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 a b s t r a c t

Early-stage design assessment of loads such as vertical bending moments can be a critical quantity of interest 
for design exploration. Traditionally, classification societies’ rules are used to calculate such loads. However, 
relying solely on these rules for designing new vessels may be insufficient, and conducting direct analyses of a 
large number of designs to support design exploration is computationally infeasible. Currently, key factors such 
as wave-induced loads are typically evaluated only in later design stages, where a limited number of promising 
designs are under consideration. This research explores the potential of harnessing multi-fidelity models for 
early-stage predictions of wave-induced loads, with a specific focus on wave-induced vertical bending moments. 
As an initial step in this direction, the vertical bending moment analysis was simplified to consider responses 
in a regular sea state, where the wavelength matches the vessel’s length. The assessed multi-fidelity models 
include the application of both linear and nonlinear Gaussian processes and compositional kernels to improve 
predictions of wave-induced loads, specifically focusing on wave-induced vertical bending moments. The case 
study focuses on the early-stage exploration of the AXE frigates. Multi-fidelity models were constructed using 
both frequency- and time-domain methods to evaluate the vertical bending moments experienced by the hull. 
Finally, a critical reflection is provided on how traditional early-stage design processes can be enhanced by 
integrating multi-fidelity models.

1.  Introduction

Currently, engineers face inherent technological challenges that mo-
tivate them to strive for the design of vessels with improved capabil-
ities. This is especially true with the push towards higher performing, 
more sustainable, safer, and autonomous vessels. This research is closely 
linked to the development of higher-performance and safer ships. From 
the standpoint of designers, this is where the concept of novelty be-
comes a central aspect in the early-stage design process. However, the 
introduction of novel design features introduces a trade-off of increased 
uncertainty, primarily stemming from limited knowledge of how these 
innovative features will impact the vessel’s performance. This research 
investigates early-stage design of such a novel concept, the AXE frigate 
via the use of multi-fidelity (MF) models.

Early-stage design of novel vessels requires revising traditional de-
sign processes. Traditionally, early-stage design of complex vessels starts 
by exploring a broad design space, where various concepts are examined 
using low-fidelity (LF) analysis (Van Oers et al., 2017). For example, 
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common methods for predicting global loads include using rules from 
classification societies (Li et al., 2016) and employing linear potential 
flow (Shigunov et al., 2015). As the design process progresses, the fi-
delity of our tools incrementally increases. High-fidelity (HF) methods 
offer greater accuracy but come with higher costs, both computationally 
and financially. HF analysis is introduced towards the end of the process 
when only a few promising solutions are further analyzed for detailing 
and verifying. Examples of HF analysis for predicting global loads in-
clude computational fluid dynamics (CFD) (Temarel et al., 2016) and 
model tests (Bennett et al., 2013).

For novel designs, the goal is to introduce HF analysis earlier on, as 
LF models often fall short in capturing the complex physics associated 
with the performance of such concepts. As illustrated by Sapsis (2021), 
the introduced nonlinearities affect the seakeeping and vertical bending 
moment (VBM) of the tumblehome hull. However, assessing numerous 
designs using HF tools is impractical due to high computational costs. 
Therefore, a promising approach involves employing MF models that 
integrate various fidelity levels to achieve accurate results with lower 
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Acronyms

BEM boundary element method
BIC Bayesian Information Criterion
CFD computational fluid dynamics
DoE design of experiments
GPs Gaussian Processes
HF high-fidelity
LF low-fidelity
MF multi-fidelity
NARGP Nonlinear AutoRegressive Gaussian Process
NURBS non-uniform rational B-splines
SF single-fidelity
URANS unsteady Reynolds-Averaged Navier–Stokes
VBM vertical bending moment

computational expenses (Peherstorfer et al., 2018; Fernández-Godino, 
2023).

Accurately predicting wave-induced loads, such as bending moments 
and shear forces, is important for the comprehensive evaluation of var-
ious design alternatives, facilitating informed decision-making. For ex-
ample, VBM is important for structural stability and fatigue lifetimes 
(Guth et al., 2022). Traditionally, engineers rely on established rules 
and guidelines prescribed by classification societies to guide their de-
sign practices (Hirdaris et al., 2014). However, when dealing with novel 
ships featuring unconventional shapes and sizes, blindly following the 
class society formulations proves insufficient (Shigunov et al., 2015; 
Seyffert and Kana, 2019; Parunov et al., 2022). The coupling of unique 
hull shapes with high service speed can lead to significantly higher bend-
ing moments than those determined through classification rules (Shi-
gunov et al., 2015). Thus, it is necessary to adopt direct analysis tech-
niques using HF methods for more accurate predictions.

The VBM emerges as a significant load with substantial implications 
for ship structural design. It results from the uneven distribution of water 
pressure and gravity, resulting in the bending of the elastic hull struc-
ture (Molland, 2008). Notably, instances of marine accidents, such as the 
MOL Comfort incident in 2013, have been attributed to extreme bend-
ing moments (Jiang, 2015). The vessel broke in two after encountering 
adverse weather in the Indian Ocean. The severity of such incidents 
highlights the criticality of comprehending and effectively addressing 
the challenges associated with the VBM to ensure the safety and struc-
tural integrity of vessels.

Despite extensive research on predicting VBM, a gap exists in in-
tegrating these methods into early-stage design. This paper focuses on 
design exploration by considering short-term responses, rather than re-
lying on wave statistics for a single design variation, as is common in 
most of the relevant literature. This paper addresses the challenge. To 
introduce HF analysis earlier in the design process for predicting wave-
induced VBM in AXE frigates, three different models based on MF Gaus-
sian Processes (GPs) were built and compared. The models are based 
on the linear autoregressive AR1 scheme, the linear AR1 scheme with 
the integration of compositional kernels, and the Nonlinear AutoRe-
gressive Gaussian Process (NARGP) scheme. In general, different MF 
schemes come with their own advantages and disadvantages, making 
the choice dependent on the specific problem being addressed. In this 
research, GPs were selected for two key reasons. First, they provide accu-
rate predictions even with small training datasets (Nitzler et al., 2022), 
which is essential for early-stage design problems where only limited 
analysis data is available. Second, GPs quantify the uncertainty in their 
predictions (Rasmussen and Williams, 2005), which supports informed 
decision-making, a fundamental aspect of early-stage design. However, 
a common limitation of GPs is their scalability. That said, since early-
stage design typically involves small data regimes, this constraint was 
not relevant for this research problem. The case study involves the as-

sessment of wave-induced VBM for early-stage design exploration of the 
AXE frigates.

Relevant work regarding the topics of VBM and the design explo-
ration of novel vessels is discussed in Section 2. The mathematical for-
mulation of the underlying methods is given in Section 3. The technical 
details of the case study are provided in Section 4. The results are pre-
sented and discussed in Section 5, and finally, Section 7 is where the 
conclusions are presented, and recommendations for further research 
are given.

2.  Relevant work

This section provides additional information on the state-of-the-art 
use of MF models for early-stage design exploration, wave-induced VBM 
prediction, the applicability of MF models for such predictions, and the 
AXE frigate concept.

2.1.  Design exploration of novel vessels using MF analysis

The initial phase of design is considered the pivotal stage in the de-
sign process, as it is during this period that numerous key decisions are 
formulated (Mavris et al., 1998; Andrews, 2018). A significant challenge 
is that these critical decisions need to be made while there is a limited 
knowledge regarding the design (Mavris et al., 1998). To address this 
challenge, designers ideally want to conduct a broad exploration of the 
design space. Design exploration requires numerous evaluations, mak-
ing it common practice to rely on LF methods and tools for these ap-
plications. As discussed, early-stage design exploration of novel designs 
requires the integration of HF analysis data. However, evaluating a large 
number of designs with HF tools is practically infeasible. A promising av-
enue is to use MF models. MF models are models combining LF fidelity 
models with a HF model to enhance accuracy. Currently, MF models 
are considered state-of-the-art for advanced design applications. This 
section examines the applicability of MF methods in ship design opti-
mization and exploration.

So far, a substantial portion of relevant research has concentrated on 
hull optimization, primarily focusing on quantities of interest like resis-
tance or seakeeping. For example, the design optimization of SWATH 
hull forms was explored by Bonfiglio et al. (2018a, 2020). Bonfiglio 
et al. (2018a) combined two methods, namely strip theory and a bound-
ary element method (BEM) based on potential flow, to predict the sea-
keeping performance of hull forms. Bonfiglio et al. (2020) assessed the 
calm water resistance using a BEM formulated approach, assuming a 
potential flow-like behavior as the LF model, and a solver based on the 
unsteady Reynolds-Averaged Navier-Stokes (URANS) equation, serving 
as the HF model. In both studies, the analysis data were integrated into 
an MF framework using MF-GPs and Bayesian optimization. The opti-
mization was performed in a 35-dimensional design space for former 
study and an 8-dimensional design space for the latter. Serani et al. 
(2022) addressed the design problem of optimizing the DTMB 5415 
hull form for seakeeping and resistance. The researchers employed vari-
ous analysis models, ranging from potential flow to Reynolds-Averaged 
Navier-Stokes equations, to solve the physical problem. The researchers 
developed and compared several frameworks based on the following 
MF approaches: stochastic radial basis functions, kriging partial least 
squares, augmented expected improvement kriging, and mixed fidelity 
neural networks. Gaggero et al. (2022) tackled the problem optimizing 
a marine propeller through two methods-utilizing an inviscid potential 
flow-based BEM approach as the LF method and employing an inviscid 
finite volume RANS solver as the HF method. The MF framework was 
developed based on the coKriging model.

There is a limited number of studies available in the field of structural 
design. Bonfiglio et al. (2018b) developed a MF design framework rely-
ing on GPs and Bayesian optimization for the hydrostructural optimiza-
tion of supercavitating foils. In the hydrodynamic aspect, the framework 
integrated data from both coarse and fine resolution URANS methods, 
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while for the structural component, it incorporated data from both 1D 
and 3D Finite Element Method simulations. Regarding aerospace de-
sign, Bryson et al. (2022) conducted a comparison of various MF ap-
proaches, including AR1 GPs with partial least squares, MF Broyden-
Fletcher-Goldfarb-Shanno, MF sparse polynomial chaos expansions with 
Kriging, and Co-Kriging, in the context of an aero-structural design prob-
lem. The results showed that the four models exhibited similar perfor-
mance in terms of reducing the objective value within the allocated com-
putational budget. However, notable distinctions arose due to variations 
in the initial sample size and distribution.

The aforementioned studies have primarily focused on hydro-
structural optimization applications, typically related to later design 
stages. The authors envision the possibility of advancing such frame-
works to earlier stages in the design process to enhance decision-making 
effectiveness. In ship design, early-stage decision-making involves de-
termining the main design variables and exploring different design con-
cepts.

2.2.  Prediction of wave-induced vertical bending moments

The estimation of wave-induced motions and loads is crucial in the 
design of marine structures (Hirdaris et al., 2016). From the designer’s 
perspective, it is essential to ensure that the global structural strength 
can withstand operational and environmental loads over the ship’s life-
time while considering economic and environmental constraints that 
drive the development of lighter and more efficient ship structures 
(Temarel et al., 2016).

In traditional practice, the estimation of global loads in the initial 
design stages relies on adhering to the regulations of classification so-
cieties. While effective for conventional designs, this approach may not 
properly account for nonlinear effects arising from complex hull geom-
etry and wave interactions, which are critical for unconventional hull 
forms. Time domain simulations conducted on a tumblehome hull, ac-
counting for nonlinearities in the Froude Krylov force, and hydrostatic 
restoring pressure forces revealed a complex vertical bending moment 
curve characterized by asymmetry, attributed to the inherent hull asym-
metry (Sapsis, 2021). In addition, Seyffert and Kana (2019) argue that 
the Equivalent Design Wave method proposed by classification societies 
is not suitable for novel hull forms like the trimaran when defining life-
time combined loading scenarios.

Numerous methods are available for predicting VBM loads. LF meth-
ods encompass classification rules and empirical formulations, such as 
the method proposed in Murray (1947). A more precise approach in-
volves employing linear potential flow analysis, which takes into ac-
count the hull’s geometry (e.g., Rajendran et al., 2016). However, in 
terms of accuracy, the most advanced methods include fully nonlinear 
URANS models (e.g., Ley and el Moctar, 2021), model tests (e.g., Bous-
casse et al., 2022), or onboard measurements during real-world oper-
ations (e.g., Waskito et al., 2020). These advanced approaches, while 
highly accurate, are often impractical for early-stage design processes 
that may require evaluating a broad design space spanning possibly 
thousands of design concepts or more.

In general, the analysis methods relevant to predicting VBM loads 
can be classified into linear and nonlinear methods. Linear methods 
can yield reliable results for certain problems, but when dealing with 
a ship operating in stochastic weather conditions, various nonlinearities 
come into play, as noted in (ITTC, 2014). These nonlinearities, as out-
lined by Hirdaris et al. (2016), include those associated with the wetted 
surface of the body, the free surface, the seabed, and the remaining sur-
faces bounding the fluid domain. Linear theories inherently suggest that 
sagging and hogging moments are equal. However, empirical evidence 
from experiments and full-scale measurements, e.g., Fonseca and Soares 
(2002), has demonstrated that sagging exceeds hogging. The transition 
from straightforward methods like class rules to more sophisticated and 
computationally costly techniques is primarily propelled by shifts in ship 
types, sizes, complexities, the availability of additional data regarding 

real ship responses in waves, and enhanced computational capabilities 
(Temarel et al., 2016).

Numerous recent studies aim to develop MF models that facilitate the 
analysis of a specific design under various loading conditions the vessel 
may encounter throughout its lifetime. These predictions, encompass-
ing various loading scenarios, undergo statistical treatment to establish 
a design load. For example, Guth et al. (2022) introduced a MF active 
search method applied to a ship-wavegroup problem using the ONR Top-
side series flared variant with constant velocity through long-crested 
head seas. The research demonstrated that, in specific cases, incorporat-
ing LF data enhances the prediction of the probability density functions 
of the responses. Another study by Drummen et al. (2022) proposed a 
MF approach, integrating model tests with results from linear potential 
flow, to predict design loads linked to the extreme VBM. The findings 
underscored the significance of considering nonlinearities in such prob-
lems, revealing substantial corrections to the linear results. For instance, 
a 40% increase in the linear long-term sagging occurred due to weak 
nonlinearities. To the best of the author’s knowledge, there is a current 
gap in research concerning the assessment of wave-induced VBM from a 
design exploration perspective. Traditionally, such analyses occur later 
in the design process, once the primary design variables are already de-
fined. However, we argue that VBM is a crucial quantity of interest that 
should be considered earlier in the design process.

To determine the design load associated with VBM, the vessel must 
be analyzed across various sea states. Additionally, the vessel’s opera-
tional profile should be incorporated to calculate long-term responses 
over the vessel’s lifetime. This process is computationally intensive and 
can only be performed for a very limited number of design variations. 
This research focuses on early-stage design, where the goal is to explore 
a broad design space. As an initial step toward incorporating VBM anal-
ysis in this phase, the analysis is simplified to a single regular sea state, 
with the vessel’s length matching the wavelength. This decision was 
made to: (1) enhance the interpretability of load prediction results for 
different design variations and (2) shift the research focus toward de-
veloping MF models for assessing the design space rather than refining 
analysis methods for load prediction.

2.3.  AXE frigate concept

As previously noted, the primary objective of this study is to facilitate 
early-stage design of novel vessels. The implementation of the AXE bow 
(Fig. 1) to large vessels such as frigates represents an innovative concept. 
The AXE bow was originally developed by Keuning et al. (2002). The 
AXE bow has the potential to enhance the vessel’s performance in terms 
of seakeeping capabilities, making it an attractive choice for frigates, as 
they need to execute their missions effectively even in adverse weather 
conditions. The AXE bow has been implemented in high-speed and rel-
atively small vessels like yachts and offshore patrol vessels, such as the 
Aqua Helix Fig. 1(b). However, its application has not extended to larger 
vessels like frigates as of now.

Recent studies have demonstrated the hydrodynamic advantages of 
incorporating the AXE bow design on a frigate. One of the initial studies 
conducted by Eefsen et al. (2004) explored seven alternatives for hull 
forms and concepts derived from the parent hull of a 120m frigate. The 
evaluation of these alternatives involved an assessment of their seakeep-
ing performance, operability, and resistance, relying on experimental 
data. A key finding from the study is that the incorporation of the AXE 
bow does not compromise dynamic stability or course-keeping capabili-
ties. Keunìng and Van Wiilree (2006) conducted a comparative analysis 
of the hydrodynamic characteristics of three offshore patrol vessel con-
cepts: the enlarged ship concept, the AXE bow concept, and the Wave 
Piercer concept. These concepts were evaluated as part of the conceptual 
design process for a 55 m fast monohull patrol vessel capable of reaching 
speeds of 50 knots. The findings revealed that the AXE bow concept out-
performed the other vessels. The results were derived from model tests 
assessing calm water resistance, as well as the vessels’ behavior in both 
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Fig. 1. AXE bow.

head and following waves. In the recent study by Rijkens and Mikelic 
(2022), a hydrodynamic comparison was conducted between two frigate 
designs: a conventional frigate and an AXE frigate. Model tests were car-
ried out in calm water, regular waves, and irregular waves to discern 
differences in seakeeping performance. The experimental findings indi-
cate that the calm water resistance of the AXE frigate is approximately 
9% lower at the design speed, primarily attributed to the longer wa-
terline length of the AXE frigate. For fast vessels like frigates, residuary 
resistance makes up a significant portion of the total resistance, and it 
decreases as the ship’s length increases (Papanikolaou, 2014). Tests in 
regular and irregular head waves reveal reduced heave and pitch mo-
tions for the AXE frigate. Additionally, in large waves, the AXE frigate 
exhibits reduced deck wetness due to its higher freeboard height in the 
bow area.

Hence, the AXE bow concept holds promise for its integration into 
a frigate design. This study will further investigate its impact on wave-
induced VBM from the perspective of design exploration.

3.  Methods

This section provides the mathematical formulation of the methods 
used in this research. Section 3.1 offers a comprehensive overview of the 
design framework itself. Section 3.2.1 provides the mathematical formu-
lation of MF-GPs, including compositional kernels. Section 3.3 discusses 
the technical details of the tools used for predicting the wave-induced 
VBM.

3.1.  Overview of the design framework

The design framework is structured around three primary compo-
nents: the generation, analysis, and optimization engines. This frame-
work structure is commonly employed in design optimization frame-
works, such as the design engineering engine (La Rocca, 2012). In the 
context of the generation engine, a parametric model was set up to fa-
cilitate the exploration of the key design variables. These include the 
length, beam, depth, deadrise, and flare angles, along with three vari-
ables linked to bow design: bow length, depth, and height. In addition, 
this component should produce a mesh of the hull, which will be further 

analyzed using the dedicated solvers. Further technical details are given 
in Section 4.1.

The analysis engine includes both analysis tools for assessing wave-
induced VBM and methods for constructing the surrogate model of 
the objective landscape. The included analysis tools consist of two 
solvers with distinct fidelities: the frequency domain solver PRECAL 
(Section 3.3.1), used as the LF tool, and the time domain solver PRETTI 
(Section 3.3.2), used as the HF tool. One of the most notable differences 
is that the time domain solver is capable of capturing the nonlinearities 
introduced by the hull shape. For creating the surrogate model of the 
objective landscape, three different methods will be employed and com-
pared. First, the initial approach involves the AR1 scheme of MF-GPs, 
introduced by Kennedy and O’Hagan (2000) using the squared expo-
nential kernel. The second model consists of the AR1 scheme of MF-GPs 
with compositional kernels, a method introduced and investigated by 
the authors (Charisi et al., 2022, 2024b). The compositional kernels 
were initially proposed by Duvenaud et al. (2013). The third model is the 
nonlinear scheme of the MF-GPs proposed by Perdikaris et al. (2017). 
The mathematical formulation of the aforementioned methods is given 
in Sections 3.2.1 and 3.2.2. The final component is the optimization en-
gine. The optimization engine utilizes the surrogate model generated by 
the analysis engine and employs a search strategy to find the optimum 
solution. The technical details of the optimization engine implementa-
tion are beyond the scope of this paper; instead, the focus is on how 
effectively the different methods approximate the objective landscape. 
An overview of how all the individual blocks of the design framework 
fit together is shown in the flowchart in Fig. 2.

3.2.  Multi-fidelity Gaussian processes and compositional kernels

This section gives the mathematical formulation of GPs, MF-GPs (the 
linear scheme AR1 and the nonlinear scheme NARGP), and composi-
tional kernels. In general, frameworks based on the AR1 scheme as-
sume a linear correlation between fidelity levels, represented by a scal-
ing function and an additive function. In contrast, the NARGP scheme 
captures a nonlinear relationship using a function alongside the additive 
term. The objective of the paper is to evaluate which scheme more ef-
fectively models the inter-fidelity relationship in the case of predicting 
the VBM for the AXE frigate.

3.2.1.  Multi-fidelity Gaussian processes
The mathematical formulation for GPs follows the work presented 

in Rasmussen and Williams (2005). GPs are used to build approxima-
tions of real-world processes 𝑓 (𝑥), which can be fully defined by a mean 
𝜇(𝑥) and a covariance function 𝑘(𝑥, 𝑥′) according to Eqs. (1)–(3). The 
mean function 𝑚(𝑥) defines the expected value for individual random 
variables within the function 𝑓 (𝑥). Additionally, it can integrate domain 
knowledge when such information is accessible. In situations where this 
knowledge is not available, we can make the assumption that 𝑚(𝑥) = 0
(Rasmussen and Williams, 2005), since data can be normalized to have 
a zero mean. Regarding the covariance matrix, each element represents 
the covariance between two random variables, namely, 𝑓 (𝑥) and 𝑓 (𝑥′). 
These elements are determined by the kernel function 𝑘(𝑥𝑖, 𝑥𝑗 ; 𝜃), where 
the kernel function relies on the model’s parameters denoted as 𝜃, also 
referred to as hyperparameters. 
𝑓 (𝑥) ∼ (𝑚(𝑥), 𝑘(𝑥, 𝑥′)) (1)

𝑚(𝑥) = 𝔼[𝑓 (𝑥)] (2)

𝑘(𝑥, 𝑥′) = 𝔼[𝑓 (𝑥) − 𝑚(𝑥)][𝑓 (𝑥′) − 𝑚(𝑥′)] (3)

The available analysis or experimental data can be described accord-
ing to Eq. (4): 
𝑦 = 𝑓 (𝑥) + 𝜖, 𝜖 ∼  (0, 𝜎2n) (4)
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Fig. 2. Flowchart framework for the early-stage design assessment of the wave-
induced VBM of AXE frigates.

where 𝑓 represents the function to be approximated, and 𝜖 stands for 
the error term. In Bayesian methods like GPs, a pivotal aspect of the 
analysis is the prior distribution. This distribution encapsulates our pre-
existing knowledge or assumptions about the unknown function 𝑓 . The 
prior distribution for both the observed data 𝑋 and the test data 𝑋∗ is 
established as per Eq. (5): 
[

𝒚
𝒇∗

]

∼ 
([

0
0

]

,
[

𝐾(𝑋,𝑋) + 𝜎2n𝐼 𝐾(𝑋,𝑋∗)
𝐾(𝑋∗, 𝑋) 𝐾(𝑋∗, 𝑋∗)

])

(5)

where 𝑓∗ are the function values evaluated at the test locations 𝑋∗. The 
GP prior forms a distribution over functions since the GP is a multivari-
ate Gaussian distribution over the random variable vector 

[

𝒚
𝒇∗

]

 which 
leads to different probabilities for different functions.

Fig. 3. Schematic representation AR1 (Brevault et al., 2020).

Within Bayesian learning, the prior distribution undergoes modifica-
tion by assimilating the observed data, leading to the emergence of the 
posterior distribution. Essentially, the probabilities assigned to different 
functions according to the prior are adjusted based on the observed data 
through the likelihood. In mathematical terms, the prior distribution is 
conditioned on the observed data to yield the posterior distribution, as 
described by Eqs. (6)–(8): 
𝒇∗|𝑋,𝑋∗, 𝒚 ∼  (𝒇∗, cov(𝒇∗)) (6)

𝒇∗ = 𝒌𝑇∗ [𝐾 + 𝜎2n𝐼]
−1𝒚 (7)

cov(𝒇∗) = 𝑘(𝑥∗, 𝑥∗) − 𝒌𝑇∗ [𝐾 + 𝜎2n𝐼]
−1𝒌∗ (8)

where 𝐾 = 𝐾(𝑋,𝑋), and 𝑘∗ = 𝑘(𝑥∗). Numerous approaches exist for 
optimizing kernel hyperparameters, including techniques like cross-
validation and maximum likelihood estimation (e.g. Bachoc, 2013). 
In the present work, the maximization of the marginal log-likelihood, 
Eq. (9), was implemented. The single-fidelity (SF) model examined was 
built using GPs.

log 𝑝(𝒚|𝑋) = −1
2
log|𝐾 + 𝜎2n𝐼|

−1
2
𝒚𝑇 [𝐾 + 𝜎2n𝐼]

−1𝒚 − 𝑛
2
log 2𝜋 (9)

The autoregressive scheme AR1 illustrated in Fig. 3, as introduced 
by Kennedy and O’Hagan (2000), assumes a linear dependency among 
various fidelity models. The mathematical formulation follows the de-
scription in Gratiet and Garnier (2014). Due to the bifidelity nature of 
the case study, the mathematical description of the bifidelity model is 
given. The interconnection of sub-models is governed by Eqs. (10) and 
11. Specifically, the HF function connects to the LF function through a 
scaling function 𝜌 and an additive function 𝛿. It is assumed that 𝑓2 cor-
responds to the HF function, while 𝑓1 corresponds to the LF function. 
The function 𝛿 is a GP independent of 𝑓1 as shown in Eq. (11).

𝑓2(𝒙) = 𝜌(𝒙)𝑓1(𝒙) + 𝛿(𝒙) (10)

𝑓1(𝒙) ⟂ 𝛿(𝒙) (11)

The predictive model is a multivariate normal distribution described by 
Eq. (12), with a mean function according to Eq. (13) and a variance 
according to Eq. (14). 
𝑓2∗|(𝜷𝟏, 𝜷𝟐, 𝜌), (𝜎21 , 𝜎

2
2 ), (𝜽𝟏,𝜽𝟐) ∼  (𝒇𝟐∗, cov(𝒇𝟐∗)) (12)

𝒇𝟐∗ = h(𝒙)𝑇 𝜷 + 𝒌𝑇∗𝑽
−1(𝒇 −𝑯𝜷) (13)

cov(𝒇𝟐∗) = 𝜌2𝜎21 + 𝜎22 − 𝒌𝑇∗𝑽
−1𝒌∗ (14)

where the trend parameters 𝜷 =
(

𝜷𝟏
𝜷𝟐

)

, and 𝒇 =
(

𝒇𝟏
𝒇𝟐

)

. The variance pa-
rameters 𝜎21 , 𝜎22 and the parameters 𝜽𝟏,𝜽𝟐 are the model’s hyperparame-
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Fig. 4. Schematic representation NARGP (Brevault et al., 2020).

ters. 
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(15)

𝒉(𝑥)𝑇 = (𝜌𝒇 ′
1(𝑥),𝒇

′
2(𝑥)) (16)

The covariance matrix is calculated as described in Eq. (17), 

𝑽 =
(

𝜎21𝑅1(𝑫𝟏) 𝜌𝜎21𝑅1(𝑫𝟏,𝑫𝟐)
𝜌𝜎21𝑅1(𝑫𝟐,𝑫𝟏) 𝜌2𝜎21𝑅1(𝑫𝟐) + 𝜎22𝑅2(𝑫𝟐)

)

(17)

where 𝑫𝟏 = {𝑥(1)1 … 𝑥(1)𝑛1 }, and 𝑫𝟐 = {𝑥(2)1 … 𝑥(2)𝑛2 }.
The nonlinear scheme for GPs, NARGP, as shown in Fig. 4, was pro-

posed by Perdikaris et al. (2017). The authors state that the scheme 
‘enables the construction of flexible and inherently nonlinear and non-
Gaussian multi-fldelity information fusion algorithms’. The mathemati-
cal formulation allows for a nonlinear mapping between the fidelities, 
as described in Eq. (18). 
𝑓2(𝒙) = 𝑧1(𝑓1(𝒙)) + 𝛿(𝒙) (18)

where 𝑧(⋅) is a function that maps the low fidelity data to the higher 
fidelity data. A GP prior distribution is assigned to both terms 𝑧1 and 
𝑓1, thereby classifying the term 𝑧1(𝑓1(𝒙)) as a deep GP. Therefore, the 
posterior distribution 𝑓2(𝒙) is not gaussian. The GP prior 𝑓1 is being 
replaced by the GP posterior 𝑓∗1. Thus, the scheme can be written as 
shown in Eq. (19). The function 𝑔2 follows a GP as shown in Eq. (20). 
𝑓2(𝒙) = 𝑔2(𝒙, 𝑓∗1(𝒙)) (19)

𝑔2 ∼ (𝑓2|0, 𝑘2((𝒙, 𝑓∗1(𝒙)), (𝒙′, 𝑓∗1(𝒙′))) (20)

Since the posterior distribution of 𝑓2 is not Gaussian, it should be 
computed according to Eq. (21). 

𝑝(𝑓∗2(𝒙)) = ∫ 𝑝(𝑓∗2(𝒙, 𝑓∗1(𝒙)))𝑝(𝑓∗1(𝒙)) 𝑑𝒙 (21)

where 𝑝(𝑓∗1(𝒙)) is the posterior distribution of the lower fidelity level. 
Monte Carlo techniques are employed to approximate the posterior 
predictive mean and variance. For the NARGP implementation, quasi-
Monte Carlo sampling was applied with the default setting of 100 sam-
ples to estimate the predictive distribution.

3.2.2.  Compositional kernels
The covariance matrix expresses the degree of similarity between 

data points (Rasmussen and Williams, 2005) and incorporates prior 
knowledge about the function 𝑓 . Previous research has explored ba-
sis functions serving as kernel functions, which generate valid covari-
ance matrices. Ensuring the covariance matrix’s validity necessitates 

both symmetry and positive semi-definiteness. Compositional kernels, 
as outlined by Duvenaud et al. (2013), refer to combinations of a finite 
set of basis kernel functions via addition or multiplication. The selec-
tion of these basis kernels aims to mathematically encapsulate the key 
features of the function 𝑓 or, in the context of this specific research 
problem, the objective landscape.

In this study, the framework introduced in Charisi et al. (2022) was 
employed. The fundamental concept involved integrating compositional 
kernels into the AR1 scheme, with the aim of enhancing early-stage de-
sign analysis and optimization by uncovering the structure of the under-
lying objective landscape. For a problem involving models with fideli-
ties ranging from 1 to 𝑠, where fidelity 1 represents the lowest fidelity 
model, the first step is to build a compositional kernel for the lowest fi-
delity data (fidelity 1) using a single fidelity GP model. For each fidelity 
𝑖 ranging from 2 to 𝑠, a compositional kernel is constructed based on the 
bi-fidelity GP model, utilizing fidelity 𝑖 data and fidelity 𝑖 + 1 data. The 
Bayesian Information Criterion (BIC) serves as the objective function, 
following the approach outlined by Duvenaud et al. (2013). The BIC is 
formally defined by Eq. (22). 
 = 𝑘hyp ln 𝑛 − 2 ln𝐿 (22)

where 𝑛 is the number of training data, 𝑘hyp is the number of hyperpa-
rameters, and 𝐿 is the maximized likelihood value. BIC comprises two 
elements: a penalty term determined by the count of model parame-
ters and a term derived from the likelihood function. The advantage 
of opting for BIC over maximizing the marginal log-likelihood is its at-
tention to the complexity of the kernel function. By favoring functions 
with fewer hyperparameters, BIC aids in preventing overfitting. The in-
tegration of compositional kernels to the AR1 scheme to facilitate design 
analysis can be found in (Charisi et al., 2024b).

3.3.  Vertical bending moment analysis during early design stages

As mentioned, the VBM arises from the disparity in load distribu-
tion between the weight and wave pressure along the ship’s length. The 
physical mechanism can be explained as follows: the distribution of load, 
denoted as 𝑞(𝑥), induces the generation of shear force 𝑄(𝑥) (Eq. (23)), 
which subsequently results in bending moments 𝑀(𝑥) (Eq. (24)), where 
𝑥 defines the position along the length of the vessel. 

𝑄(𝑥) = −∫ 𝑞(𝑥) 𝑑𝑥 (23)

𝑀(𝑥) = −∫ 𝑞(𝑥) ⋅ 𝑥 𝑑𝑥 (24)

To predict the wave-induced VBM, a frequency domain method is used 
as the LF model, and a time domain method is used as the HF model.

3.3.1.  Frequency domain analysis
To compute the vertical bending moment in the frequency domain, 

PRECAL software was used. The software was developed by MARIN 
(MARIN, 2019). PRECAL is a specialized tool designed for predicting 
linear responses through potential flow calculations. The tool functions 
in the following manner: (1) it divides the wetted hull into multiple 
quadrilateral panels, (2) it calculates hydrodynamic coefficients by solv-
ing the linearized boundary value problem, and (3) it determines ship 
motions and loads using linearized potential flow theory, incorporating 
adjustments for viscous damping through empirical corrections.

3.3.2.  Time domain analysis
For time domain, PRETTI_R (Register, 2019) was used, which is a 3D 

time-domain nonlinear seakeeping and The present study did not inves-
tigate slamming and whipping in depth, as this lies beyond the scope of 
the paper.hydroelasticity tool. Unlike PRECAL, PRETTI_R is specifically 
designed to predict motions in high sea states, encompassing rigid-body 
motion, and hydrodynamic loads. Additionally, it can take into account 
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Table 1 
Design variables ranges.
 Design parameters  Value  Units
 Length (𝐿)  98–120  m
 Beam (𝐵)  13–16  m
 Depth (𝐷)  12–16  m
Coefficient length
forehull (𝛼L)  0.4-0.8 −

Coefficient height
AXE bow (𝛼H)  0.0-0.5 −

Coefficient depth
AXE bow (𝛼D)  0.0-0.5 −

Deadrise angle
(𝜙deadrise)  5–45  deg

Flare angle
(𝜙f lare)  0–25  deg

Table 2 
Parameters for DS.A.
 Design parameters  Value  Units
𝛼H  0.3 −
𝛼D  0.3 −
𝛼L  0.6 −
𝑢test  [0,15]  knots

slamming and whipping loads. The present study did not investigate 
slamming and whipping in depth, as this lies beyond the scope of the 
paper. This software was developed as part of the Cooperative Research 
Ships initiative.

The Froude Krylov force is determined by integrating incident wave 
hydrodynamics and hydrostatic pressure across the vessel’s hull sur-
face. The diffraction force is estimated by scaling the frequency domain 
diffraction force response amplitude operator with the incident wave 
amplitude. The radiation force is computed through a convolution inte-
gral involving an impulse function. PRETTI_R leverages frequency do-
main results to derive the necessary impulse functions.

4.  Case study

To showcase the results, three design case studies were employed. 
The initial case study focused on exploring a two-dimensional design 
space, encompassing the hull’s length 𝐿 and beam 𝐵. This study serves as 
a proof of concept as it enables the visualization of objective landscape 
and the identification of design trends. The second case study focuses 
on the design of the AXE bow. In this case, a 3D problem is tackled, 
addressing the length 𝐿fore, height 𝐻axe, and depth 𝐷axe of the AXE bow. 
The third case study focuses on a larger-scale problem and involves eight 
design variables. The design variables and their corresponding value 
ranges can be found in Table 1. The ranges were determined based on 
industrial experience with realistic frigate design. The primary design 
parameter is the vessel’s displacement, which remains constant at 6000 
tons across all design scenarios.

Sensitivity analysis, which is particularly useful when dealing with a 
large number of design variables, was not performed to identify which 
variables most significantly influence the wave-induced VBM. In this 
study, the design exploration problem was limited to a few key variables 
related to the vessel’s main dimensions and the shape of the AXE bow, 
keeping the number of design variables relatively small. Additionally, 
the objective was to increase the dimensionality of the design problem 
to assess the accuracy of various MF models as the problem’s dimen-
sionality grows.

For the development of the MF models, the Python packages used 
included GPy (GPy, 2012) and Emukit (Paleyes et al., 2019, 2023). The 
accuracy of the four MF models was assessed based on two statistical 
measures, namely the R-Squared (𝑅2) and the normalized Root Mean 
Square Error, (RMSE), which are expressed as follows according to Eqs. 
(25) and (26). The comparison was intended to assess the relative ac-

Fig. 5. Visualization of the design parameters for the AXE frigate design.

curacy between the developed MF models, rather than to benchmark 
them against other MF methods reported in the literature. As noted ear-
lier, the analysis of this paper for the assessment of the VBM focused 
on a simplified case involving a single wave loading condition. In con-
trast, to the best of the authors’ knowledge, existing literature focuses on 
evaluating a single design on multiple sea states. Consequently, a direct 
comparison with existing studies is not applicable. The Latin hypercube 
sampling technique was used to select analysis points, and a total of 20 
different design of experiments (DoE) were employed to compute statis-
tics related to prediction errors. 

𝑅2 = 1 −
∑𝑁

𝑖=1 (𝑦𝑖 − 𝑦̂𝑖)2
∑𝑆

𝑖=1 (𝑦𝑖 − 𝑦)2
(25)

RMSE = 1
𝑦𝑚𝑎𝑥 − 𝑦𝑚𝑖𝑛

√

√

√

√
1
𝑁

𝑁
∑

𝑖=1
(𝑦𝑖 − 𝑦̂𝑖)2 (26)

where 𝑦𝑖 refers to the observed value of each data point 𝑖, 𝑦𝑖 refers to 
the predicted value of each data point 𝑖, 𝑦 refers to the mean of the ob-
served values for all the data points, and 𝑁 refers to the total number 
of the samples. Both errors are used to provide a more comprehensive 
assessment of the prediction quality. More specifically, 𝑅2 quantifies the 
proportion of variability in the dependent variable that can be explained 
by the independent variable (James et al., 2014). In linear models, it 
provides an intuitive measure since its value ranges from 0 to 1 (Spiess 
and Neumeyer, 2010). However, for nonlinear models like GPs, 𝑅2 is 
not restricted to this range and can take negative values (Cameron and 
Windmeijer, 1997). A negative 𝑅2 indicates that the model performs 
worse than simply using the mean of the predicted values. Since 𝑅2

alone is insufficient for a comprehensive performance assessment, it was 
used alongside RMSE, which quantifies model accuracy based on resid-
ual errors. Although various other metrics could have been considered, 
the combination of these two provides a sufficient understanding of the 
model’s performance. 𝑅2 offers insight into the model’s explanatory ca-
pabilities, while RMSE captures the magnitude of prediction errors. The 
combination of these two metrics measures both interpretability and 
precision.

4.1.  Parametric models

The parametric model for the AXE frigates was created to capture 
the primary design variables that hold significance for exploration dur-
ing the early design stages. These variables, summarized in Table 1, 
include the main particulars of the vessel, the deadrise and flare angle 
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Fig. 6. Hull cross sections.

Fig. 7. Parametric model example.

Fig. 8. Loading cases.

of the hull, and the design variables of the AXE bow. The design vari-
ables related to the AXE bow are described by Eqs. (27)–(29) and are 
illustrated in Fig. 5. 
𝐿fore = 𝛼L ⋅ 𝐿 (27)

𝐻axe = 𝛼H ⋅𝐷 (28)

𝐷axe = 𝛼D ⋅𝐷 (29)

The parametric model was developed using Rhino (Associates, 
2023b) and Grasshopper (Associates, 2023a). The initial step in con-
structing the parametric model is to determine the values of the design 
variables that guide the formation of the hull sections. The primary mid-
hull cross sections were shaped following the mathematical formulation 

adapted from Filipa Marques Sanches (2016). For a visual representa-
tion, refer to the examples of the cross sections in Fig. 6(a) (forehull), 
Fig. 6(b) (midhull), and Fig. 6(c) (afthull). After defining the design vari-
ables, the control points are established. The cross-sections are built by 
fitting a non-uniform rational B-splines (NURBS) curve through them. 
Each cross section is characterized by 8 control points. Subsequently, 
the hull surfaces are generated based on the NURBS curves. The final 
step involves properly meshing the hull Fig. 7(b) for further analysis by 
numerical solvers.

4.2.  Wave loading conditions

The wave loading conditions are determined separately for each de-
sign variation. The aim is to analyze each vessel in a sea state that in-
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Fig. 9. 2𝐷 design case, 𝑣=0 knots.

Table 3 
Error metrics for the 2𝐷 design case, 𝑢 = 0 knots.

 DoE
GP HF
R2 (std)

GP HF
RMSE (std)

AR1
R2 (std)

AR1
RMSE (std)

NARGP
R2 (std)

NARGP
RMSE (std)

AR1 with comp kernels
R2 (std)

AR1 with comp kernels
RMSE (std)

 (2,40)
−0.6944
(0.8290)

0.3226
(0.0735)

−0.4070
(3.7136)

0.2299
(0.1942)

−0.6225
(0.8528)

0.3142
(0.0780)

−13.2166
(59.2206)

0.3953
(0.8682)

 (4,40)
0.6240
(0.4989)

0.1246
(0.0976)

0.7653
(0.3089)

0.0960
(0.0767)

0.7087
(0.3573)

0.1105
(0.0850)

0.5969
(0.2471)

0.1516
(0.0560)

 (6,40)
0.9869
(0.0140)

0.0259
(0.0143)

0.9602
(0.0018)

0.0339
(0.0387)

0.9905
(0.0070)

0.0229
(0.0101)

0.8006
(0.3600)

0.0837
(0.0786)

 (8,40)
0.9962
(0.0059)

0.0128
(0.0094)

0.9946
(0.0094)

0.0147
(0.0119)

0.9966
(0.0030)

0.0135
(0.0065)

0.9829
(0.0245)

0.0265
(0.0213)

 (10,40)
0.9944
(0.0146)

0.0130
(0.0135)

0.9978
(0.0025)

0.0103
(0.0065)

0.9966
(0.0035)

0.0131
(0.0076)

0.9826
(0.0642)

0.0175
(0.0288)

 (12,40)
0.9956
(0.0165)

0.0088
(0.0138)

0.9945
(0.0208)

0.0098
(0.0155)

0.9988
(0.0015)

0.0078
(0.0041)

0.9987
(0.0020)

0.0079
(0.0048)

 (14,40)
0.9993
(0.0010)

0.0059
(0.0034)

0.9993
(0.0008)

0.0064
(0.0032)

0.9991
(0.0007)

0.0073
(0.0030)

0.9992
(0.0010)

0.0066
(0.0036)

 (16,40)
0.9997
(0.0002)

0.0042
(0.0012)

0.9996
(0.0004)

0.0045
(0.0021)

0.9997
(0.0002)

0.0046
(0.0012)

0.9996
(0.0003)

0.0050
(0.0018)

 (18,40)
0.9997
(0.0001)

0.0040
(0.0011)

0.9998
(0.0002)

0.0038
(0.0012)

0.9997
(0.0003)

0.0042
(0.0018)

0.9997
(0.0002)

0.0041
(0.0015)

 (20,40)
0.9998
(0.0001)

0.0040
(0.0011)

0.9998
(0.0001)

0.0038
(0.0011)

0.9997
(0.0002)

0.0043
(0.0013)

0.9997
(0.0002)

0.0044
(0.0014)

Table 4 
Error metrics for the 2𝐷 design case, 𝑢 = 15 knots.

 DoE
GP HF
R2 (std)

GP HF
RMSE (std)

AR1
R2 (std)

AR1
RMSE (std)

NARGP
R2 (std)

NARGP
RMSE (std)

AR1 with comp kernels
R2 (std)

AR1 with comp kernels
RMSE (std)

 (2,40)
−0.6100
(1.1858)

0.2796
(0.0959)

−3.0363
(7.4229)

0.3620
(0.3240)

−0.5796
(1.1556)

0.2776
(0.0943)

−2,5180
(6.7976)

0.3380
(0.3009)

 (4,40)
0.8009
(0.1091)

0.1013
(0.0257)

0.4485
(0.3003)

0.1675
(0.0481)

0.7010
(0.1951)

0.1222
(0.0377)

0.4626
(0.2441)

0.1678
(0.0349)

 (6,40)
0.8089
(1.1219)

0.1003
(0.0335)

0.6488
(0.2268)

0.1338
(0.0455)

0.7688
(0.1385)

0.1099
(0.0355)

0.4506
(0.2935)

0.1701
(0.0486)

 (8,40)
0.7754
(0.2432)

0.1044
(0.0454)

0.7875
(0.1389)

0.1044
(0.0333)

0.7276
(0.2990)

0.1118
(0.0577)

0.5070
(0.4847)

0.1539
(0.0698)

 (10,40)
0.8315
(0.1152)

0.0937
(0.0251)

0.7800
(0.1205)

0.1080
(0.0290)

0.8007
(0.1317)

0.1016
(0.0326)

0.6265
(0.1793)

0.1410
(0.0350)

 (12,40)
0.8220
(0.1129)

0.0980
(0.0283)

0.7327
(0.2407)

0.1149
(0.0456)

0.8241
(0.0975)

0.0979
(0.0278)

0.6341
(0.3125)

0.1347
(0.0577)

 (14,40)
0.8461
(0.0936)

0.0933
(0.0278)

0.8417
(0.0782)

0.0951
(0.0262)

0.8341
(0.1047)

0.0967
(0.0317)

0.7159
(0.2082)

0.1235
(0.0534)

 (16,40)
0.8832
(0.0403)

0.0812
(0.0152)

0.8705
(0.0568)

0.0847
(0.0192)

0.8815
(0.0600)

0.0812
(0.0225)

0.7627
(0.2950)

0.1044
(0.0570)

 (18,40)
0.8771
(0.0480)

0.0836
(0.0178)

0.8335
(0.1153)

0.0951
(0.0342)

0.8760
(0.0465)

0.0844
(0.0186)

0.8021
(0.0811)

0.1061
(0.0246)

 (20,40)
0.8693
(0.0490)

0.0845
(0.0178)

0.8523
(0.0703)

0.0893
(0.0201)

0.8872
(0.0382)

0.0790
(0.0162)

0.8326
(0.1161)

0.0932
(0.0274)
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Fig. 10. Visualization of the models’ error for the zero-speed 2𝐷 case with 6 HF points.

Table 5 
Parameters for DS.B.
 Design parameters  Value  Units
𝐿  120.0  m
𝐵  16.0  m
𝐷  17.0  m
𝜙deadrise  45.0  deg
𝜙f lare  5.0  deg
𝑣test  [0,15]  knots

duces maximum wave-induced VBM, occurring when the wavelength 
is equal to the ship’s length. Thus, a regular sea state is selected and 
described by Eqs. (30) and (31) (Tupper, 2004). 

𝜆w = 𝐿 (30)

𝐻w = 0.607
√

𝐿 (31)

where 𝜆𝑤 is the wavelength, 𝐻𝑤 is the wave height, and 𝐿 is the length 
between perpendicular of the vessel. In addition, the analysis assumes 

head seas, thus 𝜇 = 180𝑜. Regarding the vessel’s speed, the scenario of 
sailing at 15 knots was examined.

4.3.  Load assessment

This section seeks to provide an overview of the analysis results ob-
tained from both frequency- and time-domain tools. To achieve this, a 
hull will undergo analysis under various wave-loading conditions. The 
outcomes will be compared to evaluate the significance of nonlineari-
ties captured by the time-domain tool. Although nonlinear phenomena 
were not explicitly analyzed in the context of the present study, their 
effects are inherently embedded in the high-fidelity data used to train 
the models. Therefore, the frameworks implicitly learn to account for 
such nonlinearities through the discrepancy between fidelity levels.

To compare the outcomes obtained from the frequency- and time-
domain methods, three cases are examined. For the first case, the for-
ward speed 𝑣test was set to zero and the wave height 𝐻w was set to 
1m, both the linear and non-linear tools were expected to yield sim-
ilar results. This expectation was confirmed by the data presented in 
Fig. 8(a). The second case involved a loading case where the forward 
speed 𝑣test is set to zero and the wave height 𝐻w is set to 6.65m (based 
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Fig. 11. 2𝐷 design case, 𝑣=15 knots.

Table 6 
Error metrics for the 3𝐷 design case, 𝑢 = 0 knots.

 DoE
GP HF
R2 (std)

GP HF
RMSE (std)

AR1
R2 (std)

AR1
RMSE (std)

NARGP
R2 (std)

NARGP
RMSE (std)

AR1 with comp kernels
R2 (std)

AR1 with comp kernels
RMSE (std)

 (5,60)
−0.1153
(0.4519)

0.2673
(0.0517)

0.3040
(0.3525)

0.2072
(0.0507)

−0.1034
(0.7689)

0.2585
(0.0817)

0.4977
(0.4637)

0.1701
(0.0600)

 (10,60)
0.4493
(0.2762)

0.1857
(0.0510)

0.6038
(0.2893)

0.1536
(0.0506)

0.5427
(0.3009)

0.1656
(0.0569)

0.4979
(0.5403)

0.1687
(0.0704)

 (15,60)
0.8458
(0.2246)

0.0878
(0.0551)

0.8539
(0.0793)

0.0944
(0.0267)

0.76210
(0.2337)

0.1155
(0.0538)

0.8064
(0.2046)

0.1028
(0.0441)

 (20,60)
0.9549
(0.0373)

0.0501
(0.0212)

0.9255
(0.0851)

0.0620
(0.0275)

0.8800
(0.1024)

0.0794
(0.0356)

0.9125
(0.0854)

0.0685
(0.0273)

 (25,60)
0.9824
(0.0121)

0.0315
(0.0091)

0.9708
(0.0234)

0.0401
(0.0136)

0.9536
(0.0398)

0.0498
(0.0218)

0.9610
(0.0401)

0.0437
(0.0215)

 (30,60)
0.9899
(0.0049)

0.0248
(0.0063)

0.9875
(0.0051)

0.0276
(0.0063)

0.9760
(0.0335)

0.0342
(0.0198)

0.9829
(0.0272)

0.0281
(0.0155)

 (35,60)
0.9932
(0.0033)

0.0202
(0.0044)

0.9911
(0.0046)

0.02302
(0.0049)

0.9944
(0.0040)

0.0178
(0.0055)

0.9900
(0.0151)

0.0209
(0.0097)

 (40,60)
0.9951
(0.0020)

0.0180
(0.0042)

0.9938
(0.0030)

0.0200
(0.0051)

0.9934
(0.0077)

0.0196
(0.0105)

0.9957
(0.0031)

0.0162
(0.0066)

 (45,60)
0.9961
(0.0026)

0.0154
(0.0047)

0.9959
(0.0026)

0.0159
(0.0047)

0.9960
(0.0036)

0.0155
(0.0076)

0.9969
(0.0025)

0.0134
(0.0048)

 (50,60)
0.9970
(0.0016)

0.0135
(0.0033)

0.9969
(0.0017)

0.0139
(0.0035)

0.9973
(0.0016)

0.0131
(0.0039)

0.9943
(0.0136)

0.0154
(0.0116)

Table 7 
Error metrics for the 3𝐷 design case, 𝑢 = 15 knots.

 DoE
GP HF
R2 (std)

GP HF
RMSE (std)

AR1
R2 (std)

AR1
RMSE (std)

NARGP
R2 (std)

NARGP
RMSE (std)

AR1 with comp kernels
R2 (std)

AR1 with comp kernels
RMSE (std)

 5,60
−0.2111
(0.4843)

0.2533
(0.0448)

−0.4961
(1.2012)

0.2681
(0.1010)

−0.1168
(0.4547)

0.2431
(0.0457)

−1.4526
(2.0622)

0.3431
(0.1313)

 10,60
0.0517
(0.4125)

0.2265
(0.0403)

0.5057
(0.1412)

0.1649
(0.0222)

0.2894
(0.2274)

0.1969
(0.0330)

−0.1438
(1.3436)

0.2256
(0.1096)

 15,60
0.1782
(0.1427)

0.2160
(0.0191)

0.5124
(0.2380)

0.1625
(0.0389)

0.4771
(0.1887)

0.1703
(0.0311)

0.3493
(0.4976)

0.1821
(0.0646)

 20,60
0.2841
(0.2879)

0.1997
(0.0377)

0.6606
(0.1000)

0.1382
(0.0210)

0.5880
(0.1711)

0.1511
(0.0302)

0.6394
(0.1197)

0.1423
(0.0237)

 25,60
0.3294
(0.1713)

0.1957
(0.0277)

0.6804
(0.0749)

0.1352
(0.0168)

0.6295
(0.1216)

0.1450
(0.0241)

0.5766
(0.3698)

0.1498
(0.0578)

 30,60
0.4286
(0.2308)

0.1806
(0.0361)

0.7415
(0.0735)

0.1224
(0.0170)

0.6900
(0.0959)

0.1340
(0.0210)

0.7261
(0.0823)

0.1259
(0.0189)

 35,60
0.6014
(0.1357)

0.1544
(0.0228)

0.7375
(0.0570)

0.1265
(0.0144)

0.6922
(0.0841)

0.1367
(0.0219)

0.7361
(0.0612)

0.1267
(0.0155)

 40,60
0.5769
(0.1217)

0.1547
(0.0230)

0.7359
(0.0810)

0.1221
(0.0204)

0.7202
(0.0833)

0.1261
(0.0223)

0.7293
(0.1030)

0.1232
(0.0251)

 45,60
0.6985
(0.0817)

0.1342
(0.0190)

0.7897
(0.0742)

0.1111
(0.0183)

0.7658
(0.0949)

0.1169
(0.0243)

0.7732
(0.0912)

0.1150
(0.0227)

 50,60
0.7057
(0.0769)

0.1379
(0.0268)

0.7895
(0.0640)

0.1166
(0.0261)

0.7752
(0.0778)

0.1200
(0.0266)

0.8002
(0.0620)

0.1135
(0.0249)
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Fig. 12. Visualization of the models’ error for the 15-knot 2𝐷 case with 6 HF points.

on Eq. (31)). In this case, it was expected that nonlinearities will be more 
pronounced, resulting in different predicted loads from the linear and 
nonlinear codes. This expectation was confirmed by the results shown 
in Fig. 8(b). For the third case, the forward speed 𝑣test was set to 15 
knots, and the wave height 𝐻w was set to 6.65m (based on Eq. (31)). 
As shown in Fig. 8(c), the influence of nonlinearities becomes even more 
pronounced when forward speed is included. This loading case will be 
used for the design exploration case studies.

5.  Results

In this section, the design scenarios are presented and discussed. The 
analysis covers three scenarios with increasing problem dimensionality: 
a 2𝐷, a 3𝐷, and an 8𝐷 problem. The 2𝐷 case acts as a simplified ver-
sion of the realistic design problem, but it serves the purpose of under-
standing and visualizing the design surfaces. In addition, the 3𝐷 case 
aims to identify the design trends stemming from the AXE bow. The 
8𝐷 case study includes the full set of design variables as described in 
Section 4.1. The different designs are assessed based on the maximum 
sagging value, since, as previously shown in Section 4.3, sagging gener-

ally exceeds hogging. Finally, the influence of speed is discussed across 
the different design scenarios.

5.1.  Design scenario A (DS.A)

In this 2𝐷 design scenario, the length 𝐿 and the beam 𝐵 of the ves-
sel are taken as the independent variables. The design parameters are 
detailed in Table 2. To better understand the design problem for 𝑣=0 
knots, the bifidelity objective landscape is illustrated in Fig. 9(b), while 
the correlation between the low- and high-fidelity data is depicted in 
Fig. 9(a). The objective landscape (Fig. 9(b) shows that vessels with 
greater 𝐿 are subject to higher loads. Additionally, the loads decrease 
as the vessel’s 𝐵 increases. As a general trend, as discussed in Section 4.3, 
the HF TD data predict higher values for the wave-induced sagging com-
pared to the LF FD data. Finally, similar trends are discerned in the LF 
and HF surfaces of the objective landscape. The complete dataset con-
sists of 64 designs.

For the zero-speed case, the results are presented in Table 3, and the 
evolution of RMSE with an increasing number of HF points is shown 
in Fig. 13(a). The methods exhibit larger discrepancies in data regimes 
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Fig. 13. Evolution of the RMSE as the number of HF points increases in the 2𝐷 design case.

Fig. 14. Correlation between fidelities 3𝐷 design case.

Table 8 
Error metrics for the 8𝐷 design case, 𝑢 = 0 knots.

 DoE
GP HF
R2 (std)

GP HF
RMSE (std)

AR1
R2 (std)

AR1
RMSE (std)

NARGP
R2 (std)

NARGP
RMSE (std)

AR1 with comp kernels
R2 (std)

AR1 with comp kernels
RMSE (std)

 (20,100)
0.6896
(0.0642)

0.1026
(0.0121)

0.7849
(0.0611)

0.0851
(0.0123)

0.7383
(0.0973)

0.0934
(0.0168)

0.7527
(0.0686)

0.0912
(0.0135)

 (30,100)
0.7839
(0.0386)

0.0878
(0.0106)

0.8193
(0.0606)

0.0795
(0.0135)

0.7932
(0.0760)

0.0851
(0.0171)

0.7933
(0.0853)

0.0844
(0.0171)

 (40,100)
0.8085
(0.0475)

0.0818
(0.0094)

0.8470
(0.0332)

0.0733
(0.0080)

0.8338
(0.0393)

0.0764
(0.0085)

0.8352
(0.0315)

0.0762
(0.0075)

 (50,100)
0.8386
(0.0353)

0.0773
(0.0099)

0.8662
(0.0186)

0.0705
(0.0058)

0.8648
(0.0260)

0.0708
(0.0075)

0.8569
(0.0286)

0.0728
(0.0086)

 (60,100)
0.8585
(0.0263)

0.0718
(0.0070)

0.8753
(0.0308)

0.0672
(0.0075)

0.8697
(0.0357)

0.0686
(0.0095)

0.8707
(0.0343)

0.0683
(0.0081)

 (70,100)
0.8728
(0.0173)

0.0682
(0.0060)

0.8836
(0.0159)

0.0652
(0.0064)

0.8836
(0.0171)

0.0652
(0.0070)

0.8768
(0.0207)

0.0664
(0.0070)

 (80,100)
0.8796
(0.0217)

0.0671
(0.0073)

0.8894
(0.0172)

0.0644
(0.0067)

0.8943
(0.0224)

0.0628
(0.0077)

0.8885
(0.0203)

0.0645
(0.0069)
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Fig. 15. Evolution of the RMSE as the number of HF points increases in the 3𝐷 design case.

Fig. 16. Correlation between fidelities 8𝐷 design case.

Table 9 
Error metrics for the 8𝐷 design case, 𝑢 = 15 knots.

 DoE
GP HF
R2 (std)

GP HF
RMSE (std)

AR1
R2(std)

AR1
RMSE(std)

NARGP
R2(std)

NARGP
RMSE (std)

ARl with comp kernels
R2 (std)

AR1 with comp kernels
RMSE (std)

 (20,100)
0.3265
(0.0986)

0.1372
(0.0101)

0.6583
(0.0604)

0.0977
(0.0088)

0.5891
(0.1529)

0.1058
(0.0189)

0.6423
(0.0950)

0.0997
(0.0143)

 (30,100)
0.4260
(0.1585)

0.1288
(0.0169)

0.6813
(0.0273)

0.0966
(0.0052)

0.6967
(0.0627)

0.0938
(0.0095)

0.6760
(0.0504)

0.0971
(0.0070)

 (40,100)
0.4918
(0.0857)

0.1232
(0.0141)

0.6788
(0.0322)

0.0980
(0.0069)

0.7142
(0.0510)

0.0922
(0.0082)

0.6724
(0.0470)

0.0988
(0.0085)

 (50,100)
0.5028
(0.0805)

0.1231
(0.0139)

0.7028
(0.0482)

0.0951
(0.0099)

0.7360
(0.0495)

0.0895
(0.0106)

0.7195
(0.0410)

0.0923
(0.0088)

 (60,100)
0.5762
(0.0485)

0.1141
(0.0085)

0.7352
(0.0346)

0.0902
(0.0080)

0.7341
(0.0345)

0.0905
(0.0088)

0.7276
(0.0384)

0.0914
(0.0071)

 (70,100)
0.5796
(0.0390)

0.1158
(0.0076)

0.7340
(0.0351)

0.0921
(0.0083)

0.7348
(0.0466)

0.0919
(0.0108)

0.7323
(0.0367)

0.0922
(0.0073)

 (80,100)
0.5651
(0.1330)

0.1158
(0.0214)

0,7044
(0.0775)

0.0956
(0.0169)

0.7282
(0.0717)

0.0917
(0.0165)

0.7151
(0.0694)

0.0939
(0.0162)
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Fig. 17. Evolution of the RMSE as the number of HF points increases in the 8𝐷 design case.

Fig. 18. 2𝐷 synthetic design case, 𝑣=0 knots.

with fewer than 12 HF points. Overall, AR1 performs best in low data 
regimes, particularly with up to 4 HF points. The performance of the SF 
and NARGP models is similar, and they converge more quickly than both 
the AR1 and AR1 with compositional kernels. Regarding the statistics of 
the error metrics, the AR1 with compositional kernels is outperformed 
by all other models in this case. An example of a case with 6 HF points is 
shown in Fig. 10. The contour plots aim to visualize the accuracy of the 
different models by displaying the error across the design space, defined 
as the difference between predicted and true values (𝑦predicted − 𝑦true). 
As demonstrated, the AR1 model’s predictions align more closely with 
the HF objective landscape.

Notably, sailing speed has a significant impact on the wave-induced 
VBM acting on the hull. The key effect of interest is the altered cor-
relation between the LF and HF analysis data compared to the zero-
speed condition, as illustrated in Fig. 11(a). Additionally, the design 
trends shift, as shown in Fig. 11(b). The clear trend observed at zero 

speed, where longer vessels experience higher loads Fig. 9(b), no 
longer holds true in this scenario. The complete dataset consists of 60
designs.

For the 15-knot case, the results are summarized in Table 4 and the 
evolution of the RMSE is illustrated in Fig. 13(b). It is important to high-
light that the SF model, the GP HF, consistently outperforms the others 
in most of the tested cases. The most likely explanation for this is that, 
in this case, the LF and HF models do not capture the same trends, as 
previously mentioned. An example where the SF model more accurately 
captures the objective landscape compared to other models is shown in 
Fig. 12. Similar to the zero-knot case shown in Fig. 10, 6 HF points were 
used to train the different models. However, in this case, the predictions 
deviate further from the HF objective landscape compared to the zero-
knot case. This underscores the fact that altering a design parameter can 
significantly increase the complexity of the problem, thereby affecting 
the predictive accuracy of the models.
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Table 10 
Error metrics for the 2𝐷 synthetic case study.

 DoE
GP HF
R2 (std)

GP HF
RMSE (std)

AR1
R2 (std)

AR1
RMSE (std)

NARGP
R2 (std)

NARGP
RMSE (std)

AR1 with comp. kernels
R2(std)

AR1 with comp. kernels
RMSE (std)

 (2,40)
−0.5220
(0.7963)

0.3665
(0.0937)

0.1216
(2.3334)

0.2136
(0.1893)

−0,4172
(0.8640)

0.3493
(0.1059)

−1.9599
(11.6172)

0.2636
(0.4501)

 (4,40)
0.5762
(0.3356)

0.1874
(0.0697)

0.7306
(0.1786)

0.1516
(0.0507)

0.4863
(0.3809)

0.2037
(0.0852)

0.7840
(0.1416)

0.1365
(0.0433)

 (6,40)
0.7731
(0.1582)

0.1381
(0.0476)

0.8532
(0.1435)

0.1080
(0.0465)

0.7879
(0.1631)

0.1312
(0.0520)

0.8462
(0.1528)

0.1073
(0.0538)

 (8,40)
0.7940
(0.1631)

0.1317
(0.0494)

0.8551
(0.0855)

0.1123
(0.0345)

0.8878
(0.0628)

0.0999
(0.0264)

0.9328
(0.0601)

0.0724
(0.0346)

 (10,40)
0.8247
(0.1154)

0.1225
(0.0392)

0.8983
(0.0637)

0.0939
(0.0287)

0.8803
(0.0945)

0.0996
(0.0381)

0.9683
(0.0462)

0.0476
(0.0270)

 (12,40)
0.8674
(0.1118)

0.1060
(0.0413)

0.9065
(0.0646)

0.0908
(0.0286)

0.9175
(0.0646)

0.0831
(0.0336)

0.9789
(0.0163)

0.0426
(0.0157)

 (14,40)
0.9026
(0.0617)

0.0920
(0.0271)

0.9322
(0.0412)

0.0769
(0.0215)

0.9467
(0.0285)

0.0686
(0.0180)

0.9770
(0.0305)

0.0414
(0.0198)

 (16,40)
0.9324
(0.0158)

0.0808
(0.0087)

0.9484
(0.0191)

0.0701
(0.0115)

0.9490
(0.0291)

0.0675
(0.0202)

0.9738
(0.0354)

0.0430
(0.0265)

 (18,40)
0.9336
(0.0257)

0.0790
(0.0128)

0.9465
(0.0185)

0.0710
(0.0120)

0.9581
(0.0250)

0.0603
(0.0181)

0.9841
(0.0145)

0.0361
(0.0153)

 (20,40)
0.9312
(0.0202)

0.0807
(0.0118)

0.9531
(0.0159)

0,0665
(0.0098)

0.9532
(0.0221)

0.0653
(0.0157)

0.9875
(0.0103)

0.0321
(0.0135)

Fig. 19. Evolution of the RMSE as the number of HF points increases in the 2𝐷
synthetic design case.

5.2.  Design scenario B (DS.B)

This design scenario examines the variation of three independent 
variables related to the design of the AXE bow, 𝐿fore, 𝐷axe, and 𝐻axe. The 
design parameters are listed in Table 5. This scenario aims to investigate 
how the bow design affects the wave-induced VBM experienced by the 
vessel. The correlation between the HF and the LF data can be seen in 
Fig. 14 for both the 0 and 15 knots cases. It is evident that the correlation 
is not strong, unlike in design scenario D.S.A. However, similar to D.S.A, 
the 15-knot case shows greater complexity compared to the zero-speed 
scenario.

For the zero-speed case, the results are summarized in Table 6 and 
visualized in Fig. 15(a). In the case of 5 HF points, the AR1 model with 
compositional kernels performs the best. For the range of 10 to 35 HF 
points, the SF model delivers the best results, while the AR1 and AR1 
with compositional kernels perform similarly, with AR1 slightly outper-
forming the other. The NARGP model shows the weakest performance. 
For HF points exceeding 35, all models converge to a similarly low error 
value.

For the 15-knot case, the results are summarized in Table 7 and illus-
trated in Fig. 15(b). Similarly to the previous cases, no single model con-
sistently outperforms the others across all scenarios. The NARGP model 

performs best with 5 HF points. Unlike the zero-speed case, the SF model 
has the weakest overall performance. Both the AR1 and AR1 with com-
positional kernels converge to similar low error values when the number 
of HF points exceeds 30. However, when the HF points are fewer than 
30, the AR1 model demonstrates superior performance.

5.3.  Design scenario C (DS.C)

This design scenario explores the variation of eight independent vari-
ables related to the hull design (length 𝐿, beam 𝐵, depth 𝐷, deadrise 
angle 𝜙deadrise, and flare angle 𝜙f lare), as well as the AXE bow design pa-
rameters (𝐿fore, 𝐷axe, and 𝐻axe). The only design parameter considered is 
the speed, 𝑢 ∈ [0, 15] knots. This scenario aims to assess the scalability 
and predictive accuracy of the evaluated methods in a realistic early-
stage ship design problem. The correlation between the HF and the LF 
data can be seen in Fig. 16 for both the 0 and 15 knots cases.

For the zero-speed case, the results are summarized in Table 8 and 
illustrated in Fig. 17(a). It is worth noting that the SF model consistently 
exhibits the weakest performance across all tested cases. In the range of 
20 to 60 HF points, the AR1 model shows the best performance, while 
beyond 60 HF points, the NARGP model delivers more accurate predic-
tions. The performance of the AR1 model with compositional kernels is 
comparable to that of the NARGP model.

For the 15-knot, the results are summarized in Table 9 and visual-
ized in Fig. 17(b). In this case, similar to the zero-speed case, the GP 
HF model is consistently outperformed by all three MF models across 
all tested cases. It is noteworthy that the predictions from the GP HF 
model exhibit significantly larger errors compared to those from the MF 
models. The NARGP model demonstrates superior accuracy across most 
of the tested cases. The AR1 model and the AR1 with compositional 
kernels perform similarly, with AR1 slightly outperforming the latter.

6.  Reflection on the performance of the AR1 with the 
compositional kernels

In the case studies presented in this paper, the AR1 with composi-
tional kernels model did not yield improved predictions compared to its 
base model, AR1. In contrast, the case studies from Charisi et al. (2024b) 
demonstrated that the proposed model can significantly enhance predic-
tions over AR1. This section will further analyze and provide insights 
into the performance of this model.

The primary motivation for integrating compositional kernels was 
to identify and leverage the underlying patterns governing the objective 
landscape. The analytical case studies presented in Charisi et al. (2024b) 
were designed to model distinct patterns tied to specific attributes of the 
objective landscape, such as multi-modality. Thus, such case studies are 
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Fig. 20. Visualization of the models’ error for the 0-knot 2𝐷 synthetic case with 10 HF points.

ideal to showcase the performance of the proposed model. Therefore, 
these case studies serve as the perfect testing ground for demonstrating 
the effectiveness of the AR1 with the compositional kernels model. A 
similar behavior was observed in a cantilever beam case. However, this 
observation does not hold true for the case studies of this paper.

Thus, a synthetic case study has been introduced to test the hypoth-
esis that the proposed model can improve predictions in a objective 
landscape with distinct features. In this case, a discontinuity was inten-
tionally added to the 2𝐷 design case of the previously examined AXE 
frigates. More specifically, the original VBM datasets were modified ac-
cording to Eqs. (32) and (33). Fig. 18(a), illustrates the correlation be-
tween the fidelities, while Fig. 18(b) shows the resulting discontinuous 
objective landscape. 

𝑀̃LF
y =

{

𝑀LF
y , 98 ≤ 𝐿 < 110

𝑀LF
y + 15000, 110 ≤ 𝐿 < 120

(32)

𝑀̃HF
y =

{

𝑀HF
y , 98 ≤ 𝐿 < 110

𝑀HF
y + 25000, 110 ≤ 𝐿 < 120

(33)

The results of the synthetic case study are summarized in Table 10, 
and Fig. 19 illustrates the evolution of the RMSE with the number of HF 
points. The proposed model consistently outperforms the other mod-
els in nearly all tested cases, converging to a lower RMSE value. In 
Fig. 20, shows an example where the training set consists of 10 HF 
and 40 LF points. The proposed model effectively captures the objec-
tive landscape’s discontinuity, unlike the other models. Regarding the 
performance of the other models, the MF models, including AR1 and 
NARGP, generally outperform the SF model.

6.1.  Computational efficiency

Computational efficiency is an important consideration in surro-
gate modeling. A well-known limitation of GPs is their cubic training 
complexity, 𝑂(𝑛3), with respect to the number of data points 𝑛 (Liu 
et al., 2019). This makes them less suitable for large datasets or high-
dimensional design spaces. However, early-stage ship design problems 
typically involve moderate data sizes, where the dominant computa-
tional cost lies in the HF load analysis rather than the model training 
itself. Therefore, the authors argue that the key consideration is select-
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ing a method capable of accurately predicting the objective landscape 
using as little HF data as possible.

Indicatively, the mean time to build the SF model is 0.18 s, com-
pared to 5.13 s for the MF linear model in the 2𝐷 design scenario using 
2 HF points. This increases to 0.48 s for the SF model and 5.96 s for 
the MF model in the 8𝐷 design scenario with 80 HF points. However, 
the development of the AR1 model with compositional kernels is sig-
nificantly more computationally demanding. As discussed in (Charisi 
et al., 2024b), this method involves a higher computational cost; there-
fore, the problem’s dimensionality and the number of fidelities become 
critical factors for the applicability of the method. In the present case 
study, the time required to find the optimal compositional kernel func-
tion ranges from 966.04 s in the 2𝐷 scenario with 2 HF points to 1650.15 
s in the 8𝐷 case with 80 HF points. The reported computational times 
were measured on a system with an Intel(R) Xeon(R) E5-1620 v3 pro-
cessor (3.50GHz, 4 cores) and 40 GB of RAM. No GPU acceleration was 
used.

7.  Conclusions and recommendations for future research

7.1.  Conclusions

The paper explored the potential of harnessing MF models for early-
stage predictions of wave-induced loads. The case study focused on 
the early design assessment of wave-induced VBM for the AXE frigates. 
The bi-fidelity setup was developed by combining frequency- and time-
domain analysis data. The predictive accuracy of four models was eval-
uated: a model based on SF-GPs, the AR1 scheme with the squared ex-
ponential kernel, the AR1 with the integration of compositional kernels 
and NARGP. Three design scenarios were tested, involving a 2𝐷 varia-
tion of length and beam, a 3𝐷 variation of AXE parameters, and an 8D 
variation of the main hull parameters.

An important observation is that, in most cases, the MF models 
demonstrated superior accuracy compared to the SF model, which was 
based solely on HF data. Based on the evidence from the case study, 
MF models have indeed proven capable of enabling the early incorpo-
ration of HF analysis into the design process. There was only one in-
stance where the SF model outperformed the MF models, specifically in 
scenario DS.A at a speed of 15 knots. In this case, the HF and LF mod-
els captured slightly different trends, which likely explains why the SF 
model proved to be more accurate.

Another key observation is that changes in design parameters, such 
as speed (𝑢), can significantly impact the shape of the objective land-
scape, the complexity of the problem, and the correlation between LF 
and HF analysis data, ultimately affecting the predictive accuracy of the 
models. As observed across all the presented cases, the zero-speed vari-
ation consistently converged to lower predictive error values with fewer 
HF analysis data compared to the 15-knot variation.

Even within the same design problem of assessing the wave-induced 
VBM for the AXE frigates, different models outperformed others de-
pending on the specific variations. In scenario DS.A (𝑢 = 0 knots), the 
AR1 model tends to outperform the other MF models, providing a bet-
ter representation of the smooth objective landscape corresponding to 
the 2𝐷 design space. Additionally, as the dimensionality and complex-
ity of the problem increase, the SF models begin to perform significantly 
worse compared to the MF models, particularly in scenarios such as DS.B 
(𝑢 = 15 knots) and DS.C. Additionally, the linear AR1 scheme outper-
forms the nonlinear NARGP scheme in the lower data regime; however, 
NARGP ultimately converges to a lower error value in the 8𝐷 problem. 
Finally, the integration of compositional kernels does not enhance the 
predictive accuracy of the AR1 scheme. Instead, for the examined case 
study, the squared exponential kernel appears to be more effective in 
encoding the covariance matrix of the design space data in most cases.

Further investigation into the AR1 model with compositional kernels 
was carried out to explore the contradictory results. Its scalability was 
demonstrated through its successful application to a realistic ship design 

problem. The AR1 model with compositional kernels was designed to 
identify distinct features within the objective landscape. However, the 
case study presented did not exhibit such characteristics. To test this 
hypothesis, a discontinuity was intentionally introduced into the objec-
tive landscape, similar to the Jump Forrester analytical benchmark. The 
proposed model successfully captured this distinct feature and outper-
formed the other models.

Regarding the scalability of the presented MF models, GP-based 
schemes face increased computational costs as dimensionality grows; 
however, the tested range in this study remains relatively small. There-
fore, the increase in dimensionality is not a limitation in this specific 
problem for the multi-fidelity schemes. However, as dimensionality in-
creases, the amount of required training data also inevitably grows. Each 
training point represents one design variation. In this case study, com-
putational time for the VBM analysis remained reasonable since only 
a single wave condition was tested. However, if multiple irregular sea 
states were assessed for each design variation, the increase in training 
data would become a significant limitation.

7.2.  Reflection on the ship design problem

Overall, the integration of MF models into an early-stage design 
framework can be highly effective for certain design cases. As demon-
strated in the case studies, the MF models outperformed the SF model 
in most design scenarios. However, the main challenge lies in the fact 
that the effectiveness of different MF models depends heavily on the 
characteristics of the design problem. As demonstrated in the presented 
case study, even within the same physical problem, altering design pa-
rameters or varying the amount of HF data can significantly impact the 
performance of the various MF models. Some general trends can be ex-
tracted from the current research findings (including the case studies 
results of this paper); however, the primary challenge lies in the fact 
that, in practical applications, the features of the objective landscape 
are often unknown, making the selection of an appropriate MF model 
particularly challenging.

Another important consideration is that the ultimate goal is to ex-
tend the proposed approach to calculate the design load by accounting 
for the various sea states a vessel may encounter throughout its lifetime. 
As a first step, however, the current study focuses on vessel response in a 
regular sea state, specifically a critical condition for the VBM problem, 
where the vessel’s length matches the wavelength. Scaling the frame-
work to irregular sea states introduces several key challenges that must 
be addressed to ensure its applicability in realistic design problems. The 
authors argue that three key aspects must be considered when extending 
the current framework to operational sea spectra:

• Limited availability of analysis data: Evaluating each design across 
a wide range of sea states drastically increases computational cost, 
reducing the number of feasible design variations that can be sim-
ulated. This limitation has been anticipated in the present study, 
where models are developed and assessed under low-data regimes.

• Complexity of the objective landscape: Introducing spectral variabil-
ity is expected to reshape the objective landscape, potentially intro-
ducing stronger nonlinearities or multimodal features. This added 
complexity may affect the predictive performance of surrogate mod-
els and should be explicitly addressed in future work.

• Scalability of the modeling framework: In a real sea spectrum set-
ting, each design must be evaluated across multiple sea states, mak-
ing the overall computational cost prohibitive. While prior research 
(e.g., Guth et al., 2022) has considered MF modeling for predicting 
responses across different sea conditions, the authors propose that 
a combined approach–employing MF surrogates across both the de-
sign and loading condition spaces–offers a promising direction to 
scale the framework effectively.
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7.3.  Recommendations for future research

To further advance the development of the DAF, it would be bene-
ficial to integrate a Bayesian optimization approach. This would enable 
the assessment of active search techniques in the development of the 
surrogate models for the objective landscape by the various MF models.

Additionally, evaluating and comparing these GP-based models in 
other early-stage design analysis problems, such as resistance and sea-
keeping, will be beneficial. This would help provide a comprehensive 
understanding of how MF models can contribute to early-stage design 
optimization and exploration. Similarly, integrating compositional ker-
nels into the AR1 scheme has proven beneficial for other design prob-
lems. However, in this research, the MG-GP model with compositional 
kernels outperformed the others only in the synthetic case study. There-
fore, further testing on different design problems is recommended to 
assess the effectiveness of this approach in real naval architecture ap-
plications.

Furthermore, increasing the case study’s complexity by incorporat-
ing higher vessel speeds would be valuable. Additionally, it would be 
valuable to explore how this approach could be extended to account for 
nonlinear loads, such as green water and slamming. In such analyses, 
each design variation needs to be tested in a large amount of wave con-
ditions to accurately assess the probabilities of occurrence or failure. As 
a result, the computational cost can become prohibitive, making it cru-
cial to train our MF models with fewer design variations to reduce the 
computational burden.

From an application perspective, several directions can be explored. 
First, this research did not compare different analysis solvers for cal-
culating the wave-induced VBM in terms of accuracy and computa-
tional cost. Investigating this could enhance the accuracy of the analysis 
data used for training without significantly increasing computational ex-
penses. Since higher-quality training data ultimately leads to more accu-
rate surrogate models for predicting the objective landscape, this could 
significantly improve overall model performance. Additionally, future 
research should focus on increasing the fidelity of the HF tool to CFD, 
further enhancing the accuracy of the analysis.
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