for the third variant, see the red line in figure 5.10. And if the difference
between the values b and ¢ in equation (5.28) increases, so it means that the contour’s
geometry will be decreased. The geometry shown by a blue line in figure 5.10 indicates
the smallest optimum contour for a minimum value of G(z)-function. All other optimum
contours can be derived for different G(z)-function and expected to be found between
these two extreme contours.

These two variants show that they both depend on two variable constants; the Mach
number My and thickness 7. Further we have observed the integration process applied to
the first variant curve will result in a contour which has a convex surface while applying the
same integration process to the third variant will lead to a slender contour with a concave
surface. From above the specified characteristics of H(p)-function in both variants the
first as well as the third variant give the possibilities to achieve the optimum contours with
the boundary conditions F(0)=0 and F(1)=1. In other words, the variational approach
resulted in H(p)-function enables us to obtain the optimum contours which are expressed
in terms of the asymptotic shock strength. A very special case of H(p)-curve is the
transitional curve which appears between the first and third variants. This curve type is
explained as last one due to its unique characteristics.
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5.3.3 Variant II

As we have observed, the second variant is obtained with a certain H(p)-function in a
Mach number region where the curve has equal first and second local extreme values. The
main characteristic of this curve is the cubical characterlstlc of ( ) function for which
the sign becomes negative at the inflection point Where =0. In other words, this kind
of variant can be achieved as a transitional case from varlant I to III for a Mach range
of 2.2 < My < 2.22 and 7=0.10. In order to find an exact relation between My and 7
for other Mach numbers we need to analyze further the second curve variant. First we
look for a relation between My and 7 when p=4< o G0 and it also satisfies the conditions
%I = H'(p)=0 and H" (p)=0. A double differentiating of equation (5.1) w.r.t. p gives us
the following:

H'(p) = —F, (p) — pF, (p) + 2F1(p) + 4pFi(p) + p*F{ (p) = 0 (5.29)
Assuming p=0 results in the following;:
H'(p) = 2Fi(p) — Fy (p) = 0 (5.30)
Inserting p=0 into equation (5.4) give us:
" (co—c)\ db do\? d?0
Fy =2 <—TC T o + (c+7s) o + (s — Tc)d—p2 (5.31)
By knowing d—ﬁ = 1- 2 from equation (4.34) we can have d—a'
d*0 T df 2tan9
C7 Ty — 2 Btant 5.32
d? ~ Ndp { g } (>:32)

Assuming 7 #0 and N #0 equation (5.30) becomes:

tan
B

2F —F, = %32(1+tan20)—(5+tan9)(5+ﬂtan29)—(1+tan29) {2 +2 — gﬁtanﬁ} =0

(5.33)
By using 14+tan?6 #0 we get:

(B + tand)(5/35 — B — 2/B) = 0 (5.34)

This equation has only one solution namely 3?=3 which gives us My=2.0. The transition
of variant I to III takes place for a certain combination of My and 7 with the condition
that the local Mach number becomes 2 at some point on the contour surface which has a
slope of 7. But the question is under which combinations of My and 7 does it take place
for other Mach numbers?
If we use equation (3.9) we get the following relation between 6 and vy:

0 = vy + 3.6202 (5.35)
By knowing 7 = %1?2;61 for the case when p=0 we are able to find the corresponding 7
for different Mach numbers as follows:

_ V3tan(v + 3.6202) — 1
V3 + tan(vg + 3.6202)

(5.36)
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In order to visualize the relation between 7 and M), first we use a couple of characteristic
angles 6 as inputs in equation (5.35). This results in the corresponding Prandtl-Meyer
function for the undisturbed flow vg. Subsequently, we use the Hall-function to convert
these Prandtl-Meyer function to the Mach number M. The description for the Hall-
function is given in appendix A. Figure 5.11 shows the transition point for different 7 and
My values, this line can be approximate by the following polynomial function:

T = p1 * My + D2 (537)
With the corresponding polynomial constants p;=0.45468 and p,=-0.90766.

Combination of T and MO
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Figure 5.11: The transition points from variant / to variant /I/
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CHAPTER O

NUMERICAL ANALYSIS FOR THE FIRST VARIANT

In chapter 5 we have discussed the characteristics of the first order differential equation
H(p) and then regarding these properties we were able to define three different curves
based on the Mach number. The second type curve seemed to be a transitional variant
between the first and third variant. The mathematical analysis of this variant was nec-
essary for us to find a relation between two variables My and 7 in H(p)-function for this
transitional variant.

Furthermore, we have noticed that each of the first and third variant curve is supposed
to lead to an optimized contour. But it was shown only from a mathematical point of
view for a curve close to p=0. So, in this chapter first we will be concerned with the first
variant curve by the integration of H(p)-function. Further, the asymptotic shock strength
caused by the first variant contours will be discussed. The expansion waves which occur
together with the shock wave will be the next topic in this chapter. Subsequently, the
influence of the variables My and 7 on this variant will be investigated. And finally we
discuss the aerodynamic properties such as pressure, Mach number and entropy change
behind the shock for the optimized contours. The drag force caused by the optimized
contours will be another issue to be analyzed in this chapter.

6.1 Integration of H(p) curve: first variant

In the previous chapter we have seen that the complicated differential equation (5.1) for
a Mach range of 1.5 < My < 2.0 and a thickness 7=0.10 has the form of a curve for which
the nose is placed to the right, see figure 6.1. It was also developed a method to achieve
the corresponding optimized contours with a mathematical analysis by comparing the
(H-p)-curve to a parabola near p=0. And this process resulted in an optimum contour
which has a convex geometry. But as we see the curve is not defined in a (,y)-coordinate
system as the related contour is shown. So, in order to obtain the corresponding optimal
contour, we need to integrate the curved line in figure 6.1. As first we take an arbitrary
point on the ¢-AG-axis and assuming there G=0. This gives us the value for H(p) which
equals to c¢. Straight above this point is the point n which lies on the positive branch

53
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H(p)=c-AG

Figure 6.1: Upper plot: First variant curve, Lower plot: First variant contour

of the curve and also indicates G=0. So, it means the location of point n is known,
H,=c. In addition, this point is assumed being the contour’s leading edge (nose), see
figure 6.1 below. The characteristic angle corresponding to the leading edge is indicated
by 6,,. Point n can be connected to the point s on the negative section of the curve. This
point assumed to be the contour’s shoulder point for which G=0 with the same value
of H,. The characteristic angle correspondent to this point is 6 which is just before
the undisturbed characteristic Mach angle 6y. Between these two angles there is a small
difference because it is needed to have a Prandtl-Meyer expansion wave which will be
discussed later in this thesis. From point n to the point s we have a certain (H-p)-curve
which must be integrated numerically. In order to determine the shape of the curve which
starts from point n and ends at point s, we need to compute the slope of the tangent line
to the curve at any point on the curve z. The initial value at point n is 2z=0. Now in order
to make a relation between the z-coordinates of contour and the z-values on the curve
we multiply the values of z by the constant A, so, it means that z = Az. This enables us
to define the values of p = % on the vertical axis in domain of z. So, there is now a new
expression for p as follows:

_E_ d(\G)
dr  dz

p

With the known definition H(p)=c-AG, there is also a new relation between p and H(p)-
function in terms of z as follows:
—dH

dz

p:
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All these definitions help us now to define the coordinates of the point n in a z-domain
as follows:

(o) = (=57 ) (63

The next step is to find the distance dz to the point ¢ on the curved line. So, the most
easy way to do that, is to apply the second order numerical integration procedure, the
Heun’s method, see the following expression:

—(Hy — Hy)
dz = (6.4)
dH,
%( clzq + dgn)

This equation with z, = 0 will enable us to have the location of the point ¢ on the curve
as follows:

2g = 2 +dz (6.5)

This integration method must be applied up to the point s which has the value Hs. As
it was mentioned before, this is exactly the same value as H,. The shoulder point s has
been represented on the corresponding contour at x=1, see figure 6.1 below. However, this
integration procedure from point n to the point s results in a set of two values namely;
the values of z correspondent to the H(p)-values. So, with the relation z = Az and also the
known location of point s, xs=1, we notice that the final value of z equals to the constant
A. So, it means zq,q = A. This result will give us the corresponding values for  which
are in fact the locations of the characteristic Mach lines along the optimized contour as
follows:

T = § with zepg = A (6.6)

We have now defined the values of two constants, A and c¢. This together with equation
H(p) = ¢ — AG enables us to get the values of G as follows:

—H
G- Hw) (6.7)
A
Eventually, with F'=G+z, the contour can now be defined in a (z,y) domain:
y=1F (6.8)

6.2 First variant geometries

In the previous part it was shown that the curve which leads to the optimized contour
could be obtained based on an arbitrary point, n. This point could be chosen in many
locations on the (H-p)-curve with some limitation that will be explained further. So, this
point is very important in the sense that it actually defines the geometry of optimum
contours. For this reason we must be aware of, that for the point n there should be a
corresponding shoulder point s. These two points must have the same value of H(p) on
the horizontal axis. The consequences of choosing the location of point n on the curve
will be discussed below.
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The largest curve

The upper figure 6.2 indicates the location of point n which leads to the largest possible
curved line. This figure shows if point n had been chosen a little bit towards the left, so
there exists no related shoulder point s for it with the same value of H(p). This is because
the curve at point s tends to go backwards. The shoulder point is just located a little bit
before the (H,p)- values correspondent to the undisturbed characteristic angle 6. This
difference is needed as just was mentioned for the forming of the Prandtl-Meyer expansion
wave. As it is already known the quantity of H(p) is a function of the characteristics angle
6. So, in order to match the corresponding points n and s on the (H-p)-curve we need
to analyze the distribution of the characteristic angles along the body surface. The I'*
characteristics originate from the surface of the optimized contour under a certain angle.
As we already know, the slope of these characteristic lines is the sum of Mach angle and the
flow direction along the contour surface, 6= u+¢. Figure 6.2 below shows the variation
of the angle of the characteristic lines along the body surface with the corresponding
H(p). Figure 6.2 below illustrates that two characteristic lines indicated by n and s are
originating with two different angles from the body surface but with the same value for

H(p).

The largest curve at M0:1.9 &1=0.1
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Figure 6.2: Upper plot: (H-p)-curve, Lower plot :(6-H)-curve

The wedge contour

One of the very important points indicted in the upper figure 6.2 is the point w, which
stands for the wedge. This point has the maximum value of H(p). And from equation
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(6.7) it is already known that G,,=0 because it was assumed to be the point at the nose
of the body and there is no other value of H(p) available on the curve. So, this will result
in F=x which defines the function for a wedge contour. And from the same figure we
observe that %:0 which means that the wedge contour has a straight upper surface
for which the slope is y=7. And the corresponding volume for the wedge contour will be
0.57. This contour is the smallest contour which is possible for the first variant curves.

6.2.1 The resulting (H-p)-curves

In the previous part the properties of the largest curve and the wedge point have been
investigated for the case ¢=1.9 and 7=0.10. But, we must aware of the fact that except
for this large curved line there are many other curves that can be derived with different
lengths. Figure 6.3 illustrates the largest curve for My=1.9 and 7=0.10.

The largest possible curve for MO:1.9 & 1=0.1
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Figure 6.3: Largest possible curve, first variant

6.2.2 The resulting G-function

From previous section we can conclude that applying the integration method to the dif-
ferent curves will result in different values of constants ¢ and A. And by knowing this and
equation (6.6) we are able to achieve the z-coordinates of characteristics. After knowing
the z location of these characteristics the optimum G-function needs to be determined.
Because as we remember from chapter 4 the extreme values for A; was expressed in terms
of optimum contours. And these contours can be defined by the known relation F'=G+z.
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The function G(z) can be determined by using equation (6.7). The results of G-functions
corresponding to the largest possible curve is given in figure 6.4. As we can observe from
this figure, the G(z)-function satisfies the boundary conditions given in chapter 4 for the
corresponding variation problem. These boundaries are G(0)=G(1)=0. Furthermore, it
is obvious that the top point of the G-plot is not in the midpoint x=0.5.

The largets possible G—function for MO:1.9 & 1=0.1
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Figure 6.4: The corresponding G-function to the largest curve

6.2.3 The resulting contour function

The integration process was performed to achieve the values of z and G. And these quan-
tities are needed to define the optimized contours. Equation (6.8) gives us an expression
for the optimized contours. It is also known that F' is the sum of z and G. From this we
have the following expression to generate the optimal contours in (z,y)-coordinate system.

y=71(x+G) (6.9)

Finally, this expression results in contours illustrated in figure 6.5. Except for the largest,
the wedge variant is also included. All other contour variants which can be achieved
based on (H-p)-curve in figure 6.3 can be found between the largest and wedge contour
shown in figure 6.5. From this figure we can conclude that the size of the curves, shown
in figure 6.3 will result in different contour geometries. And these contours have actually
different volumes. The largest curve leads to a contour which has a convex surface while
the smallest curve results in a straight geometry surface. In order to show the relation
between the constant ¢ and volume of different contours see figure 6.6. It is obvious from
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this figure if point ¢ is chosen far from the wedge point (when the H.-value is smaller),
then the corresponding curve line becomes larger and this again results in a contour with
a larger volume.

6.3 Asymptotic shock strength for the first variant

In the last section 6.2, it has been shown that we could develop many optimized contours
with different geometries for My=1.9 and 7=0.10. And all these optimal contours have
also different volumes. Furthermore, all these contours are able to generate Prandtl-Meyer
expansion waves which is very important for the asymptotic shock theory. This is because
as we remember, the shock which is formed by the optimal contours has an asymptotic
characteristic which intersects with the expansion and centered expansion waves issuing
from the body surface. This intersection between these waves and shock will result in
decreasing the shock strength. And according to the definition of the asymptotic shock
strength theory, the most optimum contour is one which causes the intersection between
the expansion and shock waves occur earlier so that the strength of the shock faster
becomes zero.

The next step is now to investigate the asymptotic shock strength for all different optimum
contours in a supersonic flow. In chapter 3 the asymptotic shock strength was already
analyzed for a body which has a smooth and continuous upper surface, see figure 3.4.
The shock strength area which was the sum of the area’s I and II in (cos #)-graph shown
in figure 3.4 was supposed to be the magnitude of the asymptotic shock strength for the
corresponding body. Equation (3.36) was developed for this area. The influence of Mach
factor M cior is neglected in the term k; which is in fact a decay factor for the asymptotic
shock strength ¥ given by (3.20). This is because only the term A; indicates the relation
between the body geometry and the asymptotic shock strength which is caused by it.
So, in this part we will be concerned only with applying equation (3.36) to the achieved
optimized contours based on the first variant (H-p)-curves. Figure 6.7 illustrates the
relation between the asymptotic shock strength and volume for an optimal contour with
7=0.10 and Mp=2.0. In this figure there are two points which are distinguished by color.
The green point represents the contour with the largest volume which is the result of
the integrated green curve from figure 6.3. It must be noted that this contour is able to
generate centered expansion wave because there is a small difference between the first and
last characteristic lines at the shoulder point. It appears also that this contour has the
largest asymptotic shock strength. The wedge body with a volume of V'=0.57 is marked
in this figure with black. So, the conclusion from figure 6.7 is that the asymptotic shock
strength increases with volume.
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It is also of high interest to investigate the asymptotic shock strength for other Mach
numbers. Figure 6.8 represents all possible first variant contours with different volumes
for the Mach range of 1.5 < My < 2.0 with a step size of 0.10. The bottom line in this
figure indicates the optimum contours at Mp=2.0. And the uppermost line represents the
optimum contours at My=1.5. From this figure it is clear to observe that with decreasing
Mach number the asymptotic shock strength will be increased for the achieved contours.
And also at lower Mach numbers we can have contours with a larger volume. Furthermore,
it is obvious from figure 6.8 that the optimal contour in the first variant with a maximum
volume can be obtained in a Mach range of 1.7 < My < 1.8.
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Figure 6.8: The shock strength vs. volume, all possible first variant contours
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6.4 Convergence

In order to verify the results of the asymptotic shock strength, it is needed to see if
the applied numerical method is convergent. The numerical method used for calculating
the asymptotic shock strength is convergent if the solutions are not dependent on the
number of points N which define the (H-p)-curve. These are the points from nose to the
shoulder which represent the characteristic lines for the optimal contour. The convergence

is determined as follows:
Al - A (6.10)
convergence = | ———— .
g A lN

Where A{V is the asymptotic shock strength for the current total number of points and
AZQN indicates the asymptotic shock strength for double of the current number of points.
Figure 6.9 illustrates the convergence of the numerical solutions for a large and small
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Figure 6.9: The convergence validation

contour for the first variant. So, the conclusion which can be derived from this figure is
that the numerical methods used for determining the asymptotic shock strength is well
convergent because the results are not dependent on amount of number of points.

6.5 Validation for the first variant

In order to investigate whether the achieved first variant contours are really optimized or
not, the task is now to determine A; for contours that are not optimized but they have the
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same volume. In the folowing parts the asymptotic shock strengths of two non-optimized
contours will be determined by an analytical approach.

6.5.1 A wedge contour in a steady supersonic flow

A wedge body with a certain thickness 7 is considered being in a steady supersonic flow
with a Mach number My=2.0, see figure 6.10. The wedge body is supposed being in a
non-lifting configuration. In chapter 2 we derived the expression (3.36) which expresses

y 4

cos 6,

cos es

\/
c

Figure 6.10: A wedge body in steady supersonic flow

the leading shock wave for a 2D body with the same thickness but different upper surface.
The upper surface of that body was assumed to decrease continuously instead of a straight
line. Therefore in the case of a wedge body we need only the first term of equation (3.36)
which is the following;:

1—7/tanbs
A= / (cosby — cosf)du (6.11)
0

As it is already known, the u-coordinates are the locations of the projected characteristic
lines onto the x-axis which again being projected vertically onto the wu-axis. So, the
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integration 6.11 is performed in a domain of [0,us], with the shoulder point location of
us = 1 — 7/tanfs. The (cos #)-graph is an illustration of the integral (6.11). This graph
as already known is constructed by projecting the characteristics on the horizontal line
through the leading edge. This is simply done by letting the I'* characteristics cross the
upper surface without changing their direction. The part that needs more concern is the
shoulder point x4, because at this point we have the 4 characteristic, the expansion wave
characteristics and also the 6y characteristic. The asymptotic shock strength area for this
wedge contour is the sum of the area’s I and I in (cos #)-graph. The area I is easy to
calculate:

Aj = (cosby — cosbs)(1 — 7 /tanby) (6.12)

At the rear part of the body we get a curved trajectory in the (cos 6)-plot because as it
was mentioned there are two values of cos 8 present at the shoulder point. So, the area
under this curved line can be determined by the following expression:

7 /tanbo

Arr+ A = / cos@(u)du (613)

T/tanfs

The 6(u) for this curved line is described as follows:

O(u) = tan (1 /u) (6.14)
The equation (6.20) becomes:
7 /tanbo
Arr+ Aqr = / cos(tan™ (1 /u))du (6.15)
T /tanfs

The integration (6.15) gives us the following:
Arr + Aprr = 7(1/sinfy — 1/sinby) (6.16)
The area Ajyy is simply the following equation:
Ajprr = cosbs(tau/tanby — tau/tanby) (6.17)

All these area’s gives us the total area for A; + Ajy;

Ar+ Arr+ Arrr — A = (cosby — cosbs)(1 — 7 /tanby)
+7(1/sinby — 1/sinby)
—cosls(tau/tanfy — tau/tanby) (6.18)

This is the measure of the asymptotic shock strength for a 2D wedge body in a steady
supersonic flow.
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6.5.2 A wedge contour with one kink

In the next step to the optimized contour it is decided to bring a kink in the upper
surface of the wedge body from previous section, see point d in figure 6.11. This body is
conditioned by a certain thickness 7 and a chord line of [,.=1.0. As figure 6.11 illustrates,
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Figure 6.11: A wedge contour with a kink in steady supersonic flow

the expansion process is divided over two angles, which results in two centered expansion
waves at points d and f. This special geometry will result in a shock-expansion-expansion
interaction situation. In order to find the magnitude of the asymptotic shock we apply
again the known integration (6.11) for this case. In the same way as the wedge body, the
'™ characteristics are projected on the u-axis to determine the @ distribution along the
projected line. In the (cos #)-graph due to the shock wave there appears a discontinuous
jump at the leading edge from cos 6y to cos 0. Because of the first centered expansion
at point d, the graph will follow a curved trajectory from cos 61 to cos 85. The expansion
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wave at the shoulder point results also in a curved path from cos 6 back to the free
stream level cos 6y. In order to obtain the measure for the asymptotic shock strength we
repeat again the steps which have been taken in the previous case. It means the sum of
the area’s I, II, IV and V will be the desired measure for this configuration. The area [
is easy to determine as follows:

A1 = (cosbBy — cosls)(1 — 7 /tanby) (6.19)

The area under the curved line due to the second expansion at the shoulder point will be

the following:
7 /tanby

Arr+ A = / cosO(z)du (6.20)

T /tanfs
From equation (6.14), the integration of the curved line 6.20 can be expressed as follows:
7 /tanbo

A+ A = / cos(tan™ (1 /u))du (6.21)

7/tanfs

This integration will give us the following result:
Arr + Arrr = 7(1/sinby — 1/sinby) (6.22)
The area Ajjy is also easy to determine:
Arrr = cosbs(tau/tanby — tau/tanby) (6.23)

All these results give the total area for Ay + Ajy;

Ar+ A+ Arrr — Arrr = (cosby — cosbs) (1 — 7 /tanby)
+7(1/sinby — 1/sinby)
—cosls(tau/tanby — tau/tanbs) (6.24)

The area formed due to the characteristic lines #; and 0, is the following:

Arv = (costs — costr)(lay — Tlee /tanby) (6.25)
Tlee /tans
Ay + Ay = / cosO(u)du (6.26)
Tlee [tanby
Again from expression (6.14) the new integration for (6.26) becomes:
Tlee [tanfs
Ay + Ay = / cos(tan™ (Tlee/u))du (6.27)
Tlce [tandy

This integration results in the following:
Ay + Ay = 7lee(1/sinfs — 1/sinby) (6.28)
The area Ay is just a rectangular:

Ay = cos6q(Tlee [tanls — Tl.e/tanby) (6.29)
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All these results give the total area for Ay + Ay as follows:

Arv + Ay + Ayr — Avr = (costs — cosbr)(lap — Tlee /tanby)
+7lee(1/sinbs — 1/sinby)
—c0801(Tlee /tanbs — Tlee /tanby) (6.30)

The sum of equations (6.24) and (6.30) gives the total asymptotic shock strength caused
by the wedge contour with one kink at its surface.

Ar+Arr+ A — A+ Arv + Av + Ay — Ayr = (cosby — cosbs) (1 — 7 /tanby) +
7(1/sinby — 1/sinbs) —
cosfs(tau/tanby — tau/tanbs) +
(cosBs — cos01)(lqp — Tlee/tanbs) +
Tlee(1/sin0s — 1/sinby) — cosby
(Tlee/tanbs — Tlce /tanby) (6.31)
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6.5.3 Comparison between the optimized and non-optimized contour,
1! variant

After we have determined the asymptotic shock strength for the optimized contours,
it is now time to check whether the theory behind it is well grounded or not. To do
the validation job, we just need to compare the shock magnitude caused by a contour
with a kink in its surface to the shock strength of a well optimized contour. But, it
should be taken into consideration that these two bodies must have the same volumes
because we are only interested to see that the achieved contours are well optimized for
the asymptotic shock strength, see figure 6.12. And for this validation analysis we only
use the term A; which is an indication for the asymptotic shock strength. The place
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Figure 6.12: The optimized and non-optimized bodies

of the kink determines the geometry and subsequently the volume of a non-optimized
contour. Figure 6.13 depicts the corresponding A; with volume V for both optimized-
and non-optimized contours with a thickness 7=0.10 at Mp=1.9. From this figure it is
obvious to see that first variant contours are well optimized.
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Figure 6.13: Comparison between optimized and non-optimized contours with 7=0.10 and
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Figure 6.14 illustrates different contours with the corresponding difference rate n in A;
that can be improved by the optimized contours with the same volume. The difference
rate 1 is defined as follows:
opt non—opt
_ Al — Al

n= 7
AP

% 100% (6.32)

The negative sign for 1 can be explained by using figure 6.13 in which we can observe
that the first contour variants are optimum. It means the value of A; for the optimum
contours is smaller than those of the non-optimized contours. In addition it is also to
observe from this figure that moving the kink towards right on the horizontal line results
in contours with a smaller volume and smaller difference rate 7 in shock strength. So, we
can conclude from this that the first variant contours are well optimized in such a way
that they cause the minimum possible asymptotic shock strength.
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Figure 6.14: The non-optimized bodies

6.5.4 The asymptotic shock strength area, 1% variant

The wedge and a larger contour with 7=0.10 which are optimal at My=2.0 have been
chosen in order to visualize their corresponding (cos #)-graph. These plots will illus-
trate as expected from figure 3.4 the I'" characteristics distribution along the surface and
eventually the asymptotic shock strength area. We start first with the wedge body. From
figure 6.15, it is easy to notice that there are two important characteristic lines which are
needed to construct the (cos 0)-plot. These are the characteristic with angle of 6,, and the
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The wedge contour at MO:2.0 & 1=0.1
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Figure 6.15: The shock strength area for the wedge body

characteristic line with 6y at the shoulder point. Because the contour is a wedge body, all
of the I'" characteristics directly from the leading edge where the shock wave occurs up
to the shoulder point have an angle of 6;. At the shoulder point there is a small surface
deflection where I'" characteristic with the fs-angle expands to the uniform flow where
the I't characteristics have an angle of 6. So, this effect will cause a Prandtl-Meyer
expansion wave which is nicely to see as a curved line in the (cos 6)-graph. This is also
called the centered expansion fan which consists of infinite number of Mach waves. How-
ever, the I'" characteristics distribution from nose to the shoulder point, the location of
these characteristics on the u-axis and also the centered expansion wave occurrence at the
shoulder point are the necessary elements to construct the corresponding (cos #)-graph.
In fact, the area indicated by the red lines in the (cos #)-graph is a visualization of the
asymptotic shock strength quantity for the wedge body.

We have analyzed the asymptotic shock strength area for a wedge body because of the
simple distribution of the characteristics along the contour surface. But for an optimal
contour with a larger volume for which the slope of the surface decreases continuously,
the shock strength area seems to be different in two points, see figure 6.16. First the
distribution of the I'" characteristics along the u-axis. The red line below in figure 6.16
which represents the distribution of the characteristics seem to be increased continuously.
Another obvious difference in this figure with the wedge body case is the centered ex-
pansion wave which occurs at the shoulder point. The centered expansion wave which is
generated for the largest body gives the impression of being smaller than the expansion
which is occurred for a wedge body. This small expansion fan is related to the small
curved line in the (cos 6)-plot.
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Figure 6.16: The asymptotic shock strength for the largest contour
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6.6 Prandtl-Meyer expansion wave, 1th variant

At the end of section 6.5, it was mentioned briefly that there is an inverse relation be-
tween the magnitude of the centered expansion wave and the volume of the optimized
contours. It means that contours with a larger volume have lower expansion wave at the
shoulder point while a wedge body with the lowest volume shows the largest expansion.
On the other hand, it is already known there is a proportional relation between the shock
strength and the volumes of the optimal contours. So, from this we can conclude that
there should be also a relation between the centered expansion wave and shock strength
together with the volume of these contours.

As the Mach number of free flow is known, which is My=2.0, so the angle of the char-
acteristic line 6y corresponding to this Mach number is also known. This characteristic
line with angle 6y is in fact the last characteristic of the expansion wave. So, in order
to analyze the expansion wave at the shoulder point x5 we only need to know the first
characteristic of the expansion wave for different contours.

The relation between the shock strength and the expansion wave can be investigated with
the interaction between these two waves. From the asymptotic behavior of the shock, we
know already that the shock strength starts to become weak due to the merging with the
expansion waves. So in order to investigate this matter, we just should know the shock
path at the leading edge. The rotational invariant jump equation (3.2) has been devel-
oped to model the shock trajectory. As we know in this equation, 6; is the angle of the
characteristic line directly behind the shock. Figure 6.17 indicates the slope of the shock
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Figure 6.17: The angle of shock and first characteristic of the centered expansion
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at the leading edge and the first characteristic line of the expansion wave at the shoulder
point for different contours. This figure is based on My=2.0 and 7=010. The red line rep-
resents the shock angle 85 and belonged to the red axis and the blue line shows the slope
of the first characteristic line of the centered expansion 6, and belonged to the blue axis.
And every point on these two lines indicate the optimum contours that can be achieved at
this Mach number. Further, the horizontal lines in both axes show the slope of the nose
for different bodies. From this figure we know that interaction between the shock and
centered expansion wave has an inverse proportional relation with volume. Specifically
this figure shows that the interaction between the shock and the first characteristic of the
expansion wave for a larger body occurs later than a body with a smaller volume. So,
in this case for the wedge body which has the smallest volume, the interaction between
these two waves appears faster than any other body in the first variant.

If we take the red line with its red axis from figure 6.17, there remains only the blue line
which is of high interest for the magnitude of the expansion waves, see figure 6.18. Figure

The shoulder and free flow characteristics at M=2.0 & 1=0.10

;L T T T T T T T T 40

- "w.,,\“\l 139
- l\“\. 138

39.5 40 40.5 41 41.5 42 42.5 43 43.5 44

Figure 6.18: The centered expansion magnitude, 1%¢ variant

6.18 is a visualization of the expansion wave magnitude for contours with different vol-
umes. As it can be seen in this figure, the wedge body with the smallest volume indicates
the greatest expansion wave.

Figures 6.17 and 6.18 in combination with figure 6.7 gives us now the reason for why
the wedge contour with the smallest volume has the lowest asymptotic shock strength.
So, this can be now explained with the interaction between the shock wave and cen-
tered expansion wave and also the magnitude of the centered expansion wave. From
figure 6.17 we observed that interaction between these two waves takes place slower than
other larger contours. And from figure 6.18 we notice that the wedge body has also the
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largest centered expansion wave compared to the larger bodies. Figure 6.19 visualizes the
comparison between the wedge and a larger optimum contour.

X

Figure 6.19: The centered expansion wave of a wedge and a larger optimum contour
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6.7 Influence of Mach number on k;, 1! variant

It is of high interest now to know what happens when we put an optimal contour for a
given 7, My and volume in a supersonic flow with an Mach number. In order to investigate
this, we first must know what happens to the I'" characteristics distribution along the
surface. For this reason we write equation (3.28) in the following way and call it function
L:

Btanf — 1 — 7F (z)(8 + tanb) = 0 (6.33)

The quantity of L is a function of the following variables:
L=L(F,7,8,0) (6.34)

It is already known that 7F is the upper surface inclination. And from equation (3.9),
B is a function of vy and 6. The variable 1y depends on free flow Mach numbers which
can be calculated by using the Hall function, see appendix A. The only variable which
will be changed in equation (6.34) is the angle of the 't characteristics §’s along the
surface. These new characteristic angles also can be determined from the compatibility
relations for the isentropic flows for which the invariant V'~ on the curved characteristics
is constant. This results in V™~ = 1y + @9 = v 4+ ¢. So, it means all the values of v on the
body surface (i.e. behind the shock wave) can be determined by the following relation:

v=uy—¢ (6.35)

The variable ¢g=0 in this equation because the flow direction in an undisturbed flow is
zero. Figure 6.20 illustrates how the characteristic lines are affected by the Mach number
for a contour which is achieved at My=2.0 with 7=0.10. Due to simplicity, the first term
of equation (3.36), (cosfy—cosf) is used to show the influence of My on I't characteristics.
The first jump at u=0 represents the occurrence of the shock wave at the nose. Further
decreasing the angle of the characteristics #’s means increasing the value for cos 6 along
the surface. And this leads again to an decreasing of the value (cosfy — cosfl). This is the
reason why the upper line in this figure decreases. Further using the relation (1.1) gives
us smaller values for 6y at higher Mach numbers. And this again gives higher results for
costly. The blue graph in the middle indicates the area for a contour with a volume of V=
0.0571. We observe when we bring this contour in a flow with the Mach number My=1.5
the area covered by the characteristics will be increased, see the upper dark graph. And
again if we bring the same contour in a flow with higher Mach numbers such as My=3.0
the covered area by the characteristic lines will be shrunk, see the green plot in figure
6.20. From this we conclude that the 6’s of the characteristics for a certain contour will
be increased at lower Mach numbers. This is also to be explained from relation (1.1)
which means higher values for u at lower Mach numbers and this again results in higher
characteristic angle, 6.
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The I'* distribution for a contour with 1=0.10 at M0:1.5
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Figure 6.20: The influence of Mach number on the characteristics distribution
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In order to quantify the asymptotic shock strength k; for the same contour at other
Mach numbers we use figure 6.21. The red line indicates the k; variation with My for
the optimum contour with a volume of V= 0.0571. This contour is achieved at My=2.0
and indicated by a red square in figure 6.21. The blue signs in this figure represent the
k; variation for a non-optimized contour which was discussed in the previous part. The
non-optimized contour has the same volume as the optimal contour. We observe that
blue signs are right above the red line which means that the first variant contour is well
optimal even for other Mach numbers. It is also to observe from this figure that k; values
for both optimal and non-optimal contours will be decreased for higher Mach numbers.
In order to investigate the kj-variation for two optimum contours with different volumes

The influence of M0 on kI of a contour achieved at MO:Z.O & 1=0.10
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Figure 6.21: The influence of Mach number on the shock strength
we calculate the term klwedge — k:fp " for a larger range of Mach number. This term shows

the k;-variation w.r.t the Mach number for a wedge body and an optimum contour with a
volume V= 0.0571. From figure 6.22, it is obvious that the wedge contour with a volume
of V=0.05 shows lower values for k; at lower Mach numbers, 1.5 < My < 2.3, compared
to a larger optimum contour with a volume V= 0.0571. Subsequently, this difference
bacomes higher and goes asymptotically further for higher Mach numbers.
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Difference in kl—variation w.r.t the Mach number
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Figure 6.22: Difference in k;-variation w.r.t Mach number, 15¢ variant
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6.8 M, variation for the first variant

In chapter 5 we have discussed different possible (H-p)-curves at different Mach numbers,
see figure 5.1. Further, it was shown in order to achieve the first variant contours we
can decrease the Mach numbers M, with the same constant 7=0.10. For this thesis the
domain of Mach number is limited by 1.5 < My < 2.0 for the first variant. Due to the
simplicity, in this part the two extreme cases at My=2.0 and My=1.5 will be compared
and their properties will be discussed. It is worthy to note that the optimum contour
which is obtained here at My=2.0 is able to generate centered expansion wave. The
results for other cases for the rest of the Mach numbers can be found in appendix B. In
figure 5.1 it seems as the (H-p)-curve based on My=1.5 being more extended towards right
compared to the curve at Mp=2.0. So, it is expected that contours achieved at My=1.5
will have a larger volume compared to the contours obtained at My=2.0, see figure 6.23.
This figure shows the largest possible contours at Mp=2.0 and My=1.5. From this we can

Contours at different M0 and 1=0.10
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Figure 6.23: Contours at My=2.0 and My=1.5

conclude if in the first variant the Mach number M decreases, it will lead to the contours
with a larger volume. But it is of high interest to investigate what will be happened to
the shock strength of these larger contours at lower Mach numbers. Figure 6.24 shows
a comparison between the shock strength of the bodies which are obtained at My=2.0
and My=1.5. Figure 6.24 shows when the Mach number decreases, the asymptotic shock
strength corresponding to the contours will be increased.

It is also of high interest to find the most optimum contour in the first variant. For
this purpose, we take the same contour from previous part with a volume of V~0.0571
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Figure 6.24: The asymptotic shock strength at My=2.0 and My=1.5

which was obtained at My=2.0 and 7=0.10. From figure 6.21 we know also that k; has an
inverse relation with Mach number Mj. So, in order to find the most optimum contour
for different Mach numbers we should find the asymptotic shock strength for a contour
with a volume of V=0.0571 which is achieved in the limit of 1.5 < My < 2.0. The result
of this investigation can be seen in figure 6.25. In this figure, the red line indicates k;
variation w.r.t the Mach numbers. This line is the same line as it has been shown in
figure 6.21 with the non-optimized contour. The blue- and red sign indicate respectively
the asymptotic shock strength for the optimized and non-optimized contour. These two
points are placed very close to each other because of the small difference. But as we
have observed from figure 6.13 the non-optimized contours cause a higher value of A4;. In
addition, different points which are marked with different color, placed on the red line,
represent the contours with a volume of V'=0.0571, but they are achieved at different
Mach numbers.

The result of figure 6.25 is of high importance because it shows that all these contours
which are achieved at different Mach numbers will show the same shock strength behavior
for other Mach numbers. In other words, all contours with a certain volume which are
obtained at different Mach numbers are also the most optimum contours for the first
variant.
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The influence of MO on kI of a contour achieved at M0:2.O & 1=0.10
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Figure 6.25: The most optimum contour in the first variant, 7=0.10 and different M,
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6.8.1 Same contour at different Mach numbers, 1% variant

In section 6.7 it was chosen for a certain contour with 7=0.10 which was achieved at
Mp=2.0. This contour has a certain volume V= 0.0571. Further it was shown how the
asymptotic shock strength k; will be changed w.r.t the Mach number. In addition, we
have investigated separately the value of k; for the same contour which has been obtained
at different Mach numbers in a range of 1.5 < My < 1.9. The results of this investigation
have been depicted in figure 6.25. This figure shows that for the first variant an optimum
contour can be chosen at any other Mach numbers for 1.5 < My < 2.0. This can explained
for the asymptotic shock strength behavior remains similar for different Mach numbers.
In order to analyze this issue the flow chart 6.26 is illustrated which shows the process
that leads to the optimum contours. As we can observe from this diagram, every optimum
contour has three input variables, My, 7 and 0. But before having the optimum contour,
these three variables result in a certain (H-p)-curve, see chapter 5. In section 6.7, it was
shown that there are two relations available to achieve the new 6’s when the Mach number
is changed. These two relations have been defined by function L given by (6.34) and the
compatibility relations (6.35).
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Changpe
M, |
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New (Hop)- _
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Figure 6.26: The flow diagram for the optimum contours
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In order to prove that new 6’s are the same 6’s which have been used as inputs for the
optimum contours at other Mach numbers we just need to compare the corresponding
(H-p)-curves. In figure 6.27, the yellow curves are the needed (H-p)-curves for obtaining
the optimum contours at different Mach numbers. The red curve at Mp=2.0 indicates
the needed (H,p)-values for an optimum contour with a certain volume. And the dark
curves at other Mach numbers show the new (H,p)-values as result of changing the Mach
number for this contour. So, this proves that the first variant optimum contours are very
remarkable in the sense they do not depend upon the Mach number. For this reason,
these contours show similar k;-behavior at different Mach numbers.
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Figure 6.27: Coincidence of (H-p)-curves, 1°* variant
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6.9 Thickness variation for the first variant

It the previous part 6.8, it was shown when the Mach number decreases and the thickness
being constant 7=0.10, it will lead to the contours with larger volumes. But in chapter
5 it was also shown when the Mach number being constant and 7 changes, it has effect
upon (H-p)-curves, see figure 5.5. The limit for 7 variation as it was indicated in chapter
5 is considered to be 0.05 < 7 < 0.15. So, changing 7 in this domain at My=2.0 will still
mean the first variant contours. The results of the achieved contours for different 7 can
be found in appendix C. Figure 6.28 shows that the thickness has a proportional relation
with both volume V and the shock strength A;. With other words, if 7 increases, it would
be possible to achieve contours with larger volume. And these larger contours will also
generate higher asymptotic shock strength.
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Figure 6.28: The variation of thickness for the first variant

6.9.1 Influence of thickness on k;, 1% variant

As we observed from section 6.8, figure 6.25 represents the kj-variation for different Mach
numbers. But it also shows that the first variant contours with the same volume which
are obtained at different Mach numbers are not dependent on Mach number. Because
they show the same asymptotic shock strength characteristic w.r.t other Mach numbers.
In other words, every optimum contour with a certain volume can be achieved at different
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Mach number. But, as we have mentioned above, we can also achieve optimum contours
with different thickness while the Mach number remains constant, see figure 6.28. So,
it is now interesting to investigate the relation between thickness and asymptotic shock
strength. As we remember L given by (6.34) is also a function of 7. So, we take an
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Figure 6.29: The most optimum contour in the first variant, My=2.0 and different 7

optimal contour with a thickness 7=0.12 and My=2.0 which has a volume of V=& 0.071,
see the blue mark in figure 6.29. Subsequently we assume that both Mach number My and
its geometry remain constant which is not physically possible. This is because changing
the thickness let the geometry vary. But the idea is only to study the k;-characteristic
just as a function of 7. So, now by using the L-function, we can determine the new 6’s
for different 7’s. And based on these new 0’s we determine the corresponding values of
k;. The red line in figure 6.29 indicates the kj-variation w.r.t the thickness 7 for the
mentioned contour. This line shows that the asymptotic shock strength k; becomes larger
with increasing variable thickness 7. It is also to observe from this figure that the optimal
contours with a thickness 7=0.13 and 7=0.14 at My=2.0 are located on the red line. The
reason for this is because as it was mentioned before the geometry of contour is assumed
to be constant. So, this gives us now the conclusion that in order to have a contour with
a certain volume which causes the minimum possible shock strength, it is better to have
a contour with a smaller thickness. Figure 6.30 illustrates different geometries marked
in figure 6.29. These contours have different thickness but the same volume. Another
interesting point that can be studied is the asymptotic shock strength characteristic w.r.t



88 Numerical analysis for the first Variant
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Figure 6.30: Different geometries same volume, different thickness, My=2.0
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the Mach number for these three different contour geometries with the same volume.
Figure 6.31 shows that indeed a contour with a smaller thickness shows lower asymptotic
shock strength for different Mach numbers comparing to a contour with a larger thickness
and a same volume. In other words, the asymptotic shock strength characteristic of these
contours is different for different Mach numbers. So, the conclusion that can be derived
from this figure is that the first variant contours are dependent on 7 because contours
with a certain volume and a smaller thickness generate lower asymptotic shock strength
than those with the same volume but a larger thickness.
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Figure 6.31: The asymptotic shock strength characteristic at different Mach numbers, dif-
ferent thickness
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6.10 Aerodynamic properties for 1% variant

As it was mentioned earlier in this report, in order to measure the asymptotic behavior of
the sonic boom, the characteristic equations are considered to be used for a 2D, steady,
inviscid and isentropic supersonic flow. Considering this assumption, the achieved first
variant contours with 7=0.10 at My=2.0 can be investigated from an aerodynamic point
of view. In this section, the flow properties such as Mach number, pressure, and entropy
behind the shock wave will be studied. And finally the drag due to the body geometry
and Mach number will be studied. The body which is chosen for this study will be the
optimal contour with a volume of V~0.0571 from previous parts.

Flow velocity and pressure across the shock, 1% variant

Due to the occurrence of the leading shock at the nose of the body, the flow velocities
will be changed across the shock. Using equation (6.35) and the Hall-function enables us
to find the corresponding Mach numbers along the body surface M.. The Mach variation
right behind the shock along the surface is illustrated in figure 6.32. As it can be noticed
from this figure, the Mach number will be decreased directly after forming the shock and
then will be increased again along the surface towards the shoulder. From relations for

The Mach number behind the shock at M ;=2.0 & =0.1
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Figure 6.32: The Mach variation for a first variant contour

the isentropic flow, the static pressure to total pressure ratio is known as follows:

it

c -1 V-1
%t - (1 + '72M2> ! (6.36)
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And the same for free flow is the following:

.
Po =1 9\t
— =1+ —M, 6.37
2 (1425 03) (6.37)
Combining equations (6.10) and (6.10) gives us the static pressure as follows:
0
pe _ (L2 M\ (6.38)
Po 1+ a2

Figure 6.33 represents the static pressure rise immediately after the shock and its decrease
along the surface.

The pressure field behind the shock at M ;=2.0 & 1=0.1
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Figure 6.33: Static pressure at My=2.0 7=0.10

And the following expression gives us the pressure coefficient along the body surface.

2 (2 -1)
Cpe= ——5—" (6.39)
p,C Mg’y
Figure 6.34 shows the difference between the linearized supersonic pressure coefficient
and the real pressure coefficient for the optimal body. The linearized supersonic pressure
coefficient can be determined by the following equation:
2p

This expression indicates a proportional relation between ¢, and the local surface incli-
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The pressure coefficient along the body with 1=0.1 at M0=2.0
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Figure 6.34: Comparison between the supersonic linear theory and 2D Burger

nation ¢ w.r.t. the free flow and an inverse relation with free flow Mach number Mj.
From figure 6.34 it is obvious that ¢, coefficient related to the linear theory decrease as
the local flow direction decreases along the surface. In addition, from equation (6.39)
the ¢, coefficient for the first variant contour also decreases because of a decline in local
pressure. Before we obtain the flow velocity, we need to determine the local speed of
sound a.. But from the known expression a. = v/vR1, we first must determine the static

temperature ratio as follows:
T, 1+ 220
T _(1+ 5% (6.41)

From this, the flow velocities along the surface can be determined with the following
expressions:

Ue = Mcaccosp
Ve = Meacsing (6.42)

o is the flow direction along the surface. The flow velocities along the body surface in
z and y direction are plotted in figure 6.35. In this figure it is obvious that from the
nose to the shoulder point the flow velocity in x direction will be increased while in the
v direction decreased.
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The u-flow velocity behind the shock at M ;=2.0 & =0.1

Figure 6.35: The flow velocities, 15 variant
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Entropy, 1 variant

As it was mentioned in chapter 2 the characteristic method evaluates the occurrence of
the shock wave in a flow which is assumed being isentropic. It means that flow is both
adiabatic as well as reversible. But, in reality the shock wave is an irreversible process over
which the entropy does not remain constant. In order to investigate the allowable values
for free stream Mach number My, the second law of thermodynamics must be applied to
the flow across a normal shock wave. But as we know, the shock which appears at the
nose of the optimal contours is an oblique shock. So, in order to find the corresponding
Mach number which is normal to the shock My, we use the angle of the shock /3, by using
the rotational invariant jump equation (3.2). This results in the following expression for
the normal Mach numbers:

Moy, = Mysinfs (6.43)

Where g; is the angle of the shock through the shock path. Now we can use the ratios
of the thermodynamic properties across the normal shock in order to find the entropy
change across the shock.

2+ (7 - 1>M02m
(v+ 1)Mg,n

2y 9 2y 2
As = ¢yl 1+ —(M;, — 1 —Rln |1+ ——(M5, —1
s Cpn{[ +’Y+1( 0,n ) } RTL|:+7+1( 0,n )

(6.44)
From equation (6.44) it is obvious that As across the shock is only a function of Mj,,.
If My,,=1.0 would be inserted into this equation it results in so = s1 and if Mg, > 1.0,
then so — s1 > 0. In other words, the second law of thermodynamics means sy — s1 >0.
The upper figure 6.36 represents the normal upstream Mach numbers along the shock

The normal Mach number along the shock path,ls’t variant
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Entropy change along the shock path, 1% variant
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15F : : 1

0.5 b
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Figure 6.36: Upper plot: the normal Mach number, Lower plot: entropy change, 15! variant
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path which decreases from the leading edge to the shoulder point. Figure 6.36 below
indicates also the decreasing of entropy change As along the shock. At the shoulder
point the upstream Mach number becomes very close to 1.0 which also means that As
approximates 0. Another interesting measurement across the shock wave is the total
pressure ratio i:—ﬁ which is very useful to illustrate the entropy change due to being a
dimensionless quantity. Since the total temperature is constant across the normal shock
(T2 = T} 1) the relation between the entropy and total pressure can be expressed by the
following ratio:

P2 _ e=(s2=s1) /R (6.45)

Pea

From this relation we know now that the total pressure change i—f is also a function

normal free flow Mach number, My ,. Figure 6.37 shows the total pressure decrease along

The total pressure drop along the shock path, 1% variant
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Figure 6.37: The total pressure drop along the shock path

the shock wave. As it can be observed from this figure, the difference in total pressure
between up- and downstream along the shock path is very low. At the shoulder point
where the normal Mach number approaches 1, it seems that the total pressure ratio g t?
also comes closer to 1. This is because as it was mentioned before the entropy change
at this point is approaching zero. So this gives us the conclusion that assuming the flow

being isentropic is allowable.
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6.11 Drag for the first variant contours

Due to the occurrence of the shock wave at the nose of the body, there will be formed
the wave drag which is a characteristic for the supersonic flows. In this section the drag
force and its relation with the asymptotic shock strength will be determined. The drag
force can be calculated by the following integration:

D:/ Apdy (6.46)
0

Ap is the difference between pressure behind the shock and the free flow pressure, p. — pg.
And in order to study the drag force in a non-dimensional form we convert the values
for drag to the drag coefficient Cp by Cp=D/qS. In this equation ¢ and S respectively
are the dynamic pressure and the frontal body area which equals to 7. Figure 6.38 shows

The drag for all contours with different volume at MO:Z.O & 1=0.10
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Figure 6.38: The drag coefficient for the optimal contours

similar behavior as the graph 6.7. It means that contours with larger volumes cause
higher drag force. What is also important is to analyze the relation between drag and the
asymptotic shock strength for the optimized contours. The results for this study can be
found in figure 6.39. This figure indicates a linear relation between these two quantities
(i.e. A; and Cp). The reults for other Mach numbers are illustrated in appendix D. As
we can observe from these figures the same relation exists between parameters V and Cp
and also between A; and Cp for the Mach range 1.5 < My < 1.9. What is also of high
interest is to take an optimum contour with 7=0.10 which is achieved at My=2.0 and see
how the shock strength and drag force will be influence by the Mach number. Figure 6.40
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Drag with shock at MO:Z.O & 1=0.10
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Figure 6.39: Drag with shock strength for the optimum contours

shows this effect on the optimal contour from previous part with a volume of V'a0.0571.
This contour is shown with a blue star. And the dark and green stars indicate the same
contour at Mach number My=1.5 and My=3.0. We notice from this figure that increasing
the Mach number ceauses the shock strength and drag being decreased.
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The influence of M0 on A | and CD of a contour with 17=0.10 achieved at MO:Z.O
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Figure 6.40: The influence of Mach number on shock strength and drag, 1°¢ variant



CHAPTER [

LNUMERICAL ANALYSIS FOR THE THIRD VARIANT

In chapter 6, the characteristics of the first variant contours were investigated to a large
extent. In this chapter, the same process will be performed for the third variant. This
process consists of the integration of third variant curve and the study on the asymptotic
shock strength together with the expansion waves caused by the third variant contours.
Furthermore, the influence of the variables My and 7 on third variant will be investigated.
And finally the aerodynamic characteristics such as pressure, Mach number and entropy
behind the shock for the third variant contours will be discussed. The drag force caused
by these optimized contours will be another point to be analyzed in this chapter.

7.1 Integration of H(p) curve: third variant

In chapter 5 it was shown when 7=0.10, from My=2.22 to the higher Mach numbers
the (H-p)-curves have a nose towards the left at p=0. Approaching this curve with a
parabolic curve at p=0 shows us in this chapter that we can have an optimized contour
with a concave surface, see figure 7.1. As we know from the first variant, in order to
achieve this kind of contours we must integrate the (H-p)-curves. The integration for this
curve will be the same as the first variant with a difference that the leading edge is the
point with the negative value for p. So, the coordinates for the point n will be:

(Hn) = (%52 ()

Again we use the Heun’s method to integrate the curved line as follows:

(H, — Hy)
dz = (7.2)
dH
3 (Gt +42)

Applying this equation to the whole of the curve results in the following equation for G:

c—H(p)

G=— 3

(7.3)

99
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Figure 7.1: Upper plot: Third variant curve, Lower plot: Third variant contour

Knowing F'=G+z, the third variant contour can be defined in (z,y) domain with y=71F.
The third variant contour as it can be seen from figure 7.1 below is slender and has a
concave upper surface.

7.2 Third variant geometries

As we have observed from the first variant, point n can be chosen in many places on the
curve but with the condition that the corresponding shoulder point s can be found for it.
The location of point n determines the length of (H-p)-curve and so the geometry of the
contour. This is also the case for the third variant.

The largest curve

As we can obseve, points n and s shown in the upper figure 7.2 represent the most extreme
points with the same value for H(p). The angle of the characteristic in the undisturbed
flow 6y, is indicated by a dark sign in both figures. From the lower figure 7.2, we observe
easily that the slope of the characteristics will be increased from the nose to the shoulder
point. This is the reason why third variant contours have a concave surface.
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The largest curve at M,=2.3 &1=0.1
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Figure 7.2: The largest curve for the third variant

The wedge contour

How closer we choose the point n to the wedge point w, how larger the contours will be.
This is exactly the opposite of what we have observed from the first variant. So, it means
that the wedge contour with a volume of 0.57 becomes the largest possible contour for
the third variant.

7.2.1 The resulting (H-p)-curves

As it said before, the upper figure 7.2 represents the largest possible (H-p)-curve for
7=0.10 and Mp=2.3. Figure 7.3 shows again the resulting (H-p)-curve in a smaller region
for this Mach number.
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The largest possible curve at M0:2.3 & 1=0.1
04 T T T T T T T

0.3

0.2

0.1}

The largest curve
*  The wedge

_0.3 1 1 1 1 1 1 1
0.0627 0.0627 0.0627 0.0628 0.0628 0.0628 0.0628 0.0628

H(p)=c-AG

Figure 7.3: Upper plot: (H-p)-curve, Lower plot :(6-H)-curve
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7.2.2 The resulting contour function

Integration of H-p)-curve results in the unknowns ¢ and A. These values enable us to
find the corresponding G-function by using equation (7.3). Figure 7.4 shows that the

The Largest possible G—function at MO:Z.O & 1=0.10
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Figure 7.4: The corresponding G-function to the largest curve

G-function of the third variant can be identified by the nose towards down. The negative
values of G can be explained by the minus sign in equation (7.3). And knowing y =
7(z + G) we are now able to define the third variant contour as shown in figure 7.5. And
the influence of constant ¢ that can be chosen on the H-p-curve on the volume of the
third variant contours is illustrated in figure 7.6. We can notice from this figure if point ¢
is chosen far from the wedge point (when the H.-value is larger), then the corresponding
curve line becomes larger and this again results in a contour with a smaller volume.
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Contours at M0:2.3 & 1=0.1
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Figure 7.5: The possible contours, third variant
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7.3 Asymptotic shock strength for the third variant

Based on the (H-p)-curve shown in figure 7.3 we are able to obtain many contours with
different geometries with a volume less than 0.57. Each of these contours causes a certain
amount of the asymptotic shock. In order to determine the shock strength we need to
use the integral (3.36). Figure 7.7 represents the relation between the asymptotic shock

Shock strength vs. volume at M0:2.3 & 1=0.1
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Figure 7.7: The shock strength vs. volume, third variant

strength and volumes for the optimized contours with 7=0.10 at My=2.3. The blue
point represents the contour with the smallest volume. This contour is the result of the
integrated green curve from figure 7.3. It seems that the wedge contour with the largest
volume causes the largest amount of the shock. From this figure it is obvious that the
shocks caused by these contours seem to be equal. This is because at this Mach number
the achieved contours with 7=0.10 have almost the same volume. In order to confirm
this reason we bring the result of the asymptotic shock strength for contours with 7=0.10
at My=2.6, see figure 7.8. This figure shows in fact that for this Mach number between
the smallest and wedge contour we can have more contours with a larger volume. Both
figures 7.7 and 7.8 show that there is a proportional relation between the asymptotic
shock strength and volume of the third variant contours.

Another interesting point is to see all possible contours at different Mach numbers with
the same 7. Figure 7.9 shows the possible contours with the corresponding asymptotic
shock strength for the Mach number domain of 2.3 < My < 3.0 with a step size of 0.1.
The shortest line in this figure represents the optimum contours with 7=0.10 at My=2.3
and the longest line indicates the contours with the same 7 at Mp=3.0. It is easy to



106 Numerical analysis for the third variant

Contours at MO:2.6 & 1=0.1
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observe from this figure that increasing the Mach number leads to the contours with a
larger volume which cause a larger amount of the asymptotic shock strength.

7.4 Validation for the third variant

The validation of results for the third variant contours can be proved by comparing these
results to the analytical results of the non-optimized contours with the same volume.
Figure 7.10 represents a non-optimized contour which is created from a wedge body for

cos 0 A

cos 60

cos 61
11 I

cos 92

> U

Figure 7.10: A wedge contour with a kink in steady supersonic flow

which the surface is changed by a kink inwardly. This configuration in a supersonic flow
will lead to a shock-shock-expansion situation. In the same way as the first variant, the
'™ characteristics are projected on the u-axis to determine the 6 distribution along the
projected line. In the (cos #)-graph due to the shock wave at the leading edge a, there
appears a discontinuous jump from cos 0y to cos 6. At point d, there occurs another
shock wave which has a jump from cos 61 to cos 6y as a consequence. The slope of this
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shock wave is according to the jump equation (3.2) is the average of 67 and 6. The
centered expansion wave at the shoulder point results also in a curved path first from
cos By to cos 61 and then to the free stream level cos 6y. The sum of the areas I and
II in (cosf)-plot is the measure of the asymptotic shock strength for this configuration.
In order to have the area I we follow the same process which was needed to determine
equation (6.24):

Ar = (cosBy — costh)(1 — 7 /tanby)
+7(1/sinby — 1/sinb;)
—cosb; (tau/tanby — tau/tanb; ) (7.4)

The area’s I and III also can be obtained in the same way as explained above;

A+ Arrr = (costh — cosba) (1 — 7/tanby)
+7(1/sinf; — 1/sinbs)
—cosby(tau/tanb; — tau/tands) (7.5)

The area III separately from area [ is calculated as follows:

Tlee
AIII = (00891 — COSQQ) <lab — (614‘92)> (76)

tCLTl/T
Now the total area’s of I and II can be calculated as follows:

Ar+ A+ A — Arrr = (cosbly — costy) (1 — 7/tanby)
+7(1/sinfy — 1/sinb;)
—cosbt (tau/tanby — tau/tanby)
+(cosby — cosbz)(1 — T /tanby)
+7(1/sinf; — 1/sinbs)
—cosbty(tau/tanby — tau/tanbs)

Tlee
—(coshy — cosb) (lab - (Gﬁ+92)> (7.7)

tanT

7.4.1 Comparison between the optimized and non-optimized contour,
374 variant

Figure 7.11 represents the different geometries of an optimized and a non-optimized third
variant contour. The non-optimized contour is obtained by a kink in its upper surface
of a wedge contour. Both contours must have equal volume and being exposed to the
uniform supersonic flow which in this case My=2.6 has been chosen. Figure 7.12 shows
the corresponding A; with the volume V for both optimized- and non-optimized contours
with a thickness 7=0.10 at My=2.6. From this figure it is obvious to see that third variant
contours are not optimized.
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Figure 7.13 illustrates different contour’s geometry with the corresponding difference rate
n in A;. The difference rate n is defined in section 6.5.3 by (6.32). From positive sign
for n-values we can see that the optimized third variant contours cause higher asymptotic
shock strength than non-optimized contours with the same volume. In addition it is also
to observe from figure 7.13 that moving the kink towards right on the horizontal line
results in contours with a smaller volume while they have a larger difference rate n in
shock strength. So, we can conclude from this that the third variant contours are not
optimized.

Non-optimized contours with 1=0.10 at MO:2.6
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Figure 7.13: The non-optimized bodies, 3" variant

7.4.2 The asymptotic shock strength area, 3¢ variant

In the previous chapter, we have constructed the (cos 6)-plot for a wedge and a contour
with the largest possible volume for the first variant. This plot gives an indication of
the shock strength and was achieved by the I'" characteristics after the shock along the
surface. Therefore it was called the asymptotic shock strength area. This area for a wedge
contour of a third variant is supposed to have the same configuration because the slope of
the surface will be the same. But the magnitude of the area will be different because of
the Mach number. So, this is the reason why the (cos #)-plot for a wedge body of a third
variant will not be concerned. Figure 7.14 shows the distribution of I'" characteristics
for a contour with the smallest volume in a flow of My=2.3. The jump from cos 6y to
the red line at u=0 indicates the shock at the leading edge. Further this line shows the
distribution of I't characteristics to the shoulder point. As it is clear from this plot, this
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Figure 7.14: The asymptotic shock strength for the smallest contour, 3" variant

line is decreasing until the shoulder point compared to the similar line in figure 6.16.
This attitude can be explained by increasing the slope at the surface of a third variant
contour. At the shoulder point there occurs a centered expansion wave where the flow
expands again to the free flow which is noticed from the curved path between cos 65 and
cos 0.

7.5 Variation extreme values

In the previous section, we have reached an unexpected result which states that the third
variant contours are not optimized. This is in contrast to the optimization results for
the first variant in section 6.5. In order to investigate this unexpected outcome we need
to analyze the variation problem explained in chapter 4. The expression (4.14) needed
for calculating the A; magnitude for a 2D body with a thickness 7 was changed to a
variation problem (4.15). This variation problem gets extreme values for A; by finding
the corresponding G(z)-function. But, at that moment it was not clear whether these
extreme values are maximum or minimum. So, in order to determine this effect we just
need to take an optimum contour with a certain volume and change its geometry with
a known function. Subsequently, finding the A; variation due to this geometry change.
Since the volume of this contour must be remained constant so this function will be a sine-
function with an amplitude of Ay, 7 where Agyy. is a given constant, see the following
expression:

Ysin = AfuncTSin(Qﬁx) (78)
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The top figure 7.15 shows the influence of sine-function on geometry of a first variant
contour with a volume of V=0.0571. And figure 7.15 below shows the effect of this
function on A; value. From figure 7.15, we conclude that the extreme value of A; resulting

The influence of sine—function on contour geometry, MO:Z.O & 1=0.10
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Figure 7.15: The influence of sin-function on contour geometry and A;, 15 variant

from variation problem is a minimum extreme value for the first variant contours. The
same process can be applied for a third variant contour with a volume of V'=0.032 which
is achieved at Mp=2.6. The result of figure 7.16 below is very interesting because it shows
why the third variant contours are not optimum. This is because solving the variation
problem (4.15) leads to the maximum extreme values of A; for the third variant contours.
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The influence of sine—function on contour geometry, MO:2.6 & 1=0.10
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7.6 Prandtl-Meyer expansion wave, 3'¢ variant

For the first variant, it was proved that there is a proportional relation between the asymp-
totic shock strength and volume. This relation was to be explained by the interaction
between the shock and expansion waves. And again this interaction could be followed by
the contour’s geometry. The conclusion of this study was that the wedge contour with the
smallest volume shows a faster intersection between these two kind of waves compared to
other contours. We will analyze the centered expansion wave with the same goal for the
third variant contours. Figure 7.17 shows all possible third variant contours with 7=0.10
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Figure 7.17: The angle of shock and first characteristic of the centered expansion

at Mp=2.3. The wedge contour is indicated by the red mark. And the red line with the
red axis indicate the shock angle 8 for different contours while the blue line with blue
axis represent the last characteristic angle 85 at the shoulder point. As it is clear from this
figure, the wedge contour has the maximum angle of the shock according to the invariant
jump equation (3.2). In addition the smallest angle of the last characteristic at the shoul-
der belongs to the wedge contour. So, it means that interaction between the shock and
the first characteristic of the centered expansion wave takes place for the wedge contour.
Figure 7.18 shows the magnitude of the centered expansion waves for different contours.
From this figure, it is known that wedge which is the largest third variant contour shows
the minimum Prandtl-Meyer expansion fan. Combination of figures 7.17 and 7.18 gives
the conclusion that the third variant wedge body has the strongest asymptotic shock and
the minimum centered expansion wave.
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The shoulder and free flow characteristics at MO:2.3 & 1=0.10
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Figure 7.18: The centered expansion magnitude, 3"¢ variant
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7.7 Influence of Mach number on k;, 3" variant

In the same way we use equation (6.34) to see the variation of the characteristics along
the surface when a third variant contour is exposed to the flow with other Mach numbers.
Because the angle of upper surface ¢ of a third variant contour is increasing so the relation
(6.35) results in other values for v. This again has influence on values for 0’s. Figure
7.19 illustrates how the characteristic lines are being influenced by the Mach number for
a contour which is achieved at My=2.6 with 7=0.10. In contrast to figure 6.20, the line

The I distribution for a contour with 1=0.10 at M0=2.0
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Figure 7.19: The influence of Mach number on the characteristics distribution

which represents the I't characteristics along the surface is increasing. This is due to the
increasing of upper surface slope. It is also clear from this figure, when a contour with a
certain volume is put in a supersonic flow of lower Mach numbers, we expect larger area
covered by the characteristics.

Figure 7.20 represents the influence of Mach number My on k; value of a contour with
a volume of V~0.032 which is obtained at My=2.6. The k; bahavior for this contour
at different Mach number is indicated by the red line. The blue signs represent the k;
values for a non-optimized contour with the same volume. As it can be seen in this figure,
the non-optimized contour causes higher asymptotic shock strength only for the lower
Mach numbers compared to the optimized contour. Furthermore we are interested in
k;-variation for two optimum contours with different volumes, so we calculate the term
k:;”edg c —kfp " for a larger range of Mach number. This term shows the k;-variation w.r.t the
Mach number for a wedge body and an optimum contour with a volume V= 0.032. From
figure 7.21, it is obvious that the wedge contour with a volume of V'=0.05 shows lower
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The influence of M0 on kI of a contour achieved at M0:2.6 & 1=0.10
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Figure 7.20: The influence of Mach number on the shock strength

values for k; at lower Mach numbers, 1.5 < My < 2.3, compared to a smaller optimum
contour with a volume V= 0.032. Subsequently, this difference indicates an asymptotic
characteristic for higher Mach numbers. In other words, the optimum contour with a
smaller volume shows higher values for k; compared to a larger wedge body at lowe Mach
number My < 2.3.
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3 Difference in kl—variation w.r.t the Mach number
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Figure 7.21: Difference in k;-variation w.r.t Mach number, 374 variant



7.8 My variation for the third variant 119

7.8 M, variation for the third variant

For the first variant, it was shown that with decreasing the Mach number there are
contours to be achieved with a larger volume. In section 6.8 from previous chapter it was
mentioned that this volume variation is to be explained by the (H-p)-curves from figure
5.1. We observe from the same figure 5.1 when the Mach number increases it will result
in curves which are more extended with their nose towards left. And as we know for the
third variant, a larger (H-p)-curve means an optimum contour with a smaller volume.
Figure 7.22 represents the smallest possible contours at My=2.3 and Mp=3.0. From this

Contours at different Mach number
012 T T T T

0.1}

The smallest contour at MO:2.3
0.08 i
The smallest contour at MO:B.O

> 0.06

0.04

0.02

Figure 7.22: Contours at My=2.3 and My=3.0

we conclude that a larger ( H-p)-curve which is a result of higher Mach number leads to the
third variant contours with a smaller volume. The results of A; for the possible contours
at My=2.3 and My=3.0 have been shown in figure 7.23. Figure 7.23 shows the inverse
proportional relation between A; and My for the third variant. The results of other cases
for different Mach numbers can be found in appendix E.

In section 6.8 it was already proved that all contours which are obtained at different
Mach numbers show similar asymptotic shock strength behavior at other Mach numbers.
Figure 7.24 shows the same characteristic for the third variant contour. The red line
represents the k; variation w.r.t the Mach numbers for an optimum contour with a volume
of V=0.032 obtained at My=2.6. The blue- and red sign represent respectively the
asymptotic shock strength for the optimized and non-optimized contour. These points
are placed very close to each other because of the small difference. But as it was proved
in figure 7.12, the non-optimized contour at this Mach number causes a lower value of A;.
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A | for the contours at M0= 2.3 & 1=0.10
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Figure 7.23: The asymptotic shock strength at My=2.3 and M,=3.0

In addition, all other color marks show the achieved contours at different Mach number
with the same volume, V~0.032. This is the same result as what we have obtained for
the first variant.
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The influence of MO on kI of a contour achieved at M0:2.6 & 1=0.10
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Figure 7.24: The most optimum contour in the third variant
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7.8.1 Same contour at different Mach numbers, 3¢ variant

By using diagram 6.26 we perform the same process to investigate that the third vari-
ant contours are also independent of Mach number. The contour for which the new 8-
distribution is determined at different Mach numbers can be seen with red line at My=2.3
in figure 7.25. Figure 7.25 confirms the results depicted in figure 7.24 and shows that A;
value for third variant contours indicates similar behavior at different Mach numbers.

The (H-p)-curves based on new 6's at different M0 and 1=0.10
2 ! ! ! !

30 [29 28l 27] e [28] |24 23]
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H(p)

Figure 7.25: Coincidence of (H-p)-curves, 3"¢ variant

7.9 Thickness variation for the third variant

Figure 5.6 in chapter 5 represents different (H-p)-curves at constant Mp=2.6 correspond-
ing to different 7. Until now we have developed third variant contours which have a
volume less than 0.57. On the other hand it is known that wedge contour with a vol-
ume of 0.5tau is the largest possible third variant contour. So, in order to achieve third
variant contours with a larger volume than the wedge contour it is necessary to increase
the thickness 7. Figure 7.26 shows the possible third variant contours for different 7 and
the corresponding shock strength A;. It is also to notice from this figure when 7 is in-
creased there are contours to be obtained with a larger volume which also produce higher
asymptotic shock strength.
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Contours at M0=2.3 & 1=0.10 A | for M0:2.3 & 1=0.10
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Figure 7.26: The variation of thickness for the third variant
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7.9.1 Influence of thickness on k;, 3"¢ variant

As we have observed from section 6.9.1, the first variant contours with a smaller thickness
produce lower asymptotic shock strength than those with the same volume and a larger
thickness. So, it is also worthy to investigate if the third variant contours have the same
characteristic. The red line in figure 7.27 represents the influence of 7 on kj;-value of an
optimal contour with 7=0.11 which is obtained at My=2.5. This contour has a volume of
V= 0.051. Furthermore, we notice from this figure that the asymptotic shock strength
k; of a contour with 7=0.12 obtained at My=2.5 is also located on the red line. So,
we can conclude from this that the third variant contours with a certain volume and
a smaller thickness produce lower asymptotic shock strength than those with the same
volume but a larger thickness. Figure 7.28 represents different geometries for these two

The influence of T on k| of a contour achieved at M0:2.5 & 1=0.11
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Figure 7.27: The most optimum contour in the first variant, My=2.5 and different 7

contours with the same volume and different thickness. It is also interesting to investigate
the asymptotic shock strength w.r.t the different Mach numbers as result of these two
contour’s geometry. Figure 7.29 represents this relation from which it is clear that a third
variant contour with a certain volume and a smaller thickness produces lower asymptotic
shock strength than those with the same volume and a larger thickness.
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Different geometries at M0=2.5, same volume and different t
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Figure 7.28: Different geometries same volume, different thickness, My=2.5
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Contour with the same volume, MO:2.5 & different 1
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Figure 7.29: The asymptotic shock strength characteristic at different Mach numbers, dif-
ferent thickness
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7.10 Aerodynamic properties for 3¢ variant

In section 6.10 from previous chapter, the aerodynamic properties of a first variant contour
was studied. In the same manner we analyze these properties for a third variant contour
with a volume V=0.032. This contour is obtained with a constant 7=0.10 at My=2.6.

37 variant

Flow velocity and pressure across the shock,
By using equation (6.35) and the Hall-function we are able to find the Mach variation
across the shock and subsequently along the surface. From figure 7.30 it is clear that the
undisturbed flow Mach number My=2.6 directly after the shock decreases. Subsequently
the local Mach number M, will decrease until the shoulder point. This is the opposite
result as what we have observed from figure 6.32 for a first variant contour. The reason for
that is the increasing of the flow direction ¢ along the third variant surface. So, according
to equation (6.35) an increasing of ¢ means smaller values for Prandtl-Meyer angle along
the surface which again results in smaller local Mach numbers. Knowing the ambient

The Mach number behind the shock at M 0=2.6 & =0.1
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Figure 7.30: The Mach variation for a third variant contour

Mach numbers along the surface and using equation (6.10) enable us to find the static
pressure change 1’;—; across the leading shock. In contrast with the first variant contour,
the static pressure increases until the shoulder point, see figure 7.31. It is also worthy to
investigate the difference between the linearized supersonic pressure coefficient and the
real pressure coefficient for a third variant contour. The linearized supersonic pressure
coefficient can be determined by equation (6.40). This figure represents an increase of
pressure coefficient ¢, along the surface for a third variant contour. This is also the
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The pressure field behind the shock at M ;=2.6 & (=0.1
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Figure 7.31: Static pressure at My=2.6 7=0.10

The pressure coefficient along the body with t=0.1 at MO:2.6
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Figure 7.32: Comparison between the supersonic linear theory and 2D Burger
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opposite result compared to the first variant contour because of an increase for the local
pressure. In a similar way as for the first variant, the ratio of the static temperature
(6.41) is needed to determine the local speed of sound a.. Equations (6.42) can be used
now to find the flow velocities u and u for the third variant contours. The flow velocity

The u-flow velocity behind the shock at M ;=26 & 1=0.1
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Figure 7.33: The flow velocities, 3"¢ variant

in the z-direction is decreased while in the y-direction increases, see figure 7.33. These
results are in contrary to those shown in figure 6.35 for the first variant contour.
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3rd

Entropy, variant

Equations (6.44) and (6.45) can be used to investigate the entropy- and the total pressure
change for the third variant contours. The upper figure 7.34 represents the normal up-

The normal Mach number along the shock path, 3 variant
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Entropy change along the shock path , 39 variant
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Figure 7.34: Upper plot: the normal Mach number, Lower plot: entropy change, 37 variant

stream Mach numbers M, for a third variant contour for which the values are reversed
compared to the first variant contour. At the nose of the body it seems as My, ~1.0
which means that the entropy change here at this point is nearly equal to zero. In order
to see this condition the total pressure Change Pe2 Wthh is also a function of My, is plot-

ted in figure 7.35. This figure shows a total pressure ratio p 2 of almost 1 at the body’s

leading edge for which As approaches zero. So, from this ﬁgure we can also conclude that
assuming the flow being isentropic for the third variant is allowable.
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Figure 7.35: The total pressure drop along the shock path
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7.11 Drag for the third variant contours

Equation (6.46) can be used to determine the drag force for the third variant contours.
From this we can have the drag coefficient for these contours. Figure 7.36 shows an inverse
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Figure 7.36: The drag coefficient for the optimal contours, 3"¢ variant

relation between the third variant contours and drag. It means that the third variant
contours with a smaller volume show a higher drag coefficient while the first variant
contours with a smaller volume caused a lower drag, see figure 6.38. It is also worthy
to investigate the relation between the volume of these contours and the corresponding
asymptotic shock strength, see figure 7.37. From this figure there is obvious there exists
an inverse linear relation between drag C'p and the asymptotic shock strength,4; for the
third variant contours. This result is in opposite of what we have observed from figure
6.39 for the first variant contour. The results for other Mach numbers 2.49 < 3.0 have
been depicted in appendix F. These results show that there exists also an inverse linear
relation between Cp and A; for higher Mach numbers. In addition figure 7.38 shows
the influence of Mach number on A; and Cp for a third variant contour. The blue mark
indicates a third variant contour with a volume of V' =~0.0464 which is obtained at Mp=2.3.
Further the red line represents the variation of A; and Cp for this contour at other Mach
numbers. This is exactly the same result as we have achieved for the first variant contour
from figure 6.40 in which with increasing Mach number these two quantities A; and Cp
will be decreased.
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Drag with shock at M,=2.3 &1=0.10
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Figure 7.37: Drag with shock strength for the optimum contours, 3"¢ variant
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Figure 7.38: The influence of Mach number on shock strength and drag, 3" variant
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CHAPTER 8

ASYMPTOTIC AND WHITHAM THEORY

Almost in all of the studies on sonic boom, the conventional expression which describes the
shock strength is the overpressure Ap. In this chapter, first the asymptotic shock strength
3. which has been used throughout this thesis will be transformed to the overpressure.
Subsequently, the Whitham’s theory will be applied to the optimum contours in a 2D
steady and inviscid supersonic flow.

8.1 Change the asymptotic shock strength into the over-
pressure

The overpressure which represents the pressure disturbance due to the shock wave can be
described as follows:
P Dpo
Ap=p—po= <—)pt (8.1)
Pt Dt
From the isentropic flow relations the ratio of the static pressure to the total pressure is
the following:

y

~1 -1
p% _ (1 + 'V2M2> k (8.2)

This gives the ratio of the overpressure to the free flow pressure:

Ap (13T - (14 )T 53
N |
Using 8 = v/M?2 — 1 results in the following expression:
7
Ap:(6+63>2_1 (8.4)
Po 6 + 32
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Considering equation (3.4) being equal to ke and assuming when y— oo so then iy —
O0=e¢. It means that the slope of the characteristic line behind the shock will be the
following:

tand = tanby + ke + O(€%) (8.5)

Inserting this result into equation (3.9) gives us:

™ —1
8 = Vetan (1/0 + 3 tcm\/é(tcm@o + km)) (8.6)

Differentiation S w.r.t. € gives us:

d —cos?0ok
df _ —cos“boki (8.7)
de cos26y
In this equation 9Ag is the simplified form of term Vﬁégfao. So, this enables us now to
develop (8 in terms of € as follows:
cos®Ogk
B =0y~ ——=t 4+ O(e?) (8.8)
cos20y

Inserting the new expression for § into the equation (8.4) gives us the following relation:

A 2 29
AP _ g T 2cosbo o (8.9)
Do 2(6 + Bo)costy

Using equation (3.23) enables us to write this equation in an expression which depends
only on free Mach number My, the shock strength A; and the distance y as follows:

Ap _ 7V/M§—1V2 2 (t5 -0 1
pT_M(%+M§) <1+t‘m< /o >)m\/z7 (5:10)

8.2 Application of Whitham’s theory to the optimum con-
tours

The first step to apply the Whitham’s theory to the optimum contours which have been
obtained already in the previous chapters, is to find the corresponding Whitham’s F-
function, see F'(¢) in figure 8.1. This function represents in fact the flow disturbance
caused by the body. In other words, the contour geometry is the main factor for the
magnitude of the Whitham F-function. In reference [G.B.Whiham [1952]] the disturbed
potential velocities are given as follows:

—F(§)
B

According to the Whitham’s theory, every characteristic curve originating from the body
surface can be determined by the variable €. This variable is a function of z and y which
are respectively the distances along and perpendicular to the boundary wall y=y(z). In
2D steady supersonic flows, F(§) is equal to the slope of the boundary at the point where

u =

and v = F(§) (8.11)
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Figure 8.1: Sketch of a characteristic line, Whitham's theory

it is crossed by the characteristic line &, that is, F' (§)zy/ (X). The distance from the tip
of the nose to this characteristic line X (&) can be determined by X-Sy(X)=¢. Figure 8.1
represents a sketch of the characteristic line which is emanating from the body at point b
and passing through the point p in flow field. Knowing the Whitham’s F-function enables
us to approximate the pressure Jump p for the occurred shock wave as follows:

Ap _ YMGF(€)
Po BT

Figure 8.2 represents the Whitham’s F-function with the corresponding overpressure for a
first variant contour with a volume of about V~0.0571 at My=2.0. The upper plot shows
that F-function which is a result of the surface inclination decreases from the nose to the
shoulder point. The lower plot 8.2 represents the values for the near-field overpressure

ﬁp by considering a distance of r=1.0 away from the z-axis. It is also remarkable from

lower plot 8.2 that the first value for & ;T indicates in fact the leading shock strength for
this body at Mp=2.0. From this, we are now able to obtain the leading shock strength
by using the Whitham’s theory for different contours.

(8.12)
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Figure 8.2: Upper plot: F-function, Lower plot: pressure jump %
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Figure 8.3 shows the difference between the pressure jump based on the asymptotic shock
strength and the pressure jump which is based on the Whitham’s theory for the same
contours at My=2.0. From figure 8.3 it is obvious that the values for the pressure jump
based on the asymptotic shock are larger than those related to the Whitham’s theory.
The reason for that is because the pressure jump related to the asymptotic shock strength
indicates the field away from the body while the results based on the Whitham’s theory
represent the near-field pressure jump. The results for the Whitham’s overpressure in the
far-field can be achieved by adding the non-linear effects to the near-field overpressure
results shown in figure 8.3.
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Figure 8.3: Comparing the asymptotic shock with the Whitham's theory
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CHAPTER 9

CONCLUSION & RECOMMENDATIONS

The origin of the sonic boom has shown that total elimination of its influence is impossible.
But the studies have enabled men to develop theories in order to reduce the strength of
the sonic boom. On the basis of the method of characteristic the asymptotic behavior of
the shock wave has been investigated for a 2D object with infinitesimally small thickness
in a supersonic flow. And its strength can be determined by BASS measure:

o
A = / (cosBy — cosb) dx (9.1)
0

This measure can be applied to a 2D body with a certain thickness 7 in a non-lift gener-
ating condition:

1—7/tanb, 1—
A= / (cosBy — cosl)du + T <30 - COCS) (9.2)
0

Ss

This result together with a volume constraint can be viewed as a variational problem.
And solving this problem leads to a complex 1% order differential equation for G(z),
where p:%, which depends on two constants 7 and My and a given #-range.

H(p) = ¢ — MG = Fy(p) — pFy(p) + p*Fi(p) (9.3)

The H(p)-function can be analyzed as a variable of p and has the form of a curved line.
Based on My, the H(p)-function results in three curves variant from which the second
type plays a transitional variant. Integration of the first and third variant curves results
in two kind of optimum contours. The variational approach enables us in fact to define
two kind of contours in terms of asymptotic shock strength.

First variant contours

The first variant contours are really optimized compared to the non-optimized contours
with the same volume. Further, the first variant contours which are achieved at lower

141
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Mach numbers show higher asymptotic shock strength than those obtained at higher
Mach numbers.

The study on expansion wave and shock path shows that interaction between the shock
and Prandtl-Meyer expansion waves has an inverse proportional relation with contours
volume. In addition, the wedge contour with the smallest volume which causes the lowest
asymptotic shock strength indicates the greatest centered expansion wave at the shoulder
point.

The optimum contours which are the result of the integrated H(p)-function are in fact
a function of My and 7. So, not only My has influence on contour geometry but also
the variable 7. So, increasing 7 results in contours with larger volume. And again these
larger contours cause higher asymptotic shock strength.

The next task was investigation on the influence of My on the asymptotic shock strength.
For this reason an optimum contour with a certain volume which was obtained at a certain
Mach number was exposed in the supersonic flows of other Mach numbers. The result of
this investigation shows an inverse relation between My and k;. In addition, it was proved
that contours with the same volume which are achieved at other Mach numbers show the
same shock strength characteristic. So, it does not matter at which Mach number we
achieve an optimum contour with corresponding asymptotic shock strength.

The same procedure was applied for when M being constant while 7 varies. The results
show that contours with a certain volume and a smaller thickness cause lower asymptotic
shock strength than those with the same volume and a larger thickness. So, it means
that increasing thickness results in contour geometries which produce higher asymptotic
shock strength at different Mach numbers.

The aerodynamic properties such as local Mach number, flow velocities, and pressure as
results of the leading shock wave were studied for the first variant contours. And the
results of entropy change along the shock wave indicates that assumption of isentropic
flow where the shock occurs is acceptable.

The last point was investigation of wave drag caused by the first variant contours. Con-
tours with a larger volume show larger wave drag and there is also a linear relation between
the asymptotic shock strength and wave drag.

Third variant contours

The third variant contours are not optimized comparing to the non-optimized contours
with similar volumes. The reason for it is because solving the variation problem leads to
the maximum extreme values of A; for the third variant contours. The wedge contour is
the largest possible third variant contour which causes the largest amount of asymptotic
shock strength. Increasing Mach number results in contours with a smaller volume which
cause lower asymptotic shock strength. There is also a proportional relation between 7
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and asymptotic shock strength for third variant contours.

Study on centered expansion waves at the shoulder point brings the same results for third
variant contours as the first variant. The third variant wedge contour shows an earlier
interaction between the shock and Prandtl-Meyer expansion wave. And it has the largest
centered expansion wave at the shoulder point.

The influence of Mach number on asymptotic shock strength for third variant contours is
studied in the same way as for the first variant. There is also an inverse relation between
Mach number and the asymptotic shock strength. Furthermore, it was proved that con-
tours with the same volume which are achieved at other Mach numbers show the same
shock strength characteristic. Furthermore, when Mach number remains constant and the
thickness increases, it will result in contour geometries which generate higher asymptotic
shock strength for different Mach numbers.

Due to the surface inclination of third variant contours, the aerodynamic properties such
as local Mach number, pressure and flow velocities show reversed results compared to the
first variant contours. Furthermore, the concave geometry of the third variant contours
results in an inverse relation between volume and wave drag magnitude and the third
variant wedge contour with the maximum volume causes the minimum possible wave
drag.

The Whitham and asymptotic shock strength theories

The body geometry has influence on the Whitham’s F-function which subsequently de-
termines the value of near-field overpressure ratio A—f. In a real 3D view, the near-field
overpressure must be extrapolated to the far-field by using the geometrical acoustic ray
tracing method. This method includes the atmospheric non-linear effects which results

in N-wave which can be observed on the ground.

The asymptotic shock strength is an indication of sonic boom caused by the geometry of
an object which can be observed in a far distance. The sonic boom is the result of shock
establishing for which the strength can be determined by:

¥ = tanb; — tanby = v1 — vy (9.4)

Where 6; and 6y are the characteristic angles behind and before the shock wave respec-
tively. This expression can be transformed to the overpressure ratio.

Both theories, the Whitham and asymptotic shock strength theories, can be applied to
the same optimal contours which are achieved based on the optimized BASS measure.
The results of Whitham’s theory seem being smaller than those based on the asymptotic
shock strength. The reason for that is because the Whitham’s results are achieved in the
near-field while the asymptotic shock theory indicates the results in a very large distance.
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Comparing theses theories also shows the different results between applied basic methods.
The Whitham’s theory is derived from linear supersonic flow theory while the asymptotic
shock strength theory is achieved from inviscid 2D Burgers’ equation based on non-linear
method of characteristic.

Research question

The research question for this thesis which was stated in the introduction was:

What is the most optimum 2D and non-lift generating contour with a certain
thickness to have the minimum asymptotic shock strength for different Mach
numbers?

Optimization of the BASS measure for a 2D forebody by a variational approach results
in two kind of optimum contours. The first variant contours which have a convex upper
surface and third variant contours with a concave upper surface. This approach causes the
first variant contours being optimum because the extreme value of A; resulting from vari-
ational analyze is a minimum extreme value. Contrary to the first variant, the variational
approach results in the maximum extreme values of A; for the third variant contours.
So, it means that only the first variant contours are optimized in the sense that they
cause the minimum possible asymptotic shock strength. Furthermore, it was shown that
both contour types have similar asymptotic shock behavior in the steady and inviscid
supersonic flow of other Mach numbers.

Recommendations

The BASS measure used in this thesis is first order accurate because the asymptotic
shock strength ¥ was developed explicitly by using Taylor series expansions. And the
influence of higher order terms was neglected. So, for further research, especially when
the asymptotic shock strength is compared to the Whitham’s theory, it is recommend to
include also the higher order terms.

The BASS measure was applied to a 2D forebody in a non-lift generating condition. So,
the influence of angle of attack was neglected. It is recommended to incorporate the lift
requirement. And in this way, the relation between the body geometry and asymptotic
shock strength can be coupled with the lift influence. And even the wave drag can be
studied closely to the relation between the shock strength and lift.

Since we are dealing with asymptotic shock strength, shock establishing at a very large
distance, it is not possible to compare numerical results with experimental wind tunnel
data. But, the aerodynamic properties based on numerical approach can be validated by
obtaining data from wind tunnel tests.

Furthermore a measure for the shock strength validation can be achieved when we compare
the linear Whitham’s results with the wind tunnel data. And subsequently extrapolating
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these data to a large distance gives us an indication of the shock strength which is com-
parable with results from the asymptotic shock strength theory.

Another way to verify the results for asymptotic shock strength theory is applying the
new CFD techniques.
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APPENDIX A

THE HALL FUNCTION

The Prandtl-Meyer function is needed to determine the local Mach number from the
known local Prandtl-Meyer angle. This function can be approximated by using the poly-
nomial function from Hall ':

M= 1+ Ax + Bz? + Cz?
a 1+ Dz + Ex?

(A1)

2

With z = (é) ? Veo = g(\/é— 1) which is the maximum Prandtl-Meyer angle for v=1.4

and the following coefficients:

A=1.3604, B=0.0962, C=—0.5127, D= —0.6722, E = —0.3278 (A.2)

1.M.Hall, Inversion of the prandtl-meyer relation, Aeronautical Journal
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APPENDIX B

LFIRST VARIANT CONTOURS FOR A CONSTANT 7 AND
DIFFERENT M,

In chapter 6 it was explained how the asymptotic shock strength A; caused by a 2D
first variant contour can be calculated. In this appendix an overview of the optimal
contour configurations with the corresponding shock strength is depicted for different M
separately. The Mach range is defined within 1.5 < My < 2.0. In all these cases the
(thickness/chord)-ratio is assumed to be constant 7=0.10.
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First variant contours for a constant 7 and different M
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Figure B.1: Different cases for 7=0.10 and My = 2,1.9,1.8
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APPENDIX C

LFIRST VARIANT CONTOURS FOR A CONSTANT M, AND
DIFFERENT 1

In chapter 6 it was explained how the asymptotic shock strength of a 2D first variant
body can be calculated for a constant Mach number and 7. In this appendix an overview
of the optimal contour configurations with the corresponding shock strength is depicted
for different 7. In all these cases the free flow Mach number M is assumed to be constant,
My=2.0
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APPENDIX D

LDRAG AND ASYMPTOTIC SHOCK STRENGTH, FIRST
VARIANT

In this chapter the relation between volume and asymptotic shock strength have been
depicted for the Mach range 1.5 < My < 1.9. Furthermore, the relation between drag
and asymptotic shock strength have been shown for the same Mach range.
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Drag and asymptotic shock strength, first variant

M0=1.9 & 1=0.10

0.1 ‘ ‘
(a)] . X
S 008f
0.06 ‘ ‘
0.05 0055 0.06 0.065
Y
M,=1.8 & 1=0.10
0.12
o 0.1
0.08 :
0.05 0055 0.06 0.065
Y
M,=1.7 & 1=0.10
0.12 ‘ ‘
OD 0.1/
0.08 ‘ ‘
0.05 0.055 0.06 0.065
Y%

Figure D.1: Drag and shock strength for My=1.9, 1.8, 1.7 and 7=0.10

(a)
O

(a)
O

(a)
®)

M0=1.9 & 1=0.10

0.1 ‘ ‘
0.08 /
0.06 ‘ ‘
0.0895 0.09 0.0905 0.091
A |
M,=1.8 & 1=0.10
0.12
0.1 : : :
0.08 /
01  0.101 0.102 0.103
A |
M,=1.7 &1=0.10
0.12 ‘ ‘
0.08 : :
0.114 0116 0118  0.12
A



161

M,=16 &1=0.10 M,=16 &1=0.10
0.12 0.12
0.11t- 0.11t-
(a) (=)
O
0.1} 0.1}
0.09 : ‘ 0.09 ‘
0.05 0.055 0.06 0.065 0.135 0.14 0.145
\Y A,
M,=15 &1=0.10 M,=15 &1=0.10
0.14 0.14
0.13}: Sl ¢ : 0.13}-
(a) (=)
(@) O
0.12t- R o : 0.12}-
0.11 : : 0.11 : :
0.05 0.055 0.06 0.065 0.165 0.17 0.175 0.18
\Y A

Figure D.2: Drag and shock strength for My=1.6, 1.5 and 7=0.10
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APPENDIX E

LTHIRD VARIANT CONTOURS FOR A CONSTANT 7 AND
DIFFERENT M,

In chapter 7 it was explained how the asymptotic shock strength caused by a 2D third
variant body can be calculated. In this appendix an overview of the optimal contour
configurations with the corresponding shock strength is depicted for different My. The
Mach range is defined within 2.3 < My < 3.0. In all these cases the (thickness/chord)-
ratio is assumed to be constant, 7=0.10.
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Figure E.2: Different cases for My=2.6, 2.7, 2.8



166 Third variant contours for a constant 7 and different M

Contours at M0=2.9 & 1=0.10 A | for M0=2.9 & 1=0.10
0.1 ‘ 0.0445
0.044
> 0.05 : g : {1 « 0.0435
0.043
0 : 0.0425
0 0.5 1 0.03 0.04 0.05 0.06
X V
Contours at MO:B.O & 1=0.10 A | for MO:3.0 & 1=0.10
0.2 ‘ 0.043
0.15
0.042
> 0.1 <
0.041
0.05
0 : 0.04
0 0.5 1 0.03 0.04 0.05 0.06
X V

Figure E.3: Different cases for My=2.9, 3.0



APPENDIX F

LDRAG AND ASYMPTOTIC SHOCK STRENGTH, THIRD
VARIANT

In this chapter the relation between volume and asymptotic shock strength have been
depicted for the Mach range 2.3 < My < 3.0. Furthermore, the relation between drag
and asymptotic shock strength have been illustrated for the same Mach range.
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Drag and asymptotic shock strength, third variant
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Figure F.3: Drag and shock strength for My=2.7, 2.8, 2.9 and 7=0.10









	List of Figures
	List of Tables
	1 Introduction
	1.1 The origin of the sonic boom
	1.2 The Whitham's theory
	1.3 Fundamentals of Whitham's theory
	1.3.1 The implementation and limitations of Whitham's theory

	1.4 The asymptotic shock strength
	1.4.1 Thesis outline


	2 Steady 2D flow
	2.1 Fundamental gasdynamics for 2D steady, inviscid, isentropic supersonic flow
	2.1.1 Simple Waves


	3 Asymptotic shock strength
	3.1 Bakker asymptotic shock strength (BASS)
	3.2 Application of the BASS theory to a 2D forebody

	4 Optimization problem
	4.1 Variation problem

	5 The Characteristics of H(p)-Function
	5.1 Influence of M0
	5.2 Influence of 
	5.3 Mathematical analysis
	5.3.1 First variant curve
	5.3.2 Variant III
	5.3.3 Variant II


	6 Numerical analysis for the first Variant
	6.1 Integration of H(p) curve: first variant
	6.2 First variant geometries
	6.2.1 The resulting (H-p)-curves 
	6.2.2 The resulting G-function
	6.2.3 The resulting contour function

	6.3 Asymptotic shock strength for the first variant
	6.4 Convergence
	6.5 Validation for the first variant
	6.5.1 A wedge contour in a steady supersonic flow
	6.5.2 A wedge contour with one kink
	6.5.3 Comparison between the optimized and non-optimized contour, 1st variant
	6.5.4 The asymptotic shock strength area, 1st variant

	6.6 Prandtl-Meyer expansion wave, 1th variant
	6.7 Influence of Mach number on kl, 1st variant
	6.8 M0 variation for the first variant
	6.8.1 Same contour at different Mach numbers, 1st variant

	6.9 Thickness variation for the first variant
	6.9.1 Influence of thickness on kl, 1st variant

	6.10 Aerodynamic properties for 1st variant
	6.11 Drag for the first variant contours

	7 Numerical analysis for the third variant
	7.1 Integration of H(p) curve: third variant
	7.2 Third variant geometries
	7.2.1 The resulting (H-p)-curves 
	7.2.2 The resulting contour function

	7.3 Asymptotic shock strength for the third variant
	7.4 Validation for the third variant
	7.4.1 Comparison between the optimized and non-optimized contour, 3rd variant
	7.4.2 The asymptotic shock strength area, 3rd variant

	7.5 Variation extreme values
	7.6 Prandtl-Meyer expansion wave, 3rd variant
	7.7 Influence of Mach number on kl, 3rd variant
	7.8 M0 variation for the third variant
	7.8.1 Same contour at different Mach numbers, 3rd variant

	7.9 Thickness variation for the third variant
	7.9.1 Influence of thickness on kl, 3rd variant

	7.10 Aerodynamic properties for 3rd variant
	7.11 Drag for the third variant contours

	8 Asymptotic and Whitham theory 
	8.1 Change the asymptotic shock strength into the overpressure
	8.2 Application of Whitham's theory to the optimum contours

	9 Conclusion & Recommendations 
	References
	A The Hall Function
	B First variant contours for a constant  and different M0
	C First variant contours for a constant M0 and different 
	D Drag and asymptotic shock strength, first variant
	E Third variant contours for a constant  and different M0
	F Drag and asymptotic shock strength, third variant






