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Summary 

Analyses are made of the mutual interactions between shock structure 
and the sidewal1 laminar boundary-1ayer and their effects on the quasi-steady 
flat-plate laminar boundary layer in ionizing argon shock-tube f10ws. The 
mutual interactions are studied using effective quasi-one-dimensional equations 
derived from an area-averaged-flow concept in a finite:-area shock tube. The 
effects of' mass, momentum and energy non-uniformities and the wall dissipations 
in the ionization and relaxation regions on the argon shock structure are dis­
cussed. The new results obtained for shock structure , shock-tube laminar side­
wall and quasi-steady flat-plate boundary-layer f10ws are compared wi th dual­
wavelength interferometric data obtained from the UTIAS 10 cm x 18 cm Hypervelocity 
Shock Tube. It is shown that the difference between the results obtained trom the­
presentmethod and those obtained by Enomoto based on Mirels t perfect-gas 
boundary-layer solutions are significant for lower shock Mach nunibers (Ms '" 13) 
where the relaxation lengths are large ( .... 10 cm). In general , the present 
resuJ..ts agree betterwith our experimental data than our previous results for 
uncoupled ionizing flows. 
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Notation 

A shock-tube cross-sectional area 

C 

Cf local skin friction coefficient 

specific heat at constant pressure 

D Y: hydrau.lic diameter 

ambipolar-diffusion coefficient 

H plasma total enthalpy 

k Boltzmann constant 

L shock-tube perimeter 

shock-wave Mach number 

atomic mass of argon 

Nu local Nusselt nuIDber 

electron-number density 

electron-number density production-rate 

p pressure 

elastic energy-transfer rate to electrons 

inelastic energy-transfer rate to electrons 

radiation energy loss 
. 
q shock-tube sidewall heat conduction rate 

qc plasma heat conduction energy flux 

~ plasma diffusive-energy flux 

qce electron heat-conduction energy-flux 

qde electron diffusive-energy flux 

v 



R 

Re 

T 

u 

v 
-+ v 

x 

y 

gas constant 

Reynolds number 

temperature 

characteristic ionization temperature 

time 

velo city component in x-direction 

particle velo city 

velocity component in y-direction 

distance along shock-tube sidewall 

distanee normal to shock-tube sidewaJ.J.. 

degree of ionization 

specific heat ratio 

5 boundary layer thicknesses; see Eqs. (28a)~28j) 

5Vi ion-diffusive velocity 

À thermal-conduction coefficient 

~ mixture visGosity coeff~cient 

p total-plasma density 

T shear stress 

Sub scripts 

a at om 

e electron 

i ion 

w conditions at the shock-tube sidewall 

o condi tions in front of shock wave 

5 condi tion at the boundary layer edge 

Operator 

- 1 J <f> - A f dA area-averaged values 
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1. . INrRODUCTION 

In our previous analyses of ionizing shock-wave structures (Glass 
et al, Refs. 1, 2) and the ionizing boundary-layer flows induced by astrong 
shock wave (Liu et al, Refs. 3, 4), the coupled effects between inviscid and 
viscous flows in a shock tube were neglected. As shown by Glass and Patter.son 
(Ref. 5) and Mirels (Ref. 6), the flow between the shock wave and the contact 
surface in an actual shock tube is nonuniform owing to the growth of the shock ... 
tube sidewall boundary layer. The gross features of shock-wave structure in an 
ionizing gas are affected by the sidewall boundary layer. Consequently, the 
induced ionizing .boundary layers on a flat plate in the so-called quasi·uniform 
flows are affected by these mutual interactions • This nonuniformity has to be 
considered when, interpreting shock-tube data in aerodynamic or chemical-kinetic 
studies. . 

The important effects of the growth of the sidewall boundary layer 
on the freestream flow are the induced wall shearing stress, heat transfers and 
the consequent nonuniformities in the flow. In order to take into account the 
flow ,nonuniformities in a shock-tube, Mirels (Refs. 6, 7, 8) has obtained corre ... 
lation formulae for a perfect gas, which are often used by many researchers in 
gasdynamics • These relations are based on similari ty solutions of the boundary­
layer equations treating the boundary layer as an aerodynamic sink. Local­
similarity assumptions cannot be applied to those cases where the variations of 
the freestream-flow quantities are important and cannot be neglected. As shown 
by Li u et al (Refs. 3', 4) the similari ty assumption is not valid for the 
electron-temperature and electron-number-density profiles for the sidewall­
boundary-layer flow where ionizing nonequilibrium phenomena OCcur in the 
freestream flow behind the shock front and the variations of the freestream 
conditions for the sidewall boundary layer are significant. Also, only mass 
conservation was considered by Mirels in the study of flow nonuniformi~~ , 
The effects of the sidewall boundary layer on the freestream momentum and energy 
equations were neglected. The validity of MireJ.s' correlation formulae cease 
to apply to an ionizing-gas flow, although they were used by Enomoto (Ref. 9), 
McLaren and Hobson (Ref. 10) and Brabbs and Bellë s (Ref. 11) in their studies 
of shock structure in an ionizing gas. Enomoto studied the sidewall boundary­
layer effects on ionizing shock structure in argon. He applied Mirels' (Ref. 6) 
perfect-gas-correlation formulae for flow nonuniformity of the mass mixture. 
Flow nonuniformities in the momentum and energy equations were entirely neglected 
without giving any reasons. Nevertheless, he found the important physical result ( 
that therelaxation length is significantly reduced in tubes of decreasing eross­
sectional area. owing to the sidewall-boundary-layer growth. 

The sidewall boundary-layer growth generates both compression and 
rarefaction wavelets • However the net effect is that of a . rarefaction wave 
which attenuates the shock front; see Trimpi and Cohen (Ref. 12). Flow uni­
formity in ionizing gases in the relaxation regions induced by incident and 
reflected shock waves is still far from being completely understood • . In 
principle, the analytical approach can be made by taking into account the inter­
action between the boundary-layer growth and the development of a two or three­
dimensional inviscid-flow model as well as by taking into account their inter­
action with unsteady floweffects such as shock-wave attenuation or contact 
surface acceleration. 

For example, H'libbard and de Boer (Ref. 13) studied two-,dimensional 
,flownonuniformities in a perfect gas based on the basic assumption that the 
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boundary-layer parameters do not change very much in the region where two-dimen­
sional effects are of importanee. They showed that the flow in the inviscid 
region .is nearly one-dimensional at a distance fram the shoCk front greater 
than the shock-tube radius. Demmig (Ref. 14) studied one-dimensional ionization 
relaxation in krypton under influences of weakly attenuating shoCk fronts and 
sidewaJ.l boundary-layer effects • He calculated the flow field behind an experi­
mentally determined attenuating shock front by taking into account only the 
boundary-layer displacement thickness growth in a way similar to Enomoto' s methode 
He showed the combined effects of boundary-layer growth and shock-wave attenuation 
on the ionizing krypton shock-wave structure at a shoCk Mach number of about 10. 

In the usua.l one-dimensionaJ. model, the boundary layer is assumed thin 
compared to the shock-tube radius and is replaced by a sink distribution. The 
inviscid core is assumed to be quasi-one-dimensionaJ. in the sense that flow 
variations are assumed to QCcur only in the streamwise direction • However, 
as Glass et al (Ref. 2) showed experimentally that the electron-cascade front 
approaches the translational shock front near the sidewall, the mutuaJ. inter­
action between ionization mechanisms and the flow field is not simple. 

In the present analysis, the inviscid core field is assumed to be 
effectively one-dimensional by using an area-averaging process instead of 
treating the boundary layer as a sink distribution as for the perfect-gas case. 

The purpose of this work is to extend our previous studies of shock­
wave structure and boundary-layer flows for ionizing argon by including the 
mutual interactions between the inviscid freestream and viscous sidewall 
boundary-layer flows. The present study of the mutuaJ. interactions is based 
on the effective one-dimensional-flow equation derived from the flow area­
averaged concept, where the flow nonuniformities in the freestream mass, 
momentum à.nd energy equations and the wall dissipation terms are considered. 
A finite-difference scheme is applied to the ionizing boundary-layer equations. 
An examination is made of the role of the sidewaJ.l-boundary-layer growth on the 
behaviour of the shock-structure ionization and radiation-cooling regions. 

The results of the quasi-steady flat-plate and the sidewaJ.l boundary­
layer flow induced by a strong shock wave in a fini te area shock tube are 
re-examined and compared with our dual-wavelength interferometric boundary-layer 
data obtained from the l!.rIAS 10 cm x 18 cm Hypervelocity Shock Tube. It is shown 
that the difference between the results obtained from the present method and the 
simpl~fied Mirels' one-dimensional equations are even more significant at lower 
shock Mach number where the relaxation lengths are larger. In general, the 
present anaJ.ysis gives much better agreement with our experiment al data by 
taking into account the mutual interactions between the inviscid and viscous 
flows. 

2. THEORErICAL CONSmERAT,rONS 

2.1 Basic Equations 

Two methods have been widely applied in obtaining the effective 
quasi-one-dimensional-flow equations in gas mixtures: (1) contro~ volume 
method, and (2) flow area-averaged methode In the control volume method, the 
integral form of the conservation law is applied to the mixture control volume. 
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----------------------------------------------- --

The effective equations are obtained by introducing definitions of area-averaged 
properties and limiting the length of the control volume to zero. In the flow 
averaged method, local instantaneous conservation equations are obtained from 
the law of conservation. The effective ,quasi-one-dimensional-flow equations 
are obtained by applying an area-average on the local instantaneous conservation 
equations. IdenticaJ. results are obtained from bóth methods for a homogeneous 
gas-mixture flow. 

In this work, the effective quasi-one-dimensional-flow equations 
for au ionized gas in a shock tube are directly obtained by applying the flow 
area-average on the loc al instantaneous macroscopic balance equations. Consider 
a gas miXture made up of atoms, singly-ionized ions and electrons. The macro-

" scopic balanee equations for the plasma mixture are gi ven by Appleton and Bray 
(Ref. 16) as follows: 

Mass conservation: 

~ p + V • (p7) = 0 (1) 

'Plasma momentum equation: 

(2) 

Plasma energy conservation: 

Electron mass conservation: 

d dt O:p + V • (o:p~ = m n + V • (pI) 'ilX) ae m (4) 

Electron energy conservation: 

(5) 

" 

where the definitions of the variables and other terms Çl.I'e the same as those in ' 
Refs. 1 and 2. 

Consider a mixture in a constant area, of a shock tUbe with cross­
sectional area A. Integration of Eqs. (1)-(5) over the flow area A at auy 
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instant in time gives: 

J ~ dA + J '1- (pV}dA = 0 (6) 

A A 

J %t pV dA + J '\J- (pW + p)dA = J '1- (I-LW}dA (7) 

A A A 

J ~ pHdA + J '1(pHVjdA = - J '1(~ + %)dA + J '1(V- j.L\ft)dA - J ~dA 
A A A A A (8) 

J ~t apdA + J '1- (apV}dA = maJ D.edA + J '1- (pI)m'\à)dA (9) 

and 

A A A A 

J ~t (apCpTe)dA + J '1- (pVOCpTe)dA = J (1/ + ~ )~'1pedA 
A 

-J '1- (qce + qde)dA + J (Qe1 + ~ne1)dA (10) 
A A 

where the conduction- anddiffusive-energy flux are given by: 

a, - - (RTr + CT) pI) \;lX 
""Q. pe m 

q =-CTpD\;lX 
de p e m 

Using the special forms of the Leibnitz and Gauss theorems and 
taking the dot product to get the x-component yie1ds: ' 

Mass conservation: 

o d dt <p> + di <pU> = 0 

4 
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'. 

Plasma momentum equation: 

o 0 2 dt <pU> + óX <pu + p> = - <T>W 

(13) 
o dY p = 0 

Plasma energy conservation: 

(14) 

Electron mass conservation: 

(15) 

Electron energy conservation: 

+ <Q 1 + O. 1> + <q > e ~ne e W (16) 

where the operator <:f> = i J fdA is introduced, and the boundary-1ayer approxi­

A 
mation with neg1ecting terms of 0(52) is made. 

The wa11 dissipation terms are defined as fo11ows: 

<T> w = * ( ~ ~ )w 

<ei> = -AL (q + Q.d) w c w 

(17) 

<UT> w = * ( ~u ~ )w 

<q. > = .!! (q + q ) 
e w A ce de w 
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Equations (12) - (16) are the basic equations for the unsteady area-averaged flow 
model. Demmig (Ref. 14) st'Udied the effects of boundary layer growth and 
unsteady shock-wave motion on ionizing krypton shock-wave structure by SOlving 
Eqs. (12) - (16). He took into account only the boundary layer di splacement 
thiakness growth in Eq. (12), neglecting other boundary layer effects and the 
wa11 dissipation terms in Eqs. (13)-(16) as wel1 as a radiation-energy 10ss 
term. in Eq. (14). He calculated the flow structure behind an experimenta1.1y 
obtained attenuating shock wave by an inverse method, so that important unsteady 
effects propagating across the contact front were not taken. into account. In 
his experiments, the shock wave Mach number varied fram 10.6 to ·10.1 over a 
distarlCe of 2.27 m in a 5.2 cm x 5.2 cm shock tube. On the . .'other hand, in the 
UI'IAS 10 cm x 18 cm Hypervelocity Shock Tube, the shock attenuation rates 
tJAs/L are about 0.2 (Mach nuni>er/m) for shock Mach numbers Ms = 13 and 16. 
Therefore, throughout the present analysis, it is acceptab1e that the shock 
front propagates with constant velocity and shock-fixed coordinates are 
applicable. 

In the shock-fixed coordinate, the quasi-one-dimensional flow 
equations are obtained fram Eqs. (12)-(16): 

Mass conservation: 

~ <41> = 0 

Plasma momentum equation: 

d .2 L ( cu) ëiX <pu + p> = - A j..L dY w 

(18) 

where the pressure, p, is constant across the cross sectional area of the shock 
tube. 

Plasma energy conservation: 

(20) 

Degree of ionization: 

d _ • L ( <n) - <A;~ = m <rl > - - pD 'dY. dx tJ~--- a e A m • w 
(21) 

" 

Electron energy conservation: 

+<Q1+ CL 1>-<<Ï> e "":ine e w (22) 
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The sidewa11 boundary layer effects are thus taken into consideration · 
. in the area-averaged terms of the above equations. Equations (18)-(22) fina11y 
become (for details of the derivation see Appendix A): 

Mass conservation: 

or 

Plasma momentum equation: 

Plasma energy conservation: 

Electron mass conservation: 

~ pu(A - 5*L) =0 

pu(A - 5*L) = puA 
o s 

(23) 

(23a) 

(24) 

(25) 

~ pU:X(A - 5rvL) = m n (A - 5·L) - L (pD ~) (26) 
dx '"'" a e n m Óij w 

Electron . energy conservation: 

(27) 

The various boundary layer thicknesses defined and used in Eqs. 
(22)-(27), which are related to the . krioWn . . : definitions of the boundary 
layer thicknesses (for example, Schlichting, Ref. 18), are given as follows: 

Displacement thickness: 

a* ~J (1 plU' ) - .-- dy pu 

7 
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- --
- where the primed variables are those across the boundary layer [see Eq. (A3)]: 

Momentum thickness: 

5m = J ( 1 - p' ~,
2 

) dy = 5* + J p:~' ( 1 - f ) dy (2&) 
pU 

Velocity thickness: 

Degree of ionization thickness: 

Energy-dissipation thickness: 

p'u'a' 
p1.O ) J 'u' ( a' ) dy = 5* + p pu 1 - a dy 

J ( ,,3) J ' ,( - ,2) 
5 e = 1 P p:3 dy = 5* + P p~ 1 - :2 <iY 

Radia.tion energy 10ss thickness: 

Reaction rate thickness: 

Electron number density thickness: 

Electron energy-transfer -rate tbickness: 

5 = J ( 1 - Q~l + ~nel ) dy 
Q Qel + ~nel 

Electron temperature thickness: 

(28c) 

(28d) 

(28e) 

(28f) 

(28h) 

(28i) 

( 
p'U'a'T') , '( a ''l'e' ) 

fLe =J 1 - . e dy = 5* +J~ 1 - - dy (28j) 
"T p'ldr é pU ctr e 
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As shown in the shock-tube sidewall bounda.ry-layer analysis in ionizing 
argon by Liu et al (Refs. 3, 4), if the electron temperature is assum.ed constant 
across the boundary layer, the electron temperature thick.ness öre is approxima1ely 
equal to the degree of ionization thickness ~, that is, 

It should be noted that in the shock-fixed coordinate 5*, 5m, 5u and 5e 
are negati ve and ~, Bn ., 5ne and 5Q are posi ti ve, whereas th~ sign of 5a depends 
on the type of boundary~layer flow, that is, frozen or nonequilibrium. The growth 
and details of these boundary-layer thicknesses are shown in Appendix B. The 
dissipation terms - shearing stress at the shock-tube ~idewall; wall heat trans­
fers due to the mixture of atoms, ions and electrons, and the energy deposition at 
the wall due to the diffusion of ions - are explained in Appendix B. 

It is worth noting that the existence of the electron-cascade front in 
the ionizing inviscid core gives rise to the nonuniform boundary-layer develop­
ment with distance quite differently from the boundary-layer development in 
perfect argon. Some of the defined boundary-layer thicknesses are maxima or 
minima at the electron-cascade front and eventually influence the shock-wave 
structure. 

Enomoto (Ref. 9) first showed that the relaxation distance was reduced 
due to the existence of the shock-wave induced sidewall boundary layer. His 
analytical model accounted for the effects due only to the displacement thickness 
of the sidewall boundary layer. His boundary-layer displacement thickness was 
based on Mirels' similar boundary-layer analysis for perfect argon (Ref. 6): 

A-5*L=A{l-(~fr 
where N = 0.5 for the laminar boundary-layer flow and ~ is the separating distance 
between an incident shock wave and a contact front calculated from the formulas 
given by Mirels (Ref. 6). However, Enomoto disregarded the other mutual inter­
action terms such ·ás the other boundary-layer thicknesses and the wall dissipation 
terms which appeared in the source terms of the quasi-one-dimensional equations, 
Eqs. (24)-(27). He also neglected the radiation energy loss term QR in the energy 
conservation equation. 

. The same discussions are applicable to Demmig' s model (Ref. 14). He 
studied ionizing krypton shock-wave structures at shock Mach number of about 10 
and initial pressure of 8 torr. He considered the effects of the growth of a 
sidewall boundary layer as well as effects of unsteady shock-wave behaviour, and 
solved the unsteady one-dimensional flpw equations by applying the characteristic 
method to the so-called inverse problem with an experimentally given shock-wave 
traj ectory. However, even in his boundary-layer model, only the growth of the 
boundary-layer displacement thickness obtained from the similar boundary-layer 
analysis for perfect krypton was considered. Other boundary-layer effects as 
well as wall dissipation terms used in the present study are neglected. Further, 
although shock attenuation effects were considered in Demmig's analysis, the 
radiation energy-loss term Qlliwas neglected in the energy conserVation equation. 
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The boundary .... layer displacement thickness that Demmig obtained from 
an ana.lysis given by Dem'yanov (Ref. 15) is written as 

A ... 5*1 = A { 1 _ 5.44 
..JdRe 

(29a) 

where JUsdt - x is the distanee from the unsteady shock front, d and Re are the 

diameter of the ,shock tube and the Reynolds number referring to the invisà~d 
uniform flow, region and d; respectively. Dem'yanov (Ref. 15) assumed a velocity 
profile across the boundary layer as 

~ = l (.n....) _! (.n....)3 
U6 2 ~5 2 ~5 

where ~ ~J..e....- d;y' and ' ~ corresponds to ~ at the outer edge of the boundary layer. 
: P5 5 

He used the above mentioned velocity profile and solved the nonuniformity flow 
behind a shock wave. ' 

Brabbs et al (Ref. 11) used the same formula as Eq. (29) to demonstrate 
the effects of flow nonuniformities induced by a laminar sidewall boundary layer 
on the chemical kinetic study in a sho'ck tube • Belles et al (Ref. 17) also 
used the same formula for a turbulent boundary layer by putting N = 0.8 in Eq. 
(29) . ' 

Consequently, only the mass conservatión equation, Eq. (23), is common 
to Enomoto' s basic equations. In the present st1.,l.dy the di splaeement thi ckness, 
other boundary layer thicknesses and wall dissipation terms were obtained by 
sOlving the two-dimensional ionizing boundary-layer equations. The profiles 
along the shock-tube sidewall di stance were significantly different from those 
resulting from a similar boundary-layer analysis such as given by Mirels (Ref. 6). 
These profiles used in this study are shown in Appendix B. 

Details of an implicit six-point finite difference method for solving 
the two-temperature nonequilibrium boundary-layer equations in ionizing argon 
were given by 1iu et 'al (Refs. 3, '4). Comparison' between the first-order 
results where the mutual interaction between 'inviscid' shock-wave structures and 
boundary-layer flows were not taken into account, and the experimental data for 
both quasi-steady flat-plate and sidewall boundary-layer flows were also given. 

" 

Onee all the boundary layer thicknesses and wall dissipation tB:rms _~. a.re 
known from the analysis , of ,~ ~ boundary-layer flows in ionizing argon, Eqs. 
(23)-(27) can be numerically solved. Glass et al (Refs. 1, 2) solved Eqs. 
(23)-(27) for shock-wave structures in ionizing argon and krypton where contri­
butions fram the sidewall bóundary layers and the wall clissipation terms were 
not taken into consideration. The results were éompared with interferometric 
data in some' det~ls in Refs. 1 and 2. 

By rearrangirtg Eqs. (23)-(27) we have 
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. { A- 5L ! du::::.2. m ~.en A - 5*L + .2. -L ~ .e (A - 5
u

L) 
udx 2 A dx A-5L 2 2dx n 

m pu 

}!{ ( A - 5 L ) A - 5 eL } 
+ (dissipatIon terms) ~ A m - -::t- -A _ B\lL 

where 

(dissipation terms) :::: - ~ ~ (~~. ) + A _A5 L ~ f(~u ~) 
Apu w u Apu 1. ~ w 

. dr 
( ~e di-) -RTr ( pDm ~ ) } 

. w w 

The momentum conservation equation is given by 

-1::.. ~ :::: A - Dm
L (~.e A - 5*L _ ! ~ ) _ ~ ( du) (32) 

2 dx A dx n A - 5 L u ·dx A 2 ~ oY 
~ m ~ w 

The electron energy equation is rewritten as 

A L {8 ( di) 2 ( are ) } 
+ A - 5ef Apu 3' pDm äY w + 3RTe ~e q,y w (33) 

Since the electron energy-transfer rate due to inelastic collisions 
is larger than that due to elastic collisions in the electron temperature range 
now under discussion, the following approximation can be made .across the boundary 
layer: -

since Q'l < Q~ l' and ~l < Qinelo e ~ne 
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Consequently, from the definitions of the boundary-layer thicknesses, Eqs. (28g) 
and (28i) , it is possible to assume the following relationship: 

5 ~ 5. 
Q n (34) 

Variations of both 5Q and 5n a,long the shock-tube sidewall are compared for 
Ms = 13.1 and 15.9 in Appendix B, Fig. B8. Finally, by introducing the above 
approximation, Eq. (34), we can rewrite the electron energy-transfer rate due 
tothe inelastic collision as follows (Glass et al, Ref. 2): 

( 35) 

Equations (29)-(32) together with the mass conservation eq~ation, Eq. 
(23a) and the equation of state 

(36) 

can be numerically solved with given initial conditions by using, for instance, 
the Runge-Kutta-Gill methode It is worth noting that if the mutual interactions 
between inviscid and viscous flows are not taken into consideration, the above­
mentioned equations are exactly consistent with the basic equations of Glass et 
al (Ref. 2). 

2.2 Initial Conditions 

If all the boundary layer properties and the wall dissipation terms are 
known from a shock-tube sidewall boundary-layer analysis, the basic equations of 
shock-wave structures, Eqs. (30)-(33), (23a) and (36), can be solved for the 
unknQwns p, Ta, Te, u, 0: and p with the following initial conditions: 

2 
(, - l)M + 2 u s = 

.JyRT 
0 

(,+1)M 2 
s 

2 M 2 - (y - 1) 
l?... 'Y s 

= 
Po ' + 1 

T 
~=g-1:.... 
T p RTo 0 (37) 

T 
~ = 1 
T 

0 

0:=0 
and 

P 
(y + l)M 2 

= s 
Po 

. 2 
(')' - l)M + 2 

RT s 
0 12 



.. 

where I = 5/3 and the subscript 0 denotes the condition in front of the shock 
wave in the shock-fixed coordinate. 

2.3 Numerical Procedures 

The procedures of the present iteration scheme are described as fo~lows: 

(1) Calculate the first-order ionizing shock-wave structure by neg1ecting the 
mutual interaction terms such as the boundary-1ayer thicknesses and the 
wal1 dissipation terms. 

(2) Using these shock-wave structure results, obtain all the boundary-1ayer 
thicknesses and wall dissipation terms by sOlving the 1aminar boundary­
layer equations in ionizing argon. 

(3) App1ying these boundary-layer thicknesses and wa11 dissipation terms, 
solve the area-averaged quasi-one-dimensional shock-wave-structure 
equations. 

(4) Repeat ,procedures (2) and (3) unti1 the iterative solutions converge to 
a given criterion. 

There ' ii3 n9 guarantee that the present iterative scheme wi11 converge. However, 
from our eXperience' the solutions converge quite quickly, within two or three 
iterations. ' 

As an examp1e, variations of the boundary-1ayer displacement thickness 
with distance x at each iteration number are shown in Figs. l(a) and l(b) for 
shock-wave Mach numbers 13.1 and 15.9. It is found that the solutions almost 
converge at the iteration numbers of 2 for Ms = 15.9 an,d 3 for Ms = 13.1. 

, ' 

2.4 Discussions 

In the present study, an iterative scheme for solving Eqs. (23)-'(27) 
togetherwith the boundary-1ayer equations was proposed. The shock-wave struc­
tures, sidewa11 boundary-1ayer flows and the quasi-steady flat-p1ate boundary-
1ayer f10ws were re-examined and campared with the experiments given in Refs. 
1",4. ' 

In the summary of the theoretical considerations, the fo11owing 
differences are pointed out between the present study and th~ previous worfs: 

(1) In the previous works by Enomoto (Ref. 9) for ionizing argon, Demmig 
(Ref. 14) for ionizing krypton and Brabbs (Ref. 11) for chemica1 kinetic studies, 
the boundary-1ayer effects are represented only by the boundary-1ayer displace­
ment thickness. The mutual interactions between the inviscid shock-wave structure 
and the boundary-1ayer f1ows, such as various boundary-1ayer thicknesses as. we11 
as the wal1 dissipation terms in the momentum and energy conservation equations 
and so on; are considered in this work. 

(2) Similar solutions obtained by Mire1s (Ref. 6) were app1ied by Enomoto 
and others in the evaluation of the boundary-1ayer displacement thickness. In 
the present study the exact boundary-1ayer equations were solved by an implicit 
six-point finite difference scheme. In addition, the variations of transport ' 
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properties across the boundary layer were taken into consideration. 

There were no concurrent anaLyses or expe:dments to show that Mirels' 
formulation (Ref. 6) of the boundary-layer effects was a proper basis for making 
corrections to the previous analytical results or experimental data for ionizing 
gases. Enomoto made use of Mirels' boundary<-layer formulation to study the 
ionizing argon shock-wave structure • The~e we re still large differences be"'§w'een 
h~s analysis and the experiments • 

3. E;FFECTS OF SIDEWALL BOUNDARY LAYER ON SHOCK-WAVE STRUCTURE 

3.1 General Considerations 

In our previous studies of ionizing argon shock ... wave structure (Glass 
et al, Ref. 2), it was shown that the experiments for higher shock-wave Mach 
number (Ms ~ 16) are in good agreement :wi th the analysis. However the agreement 
between analysis and experiments was not satisfactory for the lower shock Mach 
number case (Ms ~ 13) camparing ionization relaxation lengths and the electron 
number density at the electron cascade front. Enomoto (Ref. 9) showed that due 
to the boundary-layer displacement thickness effect, the ionizing relaxation 
length was reduced and, especially in the lower shock-wave Mach number, reduction 
of the relaxation length became significant. However, hi s postulated analytical 
model searns to be physically oversimplified. Irt this €hapter the results are 
compared with the experiment al data <and the previous analyses. 

3.2 Comparison of :NumericaJ.. Results with Experi:nental Results 

Figure 2 shows comparisons between the various analyses and the inter­
ferometric experimental data given by Glass et al (Refs. 1,2), for the electron 
number densi ty profile of the lawer shock-wave Mach number, Ms ~ 13. The resul t 
of thefirst order solution neglecting the sidewall boundary-layer effects, is 
shown by curve A. Curve B shows the result obtained by taking into account <only 
the boundary-layer displacement thickness effects, calculated from the similar 
boundary-layer analysis for frozen argon; this is similar to Enomoto's model. 
Coefficients of the growth of the boundary-layer displacement thickness -O*/Ji 
are shown in Fig. B2 öf Appendix B. The boundary-layer displacement thickness 
used in curve B is written as follows: 

-5* <- o .~6 ..rx for M = 13.1, Po = 5.16 torr andT = 300 K, 
and s 0 

-5* = 0.1064 ..rx for M = 15.1, Po = 5.10 torr andT = 298 K. < s 0 

Curve C is the first iterative result of the present method where the boundary 
layer equations were solved exactly, and not only the dispiacement thickness but 
also other boundary layer effects and the wall dissipation terms were applied in 
the analysi s of shock-wave structure s • Curve D shows the higher order i terati ve 
result of the present methode It is obvious that the difference between the 
present results (curve D) and Enomoto's model (curve B) is significant for this 
lower shock Mach mmlber. 

The relaxation length, xE, is drastically reduced in Enomoto's model, 
xE = 7.8 cm, and the corresponding result for the first-order model is about 
10 cm, whereas the present method gives xE = 8.93 cm. The experimental value 
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is about XE = 9.0 cm. The agreement between the present analysis and the experi­
mental data is significantly improved at lower shock-wave Mach number Ms = 13.1. 
These results are tabulated in Table l( a) and l(b) and compared wi th other 
results with different parametric values. 

The electron number density at; the electron-cascade front predicted by 
using Enomoto's model gives a much higher value than that predicted by the present 
analysis. The reduction of the relaxation length and the overshoot of the eleétron 
number density i n Enomoto's model can be explained as follows. In the first-order 
analysis neglecting the mutual i nteraction effects the mass flux pu is always 
smaller than Pous as shown in Eq. (23a): 

(38) 

where the boundary-layer displacement thickness (5* < 0) acts as though i t 
enlarges the shock-tube cross-sectional area in the shock fixed coordinate. 

The production of the electron number density, described in Eq. (26), is 
as follows: 

. . 
dn m n mn 
e~~>~ 

dx pu p U o s 

Therefore the quasi-equilibrium peak value of the electron number density is 
roughly proportional to the inverse of the mass flux pu. In Enomoto's model, 
the relaxation length is always shortened and the degree of ionization is over­
reached. However, in the present model the overshoot of the degree of ionization 
is comparatively suppressed and consequently the relaxation length is not so 
drastically shortened as Enomoto's model predicts. 

The comparison between the analyses and the experimental data of the 
total plasma density is plotted in Fig. 3. The total plasma density i niti ally 
increases gradually from its frozen value, suddenly increases near the electron­
cascade front, and then reaches t he quasi-equilibrium value as shown by arrows 
in Fig. 3. The total plasma density gradient is a maximum near the electron­
cascade front where the electron number density production rate De is a maximum. 
Due to the radiation energy loss, the total plasma density slowly increases 
behind the electron-cascade front. This will be explained later together with 
the interpretation of the pressure profiles. It is shown that much better 
agreement between t he present model and experiments is obtained. 

A comparison of t he degree of ionization is also shown in Fig. 4. The 
relaxation length is reël.uced by about 12% due to the sidewall boundary layer 
effects at this lower shock-wave Mach number Ms = 13.1. Arrows on the curves 
and the experiment al data i ndicate termination of the relaxation length • Good 
agreement between the present model and the experiment is obtained with respect 
to the relaxation length. However, the predicted quasi-equilibrium values 
determined from the present model, curve D, ar e larger than the experimental 
results by about 25%. The general tendency of the data points is similar to the 
prediction and they are almost parallel to the curve D at the quasi-equilibrium 
region. The reason for this discrepancy between the analysis and experiments in 
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the 10wer shock Mach number case is not clear. However, as found later for the 
case of higher shock Mach number, agreement of alaE between the analysis and 
experiments is good. In the present ana1ysis, the most reasonab1eformulae and 
the most re1iable coefficients to them are used for the excitational cross-section 
for atom-atom and e1ectron-atom c011isions,the momentum transfer cross-sections 
for e1ectron-atom and electron-ion colli si ons and the radiation energy loss term 
(Ref. 2). There may be ana1ytica11y undetermined factors in estimating these 
cross-sections and the radiation energy 10ss term. Therefore, it is not clear how 
these unknown factors depend on the shock Mach number. 

Norma1ized pressure profiles p/Po, and temperature profiles are shown in 
Figs. 5 and 6, respectively. Curves A, B and D correspond to the first-order 
results, Enomoto's model, and the present model, respectively. 

In the first-order results the pressure initially increases gradually 
from its frozen value, and then suddenly increases to its quasi-equilibrium value. 
The pressure gradient is a maximum near the electron-cascade front where the 
electron number density production rate ne is a maximum. Over the quasi-equili­
brium region, the pressure still increases slowly. The reasons are explained in 
the fo110wing argument. 

If we rewrite Eq. (31) by taking into account only the boundary-layer dis­
placement thickness for the sake of simp1icity, 

RTl m n CL 
2 _d ,en(A - 5*L) + - ~ +.:!.. 1 du dx 2 pu 3 

~ u pu 
u dx ------------------------------~--- ( 40) 

where Mf = pu2/r,p < 1 gives the lbcal flow Mach number behind the shock front 
which is less than unity in the shock-fixed coordinate. The pressure gradient 
is a1so written as 

1 dp 
2dx pu 

(41) 

As shown in Eq. (40), the velocity gradient is composed of contributions 
from (1) the sidewall boundary-layer displacement thickness growth d/dx tn(A - 5*L), 
(2) the electron number density production rate, ne' and (3) the radiation-energy 
losses~. Initially the contribution from the boundary-layer displacement thick­
ness effects are greater. Near the electron-cascade front the contribution from 
the electron number density production rate is more prominent. Finally, behind 
the electron-cascade front the contribution from the radiation-energy 10ss is 
significant. 

Since the flow field bebind the shock front in the shock-fixed coordinates 
is subsonic, and the boundary-1ayer displacement thickness acts to expand the cross­
sectional area of a shock tube, the sign of velocity gradien~ Eq. (40), is always 
negative. Physically this indicates that due to subsonic flow behind the shock 
wave in the shock-fixed coordinate,the above mentioned effects encOllrage the 
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velo city profile Us - u to keep on decreasing with distance x. In other words, 
th~ partic1e velocity u: is increasing with distance from the shock front in the 
1aboratory-fixed coordinate (see G1ass et al, Ref. 2). Therefore, as obvious1y 
seen from the mamentum equation, Eq. (41), the pressure should keep on increasing 
with distance behind the shock front. The curves B and D in Fig. 5 show compara­
tive1y sharp initial pressure rises from the frozen value as a re sult of taking 
into account the b01mdary-1ayer growth effects. The present results (curve D) 
lie between the first-order results (curve A) and Enomoto's model (curve B) 
except at the beginning. 

The same interpretation is applicable to the ~total plasma density profile. 
The totalp1asma density is inversely proportional to the velocity; see Eq. (23a). 
Consequently, the atom temperature Ta and the . electron temperature Te are over­
reached in curve D as shown in Fig. 6, and are very much over-reached in Enomoto's 
model, curve B. AtOm and electron temperature-overshoots subsequently give rise 
to more atom-atom collisions and as aresult the electron number density in front 
of the electron cascade front increases. Therefore the re1axation length is 
significantly reduced. It is found that Enomoto's model gives an overestimation 
to the reductionof the relaxation length. This interpretation is of course 
consistent with the previous ane that the reduction of the relaxation length can 
be exp1äined from the point of view of boundary layer displacement thickness 
growth and the reduction of the mass flux. 

It is worth noting that an initial sharp pressure rise and a temperature 
overshoot are peculiar to the analysis where the growth of boundary-Jayer dis­
placement thickness is taken into account. Demmig (Ref. 14) studied combined 
effects of the sidewall boundary-layer displacement thickness and the unsteady 
shock-wave motion on ionizing krypton shock wave structure. He showed that the 
temperature over~hoot occurs despite shock-wave attenuation. 

One of the interesting features of ionizing argon shock wave structures 
is the existence of an incubation period in which a gas particle passes from the 
translational shock front to the electron-cascade front. In the incubation period, 
no significant changes in the flow properties occur but internal electronib states 
are excited and the electron number density is very slight1y increasing. Af ter 
this period all the flow properties change very suddenly. The electron-cascade 
front appears. Therefore i t is physical1y acceptable that any change in the 
dynami,c flow properties such as a pressure ri se induced by the boundary-1ayer 
growth would sharp1y influence the whole shock wave structure and eventua11y 
reduce the relaxation length. 

Experimental data obtained from shock tubes wi th various configurations 
are compared by means of using the hydrau1icdiameter D. Here we compared DUr 

predicted values with experimental data obtained by the UI'IAS 10 cni. x 18 cm 
Hypervelocity Shock Tube, so that we employ the standard D = 4A/L = 12.86 cm 
for a 10 cm x 18 cm shock tube. 

In order :to examine the shock tube diameter effects on the ionizing shock 
wave structure, computations were done for these different diameter shock tubes: 
DO.5 = 6.43 cm, Dl.O = 12.86 cm, D2.0 = 25.73 cm and D ~ 00. The computational 
results for the infinite shock tube diameter Doo is equfvalent to those of the 
first order analysis since, as shown in Eqs. (23)-(27), the terms representing 
the mutual interaction effects are inversely proportional to the hydraulic 
diameter. On the other hand, in a small diameter shock tube the mutual inter­
action effects are even greater, and in the extreme case of a very smal1 diameter 
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shock tube, the area-averaged quasi-one-dimensional anal.ysis is no longer val.id. 
In this case, a two or three-dimensional flow model and the subsequent strong 
shock attenuation effect should be considered. Sometimes a very small diameter 
shock tube is used as a common shock tube or a detonation tube. For example, 
Enomoto (Ref. 9) compared the reduction of relaxation length from a one-inch 
diameter shock tube. However, i t is not clear whether the present method 
can be applied to this small diameter shock tube or not. In Table l( a) the 
quasi-equilibrium peak val.ue of (XE, neE, PE and the relaxation length XE are 
tabulated at Ms = 13.1, Po = 5.16 torr and To = 300 K for various shock-tube 
diameters. In addition both nonequilibrium and frozen boundary-layer profiles 
are compared. However it is known from the results of the shock-tube sidewal.l 
boundary layer that the nonequilibrium profile is closer to the experiment al. 
data 'see Chapter 4 of thi s report and Liu and Glass, Ref. '4). Therefore, the 
higher-order iteration is applied only in the nonequilibrium flow. 

Figure 7 shows the result of the electron nuIDber density for the various 
hydraulic diameters where neE is the equilibrium electron number density for 
Dl.O = 12.86 cm. As shown in Fig. 7, the relaxation length decreases and the 
electron number density at the electron-cascade front increases as the shock-
tube diameter is made smaller. 

As a second example at higher shock-wave Mach number Ms = 15.9, the 
experimental. and anal.ytical. results for the electron nuIDber density are shown 
in Fig. 8. In this case the difference between the present model (as shown 
in curve D) and Enomoto's model (curve B) is smaller than that in the previous 
low shock-wave Mach number case Ms = 13.1. The reason is that effects of the 
various boundary layer thicknesses and Wall dissipation terms on the shock-wave 
structure are not so important since the quasi-equilibrium temperature is higher 
and the relaxation length is shorter, XE = 2 cm for the higher shock Mach nuIDber 
Ms = 15·9. 

In Fig. 9 the total.-plasma densi ty profiles are shown. Good agreement 
is obtained between the present model and the experiments. Results for the 
degree of ionization profile are shown in Fig. 10 for comparison. Pressure and 
temperature profiles are shown in Figs. 11 and 12, re spe ctively • The same 
remarks as forthe lower shock Mach mmlber are applied to this case. The quasi­
equilibrium peak val.ues are shown in Table l(b) for various shock-tube diameters. 
The effects of the shock-tube diameter on the shock-wave structure are plotted 
in Fig. 13. As expected, effects of the shock-tube diameter on the shock-wave 
structure are smaller, since the relaxation length is short er in this case so 
that the time duration in which the boundary layer influences the structure is 
shorter. It is found that the profiles for a D2.0 shock tube and an infinite 
diameter shock tube are almost the same. The profile for a Dl.O = 12.86 cm shock 
tube is very close to that for Dooo This shows that the urIAS Hypervelocity 
Shock Tube gives al.most one-dimensional. shock-wave structures at higher shock 
Mach nuIDbers. In the first-order anal.ysis, the relaxation length is 2.15 cm, 
whereas in the present model XE = 2.03 cm af ter the iteration nuIDber of 2. Conse­
quently, at this higher shock wave Mach nuIDber, the boundary-layer effect reduces 
the relaxation length by only 6"/0 whereas it is about 12"/0 at the previous lower 
shock wave Mach nuIDber. 

3.3 Discussions 

Comparing our area-averaged quasi-one-dimensional. model with Enomoto's 
model and the first-order anal.ysis as well as interferometric data, the following 
discussions are pointed out: 
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(1) The ,formerly selected value of argon-argon collisional_cross-section 
constant of 10-19 eV/cm2 (Glass et al, ReL 2), which was used throughout the 
present study, is accurate. The argon-argon collisional cross-section constant 
is known to affect the relaJcation length. Goad agreement was obtained between 
experiments and the present analysis for both Ms = 13.1 and 15.9. 

(2) The relaJcation length is significantly reduced due to the sidewall 
boundary- layer growth as predicted by Enomoto (Ref. 9). The reduction of the 
relaxation length is more pronounced for , the lower shock-wave Mach number 
(Ms = 13 .. 1) where the length is much longer (XE ~ 9.0 cm) than that (XE = 2.0 cm) 
for the higher shock-wave Mach nuIDber (MB = 15.9). 

(3) The model suggested by Enomoto over-predicted the effect of boundary-
layer growth on the shock-wave structure . Therefore the application of MirelÊl.'; 
method to ionizing gas flows is inadequate, except for a rough estimation of the 
effe cts of the sidewall boundary layer on the shock-wave structure • 

(4) The effect of the sidewall boundary layer on the shock-wave structure is 
more pronounced in a shock tube of smaller diameter. For higher shock-wave 
Mach numbers the reduction of the relaxation length is small enough for us to 
conclude that the illIAS 10 cm x 18 cm Hypervelocity Shock Tube, with- which the 
present experiments were conducted, is large enough for us to ignore the effect 
of the boundary layer on experiments in ionizing argon flows. 

4. SHOCK-TUBE SmEWALL BQUNDARY-LAYER FLOWS 

4.1 General Considerations 

Shock-tube sidewall bou..'Yldary-layer flows in ionizing argon, without 
taking into account the mutual interactions between the inviscid and the 
viscous flows, were analyzed and campared with dual-wavelength interferometric 
data by Liu et al (Refs. 3, 4). Satisfactory agreement was obtained .for the 
low-Mach-number case, Ms = 13.1. The e:xperimental results lie between the froz,en 
and nonequilib.rium solutions. However, it was found that two-dimensienal effects 
are significant for the higher Mach number case, Ms = 15 .• 9. The phenemenon of 
the electron-oascade front moving toward the wall to approach the translational 
shock wave was found more prominent for stronger shock waves by Glass et al 
(Ref. 2). The reasons for this premature ionization and relaxation process 
close to the wall are still unknown. 

The present sidewall boundary-layer results were obtained by using the 
shock-structure solutions described previously as the edge conditions of the 
boundary layer. The difference between the previous model by Liu et al (Ref. 4) 
without taking into account the mutual interactions and the present results arises 

. from the variations of freestream ~low properties. As expected, a change in the 
freestream flow èongiüiÓlls will ca~se changes, in the boundary-layer flows. 

4.2 Cowparisonof Numerical and Experimental Results and Discussions 
\, 

Figure 14 shows the corresponding first order and present results for 
Ms = 13.1, Po = 5.16 torr and To = 300 K together with the experimental data for 
the total-plasma-density profiles, P/P5, where 5 denotes the conditions outside 
the boundary layer. Curve A shows the first-order results for the nonequilibrium 
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boundary 1ayer; curve B shows the present results for the nonequi1ibiium boundary 
1ayer and curve C shows the first-order results for the frozen boundary 1ayer. 
The ,difference between the first-order and the present coupled results is smal1 
since it was shown before by Liu et al (Refs. 3, 4) that the total p1asma-density 
profile is not a sensitive indicator of boundary-1ayer structure. However, the 
difference between the first-order and the present results for the e1ectron-number­
density profiles can be readi1y seen in Fig. 15, even though the difference is 
smal1 • . As drawn in curve B, the experiment al data are c10ser to the present 
results • This shows that the experiment al boundary-1ayer profile for ne/ne5 is 
c10ser to the nonequilibrium profile. In this case the sidewal1 boundary-1ayer 
profiles are measured at x = 9.5 cm behind the shock front. The re1axation 1ength 
is about 900 cm as predicted in the present model and in experiments. Therefore, 
curve B still shows st rong inf1uence from the electron-cascade front where the 
profile is very much different from the simi1ar profile in Liu et al (Ref. 4). 
The same tendency is observab1e in the degree of ionization profile p10tted in 
Fig. 16. It is evident that the present results agree better with the experi­
mental data than with the first-order results for lower shock Mach number, where 
premature ionization and recambination close to the wa11 is not significant in 
the experiments (see G1ass et al, Ref. 2). The premature ionization is discussed 
later in some detail. 

Figure 17 shows the first-order and present results for the higher shock 
Mach nuniber case Ms := 15.9 and Po := 5.10 torr for the total plasma density p/ P5. 
The agreement between the present result and experimental data is not as good as 
expected in the lower shock Mach number case. The electron nuniber density profi1ed 
are shown in Fig. 18. The present results (curve B) 1ie between the nonequilibrium 
profile (curve A) and the frozen profile (curve C), and apart from the experiment al. 
data. The experimental data differ from the analytical results outside the 
boundary 1ayer edge at Y ]> 2 mmo This obvious1y shows the two-dimensional effect 
of the ionizing shock-wave structure in higher shock Mach nurober (see G1ass et al, 
Ref. 19). 

A tendency simi1ar to the e1ectron-number-density profile is shown in 
Fig. ·19 for the degree of ionization a/a5. The agreement of the present results 
with the experimental data is worse. The reason for the discrepancy between the 
lower and higher shock Mach nuniber cases is argued as fo11ows . It was shown by 
G1ass et al (Ref. 2) that coupled sinusoidal disturbances occur at higher shock 
Mach nunibers in the trans1ational shoC,k front as we11 as in the electron cascade 
front and beyond. Recent1y the flow profiles in the direction normal to the 
wal1 were measured by G1ass et al (Ref. 19) in the inviscid flow region. It was 
found that the flow is nonuniform in the inviscid region at this high Mach number 
Ms = 16. In the experiment, the electron-number density as weIl as the degree of 
ionization increased with distance Y from the wal.l and did not reach asymptotic 
values at the outer edge of the boundary 1ayer Y := 14 nnn, whereas the total-plasma 
density decreased from the wal1 and reached its asymptotic value at the edge of 
the boundary 1ayer. However, it decreased again when the distance from the wall 
was greater than 8 mmo This flow nonuniformity behind a moving shock wave at 
higher shock Mach numbers results mainly from radiation energy transfer. The 
radiation energy losses are prominent in the inviscid core with respect to the 
nonequilibri um boundary-layer flow (see Fig. B6). 

The two-dimensional effects on the shock structure cannot be predicted 
simp1y by using the quasi-one-dimensional models as used in the previous and 
present analysis. Further analysis such as using the unsteady two-dim~nsional 
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model may be tried in order to know propagation of di sturbances induced by radiation­
energy transfer. In addi tion to this, although we have argued about the optically 
thin argon plasma, it may be necessary in a future study to take into account 
effects of reabsorption of the radiation energy loss in the inviscid core as we1l 
as in the boundary layer. This effect is very difficult to include because the 
reabsorption coefficient is a function of the complete structure of the radiation 
cooling zone. This effect was not included in the present analysis (see Liu et al, 
Ref. 3). 

Figures 20( a) and 20(b) show experiment al contours of constant degree 
of ionization a for shocks (~ = 16.5 and Ms = 13.6) redrawn fr~ Glass et al 
(Ref. 2). The solid lines indicate the outer edge of the degree of ionization 
boundary layer a/a5 = 0.99, obtained from the present sidewall boundary-layer 
analysis for (a) Ms = 16.6, Po = 4.81 torr, To = 296 K and aE = 15.7%, and (b) 
Ms = 13.1, Po = 5.16 torr, To = 300 K and aE = 6.4%. These small discrepancies 
of initial conditions between analyses and experiments do not lead to significant 
errors in comparing both results • The boundary-layer thickness for degree of 
ionization reaches a maximum at a distance where the electron number density 
production rate ne is a maximum, and then temporarily decreases. The reasons 
for this strange behaviour of the degree of ioni~ation can be explained as follows. 

Boundary-layer flows are f'irst assumed to be similar just behind the 
shock front. Boundary-layer flows become nonequilibrium gradually as x increases. 
In the electron-cascade front, the flow properties are much different from the 
similar original flow properties since the electron-number-densi ty production 
rate and the radiation-energy losses are greatest there, as shown in Fig. 16, 
for example. Consequently, the boundary-layer profiles are also changed sharply 
with distance x near the electron-cascade front. Far behind the electron-
cascade front, the boundary-layer profiles recover to the weak nonequilibrium 
profiles, since radiation-energy losses are prominent and new uniform flow 
conditions are established, for example, Fig. 4. The transition of the boundary­
layer profile from astrong nonequilibrium profile to a new simi1ar profile occurs 
just behind the electron cascade front. In addition the degree of ionization 
decreases fr om its quasi-equilibrium value in the inviscid core. Therefore the 
boundary-layer thickness of the degree of ionization (a/a5 = 0.99) temporari1y 
decreases, as shown in Fig. 20(a). It is found that the overshoot in the a 
profile across the .boundary layer occurs just behind the electron-cascade front 
for the fOllowing reasons • The velo city boundary layer as well as the bdundary­
layer displacement thickness develop almost monotonically wi th distance x by 
the same mechanism as in the flat-plate boundary-layer case [see Figs. Bl(a) and 
Bl(b)]. Their growths are also encouraged by acceleration of particle velocity 
in the inviscid core. The temperature in the inviscid core decreases so sharp1y 
at the electron-cascade front that the temperature boundary layer cannot deve10p 
as quickly as the velocity boundary layer. The temperature boundary layer 
decreases temporarily. Con sequently , for total enthalpy to be maintained 
across the boundary layer, the temperature profile across the Doundary layer 
should have an overshoot. As aresult, this temperature overshoot across the 
boundary layer induces the overshoot of degree of ionization profile at the 
electron-cascade front. 

It is clear that this overshoot significantly af'fects the boundary­
layer thickness of the degree of ionization, ~, defined by Eq. (28d). In 
Fig. B5, variations of 6a with distance x are shown for shocks with Ms = 15.9 
and 13.1. It is worth noting that due to this overshoot profile, Ca can be 
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a maximum near the electron-cascade front in the case of the nonequilibrium 
boundary layer. However, in the frozen boundary layer, the overshoot of a is 
not found. For details see Appendix B. 

Arrows with figures along a/a5 = 0.99 curves in Fig. 20(a) show the 
degree of ionization (%) at the marked points. The value of a along the curve 
a/a5 = 0.99 incieases monotonically from 0% at the shock front to 4% at .x = 1.25 
cm. Then it suddenly increases across the electron-cascade front and reaches a 
maximum of a = 15.7%. It is shown that experimental a contours indicate the a 
overshoot at the · electron-cascade front. The agreement of a between the present 
analysis artd experiments is very good at and behind the electron-cascade front; 
but it is poor in the incubation regionbetween the shock front and the electron­
cascade front, since the 2% contour intersects with the a/a5 = 0.99 curve where 
the predicted values are less than 1%. The reason for this discrepancy is not . 
clear. The same remarks can be applied to the lower shock Mach number case, 
Ms = 13.1 as drawn 'in Fig. 20(b). 

, Agreement between experimentally obtained a contours and pre di cted 
a/a5 = 0· .. 99 curves is very good. It is worth noting that the premature 
ionization neär the sidewall is merged with the predicted degree of ionization 
boundary layer. 

It -is known that far behind the electron-cascade front the degreeof 
ioni~ation and electron~number density in experiments do not approach their 
asymptötic values but still .increase beyond the outer edge of the boundary 
layer for higher shock Mach nurnber Ms == 15.9. Glass et al (Ref. 17) studied 
these phenomena and concluded th at a two-dimensional effect is mainly due to 
the radiatibn energy transfer mechanism. The details are still far from clear. 
Experimental· indications ~ for example in Fig. 20( a), show that the degree ,of 
ionization profile across ·the boundary layer at the electron-cascade front 
x ~ 17 mm initiaily increases wi th distance Y from the sidewall. Then it 
reaches the quasi-equilibrium peak value aE = 15.8%. Finally it gradually 
decreases in the inviscid core Y > 2 ·mm· since the experimental a contours are 
concave to the shock front. It is found that this profile shows a completely 
different tendency from that far behind the electron-cascade front at x = 18 cm 
as shown byGlass et al (Ref. 19) or in Fig. 19. The reasons for this differ­
en ce are explained as follows. The a profile across the shock tube is affected 
by the boundary-layer growth, radiation energy losses and ionization and 
recoIDbination rate processes. Since these effects themselves and their coupled 
effects vary significantly with distance x, it is quite acceptable to assume 
that the experimental a profile measured at the electron-cascade front is very 
different from that m::!asured far behind the electron-cascade front. 

In an actual unsteady two-dimensional flow, especially behind the 
electron-cascade :front, disturbances generated .by the boundary-layer growth, 
radiatiorr 'energy losses and ionization and recoIDbination processes are non­
uniformly propagating along the characteristic surfaces. These nonuniformly 
propagating disturbances interact with the electron-cascade front as well as 
the shock front. However, it is far from clear how these disturbances interact 
two-dimensionally with the electron-cascade front and how they are related to 
the sinusoidal configuration of a perturbed shock front, as found by Glass et al 
(Ref. 2). Although the premature ionization near the sidewall is found to be 
merged with the degree of ionization boundary layer, their detailed interpretations 
are still far from being · completed ~ It will be an important future research task 
to understand their origin and interactions with ionizing argon shock-tube flows. 
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Deckker et aL (Ref. 20), applying the hot wire anemometry to shock­
tube flows, showed that flow proper.ty distributions are not uniform close to 
the shock front even at very low shock Mach number Ms = 1.16 (the pressure 
ratio across the shock front P2l = 1.57). Velo city and temperature profiles 
are found to be different from those profiles predicted by the similar. boundary­
layer analyses. Although a critical examination of the reproducibility of their 
shock-tube experiments and disturbing effects of the probe on the subsonic 
shock-tube flow is needed, the question arises as to which mechanisms cause 
the flow nonuniformity close to the shock front. They concluded that the 
flow nonuniformity may be due to the unsteady effects of the shock-tube flow, 
especially due to the propagation of disturbances generated at the contact 
front. 

Further experiments and more sophisticated analyses applying the 
unsteady two or three-dimensional Navier-Stokes equations to the ionizing 
argon shock-tube flow are necessary to understand the flow nonuniformity. 

5. QUASI-STEADY FLAî-PLA!rE BOUNDARY-LAYER FLOWS 

5.1 General Discussions 

The first-order results of quasi-steady flat-plate boundary-layer 
flows generated by a strong shock wave in a shock tube for ionizing argon 
were given and compared with dual-wavelength interferometric data by Liu et al 
(Ref. 3). Satisfactory agreement was obtained between analysis and experi­
mental to.tal plasroa-density and electron-number density profiles for shocks 
Ms = 13.1 and 15.9. 

Two cases reported previously, Ms = 12.8, Po = 5.01 torr and To = 
297 K, and MS = 16.6, po = 4.81 torr and To = 298 K, are re-analysed by using 
the present method. The difference between the previous result by Liu et al 
(Ref. 3) and the present analysis arises from the changes in the free-stream 
flow conditions which result frommutual interactions between inviscid and 
viscous flows. 

5.2 Conwarison of Numerical and Experimental Results and Discussions 

Figure 21 shows comparisons between analyses and experimental data 
for the case with Ms = 16.6, Po = 4.81 torr and To = 297 K for the total­
plasma-density. The difference between the present analysis and the first­
order results is quite small. The corresponding results for the electron­
number density ne/neB and degree of ionization profiles á/aB are plotted ~n 
Figs. 22 and 23, respectively. A bump appears in the experiment al data for 
theelectron-number density profile and in the present analysis, but the 
maximum deviation from the asymptotic value of ne/neB ~l is very small, at 
most 2!'/0. The disagreement between analysis and. experiments for the electron­
mmlber density results mainly from the fact that the boundary-layer flow is 
assumed to be quasi-steady while in the experiments it is unsteady due to 
radiation-energy losses. That is, the electron-number density and degree 
of ioni~ation are slowly decreasing with distance from the electron-cascade,J 
front and the pressure, particle velocity and total plasma density are slig~tly 
increasing withdistance from the electron-cascade front, as discussed in 
Chapter 3. However, variations of these flow properties wi t1;l distance x were 
not considered in the present flat-plate boundary-layer flow in order to satisfy 
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the steady-state conditions . The boundary-layer displacement thickness growths 
are shown with distance x in Fig . 24 for both nonequilibrium and frozen boundary­
layer flows. As expected in the steady flat-plate flow, the displacement thick­
ness grows ' almost proportional to the square root of the distance from the 
leading edge of the flat-plate, whereas in the sidewall boundary layer, bumps 
app.ear at the electron- cascade front. The boundary-layerdisplacement thi'ckness 
in the frozen flow is thinner than that in the nonequilibrium flow, although 
the Reynolds numbers referring to the inviscid core flow praperties are the same. 
The reason is that in the nonequilibrium boundary-layer flow, kinetic energy 
is spent for internal electronic excitation of argon atoms as well as for 
ionization processes. As a result, a temperature gradient and other flow 
property gradients across theboundary layer are comparatively smoothed out. 
For example, Figs. 23 and 24 show the electron number density and degree of 
ionization profiles, respectively. Therefore the nonequilibrium boundary-layer 
displacement thickness is thicker than that of the frozen flow. 

In Table 2 camparisons of the uniform' conditions between the first­
order results and the present results are tabulated. The differences between 
these results are not significant. The local flow Mach numbers M5 are increased 
by ab out J'/o for Ms = 16.6 and by about 5% for Ms = 12.8. For the latter case, 
MS = 12.8, the nonequilibrium and frozen flow profiles for total plasma density 
P/P5 and for electron-number density are shown in Figs. 25 and 26, respectively, 
together with experiment al data. A small improvement is found. The experimental 
results for the electron-number densi ty lie between the an,alytical nonequilibrium 
and the frozen-flow profiles. The corresponding results for the degree of ioniza­
tion are shown in Fig. 27. 

Figure 28 shows variations of nonequilibrium and frozen boundary­
layer displacement thicknesses with distance x for lower shock Mach number 
MS = 12.8. It is found that the frozen boundary-layer displacement thickness 
is ,' ll~ch . thinner than that of the nonequilibrium flow. Effects of ioniza­
tion and recombination processes are more significant in the lower shock Mach 
number, as shown in Figs. 26 and 27. Comparing the result for Ms = 12.8 wi th 
the higher shock Mach number Ms = 16.6, it is found that the growth of the 
boundary-layer displacement thickness for the lower shock Mach number is much 
slower than that for the higher shock Mach number. The Reynolds numbers 
referring to the inviscid freestream properties are different in each case. 

It is shown that effects of the mutual interactions between the 
inviscid and viscous flows on the quasi-steady flat-plate boundary-layer flows 
are small. However, the flow model used in the present analysis is a quasi­
steady one. Unsteady effects appearing in the experiments are not considered 
in the analysis. Therefore, in order to obtain better agreement between analysis 
and experiments, the unsteady two-dimensional Navier-Stokes equations should be 
solved with proper unsteady inviscid freestream conditions. They are, of course, 
one of the important research tasks for the future. 

6. DISCUSSIONS AND CONCLUSIONS 

An analysis is presented of the mutual-interaction effects of ionizing­
argon shock-wave structure and shock-tube sidewall as well as flat-plate boundary­
layer flows. The effective quasi-one-dimensional shock~wave-structure equations 
for a tube of finite area are derived from the flow area-averagedconcept. Flow 
nonunifor.mities resulting from the boundary-layer-displacement thickness and 
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other defined thicknesses, as we11 as the wal1 dissipation terms, are inc1uded 
in the shock-wave-structure analysis. The results are compared wi th a previous 
first-order ana1ysis and interferametric data at naminal shock Mach nunbers of 
13 and 16 at an initial pressure of 5 torr. It is shown that a perfect-gas 
analysis based only on displacement thickness overestimates the reduction in 
shock-wave-structure thickness. However, a real-gas analysis shows that the 
actual shock-wave structure thickness is èloser to the idealized one-dimensional 
case. In addition, the interferametric measurements of the ele.ctron-mllDber 
density and tot al-plasma density shock-wave-structure profiles as well as the 
derived degree of ionization profiles are in much better agreement with the 
present analysis than those done previously. The same remarks app1y to the 
ionizing sidewal1 as we11 as flat-plate boundary-layer interferometric profiles • 
Agreement of the experimental data with the present analysis is very good for 
both the shock-wave structure and the boundary layer at Ms "" 13 and good at 
Ms '" 16. It is found that the premature ionization near the sidewall is merged 
with the degree of ionization boundary-layer thickness. 

Further investigation based on the time-dependent Navier-Stokes 
equation may be required in order to predict the two-dimensional effects on 
shock-wave structure and the unsteady effects on induced flat-plate boundary­
layer f1ows. 
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Tab1e l(a) , 

Q.ua~i-eg;ui1ibril.lIll pe_ak. values of a, ne and P and re1axation lengths • 

The first iteration results at M = 13.1, P = 5.16 torr andT = 300 K. s 0 0 

M = 13.1 s 

D ~ 

cm ' , cm 

First order 00 10.00 

6.43 6.63 

Non- 12.86 7.93 
equi1ibri:um 8.93 

** 8.88 25.71 ' 

6.43 7.88 

Frozen*** 12.86 8.98 

25.71 9.48 
.. 

* Results by higher i teration mmlber 
** Nonequilibrium boundary-1ayer profile 
*** Frozen.boundary-1ayer profile 

-
aE n~ PE 

xlO17jcm3 X10-4gjcm3 

0.0590 0.566 0.650 

0.0711 0.771 0.719 

0.0639 0.655 0.680 
0.0579 0.576 0.660 * 
0.0596 0.594 0.661 

0.0676 0.694 ., 0.681 

0.0612 0.609 0.660 

0.0589 0.578 0.650 



Table l(b) 

Quasi-equilibrium peak values of a, ne and p and relaxation lengths . 

The first iteration results at M = 15.9, p = 5.10 torr and T = 297 K. s 0 0 

Ms = 15·9 

D ~ 
cm cm 

First order 00 2.15 

6.43 1.83 
Non- 12.86 2.03 equilibrium 2.03 
** 

25.71 2.12 

6.43 1.93 
Frozen*** 12.86 2.03 

25.71 2.13 

* Results by higher iteration number 
** Nonequilibrium boundary-layer profile 
*** Frozen boundary-1ayer profile 

aE neE ~ 
xlo18jcm3 X10-4gjcm3 

0.1361 0.168 0.821 

0.1414 0.182 0.852 

0.1363 0.170 0.828 
0.1359 0.170 0.830 *, 
0.1355 0.168 0.824 

0.1424 0.182 0.848 

0.1371 0.173 0.825 

0.1362 0.170 0.823 



Tab1e 2 

Initial conditions and freestream conditions for f1at-p1ate boundary-layer flow. 

Comparison of present conditions with those in Ref. 3. 

M 16.6 12.8 s 

Po (torr) 4.81 5.01 

T
o 

(OK) 296 297 

Ref. 3 Present Ref. 3 Present 

u
5 ( cm/s) 4.86xl05 4.97xl05 3.53xl05 3.59xl05 

P5 ( torr) 2025 2160 1200 1189 

TaB (OK) 1.049xl04 1.043xl04 1.065xl0
4 

1.043xl0
4 

(X5 0.021 0.020 0.031 0.028 

ne5 
( cm-3) 3.75xlO

16 
3.87xlO16 3.27xlO16 2.97Xl0

16 

~ 2·9 3·0 2.1 2.2 

a5 (cm/s) 1.68lxl05 1.673xl05 1.676xl05 1.650XI05 

xm (cm) 14 14 14 14 

x ( cm) 46 46 46 46 s 

~ (cm) 1.7 1.57 13.0 Il.O 
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APPENDIX A 

AREA AVERAGED Q,UASI-ONE-DIMENSIONAL FL'OW EQ,UATIONS 

In the shock-fixed coordinates, the area-averaged mass conservation 
equation (Eq. 18) is rewritten as follows. 'Let the operator < > be introduced 
in an area-averaging process, and let A and L be the cross-sectional area and 
perimeter of a shock tube, respectively. A schematic profile is shown in Fig. 
Al. 

<pu> = î J pudA 

(Al) 

1 
= A pu(A - L5*) 

where the primed quantities represent variables across the bounqary layer and 
5* is the boundary-layer-displacement thickness defined by 

-J ( p'u') 5*= l---pu dy 

b.layer 

(A2) 

which is negative, as expected. p and u are the uniform values. 

Here inside the boundary layer, the mass conservation equation 

~ + dP'V' = 0 
ex dY (A3) 

holds. If we integrate Eq. (A3) across the boundary layer, we have the following 
relation: 

(P'v')5 = - ~J p'u'dy 
b.layer 

where 5 denotes the condition at the outer edge of the boundary layer. 

(A4 ) 

For an arbitrary quantity Q" its convective derivative averaged across 
the shock tube cross-sectional area is given, taking into account Eqs. (A4) and 
(A3), by 
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d 0 
d.x <puQ> + dY <pvQ> 

1 d L d J = A d.x puQ(A - 5*L) + A a:x (p'uQ' - p'u'Q)dy 

b.layer 

1 d , 
= A dx puQ (A - L( 0* + 5Q)} (A5) 

where 5~ is defined by 

5' =J ~ (1 -~) dy Q pu Q (A6) 

b.layer 

This is the commonly used boundary-layer thickness for Q, which represents 
u, Ct, H and ctI'e corresponding to the momentum, electron mass, energy and 
electron energy conservation equations, respectively. 

Here we rewrite the boundary-layer thickness for Q as 

5 = 5* + 5' Q Q 

=J (1 
b.layer 

p'u'Q' 
puQ 

(A7) 

Finally we have an area-averaged quasi-one-dimensional expre.s .... ,. ·:. ~. 
sion>'. "' as follows: 

(A8) 
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APPENDIX 13 

BOUNDARY LAYER THIqKNESSES MD WALL DISSIPATION TERM) 

Once various boundary-layer thicknesses ' and wall dissipation terms 
are given, we can determine the shock-wave structure in ionizing argon by 
making use of these mutual interaction terms. The boundary-layerthicknesses 
as well as wall dissipation terms used in the present analyses are presented 
here. 

In Figs. Bl(a) and Bl(b) , variations of the boundary~layer displace­
ment thickness -5* and the velocity thickness -Ou with distance x are shown 
for shocks with shock Mach numbers ,Ms = 13.1 and Ms = 15.9, respectively. The 
thicknesses are defined by , 

(Bl) 

J'C' UI) 5u = 1 ~ ül ' dy < 0 

where primed quantities show those across the boundary layer. 5* and 5u are 
negative in the shock-fixed coordinate, as expected. It is noted that the bump 
appears in both nonequilibrium and frozen boundary-layer flows at the electron­
cascade front." where, the electron r,tumper densi ty production rate ne is greatest. 
Therefore these boundary-layer thickness growths are no longer monatonically 
increasing as seen in , the similarboundary layer analysis for 'perfect argon. 
The velocity boundary-layer thicknesses -Bu temporarily decrease at the 
electron-'cascade front d\le to the sharp changes of boundary-laye:r profiles • 
The phenom.e,na ' ,ar'e even greater in higher shock-wave Mach nUIDbers. 

" I 

Figure B2shows the variation of -5*/.JX with distance :x for shock­
waves with Ms . = 13.1 and 15.9. In the s~milar laminar boundary-layer analysis 
for perfect., argon~ the sidewall bound.ary-layer ,displacement thickness -5* is 
growing 'with .JX.' Figure B2 shows roughly a ' coe~ficient of the displacement 
thickness" growth, which is propor ti on al' to the square root of the Reynolds ' , 
number referring to the uniform flow condition. The value of -5*/..rx is 
initially constant in the incubation region between the shock front and the 
electron-cascade front and then suddenly changes t ,o another quasi-equilibrium 
value across the electron-cascade front ,. The reasons for this are as follows. 
Pressure changes roughly from a constant value in the incubation region to 
another Ç!onstant value behind the electron-cascade front.. In other words, 
the flow ' Reynolds m.unber changes suddenly across the electron-cascade front. 
Values of -5*/.JX at x = 0 (-5*/.JX = 0.1006 at Ms = 13.1 and -5*/.JX = 0.1064 
at Ms = 15.9) are important because these values are used in calculating shock­
wave structures by Enomoto's model. This modelconsiders only the boundary­
layer displacement thickness which is obtained by a similar boundary-layer 
analysis. In Fig. B3, variations of momentum thickness 5m with distance x 
are shown for shocks Ms = 13.1 and 15.9, 
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(B2) 

Solid lines and dashed lines show nonequilibrium and frozen boundary layer, 
respectively. Inflection points appear at the electron-cascade front owing 
to the same reasons as explained in Figs. Bl(a) and Bl(b). Differences 
between nonequilibrium and frozen boundary-l~er flows are found to be very 
smalle 

Figure B4 shows the energy dissipation thickness Be for shocks 
~ = 13.1 and 15.9, where 

J plU' ( u,2) 
Be = 5* + ---pu- 1 - u2 dy (B3) 

Curve A (~) and curve B (---) correspond to nonequilibrium and frozen 
boundary-layer flows, respecti vëly. The same remarks made for Fig. B3 ca.n be 
applied to this case. 

Figure B5 shows variations of the degree of ionization thickness 
Ca with distance x for shocks Ma = 13.1 and 15.9, where 

J plU' ( a' ) 5 =5*+ -- 1-- dy a pu a (B4) 

Curve A (-) and curve B (---) correspond to nonequilibrium and frozen 
boundary-layer flows, respecti vely. As mentioned previously, ove:rshoots 
of the a profile occur across the nonequilibrium boundary layer just behind 
the electron-cascade front as shown in Figs. 16 and 19. They '.: do'. ". not appear 
in the frozen boundary-layer flow. Consequently,"9a in the nonequilibrium 
boundary-l~er flow can be posi tive around the electron-cascade front apd is 
a maximum at a distance where the electron number density production rate is 
greatest. On the other hand, Ba in the frozen boundary-layer flow is always 
negative and monotonically decreases with distance x. It is worth noting 
that a/a5 = 0.99 contours in Figs. 20(a) and 20(b) (are. ::silnila.r~ to .tb.er'~sults 
obtained for the degree of ionization boundary-layer thickness in the nonequi­
librium boundary-layer, which is defined as 

Figure B6 shows variations of the radiation energy loss thickness 
5R with distance x for shocks Ms = 13.1 and 15.9, where 

(B5) 

Curves A (-) and B( ---) correspond to nonequilibrium and frozen boundary­
layer flows, respectively. BIt in the nonequilibrium boundary layer is 
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always posi,tive. This fact .indicates that radiation energy losses inside 
the nonequilibrium boundary layer are smaller than those in the inviscid 
core. BR ,is a maximum at the electron-cascade front where the averaged 
radiation energy loss inside the nonequilibrium boundary layer is smallest. 
The radiation energy losses in the frozen boundary layer are larger than 
those in the inviscid core, since 5R is negative, as shown in Fig. B6. In 
the nonequilibrium boundary layer, kinetic energy is transformed into excita­
tion of the internal electronic states, and ionization rate processes. Hence 
the temperature decreases more than in the frozen boundary 'layer where the 
ionization and recoIDbination processes are assumed campletely frozen. There­
fore, the radiation energy losses are more prominent in the frozen boundary­
layer flow than in the nonequilibrium boundary-layer flow. However, throughout 
the previous and present analysis, the effect of re-absorption of radiation 
energy in the radiation cooling zone is not considered. 

Figure B7 shows variations of the nonequilibrium electron-number 
densitythick.ness Bne with distarlCe x for shocks Ms = 13.1 and15.9, where 

(B6) 

As shown, there is a maximum at the electron-cascade front. The 
electron number density in the inviscid core is a maximum. The electron 
number density profile across the nonequilibrium boundary layer near the 
electron-cascade front is shown in Fig. 15 where the profiles are compared 
at x = 9.5 cm behind the shock front and the experiment al relaxation length 
is about 9.0 cm. In Fig. 18 similar comparisons are made at x = 18.0 cm 
behind the shock front and the experimental relaxation length is 2.0 cm. 
There is evidence, from Figs. 15 and 18, that the maximum deviation of the 
electron number density between the inviscid core and the boundary layer 
occurs at the electron-cascade front. 

In Fig. B8, variations of the electron energy transfer rate thick­
ness BQ and the electron production rate thickness 5n with distance x are 
shown by curves A and B, respectively, where 

Q ' + Q' 
el inel ) 

Q + Q dy 
el inel 

(B7) 

As shown, these curves are , similar to each other and the largest deviation 
between curve-s A and B is at most 25% at Ms = 13.1. Therefore, the approxi­
mation of BQ ~ Bn in Eq. (34) is acceptable. BQ and on are negligible in the 
quasi-equilibrium region since ~n the processes of computation BQ and Bn are 
written as (Qel + Qinel)BQ and neBn, (; i,'ç: ,and" ' ,:; :" ;" .' -~. , in the.quasi-equili­
brium region the ionization rate processes are in equilibrium, ne (x > XE) ~O, 
and consequently the electron energy transfer rate is negligibly smalle 
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Wall dissipation' terms were used to express the mutuaL interaction 
in analysing thearea averagedquasi-one-dimensional ionizing shock-wave ' 
structure • It is hEÜpful to ' show the. proper expressions of these terms in 
Figs. B9-B12. 

In' perfect-gas boundary-layer flows in a shock tube, the loc al skin 
friction ' coefficient cf 'is related to the ReYnolds numoer by (see Glass et al, 
Ref. ' B~), -

, l 

. " . 
(BB) 

where the local skin friction coefficient 

T 
W 

cf = 

~ PwU5 0 _ Uw )2 
u - 5 

(B9) 

Re' 
= ,pwu5x ( 1 _ ~w)2 

Ilw U-
5 

and the shear.', stress at the wall 

For strong shock waves in perfect argon, Eq. (BS) is given by 

(BlO) 

where f"(O) = -4.062 and UW/Us = 4 (see Mirels, Ref. B2). 

For a real-gas sidewall boundary-layer analysis in ionizing argon, 
the shear stress is given in boundary-layer coordinates as 

where 
I , 

.. '." 

T = 
W 

, 2 
PJlwus 

J21; 
fll( 0) 

~ '= J 'p (X)1l (x)U (x)dx 5 0 e 
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By defining the Reynolds number 

where 

J P5f15u5d.x 
X = ----..-=---

P5~B'~ 

We obtain an expression simi1ax to Eq. (BB): 

c JRe = ,J2 Cf"(O} 
f u (B12) 

where 

11 - ~I u
5 

As expected, this equation reduces to Eq. (B8) , if we assume constant inviscid 
unifor.m flow properties along the shock-tube axis and C = 1 across the sidewall 
boundary layer. In Fig. B9, the local skin friction coefficient profiles are 
shown for Ms = 13 and 16. As expected, the local skin friction coefficients 
are not monotonically decreasing functions of x but increase with x near the 
electron-cascade front. Sin ce the pressure gradient is a maximum t;here, the 
shear stress increases. Therefore, the value of cf .JRë, shown in Fig. BlO, 
is also a maximum at the electron-cascade front. This effect is mucll' ' )'8> 

different from the results in the boundary-1ayer analysis in perfect argon, 
and even greater , at higher shock Mach number Ms = 16, as drawn. The value of 
cf .JRë at x = 0 cm is about 1.58 for both Ms = 13.1 and 15.9. Although this value 
is calculated fIlom a similar boundary-1~er analysis for the frozen unifor.m 
j'low con di tions, i t is different from that of the perfect gas where Cf Ce = 
1.914. This is due to the two-temperature effect of the argon plasma used in 
the analysis, and the variation of transport properties across the boundary 
1ayer, such as C = C(y) f const, was takèn into account. 

The sidewal1 heat-transfers due to atom and electron are shown in 
Figs. Bll(a) and B11(b) for Ms = 13.1 and 15.9, respectively. The wall heat 
transfer due to atom temperature gradient -qa is not a monotonically decreasing 
function of x but local1y increases at the electron-cascade front. This effect 
is even greater at higher shock Mach number Ms = 16. However, the heat transfer 
due to the electron -qe has a maximum at the electron-cascade front. 

The local Nusse1t numbers are defined as follows: 

Nu (B13) 
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. 
where q is the heat flux at the sidewall, 

(B14) 

Therefore, the local Nusselt numbers are related to the loc al Reynolds number 
defined previously, that is, 

_NU_a = 9' (0) 

~ 11 _ Uw 1 (1 
u

5 

(B15) 

where 9 = Ta/Ta5 for the atom temperature . For the electron, the relationship 
between NUe and Re is 

T 

Nu 
e5 9' (0) 

e Ta5 --
_ Taw ) JRe ~ 11 _ uWI (1 

u5 . T . 
a5 

(B16) 

where, 8 = Te/Te5 • 

The ion-recombination heat transfer at the sidewall ~ iS ... define9; by 

(B17) 

. 
The Nusselt number due to qa and the local Reynolds number are related as follows: 

aT 

Nuct 
...-l Z' (0) 
Ta5 

-= 
JRe u 

(1-
Taw ) ~ 11 - .-! I u ' Ta5 

(B18) 

where Z = .. a/ct5 . 

. . F;igures B12(a) and B12(b) show variations of NiJ./JRë defined byEqs • . 
(B15)~(B16) and (B18) for shock Mach numbers ~ = 13.1 and 15.9, respectively. 
NUa/~e and NUe/JRe are maxima at the electron-cascade front. However~ for 
the ion-recombination heat transfer, Nua/.JRë is a maximum at a distanee behind 
the electron-cascade front. The reason for this is as follows. The gradient 
of the degree of ionization at the sidewall Z,(O) is monotonicallY decreasing 
with distanee x. However, ct5' at first, increases from its frozen value at 
x = 0 to the quasi-equilibrium peak value and then slowly decreases due to the 
radiation energy loss. Therefore ctBZ' (0) is a maximum not at the electron­
cascade front but at a distanee behind it. This effect is obvious in Fig. 
12(b) for MB = 15.9. 
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In the present analyses, variations of the local skin friction 
coefficient Cf and the wa11 heat transfer -q are found to differ great1y from 
the result by the simi.1ar boundary 1ayer ana1ysis for perfect argon. The 
local maxima appear at the electron-cascade front and their variations are not 
simp1e in the incubation region as expected in the previous ana1ysis. This 
shows the importance of taking into account the mutual interaction ter.ms in 
solving . the ionizing shock-wave structure prob1em. 

In the actual flow field, these bumps may be reduced by dissipation 
effects but there is no experimental evidence that this indeed happens • 

B1. G1ass, I. I. 
Hall, J. G. 

B2. Mire1s, H. 
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