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Abstract

Offshore solar power installations can be increased in size and efficiency compared to land based installa-
tions due to the availability of space and the cooling effect of water. To increase survivability in large waves,
very large floating solar platforms can be made flexible. However, a flexible structure is susceptible to wrin-
kling due to combinations of mooring loads, wave dynamics and the flexibility of the platform. Wrinkling is
a limit state which is not commonly researched in maritime engineering, since generally structures are de-
signed to be as stiff as possible. Wrinkling can lead to the global collapse of a very large flexible solar platform
and should therefore be minimised. Very large floating platforms have an impact on the environment due
to the shadow underneath. This problem can be diminished by adding holes to the platform. Furthermore,
holes can be functional as manholes for maintenance of the bottom of the platform. Scientific research on
the wrinkling behaviour of membranes has pointed out that wrinkling behaviour depends on the geometry
of the membrane, which can for example be changed by adding holes to the membrane. The aim of this
thesis is to set up a design and analysis framework for wrinkled membranes with permeability. In order to
define this framework, (i) reliable computational indicators are developed; (ii) the influence of permeability
on membrane wrinkling is investigated and; (iii) the framework is verified on a fictive case of an integrated
stiff solar panel on a membrane.

The first objective in this thesis is to find reliable computational indicators to assess the wrinkling be-
haviour of a membrane. Current concepts of offshore solar platforms are flexible membranes including
mooring systems based on concentrated tension loads. To study the wrinkling behaviour of a (subregion)
of such a flexible floating solar platform, in this study, it is modelled as a rectangular membrane subjected
to uniaxial tension; following the available literature on the wrinkling problem. Numerical analysis of the
wrinkling behaviour is first done by non-linear post-buckling calculations. However, it appeared that the re-
sults of this calculation are highly dependent on the initial deformation which is used. An alternative method
which does not depend on user defined input was found in studying the second principal stress field: when
negative second principal stress is present in the membrane, wrinkling can occur. When no negative second
principal stress is present in the membrane, wrinkling will not occur. Furthermore, the distribution and the
area of the negative second principal stresses are indicators for the wrinkle distribution and amplitude. For a
robust assessment of the susceptibility of a membrane to wrinkling, a study of the negative second principal
stress field should thus be preferred over a post-buckling analysis.

The second goal of this thesis is to research the influence of permeability on membrane wrinkling. The
effect of holes on the wrinkling behaviour is researched by studying their influence on the second principal
stress field. The aim is to find wrinkle free configurations and study the mechanisms which minimise wrin-
kling behaviour. Therefore, the size, location and shape of holes are varied systematically in membranes of
different sizes. It was found that holes should be chosen so that when the membrane is strained, they deform
in a way so that they bring tension in the regions of the membrane which are subjected to negative second
principal stress in the non-permeable configuration. Furthermore, holes should be chosen such that the load
paths in the membrane are not interrupted.

The framework to research and design wrinkle free very large flexible solar platforms by adding perme-
ability is verified and has proven to be effective by applying it on the configuration consisting of a stiff solar
panel mounted on a flexible membrane. In this configuration, the framework has led to holes by which the
wrinkling region is localised.

From the three parts of this thesis, it is concluded that a research framework for wrinkling of membranes
with permeability was found in the analysis of the second principal stresses and the driving mechanisms
were investigated and verified. To further develop this framework, research on the effect of stiffening the
membrane and minimising wrinkling under load conditions other than tension are recommended.
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1
Introduction

1.1. Motivation
This thesis will investigate the influence of permeability on the wrinkling behaviour of offshore solar plat-
forms. Therefore, it combines the following three key-concepts:

• Offshore solar platforms
• Permeability
• Wrinkling

This section will give a motivation to research the combination of these key-concepts.

Offshore solar platforms
The worldwide energy demand has risen over the past years and will keep rising according to predictions
[13, 54]. Renewable energy generation should follow this trend. A promising renewable energy source is solar
energy, due to its high energy potential. Two improvements can be made to increase the utilisation of this
potential: increase of the scale of solar power plants and increase of the efficiency of solar panels.
Both an increase of the scale of solar energy production and an increase of efficiency of solar panels can be
realised by moving them offshore. Apart from the large surface availability offshore compared to onshore,
floating solar plants have the advantage to be located further away from obstacles which block the sunlight,
like buildings and trees. Furthermore, it is proven that the efficiency of floating solar panels can be higher
than the efficiency of land based solar panels due to the cooling effect of water. Depending on the weather
conditions, the location of the panel on the platform and the type of flotation structure the efficiency can be
improved by 10% [35, 57, 58]. The most recently developed offshore solar power plant concepts are designed
to be flexible [46, 62]. The survivability of flexible structures in high waves is larger compared to the surviv-
ability of a stiff structure because the structure will follow the waves and slamming can be avoided.

Permeability in offshore solar platforms
In the past, it was identified that very large floating structures in general have an influence on the environ-
ment. From experiments as well as models, the following influences on the environment became apparent:
[28, 29, 38]

• Influence of current (current direction and speed) on: sediment transport, coastal hydrology, tidal flow,
drifts and beach erosion. [6, 63]

• Influence on water quality [63]
• Influence on organisms living on the bottom of the sea and influence on organisms which attach to the

platform [63].
• Influence on the ecological system due to obstruction of radiation of the sun through the surface, there-

fore hindering the photosynthesis of organisms. This leads to a reduced oxygen level in the water, and
influences the water temperature underneath the platform. Furthermore this will influence fish be-
cause finding food will become more difficult when eyesight is limited [26, 43, 63]

The consequence of the obstruction of radiation of sun through the sea surface can be reduced by making
holes in the platform, by adding permeability.

1



2 1. Introduction

Wrinkling in offshore solar platforms as a consequence of flexibility
To survive in waves, offshore solar power plants are designed to be as flexible as possible. By making such
structures flexible, water on deck and slamming loads will be minimised [51]. Making structures as flexible as
possible is the exact opposite of what is generally done in maritime structures like ships and offshore struc-
tures. These are made as stiff as possible. Flexible structures are susceptible to wrinkling, a limit state which
is not commonly researched in maritime engineering. Therefore, not all design principles which are generally
applied in maritime engineering are applicable when designing a flexible offshore solar platform.

Figures 1.1a and 1.1b show two pictures of accidents with floating solar power plants. Left, a picture of a
floating solar plant located in Friesland, the Netherlands is shown. In August of 2020, this platform was blown
away during a storm. The platform was still under construction and only moored by a provisionally mooring
system. [45] In the right picture, a floating solar power plant which caught fire during a typhoon in Japan is
shown. [14] From these pictures it can be seen that the collapse of a platform can lead to a lot of damage.
Therefore, research on all limit states of platforms is a necessity.

(a) (b)

Figure 1.1: Pictures of two damaged solar platforms. (a) A platform which was blown away during a storm in the Netherlands [45] and
(b) a platform which caught fire after a storm in Japan, near the coastal city of Chiba [14].

Influence of permeability on the wrinkling behaviour of membranes
A multitude of papers on wrinkling of membranes exists. Figure 1.2 shows the results of one of them, written
by Luo [37]. Both experimental and numerical results are shown. At the left, wrinkles in a non-permeable
membrane can be seen. A rectangular membrane is clamped at two opposite sides and strained. Wrinkles
can be observed in the middle of the membrane. The pictures in the middle show membranes with holes
which are strained the same way. From these figures, it can be seen that these permeable membranes do
not wrinkle. However, at the right, a membrane is shown in which holes are added at the free edges of the
membrane, this membrane does wrinkle when it is strained. Not all holes will help to minimise wrinkling
behaviour in membranes. The size, shape and location of holes have to be chosen correctly to obtain this
result.

Figure 1.2: Experimental and numerical results on the wrinkling behaviour of membranes. All membranes are clamped at two sides and
strained. The left membrane is non-permeable. Wrinkles can be observed when it is strained. In the middle, two permeable

membranes can be seen which do not wrinkle when strained. Permeability is also added to the membrane at the right, at the free edges.
However, this membrane still wrinkles when it is strained. [37] These observations lead to the conclusion that wrinkling of membranes

can be avoided by adding permeability if the size, shape and location of the holes are chosen correctly.
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1.2. Research goal
In literature, an example was presented which proves that wrinkles can be eliminated in a thin membrane by
adding holes to it. This research has inspired the investigation of wrinkling reduction in very large flexible
offshore solar platforms by adding permeability. However, in literature, only results are given for one spe-
cific design and no explanation on the underlying mechanism is discussed. Furthermore, wrinkling was not
previously researched in the application of very large flexible offshore solar platforms. The goal of this thesis
is to investigate the influence of permeability on the wrinkling behaviour of very large floating flexible solar
platforms and to develop a design and analysis methodology to minimise the wrinkling behaviour. There-
fore, this thesis will first focus on the method and investigate a method to research wrinkling behaviour in the
application. Next, this method will be applied, to study the effect of permeability on wrinkling behaviour in
very large flexible offshore solar platforms and understand the underlying mechanisms such that wrinkling
can be prevented for by adding holes to the structure.

Literature exists on both offshore solar platforms as well as on wrinkling. However, these two concepts
have never been combined. Previous research on wrinkling is of theoretical nature while research on offshore
solar platforms is of rather industrial nature. The first challenge will be to model the industrial offshore solar
platforms so that the theoretical knowledge on wrinkling of membranes can be applied to this application.

How can wrinkling be modelled keeping in mind flexible solar platforms as the application?

From literature on wrinkling of thin membranes, it appears that all methods can be classified into two cate-
gories: methods by which all details on the wrinkling behaviour are calculated (post-buckling calculations)
and methods which only give approximations on the wrinkling behaviour. All methods will be researched and
it will be investigated whether they are practically applicable when designing a very large flexible offshore so-
lar platform:

What calculation method can be used to account for wrinkling behaviour in the design of very
large flexible floating structures?
Is a post-buckling calculation adequate to research wrinkling behaviour of very large flexible off-
shore solar platforms?
By which indicators can the wrinkling behaviour of a membrane be approximated?

To be adequate for the application, the method should comply several criteria: it has to be applicable to
a wide range of geometries to calculate whether or not wrinkling will occur and to discuss details on the
wrinkling behaviour such as the wrinkling amplitude and the region of the structure in which wrinkling will
happen. Furthermore, the method should not be computationally expensive so that it can be used to investi-
gate different geometries fast and efficiently. Next to the investigation of post-buckling calculations, it will be
investigated whether other methods exist to research wrinkling behaviour and whether these methods com-
ply these criteria.
When a method to investigate the wrinkling behaviour is found, it will be applied to search for the influence
of permeability on this behaviour with the goal to prevent for wrinkling.

How should holes be chosen such that wrinkling behaviour can be minimised?
In a membrane?
In a very large flexible floating solar platform?

1.3. Thesis outline
This thesis will be outlined in line with the research questions and sub-questions. First, all relevant literature
will be discussed in chapter 2. Next every chapter will discuss a sub-question. Chapter 3 will discuss the use
of a post-buckling calculation to study wrinkling behaviour of a membrane. In chapter 4, other indicators by
which the wrinkling behaviour of a membrane can be approximated will be discussed. These indicators will
be used to study the effect of permeability on the wrinkling behaviour in chapter 5. Practical implications of
the results from chapter 5 will be discussed in chapter 6. Lastly, the main conclusions of this thesis will be
summarised in chapter 7 and recommendations for further research are discussed in chapter 8.





2
Literature Review

This chapter will give an overview of all relevant literature to research wrinkling reduction in very large flex-
ible offshore solar platforms. On the one hand, technical aspects of existing floating solar platforms will be
researched. On the other hand an overview will be given of more theoretical literature which discusses wrin-
kling in membranes. The goal of this chapter is to conclude the current state-of-the art and relate the practical
side of the research to the theoretical side:
How can wrinkling be modelled keeping in mind flexible solar platforms as the application?

Furthermore this chapter will make a start in answering the other two main research questions described
in section 1.2. Calculation methods which are used to determine the wrinkling behaviour of a membrane will
be discussed as well as what is known on the influence of the geometry of the membrane on the wrinkling
behaviour.

2.1. Technical aspects of offshore solar platforms
This section will discuss technical aspects of offshore solar power plants and their development by the help
of examples of existing solar power plants and concepts.

Figure 2.1: Picture of the first floating solar power plant, located in Aichi, Japan [42]
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6 2. Literature Review

Aichi, Japan
The solar power plant which is considered as the first floating offshore solar power plant is the PV installa-
tion in Aichi Japan [66] which was build in 2007. This first floating photovoltaic installation was build by the
National Institute of Advanced Industrial Science & Technology of Japan for research purposes. The capacity
of this installation amounts 20 kW. The solar panels on this platform are positioned horizontally on intercon-
nected floats which form a raft. [17]. A picture of this installation is shown in figure 2.1.

Floating Solar BV, the Netherlands
An offshore floating solar installation developed and build by Floating Solar BV is shown in figure 2.2. This
floating solar power plant consists of interconnected frames which are kept afloat by cylindrical buoyancy
tubes. The different frames are connected by hinges so that the platform can move more freely in waves.
The platform is moored by a connection to three buoys. It is located on an inland water body in Rotterdam
and has a commercial purpose. The platform is steered by a vertical-axis tracking system, a combination of
winches and cables rotates the platform such that it is always oriented to the sun. [15, 17]

Figure 2.2: Picture of the floating solar installation from Floating solar BV [15]

Ocean Sun, Norway
Since 2017, Ocean Sun produces offshore power plants for commercial purposes. Their design, which is
shown in figure 2.3, is inspired by the construction of fish cages. Its flotation system consists of a circu-
lar flotation tube. A thin, flexible membrane is tensioned between the tubes on which stiff solar panels are
mounted. The membrane rests directly on the water surface. The cooling effect of the water has a positive in-
fluence on the efficiency of the solar panels. The membrane is flexible, and therefore moves with waves. The
concept of Ocean Sun is therefore not only suited for inland water bodies, but can also be installed nearshore.
Ocean Sun has produced two sizes of offshore solar platforms: a platform with a capacity of 200 kW which
has a diameter of 50 meters and a platform with a capacity of 500 kW which has a diameter of 72 meters. A
disadvantage of the system is that a pump is needed to pump out green water. [17, 46]

Figure 2.3: Pictures and sketch of the offshore solar power plant designed by Ocean Sun [46]
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SUNdy, DNV GL concept
Figure 2.4 shows a concept proposed by DNV GL in 2012. This proposed solar power plant consists of a com-
bination of thin film flexible floating solar panels mounted on flexible floating mattresses. The mattresses
float directly on the water. Therefore the cooling effect of the sea water will lead to an improvement of the
efficiency of the solar panels. Modules of flexible solar panels are combined in one hexagonal structure. Such
a solar island would have a capacity of 2 MW. The conceptual island is moored by mooring cables to the
seabed. All connections are based on tensional forces, the connection of the mattresses to the frame which
connects all modules as well as the connection of the island to the seabed. This mooring system is usable
in water depths from 20 up to 100 metres. Due to the flexibility of the thin film solar panels, the concept is
resilient to waves and can thus be installed in offshore waters. [58, 66]

Figure 2.4: Sketches of the concept of a flexible floating solar power plant designed by DNV GL [62]

Oceans of Energy, North Sea
The first offshore solar plant in open water was realised in the North Sea. In 2019 the first solar power plant
was installed with a capacity of 8.5 kW with the goal to research whether it would survive in rough sea condi-
tions. Since than the capacity is already increased up to 17 kW. The aim is to further enlarge the platform to a
capacity of 50 kW. The platform is constructed by a pontoon on which solar panels are mounted horizontally.
In 2020, the platform survived in different storms, winds of 120 km/h and 5 meters high waves. The platform
remained stable at all times and the mooring system and floaters remained intact. [47, 48]

Figure 2.5: Impression of the offshore solar energy installation developed by Oceans of Energy and installed at the North Sea [47, 48]
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As a summary, the following technical developments of offshore solar platforms could be seen from the
previously discussed examples:

• Location
1. Inshore
2. Nearshore
3. Offshore

• Structure [17, 24]
1. Interconnected floats to form rafts
2. Interconnecting frames between buoyancy tanks or tubes
3. Flexible membrane between flotation tubes
4. Flexible thin film solar panels on a flexible floating mattresses

• Mooring system
1. Mooring to buoys
2. Mooring directly to the seabed

• Purpose
1. Research
2. Commercial

• Orientation [23]
1. Fixed tilt
2. Vertical axis tracking system
3. Horizontal axis system

A general trend which can be seen is the use of "off-the-shelf" technology in the first concepts: simple pon-
toons with solar panels. Later developments of onshore solar installations are translated to offshore solar
platforms (e.g. tilting the membrane towards the sun). The most recent concepts involve technology de-
velopment specially for the application of offshore solar power plants (e.g. flexible solar panels on flexible
floating mattresses in the SUNdy concept).

2.2. Wrinkling of membranes
An overview of literature on wrinkling behaviour of membranes will be given in this section. The first subsec-
tion will discuss which loads can lead to wrinkling of a membrane. Secondly, calculation methods to study
wrinkling behaviour will be discussed. The final goal of this thesis is to research the influence of permeability
on the wrinkling behaviour of membranes. Therefore this section will give necessary background informa-
tion and focus on the influence of the intact geometry on wrinkles. Subsections 2.2.3 and 2.2.4 will give an
overview of the influence of the intact geometry on the wrinkle onset and on wrinkle details respectively.
The section will be concluded by reviewing literature on wrinkling of membranes with different topology, so
including holes.

2.2.1. The wrinkling phenomenon
Wrinkling can be considered as a special form of buckling. Buckling can occur when a structure is subjected
to compression. Wrinkling can happen as a consequence of different load conditions. When a structure is
subjected to tension, shear or torsion on a global scale, compressive stresses can occur locally. These com-
pressive stresses can lead to local buckling: wrinkling. This subsection will discuss wrinkling as a conse-
quence of different loading conditions. All these global loading conditions have in common that they can
lead to compressive stresses locally. These local compressive stresses are the cause of the occurrence of wrin-
kles.
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Wrinkling under global torsion load
A common configuration which is used to study wrinkling as a consequence of torsion load is shown in figure
2.6. From the very beginning of wrinkling research, the wrinkling of a circular membrane wrinkled due to
torsion load on the centre has been of interest. Already in one of the first papers on tension field theory [27],
this configuration is described. Solving wrinkling analytically has only been successful for several bound-
ary conditions. Kondo recognised the circular membrane loaded by torsion as one of these configurations
which is suitable for an analytical solution [27]. Furthermore, experiments were performed which were in
very good agreement with the results of the analytical calculations. [40] The circular membrane was used as a
benchmark study during the development of finite element models for wrinkling in 1991 by Roddeman [56].
In the years following on that study the circular membrane was used for comparing tension field theory and
bifurcation theory by Miyamura, Iwasa and Coman. [7–9, 20, 41] The results of the finite element calculations
performed by Iwasa can be seen in figure 2.6, together with a schematic of a circular membrane loaded by
torsion load. More experiments were performed by Miyamar and Wang. [41, 70]

Figure 2.6: Schematic diagram of a circular membrane wrinkled by the rotation of the inner boundary (left) [40], and bird view of the
wrinkled membrane calculated by finite element analysis. The membrane has an outer radius of 300 mm and an inner radius of 50 mm

and is subjected to a rotation angle of 1.145◦ (right). [20]

Wrinkling under global shear load
The configuration which is used to investigate wrinkling under shear load is shown in figure 2.7. The con-
figuration first appears in the research of Mansfield in 1969. [39] Mansfield derives an analytical formulation
for the angle under which wrinkles appear in a sheared membrane, based on tension field theory. He com-
pares his results with an experimental test. Jenkins takes the research of Mansfield a step further by applying
non-contact measurements to be able to not only determine the angle of the wrinkles but also their ampli-
tude from experiments. [22] The configuration of the sheared membranes returns in two papers of Wong and
Pellegrino in 2002. They described the results of a finite element analysis. This analysis gives insight in the
stress distribution in the sheared membrane. This insight is then used to derive a simple analytical solution
of the problem which is compared with an experiment. [76, 77] The combination of experiments, analytical
calculations and finite element calculations is again described by Wong and Pellegrino in a series of three
papers on the wrinkling of sheared membranes in 2006. [72–74] An impression of the results of Wong and
Pellegrino is given in figure 2.7, together with an illustration of the configuration.

Figure 2.7: Schematic diagram of a rectangular membrane subjected to shear load (left) [80], and perspective view of the wrinkle
pattern of a rectangular membrane with in plane dimensions of 380 mm and 128 mm, under a shear displacement of 3 mm, calculated

by finite element analysis (right). [74]
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Wrinkling under global tension load
Wrinkling as a consequence of global tension load is studied by two different configurations: square mem-
branes loaded by tension in the four corners (figure 2.8) and rectangular membranes loaded by uniaxial ten-
sion (figure 2.9).

From 2000 until 2003, multiple papers are dedicated to the configuration of square membranes loaded by
loads in the four corners. Both situations in which these four loads are equal, as well as situations in which
only diagonally opposite pairs of the loads are equal were researched. This configuration is particularly of
interest in the research field of space engineering. Solar sails, telescopes, radars and sunshields all experience
corner loads. The tension field theory was used multiple times to determine the wrinkling regions in square
membranes subjected to corner loads. [1, 3, 12, 75].
Also experiments, analytical methods and finite element calculations are performed during these years [72–
74].

Figure 2.8: Schematic of a square membrane subject to corner loads (left), and contours of the out-of plane displacements ([mm]) for
T1 = T2 = 5N of a membrane with a length and width of 500 mm, calculated numerically. [73, 74]

A diagram and a contour plot of the wrinkle pattern of a rectangular membrane subjected to uniaxial
strain are given in figure 2.9. Although this configuration already first appeared in the older papers, the uniax-
ially stretched membrane is still researched very often in recent literature. In 2000, Friedl discussed wrinkling
in uniaxially stretched plates. [16]
Cerda explains wrinkling of elastic sheets under tension analytically from an energy point of view. He presents
a method to obtain the wavelength and the amplitude of wrinkles by minimising the total energy, which is
the sum of the bending energy and energy due to stretching. [4, 5]
In recent years, the stretching of thin films has become a benchmark study for development of finite element
codes on wrinkling. [19, 53, 59, 60, 71] The wrinkle profile of a rectangular membrane subjected to uniaxial
strain has also been studied by the use of commercial codes like ABAQUS. [44]. Furthermore in 2016, Sipos
has performed tests on the uniaxial tension of thin films to verify numerical results.
Due to the fact that this configuration is frequently used as a benchmark, a lot of literature exists on this
specific configuration and therefore the rest of this chapter will continue with the focus on rectangular mem-
branes subjected to uniaxial tension.

Figure 2.9: Schematic of a rectangular membrane subjected to uniaxial stretch (left) [19] and out-of-plane displacement ([mm]) of a
rectangular membrane with dimensions 254 mm x 101.6 mm for a stretch of 10%. [81]
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2.2.2. Calculation methods
As discussed in the previous section, wrinkling is discussed in literature as the consequence of three different
loads: torsion, shear and tension. In the last 20 years, most focus went to one particular configuration: the
rectangular membrane subjected to uniaxial strain. Since the year 2000, this configuration is researched in
more detail to investigate the effect on wrinkling when the shape of the membrane is systematically varied.
The first paper which initiated research on the influence of shape on wrinkling behaviour was written by
Friedl [16]. Inspired by the fact that the critical buckling stress of plates under compression can be calculated
by the use of critical buckling coefficients from diagrams, he developed a similar critical buckling diagram
for plates under tension. More research on the topic followed by analytical, experimental and numerical
analyses:

• Analytical: By minimisation of energy, Cerda [4, 5] proposed formulas for the critical buckling strain,
wrinkle amplitude and wavelength of rectangular membranes under uniaxial stretch. This work was
continued by Puntel [53]. Jacques and Portier-Ferry [21] compared analytical results with numerical
analysis.

• Experiments: In 2009 Zheng [81] performed several experiments on rectangular, stretched membranes
which are later frequently used as validation for numerical results. Later more experiments were per-
formed by Panaitescu and Sipos [50, 60].

• Numerical: The advantage of investigating the problem numerically is the fact that the stress distribu-
tion can easily be obtained as well. Nayyar was the first to explain the influence of shape on wrinkling
by looking at the stress distributions. [44] Other numerical studies on the influence of shape on wrin-
kling behaviour are the works of Healey [19] and Li & Haeley [33] who investigated the influence of
different material models on the result. The most recent works on this topic are written by Wang [71],
Panaitescu [50], Khalil [25] and Fu [18].

In general, all calculation methods to study wrinkling behaviour of membranes can be divided into two
categories: wrinkling calculations by which all details of the wrinkling behaviour can be calculated (non-
linear wrinkling calculations) and methods which do not provide all details but only give indications on the
wrinkling region.

By the use of post-buckling calculations, the wave amplitude and wavelength of the wrinkles can be cal-
culated. By applying non-linear wrinkling calculations, it is thus possible to calculate all details about the
wrinkling pattern, but this comes at a price. The computational cost for these calculations is high. In lit-
erature, several papers can be found in which bifurcation theory is applied by the use of commercial finite
element codes [20, 30, 64, 65, 74]. The membrane is modelled with shell elements. First buckling modes are
searched and next, these are used as the initial imperfection for the wrinkling calculation in which the imper-
fect membrane is loaded in different load steps, load based or displacement based. Analytical applications
of bifurcation theory are rather rare. It is only possible to find closed form analytical solutions for several
specific configurations. [21, 53, 61, 73]

(a)
(b)

Figure 2.10: (a) Illustration of results obtained using the tension field theory, calculated by de Rooij. [10] The left figure illustrates the
undeformed geometry: a square membrane with a hole in the middle of the membrane. The membrane has a length and width of

L =W = 100mm. The circular hole has a diameter of D = 20mm. The membrane is loaded by a shear load to a shear angle of
γ= 1/

p
3 ≈ 65◦. By the use of tension field theory, slack, taut and wrinkled regions can be distinguished in the membrane. The results of

these calculations are shown at the right. (b) Schematic representation of the forming limit diagram. A diagram which indicates
whether a metal can undergo a certain deformation without failure. [? ]
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Multiple estimation methods have been called ’tension field theory, however differences exist between
these different methods [1, 7, 10, 27, 36, 39, 67–69]. In general, all of these methods are based on the assump-
tion that the membrane has no bending stiffness and that compressive stresses are eliminated in membranes
by forming wrinkles. All of these methods estimate the wrinkling region in a membrane by the principal
stress or principal strains in the membrane. Three sets of such wrinkling criteria presented by Adler [1] are
presented below. Also an example of results obtained by tension field are shown in figure 2.10a. Similar
criteria to the wrinkling criteria can also be seen in other research fields. Figure 2.10b gives a schematic rep-
resentation of the forming limit diagram. This diagram is used to evaluate whether a metal can be deformed
without failure. Also wrinkling is indicated in this diagram as a failure mode.

σ2 > 0 ⇒ Taut
σ1 ≤ 0 ⇒ Slack
σ1 > 0 σ2 ≤ 0 ⇒ Wrinkled


ε1 > 0 ε2 >−νε1 ⇒ Taut
ε1 ≤ 0 ⇒ Slack
ε1 > 0 ε2 ≤−νε1 ⇒ Wrinkled


σ1 > 0 σ2 > 0 ⇒ Taut
σ1 ≤ 0 σ2 ≤ 0 ⇒ Slack
σ1 > 0 σ2 ≤ 0 ⇒ Wrinkled

with:

σ1 The first principal stress
σ2 The second principal stress
ε1 The first principal strain
ε2 The second principal strain
ν The Poisson ratio

Next to tension field theory, also other suggestions are made in literature to make estimations on wrinkle
details without having to perform a non-linear wrinkling calculation. [16, 34, 44, 71] Different suggestions are
made, but the suggestions are not proven. Suggestions are made on what can be learned from the presence,
the distribution, the magnitude and the orientation of compressive stresses. All suggestions are summarised
in the following list:

What can we learn from...?
• The presence of compressive stresses

– If there are no compressive stresses in the membrane, the membrane will not wrinkle. [16, 34, 44,
71]

– If there are compressive stresses in the membrane, the membrane will possible wrinkle. Three
reasons are mentioned which prevent the membrane from wrinkling even though there are nega-
tive compressive stresses present:
→ Clamped edges have a stabilising effect in their proximity. For membranes with small aspect
ratios their influence is close enough to the compressive zone to prevent for wrinkling. [16]
→ The magnitude of the compressive stress must be large enough to cause wrinkling. [44]
→ The area of the compressive stress must be large enough to cause wrinkling. [44]

• The distribution of compressive stresses
– The distribution of compressive stresses has a similar pattern as the distribution of wrinkles. [16,

34, 44, 71]
– Buckling modes show their largest displacements in the regions with compressive stress. [16]
– If the distribution of the compressive stresses is separated in two zones:

→ Two peaks in the stress pattern have to be sufficiently separated to result in two separated
wrinkling packages.
→ When two peaks are not separated sufficiently, one wrinkling area can arise, or two wrinkling
peaks which are still connected by smaller wrinkles in between. [16, 44]

– From the aspect ratio of the region in which compressive stresses exist in the membrane, the num-
ber of wrinkles in the width direction can be estimated. [44]
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• The magnitude of compressive stresses
– Wrinkles restabilize at the critical strain. This is the strain for which the magnitude of the com-

pressive stress is maximal. [71]
– The critical strain from which the wrinkles originate and restabilise can be analytically estimated

from the magnitude of the compressive stresses if the aspect ratio of the compressive region in the
membrane is known. [44]

– From the magnitude of the compressive stresses in the membrane as a function of the strain, the
range of strains where wrinkling will occur can be calculated. [44]

• The orientation of compressive stresses

– In anisotropic membranes, the orientation of wrinkles depends on the angle between the material
orthotropy and the straining direction. [34]

2.2.3. Influence of shape on the wrinkle onset
This subsection will focus on wrinkle onset. The focus is on factors which influence whether or not wrinkles
will form or not. From literature, it is apparent that wrinkling onset is influenced by the in-plane aspect ratio
L

W =α. Furthermore the thickness aspect ratio, W
t = β (in which t indicates the thickness of the sheet) influ-

ences the wrinkling onset as well.

In-plane aspect ratioα
Critical buckling strain: lower boundary
In 2000, Friedl [16] presented a diagram of critical buckling coefficients as a function of the aspect ratio of the
membrane. This diagram was set up by numerical buckling analysis performed in ABAQUS. This diagram is
presented in figure 2.11a. From this diagram the critical buckling coefficient for every aspect ratio α can be
determined. From that critical buckling coefficient, the critical tensile buckling stress can be determined by
formula 2.1. The diagram is valid for materials with linear-elastic, isotropic behaviour with a Poisson ratio of
0.3.

σcr i t = kc ∗E ∗ (
t

W
)2 (2.1)

σcr i t is the critical buckling stress
kc is the critical buckling coëfficient
E is the Young’s modulus
t is the thickness of the membrane
W is the width of the membrane

From his diagram Friedl concludes that there are two driving factors influencing the graph: the compres-
sive stresses as a result of the Poisson and the stabilising effect of the boundaries. He divides the diagram in
three regions:

• 1.5 ≤ α < 2.1
The highest lateral compression can be found for an aspect ratio of 1.7. In this region, the effect of
compressive stress on wrinkling can be seen at the left side of the interval. The stabilising effect of the
boundaries can be seen at the right side of the interval.

• 2.1 ≤ α < 4.5
Both stabilising effects influence the sheet, this leads to an increase in the critical buckling factor.

• 4.5 ≤ α

The stabilising effect of the boundaries remains constant and the compressive stresses in the lateral
direction become independent of the length, thus leading to convergence of the critical buckling factor
to a constant value.

Zheng [81] dedicated a whole PhD thesis to the influence of geometrical parameters on wrinkling of thin
membranes. He did both experimental tests and numerical calculations. Experimentally he investigated
wrinkling of 27 samples with a thickness of 0.1 mm, widths between 30 mm and 100 mm, lengths between
25 and 250 mm and a Poisson ratio of 0.5. The numerically tested membranes have the same thickness and
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(a)

(b)

Figure 2.11: (a) critical buckling coefficient as a function of the aspect ratio for a linear-elastic, isotropic material with a Poisson ratio of
0.3 [16] (b) Critical buckling strain, normalised by (β−2) as a function of the aspect ratio. Determined by numerically determining the

critical buckling strain of 144 membranes of different sizes with a Poisson ratio of 0.5 and a thickness of 0.1 mm. [81]

Poisson ratio. The lengths of these digital membranes range between 44.45 and 254 mm and have widths
between 22.86 mm and 190.5 mm.
All experimental membranes were stretched until a strain of 100%. The result of these tests are summarised
in figure 2.12a. In this graph, all tests are plotted in a length(width) axis system, in which the diagonals thus
represent constant aspect ratios. The tests are indicated by a red cross to indicate that no wrinkling occurred
during the test. Or by a green dot to indicate that wrinkling did occur during the test. The results of the
144 numerical tests are shown in a similar graph in figure 2.12b. In this length(width) graph, each black
dot represents a tested membrane. For these membranes, the critical buckling strain is determined. These
results are extrapolated to the contour plot as shown. From both the experimental and numerical tests, Zheng
observes the following three conclusions:

• Membranes are more likely to wrinkle at intermediate aspect ratios (1.5 ≤ α ≤ 4) than to wrinkle at
extreme aspect ratios (α < 1.5 and α > 4).

• From a set of membranes which all have the same surface area, but different aspect ratio, the membrane
with an aspect ratio equal to 2 will be the most susceptible to buckling.

• At fixed aspect ratio, membranes with larger sizes exhibit lower stability then those with smaller sizes.

Zheng also plots his 144 numerical results in a plot illustrating the critical buckling strain, normalised by
( t

W )2 as a function of the aspect ratio. Zhengs plot is shown in figure 2.11b and shows the same trend as
Friedls graph showing the critical buckling coefficient as a function of the aspect ratio.

Critical buckling strain: upper boundary
The results of Friedl and Zheng only included a lower boundary for the critical buckling stress and strain. A
boundary which indicates that wrinkles will develop when it is exceeded. Zheng also mentions that there is
an upper bound which marks the wrinkling region. In depth calculations on this upper bound are performed
first by Nayyar [44] and results similar to those of Nayyar can also be found in the paper of Li and Haeley
which was published in 2016. [33]
The critical wrinkling region in the strain - aspect ratio plane, calculated by Nayyar [44], is shown in figure
2.13a for two different thicknesses. This graph is obtained from numerical simulations of hyperelastic sheets.
For low values of the aspect ratio α, a zone is indicated in which no compressive stresses can appear in the
membrane, and thus no wrinkling will occur. This zone is in agreement with the conclusion of Zheng, who
stated that no wrinkling occurs in membranes with an aspect ratio lower than 1.5.
Li and Haeley [33] use the strain - aspect ratio diagram to explain the difference between different material
models. For membranes with a thickness of 0.01, they calculate the stability boundaries with four different
models: neo-Hookean, Mooney-Rivlin, Saint Venant-Kirchoff and Föppl-von Kármán. The resulting graph
of stability boundaries can be seen in figure 2.13b. For the neo-Hookean model, Mooney-Rivlin model and
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(a) (b)

Figure 2.12: (a) Results of the 27 experiments performed by Zheng [81]. 27 Membranes were stretched until a strain of 100%.
Membranes which showed wrinkles during the experiment are indicated in the length(width) plane by a green circle. Membranes

which did not show any wrinkles during the experiment are indicated with a red cross. All membranes have a thickness of 0.1 mm and a
Poisson ratio of 0.5. [81] (b) Contour plot of the critical buckling strain as a function of the width and length of the membranes. Results
obtained by the extrapolation of the results of calculations on 144 digital membranes of different in-plane sizes (indicated by the black

dots), a thickness of 0.1 mm and a Poisson ratio of 0.5. [81]

Saint Venant-Kirchoff model, closed curves are found. Inside these closed curves wrinkling will occur. Out-
side these curves the membrane remains wrinkle free. The curve which is a result of the calculations using
a Föppl-von Kármán model is open. The curve divides the strain - aspect ratio diagram in two regions. On
the left side of the curve, no wrinkling will occur. On the right side, wrinkling will occur. From this result, it
may be concluded that, according to the Föppl-von Kármán model, wrinkling will always occur for certain
aspect ratios, without an upper bound of the critical strain. This is in contrast with the findings according to
the other models and in contrast to the findings of Nayyar. Just like Nayyar and Zheng, Li & Healey’s buckling
diagram also shows the lower boundary for the critical buckling strain. They put this boundary at α = 1.25,
which is similar to the boundaries found by Nayyar and by Zheng.

Thickness aspect ratio β
Already in the plot on the wrinkling stability region by Nayyar [44], which was shown in figure 2.13a, it could
be seen that, next to the influence of the in-plane aspect ratio, thickness has an influence on the critical
buckling strain. A more systematic investigation of the effect of the thickness on the critical strain was al-
ready performed earlier by Zheng [81]. His findings are presented in figure 2.14a. As already discussed earlier,
Zheng investigated the wrinkling behaviour of 144 different membranes by numerical calculations. In this
plot he sorts all results by aspect ratio and plots the critical buckling strain as a function of the thickness to
width ratio. For each value of the in-plane aspect ratio, quadratic dependence of the critical buckling strain
on the dimensionless thickness was found.

Wrinkle packets
After his calculations on the critical wrinkling strain, Zheng performed post-buckling calculations to inves-
tigate the wrinkling pattern itself. From these calculations he found out that one packet of wrinkles forms
for a length-to-width ratio smaller than, or equal to 2.8. But from that point on, the wrinkling packet splits
into two packets which move away from each other with increasing length-to-width ratio. This is illustrated
by a plot of the off-centre distance of the point of maximal wrinkle amplitude as a function of the membrane
aspect ratio in figure 2.14b.
That wrinkles occur in one or two packets as a function of the aspect ratio was further researched by Wang
[71]. He constructed a 3D phase diagram in which 3 regions are indicated: no wrinkles, one packet wrinkles
and two packets wrinkles as a function of the strain, the length-to-width ratio and the thickness-to-width
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(a) (b)

Figure 2.13: (a) Wrinkling regions in the aspect ratio (α) - nominal strain plane for two different width-to-thickness ratios (t/W ). The
dashed line is the boundary for the region in which no compressive stresses will form during stretching, and therefore, no wrinkling will
occur. [44] (b) Wrinkling stability boundaries in the length-to-with ratio - strain plane, calculated by four different models: neo-Hooken

(dotdash), Mooney-Rivlin (dot), Saint Venant-Kirchoff (dash) and Föppl-von Kármán (solid). Wrinkling occurs inside of the closed
curves, and at the right side of the open curve. No wrinkling occurs outside of the closed curves and at the left side of the open curve.

[33]

(a) (b)

Figure 2.14: (a) Critical buckling strain as a function of dimensionless membrane thickness (t/W ), based on numerical results. [81] (b)
The ratio of longitudinal off-centre distance of the point of the maximum wrinkle amplitude to the membrane half length L

2 as a
function of the membrane aspect ratio. Results were obtained by numerical calculations. [81]

ratio. This diagram can be seen in figure 2.15. Furthermore two 2D intersections of the graph are given in this
figure. From his diagram, Wang concludes that the boundary between the one packet wrinkle region and the
two packet wrinkle region is found for an in-plane aspect ratio of 4, and is not influenced by the thickness-
to-width ratio. Wang also briefly addresses ultra-long sheets. He states that for ultra long sheets, the aspect
ratio has no longer influence on the bifurcation strains. For extremely long sheets (α= 30 and β= 2000), the
bifurcation strain is approximately the same as for a sheet with a length-to-width ratio of 5.
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Wrinkling onset: summary
The 3D phase diagram of Wang in figure 2.15 also gives an overview of all conclusions on the wrinkle onset,
which were discussed previously in this paragraph by the help of figures 2.11a, 2.11b, 2.12a, 2.12b, 2.13a,
2.13b, 2.14a and 2.14b:

• There exists a critical wrinkling strain. This is the strain which should minimally be applied on a uniax-
ially stretched membrane to wrinkle the membrane. [16, 81]

• The critical wrinkling strain depends on the in-plane aspect ratio of the membrane. Membranes with
extreme aspect ratios (α≤ 1 and α≥ 4) are less susceptible to wrinkling compared to membranes with
intermediate aspect ratios (1 < α< 4). [16, 50, 71, 81]

• The critical wrinkling strain also depends on the width-to-thickness ratio of the membrane. For every
length-to-width ratio, there exists a quadratic relation between the thickness and the critical buckling
strain. [44, 81]

• There also exists an upper boundary to the strain above which no wrinkling will occur. Just like the
lower boundary, this upper boundary depends on the length-to-width ratio and the width-to-thickness
ratio of the membrane. [33, 44]

• Wrinkling can occur in one or two packets, depending on the length-to-with ratio of the membrane
[71].

Figure 2.15: Three dimensional phase diagram showing the zones in which one and two package wrinkles will occur when stretching a
rectangular uniaxial sheet as a function of the in-plane aspect ratio (indicated by β= L

W )) and the thickness aspect ratio (indicated by

α= W
t ). Two dimensional cross sections of the phase diagram are given in the middle and at the right. [71]

2.2.4. Influence of shape on wrinkle details
After having discussed the onset of wrinkles in the previous section, the following section will focus on the
wrinkle profile itself. The following paragraphs will discuss what influences the number of wrinkles, the wrin-
kle amplitude and wrinkle wavelength.
An impression of a wrinkle profile can be seen in figure 2.16. The wrinkle profile in longitudinal direction
and transverse direction as well as a plot of the out-of plane displacement of a 254x101.6 mm membrane are
given for a strain of 20%. This wrinkle profile was computed numerically by Zheng [81].

Figure 2.16: Wrinkle details of a 254 x 101.6 mm membrane with a strain of 20%, shown by the longitudinal wrinkle profile (left), the
transverse wrinkle profile (middle) and a contour plot (right). Results are obtianed by numerical calculations performed by Zheng. [81]
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Number of wrinkles
In 2011, Puntel [53] predicted a sequence of critical strains for increasing number of wrinkles. When a sheet
is stretched by a strain larger then the first critical strain, the sheet would start to wrinkle. When it is stretched
even further, and the next critical strain would be reached, the number of wrinkles would increase. He comes
up with the following expression as an estimation for the number of wrinkles:

nw ≈ ε
1
4

α
+1 (2.2)

(2.3)

with:

nw is the number of wrinkles
ε is the relative applied stretch
α is the in-plane aspect ratio of the sheet 2.9

However, in the same year, Nayyar [44] compares Puntels theory with his numerical results and concludes
that the critical strain he finds is larger than the critical strain calculated by Puntels formula. Nayyar finds that
the number of wrinkles stays constant with increasing strain, which is in contrast to the statement of Pun-
tel that the number of wrinkles would increase with the applied strain. Unfortunately, a formulation which
describes the dependency of the number of wrinkles on other factors like the aspect ratio of the sheet is not
given by Nayyar.

Wavelength
The wavelength for a uniaxially stretched sheet was first investigated by Cerda. [4, 5] By minimising energy,
Cerda derived a scaling law for the wavelength of the wrinkles as a function of the strain. This scaling law is
shown in equation 2.4.

λ=
p

tL · (
4π2

3γ(1−ν2)
)

1
4 (2.4)

with:

λ is the wrinkle wavelength
t is the thickness of the membrane
L is the length of the free edges of the membrane
γ is the uniaxial tensile strain
ν is the Poisson ratio

Furthermore, Cerda performed experiments to verify his findings. The experimental results and the scal-
ing law show similar results. Puntel [53] also derived a scaling law for the wavelength and came to the same
formulation as Cerda. Nayyar performed a numerical version of the experiments of Cerda, but with a material
with a Poisson ratio of 0.5. Furthermore he varied the in-plane aspect ratio of the membranes he tested and
performed tests for membranes with width-to-length ratios of 1000 and 2000. His results are shown in figure
2.17a. Panaitescu [50] also made a graph to illustrate the influence of strain on the wavelength. This graph
can be seen in figure 2.17b. He includes experimental results as well as numerical results and the scaling law
of Cerda and concludes that the three show good agreement. But that the scaling law of cerda is only valid
when εÀ εcr i t i cal .

Wrinkle amplitude
Next to the number of wrinkles and the wavelength, the wrinkle profile is characterised by the wrinkle am-
plitude. As was discussed previously in this literature review, literature indicates that there is an upper and
lower boundary to the strain for which wrinkles occur. Outside of these boundaries, the wrinkle amplitude
will thus be zero. This section will discuss how the wrinkle amplitude evolves in between these boundaries,
and what parameters influence the wrinkle amplitude, next to the strain.
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(a) (b)

Figure 2.17: (a) Normalised wrinkle wavelength λ
W obtained by a post-buckling analysis, in comparison with the prediction by the scale

analysis of Cerda (dashed line) [4]. The open symbols show numerical results for W0/t0 = 1000, the closed symbols show numerical
results for W0/t0) = 2000. (α=α) (b) Non-dimensionalised wavelength as a function of strain for experimental membranes with
dimensions L0/W0 = 2 and t0/W0 = 10−3 plotted by blue dots. The shaded area corresponds to the experimental error. Results of

similar numerical results by a Mooney-Rivlin model are plotted in red. The black curve indicates Cerda’s scaling law, incorporating a
Poisson ratio of 0.5 [50]

Cerda proposed a scaling law for the wrinkle amplitude as a function of the strain, the length of the mem-
brane, the width of the membrane and the Poisson ratio. This formula was obtained by minimisation of
energy. It is shown in equation 2.5.

A =
p
νtL ·

(
16γ

3π2(1−ν2)

) 1
4

(2.5)

with:

A is the wrinkle amplitude
ν is the Poisson ratio
t is the thickness of the membrane
L is the length of the free edges of the membrane
γ is the uniaxial tensile strain

Cerdas formula was compared with numerical and experimental results by Nayyar and Panaitescu. How-
ever, they had to conclude that Cerdas formula does not match with their results. Panaitescu points out that
the inextensibility assumption which was made by Cerda is the reason why the results don’t agree with each
other.

Panaitescu [50] summarises his experimental results in a graph of the non-dimensionalised wrinkle am-
plitude as a function of the strain. His plot is given in figure 2.18a. In this plot, Panaitescu compares the
experimental results with the results of numerical simulations performed by himself, and by Nayyar. [44] For
his own numerical simulations, Panaitescu uses a Mooney-Rivlin model. Nayyar made use of a hyperelastic
neo-Hookean model. Panaitescu concludes that the experimental results and his own numerical results are
in good agreement, both for the peak amplitude as well as for the critical wrinkling strain. He states that the
Mooney-Rivlin model is an excellent descriptor of the elastic response of a latex sheet. But the difference with
the results of Nayyar are significant. After also comparing his results with the results of Li and Healey [33],
Panaitescu states that the material constants used in the different simulations might be different and that this
comparison demonstrates that wrinkling at high strains is strongly affected by material nonlinearities.

The graph in figure 2.18a is a plot in which Fu [18] compares the wrinkling amplitude calculated according
to different material models. He plots his own results together with the results of Li and Haeley [33]. In both
the papers of Panaitescu and Li & Haeley, the conclusion is drawn that the neo-Hookean and the Mooney-
Rivlin model are more accurate to simulate hyperelastic behaviour of rubber-like materials, compared to the
Saint Venant-Kirchoff model, which predicts an early restabilisation of the material.
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(a) (b)

Figure 2.18: (a) The measured amplitude versus applied strain (indicated with blue dots) compared with amplitudes determined using
simulations of the Mooney-Rivlin model (indicated by red marks) and the neo-Hookean simulations of Nayyar (black line). The errors

due to the material variation in the sheet thickness and the calibration of the profiles are shown by the shaded areas. Geometrical

dimensions: L0
W0

= 2 and t0
W0

= 10−3 [50] (b) Bifurcation diagrams according to different material models: Saint Venant-Kirchoff,

neo-Hookean and Mooney-Rivlin. The solid lines represent simulation results of Fu himself [18]. The dots represent simulation results
of Li and Haeley [33]. The geometric parameters of the tested sheet are: α= 2 and β= 1000

[18]

Influence of the in-plane aspect ratio on the wrinkle amplitude
In the previous section, the influence of the in-plane aspect ratio on the critical wrinkling strain was already
mentioned. Post-buckling analysis in several researches shows that the wrinkling amplitude is also influ-
enced by the in-plane aspect ratio. An example of research which illustrates this phenomenon is the work
of Wang [71], written in 2019. By numerical simulation he determines the maximal wrinkle amplitude as a
function of the strain for systematically varying in-plane aspect ratios from three up to seven. Both the roots
as well as the top of the wrinkle amplitude-strain curve are influenced by the aspect ratio. From Wangs graph
one could conclude that the maximal wrinkling amplitude decreases for increasing values of the aspect ratio.
This however, is not true over a larger range of in-plane aspect ratio values. Nayyar constructed a similar
graph to the graph of Wang, giving the maximal wrinkling amplitude as a function of the strain. His graph
is shown in figure 2.20a. [44] From the graph of Nayyar it can be seen that the maximal wrinkling amplitude
indeed decreased for increasing aspect ratio, for aspect ratios larger than 2.5. For lower aspect ratios the max-
imal wrinkling amplitude increases for increasing aspect ratios.
Another phenomenon which was discussed earlier is the fact that there exists a value for the in-plane aspect
ratio which forms the boundary between membranes in which one package wrinkles and two package wrin-
kles will form. This can also be seen from amplitude graphs. In figure 2.19b the wrinkle amplitude is plotted
over the centre line of the membrane in longitudinal direction, so perpendicular to the clamped edges. In this
graph it can be seen that for α= 3, only one wrinkle forms over the length, but for increasing length-to-width
ratios, two maxima arise. In other words, for increasing length-to-width ratios, the wrinkling package splits
into two packets.

Influence of the thickness on the wrinkle amplitude
One last parameter which influences the critical buckling strain, which was discussed in the previous section,
is the width to thickness ratio. This parameter also influences the wrinkle amplitude. Nayyar visualised this
effect in a graph of the wrinkle amplitude as a function of the in-plane aspect ratio for two different width-to-
thickness aspect ratios. This graph is shown in figure 2.20b. It can be seen that for a particular in-plane aspect
ratio, the wrinkle amplitude is higher for β = 2000, than for a width-to-thickness ratio of 1000. For making
a conclusion on the trend of the wrinkling amplitude as a function of the non-dimensional thickness, more
data for different non-dimensional thickness values would be needed. However, to the best of our knowledge,
no other thickness aspect ratios were previously studied.
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(a) (b)

Figure 2.19: (a) Bifurcation diagram of incompressible neo-Hookean model for W0
t0

= 2000 and for various length-to-width ratios. [71]

Right: Deflections along the centre line of the membrane, perpendicular to the clamped edges, for incompressible neo-Hookean model

for W0
t0

= 2000, and for the same length-to-width ratios (α= 3−7). [71]

Influence of the material parameters on the wrinkle amplitude
A Mooney Rivlin material is described by two material constants: c1 and c2 (a complete description of the
constitutive equation is given in equation 5.2). Fu [18] has studied the effect of parameter c2. His results are
shown in figure 2.21a. Fu concludes that the larger c2, the later the wrinkles will disappear and the larger the
deflections. The value of c2 has no influence in the initial wrinkling stage.

(a) (b)

Figure 2.20: (a) Stretch-induces wrinkle amplitude as a function of the nominal strain for the end-clamped rectangular sheets with

different aspect ratios. The width-to-thickness ratio W0
t0

is 1000 for all cases. [44] (b) Maximum wrinkle amplitude as a function of the

aspect ratio for a membrane with thickness aspect ratio β= 1000 and for a membrane with thickness aspect ratio β= 2000. [44]

Influence of (anti-)symmetry boundary condition on the wrinkle amplitude
To save computational time, often symmetry is used when performing calculations on wrinkled membranes.
Two symmetry axis exist in rectangular membranes subjected to tension: one parallel to the clamped edges
and one perpendicular to the clamped edges. On the symmetry axis parallel to the clamped edges, symmetric
boundary conditions are applied. On the symmetry axis perpendicular to the clamped edges, both symmet-
ric and anti-symmetric boundary conditions can be considered. Zheng [81] reported that the symmetric and
anti-symmetric buckling modes arise at the same strain and are therefore equally likely to occur. Fu [18] in-
vestigated the effect of this boundary condition on the amplitudes-strain diagram. Results of his calculations
are shown in figure 2.21b. From this graph it can be concluded that the strain for which wrinkles arise and
decay are equal, but the maximal amplitude is higher when a symmetric boundary condition is used com-
pared to when an anti-symmetric boundary condition is used.
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(a) (b)

Figure 2.21: (a) Amplitude-strain diagram of a membrane with aspect ratio α= 2.5, thickness aspect ratio β= 1000 modelled by an
incompressible Mooney-Rivlin material model for different values of c2. (b) Amplitude strain diagram for a membrane of aspect ratio

α= 2.5 and thickness aspect ratio β= 1000 for three different material models (Saint Venant-Kirchoff, neo-Hookean and
Mooney-Rivlin). Modelled using a symmetric (RS) and anti-symmetric (AS) boundary condition on the symmetry axis perpendicular to

the clamped edges. [18]

2.2.5. Topology optimisation to minimise wrinkling
Previously, in sections 2.2.3 and 2.2.4, the influence of shape on the wrinkling behaviour of a membrane was
researched. This section will go one step further in designing the membrane such that wrinkles are min-
imised by looking at topology optimisation.

The first to make the transition from shape optimisation to the more advanced topology optimisation was
Yan, in 2014 [78]. He presents a method to control the wrinkle pattern of a uniaxially stretched membrane
by the introduction of holes. In an experimental, numerical and analytical way, Yan researched the wrinkle
pattern in a membrane with holes. Some of his experimental results are shown in figure 2.22. For the config-
uration with two holes, he researched the influence of the distance between the two holes and the diameter
of the two holes. He observed that the critical buckling strain of a membrane with holes is significantly higher
than that of a uniform membrane when the holes are placed close to the clamped boundary, but the diameter
has an influence as well.
Yan also studies the influence of small reinforcements on the wrinkling behaviour of the membrane [79].
To conclude, Yan summarises the results of his two papers by stating that wrinkles in a membrane can be
eliminated by punching holes along the horizontal centre line near the clamped edges, and by adding rein-
forcements on the vertical line near the free edges of the membrane.

Figure 2.22: Left: Wrinkle patterns of a two-end clamped stretched membrane with a length-to-width ratio of 2.5 at 5% strain observed
experimentally, for a membrane without holes (a), for a membrane with holes at x0

L = 0.05 (b), x0
L = 0.15 (c) and x0

L = 0.40 (indicating
the distance between the centre of the hole and the clamped side) (d) Right: Wrinkle patterns achieved by designing the distribution of

holes with a radius of 2.0 mm, arranged in a square pattern (a) and in a hexagonal pattern (b) [78]

Luo [37] is the first to apply a topology optimisation algorithm to modify the topology of a membrane
with the goal to reduce the wrinkling behaviour. For this, he starts from a topology optimisation method
called ’Solid Isotropic Microstructure with Penalty’, or SIMP in short, which was developed by Bendsøe and
Sigmund [2]. In this method the structure is divided into smaller parts of which the density is changed itera-
tively to the material density or to zero. This change of density is changed based on multiple constraints. The
constraints which were proposed originally by Bendsøe are maximisation of stiffness and a limitation to the
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maximal area of the optimised structure. Luo adds stress-criteria to these constraints. These stress-criteria
are based on the stress-criteria of tension field theory. He sets the restriction that both the first and the second
principal stress should be positive everywhere. As was discussed in section 2.2.2, this implies that the con-
straint is set so that the full membrane is in the taut state, the slack state and wrinkled state are not allowed.
Luo applies his method to multiple membranes to demonstrate its effectiveness. One of his results was al-
ready shown in the introduction, in figure 1.2. In this figure, a rectangular membrane with a length of 200
mm and a width of 100 mm is stretched. Both experimental and numerical results are shown. At the left, the
wrinkled membrane without optimisation is shown. In the middle, two results of Luo’s topology optimisation
are shown. The difference between these two calculations is that the area constraint is set at different values.
At the right, the result of topology optimisation without the stress constraint to minimise wrinkling is shown
for comparison. From Luo’s results, the conclusion can be drawn that the stress-criteria are necessary and
effective to find the optimal topology for which wrinkles are minimised.

In 2017, a paper on wrinkling-suppression by topology optimisation of a membrane with a frozen zone
was published by Li, with Luo as a co-author [32].
Li researches the effect of a frozen zone in membranes with different aspect ratios and investigates the effect
of the dimensions of this frozen zone, in the different membranes in rectangular membranes with uniaxial
stretch. From his research, Li concludes that wrinkling is the effect of three factors: the Poisson effect, the
effect of the clamped edges and the influence of the frozen zone. To decrease the effect of all of these three
different factors, three changes in the topology exist, each minimising the wrinkling initiation of one of the
different factors. These topology changes are: concave edges, voids at the clamped ends and voids around
the frozen zone, for minimising the effect of the Poisson contraction, the clamped edges and the influence of
the frozen zone respectively. Figure 2.23 shows some of Li’s results. The optimised designs for a membrane
with aspect ratio 2, and a membrane with aspect ratio 1 are shown. Both having a frozen zone with a length
of 20% of the initial length of the membrane and a width of 20% of the initial width of the membrane. In both
optimised topologies, the concave edges and the voids at the frozen zone can be seen. In the membrane with
an aspect ratio of 2, the topology optimisation also results in voids at the clamped edges. The right side of the
figure shows the results of stretching the membranes. From these results it is clear that the topology optimi-
sation is successful, no wrinkles occur for stretches up to 10%. An important side note is that Li performed
his research for very thin graphene membranes (with a thickness of one atom), but he explicitly states that
his results may also be useful as a guidance for optimisation of membranes of other scales.

Figure 2.23: Optimal designs and wrinkle free capabilities for a membrane with aspect ratio 2 and a frozen zone with a length and width
of 20% of the length and width of the total membrane (top) and for a membrane with aspect ratio 1 and a frozen zone with a length and

width of 20% of the length and width of the total membrane (bottom) [31]
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2.3. Conclusions
The main goal of this chapter was to answer the question: ’How can wrinkling be modelled keeping in mind
flexible solar platforms as the application?’. From section 2.1, it is clear that the most innovative concepts of
offshore solar platforms consider the platforms to be flexible. The platforms should be as flexible as possible
to follow the waves in rough weather conditions in order to avoid slamming and green water on the platform.
Furthermore, it became apparent that tension is a dominant load due to the mooring system of the offshore
solar platforms. [17, 46, 58, 66] From section 2.2, it became clear that tension is one of the loads which can
cause wrinkling. [1, 3–5, 12, 16, 19, 44, 53, 59, 60, 71–75, 81] The flexible offshore solar platform subjected to
tension from mooring forces will therefore be modelled as a rectangular thin membrane subjected to uniaxial
tension. An impression of this configuration is given in figure 2.9.

This chapter also discussed how wrinkling behaviour of a membrane can be described. A wrinkled mem-
brane can be described by: the wrinkle amplitude, the wrinkle wavelength and the number of wrinkles.
Furthermore, for a rectangular membrane subjected to uniaxial tension, it appeared that wrinkles are only
present for a limited amount of strains. The lower and upper critical strain define the range of strains for
which wrinkling will occur. All details of the wrinkling behaviour can be calculated by the help of a non-
linear wrinkling calculation [16, 18–20, 30, 44, 50, 53, 59, 60, 64, 65, 71, 74, 81]. Literature suggests that ap-
proximations on the presence of wrinkles can be made by studying the principal stress field of membranes
[16, 33, 44, 71].

Wrinkling behaviour can be influenced by three geometrical parameters of the membrane: the in-plane
aspect ratio of the membrane, the thickness aspect ratio of the membrane and by adding holes in the mem-
brane:

• In-plane aspect ratio of the membrane:
– Membranes with low aspect ratios (α≤ 1) do not wrinkle [16, 44, 81].
– Membranes with intermediate aspect ratios (1 < α< 4) are most susceptible to wrinkling

[16, 44, 81].
– In membranes with large aspect ratios (α≥ 4) two separate wrinkling packets will form [71].

• Thickness aspect ratio of the membrane:
– Thick membranes (β≤ 500) do not wrinkle [71].
– There exists a quadratic relationship between the lower critical strain of the membrane and the

thickness of the membrane: the thinner the membrane, the lower the lower critical strain and thus
the more susceptible to wrinkling [81].

• Adding holes to the membrane:
– By adding holes to the membrane, wrinkles can be eliminated from the membrane. The underly-

ing mechanisms are still unknown.
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This chapter will answer the question:
Is a post-buckling calculation adequate to research wrinkling behaviour of very large flexible offshore so-
lar platforms?

To answer this question, first a model is constructed by which the wrinkling behaviour of a rectangular
uniaxially stretched membrane will be researched. The model will be verified and validated by comparison
to results from literature. The adequateness of the model to be used to investigate very large flexible offshore
solar platforms will be judged by two criteria. The method should be convenient to be applied to membranes
of different geometries and furthermore its computational cost should be small enough so that a wide range
of geometries can be researched. Whether the model complies these two criteria will be discussed in the
second half of this chapter.

3.1. Method
This section will give a step by step overview of the method to perform non-linear wrinkling calculations.

3.1.1. Approach
This section will discuss the details of the calculation model to determine the wrinkling pattern in a rectangu-
lar uniaxially stretched sheet. A sketch of this configuration is shown in figure 3.1. A rectangular membrane is
considered, which is stretched from two opposite sides. These two sides are clamped, the other two sides are
free. Symmetry is used to reduce the calculation time by modelling only one quarter of the membrane. In the
rest of this report, all figures showing numerical results will only show this quarter of the membrane. Figure
3.1 gives an overview of the described boundary conditions. The model makes use of the program ANSYS
APDL R2019.3.

Figure 3.1: Sketch of a rectangular membrane under uniaxial tension. Symmetry is used to reduce the calculation time by modelling
only one quarter of the membrane. This quarter is shown on the right. The right side of this quarter membrane is clamped, the upper

side is free. On the lower and left side symmetry is guaranteed by setting the displacement along the symmetry axis to zero, and the
rotation around the symmetry axis to zero as well. Furthermore, calculations were performed with anti-symmetric boundary

conditions at this edge.

25
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Wrinkling is a post-buckling phenomenon. To perform this post-buckling calculation, three steps have to
be taken:

1. A pre-stressed static analysis
2. A buckling analysis
3. A non-linear static analysis

Wrinkling of a rectangular uniaxial stretched membrane can be considered as buckling under tension.
To perform a post-buckling analysis numerically, initial deformations have to be imposed on the structure.
Furthermore, non-linearities have to be taken into account. Both geometric non-linearity as well as material
non-linearity are of importance.

Material non-linearity
Literature has confirmed that the material behaviour of membranes which are susceptible to wrinkling, like
rubber, can be described best by hyperelastic material models [18, 33, 50]. The main characteristics of hyper-
elastic materials are that the materials can experience very large strains. All these strains are elastic and thus
recoverable. Hyperelastic material models describe the non-linear relationship between stress and strain by
the use of the energy density potential W . The stress in the material can be calculated by taking the derivative
of this energy density potential with respect to the strain. The parameters in the energy density potential are
the material properties. In the coming calculations, both the incompressible Neo-Hookean material model
and the incompressible Mooney-Rivlin model will be used. The following formulae describe the energy den-
sity potential for these two material models:

Neo-Hookean: W = µ

2
· (I1 −3) (3.1)

Mooney-Rivlin: W =C10 · (I1 −3)+C01 · (I2 −3) (3.2)

with:

W the strain energy density potential
µ the material property characterising an incompressible Neo-Hookean material
C10 and C01 the material properties characterising an incompressible Mooney-Rivlin material
I1 and I2 invariants of C , the Cauchy-Green deformation tensor

3.1.2. Strain without initial imperfections
This subsection will focus on the verification and the validation of two hyperelastic models: the Neo-Hookean
material model and the Mooney-Rivlin material model. It was chosen to focus on these two materials because
literature indicates that these two models are most representative for calculations on wrinkling behaviour in
rubber-like materials [33, 50]. The next two paragraphs will discuss verification and validation of these mate-
rial models.

Verification of material models: Uniaxial tension test
For the verification of the material models, a uniaxial tension test was performed. In a uniaxial tension test, a
material block is loaded by tension in one direction, while it is allowed to contract in the other two directions
[11]. The uniaxial tension test is implemented in ANSYS using the SHELL181 element, with unity thickness,
length and width. The analytical solution for the uniaxial tension test for the incompressible Neo-Hookean
model and for the Mooney-Rivlin model respectively are as follows:
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Neo-Hookean: σ=µ · (λ2 −λ−1) (3.3)

Mooney-Rivlin: σ= c1 · (λ2 −λ−1)+ c2 · (λ−λ−2) (3.4)

with:

σ is the applied stress on the tensioned side
λ is the stretch (stretched length/initial length)
µ is the shear modulus of the material
c1 and c2 are the material properties for the Mooney-Rivlin material model

A plot which compares the analytical and numerical solution for the uniaxial tension test is shown in
figure 3.2. The numerical and analytical solutions show excellent agreement. Therefore it is confirmed that
the material model in ANSYS is implemented and used in the correct way.
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Figure 3.2: Left: Comparison of the analytical and numerical results of a uniaxial tension test for the Neo-Hookean model and for the
Mooney-Rivlin model. Right: Stress-strain diagram for a rectangular stretched sheet. Experimental and numerical results published by

Panaitescu [50] are compared with numerical results calculated by ANSYS.

Validation of material models: Comparison with experimental results
For validation of the material model, the results of the ANSYS calculations are compared to the experimental
results of Panaitescu [50]. Panaitescu has researched the elastic properties of latex sheets by stretching them
experimentally. The initial dimensions of these sheets are: L0 = 28 cm, W0 = 14 cm and t0 = 0.14 mm. For
a range of applied stresses Panaitescu has measured the consequential strain. His test results can be seen in
figure 3.2.
The experiments were also used for validation of simulations by Panaitescu herself. Good agreement was
found between the experimental stress-strain diagram and the stress-strain diagram calculated by Abaqus by
Panaitescu for material parameters as described in table 3.1. The same parameters are used for the validation
in ANSYS. The stress-strain diagram which was obtained by Panaitescu using Abaqus is plotted together with
the stress-strain diagram obtained using ANSYS in figure 3.2. The difference between the results are within
the error of Panaitescu’s results.

Table 3.1: Material constants resulting from comparison between experimental results and calculations in ABAQUS performed by
Panaitescu

Mooney-Rivlin neo-Hookean
D1 0 Pa 0 Pa
C01 15.81 ·104 Pa 0 Pa
C10 6.21 ·104 Pa 19.10 ·104 Pa
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3.1.3. Buckling analysis
To obtain the initial deformation for the post-buckling analysis, buckling modes are calculated. In ANSYS,
only a buckling solver for linear material models is implemented. Therefore, a linear isotropic material model
is used when searching for buckling modes. The out-of-plane deformation for the first three buckling modes
for a membrane of aspect ratio α= 2 and a thickness aspect ratio of β= 2000 are shown in figure 3.3. The first
buckling mode is used as the initial perturbation for the post-buckling calculation.

Figure 3.3: Buckling modes for membranes with symmetric and anti-symmetric boundary conditions along the horizontal axis for a
membrane of aspect ratio α= 2, thickness aspect ratio β= 1000 and a Neo-Hookean material model.

3.1.4. Wrinkling analysis
The previous two sections described the first two calculation steps which need to be taken in order to calcu-
late the wrinkling behaviour of a membrane. This section will focus on the last step: straining the membrane
with a buckling mode as the initial imperfection. The influence of this initial imperfection will be discussed.
Validation of the results will be done by comparing the amplitude-strain diagram with experimental results
from literature.

Verification
This paragraph will discuss the verification of the model. In order to verify the model, a range of settings
are varied to examine their influence on the end result. The calculation is performed for varying values of
the mesh density, the tolerance and the number of substeps. For all these settings, input values are found
for which the end result is not influenced by their value, and for which the calculation time of the model is
reasonable. Details on the mesh convergence study are discussed in appendix A.
Together with the mesh density, the tolerance and the number of substeps, also the initial deformation is
verified. The first buckling mode is used as initial deformation, but the amplitude of the deformation is
varied. The amplitude-strain diagram for different values of the initial deformation amplitude is shown in
figure 3.4. From this plot, it can be seen that when the initial deformation is chosen too small (≤ 1 · 10−5),
wrinkling is not initiated and the amplitude-strain curve remains flat. When the initial deformation is chosen
too large (≥ 1 ·10−2), the result is influenced by the initial deformation. This influence can be seen over the
full range of strains, but most clearly at the points of birth and decay of the wrinkles.
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Figure 3.4: Amplitude-strain diagram and a detail of this diagram, for different values of the initial deformation for a membrane of
aspect ratio = 2, a thickness aspect ratio of β= 1000 and a Neo-Hookean material model.

Validation
After setting up the wrinkling model and performing verification, the results are compared with results from
literature for validation. Figure 3.5 shows the comparison of results with experimental and simulation results
obtained by Panaitescu [50]. The same maximal amplitude is found as the experimental amplitude reported
by Panaitescu. The agreement between the results and the simulation results obtained by Panaitescu is very
good.

Figure 3.5: Validation of simulation resutls by comparison with experimental and simulation results from literature [50]. The amplitude
strain diagram is shown for a membrane of aspect ratio α= 2, a thickness apect ratio of β= 1000 and a Mooney-Rivlin material model.
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3.2. Application
In this section, the method which was discussed in the previous chapter will be used to investigate the influ-
ence of material parameters on the wrinkle amplitude and investigate the influence of the membrane aspect
ratio on the wrinkle amplitude.

3.2.1. The influence of the material parameters on the wrinkle amplitude
This subsection will discuss how the material parameters influence the wrinkle amplitude and how the ma-
terial parameters influence the relation between the aspect ratio and the maximal wrinkle amplitude.

The influence of the material constants of the Mooney-Rivlin model were previously researched by Fu [18]
for a membrane of aspect ratio α = 2.5. This subsection will discuss this influence for membranes of other
aspect ratios. In equation 3.4 it can be seen that the material parameters characterising the material for the
Mooney-Rivlin material model are C10 and C01 (referred to as c1 and c2 by Fu himself). Figure 3.6a illustrates
this research with an amplitude-strain diagram for different values of c1

c2
for a membrane with aspect ratio

α= 2.
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Figure 3.6: (a) Amplitude-strain diagram for a rectangular membrane with dimensions α= 2 and β= 1000, for different material
parameters. (b above and middle) maximal amplitude as a function of the material parameters c1

c2
for different membrane aspect ratios.

(b below) Same data as two plots above, but plotted the other way around, showing the maxima amplitude as a function of the aspect
ratio of the membrane, for different values of the material parameters.

The maxima of the amplitude - strain diagrams are plotted as a function of c1
c2

in figure 3.6b. This plot was

extended by adding the relationship of the maxima amplitude as a function of c1
c2

for membranes with other
aspect ratios. When varying the aspect ratios from 2 up to 2.9, it can be seen that the relation between the
maximal amplitude and c1

c2
concluded by Fu is not valid for all aspect ratios. The same results are plotted in

two graphs: the maximal amplitude as a function of c1
c2

for different aspect ratios from 2 to 2.6 (above), and for
aspect ratios from 2.6 to 2.9 (middle) and the maximal amplitude as a function of the aspect ratio for different
values of c1

c2
(below).

Given the results in figures 3.6a and 3.6b the following conclusions can be drawn. Firstly, the graph of the
maximal amplitude as a function of the material parameters c1/c2 implies that:

• The higher c1
c2

, the lower its influence on the maximal amplitude
• The results for the Neo-Hookean material model equal the results for the Mooney-Rivlin material model

for c1
c2

→∞.

• Low values of c1
c2

do have a significant influence on the maximal amplitude. The influence of c1
c2

on the
maximum amplitude depends on the aspect ratio of the membrane. For low aspect ratios (AR = 2), the
maximal amplitude increases rapidly for a decreasing c1

c2
. A slower increase in maximal amplitude for

decreasing c1
c2

is seen for higher aspect ratios (up to 2.6). For aspect ratios of 2.7 and higher this trend

even changes in a decreasing trend of the maximum amplitude for decreasing values of c1
c2

.
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• For c1
c2

≤ 1 the maximal amplitude is reached for an aspect ratio of 2.5. For c1
c2

= 0.5, the maximal ampli-
tude is reached for α = 2.25. This change is due to the changing influence of the material parameters
on the maximal amplitude for different aspect ratios.

Secondly, the graph of the maximum amplitude as a function of the aspect ratio for different values of
c1
c2

shows the same results in another way. In this representation the change from a decreasing trend for the

maximal amplitude for an increasing an c1
c2

ratio (AR ≤ 2.6) to an increasing trend for the maximal amplitude

for an increasing c1
c2

ratio (AR ≥ 2.7) can be seen even more clearly.

3.2.2. Influence of aspect ratio on the wrinkle amplitude
This section will discuss the influence of the aspect ratio on the wrinkling amplitude. To isolate the effect of
the aspect ratio, all other parameters will be kept constant. The thickness aspect ratio is set to β= 1000. The
Neo-Hookean material model will be used for all calculations.
As discussed before, the first buckling mode of a membrane is used as initial displacement for the post-
buckling analysis. Therefore, to study the post-buckling behaviour of membranes of different aspect ratios,
the first buckling mode has to be found for all these membranes. The next paragraph will discuss the diffi-
culties which were encountered while calculating these buckling modes. The second paragraph will discuss
the post-buckling results for membranes of different lengths, thus with different aspect ratios α. This sub-
section will be concluded by discussing other methods which were researched to find the initial deformation
with the goal to be able to perform a post-buckling calculation when the first buckling mode cannot be found.

Initial deformation for varying aspect ratios
Every buckling mode occurs for a specific critical buckling strain. In figure 3.7 the critical buckling strain is
plotted as a function of the aspect ratio for aspect ratios ranging from 1.35 up to 2.95. From this figure, it can
be seen that the critical buckling strain is lowest for an aspect ratio of 2. For lower aspect ratios, the critical
buckling strain rises rapidly. Also for higher aspect ratios, the critical buckling strain increases, but at a lower
rate. For an aspect ratio of 2.95 a sudden rise in critical buckling strain is noticed. For higher aspect ratios
no buckling modes are found for the membrane subjected to uniaxial tension. The explanation for this result
was not found.
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Figure 3.7: Critical buckling strain for the first buckling mode of a rectangular membrane loaded by uniaxial tension with aspect ratios
between α= 1.35 and β= 2.95 and a thickness-aspect ratio of β= 1000
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Figure 3.8 gives an impression of the first mode shape for membranes of different aspect ratios.
In figure 3.8a the out-of-plane displacement along the longitudinal symmetry axis is given as a function of
the normalised x-coordinate. When comparing the modeshapes for the different aspect ratios, it can be seen
that for higher aspect ratios, the wrinkles in this first mode shape along the longitudinal symmetry axis spread
over a longer range of the membrane than for the lower aspect ratios.
Figure 3.8b shows the out-of-plane displacements along the midline of the membrane in width direction.
In this profile, wrinkles can be recognised. The number of wrinkles decreases for increasing aspect ratio.
The degree by which the wrinkle amplitude decreases outwards along the different wrinkles increases with
increasing aspect ratio. Furthermore, the higher the aspect ratio, the less influence the aspect ratio has on
the mode shape. The mode shapes for aspect ratios 2.5 and 2.7 show more agreement compared to the mode
shapes for aspect ratios 1.5 and 1.75.
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Figure 3.8: out-of-plane displacement along the symmetry axes of the membrane for the first mode shape, for membranes of different
aspect ratios.

Amplitude-strain diagram for varying aspect ratios
The amplitude-strain diagrams of the membranes for which the first buckling mode could be found can be
seen in figure 3.9. For a thickness aspect ratio of 1000 and a Neo-Hookean material model, the wrinkle am-
plitude is maximal for a membrane with an aspect ratio of 2.5
The next to paragraphs will discuss the influence of the material parameters on this result.
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Figure 3.9: (a) Amplitude-strain diagram for membranes with different aspect ratios α, a thickness aspect ratio of β= 1000 and a
Neo-Hookean mateiral model. (b) Maximal aspect ratio as a function of the aspect ratio for membranes of different aspect ratios α, a

thickness aspect ratio of β= 1000 and a Neo-Hookean material model.
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Alternative methods to obtain the initial deformation of the membrane
As described before, the first buckling mode could not be found for all membranes. When comparing to re-
sults from literature, it appears that for some membranes no buckling mode could be found using the ANSYS
model while wrinkling will occur [44, 50, 81].
This paragraph will discuss whether other deformations than the first buckling mode can be used as initial
deformation in order to find the post-buckling behaviour of the membrane. Four options were researched:

1. A tensile buckling mode other than the first buckling mode
2. A compressive buckling mode
3. A deformation resulting from a post-buckling calculation with a compressive buckling mode
4. Out of plane deformation created by unbalancing forces

Figure 3.10 shows the first, second and third buckling modes and the amplitude-strain diagram which
are obtained when these buckling modes are used as initial deformations. As discussed earlier, the correct
amplitude-strain relation is obtained when the first buckling mode is used. The second and third buckling
modes lead to very different results. When using buckling modes two or three as the initial deformation to cal-
culate the post-buckling behaviour, the resulting amplitude is significantly lower than when buckling mode
one is used.

Figure 3.10: First, second and thirth anti-symmetric buckling modes of a membrane of aspect ratio α= 2.5, thickness aspect ratio
β= 1000 of a neo-Hookean material and the resulting amplitude-strain diagrams when using these as initial deformation

Figure 3.11 shows the amplitude-strain diagram which is obtained when a compressive buckling mode
is used as the initial deformation. It can immediately be seen that this amplitude-strain diagram is differ-
ent from the correct one. The obtained amplitudes are significantly higher than expected. However, when
studying the deformations visually, wrinkles can be observed. An attempt was made to obtain the correct
amplitude-strain relation by the use of this wrinkled geometry as initial deformation. However, as can be
seen in figure 3.11 this attempt was not successful either. Larger amplitudes were found than there should
be. Also, an attempt was done to create an initial deformation by performing a static analysis with unbalanc-
ing forces. The resulting perturbation as well as the post-buckling results can be seen in figure 3.11. It is clear
that an initial deformation created by unbalancing forces will not necessarily lead to the correct post buckling
results.
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Figure 3.11: Buckling mode of a membrane of aspect ratio α= 2.5, thickness aspect ratio β= 1000 in compression and the resulting
deformation when this buckling mode is used as initial deformation for a post-buckling calculation in which the membrane is strained,

which is again used as initial deformation. The graphs are the resulting amplitude-strain diagrams of the post-buckling calculations.

From this research to find the correct amplitude-strain diagram by using initial deformations other than
the first buckling mode, it can be seen that the wrinkling calculation is very dependent on the geometry used
as initial geometry. Using another buckling mode, a wrinkled geometry resulting from post-buckling such
a buckling mode or using a geometry which is deformed by unbalancing loads does not lead to the refer-
ence amplitude-strain relation. This has very large consequences for researching the wrinkling behaviour
of membranes with different geometries. Up to now no other method has been successful to perturbate the
membrane other than using the first buckling mode as the initial membrane. Finding this first buckling mode
is therefore a necessity to study the amplitude-strain relation of the membrane.

3.3. Conclusion
After successfully setting up a model for which wrinkling of a rectangular, stretched membrane can be calcu-
lated. It was used to study the influence of the aspect ratio of the membrane on the wrinkle amplitude and
the influence of material parameters on the wrinkling amplitude. The next goal is to research the influence
of permeability on the wrinkling behaviour of the membrane keeping in mind the application of very large
flexible floating solar platforms. For the non-linear wrinkling calculation to be an adequate method for this
application, two criteria were defined. The method should be applicable on a multitude of geometries and
furthermore it should not be computationally expensive.

The main conclusion of this chapter is the influence of the initial deformation on the results of the post-
buckling calculation to study wrinkling. The correct amplitude-strain relation is obtained for the post-buckling
calculation when using the first buckling mode as the initial perturbation. However, when other buckling
modes, or an initial deformation obtained by unbalancing forces is used, the correct result is not found. Due
to the dependence of the results of the post-buckling calculation on user defined input, the result is not ob-
jective. This leads to the conclusion that the method is not adequate to be used to study the effect of changes
in the geometry on the wrinkling behaviour of a membrane if the first buckling mode cannot be found for
this geometry.



4
Wrinkling approximation indicators

In chapter 3, it was concluded that fully non-linear buckling analyses require accurate a priori selection of
the initial perturbation to achieve reasonable results. To allow research on wrinkeld membranes with low
computational costs and without the need for subjective inputs, this chapter will discuss the development of
wrinkling indicators that are based on the principal stress distribution in the membrane without initial per-
turbation.

As discussed in section 2.3, wrinkles in a membrane can be measured by:
• The number of wrinkles
• The wrinkle amplitude
• The wrinkle wavelength
• The lower critical strain
• The upper critical strain
• The region of the membrane which wrinkles

By comparing the principal stress distribution in membranes with different aspect ratios with wrinkling de-
tails known from literature, four indicators were found by which the wrinkling behaviour of the membrane
can be approximated. These wrinkling indicators will be discussed in the following sections.

Sections 2.2.3 and 2.2.4 discussed the influence of the thickness of the membrane on its wrinkling be-
haviour. It became clear that the thicker the membrane, the less susceptible it will be for wrinkling. Thin
membranes are more susceptible to wrinkling. Thickness thus has a restraining effect on the wrinkling be-
haviour. In the membrane without initial perturbation with tension load at the clamped edges, all loads are
working in-plane. The restraining effect of the thickness has no effect, the calculation only takes into account
two dimensions, as if an infinitely thin membrane is strained. Therefore, in the search for indicators based
on the principal stress distribution, the results of the indicators will be compared to wrinkling results from
thin membranes. The thinnest membranes of which results are found in literature are membranes with a
thickness aspect ratio of β= 2000.

4.1. The principal stress in membranes of different aspect ratios
As an introduction, before studying indicators based on the principal stress distribution, this section will
give an overview of these principal stresses in membranes of different aspect ratios. The magnitude of the
compressive stresses as well as the area of the membrane in which compressive stresses are present will be
studied as a function of the strain.

From figure 4.1 it can be seen that for all membranes of the different aspect ratios which were taken into
consideration, the graph of the most negative second principal stress as a function of the strain shows the
same trend. No compressive stresses are present if the strain is zero. From that point onward, the magnitude
of the compressive stresses increases up to a maximum, from which the magnitude decreases again to zero.

The trend of the compressive stress area as a function of the strain is different for membranes of small
aspect ratios (α ≤ 3.8) than for large aspect ratios (3.8 < α ≤ 6.7) and very large aspect ratios (α > 6.7). For
membranes of small aspect ratios, the area of the membrane in which compressive stresses occur decreases

35
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with increases strain. For large aspect ratios, first this area increases up to a maximum after which it also
decreases with increasing strain. For the very large membranes which were calculated (α = 6.8, α = 6.9 and
α = 7), it can be seen that the opposite happens for the area in compression as a function of the strain. For
small strains the area decreases to a minimum after which it increases again.

Figure 4.1: Magnitude of the maximal compressive stress and area of the compressive stress region as a function of the strain for
membranes of different aspect ratios as a function of strain.

4.2. Compressive stresses as necessary condition for wrinkling
Compressive stresses are a necessary condition for wrinkling. The previous section discussed the magnitude
of the compressive stresses and the area of compressive stresses as a function of strain for different aspect
ratios (figure 4.1). From these results, it can be seen from a certain strain onward, the magnitude of the com-
pressive stresses is zero. This boundary between compressive stresses and no compressive stresses is drawn
in the stability boundary diagrams of Nayyar [44] and Wang [71] in figure 4.2. These stability boundary dia-
grams indicate the upper and lower critical strains, the strain from which wrinkling begins and at which the
wrinkling decay, for membranes of different aspect ratios. By indicating these critical strains in an aspect
ratio-strain diagram, a ’wrinkling region’ can be separated from a ’no wrinkling region’. By adding the bound-
ary which separates compressive stresses and no compressive stresses in figure 4.2, it can be seen that indeed,
compressive stresses are present in all wrinkled situations.
It is important to note that compressive stress is thus a necessary condition for wrinkling, but not a sufficient
condition. Situations exist in which compressive stresses are present in the membrane, but no wrinkling
occurs.
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Figure 4.2: Stability boundary diagrams obtained by Nayyar [44] and Wang [71] obtained from non-linear wrinkling calculations. This
stability boundary separates configurations which will wrinkle from configurations which will not wrinkle. No wrinkling will occur for

membranes with an aspect ratio lower than α< 1.5. For all other membranes the stability boundary indicates the lower and upper
critical strain ε1 and ε2. The red boundary separates the region in which compressive stresses are present in the membrane (right from

the red boundary) and the region in which no compressive stresses are present (left from the red boundary).

4.3. Isolated plate model
The previous section presented a binary indicator by which the susceptibility to wrinkling can be judged to be
true or false. By considering the region of the membrane in which compressive stresses are presented as an
isolated plate, a more precise indicator is searched for. The isolated plate is modelled as a rectangular plate
subjected to biaxial stress.

Figure 4.3: Stress-strain diagram and critical stress as a function of strain for β= 1000 and β= 2000 for a membrane of aspect ratio
α= 2. At a certain strain the membrane will wrinkle if the stress σx is higher than the critical stress σx,cr i t .

The critical stress for a rectangular plate subjected to biaxial stress can be estimated analytically. When
modelling the compressive stress region as an isolated plate, the dimensions and loads on this isolated plate
will depend on the strain. This leads to the fact that the calculated critical stress will depend on the strain as
well. More details on this calculation are discussed in appendix A. Figure 4.3 shows the critical stress for two
different plates. Also the actual stress is shown. For the strains for which the actual stress is larger than the
critical stress, the plate will wrinkle. From the intersections between the actual stress and the critical stress,
the critical strain can thus be estimated.
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Figures 4.4a and 4.4b show the results which are obtained for different plates with different aspect ratios. This
method can only be applied for plates in which the compressive stress region is clearly defined. That’s why
approximation of the critical strain is only indicated for a limited amount of plates.

(a) (b)

Figure 4.4: Stability boundaries for membranes of thickness aspect ratio β= 1000 (a) and β= 2000 (b) from literature [33, 44, 71]
togehter with the critical strain approximated by the isolated plate model for a limit number of aspect ratios.

4.4. Distribution of the compressive stresses
Literature suggests that the distribution of compressive stress can give insight in the location were wrinkles
will form [16, 34, 44, 71]. To investigate this suggestion, figure 4.5 is made. This plot shows the most negative
second principal stress for membranes of different aspect ratios, at different strains. By investigating the
stress distribution, five different phases can be distinguished. In phase A, no compressive stresses are present
in the membrane. This phase was already discussed in the previous section. Phases B-D give information on
the location of the point with the most negative second principal stress and the stress distribution. In zone B
the point with most negative second principal stress is located exactly in the middle of the membrane. Zone
C indicates configurations for which the point with most negative second principal stress is located in the
middle of the membrane longitudinally, but off centre in width direction. Zone D indicates membranes for
which the point of most negative second principal stress is off-centre in the longitudinal direction.

Section 3.2.1. discussed wrinkle onset and concluded that the amount of wrinkle packets depends on the
aspect ratio of the membrane. For membranes with an aspect ratio smaller thanα= 4, one packet of wrinkles
will form. For larger membranes two separated wrinkle packets will form. Also at aspect ratio α = 4, the
compressive stress distribution splits from one zone to two separate zones which are in compression. This is
in line with the suggestion that the compressive stress distribution is an indicator for the location were the
membrane will wrinkle.
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Figure 4.5: Phase diagram summarising the distribution of compressive stresses in membranes of different aspect ratios at different
strains. The most negative second principal stress is shown in colour. In the white region, no compressive stresses are present (phase

A). Phases B-D give information on the location of the point with the most negative second principal stress and the stress distribution.
In zone B the point with most negative second principal stress is located exactly in the middle of the membrane. Zone C indicates

configurations for which the point with most negative second principal stress is located in the middle of the membrane longitudinally,
but off centre in width direction. Zone D indicates membranes for which the point of most negative second principal stress is off-centre

in the longitudinal direction. The distribution of the second principal stress in zones B-D are illustrated at the right.

4.5. Conclusions
This chapter answered the question:
By which indicators can the wrinkling behaviour of a membrane be approximated?

This chapter discussed what we can learn about the wrinkling behaviour of a membrane with a certain
aspect ratio without having to perform a non-linear wrinkling calculation, but on the basis of a calculation in
which the membrane is strained without initial deformation. This calculation is easier and cheaper because
no buckling modes have to be calculated. Furthermore, less elements are needed to calculate the distribution
of the second principal stress than needed in a fully non-linear post-buckling calculation. This is discussed
in appendix A. Therefore, in design and engineering practice, a study of the distribution of negative second
principal stress will be more interesting than performing a fully non-linear wrinkling calculation.

Three approximation indicators were found:
• Location of wrinkles on the membrane

The location of the compressive stress region in a flat, strained membrane is an indicator by which the
location of the wrinkles in the membrane can be approximated.

• Amplitude of the wrinkles
The size of the region on the membrane in which compressive stresses occur is an indicator by which
the wrinkle amplitude can be approximated: the larger this area, the larger the wrinkle amplitude and
vice versa.

• Critical strains for which wrinkles occur and decay
By modeling the compressive stress region as an isolated simply supported plate subjected to uniform
biaxial stress, the critical strains for which wrinkles occur and decay can be approximated.

Next to these three approximation indicators, it was found that compressive stresses are a necessity for
wrinkling.
When there are no compressive stresses in the membrane, the membrane will not wrinkle.





5
Permeability

This section will answer the question:
How should holes be chosen such that wrinkling behaviour can be minimised in membranes?

As discussed previously (section 2.2.5), it is clear that wrinkling can be minimised or even be avoided
by adding holes to the membrane. This section will investigate the underlying mechanisms with the goal of
finding design rules by which wrinkle free permeable membranes can be created.

5.1. Approach
Previously the aim was expressed to minimise wrinkling behaviour of very large flexible floating structures.
This is a necessity for safety and furthermore an improvement for the efficiency of very large flexible floating
platforms. In this context, three different things can be considered which improve the safety and efficiency
by wrinkling minimisation:

• The amplitude of the wrinkles in the improved membrane is lower than the amplitude of the wrinkles
in the original membrane

• The area of the membrane which wrinkles is smaller for the improved membrane compared to the
original membrane

• The range of strains for which wrinkling occurs [εcr i t ,1,εcr i t ,2] is very small or is such that this range of
strains can be avoided to occur as a loading in the application

The optimum in this minimisation process would be a membrane which does not wrinkle at all. So for all
strains, the amplitude of the wrinkles is zero and the wrinkling area is zero.

As discussed before, a non-linear wrinkling calculation is computationally expensive, subjective and maybe
not even working when no buckling modes can be found. Therefore, the previous chapter discussed alter-
native methods to make estimations on the wrinkling behaviour of a membrane without having to perform
the non-linear wrinkling calculation. The main conclusion was that membranes in which no compressive
stresses are present will never wrinkle. Therefore, membranes without compressive stresses are part of the
optimal solution space. This is visualised in figure 5.1, to design right on the boundary of the solution space of
wrinkle-free membranes, a non-linear wrinkling calculation is necessary. But since this calculation is expen-
sive, membranes which are free of compressive stresses will be searched for. To guide this search, different
candidate solutions will be compared to each other by the approximation methods which were discussed in
chapter 4.

41
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Figure 5.1: Wrinkling Minimisation Indicators

Optimisation of a rectangular uniaxially stretched membrane will be performed by adding permeability
to the membrane. This permeability will exist of one or two holes in the membrane. To avoid searching for
an optimal solution in an infinite domain, the design space is limited by the variation of the following param-
eters: the membrane aspect ratio, the permeability aspect ratio in width direction, the permeability aspect
ratio in length direction, the location of the hole and the shape of the hole. Three different locations will
be taken into account: a hole in the middle of the membrane, at the free edge of the membrane and at the
clamped edge of the membrane. These three locations are chosen based on a wrinkle free membrane pre-
sented in literature and discussed in section 2.2.5 [31, 37]. The effect of two different shapes will be discussed:
a circular hole and a hole formed by two parabola’s (shown in figure 5.13). The permeability aspect ratio in
width direction is defined as the ratio of the width of the hole to the width of the membrane. The permeability
length aspect ratio is defined as the length of the hole to the length of the membrane. Note that these two
parameters can be scaled separately for a hole shaped as a double parabola, but cannot be scaled separately
for a circular hole. The effect of holes of different sizes, shapes and locations will be researched in three steps.
All steps are summarised in table 5.1. For every step some of the variables will be varied, others will be kept
constant.

Table 5.1: Three steps which will be taken to investigate the effect of the size, location and shape of a hole on the wrinkle behaviour of a
membrane. Parameters which are varied are indicated by ’V’, M/FE/CE indicated the middle, free edge and clamped edge of the

membrane respectively.

Step 1: Size Step 2: Location Step 3: Shape
Membrane aspect ratio V V α= 2
Permeability aspect ratio in width direction V V V
Permeability aspect ratio in length direction = = V
Location M FE / CE M / FE / CE
Shape Circle Circle Double Parabola
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5.2. The influence of permeability on wrinkling
This section will discuss the effect of the size, location and shape of a hole in a membrane on the wrinkling
behaviour of the membrane. The main goal is to find the mechanisms that can lead to minimisation or
prevention of wrinkling behaviour.
The next subsection will discuss circular holes of different sizes in the middle of membranes with different
aspect ratios. Subsection 5.2.2 will discuss the influence of the location of the permeability by investigating
the effect of circular holes of different sizes at the clamped edge and at the free edge of membranes with
different aspect ratios. In the thirth subsection, holes formed by two parabolas will be discussed. For these
shapes, two permeability aspect ratios can be defined which will be varied separately.

5.2.1. Influence of the size of a hole on wrinkling
To start off the investigation of mechanisms which can lead to wrinkling minimisation by holes, the wrinkling
behaviour of membranes of different aspect ratios with a circular hole in the middle of the membrane will be
researched by the help of the wrinkling approximation indicators.
The design space for this first step is summarised in table 5.2. The shape of the permeability will not be varied
in this step. The location of the permeability will not be varied either. All calculations will thus consider
membranes with circular holes in the middle of the membrane. The aspect ratio of this membrane will be
varied as well as the permeability aspect ratio. For a circular hole, this permeability aspect ratio is defined as
the ratio of the diameter of the circle with respect to the width of the membrane. A small hole thus has a low
permeability aspect ratio and a large hole in the same membrane has a higher permeability aspect ratio.

Table 5.2: Design space: aspect ratio and permeability aspect ratio

DESIGN SPACE
Memrbane Aspect Ratio 1 ≤α≤ 5
Permeability Aspect Ratio 0.1 ≤ D/W ≤ 0.5
Permeability Location Constant (Middle)
Permeability Shape Constant (Circle)

Figure 5.2: Design space: aspect ratio and permeability aspect ratio variable

The negative second principal stress regions for all membranes described in table 5.2 are summarised by
the help of five different figures: figure 5.3a, figure 5.3b, figure 5.4, figure 5.5a and figure 5.5b.
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(a) (b)

Figure 5.3: (a) Overview of the negative second principal stress region for membranes of different aspect ratios with circular holes of
different sizes at strain ε= 0.15. (b) Overview of the negative second principal stress region for membranes of aspect ratio α= 2 for

different strains.

Figure 5.3a gives a visual overview of the compressive stress distributions for membranes of aspect ra-
tios α = 1, α = 2 and α = 5, with circular holes in the middle of the membrane of permeability aspect ratio
D/W = 0.1 up to D/W = 0.5. Also the compressive stress distributions of the non-permeable membranes are
added.
To give an overview of the distribution of the compressive stress distribution in all membranes in the design
space, a phase diagram is made. This phase diagram is shown in figure 5.4. From this phase diagram it can
be seen that all compressive stress distributions can be categorised into four phases. In all of these phases,
compressive stresses are present at the location of the hole. This compressive stress region can stretch all the
way to the free edge of the membrane. Furthermore, a compressive stress region can occur in between the
circular hole and the clamped edge.

Figure 5.4: Overview of the shape and area of the negative second principal stress region region for membranes of different aspect ratios
with a hole in the middle of the membrane.
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Figure 5.3b gives a visual representation of the compressive stress region as a function of the strain for
a membrane with aspect ratio α = 2 and a permeability aspect ratio of D/W = 0.3, next to a non-permeable
membrane. From this figure it can be seen that the area of the compressive stress region and the magnitude of
the compressive stress as a function of strain behaves differently for the permeable and non-permeable mem-
brane. To quantify this effect, figures 5.5a and 5.5b are made. In these figures, the area of the compressive
stress region and the magnitude of the compressive stresses as a function of the strain are compared with the
compressive stresses in the non-permeable membrane. The maximal area of the compressive stress region
is an indicator for the wrinkle amplitude and when the area of compressive stresses is zero, no wrinkling will
occur. Therefore, it is interesting to study the maximum of this graph and compare it to the non-permeable
membrane. Also the trend of the area as a function of the strain is of interest. For the membrane of aspect ratio
α= 2, the indicator predicts that the amplitude of the wrinkles in the permeable membranes will be smaller
than the wrinkle amplitude in the non-permeable membrane. It can also be seen that, for large strains, the
non-permeable membrane will be wrinkle free while the permeable membrane might still be susceptible to
wrinkling.

For membranes of other aspect ratios, the conclusions on the area of the compressive stress region as a
function of the strain are summarised by a symbol in figure 5.4:

• The colour of the symbol indicates whether the maximal area of the compressive stress region as a
function of the strain in the permeable membrane is larger than, or smaller than the maximal area of
the compressive stress region in the non-permeable membrane.

• Open symbols indicate configurations for which all compressive stresses disappear before a strain of
ε = 0.5. Configurations for which compressive stresses are present in the membrane for all strains up
to ε= 0.5 are indicated with a closed symbol.

• Circles represent membranes for which the area of the compressive stress region is larger or smaller
than the non-permeable version of the membrane for all strains up to ε= 0.5. Arrows indicate config-
urations for which the area of the compressive stress region is larger in the permeable membrane than
in the non-permeable membrane for low strains, but smaller for low strains and vice versa.

The trend of the area of the compressive stress region as a function of the strain for a membrane of aspect
ratio α = 2 as shown in figure 5.5a can be recognised by a green, arrow shaped, closed symbol in figure 5.4.
The maximal area of compressive stress is lower for the permeable membranes than for the non-permeable
membrane (green). For small strains the area of compressive stress in the permeable membranes is smaller
than for the non-permeable membrane, but for high strains this is the other way around (left pointing arrow).
The area of the compressive stress region is non-zero for all permeable membranes for strains up to ε = 0.5
(closed symbol).

(a) (b)

Figure 5.5: (a) Area of the negative second principal stress region as a function of strain for membranes of aspect ratio α= 2 with holes
of different sizes in the middle of the membrane. (b) Magnitude of the most negative second principal stress region for the same

membranes.
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Observations on the influence of a circular hole in the middle of a membrane on the wrinkling behaviour
From studying the compressive stress distribution for membranes of different aspect ratios with circular holes
of different sizes at the middle of the membrane, two conclusions can be made which hold for all studied
configurations:

• From the phases which are shown 5.4, it can be seen that in all four observed stress distributions, com-
pressive stresses will be present around the circular hole. This indicates that the region around the hole
will be susceptible to wrinkling in all configurations.

• No open symbols can be seen in figure 5.4. The absence of open symbols indicates that the compres-
sive stresses will be non-zero for all strains which are taken into consideration, for all configurations.

The presented results were obtained to study the influence of the size of a hole on wrinkling. It appeared
that membranes of different sizes behave differently due to the presence of a hole, but the exact size of a hole
is of less influence. From section 4.4 and figure 4.5 it was concluded that the compressive stress distribution
in non-permeable membranes can be categorised in three different phases, depending on the strain and
the aspect ratio. No compressive stresses are present in membranes with aspect ratios smaller than α = 1.
For membranes with aspect ratios from α = 1.5 up to α = 4, one central compressive stress region can be
observed. For membranes with high aspect ratios, the initial compressive stress distribution is split into two
regions. From the study on the influence of a circular hole in the middle of a membrane, it is observed that the
effect of the hole depends on the distribution of the negative second principal stress in the non-permeable
membrane:

• In membranes with small aspect ratios, no compressive stresses are present in the non-permeable
membrane. However, compressive stresses are present in the permeable membranes of these small
aspect ratios. The non-permeable membranes are therefore not susceptible to wrinkling while their
permeable versions are. Wrinkling will occur in the region close to the hole.

• The compressive stress distribution of non-permeable membranes of intermediate aspect ratios is de-
fined by one central compressive stress region. A central hole divides this compressive stress region
into two smaller regions. Furthermore, for high strains, the compressive stress region has disappeared
in the non-permeable membrane, while compressive stresses are still present in the permeable mem-
brane. This indicates that the wrinkle amplitude in the permeable membrane will be lower than in the
non-permeable membrane, but the permeable membrane will be susceptible for wrinkling for a larger
range of strains than the non-permeable membrane.

• The two large compressive stress regions which exist in non-permeable membranes of large aspect ra-
tios will each be split again in two when adding a hole in the middle of the membrane. The compressive
stress regions have a smaller area which indicates that the maximal wrinkle amplitude will be smaller
than in the non-permeable membrane. But potentially four wrinkle packets might appear instead of
two packets as in the non-permeable membrane.
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5.2.2. Influence of the location of a hole on wrinkling
Section 5.2.1 researched the influence of holes in the middle of a membrane. Both the permeability aspect
ratio and the membrane aspect ratio were varied. To investigate the effect of the location of the hole, the
research will be repeated for membranes with holes at the free edges and at the clamped edges of the mem-
branes. A sketch of these configurations can be seen in figure 5.6. Again, not only the permeability aspect
ratio will be varied. The membrane aspect ratio is varied as well, to study the influence of holes of different
sizes in membranes of different sizes. All variations are summarised in table 5.3.

Table 5.3: Design space: Location

DESIGN SPACE
Memrbane Aspect Ratio 1 ≤α≤ 5
Permeability Aspect Ratio 0.1 ≤ D/W ≤ 0.5
Permeability Location (Middle,) Clamped edge and Free edge
Permeability Shape Constant (Circle)

Figure 5.6: Sketch of the design space: location. Holes at the free edges of the membrane are shown at the left. Holes at the clamped
edges of the memrbane are shown at the right.

Again, the influence of the permeability on the wrinkling behaviour of membranes will be studied by the
help of the wrinkling indicators. For this study, similar figures as in section 5.2.1 are made which summarise
the distribution of compressive stresses in the different membranes, the area of the compressive stress re-
gion in the different membranes and the magnitude of the compressive stress. For holes at the free edges of
the membranes, visual representations of the compressive stress distribution for different configurations are
shown in figures 5.7a and 5.8a. Also the change of the distribution of compressive stresses as a function of
the strain is shown visually, in figures 5.7b and 5.8b. The change of the area of the compressive stress region
and the magnitude of the compressive stresses as a function of the strain is quantified in figures 5.11a, 5.11b,
5.12a and 5.12b for membranes of aspect ratio α = 2. A phase diagram which summarises the compressive
stress distribution and the area of the compressive stress region as a function of the strain for all investigated
configurations is shown in figure 5.9 for holes at the free edges of the membrane and in figure 5.10 for holes
at the clamped edges of the membrane.
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(a) (b)

Figure 5.7: (a) Overview of the negative second principal stress region for membranes of different aspect ratios with circular holes of
different sizes located at the free edge at strain ε= 0.15. (b) Overview of negative second principal stress region for membranes of

aspect ratio α= 2 for different strains.

(a) (b)

Figure 5.8: (a) Overview of the negative second principal stress region for membranes of different aspect ratios with circular holes of
different sizes located at the clamped edge at strain ε= 0.15. (b) Overview of negative second principal stress region for membranes of

aspect ratio α= 2 for different strains.

.
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Figure 5.9: Overview of the shape and area of the negative second principal stress region for membranes of different aspect ratios with a
hole at the free edges of the membrane.

Figure 5.10: Overview of the shape and area of the negative second principal stress region for membranes of different aspect ratios with
a hole at the clamped edges of the membrane. The legend of the symbols is identical to the legend of the symbols in figure 5.9

(a) (b)

Figure 5.11: (a) Area of the negative second principal stress region as a function of strain for membranes of aspect ratio α= 2 with holes
of different sizes at the free edge of the membrane. (b) Magnitude of the most negative second principal stress region for the same

membranes
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(a) (b)

Figure 5.12: (a) Area of the negative second principal stress region as a function of strain for membranes of aspect ratio α= 2 with holes
of different sizes at the clamped edge of the membrane. (b) Magnitude of the most negative second principal stress region for the same

membranes

From the phase diagram in figure 5.9, it can be seen that when a hole is added at the free edges of the
membrane, only two different phases of the stress distribution can be observed. In membranes of small as-
pect ratios, four regions of compressive stress will form. One in every quarter of the membrane, next to the
hole. In membranes of large aspect ratios, two large compressive stress regions can be observed. One at every
side of the hole in length direction, extending over the full width of the membrane.
Figure 5.10 shows that more different phases occur when the hole is located at the clamped edge of the mem-
brane. In general it can be observed that the region of compressive stresses in the non-permeable membrane
is reduced in size when a small hole is added at the clamped edge of the membrane. When a large hole is
added however, an extra region of compressive stresses will occur around this hole.

Observations on the influence of a circular hole at the free edges of a membrane on the wrinkling be-
haviour
Based on the distribution of the compressive stresses as shown in figure 5.9 and the area of the compressive
stress region as a function of strain, two conclusions can be drawn which hold for all studied membranes with
a circular hole at the free edge:

• In all configurations, compressive stresses can be seen around at the circular hole. This implies that all
membranes will be susceptible for wrinkling in this region.

• For all studied configurations, the stresses in the membranes are non-zero for strains up to at least
ε= 0.5. This indicates that all configurations will be susceptible to wrinkling up to this strain.

Also, observations can be made which only hold for specific groups of membranes. Just as for the mem-
branes with holes in the middle, the effect of holes at the free edges of the membrane depends on the distri-
bution of the compressive stresses in the non-permeable membranes. Therefore, again conclusions will be
drawn for memrbanes of small, intermediate and large aspect ratios separately.

• For small aspect ratios, no compressive stresses are present in non-permeable membranes. The pres-
ence of a hole however introduces a compressive stress region. In terms of wrinkling, this indicates that
the permeable membranes will be susceptible to wrinkling while the non-permeable membranes are
not.

• The compressive stress distribution in non-permeable membranes of intermediate aspect ratios con-
sists of one central region. This region is split into two smaller regions by the addition of holes at the free
edges of the membranes. The smaller size of the compressive stress region indicates that the wrinkle
amplitude will be smaller as well. It is important to notice however, that for large strains, the compres-
sive stresses in the non-permeable membranes have already disappeared while they are still present
in the permeable membranes. This indicates that the upper critical strain ε2 for the permeable mem-
branes will be higher than for their non-permeable version.
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• For membranes of large aspect ratios, the size of the compressive stress region in the permeable mem-
brane is larger than in the non-permeable membrane. Also the magnitude of the compressive stress is
larger than in the non-permeable membrane. A hole at the free edges will thus not lead to minimisation
of the wrinkling behaviour.

Note that the conclusions which hold for all configurations with holes at the free edges of the membranes and
the conclusions which hold for membranes of small aspect ratios are similar to the conclusions which were
drawn for membranes with holes at the middle of the membrane. The effects of these holes are analogous.

Observations on the influence of a circular hole at the clamped edges of a membrane on the wrinkling be-
haviour
For the third time, the same conclusion can be drawn on the influence of holes in membranes of small aspect
ratios. The non-permeable membranes of small aspect ratios are free of compressive stresses, while com-
pressive stresses form in the permeable versions of the membrane. In terms of wrinkling this indicates that
the non-permeable membranes are not susceptible to wrinkling while the permeable membranes are. Con-
trary to the situation in which holes are located at the free edge and in the middle of the membrane, it is not
necessarily the region next to the hole which will be susceptible to wrinkling. The permeable membranes will
be susceptible to wrinkling at the middle symmetry axis for small holes and also near the hole for large holes.

For membranes of intermediate and large aspect ratios, the influence of the hole on the wrinkling be-
haviour of the membrane not only depends on the aspect ratio of the membrane, but also on the size of the
holes.

• When a small hole is added in a membrane with an intermediate aspect ratio, the size of the com-
pressive stress region will be reduced. Furthermore, the stresses will disappear earlier than in non-
permeable membranes as a function of the strain. In terms of wrinkling, this indicates that the am-
plitude of wrinkles in the permeable membranes will be smaller than the amplitude of the wrinkles in
non-permeable membranes. The upper critical strain ε2 for the permeable membrane will be smaller
than for the non-permeable membrane.

• When a large hole is added in a membrane with an intermediate aspect ratio, the central region of com-
pressive stresses which is present in the non-permeable membrane disappears completely. A smaller
region with compressive stresses will be present around the hole at every side of the membrane. Wrin-
kling will thus take place at another location in the permeable membranes than in the non-permeable
membranes. The size of the compressive stress region is smaller, indicating that the amplitude of the
wrinkles will be smaller.

• For membranes with large aspect ratios, three different effects can be seen depending on the size of
the hole. For a very small hole, the influence of the hole is very limited on the wrinkling behaviour. In-
termediate holes will lead to the situation in which one central region of compressive stress is present
in the membrane. In the non-permeable membrane, two wrinkle packets will be formed, in the per-
meable membrane only one, central wrinkle packet will form. Large holes will lead to an extra region
of compressive stress, next to the hole. This indicates that multiple wrinkle packets can form because
multiple regions in the membrane are susceptible to wrinkling.
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5.2.3. Influence of the shape of a hole on wrinkling
The previous two subsections researched the influence of circular holes of different sizes on the wrinkling
behaviour of membranes of different sizes. This section will focus on the shape of the hole. To limit the
amount of variables which are varied, the aspect ratio of the membrane is set constant toα= 2. A hole will be
studied which is formed by two parabola’s. This shape shape is illustrated in figure 5.13. The hole is scaled in
length and width direction separately. Therefore, two aspect ratios are defined: the permeability aspect ratio
in length direction l /L and the permeability aspect ratio in width direction w/W . Figure 5.13 illustrates holes
for which these two aspect ratios are varied, one at a time. For holes at the middle of the membrane, the free
edges and the clamped edges.

Table 5.4: Design space: shape

DESIGN SPACE
Membrane Aspect Ratio Constant (α= 2)
Permeability Aspect Ratio in width direction 0.1 ≤ w/W ≤ 0.5
Permeability Aspect Ratio in length direction 0.1 ≤ l /L ≤ 0.9
Permeability Location Middle, Clamped edge and Free edge
Permeability Shape Constant (Double parabola)

Figure 5.13: Sketch of the design space: shape

The same types of graphs as used to study the influence of the size and location of a hole will be used
again. Visual representations of the influence of holes of different sizes are given in figures 5.14a, 5.17a and
5.21a. Also their behaviour as a function of the strain is visualised, in figures 5.14b, 5.17b and 5.21b. The exact
area of the compressive stress region and the magnitude of the maximal compressive stress as a function of
the strain for holes with a permeability aspect ratio in width direction of 0.2 and varying permeability aspect
ratios in length direction are shown in figures 5.16a, 5.16b, 5.19a, 5.19b, 5.23a and 5.23b. A summary on the
distribution of the compressive stresses and the area of the compressive stress region for all membranes is
shown in figures 5.15, 5.18 and 5.22 by phase diagrams.
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(a) (b)

Figure 5.14: Distribution of the negative second principal stress for membranes of aspect ratio α= 2 with holes in the shape of a double
parabola of different sizes, at three different locations: in the middle of the membrane for a strain of ε= 0.1 (a) and for varying strain (b)

Figure 5.15: Phase diagram describing the distribution of the negative second principal stress in membranes of aspect ratio α= 2 with a
hole in the shape of a double parabola in the middle of the membrane, for different sizes of the hole. The symbols described the change
of the area of the membrane in which the second principal stress is negative as a function of the strain. Due to convergence problems,

no symbols are shown for permeability aspect ratio in width direction larger than 0.2.

.
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(a) (b)

Figure 5.16: (a) Size of the negative compressive stress region (a) and magnitude of the most negative compressive stress (b) as a
function of strain in membranes with aspect ratio α= 2 with holes in the shape of a double parabola in the middle of the membrane. All

a permeability aspect ratio in width direction of w/W = 0.2 and varying sizes in length direction.

Observations on the influence of the shape of a hole at the middle of a membrane on the wrinkling be-
haviour
The influence of the shape of holes on the wrinkling behaviour of a membrane is studied by the help of the
graphs in figures 5.14a, 5.14b, 5.15, 5.16a and 5.16b. From these figures, results are drawn on the influence of
the permeability aspect ratio in length direction and the permeability aspect ratio in width direction:

• A hole in the middle of the membrane of aspect ratio α = 2 will split the compressive stress region
which occurs in the non-permeable membrane into two or four smaller regions. For holes with a small
permeability aspect ratio in length direction, the compressive stress region is split into two regions
which stretch over the full width of the membrane. A very long hole (l /L = 0.9) will split each of these
two compressive stress regions into two leading to a total of four small compressive stress regions in
the membrane. The area of these compressive stress regions is smaller than the area of the central
compressive stress region in the non-permeable membrane, thus indicating that the amplitude of the
wrinkles in the permeable membranes will be smaller compared to the amplitude of the wrinkles in the
non-permeable membrane.
From figures 5.16a and 5.16b and from the symbols in figure 5.15 it can furthermore be seen that, for
membranes with holes of long permeability aspect ratios, the compressive stresses disappear as a func-
tion of the strain before they have disappeared in the non-permeable membrane. This indicates that
the upper critical strain for membranes with a hole with a long permeability aspect ratio in the middle
of the membrane will be lower than for non-permeable membranes.

• From figure 5.14a also the influence of the width of the hole can be studied. In general it can be con-
cluded that the region with compressive stresses becomes smaller when the width becomes smaller.
Also the magnitude of the compressive stresses becomes smaller when the width of the holes become
smaller. In terms of wrinkling this indicates that a small hole should be preferred over a wide hole to
minimise wrinkling.

• When the membrane of aspect ratio α= 2 is cut into two in length direction, two membranes of aspect
ratio α= 4 will remain. For membranes of aspect ratio α= 4 it is known that two separate compressive
stress regions and two separate wrinkle packets will form (section 4.4). This limit case can be recognised
when studying the membrane with a hole of aspect ratio 0.9 in length and 0.1 in width direction in figure
5.14a.
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(a) (b)

Figure 5.17: Distribution of the negative second principal stress for membranes of aspect ratio α= 2 with holes in the shape of a double
parabola of different sizes, at three different locations: in the middle of the membrane for a strain of ε= 0.1 (a) and for varying strain (b)

Figure 5.18: Phase diagram describing the distribution of the negative second principal stress in membranes of aspect ratio α= 2 with a
hole in the shape of a double parabola at the free edge of the membrane, for different sizes of the hole. The symbols described the

change of the area of the membrane in which the second principal stress is negative as a function of the strain.
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(a) (b)

Figure 5.19: (a) Size of the negative second principal stress region (a) and magnitude of the most negative second principal stress (b) as
a function of strain in membranes with aspect ratio α= 2 with holes in the shape of a double parabola at the free edge of the membrane.

All having a permeability aspect ratio in width direction of w/W = 0.2 and varying sizes in length direction.

Observations on the influence of the shape of a hole at the free edges of a membrane on the wrinkling
behaviour
An overview of the compressive stress distribution in membranes with holes of different sizes at the free edges
are shown in figures 5.17a, 5.17b, 5.18, 5.19a and 5.19b. As was the case for circular holes, for parabolically
shaped holes, the effect of holes at the free edges of the membrane and at the middle of the membrane is
similar:

• By adding a parabolic hole at the free edges of the membrane, the central compressive stress region
which is present in a non-permeable membrane of aspect ratio α = 2 is split into two or four smaller
regions. The compressive stress region is split into two smaller regions for holes with short and in-
termediate length. It is split into four regions when a long hole is present in the membrane. Smaller
regions indicate that the wrinkle amplitude will be smaller.
As can be seen from the graphs in figures 5.19a and 5.19b and from the symbols in figure 5.18, com-
pressive stresses will remain in the membrane for high strains, at which the compressive stresses have
already disappeared in the non-permeable version of the membrane. This indicates that the upper
critical strain will be higher for the permeable membranes than for the non-permeable membranes.

• The influence of the width of the hole can be studied from figure 5.18. In general it can be concluded
that the smaller the hole, the smaller the compressive stress region will be. Indicating that the wrinkle
amplitude will be smaller as well.

• Figure 5.20 also shows a limit case: a membrane with a hole of permeability aspect ratio in length
direction equal to one. When the full length of the free edge is parabolically shaped, it can be seen
that no compressive stresses are present in the membrane. In terms of wrinkling, this means that the
membrane will be wrinkle free for all strains.

Figure 5.20: Distribution of the negative second principal stress for membranes of aspect ratio α= 2 with parabolically shaped holes at
the free edge of the membrane at a strain of ε= 0.1
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(a) (b)

Figure 5.21: Distribution of the negative second principal stress for membranes of aspect ratio α= 2 with holes in the shape of a double
parabola of different sizes, at three different locations: in the middle of the membrane for a strain of ε= 0.1 (a) and for varying strain (b)

Figure 5.22: Phase diagram describing the distribution of the negative second principal stress in membranes of aspect ratio α= 2 with a
hole in the shape of a double parabola at the clamped edge of the membrane, for different sizes of the hole. The symbols described the

change of the area of the membrane in which the second principal stress is negative as a function of the strain.
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(a) (b)

Figure 5.23: (a) Size of the negative compressive stress region (a) and magnitude of the largest compressive stress (b) as a function of
strain in membranes with aspect ratio α= 2 with holes in the shape of a double parabola at the clamped edge of the membrane. All

having a permeability aspect ratio in width direction of w/W = 0.2 and varying sizes in length direction.

Observations on the influence of the shape of a hole at the clamped edges of a membrane on the wrinkling
behaviour
Based on figures 5.21a, 5.21b, 5.22, 5.23a and 5.23b, conclusions are drawn on the influence of the shape of a
hole at the clamped edges of a membrane:

• When both the permeability aspect ratio in length and width direction are small, the compressive stress
region decreases in size compared to the compressive stress region in the non-permeable membrane.
The amplitude of the wrinkles in the permeable membrane will thus be smaller than the wrinkles in the
non-permeable membrane. Furthermore, from figures 5.23a and 5.23b it can be seen that the upper
critical strain will be lower for the permeable membrane than for the non-permeable membrane.

• When the permeability aspect ratio in width direction is high, the central compressive stress region
disappears, but compressive stresses will form around the hole, indicating a change of the wrinkling
location from the middle of the membrane to the clamped edges.

• For holes of intermediate permeability aspect ratios in width direction, the central region of compres-
sive stress is divided into four smaller regions located at the four quarters of the membrane in between
the middle and the clamped edge. In these smaller regions, wrinkles with smaller amplitudes will form
compared to the wrinkles which form in the non-permeable membrane.

• If the width of the hole is intermediate or large, and furthermore, the hole has a high permeability
aspect ratio in length direction, the four compressive stress regions will even be split up once again.
Leading to a configuration with eight regions of compressive stress and thus eighth regions which are
susceptible to wrinkling, two in every quarter of the membrane.
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5.3. Conclusion
This chapter discussed the influence of holes on the wrinkling behaviour of a membrane. Wrinkle free mem-
branes were found by searching for membranes in which no compressive stresses are present. The suscepti-
bility of a membrane to wrinkling was judged by three indicators: the distribution of the compressive stresses,
the magnitude of the compressive stresses and the area of the compressive stress region.
It was found that the influence of a hole on the wrinkling behaviour depends on the compressive stress dis-
tribution in the non-permeable membrane and thus on the aspect ratio of the membrane. The effect of holes
on the wrinkling behaviour of a membrane was therefore investigated for membranes of small aspect ratios,
intermediate aspect ratios and large aspect ratios separately.

Non-permeable membranes with small aspect ratios (α ≤ 1.5) do not wrinkle. No compressive stresses
are present in these membranes. However, when a hole is added to the membrane, compressive stresses will
be introduced. When a hole is added in the middle of the membrane or at the free edges of the membrane,
compressive stresses will be present around the hole. When a hole is added at the clamped edges of the mem-
brane, the compressive stress region will be located at the vertical symmetry axis close to the free edge of the
membrane. For small holes at the clamped edge, the compressive stress region already disappears for low
strains. Therefore, if a membrane with a small aspect ratio has to be permeable for some reason, and wrin-
kling should be minimised, a small hole at the clamped edge will be the best option.

A membrane of aspect ratio α = 2 will be considered to be representative for all membranes of interme-
diate aspect ratios (1.5 < α < 4) because the initial compressive stress distribution is similar for all of these
membranes. It was discussed previously (section 2.2.3) that two causes can be identified of the wrinkling
behaviour of these membranes: the Poisson effect which causes the contraction of the membrane in width
direction and the clamped edges which restrain this contraction. At all three studied locations (in the middle,
at the free edge and at the clamped edge of the membrane) a hole size and shape were found for which the
indicators predict a decrease of the upper critical strain and of the wrinkle amplitude.
At the clamped edge of the membrane, a circular hole (D/W < 0.4) can lead to a minimisation of the wrinkling
behaviour. This can be explained by the fact that the hole at the clamped edge limits the restraining effect of
the clamped edge and allows for some contraction right next to the clamp.
When the free edge of the membrane is shaped parabolically instead of straight, the membrane will be free
of compressive stresses for all strains. This permeability improves the wrinkling behaviour by influencing the
first cause of wrinkling: the contraction in width direction due to the Poisson effect.
The wrinkling behaviour of a membrane of intermediate aspect ratio can be minimised by a hole in the mid-
dle of the membrane if this hole is chosen as long as possible in length direction and as small as possible in
width direction. In this limiting case, the membrane will act like two membranes with an aspect ratio twice as
high as the aspect ratio of the membrane. Membranes with high aspect ratios are less susceptible to wrinkling
then membranes with intermediate aspect ratios (section 2.2.3).

For membranes of large aspect ratios, only the influence of circular holes was researched. No config-
uration was found for which such membranes are free of compressive stresses. A hole in the middle of the
membrane will lead to an extra region which is susceptible to wrinkling at every side of the membrane. A hole
at the free edge of the membrane increases both the area and the magnitude of the compressive stresses. By
adding a circular hole of intermediate permeability aspect ratio (0.2 < D/W ≤ 0.3) at the clamped edges of the
membrane, the two separate compressive stress regions which are present in the non-permeable membrane
will be merged into one central compressive stress region. The location of the wrinkling region can thus be
influenced by adding holes at the clamped edges. Furthermore, the area of the compressive stress region as a
function of the strain indicates that the upper critical strain for the permeable membrane will be lower than
for the non-permeable membrane.

Combining all results discussed in this chapter leads to an answer on the question:
"How should holes be chosen such that wrinkling behaviour can be minimised in membranes?".
To eliminate wrinkles in membranes, holes should be added which comply to the following two design rules:

1. Holes should be chosen so that when the membrane is strained, they deform in a way so that they bring
tension in the regions of the membrane which are subjected to negative second principal stress in the
non-permeable configuration.

2. Holes should be chosen such that load paths in the membrane are not interrupted
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Practical Implications

This thesis started with a study on existing designs of very large floating solar platforms (section 2.1). These
very large floating solar platforms were modelled as membranes to search for a framework to research and
design permeability in these structures so that they are wrinkle free. This chapter will close the circle by
reflecting on the applicability of the lessons learned from the investigation of wrinkling in membranes. Fur-
thermore, the influence of the choice to neglect the effect of water under the platform when modelling it as a
membrane is discussed.

6.1. Flexible membrane with one stiff solar panel
As discussed in section 2.1, flexible floating solar platforms are only described in concepts but are not realised
yet. The construction closest to this concept which is realised is the floating solar platform of Ocean Sun. This
platform consists of a flexible membrane with stiff solar panels mounted on top. The conclusions of chapter
5 will be applied to such a configuration to illustrate the applicability of the research.
A stiff zone is added to the membrane. This is illustrated in figure 6.1. The stiff zone is modelled by a hole of
which the edges are clamped. Therefore, the solar panel is modelled to be infinitely stiff. The solar panel is
scaled in length and width direction by varying the ratio of its length and width with respect to the length and
width of the membrane as described in equation 6.1.

Figure 6.1: Sketch of a permeable membrane with a stiffened region in the middle which represents a solar panel. The wrinkling
behaviour of this configuration is studied by focusing on two regions, indicated as ’zone A’ and ’zone B’ in this sketch.
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SPARl =
SPl

L
SPARw = SPw

W
(6.1)

with:

SPARl and SPARw The solar panel aspect ratio in length and width direction
SPl and SPw Te length and the width of the solar panel
L and W The length and the width of the membrane

The wrinkling behaviour of a membrane with a stiff region will be investigated by a study of the second
principal stress distribution. The distribution of the negative second principal stresses in membranes of as-
pect ratio α = 4 with stiffened regions of different dimensions are shown in figure 6.2. Two regions will be
investigated separately: the region between the stiffened region and the free edge and, the region between
the stiffened region and the clamped edge, as indicated in figure 6.1 and referred to as zone A and zone B
respectively. In figure 6.2 the aspect ratios of these zones are shown. All of the configurations in figure 6.2
show a region with negative second principal stress in zone A. Zone B is only subjected to negative second
principal stress when the aspect ratio of this zone is intermediate or large. When the aspect ratio of zone B is
small, no negative second principal stresses are present in this region. This is in line with the theory discussed
in literature in chapter 2. Zone B can be considered as a rectangular sheet which uniaxially strained. These
sheets do not wrinkle when their aspect ratio is small (α≤ 1.5) [16, 44, 81].

Figure 6.2: The negative second principal stress distribution in membranes of aspect ratio α with stiffened regions of different
dimensions for a strain of ε= 0.1. Furthermore an overview is given of the aspect ratios of zones A and B as indicated in figure 6.1 for the

different configurations.

To show the effect of adding permeability in this application, permeability will be added step by step. A
membrane of aspect ratioα= 4 and a stiffened region with aspect ratios SPARl = 0.3 and SPARw = 0.3 will be
used in this example. Results are shown in figure 6.3. First, the region of compressive second principal stress
in zone B is decreased in size due to the addition of parabolically shaped holes at the clamped edges and at
the stiffened region.
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Region A behaves differently than region B. Due to the horizontally clamped edge in this region, the pre-
viously researched design rules are not valid in this region. By cutting this edge from the horizontal clamped
edge, region A is subjected to uniaxial tension. A compressive stress region can be seen similar to the com-
pressive stress distribution in membranes of large aspect ratios in which two wrinkle packets will form. A
region which is susceptible to wrinkling is still present in the membrane due to the interruption of the load
paths by the holes, this is line with the conclusions drawn in section 5.2 .

Figure 6.3: Distribution of the negative second principal stress in a membrane of aspect ratio α= 4 with a stiffened region of
dimensions SPARl = 0.3 and SPARw = 0.3 shown for a strain of ε= 0.1. Permeability is added at different locations to show its

influence on the distribution of the compressive stresses.

To further investigate the use of permeability to minimise wrinkling behaviour in zone A, a membrane of
aspect ratioα= 0.5 is researched in which the stiffened region has aspect ratios SPARl = 0.5 and SPARw = 0.5.
The distribution of the negative second principal stress in this configuration is shown in figure 6.4. The aspect
ratio of zone A and B in this region are 2 and 0.25 respectively. The aspect ratio in region B is small and
therefore no negative second principal stresses are present in this region. When the horizontal clamped edge
in region A is cut loose by adding a long parabolic hole around this edge, it can be seen that one central region
with compressive stress is present in region A of the membrane. This is in line with the stress distribution in
a rectangular unaixially stretched membrane of aspect ratio α= 2. As discussed in section 5.2, wrinkling in a
rectangular membrane subjected to uniaxial strain in a membrane of aspect ratio α= 2 can be minimised by
adding permeability at the free edge so that this edge is parabolicaly shaped instead of straight. In figure 6.4
it can be seen that this conclusion was also a satisfactory solution in this application.

Figure 6.4: Distribution of the negative second principal stress in a membrane of aspect ratio α= 0.5 with a stiffened region of
dimensions SPARl = 0.5 and SPARw = 0.5 shown for a strain of ε= 0.1. Permeability is added around the stiffened region and at the

free edge to show its influence on the distribution of the compressive stresses.
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6.2. Flexible platform with stiff solar panels
This section will discuss susceptibility to wrinkling of a very large flexible solar platform inspired by the con-
cept of ocean sun which was discussed in section 2.1. Figure 6.5 shows a sketch of this configuration together
with sketches of deformed shapes of the platform. One part in the middle of the platform is investigated,
indicated in red. The geometry and boundary conditions used for the numerical calculations are also shown
in figure 6.5.

Figure 6.5: Schematic representation of a very large flexible solar platform and its deformed shape due to loads in two different
directions. The wrinkling behaviour at the middle of the platform is researched, indicated in red. The geometry and boundary

conditions are shown for the two different load directions.

The wrinkling behaviour of the platform is investigated by a study of the distribution of the negative sec-
ond principal stresses present in the membrane. Results are shown in figure 6.6. Contrary to the configura-
tions which were researched previously in this report, this configuration does not have any free edges. When
studying the second principal stress field for the non-permeable configuration, it can be seen that this mem-
brane therefore behaves differently. No region of uniaxial tension is presented in the membrane, but shear
will be the cause of wrinkling.
From figure 6.5, it is clear that it is a necessity to study the effect of loads in different directions. Keeping this
in mind, holes are chosen such that they are symmetric and therefore deform the same way when the load
direction changes. The effect of two differently shaped holes at the corner of the stiff solar panel are inves-
tigated, for two different sizes of these holes. Results can be seen in figure 6.6. However, it can be seen that
these holes do not lead to a minimisation of the area of the compressive stress region or a decrease in the
magnitude of the compressive stresses. This leads to the conclusion that further research is necessary to in-
vestigate the effect of holes on wrinkling behaviour of membranes subjected to shear load. This observation
will be described further in chapter 8: recommendations.

6.3. The effect of water
When the membrane rests directly on the water surface and is subjected to a load which causes wrinkling,
a competition starts between the tendency of the membrane to wrinkle and the foundation in which the
potential energy due to the displacement of the water would have to increase to allow for the wrinkles [52, 55].
Therefore, in a membrane resting on water, the number of wrinkles will be larger and the wrinkle amplitude
will be smaller than in a membrane which does not rest on water. Neglecting the effect of water has no
influence on the wrinkle region and leads to an overestimation of the wrinkle amplitude. Therefore, the
research in this thesis is conservative by not taking into account the water under the solar platform.
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Figure 6.6: Distribution of the negative second principal stress in a membrane of aspect ratio α= 2 with a stiff solar panel of half the
length and half the width of the membrane, subjected to loads in two different directions. The distribution of the negative second

principal stress is shown for a strain of ε= 0.1. Holes of different shapes and sizes are added to investigate their effect on the wrinkling
behaviour of the membrane by a study on their influence on the second principal stress distribution. All boundary conditions are

discussed in figure 6.5.

6.4. Conclusion
After discussing wrinkling in fully flexible membranes in the previous chapters, this chapter aimed to investi-
gate a more practical case by adding a stiff solar panel to the flexible membrane. It was observed that different
regions can be distinguished. In regions with a free edge, at the free edge of the membrane or created due to a
long cut, the design rules concluded from chapter 5 were successfully applied. However, it could also be seen
that there is need for a second set of design rules, specifically for regions subjected to shear load.
Furthermore, this chapter discussed the effect of water on the wrinkling behaviour of membranes. It was
concluded that the wrinkling behaviour of a membrane is reduced due to the presence of water underneath.
Therefore, this thesis designed on the safe side by leaving water out of consideration.





7
Conclusions

In this thesis, a framework to research and design wrinkle free very large flexible offshore solar platforms
by adding permeability was developed. Wrinkling of very large flexible offshore solar platforms was never
studied before, and therefore the following research question was formulated:

How can wrinkling be modelled keeping in mind flexible solar platforms as the application?

A framework to research wrinkle behaviour of very large flexible offshore solar platforms was searched
for. Two criteria were set for this framework: the calculation method should be applicable to a wide range
of geometries to calculate at least whether the membrane will or will not wrinkle. Additionally, it would be
valuable if the method also gives indications on wrinkle details like the wrinkle amplitude and wrinkle re-
gion. Secondly, the method should be as computationally cheap as possible. To find a framework to research
wrinkle behaviour, the following research questions were defined:

What calculation method can be used to account for wrinkling behaviour in the design of very
large flexible floating structures?
Is a post-buckling calculation adequate to research wrinkling behaviour of very large flexible off-
shore solar platforms?
By which indicators can the wrinkling behaviour of a membrane be approximated?

By the use of the developed research method, also a framework for the design of wrinkle structures is
developed. Rules of thumb were formulated by answering the following research questions:

How should holes be chosen such that wrinkling behaviour can be minimised?
In a membrane?
In a very large flexible floating solar platform?

The remainder of this chapter will summarise all conclusions which form the answers to these research
questions.

7.1. Modelling an offshore solar power plant as a wrinkling membrane
A literature review was performed to review the state-of-the art in the design of very large floating offshore
solar power plants and to review literature on wrinkling behaviour of membranes (chapter 2). Floating solar
platforms are design so that the mooring installation holds the platform in place by tension load. Further-
more it became clear that membranes are susceptible to wrinkling due to different loads: torsion, shear and
tension. The influence of the dimensions of a membrane on the wrinkling behaviour is extensively researched
for rectangular membranes subjected to uniaxial tension.
Therefore, the flexible solar power plant will be modelled as such a rectangular membrane subjected to uni-
axial tension. Holes will be added to this membrane to study the influence of permeability on the wrinkling
behaviour of the flexible solar power plant.
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7.2. Framework to research the wrinkling behaviour of very large flexible
floating structures

A non-linear buckling calculation was set up to be able to research the wrinkling behaviour of membranes.
By a non-linear buckling calculation, all details on the wrinkled geometry can be calculated: the number of
wrinkles, the wrinkle amplitude, the wrinkle wave length, the lower and upper critical strain in between which
wrinkling occurs and the region of the membrane which wrinkles. The model was verified and validated by
comparison to experimental and simulation results from literature.
Problems occurred when using the non-linear buckling calculation to research the wrinkling behaviour of
membranes with different geometries. The first buckling mode is used in the model as the initial perturba-
tion of the membrane for the post-buckling calculation. For some of the geometries, it appeared that this first
buckling mode could not be found. Other methods were investigated to perturbate the membrane: using the
second or thirth buckling mode, using the first buckling mode under compression load or using a initial de-
formation constructed by unbalancing forces. From this investigation it became clear that the result of the
post-buckling behaviour is highly dependent on the initial perturbation which is used. The dependency on
this user-defined input leads to the fact that the results of the post-buckling calculation are subjective. This
uncertainty on the results as well as the fact that for some of the geometries no buckling mode can be found
and the computational costs of a non-linear buckling calculation lead to the conclusion that this type of cal-
culation is not adequate to investigate the wrinkling behaviour of (permeable) very large floating structures.

An alternative method was found in studying the second principal stress distribution in membranes. If no
compressive stresses are present in a membrane, the membrane will not be susceptible to wrinkling. Search-
ing for wrinkle free membranes can thus be done by searching for membranes which are free of compressive
stresses. This method is objective and furthermore computationally cheap compared to the non-linear buck-
ling calculation.
Next to the binary criterion which separates wrinkle free membranes from membranes which are susceptible
to wrinkling, three other indicators were found by which details on the wrinkling behaviour can be approxi-
mated:

• The distribution of the compressive stresses in a membrane is an indicator for the distribution of the
wrinkling regions in the membrane.

• The size of the region in which compressive stresses occur is an indicator by which the wrinkle ampli-
tude can be approximated: the larger this area, the larger the wrinkle amplitude and vice versa.

• The magnitude of the compressive stresses is an indicator for the critical strains of the membrane.
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7.3. Framework for the design of very large flexible floating structures with
minimal wrinkling behaviour

It became clear that the effect of permeability on the wrinkling behaviour of a membrane depends on the
compressive stress distribution in the non-permeable membrane. The distribution of compressive stresses
in non-permeable membranes depends on the aspect ratio of the membrane. Three categories can be iden-
tified: membranes with small aspect ratios (α≤ 1.5), intermediate aspect ratios (1.5 <α< 4) and large aspect
ratios (4 ≥ α). Having no compressive stress region, one compressive stress region and two compressive
stress regions in their non-permeable configuration respectively. For every category of membranes observa-
tions were made on how to minimise the wrinkling behaviour by lowering the strain for which restabilization
will take place or by minimising the area of the negative compressive stress region:

• In membranes of small aspect ratios, holes will lead to wrinkling while the non-permeable configura-
tions will not be susceptible to wrinkling. If wrinkling should be avoided, holes should thus be avoided
as well. If, due to practicals reasons, a holes is necessary, it should be placed at the clamped edge to
have minimal effect on the wrinkling behaviour.

• Wrinkling behaviour of membranes with intermediate aspect ratios can be minimised or even be com-
pletely avoided by influencing the two causes of wrinkling: the contraction of the membrane in the
width direction and the restraining effect of the clamped edges. This can be done by adding a hole at
the clamped edge of the membrane or by shaping the sides of the membranes parabolically instead of
straight. Furthermore, by adding a long but small hole in the middle of the membrane, the membrane
will act like two separate membranes of double the aspect ratio. Membranes with high aspect ratios
are less susceptible to wrinkling, so this will lead to a minimisation of the wrinkling behaviour of the
membrane.

• For membranes with large aspect ratios, no wrinkle free configurations were found. But localisation of
the wrinkle region can be obtained by adding a hole at the clamped edge of the membrane. This will
lead to a configuration in which only the middle of the membrane is susceptible to wrinkling, while in
the non-permeable membrane two regions are susceptible to wrinkling.

By combining all observations on the influence of holes of different sizes, shapes and at different loca-
tions, on membranes of different sizes, two design rules were derived. To eliminate wrinkles in membranes,
holes should be added which comply to both of these design rules:

1. Holes should be chosen so that when the membrane is strained, they deform in a way so that they bring
tension in the regions of the membrane which are subjected to negative second principal stress in the
non-permeable configuration.

2. Holes should be chosen such that load paths in the membrane are not interrupted

7.4. Practical implications of the framework to research and design very
large flexible floating structures

To study the practical implications of the framework to research and design very large flexible floating struc-
tures which was set up in this thesis, it was applied to eliminate wrinkles from a flexible membrane with a
stiff solar panel mounted on top. From this application it was observed that multiple regions can be distin-
guished in the reinforced membranes. In regions with a free edge, it was proven that the framework which
was developed in this thesis is applicable to minimise or even eliminate negative second principal stresses,
and thus wrinkling. The free edge can be the free edge of the membrane or platform, but can also be created
by adding a long cut which will act like a free edge. Furthermore, from this application, it could be seen that
there is a need for a second set of design rules, one which is applicable in regions subjected to shear load.





8
Recommendations

This chapter will discuss recommendations for further research. Recommendations on three aspects of the
research are presented. First, suggestions to improve the analysis of the wrinkling behaviour of a membrane
by studying the second principal stress distribution in the membrane. Secondly, recommendations are pre-
sented to extend the design rules which were developed in this thesis. Finally, further research on the devel-
opment of very large flexible floating solar platforms will be discussed.

8.1. Further development of wrinkling indicators
In this thesis, wrinkling behaviour of a membrane was investigated by researching the presence of compres-
sive stresses in the membrane. If no negative second principal stresses are present in the membrane, the
membrane will not wrinkle. If negative second principal stresses are present in the membrane, the mem-
brane can wrinkle. Literature [16, 44] suggested that a membrane in which negative second principal stress
is present will not wrinkle when the wrinkle region is small or when the magnitude of compressive stress is
small. It has never been research before how small the region should be, and how small the magnitude of the
negative second principal stress should be to prevent for wrinkling. But this might be of interest to be able
to asses the susceptibility of a membrane with a small region of second principal stress and with low mag-
nitudes of second principal stress more precisely. Another improvement on the calculation of the wrinkling
behaviour of a membrane can be obtained by researching new wrinkling indicators. An example would be
researching the relation between the orientation of the principal stress in a membrane and the wrinkle ori-
entation. The work of Liu [34] can be used as an inspiration here. They have researched the wrinkle direction
in orthotropic membranes by studying the direction of the principal stresses. To validate the wrinkling indi-
cators, more experiments on wrinkle behaviour of membranes are suggested. Especially experiments on the
wrinkling behaviour of membranes with holes.
Furthermore, further research on buckling calculations might lead to a method for the calculation of the first
buckling mode which leads to a result for all possible geometries. To develop a method by which a bifurcation
point can be approximated, the work of Wriggers [49] might be used as an inspiration.

8.2. Extension of design rules
This thesis focused on minimising wrinkling behaviour of membranes by removing material. In maritime
engineering it is common practice to localise buckling behaviour by adding material: by adding stiffeners to
the structure. Adding stiffeners to a membrane might also lead to wrinkling minimisation or localisation in
membranes. From section 6.1 the potential of this technique can already be observed. By the addition of an
infinitely stiff region in the middle of the membrane, the membrane acts as multiple membranes with effec-
tive aspect ratios. However some questions are still open, an investigation of the influence of the stiffeners
and dimensions of the stiffeners for example. Therefore the investigation of these mechanisms are recom-
mended for future research. This analysis can be carried out by a study on the influence on the distribution
of the second principal stresses.
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Furthermore, sections 6.1 and 6.2 pointed out the necessity to research wrinkling due to other loads. As
discussed in section 2.2.1, literature on the wrinkling phenomenon focuses on wrinkling due to tension, shear
and torsion load. The design rules derived in this thesis can be extended by also investigating the effect
of permeability and stiffeners in configurations other than the rectangular membrane subjected to uniaxial
tension.

8.3. Recommended research on practical considerations
In section 2.1 mooring systems of floating solar platforms were discussed. Figures 8.1a and 8.1b give a
schematic overview of the mooring systems of the solar platform by Floating Solar BV [15] and the concept
by DNV GL [62] respectively. The solar platform of Floating Solar BV is moored by different buoys. The very
large solar platform concept published by DNV GL consists of different solar panels which are connected to
each other and moored to the seabed from one central point. In both systems, the solar panels are connected
through horizontal cables to other solar panels or buoys and only indirectly to the seabed. Figure 8.1c shows
a sketch of a mooring system in which the solar panel is moored directly to the seabed. While the mooring
systems in figures 8.1a and 8.1b keep the solar platform in position by tension force, the platform in figure
8.1c will experience forces in the direction perpendicular to the platform. Different mooring systems will
lead to different loads in the platform, therefore wrinkling should be kept in mind when choosing the moor-
ing system. The mooring system should be chosen such that a framework for the research of or for the design
of wrinkling for the resulting loads exists. Next to the mooring loads, the platform will experience other loads,
from waves, currents, the wind, green water et cetera. To design of very large flexible floating solar platforms,
quantification of these loads would be necessary.

(a) (b) (c)

Figure 8.1: Schematic overview of mooring systems of very large flexible (floating solar) platforms, (a) based on the floating solar
platform of Floating Solar BV [15], (b) on the concept of DNV GL [62] and (c) an alternative construction.



A
Mesh convergence

All results of numerical calculations which are shown in this report are obtained with a mesh consisting of
9800 elements. This appendix will discuss the influence of number of elements on the non-linear buckling
calculation and the calculation of the second principal stress field. To show the influence of the element size
on the non-linear buckling calculation, its influence on the calculation of buckling modes and on the post-
buckling calculation are shown separately. Five different meshes are used for the mesh convergence study.
The number of elements and the number of nodes is listed for every mesh in table A.1.

Table A.1: Overview of the number of elements and the number of nodes in the five meshes used for the mesh convergence study

Mesh Nr. of elements Nr. of elements in length and width direction Nr. of nodes
Very Coarse 1225 25 x 49 1300
Coarse 2450 35 x 70 2556
Intermediate 4950 50 x 99 5100
Fine 9800 70 x 140 10011
Very Fine 19602 99 x 198 19900

A.1. Calculation of the buckling modes
The influence of the number of elements on the first buckling mode is shown in figures A.1a, A.1b and A.2.
The different meshes which are compared with each other exist of 1225, 2450, 4950, 9800 and 19602 elements.
The out-of-plane displacement of the first buckling mode along the symmetry axis of the membrane in width
direction is shown in figure A.1a and a detail of this graph is shown in figure A.1b. In these figures it can be
seen that the location of the maximal and minimal out-of-plane displacement are located more towards the
free edge when the calculation is performed with a coarse mesh compared to a fine mesh. Furthermore, the
curve of the out-of-plane displacement does not look smooth for the coarse mesh while is does look smooth
for the fine meshes. The same can be seen in figure A.2, which shows the out-of-plane displacement for the
different meshes in contour plots.

73



74 A. Mesh convergence

(a) (b)

Figure A.1: (a) Out-of-plane displacement as a function of the normalised width coordinate for the first buckling mode, calculated with
five different meshes. All for a membrane of aspect ratio α= 2, with a thickness of β= 1000 and a Neo-Hookean material model. (b)

Detail of figure A.1a.

Figure A.2: Contour plot of the out-of-plane displacement of the first buckling mode, calculated with five different meshes. For a
membrane of aspect ratio α= 2, with a thickness of β= 1000 and a Neo-Hookean material model.

.
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Figure A.3: Amplitude-strain diagram of a membrane of aspect ratio α= 2, a thickness of β= 1000 and a Neo-Hookean material,
calculated with five different meshes.

A.2. Post-buckling calculation
Grid convergence for the post-buckling calculation is shown in table A.2 and figure A.3. Figure A.3 shows
the amplitude-strain diagram obtained for the different meshes. From this diagram it can be seen that the
maximal amplitude is overestimated when for a coarse mesh and the strain for which restabilisation takes
place is underestimated. For the fine meshes, mesh convergence can be seen. The same is illustrated in table
A.2 in which convergence is shown by researching the maximal amplitude obtained from different meshes.
This table confirms that a mesh with 9800 elements leads to valid results.

Table A.2: Comparison of the maximal wrinkle amplitude obtained with meshes consisting of different numbers of elements. The
convergence is calculated by the ratio of the maximal amplitude of a coarser mesh to the amplitude obtained by a finer mesh

Mesh Nr. of elements Convergence
Very Coarse 1225 -
Coarse 2450 0.971
Intermediate 4950 0.984
Fine 9800 0.991
Very Fine 19602 1.000
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A.3. Calculation of the second principal stress field
The influence of the number of elements on the distribution of the second principal stresses in the membrane
are shown in figure A.4 for meshes consisting of 28 elements up to 19602 elements. Previously it was shown
that 9800 elements were required to obtain mesh convergence for a post-buckling calculation. From figure
A.4 it can be seen that less elements are needed to investigate the presence and the distribution of negative
second principal stress. This is one of the reasons why the computational cost of investigating the wrinkling
behaviour of a membrane by a study of the second principal stresses is lower than the computational cost of
a fully non-linear post-buckling calculation.

Figure A.4: Contour plot of negative second principal stress distribution, calculated with five different meshes. For a membrane of
aspect ratio α= 2 and a Neo-Hookean material model.



B
Isolated Plate Model

In section 4.3 the isolated plate model is mentioned as a method to approximate the critical strains for a wrin-
kling membrane. The main conclusions from applying the isolated plate model are the confirmation of the
importance of the geometry of the membrane. The geometry influences the compressive stress distribution
which causes wrinkling. Furthermore, the influence of the thickness of the membrane and the magnitude
of the compressive stresses as suggested in literature is confirmed by this model [16, 34, 44, 71]. However,
the applicability of this model is limited to membranes in which the compressive stress region is one clearly
defined zone. This appendix will give a more detailed description on the isolated plate model and how it is
applied.

Friedl [16] and Nayyar [44] both suggest to investigate a wrinkled membrane by modelling it as a simply
supported rectagular plate subjected to a uniform biaxial stress. Friedl suggest to model the full membrane as
such a plate, Nayyar however suggests to model the compressive stress region as an isolated plate. The sug-
gestion of Nayyar will be worked out in this section. Figure B.1a gives an impression of how the compressive
stress region is modelled as an isolated plate.

(a)

(b)

Figure B.1: (a) Uniaxially stretched membrane of aspect ratio α= 2 and at strains ε= 0.1, ε= 0.2 and ε= 0.3. The coloured region in the
membrane marks the region of the membrane subjected to negative second principal stress. Nayyar [44] proposes to model this part of

the membrane as an isolated plate. This plate model is indicated in black. (b) Dimensions of the region with compressive stress in a
membrane with aspect ratio α= 2 as a function of the strain. a and b as defined in figure B.1a.
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For a simply supported rectangular plate subjected to biaxial stress, the critical stress can analytically
be estimated by formula B.1. For a plate, this leads to a constant value of the critical stress. However, when
modelling the compressive stress region of a membrane as an isolated plate, the following parameters depend
on the strain: the dimensions of the plate a and b, the Youngs modulus E and the proportionality factor C .
To illustrate how to calculate the critical strain which is dependent of the strain, the calculation is illustrated
specifically for a plate of aspect ratioα= 2, for three strains: ε= 0.1, ε= 0.2 and ε= 0.3. For these three strains
the results are indicated in every graph by a blue, red and green dot respectively and all intermediate results
are summarised in table B.1.
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With C = σy
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with:

σx,c The critical stress in the tension direction
σx The stress in the tension direction
σy The stress in the compression direction
C The proportionality factor
E The Youngs modulus
ν The Poisson ratio
t The thickness of the membrane
a The length of the isolated plate (as indicated in figure B.1a)
b The width of the isolated plate (as indicated in figure B.1a)
m The number of half waves in the width direction of the isolated plate
n The number of half waves in the length direction of the isolated plate

The dimensions of the plate a and b are calculated for every strain by the use of the numerical model. The
dependency of a and b on the strain for a plate of aspect ratioα= 2 is illustrated in figure B.1b. The derivative
of the stress-strain curve at every strain is used as the Youngs modulus at every strain. This is illustrated in
figure B.2.

In the model, the stress at the membranes clamped boundary is chosen as tensional load and the most
negative second principal stress is chosen as the compressive stress because that will be the governing load
to cause buckling. σx , σy and the proportionality factor C are shown as a function fo the strain in figure B.2.

Table B.1: Intermediate results to make an analytical estimation of the critical strains. All intermediate results are displayed for a
memrbane of aspect ratio α= 2

ε= 0.1 ε= 0.2 ε= 0.3

a [mm] 103.7 85.0 70.4
b
a [-] 1.331 1.553 1.739
σx [MPa] 0.00539 0.0994 0.139
σ2,max [MPa] -0.001119 -0.001321 -0.00144
E [MPa] 0.9945 0.8512 0.7482
C [-] -0.0208 -0.0133 -0.0082
σx,cr i t ,Non−di m [-] 9441 22920 59992
σx,cr i t voor β= 1000 [MPa] 0.0187 0.0579 0.195
σx,cr i t voor β= 2000 [MPa] 0.00467 0.0169 0.0647

Now that the dimensions of the isolated plate a and b, Youngs modulus E and the proportionality factor
C are known for every strain, the last two parameters which are needed to calculate the critical strain are the
number of waves in length direction n and the number of waves in with direction m. The number of waves in
length direction is set to one n = 1. m is chosen such that it results in the minimal value of the critical strain
σcr i t . This is illustrated in figure B.3a.
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Figure B.2: Results on the stresses in a rectangular membrane of aspect ratio α= 2 which is uniaxially stretched. These results will be
used as input values to make an analytical estimation of the lower and upper critical strains in between which wrinkling of the

membrane occurs.

(a) (b)

Figure B.3: (a) Normalised critical stress as a function of strain for C =−0.0208, C =−0.0133 and C =−0.0082. The critical stress is

normalised by π2E
12(1−ν2)

( t
b )2 (b) Stress strain diagram and critical stress as a function of strain for β= 1000 and β= 2000 for a membrane

of aspect ratio α= 2. At a certain strain the membrane will wrinkle if the stress σx is higher than the critical stress σx,cr i t .

From the previous calculations, the critical stress is known as a function of the strain. The isolated plate
will be susceptible for wrinkling at all strains for which the stress is larger than the critical stress. Figure B.3b
shows the actual stress and the critical stress for two membranes, both having aspect ratio α = 2 but having
two different thickness aspect ratios: β = 1000 and β = 2000. For both membranes, the stress and critical
stress curve cross two times: at the strain at which wrinkles start to form, and at the strain at which the wrin-
kles decay: the critical strains
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The isolated plate model was illustrated for a memnbrane of aspect ratio α = 2. It is repeated for mem-
branes of other aspect ratios for thicknesses β = 1000 and β = 2000. The upper critical strains which were
found for all aspect ratios are displayed in figures B.4a and B.4b together with stability boundaries from lit-
erature [33, 44, 71]. Good agreement is found for membranes for which a clear compressive stress can be
isolated (phase C in figure 4.5). When this region is more irregular in shape, the isolated plate model cannot
be applied or will lead to inaccurate results.

(a) (b)

Figure B.4: Stability boundaries for membranes of thickness aspect ratio β= 1000 (a) and β= 2000 (b) from literature [33, 44, 71]
together with the critical strain approximated by the isolated plate model for a limit number of aspect ratios.
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